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ABSTRACT. We use a natural affine connection with nontrivial tor-
sion on an arbitrary almost-Kahler manifold which respects the
almost-Kahler structure to construct a Fedosov-type deformation
quantization on this manifold.

1. INTRODUCTION

Let (M,{-,-}) be a Poisson manifold. Denote by C*°(M)[[v]] the
space of formal series in v with coefficients from C*°(M). Deformation
quantization on (M, {-,-}), as defined in [1], is an associative algebra
structure on C*°(M)[[v]] with the v-linear and v-adically continuous
product * (named a star-product) given on f,g € C®(M) by the for-
mula .

(1.1) frxg=Y_vCf9),
r=0
where C,,r > 0, are bilinear operators on C*(M), Co(f,g) = fg, and
Ci(f,9) — Ci(g, f) = i{f,g}- A star product * is called differential if
all the operators C,,r > 0, are bidifferential.
Two differential star products * and ' are called equivalent if there

| exists an isomorphism of algebras B : (C*®(M)[[V]], *) — (C*(M)[[¥]], *"),

where B = Id+ vB; + v?B, + ... and B,,r > 1, are differential oper-
ators on C*°(M). . ‘

If (M, w) is a symplectic (and therefore a Poisson) manifold then to
each differential star-product * on M one can relate its characteristic
class cl(x) € (1/iv)[w] + H3(M,C)[[v]] (see [13],[27],[28],[11]). The
equivalence classes of differential star-products on (M, w) are bijectively
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parameterized by the elements of the affine vector space (1/iv)[w] +
H?*(M,C)[[v]] via the mapping * ~ cl(x).

The existence proofs and description of equivalence classes of star-
products on symplectic manifolds were given by a number of people (see
[10],[29],[14] for existence proofs and [13],[27],[28],[11] for the classifica-

‘tion). The questions of existence and classification on general Poisson
manifolds were solved by Kontsevich in [24]. , :

Historically the first examples of star products (Moyal-Weyl and
Wick star-products) were obtained from asymptotic expansions of re-
lated symbol products w.r.t. a numerical parameter A (the ‘Planck

constant’), as i — 0. Later a number of star-products on Kahler man-

ifolds were obtained from the asymptotic expansion in A of the sym-
bol product of Berezin’s covariant symbols (see [7],[8],]9],[25],(26],[21]).
These star-products on Kahler manifolds are differential and have the
property of ‘separation of variables’: the corresponding bidifferential
operators C, differentiate their first argument only in antiholomorphic
directions and the second argument only in holomorphic ones.. The
deformation quantizations with separation of variables on an arbitrary
Kahler manifold where completely described and parameterized by geo-

metric objects, the formal deformations of the Kahler (1,1)-form (see-

[19]). The star-products obtained from the product of Berezin’s co-
variant symbols on coadjoint orbits of compact semisimple Lie groups
where identified in [21] (that is, the corresponding formal (1,1)-form
was calculated). '

Another interesting case where star-products are obtained from sym-
bol constructions is the so called Berezin-Toeplitz quantization on ar-
bitrary compact Kéahler manifolds [3],[31],[30]. In this quantization
scheme Berézin’s contravariant symbols are used (see [2]), which, in
general, do not have a well defined symbol product. The semiclas-
‘'sical properties of Berezin-Toeplitz quantization in [3] were proved
with the use of generalized Toeplitz structures developed by Guillemin
and Boutet de Monvel in [6]. With the same technique for compact
Kahler manifolds an associated deformation quantization, the Bérezin—
Toeplitz deformation quantization, was constructed [31],[30]. However,
this construction is very implicit and it is a daunting task to calculate
with its use the operators C, even for small values of r. In [23] the
Berezin-Toeplitz deformation quantization was shown to be a differ-
entiable deformation quantization with separation of variables and its
classifying (1,1)-form was explicitly calculated. Thus the operators C,
of the Berezin-Toeplitz deformation quantization can be calculated re-
cursively by the simple algorithm from [19].
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It was shown by Guillemin in [17] that, using generalized Toeplitz
structures, it is even possible to construct a star-product on an ar-
bitrary compact symplectic manifold. Later Borthwick and Uribe [5]
introduced a natural ‘almost-Kihler quantization’ on an arbitrary com-
pact almost-Kahler manifold by defining an operator quantization of
Berezin-Toeplitz type. From results by Guillemin and Uribe [18] it
follows that the generalized Toeplitz structure associated to these op-

“erators exists and the correct semi-classical limit in the almost Kahler
case follows like in [3]. Therefore there should exist the correspond-
ing natural deformation quantization on an arbitrary compact almost-
Kahler manifold. It would be interesting to describe this deformation
quantization directly. ' '

The goal of this Letter is to show that one can construct a natural de-
formation quantization on an arbitrary almost-Kéhler manifold using
Fedosov’s machinery. To this end we use the natural affine connec-
tion introduced by Yano [32], which respects the almost-Kahler struc-
ture. This connection necessarily has a nontrivial torsion whenever the
almost complex structure is non-integrable. We generalize Fedosov’s
construction to the case of affine connections with torsion and obtain
a star-product on an arbitrary almost-Kéhler manifold. In the Kahler
case this star-product coincides with the star-product with separation
of variables (or of Wick type).constructed in [4]. Our considerations
were very much motivated by the paper [12], where the calculations
concerning the star-product from [4] were made in arbitrary local co-
ordinates (rather than in holomorphic coordinates as in [4]).

It follows from the results obtained in [20] and [22] that the charac-
teristic class of the star-product from [4] is (1/iv)[w] — (1/2i)e, where €
is the canonical class of the underlying Kahler manifold. The canonical
class is, however, defined for any almost-complex manifold.

We calculate the crucial part of the characteristic class cl of the star-
product * which we have constructed on an arbitrary almost-Kahler
manifold, it’s coefficient ¢y at the zeroth degree of v. As in the Kahler
case, co(*) = —(1/2%)e.
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comments. A.K. also thanks the DFG for financial support and the
Department of Mathematics and Computer Science of the University
of Mannheim, Germany, for their warm hospitality.
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2. A CONNECTION PRESERVING AN ALMOST-KAHLER STRUCTURE

In this sections we recall some elementary properties of the Nijenhujs
tensor and reproduce the construction from [32] of a natural affine
connection on an arbitrary almost-Kahler manifold, which respects the
almost-Kahler structure. ‘

Let (M, J,w) be an almost-Kahler manifold, i.e., a manifold M en-
dowed with an almost-complex structure J and a symplectic form w
which are compatible in the following sense, w(JX, JY) = w(X,Y) for
any vector fields X,Y on M, and g(X,Y) = w(JX,Y) is a Riemannian

“metric. Actually, in what follows we only require the metric g to be
nondegenerate, but not necessarily positive definite. It is known that
on any symplectic manifold (M, w) one can choose a compatible almost
complex structure to make it to an almost-Kihler manifold.

In local coordinates {z*} on a chart U C M set -

8; = 0/8z7, J(8;) = JEb, wjx = w(8;,84), gjx = 9(8;,6%) -
Then
(2.1) Jf = gjawak = gk"‘waj,

‘where (g’%) and (w'*) are inverse matrices for (gi) and (wk) respec-
tively. Here, as well as in the sequel, we use the tensor rule of summa-
tion over repeated indices.

The Nijenhuis tensor for the complex structure J is given by the
following formula: '

(2.2) N(X,Y) :=[X,Y]|+J[JX, Y]+ J[X,JY] - [JX, JY],

where X, Y are vector fields on M. In local coordinates set N (0,0k) =
N}.0;. Formula (2.2) takes the form

(2.3) - Nh=(0ad0)Jg — (Badi)JE + (8;J — 8kJ7)Tp.
Let X be a vector field of type (1,0) with respect to the almost-complex
structure J. Then it follows from formula (2.2) that

' N(X,Y) =1 +::)(X,Y]+ J[X,JY]) .
Therefore N(X,Y") is of type (0,1). The latter is also true if Y is of
type (1,0) instead. Similarly, if X or Y is of type (0,1) then N(X,Y)
is of type (1,0). In particular, if X and Y are of types (1,0) and (0,1)
respectively, then N(X,Y) = 0. Therefore, (1+:iJ)N((1£¢J)0;,0k) =
0 and N((1 +13J)0;, (1 FiJ)0) = 0, from whence we obtain the two
following formulas:

(2.4) NY = JeNB J, and NY = —JeNLJE.
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Let V be an arbitrary affine connection on M. In local coordinates let
I'%, be its Christoffel symbols and T}, = I':,'— T'%. the torsion tensor,
In the sequel we shall need the formula

(25) ijkl + ka,j + Vlek = —(Tﬁcwal + Tkof(.daj + ’_Z’,‘;wak),

which easily follows from the closedness of w. Here V= V,,.
By a direct calculation we get from formula (2.3) that

(2.6) Nl = (VaJ)JIg = (Vadb)J& + (V38 — VidF) s — Sk,
where

1 _ ml arl ﬁ arpB 7l arpf 7l
(2.7) Sie = Tip, — J7Topdy + I T Js — I Ty, 5
Assume that the connection V respects the almost-complex structure
J. Then formula (2.6) reduces to.

Thus (2.8) is a necessary condition for V to respect the Valmost-co.mplex

structure J.
One can check dlrectly with the use of formulas (2.4) and (2.7) that
- if

(2~9) Tglk = (—1/4)Nglk

then condition (2.8) is always satisfied.

Proposition 2.1. Let V be the unique affine connection which respects
the metric g and has the torsion given by formula (2.9). Then V also
respects the symplectic form w and therefore the complex structure J.

This result is due to Yano [32]. For the convenience of the reader we
provide here a proof of the statement.

Proof. Denote Zin = THwa + Tiwa; + Tiwak = (—=1/4)(Njwa +
Njwa; + Nl‘;fwak). Clearly, Z;i; is a totally antisymmetric tensor It
follows from (2.5) that ‘

(2.10) - Vwn + Viwy + Viwjx = = Zjn.
First we show that

(2.11) I Zok = Ji Zatj = I} Zaji:
One has

(2.12) Ja okl = ( - 1/4)(JaN wwar + J N[iwgk + J?Nflwga).
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Using (2.4) and (2.1) one obtains J]‘-"kawﬁl = —NjJEws = —NjiGeu-
Similarly, J*NEwse = —Nggak- Finally, J*Nfwsa = —Nfga;. There-
fore
I Zokt = (1/4)(NjiGat + Nijgok + NiiGas),
from whence (2.11) follows. : '
Formula (2.6) takes the form

(2.13) (Vad})JE = (Vadi) I8 + (Vi JE = ViJF)Tp =0,

due to the fact that (2.8) is now satisfied. Using (2.1) and the condition
that V respects the metric g we rewrite (2.13) as follows:

(2.14) g% (Vawg;) I — glﬂ(vawﬁk)‘]ja + 9 (Vjwak — kaaj)‘]ﬁli = 0.

Using (21) once more, we get g** J;, = w* = —g" Jg and rewrite (2.14)
in the form
(2.15) (Vawﬁj)J,‘j e (Vaw[gk)Jf - (ijak - V,?waj)Jg =0.

It follows from formula (2.10) that Vjwar — Viwej = Vawjk + Zajk-
Therefore one gets from (2.15) that :

(216) (Vawﬁj).]: + (Vawkﬁ)J]'?‘ - (Vawjk)Jg = JgZajb

Cyclicly permuting the indices ﬂ — 7 = k — B in (2.16) and adding
the resulting equation to (2.16) one obtains

(217) 2(Vawﬁ5) ;: = Jg ajk + J;lZakﬁ = 2J;:Zaﬁj..
The last equality in (2.17) follows from (2.11). Thus
(218) Vaij = 4qagj-

Summing up (2.18) over all the cyclic permutations of indices ¢, 8, 7,
one gets from (2.10) that —Z,p; = 3Z,p;. Therefore Z,3; = 0. Now
the statement of the proposition follows from (2.18) and (2.1). d

Notice that if (M, J,w) is a Kdhler manifold then the connection V
from Proposition 2.1 is just the Kahler connection.

3. A MODIFICATION OF FEDOSOV’S CONSTRUCTION

In this section we shall slightly modify Fedosov’s construction to ob-
tain a deformation quantization on an almost-Kéahler manifold (M, J, w)
endowed with a fixed affine connection V which respects the almost-
Kéhler structure and has a nontrivial torsion. The existence of such a
connection was shown in the previous section.

As in Section 2, we shall work in local coordinates {z*} on a coor-
dinate chart U € M and use the same notation. Following Fedosov,
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denote by {y*} the fibre coordinates on the tangent bundle w.r.t. the
frame {0k }.

We introduce a tensor A% := w/* — ig’* on M and define the formal
Wick algebra W, for x € M associated with the tangent space T, M,
whose elements are formal series

a(V7 y) = Z Vrar,aya:'
r20,|a[>0
where « is a multi-index and the standard multi-index notation is used.
The formal Wick product on W, is given by the formula -
' , v . ®\
B acb)=ew (Ear2 T ) e

Taking a union of algebras W, we obtain a bundle W of formal Wick
algebras. Denote by W the sheaf of its smooth sections. The fibre
product (3.1) can be extended to the space W ® A of W-valued differ-
ential forms by means of the usual exterior product of the scalar forms
A . .

We introduce gradings deg,, degs,deg, on W ® A defined on homo-
- geneous elements v, y*, dz* as follows:

deg,(v) =1, deg,(y¥) =1, degy(dz®)=1.

All other gradings of the elements v, y*, dz* are set to zero. The grading
deg, is induced from the standard grading on A.

The product o on W ® A is bigraded w.r.t. the grading Deg =
2deg, + deg, and the grading deg,.
- The connection V can be extended to an operator on W ® A such
that for a € W and a scalar differential form \

Oa k00

pr ﬂyay>®ﬁm%kﬂ+a®dk

(3.2) vm®Ay:(

Using formulas (3.1) and (3.2) one can show that V is a deg,-graded
derivation of the algebra (W ® A, o).

We introduce Fedosov’s operators § and §~* on W ® A as follows.
Assume a € W ® A is homogeneous w.r.t. the gradings deg,; and deg,
with deg,(a) = p, degs(a) = ¢. Set '

1 (8 .
'5(a)=dfvj/\6—a and ¢ la= my“(zm)a ifp+g>0,

Oy’ ,

Then for a € W ® A one has
(3.3) a=0466"ta+6a+ o(a),
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where a — o(a) is the projection on the (degs, deg,)-bihomogeneous

part of a of bidegree zero (degs(a) = deg,(a) = 0). It is easy to

check that the operator ¢ is also a deg,-graded derivation of the algebra

(W ® A, o).

Define the elements
1 : 1
T:= 3 wseTCy'dzF Adz' and R := 1 wea REy°ytdz® A dzt

of W® A, where
. . 0Ty Oy
= gk g

is the curvature tensor of the connection V. Then the formulas

(3.4) V,d] = %adW,-ck(T), V2 = —% adywicn(R)

+ Thals = Tialke

can be obtained by a direct calculation using (3.1), (3.2) and the iden-

tity '

(35) wsaR?kl = wtaR?kl

proved in [15] (the proof is valid also for connections with torsion). In

(3.4) [+, ] is the deg,-graded commutator of endomorphisms of W ® A

and ady;c; is defined via the deg,-graded commutator in (W ® A, o).
The following two theorems are minor modifications of the standard

statements of Fedosov’s theory adapted to the case of affine connections

with torsion. We shall denote the Deg-homogeneous component of

degree k of an element a € W ® A by a(®.

Theorem 3.1. There exists a unique element r € W ® A such that
0 =r() =0, deg,(r) =1, §~r = 0, satisfying the equation
' i
5r=T+R+Vr—;ror. '

It can be calculated recursively with respect to the total degree Deg as
follows:

’I"(2) = (5_1T,
) )
A3 _ 51 ( R4 vr® _ L@, r(z)) ,
v .

v
=0

‘ , .k o
pe+3) — 51 (Vr(k+2) _ v Zr(l+2) ° ,.(k—l+2)) k> 1.

Then the Fedosov connection D := —§ + V — f;adWick(r) s flat, i.e.,
D? =0.
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The proof of the theorem is by induction, with the use of the identities
0T'=0 and J0R=VT.

The identity 67" = 0 follows from (2.5) and the fact that the connection
V respects the form w. The identity §R = VT can be proved by a direct
calculation with the use of (3.5).

The Fedosov connection D is a deg,-graded derivation of the algebra
(W ® A, 0). Therefore Wp := ker D N W is a subalgebra of (W, o).
Theorem 3.2. The projection o : Wp — C®(M)|[[v]] onto the part of
- degs-degree zero is a bijection. The inverse mapping 7 : C*°(M)[[v]] —
Wy for a function f € C°(M) can be calculated recursively w.r.t. the
total degree Deg as follows:

(HO =7,
.k
() =57 (Vﬁf)(’“) = 23 adwian (1) (r(f)““-”)) k20
=0

The product * on C®(M)[[v]] defined by the formula
frg:=0(r(f)o7(9)) ,
is a star-product on (M, J,w).
Assume that the connection V in Theorem 3.1 is as in Proposition
2.1. Then in the case when (M, J,w) is a Kahler manifold the star-

product given by Theorem 3.2 coincides with the star-product of Wick
type constructed in [4]. '

4. CALCULATION OF THE CLASS ¢

It is well known that to each star-product * on a symplectic manifold
(M,w) a formal cohomology class cl(x) € (1/iv)[w] + H*(M,C)[[V]] is
related (see, e.g., [16]). This class (named the characteristic class of
deformation quantization) determines the star-product up to equiva-
lence. Denote by cy(*) the coefficient of cl(x) at zeroth degree of the
formal parameter v. The class ¢ is, in some sense, the most intriguing
part of the characteristic class cl. Only the coefficient co(*) of the class
c(x) = (1/iv)[w] + cp(*) + ... can not be recovered from Deligne’s
intrinsic class. Also the cohomology class of the formal Kahler form
parameterizing a quantization with separation of variables on a Kéahler
manifold differs from the characteristic class of this quantization only
in the coefficient ¢ (see [20]). ,

In this section we shall calculate the class ¢y of the deformation
quantization obtained in Theorem 3.2. First we recall the definition
of the class ¢y of a star-product (1.1) (see, e.g., [20]). For a function
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f € C®°(M) on a symplectic manifold (M,w) denote by &; the corre-
sponding Hamiltonian vector field. For a bilinear operator C = C(f, g)
denote by C~ its antisymmetric part, C~(f,g) = (1/2)(C(f,9) —
C(g, f)). A star-product  given by (1.1) is called normalizedif C1(f, g) =
(i/2){f, g}. For a normalized star-product * the bilinear operator Cy is
a de Rham — Chevalley 2-cocycle. There exists a unique closed 2-form s
such that for all f,g € C*®°(M) one obtains C5 (f,g) = (1/2)3(&s,€,).
The class ¢y of a normalized star-product * is defined as co(*) := [3].

It is well known that each star-product on a symplectic manifold is
equivalent to a normalized one. One defines the class co(*) of a star-
product * as the cohomology class ¢o(*’) of an equivalent normalized
star-product *'. In order to calculate the class ¢o(*) of the star-product
* from Theorem 3.2 we shall first construct an equivalent normalized
star-product *'.
~ We introduce the fibrewise equivalence operator on W defined by the
formula ' ‘

(4.1) G :=exp(—vA),
where A is given in local coordinates as follows:
1, 0
A=—gk——.
49 Oyiyk

It is well known that the fibrewise star-product o defined on W as
follows, a o’ b := G(G~! o G71b), is the Weyl star-product:

/ _ ZV ik o
(4.2) ao' b(y) =exp (—2—w’ Byjaz’“> a(y)b(z)|z=y-

The folloWing formulas . :
(4.3) [V,A]=[V,G] =0 and [§,A]=[§,G]=0

can be checked directly. ,
Pushing forward the Fedosov connection D obtained in Theorem 3.1
via G and taking into account formulas (4.3) we obtain a connection

DI = GDG_I = —5 + V it E‘ adWeyl(r,) ’
: v

where ' = Gr and adyw .y is calculated with respect to the o’-commutator.

Denote by Wpr := ker D' N W the Fedosov subalgebra of the algebra
(W, o"). Clearly, Wpr = GWp. One can show just as in Theorem 3.2
that the restriction of the projection o to Wpr, 0 : Wpr — C®°(M)[[v]],
is a bijection. Denote its inverse by 7. Then f«'g := o(7'(f)o'7'(g)) is
a star-product on (M, w) which is equivalent to the star-product *. The
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operator B : (C*(M)[[v]],*) = (C=(M)[[]], ') given by the formula
Bf = o(G7(f)) establishes this equivalence.:

From now on let C,.,r > 1, denote the bidifferential operators defin-
ing the star-product *'. We have to show that Ci(f,g9) = (¢/2){f, g}
and calculate C; in order to determine the class co(*) := ¢o(*').

For a € W we prefer to write al|,—o instead of o(a). For f € C*(M)
set

7'(f) = to(f) +vtr(f) + V2t (f) + ... .

Since o((f)) = 7/(F)lyeo = f we have to(f)ly—o = £ and ()]0 = 0
for r > 1. It follows from (4.2) that for f,g € C*°(M)

F¥g= () (@) lymo = (to<f)to(g)+
(Do) +ralo) + gorn(ZRDZADN ) 1), =

v (0te(f) Btolg
fg"r‘Ewpq(—aO;T)aLy(ql)ly=0+u.a

from whence

(4.4) Ci(f,9) = L

Similarly one obtains that

SN (atom ong) , ou(f) 6to(g)) Jy=o-

(4’5) CZ_(f) g) = 5 w ayp ayq ayp ayq

For an element a/® € W ® A of Deg-degree d denote by a!? its ho-
mogeneous component of deg,-degree s. We have to calculate 7/(f)®)
and the component () of 7/(f)®. It follows from the condition
D'T'(f) = 0 that -

(4.6)

.k
(HED =67 (VT’(f)(’“’ — = 3" adweu (") ?) (T'(f)(’“"’)) k0.
=0
Siﬁce () = f, we get from (4.6) for k = 0 that %’(f)(l) = (8f/0zP)y*.

‘Therefore (0to(f)/0yP)|y=0 = Of /0zP. Now (4.4) implies that C(f, g) =
(¢/2){f, g}, i.e., that the star-product *’ is normalized.
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Taking into account that 7/(f)® is of deg,-degree 2, we obtain from
(4.6) for k = 2 that
(4.7)

i r 53)
() = =267 (adweu (()) (' (D) ) = 67 (wpqa((ay)” ) %) |

Before calculating (r’)?): one can directly derive from (4.5) and (4.7)
the following formula: '

(4.8). x:iﬂwﬁW

v

Denote by [-,]o the commutator with respect to the Wick multipli-
cation o. We shall need the following technical lemma which can be
proved by a straightforward calculation.

Lemma 4.1. Let a = ay ), b=b, ®) e two homogeneous elements of W,
(1/v)[a,blo = ¢ = ¢ + ¢, then P :VA( )

Using the fact that the operator G respects the total grading Deg
and & lowers both Deg- and degs gradings by 1, one can obtain from
formula (4.3), and the formula ' = Gr that

(4.9) 5(("P) = or —va (6r?).
We get from Theorem 3.1 that

(4.10) &@M;R+vﬂﬂ_frwéﬂm

v
where
r® =¢17 = 3 mely ytdx!.

Since the element r? is of dega-degree 1, we have

- (4.11) — r(2) or® = o [7"(2) r®), =c® = c(2) + 0(2)

We obtain from (4.10) and (4.11) that

(4.12) 67‘53) = —c(()2) and (5r§3) R+ Vr® — ( ),

It follows from (4.8), (4.9), (4.12), and Lemma 4.1 that |
(4.13) 5= —iA(R+Vr®) = —%Jj s da® A dzt — i),

where A = A(Vr(2)). Introduce a global differential one-form p =
(1/6)JtT3dx' on M. A direct calculation shows that A = du, therefore
the form ) is exact.
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Recall the definition of the canonical class £ of an almost complex v

manifold (M, J). The class € is the first Chern class of the subbun-
dle T¢M of vectors of type (1,0) of the complexified tangent bundle
TcM. To calculate the canonical class of the almost-Kéahler manifold
(M, J,w) take the same affine connection V on M as that used in the

construction of the star-product *. Denote by R = (1/2) R, dz* A dz!
the curvature matrix of the connection V and by II = (1/2)(Id — iJ)
the projection operator onto the (1,0)-subspace. It follows immediately
from (3.5) that R, = 0 (see [15]), i.e., TrR = 0. The matrix IIRII
is the curvature matrix of the restriction of the connection V to T¢M.
The Chern-Weyl form

v = (1/4)Tr(IRI) = (1/i)Tr(TIR) = (-1 /4)Jthkldx’“ A dzt

is closed. The canonical class is, by definition, ¢ := [y]. Now it is clear
from (4.13) that

(4.14) ' co(*) = [x] = —(1/2i)e.

REFERENCES

[1] F. Bayen, M. Flato, C. Fronsdal, A. Lichnerowicz, and D. Sternheimer, Defor-
mation theory and quantization, Part I, Lett. Math. Phys. 1 (1977), 521-530.
Deformation theory and quantization, Part IT and IIT, Ann. Phys. 111 (1978),
61-110, 111-151.

[2] F.A. Berezin, Quantization, Math. USSR-Izv. 8 (1974), 1109-1165.

[3] M. Bordemann, E. Meinrenken, and M. Schlichenmaier, Toeplitz quantization
of Kéahler manifolds and gl(n),n — oo limits, Commun. Math. Phys. 165
(1994), 281-296.

[4] M. Bordemann, and St. Waldmann, A Fedosov star product of the Wick type

_ for Kahler manifolds, Lett. Math. Phys. 41 (1997), 243-253.

[5] D. Borthwick, and A. Uribe, Almost-complex structures and geometric quan-
tization, Math. Res. Lett. 3 (1996), 845-861.

[6] L. Boutet Monvel, and V. Guillemin,The spectral theory of Toeplitz operators.
Ann. Math. Studies, Nr.99, Princeton University Press, Princeton, 1981. -

[7] M. Cahen, S. Guit, and J. Rawnsley, Quantization of K&hler manifolds II,
Trans. Amer. Math. Soc. 337 (1993), 73-98.

[8] M. Cahen, S. Gutt, and J. Rawnsley, Quantization of Kahler manifolds 111,
Lett. Math. Phys. 30 (1994), 291-305.

[9] M. Cahen, S. Guit, and J. Rawnsley, Quantization of Kahler manifolds IV,
Lett. Math. Phys. 34 (1995), 159-168.

[10] M. De Wilde, and P.B.A. Lecomte, Existence of star products and of formal
deformations of the Poisson-Lie algebra, of arbitrary symplectic manifolds, Lett.
Math. Phys. 7 (1983), 487-496.

[11] P. Deligne, Deformation de I’algebre des fonctions d’une variete symplecthue
Comparaison' entre Fedosov et- De Wilde,Lecomte, Sel. Math., New Ser. 1
(1995), 667-697. .




14 ‘ A.V. KARABEGOV AND M. SCHLICHENMAIER

'[12] V. A. Dolgushev, S. L. Lyakhovich, and A. A. Sharapov, Wick type deforma-
tion quantizations of Fedosov manifolds, hep-th/0101032.

[13] B.V. Fedosov, Deformation quantization and index theory, Akademie Verlag,
Berlin, 1996. ,

[14] B.V. Fedosov, Deformation quantization and asymptotic operator representa-
tion, Funktional Anal. i. Prilozhen. 25 (1990), 184-194. A simple geometric
construction of deformation quantization, J. Diff. Geo. 40 (1994), 213-238.

[15) I Gelfand, V. Retakh, and M. Shubzn, Fedosov manifolds, Adv. in Math. 136
(1998), 104-140. ,

[16] S. Gutt and J. Rawnsley, Equlvalence of star products on a symplectic mani-
fold; an introduction to Deligne’s Chech cohomology classes, J. Geom. Phys.
29 (1999), 347-392.

[17] V. Guillemin, Star products on pre-quantizable symplectic manifolds, Lett.
Math. Phys. 35 (1995), 85-89. -

(18] V. Guillemin, and A. Uribe, The Laplace operator on the n-th tensor power
of a line bundle:eigenvalues which are uniformly bounded in n, Asymptotic
Analysis 1 (1988), 105-113.

[19] A.V. Karabegov, Deformation quant1zat10n with separation of variables on a
Kéhler manifold, Commun. Math. Phys. 180 (1996), 745-755.

[20] A.V. Karabegov, Cohomological classification of deformation quantizations

© with separation of variables, Lett. Math. Phys. 43 (1998), 347-357.

[21] A.V. Karabegov, Pseudo—Kahler quantlzatlon on flag manifolds, Commun.
Math. Phys. 200 (1999), 355-379.

(22] A.V. Karabegov, On Fedosov’s approach to deformation quantization with sep-
aration of variables, Conference Moshé Flato 1999 (September 1999, Dijon,
France) (G. Dito and D. Sternheimer, eds.), Kluwer, 2000, math.QA /9910137,
Vol. 2, pp. 167-176.

[23] A. Karabegov and M. Schlichenmaier, Identification of Berezin-Toeplitz de-
formation quantization, math. QA/0006063 to appear in Jour. Reine Angew.
Math.

[24] M. Kontsevich, Deformation quantization of Poisson manifoldsI, g-
alg/9709040.

[25] C. Moreno, *-products on some Kahler mamfolds Lett. Math. Phys. 11 (1986),

- 361-372.

[26] - C. Moreno, and P. Ortega—Ncwarro, «-products on D! ((C) 2 and related

spectral analysis, Lett. Math. Phys. 7 (1983), 181-193.

[27] R. Nest, and B. Tsygan, Algebraic 1ndex theory, Commun. Math. Phys 172
(1995), 223-262.

[28] R. Nest, and B. Tsygan, Algebraic index theory for families, Advances in Math.
113 (1995), 151-205.

[29] H. Omori, Y. Maeda, and A. Yoshioka, Weyl manifolds and deformation quan-
tization, Advances in Math. 85 (1991), 224-255.

[30] M. Schlichenmaier, Berezin-Toeplitz quantization of compact Kahler mani-
folds, in: Quantization, Coherent States and Poisson Structures, Proc. XIV’th
Workshop on Geometric Methods in Physics (Biatowieza, Poland, 9-15 July
1995) (A. Strasburger, S.T. Ali, J.-P. Antoine, J.-P. Gazeau, and A. Odzijew-
icz, eds.), Polish Scientific Publisher PWN, 1998, g-alg/9601016, pp. 101-115.



ALMOST KAHLER DEFORMATION QUANTIZATION 15

[31] M. Schlichenmaier, Deformation quantization of compact Kahler manifolds
by Berezin-Toeplitz quantization, Conference Moshé Flato 1999 (September
1999, Dijon, France) (G. Dito and D. Sternheimer, eds.), Kluwer, 2000,

* math.QA /9910137, Vol. 2, pp. 289-306.

[32] K. Yano, Differential Geometry on Complex and Almost Complex Spaces,

Pergamon Press, the MacMillan Company, New York, 1965.

(Alexander V. Karabegov) THEORY DIVISION, YEREVAN PHYSICS INSTITUTE,
ALIKHANYAN BROS. 2, YEREVAN 375036, ARMENIA
E-mail address: karabeg@uniphi.yerphi.am -

(Martin Schlichenmaier) DEPARTMENT OF MATHEMATICS AND COMPUTER SCI-
ENCE, UNIVERSITY OF MANNHEIM, A5, D-68131 MANNHEIM, GERMANY
E-mail address: schlichenmaier@math.uni-mannheim.de




	00000001
	00000002
	00000003
	00000004
	00000005
	00000006
	00000007
	00000008
	00000009
	00000010
	00000011
	00000012
	00000013
	00000014
	00000015
	00000016

