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Abstract. Action refinement is a useful methodology for the develop-
ment of concurrent processes in a stepwise manner. We are here inter-
ested in establishing a connection between syntactic action refinement
and logic. In the syntactic approach to action refinement, reduction func-
tions are used to remove the refinement operators from process-algebraic
expressions thereby providing semantics for them. We incorporate a syn-
tactic action refinement operator to the Hennessy-Milner-Logic and de-
fine a logical reduction function for this extended logic. This provides a
possibility to refine a process expression and a formula simultaneously on
the syntactic level, while preserving their satisfaction relation. It turns
out that the assertion P = ¢ < Pla ~ Q] = pla ~ Q] where -[a ~ Q]
denotes the refinement operator both, on process terms and formulas
holds in the considered framework under weak and reasonable restric-
tions.

1 Introduction
The formal development of concurrent systems can be carried out in process
calculi like CCS [Mil80] or CSP [Hoa90]. These calculi provide operators which
are used to compose process expressions to more complex systems (which are
also called process expressions). The basic building blocks in such calculi are
uninterpreted atomic actions which can be seen as the conceptual entities on
a chosen level of abstraction. A designer might be interested in providing a
more precise or detailed structure for an action which occurs in a given process
expression. This is the point where action refinement comes in. Given a process
.._expression._P_one_refines. an atomic. action a of P by a more complex process
expression ), gaining a more concrete process expression Pla ~ @]. Since the
refinement takes place on the process expression itself, it is called syntactic action
refinement. On the other hand it is possible to define a refinement operator on
the semantic level (see e.g. [GGR94]). The application of this operator is called
semantic action refinement.

Much work has already been done to clarify the properties of semantic and
syntactic action refinement (e.g. [AH91,DD93,BDE93,GGRY4]), but investiga-
tions of action refinement in logical calculi are rare (cf. [Huh96] for a semantic



approach).

Logical calculi, like temporal and modal logics (e.g. [K0z83,5ti87,Eme90,Pen91])
provide the ability to formalize properties of processes. Such properties are de-
noted by formulas ¢ of the considered logic. If a process P has the property ¢
we write P |= ¢. For example the process expression

read_data; send.data; stop_transmission

determines the process P shown in Figure 1. P obviously satisfies the spec-

ification ¢ def (read_data)(send_data)(stop_transmission)T in the Hennessy-

Milner-Logic.
O read_data ~ send_data ~ stop_transmission O
/ _/

Fig. 1. The Process P

In a later design step two different channels are provided to send data. Hence
the action a = send_data is refined by the process @ = (send_data_channell +
send.data_channel2) where ‘+’ denotes nondeterministic choice which gives the
process Pla ~» Q] shown in Figure 2. Obviously Pla ~ Q] j ¢, but on the other

send_data_channell

read_data stop_transmission

send_data_channel2

Fig. 2. The Process Pla ~ Q]
‘hand Pla~ Q] = ¢ where
¥ ef {read_data)(send_data_channell){stop-transmission) T A

(read_data){send_data_channel2)(stop_transmission)T.

We consider the question how i can be obtained from ¢ via a suitable refine-
ment operation ‘[a ~ ...] on the logic i.e. we consider the following question: is
it possible to define refinement operators on the process- and the logical calculus



such that we may conclude Pla ~ Q] | p[a ~ Q]? That means, can we simulta-
neously refine the process expression P and the formula ¢, while preserving the
satisfaction relation? And, to go a step further: Can we also infer P = ¢ from
Pla ~ Q] & pla ~ Q]? As we will see, the solution of the above task comes
down to the task of defining appropriate reduction functions for the process
calculus and the logical calculus. These functions are responsible for merging
different abstraction levels and thereby removing the refinement operators.

Our framework consists of a subset of CCS [Mil80] enriched with an operator
for action refinement. Action-prefixing is replaced by an operator for sequential
composition of process expressions, which is more adequate when dealing with
action refinement. To specify properties of processes we use the negation free
form of the Hennessy-Milner-Logic advocated in [Mil80}, also enriched with an
operator for action refinement. The application of this operator will be called
logical action refinement. We provide a link between syntactic action refinement
for process expressions and syntactic action refinement in our adopted Hennessy-
Milner-Logic. More concrete, we investigate restrictions on processes P, @ and
formulas ¢ which guarantee

Pl g Pla~ Q) pla~ Q) 1)

where a is taken from a fixed set of atomic actions.

The validity of (1) has an interesting implication: Process equivalences are
used to identify process expressions. Semantic models based on interleaving are
not considered to be ‘good’ models for action refinement since the used equiva-
lences fail to be congruences for action refinement (cf. [vGG89]). Our approach
suggest a revision of this view: Let P be a process and let ¢ be a set of formu-
las that P satisfies based on the interleaving semantics. If P’ satisfies & as well
(e.g. if P’ is bisimular to P) then Pla ~ @] and P'[a ~ @] both satisfy the set of
formulas {p{a ~ Q] : ¢ € #}. This result.can be used by a system designer, who
is not interested in full equality of refined process expressions modulo bisimula-
tion equivalence, but in the fact, that two refined processes both satisfy a refined
property (or a set of refined properties) of special interest.

Although verification is usually expressed in terms of implementation rela-
tions (cf. [BBR90] for an overview) and action refinement does not support this
kind of verification our approach supports ‘a priory’-verification with respect to
transition behaviour formalized by formulas.

In Section 2 we introduce the process calculus RB PP which contains an op-
_erator for syntactic refinement. The concept of logical refinement for the logic
RHMYL is defined in Section 3. Section 4 provides the link between those two
concepts, formalized by Theorem 2. We restate the obtained results in the envi-
ronment of syntactic action refinement in Section 5. A discussion and applica-
tions of the results are given in Section 6.




2 T_pe mSet RBPP of Proce;sses

We fix a set Act := {a,b,...} U {@,b,...} of actions and a set Varae :=
{v1,v2,...} of distinguished action variables where Act N Vara, = 0. Action
variables from Var4. can be regarded as dummy actions used in what fol-
lows as ‘place-holders’ for processes. We let range «, 3,7, ... over the set A :=
ActUVara.:. Elements of this set are called atomic performances or simply per-
formances. An action a and its complement @ may synchronise, performing the
distinguished action 7 if they are composed in an appropriate way by parallel
composition.

2.1 Syntax

Definition 1. As usual the process expression 0 is used to denote a process
which is unable to perform any atomic performance.

1) Let RBP be the language of process expressions generated by the grammar
Pi= a| (P+P)| (PP) |Pla~ P]
2) Let RBPP be the language of process expressions generated by the grammar
Pu=0]al|(P+P)|(P;P)|Pla~ Q| (P|P)

where ) € RBP.
3) Let BPP, BP be the languages of process expressions generated by the gram-
mars for RBPP, RBP respectively, without the rule P ::= Pla~ Q).

a

Please note that we excluded the silent action 7 from the set A. Hence it is not
possible to generate process expressions containing . This decision is debatable
but in our opinion T-actions are internal knowledge of the system and should be
generated only by the system itself via communication. Hence it seems not to be
reasonable to supply the ability to specify the systems internal behaviour.since a
designer is not explicitly informed about it. Moreover without knowledge about
the internal behaviour of a system it seems to be unnatural to be able to refine it
by known, observable actions (see [AH91]). Only the system itself should know
about its internal actions and no refine-methodology should affect them.

As in [GGR94] we define a function ¢ : BPP — 24 which gives the set of
performances of a process expression.

Definition 2. Let P,Q € BPP be process expressions. We define the function
§: BPP — 24 as follows:

£(0):=0




§(a) = {a} N

P*Q)):=¢&P)UEQ) fxe{+;,]}
O

The function £ac; : BPP — 24¢ is defined in analogy to the function £.

2.2 The Reduction Function for RBPP

We now proceed to the definition of performance refinement. As in [AH91] we
use a reduction function red : RBPP — BPP which removes the occurrence of
all refinement operators in a process expression. The function red uses syntactic
substitution defined as in [GGR94].

Definition 3. Let P, P, P,,Q € BPP be process expressions. Syntactic substi-
tution, denoted (P){Q/a} is defined as follows:

(0{Q/a} =0

@ = {200,

(Py + P){Q/a} i= (PHQ/a} + (P){Q/a}) where + € {+.5,}
O

Remark 1. To avoid excessive use of brackets we sometimes use the notation
P{Q/a} instead of (P){@/c} if the context avoids ambiguity. O

The following remark shows that several nested applications of the substi-
tution operation can be reduced to only one such application. It is proved by
induction on the structure of P € BPP.

Remark 2. Let P,Q1,Q2 € BPP be process expressions and ¥, 72 € A.
Further let * € {;,+,|}. If v1,72 € £((Q1 * Q2)) UE(P) and 71 # 2 then
(P71 *v2) /a3 Q2/721{Q@1/m} = (PH{(Q1 % Q2)/a}. O

Definition 4. Let P,P,,P, € RBPP and Q € RBP be process expressions.
The function red : RBPP — BPP is defined as follows:

red(0) :=0
red(a) := «
red((P) * P;)) := (red(Py) * red(P,)) where * € {+,;,]}

red(Plo ~ Q)) := (red(P)){red(Q)/a}
0




Remark 3. Please note that the refinement of an action might suspend a poten-

tial communication. We could use instead the ‘hybrid’ operator -[a ~ Q]y :=
(a ~ Q])[a ~ Q] if this is felt to be an undue property of a refinement op-
erator. Q is the expression @ where every action is replaced by its complement
(cf. [AHO1)). O

Remark 4 states that one application of the reduction function is sufficient to
remove all refinement operators occurring in a process expression.

Remark {. Let P € RBPP and Q € RBP. Then red(Pla~ Q]) =
red(red(P)[a~ Q]). O

Lemma 1. Let P € RBPP, Q,,Q2> € RBP be process expressions and v;, V2 €
A such that v1 # 2. Furtherlet x € {; , + }. If y1,72 € E(P)U&(red(Q1;Q2))
then red(((Pla~ (1 * 12)])[y2 ~ Q2])[n ~ Q1]) = red(Pla ~ (Q1 * @2)]).

Proof. Follows by Remark 2 and Remark 4.
|

In the presence of the sequential composition operator ‘;’ it is common to work
with a special predicate / indicating successful termination (cf. [AH91]}).

Definition 5. Let / C RBPP be the least set closed under the rules

0ey
EcyandFe/=>(ExF)e/ wherexc {],+,;}

Eey/=>Ea~Qley
a

2.3 The Semantics of RBPP T

We now define the operational semantics of the language RBPP.

Definition 6. Let E,Ey,Es, F € RBPP and Q € RBP be process expressions.
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The last rule expresses the philosophy that the behaviour of the process P is
considered to be identical to that of the process red(P) (cf. [AH91]).

A process expression P determines a labelled transition system with termi-
nation i.e. a tupel (P, RBPP, A,—,+/) where P € RBPP is the initial state
and -C RBPP x AU{r} x RBPP is the set of transitions, derived from the
operational semantics. 1/ gives the set of terminated states. A process expression
P' is called an a-sucessor of P iff P % P’. P' is called a sucessor if there is a
performance a s.t. P’ is an a-sucessor of P. Sometimes we use the notation P 3
to indicate the ability of P to execute an a-performance.

Some elementary properties of the function red are summarized in the fol-
lowing which allow us to relate the behaviour of P and red(Pla ~ @Q]). First
we show that refinements behave well in the sense that they neither remove a

process expression from the set / of terminated states nor introduce a reduced™

process expression to it.

Lemma 2. Let P € BPP and Q € RBP. Then P € \/ iff red(Pla ~ Q]) € /.

Proof. Immediate.




Lemma 3. Let P € RBPP. Then P € \/ iff red(P) € /. |

Proof. Follows from Definition 6, the inability of P € / to commit any perfor-
mance o € A and the fact that @ € RBP for any term of the from Pla ~ Q).
| ] .

Lemma 4. Let P € BPP and Q € RBP be process expressions. If & # 3 then

1) YPYP'(P B P = red(Pla~ Q)) 2 red(P'la ~ Q)

2) If B & £(red(Q)) then VPYP' (red(P[Oz ~QN 5P =3rPL P and
red(P'la~ Ql) = )

Proof. 1) By structural induction on P € BPP.

P =0 and P = -y where v # §: Trivial.

P=7:

Obvious as P & 0, red(Pla ~ Q]) = B = P since a # (3 and red(0fc ~» Q]) :—0

P=(P, +Py):

Assume (P, + P,) B p' for some P' € BPP. By Definition 6 we get P, 4 pr
or P, £> P'. W.lo.g. assume the former. Then

red(Pyla ~ Q) 5 red(P'[a~ Q))
by the induction hypothesis. This implies
(red(Pi[a~ Q)) + red(Py[a ~ Q))) 5 red(P'la ~ Q))
As (red(Pr[a ~ Q)) + red(P[a ~ Q])) = red((P1 + P2)[a ~ Q]) we get

red(Pla ~ Q]) 5 red(P'[a ~ QJ).

P = (P|Py): : e

Assume (P|Ps) L p' for some P' € BPP. Since B # 7 (remember T & A)

we have P' = P{|P, where P, A P} or P! = P,|P; where P, 5 Pj. Wlo.g.

assume the former. By the induction hypothesis we get red(Pifa ~ Q)) LY

red(Py o~ Q). This implies

(red(Py[a~ Q])|P) & (red(Pla ~ Q])|P)




for any P € BPP. Now let P = red(P;[a ~ Q]). Then

red(Pla ~ Q) % red((P{|P2))a~ Q).

P = (Py; P): e

Assume (Py; P») S P’ for some P’ € BPP. By Definition 6 we have to consider
two cases:

Case 1: P, € \/. By the assumption we must have P; L pr We get

red(Psla~ Q) & red(P'la~ Q])

by the induction hypothesis. By Lemma 2 we get red(Pi[a ~ Q]) € /. This
implies
(red(Pi[a ~ Q));red(Paa ~ Q])) LA red(P'[a~ Q])

hence
red(Ple~ Q]) 2 red(P'[a ~ Q)).

Case 2: P, € /. Then P, 2 P! and (P,; P) 2 (P!; P,) by Definition 6. We get
red(Pi[a~ Q) LA red(P{[a ~ Q))
by the induction hypothesis. By Definition 6 we obtain
(red(Py[a~ Q)); P) 5 (red(P[a ~ Q1); P)
for any P € BPP. Let P = red(P,[a ~ Q]) then

red(Pla ~ Q]) LA red((P]; P;)[a ~ Q]) = red(P'[a ~ Q)).

2) By structural induction on P € BPP.

P = 0: Trivial, since red(P{a ~ Q]) = 0.

P=fy:-

Case 1: v = a. Then red(afa ~ Q]) = red(Q). But 8 ¢ £(red(@)) by the
condition whence the implication is trivially true.

Case 2: v = B. Then red(Bla ~ Q]) = 3 since a # 3. Hence P’ = 0. We choose
P" =0 whence red(P"[a~ Q]) =0=P’.

Case 3: v # a and v # 3. Then red(P[a ~ Q]) = ~v. Since v # 8 the implication
is trivially true.




P= (P, +P):

Assume red((P; + Po){a ~ Q) £ P’ for some P’ € BPP. From Definition 3
and Definition 4 we obtain

(red(Py[a ~ Q) + red(Psfa~ Q))) & P’

hence
red(Pila~ Q]) 5 P' or red(Byla~ Q) 5 P'.

W .lo.g. assume the former. Then
3P"(P, & P" and red(P"]a ~ Q)) = P")

and
3P"((Py + Py) & P and red(P"[a ~ Q)) = P).

P = (P1|P2)2

Assume red((P1|P;)[a ~ Q]) L, p' for some P' € BPP. Then we get
(red(Py[o ~ Q))|red(Py[a ~ Q1)) 5 P

Since 8 # 7 (1 & A) we get

P' = (Elred(Ps[a ~ Q))) where red(P,[a~ Q]) > E E € BPP

P' = (red(Py[a ~ Q])|F) where red(Py[a~ Q) & F F e BPP.

W .l.o0.g. assume the former. Then

32(P, & P and red(Pla~ Q]) = E)

and
- 3P((P1|Ps) & (B|Py) and red(Pla~ Q]) = E) (%) B
As
red((P|Py)[a~ Q) = (red(Pla ~ Q))lred(Psla ~ Q)))
we get

red((P|Py)la ~ Q]) = (Elred(Psla ~ Q) = P’

from (*). Hence we conclude

3P ((PIPy) & P and red(P"[a~ Q]) = P')

10




by choosing P = (P|P).
P =(P;P):
Assume red((Py; Py)[a ~ Q)) B, P’ for some P' € BPP. We obtain
(red(Pi[a ~ Q]);red(Pola~ Q) & P.
Case 1: P! = (E;red(P:[a ~ Q])) where red(Pi[a~ Q]) L g
Case 2: P' = F where red(Psa ~ Q) & F and red(Pi[a~ Q)) € v/.
For case 1 we get
3P(P, B P and red(Pla~ Q]) = E) (%)
by the induction hypothesis. This implies
3P((Py; Py) 2 (P; Py).and red(Pla ~ Q)) = E)
by Definition 6. As
red((P; P2)[a~ Q]) = (E;red(Py[a~ Q))) = P’
by assertion (*), we conclude
IP"((Py; Py) & P and red(P"[a~ Q]) = P)
by choosing P" = (P; P;).
For crz;mrsre 2 we obtéin
3P"(P, & P" and red(P"[a ~ Q)) = F)

by the induction hypothesis. By Lemma 2 we have P; € / since
red(Py[a ~ Q]) € /. Hence we obtain

3P"((Pi; P2) 5 P" and red(P"[a~ Q]) = F).

Lemma 5. Let P € BPP be a process expression. Then

1) YPYP'(P 3 P' = red(Pla~ B]) 5 red(P'[a ~ 8)))
2) If B & €(P) then YPYP! <red(P[a ~B) 5 P = 3PP S P and

red(P"[a~ f]) = P’>

11




Proof. Assertion 1) and 2) are proved by structural induction on P € BPP. We
only show the cases where the proof differs from the proof of Lemma 4.

For assertion 1) we show
P=a:

a 3 0, red(Pla ~ B]) = 8 whence red(Pla ~ £]) L 0 which completes
this case since red(0[a ~ f]) = 0.

For assertion 2) we show

P=x

Case 1: v = . Then red(afa ~ f]) = 8. By Definition 6 we have P’ = 0. We
choose P = 0. Then P 3 P" and red(P"[a ~ B]) = red(0[a ~ B]) =0 = P’

Case 2: v = 3: cannot occur due to the condition 8 ¢ £(P) of the lemma.

Case 3: v # a and v # §: The implication is trivially true.
|

Lemma 6. Let P € BPP be a process expression and v1,7v2 € A. Then
1) VPYP' <P AP =
3P red(Pla (i)} B B B red(Pla~ (uim)))
2) If yi,72 € £(P) then YPYP'VP" (red(P[oz ~ () B P3P
3P(P % P and red(Pla~ (11;72)]) = P">
Proof. 1) by induction on the structure of P € BPP.

P = 0: Trivial.

P=q:

Case 1: v # a. Then the implication is trivially true.

Case 2: v = . Then a 3 0 whence P’ = 0. Now red(aja ~ (11;72)]) = (71;72)-
We choose P = (0;7y2). Then

(red(Pla ~ (71;72)]) Bpr red(P'la ~ (71;72)]))-

12




P = (P1 + Pg):
Assume (P; + Pz) 2 P’ for some P’ € BPP. Then we obtain

P5Po P3P

by Definition 6. W.l.o.g. assume the former. Then

.HP”(red(Pl @~ (71;72)]) B P" B red(P'la~ (71;72)])).
This implies

3P (red((Py + P)[a~ (n;72)]) & P" 3 red(P'la ~ (11372)]))-

P = (P1|P2)2
Assume (P;|P;) 3 P’ for some P' € BPP. Since a # 7 (1 ¢ A) we have
P’ = (P}|P;) where P, 3 P|

or
P' = (P,|P}) where P, 5 P,

by Definition 6. W.l.0.g. assume the former. Then
3P"(red(Pi[o~ (11;72)]) B P" B red(Pifa~ (11;712)]))

by the induction hypothesis. This implies
3P <(Ted(P1 [a~ (115 72)])Ired(Pafa ~ (11572)]) = (P"Ired(Pafa~ (13 72)])

and

(P"|red(Pyla ~ (1;72)]) B (red(Plla~ (1;72)])Ired(Pala ~ (71;72)])>~
We obtain
3P (red(PuIPa) (o~ (1)) 3 (P red (Pl (i) -
and
(Plred(Pafa~ (i) B red(PIFs) o~ (i) ).

We conclude

EP(red((Plng)[a ~ (715 72)]) 3P red((Py|Pe)[a ~ (11572)))

13




by choosing P = (P"|red(Pala ~ (11;72))))-
P=(P;P):
Assume (P,; P;) 3 P’ for some P' € BPP.
Case 1: P' = (P]; P,) where P, > P!
Case 2: P' = P} where P, = Pj and P, € /
For case 1 we obtain
AP"(red(Pifa ~ (m;12)]) B P" 3 red(Pi[a~ (11;72)])

by the induction hypothesis. This implies

3Ip" ((red(Pl [~ (11;72)]);red(Pela ~ (11;72)])) B (P red(Pelor~ (11572)]))

and
(P";red(Pyla~ (11572)]) B (red(P[a~ (y1;72))); red(Paa ~ (1 72)]))-

‘We obtain

3p" (red((Pl;Pz)[a ~ (11572)]) B (P";red(Pafa ~ (11572)])) and

(s red(Pafo~> (i) B red(PLs Po)la~ (i) )
by Definition 3 and Definition 4. Hence we cuoncludé the desired result
3P(red((Py; Py){a~ (y1;72)]) B P B red((P]; P)la ~ (11;712)])
by choosing P = (P";red(Pzla ~ (71;72)])-
For case 2 we have

‘ IP"(red(Pyla ~ (71572)]) QP" = Tf@({?zlm[a ~ (’71}72)]))

by the induction hypothesis. Since P; € \/ we have red(Pi[a ~ (1;72)]) € v/
by Lemma 2. Hence

AP"((red((Py; Pa)la~ (11;72)]) 2 P B red(Pjla~ (71;72)]))-

2) By induction on the structure of P € BPP.

14




P = 0: Trivial, since red(0[a ~ (71 72)]) = 0.

P=x:

Case 1: v # a. The red(y[a ~ {y1;72)]) = 7. Hence the implication is triv-
ially true since 7,72 ¢ £(P) by the condition of assertion 2).

Case 2: v = . Then red(afa ~ (71;72)]) = (115 72). Hence we have P’ = (0;72)
and P = 0. On the other hand o = 0. We choose P = 0. Hence

P 5 P and red(Pla ~ (11;72)]) = P".

P = (Pl + P2)2

Assume red((P1 + P2)[o ~ (11;72)]) B P' 3 P” for P/,P" € BPP. We
obtain _

(red(Py[a ~ (11;72)]) + red(Pala~ (vi;72)})) B P/ 3 P

Hence we obtain .
red(Py[a~ (11;72)]) B P B p"

or
red(Pla~ (11;72)])) B P’ 3 P

W.l.o.g. assume the former. Then
3P(P, 3 P and red(Pla~ (11;72)]) = P")
by the induction hypothesis. This implies

3B((Py + P2) 3 P and red(Pla~ (m;72)]) = P).

P = (P1|P2)Z
Assume red((Py|P)[a ~ (m;72)]) B P B3 P" for P',P" € BPP. We ob-

tain
(red(Pila ~ (11;72)])Ired(Pela ~ (11572)])) = P' 3 P".

Since v1,v2 # 7 (7 € A) we have one of the following cases:
Case 1)
P' = (Elred(Py[a ~ (71;72)])) where red(Pila~ (11;72)]) 3 E

and
P" = (E'lred(Py[a ~ (71;72)])) where E B3 E'

15




(Note that red(Pyla ~ (113 72)]) 7 since 72 & £(P))

Case 2)
| P’ = (red(Pi[a~ (71;72)])|F) where red(Pzla ~ (711572)]) BF

and
P" = (red(Pi[a ~ (y1;72)])|F') where F 3 F'

(Note that red(Pi [~ (11;72)]) # since 7 & £(P))
We consider case 1), i.e. we have
red(Pifa~ (m1;72)]) 3E3F
whence we get
3P(P, 3 P and red(Pla ~ (11;72)]) = E').

This implies ) .
3P((PPy) = (P|P2)  (+)

and
(red(Pla~ (y1;12))Ired(Pola ~ (113 72)]) = (E'lred(Pala~ (v1;72)]))
which gives
red((P|Py)[a~ (m; 1)) = (E'fred(Pafa~ (11;72)])) = P (¥%)
Taking (*) and (**) together we obtain
3P((P1|P;) 3 (P|P,) and red((P|Ps)[a ~ (m;72)]) = P")
whence

3P((PL|Py) 3 P and red(Pla ~ (11;72)]) = P").

P =(P;P):

Assume red((Py; Po)ja ~ (11;72)]) B P' B3 P" for P',P" € BPP. We ob-
tain
(red(Pi[o~ (1 1) red(Pela~ (miw2)])) B P 5 P

Case 1)

P' = (E;red(Ps[a ~ (11572)])) where red(Pila~ (m;72)) 2 B

16




and
P" = (E';red(Ps[a~> (31;72)])) where E 3 E/

(Note that red(P;[a ~ (71;72)]) B implies E ¢ +/ since 1, & £(P))
Case 2)
P' = F where red(Py[a ~ (11;72)]) B F and red(P,[a ~ (y1;712)]) € v
and
P" = F' where F 3 F"
For case 1 we have
red(Pila~ (15 72))) B E 5 B
whence we get
3P(P, 3 P and red(Pla~ (11;72)]) = E')
by the induction hypothesis. This implies
AP((P1; P) 3 (P R)) ()

and

(red(Pla ~ (m;m2)]);red(Pala ~ (m1572)])) = (B'sred(Pefac~ (11;72)]))
which gives
red((P; P)[a ~ (11;72)]) = (E';red(Pala~ (m1;712)])) = P (%) |
Taking (*) and (**) together we obtain .
AP((Py; P2) 3 (P; P,) and red((P; Po)[a ~ (71;72)]) = P")
whence we obtain

3P((Py; P,) 3 P and red(Pla ~ (y1;72)]) = P").

For case 2 we obtain

3P(P; % P and red(Pla ~ (11;72)]) = F')

by the induction hypothesis. From red(Pi[a ~ (71;72)]) € / we have P, € /
by Lemma 2. Hence we obtain

3P((Py; P,) 3 P and red(Pla~ (m;72)]) = F).
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Lemma 7. Let P € BPP and 71,7, € A. Then
1) YPYP' <P 3P =

Vi € {12} (red(Plo~> (1 -+ 1)) 2 red(Pla~ (1 +7)))
2) If v1,72 & &(P) then

VPYP' (Eii {1, 2}(7'ed(P[a ~ (7)) B P =

IP(P % P and red(Pla~ (11 +72])) = P’))>

Proof. Both assertions are proved by induction on the structure of P € BPP.
]

Lemma 8. Let P € RBPP. Then
\VPYP' € RBPP(P 3 P' = red(P) > red(P"))

Proof. The proof is by induction on the strucure of P € RBPP.

P = 0: Trivial.

P = o Trivial since red(P) = P.

P = (P, + P):

Suppose (P, + P,) % P’ for some P’ € RBPP. Then
PSP o P3P

by Definition 6. W.l.0.g. assume the former. Hence
red(P,) > red(P")

by the induction hypothesis. This implies

(red(Py) + red(Pz)) = red(P')

by Definition 6 whence we conclude

- red(Py + P) S red(P') - o e e

by Definition 4.
P = (PIIPZ):
Assume (P;|P;) 3 P’ for some P’ € RBPP. Since 3 # 7 (remember 7 & A) we

get
P' = (E|P,) where P, 3> E FE € BPP
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or

P' = (P,|F) where P, 3 F F € BPP
by Definition 6. W.l.0.g. assume the former. Then

red(P;) > red(E)
by the induction hypothesis. This implies
(red(P1)|red(Py)) = (red(E)|red(Ps))

by Definition 6, i.e.
(red(Py)|red(Py)) = red(P’).

P = (Pl;Pz):

.Assume (Pi; P;) = P' for some P’ € RBPP. According to Definition 6 we
consider two cases:

Case 1: P' = (E; P,) where P, 5 E.
Case 2: P' = F where P, 5 F and P, € /.

For case 1 we get
red(P;) 3 red(E) |
which implies |
(red(Py);red(Py)) 3 (red(E);red(Ps))

whence
red(Py; Py) = red(E; Py).

For case 2 we obtain
red(Py) = red(F)

by the induction hypothesis. By Lemma 3 we have red(P;) € 4/ since
P, € /. Hence .
(red(Py);red(P;)) = red(F)

ie. red(Py; P) 3 red(F).
P = Pla~ Q}:

Assume Pla ~ Q] 3 E' for some E' € RBPP. Then we must have red(Pla ~
Q]) 3 E' by Definition 6 and E' = red(E') € BPP which completes this induc-

tion step.
| -}
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Remark 5. The converse of Lemma 8 does not hold as can be seen in the follow-
ing: o -
Let P = (alb). Then red(P) = P whence P SN red({c[c ~ a]|0)). But on the

b
other hand P #4 (c[c ~ ¢]|0). O

3 The Logic RHML

In this section we introduce the logic HM L following the line of [Mil80]. We
augment HML by an operator for logical action refinement which gives the
logic RHM L.
3.1 Syntax

Definition 7. HML is the language of assertions generated by the grammar

Fu=T|L|(BAD) | (VD) |[a]F] ()P

where o ranges over A. Let RHMUL be the language generated by the above
grammar with the additional rule

P = Pla~ Q]

where @ € RBP.
0

Definition 8. Let @, 01,02 € HML. We define the function £ : HML — 24
as follows:

E(x):=0 ifxe{T, L}

£((1 * 2)) == &(p1) UL(p2) if x € {A,V}
§(lale) :={a} U(p)

£((a)p) = {a} U&(p)

0

The function 4. : HML — 24¢ is defined analogously to the function &.

3.2 The Logical Reduction

We introduce a concept of logical substitution by the way of which we are able
to define the reduction of logical formulas.
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Definition 9. Let Q,Q;,Q2 € BP and $,8,,8; € HML and n,m € INy. The

operation of logical substitution, (#){a ~» Q} is defined as follows:
(o~ Q)=+ if+e{T, L) |
(@1 x®2)){a~ Q} = ((#1){a~ Q} + (P2){a~ Q}) ifx€{AV}
(Blo{a~ QY = [Bl(#){a~ Q} ifa#p
(e)®){a~ Q} =
B)(@){a~ Q) Q=45
([vn](@H o ~ QP {vn ~ Q1} A ([m](B){a ~ QN {vm ~ Q2}) if @ = (Q1 + Q2)
([onl([vm](@){ o~ QN {vm ~ Q2}){vn ~ @1} if Q= (Q1;Q2)

(Br){a~ Q= (B)(B){a~Q} ifa#p

(@) {a~ Q) i=
(6)(@){a~ Q) FQ=8
((0)(@){a ~ Q1){tn ~ Qu} A ((9m)(@) e ~ QN {um ~ Qa}) i @ = (@1 + Q)
(9n) (o) (@)~ Q}Hm ~> Q2] {om ~ @i} 70 = (@1;Q2)

For the introduction of variables vy, vy, we require vn, vm € &([a]P) U E(Q) and
B (0nytm & E((0)8) UE(Q) respectiviy)
0

Remark 6. To avoid excessive use of brackets we sometimes use the notation
&{a~ Q} instead of (#){a ~ Q} if the context avoids ambiguity.

a

Ezample 1. Let ¢ = [a]((b) T V [a]L) and @ = (d + €) where a,b,d,e € A. Then

(©){a~ QF = ([d((B)T V ([dlL A[e] L)) A [J((BYT V ([dlL A [e] L))
a

To prove that the operation of logical substitution is always defined we introduce
a suitable transitive, anti-symmetrical relation.
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Definition 10. The length || : RHML — IN of formulas is given by

[#|:=1 *e€{l,T}
o1 xp2)| =1+ |o1] +|wa] * € {V,A}
|l :=1+]p| =€ {[a],(a)}

lpla~ Q]| =1+ |
a

Definition 11. The length | -|: BP — IN of process expressions is given by
la] =1

(P Po)|:=1+|P|+|P| *x€{;,+}
o

Definition 12. The relation <C BP x HM L is defined by

(Q,9) < (P,y) iff |Q <|P| or (IQ] = |P| and [¢| < |¢]).
u

The relation < is anti-symmetrical and transitive and {«, T), (a, 1) are the
minimal elements.

By using < on the set BP x HML the effect of decreasing the complexity
(length) of @ by an application of the substitution operation p{a ~ @} is
stronger than the effect of reducing the complexity of .

Lemma 9. Let ¢ € HML be a formula and P € BP be a process expression.
Then {a~ P} € HML for any o € A.

Proof. By well-founded induction on <.

The induction hypothesis is given by

Y(Q,¥) < (Py),Va € A(Y{a~ Q} € HML)

for the process expression P € BP and the formula ¢ € HM L under consid- -
eration. We consider the different cases according to Definition 9, and show for

.. each case that the logical substitution operator strictly decreases the complexity . __ = .

with respect to <.

p=xxe{Ll,Th

By Definition 9 and Definition 7 we immediately conclude ¢{a~ P} € HML.

4 :((pl *(P2)7 * € {V7/\}
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By Definition 9 we have (¢){a ~ P} = ((p1){a ~ P} * (p2){a ~ P}).

"7 Clearly |p;| < |p| for i = 1,2 whence by Definition 12 (P, ;) < (P, ). We
get (p1){a~ P} =¢; € HML and (g2){a~ P} = g3 € HML by the induc-
tion hypothesis. Hence (J; * g2) € HM L.

o =[Py, a # B

By Definition 9 we have (p){a ~ P} = [B](¢'){a ~ P}. Now |¢'| < |[Bl¢'|
whence (P,¢') < (P,[8]¢") by Definition 12. Hence (¢){a ~ P} = ¢ € HML
and therefore [3]p € HM L.

p = laly’, P =0

Analogously to the above case.

p=laly, P= (P +P):

By Definition 9 we have

(P{a~ P} = ([ua](¢'){a ~ P} {vn ~ PiIA([om](9){a ~ P}H{vm ~ P2} (1)

Clearly |¢'| < |[e]¢’| whence (P,¢') < (P,[a]¢'), hence (¢'){a ~ P}) = ¢ €
HML. Hence [vp]¢ € HML. As (Py,[va]p) < (P, [a]y’) since |Pi| < |P|
we obtain ([vn)@){vn ~ P} = ¢ € HML. A similar argument provides
([vm]@){vm ~ P2} = @2 € HM L for the second conjunct of (1). Hence g1 Ags €
HML.

Y = [a]80'7 P= (P1§P2)2

We have (p){a ~ P} = ([val([wml(9){a ~ PH{vm ~ P2}){tn ~ Pi} by
Definition 9. Since |¢'| < [[a]¢’| we get (P,¢') < (P,[a]¢’) and therefore
{(¢){a ~ P} = ¢ € HML. Hence [v,]¢ € HML. Since |P2| < |P| we have
(P2, [um]@) < (P,[ale’) and therefore ([vm]@){vm ~ P2} = $ € HML. By
similar reasoning we conclude ([v,)é1){vn ~ P2}) = 2 € HML.

The proof for the diamond modality {-) is similar to the cases for the box modal-
ity [].
The following lemma can be seen as the counterpart of Remark 2 for the

logical framework.

Lemma 10. Let Q1,Q2 € BP be process expressions and ¢ € HML be a for-
mula. Let y1,72 € Ast. 71 # 72 and * € {+,; }. If 11,72 € £((Q1 * Q2)) U &(w)
then (((){a~ (11 *72)}){v2 ~ Q2}){m ~ Q1} = (p){a~ (Q1 *Q2)}.

23



Proof. By induction on the structure of p € HML

w = *, where * € {T, L}:

Trivial.

¢ = (1 * @), where * € {A,V}:

Follows from the induction hypothesis and Definition 9.

= [B)', where a # §:

Trivial, since 1,72 € £(¢) and no substitution takes place.

!

o = [a]e":

We split the proof of this step in two parts. Part one establishes the claim
of the lemma for the operator ¢;’ while part two captures the operator ‘+°’.

Let v3,vq & &(@) UE((Q1;Q2)) and v3,vg # i, 1 = 1,2
Part 1: x =;
We have:

([l H{a~ (1ni72)}
= ([wsl([val((@Ha~ (11572} ) {va ~ v2}){vs ~ M}
: (By Definition 9) -
= ([vs][r2](p" ) {a ~ (’71772)}){113 ~ 71}
(By Definition 9 and vs & £(¢'{a~ (11;72)}))
= [l )Ha~ (11:72)}
(By Definition 9 and v3 & £([y2]¢'{a ~ (11;72)})

Now we get

(([71][72](<p Ha~ (71,72)}){72 ~ Q21 {m ~ Q1}
= ((Inlle]((@){o (r;72) ) {r2 ~ Qe D{m ~ Qi})){r2 ~ Q2})
{71 ~ Q1}
(Since 71,72 & £(¢") U €(Q1) U £(Q2))
= (Mm@ {a~ (Q1;Q2)N{v2 ~ Qa}){m ~ @1}
(By the induction hypothesis)
=  (Inl(lrel(@)H{a~ (Q1;Q2) P {r2 ~ Q2}){m ~ Q1}
(Since v # ¥2)
= ([ale')H{a~ (Q1;Q1)}
(By Definition 13)
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Part2: x = +
We have:

(el Ha~ (n +72)}

(([s](@){a~ (v1 +72)D{vs ~ 11} A ([va] (@)~ (1 +72) H{va ~ 12})
(By Definition 9)
(
(

rl(@ ) {a~ (m +72)} A lrel(@){a~ (1 +12)})
By Definition 9 and v3,vs € &((¢'){a ~ (11 +72)}))

Now we get

(@Ha~ (m+7)}AMrRl@)Ha~ (n+72) D) {12~ Q1) {m ~ Q:1}
(@Ha~ (n+72)PD{r~ Q@){n~ Qiir

P Ha~ (m+7v2)P{r~ Q:{n~ @1})

efinition 9)

((((@)Ha~ (n+7)PD{re~ @:{n~ Qi}h{r~ Q:})

[

-~ w
<
el w

Since 71,72 € £((Q1 + Q2)) U&(p))

(Mm@ Ha~ (@1 + Q) N{r2~ @2}) {71~ @1}A
(Irel(@ o~ (@1 + @2) {72 ~ Q21 {m ~ @1})
By the induction hypothesis)

()@ {a~ (Q1+ Q)P {m ~ @1}

[r2l(@Ha ~ (Q1 + Q2)}) {72 ~ Q2})

Since 71,72 € £(9) UE((Q1 + Q2)) and 71 # 72)
()¢ ){a~ (Q1 +Q2)}

By Definition 9)

o~ o, g, o, i, o,

o= (B¢

The proof is carried out in analogy to the induction step of the box-modality [-].
|

Definition 13. Let Q € RBP be a process expression and &,P,,9, € RHML
be formulas. We define the logical reduction function Red : RHML —+ HML
as follows: . o

Red(x) =% ifxe{T,L}
Red((dil * 452)) = (Red(Ql) *Red(dsg)) if x € {/\,\/}
Red([5]®) := [B|Red(®)

Red((8)®) := (B)Red(®)
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Red(@[a~ Q)) := (Red(@)){a~red(@))
D .

Some elementary properties of the function Red are given below. Lemma 11
states that one application of the reduction function is enough to remove all
refinement operators occurring in a formula and is the counterpart of Remark 4
for the logical framework.

Lemma 11. Let Q € RBP be a process expression and ¢ € RHML be a for-
mula. Then Red(pla ~ Q]) = Red(Red(p)[a ~ Q).

Proof. Immediate from Definition 9 and Definition 13.
n

Lemma 12 states that the result of the reduction of formulas with nested
refinements is equal to the result of the refinement on certain formulas without
nested refinements. It is the ‘logical’ counterpart of Lemma 1.

Lemma 12. Let Q1,Q2 € RBP be process expressions, p € RHML be a for-
mula and * € {;, +}. If 11,72 € A s.t- 1 # 72 and 71,72 € €(0)UE(red(Q1%Q2))
then Red({(¢la ~ (11 *72)])[v2 ~ Q2])[11 ~ Q1]) = Red(pla ~ (Q1 * Q2)]).

Proof. Follows by Lemma 10 and Lemma 11.

The following lemma states that the logical reduction function Red is always
defined.

Lemma 13. Let ¢ € RHML be a formula. Then Red(p) € HML.
Proof. The proof is by induction on || € IN..

- |

3.3 Semantics

We extend the standard satisfaction relation (see e.g. [Sti8T7]) to cope with re-
finement as follows.

Definition 14 (Satisfaction). Let P € RBPP, Q € RBP and ¢,p1,¢2 €
RHML.

PET
PRL
PE(p1Aps) iff PEE o1 and P = 2

Pl (p1 V) iff PlEgL or P =g
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P = [a]e iff P ¢ {E € RBPP|VE' € RBPP(E 3 E' = E' = ¢)}
PE (a)p iff P € {E ¢ RBPP|3E' € RBPP(E 3 E' and E' = ¢)}

P = ploa~ Q) iff P = Red(pla~ Q))
(]

We say a process P is a model of ¢ iff P |= ¢. Equivalently we say P satisfies
p iff P =g

Ezample 2. Let P; := (a|b), P» = ((a;b) + (b;a)), ¢ = (
Q =clc~ (a;a2)]. PP =y and Pjla~ Q] E <p[a ~ @]
(b){a1){a2)T) for i = 1,2. In addition P;[a ~ Q] satisfies (a;
not satisfied by Pz[a ~ Q].

a

BT A (b){(a)T),
({a1){a2)(®)T A
Y{a1) T which is

{a)(
)b

Lemma 14. Let P € RBPP and p € HML. Then P = p & red(P) E ¢.

Proof. The proof is by induction on the structure of ¢ € HM L.

The base case ¢ € {T, L} are trivial.
The cases p = (1 * @2) where x € {V, A} follow immediatly from Definition 14
and the induction hypothesis.

@ = [a]p”:
Both directions are proved by an indirect argument.
£:>’:
Suppose P k= [a]¢’ and red(P) (= [a]yp’. Then
3E' € RBPP(red(P) 3 E' and E' i ¢').

This yields
JE' € RBPP(P 3 E' and E' [~ ')

whence P ¥ [a]y’.

‘<:’:

Suppose P [~ [a]¢’ and red(P) = [a]¢’. Then
JE' € RBPP(P 3 F'and E' £ ¢') (1)

whence
red(P) = red(E')
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by Lemma 8. From (1) we obtain
red(E') = o' (3)
by the induction hypothesis. Hence (2) and (3) imply

JE € RBPP(red(P) % E and E | ¢)

‘=": In analoy to the ‘<=’-direction of the proof for the box modality.

‘<: In analoy to the ‘=’-direction of the proof for the box modality.
|

Lemma 15. Let P € RBPP and ¢ € RHML. Then P = ¢ < P = Red(yp).

Proof. The proof is by induction on Jp| € IN.
|

Corollary 1. Let P € RBPP and ¢ € RHML. Then P = ¢ & red(P) = ¢.
Proof. P =y

< P E Red(p) (By Lemma 15)

& red(P) = Red(yp) (By Lemma 14 and Lemma 13)

& red(P) ¢ (By Lemma 15)

4 Simultaneous Atomic Performance Refinement for
RBPP and RHML

In this section we provide the link between refinement in the process calculi and
the logical calculi. T T T

4.1 The Necessary Restrictions

We give the main result (Theorem 2) in this section. It will enable us to modify
both a formula ¢ € RHML and its model P € RBPP by simultaneously
applying syntactic performance refinement to ¢ and P. The main property of
the simultaneous refinement is: If process P satisfies the formula ¢ then the
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refined process Pla ~ Q)] satisfies the refined formula ¢[a ~ Q] and vice versa.

Formally we have: for any P € RBPP, Q € RBP, a€ A, p € RHML.
(P & Pla~ Q] k= pla~ Q) 2)

Assertion (2) does not hold in general but we give the (weak and reasonable)
restrictions under which it is true. Actually it differs from the assertion we are
interested in, namely the same assertion for the framework of action refinement.
But as we will see in section 5 we obtain the desired assertion easily as a corol-
lary of assertion (2).

It turns out that the following two conditions are sufficient to establish validity
of assertion (2).

(I)  E(red(P))Nn&(red(@)) =0 and
(1)  &(Red(p)) Né(red(Q)) = 0.

We first provide a few examples to support the intuition why these conditions
are necessary. e -
Example 3 shows a situation where a refinement does not preserve the satisfac-
tion relation between original and refined process expressions and formulas. The
situation appears due to the fact, that the original property is left unmodified
but the original process is modified by the refinement.

Ezample 3. Consider the process expression P := b and the formula ¢ :=
[c)(@)T.
We have P = ¢ but red(P[b ~ ¢]) & Red(p[b ~ c]). Note that we have

{(red(Q)) N&(Red(p)) # 0.
O

We encounter another situation where the satisfaction relation is not preserved
by a refinement if the refinement leaves the original process expression unmodi-
fied and modifies the original formula.

Ezample 4. Consider the process expression P := b and the formula ¢ := [c[{(d) T
from example 3.

We have P = ¢ but red(Plc ~ b]) ¥ Red(p[c ~ b]). Note that we have

E(red(Q)) N &(red(P)) # 0.

O ' e

The next two examples demonstrate the failure of preserving the satisfaction
relation in the ‘other direction’, namely from the refined to the original process
expressions and formulas.

Ezample 5. Consider the process expression P := b and the formula ¢ := () T.
We have P £ ¢ but red(P[b ~ ¢]) &= Red(plb ~ c]). Note that we have

{(red(Q)) N &(red(p)) # 0.
=
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Ezample 6. Consider the process expression P := b and the formula ¢ 1= (¢} T
from example 5. o )
We have P}~ ¢ -but red(Plc ~ b]) = Red(p[c ~ b]). Note that we have

£(red(Q)) N&(red(P)) # 0.
m

4.2 Preliminaries for the Refinement Theorems
Two facts are crucial for the proof of the main theorem:

— We can refine a process expression P € RBPP and a formula € RHML by
simple processes (which consists only of action variables ) without affecting
their satisfaction relation. This fact will be formalized in the ‘expansion-
lemmata’ given below.

— We can reduce two refinement steps into one. This fact has been formalized
by Lemma 1 and Lemma 12.

The following expansion lemmata formalize the possibility to refine perfor-
mances of process expressions and formulas by simple process expressions, com-
posed of two performances, without affecting the satisfaction relation. T

Lemma 16 (Expansion lemma for ¢;’). Let P € BPP be a process expres-
sion, ¢ € HML be a formula and 71,72 € A s.t. 71,72 € E(P) U E&(p). Then
P = ¢ & red(Pla~ (71;72)]) B Red(pla ~ (11;72)])-

Proof. By induction on the structure of ¢ € HML

@ = *, where * € {T, L}: Trivial, since Red(x[a ~ (71;72)]) = *

@ = (ip1 * p2) where x € {A,V}:

The claim follows from the induction hypothesis and Definition 9, Definition 13
and Definition 14.

o = [Bl where & # §:

Both directions are proved by an indirect argument.

$:>7:

Assume P = [Bl¢’ and red(Pla ~ (11;72)]) ¥ Red(([Bl¢’)a ~ (71;72)])
From

red(Pla ~ (71;72)]) ¥ Red(([Bl¢ ) o~ (11572)])

we obtain
red(Pla ~ (v1;72)]) ¥ [BIRed(¢'[a ~ (11572)])
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by Definition 9 and Definition 13.

Hence we get

3E' € RBPP (red(P[oz ~ {71;72)]) L B and

E' b Red(y[a~ (1 m])) )

by Definition 14. Now a # 8, 8 € £((71;72)) due to the condition 71,72 & &(¢)
and since 8 € £(p). We obtain

3P"(P 5 P" and red(P"[a~ (1;72)])) = E') (2)
by application of assertion 2) from Lemma 4. Now (1) and (2) give

red(P"[a~ (71572)]) ¥ Red(¢'[a ~ (11572)])

whence we get
3P"(P 5 P and P" £ o)
by the induction hypothesis, yielding the contradiction

P Bly'.

Sc’:

Assume red(Pla ~ (71;72)]) E Red(([Bl¢")[a ~ (71572)]) and P W= [Bl¢,

i.e.

3E € RBPP(P 5 E' and E' £ ') L

Since a # (3 we obtain
JE' € RBPP(red(Pla~ (11;72)]) LA red(E'la ~ (v1;72)]) and E' [~ ¢)

by application of assertion 1) from Lemma 4. But this implies

3E' € RBPP <red(P[a ~ (11372)]) 2 red(E'la ~ (m1;72)]) and

red(E'la (13 )] - Redp'fa~ (5)) )
by the induction hypothesis. Hence we get

red(Pla ~ (m1;72)]) ¥ [BRed(¢' [ ~ (715 72)])

whence the desired contradiction follows.
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¢ =lafy’:
Claim: Red(([a]¢")[a ~ (11;72)]) = m][v2]Red (¢ [~ (11572)])

Proof:

W.lo.g. let v1,vus € £(p) U E((71572))

Red(([a]e’)a ~ (11372)])
= (Red([a)e')){a~ (11;72)}
(By Definition 13)

[a]Red(¢"){a ~ (11;72)}
By Definition 13)

(

(

([vi]([v2l(Red(¢"){a ~ (115 72) ) {v2 ~ v ){vr ~ m}
(By Definition 9)

([n]lv2)(Red(9" N {a ~ (vi;72) D{ve ~ n}

(Since vz € £((Red(¢')){a~ (11;72)}) )

= [nllrlRed(¢){a~ (v1;72)}

(Since v; & {(Red(¢'){a~ (11;72)}) and vz # v1)

= [nllrlRed(¢[a~ (11;72)])
(By Definition 13)

Assume P k= [a]¢’ and red(Pla ~ (71;72)]) = Red(([a]e’) o~ (m1572)])
We have:
red(Pla ~ (1;72)]) ¥ Red(([a)p’)a ~ (71;72)])

& red(Ploa~ (y1;72)]) E [nllhv]Red(¢' o~ (11572)])
(By the claim)

& 3P, P" € RBPP <red(P[a ~ (11;72)]) B P and P’ 53 P and

o P“Med(go’[a«»(mnzn)) )

Since v1,7v2 & £(P) we can apply assertion 2) of Lemma 6 and obtain
3P(P % P and red(Pla~ (11;%)]) = P") (2)

Taking (1) and (2) together we have red(Pla ~ (71;72)]) K Red(¢'[a ~
(71;72)])- By the induction hypothesis we obtain

Pty (3)
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But (2) and (3) imply
P ey R

‘c7:

Assume red(Pla ~ (11;72)]) E Red(([e]¢’)a ~ (11572)]) and P |~ [a]y'.
From the latter we obtain

3P' € RBPP(P 3 P’ and P' - ¢').
By assertion 1) of Lemma 6 we get
3P"(red(Pla~ (11;72)]) & P" B red(P'la~ (m;9)]) (1)
Further P’ |~ ¢’ implies
red(P'la ~ (y1;72)]) F Red(¢'la~ (mi72)])  (2)

by the induction hypothesis. By (1) and (2)

3E',E" € RBPP (red(P[a ~ (11;72)]) B E' B E” and

B Redly/la~ (nie)))
and therefore

red(Pla ~ (y1;72)) ¢ Red(([o]p")[a ~ (115 72)))-

¢ = (B)¢ where a # f;

Here we use a direct argument to provide the desired result. However we only
indicate the proofs since they have their analogous counterparts in the proofs
for the box-modality [-].

‘:>7:

Assume P = (3)¢’. Then

JE' € RBPP(P & E' and E' |= o).

It is eaéy to see that the proof can now be carried out in analogy to the proof
of the ‘<’-direction in the induction step for ¢ = [B]p’ where o # 8 whence

red(Pla~ (y1;72)]) = Red(((B)¢) o ~ (715 72)])-

‘<___?:
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Assume red(Pla~ (11572)]) F Red(((B)¢"){a ~ (11572)]), hence |
red(Pla~ (11;72)]) E (B)Red(p'[a ~ (71;72)])

whence

3E' € RBPP(red(Pla ~ (11;72)]) & E' and E' |= Red(¢'[a ~ (1;12)])).
We can now proceed in analogy to the proof of the ‘=-'-direction in the induction
step for ¢ = [B]¢’ where a # 8 whence P = (8)¢".

P = (a)p':

‘=": In analogy to the ‘«’-direction of the induction step for y = [a]¢’.

‘<" In analogy to the ‘=’-direction of the induction step for ¢ = [a]y’.
- .

Lemma 17 (Expansion lemma for ‘+’). Let P € BPP be a process expres-
sion, ¢ € HML be a formula and v1,7v2 € A be s.t. v1,72 € E(P)U&(p). Then
P = ¢ & red(Pla~ (71 + 72)]) = Red(p[a ~ (11 +72)]).

Proof. The proof is by induction on the structure of ¢ € BPP. Most of the in-
duction steps are carried out in analogy to those steps in the proof of Lemma 16.
However two cases are different and will be shown below.

w € {T,.L}: Trivial.

v = (1 * ) where * € {V,A}: In analogy to the proof of Lemma 16.

w = [B]¢’ where 8 # a: In analogy to the proof of Lemma 16.

¢ = (B¢’ where 8 # a: In analogy to the proof of Lemma 16.

@ = [a]y":
Both directions are shown by an indirect argument.
Claim: Red(([a]¢)[a~ (m1 +12)]) = R

(InIRed(p'[a ~ (71 + 72)]) A [r2]Red(#' [ ~ (11 + 712)1))

This can easily be shown by Definition 9 and Definition 13.
[}

6:>’:
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Assume P = [alg’ and red(Pla ~ (n +12)]) ¥ Red(([ale)a~ (1 +712)]).

By the assumption and the claim we obtain

red(Pla~ (vi+72)]) ¥ (mIRed(¢'[a ~ (m+v2))A[r2]Red(¢'[a ~ (11+72)]))
which is equivalent to
(redtPla= (n +2) 1 brfRed(e/lo~ (1 + 7))

or

vwwmvm+wm¢mmwwm»wwwm)

‘W.lo.g. assume the former. Then we have

3E' € RBPP (red(P[a ~ (n +72)]) B E' and

B Redlgla~ (n + ) (1)
By the condition of the lemma we have v,y & £(P) whence
3P € RBPP(P 3 P and red(Pla~ (1 +72)]) = E')  (2)
by the application of assertion 2) from Lemma 7. Now (1) and (2) together give
3P € RBPP(P 5 P and red(Pla ~ (11 +72)]) I Red(¢'[a~ (11 + 72)]))

whence we obtain : - -
3P € RBPP(P 3 P and P £ ¢')

by the induction hypothesis, i.e.

P | [a]".

‘<:,:

* Assume red(Pla ~ (1 +72)]) | Red([l¢')fa ~ (11 +72)]) and P I [a]y:

From the latter we obtain
3E' € RBPP(P 3 E' and E' £ ¢).

By assertion 1) of Lemma 7

3E' € RBPP (red(P[a ~ (11 +72)]) = red(E'[o~ (71 + 72)]) and
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E' béga') fori=1,2

and therefore we get

EEeRBm%mamaMWVVMD3mﬂ3m~ww+wmam

MMFWVW+WW%RwWMMhHﬂMObﬂ:L?

by the induction hypothesis. Hence

3JE' € RBPP (red(P[a ~ (11 +712)]) B E and

E%mepvmﬁqmgmmzL2
which shows
(redPlam (r +mD) ¥ InlRed(i [~ (s +72))
and
red(Ploc~ (n -+ 1)) ¥ DilRed(e/ [~ (1 + 7)) )
by Definition 14.

Hence we obtain
cred(Pla~ (n +72)]) ¥

(MmRed(¢'[a~ (11 +72)]) A [12]Red(¢'[a ~ (11 +72)]))

and therefore

red(Pla~ (v +72)]) = Red(([¢’)[a ~ (11 + 72)])

by the claim.

((m)Red(¢'[a~ (71 +72)]) A (v2)Red(@' [~ (1 + 72)]))

This can easily be shown by Definition 9 and Definition 13.
0

‘i,:




Assume P = (a)¢’. Then
3E' € RBPP(P 3 E' and E' |= ¢').

- By assertion 1) of Lemma 7

JE' € RBPP (red(P[a ~ (1 +72)]) B red(E'[a ~ (71 +72)]) and

E' }:90') fori=1,2

and therefore we get

3E' € RBPP <red(P[a ~ (11 + 72)]) B red(E'[o ~ (11 + 72)]) and

red(Bla~ (1 + 7)) b Red(e'le~ (n + )} ) for i = 1,2

by application of the induction hypothesis. Hence

3aE' € RBPP <red(P[a ~ (11 +72)])) B E' and

E' b Red(g'la~ (s + )} ) for i = 1,2

which shows
wam»m+wmhmmwmem+wm

and

TM@MMWHWMH#WWMWMMWHWMO~

Hence we obtain
red(Pla~ (1 +72)]) E

e () Red(@' [~ (11 4+ 72)]) A (r2)Red(9'[a ~ (11 +72)]))

and therefore

red(Pla~ (11 + 12)]) F Red(({(@)¢)[a ~ (n + 712)])

by the claim.

$c7:
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Assume red(Pla~ (1 + 1)) = Red(((@)¢")la~ (1 + 1))

By the assumption and the claim we obtain

red(Pla ~ (m+7)]) B ((m)Red(p'[a ~ (vi+72))A(r2)Red(¢'[a ~ (11+72)]))

which is equivalent to

wam»m+wm#mmwwm»m+wm

and
rwwm»wmewﬂmmwmewuwmQ

Then we have |

3E' € RBPP (red(P[a ~ (7 +7)]) B E and

EFRMWMMWHWMOEH=L2O)

3P € RBPP(P 3 P and red(Pla~ (11 +72)]) = E') (2)
by the application of assertion 2) from Lemma 7. Now (1) and (2) together give

By the condition of the lemma we have vy, v2 € £(P) whence
3P € RBPP(P 3 P and red(Pla ~ (71 +72)]) | Red(¢'[a~ (11 +72)])) ‘
|
|

whence we obtain _ . -
3P € RBPP(P 3 P and P = ¢')

by the application of the induction hypothesis. Hence we conclude
P o)y’

by Definition 14 which completes this case |
|

4.3 The Refinement Theorem for Simultaneous Performance
Refinement

In this section we provide the link between syntactic action refinement for the
languages RBPP and RHML.

Theorem 1. Let P € BPP and Q € RBP. Further let ¢ € HML. If §(P) N
E(red(Q)) = 0 and £(p) N E(red(Q)) = B then P k= o & red(Pla ~ Q)) k=
Red(pla ~ Q).
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Proof. By induction on the structure of ¢ € HM L and a subsidiary induction
on the structure of Q'€ RBP.

p = %, where * € {T, L}: Trivial.

= {ip1 * p2) where * € {A,V}: Routine. (%)

¢ = [B]y’ where a # B:

Both directions are proved by an indirect argument.
‘ﬁ,:
In this case we use the condition £(p) N &{red(Q)) imposed on the theorem.

Assume P = [3ly' and red(Pla ~ Q) - Red((Bl¢")fa~ Q)
rom

red(Pla ~ Q]) = Red(([8]¢")[a ~ Q])

we obtain

red(Pla~ Q)) ¥ [B1Red('[a ~ Q)).
Hence
3E' € RBPP (red(P[a ~Q)) 2 E and

B Red(/fa~ Q) (1)

by Definition 14. Now a # (3 by the current induction step. Further 3 ¢
&(red(Q)) due to the condition of the theorem and since 8 € £(p). Hence

IP"(P 5 P and red(P"ja~ Q]) = E') (2)
by application of assertion 2) from Lemma 4. Now (1) and (2) give
red(P"[a~ Q) = Red(p'[o ~ Q])

whence we obtain
ap"(P & P and P £ o)
by the induction hypothesis, i.e.

P By
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Assume red(Pla~ Q) = Red([8l')[a ~ Q)) and P i [8)y". From P i [y

we obtain

JE' € RBPP(P 2 E' and E' |£ ).
Since a # ( by the current induction step we obtain
JE' € RBPP(red(Pla ~ Q)) 5 red(E'[a ~ Q)) and E' £ ¢')

by application of assertion 1) from Lemma 4. But this implies

3E' € RBPP <red(P[a ~ Q]) 5 red(E'|a ~ Q]) and

red('la~ Q) ¥ Red(g'la~ Q)
by the contrapositiv application of the induction hypothesis. Hence
red(Pla ~ QJ) F [B]Red(¢'[a ~ Q))
i.e.
red(Pla ~ Q]) & Red(([8]¢)[o ~ Q).
¢ = [a]p”:
(Subinduction on the structure of @ € RBP)
2) Q=6 |
Both directions are proved by means of an indirect argument.
f=7:

To prove this direction we use the condition {(P) N &(red(Q)) imposed on the
theorem.

Assume P = foly! and red(Pla~ f]) - Red((fa}¢la~ 6)

red(Pla ~ f]) = Red(([alp') e ~ B])

we obtain

red(Pla~ B)) i [BRed(¢/ [a ~ B]).

Hence

3E' € RBPP (red(P[a ~B) 3 B and
B Redla~ 6)) (1
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Now 3 € {(red(Q)) implies 8 ¢ {(P) whence

IP"(P 3 P" and red(P"[a~ B]) = E') (2)
by application of assertion 2) from Lemma 5. Now (1) and (2) give

red(P"[a ~ B]) ¥ Red(y'[a ~ B])

whence
3P"(P 3 P" and P" £ ¢')

by the induction hypothesis, i.e.

P [o]y!

‘¢?:
Assume red(Pla ~ (]) = Red(([a]¢')[a ~ Q]) and P [ [a]¢’. From P £ [y

we obtain
3JE' € RBPP(P 3 E' and E' - ¢).

Hence
3E' € RBPP(red(Pla~ f]) 2 red(&'[a ~ B]) and E' & ')

by application of assertion 1) from Lemma 5. But this implies

3E' € RBPP <red(P[a ~ B]) 2 red(E'[a ~ B]) and

red(E'la~ 1) - Redp'la~ )
by the induction hypothesis. Hence
red(Pla ~ B])  [BIRed(¢'[a ~ B])

i.e.

red(Pla ~ B]) = Red(([a¢")[a ~ B])

b) @ = (Q1 + Q2):
W.lo.g. let v1,vs & E(P) U E(red(Q)) U &(y).-

Let P := red(Pla ~ (v1 +vs)] and @ := Red(¢'[a ~ (v1 + v2)]).

We have P = o




& P Red(([of¢) o~ (1 +v2)))
(By Lemma 17)

& P ([v]oAe)p)
(By the claim used in Lemma 17)

&, red(Plva ~ Q2]) I Red((([v1]@ A [v2]8))[v2 ~ Q2])
(By the induction step (x))

& red(ﬁ[vz ~ Q2]) E (Red([u1]@)){va ~ Q2} A (Red([v2]@)){va ~ Q2})
(By Definition 9 and Definition 13)

< red((red(Plvy ~ Q2]))[va ~ Q1)) E
Red((((Red([v1]@)){v2 ~ Q2} A (Red([v2]@)){v2 ~ Q2}))[v1 ~ Q1))
(By induction)

& red((red(ﬁ[vg ~ Qw1 ~ Q1)) E
Red((Red((Red(([aJe’)[a ~ (v1 + v2)]))[vz ~ Q2]))[vr ~ @1])
(By Definition 9 and Definition 13)

red(((Plo~ (v1 + v2)])[vz ~ Q2])[v1 ~ Q1) =
Red(((pla ~ (v1 + v2)])[v2 ~ Q2])[v1 ~ Q1))
(By Remark 4 and Lemma 11)

& red(Pla~ (@1 + Q1))  Red({[a)p’)[a ~ (Q1 + Q2)))
(By Lemma 1 and Lemma 12)

) @ =(Q1;Q2):
W.lo.g. let vi,v; & £(P) U £(red(Q)) U £(¢)
Let P := red(Pla ~ (v1;v3)] and ¢ := Red(pla ~ (v1;v2)]).
We have P = ¢

& PEg¢
(By Lemma 16)

& red(red(Plvz ~ Q:])[v1 ~ Q1]) F Red(Red(@[vz ~ Q2])[v1 ~ Q1)
(By induction)

& red(((Pla~ (v1;v2)])[ve ~ Q2])[v1 ~ Q1]) =
Red(((pla ~ (v1;v2)]) vz ~ Q2])[v1 ~ Q1))
(By Remark 4 and Lemma 11)
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& red(Pla~ (Q1;Q2)]) = Red(([ale") [ ~ (Q1; @2)])
(By Lemma 1 and Lemma 12)

d) Q = Q1[y ~ Q2] where Q1,Q2: € RBP and vy € A :

We have red(Pla ~ Q]) = red(Pla ~ red(Q)]) by Definition 3 and Defini-
tion 4. Further we have Red(p[a ~ Q]) = Red(p[a ~ red(Q)]) by Definition 9
and Definition 13. Then

red(Pla ~ Q]) E Red(pla ~ Q))
iff
red(Pla ~ red(Q)]) E Red(pla ~ red(Q)])
iff
Pl

The last equivalence holds since red(Q) € BP thereby reducing the current in-
duction step to one of the previous steps in the induction on the structure of
@ € RBP.

@ = (B)¢" where 8 # a:

‘=’: The proof of this direction proceeds in analogy to the ‘<’-direction of
the box modality [].

‘«<=": The proof of this direction proceeds in analogy to the ‘=’-direction of
the box modality [-].

¢ = {(a)¢'": For the subsidiary induction step @ = 3 the proof of the ‘=’-
direction proceeds in analogy to the ‘«<=’-direction of this induction step for
the box modality [-] and vive versa. The other steps of the induction on the
structure of @ € RBP are similar to those steps for the box modality.

|

Theorem 2 (Simultaneous Performance Refinement Theorem). Let P €

RBPP, Qe RBP,a€ Aandp € RHML. If £(red(P)) N&(red(Q)) =0 and

§(Red(p)) NE(red(Q)) =0 then P k= ¢ & Pla~ Q] = pla~ Q].
Proof. We have P = ¢

iff red(P) = ¢ (By Corollary 1)
iff red(P) = Red(p) (By Lemma 15)

iff red(red(P){a ~ Q]) £ Red(Red(p)[a ~ Q]) (By Theorem 1)
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iff red(Pla ~ Q) = Red(p[a ~ Q]) (By Remark 4 and Lemma, 11)

iff Pla~ Q] E Red{pla ~ Q]) (By Corollary 1)

iff Pla ~ Q) E y[a ~ Q] (By Lemma 15)
]

5 Simultaneous Action Refinement for RBPP and
RHML

In this section we give restate Theorem 2 of the previous section in the environ-
ment of action refinement. Therefore we consider the set Act instead of the set
A for the provision of conceptual entities:

We consider the process language RBPP of section 2 (Definition 1) where

the rule PE := « is replaced by the rule PFE ::= a and a € Act. Call
the language generated by this grammar RBP Ppyyr.. Clearly Theorem 2 of
section 4 still holds if we replace RBPP (RBP) by RBPPy,,. (RBPpyr.
resp.) since RBPPpy;e € RBPP (RBPpyr. C RBP). The same claim holds
for RHM Lyyr. which is the language generated by the language RHML
(Definition 7 in section 3) where the rules ¢ ::= [a]® and & ::= (a)@ are
replaced by the rules & ::= [a]® and & ::= (a)® where a € Act.

The following is immediate.

Theorem 3 (Simultaneous Action Refinement Theorem).

Let P € RBPPyyre, Q € RBPyy,. be process expressions, ¢ € RHM Lp,,. be
a formula and a € Act be an atomic action. If Eaci(red(P)) N€ace(red(Q)) =0
and {act(Red(9)) N€act(red(Q)) = 0 then P = ¢ < Pla~ Q] E pla~ Q).

Ezample 7. We take ¢ = [a](()T V [a]Ll) and @ = (d + e) where a,b,d,e € A
from Example 1. Further let P, = (a;(b + a)) and P, = ({(a;b) + (a;a)). Now
P; = ¢ which by Theorem 2 implies P;{a ~ Q] = y[a ~ @Q]. On the other hand
we have P; [~ ¢ whence by Theorem 2 we obtain Py[a ~ Q] & ¢la ~@].

O

6 Conclusion

We defined syntactic performance refinement on a subset of CCS-process ex-
pressions and formulas of the Hennessy-Milner-Logic. We proved that for P €
RBPPyure, Q € RBPpyre, a € Act, ¢p € RHM Ly,,,. the assertion

PEy¢ e Pla~ QlEgla~ Q)
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holds under the two liberal restrictions £ac:(red(P)) N Eact(red(Q)) = @ and

" €act(Red(p))NEact(red(Q)) = @ which can be dropped if we rename the actions™ ™~~~
of red(Q) in the obvious way. Hence a system designer can simultaneously refine

the syntax of a process expression and a formula in a stepwise manner (using
Theorem 3) as illustrated in Figure 3 while preserving the satisfaction relation.

Plai~ @] FE  plar~ Qi

(Plai~ Ql)laz ~ Q2] (plai ~ Qu])[a2 ~ Q2]

Fig. 3. Stepwise Simultaneous Action Refinement

Another interesting result is that the assertion!

(HEJ@é(HF¢$UMWw@FwMMQO

holds for any Py, P, € BP Py, due to the following fact: The assertion P, =, P»
implies the assertion Yo € HM Lyyre.(PL = @ & P2 = ) (cf. [Mil80,5ti96] for
‘the general result). It is folklore that P; =, P, not necessarily implies red{ P [a ~»
Q) =p red(Pz[a ~ Q]). In our framework, a system designer can first establish
the assertion P |= . Then she applies simultaneous action refinement obtaining
P = ¢ where _
- P = ( .. (P[a1 A Ql])[ag ~> Qz]) .. .)[an ~> Qn] - : - —m———m
and

' ¢ = (... (plar ~ Qi][az ~ Q2]) - . )[an ~ Qx]

Replacing the expression E € BP Py, for P where E =, P a system designer
immediatly knows £ k= ¢ where

E=(..(Ela~ Qo ~ Q2)).. Jan ~ Qu]

=, is the denotation of strong bisimulation equivalence defined in [Mil80].
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The generalisation of this result to sets of properties is straightforward and sheds

a different light on the statement that interleaving semantics are not appropriate
to model action refinement: A designer might not be interested in full equality
of processes modulo an equivalence relation, but in partial equality modulo a
defined set of properties. This fact can be exploited to circumvent the problems
which occur when action refinement operators are used in a framework where
concurrency is modelled by interleaving of actions.

Verification of programs is commonly formalized by means of implementation
relations (cf. [BBR90]). Since atomic actions are uninterpreted ‘action names’,
there is no such relation between an action a and an expression ) in the term
Pla ~» @Q]. Although our approach is not appropriate for this kind of verification
it supports ‘a priory’-verification with respect to transition behaviour formalized
by formulas of the language RHM L.

Work is in progress that extends the above results: We model infinite behaviour,
study synchronisation, and investigate other logics and appropriate models for
concurrency. Furthermore we investigate polynomial time algorithms for the im-
plementation of the reduction functions red and Red.

- A future topic is the investigation of the equivalence relations induced on the
process environments by the extended logical frameworks.
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