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Abstract. We introduce a family of trigonometrie polynomials, denoted as Stancu poly-
nomials, whieh covers as special cases the trigonometrie Lagrange and Bernstein polynomials.
This family depends only on one real parameter, denoted as design parameter. Our approach
works for curves as weil as for surfaces over triangles. The resulting Stancu curves resp. sur-
faces therefore establish a link between trigonometrie interpolatory and Bernstein- Bezier curves
resp. surfaces.
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o. Introdnetion
Reeently, trigonometrie splines and polynomials have gained very mueh interest within

CAGD, in partieular eurve design, see for example Alfeld, Neamtu, Sehumaker (1995), Koch,
Lyehe, Neamtu, Sehumaker (1995), Gonsor & Neamtu (1996), Peiia (1996), Walz (1997). The
aim of the present note is twofold: First, similarly as done in the (algebraie) polynomials case in
Farin & Barry (1986) and Walz (1988, 1991), we introduce a one-parameter family of trigono-
metrie polynomials, whieh provides a link between the trigonometrie Lagrange polynomials
(1.1) and Bernstein polynomials (1.2). Then, in section 2, this approach will be transfered to
trigonometrie polynomials (in barycentrie coordinates) on a triangle.

(1.1)v=O, ... ,n,
n sin(1' _ i)

I (1') - II nv - . (V-j) ,
j=O Sln n
j7'V

1. Stanen Polynomials on an Interval
We consider, for even integer n, the (n+1)- dimensional space oftrigonometrie polynomials

Tm := span{l, eos(21'), sin(21'), ... , cos(n1'), sin(n1')}

where 0 :::; l' < 1. The Lagrange polynomials (w.r.t. equidistant nodes) from Tm are the
funetions

(1.2)

whereas the eorresponding Bernstein polynomials are

b ( )
= sinV(1')' sinn-v(l -1')

v l' sinn(l)' v = 0, ... ,n.

Both sets of functions form a basis of Tm. Moreover, sinee Iv (; ) = 8J.LV for J.L, v = 0, ... , n ,
the trigonometrie polynomial (curve)

n

L(1') = L dvIv(1')
1'=0

interpolates the points do, ... , dn , whereas the trigonometrie Bernstein-Bezier curve

(1.3)

n

B(1') = L dvbv(1')
1'=0

(1.4)

k-l
<Pk(1') := IIsin(1' - ja), (1.5)

j=O
for kEIN, and <Po == 1. Then, for each v E {O, ... , n} , the trigonometrie polynomial

() <PI'(1', a) . <Pn-v(l - 1', a) (1.6)
Sv 1',a:= () () ,<PI' 1'a, a . <Pn-v 1'a, a

where 1'a := 1 - a(n + 1) , is denoted as vth Stancu polynomial.
Obviously, Sv E Tm. Moreover, the following result holds:

possesses niee shape-preserving properties.
We now make the following construction: With a real parameter a, 0 :::;a :::;~ ' and the

variable l' we set
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Theorem 1: a) For each parameter value 0 ~ a ~ ~ ' it is

Tm = span{so(-,a)"",Sn(.,a)}.

b)Foreach vE{O, ... ,n}, wehave

3

{
bv(T)

Sv(T, a) =
lv (T)

Proof. We eonsider the relation

for a = 0, and

for a = ~ .

nl::cvsv( T, a) = 0 for T E [0,1].
£1=0

(1. 7)

In particular, (1.7) must hold for T = O. Sinee sv(O, a) = 0 for v = 1, ... , n, it follows
that Co must be zero. Analogously, setting T = a, 2a, ... , (n - l)a, it follows sueeessively
that Cl = .. ,Cn = O. This proves the linear independence of the funetions Sv and therefore
statement a). Statement b) ean be verified by straight forward ealculation. 0

Theorem 1 shows in particular that the trigonometric Stancu Curve
n

SeT, a) = l::dvsv(T, a)
£1=0

(1.8)

(2.1)

establishes a link between the interpolatory and the shape preserving eurves (1.3) and (1.4).
The real parameter a should be denoted as design parameter.

2. Stancu Polynomials over a Triangle
In this seetion we transfer the idea deseribed in Seetion 1 to the ease of bivariate trigonometrie

- polynomials over a triangle. So, as a special ease, we will also obtain trigonometrie triangular
Bernstein Bezier polynomials. The corresponding (algebraic) polynomials were introdueed and
investigated in (Farin, 1986) resp. (Walz, 1991).

As usual, we deseribe a point P on a given fixed triangle < Tl, T2, T3 > by its baryeentric
coordinates (Tb T2, T3) , Le.,

P = Tl Tl + T2T2+ T3T3 ,
1= Tl + T2+ T3 .

We will use the index set

Nn := {(VI, V2, V3) E IN5; VI + V2+ V3 = n}

with (n~2) elements. Then, with the auxiliary funetions 'Pk and the point Ta from above,
we define for eaeh (VI, V2, V3) E Nn the Stancu polynomial over a triangle as

'PVl(Tl, a) . 'PV2(T2, a) . 'PV3(T3, a).- 'PVl(Ta, a) . 'PV2(Ta,a). 'PV3(Ta,a)
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(2.2)

The foHowing theorem, whieh also can be proved by straightforward calculation, shows that
this one-parameter family of functions contains the trigonometrie Bernstein polynomials

b (P) _ sinIl1(TI)' sinIl2(T2)' sinIl3(Ta)
(111,112,113) - sinn (1)

as weH as the trigonometrie Lagrange polynomials

IIrr3-Isin(Ta - ~)

. sin( JA.:!:!.)
J3=0 n

(2.3)

over triangles as special cases.

Theorem 2: For eaeh (VI, V2, va) E Nn, we have

for a = 0 , and

for a = *.

L(P) :=

possesses for all (iI, i2, ia) E Nn the interpolation properly
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