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E. Binz

Let M be a smooth, oriented and compact manifold of dimension
n-1. By E(M,R») we denote the collection of all smooth
RPr-valued embeddings of M. This set is open in C®(M,Rr), the
R-vector space of all smooth R™~valued maps of M, (the opera-
tions are defined pointwise), which carries the C®~topology.
Since C®(M,Rm) is a Frechet space, E(M,RM") is a smooth Frechet

manifold. Here smoothness is always ment in the sense of [Gu].

A smooth map F: E{(M,RM") x C°{M,RM") — R is a onerform provi-
ded the partial map F(j) sending each k ¢ C®(M,R"®) into F(j, k)
is linear for each fixed j € E(M,Rn). Call the collection of
all smooth one forms on E(M,R™) by A2(E(M,Rm),R). To handle
such forms we define what is ment here by an integral repre-
sentation. Specifying terminology, let RPr be oriented and
< ; > be a fixed scalar product. Each j ¢ E(M,R™) defines
hence a Riemannian metric m(j) given by m(j) (X,Y) = <djX;diy>
for all X,Y in the collection fTM of all smooth vector fields
on M. dj is locally identical with the Frechet differential of

j. Finally N(j) denotes the oriented unit normal field along

j.

F admits an integral representation provided there is a smooth
map ¢gr: E(M;R™) — C®(M,R™) such that for each j ¢ E(M,Rn)
and any k € C®(M,Rn)
, F(3,k) = J <or(3):k> n(3)

holds. The Map <@¢F(J);k> assigns to any p ¢ M the value
<pr(j) (p);k(p)> and u(j) is the Riemannian volume element
determined by m{(j). If ¢ exists, then it is uniquely deter-
nined by F. |

Let F admit an integral representation. Then each j ¢ E(M,Rn)
splits into ¢p(3J) = djY(j) + wp(j)-N(j) with Y(j) € PTM and
wrp(j) € C°(M,R™). Splitting furthermore Y{(j) according to

Hodge's decomposition uniquely into a gradient with respect to
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m(j) and a divergence free vector field we have

OF(3) = AJY°(3) + dj grad;Tr(j) + wp(j) -N(3)
with diij°(j) = 0 and Tg(j) € C°(M,R") for each j ¢ E(M,Rn).

RM-invariant one forms on E(M,R™).

The Abelian group IR™ operates on IR™ as the group of trans-
lations. This operation 1lifts to an operation & of R" on
C”(M,Rm) by letting &(h,z) = h + z for each h ¢ C®(M,Rn) and
each z ¢ RN identified with the constant map assuming z as its
only value. The differential "
' d: c®*(M,R") — {dh/ h € C°(M,R™)}

yields hence a bijection of C®(M,R™)/gn on to its range. The
action & restricts to E(M,R™) since j + z ¢ E(M,R") for each
j ¢ E(M,R") and each z € R™. Hence both {dj/ j ¢ E(M,Rn)} and
{dh/ h ¢ C°(M,R")} are Frechet manifolds when endowed with the

respective quotient topology.

F ¢ A*(E(M,R™) ,R) is called Rr-invariant provided that there
is a smooth one form

FRn: C°(M,R™) /gn x C”(M,R™) /gn — R .
such that F = d*an. To define the notion of an integral
representation for Frn we fist introduce the two.tenéor T(x,3)

for each « ¢ A*(M,R™) by setting

T(a,Jj) (X,¥Y) = <x(X);d3Y> VY X,Y € I'TM.
This two tensor is represented by a smooth strong bundle map
P{x,j) of TM as T(«,j)(X,Y) = m(j)(P{«,j)X,Y). Decomposing

P(«x,j) into its skew- and self-adjoint part C(«,j) and B{«,j)
respectively yields for each X ¢ ['TM
«x(X) = c(«,3)d3iX + 47 - C(«,j)X + dj-Bla,j)X

for a well determined map c(a,j) € C®(M,so(n)) (with so(n) the
Lie algebra of S0(n)) which maps R-N(j) to T3jTM and vice
versa. Writing the analogous decomposition of dh ¢ C®(M,R™)/Rrn
we define «-dh by

x-dh tre(«,j)ec(dh,j) + trC{(a,j)oC(dh,j) + trB(a,j)oB(dh,3).

FRn is said to admit an integral representation provided that
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there is a smooth map «: E(M,R™)/gn — AZ(M,RP), (A?*(M,Rn)
carrying the C”-topology) such that

Fgn(dj.dh) = [ a(dj) -dh u(3).
"« is not uniquely determined by Fgn !

The relation between the two integral representations.

Let F ¢ A(E(M,R™),R) be Rr-invariant i.e. F = d*Fgn. Assume
that Fpn admits an integral representation by «.
We will solve '

f(m(j);h)u(j) = [ «a(dj)-dh u(j) given ¥V h € C®(M,Rn)
for the smooth map ¢: E(M,R") — C®(M,R"). To this end we
write h ¢ C°(M,R") as h= djX, + ©,'N(j) for X, ¢ M and
8nh € C°(M,R). Moreover we express the Lie derivative Ly (m(j))
via m(j) by a smooth strong bundle map Ly of TM to read as
Lx(m{(j))(Y,2) = m(j) (LxY,2) for any choice of all X,Y,Z ¢ [ITM.
Then if V(j) denotes the Levi-Civita connection of m(j) and
¥(j)X the adjoint of V(j)X formed with respect to m(j) we
immediately deduce
B(dh,j) = z-mxh + 8,-W(3), C(dh,Jj) = %-(V(j)Xy - ¥(3)X,)., and

c{dh,j)diX = - m(j) (W(J)Xn,X)-N(J) + d8,(X) -N(j).
W(j) being the Weingarten map of j. If we define the covariant
divergence diij of a smooth strong bundle pndomorphism P of
T wvia a mooving (with respect to m(j)) orthonormal frame
€4,...,85,-4, as
n-1 ’

div;P := rE; V(j)er(P)er
then we easily obtain for 8, =1
~ tr B(«,3j)°B(dh,J)

div;B(«,j)Xn - m(3) (div;B(«,J), Xp)
+ <tr B(a«,j)oW(3j) -N(j);:N(j)>

tr C(«,j)oC(dh,j) div;C(a,j) Xy - m(j) (div;C(a, ) ,Xp)

and
tr c(a,jloc(dh,j) = -2m(J) (W(F)U(x,J) ,Xy)

with c(«,j)N{(j) = djU(«,j). Hence if we define

9(3) := - dj div (B(«,J) + Cl«,]j)) -
= 2dj W(3j)U(a,3) + (tr B(a,3)oW(j)) -N(3), V jeE(M,RD)
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we immediately deduce from the above equations the following:

Theorem 1 Let F ¢ A®(E(M,R™),R) be Rn-invariant such that
F = d*Fgn, where Frn admits an integral representation by «.
Then F admits an integral rerpresentation by ¢ given forbeach
j ¢ E(M,Rn) by

Tp(j) = - tr B(«,3J)
id

(YF)®(3) = - div;(B(a«,J) - (trBle,J) gipg + Cla,3))

- 2 W(3j)U(x,]J)
and , ’
wp(j) = tr Bl«,j)owW(j).

The splitting of vy € A% (M,RD)

Let y € A*(M,R") and Yy = dk + y' for some dk € C®(M,R") /gn and
some Y' ¢ A*(M,Rm). The differential dk is called an inte-
grabel part of y. Given next j ¢ E(M,R™), and any orthonormal
basis in R™, writing Y as a 1linear combination of forms in
A1(M,R), and expressing them by vector fields via m(j), then
Hodge's decomposition of theée fields yield a unique splitting

Yy = dk + y' where yY' has only zZzero as an integrabel part. dk
is called the maximal integrabel part of y. Moreover
Sy'-dh p(3) = 0 for all h ¢ E(M,R™). This implies:

Corollary 2 Let F ¢ A'(E(M,R™) /gn,R) with F = d*Fgn where Fgn
is represented by «, which we write as
a{dj) = dk(j) + «'(3) V j € E(M,R™),

where a«'(j) has only zero as an integrabel part, and set

moreover _ .
' k(3) = Ajx,(3) + 8,.(3) -N(J)
then dk 1is wuniquely determined by FRrn, and the following
equations hold: '
div;(B(k(j),3) + C(k(3),3) = A(J)X(3)

with A(j) as the Laplace Beltrami operator of j.

| div;(B(«'(3),3) + Cla'(j).3)) = 0
as well as | tr W(j)eBg'(3j) n(j) = 0. Moreover
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Yr(3) = - A(3)Xk(3) + W(3) grad;8,.(j) - 8i(J) - -grad;H(])
- 2-W(Jj)=* X(3)
and
wr(j) = div;W(3)X, - dH(]) (Xg) + 8, (J)trWw(j)=.

Stationary points

Let F € A*(E(M,R™) ,R) be represented by
¢ € C°(E(M,R"),C°(M,R™)). F is said to be stationary at j if
F(j)(h) = 0 for all h € C”(M,R"). Hence F is stationary at j
iff TtTp(j) = 0, (YF)®(j) = 0 and wp(j) = 0. If moreover
F = d*Fgn where Fgn is represented by « with dk as maximal
integrabel part, then using the terminology of corollary 2 F
is stationary at j iff the following equations hold
tr B(a,j) = 0 = div;X, + 8, -H(J) .
A3 X (3) = W(F) grad; 8,(3) - 8,(3) -grad; H(J) - 2 W(3) 3K, ()
dH(]J) (Xy) = div ;W)X + 8, (]) -trw(j) 2.

Symmetries of F and Fpn

Let F ¢ AT (E(M,R™),R) be represented by
® € C (E(M,Rm),C”(M,Rn). Call a ¢ Diff (M) to be a symmetry of
F if .

F(joa) (hea) = F(3j)(h) ¥V j € E(M,R™) and ¥ k € C"(M,RD)
which holds provided iff ¢(jeca) = @(j)lea for all j € E(M,Rr).
The collection DiffgpM of all symmetries of F is a closed sub-
group of DiffM. Its formal Lie algebra JdiffgpM consists of all
. X € PTM for which ' : -
DF(3) (djX) (h) = - F(3)(diX) V¥V 3j € E(M,R") and ¥ h ¢ C°{M,Rn)
which is equivalent to say that

Do (3) (diX) = de(3) (X) Y 3 ¢ E(M,RR).
In fact DF(j)(de) is represented by de¢(3) (X).

In case F = d*FRn and Frn admits an integral representation,
then DiffgM = DiffM.
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Examples 1) Consider V: E(M,R®) — R given by V(j) = fp(3)
for each j ¢ E(M,R"). Hence

DV(3) (h) = S<H(3) -N(3) ,h>p(3)

V jeE(MRr and V h € C”(M,R").

Since N(jea) = N(j)ea und H(jea) = H(j)ea for any choice of
'3 € E(M,R™) and a ¢ DiffM we have

D(H(3) -N(3))(dixX) = dH(3) (X) N(J) + H(J) -djwWw(3i)X
showing hence that DV 1is DiffM-invariant. This however is

obvious from the fact that V factors over the Frechet manifold

E(M,R™) /piffM. The one form DV of E(M,R") is Rn invariant and
(DV)pn is represented by dj. Hence T(dj,dj) = m(j). DV(3) is

stationary at j iff H(j) = O.
2) Next consider Fpn given by Fgn(dj) (dh) = [fdjw(j)-dh u(3)
for all j € E(M,R") and all h € C°(M,R"). Hence

@(3) = -div,W(3) + (tr W(3) =) N(3)
= -dj grad;H(3) - (M(3)-N(3) - H(J)?2)-N(J)
where M(j) is the scalar curvature of m(3j). Then
F(3) (h) = - [<dj grad H(3) - (H(3)2 - M(3))-N(3).h> u(j).

The tensor T(djw,dj) is identical with the second fundamental

form of J. Clearly F is stationary at 3 iff
H(j)2 = const = \(j).
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