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1. INTRODUCTION

Economists have made adi sti nction between risk (where probabilitiesare objectivel y known) and am-
biguity (where probabilities are unknown). Until recently it was not clear how to model thisformally.
SCHMEIDLER (1989) has proposed an axiomatic decision theory, which is able to model ambigu-
ity. In thistheory, the decision-maker’s beliefs are represented by a capacity (non-additive subjective
probability) and (s)he is modelled as maximising the expected value of utility with respect to the
capacity. Ambiguity isrepresented by strictly non-additive capacities. The expectation is expressed
asaChoquet integral (CHOQUET (1953-4)). Schmeidler's theory will henceforth be referred to as
Choquet expected utility (CEU).

A number of researchers have applied CEU (or related theories) to gamest. Most of these papers
consider strategic (normal) form games. Lo (1999) suggests an equilibrium concept for extensive
form games under ambi guity. Since he usesthe related multiple-prior expected utility theory to model
ambiguity, he discussesanumber of conceptual problemswhich ari sein the context of dynamic games
if players face strategic ambiguity. The paper contains many instructive examples but no general
theorems about existence of equilibrium if players face ambiguity.

Approaching the problem of extensive form games in a very general way, Lo (1999) cannot
exploit one of the strengths of non-additive probabilities, namely that unlike additive probabilities,
they can be updated after events with a capacity value of zero. Inthe present paper, we apply CEU to
sequential two-player games. This class of extens ve form games comprises many important game-
theoretic models in economics such as signalling games, two-stage industrial organisation models
or bargaining problems. Restricting ourself to this class of games allows us to ignore some of the
consistency problems encountered in Lo (1999).

I n extensi veform games, updati ng of beliefson newly acquired information isimportant. If beliefs
are represented by additive probability distributions, then Bayesian updating is the natural method to
incorporate the information obtai ned from the observed moves of the opponents. Bayesian updating
however is possible only at information sets which have a positive probability of being reached.
Asis well-known, play at information sets off the equilibrium path can have a major effect on the
equilibriumitself. Thusit isimportant to determineplayers beliefs at such information sets. Because

! SeeDow & WERLANG (1994), EICHBERGER & KELSEY (2000), HENDON ET AL (1994), KLIBANOFF

(1996)), Lo (1996) and M ARINACCI (2000).



Bayes an updati ng puts no restrictions on such beliefs, a multiplicity of equilibriais compatible with
Bayesian beliefs.

Games with incompl ete informati on are usually plagued by alarge number of Bayes-Nash equilib-
ria. Signallinggamesin particular havetypically anexcessively largenumber of equilibriabecausethe
signal spaceis large compared to thetype space, which implies that mast actions will not be observed
inequilibrium. Themultiplicity of equilibria dependson thelack of constraints on out-of-equilibrium
strategies. Thereis ahuge literature in game-theory which triesto impose further constraints on be-
liefsby additional rules about how a player shoul d interpret out-of-equilibrium movesin equilibrium.
Such constraints on belief s refine the set of Bayes-Nash equilibria. Compare M A1LATH(1992) for a
survey of refinementsin the context of signalling games. Most refinements have been based on for-
ward or backward induction arguments. A common criticism of such argumentsisthat, if theinitial
Stuation is indeed an equilibrium, then players should conclude from adeviation that the opponent
is not rational or does not understand the structure of the game.

I n this paper, we propose a definition of equilibrium where players have non-additive belief s and
use an updating rule proposed by Dempster and Shafer in the literature for capacities. This equilib-
rium notion comprises Bayes-Nash equilibrium asaspecial case. The Dempster-Shafer updating rule,
whichis part of our equilibrium concept, has well-defined updated capacities off the equilibrium path
aslong asthereisambiguity. Capacitiescan befurther constra ned by adequate assumptions about be-
lief swithout aff ecting consi stency of beliefsin an equilibrium under ambiguity. Hence, thereisroom
to put constraints on beliefs which may be specific to situation one wants to model. For example,
one can exogenoudy determine the degree of ambiguity or one can restrict beliefs to agree with an
additive prior digtribution, if one wants to model a situation where players are completely confident
about the distribution of types but ambiguous about their opponents’ strategi ¢ behaviour. It ispossi-
ble to control for the ambiguity of a situation in experiments in order to see how it aff ects decision
behaviour. For individual decision situati ons, such experiments have been performed (CAMERER &
WEBER (1992)). There are few experiments so far, which focus on strategi c ambi guity, but we are
confident that such tests can be conducted.

One can parametrise the notion of ambiguity and demonstrate existence of equilibrium for any
exogenously determined level of ambiguity. This opens up the possibility to study sequencesof equi-

libriaunder ambi guity which convergeto aBayes an equili bri um as ambi guity vanishes. Assumptions
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about beliefs under ambiguity will determinewhich Bayesian equilibrium will be selected. An inter-
esting aspect of this approach is, evenina Bayesian equilibrium, beliefsoff the equilibrium path may
be represented by capacities which are nat additive. The greater freedom of modelling beliefs under
ambiguity provides anovel and useful modelling device for economic applications.

I nsection 2 weintroduce the CEU model and demonstrate someproperti esof CEU and the Dempster—
Shafer updating rule. Section 3 introduces our solution concept for two-stage games under ambiguity
and rel ates it to some existing solution concepts. Section 4 studieslimits of sequences of equilibriaas
ambiguity vanishes. e show that ambiguous beliefs can sel ect among Bayesian equilibria. Section
6 concludes the paper. All proofs are gathered in an appendix.

2. CEU PREFERENCESAND DS-UPDATING

In this section we consider afinite set S of states of nature. A subset of S is referred to as an event.
The set of possible outcomes or consequencesis denoted by X. An act is a function from S to X.
The space of all acts is denoted by A(S) = {a| a : S — X}. The decison-maker's preferences
over A(S) are denoted by =.

A capacity or non-additive probability on S isarea-vaued function v on the subsets of S, which

satisfies the following properties:
() ACB implies v(A) <v(B);
(i) v(@)=0, v(S)=1

The capacity is said to be convex if foral A, B C S, v(AU B) > v(A) +v(B) —v(AN B).
Representing beliefsby a convex capacity is compati bl e with experimental evidence (see CAMERER
& WEBER (1992)) and is commonly used in applications of CEU to model ambiguity averse be-
haviour. We shall assume that all capacities are convex.

We shall use capacities to represent the beliefs of players. In game-theoretic applications, the
opponents strategy combinations will be the relevant states for a player. It is possible to define an
expected val ue with respect to a capacity to be a Choquet integra (CHOQUET (1955)).

For any function ¢ : S — R and any outcomez € X let B(xz|¢) .= {s€ S : ¢ (s) > z} bethe
eventinwhich ¢ isgreater than or equal to z. Smilarly, denoteby B(z|¢) .= {s € S : ¢ (s) > x} the
event in which ¢ produces a strictly greater outcome than z. The Choquet integral of ¢ with respect



to the capacity v is defined as

n
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where the summation is over therange of theact, ¢(S) := {z € X| 3 s € S, ¢(s) = z}.

We shall assume that preferences may be represented by Choquet expected utility (CEU) with
respect to a capacity, i.e.

arbo /u(a(s))du(s) > /u(b (s)) du (s).
Such preferences have been axiomatised by GiLBoA (1987) and SARIN & WAKKER (1992).

Definition 2.1 The degree of ambiguity of capacity v is defined by
Av):=1— rjlégl(u(A) +v(S\A4)).

This definition is adapted from Dow & WERLANG (1992). It has been justified epistemol og-
ically by MUKERJI (1997). The degree of ambiguity is ameasure of the deviation from additivity.
For an additive probability A(v) = 0, while for complete ambiguity A\(v) = 1. The following re-
ault confirms that the degree of ambiguity is areasonable measure of deviation from additivity, for

convex capacities’.

Lemma2.2 If aconvex capacity v has zero degree of ambiguity then it is additive.

21 Thesupport of a capacity

In gametheory, players are assumed to maximise thei r expected payoffs. Strategy choicesare cons d-
ered in equilibrium if beliefs are consistent with actual behaviour. The strongest form of consistency,
Nash equilibrium, requires players beliefs to coincide with their actual behaviour. In an aternative
and equivalent definition of Nash equilibrium the strategiesin the support of the opponents beliefs
about a player’s behaviour must be best responses of that player. I n other words, players expect their
opponents to play only best-response strategies.

I f decision makers ambiguity ismodelledby capaciti esthen there are several concepts of asupport
which all coincide with the usua notion of support in the case of additive capacities. In this paper

we will use the following definition.

2 Thelemmaisfalseif convexity isnot assumed. A counter-example would be the class of symmetric capaciti es studied

by GiLBoA (1989) and NEHRING (1994).



Definition 2.3 A support of acapacity visanevent A C S suchthat v(S\A) = 0 andv(S\B) > 0,
for all events B C A.

Thisdefinition of thesupportisdueto Dow & WERLANG (1994). Above wedefine the support
of acapacity to beaminimal set whose complement has a capacity value of zero. Thisis equival ent
to the usual definition of support (i.e. a minimal set of probability one) for an additive capacity but
will generally yield asmaller set if the capacity is not additive.

With this support notion every capacity has a support. However it has been criticised because the
support is not necessarily unique and states outside the support may affect decision making if abad
outcome occursonthem. In EICHBERGER & KELSEY (2001A) we provide an extensive discussion
of various support notions for capacities suggested in the literature®. In particul ar, we show that the
support isunique if and only if one requires in addition »(B) > 0, for all events B in the support.
Adding this requirement to Definition 2.3 guaranteesa unique support but there are convex capacities
for which no such support exists. In game-theoretic applications, the lack of uniqueness poses no
problem because we show the existence of an equilibrium in which beliefs have a unique support.
Moreover, our resultsand examples all have unique supports, which satisfy thisadditional restriction.

M ore substantial is the objection to Definition 2.3 that states outsi de the support are not Savage-
null. Anevent E is Savage-null if outcomeson FE never affect adecision, i.e. if agc ~ bgc for al
actsa, b, c, where apc denotes an act which yields a(s) for al statesin £ and ¢(s) in al other states.
Wk believe that this argument is not appropriate in game-theoretic applications. We will argue this

case below in context with the game-theoretic equilibrium concept, which we advance in this paper.
2.2 CEU preferencesand DS-updating

In sequential games players may receive information about the opponents by observing their moves
in earlier stages of the game. In particular in signalling games, second-stage players will try to infer
informati onabout characteristicsof their opponentsfromthe signalswhich they receive. Itistherefore
necessary to specify arule for how to revise beliefs represented by capacities in the light of new
information.

If beliefs are additive, Bayes’ rule is the unique updating rule which maintains additivity. Asin

the case of the support, with non-additive capacities thereare several updating procedures, which all

3 HALLER (2000), MARINACCI (2000) and inparticular RyaN (1999) discussand arguefor other support notions.
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coincide with Bayesi an updating in the case of additivity. GILBOA & SCHMEIDLER (1993) provide
an exposition and an axiomatic treatment from a behavioura perspective. In this paper we choose
the Dempster-Shafer belief revison rule (see SHAFER (1976)).

Definition 2.4 Dempster-Shafer revision
The Dempster-Shafer revision of capacity v givenevent E C S is

v((FNE)U (S\E)) — v(S\E)
1—v(S\E) '

V(F|E) = (2

The axiomatisation by GILBOA & SCHMEIDLER (1993) shows that the Dempster-Shafer rule
(DS-rule) may be interpreted as a pessmistic updating rule. If one views capacities as constraints
on aset of additive probability distributionsthen it is equivaent to amaximum likelihood updating
procedure.

For extensive-form games the DS-rule is particularly interesting, since it may be defined even
whenv(E) = 0. If the event £, about whi ch the decision maker obtains information, wasambiguous,
v(E)+v(S\FE) < 1, thenthe DS-rulewill bewell-defined eveniif it hasaprior capacity value of zero.
Thus, it may be possible to update non-additive beliefs on eventswith acapacity val ue of zero. Wewill
argue in Section 4 that this property of DS-updating provides an approach to equilibrium selection
based on ambiguity of players. Contrary to the refinements of Bayes-Nash equilibrium based on
second-order reasoning about out-of -equilibrium moves, which dominate the literature, ambiguity-

related refinements can be given abehavioura content which isindependent of the equilibrium notion.

3. SEQUENTIAL TWO-PLAYER GAMES

In this paper we will consider two-player games with compl ete and incompl ete information, where
players move sequentially. Without | oss of generality, wewill assumethroughout that player 1 moves
first and that player 2 knows the move of player 1 when she makes her move. Player 1 may have
one of several types which are described by afinite set 7. If T' contains a single type the game has
completeinformation, otherwiseitisof incompleteinformation. Beliefsabout typeswill be described
below. Both players choose actions from finite action sets A%, i = 1, 2. Their payoffs are described
by the utility functions u(s,a,t), i = 1,2.

Strategies of player 1 coincide with actions, St := A'. In contrast, player 2 who observes the

action of player 1 can condition her moves on this observation. Hence, 52 := {s?| s? : St — A%}
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denotes the strategy set of player 2, which is aso finite because the action sets of both players are
finite. We will denote by s?(s') € A? the action, which player 2 will choose in response to s!
according to her strategy s2.

Both players hold beliefs about the opponent’s behaviour which are represented by convex capac-
ities. Player 1 has beliefs 2 about the strategiesin S2, which player 2 will choose. A belief 12 on 52
of player 1 about player 2's strategy induces a set of beliefs {77| s} € S'} about the actions in A2,
which player 2 will chooseinresponsetoastrategy st € S : 72(E) :=12({s? € $?| s*(s}) € E}).
For notational convenience we will state definitions and resultsin terms of ©2 though the respective
statements translate easily into statements about the set of beliefs about actions {77 | s} € 5}

Player 2 has to form beliefs about strategic behaviour of the possible types of player 1. Beliefs
of player 2 about player 1's type-contingent strategy choices are represented by the capacity v! on
St x T. These beliefs represent jointly this player's ambiguity about type and strategy®. In game-
theoretic applicationsit is usually assumed that prior beliefs about types are common knowledge and
additive. We can constrain ! to be compati bl e with an exogenous pri or di stri buti on over types, which
is represented by a (possibly additive) capacity ;. on thetype spaceT'.

Definition 3.1 A capacity v on S* x T agrees with the capacity . on 7T if, for any subset 7" of T,
v(Stx T = u(T").

W hether the prior belief of player 2, !, agreeswith aprior distribution on typesor not, once player
2 observes the action s!, which player 1 chooses shewill have to revise her beliefsin the light of this
information. To smplify notation, we will write

V(T |s') 0 =S x T|{s'} x T) (3)
st x T) U (SN x T)) = v ((SN\{s'}) x T)
1=V ((S"\{s'}) x T)
to denote the DS-updated capacity of the event 7" C T if the action s! has been observed. This

DS-updateis well-defined if 2! ((S*\{s'}) x T') < 1 holds. This condition is satisfied if

o either player 2 feels ambiguity about player 1's choice of the strategy s, i.e.,
the event {s'} x T isambiguous, i.e. if ' ({s'} x T) + 1 ((S*\{s'}) x T) < 1,
e or player 2iscertain that player 1 will play strategy s* with positive probability, i.e.,

4 Here we follow the approach of MiLcroM & ROBERTS (1986) for the representation of games under incomplete

information.



the event {s'} x T isunambiguousand v'({s'} x T') > 0.
Findly, let

Pl(stt,v?) = /ul(sl,SQ(sl),t) di? (4)
and, for a capacity p on T,

P*(als', p) == /uz(sl, a,t) dp (5)
bethe CEU-payoff of player 1 and 2 respectively. The belief p about player 1's type will either be v/*
or v'(-|s1), depending on whether beliefs are formed by DS-updating or not.

3.1 Dempster-Shafer equilibrium

In order to see the relationship between the Dempster-Shafer equilibrium concept, which will be
proposed i n this section, with the familiar notion of a Perfect Bayes an Equilibrium, consider the case
of additive capacities 7! and w2 representing players beliefs.

A Perfect Bayesian Equilibrium (PBE) with prior distribution pon T'is
e aprobability digtribution 7! on S* x T' such that 121 n(st,t) =p(t)fordl t €T,
e a probability distribution 72 on S2, "

e anda family of probability distributions {;(-|s')} s cs1 on T such that:

a) (s',t)esuppr? then s* cargmax > 7%(s%) - u!(51, s%(5h), 1),
steSt s2¢52

b) s? € supp 7? then s?(s!) eargmax " p(t|s!) - u?(st, a,t),
acA?  teT (pBE)
fordl s! € S,

ﬂ'sl .
c) u(t@l):ﬁ% if S (sl t) > 0.

ter teT

The standard interpretation isthat 7' (st [t) := ﬂp%), m%(alst) == m2({s* € S?| 2(s') = a}) ae
behaviour strategiesand y(-|s!) are beliefs at the information set reached after move s'. Behaviour
strategies are identified with beliefs of players. Note that the belief interpretation requires 7! to be
the belief of player 2 about the behaviour of playerl and vice versa.

Without thefamily of probability distributions {11(-| s') } ;1 51, conditions PBE-aand PBE-b define
a Bayesian equilibrium if one uses 7(s!,t) instead of p(¢|s') in PBE-b. Obvioudy, all PBE are

Bayesian equilibria. All a PBE requires in addition to the conditions of a Bayesian equilibrium is
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optimality of behaviour at information sets off the equilibrium path, i.e., after moves s such that
S 7(st,t) = 0, with respect to some arbitrary additive belief u(¢|s!). Hence, it only rulesout strictly
1(tjeoni nated actions at such information sets. Since beliefs at information sets off the equilibrium path
are arbitrary, there are usually many PBE depending on the beliefs . (¢|s') assumed at information
sets off the equilibrium path.

Thismultiplicity of PBE poses a serious problem in games, where there are few types of player 1
and many more strategies of this player, as it istypically the case in signalling games. The literature
is theref ore particularly rich in refinements for signalling games. M AILATH (1992) provides agood
survey of the refinements applied in the context of signalling games. We show below in Example
4.2 how with ambiguity aversion, a quite natural assumption on beliefs can reduce this multiplicity

of equilibria.

Gamesinstrategic formwherethebel ief sof playersarerepresented by capacitieshave been studied
by Dow & WERLANG (1994), MARINACCI (2000) and EICHBERGER & KELSEY (2000). In
the strategic form, beliefs (v, %) form an equilibria under uncertainty if these beli efs have supports
containing only pure strategies which are optimal for the respective player given these beliefs.

In this paper we study sequential two-player games where the action of player 1 conveys infor-
mation to player 2. This requires a reformulation of the equilibrium concept. In contrast to the
equilibrium notion in the strategic form, we will require that player 2's strategy consists of actions
that are optimal at each information set, i.e. after observing the action of player 1.

Definition 3.2 Dempster-Shafer Equilibrium (DSE)

A Dempster-Shafer equilibrium consists of capacities! on S* x T, v? on S? and afamily of capac-
ities {p(-|s!)}sies1 on T such that there are supports supp v! and supp v? satisfying:

a) (s',t) €supprt then s! earg max P(st|t, v?),
slest
b) s* € suppv? then s?(s') Earager;ax P2(als', p(-|s)) (DSE)
for dl s € ST,

o p(T'|s") =v(T"]s') if v((SN\{s'}) xT) < 1.

In general, the support of a capacity need not be unique. Hence, a DSE requires us to specify a
10



set of beliefs and some associated support. In most applicationsthe capacities cons dered will have a
unique support and thisseemingly arbitrary choi ce of support for agiven capacity posesno problem®.
Condition DSE-a of Definition 3.2 guarantees that only optimal type-contingent strategies of player
1 will be included in the support of player 2's beliefs. Similarly, by condition DSE-b there are only
strategies in the support of player 1 beliefs which prescribe optimal behaviour after a strategy of
player 1. We call the equilibrium a Dempster-Shafer equilibrium (DSE) because, according to DSE-
¢, beliefs of player 2 about the type of player 1 are obtained by the DS-updating rule.

Remark: A Dempster-Shafer equilibrium isdefined asa set of beli efs over type-contingent strate-
gies (v, %) and aset of updated beliefs after strategy choices of player 1, {p(:|s!)}s1c. By Con-
dition DSE-c the updated beliefs {p(-|s')} 4151 are however aderived concept. When referring to a
DSE we therefore often mention only (v, %), if there is no danger of confusion.

The degree of ambiguity A (+*), formally defined in the previous section, is aproperty of the equi-
librium beliefs (!, %). Wewill demonstrate below in Proposition 3.5 that one can take this degree
of ambiguity as an exogenous parameter and deduce equilibrium beliefs. The DSE concept is useful
for economic applications because one can study games under diff erent degrees of ambiguity. Nash
equilibrium is a specia case of an equilibrium under no ambiguity. Since the DS-updated capacity
p(+|st) isaderived concept its degree of ambiguity A(v!(+|s!)) isaso aderived property®.

We define the degree of ambiguity of agameto be the maximal degree of ambiguity of the equi-
librium beliefs. Formally, we will say that

e aDempster-Shafer equilibrium (¢!, 2) hasdegree of ambiguity A € [0, 1] if A := max{A(v!), A\(v?)},
and

e aDempster-Shafer equilibrium (¢!, ) agreeswith theadditive prior distribution p onT'if 1! (S* x
{t}) =p(t)fordlteT.
If the beliefs of a DSE are additive, i.e., if thereis no ambiguity, and if thereis a common prior

distribution over types then a DSE is a Bayesian equilibrium.
The folowing proposition relates the Dempster-Shafer equilibrium concept to the Bayesian equi-

5  There are, however, interesting cases where supports are not unique, yet where there is only one support for each
capacity which isconsistent with the optimality conditions D SE-aand DSE-b.

6 For specific types of capacities one can prove implications for the degree of ambiguity of their DS-update. Compare
EICHBERGER & KELSEY (1999).
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librium and the perfect Bayesian equilibrium notions,

Propostion 3.3

a) A Dempster-Shafer Equilibrium (¢!, »2) with adegree of ambiguity X = 0, for which the beli ef
of player 2, v*, agrees with the additive prior distribution p on T', is aBayesian Equilibrium.

b) Consider a Dempster-Shafer Equilibrium (v, v2) with adegree of ambiguity A = 0, for which
the belief of player 2, v!, agrees with the additive prior distribution p on 7. If for each strategy
st € Sl thereexistsatypet € T such that (s',¢) € supp v, then the Dempster-Shafer Equilibrium
(v1, %) isaperfect Bayesian equilibrium.

Discussion of the DSE concept. Proposition 3.3 shows that Bayesian equilibrium and perfect
Bayesian equilibrium are specia cases of aDSE if thereisno ambiguity. There is mounting exper-
imental evidence that Nash equilibrium and its refinements do not yield good predictions of actual
behaviour in al games. Situations in which one finds consistent deviations from the Nash equilib-
rium hypothesis include bargaining, e.g. the ultimatum bargaining experiments (RoTH (1995)),
coordination problems (OcHs (1995)), public goodsprovision (LEDYARD (1995)), and signalling
games (BRANDTs & Horr (1992,1993)). These findings pose a challenge to theory and call for
the investigation of modified equilibrium concepts. Some of these anomalies can be explained by
dtruistic preferences, e.g. in the cases of public goods and bargaining. Even in these cases however,
it isdifficult to account for al the observed phenomena by modifying pref erences alone.

The approach we propose in this paper focuses on ambiguity about the behaviour of the opponent
players. We do nat give up theideathat players maximise their expected payoff but we investigate
how ambiguity about the strategi c behaviour of opponents affectsthe equilibria of games. Ambiguity
about the opponents behaviour may arise by a number of reasons.

Traditional gametheory maintai nsthat players deduce beli efs about the opponents’ behaviour from
firm knowl edge about the preferences of opponents. In games with incomplete information onere-
places knowledge about other players’ payoffs, with knowledge about the probability distribution
over poss ble types of payoffs. Though logically sound and completely cons stent, modelling games
of incomplete information by probability distributions over type spaces assumes that players have
extremely high computational abilities.

Ambiguity about the strategic behaviour of the opponent players ref lects the difficulty of settling

12



one's beliefsfirmly on a particul ar probability distribution over types and their behaviour. This does
not imply that playersdo nat care about the motivation of the opponentsor that they do not consider the
possibility of different types of opponerts. It means however that their behaviour may be influenced
by the fact that they do not feel certain about such inferences.

Ambiguous beliefs represented by capacities, alow us to model players who hold and process
information about their opponents in order to predict their behaviour but who, depending on the
stuation, may feel more or less certain about these predictions. If ambiguity is about two or more
possibl e characteri sti cs of an opponent then beliefs should be modell ed by acapacity over therel evant
type space, if ambiguity concerns the correct description of the situationin general it is best modelled
by ambiguity about the opponents’ strategy choices. Equilibrium concepts for ambiguous players,
like the DSE suggested here, provide also a unified framework, in which the completely consistent
beliefs of Nash equilibrium analysis as well as behaviour influenced by ambiguity can be analysed.

3.11 Ambiguity about the strategy choice of the opponents

In traditional game-theoretic reasoning, players trust compl etely their reasoning about the rationality
of their opponents. If players believe that an opponent’s strategy is strictly dominated, then they
will act on the presumption that this player will never choose this strategy. Similarly, strategies of
the opponents which are not in the support of the capacity representing a player’s belief should not
influence this player’s behaviour.

The fdlowing exampleillustrates that these properties are not true for DS-equilibria. In Example
3.1 there are two DS-equilibria, one which describes behaviour similar to the backward-induction
Nash equilibrium. The second DSE shows that strategies of the opponent with bad outcomes may
influence the decision of a player, even if the opponents strategy is strictly dominated and nat in the

support of this player's beliefs.
Example3.1 Frivolouslawsuits’

BEBCHUK (1988) studies legal disputes where the plaintiff threastens to go to court even if the ex-
pected value of the court case is negative in order to extract a settlement offer from the defendant.
FHgure 1 represents a stylised version of this situation.  Once the potentia plaintiff has threatened

to go to court the defendant, D, can make an settlement offer o which will be accepted or refuse to

7 Thestructure of thisgame corresponds to the well-known entry gamein Industrial Organisation.
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0,3

Figure 1: Frivolous suit

make an offer, no, in which casethe plaintiff, P, has to decide whether to drop the case, d, or to go
to court, c. The payoffs ref lect the incentives of the players. If the defendant makes no offer, no, and
the potertial plaintiff decides not to file the suit, d, both players receive a payoff of 1. If the plaintiff
goesto court, ¢, both players obtain —1, which reflects the negative expected value of the court case.
A settlement offer, which is accepted, yields the plaintiff a payoff of 3 and the defendant a payoff
of 0. The settlement yields the plaintiff a higher payoff than not going to court, the incentive for the
frivolous suité.

Thisis agame with complete information where player 1, the defendant, has a single type ¢, the no-
tation of which is suppressed. Hence, (p(t|no), p(t|o)) = (1,1) inany DSE. Equilibrium beliefsfor

the two types of DS-equilibria of this game are given in the following table.
DS-equilibria {(v, v]), (W%, 1)}

event vP () vy () event v () v ()
{no} a? >0 0 {d} of >3 of <4
{o} 0 aP >0 {c} 0 0
sb 1 1 SP 1 1

U 0 0 U 0 0
support: {no} {0} support: {d} {d}

Thefirst DSE (v, v1") describes behaviour which issimilar to the backward induction equilibrium in

8 Thisexample is adightly modified and parametrised version of the model in BEBCHUK (1988), p. 441.
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the analysis without ambiguity. The equilibrium beliefs need however not be additive. The plaintiff
decides not to go to trial. Whether the defendant D will refuse a settlement or not depends on the
strength of the belief o that the plaintiff will drop the case. For o” > 1 the defendant will make
no offer, otherwise a settlement offer is made. Filing the suit becomes weakly optimal only if the
plaintiff is compl etely certain that the defendant will not refuse a settlement, v ({no}) = 0.

The second DSE (v%, v4) shows behaviour which cannot occur in a Nash equilibrium. In this case,
the plaintiff plans to drop the case if challenged. The defendant, on the other hand, feels sufficiently
ambiguous, 4’ ({d}) = aF < 3, about the prediction that the plaintiff will not file a suit, supp v’ =
{d}, and will offer settlement. Such behaviour cannot be supported by a Nash equilibrium. Yet it
does not appear unreasonable. After careful consideration of the situation, the defendant may well
recognise the incentives of the plaintiff to drop the action. This conclusion depends however on
the correct perception of the situation as modelled by the game. If the defendant feels sufficiently
uncertain about this information she may be justified in offering settlement. Moreover, since the
defendant does not challenge the potentia plaintiff, no information about the actual behaviour of the
plaintiff isgenerated. So one is also justified to call such asituation an equilibrium.

From Part (b) of Definition 3.2 it is clear that no strictly dominated strategy will be chosen in a
DSE. Therefore, onemay be led to conclude that all DS-equilibria are backward i nducti on equilibria.
Thisconclusion isfalsehowever, asthe DSE (v, v¥) in Example 3.1 demonstrates. Ambiguity may
prevent players from choosing strategies which expose them to situationswhere they might be hurt by
adtrictly dominated choi ce of the opponents. This may be so, even if they do not expect the opponents
to play strictly dominated strategies, if they do not trust this conclusion sufficiently.

Example 3.1 shows also that the D SE concept can describe behaviour, which isinconsistent with
the strict consistency requirements of a Nash equilibrium. Indeed, behaviour, as in equilibrium
(VP VL), canoccur only if the worst outcome of an interaction can inf luence the decision of aplayer
evenif itison eventswhich are outside the support. If one would constrai n the support notion to make
events outs de the support Savage-null, i.e., irrelevant for the player, then this equilibrium would dis-
appear.

Thisis obvious from the fol lowing lemma which has been proved in Ryan (1998) (Lemma 1,
p.34).

Lemma3.4 LetvbeacapacityonasetS. Anevent £ C SisSavage-null if andonly if v(S\E) = 1.
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Applying Lemma 3.4 to the equilibrium in Example 3.1 would imply a” = o = 1. Hence, DSE
(VP L) wouldno longer be possible and only the DSE (v, ) corresponding to aNash equilibrium
would survive. Indeed, Lo (1996) (Corollary of Proposition 4, p. 468) shows that thisis true for
all two-player games. Adopting such a strong notion of support therefore defeats the objective of
modelling ambiguity of players.

D SE offers more possibilities to model economic situati ons than traditional Bayesian analysis be-
cause cond stency requirementson belief sare weaker. In our opinion thisadditional freedomisuseful
for model ling economi ¢ situations since it all ows us to incl ude aspects of the economi c environment,
which are precluded by Bayes an analysis, but which are supported by experimental evidence or other

robust findings. It isbeyond the scope of this paper to investigate these applicationsin depth.
3.12 Ambiguity and Pessimism

With convex capacities, as we assume throughout this paper, ambiguity aversion is built into the
concept of the Choquet integral. This pessmism concerns however only events on which thereis
ambiguity. DSE leaves uswith more modelling options. DSE allows us to distinguish between the
preference of players for unambiguous choices and their pessimism in the face of ambiguity. For
example, if onewould like to restrict ambiguity to an opponent’s strategic behaviour and considers
information about types as hard, one can modd this by a capacity which agrees with an additive
prior distribution. In this case, pessmism is restricted to the behaviour of the opponent but not to
the probability over types. The following example which is dueto Ryan (2002) illustrates such a

modelling option®.

Example 3.2 (Ryan 2002)

Consider a signalling game with two players, i« = 1,2, where player 1 can be one of two types
T = {t1,12}. Itisknown that each type occurs with probability é Action setsfor the two playersare
Al ={R, L} and A2 = {U, D}. Figure 2 represents the game.

9 Thisgame has been advanced inRyaN (2002) asan argument for a stronger support notion called “ robust support” .

In EICHBERGER & KELSEY (2001) we provide adetailed and more formal discussion of this approach.
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Figure 2: Ryan (2002)

It is easy to check that this game has a unique perfect Bayesian equilibrium where

e player 1 of typet; chooses L,
e player 1 of typet, chooses R,
e player 2 chooses

U inresponseto L and R.

Ryan (2002) (p.12) argues that this equilibrium describes the only sensible behaviour in this game
because each type of player 1 has a strictly dominant strategy and player 2, knowing the strategy of
both types of player 1, maximises her payoff by choosing U. Moreover, the move U is also recom-
mended if player 2 is ambiguity averse since it guarantees the certain payoff of 1 no matter what type
player 1 turnsout to be.

For a degree of ambiguity o < 7, the following beliefs (v*, v*) are a DSE which agrees with the
additive prior digtribution (p(t1),p(t2)) = (3,1):

vi({(tr, L)}) =v'({(t2, R)}) =
Vl({(t17L)7 (t2>L)}) = V1<{(

vi({(tr, L), (tr, R)}) = v ({(

Vl({(tb L)? (t27 L)? (t27 R)}) = Vl({<tla L)’ (tQa L)’ (t2a R)}) = (1 + Oé) ) _é7
vi(E)=0 foradlother E C T x S,

and 2 isan additive probability distribution with 2({(D, D)}) = 1.
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One checks easily that, for a > 0, supp ' = {(t1, L), (t2, R)}. The DS-updates are additive and
dwayswell-defined: p(t|L) := v'(t1]L) = 7L and p(t1|R) == v'(t1|R) = +=2.

Computing the CEU payoffsfor thesebeliefsyields P ( L|t1, %) = PY(R|ty, v?) = 1, PY(R|t1, %) =
PY(L|ts,v?) = 0 and

1 fora

U 1
44 fora=p O =FL
P%(alst,vt) =
1 fora=U 1
4.l forg—p TOF & =R

[\

—Q

For o < 2, D is the best response of player 2 no matter which strategy player 1 chooses, and L
and R are the best strategies for player 1 of type t; and ¢, respectively. Since the support of v! is
{(t1,L), (t2, R)} and of 2 is{D, D}, playing D isaDempster-Shafer equilibrium.

For a > §, (U,U) isthe best response of player 2 and the associated DSE yields the same behaviour
as the perfect Bayesian equilibrium.

Notice that the DS-updates v1(¢,|s!) equa the prior distribution for o = 0, the case of complete
strategic ambiguity A(v!) = 1. For o = 1, that is complete strategic certainty A(v!) = 0, the DS
updates correspond to the Bayesian updates, v (t,|L) = 1 and v!(t|R) = 0.

If there is no strategic ambiguity, then player 1's moves provide a perfect signal for the type of
player 1, i.e. supprt = {(t1,L), (t2, R)}, and player 2 will respond by choosing U in response.
With compl ete ambiguity about player 1's strategy choice, player 2 will assess the likelihood of the
two types with the prior probability 1. Based on the expected payoff with respect to the unambiguous
prior distribution player 2will find action D optimal, and not U. Whether theaction U or D is chosen
depends therefore on the degree of ambiguity which player 2 feels about the deduced equilibrium
behaviour. If ambiguity islow, A(v!) =1 — a < é, then player 2 will choose U and if ambiguity
is high she will choose D. The critical level which determines when the behaviour of player 2 will
change depends, of course, on the payoff of actions.

If a player feels great ambiguity regarding the strategy of the opponent but not with respect to
the prior type distribution, then DS-updating on the observed actions leads the player to disregard
the ambiguous strategy and to decide based on the unambiguous prior. Faced with strategic informa-

tion, aplayer who is extremely ambiguous about strategic information and unambi guous about type
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informati on will revert to the unambiguous information of the prior distribution®.

Onecan, of course, question the assumption about the unambiguous prior distribution. Indeed, we
do not require that beliefs do in general agree with unambiguous priors. It isan easy exerciseto check
that, with complete ambiguity about the prior distribution, the argument that pessmism commends

to play U in order to secure the constant payoff of 1 is correct.
3.2 Existenceand properties of DSE

Snce Bayesian equilibriaare DS-equilibriawith a degree of ambiguity A = 0, existenceof aDSEis
guaranteed under the usual conditions. Itis not clear however whether there exist DS-equilibriafor
arbitrary degrees of ambiguity A and arbitrary prior beliefs about types. Proposition 3.5 shows that
DS-equilibria exist under the usual assumptionsfor any degree of ambiguity.

Proposition 3.5 For any degree of ambiguity A € (0, 1) and any additiveprior probability distribu-
tion p on T, thereexists a Dempster-Shafer equilibrium with thisdegree of ambiguity A which agrees
with the distribution p onT'.

Proposition 3.5 shows that the DSE concept can be applied in al cases, in which standard Nash
equilibriaexist. Moreover, it shows that one can choose the degree of ambiguity A exogenoudy asa
characteristic of asituation and still obtain DS-equilibria. This property is particularly important in
economic appli cationswhere one wantsto study the impact of ambiguity on the behaviour of agents”

Games with complete information, i.e., with atype space containing a single type, |7 = 1, form
an important special case to which one can apply DSE. The DSE (v2, v’) in Example 3.1 shows
that behaviour in DS-equilibria does not necessarily correspond to behaviour in backward induction
equilibria.

Backward induction in the presence of Knightian uncertainty has also been discussed by Dow &
WERLANG (1994). This paper shows that if there is ambiguity, there are non-backward induction
equilibriain the finitely repeated prisoner’s dilemma game. These equilibria arise with large degrees
of ambiguity, which is compatiblewith our analysis. Dow & WERLANG (1994) analyse gamesin
normal form. Our theory confirms their analysis with an extensive form solution concept based on

Knightian uncertainty. We believe that an extensive form solution concept is preferable, since DSE

10 RyaN (2002) considersthecase o = % In this case, the DSE predicts player 2toplay D. He seesatension between
the interpretation of Choquet preferences as pessimistic and the preference for the action D which isrisky rather than
playing U, an action yielding a constant outcome of 1.

I E1cHBERGER & KELSEY (2001, 2001B) study applications to economic problems.
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requires that equilibrium strategies are optimal when each moveis made. A solution defined on the

normal form cannot do this.

4. DSEL ASA NASH EQUILIBRIUM REFINEMENT

In Example 3.1 the DSE with little or no ambiguity selects the backward i nduction equilibrium. With
no ambiguity A = 0, Dempster-Shafer equilibria, where each strategy of player 1 is played by some
type, are perfect Bayesian equilibria (Proposition 3.3). These results suggest that DSE equilibriawith
ambiguity may provide reasonabl e restri ctionson beli efs, which inthe limit as ambi guity vani shesse-
lect Bayesian equilibriawhich are robust with respect to ambiguity. In order to explorethis possibility
more formally we define a Dempster -Shafer Equilibrium Limit (DSEL).

Ambiguity may affect beliefs over types and beliefs over strategy choice. We do not want to
exclude the possibility that ambiguity extends also to ambiguity about types, but we will require
only ambiguity about strategies in order to allow for capacities which agree with an additive prior
distribution.

Condition A A DSE (¢!, v?) issubject to strategic ambiguity if
Vs x T) + v ((S"\{s'}) x T) < 1
hadsfor all s! € S'.

If aDSE is subject to strategi c ambiguity, then the degree of ambiguity isstrictly positive, even if
the equilibrium belief sagree with an additive prior distribution over types. Thus, Condition A alows
usto cons der sequences of Dempster- Shafer equilibriawith positive degree of ambiguity which agree

with a given additive prior distribution over types.

Definition 4.1 Dempster-Shafer Equilibrium Limit (DSEL)

A st of beliefs (!, 7%) and updated beliefs {p(-|s') }sies is a Dempster-Shafer Equilibrium Limit
(DSEL) if it isthelimit of asequenceof strategically ambiguous Dempster-Shafer equilibria( (v}, v2),
{p,(-|s')}sies1) such that the degree of ambiguity ) tends to zero asn tendsto infinity.

By Proposition 3.5 there exists a DSE ((v}, v2), {p.(+|s')}sics1) for any degree of ambiguity
A > 0, where, for al st € S, p,(+|s') iswell-defined by the DS-updates v} (-|s'). By convexity of
the capacities, v (F) € [0, 1], for al events £ C S¢, 7 = 1,2, and for al n. Since we consider finite

games, the sequence (v}, 2) is contained in [0, 1]™, where m = |T| + | S| 4 |S?|. Hence, for any

nrn
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sequence \,, — 0 theremust beaconverging subsequence (v), v2) — (74, 7%)andp,,(+|s*) — B(-|s!)
for dl s € S!. Thus, DSEL is aways well-defined.

Notice that a DSEL requires also to specify a sequence of updated capacities {p,(+|s')}scst
S nce we impose strategic ambiguity there exists always a supporting sequence of Dempster-Shafer
equilibria for which the updated beliefs {p,,(-|s') }s:es1 are well defined by the DS-updates. Even if
DS-updates are well-defined along the sequence of DS-equilibria, aDSEL (v}, 72), {p(-|s') }siest)
may have non-additive DS-updatesp(-|s!) for strategies s', which are not played in equilibrium.

The following exampl e shows that beliefs off the equilibrium path need not be additive. In partic-
ular, the sequence of DS-equilibria supporting a DSEL

e can be dtrategically ambiguous,
e agree with an additive prior distribution and

¢ have well-defined D S-updates.

Notice that a DSEL also requires the specification of a sequence of updated capacities. Yet, asthe
degree of ambiguity converges to zero, additive beliefs (*,7?) obtain in the limit, but DS-updates
p(-|s') may remain non-additive if strategy s! is not played in the DS-equilibria of the supporting

sequence.

Example4.1

Consider thesignalling game, in Figure3. Thestrategy set of player LisA' = {L, R} and of player
2, A2 = {u,m,d}. Thereare two types of player 1, ' = {t,,t,}, which occur with probability p,
and p,, p; > py fOr concreteness.

Inany perfect Bayesi an equilibrium both types of player 1 choose R, since any belief y(-|R) makesd
strictly dominated for player 2. But if player 2 plays d with probability zero, strategy R strictly dom-
inates strategy L for player 1. Hence, thereis a unique perfect Bayesian equilibrium where player 2
chooses u.

Therearetwo typesof DSEL agreeing with the additive prior distribution (p1, p2). The compl etely ad-
ditive DSEL ((7',7%), (p(-| R), p(-| 1)) , 7 (t1, R) = p1, T'(ts, R) = p2, p(1a| R) = p1, p(ts| R) =
m, 7 (u) = 1, is behaviouradly equivaent to the perfect Bayesian equilibrium. This DSEL is sup-
ported by asequences of strategically ambiguous E-capacitieswhich agree with the prior distribution.

For detailsabout the construction of such asequence see EICHBERGER, J. & KELSEY, D. (1999).
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Figure 3: Non-additive beliefs off the equilibrium path

There is however another DSEL (7!, 7%) where the updated beliefs of player 1 are not additive. For

any a € [0, —il,)), consider the fol lowing sequence of DS-equilibria

) v (E)

{(tbL)} (1 /\n) D1

{(tbR)} 0

{(ta, L)} (1—=A) o

{(ts, R)} 0 L va(E)
{(t, L), (i, R)} p1 {u} 0
{(t1, L), (t2, L)} 1— Ay {m} 0
{(t1, L), (t2. R) } (I=A)-p {d} (1= )
{(t1i. R), (2. L)} (I=A) - po {u,m} 0
{(thR)a (t27R)} 0 {u7d} (1 — An)
{(t27R)7 (t2>L)} P2 {m,d} (1 _ )‘n)
{(thL)?(thL)?(thR)} 1 _/\n+)‘n‘a S 1
{(t17R)7(t27L)7(t27R)} P2 @ 0
{(to, L), (1, L), @1, R)} | 1 = A+ A - supp v {d}
{(t2, R), (t1, L), (1, R)} pi

S 1

U 0

Sllppl/l {(tlaL)’(tQ’L)}

The DS-updated capacities p, (t,|R) = vl (t|R) = a and p,(t2|R)} = vl (ta]s1) = o are well-
defined, but strictly non-additive.
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Computing the CEU payoffsfor the DSE (v}, v2), one easily checks that P! (L|t;,v2) = 1 > 0 =

nrYn 1 Yn

PY(R|t;,v2) and, for a < 1, P?(d|R,p,) = 4> 3+ 3-a = P*(u|R,p,) = P*(m|R, p,) for al

n

n. Hence, the DSEL ((#',77), (5(:|R),5(:|L))),
7 (t1, L) = py, U'(ty, L) = p,, additive
D(t1|R) = a, D(t2|R) = o, non-additive
7 (d) =1, additive
follows from this sequence of DS-equilibriaas A,, — 0.

The DSEL (7!,7?) is interesting since beliefs off the equilibrium path are non-additive, even
though beliefs on the equilibrium path are additive. Since perfect Bayes an equilibrium requires that
beliefs be additive at al information sets, the expected payoff from » dominates the payoff from d.
DSEL, however, alows strict non-additivity off the equilibrium path, so that the certain payoff of 4
obtained from strategy d becomes more attractive. It is plausible that a player who has observed an
out-of -equilibrium move will have some doubts about his original theory of how the gameis played.
Thiscould cause him to become ambiguity-aver se as represented by the non-additivity of the updated
beliefs. DSEL allows us to model ambiguity of aplayer as aconsequence of having to update beliefs
on events with a capacity weight of zero.

Example 4.1 showsal so that therearefew constraints on the DS-updates. Indeed, DSE, and there-
fore DSEL, allow us to impose constraints on players beliefs directly and to deduce equilibrium
beliefs sati sfying these constraints. This opens the opportunity to design experi mentswhere ambigu-

ity is manipulated independently from the equilibrium play which one wants to test.
4.1 Propertiesof DSEL

In this section, we will compare the concept of a DSEL with Bayesian and perfect Bayesian equilib-
rium. Snce Bayesian and perfect Bayesian equilibria have an additive prior distribution over types
as a defining criterion we will restrict attention to Dempster-Shafer equilibria which agree with an
additive prior distribution throughout this section.

The capacities (7!,72) of a DSEL are additive. So it is not difficult to prove that a DSEL isa
Bayesian equilibrium.

Proposition 4.2 A DSEL which agrees with an additive prior distribution over typesis a Bayesian
equilibrium.

All DSEL are Bayesian equilibria. The potential of strategic ambiguity to select among the set
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of Bayesian equilibrium lies in the updated beliefs. Beliefs are generated by the DS-updating rule
in combination with constraining assumptions about equilibrium beliefs. A DSE does not tie down
the equilibrium beliefs as much as Nash equilibrium does. Hence, there is room for game-specific
constraints on beli efsand atti tudestowards ambi guity. Depending on the application one can focuson
the consequences of the degree of ambiguity aversion, of ambiguity about types or of other character-
istics of beliefs. The DS-updates i nherit their properti es from these fundamental assumptions. To the
extent that one can control for the degree of ambiguity, anbiguity aversion and other characteristics
of an environment one may be able to test equilibrium properties in experiments.

One of theweakest refinements of Bayesian equilibriais aperfect Bayesian equilibrium. By mak-
ing updated beliefs part of the equilibrium concept it guarantees optimising behaviour at al informa-
tion sets whether or not they will be reached in equilibrium. Since perfect Bayesian equilibrium puts
no constraint on out-of-equilibrium beliefs, it eliminatesonly equilibria relying on strictly dominated
strategies at information sets off the equilibrium path.

A DSEL alowsfor beliefsoff the equilibrium path which are strictly non-additive. Hence, Exam-
ple 4.1 shows that a DSEL need not be a perfect Bayes an equilibrium. One may however conjecture
that a DSEL with additive updates {p(-|s!)}. s @ al information sets is a perfect Bayesian equi-
librium. We will show below in Proposition 4.3 that this is the case, indeed.

One may aso conjecture that the restrictions on beliefs induced by the sequence of stategically
ambiguous Dempster-Shafer equilibriawould rule out DSEL with additive updates {5(:|s!)}ac g at
al information sets where aplayer uses a weakly dominated action. This is however not true. For
every perfect Bayesian equilibrium it is possible to construct a sequence of strategically ambiguous
DS-equilibria, which agree on the additive prior over types and converges to this perfect Bayesian
equilibrium. Thisisalmost obviousif all information setswill bereached in the perfect Bayesian equi-
librium. If there are information sets following actions which are not played in a perfect Bayesian
equilibrium, then one can find a sequence of DS-equilibria in which the DS updates are not defined
at these information sets. Hence, one can assign the off -the-equilibrium-path beliefs of the perfect
Bayesi an equilibrium to those DS-equilibria. Thus, one can obtain even a perfect Bayesian equilib-

rium where player 2 chooses weakly dominated strategi es off the equilibrium path asa DSEL.

Proposition 4.3 Perfect Bayesian equilibrium and DSEL
() Every perfect Baysian equilibrium isaDSEL.
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(i) A DSEL which agrees with an additive prior distribution is a perfect Bayesian equilibrium if all
updates are additive.

DS-updates of aDSEL can, but need not, be additive. Proposition 4.3 shows that additive limits
of the DS-updatesis the crucial condition for thetwo concepts to coincide. If DS-updates do not con-
verge to additive probability distributi ons off the equilibrium path, then strategic ambi guity, modelled
by the DS equilibrium concept, provides arefinement of Nash equilibrium based on ather principles
than standard refinements in the literature.

MAILATH (1992) provides an excellent survey of the refinements most commonly used in sig-
nalling games. They all operate by restricting out-of -equilibrium beliefs. Justification for such re-
grictions is obtained by forward or backward induction arguments. There is an obvious tension in
such arguments because out-of-equilibrium behaviour is constrained by reasoning about behaviour
which will never be observed.

The DSEL provides an alternative approach to equilibrium selection. Modelling ambiguity about
the equilibrium strategy choicesdirectly avoidsthetension in theinterpretation of out-of-equilibrium
beliefs. Moreover, there are behavioura theoriesbehind the DS -updating rule (GILBOA & SCHMEI-
DLER (1993)) and the Choquet expected utility model (GILBoA (1987), SARIN & WAKKER
(1993)). Assumptions about the behavioural foundations of this decision and updating model can
and have been tested i ndependently from the equilibrium notion (CAMERER, C. & WEBER, M.
(1992)).

4.2 Out-of-equilibrium beliefs

Refinement of the set of equilibriacan be obtained by imposing additional restrictions on the players
non-additive beliefs. Asin the standard refinement literature, one can strengthen or weaken the ro-
bustness requirement imposed on Bayesian equili brium by putting further constraints on the sequence
of ambiguous DS-equilibria which support it. In contrast to this literature such assumptions are in
principle testable.

DS-equilibria which are not perfect Bayesian equilibria are plausible, since they correspond to
cases in which player 2 is ambiguity-averse after observing an unexpected move. Example 4.1 il-
lustrates the potential of DSEL to select among Bayes an equilibria based on ambiguity about the

behaviour in case of an unexpected out-of-equilibrium move. Yet, even if we do not want to rely on
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non-additive beliefs off the equilibrium path, DSEL offers quite intuitive out-of-equilibrium beliefs.

Itisimpossible to develop here a complete theory of reasonable refinements based on ambiguity,
but the following example may provide some intuition. It isa simplified version of the education-
signalling model introduced by SPENCE (1973). It shows how ambiguity i mposes plausible restric-
tions on the out-of-equili brium belief s, which select the pooling equilibrium as the a unique DSEL *2.
The intuition about beliefs is as follows. A DSEL which agrees with an additive prior distribution
over types models a situation where aplayer feels ambiguity about the opponents’ behaviour but not
about the prior distribution over types. Thisisanatural assumption if past experience has provided in-
formation about the frequency of types but if thereis no well-established way of signalling privatein-
formation. In such a situation signal ling is endogenous equilibrium behaviour. An out-of-equilibrium
move indi cates a break-down of the implicit understanding of equilibrium behaviour. In such a case,

It appears quite reasonabl eto return to the “firm” information about the prior distribution over types.

Example 4.2 education signalling*®

Consi der two workers with different productivity, ¢ ,; > ¢ ;. A worker’s productivity is private infor-
mation but itiscommonknowledge that the proportion of high-productivity workersisp. Workerswil|
apply for apogtion in thefirm with awage proposal. A worker can ask for ahigh wage wy = ¢y, a
low wage wy, = ¢y, or the averagewagew = p-¢z+ (1—p) - ¢r. Thefirmcan only choose to accept
the application, a, or to reject it, r. In order to qualify for ahigh wage wy, aworker must present an
education certificate. Thestrategy wy implies that theworker has obtai ned thi s educati on certificate.
High-productivity workers can obtain the certificate at no cost, while low-productivity workers incur
acost of —2. We will assume throughout that the education costs of the |ow-productivity worker are
not justified by the productivity and wage difference, 0 < wg —wr = ¢ — ¢ < 2.

Hgure 4 illustrates the situation.

In the notation of Section 3, the game is described by S = {wg,wr,w} and S? = {s?(s')]

12 Notice tha Example 4.2 isno contradiction to the result in Proposition 4.3. There are other DSEL s corresponding to

the typical perfect Bayesian equilibria of the Spence signdling model.

13 Thisisahighly stylised version of the education signalling model by SPENcE (1973). For simplicity of the ex-
position, we have assumed that the education level is not a choice variable. A more general treatment of the education
signalling model canbe found in EICHBERGER & KELSEY (19994).
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Figure 4: Signalling game

steS'yandT = {H, L}. Itiseasy to seethat there are exactly two perfect Bayesian equilibria
Worker Firm out-of-equilibrium beliefs
() | (wa, H), (wr, L)) | (s*(wn), s*(we), s*(w)) = (a,a,7), | p(Hw) = 0.

(i) | (w, H), (w, L)) | (s*(wn), s’(wr), s*(w)) = (r,a,a), | p(H|wg) = p(H|wr) = 0.

For notational convenience, we have only noted the equilibrium strategies. In terms of beliefs, aper-

fect Bayesian equilibrium (71, 72, {u(-|s!)}) is described by 7t (w?, H) = 1, 7*(w’, L) = 1 and
m(a,a,r) = lincase (i) and m'(w, H) = p, 7' (w,L) = 1 — p and 7%(r,a,a) = 1in case (ii).
Beliefs about all other strategies are zero.

Equilibrium (i) isthe Pareto-optimal separating equilibrium selected by the intuitive criterion. Equi-
librium (ii) is the Pareto-optimal pooling equilibrium, which does not satisfy the “intuitive” belief
condition that wy > w could only comefrom the high-productivity typesince only this player would
gain from such a deviation relative to the equilibrium payout.

If weassumethat the prior distribution of typesishard knowledge, while equilibriuminferences about
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behaviour are ambiguous, then only behaviour of the pooling equilibrium (ii) canariseinaDSEL. We
will formalise this assumption about the beliefs by an E-capacity'*. E-capacities are amodification
of simpl e capacities (or distorted probabilities) which have a constant degree of ambiguity and which
allow for marginal distributions which are additive.

Fix acommon degree of ambiguity )\, for both players. Denote by ! (E) the capacity which equals
1for E = S'x T and 0 otherwise and by 1, (F) the capacity equalling 1 for £ = 52 and 0 otherwi se.
A compact way to write the E-capacities based on additive probability distributions 7! and 72 is

o VE) =M -[p-pug(E)+(1—p)-u (B)]+1—=\) -7Y(E) for ECS!'xT,

n

o VE(F) = - p(F) + (1= \y) - 72(F) for F C 2, (6)
E-capacities are a convex combinati on between an additive probability distribution 7* and a wei ghted
average of the capacities u! with weights equal to the probabilities of the prior distribution. Notice
that o2 (E) + v2((S* x T)\E) = 1 — )\, and v2(F) + v2(S*\F) = 1 — )\, holds for al events
E # S'x T and F # S?. Thus, thereis strict ambiguity if A, > 0 holds. E-capacities have also the
property that supp v* = supp 7. The strategies in the support of the capacity, i.e., the strategies of
the opponents which must be optimal, are the strategies in the additive part of the E-capacity. Using
Equation 3, one can compute® the DS-update of v} as

An - p+( — ) -mi(sh, H)
1) = S ) s By + (o D]
For \, > 0, v} (H|s') iswell defined evenif 7! (s, H) + «'(s', L) = 0 holds, i.e,, if no type plays

strategy s' in equilibrium. Notice aso that for 7!(s!, H) + w'(s', L) = 0, v} (t|s') = p(t) coincides
with the prior distribution. This means that aplayer who observesan out-of -equilibrium move s* will
update her beliefsto the prior distribution. This property of an E-capacity which agreeswith a prior
distribution appears sensibl eif one views the knowledge about the type distribution asfirm compared
to the beliefs about strategy choices which represent just a consistency requirement for beliefs and
optimal actions.

It is easy to check that v} — 7! and v2 — 7. Notice, however, that v (H|s') — pforal s'. Hence,
in the limit, we have out-of-equilibrium beliefs u( H|wy) = u(H|wr) = p.

It remains to show that the beliefs in Equation 6 based on the additive probability distributions
m(w,H) = p, 7' (w,L) = 1 —p and 2(r,a,a) = 1 form aDSE. This is easily established since

4 E1cHBERGER & KELSEY (1999) providea thorough study of the properties of E-capacities and an axiomatisation.

15 Anexplicit computation isin EICHBERGER & KELSEY (1999).
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suppv) = {((w, H), (w, L))}, supp v2 = {(r,a,a) } and the expected payoff functions are:
wyg - vi(S2(wyg) =a) =0 for s!'=wpy
PY(s'|H,12) = wr - vE(3(wp) =a) = (1-X\,) -wr for st=wp |,
w- V(s (w) =a) =(1=X)-w for sl=w
( (wy—2) VG (wy) =a) =0 for s'=wy
P'(s'|L,12) = wy, - vk (5% (wr) = a) =(1—-\,)-wy for st=wyg
w-vi(s?(w) =a) =(1-X) - w for st=w
and
( [¢r—wn]-[1—p] for a=a 1_
0 for a=r It s =wn
PAa)st )= r mwdp T a=a it =,
p-¢g+(L—p)-o,—w=0 for a=a 17
[ 0 for g=r T 57U

Hence, choosing w is optimal for the worker of either type and accepting a wage offer w is optimal
for the firm. This establishes that the beliefs in Equation 6 form a DSE for any n. The resulting

DSEL is therefore
Worker Firm out-of-equilibrium beliefs
(iii) | (@, H), (@, L)) | (s*(wn), s*(wr), s*(W)) = (r,a,a), | p(H|wn) = p(H|we) = p.

The equilibrium selection in the DSEL of Example 4.2 depends on the joint assumptions of an
unambiguous prior distribution over typesand a degree of ambiguity aversion \,, which, for each step
n, isthe samefor all events £ C S* x T. Constant ambiguity aversion control sfor distorted beliefs'e.
The result that out-of-equili brium beliefs coincide with the additive prior distribution is driven by the
assumption that the prior distribution is unambiguoudy known. If thisis the case, it makes sense
for a player to revert to the unambiguous information as implied by DS-updating, whenever an out-
of-equilibrium move occurs which invalidates the equilibrium behaviour prediction. In the game of
Example 4.2, this assumption about the prior distribution rules out the separating equilibrium. The
separating equilibrium would require complete trust in the equilibrium behaviour because a low-
productivity worker has an incentive to break away from the separating equilibrium and to propose
the average wagerather than thelow wage. To arguethat the firm should assumethat an averagewage
offer could only come from the low-productivity type would mean that the firm feels no ambiguity

about the behaviour of the workers.

16 To establish the result of Proposition 4.3 that every perfect Bayesian equilibrium is a DSEL we had to relax this
assumption of aconstant degree of ambiguity in each step of the belief sequence supporting the DSEL.
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I ncontrast to Bayes an equili brium, DSE hasa updating rule which works al so for out-of -equilibrium
beliefsif there is some ambiguity about strategy choices. Reasonabl e assumptions about beliefs can
beimposed directly. For example, partial information can be assumed asin the case of awell-known
prior distribution in Example 4.2. Whether this is an appropriate assumption or not can be assessed

independent from the equilibrium, which is an advantage in economic appli cations.

5. CONCLUSION

We have applied the theory of Knightian uncertai nty to sequential games. The evidence suggests that
there are occasi ons inwhich individual s have large degrees of ambiguity. Despitethis we believethat
an interesting case is when the degree of ambiguity is small. Under this assumption, we have shown
that our definition of equilibrium is a refinement of Bayesian equilibrium, which is similar in spirit
to perfect Bayesian equilibrium but doesnot exactly coincide with it. SnceDSEL isaspecial case of
Bayesian equilibrium, no irrational behaviour isintroduced by cons dering non-additive beliefs. As
we have shown, even in the limit as belief s converge to additive probabilities, significant deviations
from behaviour under subjective expected utility are possible off the equilibrium path. We believe
this is one of our main innovations.

Appendix A

Lemma 2.2: If a convex capacity v has zero degree of ambiguity then it isadditive.

Proof. Supposethat v isnot additive, thenthereexist A, B C S, suchthat ANB = §andv(AUB) >

v(A) +v(B).Let C = S\(AU B). Then since the degree of ambiguity is zero:
1=v(AUB)+v(C) >v(A)+v(B)+v(C). (A-1)

By convexity, 1 = v((AU B)U (AU C)) > v(AUB) +v(AU C) — v(A). Since the degree

of ambiguity is zero, V(AU B) =1 — v(C) and v(AU C) = 1 — v(B). Subgtituting, we obtain

1>1-v(C)+1—-v(B)—v(A), but this contradicts A-1.

Proposition 3.3:

a) A Dempster-Shafer Equilibrium (v, %) with a degree of ambiguity A\ = 0, for which the
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belief of player 2, v*, agreeswith the additive prior distribution p onT" isaBayes an Equilibrium.
b)  Consider a Dempster-Shafer Equilibrium (v!, v?) with a degree of ambiguity A\ = 0, for
which the belief of player 2, !, agrees with the additive prior distribution p on T'. If for each
strategy s' € S! thereexists atypet € T suchthat (s',t) € supp v, then the Dempster-Shafer
Equilibrium (v, v?) is a perfect Bayesian equili brium.
Proof. Part (a): Sincethe DSE (7!, 72) has a degree of ambiguity A = 0, by Lemma2.2, 7! and 72
must be additive probability distributions. Since the DSE agrees with an additive prior distribution
ponT, > cqmi(s',t) = p(t) for al t € T. Hence, condition DSE-a of Definition 3.2 can be

written as

s' cargmax Z m2(s?) -ul (31, s%(s), 1)
stest s2€52

for dl s' € S* withw!(s?,¢) > 0 and all ¢t € T. Condition DSE-b requires

s°(s') carg max Z p(t|s') - u?(st, @, )
acA*  or

for al s> € S? with7%(s%) > 0. By Condition DSE-c and Equation 3, p(t|s') := 71(S* x {t}|{s'} x
T)= % provided Y, ,m'(s',t) # 0. Note that beliefs off theequilibrium path p(t|s") are
arbitrary and need not even be additive. For actionss' € S" suchthat ), . 7'(s',t) = 0 al actions
a € A? are optimal. Hence, Part (a) of Proposition 3.3 defines a Bayesian equilibrium with mixed
strategies (7!, 72).

Part (b): If, inaddition, for each strategy s' € S there existsatypet € T suchthat (s',¢) € supp !,
then >, .l (s',t) £ 0foral s' € ST and p(t|s') = ﬁj—iﬁq is defined at all information sets.

In this case, (7!, 7?) is a perfect Bayesian equilibrium.

Lemma3.4:Let v beacapacity onaset.S. Anevent £ C SisSavage-nul ifand onlyif v(S\E) = 1.
Proof. Anevent FE is Savage-null if for any three outcomes z, y, z € X the CEU value of the acts
xpy and zgy are equal, i.e.

u(@) - v(E) +uy) - [1 = v(E)] = uly) - v(S\E) + u(z) - [l - v(S\E)]
where we assume, without lossof generality, u(x) > u(y) > u(z). Thisequality can hold for arbitrary
outcomes x,y, z € X with thisorder if and only if v»(S\E) = 1andv(E) = 0.
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Proposition 3.5: For any degree of ambiguity A € (0,1) and any additive prior probability distri-
bution p on 7', there exists a Dempster-Shafer equilibrium with this degree of ambiguity A, which
agrees with the distribution p on T

Proof. The proof uses the specia form of an E-capacity, which is extensively discussed in E1CH-
BERGER & KELSEY (1999). E-capacities are modifications of an additive probability distribution
with a constant degree of ambiguity and, possibly, some additive marginal distributions. If there are
no additive marginals then E-capacities are simpl e capacities. Moreover, the support of an E-capacity
coincideswith the support of itsadditive part. Hence, for given prior distributions of types and given
degrees of ambiguity, E-capacities are completely described by their additive part. Given beliefs
modelled by E-capacities, one can use standard arguments to show that thereisa Nash-equilibriumin
mixed strategies for the modified game where the Choquet payoff functions are viewed as functions
of the additive part of the E-capacities.

Fix ', A% € (0,1) and any additive probability distribution p on T'. For any finite set X denote by
A(X) the set of additive probability distributionson X. Let A, (S! x T') be the set of additive prob-
ability distributions on S x T with marginal distribution p on 7. This set is non-empty, compact and
CONVEX.

For any E C S! x T let the capacity v, be defined as
(1 if S'x{t}cE
vi(B) = { 0 otherwise ’
and for any = € A,(S* x T') consider the capacity
VH(E) = AN 3 p(t) mi(B) + (1 - X) - (). (a2
teT
For any set T’ C T, the DS-update of the capacity defined in Equation A-2 is (see EICHBERGER &

KELSEY (1999),Lemma 4.2, p. 132)

A2 p(t) + (L= A 3 (st 1)
V}T(T/|Sl> _ teT” teT” . (A-3)

tg m(sh,t) + AL [1— tg W(sl,t)}

For \' >0, v1(T"|s") isacontinuous function of 7.
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p(m, st —a,rgmaxz - P?(a|s,v}) (A-4)

be the set of best behaviour strategies on A2 for given history s! and given belief v/1 based on 7.
From the definition of the Choquet integral in Equation 1, itis clear that P?(a|s', v/!) isacontinuous
function of the capacity v!. From the DS-update in Equation A-3 we know that v} isa continu-

ous function of 7. Thus, = o(a) - P*(a|s',v}) is a continuous function of 7. Hence, by Berge's
ac A2
maximum theorem (e.g., TAKAYAMA (1985), p. 254), p(m, s') is a upper-hemi-conti nuous cor-

respondence. Since A(A?) is a convex set and since Y. o(a) - P*(als',v}) islinear in o, the
acA?

correspondence p(w, s*) isalso convex-val ued.

Forany t € T'and avector = (u(-|s'))qcq Of additive probability distributions p(-|s') € A(A?)

define the capacities v2(E|s') := (1 — X?) -,u(E|51). The capacity v/2(-|s") is continuousin 4. Let
W (p,t) =arg max » ~ of Y(s'ft, 1 (-1s1)) (A-5)

gEA(S) slegt
be the best-response correspondence for player 1. Finally, let
$(p) = {m € Ap(S" x T)| w(s',8) =D p(t) - ou(s"), o0 € (. 1)} (A-6)

teT
Since the Choquet integral P*(s'|t,v2(-]s")) is continjous inv?(-|s'), whichin turn is continuous in
p, we can conclude that Y~ o(s') - P'(s'|t,7,(-|s")) iscontinuous in 1. Moreover, the objective
functionislinear in o. A?)lpfli;i ng Berge's maximum theorem again, we conclude that the correspon-
dences ¢ (1, t) are upper-hemi-continuous and convex-valued. The correspondence ¢(;.) defined in
Equation A-6 is aconvex set for each 1, and clearly also upper-hemi-continuous.

Consider the mapping © : A,(S* x T) x A(A2)IS'1 — A (ST x T') x A(A?)I5"| defined by

(mp) = O(m ) = X p(m, s Y X ().
As the Cartesian product of upper-hemi-continuous and convex-valued correspondences O is itself
a upper-hemi-continuous and corvex-vaued correspondence. Moreover, the set A,(S* x T) x
A(A2)|51| is compact and convex. Hence one can apply Kakutani’s fixed-point theorem to estab-
lish the existence of (7*, u*) € O(7*, u*).
Definethe additive probability distribution 7* on .52, the set of strategiesof player 2, by 7#(s?) := ||

slest

p*(s2(sh)|st) for al s € S2. Foral E C 52 let 12.(E) == (1 — \?)- 7*(E).
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We claim that the capacities (vL.,12.) are a DSE. To see this, note firgt that suppvl. = {s! €
S w*(s') > 0} and suppr2. = {s* € S? 7*(s?) > 0} (EICHBERGER & KELSEY (1999),
Lemma 2.2, p. 121). Hence, (s',t) € supp vl. implies*(s',t) = p(t) - ou(s') > 0 and oy €
P(p*,t). Hence, s must maximise P'(s'[t,v2.(-|s')). Similarly, s* € supp vZ. implies 7 (s*) > 0.
Hence, p*(s?(s')|s') > Oforal s* € S*. Therefore, s%(s') must be amaximiser of P?(als!,vL.).

Finally, by construction, A (vL.) = A and X3 (v2.) = A2, Since ' and \? were chosen arbitrarily,

the existence result follows for any A € (0, 1).

Proposition 4.2: A DSEL which agrees with an additive prior distribution over types is a Bayesian
equilibrium.

Proof. Notefirst that A = 0 inthe limit impliesthat the limit capacities (7!, 7%) are additive proba-
bility distributions. Hence, supp7! = {(s',t) € S* x T| 7!(s!,t) > 0} andsupp?? = {s% € S?|
7%(s%) > 0}. Moreover, vl(s',t) — Dl(s!t) > 0 and v2(s?) — T%(s?) > 0, imply vl(s',¢) > 0
andv2 (s?) > 0for n large enough. Note al'so that P*(s'|t, v?) iscontinuousin v? and P?(als!, p) is
continuousin p. If 71 ({s'} xT') > 0, i.e,, if theDS-update 7! (¢|s') isdefined, thens(-|s') =D!(:|s).
Suppose now that (7',7?) is not a Bayesian equilibrium. Then there exists (s',¢) € supp7! such
that P1(s!|¢,72) < P(sYt,7?) for some st € St andlor s? € supp 72 such that P?(s%(s!)|s!,p) <
P2(a|s',p) for somea € A2 By continuity of P(st|t,v?) and P%(a|s', p) in p and 2, respectively,
we can conclude that Pl(s'|t,22) < P1(s!t,v?) for some st € S! andlor P?(s%(s!)[st, p,) <
P2(als, p,,) for somea € A2 Since (s',t) € supp 7! and s* € supp?? imply that v} (s, ¢) > 0 and
12 (s%) > 0for nlarge, (s',t) € supp v} and s? € suppv? follows. Hence, (v}, v2) isnot a DSE.
Proposition 4.3: Perfect Bayesian equilibrium and DSEL

() Every perfect Baysian equilibrium isaDSEL.

(i) A DSEL which agrees with an additive prior distribution is a perfect Bayesian equilibrium if all
updates are additive.

Proof. Part (i). The proof isconstructive. For agivenperfect Baysianequilibrium (!, 72, {u(-|s') }oics)
we show that there is a sequence of appropriately modified E-capacites'” (v}, 12, {p,,(-|s!) }s1es1)

which converges to the perfect Bayesian equilibrium. The trick is to construct this sequence such

17 For more on E-capacities, their properties and updates, see EICHBERGER & KELSEY (1999).
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that the Dempster-Shafer-update of any strategy s' which is not played by any type in the perfect
Bayesian equilibrium, 7! ({s'} x T') = 0, isnot defined, i.e., v.(S'\{s'} x T') = 1. Hence, one can
choosethe update p,,(-|s*) arbitrarily, in particular equal to the update y(-|s') of the perfect Bayesian
equilibrium. This sequence of capacities (v, V2, {p,.(-|s')}sics ) is a DSE by standard continuity
arguments.

Supposethereisaperfect Bayesian equilibriumz? € A(S') x A(T) with7!(S* xT") =" p(t) for
al T C T, n® € A(S?) with (additive) out-of-equilibrium beliefs u(-|s') € A(T) for 1EaIEIT,s1 e St
Define asequence of DS-equilibria ((v1, vy), {pn(-|s!)}siest) asfollows:

Cons der sequences )\711 > 0 and Ai > 0 which converge to zero. Denote by Si C S! the st of
strategieswith Y, ' (s*,t) # 0. For any non-empty £ C S'and F C T let

. 1 if SIxTCExXF
V(EXF) =9 AL S pt) - v(Ex F) 4+ (1 = AL) -7 (E x F) otherwise )

teT
where
vi(E X F) = { (1) gther\S:/i;{t} SR

It is easy to check that v} is a capacity which, by construction, agreeswith the prior distribution p(#).
Moreover, vt — rl.
For st € S1; 51 x T ¢ S\{s'} x T and v} (S*\{s'} x T) < 1. Hence, the DS-updates v/} (T”|s!)
are well-defined and converge to the Bayesian updates . The updates p,, (-|s') = vL(-|s!) arewell-
defined and converge to u(-|s?).
On the other hand, for s ¢ S S} x T'C S'\{s'} x T and the DS-updates are not defined. Hence,
we can choose p,, (+|s*) = pu(-|s!) for al ninthiscase.
Finaly, for any subset E C S?, V2(E) = (1 — An) - Y ocp m(57).
Itiseasy tocheck that the capacities v}, 2 arestrategical ly ambiguousand that supp v} = {(st,t)|7!(s1, 1)
0} andsuppv? = {s%/7%(s*) > 0}. By continuity of P! and P*inv2 and p,,, respectively, s! €arg max
PY(3't,v7) for @l (s',t) € supp v, and s*(s') cargmax P?(als', p,(-|s")) for al s* € supi;eu%l.
Hence, ((11.12), {p,(1s)}ic) isaDSE.

Part (ii). Consider a sequence of strategically ambiguous DSE (v, v2?) — (7,7?) and, for dl
s1 € S1, p,(-]st) converges to an additive update p(-|s!). Since 7! is additive, (s!,t) € supp 7'
implies7!(s?,¢) > 0. Suppose thereisas! € supp 7' such that P'(s')t,v?) > Pl(s!|t,v?). By

continuity of P! in v2, PY(3']t,12) > P!(s'|t,v2) for large n. Moreover, for large n, v (3,t) >
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0 and, therefore, s' € supp v}. This contradicts the assumption that (v}, v2) is a DSE. Hence,
(@, 7%), {p(-]s") }aes1) stisfies Condition PBE-a.

Sncep(-|s!) is additive, an anal ogous argument showsthat Condition PBE-b must hold for (7!, 7?),
(15 ares ). Finally, if 71 ({s'} x T) = 1 =71 ((S"\{s'}) x T) > 0, then v/} (S"\{s'}) x T) < 1
for n large enough. Hence, al DS-updates are well-defined for large n and p,, (T7|s') = v1(T'|s') —
p(T'|s') = PH(T’|s'). Thus, Condition PBE-c is satisfied. Given the assumption that the DSEL
agrees with an additive prior distribution over typesit is theref ore a perfect Bayesian equilibrium.
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