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SOLVING WICK-STOCHASTIC BOUNDARY VALUE PROBLEMS
USING A FINITE ELEMENT METHOD

THOMAS GORM THETING

ABSTRACT. A class of linear elliptic Wick-stochastic boundary value problems is considered.
The problems are formulated in a variational (or weak) form and existence and uniqueness
of a solution to this variational formulation is proved under general assumptions on the data.
Furthermore, a Galerkin type of finite element method is formulated and presented in an al-
gorithmic form. As an illustration the algorithm is then applied to the Wick-stochastic pressure
equation in one and two dimensions.

1. INTRODUCTION

In this paper we study of Wick-stochastic boundary value problems of the type
L°u= fonD,

uw=0ondD, (11)

where D C R? is some bounded domain with Lipschitz boundary 8D and the linear Wick-stochastic
differential operator given as

d d
Lou=— Z D;(a"oDju) + Z broDiu + coU, (1.2)
i,j=1 i=1

with all coefficients allowed to be generalized stochastic variables. We assume that the generalized
expectation of the differential operator give a continuous, coercive and bilinear form. Note, as
argued in [14], that even if we restrict the coeficients to be ordinary stochastic variables, a solution
to an equation like (1.1) exists in many cases only as a generalized stochastic variable. The Wick
product o is introduced as way to handle multiplication of such generalized variables. This product
can be understood as 2 renormalisation procedure of the product of generalized variables A detailed
discussion on the modeling properties of the Wick product is beyond the scope of this paper and
we refer the interested reader to e.g. (3, 14, 15]. It should however be noted that the Wick product
makes (1.1) well-defined for very general data. We define and give some properties of the Wick
product in Section 3.

One example of an equation like (1.1) is the Wick-stochastic pressure equation
_V(KoVp)=fonD,
(KoVp) = f (1.3)
p=0ondD,

where p denotes the pressure, K the permeability and the right hand side f denotes the source rate
of the fluid. The stochasticity of the equation 18 usually a result of letting the permeability be some
given (positive) random field. The equation has been studied extensively, see e.g. 3,8, 17, 15, 24].
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It was introduced by Holden et al. [17] as 2 stochastic model describing the pressure in a fluid
that flow through a porous medium. The authors proved existence and uniqueness of a solution
in the Kondratiev space (8)! (see 14, 18] or [19] for a definition) and gave an explicit formula
for the solution. Other examples for Wick-type stochastic partial differential equations include
(5, 8, 9, 16, 18], see also [14] where the theory of Wick-stochastic (both ordinary and partial)
differential equations is treated.

One important background for the work in this paper is [24] (see also [25]). Here the author
formulates a variational interpretation of (1.3) on a family of Hilbert spaces (defined below), and
he gives conditions securing the existence of a unique solution on a subset of these spaces. The
motivation for the present paper was to extend the results from [24] to equations on the form
in (1.1). Furthermore, inspired by [, 2, 13], we wanted to provide a numerical approximation

method based on the finite element method for this class of equations.

A numerical solution is interesting because it provides an approximation which can be used to get
information about the true solution, even in the cases where the true solution is not known. We
can e.g. use the approximation to do stochastic simulation and investigate the statistical properties
of the solution. It seems tO be better to apply a finite element method approach (see 4, 23] for
the deterministic case) to this kind of equations, rather than a finite difference approach, because
. we avoid dealing with discretisation of the Wick product, see [13] for an example where the finite
difference approach is used. Tt is also an advantage that our approach enables us to obtain a priori
error bounds from general theory and these results are independent of the actual shape of the
domain (as long as the domain is regular enough). Furthermore, there is already a wide range of
software available for solving deterministic equations with the Gnite element method (e-g. 22,
and as we will see, the method we present in this paper makes it possible to take advantage of
such software. This makes it straightforward to start experimenting with stochastic simulations
and investigations of a problem once a deterministic finite element method has been developed,
something we believe can be useful when a practical problem is to be investigated.

We extend the results from [24] to boundary value problems on the general form given in (1.1). We
present a variational formulation of (1.1) on the same family of spaces as in [24]. In order to give
insight in the aumerical method used later, we reformulate this (stochastic) variational problem to
an infinite set of deterministic variational problems, using the properties of the Wick product. Each
of these variational problems will give one of the coefficients in the Wiener-1td chaos expansion of
the solution of (1.1). We then give conditions on the data to secure existence of a unique solution
to this (infinite) set of problems. This will again imply uniqueness for the original stochastic
variational problem, but not existence. For this existence we also need to control the growth in
the chaos coefficients. We proceed to prove this existence of a solution t0 the original (stochastic)
variational problem, thus localising the formal Wiener-Itd chaos expansion of the solution to some
specific family of spaces. This proof applies the Lax-Milgram Theorem and is based on the same
ideas as in [24]. We include the proof since we have formulated it differently and more general
than what was given in [24]. Next, with background in the ideas from Benth and Gjerde (2, 1]
we show how one can apply a finite element method to solve the variational problem numerically.
This reduces to solving a finite series of deterministic linear systems where each equation gives the
classical finite element approximation [4, 23] of one coefficient in the Wiener-Itd chaos expansion
of the solution. Finally, we present this numerical solution method in the form of an algorithm
and we apply this to the model problem given in (1.3).

We give an outline of the paper: In Section 9 we introduce notation and a few necessary preliminary
results. Then in Section 3 we present the family of Hilbert spaces we use to form the variational
equation. We also define the Wick product and give some basic properties. In Section 4 we give a
variational formulation of (1.1) on this family of Hilbert spaces. We reformulate this (stochastic)
variational problem to an infinite set of deterministic variational problems, and we consider the
uniqueness of a solution to this set of problems. Next, in Section 5 we present a proof of the
existence (and uniqueness) of a solution of the original variational formulation using the Lax-
Milgram Theorem. In Section 6 we show how to apply a Galerkin finite element method to solve
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the variational problem numerically, and we present convergence results securing that the method
converges in the norm of the underlying Hilbert space. In Section 7 we formulate the resulting fully
discrete problem as a finite set of deterministic variational problems and we give an algorithm that
describe how to solve this discrete problem. Finally, in Section 8 we apply the given algorithm t0
the model problem (1.3) for a special choice of data and present results from simulations in.one
and two dimensions.

2. PRELIMINARIES

We present the definitions and results needed for this paper. For the interested reader we recom-
mend the introduction to white noise analysis given in Hida et al. [12], other references include
[11, 14, 19, 20, 21]. The application of white noise analysis to Wick-stochastic partial differential
equations is treated in Holden et al. [14]. For an introduction to the finite element method see e.g.
Brenner and Scott [4] or Quarteroni and Valli [23].

Let S denote the Schwarz space S(R?) of rapidly decreasing C*° functions on R¢. The dual space

' equipped with the weak-star topology is the space of tempered distributions. By Bochner-
Minlos theorem there exists a unique probability measure p on the members of the family B(S')
of Borel subsets of &’ such that

Eleit9)] = / i) () = e~ NolB/2 (2.1)

7

where ||¢llo = (¢, )0 = Jga #(z)?dz. The triplet (8, B, p) forms our basic probability space.

Lemma 2.1. Let ¢1,° ", &n be n functions in S(R?) that are orthonormal in L2(R*). Then the
stochastic variable

w ((w? ¢1>’ T a(wv¢n>)

is standard Gaussian (ot Normal) distributed on R*.

The Lemma follows from (2.1) and a proof is presented [14].

We will use the following multi-index notation. Let I = (N}, denote the set of all multi-indices
a=(a1,02,-) where all a; € Ny and only finitely many o; # 0. For each a, 8 € T we define the
usual operations a + B = (1 + Br,02+ Ba, ), al = allag! -, ol = }:j ;. Furthermore,
we use ¢; to denote the multi-index with one in the ith positions and zero in all the others and
we write 0 for the multi-index containing only zeros. For each a,v € T wesay a =7 if and only
if ; <7 foralli € N. Clearly < is a partial ordering of Z. Let the relation < on I be defined
in the analogue way using strict inequality term-wise. It follows from the definition that a 2 7
(a < v) if and only if there exists B € T such that o+ B=v(a+B=" and 8 # 0).

Tor each a € T define the stochastic variable
o<
Ho(w) = | Pas (s ms))s (2:2)
j=1
where hr, denote the Hermite polynomial

hn(z) = (—1)%*/2&%(6—*/2) (n € No), (2.3)

and the family {n}j2, forms an orthonormal basis for L*(R*). This orthonormal family is con-
structed from the Hermite functions

£a(z) =14 ((n - 1)!)—1/%-*/%“_1(\/595) (zeR neN) (2.4)
in the following way: Let 0 = (61, -+ ,04) € N¢ be the d-dimensional multi-indices and let {6V}

(i € N) be some fixed ordering of these multi-indices such that i < J = |60 < |6()]. Then we
defien n; as the tensor product

n; = Estiy = &5t @ ® L5 (jeN). (2.5)




4 ) T. G. THETING

see also {14, p. 19} Note that the family {én ©_ is a subset of S(R), and it and forms an
n=1

. orthonormal basis for L2(R). Thus, {n}5%: is a subset of S(R*) and forms an orthonormal basis

for L2(R%).

The following Theorem is one of the corner-stones for our finite element approximation. A proof
is given in e.g. (14].

Theorem 2.2 (Wiener-Ito chaos expansion theorem). Every f € L2(p) has a unique Wiener-Ito

chaos erpansion

flw) = Z caHo(w) whereco € R (2.6)
o€l

In addition, the famaly {Ha/V!}aez constitutes an orthonormal basis for L*(p) and we have

1122 = 2 o (2.7)

o€

for every f € L2 (p).

For completeness we also include a definition of coercivity of a bilinear form and the Lax-Milgram
theorem.

Definition 2.3. Let V be a real Hilbert space and let B :V xV — R be some given bilinear
form. Then B is said to be coercive on V if there exits a constant § > 0 such that

B(v,v) > 6lvlly
for all v in V. Here || - {lv denotes the norm on V.

Theorem 2.4 (Lax—Milgram). Let V be a real Hilbert space, let F beinV', and let B VxV —R
be some given COMLINUOUS, coercive and bilinear form. Then there ezists a unique v € V such that

B(u,v) = F(v)
for allv in V.

A proof based on the contraction mapping principle can be found in e.g. {4]. The theorem can be
generalized to the complex case [26], but this will not be needed in this paper.

3. A FAMILY OF STOCHASTIC HILBERT SPACES

To be able to apply the Lax-Milgram Theorem [4] and use the finite element method, we want to
study stochastic equations in a Hilbert space structure which captures properties in the physical
space. This is the reason for introducing the following family of Hilbert spaces (S)P”"V.

Definition 3.1. Let (V, (-,")v) be any real separable Hilbert space and choose p € [-1,1],k € R.
Then the stochastic Hilbert space (S)F"k’v is defined as the set of all (formal) sums

f= Z foHgy, where fo € V forall a€Z,
o€l
such that the norm

W oy == O [ fall? ()17 (2M)F) 2 (3.1)

a€l
s finite. The weights are defined as (2N)ke = Hj"zl(Qj)k“i.

Note that the norm || - [[o.k,v i induced by the inner product (-,)p.k,v defined as

9oy = 3 (Far gV ()7 (20 (3.2)

o€l
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for f =Y o foHa and g = Yo 9o Ha given in (S)F”“’V. This inner product is well defined because
fo,ga €V for all @ € T and V is a Hilbert space.

It is clear from the definition of the norm in (3.1) that given ki, k2 € R such that if k1 < k2, then
WFlloke v S W lpkanv - Tt follows that

(S)p,kg,v c (S)p,khv.
Furthermore, for any k € R and p € [0,1] we clearly have
(5)1,1c,v c (S)p,k,V c (S)O,k,v c (5)—p,k,V cC (S)——l,k,V.

For given k > 0 and p € [0,1] the space (S)“’"k’v is dual to (S)P"“'V under the pairing defined
by
(F, ) = Y (Fa, fa)vel (3.3)

a€l
for any F € (S)™""" and f € (S

If V is the Sobolev space H™ (D) we denote (S kY by (S Yok D suppressing D when it is clear
from the context. Likewise, for V = Hp(D) or V =R weuse the notation (S)g’k’m’D and (S)*F,
respectively. Furthermore, for the Hilbert spaces L%(D) and H m(D) we denote the corresponding
inner products by (-, Yo,p and (s )m,Ds respectively. We write | - llm,p for the norm induced by
the inner product on H ™(D) (or H™(D)), suppressing D when the set we integrate over is clear
from the context.

From (2.7) it is clear that (5)%° = L*(p). To give some relation to the Kondratiev spaces used
by Holden et al. [17), note that for given p € [0,1] the Kondratiev test function spaces are defined
as (S) = ﬂk>0(5)”*k equipped with the projective limit topology (7], and the Kondratiev distri-
bution spaces are defined as (8)*:=U k<0($)_‘”k equipped with the inductive limit topology.

We have the following result due to Vage [24].

Proposition 3.2. The space (S)"'k’v forms a separable Hilbert space, and it is isomorphic to
V& (S)F.

The proof by Vge is presented for the spaces V = H™ and V = H*, but it is easily adapted to
fit any separable Hilbert space.

Remark 3.3. The weights (2N) used in our definition of (S ye-ksV are different from those used
by Vage in [24]. He use the weights

[o=]
Ake = H(2d5§1) . 6&.7))’6(15
5=1
in the corresponding definition. The resulting spaces are only slightly different in the sense that
(2N)/d < A% < (2N

for all a € T and with our ordering of the multi-indices § used in (2.5). See also page 34 in [14].
The results from [24] that are used in this paper are not affected by this difference in the weights.

Definition 3.4. Let f(z,w) = T, falz)Ha(w) € (S)pkm D where D is a open subset of R? and
m is a non-negative integer, and define the derivative DA f to be

L (DPf)(@) = D (D? fo)(2)Ha

for any multi-index 8 € N¢ and with |8 < m. Here DP f, denotes the derivative in the usual wealk
(or distributive) sense.
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The definition makes sense because for a given f in (§)P*m™D | all coefficients fo are in H™(D) by
assumption, and thus all weak derivatives DP f, exist for |8| < m and are in H m=18(D) C L*(R%).
1t follows that the operator

Dﬁ : (S)P?k!mrD —_ (S)P,kvm-lﬁlvD

is linear and continuous.

Example 3.5. Let ¢ € S, D bounded, and define ¢;(y) = ¢(y — z). The smoothed white noise
process is defined by

o)

Wo(z,w) = (w,0s) = 3¢z, m)He(w) (€D

i=1
and can be shown to belong to (S)tkmD for any k < 0 and any m € Ny. The singular white
noise process is defined by the formal expansion

W)=Y m(@)H, (z€D)
=1

and can be shown to belong to (S)M*1D for k < —2/3.
Definition 3.6. The Wick product fog of two elements

=3 fuHa € ()0 and g = Y gala € (S

is defined as

ng = Z fagﬁHa+ﬁ- (34)

o,B€T

This product is associative, commutative and distributive. Note that if one of the terms are
deterministic, then the Wick product coincide with the ordinary point-wise product. Also note
that we multiply functions in L?(D) here. Therefore, each term f,gg is integrable, but in general
the product is not square integrable. Thus, to make sure that the operator g — fog is bounded
and continuous on (S)~1*? we introduce the Banach spaces Fi(D):

F(D) = {f(z) = > fa(z)Ha : fa(z) measurable,
“ (3.5)
Wl = f‘ég(z |fa(2)(2N)'®) < 00}

These spaces where first given in [24]. The following proposition secures the continuity of the
Wick product for & < 21.

Proposition 3.7. Let D C Re be open and choose | € R. Then f € F, defines a continuous
linear operator on (S)™4*0 by g — fog as long as k < 2l. Furthermore, we have

fogll-1.k,0 < Nflles2sllgll-1k0 < e« llgll =150 (3.6)
for all g € (S)7HF0.

A proof can be found in [24] and is based on a simple application of Young’s Inequality for
convolutions [6].
Definition 3.8. For any element f = 3_, foHa € (S)P*™ we define the generalized expectation
as

E[fl:=fo (3.7)
That is, E[f] equals the zeroth Wiener-Ito chaos coefficient of f.
Note that this definition coincides with ordinary expectation if f € L*(u). Also note that from

the orthogonality of Hy we have Ef fog] = E[f]E|g] for any given pair of (generalized) stochastic
variables f and g in (S ye:km  This property is a consequence of the definition of the Wick product.
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4. A VARIATIONAL FORMULATION OF THE PROBLEM

We give a variational (or wealk) formulation of the Wick-stochastic boundary value problem (1.1)
and show that a solution is unique. In the following Section 5 we will provide sufficient conditions
on the data to secure existence of a solution.

Formally, assuming enough regularity on the data and the solution, we may take the inner product
of (1.1) with any v in (8)2%1. This gives

(Lou, W) o0 = (F0)por €SI (4.1)

Now, consider the left-hand side in (4.1) term vise; using the definition of the inner product the
first term results in

d
S (—Di(aijODju)mUw)o,D(V)H"(?N)’”

v 4,5=1

for each v € (S)f,”k’1 and where (-, )o,p denotes the usual inner product on L?(D). By convention
the expression (a”oD;u), denote the vth chaos coefficient of a* oD;u. Integrating each coefficient
by parts gives

d
> > [((aijODju)-yaDi'Uv)O,D - ((G%Dju)qm,v-,)o,aD] ()P (2N
v ni=1
where n = (n;) is the unit normal vector pointing out of D. Note that the integral over the
boundary vanishes because by assumption each v, € Hj(D). Summing the contributions from
the second and third term in (1.2) gives the bilinear form

d d
Ay i(u,v) == > (a7oDju, Div)oro + S (b oDiu, v)p k0 + (€OUV)p k0 (4.2)
1,j=1 =1
defined for any u,v € (S)7"". Here we only assume enough regularity on a*?, % ¢ (4,5 =1, - ,n)

to secure that (4.2) defines a continuous bilinear form. Lemma 5.1 below give sufficient conditions
for this continuity. We define the variational formulation of (1.1).

Definition 4.1. For a given pair (p,k) with p € [~1,1) and k € R the variational (or weak)
formulation of (1.1) is

Find u € (S)2*! such that A, k(u,v) = (f,0)pk0 forallve (S)5F . (4.3)

and a solution of (4.3) is called a variational (or weak) solution of (1.1).

Before we proceed to consider the existence of a unique solution to (4.3) we take a closer look
at the problem we are trying to solve. Let u be a solution to (4.3) for some pair (p, k). By the
definition of the Wick product we have (formally)

d

d
App(u,v) = Z [ Z ((a¥ oDju), Divy)o + Z((bioDiu)ﬂ,, vy)o +

v  1,j=1 1=1

((cou)y, ”7)0] (y) P (2N
4 d

ZZ Z [Z(aiﬁijua7Div"l)0+Z(biﬁDiuaav7)0+

v _atB=y b=l =1
(cptad vy o (Y +(20)7
=33 Byalta,v) ()P (2N

v azv
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for all v in (S)5™". Here

d d
Ba(g,h) == 5 (a Djg, Dih)o + (b5 Dig, h)o + (cag, h)o (4.4)
7,7=1 i=1

defines a bilinear form on H}(D) for each 3 € T and we use the partial ordering X given in
Section 2. If we choose v = wH,, with w in Hg(D) it follows that the sequence {u,},ez of chaos
coefficients of the solution satisfy the following (infinite) set of variational problems

For each 7 € T find u, € Hy(D) such that
 Bo(uy,w) = (fryw)o — Z Boy—a(ta, w) for all w in Hg(D).

o<y
Theorem 4.2. Let a¥d,bi,cq be in L®(D) fori,j =1,... ,dand all € T. Let fy be in L*(D)
for all v € T and let By (defined in (4.4)) be a coercive, bilinear form on H}(D). Then there exist
a unique set of functions {u, € HY(D) : v € I} solving the variational problems (4.5).

(4.5)

Proof. First note that by assumption Bg is a continuous, coercive and bilinear form on HYD)
and for each fixed v € T the right hand side in (4.5) is a continuous linear operator on H}(D),
provided the set {uq : @ < 7} is known and a subset of H}(D). The main idea in the proof is
that we may order the set of multi-indices in such a way that when we reach the vth variational
problem in (4.5) we have already solved the variational problems corresponding to all multi-indices

o such that o < 7. The proof follows by induction on v and repeated use of the Lax-Milgram
Theorem. O

Remark 4.3. It should be noted that Theorem 4.2 does not imply existence of a solution to the
variational problem given in (4.3). For this we also need that the growth condition

> luy 32N < oo

veZ
is satisfied for the pair (p,k) given for (4.3). The theorem does however imply uniqueness of
a solution to (4.3), as the following Corollary 4.4 shows. In Section 5 below we will prove the

existence of a solution to (4.3). This will then localise of our formal expansion of the solution to

some space (S)5*".

Corollary 4.4. Given the assumptions in Theorem 4.2. Then any solution to (4.3) has the
(formal) chaos ezpansion
U= Z U Ha,

a€l
where {u-, : 7 € I} is the set of functions solving (4.5). This ezpansion is independent of (p, k).

Proof. The corollary follows directly from the calculations that lead us to (4.5) and the uniqueness
of {u~ : v € I} from Theorem 4.2. a

We want to remark that the bilinear form B given in (4.4) is the variational form corresponding

to the (generalized) expectation of (1.1). This follows since
d

d
E[L°u) = — Y E[Di(a;joDju)] + S~ Elb*oDiu] + Efcou]

i,j=1 i=1
d d
i .
= — E Di(aoj DjUQ) + E by Diug + coto-
~4J=1 i=1

There is a range of well-known conditions on the coefficients agj ,by and co securing that By is
coercive on HA(D). See for example [4, 23] and the references therein. Furthermore, note that
from a modeling point of view, where we think of the stochasticity as a small perturbation of some
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original deterministic model, it is natural to assume that By is coercive. Thus securing existence
of a unique (variational) solution to the averaged equation.

5. EXISTENCE OF A SOLUTION

We show that we may choose p and k so that the bilinear form A, x(,-) is both continuous and

coercive on the space (S )’O"k’l. From this the existence (and uniqueness) of a solution of follows
directly using the Lax-Milgram Theorem. As was noted in Remark 4.3 we already know that a
solution is unique. The proof presented here is a generalisation of the proof given in [24].

First, we consider the question of continuity.

Lemma 5.1. If a¥,b',c € Fi(D) for i,j = 1,...,d and some | such that k < 2l. Then the

bilinear form A_y i given in (4.2) is continuous and there exists a constant C < oo such that
A-1e(u,v) < Cpflufl-pellvll-1k0

for all w,v € (S)~1*1,

Proof. It suffices to show that A_; x is bounded. Let u,v € (S)~V*! and k < 21, then

d d
|A_1k(w,0)] < D HaoDjull 1 kol Divll-1,40 + D 1" Dsull -1k 0llvfl 1,40

i,j=1 i=1

+ [leou)l~1,k,0l[v] 1,50

d d
< S a9l IDjul—1 ol Divll—1 0 + S 167110

1,7=1 =1
+ llellillull -1,k 0llvll 1,50

< Crllull=1kallvll=1,8,1,

| Diull—1,k0llvll-1,k,0

using Cauchy-Schwarz, Proposition 3.7 and the definition of || ||-1,x,1. By our assumption on the
data Cp == 3¢y 07 ]lee + ;16 lie + llclli < o0 a

Next, we give an intermediate lemma before we state the result about the coercivity of A_; .
Recall that we use fy to denote the zeroth order term in the Wiener-1t6 chaos expansion of a
stochastic variable f and that this equals the (generalized) expected value of f.

Lemma 5.2. Let f € Fi(D) for some reall and let v,w € (S)~1%9. Then

(fov,w)-1,k0 >

1
S~ (fovy wy)oZMFT = S22 fll (0l 0 + 10121 0) (5.1)

5

Proof. The proof follows the ideas in the proof of Proposition 6 in [24]. First note that if f € F,(D)
for some real [ then

sup Z | fo(z)(2N)**/2 = sup Z | Fo()|(2NY ™ (2N)(R/2 =D < ok/2=4 ) )1, (5.2)
2€D | >0 2€D >0

Next, choose v, w € (S)~1*? and consider the left-hand side of (5.1). Using the definition in (3.2)
we get

(fov,w)—1,,0 :«Z /l)(fov)7w7d1(2N)k7

ZZ/D( S fuvg)wsdz (2N)F

a+f=vy
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> [ (oton = & Vlvaliuy iz (230
a+ﬁ =7
ja|>0
—Z/ fovyw,dz (2N)* Z/ Z Gavybag)d (5.3)
ey

where @y = (| fal(ZN)5/2) 2 [(ZN)7/2 and bug = (1fal(ZN)4*/2)1/2ug] 2N/, Applying
the inequality ab < a2/2 + b?/2 in the last term of (5.3) give

L3 amta)ia <530 [ (3 dholis+ 5 3 [ (S tha)e

a+f=y Jai>0
|laf>0

after some reordering and adding of positive terms on the right-hand side. Consider this bound
term-wise. From (5.2) and the definition of a,, we have

%Z(Z Goy)do < 5 Z/ e (Y fal@)| (2N *72) jw, |*dz (209)*

Y lef>0 | [>0

5270 Y [ e (20 (5.4
vy

I/\

1 -
S22 ol

IN

A similar argument gives
1 -
35 [ (Zt0)dn < 32l o (5:5)
Jé) o

Summing (5.4) and (5.5) and using this estimate in (5.3) proves the lemma. |

Now we state the result about the coercivity of A_ .

Lemma 5.3. If By is coercive on H3(D), then there are constants ko < 2l and § > 0 such that
the bilinear form A_;  given in (4.2) satisfies

A1 (v,v) 2 9|]”“?—1,k,1 (5.6)
for allv in (S)al’k’1 and all k < k.

Proof. The proof is easy. First, use (5.1) repeatedly and obtain
A_1k(9:9) 2 D Bolgy, 99) (2N — 262710 |lg) 2, (5.7)
i
where Cp = 3, {la”[l« + 20, 16*lle« + llellis < co. Next, since we assumed By to be coercive,
there is a constant 8y > 0 such that Bg(h, h) > 6o]|R||? for all h in H}(D). Thus

A-14(9:9) 2 D 6ollg TN = 22 Crllgl2 1 = 6llgl2 1 sy
vy

for all g in (S);7*!. The constant 8 := 6y — 25/2~'C/ can be made positive if we choose k small
enough. It suffices to have

o
= —_— < 2l
k<=2l ln(CL> <2l
O
Theorem 5.4. Under the assumptions in Lemma 5.1 and 5.8, and with p = —1 and ko chosen
small enough, the variational problem (4.3) has a unique solution for each k < ky.
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Proof. The continuity of A.; ; follows from Lemma 5.1, and the coercivity from Lemma 5.3.
Thus, by the Lax-Milgram Theorem we have existence and uniqueness of the solution to (4.3). O

Remark 5.5. From Corollary 4.4 we know that the solution (when it exist) is independent of our
choice of (p, k).

Example 5.6. Consider the pressure equation (1.3) with the singular permeability given by the
Wick exponential

K(z,w) = exp®(W(z)) := Z W(f”')on
n=0 )

n
where W(z) is the singular white noise defined in Example 3.5. A straightforward calculation

shows that
oo oo

n a ;i
K(z,w) = Z a—!—Ha(w) where n°%(z) = Hni (z).
n=0 i=1
It follows that Bg from (4.4) can be written as

8
Bp(g,h):/Dy—ﬂ(—!{ZVg(a:)Vh(m)da:.

The domain D is a bounded domain with Lipschitz boundary 8D by assumption. Thus, by the
Poincaré inequality it follows that By is coercive on H} (D). By Theorem 5.4 there exists a unique
solution to the variational form of the pressure equation.

Remark 5.7. The approach to finding the variational formulation and showing continuity and
coercivity of the bilinear form described in this paper can be adapted to other type of boundary
conditions such as Neumann or mixed conditions. The variational formulation and the space
(S)y LEL changes to account for the difference in boundary conditions. Apart from this the
approach is similar to what we described above.

6. A FINITE ELEMENT APPROXIMATION

From the previous section we know that the variational problem (4.3) has a unique solution in
(8o LA g long as we choose k small enough. We want to investigate this solution, and do so by
solving the variational problem numerically using a finite element method.

The finite element method is based on a finite dimensional approximation of the space (S)7'"**.

By constructing a basis for this finite space, and using the linearity of the equations, we can
express the approximated problem as a set of linear equations that give the coefficients of the
finite basis expansion of the solution. We show how a finite dimensional space can be constructed,
give an appropriate basis for this space, present the resulting finite dimensional problem, and give
an error estimate securing convergence in (S); Lkt '

A natural approach to construct a finite dimensional subspace of (5)51”“’1 is indicated by Propos-
ition 3.2. We have the isometry '

(S)g ™! = Hy(D) @ (5)7*.

Thus, we may construct our subspace by using a finite dimensional subspace of the space (S)~1*
and some classical finite element approximation of Hj (D) [4, 23].

First, any f € (S)~1* may be written as a formal sum f =3 .7 faHa where I = (NY). and all
the coeflicients f, € R. Following the ideas in [1] 4 finite dimensional subspace is then constructed
by restricting the allowed multi-indices to a finite set. Define the cutting Ty x CZ as

N K
Ink ={0tU | [ J{a €N | |lal =n and a; # 0}. (6.1)

n=1 k=1
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The resulting space

(Sw)* ={f= D faHa: fa €R||fllox < oo} (6.2)
a€ln . k
is clearly a subset of (S)** for any choice of NV, K and can be shown to have dimension (N ;Z,K ).

Now for the construction of a subspace of H}(D). This problem has been studied extensively, and
here we follow the approach described in [4]. First we give some basic notation and definitions.
For given n € Ny and some domain 7 C R? define the function spaces

Po(T):={ >  cpz’:caeRazeT}
BeNY,|B|<n
that is, P,(T') is the family of polynomials of degree less or equal to n defined on the domain 7.
A triangulation of a polygonal domain D is a finite collection of open triangles {Ti}ﬁvzo such that

(a) T;NT; =if i # j and uT; =D.
(b) No vertex of any triangle lies in the interior of an edge of any other triangle.

The family of triangulations 7}, for h € (0,1] of the domain D is said to be non-degenerate if
(a) max{diam T : T € 7} < h diam D .
(b) There exists a p > 0 such that for all T € 7, and all k € (0, 1]
diam Bt > p diam T
where Br is the greatest ball contained in the triangle 7.
We call i the grid-size of a given triangulation T}.

Now we proceed with the approximation of H¢ (D). We assume spatial dimension d = 1,2 or 3 and
for convenience we assume that D is a polyhedral domain in R?. Let 7, be some non-degenerate
family of triangulations of D and for each T, € 7, define

Vi = {v € C%D) : v|sp = 0,v € Py(K) for each K € T1}. (6.3)

We let M denote the number of internal nodes in the triangulation. Note that M is the dimension
of the finite element space Vi and it inversely proportional to the grid-size 2. Furthermore, note
that the continuity of the functions in Vis secures that V)s is a subspace of H(}(D)7 as an easy
computation using the Green formula shows.

The approximations (6.2)—(6.3) may now be put together to define the finite dimensional space

(Snxm)o V5t = Vi ® (Swox)7HE (6.4)
Because Viy C HE(D) and (Sy,x)~1* C (§)~1* we clearly have that
(Swz,m)g 5 C(8)g 0 (6.5)

for any choice of N, M, K. Let f be in (S)O—l’k’l. Then the projection of f into (‘5‘1\1,;@1\4)0—1””’1 is
given by

fFUEM@y = > f¥(z)Ha (6.6)
a€ln k

where fM(z) € Vi denotes the projection of f, € H(D) into Vis. The following result is due to
Benth and Gjerde [2].

Theorem 6.1. Let k,q > 0 be given and assume r :=k — q > r*, where 7* solves

T*

B Te—
Then there exists a constant C > 0 depending on Ty such that
If = VML e < Buierll fll=1,—g1 + CRIFll=1,—k.2,

=1 (r* =~ 1.54).
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and for any g € (S)V*!

(f = FYEM W] < (Browellfll=1,-g1 + CRIFl=1,—k2) g1kt
where

Bicas =[O + )

Ci(r) ZT‘Z?(T—_—IW (6.7)

Ca(r) =27(r — 1)Cy (7).

Note that we have changed notation slightly here, assuming both k,¢ > 0 and explicitly wrmng
the minus signs in the norms.

)N+1

Using the space (6.4) the Galerkin approximation problem [4], derived from the variational for-
mulation in (4.3), becomes

Find ©™% M € (Sy )5t ™" such that

e (6.8)
Ay e (uNEM gy =(F,0)1,_k 0 for all v € (Snx )5 5

Existence of a unique solution to (6.8) is a result of the Lax-Milgram Theorem together with
(6.5) and the results about coercivity and continuity of the bilinear form. Furthermore, by Céas
Theorem [4] we have the following estimate on the error

llcl}’ (69)

where C < o0 is the continuity constant from Lemma 5.1 and 8 > 0 the coercivity constant from
Lemma 5.3.

C
u — MMy p < Tmm{“u —vl—1,—k1 v € (SN Mo

Assuming u € (S)g V"% N (5)"1~%2 then by Theorem 6.1 together with (6.9) we get the error
bound
Cp
o= M s € S B sl gn + Ohlll oy —gana), (6.10)
for any M, N, K and ¢ big enough.

This bound on the error implies convergence of the numerical method in (S)y L=k1 because by
(6.7) it is clear that By x,r — 0 as N, K — 0o as M — oo (or equivalently as h — 0).

7. AN ALGORITHM FOR THE NUMERICAL SOLUTION

We now turn our attention to the finite dimensional Galerkin variational problem (6.8). The
solution of (6.8) has the chaos expansion

wNHEM = Z uMH,, (7.1)
a€ln k

where uM are in Viy C H}(D) and the cutting Zy x is defined in (6.1). The formulation corres-
ponding to (4.5) becomes

For each v € Iy i find u € Vi such that
Bo(ua ) ) (f’Ya O - Z B—y a Uy , ) for all w € VM (72)

=<y
Note that now we also need the property

‘YGIN,K=>{QEIZQ<7}CIN’K. (7.3)

in order to have a well-posed problem. The cutting defined in (6.1) satisfy this property. Since
this is a finite dimensional problem both ex1stence and uniqueness of a solution follows by the
induction argument in Theorem 4.2.
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M

We rewrite (7.2) to a series of liniear systems of equations. Let {¢,},—; be some basis for V.

Then each coefficient 4/ can be written as

M
ul(z) =D cion(z) (L ER). (7.4) -

Substituting this sum into (7.2) and choosing w = ¢., gives us the following series of M-
dimensional linear systems:

Agcy =f,— > Ay_acg, (7.5)
a<y
where the matrices Ay_q = [By—a(¢n, #m)] are in RM*M and the vectors £, := [(f, #n)o] and
¢y := [c7] are in RM.

Remark 7.1. Since the equation for ¢, depends on ¢ for o < -y, we need to traverse the multi-
indices in such a way that the necessary information is available when we reach the yth equation.

Summarising these ideas give the following algorithm for the numerical solution of (1.1). Here we
assume that an appropriate triangulation T}, has been chosen, with the corresponding function
space Vi and basis {¢»} (n = 1,...,N). Furthermore, we assume that there has been chosen
N, K € N to get a cutting as described in (6.1), and that the set of variational equations (7.2) has
been formed.

Algorithm 7.2.
1. Form the ordered set Iy i
2. Start withy=(0,---,0) € Iy k
3. Ify€eInxk do
3.1 Calculate £, = [(f4, dn)o,D]-
3.2 Find the set Ly = {a € Inx : @ < 7}
3.3 For each a € L,
3.8.1 Calculate the matrices Ay—q = [By—a(®n, dm)].
3.3.2 Update the right hand side £, :=f, — A,_cq
3.5. Solve the problem Agc, =1,
4. Find the next v and go to 3.

We now comment on the different parts of this algorithm:

First, note that there is a one-to-one correspondence between each « in Iy g and the binary
number given by

bin(a) :=11---1011---10---011---1. (7.6)
(234 aKg -1 a1

In step 1. we order the set Iy x in the following way: Given a, € Iy g then

a<pif {10 <IBl or . 7.7

g { ol = 18], bin(a) < bin(8) @D
This relation makes Zy g into a totally ordered set. Clearly, @ < v imply a < v so (7.7) provides
a good way of choosing the next v in step 4.

Next, considering the number of required computations. A straight forward calculation shows
that the algorithm requires (V7) matrix- and vector-definitions (cf. step 3.1 and 3.3.1), (V;25)
matrix-vector products and vector additions (cf. step 3.3.2), and (N ;K ) solutions of a linear
system (cf. step 3.5). The exact amount of numerical work required depends on choice of basis
{#n}, numerical integration method in step 3.1 and 3.3.1, and how one solves the linear system
in step 3.5. When deciding these parameters for a given case, the above results are helpful when

trying to minimise the numerical work. Note that by storing the matrices after they have been
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calculated in step 3.3.1, instead of recalculation them when we use them again later, we reduce
the number of matrix-definitions from (N T2 to (¥ ;K ). This saves us a considerable amount of

computational time, but makes the algorithm need more memory.

Usually one will calculate f, and A using numerical integration over all the elements in T,. This
kind of integration is a standard tool in (deterministic) finite element methods and there are many
available software-packages for this (we used Diffpack [22]). Our opinion is that the possibility to
use ready software made for deterministic problems is an advantage for the method. Furthermore,
we did a LU factorisation of Ay to solve the equation in step 3.5. If M is large it is preferable to
apply an iterative method like the Conjugated Gradient (CG) method here. See Golub and Van
Loan [10] for both LU-factorisation and CG.

Once all the coefficients uf,‘[’ {a € Iy, k) have been computed, one can do stochastic simulations
of u™¥:M(z ) by simulating H, (w) for each o € In,x and summing like described in (7.1). The
simulation of

Ha(w) = Hha,-«wﬂb‘)) (78)
J
can be done using Lemma 2.1. Draw K independent standard Gaussian distributed variables and
form the product (7.8) for each o € Iy k.

Finally, we would like to point out the parallelism inherent in the problem. Since c, only depends
on {cq : & < v} it is clear that we can solve for {c, : |y| = k} in parallel.

8. A NUMERICAL EXAMPLE
The main motivation for this Section was to provide an application of Algorithm 7.2. We also
wanted to investigate the properties of the solution to the pressure equation (1.3).

Let the permeability and source term given by (slightly misusing notation)

n*(z)
al

K(w,z) = exp® W(z,w) = Z
a€l

Hy(w) and f(z,w) =1,

respectively (¢ € D,w € 8"). The above permeability corresponds to the singular permeability
case studied in [17], where the authors prove existence of a strong solution in (S)~!. It should
be noted that this solution has later been shown to be in a much smaller space G, see [3] for
details.

We applied Algorithm 7.2 on the variational formulation arising from the pressure equation (1.3).
The properties of the solution was investigated through direct simulations of the pressure, and
by plotting the norm ||uf1” loo (v € In k) against increasing multi-index. This plot is interesting

because of the bound

lell2s —ko < 1D D luallZ (2N) 75,

thus if the numerical results indicate that ||uM||. is uniformly bounded in «, then this would
indicate that the solution is in (S)™1~*%? for some (small) k > 0.

We solved three specific cases: Case A, B and C, corresponding to the one-dimensional (A,B) and
two-dimensional (C) case with given choices of cutting (N, K) and grid size M. The specific data
are given in Table 1. We did more simulations than those we report here, but we picked these
examples to illustrate the typical behaviour of the solution.

Now we have the following comments on the simulations.

First, the one-dimensjonal cases (A and B): We start with the stochastic simulation of the pressure.
In Figure 1 and 2 we show typical behaviour for the simulated pressure. These simulations are
done as described in the comments to Algorithm 7.2. Note here how the approximation in case
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Case A B C
Domain (D) [-5, 9] (-5, 5] -1,1] x [~1,1]
Nodes (M) 100 100 256
Cutting (N, K) (3,15) (15,3) (3,15)
Element Lagrange interval Lagrange interval Lagrange triangle

TABLE 1. Data used in the numerical simulations.

B (N =15,K = 3) in Figure 2 is much smoother than for case A (N = 3, K = 15) in Figure 1.
This has the explanation that in case B we have K = 3, so there are fewer random variables used
when simulating each H.,(w). Another contribution to this behaviour of the simulated pressure is
that coefficients degrease much faster for increasing N compared to increasing K, see discussion
below.

Now we consider the || - |o norm of chaos coefficients. In Figure 4 and Figure 5 we give plots
of luM ||« against the ordering of the multi-indices & € Iy x described in (7.7). Note how the
plot in Figure 4 shows three distinct levels for the values of ||u}||. These levels corresponds to
different order (Ja|) of the multi-indices @. By comparing Figure 4 with the rapid decrease in the
values of [|u¥ |l that can be seen in Figure 5, the conclusion we get from our numerical data is:
When we increase |, thus moving to higher order chaos of the solution, the values of ||u ||, are
bounded (and even seem to decrease).

Thus, our numerical results indicate that the solution is in fact quite regular. Since the uy|loo
are bounded (and even decreasing) we expect the real solution to be in some space (S)~1~%9 for
quite small £ > 0.

This argument on the behaviour of the coefficients is also supported by looking at the error term
in (6.10). As M is chosen big compared to N and K, the right hand side in the error (6.10) is
dominated by the constant

C
\/‘f?7-‘—].——1+02(21'_(1~r:~]3)1v+1’ (7">7‘*F=11.54).

Thus, it is no surprise that the coeflicients decrease faster when we increase N (case B) compared
to the increase in K (case A).

To give an idea of how the shape of coefficients u,, we included in Figure 4 some typical chaos
coefficients u,’)/f plotted against the space variable, for the one-dimensional case Al.

Next, for the two-dimensional case: In Figure 6 we present a plot that corresponds to Figure 4 and
5 for the two one-dimensional cases. We can still see the same bounded (and decreasing) behaviour
of ||[uM |« as for the one-dimensional case, and the conclusion from this numerical investigation
is the same as for the one-dimensional case.
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FIGURE 1. This plot shows nine different simulations of the pressure in the one-
dimensional case A (N = 3,K =15). As a comparison we included a plot of the
ezpected solution ug.
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FIGURE 2. Same kind of plot as Figure 1 above for the one-dimensional case B
(N=15K=23).
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FIGURE 3. The figure shows some typical coefficients ul, plotted against space
in the one-dimensional case A (N = 3, K = 15). Counted from right to left
we have coefficients numbered 1, 13, 59, 201, 274, 387, 431, 611 and 797. The
simulations of the pressure is then a sum of these (and many more) coefficients,
with a stochastic weight (cf. (7.1) ).

10 F < N=1K=15 3
v N=2 K=15 bl
+ N=3 K=15 b

-3 I I i ! i I I A

0 100 200 300 400 500 600 700 800 900

FIGURE 4. The ﬁgm:e»shows ||uf>”|}°o plotted against the ordering of the multi-
indices in Iy i for the one-dimensional case A (N = 3, K = 15). Note the three
distinct levels in the values, as the order |a| increase.
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FIGURE 5. Same plot as in Figure 4 above, but now for the one-dimensional case

B (N =15,K = 3). Notice that there is a clear trend towards smaller ||uf‘{’f|lOo as
we move towards bigger a.
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FIGURE 6. The figure shows ||ul! |l plotted against the ordering of the multi-
indices in Iy i in the two-dimensional case C. We see the same behaviour as for
the corresponding one-dimensional case A.
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