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Abstract

In this work, Brownian motions on metric graphs are defined as right continuous, strong
Markov processes which, while inside an edge, are equivalent to the one-dimensional
Brownian motion. Their generators are identified as Laplace operators on the graph
subject to non-local Feller—Wentzell boundary conditions at the vertices. Conversely, a
pathwise construction is achieved for any set of admissible boundary conditions.

This thesis generalizes the recent works of Kostrykin, Potthoff and Schrader, who
examined Brownian motions on metric graphs which are continuous up to their lifetime.
The theory is significantly complicated by the extension to the discontinuous setting.
Here, the processes in question might feature jumps of infinite activity in the vicinity of
any vertex, and their excursions from a vertex are not limited to adjacent edges.

To overcome the challenges, transformation methods for Markov processes are surveyed
and expanded in the modern context of Meyer—Getoor—Sharpe’s right processes. A
universal revival method is established in order to concatenate various processes and
to implement jump discontinuities. Probabilistic properties of Brownian motions on a
metric graph are obtained, and their generators and resolvents are analyzed with the help
of Dynkin’s formulas. By extending the results and the constructions of It6—McKean’s
fundamental paper on Brownian motions on the half line to the star graph case, the local
description of all Brownian paths is achieved. By applying the transformation techniques
and the Brownian properties, the local solutions are pasted together to obtain the process
on the complete graph.

Zusammenfassung

In dieser Arbeit werden Brownsche Bewegungen auf metrischen Graphen untersucht.
Die Hauptresultate umfassen die Identifizierung der Erzeuger als Laplace-Operatoren
auf den Graphen mit nicht-lokalen Feller—Wentzell Randbedingungen an deren Knoten,
sowie die pfadweise Konstruktion solcher Prozesse fiir jede zulassige Kombination von
Randbedingungen.

Hierbei werden stochastische Prozesse, der klassischen Definition von It6—McKean
folgend, als Brownsche Bewegung auf metrischen Graphen bezeichnet, falls sie rechts-
seitig stetige, starke Markovprozesse sind, welche sich auf den Kanten des Graphen wie
eindimensionale Brownsche Bewegungen verhalten. Diese Arbeit verallgemeinert damit
die Resultate fritherer Arbeiten von Kostrykin, Potthoff und Schrader, welche Brownsche
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Bewegungen mit ausschlielich stetigen Pfaden (bis zur Todeszeit des Prozesses) behan-
deln. Die Erweiterung auf den Kontext unstetiger Prozesse erlaubt es den Brownschen
Bewegungen, neben zeitlich anordenbarer Spriinge und Exkursionen zu entfernten Teil-
graphen auch Haufungspunkte von Spriingen an den Knoten des Graphen zu besitzen,
welche die Pfadanalyse und -konstruktion deutlich erschweren.

Die moglichen Randbedingungen der Prozesse werden mit Hilfe der Dynkinschen Formel
fiir den Erzeuger abgeleitet. Einem Ansatz It6—McKeans fiir die Halbachse folgend werden
alle moglichen Brownschen Bewegungen auf Sternengraphen konstruiert. Diese lokalen
Losungen werden sodann kombiniert zu globalen Losungen auf allgemeinen metrischen
Graphen. Hierzu wird die allgemeine Theorie der Markovschen Prozesse, insbesondere im
Hinblick auf Pfadtransformationen und Prozesswiederbelebungen, im modernen Kontext
von Meyer—Getoor—Sharpes ,right processes” erweitert und angewandst.
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Introduction

The goal of this thesis is the classification and pathwise construction of all Brownian
motions on a metric graph. We now clarify the underlying definitions illustratively, for
rigorous definitions the reader may consult the beginnings of sections 18 and 20:

A metric graph G is a mathematical description of a set of locally one-dimensional
structures, “edges” | € L, which are “glued together” at “vertices” v € V by the graph’s
combinatorial structure, and every edge | € L is isomorphic to a finite interval or half
line of length p; € (0,400]. The metric graph is then represented by the set

G=VvuJ ({1} x[0.])

lel

(with [0, p;] := [0, 00) if p; = +00), where the finite endpoint(s) of the edges are identified
with appropriate vertices, see figure 18.1. The length of the edges introduces the notion
of the length of paths on the graph along edges via adjacent vertices, while the Euclidean
metric induces a distance inside the edges. The canonical metric of G is then defined
by the length of the shortest possible path connecting two points on G. We will only
consider graphs with finite sets of edges and vertices.

A Brownian motion on a metric graph G is a right continuous, strong Markov process
on G which behaves on every edge like the standard one-dimensional Brownian motion,
more accurately: If a Brownian motion X on G is started inside some edge {l} x (0, p;),
then the process X, stopped at leaving its initial edge, must be equivalent to the
one-dimensional Brownian motion, stopped when leaving the interval (0, p;).

The context of metric graphs generalizes the class of Brownian motions on half lines,
which has been studied extensively in the past: Started by first path considerations by
Kac in [Kac51] and Feller’s and Wentzell’s analytic examinations of semigroups in [Fel52],
[Wen56] and [Wenb9], the complete, pathwise description of all Brownian motions on R
was obtained by Ité6 and McKean in [IM63]; for a more detailed historical overview, we
would like to refer the reader to subsection 16.4 and to [Pes15]. The interval setting
has been further examined by Weber in [Web94], Favini et al. in [FGGRO00], and Xiao
and Liang in [XLO08|. Recently, there is a growing interest in metric graphs, networks
and quantum graphs, and stochastic processes thereon. They arise in many areas of
physics, chemistry and engineering applications, for an elaborate survey the reader may
consult [Kuc02] and Kuchment’s introductory article [Kuc04]. A collection of recent
developments is found in the proceedings [MS08] and Mugnolo’s monograph [Mugl4].
The research of continuous processes on graph-like structures seems to be started by
Baxter and Chacon in [BC84], who introduced the notion of diffusions on graphs and
transferred some classical one-dimensional results to this setting. Since then, a wide
variety of results and techniques evolved: Freidlin and Wentzell investigated an averaging
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principle for processes on graphs in [FW93|, which was further developed by Barret and
von Renesse with the help of Dirichlet methods in [BR14]. Processes on special tree
structures have been examined by Dean and Jansons in [DJ93] via excursion theory and
by Krebs in [Kre95] via Dirichlet forms. With the help of graphs, Walsh [Wal78] and
Eisenbaum and Kaspi [EK96] studied and extended classical one-dimensional results like
local time properties. Particular Brownian motions on graphs have been constructed
and studied by Barlow, Pitman and Yor in [BPY®89] via semigroup considerations, by
Enriquez and Kifer in [EK01] as weak limits of Markov chains, and by Georgakopoulos
and Kolesko in [GK14] as weak limits of graph approximations. In [Lej03], Lejay develops
simulation methods for diffusions on graphs, which can also be applied in the Brownian
context. Diverse results for continuous Brownian motions on star graphs have been
researched by Najnudel in [Naj07] and Papanicolaou et al. in [PPL12]. Fitzsimmons and
Kuter conducted potential theoretic investigations in the star graph setting in [Jeh09]
and [FK14], and extended their findings to general metric graphs in [FK15].

In [KPS12b], [KPS12c| and [KPS12a], Kostrykin, Potthoff and Schrader achieved the
classification and pathwise construction of all Brownian motions on a metric graph which
are continuous up to their lifetime. Their works mark the starting point of this thesis, in
which we weaken the condition of continuity to right continuity. By extending the findings
and the construction approaches of the above-mentioned works by Kostrykin, Potthoff
and Schrader, and of It6-McKean’s extensive analysis of the half-line case in [IM63],
employing the techniques of the modern “general theory” of Markov (right) processes
given in Sharpe’s monograph [Sha88|, we will obtain the classification and a complete
pathwise construction for right continuous Brownian motions on metric graphs.

Classification of Brownian Motions

By its very definition, the behavior of a Brownian motion on a metric graph is already
fixed inside the edges, where it must act like the standard one-dimensional Brownian
motion. Therefore, the “non-Brownian” effects can only take place at the vertices of the
graph and still must respect (strongly) Markovian “characteristics”. Thus, it is feasible
to classify a Brownian motion by its local behavior, which is reflected in its generator:

As mentioned above, the classical case of a “metric graph” with only one vertex and
one edge—that is the half line Ry —is completely understood. Here, the generator A
of a Brownian motion is a contraction of %A, with A being the Laplacian on R,. Its
domain is then uniquely characterized by a set of constants p1 > 0, po > 0, p3 > 0 and a
measure py on (0, 00), normalized by

p1+p2 + D3 +/(0 ) (1A z)pa(de) =1,
which constitute the following “non-local Wentzell boundary condition” of the generator:
(A) = {f e CB(Ry):

prfO) = p2 £/ 04 + 2 f"04) - [

(0,00)

(1.1)
(f(z) = £(0)) pa(dzx) = o}.
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This result is easily extended to the case of a general metric graph G. Just like in the
case of the half line, the generator of a Brownian motion reads A = %A, with A now

being the Laplacian on G. For every vertex v € V there exist constants pj > 0, pg’l >0
for each | € L(v), p§ > 0 and a measure pj on G\{v} with

i > Py e+ / (1 — e~™9)) py(dg) = 1,
leL(v)

such that the domain of A satisfies
PA) C{feC@) :WweV:

HI@) = X B0 + B ) - [ (70) - £) pildg) =0},

leL(v)

(1.2)

where L£(v) is the set of edges incident with a vertex v, and f/(v) is the directional
derivative of f at v along the edge [.

These results can be derived through various techniques: The classical proofs of
[Wen56] and [Fel57b] are based on the analysis of the underlying semigroup, which then
were extended giving special attention on non-local boundaries in [Man68] and [LPS71].
Other approaches are possible by analytic analysis of the resolvent in [Rog83] or of
the Dirichlet form such as in [KKVWO09] and [Fuk14], or by probabilistic methods via
Dynkin’s formulas like in [Kni81] and [IM63], or by the excursion theory of [It672]. As
our goal is a pathwise construction, we will use a method which obtains the generator via
a probabilistic method rather than by analytic means: Dynkin’s formula gives access to
the generator directly through the local exit behavior of the process. It states that, under
certain conditions, the generator A of a strong Markov process X on a state space E can
be computed by

Af(z) = 1im V(X)) — (@)

n—00 Ea: (Tan)

. fEDA), z€EE,

with (e,,,n € N) being a sequence of positive numbers converging to 0 and 7., being the
first exit time of X from the closed ball By (ey,).
Surprisingly, the components of the “generator data” given in equation (I1.2)

N
(13) (pql)a (pg )lGE(v)apgapZ)vev

have, for the most part, easy probabilistic interpretations. We briefly explain their effects
for Brownian motions on the half line R, where their set (I.3) of defining boundary
weights reduces to (p1,p2,p3,p4) of equation (I.1): If B = (B, t > 0) is the Brownian
motion on R, then the reflecting Brownian motion |B| = (|B¢|,t > 0) is a Brownian
motion on R which is characterized by its boundary set (p1, pe, ps,p4) = (0,1,0,0). If
instead we consider the “absorbed” process (Bam,,t > 0) which results from stopping
B at the time Hj := inf{B; = 0} of B hitting 0 for the first time, it turns out that this
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Figure 1.1: The “sticky” Brownian motion on Ry: By “slowing down” the reflecting
Brownian motion (|By|,t > 0) at the origin via a time change with respect to its local
time (L¢,t > 0), the resulting “sticky” Brownian motion (|B,|,t > 0) realizes the
boundary weights (0, p2, p3,0). Its local time turns out to be the time changed original
local time (L (;),t > 0).

is a Brownian motion on R4 with (p1,p2,p3,p4) = (0,0,1,0). On the other hand, the
boundary set (p1,p2,p3,p4) = (1,0,0,0) is implemented by the “Dirichlet” process B”,

BP {Bt, t < Ho,
A, t> Hy,

constructed by killing B at Hy (this is not a Brownian motion in the sense of our
definition, as Markov processes will always be assumed to be normal in this work).

Thus, p1, p2, p3 can be interpreted as the “weights” governing the killing, reflection
and stickiness at the origin. These effects are especially illuminated when examin-
ing the following “mixed” cases, as surveyed in [KPS10]: The “quasi absorbed case”
(p1,p2,p3,p4) = (#0,0,#£0,0) can be realized by stopping the Brownian motion B at the
origin for an exponentially distributed random time, independent of B, and then killing it.
The “elastic case” (p1,p2, p3, pa) = (F£0,#0,0,0) is obtained by killing the reflecting Brow-
nian motion |B| when its local time at the origin exceeds some exponentially distributed
random time, independent of |B|. Finally, the “sticky case” (p1,p2, p3, p4) = (0,70, #0,0)
is achieved by “slowing down” the reflecting Brownian motion |B| at the origin: With
(L¢,t > 0) being the local time of | B| at the origin, define the function 771: ¢+ ¢ + %3 Ly.
Then the “sticky” boundary condition is realized by the time changed Brownian motion
(\BT(t)|,t > 0), see figure I.1. The complete “local” case (p1,p2, ps, pa) = (#0,#0, #0,0)
is a mixture of the sticky and the elastic case: It is achieved by killing the sticky Brow-
nian motion (| Byl t > 0) once its local time (Lr(),t > 0) at the origin exceeds some
exponentially distributed, independent random time.
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Figure 1.2: Implementation of jumps for Brownian motions on R : Starting with the
“sticky” Brownian motion, as given in figure 1.1, restart the process whenever its local
time exceeds some level S, at a point chosen by py + p1 €a, resulting in the Brownian
motion X with local time L which implements the boundary weights (p1, p2, p3, pa).

The measure ps now introduces jumps of the resulting process from the origin to
points other than the absorbing cemetery point A. If py is finite, then this jump measure
can be implemented just like the jumps of a compound Poisson process: Starting with
the Brownian motion realizing the local boundary condition (p1,p2,ps,0), we restart
this process—if it has not been killed already—whenever its local time at the origin
exceeds some independent, exponentially distributed random time with rate proportional
to p4((0,00)), at some point chosen independently by the probability measure m,
see figure 1.2. In the case of an infinite measure p4, the description of the complete
process is not as easy: As the finite case already suggests, the resulting process will be a
Brownian motion which implements the local boundary conditions and jumps out of the
origin like a subordinator with Lévy measure p4, run on the time axis of the local time.
A detailed construction of such paths will be given in this thesis.

These results can be transferred directly to the case of a metric graph, where the set of
boundary conditions (p, (pg’l)le L(v)s P35 pZ)v ¢y governs the local behavior at any vertex
v € V. The only additional effect which arises here is that the process can usually leave
a vertex v on more than one edge. Thus, the reflection weight p§ is split up into partial
weights pg’l, [ € L(v), where L(v) is the set of edges incident with v. For any excursion
which exits the vertex v continuously, the starting edge of this excursion is then chosen
independently by the distribution (pg’l/pg,l € L(v)), with p§ == 37 £y ot

Accepting these rather illustrative descriptions for the moment, it is clear that in
absence of the jumping measure py4, the Brownian motion may be realized by a process
which is continuous up to its lifetime. On the other hand, the case ps # 0 can only be
achieved by a discontinuous process.
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Construction Approach

As already mentioned, the boundary conditions on the edges can be implemented via
path transformations of an easy prototype process like the reflecting Brownian motion:
The killing parameter is introduced by killing with respect to the pseudo inverse of
the local time, which turns out to be a terminal time, or equivalently, by killing with
respect to a multiplicative functional. Stickiness can be implemented by the time change
relative to the local time, which is an additive functional. These transformations are
classical and well understood. However, the implementation of jumps seems to be a
non-standard problem. Here, we will mainly use the technique of “killing and reviving”
a (strong) Markov process, which proceeds as follows: We define the concatenation of
a sequence of Markov processes (X", n € N), which forms a new Markov process that
behaves like X! until this process dies, afterwards is “revived” as X? at some point
chosen by a probability kernel which takes “Markovian information of X' until its death”
into account, then behaves like X2 until it dies, and so on. Having this general concept
of concatenation at our disposal, we now take independent copies of one basis process X°
which dies “conveniently”, and revive them with appropriate kernels in order to introduce
the required jumps.

These techniques enable us to implement the boundary conditions at one vertex point.
As all effects, except for the “large” jumps, appear locally at the vertices of the graph,
the construction on the whole graph can be achieved by building the Brownian motion
locally on star graphs (that is, on simple graphs with only one vertex), and then “glue”
them together. This idea is already mentioned by Itdé and McKean in their fundamental
paper [IM63] on Brownian motions on the half line R, : They suggest that, in order
to solve the problem of constructing all Brownian motions on the interval [0, 1], one
should choose two independent Brownian motions on the half lines [0, c0) and (—o0, 1]
that implement the correct boundary conditions on 0, 1 respectively, and then “switch”
from one process to another whenever they hit their corresponding boundary 1 or 0. It6
and McKean leave the details and verification of the construction to the “industrious
reader”, and it seems that, while this idea is mentioned in several works, up to now
only Kostrykin, Potthoff and Schrader have taken up this task in the continuous case
with rather elaborate computations in [KPS10] and [KPS12a]. Therefore, one of our
main goals is the establishment of a rigorous method for connecting the subprocesses on
various subgraphs to a complete process on the whole graph, which maintains both the
(strong) Markov property and the boundary conditions induced by the subprocesses. We
will solve this problem with the help of the technique which is already employed for the
implementation of jumps: We build up Brownian motions on star graphs, which realize the
correct “local” boundary conditions at the corresponding vertex, with techniques similar
to the half-line case as explained above. Then, whenever one of the partial processes
exits a specific neighborhood of “its” vertex, it is killed and revived at its exit point
on another star graph as the corresponding subprocess on this new subgraph. After all
partial subgraphs have been glued together, it is still necessary to implement the “global”
jumps to edges not incident with the originating vertex, as these jump destinations did
not exist when the subprocesses on the star graphs were originally constructed.
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Technical Difficulties

In order to guarantee that the processes constructed with the above techniques are
strongly Markovian and to analyze their generators and resolvents via probabilistic
methods, we may only apply transformations that preserve the strong Markov property.
For classical procedures such as killing or time-changing, standard conditions which
assert it are well known. However, we need to ensure that the above-mentioned, essential
technique of “killing and reviving” also respects the Markov property. To this end, a
detailed analysis of the notion of concatenation will be necessary. While the Markov
property of concatenated processes seems to be considered as easily provable and thus
negligible by some authors such as Ité6 and McKean [IM63] or Knight [Kni81], the present
author will approach this result rather doubtfully, particularly with regard to the extensive
computations which were already needed by Kostrykin, Potthoff and Schrader in the
continuous case, and therefore is going to present a complete and rigorous treatment.

Due to the graph’s combinatorial structure and the admission of path discontinuities,
the semigroups and resolvents of the Brownian motions are typically only known implicitly.
Thus, and as we are concerned with pathwise constructions, Dynkin’s formulas [Dyn65]
will be an essential tool for the classification of the generators. However, this approach
merely gives necessary conditions on their domains (cf. theorem (3.17)): While a full
description of the generator is achieved in the continuous setting by Kostrykin, Potthoff
and Schrader in [KPS12a, Section 3|, their technique is not easily applicable in the
discontinuous case. Here, we are only able to achieve knowledge of the complete domain
for Brownian motions on half lines, intervals or star graphs. In the general case, we will
have to work mostly with “incomplete” information about intermediate processes and their
generators. Therefore, we will need to retrace the paths after every step in the process’
construction and try to find “processable” invariants of the rather unwieldy formulas for
its boundary data (cf. theorem (20.16)) in order to obtain sufficient information about the
final process. Furthermore, due to the possible jumps needed for the non-local boundary
conditions of the generator, any path analysis will be much more involved than for the
classical continuous Brownian motions with vanishing jump measures.

The pathwise solution for infinite jump measures will pose a completely different
challenge. In this case, just as in the context of a general Lévy process, the resulting
process needs to feature infinitely many “small” jumps in arbitrarily small time intervals,
so the jumps will not be arrangeable in time and the process cannot be constructed by
the concatenation of a countable product of independent subprocesses. Here, we will
employ a local, “bare hand” construction, utilizing the ingenious ideas of It6 and McKean
which are described in subsections 16.4 and 21.2. Again, the proof of the (strong) Markov
property of the resulting process will be highly non-trivial, and we will only succeed by
utilizing Galmarino’s results [Gal63] on the characterization of stopped o-algebras.

Overview

Chapter I summarizes the fundamental results on Markov processes which will be needed
in our work. Its functional-analytic basis, namely the semigroup theory on Banach spaces,
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will be introduced together with its probabilistic counterpart of (strong) Markov processes,
full of seemingly cumbersome but necessary structures. Two special types of Markov
processes are treated, at the two extremes of the spectrum: Right processes form one
of the most general classes and provide a suitable context for path transformations.
Conversely, Feller processes have the easiest structural properties and are well suited for
the analysis of processes, such as Brownian motions, via their generators. The chapter
ends with a short summary concerning Lévy processes and their associated Poisson point
processes, which will be used for the implementation of local jumps. Of course, the reader
may skip this chapter entirely and only consult its content when needed.

The first main part of this work, chapter II, is a compilation of all Markovian path
transformations needed for our construction later. The “classical” transformations, such
as mapping of a process to its path space version, stopping, time change and curtailment
of lifetime (also known as “killing”) are only briefly recalled, as we can employ the
well-known results given in the existing literature. The concatenation of processes with
disjoint state spaces is then completely discussed, followed by a collection of results on
state space transformations. These two types of transformations form the basis for the
main vehicle of our upcoming constructions, namely the technique of concatenation of
independent identical copies of one underlying process or of alternating copies of two
processes, which is treated in the last part of this chapter.

We are then ready to turn to Brownian motions on metric graphs in chapter III: After
some basic properties of the “standard” one-dimensional Brownian motion have been
collected, we explain It6—-McKean’s construction of all Brownian motions on the half line
in order to put the reader in the position to understand our generalization to the star
graph. To give an insight into the problems that arise in the general graph case, we will
briefly consider the easiest graph with two vertices, namely the interval case. The rigorous
definitions of metric graphs and Brownian motion thereon mark the start of the second
main part of the thesis: After having examined the basic properties of Brownian motions
on metric graphs and classified their generators, we construct all Brownian motions on a
star graph “bare-handedly” by extending It6—McKean’s ideas of the half-line case. Then,
by using the techniques developed in chapter II, we complete the construction by gluing
the partial graphs together, implementing the missing jumps, and verifying the boundary
conditions of the resulting process.

Open Problems

As already mentioned, while we succeed in constructing Brownian motions for any
admissible set of boundary conditions on a metric graph, the question on the completeness
of the generator’s domain remains unsolved. That is, we are not able to prove that the
relation (I.2) holds true identically in the general case of a metric graph. As the equality
has been proved for the continuous case in [KPS12a, Lemma 3.3|, and in the non-local
setting for intervals and star graphs in theorem (17.2) and lemma (20.25), we expect
it to hold in general as well. A potential approach might employ a combination of the
methods of [KPS12a, Section 3|, [IM63, Section 16] and subsection 17.2.
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Sectioning and Referencing

The symbol M marks the end of remarks and examples, proofs are finished by [.
The logical numbering and referencing proceeds as follows: Sections are numbered
independently of their chapter, and the numbering of references is only based on the
section they are located in, neither on the subsection nor their context. This means
that a theorem (2.13) in section 2 may include a referenced equation (2.14), and is then
followed by a lemma (2.15). This way, we try to avoid references like (I1.5.3.1) and
(hopefully!) simplify the look-up of references. Chapters and subsections are merely used
for a contextual distinction.

Standard Results

The Borel o-algebra #(FE) on some topological space E is defined to be the smallest
o-algebra on F which contains all the open sets of E. If the topology of E is induced by
a metric, #(F) is also generated by the set bC(F) of bounded, continuous functions on E
(see [Par67, Theorem I.1.7]), and thus, also by the set bCq(E) of bounded, uniformly
continuous functions on E (see [Sha88, Proposition (A2.1)]). Most of the theory will
be built up for Radon spaces, sometimes we will restrict ourselves to Lusin spaces,
LCCB (locally compact spaces with countable base) or Polish spaces. A quick summary
concerning these spaces can be found at the beginning of [Sha88, Appendix A2].

We will frequently use the two fundamental limit theorems of Lebesgue integration
theory (see, e.g., [Kal02, Theorems 1.19, 1.21]): Lebesgue’s dominated convergence
theorem will be named LDCT, Levi’s monotone convergence theorem is abbreviated by
LMCT. Basic properties of conditional expectation will be used without special mention
(see, e.g., [RWO00a, Section I1.41] for a short summary), LDCT and LMCT will be named
cLDCT and cLMCT in the context of conditional expectation.

Any form of the monotone class theorem (see, e.g., [Sha88, Appendix A0] and [BG69,
Section 0.2] for a collection of results) will be cited as MCT, with a MVS A (signifying
a monotone vector space) being a vector space of bounded, real functions on some set,
such that % contains the constant functions and is closed under monotone convergence:

V(ifo,meN)C o 0< f1 <---<f, 1 f,fbounded = fe 7.

Frequently Used Notations

Before we introduce the notations which will frequently be used in this work, we already
would like to apologize to the reader by citing [RWO00a, p. 132]: “There are never
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enough symbols to round in mathematics. When we combine different ideas, we often
find conflict of commonly used notations.” We tried to retain notations and symbols that
are commonly used, as long as they are not already reserved in another context.

Additionally, we noticed that there is never enough space in the super- and subscripts
of a symbol. The basic parameter of a structure, such as the time parameter ¢ of a
stochastic process (X¢,t > 0), will always be in the subscript. If necessary, we will distinct
different entities of a structure via the superscript, for instance we use (Xf, t>0),in
some index-set I, for different stochastic processes X¢, i € I.

Standard Abbreviations

cadlag
HD2
LCCB
LDCT
LMCT
MCT
MVS

continue a gauche, limite a droite (right continuous with left limits)
hypothese droite 2, 27

locally compact space with countable base, xxi

Lebesgue’s dominated convergence theorem, xxi

Levi’s monotone convergence theorem, xxi

monotone class theorem, xxi

monotone vector space, xxi

Basic Notations

B, (x)
B(E)
Co(E)
Ca(E)

d
E
&
éau

b&
P&

€

A

N

Q, Q
R, R4
o(I)
alb
aVb

CA, AC

open ball with radius » > 0 and center x

Borel g-algebra on F, xxi

continuous functions on F, vanishing at infinity
uniformly continuous functions on E

metric inducing the topology of E

state space of a stochastic process

o-algebra on F, typically: Borel o-algebra
universally measurable sets on F, 14

bounded, &-measurable functions

non-negative, &-measurable functions

Dirac measure

Lebesgue measure

natural numbers

rational numbers, non-negative rational numbers
real numbers, non-negative real numbers
smallest o-algebra containing 7’

minimum of a, b

maximum of a, b

complement of a set A

Semigroup Theory

A, 9(A)
(T;,t > 0)
(Ug,a > 0)

generator, and its domain, 3
semigroup, 2
resolvent, 3
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X, Y
X, Y

Banach space, 1
dual space of X, Y, 1

Theory of Markov Processes
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stopping operators, 25

one-dimensional Brownian motion, 87

Feller—Wentzell boundary conditions of a Brownian motion, 142
cemetery point, 28

(conditional) expectation relative to P, P,

mapping operator, typically: canonical coordinate process mapping, 49
o-algebra, typically: generated by a stochastic process, 15
natural filtration, 15

filtration generated by a stochastic process, 14

o-algebra

filtration

translation operators, 43

centering operator, 43

first entry time, 20

reflection operator, 46

kernel, typically: transfer kernel, 10, 56

local time, 90

Poisson random measure, 35

null sets

boundary conditions of a Brownian motion, 143

probability measure, usually: initial measure of a Markov process, 12
subordinator, 40

transformation mapping, 74

terminal time, 19

shift operators, 12

Walsh process, 126

stochastic process, typically: Markov process, 12

stochastic process, typically: coordinate process, 49

lifetime, 29

sample space

set of external edges, 112

metric graph and its geometric representation, 112, 116
set of internal edges, 112

set of all edges, 112

set of vertices, 112

length of the edges, 112

endpoint(s) of the edges, 112






Chapter |I.
Markov Processes

This chapter gives a summary on all of the basic results on Markov processes and their
related fields which we will base our work on. Most of the results given here are well-
known (although sometimes a little hard to find in the literature), so we recommend any
reader familiar with the topics below to omit the respective sections.

Fundamental results on semigroups and Markov processes, as well as their connections,
are collected in sections 1 and 2. The probabilistic basis for the study of Markov processes,
namely the strong Markov property, together with Dynkin’s formulas and Galmarino’s
theorem, which will be crucial for our computations later, is given in section 3. Then
various types of Markov processes are introduced: Right processes, which constitute
the most general class and provide the suitable context for process transformations, are
recalled in section 4, followed by some classical results on Feller processes and Lévy
processes (with some non-standard, but easy extensions) in sections 5 and 6.

1. Semigroups, Generators and Resolvents

In this section, we give a brief reminder on the theory of semigroups on Banach spaces.
This is not supposed to be a complete treatment of the theory (e.g., the Hille-Yosida
theory is missing entirely), as we only collect basic results that will be used later on,
together some more detailed coverage where needed.

1.1. Banach Spaces

We start with the fundamental definitions:

(1.1) Definition. The pair (X, || -||) is a Banach space, if X is a vector space, |- || is a
norm on X, and X is complete with respect to the metric induced by || - ||.

(1.2) Definition. The dual space of a Banach space X is
X' :={2': X = R | 2 is linear and bounded}.
The first basic result on dual spaces is found, e.g., in [Yos78, Theorem IV.7.1]):

(1.3) Lemma. Let X be a Banach space. The dual space X' of X equipped with the
operator norm ||2'[| := sup,ex o<1 [7'(2)], 2’ € X', is a Banach space.
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Throughout this section we assume that Y is a Banach space with dual space Y’ and
X is a subspace of Y’, equipped with the operator norm. In this context we have two
types of convergence on X at our disposal:

(1.4) Definition. Let (x,,n € N) be a sequence in X and z € X.
(i) (xn,n € N) converges (strongly) to x (notation: lim, z, = z), if lim,, ||z, — z|| = 0.

(ii) (xn,n € N) converges weakly* to x (notation: w*lim, z, = x), if for all y € Y,
limy, |25 (y) — z(y)|| = 0.

Clearly, strong convergence implies weak convergence.

(1.5) Example. As discussed in [Dyn65, Section 2.4], our situation will typically be
as follows: Let F be a topological space with the Borel o-algebra & = #A(FE), and
Y = vé& be the space of all finite measures on &, endowed with the norm of total
variation. We consider the space X = b& of all bounded, &-measurable functions or some
subspace X C bC(F) of all bounded, continuous (thus &-measurable) functions. Then X
is isomorphic to a subspace of Y = v&”, because for all f € X, the functional

I vE SR, e L(w) ::/fdu

defines a linear functional on Y with ||l¢|| = || f||. Thus, X is isometrically embedded in
v&'. The strong convergence of X in the subspace topology coincides with the uniform
convergence of bounded (continuous) functions, whereas w*lim,, z,, = x if and only if
lim,, z,(e) = z(e) for all e € E and the sequence (||z,||,n € N) is bounded. [ |
1.2. Definitions and Basic Results

(1.6) Definition. Let (T;,t > 0) be a family of bounded linear operators on X. (T3, t > 0)
is a semigroup, if it possesses the semigroup property

Vs,t>0: Tyys=T 0T
If Ty = id, the semigroup is normal. (Ty,t > 0) is uniformly continuous, if
lim ||T; —id|| =0
i || 73 —id]| =0,
strongly continuous, if
VeeX: lim|Tiz —z| =0,
t10
and a contraction semigroup, if ||Ty|| < 1 for all t > 0.
For a given semigroup (T;,t > 0) on X, denote the strong and weak continuity set by
=4z e X:limTix = z},
=1z i Ty = a}

Xy = X w'lim Ty = z}.
o ={xe wlim Tix x}
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Due to the semigroup property, the mapping ¢ — Tz is strongly continuous for every
x € X and weakly* continuous for every z € Xy, see e.g. [Dyn65, 1.3.A].

For the rest of this section we assume that we are given a normal contraction semigroup
(T3,t > 0) on X.

(1.7) Definition. The strong generator A® and the weak generator AY of (Ti,t > 0) are

T.x —
A% 9(A%) - X, z+— A% :=lim i x,
t}0 t
w w w *71s Ttaj_l‘
AY: 9(A%Y) =X, z— A LUZZWltlﬁ)l a—

with the domains Z(A®), 2(A"™) being the sets of all x € X for which the right-hand
limits exist.

An immediate consequence of the definitions is that Z(A4%) C Z(A") C Xy and
X§ € X{ hold true. As most of the basic properties hold in the strong as well as in the
weak context, we will only cite them in the latter case.

(1.8) Definition. The resolvent (Uy,o > 0) of (T3,t > 0) is a family of mappings
(Ua, 0 > 0), defined by

o
Us: Xy = X, :Er—>/ e Tyx dt.
0

The resolvent (U,,« > 0) is just the Laplace transform of the semigroup (73,¢ > 0).
The fundamental connection of the resolvent to the generator A is given now (see, e.g.,
[Dyn65, Theorems 1.1, 1.7]):

(1.9) Theorem. For every o > 0, the mappings
a—A%: P(A%) - X5 and a—AY: 9(AY) - Xy
are bijective with inverse U,, defined on the respective space X§, X .

The resolvent possesses many useful properties. The most common ones, which will be
used quite frequently, are summarized next:

(1.10) Corollary. Let (U,, o > 0) be the resolvent of (T;,t > 0). Then

(i) the resolvent equation holds true:

Ve e Xy,0<a<f: Uyr=Usz+ (8- a)UUsx;

(ii) the resolvent family is commutative, that is,

Va,B3>0: UyUg =UgUy;
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(iii) the range of U, is independent of a > 0, that is,

Vo, B> 0:  Uan(X¥) = Us(X¥).

Here, (i) can be shown with theorem (1.9), see e.g. [Yos78, Theorem VIII.2.2], and (i)
then implies the properties (ii) and (iii).

1.3. Uniqueness and Existence

In all that follows, let (T}, > 0) be a contraction semigroup on X with weak generator A
and weak continuity set Xg.

As the Laplace transform uniquely determines any right continuous function (see, e.g.,
[Dyn65, Lemma 1.1, Theorem 1.2]), the following uniqueness theorem is immediate:

(1.11) Theorem. The semigroup (13,t > 0) is uniquely determined on Xg by its resolvent
(Uy, 0 > 0) or by its generator A.

The next lemma gives a sufficient condition for the domain of a generator to be maximal.
It is a slight generalization of [Dyn65, Corollary of Theorem 1.1].

(1.12) Lemma. Let (13,t > 0) be a semigroup on X with generator A and resolvent
(Uq, @ > 0), as well as continuity set Xg. Let the linear operator (A®, 2(A®)) on X be an
extension of A, and let 2 C X be a linear subspace, satisfying

(i) 2(A) € 7 € X,
(ii)) 2 C 2(A®) and A*(2) C Xy, and
(iii) there is an o > 0 such that the following implication holds true:
A'u=au, ue 9 = u=0.
Then Z2(A) = 2.
Proof. By theorem (1.9), the mapping
Us = (a— A1 Xg— 2(A)
is a bijection for any o > 0. As A® is an extension of A, we have
(o —A*) Uy =(a—A) Uy =1id on Xo.
Now let u € 2, and set for every a > 0

up = Uy (@ — A®%)u — u.
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Then v}, €  and

A%ul =alUy (a— A% u—(a—A*) Uy (a — A%)u — A®u
=a(Uy(a—A%)u—u)

= aup.
But then condition (iii) implies uf = 0, that is,
u=U, (a— A% ue 2(A). O
1.4. On the Laplace Transform

We give an inversion formula for the Laplace transform which will be very useful later:

(1.13) Theorem. Let g: R. — R be bounded and right continuous, and

(0.0
pla) = [ eetgydt, a>o,
0
be the Laplace transform of g. Then, for every t > 0,

o1 =D* &
g(t) =lim lim = > ot e (a).
at<k<(a+e)t

This formula is given in [Sha88, Formula (4.14)] with a reference to [Fel71, p. 232,
(6.4)]. However, Feller considers Laplace transforms of probability measures, so we are
only able to apply his results if g is integrable. In the general case, the justification of the
interchange of limits and integration, which is essential in Feller’s proof, is much harder.
Therefore, we first need to prepare for our proof of the above theorem.

(1.14) Lemma. For every a > 0, x > 0, t > 0, consider

I

o k
vi(a) =t 30 120

k<ax k!

Ui (a) := e ot—) (%Yw,

x
with 3 )<, denoting Z,EO;%J Then

(i) for all &« > 0, z > 0, ¢t > 0, it is Yf (o) = P(X < ax), with X being a Poisson-
distributed random variable with mean at; so especially ¥ («) € [0, 1];

1, t<u,

ii) for all x > 0, t > 0, it holds that lim 7 («a) =
(i) Jim 7 (a) {0’ o

(iii) for all x > 0, t > 0 with at > |ax| > 1, it is ¥ («) < ¥F(a);
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(iv) for all z > 0, a > 0, the function t — V¥ («) is integrable on [0, 4+00);

(v) for all x > 0, there exists T,, > 0 such that for all t > T, the function o — ¥¥ ()
is decreasing.

Combination of these properties yields that for every x > 0, there exist T, > 0 and
A, > 0 such that for all o > A,,

(1.15) BE(@) < Loy (D) + W2 (Ae) Ly ooy (£) = A(E)
holds true, and the dominating function h on the right-hand side is integrable on [0, +00).

Proof. (i) This is clear.

(ii) We use (i) together with Chebyshev’s inequality: As E(X) = Var(X) = at, we
conclude for ¢t < z that
P(X <az) =P(X —E(X) < alz—1))
>1-P(|X —E(X)| > a(z —1))
at

(a(x —1))*

>1-

while for ¢t > x, we have
P(X <ax)=P(— (X —E(X)) > a(t — z))
< P(1X — E(X)| 2 a(t - ))
at
= (alt —2)?

Letting a — oo yields the result.

(iii) We will employ the following bounds for the tail probabilities of the Poisson
distribution: For any Poisson-distributed random variable X with mean u, it is
e (ep)”
x®
This inequality can be found, e.g., in [MUO05, p. 97, Theorem 5.4], it follows
immediately from P(X < z) < P(e!X > €/®) with ¢ := In(x/u) < 0, by using
Chebyshev’s inequality and the well-known formula of the Laplace transform of the
Poisson distribution.

Ve<p: PX<z)<

Using this for the first inequality, at > |ax| for the second inequality, as well as
that [ax] > 1 ensures o] > SF for the last step, gives
e—od (6 Clt) lazx|
LCWJJ lax|
< e—a(t—x)( at )az

oz

< gmolt=7) (%) .

P(X <ax) <
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(iv) For all > 0, a > 0, we have
> x 1 € ar o —S QT
/0 \Ijt(a)dt_a(@) /0 e s ds < +o0.
v) The function o — ¥¥ () is obviously differentiable on (0, c0) with derivative
t
2t /2t\ox
(¥9)' (@) = —(t = 2) Wi (a) + D zin (5) ()

' \x
2t
_ T ) — —
=] (a)(xln(x) (t :U))
Because ¥¥(a) > 0 holds for every choice of parameters ¢ > 0, z > 0, a > 0,
and the term in the parentheses above is independent of o and tends to —oo with
t — 400, there exists T, > 0 such that for all ¢ > T}, ¥¥'(a) < 0 holds true.

O]

We are now ready to prove the inversion formula for the Laplace transform:

Proof of theorem (1.13). The right continuous function g is Borel measurable. This
and the boundedness of g guarantee the existence and finiteness of the function ¢
on (0,00). Indeed, by using LDCT together with the mean value theorem (see, e.g.,
[BB01, Lemma 16.2]), it is obvious that ¢ is infinitely differentiable on (0, 00), and that
for every k € Ny, the derivatives read

Fix x > 0, and consider

_1)k 0o a k
Z (kl') ak(/)(k)(a):/o et Z (]j') g(t) dt.

k<az ’ k<awz

Then letting @ — oo and interchanging the limit and integration with LDCT, using A ||g/|

with h as given in equation (1.15) as integrable majorant, and taking (ii) of lemma (1.14)
into account, yield

_1\k z
> C w0 = Mg = a)

k<azx

By the right continuity of g, for any > 0, € > 0, there exists § > 0 such that
Vh€[0,6): |g(xz+h)—g(z)] <e.
But then, for all h € [0, ), we have

G(z + hf)b - G(z) o)
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so we have shown that

. G +e)—-Gz)
liro Z =g(z).

This completes the proof, as

3 o D" b (=D* & w
Gle+e)~Ga)=lim (3 “afeW(e) = 30 i afo®(a))
k<a(z+te) ’ k<ax )
. (=D* & @
“dm, 2 et -
ar<k<a(z+e) ’

Later, we will cope with measures p on (0,+00) that might be infinite, but fulfill
J (LAz) p(dr) < +00. We are going to analyze them with the help of a modified Laplace
transform. We prepare some basic results on such measures first:

(1.16) Lemma.
(i) Foralla > 1, x € Ry,

e (1nz) <1-—e*<a(lAz).
(ii) For all « > 0, z € R4,
l—e ™ <(1Va)(lAz).
(iii) For all « > 0, x € R,

1—e " <1Aaz.

Proof. (i) For z = 0, this is trivial. For x > 1, we have
e “(Ihnz)=e*<1—e
as e”*(1+ e_a(x_l)) < e 1.2 <1, and the inequality
l—e* <a=a(lAx)
is obvious. For x € (0,1), consider the difference quotient

l—e  (1—e*)—0
1Az z—0 ’

of the function
Fr01 =R € f(O)=1-e
Then the mean value theorem implies that there exists £ € (0,z) C (0,1) with

1 _ e—OL.ZE

= () =ac ¢ € (ae™a) C (%),
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(ii) In view of (i), it remains to check that for a € (0,1), x > 1,
l—e*<1=(1Va) (lAx)
holds, but this is trivial.

(iii) For all a > 0, z € Ry, obviously 1 — e™** < 1 holds true. Furthermore, we have
0
1—6_‘“:/ el dt < ax,
—Qaxr

as e! <1 for all t € [—ax,0].

(1.17) Corollary. For any measure y on R,
/ (I Az)p(dr) < 400, if and only if / (1—e™%) p(dz) < +o0.
0 0

1.18) Lemma. For any measure p on Ry with [3°(1 A x) p(dx) < +oo, it is
+ 0

oo
li 1 dx) =0
lim | e | p(da)
and
li L[ |emos 1| p(dz) =0
A o [l =1l @) =o.

Proof. For 0 < a < 1, by using (iii) of lemma (1.16), we obtain

/Ooo le™ " — 1| p(dz) < /OOO (1A az) p(dx) < /OOO (1A x) p(de) < +o0.

Then LDCT yields the first claim, as for all z > 0, 1 A ax tends to 0 for « | 0.
For o > 1, property (iii) of lemma (1.16) gives

;/Ooole—ax_1|u(dm)</ooo (;/\x)u(dx)</ooo (1A ) p(de) < 400,

so LDCT yields the second claim as well, because for all x > 0, é A x tends to 0 for
o — +00. O

In the proof above, we have also shown the following:

(1.19) Corollary. Let ;1 be a measure on Ry with [7°(1 A z) p(dx) < 4+o00. Then,

Vao>0: / le™*" — 1| p(dz) < +o0.
0
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(1.20) Theorem. Let u be a measure on (0, +00) with [ (1 A z) u(dz) < +o00. Then

o0
pla) = [ (1= ) u(da)
is finite for all « > 0, and the function ¢: (0,00) — R, uniquely determines .

Proof. Finiteness was just observed in corollary (1.19). Let u, v be measures on (0, +00)
with [ (1A z) p(dz) < o0, [ (1 Az)v(de) < +oo, satisfying

Vo> 0: /OOO (1—e ") p(dx) —/Ooo (1—e ) v(dz).

Consider the vector space A of Cy(R; )-functions spanned by the functions x — e~ %,

a > 0. Then, due to the equality e % (1 —e™®) = (1 — e~ (@+1?) — (1 — ¢7°%)  linearity
of the integral yields

Vi A: /0 ¥ F@) (1 — e ) plda) = /0 * fa) (1= ) v(da).

This shows that the Laplace transforms of the finite measures (1 — e *)u(dx) and
(1 — e ®)v(dz) coincide, and therefore these measures must be equal.! O

1.5. Markov Transition Semigroups

We are going to consider semigroups originating from Markov kernels:

(1.21) Definition. Let (E1, 1) and (Ea, &) be measurable spaces. A kernel K from
(E1,81) to (B2, &) is a function K : Ey x & — [0, 00| such that

(i) for all A € &, x — K(x, A) is &1-measurable, and

(ii) for all x € Ey, A K(z,A) is a measure on (FEs, &).

! The implication just mentioned is somehow not easily available in the literature, so we will quickly
repeat the standard argument proving it: Obviously, A is an algebra that separates the points, so by
the Stone—Weierstrass theorem, A is dense in Co(R4) (w.r.t. the topology of uniform convergence).
As (1 — e_m)p(dz) and (1 — e_“”)y(dm) are finite measures, LDCT (using, e.g.,  — (|| f||+1) (1 — e_z)
as integrable majorant) shows that

VfeCo(Ry): / f(z) (1 - efz) pu(de) = / f(x) (1 - efz) v(dz).

Approximation of the indicator functions of intervals by Co(Ry)-functions (see, e.g., [[W89, Proposi-
tion 1.2.2]) yields

V0<a<b<+oo: / Lia,p) () (1 — eiz) wu(dz) = / Lia,p) () (1 - eﬂ”) v(dz),

thus the measures (1 — eﬂ”)u(dx) and (1 — ef’”)u(dx) are equal (cf. [Kal02, Lemma 1.17]). As

z +— 1 —e~7 is a bijective, bimeasurable map on (0,00), u and v coincide as well.
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A kernel K is sub-Markov if K(x, Es) <1 for all x € Ey, and Markov if K(x,Es) =1 for
all z € Ey. A kernel from (E, &) to (E, &) is called kernel on (E,&).

Every sub-Markov kernel K on (E, &) gives rise to linear operators on p& and on bé&'.
Both will be named K again, that is, with a slight abuse of notation, we set

Vfep&Ubs,ze E: Kf(r) ::/f(y)K(z:,dy).

Besides being linear, this operator is also positive and respects positive monotone
convergence. Conversely, every mapping with these properties is induced by a kernel (see,
e.g., [Sha88, Theorem (A3.3)]).

(1.22) Definition. A family (T3,t > 0) of Markov kernels on (E, &) is called a Markov
transition semigroup, if the induced family of linear operators on b& is a semigroup, that
is, if it satisfies

Vs,t 20,z € E, f €b&: Tt(Tsf)(x) :Tt—&-sf(x)-

Inserting indicator functions into the equality above, it is easily seen to be equivalent
to the Chapman-Kolmogorov equation

Vs,t >0,z € E,A€ & : /Ts(y,A) Ti(x,dy) = Tpps(z, A).

2. Basic Theory of Markov Processes

Given a Markov transition semigroup (73,¢ > 0) on a space (E, &), one can define a
projective system of probability measures for every z € E by setting

2.1
( ) = / / / Enftn_l(xnfladljn)'"Ttgftl(l‘ladl?) 1—%1(15,(11'1).
A1 J A An

forneN 0<t; < - <tp, A1, -+, A, € & Given that the underlying space F has
a sufficiently “nice” structure, the Kolmogorov extension theorem provides us with a
stochastic process (X¢,t > 0) on E and a set of probability measures (P,,z € E) on (E, &)
such that for every x € E, the finite dimensional distributions of X under P, coincide with
the projective system above. Thus, the resulting process X admits Huygens’ principle
of wave propagation (see e.g. [End09]), namely, for all n € N, 0 < t) <ty < -+ < 1y, it
holds that

Px(th € dl‘l,XtQ € dxo, ... ,th S d:vn)
- Ttl ('/L‘a d.fCl) Tt27t1 (LIT]_, d.’EQ) tee Ttnftn_1 (-Tnfly dﬁ’n)

In particular, we have

V> 0,z € E, febl: Tf(z)=E.(f(Xy)),
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that is Ty(z, A) = P,(X; € A) for all x € E, A € & The measures (P,,z € E) can
be seen as “starting measures” for the stochastic process X, which is apparent if the
semigroup is normal in the sense that P, (X € A) = Tp(x, A) = €4(A). Then Ti(z, -) is
just the distribution of the process evolved until time ¢ when started at x.

In fact, even more is true: “Huygen’s principle” for the finite dimensional distributions
gives rise to a special property of the emerging process X (see, e.g., [BB96, Theorem 42.3]):
It is “memoryless”, that is, it “starts anew” at every (fixed) time. This behavior will be
described formally by the Markov property below.

While the possibility of studying an analytic object (at least in the classical sense) like
a semigroup in probabilistic context already gives a good motivation for the definition
of Markov processes, it turns out that for a profound study of this new object, its
definition should be ranked among a probabilistic context more than just be derived
from the analytic context of a semigroup. That is, its definition will impose regularity
conditions on a stochastic process and probabilistic conditions rather than conditions on
the semigroup. The former is necessary to reasonably study the process in a probabilistic
context: For example, Kolmogorov’s extension theorem traditionally gives a process
only on the path space, and quite some work is needed to modify this process in order
to obtain a right continuous version. However, right continuity (or a similar regularity
hypothesis) is needed to overcome technical problems which are always encountered
when working with uncountable sets of random variables. Another reason to shift into a
probabilistic setting is that the semigroup of the process, while it of course always exists,
is not always known explicitly or easy to study, for instance when the process in question
is constructed by transformations of some other processes. Still, the construction (and
analysis) of a Markov process via its semigroup is an important field in special settings
and even in very general ones (e.g. in the context of Feller semigroups, see section 5,
or Ray semigroups, cf. [Sha88, Section 9]), and especially needed when constructing
prototypes like the Brownian motion.

2.1. Fundamental Definitions

There are indefinitely many ways to define a “Markov process”, which makes it hard
to compare results when switching from one part of literature to another one. We will
follow the modern context of [BG69] and [Sha88].

For all that follows, let £ be a Radon space and & be a g-algebra over F such that all
bounded, continuous functions on E are measurable with respect to & (this is the case if
& contains or is equal to the Borel o-algebra % (F) over E).

(2.2) Definition. X = (2,9, (%)i>0, (Xt)t>0, (O1)1>0, (Px)zer) Is a (6-)Markov process
with state space F, if the following conditions are satisfied:

(i) (Q,9) is a measurable space with filtration (¢;,t > 0), P, is a probability measure on
(Q,%9) for every x € E, and x — P,(X; € B) is &-measurable for allt > 0, B € &;

(ii) (Xt,t > 0) is an E-valued stochastic process and &-adapted to (¢;,t > 0), that is,
X, is %/ &-measurable for every t > 0;



2.1. Fundamental Definitions 13

(iii) (O, t > 0) are shift operators for X, that is, (Ot > 0) is a collection of mappings
O:: Q = Q, t >0, satisfying

Vs, t 20: Os14=0500;, Xp00; = Xsiy;

(iv) X has the Markov property, that is, X fulfills
Vs,t 2 O, f S b(ga : Ex(f(XSth) ’gs) = EXS (f(Xt)),

(v) X is normal, that is, P,(Xo = ) = 1 holds true for every x € E.

The Markov process X is called right continuous, if the stochastic process (Xy,t > 0) is
right continuous, that is, if

(vi) for every w € Q, the path Ry — E, t +— X;(w) is right continuous.

We deliberately included the normality into the definition of a Markov process, as all
classes of Markov processes considered in this work will require condition (v) to hold.
However, many results concerning Markov processes are still valid (possibly in a weaker
form) when normality is dropped.

It is well-known (see, e.g., [BG69, Proposition 1.3.5]) that every Markov process X
on (E, &) gives rise to a semigroup (73,¢ > 0) on & through

(2.3) T f(z) =E.(f(Xy)), t>0,febé,xzekFE,

where the semigroup property follows directly from the Markov property. One of the most
important features of a semigroup associated with a right continuous Markov process
will be the following:

(2.4) Lemma. Let X be a right continuous Markov process with semigroup (T;,t > 0).
Then the mapping Ry — R, t — T} f(x) is right continuous for every x € E, f € bC(E).

Proof. This follows directly from the right continuity of ¢ — X4, together with LDCT. O

The following two fundamental definitions summarize all properties of definition (2.2)
and implement the connection to the associated semigroup:

(2.5) Definition. Let (T3,t > 0) be a Markov semigroup on (E,&). The tuple X =
(0,9, (D)0, (X1)i0, (©1)t>0, (P)zer) is a right continuous simple (&-)Markov pro-
cess with transition semigroup (T;,t > 0), if properties (i), (ii), (iii), (v) and (vi) of
definition (2.2) are fulfilled and if

(iv’) X has the Markov property with respect to the semigroup (13,t > 0):

Vst > 0,f €08 Eo(f(Xow) | %) = TF(X,).
(2.6) Definition. X = (Q,9, (%)t>0, (Xt)t>0, (O1)t>0, (Pz)zecr) is a right continuous

simple (&-)Markov process, if it is a right continuous simple (&-)Markov process with
transition semigroup (13,t > 0) given by equation (2.3).
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We close this introduction by recalling that, with help of the shift operators, it is
possible to lift the Markov property to general bounded functions which are measurable
with respect to the o-algebra generated by the process. The following theorem is a
standard result which can be proved using MCT (see, e.g., [BG69, Theorems 1.1.3, 1.3.6]):

(2.7) Theorem. Let X be a right continuous Markov process on (E, &), and consider
the o-algebra .7 := o(X;,t > 0) generated by X. Then for all Y € b.Z", the mapping
x — E.(Y) is &-measurable, and for all x € E, t > 0,

E,(Y 00| %) = Ex, (V).

2.2. The Usual Hypotheses

We briefly summarize the “usual hypotheses”, which will be in force for the majority of
our work, and the standard technique leading to them. These hypotheses will ensure the
right continuity of the underlying filtration, that is

ViE>0: Fp =Ny Fs = Fyy,

as well as the measurability of most basic random times, like the first hitting times
introduced in section 3. It turns out that the proper method to achieve above-mentioned
features is to complete the entire o-algebra o(%#;,t > 0), and then augment the filtration
by the null sets of this completed entire o-algebra; it does not suffice to solely complete
every single o-algebra .%; of the filtration. Furthermore, as every Markov process has
a whole set of associated measures (P,,x € F), completions and augmentations must
be “universal”, that is relative to this whole set. This results in the following procedure,
which is completely laid out, e.g., in [BG69, Section 1.5] and [Sha88, Sections 3, 6]. Before
we start, we would like to remind the reader that this procedure is even necessary in
the most basic cases such as in the setting of continuous stochastic processes like the
Brownian motion (see, e.g., [KS91, Problem 2.7.4]).

Let E be a Radon space equipped with the Borel o-algebra & := Z(F), and define
the o-algebra &% of universally measurable subsets of E by

EY = ﬂ{ém : u finite measure on E'},

where &* is the p-completion of & (for basic results concerning universal completions,
see, e.g., [Sha88, Appendices A1-A2]).

Consider an intermediate o-algebra & C &°* C &" (typically, e = u or @ = 0, with the
latter case being &0 := &). Let X = (2,9, (%)1>0, (Xt)t>0, (01)t>0, (Pz)zer) be a right
continuous simple &°*-Markov process with transition semigroup (7},¢ > 0) and state
space E. Define the “raw” natural filtration (%2, ¢ > 0) by

Fr=0(f(Xs),s <t ,febs®, t>0,
and the o-algebra generated by the process by
F*i=0(f(Xy),t>0,f €b&®).



2.2. The Usual Hypotheses 15

Because (T;,t > 0) is a family of kernels with P, o X; ' = Tj(z, -), the mapping
z = Py(f(Xt)) is &*-measurable for f € b&®, ¢ > 0. Then, by MCT, the mapping
x +— E,(Y) is measurable for every Y € b.%° (see, e.g., [BG69, Theorem 1.3.6], [Sha88,
Lemma (2.6)]). Thus, we can define for every finite measure p on &° a measure P, by

P,(A) = /IP’I(A)/,L(dx), Aec 7.

Following [Sha88, Section 3], we consider the usual augmentations:

(2.8) Definition. For every probability measure p on (E,&*), let F##* denote the com-
pletion of " relative to IP,, and let A" denote the set of all P,-null sets in .#". For
any t > 0, set

(i) F = {.#" : u probability measure on E},
(ii)) A = ({A* : p probability measure on E},
(iii) Fl' == F* NV NP, u probability measure on E,
(iv) Fi = N{F}' : u probability measure on E}.

As [Sha88] points out, this definition “is not the one most common in the literature”,
which however is fixed by [Sha88, Proposition (3.8)]:

(2.9) Lemma. For every probability measure p on E,
(i) FH is the P,-completion of #°,
(ii) for every t >0, Z}' = F2V A" holds true.

The following theorem [Sha88, Theorem (3.9)] simplifies the work with the augmented
filtration (%, t > 0):

(2.10) Theorem. For every t > 0, #; = FPV FENV N = FLV A holds true. That is,
Fy is generated by random variables of the form

f(Xo) f1(Xe,) -+ ful(X,) + H,
with 0 <t < - - <tp, f €bEY, f1,...,fn €bE and H € b.7 with {H # 0} € A.
We define the augmentation of the filtration (4;,t > 0) analogously to definition (2.8):

(2.11) Definition. For every x € E, let A4*(¥) denote the set of all Py-null sets in the
completion 4% of ¢4 relative to P,. For any t > 0, set

(1) g = meE gx’
(ii) N (YD) = Nper N *(9Y),
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(iii) GF =GN N*(9), x € E,

(iv) Gy = Neer 9"

The basic principle is that, “roughly speaking, one can replace the o-algebras 4, and
F [in the definitions and results of subsection 2.1] by G, and F, provided one replaces
& by &7 (cf. BG69, p. 28]). We summarize [BG69, Propositions 1.5.8-1.5.12]:

(2.12) Theorem. For all F € b.%, s,t > 0, the mapping x — E,(F) is &“-measurable,
X is Fy /&Y -measurable, ©y is F¢yi/.Fs-measurable, and for any x € E,

In many cases, right continuity of the augmented natural filtration (%, ¢ > 0) is

ensured by the following result (cf. [BG69, Proposition 1.8.12)):

(2.13) Lemma. If X admits the Markov property relative to the filtration (Z2,,t > 0),
then %, = %1 holds for all t > 0.

Therefore, we usually can (and will) assume the filtrations (F,t > ) and (4;,t > 0)
of a Markov process to be augmented, and the natural filtration (%, ¢t > 0) to be right
continuous. These conditions are called the usual hypotheses.

We end this section by citing Blumenthal’s zero—one law [BG69, Proposition 1.5.17],
which really gains its power through the augmentation (the same result for .7 instead
of o would be trivial due to the normality of the process):

(2.14) Corollary. Let X be a Markov process. Then for all x € E, A € .y,
Ps(A) € {0,1}.

2.3. Connection to the Theory of Semigroups

Let X = (0,9, (%) 1>0, (X1)10, (O1)1>0, (Pz)zer) be a right continuous simple Markov
process with transition semigroup (7;,¢ > 0) and state space E.

(2.15) Definition. The resolvent of X is the family of linear operators (Uy,a > 0) on
(E, &), defined for all « > 0, f € p&* or a > 0, f € b&E™ by

VeeE: UXf(z)= Ez(/ooo e f(X) dt).

An interchange of the order of integration (justified by [Sha88, Proposition 4.3]) gives

(2.16) Theorem. For a > 0, f € p&" or a > 0, f € b&",

UXf@) = [ et T ) ar
0
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Thus, the resolvent (U X a> 0) of the Markov process X coincides with the resolvent
(Uq, e > 0) of the corresponding semigroup (73,¢ > 0) (on their shared domain), and we
will omit the superscript X of UX. All properties of the resolvent U thus hold for U¥X as
well. Especially, as the semigroup is uniquely characterized by its restriction to bC(E)
and t — Ty f(z) = Ex(f(Xy)) is right continuous for every f € bC(E) by lemma (2.4),
theorem (1.11) immediately yields:

(2.17) Corollary. The resolvent of the semigroup (T, t > 0) of a right continuous Markov
process completely determines (T;,t > 0).

As the semigroup property of (73,t > 0) is the reflection of the Markov property of the
underlying process X, it is not surprising that the Markov property can be equivalently
characterized by a condition on the resolvent:

(2.18) Theorem. Let X = (Q,9,(%)i>0, (Xt)t>0, (©1)t>0, (Py)zecr) satisfy the prop-
erties (i), (ii), (iii), (v) and (vi) of definition (2.2) with respect to & = &". Set
Tif(x) == Ep(f(Xy)) for allt > 0, f € b&", x € E. Then X is a right continuous
simple &"-Markov process with transition semigroup (T;,t > 0) on the state space E, if
and only if

(iv”) for all « >0, s > 0, f € bC(E), J € b9,
EI(/ e f(Xoye) dt - J) = By (Uaf(Xs) - J).
0
Proof. We need to show the equivalence of (iv”) and (iv’). We note that, by the MCT,
(iv’) is equivalent to its restriction on f € bC(E), as
H={feb&": Ep(f(Xstr)|¥%) =T, f(Xs)}

is a MVS and the Borel o-algebra & is generated by bC(E); so if bC(E) C 5, then
b& C A, and, by using sandwiching, .7 = b&" holds true. As T; f(X;) is Ys-measurable,
condition (iv’) holds, if and only if for all s,t > 0, f € bC(E), J € b¥Y;:

(2‘19) ]Ea: (f(Xs-‘rt) J) = Eaz (th(Xs) J)

But then (iv”) is just the Laplace transform of (iv’): Both sides of above equation (2.19)
are right continuous in ¢ (see lemma (2.4) and its proof), so it is equivalent to its Laplace-
transformed version. That is, (iv’) holds, if and only if we have for all & > 0, s > 0,
feC(E), J € b¥Ys:

/OO eiat Ex (f(Xs-i-t) J) dt = /oo eiat E$ (Ef(Xs) J) dt’
0 0

which, after an interchange of the order of integration with Fubini-Tonelli’s theorem (see
[Sha88, Proposition 4.3]), is just condition (iv”). O
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While resolvent techniques will be fundamental throughout our whole work, the
generator will mostly be used in the Feller context. We only give its definition here (for
the functional-analytic context, see example (1.5)), and postpone the important results
to section 5.

(2.20) Definition. The generator (A, 2(A)) of X is the weak generator of its transition
semigroup (T;,t > 0), that is,

VfeP(A)xe B Af(x)=lim Ex(f(th) ~ f(x)

Y

with 9(A) being the set of all f € b&, for which the right-hand limit exists pointwise
and is uniformly bounded.

3. Strong Markov Processes

In this section, we are going to recall a stronger version of the Markov property, which
ensures the Markovian behavior of a stochastic process not only at any deterministic time,
but also at so called stopping times, that is, at random times which “do not depend on the
process’ future”. Introduced rigorously by [Hun56], this property is strictly stronger than
the “deterministic” Markov property (see, e.g., example [CW05, Example 8.14], which
offers an insight into what usually “goes wrong” and how it can be fixed), and is nowadays
an indispensable tool for the study of Markov processes, with famous applications such as
the rigorous proof of André’s reflection principle for the Brownian motion. It is therefore
no surprise that this “strong Markov property” constitutes a basic requirement for most
of the modern classes of Markov processes.

While the Markov property has a direct analytic reflection in the semigroup property,
the strong Markov property will lead to more refined, probabilistic results which have
no direct equivalent in semigroup theory. They will be essential in the analysis of our
constructions later.

3.1. Stopping Times

Filtrations, that is families of o-algebras (4;,t > 0) with ¥, C %, for all s < ¢, can be
understood as the representation of “information” gained by an observer over time. With
this interpretation at hand, a stopping time represents the point in time when a random
event occurs, with the property that, at any time, the observer can determine with the
current information whether this event already occurred or not:

(3.1) Definition. Let (Q2,%) be a measurable space with filtration (¢;,t > 0). A random
variable 7: Q — [0, +00] is called a stopping time over (4;,t > 0), if

Vi>0: {r<t}e%.

Predictable times are a special type of stopping times, whose occurrence can be
“announced” in the following sense:
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(3.2) Definition. A stopping time 7 over (¢4;,,t > 0) is predictable, if there exists an
increasing sequence of stopping times (1,,n € N) over (¢;,t > 0) such that

VneN: 7, <7on{r >0} and lim7,=r
neN

Stopping times and predictable times are stable under a wide variety of operations,
such as under summation, infima and suprema, see [DM78, Chapter IV, 50-73] for a
collection of results. We will use these properties without special mention.

While .%; represents the insight of an observer up to a fixed time ¢ > 0, the following o-
algebra .7, (Z._, %, ) “collects all information” up to the random time 7 (infinitesimally
before 7, after 7, respectively). This statement is not really apparent from the following
definition, but it will be justified in subsection 3.5.

(3.3) Definition. Let (2,%) be a measurable space with filtration (4,t > 0) and
7: Q — [0,400] be a mapping. Set

Fr={Ae T |Vt>0: An{r <t} € F#},
Fr_=c({AN{t<7}|t>0,4€ R},
92—_;,_ = {AEL%,OWtZO Aﬂ{TSt}Eft+}

If 7 is a stopping time over (%, t > 0), then %, Z#,_, %, are o-algebras, and 7 is
measurable with respect to each of them. For an in-depth analysis of their relationship to
each other, see, e.g., [CWO05, Section 1.3] or [BG69, Section 1.6]. Basic properties stated
there will be used without special mention. The following result will be helpful later:

(3.4) Theorem. Let X be a right continuous stochastic process on a measurable space
(Q,%) and adapted to a filtration (%,t > 0).

i) If T is a stopping time over (¥%;,t > 0), then X, 1 v is ¥--measurable and
{r <00}
Xrt Ui cio0y IS Y7y -measurable.

ii) If X has left limits and 7 is predictable, then X,._ 1y ..\ is ¥, _-measurable,
{r<4oc}
with Xo— 1= Xj.

Proof. As X is right continuous, it is progressively measurable, so X, is a composition
of measurable functions and thus admits .%,-measurability, see [CW05, Theorem 1.5.2].
The rest is provided by [CW05, Theorem 1.3.10]. O

While stopping times cannot “look into the future”, they may still have some kind of
“memory”. When transforming a Markov process with the help of a stopping time (e.g.
with methods treated in chapter II), this “memory” may destroy the Markov property of
the resulting process. Therefore, it is necessary to examine a property of “memorylessness”
for stopping times:



20 3. Strong Markov Processes

(3.5) Definition. A stopping time T over (%#,t > 0) is a terminal time for the Markov
process X = (0,9, (% )10, (Xt)1>0, (©1)1>0, (Pz)zek), provided that for every stopping
time R over (4;,t > 0),

R+To©r=T holdsas. on{R<T}.
A terminal time T is exact, if for every sequence (t,,n € Ny) with t,, || 0,
nh_}rrgo tn+T 00, =T holds a.s..
Let
AN={weQ:t+T(w)=T(w) for all t < T(w)}.
T is almost perfect, if A° € A, and perfect, if A¢ = ().

Terminal times typically “represent the first time the path [of a process] exhibits some
particular geometric behavior” (cf. [Sha88, p. 66]). The most important example is the
first entry time into a set:

(3.6) Definition. Let (X;,t > 0) be a stochastic process with state space (E,&). For
A € &, the first entry time of X into A (or debut of A) is the random time

Hy:=inf{t >0: X; € A}

It is easy to show that, for any stochastic process X adapted to a filtration (¢,t > 0),
the first entry time into an open set is a stopping time over (4,,t > 0) given that X is
right continuous, and that the first entry time into a closed set is a stopping time over
(%;,t > 0) if X is continuous (see [CWO05, Theorem 2.4.5], [BB96, Theorems 49.4, 49.5]).
Indeed, continuity is only needed up to the first entry time, which can be seen by a
detailed examination of the proof of [BB96, Theorem 49.5]:

(3.7) Lemma. Let (X¢,t > 0) be a right continuous stochastic process with state space
(E,&), and A € & be a closed set. If X is left continuous on (0, H 4], then the first entry
time Hy of X into A is a stopping time over the filtration (Z = o(Xs,s < t),t > 0)
generated by the process X.

The general result on first entry times reads:

(3.8) Theorem. Let X be a right continuous process on E, adapted to an augmented
filtration (:#,t > 0). Then the first entry time H4 of X into an universally measurable
Borel set A € &" is a stopping time over (%, t > 0). If X is equipped with shift operators
(B¢,t > 0), then H4 satisfies

Vi< Hp: t+Hp00;=Hyu.
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Regarding the above theorem, the proof of the stopping time property is hard and uses
deep results of Choquet capacity theory, see, e.g., [RW00a, Sections I1.75-11.76], [Sha88,
Sections 10, A.5], or [DM78, Theorem IV.50]. In general, the requirement of the usual
hypotheses, which especially ensure the right continuity of the natural filtration, cannot
be weakened. On the other hand, the terminal time property of H4 follows directly from
its definition, as for all 0 < ¢ < H4, we have

Hy=inf{s>t: X, € A}
=inf{s>0: X;00;,€ A} +1
:HAO@t+t.

The theorem above shows that, for any right continuous Markov process X satisfying
the usual hypotheses, the first entry time H4 of X into any set A € & is a perfect
terminal time. Observe that, in general, the first entry time into a set A is not exact, as

%iﬁ%t+HAo@t:inf{t>0:XtEA}.

For more refined explanations and examples considering terminal times, see, e.g., [Sha88,
pp. 651].

3.2. Strong Markov Property
The following definition extends the Markov property to stopping times:

(3.9) Definition. X has the strong Markov property relative to ((4)i>0,7), if for all
feb&, t >0, u probability measure on (E,&),

Eu (f(Xt—i-T) ]1{7'<oo} ’gT) = EXT (f(Xt)) ]1{7'<oo}-

X has the strong Markov property relative to a filtration (¢;,t > 0), if it has the strong
Markov property relative to ((%)i>0,7) for every stopping time T over (4,t > 0). A
Markov process X = (0,9, (%)i>0, (Xt)t>0, (©1)t>0, (Ps)zeE) is a strong Markov process,
if it has the strong Markov property relative to (4;,t > 0).

The strong Markov property incorporates the “normal” one, because every deterministic
random time 7 := ¢, t > 0, is a stopping time with %, = %, and %,y = %. As
mentioned above, this stronger property is not automatically fulfilled when a Markov
process is derived from its semigroup (for instance, when using the approach given in the
beginning of section 2); it is then usually necessary to impose some regularity conditions
on the paths and on the semigroup or resolvent in order to ensure the strong Markov
property (see, e.g., [BG69, Theorem 1.8.11]). This property is a basic tool needed for many
deep results, therefore most of the studied classes of Markov processes already entail it in
their very definition. Usually, one gains or requires the strong Markov property relative
to (%4,t > 0), with (4,t > 0) being an augmented filtration equal to or larger than the
natural filtration (#,t > 0). In this case, lemma (2.13) asserts the right continuity of
the natural filtration.



22 3. Strong Markov Processes

As usual, the strong Markov property can be lifted to general functions on the
augmented natural filtration (see, e.g., [BG69, Corollary 1.8.6]):

(3.10) Theorem. Let X be a Markov process admitting the strong Markov property
relative to (4;,t > 0). Then, for any Y € b.#, xz € E, T stopping time over (¢4;,t > 0),

E,(Y 0 0,|9) =Ex (Y).

With the help of some properties of the conditional expectation, the above theorem can
be further refined to more general functions which also depend on “information” of 4,. As
usual, the application of conditional expectation on ¥, will leave the ¥,-measurable part
invariant, while the time shifted process part is affected by the strong Markov property.
The next result can be found in [Sha88, Exercise 6.12]:

(3.11) Lemma. Let the Markov process X = (2,9, (%)i>0, (Xt)t>0, (01)t>0, (Px)zecE)
admit the strong Markov property relative to ((4;)i>0,T) for some stopping time T over
(4, t > 0). Then, for every function G: @ x Ry x Q@ — R with G € b(¥%, ® B(Ry) ® F),
and for every x € F,

Ee(G(-7(-),0-0)()) Lircoo) | 9)( /G w, T(w), w") Py, () (dw')
holds a.s. on {1 < +00}.
Proof. For G € b(¥%, @ B(Ry) ® F) of the form

Gw,t,') == F(w)y(t)HW), Febd ., cbB(Ry), HeEbF,
we have a.s. on {7 < +o0}:

(G( (), 0709 (1) Lir<ooy [ 97) (w)
=E,u(F 1/)07 Ho@ Lircooy |9r) (W)
=F(w) ¢ oT(W)Eu(H 007 Lirco0y [9r) (w)
=Fw)yor(w )EX (w) (H)(w)

F
/G(w,T )P () (dw’).

Due to the cLMCT, the set of all functions of the above form is a MVS generating the
set b(4, @ B(Ry) ® .F), and the claim now follows from the MCT. O

We close the discussion of stopping times and the strong Markov property by giving a
special property for terminal times, which will turn out to be helpful later. The following
result can be found in [BG69, Corollary 1.8.5]:

(3.12) Lemma. Let X be a right continuous strong Markov process, and S be a stopping
time over (#;,t > 0). Then for any t > 0, Og is F;g/F-measurable.
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(3.13) Lemma. Let T be a perfect terminal time for a right continuous strong Markov
process X, and S be a stopping time over (%, t > 0) with S < T. Then Og is
Fr_ | Fr_-measurable.

Proof. Let t > 0 and A € %#;. Then the terminal time property of T yields

' (AN{t<T}) =05 (A)N{t<ToBOg}
= 05! (A)m{t+S<T}

= U (05" n{s<qg—t)n{g<T}).
q€Q+

As ©5'(A) € Fi1s by lemma (3.12), we see that the inner term satisfies
O (A)N{t+S<q}eF

by the definition of .%; g for every ¢ € Q4. So every set of the countable union above is
an element of Fr_ by its definition, therefore the set Og' (AN {t < T}) is as well. O

3.3. Holding Points

Let X be a right continuous Markov process on (E,&) and x € E. Consider the first
exit time of X from {x}, that is,

Ty = Hppyy = inf{t > 0: X; # z}.
Then, as ({x} is open, the event {7, = 0} € F, and by the Blumenthal zero-one law,
Py (m, =0) € {0, 1}.

(3.14) Definition. For a right continuous Markov process X on (E, &), a point x € E
is a holding point, if P, (7, = 0) = 0.

It is well-known (see, e.g., [Cinll, Theorem 9.4.22]) that, when the process is started
at a holding point z, the holding time 7, is exponentially distributed and the exit point
X, is independent of 7,:

(3.15) Theorem. Let X be a right continuous Markov process on (E,&), and x € E
be a holding point of X. Then there exists a number \(z) € [0,+00) and a measure
B K(x,B) on (E,&), such that

Vi>0,Be&: Py >t X, € B)=e @Kz B).

Furthermore, a right continuous, strong Markov process can only exit a holding point
by a jump (see, e.g., [Cinll, Proposition 9.5.23], [Sha88, Exercise (6.16)]).
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3.4. Dynkin’s Formulas

The following formulas, which can be found in [Dyn65, Section 5.1], give probabilistic
representations and decompositions for the resolvent and generator of a strong Markov
process. They are a direct consequence of the strong Markov property and have no
equivalent in the analytic representation via the process’ semigroup. They can also be
gained by martingale techniques, see, e.g., [RW00a, Section III1.10]. We will call any of
the following results Dynkin’s formula:

(3.16) Theorem. Let X be a right continuous Markov process on (E, &), admitting the
strong Markov property relative to ((4)i>0,7). Then, for every a > 0, f € b&, x € E,

Unf(2) = Ea /0 "o (X dE) + Ea(e™ U f(X5)).

(3.17) Theorem. Let X be a right continuous Markov process on (E, &), admitting the
strong Markov property relative to ((¢;)i>0,7). Let © € E be such that E,(7) < 400.
Then, for every f € 2(A),

B [ AF(X0) dt) = Bo(f(X0) = S (@)

(3.18) Theorem. Let X be a right continuous, strong Markov process on (E,&). Let
x € E, and (e,,n € N) be a sequence of positive numbers converging to zero, such that

Te:=inf{t>0:X; € EBE(JJ)}, e>0,

are stopping times and fulfill 0 < E,(7.,) < oo for all € := e, n € N. Then, for every
f € 2(A) for which Af is continuous at z,

Af(r) = lim X (T=)) = fl@)

n—00 Ez (Tsn)

This theorem can be stated for more general choices of sequences of stopping times
(7e,,n € N), see [Dyn65, Theorem 5.2]. For our applications, the first entry times into
the open sets CB.(z) = {y € E : d(x,y) > ¢} turn out to be sufficient. They are always
stopping times over the right continuous extension (ﬁt&,t > 0) of the filtration generated
by any right continuous process (X;,t > 0), as seen in subsection 3.1.

3.5. Galmarino’s Theorem

We are going to provide a different approach to stopping times and the filtrations generated
by them, which will extend the definitions of subsection 3.1. It seems that the following
results are mentioned to a broad audience for the first time in [IM74, p. 86], cited as
private communication of the authors with Galmarino. The original source is probably
[Gal63]. Since then, results around Galmarino’s test are scattered in the literature in
various forms, cf. [Kni81, pp. 44-45], [Rao77, pp. 2.13-2.15], [Sha88, Proposition (23.16)],
[DM78, Chapter IV, 99-102], or [RY94, Exercise (4.21)].
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As the results of this subsection hold true for an arbitrary stochastic process X =
(X¢,t > 0), we will not assume the process X to be Markovian. The only condition
needed here will be that X can be “stopped” in the following sense:

(3.19) Definition. Let X = (X;,t > 0) be a stochastic process on (2,.%). A family
(cu,t > 0) of mappings ay: Q — Q, t > 0, is called stopping operators for X, if

Vs,tZO: XSOOét:Xs/\t.

(3.20) Example. If (X;,t > 0) is the canonical coordinate process, that is X;(w) = w(t)
for all w € Q, t > 0, on the path space

Q2 :={w: Ry — F|w right continuous},
then there exist canonical stopping operators for X, namely
Q=0 we a(w)i=w(- At), t>0. [ |

The first result, called Galmarino’s test, gives a characterization of stopping times via
the stopped paths of a stochastic process. It can be slightly adjusted to fit predictable
times or weak stopping times as well, see, e.g., [DM78, Chapter IV, 99-101].

a0

(8.21) Theorem. Let T be a non-negative, .#__ -measurable function. Then T is an

(i) (#2,)-stopping time, if and only if for all t > 0,

ar(wr) = a(we), 7(wy) <t implies 7(wi) = T(w2);

(ii) (FP)-stopping time, if and only if for all t > 0,

ar(wy) = ag(wa), 7(w1) <t implies 7(w1) = T(w2).

In [DM78, Chapter IV, 102}, Dellacherie and Meyer remark that “one shouldn’t live
with too many illusions about the practical value of the test”, as the uncompleted o-
algebra .#2. is too restrictive in most cases, and even if it is not, the actual proof of the
Z9 -measurability of a random time often also exhibits its stopping time property.

Nonetheless, this “test” leads to Galmarino’s theorem, which provides the natural
characterization of the stopped filtration .%, for an .#%-stopping time 7, and which
will be essential for us later. The following form is a slight generalization of [Kni81,

Theorem 3.2.13], whose proof exactly carries over to this case:

(3.22) Theorem. Let X be a right continuous stochastic process with stopping operators
and T be a stopping time over (%t > 0). Then

g‘;O = O'(Xt/\T,t Z 0)
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4. Right Processes

We are going to introduce the fundamental class of Markov processes for our work. First
set down by Meyer in [WMT1], who also established their name processus de Markov
satisfaisant auzx hypothéses droites (that is, “process having the right properties”), the
hypotheses of this class were further refined by Getoor in [Get75] and Sharpe in [Sha88].

The class of right processes is one of the most general classes in the study of Markov
processes. As pointed out in the summary given in [Get75, pp. 55f], “one has the
following inclusions among these various classes of processes: (Feller) C (Hunt) C
(special standard) C (standard) C (right). [...] it seems to me that [all the subclasses]
are now mainly of historical interest.” For a short survey of the history on the development
of Markov processes which led to right processes, we recommend [Mey89] to the reader.
Nowadays, this class seems to be coined Borel right process, see, e.g., [CF11] or [MRO06].
We will stick to the term right process, following our main sources [Sha88] and [Get75].

4.1. Excessive Functions

A main interest in the theory of Markov processes is the class of excessive functions.
They are a generalization of harmonic functions evolving from potential theoretical
considerations (see, e.g., [Rao77, Section 5.1]) and will be essential in the definition of
right processes. In this subsection, we assume that (73,¢ > 0) is a Markov semigroup on
a Radon space E with associated resolvent (U,,a > 0).
(4.1) Definition. Let a > 0. A function f € p& is a-super-mean-valued, if
VE>0: e “Tf < f
f is a-excessive, if f is a-super-mean-valued and
lime ™ T, f = f.
im ¢ tf =f
We set S, :={f € p& : [ is a-excessive}.
The class of excessive functions has many nice properties (see, e.g., [BG69, Chapter II]).
It might be understood as an effort to extend the reach of resolvent methods as far as
possible, as many important techniques and studies in the field of Markov processes are
based on the work with potentials. The basic connection between excessive functions
and potential functions is the following: (cf. [BG69, Propositions 11.2.2, 11.2.6])
(4.2) Lemma. For every a > 0, the following properties hold:

(i) S is closed under monotone increasing limits.
(ii)) Uaf € S, for all f € pé&.
(iii) For every f € .#,, there exists a sequence (h,,n € N) in bp&™" with Uyhy, T f.

In many cases, this result will allow us to reduce the analysis of excessive functions to
the study of potentials.
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4.2. Definition and Basic Results

The second fundamental hypothesis for the “right” study of Markov processes—the
first one basically being the existence of a right continuous Markov process for a given
semigroup, see [Sha88, Definition (2.1)]—is the following “hypothese droite”, which
immediately shows the role of the excessive functions:

(4.3) Definition. Let X = (2,9, (4)t>0, (Xt)t>0, (O1)t>0, (Pz)zer) be a right continu-
ous simple Markov process with transition semigroup (T;,t > 0) on a Radon space E. It
satisfies HD2, if for every a > 0 and every f € %, the process t — f(X;) is a.s. right
continuous.

(4.4) Definition. X = (0,9, (%)i>0, (Xt)t>0, (01)1>0, (Px)zer) Is a right process on the
Radon space E with transition semigroup (T, t > 0), if

(i) X is a right continuous simple Markov process with transition semigroup (T3, t > 0)
and state space E,

(ii) X satisfies HD2 relative to (%,t > 0), and
(iii) (4;,t > 0) is augmented and right continuous.

(4.5) Definition. (T;,t > 0) is a right semigroup, if there exists a right process X =
(9, (%)>0, (X1)t>0, (O1)t>0, (Py)zer) with transition semigroup (Ty,t > 0).

Normally, there is no need to check HD2 directly. Instead, we have a collection of
equivalent conditions at hand (see [Sha88, Theorem (7.4)]), which we call the portmanteau
of right processes. This result also hints that the correct setting for the study of right
processes is the “general theory of stochastic processes” by Dellacherie and Meyer:

(4.6) Theorem. Let X = (2,9, (%,)1>0, (Xt)t>0, (0t)t>0, (Pz)zer) satisfy (i) and (iii) of
definition (4.4). Then the following conditions on X are equivalent:

(i) X satisfies HD2 relative to (4;,t > 0).
(ii) For all f € bCq(E), the path s — Uy f(Xs) is a.s. right continuous.

(iii) X admits the strong Markov property relative to (4,4,t > 0) and for all a > 0,
f € bC4(E), the potential U, f is nearly optional with respect to X.

(iv) X admits the strong Markov property relative to (¢;4,t > 0) and for all t > 0,
f € bCy(E), the function T;f is nearly optional with respect to X.

(v) For allt >0, f € bCq(E), the path s — Tif(Xs) is a.s. right continuous.

In particular, condition (iii) implies that any right process is strongly Markovian.

It can be shown that if a semigroup or a “resolvent like” family of kernels satisfies
certain regularity conditions, it gives rise to a right process. A general existence theorem
for so called Ray resolvents is discussed in [Sha88, Section 9]. In section 5, we introduce
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Feller semigroups in order to construct prototypes of right processes, which turns out
to be sufficient for our needs. We will then transform them with the help of various
techniques exposed in the following chapter II.

4.3. Lifetime Formalisms

Following [Sha88, Section 11], we recall the notion of an absorbing cemetery point A and
the conventions regarding it, which are going to be in place for the rest of our work.

Let E be a Radon space and (73,¢t > 0) be a sub-Markovian transition semigroup
on (E,&"). We extend (T3,t > 0)—even if it is already Markovian—to a semigroup
(ﬁ,t > () by adjoining a new point A ¢ E to F, forming the Radon space Ep 1= FU{A}
equipped with the universally measurable sets &x, and setting

Ty(x, A), reE Aec R with ACE,
Ti(z, A) :={1—Ty(z,A), z€E,A={A},
SA(A), = A.

Then (T}, t > 0) is a Markov semigroup on (Ea, &4). We will now call (T}, > 0) a right
semigroup, if (Ty,t > 0) is a right semigroup in the sense of definition (4.5). B

Assume that we are given a right semigroup (73,¢ > 0) with a right process X =
(Q,fg7 (f%)tzo, (j?t)tZO: (O4)>0, (Iﬁz)erA) on E realizing it. Then, by the definition of
its semigroup and the right continuity of X, A is a trap in the sense of definition (5.14),
that is

Pa(Vt>0: X, =A) =1.

An application of the strong Markov property of X at the first entry time into A

¢ :=inf{t > 0: Xy = A}, which is a stopping time by theorem (3.8), yields
P,(vt>(: X, =A) =1

Following the axioms of [BG69], we require A to be absorbing for every path, that is

Vwe: X w)=A = Vs>t:X,(w)=A,

which can be achieved, if necessary, by restriction of the sample space ) (see, e.g., [BB96,
Section 38]).

As one is mainly interested in the behavior of the process while it is in F, we de-
emphasize the role of (T,t > 0) and FA as follows: Introducing the convention that every
function f on E is extended to Ea by

(4.7) F(a) =0,

we define the Ex-valued process X = (Q,.7, (Z)i>0, (Xt)i>0, ()10, (Pz)zer) on E by
setting X; = X;, t > 0, on 2, with P, = P,, z € E, and natural filtration (Z,t > 0).
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With the convention (4.7) it then follows (see [Sha88, Exercise (11.14)]) that .# is
generated by the constant function 1g and functions of the form

(X)) fo(Xe,), neN, 0<t < <ty, f1,..., [n €bE.

Then, the strong Markov property of X immediately transfers to X, that is, we have for
any stopping time 7

Eo(f(Xt) 0 Or Lircooy | Fr) = Tef (Xr) Lircoo}s
where the term 1.,y can be dropped when defining Xo, := A.
(4.8) Definition. The lifetime of a right process X is
¢:=inf{t >0: X, =A}.

The process X above will then be called the right process on E with lifetime ¢ and
transition semigroup (Ty,t > 0). For such a process, we will always assume that 2
contains a dead path [A] with

Vi>0: X ([A]) =A.
We end this section with an easy, but valuable result concerning the lifetime (:

(4.9) Lemma. The lifetime ( of a right process X is a terminal time. For any random
time R: Q — [0, 00], it satisfies

Co®r=(C-R)".

Proof. By definition, ¢ = inf{t > 0: X; = A} is the first entry time into a closed set and
therefore a terminal time by theorem (3.8). For any random time R, we have

CoOp=inf{t>0: X, 00 =A}=inf{t >R: X; = A} —R.

Thus, if X; # A for all £ < R, then ( = { — R holds. On the other hand, if X; = A for
some t < R, then Xi = A holds (as A is absorbing for every path), so (o ©®r =0. O

5. Feller Processes

When constructing Markov processes from a given Markov transition semigroup, the
hypotheses of section 4 for right processes are directly verifiable only in special cases,
for instance if this semigroup satisfies strong regularity conditions. We are summarizing
some results on a “nice” class of Markov processes which originate from such a class of
semigroups. Their “Feller” properties are based on analytic conditions on the semigroup
or resolvent rather than on a probabilistic context. Still, due to strong regularity of
their semigroups, the resulting “Feller processes” admit all of the important probabilistic
properties of a Markov process we could wish for.
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Feller processes are therefore the most advisable basis for the study of a Markov
process, in case its semigroup is readily available and the needed regularity can actually
be verified. They are a special case of right processes and encompass the big class of Lévy
processes (see section 6), which includes important prototypes such as the Brownian
motion. The class of Feller processes can be deeply studied on its own. However, we will
mainly use them to simplify various proofs, as many probabilistic properties and their
analytic counterparts are automatically fulfilled in the Feller context.

As noted by [RW00a, p. 241], “every author has his or her own definition of ‘Feller
semigroup’”, the main divergency being whether regularity conditions should hold on
Co(E) or on bC(E). We are considering Co(E)-Feller semigroups in our work, as here
Co(E) (in contrast to bC(FE)) turns out to be separable, which will be essential for a
fundamental result later.

5.1. Definition

Let E be an LCCB. Following subsection 4.3, we begin by adjoining a new point A as
follows: If E is not compact, there exists a one-point compactification Ex := E'U {A}
with A being the point at infinity (see, e.g., [Mun00, Theorem 29.1]). If E is compact,
adjoin a new point A, isolated from F, forming Ex := EU{A}. Just like in subsection 4.3
(see also [CWO05, p. 9]), we extend every Markov transition semigroup (73,¢ > 0) on E to
a Markov transition semigroup (ft, t > 0) on Ex by setting for t >0,z € E, A€ &,

ﬁ(m,A) = Ti(x, A), Tt(m,A) =0,
T,(A,E) =0, TyA,A) = 1.

Since F A is compact, bC(EA) = C(Ea) holds, and every function f € C(Ep) is the sum
of a function in Cy(E) and a constant f(A) (see [CWO05, Section 2.2]), and the latter
vanishes in the context of subsection 4.3. As usual, we rename (T}, ¢ > 0) to (T}, ¢ > 0),
and FEa to E. Following [RY94, Sections II1.2 and VII.1], we define:

(5.1) Definition. A Feller semigroup (Ty,t > 0) is a family of positive operators on
Co(E), which satisfies the following conditions:

(i) To =id and ||T;|| < 1 for all t > 0;
(ii) Ty+s = Ty o T for all s,t > 0;
(iii) limy g [| T3 f — f]| = O for every f € Co(E).

One can show (see, e.g., [RY94, Proposition II1.2.4]) that under conditions (i) and (ii),
property (iii) is equivalent to the weaker condition

VfeCo(E),z € E: lgngtf(Jj) = f(z).

In order to apply a Feller semigroup (73,¢ > 0) to the context of Markov process, we
first need to extend it from Cy(E) to b&. The existence of such an extension is asserted
by [RY94, Proposition I11.2.2]:



5.2. Basic Results 31

(5.2) Theorem. For every Feller semigroup (T;,t > 0) on E, there exists a unique
Markov transition semigroup (1,t > 0) on (E, &) with

VfeCyE),zeE: Tf(z)=Tf(x)
(5.3) Definition. A Markov transition semigroup (T;,t > 0) which is associated to a
Feller semigroup (Ty,t > 0) via (5.2) is called Feller transition semigroup.
In the following, we will name this extension (T},¢ > 0) of (T},¢ > 0) again (T}, t > 0).

(5.4) Definition. A right continuous Markov process having a Feller transition semigroup
is called Feller process.

The basic example of a Feller process is the Brownian motion, which will be introduced
in section 14. The constant process is a trivially a Feller process:

(5.5) Example. Construct the constant process X on an LCCB E by defining the
stochastic process (X¢,t > 0) on Q := E with X¢(w) :=w, t > 0, and measures P, := ¢,
r € E. It is trivial to show that X is a Markov process with respect to its natural
filtration. Its semigroup reads

Tif(z) = B (f(Xy) = f(z), febB(E), x€E, t>0,

and is obviously a Feller semigroup. Therefore, X is a Feller process. |

5.2. Basic Results

For Feller semigroups, canonical processes can be readily constructed with the help of
Kolmogorov’s extension theorem, followed by some technique of path regularization (e.g.
via supermartingale regularization, as given in [RY94, Theorem II1.2.7]):

(5.6) Theorem. Let (T;,t > 0) be a Feller transition semigroup on (E,&’). Then there
exists a simple Markov process with semigroup (T;,t > 0) which admits cadlag paths.

As already mentioned above, many properties of Feller processes directly follow from
the regularity of their semigroups. The most important one will be the following (see,
e.g., [RWO00a, Sections II1.8-1I1.9]):

(5.7) Theorem. Every Feller process admits the strong Markov property relative to its
right continuous (raw) natural filtration (F2,,t > 0).

Then, after the usual completions, every Feller process is also strongly Markovian rela-
tive to its augmented, right continuous natural filtration (%, ¢t > 0), and an examination
of the resolvent (see, e.g., [MRO06, Corollary 4.1.4]) shows:

(5.8) Theorem. Every Feller process satisfying the usual hypotheses is a right process.



32 5. Feller Processes

As every Feller semigroup preserves Co(E), we can analyze it as a semigroup restricted
to this Banach space. It turns out that it is sufficient to consider this restriction:

(5.9) Theorem. Either one of the resolvent and the generator of a Feller transition
semigroup (T;,t > 0) on Co(E) completely determines (T;,t > 0) (as semigroup on b&).

Proof. Setting X = Cy(E), the strong continuity of (T3,¢ > 0) implies that lims o T3 f = f
for all f € X. Thus, Xg = X holds true. Theorem (1.11) then shows that the Feller
semigroup on Cy(F) is uniquely determined by the resolvent or the generator. This
completes the proof, because the Feller transition semigroup on F is uniquely determined
by its restriction to Co(E), as seen in theorem (5.2). O

For the study of the semigroup, resolvent and generator of a Feller process, the above
theorem implies that it suffices to restrict the analysis to Co(E). Therefore, we will
always work with the semigroup restricted to Co(E) when speaking about the resolvent
or generator of a semigroup in the Feller context. In particular, theorem (1.9) then yields

(5.10) D(A) = UCy(E).

This simplifies some results of sections 1-3:

(5.11) Remark. Dynkin’s formula (3.18) for the generator is always applicable in the
Feller context: Because every first entry time into an open set is a stopping time over
(9&,t > 0), every Feller process is strongly Markovian with respect to the stopping
times 7., € > 0, as asserted by theorem (5.7). Additionally, the continuity condition is
always fulfilled, because Z(A) C Xy = Co(E). The “trap condition” E,(7;) < 400 is
further examined in subsection 5.3 below. |

(5.12) Theorem. Let (T3,t > 0) be a Feller semigroup on E with generator A and the
linear operator A® be an extension of A to Z(A®). Let 2 C Co(FE) be a linear subspace,
satisfying

(i) 2(4) C 2 C D(A%), and

(ii) there is an o > 0 such that the following implication holds true:

Au=au, ue?2 = u=0.
Then 2(A) = 9.

Proof. The rest of the requirements of lemma (1.12) are fulfilled, because we have
Xo =X =Cp(F) in the Feller case. O

The Feller properties of definition (5.1) are conditions on the semigroup, which can
be verified directly only in special cases. The following theorem, as given in [KPS12a,
Appendix B|, shows that these defining properties are perfectly reflected in the resolvent,
which will give us more flexibility when examining whether a given process is Feller. In
the following theorem, “T'Co(E) C Co(E)” is an abbreviation for “T;Co(E) C Co(E) for
all t > 0”7, and UCy(E) C Cy(E) stands for “U,Co(E) C Co(F) for all a > 0”:
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(5.13) Theorem. Let X be a right continuous simple Markov process with semigroup
(T;,t > 0) and resolvent (Uy,« > 0). Then the following statements are equivalent:
(i) (Ty,t > 0) is Feller.

(ii) TCo(E) C Co(E), and for all f € Co(E), x € E, limy o T; f(x) = f(x).

(iii) TCo(E) C Co(E), and for all f € Co(E), x € E, limy_y00 aUq f(2) = f(x).

(iv) UCy(E) C Co(E), and for all f € Co(E), x € E, limy o T f(z) = f(z).
(v) UCy(E) C Co(E), and for all f € Co(E), x € E, limy—oo aUq f(x) = f(2).
5.3. On Traps

Holding points have already been discussed in subsection 3.3. We collect some additional
results on absorbing holding points, which are also called traps, in the Feller context.

(5.14) Definition. For a right continuous Markov process on (E,&), a point x € E is
called trap, if it satisfies

P,(Vt >0: Xy =x)=1.
The following equivalent characterization is well known, see e.g. [Dyn65, pp. 135ff]:

(5.15) Lemma. Let X be a right continuous Markov process on (E,&). A point x € E
is a trap, if and only if

VfeP(A): Af(z)=0.

If = is not a trap, then it is immediate from theorem (3.15) that E,(79) < +oo. But
even more is true for Feller processes:

(5.16) Theorem. Let X be a Feller process on a metric space E, x € E, and consider
the first exit times

7o == 1inf{t > 0: d(Xy, Xo) > e}, €>0.
If x is not a trap for X, then there exists 6 > 0 such that
Ve € (0,0) 1 Eu(r:) < 4o0.

As will be seen now, the Feller context is not really necessary for this result to hold,
but it simplifies the argument. Our proof follows [Kni81, p. 53] quite closely:

Proof. As x is not a trap, there exists f € Z(A) with Af(z) # 0. The semigroup is
Feller, so its domain satisfies Z(A) C Cyo(FE), and we can rescale f to f € Z(A) such that

36 >0:Vy € Bs(z): Af(y) > 1.
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Let € € (0,0). For any ¢t > 0 consider the stopping time 7. A t. Then E, (7 A t) < 400,
and Dynkin’s formula (3.17) yields

Ba(f (o)~ 70X0) =Ba [ AF(X) dt) 2 Bl 1)

as X € B:(x) C Bs(x) holds P,-a.s. for all s < 7.. Then, by LDCT,

Ex(7:) <limsupEg(7: At) < 2| f|l o < o00. O

t—o00

6. Lévy Processes

We are going to give a quick reminder on the theory of Lévy processes and their connection
to Poisson random measures. This is not a complete treatise of the theory, we will only
collect the basic results which will be needed in our construction of Brownian motions on
a star graph. Our summary is based on the standard literature [1t672], [1t606], [1t610],
[App09], [Sat13], where the reader may find more detailed information.

6.1. Definitions

(6.1) Definition. A Markov process X = (2,9, (4%)t>0, (Xt)t>0, (©1)10, (Pz)yera) on
R? is called Lévy Markov process, if (X¢,t > 0)

(i) is right continuous,

(ii) has independent increments: for alln € N, 0 < tg < t; < --+ < ty, the random
variables {X3,, Xt, — X4y, -+, Xt,, — X+, } are independent, and

(iii) has stationary increments: for all s,t > 0, X514+ — X; has the same distribution as
Xs — Xo.

In the definition above, the conditions of independence and stationarity are understood
to hold under every initial measure P,, = € R%.

(6.2) Definition. A semigroup (T;,t > 0) on R? is spatially homogeneous, if for all
r,y €RY t >0, Aec BRY,

Ti(z,A) = Ty(z + y, A+ y).

The Lévy Markov property of a Markov process is reflected in the spatial homogeneity
of the semigroup: (see, e.g., [BB96, Theorems 37.2, 37.3])

(6.3) Theorem. Every Lévy Markov process X has a spatially homogeneous semigroup
(Ty,t > 0), and every right continuous Markov process X with spatially homogeneous
semigroup (Ty,t > 0) is a Lévy Markov process.

An examination of the spatially homogeneous semigroup (see, e.g., [App09, Theo-
rem 3.1.9]) quickly shows the following;:
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(6.4) Theorem. Every Lévy Markov process is a Feller process.

It is rather unfortunate for us that most of the study of Lévy processes is only done for
the initial measure Py, because most results can be extended to other initial laws by the
translation of the process (see subsection 6.5 below). However, without the proper context
of Markov processes, it is complicated to perform Markovian techniques rigorously. In
order to distinguish between both contexts, we give a second definition which will be
more suitable for the basic results given in the literature, following [Sat13, Definition 1.6]:

(6.5) Definition. A stochastic process (X;,t > 0) on some probability space (Q,%,P) is
called Lévy process, if (X¢,t > 0)

(i) admits Xy =0 a.s.,

(ii) is right continuous for t > 0 and has left limits for t > 0 on some set Qo € ¥ with
P(Qp) =1,

(iii) is stochastically continuous, and
(iv) has independent and stationary increments.

Both theories can be connected as follows: Every stochastically continuous Lévy
Markov process admitting a.s. left limits is a Lévy process for P = Py. On the other hand,
given a Lévy process (X;,t > 0) on (92,%,P), one can define the measures (P,,z € R%)
on .#° = o(X;,t > 0) by setting for any z € R, Ay,..., A, € B(R?):

Px(th €A1,...,th GAn) = [P(th +£C€A1,...,th +£U€An).

Then, the process X = (Q, Z°, (Z)i>0, (Xt)t>0, (01)t>0, (P)zera) is a strong Markov
process on R%, if some shift operators (O;,t > 0) exist for X (cf. [Sat13, Section 40]).

6.2. Poisson Point Processes

The Lévy-It6 decomposition (6.17), which will be stated in the next subsection, shows
that Lévy processes have a close connection to Poisson random measures. We are going
to introduce the latter now, following [IW89, Sections 1.8-9]:

Let (E, &) be a measurable space. Consider the set M of all Ny U {oco}-valued measures
on (E,&), endowed with the smallest o-algebra .# on M for which the mappings
M — No U {oo}, p+— u(B), are measurable for all B € &.

(6.6) Definition. An (M, #)-valued random variable y on a probability space (2,¥,P)
is a Poisson random measure, if

(i) for each B € &, u(B) is Poisson-distributed or a.s. equals +o00, and

(ii) if By,...,B, € &, n € N, are pairwise disjoint, then u(B1), ..., u(By) are mutually
independent.
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We define the intensity measure A of a Poisson random measure p by
A(B) :=E(u(B)), Beé.

It uniquely determines the law of u (see, e.g., [Kal02, Lemma 12.1]). On the other hand,
for any o-finite measure \, there exists a Poisson measure p realizing it as intensity
measure, as proved in [IW89, Theorem 8.1] or [Sat13, Proposition 19.4].

Another representation of Poisson random measures are Poisson point processes. These
have been introduced in [It672] as follows:

(6.7) Definition. Let (E, &) be a measurable space.

(i) A point function p on E is a mapping p: D, — E, where the domain D, of p is a
countable subset of (0, 00).

(ii) For any point function p, let the counting measure N, on (0,00) X E with c-algebra
A((0,00)) @ & be defined by

Np((0,¢] x By =#{se D, :s<t,p(s)e B}, t>0,Beé&.

(iii) Let I1g be the set of all point functions on E, and A(Ilg) be the smallest o-algebra
on 1y such that for allt > 0, B € &, the mapping p — N,((0,t] x B) is measurable.

(6.8) Definition. Let p be a point function on E.
(i) For t > 0, the shifted point function ©p is defined by
Oip: Do,y = E, s+ (Op)(s) :=p(s+1),
with Dg,p :={s >0:s+t € D,}.
(ii) For s > 0, the stopped point function asp is defined by
asp: Da,p = B, t— (asp)(t) :=p(t),
with Dy = {t <s:t e Dp}.
(6.9) Definition.

(i) A (g, B(Ilg))-valued random variable p on a probability space (2,94, P) is a point
process on E.

(ii) A point process p is o-finite, if there exists an increasing sequence (B,,,n € N) in &
with U,, B, = E, such that N,((0,t) x B,) < +oc for every t > 0, n € N.

(iii) A point process p is stationary, if p and Oyp have the same law for every t > 0.

(iv) A point process p is renewal, if p is stationary and for every t > 0, ayp and ©p are
independent.
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(v) A point process p is a Poisson point process, if N, is a Poisson random measure on
(0,00) x E.

There is a natural connection between the renewal property of a point process and its
associated random measure being Poisson, as explained in [It672, Theorem 3.1]:

(6.10) Theorem. Let p be a o-finite, renewal point process. Then p is a Poisson point
process.
6.3. Lévy—Khintchine representation and Lévy—It6 decomposition

We are ready to give the fundamental properties of Lévy processes, which will provide an
insight into their characteristics and their path structure. Due to their additive structure,
the distributions associated to a Lévy process are regular in the following sense:

(6.11) Definition. A probability measure pu on R? is infinitely divisible, if for every
n € N, there exists a probability measure pi,, on R¢ such that p,,” = p holds.?

Because of the increments being stationary and independent (and Px, being trivial),
the distributions of a Lévy process X are already characterized by the one-dimensional
law X, for any ¢ > 0. The Lévy property is then reflected in the infinitely divisibility of
this law, as seen in [Sat13, Theorem 7.10, Corollary 11.6]:

(6.12) Theorem.

(i) If X is a Lévy process, then for any t > 0, Px, is infinitely divisible, and with
p = Px,, Px, = u! holds true.?

(i) If p is an infinitely divisible measure on R?, there exists a Lévy process X with
Px, = p.

Infinitely divisible measures, and thus the distributions of Lévy processes, can be
characterized by the Lévy—Khintchine representation, as given in [Sat13, Theorem 8.1]:

(6.13) Theorem.

(i) If u is an infinitely divisible measure on R?, then the characteristic function of p
reads

o) = exp (= (e, 42) + i)

(6.14) |
4 / (€7 1~ i(z,2) Lp, (@) v(da)), =€ RY,

2For n € N, the n-fold convolution of a probability measure p is denoted by p™.

3For t > 0, the t-th power p' of an infinitely divisible measure p is defined to be the probability measure
with the characteristic function fi’, see [Sat13, Lemmas 7.6-7.9]. By [Sat13, Lemma 2.5 (iii)], this is
consistent with footnote 2 for t € N.
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where A is a symmetric, nonnegative-definite d x d-matrix, v € R%, and v is a
measure on R satisfying

(6.15) v({0}) =0 and /(]m\Q A1)v(dz) < +oo.

(ii) The representation of i in (i) by A, v, and ~y is unique.

(iii) If A is a symmetric, nonnegative-definite d x d-matrix, v € R%, and v is a measure
on R? satisfying (6.15), then there exists an infinitely divisible measure i on R?
with characteristic function as given in (6.14).

If f\x|§1 |z| v(dz) < 400, equation (6.14) can be rewritten (cf. [Sat13, Remark 8.3]) to

1

— §<Z,Az> + {0, 2) + / (ef=) — 1)V(d$)), zeRY,

(6.16) i) = exp
for some 7y € R

For an infinitely divisible measure p, the set (A, v,~) or (A, v,7)o, as given in (6.14)
or (6.16) respectively, is called generating triplet of p. For any Lévy process X, the
measure p = Py, satisfies Px, = u!, so the generating triplet of the infinitely divisible
measure Px, reads (cf. [Sat13, Corollary 8.3])

(At,Vta’Yt) = (tAvtV7 t’Y)y t> 0.

Thus, in the Lévy case, it is sufficient to know the generating triplet (A, v,v) or (A4, v,70)o
of 4 = Px,. This is called the generating triplet of the Lévy process.

Summarizing all of the above results, we see that for every choice (A4, v,~) as in (iii)
of theorem (6.13), there exists an infinitely divisible measure p, giving rise (by theo-
rem (6.12)) to a Lévy process X with generating triplet (A,v,~), and this process is
uniquely determined in law by u or equivalently by (A, v, ) (see [Sat13, Theorem 7.10(iii),
Theorem 9.8(ii)]).

The fundamental theorem for studying the sample path behavior of an additive process is
the Lévy—Ité decomposition [Sat13, Theorems 19.2-19.3], which, roughly speaking, enables
us to decompose any additive process into its jump part and its continuous part. We will
only cite this result for the Lévy case. In the following context, let H := (0, 0o) x (R?\{0})
be equipped with its Borel o-algebra %(H), and set D(a,b] := {x € R? : a < |z| < b} for
0<a<b<oo.

(6.17) Theorem. Let X be a Lévy process on (Q2,%,P) with generating triplet (A, v,7),
and define the measure v on H by

7((0,t] x B) := »(B) =tv(B), t>0, Bec BRN\{0}).
With Qo as given in definition (6.5), define for B € #(H),

#{s>0: (s, Xs(w) — Xs_(w)) € B}, w €,

J(B,w) = {0’ s

Then the following holds:
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(i) J is a Poisson random measure on H with intensity measure .

(ii) There exists 1 € 4 with P(Qy) = 1 such that for any w € {2y,

X} (w) :=1lim (z J(d(s,2),w) —xv(d(s,)))
€10 J(0,t]x D(e,1]

+/ zJ(d(s,x),w)
(0,4]x D(1,00)

is defined for all t > 0, and the convergence is uniform in t on any bounded interval.
The process (X}, t > 0) is a Lévy process with generating triplet (0,v,0).

(iii) Define for w €
X} (w) = Xi(w) — X} (w), t>0.

There exists Qo € ¥ with P(Q2) = 1 such that for any w € Qq, t — X?(w) is
continuous. The process (X?,t > 0) is a Lévy process with generating triplet

(4,0,7).
(iv) The processes (X},t > 0) and (X?,t > 0) are independent.

If the “small jumps” have a finite mean, then the decomposition above can be simplified
by omitting the “compensated sum of jumps” (namely the first part of X1):

(6.18) Theorem. Suppose the Lévy process X of theorem (6.17) satisfies

/ |z| v(dz) < +o0.
|z]<1
Then there exists 23 € 4 with P(Q23) = 1 such that for any w € ()3,
X3 (w) = / z J(d(s,z),w)
(0,1]x D(0,00)

is defined for all t > 0. Then (Xf’ ,t > 0) is a Lévy process with characteristic function

E(€Z<Z’X§>) = exp (t /

L —1p(dn)), 120, z e R
R

Define for w € Qg3
XHw) = Xi(w) — X2 (w), t>0.

Then, for any w € Q3 N Q3, t — X} (w) is continuous, and (X3,t > 0) is a Lévy process
with characteristic function

. 1
E(e'*X0) = exp (= 5(=,142) +i(h0,2)), 120, z € R

The processes (X2, t > 0) and (X2, t > 0) are independent.
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It is also possible to assemble Lévy processes by realizing the prescriptions given
in the above Lévy—It6 decomposition in a process construction. This is done, e.g., in
[Sat13, Section 20]. We will not need this approach, but recall some basic properties of
Lévy processes following from the Lévy—-Itd decomposition. They are given in [Sat13,
Theorems 21.1-21.5]:

(6.19) Theorem. Let X be a Lévy process with generating triplet (A, v,~).
(i) X has a.s. continuous paths, if and only if v = 0.
(ii) X has a.s. piecewise constant paths, if and only if A =0, v(R?%) < +o00 and v = 0.

(iii) If v(R%) = +o0, then, a.s., the jumping times are countable and dense in [0, 00).
If v(R%) < +o0, then, a.s., jumping times are infinitely many and countable in

increasing order, and the first jumping time has exponential distribution with mean
1/v(RY).

(iv) Let d = 1. X has a.s. increasing paths, if and only if A = 0, v((—00,0)) = 0,
Jio.jzv(dz) < 400 and o = 0.

We will mainly work with the following special type of Lévy processes:
(6.20) Definition. A Lévy process on R with a.s. increasing paths is a subordinator.

For subordinators, the Lévy-Itd decomposition (6.18) takes its easiest form. In this
case, it is also more convenient to work with the Laplace transform instead of the
characteristic function. It reads (see [Sat13, Remark 21.6], [RW00a, Section I1.37])

(6.21) E(e~%t) = exp (t(/ (e™* —1)v(dx) — afy())), t>0, a>0.
(0,00)

Lévy—Khintchine representation and Lévy—It6 decomposition present powerful tools in
the study of Lévy processes, especially when used combined. We will end this section
by employing them to derive a proof of lemma (6.25), which we prepare first by the
following examinations:

(6.22) Remark. Let X! ... X ¢ be independent, R-valued Lévy processes on a common
probability space with generating triplets (a*, v*,4*), k € {1,...,d}. Then, by definition,
the process X := (X! ,..., X d) is an R%valued Lévy processes, and its Lévy-Khintchine
representation reads, for z = (2!,..., 2%) € RY,

ﬁ(Z) = E(ei<Z’X>) — ﬁ E(eisz’“)
k=1

1 .
zkakzl’C +iyF R 4 / (e’zkxk —1—izk? ]lBl(o)(xk))Vk(dxk)>

I
=~
u:&
—_
l\.')M—t - N

(z, Az) +i(7, 2) +/ i{z.7) —1—i(z,x) 1,0 (x ))V(dm)),
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with v = (v1,...,79), A = diag(a',...,a?) and
l/Z7/1®€o®"'®€o—|—€0®y2®€o®"'®€o+-"—|—€o®-~®€0®l/d. |

(6.23) Remark. Furthermore, in the context of remark (6.22), X* := X! + ... 4 X4
is an R-valued Lévy processes with its generating triplet (a E, 2 %) belng given by
a¥=a'+---+a,vE=vl+- vl and yE =4+ 449 as 1ts Lévy—Khintchine
representation reads, for z € R,

ZL\E(Z) _ E(ei(zX1+...+sz)) _ ﬁ E(e”Xk>
k=1

d
:1:[ (—fza z41y Z+/ ize —1—izxlpg ))Vk(dx)> [ |

The stochastic continuity of a Lévy process X implies that X has no fixed times of
discontinuity (see, e.g., [Sat13, Equation (1.10)]), that is,

(624) Vi > 0: Xt = Xt, a.s. .

For independent Lévy processes, even more is true: They have a.s. no simultaneous
jumps. This result is well known, but a complete proof is somewhat difficult to find in
the literature. We are following the argument indicated in [MS12, p. 106]:

(6.25) Lemma. Let X',..., X* be independent, R-valued Lévy processes on (2,9, P).
Then, a.s., not more than one of the processes X', --- , X" jumps at the same time, that
is, with

AXFi=XF-XF t>0, ke{1,...,d},
the set {3t > 0,4, € {1,....d}, i #j: AX] £0AX] # 0} is a null set.
Proof. As the above set is the union of simultaneous jumps of any two component

processes, it suffices to consider the set .S of simultaneous jumps of X := (X!, X2), which
reads

S:={t>0:AX] #0NX} #0} ={t>0:(t,X; — X;_) € B}

for B := (0,00) x A € Z(H) with A := {(z},22) € R : 2! = 0V a2 = 0}° (as
x! # 0 A 2% # 0 is equivalent to ~(z! =0V 2% = 0)).

Then, by the Lévy-Ité decomposition (6.17), the random variable J(B) := |S] is
Poisson distributed with mean 7(B), and {3t > 0: AX} #0A X? # 0} = {J(B) > 0} is
measurable. But the continuity of the measure v yields

v(B) = tl#glo v((0,t) x A) = tlﬁIg)tV(A) =0,
because remark (6.23) gives, with A as above,
:/ d(v' @ g9 + 9 ® V*) = 0.
A

Therefore, J(B) =0 a.s.. O
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6.4. Integration with respect to a Poisson Point Processes

Later, we will need to evaluate an integral with respect to a Poisson point process. We
quickly establish just as much theory as necessary for the derivation of result (6.29) by
following [IW89, Section II.3]:

(6.26) Definition. For a point process p on a probability space (2,%,P), let
Ny(t,B) := N, ((0,t] x By = Y 15(p(s)), t>0, BESE.

s€Dp, s<t
The point process is adapted to a filtration (¢%,t > 0) of ¢4, if for every B € &, t > 0,
N,(t, B) is 9,-measurable. Define I'y, := {B € & : E(N(t, B)) < +oo for all t > 0}.

Let p be a (¢, t > 0)-adapted point process. Then, for every B € I'), t — N,(t, B) is an
adapted, integrable, cadlag increasing process, thus a cadlag submartingale. Therefore, by
the Doob—Meyer decomposition [IW89, Theorem 1.6.12], there exists a natural, integrable,
increasing process t — N, (t, B) such that t — N,(t, B) — Np(t, B) is a martingale. This
leads to:

(6.27) Definition. A random measure N, is called compensator of a (%;,t > 0)-adapted
point process p (or its associated random measure N, ), if it satisfies the following:

i) for each B € T, t — N, t, B) is a continuous, (¢%,t > 0)-adapted, increasing
P P
process;

(ii) for each t >0, N,(t, -) is a.s. a o-finite measure on (E,%B(E));

(iii) for each B € T, t — N,(t, B) — N,(t, B) is a (%,t > 0)-adapted martingale.
For a Poisson random measure, Ny (s+t, B)—N,(t, B) = Ny((t, s+t] x B) is independent
of Np((0,t] x B), so it is immediate (see also [[W89, p. 60]) that the compensator of a
Poisson point process p with respect to its natural filtration is given by

(6.28) N,(t,B) = E(N,(t,B)), t>0, BET,.
(6.29) Theorem. Let P be a subordinator with Lévy measure v and N be the Poisson

random measure of P as given in the Lévy-Ito6 decomposition. Then, for all o > 0, 8 > 0
and f € pB(Ry) satistying [y; f(I) v(dl) < +oo, the following formula holds true:

B /Ooo /: emoPU=) =P F(1) N(dt x dl) ) = /0 TE(e PN e [ ) wla.

0+
Proof. As seen in equation (6.28) in combination with theorem (6.17) (or [IW89, Exam-
ple I1.4.1]), the compensator of the Poisson point process of a Lévy process with Lévy
measure v reads N = A ® v. The process (t,1) — e~ (=) ¢=BL (1) is predictable and

IE( /ooo /(0 ) ‘eiap(ti) e P f(l)
= [TEEer et ar [ i) < oo

0 (0,00)

N(dt x dI))
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holds true, thus (¢,1) — e *Pt=)e=B £(1) is in F} in the sense of [IW89, Defini-
tion (I1.3.3)], and the result follows from [IW89, Equation between (I1.3.7) and (II.3.8)]
(see also [Cmll, Theorem 6.2]). O

The reader may observe that for v = 0, that is without the term e~"(*=), this theorem
reduces to Campbell’s theorem, see, e.g., [CSKM13, Theorem 4.1]. However, in the
case a > 0, the part P(t—) depends on all “marks” of the point process up to ¢, so the
integrated function does not only depend on the current “mark” at ¢, and we had to
apply the theory of stochastic integration with respect to Poisson point processes.

6.5. Translation, Centering and Reflection

Let X = (2,9, (%) >0, (Xt)t>0, (©1)t>0, (Px)zer) be a Lévy Markov process on E = R%
The Markov property is a regularity condition on the process when translated in time,
which is best described with the help of the (time) shift operators (O¢,¢ > 0). Lévy
Markov processes additionally feature regularity on space translations, so we introduce
transformation operators which capture the “spatial shift” the Lévy process X:

(6.30) Definition. A family (v,,x € F) is called translation operators for X, if it is a
collection of mappings v,: 0 — Q, © € E, satisfying

Vee BE,t>0: Xiov,=X¢+x,
Vo, y € B Y209 = Yoty
(6.31) Definition. A mapping I': Q —  is called centering operator for X, if
Vt>0: X;ol =X;— X.

We assume the existence of translation operators (v;,z € E) and of a centering
operator I' for X for the rest of this subsection.

(6.32) Example. If we are in the context of the canonical coordinate process (X¢,t > 0),
that is X;(w) = w(t) for all w € 2, t > 0, on the path space

Q={w: Ry - E|w cadlag},
then the existence of these operators is trivial: We can choose for all w € Q2

V(W) i=w+zx, z€E,
MNw) :=w —w(0),

which exist, as translated cadlag functions remain cadlag. When also using the canonical
shift operators (©y,¢ > 0), namely

Ow) =w(t+ ), t>0, weq,
then the chosen translation and shift operators commute, as for all t > 0, x € E, w € ),

Y2 0 Opw) =Yz (w(t+ +)) =w(t+ - ) + 2 = Ow + ) = O 0 Yz (w). |
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(6.33) Remark. Translation and shift operators always commute on process level, as
X507 001 =Xspt + 7= X500 07,
whereas translating a centered processes has no effect:
XsoTloy,=(Xs+2z)— (Xo+z)= X0 |

We are going to show that, due to the spatial homogeneity, a translated Lévy Markov
process behaves just like the original process with its starting point being translated,
while centering lets it start at the origin. Of course, the following results only hold true
if translation and centering operators exist for the Lévy Markov process X.

(6.34) Lemma. For allz,y € E,t >0, f € b&,

E, (f(Xt) o ’Yy) = Ex+y(f(Xt))'

Proof. The set of all f € b& for which the above identity holds true forms a MVS. By
the MCT, it is therefore sufficient to prove that for all f =14, A € &,

Ex(f(Xt) 0vy) = Bu(f(Xe + ) = Te(f(- +9))(2x) = Ti(z, A —y)
=Tz +y,A) =Tif(x +y) = By (f(Xy))

holds, where we used 14(x + y) = 1a—,(z) for the third identity and the translation
invariance of (T3,¢ > 0) for the forth identity. O

As seen in subsection 2.1, the Markov property can be lifted from its standard definition
with the help of shift operators to general functions, which are measurable with respect
to the o-algebra generated by the process. By employing the same standard techniques,
we are able to show that this generalization also holds true for the spatial homogeneity,
represented by translation and centering operators:

(6.35) Theorem. For all z,y € E, F € b.#, the mapping F oy, is in b.% and satisfies
By (Fovy) = Eopy(F).

Proof. As usual, it is sufficient to prove the above claim for functions of the form
F=fi(Xy,) - fa(Xe,),

withn e N, 0 <ty < -+ <ty fi,..., fn € b&, which we are showing inductively over
n € N. The case n = 1 was already done in lemma (6.34). Assuming the assertion holds
true for an n € N, we are computing for n + 1 the expectation

EI(F o’yy) = E!B(fl(th + y) e fn+1(th+1 + y))
=E.(fi(Xt, + ) fo( Xt +9) Eo(fror1 Xty +9) | F1))-
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The Markov property of X and lemma (6.34) applied on the last term yield

Eo(fo1 (Xt +9) | F1,) = Ex,, (for1(Xepsy 1, +9))
=Ex,, (fn+1(Xtni1—ta) © W)
=Ex,, +y(frt1(Xtps1—t))

so we get by renaming f; := f; fori € {1,...,n—1} and f, := T E (fas1 (Xt i1—t0)):
Em(F07y> = Em((fl(Xm) ) f?l(th)) o'YZ/)‘

By using the inductive basis for n, which is applicable because ]’517 ey fn € b& as well,
we conclude that

(f1(Xe,) - ful(X0,))

= Eoty (F1(Xty) - frr1(Xe) Exy,, (Fri1 (Xt y1-10)))

= Ex-ﬁ-y (fl(Xh) T fn(th) fn+1(th+1))
(

(6.36) Theorem. For all x € E, F € b.%, the mapping F oI is in b.% and satisfies
E,(Fol) =Ey(F).
Proof. Again, we only need to prove this for

F=fi(Xy) - fu(Xy,),

withneN, 0<t; < - <ty fi,..., fn €bE. As Xy = x holds P,-a.s., we can directly
use theorem (6.35) to compute

Ey(FoT) =Eg(f1(Xy, — ) < fn(Xt, — Xo))
1 th ‘fn(th - ))

E

Eq (

Ez((f1( th f (th)) V)
Epy-

E

T

O(F)- O

Some Lévy Markov processes are not only spatial homogeneous, but also invariant
under the reflection at the origin. Just as with (time) shifts, (spatial) translation and
centering, we can lift this reflection property from the semigroup up to the process level:

(6.37) Definition. X is called reflection invariant, if for allt > 0, x € E, A € &,

Ti(x, A) = T (—z, —A).
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(6.38) Example. The Brownian motion on R is reflection invariant, as for all ¢ > 0,
x € R, A € B(R), its semigroup satisfies

1 —x)?
Ti(z,A) = / te ) dy

_ (y+a)?
= 2t d
/ A 27‘(’ Y

= Ty(—z,—A). |

(6.39) Definition. A mapping ¢: Q — Q is called reflection operator for X, if it satisfies
Vi>0: X,o1=-X,.

(6.40) Example. If the process X is the canonical coordinate process on the path space
as given in example (6.32), then a reflection operator ¢ exists. It can be defined by

(w) == —w, w e [

The same course of discussion as for the centering operator also applies to the reflection
operator. If the sample space admits a reflection operator ¢ for X, the following results
hold true:

(6.41) Lemma. If X is reflection invariant, then for all x € E, t > 0, f € b&,

Ex(f(Xt) o L) = Ef:p(f(Xt))
Proof. Again using the MCT, it is sufficient to prove this for f =14, A € &. We have
E.(f(X0) 0 ) = Ea(f(~X0)) = Th(f(~ ) (@) = Ti(w, ~A)
=Ti(~2,A) = Ti f(—2) = E_»(f(X4)),

where we used 14(—x) = 1_4(x) for the third identity and the reflection invariance for
the forth identity. O

The proof of the following theorem proceeds exactly like the proof of theorem (6.35):

(6.42) Theorem. If X is reflection invariant, then for all x € E, F € b.Z, the mapping
F oy isin b% and satisfies

E (Fou) =E_,(F).
Proof. As usual, it is sufficient to prove the above claim for

F=f(Xy) - fu(Xy,),

withn e N, 0 <ty < -+ <ty, f1,..., fn € 0L, which we are showing inductively over
n € N. The case n = 1 was already done in lemma (6.41). Assuming the assertion holds
true for an n € N, we are computing for n + 1 the expectation

E, (F o L) =K, (fl(—th) T fn+1(_th+1))
_Ew(fl(_Xh)"'fn(_th) (fn+1( lny1 "/tn))
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The Markov property of X and lemma (6.41) applied on the last term yield

Ex (fn+1(_th+1) ’ yt") = ]EXt" (fn+1(_th+1_tn))
= Eth (fn+1(th+1—tn) © L)
= E—in (fn—i—l(thH—tn))’

so we get by renaming fz = fiforie {1,...,n—1} and fn = an~(fn+1(th+1—tn)):
B (F ot) = Bo(fi(X0) - FalX0,)) 00).

By using the inductive basis for n, which is applicable because fl, ce ﬁ € b8 as well,
we conclude that

Em(F o L) = —:E(fl(Xt1) e fTL(th))

—x (fl (th) T fn+1(th) Eth (fn+1 (th+1*tn)))
(
(

—x fl (Xt1) T fn(th) fn+1(th+1))






Chapter II.
Transformations

We prepare the different transformation methods for Markov processes which we will
employ later for the characterization and construction of Brownian motions. We focus
our attention on transformations which (under certain conditions) preserve the (strong)
Markov property. Fortunately, most of the required methods are commonly known and
we can resort to elaborate results in the literature, which we only adjust or extend slightly.
In section 7, path-space realizations, which are a standard “ad-hoc” technique in
existence theorems, are treated. In section 8, we name special conditions which ensure
that stopping a Markov process at a random time maintains its Markovian structure. The
well-known transformations of time substitution via additive functionals and of killing
via multiplicative functionals are merely reminded in sections 9 and 10. On the other
hand, the concatenation of various Markov processes on different state spaces (forming a
joint process which behaves like the first process until it dies, is revived as the second
process, etc.) typically is treated not at all or only in a very specific fashion in the
literature. In section 11, we assemble an extensive basis on this method, in order to
establish, with the help of state space transformations given in section 12, a technique
allowing us to concatenate alternating, independent copies of two underlying processes in
section 13. This will be the main vehicle in the construction of chapter III, where we will
join processes on different subgraphs to a Brownian motion on the complete graph.

7. Versions on the Path Space

At times, it turns out to be helpful to change the underlying sample space € of a stochastic
process X to a better structured, more controllable set. This is already the case in
existence theorems for right continuous Markov processes (such as [Sha88, Theorem 2.7]),
where one switches from a possibly unknown or too large space (e.g. the general path
space, being the space of all mappings from R, to a given state space) to the common
path space of all right continuous maps. We will give a short reminder on this technique
and then apply it in order to compare processes which have the same laws, but are not
necessarily defined on the same sample space.

7.1. Markov Processes on Path Space

Let X = (QX,gX, (GX)i>0, (X1)i>0, (05 )i>o0, (Pf)er) be a right continuous Markov
process with values in (F, &), and assume that every path ¢ — X;(w), w € €2, satisfies a
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property II (e.g., the property II of being right continuous).
Define the path space QY = {w: Ry — F|w fulfills IT} and the path mapping

P: X =Y, ¥ dwY) with ®w¥)() = X, (w¥), t>0.
Consider the canonical coordinate process (Y, ¢t > 0) on QY that is, set for all t > 0
YVi: QY 5 B, we Yi(w) = w(t),

equipped with the o-algebra .#Y = ¢(Y;,t > 0) and filtration .%) = o(Ys,s <t),t >0,
generated by Y. Then Y;(®(w¥)) = V;(X. (wX)) = Xi(w¥) holds for all w¥ € QX thus

(7.1) Vt>0: Y,0od=2X; onQ¥.

Therefore, ® is . /.7 -measurable for all t > 0 and .#°/.ZY -measurable. We are then
able to define, for every x € E, the measure P on .#Y as the image of PX under the
map ®. Equation (7.1) gives for all n € N, f1,..., f, € b&, t1,..., 1, € Ry,

Eg(fl(}/tl) o fn(iftn)) = Ef((fl(}/h) : fn(}/tn)) o (I))
= EX (f1(Xp,) - fulX2)),

and as {f1(Ye,) - fun(Ys,);n €N, fi,..., fn €&, t1,. .., t, € Ry} is an N-stable genera-
tor of .#Y | we have by MCT

(7.2) VG e bZY . EY(G)=EX(God).

Thus, we have found a canonical process Y, equivalent to the original process X,
whose new sample space is the path space restricted to paths admitting the property II,
and which can be “pulled back” to the original measures by equation (7.2). These
results can be further extended to fit into the context of right processes, see, e.g., [Sha88,
Proposition 19.6 and Theorem 19.7].

This construction of switching to the (restricted) path space is strictly easier than
other procedures presented in the literature, such as in [BB96, Section 38], which are used
to restrict the original sample space and the underlying o-algebra to a (not necessarily
measurable) subset having full outer measure. We can resort to the easier method above,
as the o-algebra .#Y = o(Y;,t > 0) generated by the coordinate process will turn out
sufficient for our applications and all paths—in contrast to a subset of paths with full
(outer) measure—will feature the desired property II.

7.2. Comparison of Processes

The procedure above can be used to establish a common basis on which we are then able
to compare two equivalent processes which are defined on different probability spaces:
Let X, Z be two right continuous, (E, &)-valued stochastic processes on (QX,.#X PX),
(0%, .F7% P?) respectively, having the same finite dimensional distributions, that is,
satisfying for all n € N, f1,..., fn, € b&, t1, ..., t, € Ry

EY (fu(Xe) - fa(Xe,)) = B2 (fu(Za) - fulZ2,)).-
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Define Q := {w: Ry — E'|w is right continuous}, together with the path mappings

X 0X 50, Wt e XWX with X (w¥)(t) = Xi(w™), t >0,
dZ: 07 5 Q, W/ d%(w?)  with ®Z(wW?)(t) = Zi(w?), t >0,

and consider the right continuous canonical coordinate process Y on 2 with its generated
o-algebra .#Y as above. Then, as seen in equation (7.1), we have

Y; 0 ®X = X; on QF,
Y,0®? =2, onQ?,

so the equivalence of the processes X and Z yields that for alln € N, f1,..., fn, € b&,
t1,...,th € R4,

EX(fi(Ye 0 @%) - fa(Yy, 0 @%)) = EZ (fi(Yy, 0 %) - fu(Ys, 0 @7)).

As {fiYs) - fu(Ye,)in €N, fi,..., fn € b&,t1,...,t, € Ry} is an N-stable generator
of FY = (Y, t > 0), the MCT then concludes that

VG e bZY . EX(God¥) =E?(Go d%).

8. Stopping

We are going to consider the following question: Let X be a (strong) Markov process
and 7 be a random time. Is the stopped process X .. still a (strong) Markov process?
It seems that this problem is not commonly treated in the literature, the only source
known to us is [Dyn65, Section X.2]. One may suspect that the random time 7 must
be a stopping time which admits the “memoryless” property, encoded in the concept
of terminal times, in order to prevent a “memory structure” to be introduced by the
transformation of stopping. Furthermore, if the transformed process possesses the Markov
property, it must stop immediately again when restarted at the stopping point, that is,
the stopping time 7 should “trigger instantly” when the original process (re-)starts at X .

Indeed, a rigorous refinement of these heuristic conditions ensures the stopped process
to be (strongly) Markovian: Let X = (0,9, (%)i>0, (Xt)t>0, (01)1>0, (Pz)zecr) be a right
continuous (strong) Markov process on (F, &), and assume that there exists a constant
path in z for every € E, that is,

(8.1) W, €Q: VE>0:  Xiy(wg) ==
Furthermore, let 7 be a terminal time for X, which satisfies for all z € E the condition

(8.2) Px (r=0)=1 P,as..

Define the process X resulting from stopping X at 7 by the process Xt = Xianr, t >0,
on (92,9), equipped with the filtration .7 := {A € oo : AN{7T >t} € F#},t >0, and
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shift operators

O (w) = Ouw), t<Tlw) g yso0
(’T)X-,—(w)a t 2 T(CU), ’ -

Then the stopped process X is (strongly) Markovian:

(8.3) Theorem. Let X = (2,9, (% )10, (Xt)1>0, (O1)t>0, (Px)zer) be a right continuous
Markov process on (E,&) and T be a terminal time for X, which satisfy conditions (8.1)
and (8.2). Then the stopped process X = (0,9, (%)i1>0, (X1)i>0, (©1)1>0, (Pz)zecr) Is a

right continuous Markov process on (E,&). If X is a strong Markov process, then X is a
strong Markov process as well.

This theorem is a slight generalization of [Dyn65, Theorem 10.2], its proof proceeds
completely analogously and can be found in [Werl0]. It has also been shown in [Werl0)]
that the conditions of the theorem above cannot be weakened in general.

The conditions on 7 are always satisfied by the first hitting time H4 = inf{t > 0 :
X, € A} of any closed set A: It is a terminal time by theorem (3.8), right continuity of
X implies that X, € A = A holds, and normality then ensures (8.2). The existence of
constant paths (8.1) is not very restrictive and usually can be achieved by adjoining a
null set of the needed points to the sample space (2, see, e.g., [Dyn65, footnote on p. 79].

9. Time Change

We briefly remind the technique of time-changing a Markov process. This technique
seems to date back to [Boch5] and [Vol58], and found extensive applications in potential
theory, see, e.g., [BG69, Chapter V] or [Sha88, Chapter IV]. Nowadays, results on this
topic can fill up libraries alone (cf. [CF11] for a modern treatment). We only give one
result concerning the time change of a right process with respect to a perfect continuous
additive functional, which we will employ later.

We try to motivate this technique by giving the following basic idea, fitting to our
context: If the time scale of a stochastic process t — X; is changed by some increasing
function 7 tending to infinity, then the time changed process ¢ — X ;) will assume the
same hitting distributions as the original process, only the hitting times of any given
set will be adjusted. Thus, in regard to Dynkin’s formula for the generator (3.18), it is
natural to expect that the generator of a time scaled Markov process equals the original
generator, rescaled at every point subject to the time changing function 7 (for a rigorous
result, see [Dyn65, Theorem 10.12]). On the other hand, under some regularity conditions,
it can be shown that any two Markov processes with the same hitting distributions are
equivalent up to a time change (see [BG69, Theorem 5.1]).

9.1. Additive Functionals

There is a finely tuned classification for additive functionals, see [Sha88, Section IV.35,
Chapter VIII]. We only consider a special case, following [RW00a, Definition I11.16.3]:
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(9.1) Definition. A perfect continuous additive functional with respect to some Markov
process X = (0,9, (%) t>0, (Xt)t>0, (O1)1>0, (Px)zer) is an (F,t > 0)-adapted process
A = (A4, t > 0) with values in R, which satisfies the following properties on some set
Qo € Y with P,(Qy) =1 for all x € E:

(i) Ao =0;
(ii) t — A; is monotone increasing and continuous;
(iii) Asyr = As + Ay 0 ©4 holds for all s,t > 0.
Let Ry :=inf{t > 0: Ay > 0}. The fine support of A is given by
supp(A) :=reg(R4) = {x € E: Py,(Ra =0) = 1}.

(9.2) Example. Let B be the standard Brownian motion on R and L = (L, t > 0) be
its local time at the origin (cf. section 15). Then L is a perfect continuous additive
functional with respect to B with fine support supp(L) = {0}. Furthermore,

Ayi=t+cly, t>0,

is a perfect continuous additive functional for any ¢ > 0, with supp ((4¢, ¢t >0)) =R. W

9.2. Basic Result

We will only need one well-known result, which can be found, e.g., in [Sha88, Theorem 65.9]
or [CF11, Theorem A.3.11]:

(9.3) Theorem. Let X = (2,9, (4%)i>0, (Xt)t>0, (O1)1>0, (Ps)zer) be a right process
and A = (A, t > 0) be a perfect continuous additive functional with respect to X. Define
the right continuous “pseudoinverse process” (1¢,t > 0) of A by

7 :=1inf{s > 0: A, >t}, t>0,
and the time changed process Y with its shift operators by
Y= X ét = @T(t), t > 0.

ThenY = (4,9, (Z-1))t=0, (Yi)t>0, (6¢)i>0, (P2) sesupp(a)) is a right process on supp(A).

10. Killing

Construction of subprocesses by curtailing the lifetime of a Markov process is mainly done
by killing with respect to multiplicative functionals. This is a classic, well-understood
field, which has deep applications in potential theory (see [BG69, Chapter I11]), and
which is also applicable to right processes, see [Sha88, Chapter VII]. However, we will
not need these results in their full generality, so we restrict our attention to two easier
methods:
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10.1. Killing at a Terminal Time

Let X = (2,9, (%)t>0, (Xt)t>0, (©1)t>0, (Pz)zer) be a right process and T be an almost
perfect terminal time for X with 7" < (. Following [Sha88, p. 70], we define the process
X obtained by killing X at time T by

A A A A A N

X = (Qvga (gt)tz()a (Xt)tZ()v (@t)t207 (]fpx)EEE)a
with

(i) Qi={weQ:t+ToOw) =T(w) for all t < T(w)},

5 Xy, t<T A © t<T N
(i) forall £ >0, K= {0 "7 and @:=4 0 TS on )
A’ t=> T’ [A]’ t> Ta

(iii) 9, (%;,t > 0) being the traces of ¢, (¢4,,¢t > 0) on Q,
(iv) P, being the trace of P, on & for every x € E, and Pp = SINE

Then [Sha88, Theorem 12.23] analyzes conditions on X which assert that X is strongly
Markovian or even a right process on a possibly restricted state space F. For our
applications, the more specialized results of [Sha88, Corollary 12.24] will be sufficient:

(10.1) Theorem. Let F :=reg(T) = {z € E :P,(T =0) =1}. If
(i) T is exact, or
(ii) T is the debut of a nearly optional set,

then X is a right process on E\F with lifetime T

In particular, (ii) is applicable to the first entry time T := H4 of any measurable
set A€ &, because Hy = inf{t > 0 : X; € A} is just the debut of the optional set
{(s,w) e Ry x Q:14(Xs(w)) =1}, and F then equals the set of regular points for A.

10.2. Killing via Additive Functional with Exponential Rate

Let X = (2,9, (%)t>0, (Xt)t>0, (©1)1>0, (P2)zcr) be a right process and (A, t > 0) be
a perfect continuous additive functional with respect to X. The objective is to kill
the process once the additive functional surpasses some level given by an independent,
exponential variable, that is, to kill the process on basis of (A¢, ¢ > 0) with a given rate.

As mentioned in [Sha88, p. 74], theorem (10.1) is not applicable in every case of
killing which arises in practice, as, by its definition, the terminal time needs to be a
stopping time with respect to the process’ natural filtration. Therefore, we need to extend
the sample space for the above transformation. We follow the construction of [KPS10,
Appendix A], which is along the lines of the standard procedure for killing with respect
to a multiplicative functional (see, e.g., [BG69, Section II1.3]):
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~ Set Q = Q x [0,00], endowed with the c-algebra ¢ = ¢ ® (|0, ]), and let
C(((w,s)) :=1inf{t > 0: Ay(w) > s}. Introduce the process (X;,t > 0) on Q by
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with shift operators (O¢,t > 0) given by ©,((w,s)) := (O4(w),s — A¢(w) A s) for w € Q,
s € [0,00]. Define the filtration (%,¢ > 0) by

G :={Be9|3Be % :Bn{(>t}=(Bx[0,00])N{{>1t}}, t>0.

Set P, := P, ® P for every x € E, with P being the exponential law on ([0, cc], %([0, c0]))
with mean 1, and consider the random variable S on ) defined by S (w, 8)) :=s.

Then it can be shown that X = (Q,ff, (%At)tzo, ()A(t)tzo, (ét)t207 (I@’I)er) is a strong
Markov process with semigroup given by (see [KPS10, Corollary A.8, Theorem A.12])

E.(f(X1) = Ep(e ™ f(X3)), t>0,fcbé.
An examination of its resolvent, as done in [CF11, Theorem A.3.13], leads to:

(10.2) Theorem. X is a right process.

11. Concatenation

Let (E/,j € N) be a collection of pairwise disjoint Radon spaces and, for each j € N,
let X7 = (O, 77 (F])i>0, (X])i>0, (0])t>0, (PL),cpi) be a right process on EJ with
lifetime ¢/. We assume (cf. subsection 4.3) that each €/ contains an element [A’] with

vE>0:  XI([AT]) = A

Our goal is to have a technique at hand which concatenates the processes (X7,j € N),
forming a right process X on U; E7 with the following behavior: If started in E7, the
process X should “behave like” X7 until it dies at ¢/, and then is “revived” in E/+!, where
it “behaves like” X711 until the next death ¢?*1, etc., see figure 11.1. Such techniques
of “revival” or “pasting of processes” have been treated before, mostly in an “ad-hoc’
fashion for special cases, e.g. by [Nag76], [Mey75], and [INW68] (which seems to be
one of the first appearances). We follow [Sha88, Section 14| for a general treatment in
the context of right processes, which will give us enough freedom for our constructions
later. Sharpe only considers the concatenation of two right processes X!, X? via a
transfer kernel K = K, which we will recall in the following subsection 11.1 in order to
prepare its generalization to the concatenation of finite and countably many processes
in subsections 11.2 and 11.3. The foundation for Sharpe’s approach forms the so called
“transfer kernels”, which we will introduce now (see [Sha88, Definition 14.2] and [Pit81]):

In order to define initial measures (P,,z € E) for the concatenated process X, we
need to constitute a “transfer mechanism” between the “subprocesses” (X7, € N),

?
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X, =X}, t<ct Xe=X] o, t>¢

Figure 11.1: Concatenation of two processes X' and X? on E!, E?, resulting in the
process X, which, if started in E', behaves like X! until R = ¢, afterwards is revived
on some point in E? (chosen by a transfer kernel K'), where it then runs like X2.

more precisely: a law on how the process X7/*1! initiates in E/t! after X7 died. This
“mechanism” can depend on all “information” until the terminal time ¢’ of the subprocess
X7, but it should admit a “memoryless” property in the following sense in order to ensure
the Markov property of the resulting process X:

(11.1) Definition. Let X be a right process on E and T be a terminal time for X. The
left germ field Fp_y for X at T consists of all #r_-measurable random variables H
which satisfy

VE>0: HoO;=H as. on{t <T}.

(11.2) Example. Let X be a right process on E and T be a predictable terminal time
for X, such that T'is finite and X has a left limit in F at T'. Then X7 € Fp_, because
Xr_ is Fr_-measurable by theorem (3.4), and, by using the terminal time property
of T, we have for all £ > 0 a.s. on {t < T}:

XT, o @t == X(To@t—‘rt)— == XT,. |

(11.3) Example. Let X be a right process on E with lifetime ¢, such that X._ exists
a.s. in E. Because f(X;) = f(Xi) 1jy<¢) for all t > 0, f € b8, F;_ = .F holds true.
Then X._ € %¢_, and as ( is a terminal time (see lemma (4.9)), we have

X 00y = X(o0,44)— = X¢—  as.on {t < (}.
Thus, we see that X € F|c_). [ |
In the following, we will write &7 := (£7)" for the universally measurable sets over F7.

(11.4) Definition. Let X', X2 be right processes on E', E? respectively. A probability

kernel K from (9}, ﬁ[lgl_]) to (E?,&2) is a transfer kernel from X! to (X2, E?).
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Our definition is slightly stricter than the definition given in [Sha88], as we will not
allow jumps to AZ in order to ensure a clean construction when concatenating more than
two subprocesses. A standard method of constructing transfer kernels is by imposing
conditional distributions k!(z, -) for the transfer point (that is the “revival point” of X?)
given the “exit point” X411, =z of X

(11.5) Lemma. Let X', X? be right processes on E', E? respectively, such that Xcll_
exists a.s. in E', and let k': E* x &2 — [0, 1] be a probability kernel from (E', &1) to
(E?,&2). Then the map K': Q! x &2 — [0,1] with

K'(w' A) =k (XL _(wh),4), weQ'Aecéy,
defines a transfer kernel from X' to (X2, E?).

Proof. For almost every w! € Q!, K'(w!, ) := k:l(Xcllf(wl), -) is a probability kernel
on (E?,&?%). Furthermore K!( -, dx?) = k'(-,dz?) o Xél, is ﬁ[élf]/gf—measurable, as
X Cll, is an element of 35[217] by example (11.3), which gives for all f € b&2:

K'fo0! = /f(g;Z) RUXL_ 0 Olw!),da?) = K'f as. on {t<('}. O

For the rest of our developments we assume that we are given a transfer kernel K7
from X7 to (X7t EI+1) for each j € N.

Before we begin, we would like to remark that the assumption of disjoint subspaces
(E7,j € N) of the subprocesses (X7, € N) can be weakened, which will be done in
section 13. However, we then need to impose additional conditions on the subprocesses,
namely, they need to coincide on the shared state space, and their entry and exit
distributions into this subset must be equal irrespective of the mode of entry or exit
(namely by either subprocess behavior or revival). Therefore, we maintain the assumption
of disjointedness in the following constructions of this section in order to keep our results
as universal as possible.

11.1. Concatenation of Two Processes

We set the concatenated process X of X! and X? via the transfer kernel K := K on the
sample space Q := Q! x O? with o-algebra .Z := %! ® .%2 to be X;: Q — F, defined for
each t > 0, w = (w!,w?) € Q by

Xi (wh), t<(Hwh),

Xt2—<1(w1)((")2)’ t > Cl(wl)y

Xt((wl,wQ)) = {

as well as introduce a family of operators (©,¢ > 0) on £, defined by

(67 (wh),w?), t<¢'wh),
1
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We use the transfer kernel K to concatenate the processes X' and X? probabilistically
by giving a transition between the distributions (P.,z € E') and (P2,x € E?). To this
end, define measures (P, € E) on .Z by setting for x € E', H € b(F! ® F?):

E,(H) = fH(wl,w2)]P’§(dw2) K(w!, dy)PL(dw'), xe€ E!,
: JH (!, w?) P2 (dw?) £ a1 (w?), z € B,

That is, if the process starts in z € E' (the state space of X!), the first part of the
process evolves exactly as the original process X! under P., and then, depending on this
path and the transfer kernel K, the entrance point y for the second partial process is
selected, which now evolves as the original process X? under P?/' If, on the other hand,
the process starts in = € E? (the state space of X?), the initial law P, is just the image
of P2 under w? + ([A'],w?), so the first partial process dies immediately and the process
completely evolves like the original process X2 under P2.

The main result for the concatenation X of two processes X7 and X via the transfer
kernel K is:

(11.6) Theorem. X is a right process. For R :=inf{t > 0: X; € E?}, x € E*, f € b&?,

Ey (f(XR) ]l{R<oo} | yR—) =Kfo m! ]1{R<oo}~

This theorem is proved in detail in [Sha88, Theorem (14.8)] by an examination of the
resolvent and of the excessive functions of the resulting concatenated process X. We give
a short sketch:

Using Dynkin’s formula (3.16) for decomposing the resolvent (U,, o > 0) of X at the
revival time R (which coincides with the terminal time ¢! of X!), one obtains for a > 0,
fEW(E), r€ E=FE'UFE?

Uaf(@) = L1 (2) (UL (2) + EL (e KUZF?)) + Lo () U2 f2 (),

with f7 := f|Ej, and U’ being the resolvent of X7, j € {1,2}. An extensive analysis of
the above components under the utilization of the strong Markov property of X! and
X? as well as the properties of the transfer kernel K then shows that the conditions
of theorem (2.18) are fulfilled, thus proving the Markov property of X. But U2f? is
a-excessive for X2, and both Ul f! and, by the shift properties of the transfer kernel K,
the function z — EL(e~¢" KU2f2) are a-excessive for X!. As X! and X? satisfy HD2,
it is immediate from the above decomposition that ¢ — U, f(X}) is a.s. right continuous,
which by (ii) of the portmanteau (4.6) for right processes implies that X satisfies HD2.

11.2. Concatenation of Finitely Many Processes

We now consider the concatenation of m € N right processes X',..., X™ via the transfer
kernels K1,... K™ L ‘For every n € {1,...,m} set EM™ := Uj=1 EJ as topological
union of the spaces (E7,j € {1,...,n}), as well as F := E(m), Directly extending the
construction of subsection 11.1, we define the concatenated process X on the sample



11.2. Concatenation of Finitely Many Processes 59

space Q 1= Q! x ... x Q™ with o-algebra . = Z'®@---®.%™ to be X;: Q — E, defined
for each t > 0, w = (w!,...,w™) € Q by

X} (wh), t < ¢Hwh),

X7 (w?), CHwh) <t < CMwh) + 3(w?),
Xy(w) =4 @D .
thi(ql(w1)+...+<m—1(wm—1))(Wm)> t>CHwh) 4+ ™,

that is, for all ¢}(w!) + - + ¢ Hw™ 1) <t < Mwh) + -+ ™) + ¢V (Wh),
n €{0,...,m — 1}, we have:

Xt ((wl, .. 7wm)) = thf(cl(wl)+---+("_1(w"—l)) (wn)

Furthermore, we introduce a family of operators (0 ¢ > 0) on Q by setting for each
t>0,w=(wh...,wm) e

O (w) =
(@%(W1)7w27"'7wm)7 t<<1(w1)7
(1A, 02_ 1 ) (@), %, .. ™), ) < £ < ) + ),
(AT, AT O (1 ) gt oy (@), 82 CHwh) 4o T W™,

that is, for all ¢}(w!) + - + " Hw™ ) <t < Hwh) + -+ L) + ¢V (wh),
ne€{0,...,m— 1}, it is

®t ((wl, e ,wm)) = ([Al], cey [An_l], @?—(Cl(w1)+-~~+C”_1(w"—l))(wn)’ w”“, ce ,wm).

The formal proof that (0;,¢ > 0) is indeed a family of shift operators for (X;,t > 0) will
be postponed to the next subsection, as it proceeds completely analogously (but easier)
to the countable case, see lemma (11.10).

Like in the construction for two processes in above subsection 11.1, we use the transfer
kernels (K™,n € {1,...,m — 1}) to concatenate the separate measures (P,,z € E),
j €{1,...,m}, of the partial processes (X7,j € {1,...,m}). For every x € E, we define
the measure P, on .Z by setting for x € E", H € b(F' ® --- @ .F™):

E,.(H):= /H(wl, e W) P (d™) K™ (W™ da™) P;”,;fl(dwm_l)
o P (de™ ) K", da™ ) P (d)
E[Anfl}(dwnil) . -5[A1](dw1).
Furthermore, we consider the n-th revival time

R":=inf{t>0: X, € B}, ne{l,...,m—1},
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which is terminal time, as X is right continuous by construction, and every subspace
E™1 s isolated in E.

The extension of theorem (11.6) to the above defined process X, resulting from the
finite concatenation of X', ..., X™ via the transfer kernels K!,..., K™ ! then reads:

(11.7) Theorem. X is a right process. For allmn € {1,...,m — 1}, z € EM | e p&ntl

Ea:(f(XR") ]]-{R"<oo} { <Q.Rnf) = an o IL{R"<00}‘

We will prove this theorem iteratively, that is, by assuming that the concatenation
X () of the processes X1, ..., X" via the transfer kernels K!,..., K" ! is already a right
process for any fixed n € {1,...,m — 1}, and then applying Sharpe’s result (11.6) in
order to concatenate X (™ with X! via the transfer kernel K”. Before doing this, we
need to lift the transfer kernels K™ from X" (to (X"*! E"*1)) to transfer kernels from
X (n) (tO (Xn+1,En+1)):

(11.8) Lemma. For every n € {1,...,n — 1}, K™ on™ defined by
K"or"((w',...,w"),dy) = K™(w", dy)
is a transfer kernel from X™ to (X"+1, Ertl).

Proof. Obviously, K™ o ™ is a probability measure in the second argument, because K"
is a Markov kernel. In order to show the ﬁ[(gzi]—measurability of K" on"(-,dy), we
start by observing that

() N FE) = Q xx Q x FL_C FS)
This can be seen by the following argument: By definition (3.3), Fln_ s generated by

F(XE) Lyeemy,  fE DS,
and these functions, extended to Q™ fulfill for w = (wh, ..., w")

(f(X{") Lpegny) 0 7" (w)

= f(X" (") Lireen(wnyy

= FX ottt wn19) 9)) L€t 1)) <Bv ()}
= F(X) 0 Ot Ly po-1<pry ()

= (f(X{") Liscny) © Ot ().

Because Xt(n) Lij<pny is F g,?f-measurable and the terminal time R" ™! is strictly smaller
than the terminal time R™ on {t < ("} (as (" = 0 otherwise), lemma (3.13) shows that
the above function is indeed .# }(%Z)_—measurable. Therefore, (ﬂ")_l(ﬂgn_) CZF 1(3;)—’ and

as K"(-,dy) is ff[’zn_}—measurable and 7" is a projection, K™ o ™ is .%# éﬁ)_—measurable.
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It remains to prove that the shift invariance also lifts from K™ to K™ o™ Fix ¢t >0
and let N be a null set on .%#" such that, for all w™ € CN™,

K"oO}(w") = K™"(w"), ift<™(wW").

But then N : (7r”) L(N™) is a null set on .Z ™ (as P ((z7)"1(N")) = P*(N™) = 0),

and for all w = (w',...,w") € CN™ (thus, w™ € CN™), we have for t < R™(w):
(K" o _JK"o w”), t < R 1(w),
Khom™(+ O} g1, )(w")), Rl (w) <t < R"(w)
B t < R 1(w),
K" O Ra-1(w )(w"), 0<t—R"Yw) < ((w)
— (K" o
where we used the shift invariance of K™ for the last identity. O

We are ready to prove the main result on the concatenation of finitely many processes:

Proof of theorem (11.7). For m = 2, this is already done in theorem (11.6).
Assume now that, for some m € N, the process X (™) resulting from the concatenation

of X1,..., X™ via the transfer kernels K',...,K™ 1 is a right process and satisfies for
allne{l,....m—1},z€ EM fe bémﬂ with R0 = inf{t >0: X ¢ p+1.
(11.9) Eq f(Xg?,})) L pe<ooy | Z ) = K™ 07" Lo <oy

Define X (™1 to be the concatenation of X(™ and X™*! via the transfer kernel
K .= KM ox™, Then XY is equal to the process X arising from the concatenation

of X1, ..., X™ X™*1 yia the transfer kernels K!,..., K™ 1 K™ because E(MmTD) =
(Upey Bn) u B = B, Q0D = (T, 0n) x @t = 0, #0) = (Q, 77) @
FmHl = Z and for all t > 0, w = (w!,..., ™t € QD = QO we have

(m), 1 m (m)
X NS t w
Xt(m—ﬁ—l)( ) { t ( ) s ), <( ( )7

X o @™, 2 (M (w)
= Xi(w)
and
m+1 o wm)’ m+1)’ t<C(m)(w)7
- ) O oy @) 12 (M (w)

as (™ (w) = ¢Mwy) + -+ + (™(w), so ﬁt(mﬂ) = U(Xs(m+1),s <t)=F forallt>0.
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Furthermore, for all H € bZ(™*t1) and 2 € E™ C E(™) we have

Eg(chrl) (H)
= /H(wl,.. W™ PEL (™) K™ o n™ (Wl L W™, da™ T PU (dw? L dw™)
_ / H(w',...,w™ ) P (dw™ ) K™ (W™, da™ ) P2 (dw™) K™ (™Y da™)
Pl (dw™ ) - PREL (dw™ ) KT (W, da ) P2 (dw™)
€[An71](dw h ) . ‘€[A1](dw1)
and for x € E™T1,
E( ) (H / H?, . w™ ) P (™) g an a (. dw™)
H),

o P = P, for all w € Em+D),
Now theorem (11.6) states that X = X (mt+1) g g right process, and that, with the
revival time R™ = inf{t > 0: X; € E™*'} =: R(™) it satisfies

Ex (f(Xrn) Lgm<oc) | Zrm-) = ELHY <f<X§$:”> Lirom<oct | Z i)
=(K™on™ )fo7r H{R(m)<oo}
= (K" f)om™ 1ipm<ooy-
Then assumption (11.9) for X ™ concludes the proof, as we get for n € {1,...,m — 1}:
(K"f) o™ Lpncooy = EU™ (f(XI(ng)Q L pom <ot | JOZ;({ZT)U om™
= Eo(f(Xrn) L{Rn<oo} | FRn-)-
Here, the equality of both conditional expectations is seen as follows: Because R" =

R o7x(m) and X, = X(m) 7™ hold for all t < R(™) we have Xpn = Xgﬁ) o™ The

g (m)
R(n)

J = fi(Xy) - fe(Xey) Ticpny,
T = (XY - f(X) L ooy

with 0 <ty < -+ <t <t f1,...,fr € b&Y, and it is immediate that J = J™) o 7(m),
Therefore, the integrals over both functions are the same (in their respective spaces),
that is, we obtain

Eo(f(Xam) Ligmcooy 1) = Ba((F(Xpom) Lipim <any J™) 0 ™)

= E{ (f(Xpom) Ligom <any 7))
= E{" (B (F(XG00) Linw <oy | Z ) ™)
= B, (E{™ (f(X]({(n))) L pm <oo} | ‘/R(n))_) or(™.J).

o-algebras Fgn_ and & are generated by MVS of functions
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On the other hand, 7(™) is Fpn_ /F I%T%)_—measurable, because for all f € b&",

f(Xt) ]]-{t<Rn} = f(Xt(m)) :H'{t<R(")} o W(m)’

which yields the .Zrn_-measurability of £ (f(ngl))) L pem) <o} | ﬁ}({(%_) o, O

11.3. Concatenation of Countably Many Processes

We are ready to turn to the concatenation of the processes (X7, j € N) via the transfer
kernels (K7,j € N): Define E = Ujen £7 as topological union of the disjoint spaces
(E’,j € N), that is, E is equipped with the topology

0:={OCE|VneN: ONE"is open in the topology of E"},

and assume that F is a Radon space. This is the case, for instance (and this will suffice for
our applications), if the spaces E™, n € N, are Lusin, see [Sch73, Corollary to Lemma IL.5].
Adjoin a point A ¢ E as a new, isolated point and form Ea := EU {A}.

Set Q :=[[,eny 27, and define X;: Q — En for each t > 0, w = (wh,w?,...) € Q by

Xi (wh), t<¢Hwh),
X2 1oy (@), ¢Hwh) <t < ¢Hwh) +Cw?),

Xe(w) i= § X ronyacaguay @), M) + ) <8< Cwh) + W) +Ew?),

A’ 13 Z ZnGN ann)’

that is, for all ¢*(w!)+- -+ Hw™ ) <t < M)+ -+ H D+ (W), n €N,
we constitute

Xt ((WI,WQ, o )) - X,?_(G(w1)+...+<n—1(wn_1))(w").

The reader may easily observe that, due to the right continuity of all underlying processes
X™ n €N, the process X is right continuous as well.

Set ¥ 1= @,y F ", and introduce the measures (P,,x € E) on (Q,.%), following
the construction of subsection 11.2, by giving a transition between the subprocesses’
distributions (P}, x € E™), n € N, via the transfer kernels (K", n € N). We define the
measures (P,,z € E) as projective limits of the following prescriptions: For any m € N
and H € b(F'@ - - @ F™), we set for x € B

E.(H) = /H(wl, e W™ P (dw™) K™ N w™ da™) P (dw™ )
- P2, (dw?) KN (w!, dz?) PL(dw),
while for x € E™, n > 2, we set
E,(H) := / Hw', ..., w™) P (dw™) K™ (@™, dz™) P, (dw™ 1)
o PR (dw™ ) K (w", da™ T PR (dw™)

5[An—1}(dwn_1) cee E[AI](dwl).
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An easy calculation shows that the above definitions admit consistency and therefore, by
the Kolmogorov existence theorem, exist as measures on (€2, .%).
Finally, let (©;,¢t > 0) be a family of operators on 2 defined for each t > 0, w =
(whw?, ...) €N by
(0F (Wh),w? w?,...), t<(Hwh),
([Al]u Gf_cl(wl)(w2)7w37 e )7 Cl(wl) S t < Cl(wl) + C2(w2)7

@t(w) =

(1A', (A%, [A%,...), t >3 pen C"(W"),
that is, for all ¢*(w!)+- -+ L) <t < Hwh)+- -+ + (W), n €N,
it is

O (@', -)) = ([AM) - TA T O 1ty gt ety (W), W ™2,
(11.10) Lemma. (©;,t > 0) is a family of shift operators for X.

Proof. As ©7(w™) € Q" for allm € N, s > 0, w" € Q", it is evident that O;: Q — ) for
each t > 0. In order to keep the following computations readable, we define for all n € N,
w=(whw? ...)e

R (w) =M@l o+ ), R(w) =0,

It is useful to notice that R™(w) only depends on (w!,...,w™).

Now let w = (w!,w?,...) € Q and s,t > 0. We need to show that
Xs(01(w)) = Xopt(w) and O4(O(w)) = Ospt(w).
Set n € N such that " (w) <t < R*(w). By definition of ©;, we have

O:(w) = ([AY,...,[A™ 1], ?,an(w)(w”),wnﬂ,w”*?, ).

We need to examine the revival times R™(0;(w)), m € N, of the shifted process: By
definition of the shift operator, we get (with n as above)

(11.11) vm <n: R™(Ow)) = ([AY) +---+M([A™]) =0.
For all m > n, on the other hand, the definition yields
R™(©(w)) = ¢ ([A]) + -+ " HA™]) + O] ga-1( (@)
F W) e ™).
As t < R"(w), that is (1(w!) + -+ + ("(w") — t > 0, lemma (4.9) yields

CM(OF g1y (@) = ("(W") — (t— R" ' (w))) "
='W+ W) -t
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and we get
(11.12) Vm>n: R"oO;=R"—t.

Now set m € N such that R™1(0;(w)) < s < R™(04(w)). We need to distinguish the
following cases:

(i) m<mn:
Because s > 0 and R™(0;(w)) = 0 by equation (11.11), this is impossible.
(ii) m > n:
Using equation (11.12), we obtain R™ }(w) —t < s < R™(w) — t, so
(11.13) R™ N w) < s+t < R™(w).

Then, by employing the definition of X for the first identity, (11.12) for the second
identity and (11.13) for the last identity, it follows that

Xs(O(w)) = X2 pm1(0,(w)) (@)

= X Rm1(w)(@™)

== Xert(W).
Using the definition of O, we get, with ©;(w)™ being the n-th coordinate of O4(w),
@s (@t(w)) = ([Al]a RS [Am_l]v @?—Rmfl(@t(w))(@t(w)m)a Gt(w)m+1) s )

Now, as O(w)™ = w™ for m > n, we have
O5(0:(w)) = ([A', -, [A™ ], O] pr1(0, ) (@), ™, 0)
= ([Al]g ey [AmilL ﬁtianfl(w) (wm)7 merl, .. )
= Os+t(w),
where we again used (11.12) for the second to last and (11.13) for the last identity.

(iii) m =n:
This means that R"!(0(w)) < s < R"(04(w)) holds as well, which implies that

0<s<R"(w)—t
by (11.12). Thus, by implementing R" !(w) < ¢ in the inequality above, we get
(11.14) R w) <t <s+t< R"(w).

Using m = n together with the definition of X and © for the first, R"~1(0;(w)) =0
by (11.11) and the shift operation on the process X" for the second, and again the
definition of X together with (11.14) for the last identity, we obtain

Xs(01(w)) = X gn1(0,(w)) (OF- g1y (W™))
= Xt Rn-1(w) (w")

= Xsyt(w).
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Using the same course of observations, we also get

05(01(w)) = Os(([AM],+, [A™ ], 0] puoiyy (@), W™, 00))
= ([A"),....[A™ 1], 07 ga- 1(@1(w)) (OF Rty (W™), W™, 0)
= ([AY,.. . [A" Y, 0%, ety (@), 0™
= Os4t(w) (]

As already seen in the above proof, the n-th revival time, n € N,
R'(w) =M w4+ -+ ™), w=(w'd?..)eq,

plays an essential role for the study of X. It follows immediately from the definition of
the process X that, for any n € N,

R"=inf{t >0: X; € E"™'} P-as. for z € U, E™.
As X is right continuous by definition and the spaces E"*! are isolated, (R",n > m) is
a sequence of terminal times, P,-a.s. strictly increasing for x € E™, m € N.

We are going to prepare the main vehicle for the proof of X being a right process. A
general result, which will be made rigorous in lemma (11.15) below, states the following:
Assume we are given a right continuous process X and an increasing sequence of terminal
times (R"™,n € N). If process X killed at R"™ is a right process for every n € N, then X
killed at R := lim,, R™ is a right process as well.

This result is then directly applicable in our context, because, for every n € N, the
concatenated process X killed at the n-th revival time R" is just the finite concatenation
of X',..., X" via K',..., K", which is a right process by the results of subsection 11.2.
Thus, X killed at lim,, R" = 3", (" (which equals X by construction) is proved to be a
right process.

(11.15) Lemma. Let (X;,t > 0) be a right continuous stochastic process with shift
operators (0t > 0), (P,,x € E) be a family of probability measures on a measurable
space (2, F), (R™,n € N) be an increasing sequence of random times with R := lim,cy R",
and (Ef" n € N) be an increasing sequence of Radon spaces. Define the processes
(X" t>0),n €N, and (X£,t >0) on Q by

Xy, t<R" X, t<R
XtRﬂ’L — ty < ) and XtR _ ty < I, t > 0.
A, t>R", A, t>R,

Then X® = (Q, 7, (FF) >0, (XF)t0, (OF)1>0, (P2)zer), with (FEF,t > 0) being the
natural filtration of X%, is a right process on E, if the following conditions are fulfilled:

(i) (R",n € N) is a sequence of stopping times over (Ff,t > 0);

(11) UnEN ER,n = E;
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(iii) for each n € N, there exist a filtration (™, ¢t > 0) on (Q,.%) and a family of
operators (Ot > 0) on Q, such that

R, R, R,
X = (Qa g? (yt n)t207 (Xt n)t207 (@t n)t207 (PI)mGERv")
is a right process on E&";

(iv) for each n € N, R" is a terminal time for the process X", satisfying R" > 0
P,-a.s. for all x € BTt

Proof.

(i) XT is normal: Let € E and choose n € N such that z € E®". By the definition
of X, we have for all f € &™:

E.(f(XF); t < R") = B, (f(X[*™); t < R™).

Inserting t = 0, the normality of X follows from the normality of X" together
with the assumption P,(R"™ > 0) =

(ii) XE is a Markov process: Let s,t > 0 and febst Forany ke N, 0 <ty <to <
<ty <t, go €BEY, g1,...,9r € E, set

J = gO(Xto)gl(th)"' k‘(th)a
JE = go (X[ )gl(Xff“)..-gk(X;j"), n € N.

Then, by LDCT together with {s+t < R} =, {s+t < R"} and X1 = Xﬁ?
on {s+t< R"}, we get

Eo(f(XE,) J) =Eo(f(Xore) - Ji s +1 < R)
= limE, (f(Xf;”;) CJRm s 4 < R”)
= B, (Exp (f(X0)) - 7).

By employing both the terminal time property and the stopping time property
of R™ with respect to X" next, we obtain

im B, (f(X57) - I s +1 < R)
= imE, (f(X[") 0 O - J" s < R" 0 O]", ¢ < R")
= im B, (B, (f(X1") 0 6" 5 < R0 O | Z") - J" ¢ < R").
Now, we are able to apply the Markov property of X" which yields
lim B, (B, (f(X[") 0 0" s < R" 0 O | #/™") - J; ¢ < R")

= im B, (B ynn (F(XF"); s < BY) - J5m £ < R,
n t
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(iii)

and by carrying out the above steps in reverse order, we conclude that
. Rny. n) . 7Rn. i)
lim E, (B (F(XI7); s < RY) - Tt < R”)
= imE, (Ex, (f(X,); s < R") - J; t < R")
- Em(EXt (f(Xs);s<R)-Jit< R)
=B, (Exr(f(XF)) - ).

We have thus shown that E,(f(XE,) - J) = E,(Exx(f(XE)) - J) holds true for

all functions J which form a generating MVS of bﬂtR. This yields the Markov
property by MCT, as the measurability of E XF (f(X f)) with respect to the natural

filtration (.Zf,t > 0) is trivially fulfilled.

Every f which is a-excessive for X is also a-excessive for X" for each n € N:
Let 7o (X®"), .7, (X®) be the sets of all a-excessive functions, TtR’n, TE, t >0,
be the transition operators, and Uﬁ’”, UOI?, a > 0, be the a-potential operators
with respect to X", X respectively, that is,

UBnp(z) = Ez(/ e h(X")ds), hepsineN.
0

Now let f € .7, (X). Then there exists a sequence (h,,, m € N) in bp&* such that

f =sup Ufhm.
m
Because (see, e.g., [CWO05, Proposition 2.2])

e U TR U R, = B( / e o (X[1) dis).
t

every URh,, is in .7, (XF).

However, we are going to show that UZh,, € .7,(Xf") holds as well. Firstly,
e T UL Ry, = B (e U b (X))

e U (X[); t < R")

(/oo e hy (X1 ds); t< R”)

(
(B (),
([
(
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Here, the second identity follows from the fact that X" is a subprocess of X and
the forth identity from the Markov property of X%. The stopping time property
of R™ with respect to X gives the last identity.

Therefore, we have e~ ¢ TtR’” UaRhm < Ughm, and because R™ > 0 holds P -a.s. for
all z € E®" we get with LMCT that, on Efn,

. —at RN  as
ltl‘l%le b, U(f“hm:E</0 e hm(Xf)ds)

=Uln,,.

Thus Ufhm’E n, €FUX Ry for each m € N, and as the set of excessive functions

is closed under suprema, we have

Flgno = sup (Ul ) € Za(X").

X% is a right process: It remains to show that X satisfies HD2. Let f € .7, (X%).
We need to prove that t — f(X7F) is a.s. right continuous. But as seen in (iii),
f € Fau(Xn) for any n € N. As XB7 is a right process, the map ¢ — f(X;")
therefore is a.s. right continuous for all n € N. With X = XtR’n for t < R",
lim, R" = R and f(A) = 0, we immediately get that ¢t — f(X[) is a.s. right
continuous.

Let X be the concatenation of the right processes (X7, j € N) via the transfer kernels
(K7,j € N), as constructed above, and (R",n € N) be the revival times of X. As
announced, we are going to apply lemma (11.15) with X" being the subprocesses of X
killed at the revival times R™, that is, we consider for all w = (w!',w?,...) € Q, t > 0,

(11.16)

n Xi(w), t< R,
XM w) = {At(w) . i R
th(wl)a t < Cl(wl)v
XtQ_G(wl)(WQ)a Cl(wl) St< Cl (wl) + CQ(W2)7

X oty ent @y @)y Cwh) + o T ) <8
At < CHwh) 4+ (M),
A, t > CHwh) 4+ (W)
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equipped with shift operators

@f’n(w) =
(O (wh),w?, ..., w"), t < CHwh),
([Al],(af_cl(wl)(w2),w3, cew™), CHw!) <t < Hwh) + 3 (w?),
(A1), AP0 sy sty @), €)oo ) <4
A< Q@) ot ),
([AIL ) [Anil]’ [Anil])? t > Cl(w1> +ot Cn(wn)

We first need to show that the subprocesses X", n € N, fulfill the requirements of
lemma (11.15), especially that they are right processes:

(11.17) Lemma. For every n € N, the process
X = (0,7, (F )20, (X{P)i20, (07120, (Pa)peprn),

with (Z[""t > 0) being its natural filtration, is a right process on E(™ := ) E7.

PT‘OOf. Let X(n) = (Q(n), 7z () ( (n))t>0’ (Xt(n))tzo, (@gn))tzo, (P;n))er(n)) be the con-
catenation of X!, ..., X" with the transfer kernels K',..., K" 1. Then X is a right
process on E(™ by theorem (11.7). Onme could argue that this already completes the
proof, as “X%m = X ()7 However, the processes are defined on different spaces, so a
little bit more care is needed:

Let #(™: Q — QM be the canonical projection. By looking at the decomposi-
tion (11.16), it is evident that, for all ¢ > 0,

xEr = xMor™  as on Q.

By checking the definitions of the measures P, Pé")
nations, we also observe that, for all z € E(™),

P, o (7r(”))_1 = IP);”) on FW = Zlg...0 2"

for the countable and finite concate-

Tt follows that, for all k € N, 0 < t; < --- < tg, g1,-- ., gx € bE,

Eo(g1(X0") - gi( X)) / g (X o x)y. --gk(Xt(:)OW("))sz

2/91(th )"'gk(Xt(:))d}chn)

holds true, that is, X" and X (™ have the same finite dimensional distributions (with
respect to their corresponding measures P and IP(")):

(11.18) P, o (X", XEM T = P o (X

t1 vt

n)y—1
x3)

With this, we can easily transfer the right process properties from X (™ to Xfn.
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(i) It is immediate from the construction that X®" is right continuous and, as R™ > 0
on EM admits normality. Furthermore, X" is E(™-valued and adapted to its
natural filtration (.Z/"",t > 0).

(i) XB" is a Markov process: For all z € EM st>0, fe b&S”), g1, gk € bé”én),
0<t <--- <ty <t, we get with (11.18) and the Markov property of X"
EC) (FOXD 91(X07) - gr(X07))

O @D, (FXM) g1 (X (X))
t

E
B (B o (FOXE™) g1 (X) - gul(XL)
E

(B (FOXEM) g1 (G (X)),

E, (f(XE0) g1 (X[ - - gu(X[P™))

(iii) X B fulfills HD2: Let .Z(X™), 7 (X)), o > 0, be the sets of all a-excessive
functions of X(™ X" and TtX(n), TtXR’n, t > 0, be the transition operators of
X)X En regpectively.

By definition, we have f € .7, if and only if e T,f < f for all t > 0 and
limsg e~ T f = f. However, the semigroups of X REn and X(™ coincide, that is,
for all f € p&™, 2 € EM™ we have
R,n R,TL n n n
T () = B (F(X) = EO (F(G)) = 17 (@),

T

so we can immediately conclude that .7, (X ") = .7, (X ™),
Now let f € .Zo(XE™). It remains to show that the mapping t — f(X/*") is a.s.

right continuous. But as f € .Z, (X)) and X is a right process, t — f(Xt(n)) is
a.s. right continuous, more precisely, there exists N € .Z ™ with P(")(N(™) =0
such that
Vw e CNM : ¢ f(Xt(n) (w)) is right continuous.
Set N := (7(™)=1(N(™) ¢ .Z. Then
P(N) = P((x")"" (W) = P(N™) =0,

and as w € CN if and only if 7(") (w) € CN(™), we conclude that

VwelN: tw f(XtR’n(w)) = f(Xt(n) o 7™ (w)) is right continuous.

O]

We are ready to prove the generalization of theorems (11.6) and (11.7) to the concate-
nation of countably many processes:
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(11.19) Theorem. X is a right process. For alln € N, z € E™ | f € b&™+1,
E:p(f(XR”) ]l{R”<oo} | ng"—) =K"for" H{R"<oo}'

Proof. Let X" be the processes as defined in lemma (11.15) for the revival times R",
n € N, equipped with their natural filtrations, on their state spaces Ef" := E()_ Then
the sequence (R",n € N) increases to the lifetime of X, and the sequence (E®" n € N)
increases to E = |J,, E". Furthermore, by lemma (11.17), the process X" is a right
processes on Ef™ for every n € N, and being a subprocess of X, its natural filtration
satisfies F1" C . Z1. Finally, R" coincides with its lifetime, so it is a terminal time
for X" and being the first entry time of X into a closed set, it is also a stopping time
for X. Thus, lemma (11.15) is applicable, which shows that X = X R is a right process.

It only remains to prove the formula given in theorem (11.19). To this end, we compare
once again the processes X" and X like in the proof of lemma (11.17):

As X1 is the concatenation of X(™ and X! with transfer kernel K™ o 1" (see

subsection 11.2), theorem (11.7) yields, with R® = inf{t > 0: X"™" € pn+1}.

n o (n+1 n n
E{ H)(f(X;z(n) ) LR <o} | ‘/R(m D)=K"for iR <oo}-

It is evident from the definitions that

R™M o z(n+1) — pn and Xgl(:)l) r(ntl) — Xﬁ;ﬁ“ a.s. on Q.

By definition, Frn_ = o({AN{t < R"} : t > 0,4 € .%}), and this generator is
N-stable, because for all s,t > 0, A; € %5, Ay € F;, with s < t:

(Asn{s < R"})N(A:n{t<R"})=(AsNA) N{t < R"},

and A; N Ay € %;. Thus, it suffices to show that for all ¢t > 0, f € b&, k € N,
0<t1<---<tp <t,g1,...,9% € b&" with

J = g1(Xey) - 96(Xey,) - Lig<rny,

TR = gy (X e (X Ty,
T = gy (XYY g (XY Lii<roy
the following holds true, as Xrn = Xy, Rntl 580
E,(f(Xgn) Ligncoo) - J) = Eo(F(Xp ™) Lgpnaoey - JEH)

=BV (F(X (nH)) L g cooy - 7))
=Bl (K" f o " Lipin <oy - V)
=B, (K"for" I{gncocy - J)-

This completes the proof, as K" f o™ is .#gn_-measurable by lemma (11.8). O
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11.4. Disjoint Union of Processes with Infinite Lifetime

The above-established technique of concatenation covers a simple special case, in which all
of the concatenated subprocesses feature infinite lifetime. Here, the resulting process will
not have any revivals at all, and every partial process evolves secluded without ever being
extended by another process. Therefore, we can use our construction of subsection 11.3
to merge various right processes on disjoint spaces, each with infinite lifetime, into a
combined state space. The combined process will evolve as any partial process on its
designated partial space, which can be chosen by using an appropriate initial distribution.

Of course, the whole revival mechanism of the above constructions is completely
unnecessary in this context and one could simplify the proofs considerably, as it is done,
e.g., in [Sha88, p. 83]. We are not going to offer another proof, as we have already
elaborately examined the general concatenation technique which encompasses this case.
The following application will be used later:

(11.20) Corollary. Let X be a right process with infinite lifetime on a Radon space E,
and F' be a Radon space disjoint from E. Then there exists a right process Y on B W F
such that the restriction of Y to E is X and Y is the constant process on F'. If X is a
Feller process, then Y is a Feller process.

Proof. Let X? be the constant process on F' (see example (5.5)) in the right process
setting, and define Y as the concatenation of X! := X and X? with some arbitrary
transfer kernel, for example derived from the transfer distribution k(z, -) = ¢, for some
y € F and all x € E. Then theorem (11.6) implies that Y is a right process on EW F. As
the first revival time R! is P,-a.s. infinite or zero, depending on the initial measure lying
inze€EorxzeF,wehaveforalln e N, 0 <ty <--- <ty, fi,...,[n € bo(EURB(F)):

Ep(fi(Xe) - fu(Xe,)), @ €E,
EX(A(Ye) - fu(Ye,)), z€F

with the functions fi,..., f, on the right-hand side being the restrictions to E, F
respectively. This also implies that the semigroup of Y reads

Eo(f1(Xe,) - ful(Xe,)) = {

E.(f(X) =T{ f(x), z€E,
B (f(2)) = f(=), zeF.

Thus, (T},t > 0) is a Feller semigroup, if the semigroup (7;%,¢ > 0) of X is Feller. [

Tif(x) = Ea(f(Y7)) = {

12. Mapping of the State Space

Let X be a (strong) Markov process (or a right process) on E and ¢: E — E be a
surjective mapping. In this section we will be concerned with the question on whether
¥(X) is again a (strong) Markov process (or even a right process) on E.

Heuristically, one expects that this should be true if—conditions on measurability
taken aside for a moment—the original process X “behaves identically” on points of F
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¥ .
1)

%>—” {3

Figure 12.1: Consistency condition for state space transformations: If the transformed
process 1(X) starts at ¢(x) = ¢(2’) and the original process X shows same transition
behavior for x and ' with respect to preimages of 1), then the Markov property lifts
from X to ¢ (X).

that are mapped together by v, see also figure 12.1:
VB e &, x,2' € E with ¢(z) = ¢(z') :  Ti(x, Y (B)) = Ti(z', v (B)).

Indeed, this consistency condition is given in [Dyn65, Theorem 10.13] in order to retrieve
the (strong) Markov property of (X)) from a (strong) Markov process X. A similar
characterization via semigroups can be found, e.g., in [RW00a, Lemma 1.14.1], and in a
more sophisticated form in [RP81].

12.1. Basic Results

In the context of right processes the result is almost the same, flavored only by some
measurability conditions. It is found in [Sha88, Theorem (13.5)]:

(12.1) Theorem. Let X = (2,9, (%)i>0, (Xt)1>0, (O1)t>0, (Px)zer) be a right process
on a Radon space E with semigroup (T;,t > 0) and resolvent (Uy, a > 0). Let (E, &) be
a Radon space and v: E — E be a mapping, satisfying the following conditions:

(i)  is &* /& -measurable and V(E) = E;
(ii) t — (Xy) is a.s. right continuous in E;
(iii) for all f € bCy(E) and all t > 0, there exists g; € b&™" such that Ty(f o 1)) = g; 0 .
Define the transformed process Y; := (X)), t > 0, on
Q= {w e Q:t s (Xy(w)) is right continuous in E},
equipped with shift operators O, := O t >0, on Q, and o-algebras generated by Y

F=o({f(Yy): f et >0}),
j,}‘::a({f(lfg):fefu,sgt}), t>0,
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and choose measures for I@’y, Yy € E, by

A

(12.2) B, :=P, on %, forxc E with(z) =y e E.

Furthermore, let ,9?, (ﬁt,t > 0) be the usual completion and augmentations of ﬁ“,
(F,t > 0) respectively, relative to the family (P,,y € E).
ThenY = (Q,.7, (Z1)>0, (Y2)t>0, (O1)>o0, (Py)y€E> =: (X)) is a right process on E.

As usual, property (iii) can be extended to all functions f € b&Y by using the MCT and
standard completion arguments (see [Sha88, Remarks (13.6)]). Because of this property,
the definition of the measures P, on F in (12.2) is independent of the representatives
chosen for y = ¢(z), x € E: For any f € b&Y, t > 0, we have

By (f(Y2) = Eo(f(¥(X0))) = To(f o ) (x) = ge 0 () = ge(y).

Usually, the fundamental condition (iii) must be verified manually. However, it follows
automatically if the transformation ¢ is bijective, as seen in [Sha88, Corollary (13.7)]):

(12.3) Theorem. Let ¢: E — E be injective and satisty (i) and (ii) of theorem (12.1).
If & C = 1(&), then (X)) as defined in theorem (12.1) is a right process on E.

Fortunately, just like in the case of the Markov property (cf. theorem (2.18)), there is
also a Laplace transformed version of this condition, which sometimes is easier to control:

(12.4) Theorem. In theorem (12.1), under (i) and (ii), condition (iii) is equivalent to
(iii’) for all f € bCq(E) and all a > 0, there exists f, € b&™ such that Uy(f o)) = fa 0.

Proof. Assume that (i), (ii) and (iii) hold. Then for f € bCq(E), a > 0, z € Ea,

Ualf o 0)(@) = [ Tl 0 0) )

—/ tOT/J)

—faow( )

holds with g; € b&" as given by (iii), and thus f, = [(Te g dt € b&" fulfills the
condition (iii’).

Now assume that (i), (ii) and (iii’) hold. Let f € bCyq(E) and consider for every a > 0
the function f, € b&* as given by (iii") with Uy (f 0 9) = fa 0. For t = 0, the function
go = [ satisfies Ty(f o)) = go o). For t > 0, we need to invert the Laplace transform,
which is encoded in f,, o > 0. We first observe that fék) = % fa exists for all k € Ny,
because for each y € E, there is = € E with P(x) =y, so

faly) = fa(ﬂ}(x)) =Ua(f ov)(x)
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holds and a +— Uy (f o 9)(x) is in C*°(Rsg) (see [DM88, Theorem XII.20]). Furthermore,
for any z € E, the function

t = Ti(f o) (x) = Eu(F(0(X1)))

is a bounded and right continuous, because f is bounded and continuous and ¢ — (Xy)
is right continuous by (ii). Let y € E, and choose any x € FE with ¢(z) = y. Then the
general inversion formula (1.13) of the Laplace transform of ¢ — Ty(f o %) yields

_1\k
i@ =tmiml > Sl ulenm
at<k<(a+te)t ’

_ 1)k
= lim lim ! Z Qak () ()

0 a—00 |
el < at<k<(a+e)t

=0t (y)7
with the function g;: £ — R being defined by
oo (=D &
g = lim lim — Z —y 37
ellbamooe at<k<(a+te)t kt

which is bounded as ||g:|| = [|T;(f o ¢)|| and measurable due to the measurability of all rk,
a > 0, k € Nyg. We have thus shown that there exists g, € b&" with grop = Ty(fov). O
12.2. Killing on an Absorbing Set

Let E = EA W F be the topological union of two disjoint Radon spaces Ea and F', and
consider a right process X on E such that F is an absorbing set for X (see [Sha88,
Definition 12.27]). Our goal is to map the set F' to A, thus killing the process on this
absorbing set. To this end, define the mapping

x, x€ Fx,

. E— FE , = Y(x) =
(0 A Y(x) {A7 N
(12.5) Theorem. v (X) is a right process on En.

Proof. We are using theorem (12.1). ¢ is clearly surjective and &% /&x-measurable, as

B, A ¢ B,

VB e &": 4B) =
vT(B) {BUF, A€ B,

We have X; € F for all t > Hp a.s., because the strong Markov property at Hp yields

P(Xpp4+t € F forallt >0) = IE(IP’XHF (X € Fforallt>0)) =1,
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where we also used that Xp, € F, following from the isolation of F' in E, and that F is
absorbing for X. Furthermore, it is evident that X; ¢ F for all t < Hp, so

Xt7 t<HF7

tHw(Xt):{A t> Hp

is a.s. right continuous. _
For all f € b&", © € E, we have

Ti(f o) (z) = Eu(f o 9(Xy))
=E,(f(Xy);t < Hp) + f(A)P,(t > Hp)

= goy(x),
with g € b&™ being defined by

(z) = {Em(f(Xt) < Hp) + f(A)Py(t > Hp), z€B,
T ), RN

because Hr = 0 holds P, -a.s. for all x € F. O

13. Copies of Processes

The main limitation of the concatenation results presented in section 11 is the required
disjointedness of the partial processes’ state spaces. In order to apply this technique in our
work, we will overcome this restriction in two special cases: In this section, we consider
the concatenation of independent copies of one process X on F, and of alternating
independent copies of two processes X ~! and X! on not necessarily disjoint spaces E~!
and Bt

In both cases, we will render the spaces of the independent copies disjoint by introducing
a new coordinate which “counts” the current process iteration. Thus, we realize the
concatenated process on the state space N x E or N x (E~!1 U E*!), and then project it
onto E, E~1 U ET! respectively, see figures 13.1 and 13.2, with the help of the mapping
techniques of section 12. As we have seen there, some consistency conditions on the
state space transformation ¢ and the underlying Markov process X are needed to
achieve the Markov property of the mapped process, namely, the original process should
“behave identically” on points which are mapped together by the transformation. It is
therefore necessary to examine these consistency conditions for the projection mapping
P(X) = w(X) of the concatenated process X; plainly stated, we need to ensure that the
concatenated process X behaves identically irrespective of the iteration it is started as.

It will turn out that these conditions are always satisfied if X is the concatenation of
identical copies. We thus obtain a method to construct an “instant return process” via a
given “revival kernel”, similar to the findings of [[INW68] and [Mey75]. This process will
behave like a given subprocess until it dies and is then immediately “revived” by a given
kernel as the same subprocess again.
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LR

» ({n} x E)

{n} x E

Figure 13.1: Construction of an instant revival process on E via concatenation of copies
of one subprocess X on {n} x E, n € N, and subsequent projection onto E.

"

. ({n} x ECD" E-1yu g+

(2N —1) x B!

% E+1

N

2

Figure 13.2: Construction of a process “pasting” of two subprocesses X ', X+ on £,
E*!, via concatenation of alternating subprocess copies on (2N — 1) x E~!, 2N x E+!
respectively, and subsequent projection onto E~' U E*1.

The concatenation of alternating copies of two processes results in a method of “pasting
them together”, as also done by [Nag76]. In this case however, we need to impose the
following consistency conditions on the partial processes: They need to coincide on their
shared state space, and the exit behavior of the concatenated process from this subspace
must be irrespective of the mode of exit, which can either be realized by one subprocess
simply exiting it, or by being killed and the next subprocess being revived outside it, see
figure 13.3. These conditions will be made rigorous in subsection 13.2.

13.1. Identical Copies of One Process

Let X° be a right process on E, and K° be a transfer kernel from X° to (X, E). For
each n € N, consider the following process with transfer kernel:

"i={n} x X% K":=g,11 ® K"

that is, define the process X" := (Q°, .Z°, (Z?)t>0, (X]")t>0, (09)1>0, (Pl ))zer) with
XM w) := (n, XP(w)) for t >0, w € QO probability measures P? ) i=¢n ®PY for z € E,

(n,x
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start as X 1: start as X T1:

t: 07 st

Figure 13.3: Consistency condition for pasting two processes together on a common
state space: The process behavior must be independent of the chosen starting process
X~1 X+1 The left-hand picture shows a path behavior if the concatenated process
is started as X ! (black), which is then revived after its death at (=1 as X+ (red),
afterwards revived as X ! at ¢(*! (blue), etc. The concatenated process must show
the same behavior if started as X!, as illustrated in the right-hand picture.

and the kernel K(-,{n+ 1} x B) := KY(-,B) for B € &". Then X" is a right process
on E" :={n} x E, & = {n} @&, and K" is a transfer kernel from X™ to (X"*1, Ent1).

Let X be the concatenation of (X", n € N) via the transfer kernels (K™, n € N),
as constructed in subsection 11.3. By theorem (11.19), X is a right process on E =
Unen £ = N x E, equipped with the universal measurable sets &

Consider the canonical projection 7: N x £ — E onto the second coordinate. We then
obtain the following result for the instant revival process w(X), constructed of X° with
revival kernel K°:

(13.1) Theorem. 7(X) is a right process on E.

Proof. 7 is clearly surjective. As 7= '(B) = Nx B € &* holds for all B € &%, 7 is
& /&"-measurable. Because the right process X is right continuous and the projection
7 is continuous, the transformed process m(X) is also right continuous.

Therefore, following theorem (12.4), it suffices to show that for all « > 0, f € b&",
there exists an f, € b&™ such that U,(f o ) = f, o m holds, which basically results in
proving that the function U, (f o 7)( -, n) is independent of the iteration n € N.

By decomposing the concatenated process X into its partial processes with the help of
the revival times R", n € N, as defined in section 13, we have for (n,x) € E=Nx E:

oo

Rn+m
Us(form)(n,x)= E(mm)( Z Lypntm—1co0} / e~ fom(Xy) dt)
m=0

Rn+m— 1

Rn+m

= Z E(n@) (]]_{Rn+m—1<oo} et fom(Xy) dt).
m=0

Rn+m—1
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Itis X; = XPomforallt < R*=("or P, 0)-a.s., with (% being the lifetime of X0,
so we get for m = O:

0

Bz ( /0 et fom(Xy)dt) = ES( /0 et F(XP)dt)
=: go(x).

For m = 1, we use R""! — R" = R""! 6 Ogn on {R" < co} and the strong Markov
property of the right process X at the terminal time R™ in order to obtain

Rn+1
E Lipn —at X,)dt
(n,:v)( {R"<o0} R € foﬂ-( t) )
n Rn+IO@Rn
= E(n) (B (Lo <oy " /0 e fom(Xp0Op)dt| Fpr))

Rn+1

=Eq0) (H{Rn<oo} e M Ex .., (/0 e fom(Xy) dt)).

Rn+l

Now, e~ € Fpn_and E. ([;*  --- dt) € b&M | so theorem (11.19) yields

E‘n+1

E(n,x) (R{R”<oo} EXRn (/[)Rn+1 e fo 7T(Xt) dt) | an_)
Rnt1

= E(n ) (L{an<o) K"E. (/0 e fom(Xy)dt) o),

which results in

Rn+1

E(n,z) (:H.{Rn<oo} et fom(Xy) Clt)

Rn

Rl
= ) (1{ fnesep € O KTE. ( /0 e fom(X,) dt) o w”)

= B (Leocoy €7 K B, / T et g m(Xy)dt))
0
= Eg (ﬂ{<o<oo} efaco Kogo)
=: g1(2).
For general m € Ny, we inductively show that

Rn+m

E(mx) (1{Rn+mfl <o} €_at f o W(Xt) dt) = gm (x)

Rn+m71

holds true with g, € b&™ being independent of n € N. The cases m =0 and m =1 are
already done. Suppose that the assertion is shown for an m € N. We then calculate for
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m + 1, by using exactly the same techniques as in the case m = 1:

Rn+m+1

e fom(Xy)dt))

Rn+m+1

E(n7$) (:[].{Rn+7n<oo}

Rn+m

. e~ fom(Xy) dt))

R(n+1)+m

= E(n’z) (]1{Rn<oo} e*O‘RnEXRn (ﬂ{Rn+m<oo}

—ac9

:]Eg<:ﬂ-{R"<oo}e ¢ KOE(n+1,-)(:ﬂ-{R”+m<oo}
—al0

= Eg(ﬂ{co<oo} (& < Kogm)

= ngrl(x)'

e~ fom(Xy) dt))

R(n+1)+mfl

We have thus shown that, for all (n,z) € E,
Ua(fom)(n,z) = Z gm(z) = Z gm o m(n,x) = fo om(n,x)
m=0 m=0

holds with fo := Y 0o gm. It is fo € bEY, as g, € b&™ for all m € N and for all x € F,

fal@) = | D gm(@)
m=0

Rn-Hn

= miijo E(n,x)(ﬂ{RHm*@o} S e fom(Xy) dt)‘

= E(n’x)</ooo e f(n(Xy)) dt)‘

1
~ £l -

IN

13.2. Alternating Copies of Two Processes

Let X!, X! be two right processes with lifetimes ¢~', (! on E~1, ET! respectively,
and K—!, K*! be transfer kernels from X! to (X+!, ET!) and from X! to (X1, E~1).
Following our construction in the previous subsection, we define for each n € N

X" — {n} % X(—l)n’ K" :i=¢, 11 ® K(_l)"’

where now and in all that follows, (—1)" really means the n-th power of the number —1,
that is (—1)" € {—1,+1}, and the exponent —1 will index the odd-numbered process
and not the preimage of a mapping, if nothing else is said. Then again, X" is a right
process on E" := {n} x ECV" &7 = {n} ® &E_l)n, and K" is a transfer kernel from X"
to (X", E"1). Let X be the concatenation of (X" n € N) via the transfer kernels
(K™, n € N). By theorem (11.19), it is a right process on E = Unen £, equipped with
the universal measurable sets &.

Set £ :=E~'UE™!, and let 7: E — E be the canonical projection onto the second
coordinate.
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(13.2) Theorem. Let 7| be the first entry time of X! into E-\E*!, and 7] be the
first entry time of X! into EYW\\E~L. If for allz € E-' N E*!, f € b&", the equalities

A S _ o
(1) Ex'(Jo e f(Xp ) dt) =B ( o e F(X) db),
1
(11) E;l(e—(M;l 9_1(X;:111), ,7_:11 < C_l) :]E:—ci_l (€_a<+1 K+1g_1; C—i—l < T—tll)’
—artt _ P R _ _
B (e gt X T)s i < ¢FY) = Egt (e KTt (7 < r)

hold true, then 7(X) is a right process on E.

Proof. 7 is clearly surjective. It is & /&"-measurable, as the preimage of 7 reads
' (B)=(2N—-1)x (BNE Y))U(2N x (BNE*")), Be&"

The right process X is right continuous and the projection 7 is continuous, so 7(X) is
right continuous as well. By theorem (12.4), it therefore suffices to prove that for all
a >0, f € b&", there exists f, € b&" such that U,(f o7) = f, o m holds true:

We will follow the same course as in the proof of theorem (13.1). However, as the
underlying subprocesses differ for odd-numbered and even-numbered revival times, we
need to look at cycles of two revivals, that is, we examine for (n,z) € E:

o0 Rn+2m+1

Ua(f o) (m,2) = > By (T pmam—coc)

m=0

e~ fom(Xy) dt).

Rn+2m—1

For m = 0, we decompose the partial resolvent at R"*! and get with theorem (11.19):

Rn+l .
E, . / —a X,) dt
(n, )( A fom(Xy) )
wy [CEY" 1y
—EC ([ et ar)
0

+ECY" (T oy e GRS i (/

0
=gy @)

¢=nrtt

et p(x Y at) )

For general m € Ny, we will show inductively that

Rn+2m+1

E(n,x) (1{Rn+2m71<oo} e—at f o W(Xt) dt) _ gﬁn_l)” (x>

Rn+2mf 1

holds with g1, g1 € b&" being independent of n € N. The case m = 0 is already done.
Assuming that the assertion is shown for an m € N, we calculate for m + 1, by applying
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exactly the same techniques as in the proof of theorem (13.1):

Rn+2(m+1)+1

En.a) (R{Rn+2<m+l>71<°°} Rnt2(m+1)—1 e ™ fo m(X) dt)

_ mn _ n+1

= E(n@) (]l{R"<OO} e ak KnE (1{R”+1<OO} e ak
Rn+2m+3
K"ME. (:H.{Rn+2m+l<oo} e~ fom(Xy) dt) o 7r"+1) o 77”)

Rn+2m+1
_O[C(fl)""'1

_1)n (=)™ Cyno(—1)nt1
= B0V (Leim coy e KOV B (1 e

n—+2m—+3
n+1 R

KD e form(X,)dt)))

a1

Em+a,) (]l{RnHm+1 <oo} Rn+2m+1

_1)n —alED” () (1)t
= ECY (L aogy e KCVECY T (1 Ly e

xT

KD gomY)
= g\ (),

where we used in the next-to-last identity the inductive assumption and that trivially
_1\n+2 _1\n
gT(n b = gT(n Q) holds true.

Setting g1 := 3% _ gt and g™l =32 gtl € b&Y, we thus have shown that

g '(x), n odd-numbered,

Ua(f o) (n,x) = {

gt(z), n even-numbered

holds for all (n,z) € E, so the value of the resolvent Uy(f o ) (n,z) is independent of n
for all odd-numbered n, and for all even-numbered n.
It remains to prove g~ = ¢g*!, which is equivalent to showing that

Ua(f o) (o, 2) = Ua(f o) (ne, @)

holds true for all n, € (2N — 1), n. € 2N, z € E~' N E*! (because (ng,r) ¢ E for
r € ETN\E"! and (ne,z) ¢ E for x € E-1\ET).

Let 7_1 be the first entry time of 7(X) into E~'\E*!, and 7, be the first entry time
of m(X) into E*1\E~!. We synchronize the start of both processes by decomposing the
resolvent at the stopping time 7_1 A 741 with the help of Dynkin’s formula (3.16):

T_1AT+1
Us(form)(n,z)= E(n’x)(/o e fom(Xy) dt)
+ B0y (e U (f 0 1)(Xryaryy)-

T_1 A Ty1 is the exit time of the process X from E~! N E*!. The above formula will
turn out to be independent of n if the process’ behavior on E~' N E*! and its exit/entry
behavior into E\(E~'NE*!) (represented by e~*(™1"+1) and X, | A,.,) are independent
of n. It has already been shown that this is the case for all odd-numbered n, and for all
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even-numbered n. It remains to compare the odd-numbered and even-numbered starting
processes, that is, the behavior of the original processes X ' and X! together with
their transfer kernels K~ and K11

For odd-numbered n, € (2N —1), the starting process is X (1" = X1, living on E~,
so the process 7(X) starting at (n,,z) only enters ET'\ E~! when the first subprocess
dies. Therefore, 71 A 741 = 7-1 A R™ holds true in this case, and using Dynkin’s
formula (3.16) again, we get

T_1AR™0
Ua(f o) (no, ) = Epny ) (/0 e~ fom(Xy) dt)
+ Ey2) (€7 Ua(f o) (X7y); 71 < R™)
+ B, 0y (67 Un(f o ) (Xpno); R™ < 71).

no n _
OOTrnO :C 107.‘.7107

We have, P, )-a.s., X = (nO,Xt(_l) or™) for all t < R" = ¢(=1)
and 7] o™ < ¢~ o™ if and only if 7_; < R", and in this case 7_; = 7] o 7"
holds true. Thus, the first part of the above decomposition reads

T_1A\R™0
E(ny.z) (/0 e ot fom(Xy) dt)

—1

([ e ) <1
+E(n07x)((/oc_l e (XY dt) oo R < 7).

As f(X; 1) = f(A) =0 holds for all t > (™', we can replace the upper limit of the latter
integration by T__ll > (7!, in order to obtain

T_1AR™0 '
E = / e fom(Xy)dt
(0, )( A fom(Xy) )
-1

= En) ((/OT1 e f(X; ) dt) om™; Ty < R™)

+ E(no,:p)((/OTll eiatf(Xt_l) dt) oqhe: R < 7__1)

—1

= En,.2) ((/OT_l e (XY dt) o 71'"").

Together with the process transfer at R™ via K(-D" = K~ and recalling that we
already showed Uy (f o) (no, -) =gt and Uy (f o) (no+ 1, ) = gt we get

Ualf o) (n0r2) =E;'( [ Lo dt)

0
— p— 71 — — — —
—i—Erl(e -1 g 1(XT:111); 7711 <( 1)

+E; (e Kt ¢ <)),
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Analogously, we find that for any even-numbered n, € 2N,

+1

Ua(f o 7)(ne, z) = B /OT“ et F(XG) dt
FE e g (X T < )
FEL o K < o)
holds. Using the assumptions (i) and (ii) of the theorem, we conclude that
Ua(f 0 m) (no, ) = Ua(f 0 7) (ne, ),

proving Uy (f o) (n,z) = g™ ow(x) for all z € E, n € N. O






Chapter IlIl.
Brownian Motions on Metric Graphs

In this chapter, we examine, characterize and construct Brownian motions on metric
graphs. We start by collecting some standard results on the one-dimensional Brownian
motion and its local time in sections 14 and 15. In sections 16, 17 and 19, we give
a summary of classical results for the half-line, interval and “skew” cases (with some
extensions to the non-continuous context), which form the basis for the generalizations
to the graph setting. Metric graphs and Brownian motions thereon are introduced
and examined in sections 18 and 20. By extending It6 and McKean’s ideas for the
half-line case, which are elaborately studied in subsection 16.4, we achieve a pathwise
construction for all possible Brownian motions on a star graph in section 21. By applying
the techniques of chapter II, we then “glue” Brownian motions on various star graphs
together in order to obtain Brownian motions on general metric graphs in section 22.

14. Brownian Motion on the Real Line

In this and the following section, we collect the results concerning the “standard” one-
dimensional Brownian motion which will be needed in our work. Considering the vast
theory on this process, we will use surprisingly few properties: Its actual existence, the
closed forms for its resolvent and generator, and some basic knowledge of the well-known
passage time formulas and of Brownian local time will turn out to be sufficient.

14.1. Definition and Existence

Brownian motion can be studied (and thus defined) in several contexts, such as via the
theories of Lévy processes, Gaussian processes, or martingales. For our purposes, the
adequate approach obviously lies in the setting of Markov processes:

(14.1) Definition. A continuous, strong Markov process
B = (Qv gv (glf)tZOv (Bt)t207 (@t)tZUa (Px)meR)

on R with transition semigroup

_ ()2

Tth(m):/Rf(y)\/%e % dt, z€R, t>0, f<€bBR),

is called (standard) Brownian motion on R.
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There are various ways to construct such a process, [Kni81, Chapter 1] summarizes
and explains some methods. The quickest proof of existence in our context might be the
following: Show that the defining Gaussian linear operators (T}2,¢ > 0) indeed form a
semigroup, use them to constitute the projective family of probability measures as given
in section 2, and gain a path space version of the “Brownian motion” with the help of
Kolmogorov’s extension theorem. Then use a path regularization mechanism such as the
Kolmogorov—Chentsov theorem in order to obtain a continuous version, see, e.g., [KS91,
Section 2.2].

It is immediate from the very definition that the Brownian motion on R is a Lévy
Markov process and thus a Feller process. We will assume, if needed, that B is realized
on a sample space ) which offers stopping, translation, centering and reflection operators
(see subsections 3.5 and 6.5), for instance we can choose the Wiener space Q = C(R).

14.2. Generator and Resolvent

As the Brownian motion on R is a Feller process, its semigroup satisfies T2Cy(R) C Co(R),
and an application of LDCT shows that UZCy(R) C Co(R) for its resolvent (U2, a > 0)
(see also theorem (5.13)). The generator and resolvent of a Brownian motion are well
known (see, e.g., [Dyn65, Section 2.16] and [RW00a, Exercise 111.3.13, Example I11.6.9]),
the resolvent is given by

UB f(z e V2alu=al f(y) dy
(14.2) / Vaa©

_L —V2azx \/% V2o —2a
= eV [ ey ¢ e [T eV g ay

for any f € bZ(R), x € R. An easy analysis of the resolvent shows the following;:
(14.3) Lemma. The resolvent of B admits UBbC(R) C bC(R) and UBCy(R) C C3(R).
Differentiating (14.2) twice yields
UL S (@) = —e e [ VB gy dy VP [T eV () ay,

and

ULF" (@) = Veae VR [T eV gy dy — f(a)

+vaaee [ T VR f(y)dy — f(z)
= 2aUPf(z) - f(x)).

Together with theorem (1.9), this gives (with a brief consideration in order to gain
the complete generator domain, see, e.g., [RY94, Proposition VII.1.10]) the following
fundamental result:

(14.4) Theorem. The Brownian motion B on R is a Feller process with generator A = 5

on P(A) = C3(R). :
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14.3. Passage Times

Fortunately, a vast amount of explicit formulas are available for various data of the
Brownian motion. In particular, the following formulas for the passage times will turn
out to be quite useful. They can be found, e.g., in [IM74, Section 1.7]:

(14.5) Lemma. Let B be a Brownian motion on R, and for every z € R, let
H, :=inf{t >0: X; =z}
be the first hitting time of x. Then,
(i) for z € R,

Eo(e—aHz) — e—\/%x,
(ii) forx € R, a <z < b,

E:v(eiaHa§ Ha < Hb) =

B cosh (v2a d)
cosh (v2a (b —a)/2)’

As we are in the context of Lévy Markov processes, we can derive analogous results
for other starting points with the help of translation operators (v, z € R), which were
established in subsection 6.5. For instance, we have for z,y € R,

Hyoyy=inf{t>0: Xyoyy =2} =inf{t >0: Xy +y =2} =H,_,,
which shows with the help of theorem (6.35):

Ey (eiaHz) =E, (eian_y o) = Ey—y(eiaHx_y) = ¢~ V2aley),

15. Local Time of Brownian Motion

An essential tool in the study of the Brownian sample paths (and of course in the theory
of stochastic integration, which we will not need here) is the Brownian local time, or
“mesure du voisinage”, as it was coined when first introduced by Lévy in [Lév48].

Brownian local time is the source of many deep and outstanding results, such as the
Ray-Knight theorems. However, we will “only” resort to one main result by Lévy in our
work and therefore try to keep this summary as brief as possible.
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15.1. Definition and Existence

We are going to use the approach offered by [KS91, Section 3.6], but choose the normal-
ization used in [IM63] in order to extend their results later without too much confusion.

(15.1) Definition. The family of random variables (Li(z),t > 0,2 € R) with values in
[0, 00) is called local time for the Brownian motion B, if for every t > 0, z € R, Li(x) is
Fi-measurable, and a.s., (t,z) — Li(x) is continuous and satisfies

vVt >0,A € BR): /ALt(a:)da::)\({sgt:BseA}).

The local time at the origin is denoted by L = (L, t > 0) with Ly := L(0).

Existence of the local time is not trivial, its proof is usually named Trotter’s theorem
[Trob8], see also [KS91, Theorem 3.6.11] for a modern approach.
The following properties of the Brownian local time are immediate from its definition:

(15.2) Lemma. Forevery z € R, (L¢(x),t > 0) is a perfect continuous additive functional,
and satisfies

1
>0: Ly(z) =lim — <t:|Bs—z| <e}).
vVt >0 () i o A{s <t:|Bs—z| <e})

15.2. Lévy’s Characterization

Tanaka’s formulas [KS91, Proposition 3.6.8] show an intimate connection between the
reflecting Brownian motion |B| and the local time L at zero of a Brownian motion. We will
mainly use the celebrated characterization by Lévy, as given in [KS91, Theorem 3.6.17]:

(15.3) Theorem. Let B be a Brownian motion with local time L at the origin. Then
the process B; 1= —fé sgn(Bs) dBs, t > 0, is a Brownian motion. Define its running
maximum process M; := maxs<y Bs, t > 0. Then,

Po(Vt >0 |By| = My — By, Ly = M) = 1.

In particular, for a Brownian motion B with local time L at the origin and running
maximum process M; := maxgs<; By, t > 0, the processes ((My — By, My),t > 0) and
((|B¢|, Lt),t > 0) have the same law under Py.

By Lévy’s characterization (15.3) of the local time, (|B:|, L;) has the same distribution
as (My — By, My). As the joint distribution of (By, M) is well known (see, e.g., [IM74,
Problem 1.7.1] or [KS91, Proposition 2.8.15]), we can deduce:

(15.4) Theorem. The joint distribution of (|By|, L), t > 0, is given by

TH+Y _(ztp?
e 2t dxdy, dx,dy>0.
V23 Y Y

P()(’Bt’ edx,L; € dy) =2
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Another representation of the local time is achieved by Lévy’s downcrossing theorem,
[KS91, Theorem 6.2.23]:

(15.5) Theorem. Let B be a Brownian motion with local time L at zero. Then, a.s.,
Vi>0: Ly =lime Dy(e),
el0
with D¢(e) being the number of downcrossings of the interval [0,¢] by the reflecting
Brownian motion (|Bs|,s <t) (see, e.g., [KS91, p. 13]).
15.3. Extensions to Lévy’s Characterization
An immediate consequence of Lévy’s characterization (15.3) is that, because
‘Bt| - Lt == Mt - Bt - Mt == —Bt, t> O, PO—&.S.,

the process (|B;| — L¢,t > 0) is a Brownian motion under Py. We will extend this result
to initial laws other than Py.
We start by examining the pseudo-inverses of the local time (L;,t > 0):

L Ya)=inf{t >0:L; >a}, a>0,
L7%a)=inf{t >0: Ly >a}, a>0.
The following basic properties will be very helpful later:

(15.6) Lemma. For every a € Ry, L' (a) is an (Fy,t > 0)-stopping time and L~*(a)
is an (%, t > 0)-stopping time.
Proof. By (ii) and (iv) of lemma (21.6), we have for all ¢ > 0,
{L7a) <t} ={a< L} € 7,
{L7Ya) <t} = {a < Li} € F. O
(15.7) Lemma. For a € R, and any random time 7 < L~'(a) with L(7) =0 a.s.,
L™ Ya)oO, =L a) -,
L7 a)o©, =L7a) -7

hold a.s. true.

Proof. Let T be as above. Then, a.s.,
LY a)—7=inf{fu>0:L(u)>a} -7
=inf{u>7:L(u)>a}—71
=inf{u>0:L(u+7)—L(1) > a}
=L Ya)oO,,

where we used L; < a for all t < L™1(a) for the second identity.
The computation for L:l(a) proceeds completely analogously. O
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(15.8) Lemma. For any a > 0, L="(a) = L~'(a) a.s. holds true.

Proof. [MRO06, Lemma 3.6.18] shows that L='(a) = L~'(a) holds Py-a.s. for any a > 0.
For a general initial law P, we compute by using lemma (15.7) (as Hy < L~!(a) for any
a > 0) and the strong Markov property of B:

P(L="(a) = L™ (a)) = P(LZ"(a) 0 O, = L™} (a) 0 Op,)
=P(Py, (L= (a) = L™ (a)))
=Py(L=(a) = L7 (a)) = 1. O

The inverses of the local time have a close relation to the first hitting times H, of
points a > 0 (see, e.g., [Cinll, Theorem 5.9]), which appears natural in view of Lévy’s
characterization (15.3). We will only note the following formula for later use:

(15.9) Lemma. For all z,a € Ry,
Ex(efaL*I(a)) _ 67\/%(:1:+a)_

Proof. For x = 0, this is proved in [KPS10, Lemma B.1] or found in the collection of
results of [KS91, Theorem 6.2.1]. For x # 0, by using L™!(a) = Ho + L™%(a) 0 Oy, of
lemma (15.7), we get

Ew (e—aLfl(a)) — Em(e_o‘HO Ex (e—ochl(a) o @H0|¢gaH0))
—E, (e—aHo) Ey, (e—aLfl(a)),

and insertion of the values for both expectations completes the proof. O

(15.10) Lemma. For all z,a € Ry, a >0, f € bAB(R),

Eo(/oLl(a) e*atf(]Bt! —Li+a) dt) - E“(/OHO e*atf(\Bt\)dt).

Proof. 1t is Br-1(4) = 0, as L only grows when B is at the origin, and using the additive
functional property and the continuity of L, we get

Litp-1(a) = Lt 0Op-104) + L(L™Ya)) with L(L7'(a)) = a.
Thus, Dynkin’s formula (3.16) applied for the stopping time L~!(a) yields

]Eo(/oooe_atf(|Bt| ~ Ly +a) dt)

—EO(/OL ! e F(|B| — Le + a) dt)
+Eo(e OB [T e f(|Brpa

_ EO(/OL_I(a) e F(|Bi| — Ly + a) dt)
+Eo (e—aL”(a) EO(/OOO e f(|Be| — L) dt)).

— Lt-‘,—L*l(a) + CL) dt ‘ nyl(a)))
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With theorem (15.3), theorem (6.35) and lemma (15.9), we conclude that

0
EO(/O e F(|B| — Le + a) dt)

E, ( /OOO e f(By) dt) - E, (ffaHO Eo ( /OOO e f(By) dt)>7

and an application of Dynkin’s formula (3.16) for Hy yields the result, as By, = 0 by
the continuity of B, and B; = |By| Ps-a.s. for all t < Hy. O

(15.11) Theorem. For all z,a € R,, a > 0, f € bAB(R?),
Ex(/o e f(1Bi] = Li+a, (L — a)*) dt) = IEHQ(/O e f(|Bi] = Ly, Ly) dt).

Proof. We decompose both sides of the claimed identity separately via Dynkin’s for-
mula (3.16) with respect to the stopping times L™!(a) and Hy, using the same techniques
as in the proof of lemma (15.10), as well as L(t+ Hp) = L;0©p, + L(Hy) with L(Hp) =0
by lemma (15.2), and L~!(a) — Hyp = L™ '(a) 0Oy, by lemma (15.7). Then, the left-hand
side of the above claim reads

Ex(/ooo e F(IBi| = Li +a, (L — a)") dt)
_ Ex(/OLl(a) e £(|Bi] — Ly + a,0) di)

+E, (el @ EO(/OOO e F(|Bil — Ly, L) dt))
:Ex(/oHO e £(|Bi] + a,0) dt)

+ Em (e—aHO ]EO ( ALl

+ By (el @ EO(/OOO e F(|Bi] = Ly, Ly) dt) ),

(a)

e f(|Bi] = Li +a,0) dt))

while the right-hand side is transformed to

Ex+a</()oo e f(|Bi] = Ly, Ly) dt)
= Ew—l—a(/OHO €_at f( ‘Bt| 70) dt)

+ Bpyq(e EO(/OOO e F(|Bi = Ly, L) dt) ).

Another decomposition of the first integral at H,, employing the terminal time property
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Hy— H, = HpoOpg, P,1,-a.s. by the continuity of B, gives
o —at
Ex+a</ e f(|Bi] = Ly, Ly) dt)
0
H,
:Ex+a</ e_atf<’Bt’,O) dt)
0

+Ezta <€_aHa Ea(/OHO e f( |Bt| ) 0) dt))

+ Epyq(e o ]Eo(/ooo e f(|Bi] = Ly, L) dt ) ).

A comparison of the particular summands with the help of lemmas (14.5), (15.9) and
(15.10) yields the result. O

16. Brownian Motions on a Half Line

We are ready to examine Brownian motions on the easiest non-trivial “metric graph”,
namely on a metric graph with only one vertex and one (external) edge, which is equivalent
to the setting of the half line R;. Brownian motions on R, are well understood, the
main reference is [IM63] (a short historical summary will follow in subsection 16.4). We
are going to recall the basic definition and results in this case as well as an approach
for the pathwise construction, in order to extend them later to the setting of a general
metric graph.

16.1. Definition

We call a right continuous, strong Markov process on R; a Brownian motion on the half
line, if this process, stopped at the origin, is equivalent to the one-dimensional Brownian
motion on R, stopped at the origin:

(16.1) Definition. Let X = (2,9, (4)1>0, (Xt)>0, (01)¢>0, (Pz)zer, ) be a right contin-
uous, strong Markov process on Ry. X is a Brownian motion on Ry, if

Hx :=inf{t >0: X; =0}

is a stopping time over (4;,t > 0), and for all x > 0, n € N, fi,..., fn € bBR,),
t1,...,th € Ry,

Eo(fi(Xunty) - fo(Xeonny)) = BZ (fi(Buntip) - fa(Brontiy))
holds, with B being the Brownian motion on R and Hp := inf{t > 0 : B, = 0}.

This definition follows [Kni81, Definition 6.2] and the definition of [IM63, Section 5].
It is however a generalization of Knight’s definition (which only allows continuous paths
up to the process’ lifetime) and a slight specialization of It6-McKean’s context: They
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do not require the process to be normal at the origin and consider the time of the “first
approach to 0” given by

Hx, :=liminf{t > 0: X; < ¢}
el0

instead of the first hitting time Hx. As the analysis of the measures
p(A) =Py(Xp € A),
pr(A) =Pp(Xpy, €4), >0,

for A € Z(R4) in [IM63, Section 6] shows (the measure p4 turns out to be independent
of z > 0 due to the Markov property), Ito-McKean’s definition allows that, if

p({0}) = p+({0}) =0, or p({0}) =1>py({0}),

the point of origin becomes a branching point or decomposes into a holding point “0—’
and a branching point “0+” in the sense of Ray processes (see, e.g., [CWO05, Section 8.2]).
The “normal” case

)

p({0}) =p+({0}) =1

then occupies most of [IM63] and reduces to our definition (16.1) of a Brownian motion
on R, . This definition will be generalized in section 20 to the general case of Brownian
motions on a metric graph.

16.2. Some Prototypes

In the introduction of this thesis we already described the possible behaviors at the origin
together with a list of easy prototypes of Brownian motions on Ry. Two of them are
going to be useful auxiliary processes later, so we take a closer look at them:

(16.2) Example. Mapping the Brownian motion B on R to Ry by the absolute-value
norm |-| results in the reflecting Brownian motion (|B,t > 0) on R4, which is a
Brownian motion on Ry in the sense of definition (16.1). This is done rigorously, for
example, with the help of theorem (12.1) (see [Dyn65, Example 10.26] or [RW00a,
Section I1.14]), and we then get for t > 0, x € Ry, A € Z(Ry):

]P)x(|Bt| S A) = Px(Bt S A) +]P)I(Bt € —A)
_ P, (B, € A)+P_o(B; € A).

With this, the resolvent of |B| can be derived from the resolvent of B. For f € bA(R.),
it reads at the origin

UL £(0) =205 (0)
>~ 1
= 2/ — e_\/%y d 5
" Via fy)dy
where we used an auxiliary function f*: R — R, defined by f*(y) = f(y) for y > 0 and
fH(y) = 0 otherwise, as well as the closed formula (14.2) for the resolvent U” of B. W
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(16.3) Example. Instead of reflecting the “Brownian particle” at the origin, we can just
let it “disappear” there, which results in the killed Brownian motion on Ry. To this end,
let (|B¢|,t > 0) be the reflecting Brownian motion on R} with its first hitting time H
of the origin, and consider the process resulting from killing |B| at Hy:

Blos) . |Bt|, t< Ho,

t A,  t> Hp.

Bl0:) ig not a Brownian motion on R, in the sense of our definition, because it is not
normal at 0 € R4:

Po(B) = A) = 1.

However, it is certainly a right process on Rs¢ = (0, 00) by theorem (10.1). Thus, it is
not really in the scope of our work and will not be treated extensively (for more results on
killed Brownian motions, the reader may consult, e.g., [CZ95, Chapter 2]). Nonetheless,
it is going to be a supporting process in some of our computations, so we will examine
this process a bit further: As f(A) = 0 holds for all functions f, the resolvent of B%:>)
can be computed with the help of Dynkin’s formula (3.17). The decomposition of the
one-dimensional Brownian motion B at the stopping time Hj gives for x > 0

Uy f(z) = Ex(/OHO e F(|Byl) dt) + By (e7H0) UL 1(0),

which is equivalent to

Hy
UR @) = B [ et (B at)
= UBf(x) — By (e ) UB f(0),

where we interpret the function f in UZ f as an arbitrary continuation of f € b%([0, 00))
to bA(R). With lemma (14.3) and E, (e~0) = e~ V222 (see lemma (14.5)), we get

(16.4)

UPC(Ry) CHC(Ry) and  U¥)Co(Ry) C CF(Ry).
Differentiating (16.4) twice yields
UL () = UL f'(2) + Vae > UL 1(0),
UL " () = UL f"(x) = 20”22 U2 £(0)
=2(a UL f(z) = f(x)).
and using the derivatives of U, calculated in subsection 14.2, results in
UL £(0) =
U= f(0) = 2 @yf ) dy,

0 oo)f//(O) _ —2f
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Another review of (16.4) gives, by using the closed form (14.2) for U5,

1 o0
[0,00) - —V2alz—y| _ ,—V2a(z+y)
O T G e ) £(u) dy.
which is in accordance with André’s reflection principle:
P, (B € A) =P, (B; € A) — Py(B; € —A), Ac B(Ry). n

(16.5) Remark. For later use, we compute the resolvent of the killed Brownian mo-
tion Bl for the functions f(z) = e, 8 > 0:

Ul f(x)
_ / V7o (0=y) =By gy 4 / X VIR (=) By gy /°° oV (@+y) By gy
0 T 0

— ¢~ V2o /x e(m_ﬂ)ydy 4 eV2aw /OO e~ (V2atB)y dy — e V20m /OO e~ (V2atB)y dy
0 T 0
e—\/ﬁax e 20 e—\/ﬁx

- (e(\/ﬁfﬁ)x 1) — e~ (V2otp)e
V2a — f3 V2a+ V2a+
— 2V2 (efﬁ:p — e 2aa:)
200 — [32 ’
These examples depict the easiest boundary behaviors at the origin. Closed forms for

the resolvents and semigroups are known for any possible local boundary condition in
the half-line case, see [KPS10, Section 4] and [Tail4, Section 9.1].

16.3. Feller’'s Theorem

[Kni81, Theorem 6.1] or, by a different approach via the resolvent of the process, [IM63,
Section 7] yields the main result on the characterization of Brownian motions on the
half line:

(16.6) Theorem. Let X be a Brownian motion on Ry. Then X is a Feller process and
is uniquely determined by its generator A = %A, with 2(A) C C3(R4).

In this case, the generator is completely analyzed in [Kni81, Lemma 6.2] or [IM63,
Section 8]. Its domain—and thus the underlying Markov process—can be uniquely
characterized with the help of the following theorem, which we will call Feller’s theorem:

(16.7) Theorem. Let X be a Brownian motion on Ry. Then there exist constants
c1 >0, cy >0, cg >0 and a measure c4 on (O, o0), satisfying

c1+co+c3+ ( )(1/\35)04(d$)z1
0,00

and

c4((0,00)) = +o0, if ¢y =c3=0,
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such that the domain of the generator A = %A of X reads

P(A) = {f € CB(Ry) :

c1 £(0) = e f1(04) + 3 AF(0) — /

(0,00)

(£(z) = £(0) catdr) = 0},

The constants and the measure only depend on the exit behavior of the process from
any arbitrarily small neighborhood of the origin. They can be explicitly specified, as seen
in the proof of [Kni81, Lemma 6.2] or later in theorem (20.16) for a general metric graph.
As the reader will notice then (see theorem (20.16) and the results following it), we will
consider the equivalent normalization 1 — e™* rather than 1 A z for the measure c4, which
turns out to be more appropriate in our context and will simplify some computations.

16.4. 1t6—McKean’s Construction

It seems surprising to the present author that the characterizing “data” (c1, co,cs, cq),
as given in theorem (16.7), of any Brownian motion on R has an easy probabilistic
interpretation, which was already briefly explained in the introduction. This allowed
Ité6 and McKean in [IM63] to obtain a complete pathwise construction of a Brownian
motion on Ry for any given set (c1, ca, 3, c4) of boundary conditions. Before explaining
their solution, we feel more than obligated to remind the reader of their words in [IM63,
Section 2] on the evolution of the whole theory and on some of the persons who were
directly involved:

“M. Kac [Kac51] cited the problem of describing the sample paths of the elastic
Brownian motion (c3 = c4 =0 < c¢1¢2), and it was W. Feller’s (private) suggestion that
these should be the reflecting Brownian sample paths, killed at the instant some increasing
function t — t+ (BT N[0,t]) of the visiting set BT = {t > 0 : |B;| = 0} hits a certain
level, and that was the starting point of this paper [IM63]. P. Lévy’s profound studies
[Lév48] had clarified the fine structure of the standard and reflecting Brownian motions
and their local times, the papers of E. B. Dynkin [Dyn56] and G. Hunt [Hun56] on Markov
times provided an indispensable tool, H. Trotter [Tro58] proved a deep result about local
times, and W. Feller [Fel5}] hat presented a (partial) description of the sample paths of
the Brownian motion associated with A in the special case c4((0,00)) < 400 (the case
c4((0,00)) = +00 was not discovered in Feller’s original proof [of theorem (16.7)], but this
error was corrected by W. Feller [Fel57a] and A. D. Wentzell [Wen56]). It was left to use
these ideas (and some new ones) to build up the sample paths of Feller’s Brownian motions
from the reflecting Brownian motion and its local time and (independent) exponential
holding times and differential processes [...].”

If ¢4 is finite, then it is easy to see (cf. [IM63, Sections 9], and also remark (21.2))
that the adequate jumps for achieving the measure ¢4 can be implemented just like the
killing parameter c;, namely by introducing jumps whenever the original process’ local
time at the origin exceeds some independent, exponentially distributed random time.
The only difference is that the process is not necessarily transfered to the absorbing
cemetery point A, as done for ¢y, but is restarted at some point chosen with respect
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to the distribution c¢4. This also appears natural when displaying the domain of the
generator in a slightly different form, using the convention f(A) = 0 of subsection 4.3:

P(A) = {f € CG(Ry) :

c1 £(0) — ea f1(04) + 3 Af(0) — /

(0,00)

(f() = £(0)) ea(dz) = 0}
={/eq®y):

— e f(04) + e AF(0) - |

(0,00)

(f(z) = £(0)) (cr1ea + c4)(dz) = 0}.

The essential “new idea” of [IM63] is the solution on the implementation of jumps for
an infinite measure c4. In this case, the Brownian motion, when started at or hitting the
origin, needs to perform infinitely many small jumps in some arbitrarily small time interval.
Thus, just like when considering excursions of the one-dimensional Brownian motion
from any point, it is not possible to enumerate them in temporal order to construct the
complete process via successive independent copies of killed Brownian motions. However,
1t6 and McKean managed to transform the paths of one underlying reflecting Brownian
motion in a suitable way in order to implement the correct excursions from the origin.
As the present author considers their solution to be remarkably ingenious, he will happily
share their story told by McKean in [GMM15, Section 4.7]:

“But what if c4((0,00)) = +00? That was mysterious. Luckily, Ité saw at once that it
must describe “jumps” of a new kind, produced by the increasing “differential” process
[-..], and as we were flying one day, to Fukuoka I think, It kept drawing pictures, one
after another, trying to see how these jumps could be interlaced with the Brownian path.
After a while he got it; after a longer while I got it, too, and the rest was plain sailing
[-]7

Without being able to verify whether the following chain of logic really led them to their
solution, we try to motivate their approach: As jumps are only possible if the process is
at the origin, they appear on the timeline of the local time at the origin. Furthermore,
there is at most one jump at a time, and jumps need to be independent, in the sense that
they need to exhibit a Markovian character, as any Brownian motion on R is strongly
Markovian. By characterization (6.10), it is therefore natural to expect that the jumps
are guided by a Poisson point process (or equivalently, by a subordinator) with Lévy
measure ¢4, on the timeline of the local time. Thus, starting with a reflecting Brownian
motion |B|, we try to superpose |B| with a subordinator P: The naive approach of
considering the process t — |B;| + P(L;) fails, as shown in figure 16.1, because, after
every jump, the process must behave like a standard Brownian motion—in contrast to a
reflecting one—until the next hit of the origin.

Therefore, the goal is to find a way to toggle between reflecting Brownian motion and
standard Brownian motion on the level of paths. As seen in Lévy’s characterization
of the local time (15.3), for a reflecting Brownian motion |B| with local time L at the
origin, the process |B| — L behaves like a standard Brownian motion. So the main idea
is to toggle the paths |B| and |B| — L, more accurately: Start with |B| until the first
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Figure 16.1: Construction approach for Brownian motions on Ry: The idea of ¢ —
|Bt| + P(L¢), illustrated in the above graph, fails, as the process must switch to a
standard Brownian motion after every jump until the next hit of zero, as shown in the
graph of X below. The blue lines mark the starting heights of every “jump excursion”,
as well as (in the graph for X) the time elapsed until the switchover back to the
reflecting Brownian motion.

jump is introduced by P, say of height A > 0, then switch to the “jump excursion”
h+|B|— L until this part hits the origin again, then toggle back to |B|, and so on. As |B]|
is non-negative and L only grows when |B] is at the origin, the partial process h+ |B| — L
hits zero exactly when L is increased by h. Following this thought, the prototype of the
process should be of the form ¢ — |B;| — Ly + F(L;) for some random function F' which
is the identity while the reflecting Brownian motion needs to be in place, jumps by h
whenever a jump excursion with jump height 2~ > 0 needs to be started, and then is
constant for A units of time. Such a function is gained by the choice F = P o P~! with
P~ being the right continuous pseudo-inverse of the subordinator P:

P71:]0,00) = [0,00], P7(t):=inf{s >0: P(s) > t}.

Pseudo-inverses and functions of the form PoP~! are examined in detail in subsection 21.2.
For now, we recommend the graphs of figure 16.2 to the reader: The upper right hand
graph contains the jumps of the Poisson point process (in black) and its associated
subordinator P with an additional deterministic drift (in red), the lower left hand
graph shows the resulting process P o P~ which exactly features the properties stated
above, that is, being a diagonal, interrupted by upper isosceles triangles. In summary,
It6—McKean’s solution is the process

X; = |By| — Ly + P(P7}(Ly)), t>0,
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Figure 16.2: [t6-McKean’s construction of Brownian motions on R

which is shown in the lower right hand graph of figure 16.2. Proving that this process
is a (strong) Markov process and indeed introduces the correct jump measure ¢4 is not
an easy task and is done in [IM63, Sections 13-15]. We will take up this challenge in
section 21 when we extend It6—McKean’s construction to the star graph. Afterwards, the
missing killing and stickiness parameters ¢; and cs can be introduced by the standard
procedure of “slowing down” the process X by time changing it with respect to its local
time at the origin, and then kill it once its new local time exceeds some independent,
exponentially distributed random time, see [IM63, Sections 10, 15] or subsection 21.10.

We end the treatment of the half-line case by noting that, of course, there are other
ways to analyze and construct Brownian motions on Ry. A natural approach is via Itd
excursion theory, see, e.g., [Rog89], [RWO00b, Section VI.57], or [Blu92].

17. Brownian Motions on an Interval

We will briefly consider the case of a “metric graph” with one edge and two endpoints.
Thus, we are examining Brownian motions on an interval [a, b], that is, right continuous
strong Markov processes on [a, b], which, if stopped at the endpoints, are equivalent to
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the one-dimensional Brownian motion on R, stopped when leaving this interval.
Expectedly, any Brownian motion on [a, b] behaves locally at the boundary points a
and b like Brownian motions on the half lines [a, +00), (—00, b] respectively. Therefore,
its characterization and construction can be deduced from the half-line case by obtaining
the boundary conditions and the corresponding boundary behavior at both endpoints.
It turns out that most of the results and constructions in this case are not particularly
simpler than in the context of general metric graphs, so we will postpone most findings
to later sections. In contrast to the case of general graphs, however, we are still able to
attain the complete description of the generator in the interval case. The laborious proof,
necessary due to the non-local boundary conditions, is given in subsection 17.2.

17.1. Definition and Basic Results

We are extending definition (16.1) in the obvious way, which again follows the definitions
of [Kni81, Section 6.3] and [IM63, Section 16]:

(17.1) Definition. Let X = (2,9, (%)1>0, (Xt)i>0, (0¢)1>0, (Pz)zefap)) be a right con-
tinuous, strong Markov process on [a,b]. X is a Brownian motion on [a,b], if

Hx :=inf{t>0:X; € {a,b}}

is a stopping time over (¢;,t > 0), and for all x € [a,b], n € N, f1,..., fn € bB(R}),
t1,...,1n ER+,

E; (fl (th/\HX) T fn(th/\HX)) = Ef (fl(Btl/\HB) T fn(Btn/\HB)>
holds, with B being the Brownian motion on R and Hp :=inf {¢ > 0: B; € {a,b}}.
Just like in the half-line case, one can characterize any Brownian motion by the
boundary conditions of the generator via Feller’s theorem. The assertions of the following
theorem can be found in [IM63, Section 16] without proof. We will prove them in

the context of a general metric graph in section 20, extended by the computations of
subsection 17.2.

(17.2) Theorem. Let X be a Brownian motion on [a,b]. Then X is a Feller process

with generator A = %A. There exist constants c¢{ > 0, c¢§ > 0, ¢§ > 0 and a measure c§

on (a,b] as well as ¢} >0, ¢ >0, ¢ > 0 and a measure ¢} on [a,b), satisfying

cf + 5+ + (1A z)cj(de) =1,
(a,b]

cl{+cg+cg+/[ )(le)cZ(dx) =1,
a,b

and

ci((a,b]) = +o0, if §=c§=0,

o~

ca([a,b)) = +o0, if cg = cg =0,
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such that the domain of the generator of X reads
P(A) = {f e CB(Ry):

& S0) = )+ D e - [ (@) - fla) éitdn) =0,

(a,b]

&
GO+ F o)+ D) - [

[a,b)

(f(z) = f(b)) lj(dx) =0 }.

(17.3) Example. Like in example (16.3) for the half line, we consider the Brownian
motion on [a, b] killed when it reaches the boundary, that is, the process B [a.b] defined by

B[a,b] L By, t < Hq A Hy,
LA, t> H, A H,

We compute its resolvent by using the decomposition of the standard Brownian motion
at H, A\ Hp with the help of Dynkin’s formula (3.16). For all f € bA([a,b]), x € [a, b],
this gives (see also lemma (14.5) for the passage time formulas)

Ul f (@) = Ea / T et () dt)
0
=UBf(z) —By(e7 Mo, H, < H)) UP f(a) — By (e Hy < H,) UZ f(b)

sinh (v2a (b — z)) _ sinh (vV2a (z — a))
i sinh (v2a (b — a))

=Ulf(z) - U2 f(a) UZf(b),

with the boundary values
Ul f(a) =0, Ultfb) =o0.

As UP maps Cy(R) to C3(R) (see lemma (14.3)), U%¥ maps C([a,b]) to C%([a,D]).
Differentiation of the above formula then yields, for all = € [a, b],

ULl ()

B , cosh (vV2a (b —z))

=UBf'(z) + V2« sih (v2a (b= a)) UP f(a) —V2a
Uc[ta,b] f//(x)

sinh (V2a (b—12)) . 5 o
sinh (v2a (b — a)) Ve fla) =2

= 2(a UL f(z) — f(x)). [

=UBf"(x) - 2a

17.2. Proof of Feller’'s Theorem

In Feller’s theorem in the context of a general metric graph (cf. theorems (20.16) and
(20.21)) we are only able to show that the boundary conditions are necessary for functions
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to lie inside the domain Z(A) of the generator A. We are going to prove now that they
are also sufficient in the interval case, thus showing that identity holds between Z(A)
and the right-hand set of boundary conditions in theorem (17.2). The following proof
is an attempt to transfer the approach of [Kni81, Proof of Theorem 6.6], which only
considers the continuous case (that is ¢ = ¢} = 0), to our setting. It will show that
the permission of discontinuity of the underlying process, which introduces non-local
boundary conditions through the jump measures ¢ and c}, exceedingly complicates
results. It seems unlikely to us that this approach is still feasible in the case of a general
metric graph.

Proof. Without loss of generality, we only consider the case [a,b] = [—1, 1]. Furthermore,
we rename ¢; | = p_;, ¢; ' = pi, i € {1,...,4}, for this proof.

We are using lemma (5.12), that is, we need to show that, with & being the right-hand
set of boundary conditions in theorem (17.2), there is an o > 0 such that the differential
equation

Si=af fe,

is only solved by f = 0. We will demonstrate this by using the approach of [Kni81,
Theorem 6.6]. However, due to the possible jumps, our proof will be much more involved.
For each o > 0, all solutions of %fa = afa, fo € C3([—1,1]), are given by
fa(z) = & e™V20T L gy eV2or & 8 € R,
or, what will be more convenient in our context, by
fa(x) = cf sinh(v2ax) + ¢§ cosh(vV2azx), cf,c5 € R.

For all solutions with c§ # 0, the boundary conditions of f, € Z give

cf pa1 sinh(—v/2a) — p_2 v/2a cosh(—v/2a) + p_3 a sinh(—v/2a) +
8 p_1 cosh(—v2a) — p_o v/2asinh(—v/2a) + p_3 a cosh(—v/2a) +
= Ji-11) (sinh(v2ax) — sinh(—v/2a)) p_4(dz) +

1=

e Ty (cosh(v2aa) — cosh(—2a) p_a(d) +
= p_a({+1})(sinh(v2a) — sinh(~y7))
= poa({1}) (cosh(vZa) — cosh(—v3a))’
and
_ 4 pn sinh(v/2a) + pyo v2a cosh(v/2a) + py3 a sinh(yv/2a) + - - -
c§ pi1 cosh(v/2a) + pyo v2asinh(v/2a) + pys a cosh(v2a) + - -
(175) = J1,p) (sinh(v2az) — sinh(v2a)) pia(dz) +

= Jiz11) (cosh(v2az) — cosh(v/2a)) pya(dz) +

- — pra({~1}) (sinh(—v2a) — sinh(v/2a))
= paa({=1})(cosh(—v2a) — cosh(v2a))
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“,o..m

where the indicate that both nominator and denominator of the fractions are
continued in the following line.

We are going to show that this cannot be true for any sequence (ay,,n € N) of
positive numbers tending to infinity, because for a — +o00, sinh(—v/2a) — —oo and
cosh(—+/2a)) — 400, while sinh(v/2a) — 400 and cosh(v/2a) — +oc0. Thus, the latter
fraction of (17.4) converges to —1, which implies that c¢{'/c§ must converge to —1, while
the latter fraction of (17.5) converges to +1, which can only be true if ¢§'/c§ converges
to +1. To avoid technical problems when carrying out this argument rigorously, we will
rather examine finite limits by switching from sinh and cosh to tanh and employing that
tanh(—v/2a) — —1 and tanh(v/2a) — +1 for a — +oo0.

Some preparations are necessary so that we do not need to interrupt our argument
later whenever taking limits on the integral terms: For all = € [—1, 1], we have

V2a
jsinh(v/2az) — sinh(v/2a)| = ‘— /V; cosh(z) dz| < v2a cosh(v2a) (1 — x),
‘Cosh(\/%x) - cosh(\/%)’ = ‘— /\:i sinh(z) dz| < v2asinh(v2a) (1 — ),

and, analogously,
[sinh(v2az) — sinh(—v2a)| < V2acosh(—v2a) (1 + ) = V2acosh(v2a) (1 + z),
’cosh(\/ﬁx) - cosh(—\/ﬁ)’ <V2a ’sinh(—\/ﬁ)‘ (1 — ) = V2asinh(v2a) (1 — z).

Therefore, the integrals in (17.4) and (17.5) with respect to p14 are always finite. Addi-
tionally, they diverge slower than /2« sinh(£+v/2a), because

1 ) '
V2asinh(£v/2a) /(_1’1) (sinh(v2az) — sinh(+v2a)) p4(dz)

< coth(\/%)/ (1 F x) p+a(dz),

)

and as coth(v/2a) — +1 for a — +00, we get by LDCT
1
li / inh(v2 — sinh(£v2 d
A (@ van) Jry (PR 202) — sinh(Ev20)) pri(dz)
/ 1 (sinh(\/ az)  sinh(+v2a)
1,1) 0H+<>O V2a \sinh(£v2a)  sinh(+v2a)

) paalde)

By exactly the same argument, this is also true for the integrals with respect to cosh:

. 1
agl}ﬁloo \ﬁsinh(i\/@) /(_1 5 (cosh(v2azx) — cosh(+v2a)) pa(dz)

cosh(v2ax)
a / 1,1) oA 2a (smh(i\/ﬁ) (i\ﬁ)) pea(dz)
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We are ready to examine (17.4) and (17.5) as announced above. The objective is to show
that (17.4) implies

while (17.5) implies

To this end, we will always compare the terms of highest rate of divergence in the
nominator to the ones in the denominator of the terms in (17.4) and (17.5), so the
examination depends on the boundary weights. Mostly we will treat (17.4) and (17.5)
at the same time, but always separately. This means, for instance, that the following
case (i) “pys # 07 is employed for (17.4) if p_g # 0, and for (17.5) if p43 # 0, choosing
another of below cases for the other equation if necessary. It does not mean that both
p_3 # 0 and py3 # 0 must be true at the same time.

(1) pe3 # 0
By dividing both nominator and denominator of the latter fraction of (17.4) or

(17.5) by asinh(+v2a), and letting o — +00, we immediately see that the latter
fraction converges to —1 for (17.4), or to +1 for (17.5).

(ii) p+3 =0, p+2 # O:
We use exactly the same approach as in case (i), but divide by v/2asinh(++v/2a),
to show that the latter fraction of (17.4), (17.5) converges to —1, +1 respectively.

(iii) py3 =0, py2 =0, pra([—1,1]) = +o0:
We need to further examine the rate of divergence of the integral terms, therefore
we introduce for o > 0:

a® = i (sinh(v2azx) — sinh(v2a)) pia(dz),

b = / (cosh(v2az) — cosh(v2a)) pya(dz)
-1.1)

= /(1 5 (cosh(v2ax) — cosh(v2a)) pra(dz).

Then, we have

b em _ efm e 2 e~ 2ax
oy (T Tt

< _/ (1 - e\/%(a:—l) - e—\/ﬁ(:c—l—l)) p+4(dl‘),
(_1’1)

and because both exponentials functions decrease pointwise to 0 with @« — +o00 and
the complete integrand is non-negative for every oo > 0, as the integrand function of
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b™ is non-negative, LMCT yields that [_, ) (1 — eV2a(a=1) _ e‘m(xﬂ)) pya(dx)
diverges to f(71,1) 1pya(dr) = 400. Therefore, we have proved that

ba
(17.6) lim

= —OQ.
a—~+00 6\/204

Next, we will show that

la® —b%] .
(17.7) v is bounded for o — +o0.

This follows from decomposing the numerator into
|a® — b

= |_ /[_1 ) ((sinh(\/ﬁ) — cosh(v/2a)) — (sinh(v2azx) — cosh(\/ﬁx))) pya(de)

1— 1—¢
< / |- +| pya(dr) +/ |- | pra(dz) + 2sinh(V2a) pra({-1})
1 (-D)+

—€

=:d{ +dg + d3,

for any ¢ € (0,1). Here, we have

1—
@ = [
1—¢

1—
< / e~V2aT (/95 (1 — ) pya(de)
1—¢

< V2ae VR0 [ (1= 2 pya(de),

l1—e

e—\/Qa — e 2azx

p+a(dz)

so limgy_y4 00 df = 0, which yields

da
lim L

— = 0.
a——+00 e\/2a

The two remaining terms are easier: As pi4 is a finite measure on (—1,1 — ¢), it is

dg l—e e—\/20¢ — e~ 2ax
= dx
/2 1)t o3 pta(dz)

o~ 2V2a _ ,—V2a(1+2)

1—¢
a /(1)+

so LDCT (with z — 2 being a dominating integrable function) yields

p+4(d$),

lim d3

=0.
a—r4-00 e\/2a
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Finally, we have

i = 2O, ) <o),

a—+00 eV 2« a—~+00

This shows (17.7), which together with (17.6) implies

a__po

a
. a” . Vor
lim o= lim (R4 o) =1,
a——+00 a——+0o0 Ve
as well as
. sinh(v/2a)
sinh(v/2a) v
im e = lim —5— =0,
a——+00 a——+00 e
cosh(\/ﬂ)
. cosh(v/2a) . oV
lim v lim —5— =10.
a——+00 a——+00 e

By dividing both the nominator and the denominator of (17.5) by 6%, and using

the above limits, we get

(iv) p-3 =0, p-2 =0, p_a([~1,1]) = +o0:
This case proceeds similar to the case (iii), however we need to adjust it at some

steps to fit it to (17.4). Consider

a® = /(_1 ; (sinh(v2az) — sinh(—v2a)) p_4(dz),

b = / (cosh(v2az) — cosh(—v2a)) p_4(dz)
(=1.1]

/(1 5 (cosh(v2azx) — cosh(—v2a)) p_4(dz).

Exactly as in the case (iii), we obtain
ba

(17.8) Jm T = T

Next, we observe that

la® + b .
(17.9) —a is bounded for o« — +o0,

which follows from a similar decomposition: We have

la® 4+ b%| < df + dy + d3,
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with
e—\/2a —e 20

p—4(dx)
< /(__ " VB B (14 ) pa(da)

< V2 e\/%( 1+5)/ 1+£L’)p74(dl‘),
(-1)+

—V2a 6 2ax

_a(dx
em —1+e P 4( )

/1+5

d§ sinh(v2a)
em - 2 em p—4({+1})

for any € € (0,1). As above, we then easily see that all three components converge.

This proves (17.9), which together with (17.8) implies

o~ 2V2a _ V2a(z-1)

‘ p-4(dx),

a®+b*

lim = lim ( ebj — b?) =1,
a—>+00 a—+-00 o
as well as limg_ 400 Sinh(bfia‘/%‘) =0 and lima—s oo % V2a) _

By dividing both the nominator and the denominator of (17.4) by b*, and using
the above limits, we get

We have shown that for any sequence of positive numbers (a,,n € N) converging
to infinity with ¢§™ # 0 for all n € N, (17.4) and (17.5) imply that (¢{"/c5",n € N)
converges to two different values, which is impossible.

Therefore, we can find a sequence (o, n € N), converging to infinity, such that ¢5™ =0
for all n € N. But then (17.4) and (17.5) reduce for these values of « to

0=cf (p_l sinh(—v/2a) — p_3 v2a cosh(—v/2a) + p_3 a sinh(—v/2a)

17.10
( ) — / (sinh(v2az) — sinh(—v2a)) p_4(da:))
(=1,1]
and
0=cf (pﬂ sinh(v2a) + py2 V2 cosh(v2a) + py3 a sinh(v/2a)
(17.11)

— / (sinh(\/ﬁl’) — sinh(\/ﬁ)) p+4(dx)).
(-=1,1)

Dividing any of both equations by the term of highest order, that is, if
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Figure 17.1: Construction of a Brownian motion on [0, 1] via toggling

(i) ps #0:
dividing by a sinh(£v/2«),

(ii) p+3 =0, p+2 # O
dividing by v2asinh(+v/2a),

(ili) p+3 =0, p+2 = 0, p+a([—1,1]) = 4o0:
dividing by b%,

(iv) p+3 =0, pr2 = 0, p4([-1,1]) < +oo:
dividing by sinh(++v/2aq),

we see that the terms in the brackets of (17.10) and (17.11) diverge to oo for o — +o0.
In particular, there are a,,, n € N, such that the term in one of the brackets does not
vanish, and for these values of «, it must be cf = 0.

Thus, we have shown that there is an « > 0 such that % f=af, f € P, is only solved

by f = ¢} sinh(v2a-) + ¢§ cosh(v2a-) = 0. O

17.3. Construction

[IM63, Section 16] and [Kni81, Section 6.3] give instructions on how to construct a Brown-
ian motion on [0, 1] which realizes a set of given boundary conditions (ci, ¢, ¢4, ¢})icfo,1}:
The basic idea is to consider two Brownian motions X%, X! on the half-lines [0, ),
(—00, 1] which implement the correct boundary conditions (cJ,c9,c3,c?), (c,cl, ci,cd)
at 0, 1 respectively, constructed by the techniques for the half-line case as stated in
section 16. Now take independent copies of these processes, start, for instance, with the
first copy of X© until it hits 1, then switch to the first copy of X', on returning to 0
switch “back” to the second copy of X, and so on (It6 and McKean only consider two

processes which are toggled whenever they hit one of the boundary, which is basically
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the same idea). Figure 17.1 shows the resulting process, where the blue subgraphs
are paths of the respective copies of X, and the red ones are the paths of the copies
of X!. Then, Knight argues that “it is not hard to see that [the resulting process] is a
homogeneous Markov process [...]”, thus, as Itd6 and McKean put it, “leaving the proofs
to the industrious reader”. The authors of [KPS10] took up this task in the continuous
case (and then extended it to the graph context in [KPS12a]), and their extensive proofs
seem to show that this problem is not as trivial as the above authors suggest. We will
solve this problem in the general setting of metric graphs in subsection 22.4 by employing
the technique of alternating copies, as introduced in subsection 13.2.

18. Metric Graphs

Following the common notion, a graph is a collection of two (disjoint) entities, called
the set of vertices V and the set of edges £, whereby one vertex d(l) or two vertices
(0—(1),04(1)) are assigned to each edge | € L as its “endpoint(s)”, building up the graph’s
combinatorial structure. When also assigning to each edge | € L a positive length p(I)
(being +oc0 in case of | having only one “endpoint”) and thus identifying | with some
interval [0, p(1)] ([0, 400) in the case p(l) = +00), it is possible to examine the resulting
metric graph as a locally one-dimensional structure of subintervals of R, which are
“glued together” at their respective endpoints. This introduces the metric of “shortest
paths” on this graph: Inside an edge, the metric will conform locally to the Fuclidean
distance on R, while the distance between points on different edges will be measured by
the shortest path along the edges of the graph leading from one point to the other.

By the identification of edges with intervals, the order of R, introduces a “orientation’
on the graph, which we will implement in the following way: For an “internal” edge
| € £ with two endpoints (9_(1),d4+(1)), the “initial point” 0 of the respective edge
interval [0, p(1)] will be identified with 0_(l), and the “final point” p(l) with d;(I). For
an “external” edge [ € £ with only one endpoint (1), the “initial point” 0 of its edge
interval [0, 4+00) will be equal to d(I). Despite of this “orientation” of the underlying
intervals, we will only consider “undirected graphs” in the classical sense of this term,
that is, paths along the edges are always allowed in both directions.

In this section, we give a full, rigorous definition of metric graphs and functions thereon,
followed by the discussion of tadpoles and by a method of compactification, which will be
needed for a main result on the characterization of Brownian motions, theorem (20.16).

i

18.1. Basic Definitions

An unified definition or notation for metric graphs does not appear to exist. Classically,
they originate in the context of “quantum graphs”, see, e.g., [BK13]. We follow a similar
notationally basis established in [KS06], which Kostrykin, Potthoff and Schrader also
use in their works [KPS12b], [KPS12¢|, [KPS12a] on (continuous) Brownian motions on
metric graphs. Observe that we will only consider finite graphs, in the sense that the
sets of vertices and edges will always be finite sets:
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.,164

€3

Figure 18.1: A metric graph with 6 vertices, 11 internal edges, 8 external edges. Here
the curved lines are only used for illustrative reasons, they should still be considered as
“straight lines” [0, p(¢)], ¢ € Z. The “orientation” of the edges is not depicted here: e.g.,
if 9(i1) = (0-(i1),0+(i1)) = (v1,v2), then (i1,0) = vy and (i1, p(i1)) = v2, whereas
otherwise (i1,0) = v and (i1, p(i1)) = v1.

(18.1) Definition. A tuple G = (V,Z,£,0) is a graph, if V # (), T and £ are finite,
pairwise disjoint sets, and O is a map from the set £ :=Z UE into (V x V) UV, such that
d(e) eV foralle € & and 9(i) = (0-(i),0+(1)) € Vx V foralli € Z. V is called the set
of vertices, elements of T and £ are called internal edges and external edges, L is the set
of all edges. For an internal edge i, 0_(i) and 04 (i) are called the initial vertex and final
vertex of i, while for an external edge e, O(e) is the initial vertex of e. An internal edge i
is called tadpole, if 0_(i) = 04 ().
For a vertex v € V, we define the sets

I (v):={i€Z:0_(i)=v}, Zy(v):={i€T:0:(i) =v},
T(0) = T_(v) UT, (),
Ew) :={ee&:0(e) = v},
L(v) :=Z(v)UE(v)

of (initial, final) internal edges, external edges, all edges respectively, incident with v.

Whenever it is notationally convenient, we will also write d(I) for the set containing the
vertex/vertices incident with the edge [ € £, that is, v € 9(l) means v € {0_(1),0+(l)}
for an internal edge [, and v € {9(l)} for an external edge I.

(18.2) Definition. Let G = (V,Z,E&,0) be a graph and p: L — (0,400] be a map, such
that p(i) < +oo for all i € Z, and p(e) = +oo for all e € £. Then (G, p) is called metric
graph. For every edge |l € L, p; := p(l) is called length of I.

The lengths of the edges and the graph’s combinatorial structure induce the metric of
the shortest paths on a metric graph (V,Z, &, 0, p), which we will introduce rigorously
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next. To this end, consider

G=vulJ{i} x[0.p])UlJ ({e} x [0,+00)).
i€l ec&

We extend the mapping @ to G by setting d(v) := v for all v € V and ((I, z)) := d(1) for
all (1,) € Uree ({1} % [0, p1).

The distance between two points inside the same edge can be measured by the Euclidean
distance on R, while the distance of vertices can be measured by the length of the shortest
possible path along the edges of the graph. In order to distinguish both modes, we first
define an auxiliary metric which only measures the direct distance inside the same edge:

(18.3) Definition. The internal length d™: G — [0, 400] is defined by

2" (e.2).(e09) = e =,

y) =z —yl,

) i= d(0(e), (e, ) 1=,
i,x),0-(1)) := d™(0_(4), (i,z)) := m,

8 ((5,2), 04, (3) = d™ (04 (0), (i,2)) = s —
YoeV: d™(v,v):=0,

Vee &, z,y €[0,+00) : (
VieZ, z,y €[0,p] : (
Vee€ &, x€[0,4+00): d™(

VieZ, zel0,p]: (
(
(

and d™(gy, g2) := +oo for all other g1, gz € g.
The metric properties of d™ are immediate from its definition:

(18.4) Lemma. The following assertions hold true:
(i) d™(g,g9) =0 for all g € G.
(ii) d™ (g1, 92) = d™ (g2, g1) for all g1, 92 € G.

(iii) d™(g1,g3) < d™ (g1, g2) + d™(ga, g3) for all g1, 92,93 € G.

Proof. (i) and (ii) are obvious. Turning to (iii), we note that the choices of g1, g2, g3 € G
involving vertices, namely gy = d(e), e € £, or g, = 0+(1), i € Z, for some k € {1,2,3},
can instead be verified for g = (e,0), gr = (4,0), gr = (¢, p;), respectively. Thus, let
gk = (lg, xk), k € {1,2,3}. Tt is sufficient to check the case Iy = Iy = I3 = [, as otherwise
d™ (g1, go) = 400 or d™ (g, g3) = +0o. But this case directly follows from the triangle
inequality of the Euclidean norm. O

In order to measure the distance between points on different edges, we need to consider
the possible paths along the edges of the graph, leading from the initial or final vertices
of their respective edges:
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(18.5) Definition. For n € Ny, vg,...,Un €V, i1,...,0in € L, (V0,%1,V1, .., Vn—1,in, Vpn)
is called path from vg to vy, of length n across (vy, ..., vs) via (i1, ..., i), if

Vk € {1, ... ,n} L Vg1 € 8(ik),vk S 8(%)

For v,w € V, P(v,w) is the set of all paths from v to w, and P = |, ey P(v,w) is the
set of all possible paths.

Notice that there is always a path from a vertex vy to itself, namely the path (vg), and
every path can be reversed: If (vg,i1,v1,...,Vn—1,0n, V) is a path from vy to vy, then
(U, bny Un—1,...,01,11,00) is a path from v, to vy. In particular, P(v,v) is not empty
and P(v,w) = P(w,v) holds for any vertices v,w € V. It also follows directly from the
definition that paths can be concatenated: If

(v,41,V1, ..., Up—1,in,w) and (w,j1,w1,..., Wn—1,Jn,u)
are paths from v to w, from w to u respectively, then
(’U,il,?]l, <oy Un—1, iTL?w?jlv Wiy, wn—lajna U)

is a path from v to u. Thus, the relation of being connected by a path is an equivalence
relation on V.

(18.6) Definition. The length of a path d”*: P — [0, +00] is defined by
dp7p((v07i1a CAPRE 7vn—1>im Un)) = Piy A Py

We are now able to define a metric on the metric graph, induced by its combinatorial
structure and its edge lengths:

(18.7) Definition. The metric of the shortest paths d: G x G — [0, +00] on a metric
graph (V,Z,&,0, p) is defined for v,w € V by

d(v,w) = inf dPr((v,...,w)),
( ) (v,...,w)EP(v,w) (( ))

as well as for (g1,g2) € (G x G)\(V x V) by

d(gth) := inf {dint(gng)a

inf  {d"™(g1,v1) + d(v1,v2) + d™(v2, g2)} }-
v1€9(91),
v2€0(g2)

Here, as usual, we set inf () := +o00. Therefore, d(g1,g2) = +0oo holds if and only if
there is no path from g; to go along the edges of G.

The reader should observe that the “shortest path” (and thus the distance) of two points
inside the same edge must not equal the Euclidean distance of their local coordinates,
cf. figure 18.2 for an example. However, this will not cause any problems, because the
neighborhoods of points of the interior of an edge can always be chosen small enough in
order to completely lie inside the corresponding edge.
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Figure 18.2: Shortest distance and neighborhoods in a metric graph: In the metric
graph depicted above, assume the edge lengths p(i;) = 10, p(i2) = 5 and the points
g1 = (i1,1), g2 = (42,9). Then the “internal” distance inside the edge i; is given
by d'™*(g1, g2) = 8, while the path across (vq,v2) via iy realizes the shortest distance
d(g1,92) = 7. On the right-hand graph, two neighborhoods of g; and g are illustrated.

(18.8) Lemma. The following assertions hold true:
(i) d(g,g) =0 for all g € G.
(ii) d(g1,g2) = d(g2, 1) for all g1, g2 € G.
(iii) d(g1,93) < d(g1,92) + d(g2, g3) for all g1, 92,93 € G.
Proof. (i) This follows directly from the definition of d'™* and from d”((v)) = 0.

(ii) The symmetry of d is inherited from the symmetry of d™, shown in property (ii)
of lemma (18.4), and of d on V x V, which is easily seen as all paths are reversible.

(iii) We start with the triangle inequality for vertices v,w,u € V: As for all paths
(v,...,w) € P(v,w), (w,...,u) € P(w,u), the concatenated path (v,...,w,...,u)
is a path from v to u and therefore lies in P(v,u), we have

d(v,u) <d7P((v,...,w,...,u)) =d"P((v,...,w)) +d"?((w,...,u).
Taking the infima over all possible paths from v to w and from w to u yields

d(v,u) < d(v,w) + d(w,u).

Now, let g, € G, k € {1,2,3}. Then, for all v1 € 9(g1), v2 € I(g2), w1 € I(g2),
wo € 0(g3), the triangle inequalities of d™ on G x G (see (iii) of lemma (18.4)) and
of don V x V imply

o d™(g1,93) < d™(g1,92) +d™ (g2, 93),

o d™(g1,v1) + d(vi,v2) + d™(v2, g3) < d™(g1,v1) + d(v1,v2) + d™(v2, g2) +
d™(gs, g3), with both sides being +oo if vy ¢ 9(g3),
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o d™(g1,w1) +d(w1, wa) + d™ (w2, g3) < d™ (g1, g2) +d™ (g2, w1) + d(w1, wa) +
d™ (wsy, g3), with both sides being +oo if w1 ¢ 9(g1),
(

o d™(g1,v1) + d(v1, w2) + d™ (w2, g3) < d™(g1,v1) + d(vi,v2) + d"™(va, g2) +
d"™ (g2, w1) + d(wy, wg) + d™ (ws, g3), as d(v1, v2) + d™ (va, g2) + d™ (g2, w1) +
d(w1,wy) on the right-hand side has at least the length of a path from v; to
wg over the vertices (vi,vy,...,wy,...,ws), and thus is an upper bound for
d(vy,ws).

Therefore, we have

inf {d"™ (g1, 93), (g1, v1) + d(v1, w2) + d"™ (w2, g3) }
S inf {dint(gh 92)7 (gla Ul) + d('Ul, ?}2) + dint(’027 92)}
+ inf {d™ (g2, g3), (g2, w1) + d(w1,wa) + d™ (w2, g3)},

and taking infima over v; € 9(g1), v2 € 9(g2), w1 € I(g2), wa € I(g3) yields
d(g1,93) < d(g1,92) + d(g2, g3)-

The mixed case follows from this, as for all v € V, g € G, it is d(v, g) = d((1,0), g)
with I € £ such that v = 9_(l), or d(v,g) = d((l,p1),g) with | € L, v = 94+(1).
O

We introduce the geometric representation of the metric graph (V,Z,&,0, p) by identi-
fying the points which have zero distance:

(18.9) G=G/{(g1,02) € G : d(gn, gs) = O}-

The equivalence sets of G are very simple here, as only the vertices are identified with
the endpoints of their respective edges, that is, we have the following classes of points:

e vertex points: {v} U {(e,0):e € & v =0(e)} U{(i-,0) :i_ € Z,v = d_(i—)} U
{Gig,pi) g €T, =04(i4)} forveV;

e inner points: {(l,z)} for i € L, z € (0, p;).

Thus, G can be seen as a collection of closed intervals and half lines of R of lengths given
by p, with some of their endpoints being “glued together” by the graph’s combinatorial
structure 0. We will call the “position” on these intervals {l} x [0, p;] (with [0, p;] :=
[0, 400) if p; = +00) local coordinate, that is, a point g = (I, x) has the local coordinate z.
Of course, this coordinate is only meaningful in the context of its relative edge [, as the
identification may “glue together” an “initial” coordinate O of some edge with a “final”
coordinate p; of some other edge i at their mutual vertex.

From time to time, we will also identify any edge [ € £ with the set of its corresponding
points {l} x [0, p;]. For later use, we define the open interior of an edge | € L to be

10 = {1} x (0, ),
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as well as the set GO of all inner points of G by

Gl = U ({1} x (0, p1)).

lel

Owing to the triangle inequality of d on G , d assumes the same value on all representants
of an equivalence class and thus can be extended to a mapping d: G x G — [0, +o0]. It
follows from lemma (18.8) that d is a metric on G. Here we allow a metric to take values
in [0, 4o0]. This is a slight extension of the standard definition of a “metric”, which does
not impact any topological results which will be needed later (see [BBIO1, Chapter 1]).

The topology on G induced by d is structured as follows: Inside G, it locally “looks”
like the topology of some interval of R, as for (I,z) € G°, € € (0, min{x, p, — z}),

B:((l,z)) ={g€G:d((l,x),g9) <e}={l,y): |z —y| <e} ={l} x (x —e,x+¢),

which is “glued together” at the vertices by 9, as for v € V, ¢ € (0,min{p;,l € L(v)}),

B.v)={geG:dwg) <sh= U x0.0)u U (o — = 1).
leL(v) leZ(v)
o_(D)=v o+ (H)=v

(18.10) Theorem. d defines a complete, separable metric on G.

Proof. As every sequence in G can be identified with a sequence in

U ({i} x [0,m]) U U ({e} x [0, +00)),

i€l eel

and each of the intervals [0, p;], [0, +00) is complete, every Cauchy sequence in G converges.
Furthermore, every edge is homeomorphic to an interval, which contains a countable,
dense subset (take, e.g., the rational points), and the topology of G inside G° locally
coincides with the internal topology induced on the edges, so using the (finite) union
of these countable separability sets for all edges | € L together with the (finite) set of
vertices gives a separability set for G. O

18.2. Discussion of Tadpoles

Tadpoles, that is, internal edges ¢ € Z with the same initial and final vertex 0_(i) = 94(7),
will provide a nuisance in our constructions. The following technique, as explained in
[KPS12a, Section VI], will allow us to eliminate the tadpoles while maintaining the
graph’s topological structure (and thus, when applied in the context of Brownian motions,
will not alter the description of the processes on the graph, see remark (20.24)).
Assume we are given a metric graph G = (V,Z, £, 9, p) with a non-empty set of tadpoles
Iy ={i€Z:0_(i) = 0+(i)}. We “split” every tadpole into two “regular” internal edges
by introducing, for each i € Z;, a new vertex v} and two new internal edges i*, i~
each with edge length p(7)/2, thus defining a new metric graph G = ()7,%, .0, p) with
Vi=VU{vi:ieL},I:=I\L)U{it,i" :ie T}, and £ := £. The edge lengths j and
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Figure 18.3: Extension of a metric graph for elimination of tadpoles: Pictured above is
a metric graph G with two tadpoles i1, io at vy, vg. By splitting each tadpole ¢ up into
two new internal edges i, i*, connected via the original vertex and a newly adjoined
vertex v{, we obtain the resulting graph g below, which does not possess tadpoles
anymore.

the new graph’s combinatorial structure d are chosen to be equal to the old ones p, 0
respectively, on the remaining original set (Z\Z;) U £, and are extended to the new edges
by p(i~) := p(it) := p(i)/2 and (i) := (8_(i),v}), D(iT) := (v}, D1 (), for i € Ty, see
figure 18.3.

Due to the identification of the new edges’ endpoints with the adjoined vertices, and
to the graphs’ metric only being dependent on the length of paths, the induced topology
on the new metric graph G equals the topology on G. G does not possess any tadpoles.
Therefore, we will always be able to restrict our attention to metric graphs without
tadpoles in the sequel, as all our examinations will solely be based on the topological
structure of the underlying graph, but not on its representation.

18.3. Functions on a Metric Graph

Any real valued function f on a metric graph G can be represented by collections
of real values (f,,v € V) and of functions (f;,l € £) with f;: [0, p;] — R, satisfying
filz) = f((I,x)), € [0, p;] (where we set in the following for notationally convenience
[0, p1] :==[0,+00) for I € &), and f, = f(v), v € V. As the endpoints of the edges are
identified by the graph’s combinatorial structure, the values

fE(O) = f((e,O)), fv = f(v)v fi— (O) = f((i,,())), fi+(pi+> = f((i+,pi+))7

must coincide in case e € £, v =0(e), and i € Z, v =0_(i_), and i4 € T, v = 04 (i4).
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In every small neighborhood of a non-vertex point g € G%, a real valued function f on G
can locally be interpreted as a function on some interval of R. Thus, the differentiability
of f; at = induces the notion of differentiability of f at g = (I,z) € G°. In order to define
differentiability at the vertices, we must take care of the edges’ “orientation”:

(18.11) Definition. Let f: G — R be a function on G, v € V and |l € L(v). Then the
directional derivative of f at v along [ is defined by

f/(’l)) — {liméﬁ’u,felo f/(g)’ v=0_ (Z)v
: —limg_,, g0 f1(€), v =04+(),

whenever the right-hand side exists.

(18.12) Definition. Let CS’Q(Q) be the subspace of all functions f in Co(G), which are
twice continuously differentiable on G°, such that for every v € V, 1 € L(v), the limit

f ()= lim f"(¢)

E—v,eld

exists, and for every e € £, f! vanishes at infinity. Let C3(G) be the subset of those
functions f in C8’2(g), for which f" extends from G° to a function in Co(G).

By definition, a function f € CS’Q(Q) lies in C2(G), if and only if, for every v € V, the
second derivatives at v coincide, that is, if f/(v) = f;’(v) holds for all k,l € L(v), and
in this case, we will just write f”(v) for this value. If f € C3(G), then, for any edge
l € L, the limits of the first derivatives at its endpoint(s) limgjo f] () (and limgy,, f(2),
if | € 7) must exist, which can easily be seen by the fundamental theorem of calculus:

b
fl(z) = — / [ty dt+ fb), @be(0,p).

However, these limits on various edges do not need to coincide at their mutual vertex: In
general, the first derivate f’ of f € C3(G) does not extend from Cy(G°) to a function in
Co(9).

We will mainly be concerned with the following operator on C2(G):
(18.13) Definition. The Laplacian A on G is defined by

A: CG) — Co(G), fr— A(f) == f".

18.4. Compactification of a Metric Graph

For later purposes, we introduce the following method of “cutting out” vertex points
from an existing graph and compactifying the resulting set: Let (V,Z, €&, 0, p) be a metric
graph with geometric representation

G=vulJ{i} x[0,p) Ul ({e} x [0,+00)),

i€ ec&
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and G be the set G with vertex points and endpoints of edges identified by its canonical
metric d, as introduced in subsection 18.1. Let Vo C V), and g] be the subset of G which
results from removing the vertices Vy together with their identified edge points from G,
that is, consider

Gi=G\(wu U {Goyu U A{Geu U {@0))

i—eZ_(Vo) i+€Z4+ (Vo) ec€(Vo)
= WWo)ullJ (i} x L) u | ({e} x E)
€T el

with

[0,pi], i€ I\I(Vo),

0,pi, i€ Z-(Vo)\Z+ (W),
[0,p:), i €Ly (Vo)\I-(Wo),
0,pi), 1 €Z-(Vo) NZ1:(Wo),

Ii =

B - {[0,+oo), e e E\EMW),

(0, +OO), ec S(Vo)

We compactify Gi by adjoining the missing interval endpoints 0, p;, 400, where needed.
For convenience (and for staying in the context of a metric graph as much as possible),
we also add new vertices for newly adjoined finite endpoints. Altogether, we set

G =ViuJ ({i} x [0,0)) U ({e} x [0, +00)),

1€ ec&
with
V= (VW) U {vh,i € Z-(Vo)} U {v,i € T, (Vo) } U {v% e € EVo)},

where all new vertices vi,vi, v® are distinct points which are not in G. We adapt the

combinatorial structure of the original graph to Gi by defining 01 : £ — (V1 x V1)UV, by

8—(i)78+(2‘>)7 i GI\I(VO)a
vL00(0), €OV, {6<e>, e € E\EM),
0_(3),v%), i€ ZL(Vo)\Z-(Vo), ve, e eEM).

vi, vi), ie€Z_(Vo)NZi(Vo),

Thus, by removing vertices from the original graph G, we disconnected some edges
which needed new initial or final vertices. We added these, and additionally compactified
the non-compact external edges {e} x [0, +00) to {e} x [0,+00]. Observe that the latter
causes the “compactified graph” G1 not to be a metric graph in the sense of our definition
anymore.

Let di be the metric of shortest paths, as defined in subsection 18.1, for the just
constructed metric graph ((V1,Z,&,01), p). We extend the metric d; to Gi by defining
the distance of a point “at infinity” (e, +00), e € £, to any other point to be +00. Then,
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as usual, we identify the points g1, g2 € G; for which d1(g1,g2) = 0 holds true, naming
the resulting set of equivalence sets G .

In order to be able to distinguish between the original vertex points of G and the newly
introduced ones of G; in the local representation, we set

e if i c Z_(Vy): (i,0+) for (i,0) = v’ ,
o ifi € Z,(Vy): (i,pi—) for (i, p;) = vy,
o ife c EVp): (e,0+) for (e,0) = v°.

Let the topology inside G1\{(e, +00), e € £} be induced by dy, while all (e, +00), e € &,
are distinct points in the topology, topological inserted as the points at infinity of each
{e} x [0, +00) by the same technique the “point at infinity” +o0 is embedded in [0, +00)
by the Alexandroff one-point compactification, that is, as a point outside every compact
set.

Observe that by removing a vertex point v and compactifying the resulting graph, the
“connection” of all edges incident with v is removed and a new endpoint is adjoint for
each disconnected edge. Furthermore, every external edge {e} x [0, +00) is compactified
to {e} x [0, +oc], thus adding points (e, +o00) for all external edges e € &, see figure 18.4.

(18.14) Definition. C(G;) is the set of all continuous, real valued functions on Gy, that
is, the set of all functions f: G; — R which are continuous in G1\{(e,+00),e € £} with
respect to di and for which

f((e,+00)) = lim f((e,x))

Tr——+00

exists for all e € £. We endow C(Gy) with its natural norm

£l == sup |f(x)], £ €C(G).

z€G1

We did not show that C(Gy) is compact, so we need to prove the next result manually:

(18.15) Lemma. For all f € C(Gy),

1]l = max | f(z)] < +o0.
z€G1

Proof. Assume that there exists a sequence (g, n € N) in Gy, such that the sequence of
its values (f(gn),n € N) tends to infinity. Then (g,,n € N) cannot have an accumulation
point inside G;\{(e, +c), e € £}, as f is continuous in any neighborhood of such a point
and thus cannot tend to infinity there. So (gn,n € N) needs to converge to +0o on
some external edges, and we can decompose (g,,n € N) into subsequences (Qn; ,k €N),
ec &9 C &, with Ine = (e,xnz) and limy_,o ne = +00. But here, because f € C(Gh),
we have limg o0 f(gne) = limpo0 f((e, 2ng)) = f((e, +00)) < 4o0.

This also shows that the supremum is attained, as it is obviously attained if the
accumulation point lies inside G1\{(e, +00), e € £} by continuity, and also if it accumulates
at some (e, +00), e € £, as just shown. O
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"67

(e1,400) @ @ (eg,+00)

€5 €4 ®
(e3,+00) @ (e5,+0o0) (e4,+00)

Figure 18.4: A metric graph G and its resulting compactification G; when the vertex

set Vo := {v3} is removed from G. Here, Z_(v3) = {i2, 13,17}, Z+(v3) = {ig}, E(v3) = 0.
The new points introduced by the compactification are depicted in red.

Our main interest is the separability of C(G1). We start with the well-known result for
(C([0,0]), || - |l o) (Which is, of course, incorrect for (C([0,00)), || Il ))-
(18.16) Lemma. (C([0,0]), |||l ) is separable.

Proof. The classical Weierstrass approximation theorem yields that, for every N € N,
there exists a countable, dense subset . of C([0, N]). We extend all functions in this
set constantly to C([0, 00]) by defining

I = A{f:[0,00] = R| flig vy € SN, Ve > N f(a) = f(N)}, NeN.

Of course, .y has the same cardinality as .y, therefore

= U yN
NeN

is a countable subset of C(]0, oc]). It remains to show that . is dense in C([0, >0]). To
this end, let h € C(]0,¢]) and € > 0. Then, as the limit at infinity exists, there is an
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N € N such that

g
sup[h(a) — hoo)] < <.
2€E€[N,00]

and as h|[0 1 € C([0, N]), we can also find f € .y C 7 with

€
sup |h(z) — f(z)] < e
€[0,N]

But then

Ih = flloe < sup |h(z) = f(z)[+ sup |h(z) - f(z)]

x€[0,N] TE[N,00]

< sup |h(2) — f@)|+ sup |h(z) - h(o)]

2€[0,N] z€[N,00]
+ |h(00) — R(N)| + |h(N) — f(N)|
<g,

where we used f(z) = f(N) for all z > N and the approximation properties established
above. O

For the following result and proof, we will be naming G for Gy, together with 9 for o;:
(18.17) Theorem. (C(G), | - |, ) is separable.

Proof. We are able to approximate every continuous function on each separate edge [ € £
of G by functions in the respective separability set .7 of C(]0, p;]). Thus, we only need
to connect these functions continuously on the entire graph. It turns out sufficient to
connect them by an easy linear interpolation.

To this end, we define for every choice of data § > 0, (y* € R,v € V), (f' € Z,1 € L)
the function f = (6, (y*)vev, (f)iec): G — R as follows: For [ € £, we set

yai(l)) r = 07
fla) =gy 0+ £ (f1(6) -y V), 0<a<y,
(), § <,
whereas for [ € Z, we set
yo-0, x =0,
¥ 1 £ (£10) - 0), 0<z<s,
f(l,l') = fl(x)a 6<$Spl_5a

y8+(l)+%(fl(pl—5)—y6+(l))a pL—0 <x<p

T = py.
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We collect all these functions in the set

S = {f =0, ")vev, (fiec) |6 € Qs0, ¥y € Que Vv, fle S le L)

Being determined by a product of finitely many countable sets, . is countable and by

construction a subset of C(G). We show that it is dense in C(G): Let h € C(G) and € > 0.
For each [ € £, choose f! € .#! with

sup |h(g) — f'(9)] < g
g€l

for each v € V, let y¥ € Q satisfy
€
h(v) —y"| < =,
[A(v) = "] < ¢
and choose 0 € Q¢ such that

max sup |h(g) — h(v)| < %
V€Y 9eBs )

Then f = (6, (y°)vev, (f)icr) € 7 satisfies |h — f|| < e, because for all I € £, we have
o for x =0:
(1 2) = f(1.2)| = [h(O-() = F(O-D)] <&,
for 0 < z < §: with v = d_(l),
(1 2) = f(.2)| = |h(L.2) = h(v)| + [h() ']
+ 5 (176) = h(.0)| + [1(1,8) = h(w)| + [A(v) ~ "))

<e,

ifleZ, ford<ax<p —9d,orifleé, for d < a:
n(,z) = f(l2)] = |f'(2) - FLa)] <e,
e ifl€Z, for p— 0 <z < pp: withv=2094(1),
h0,2) = £(1,2)| = [h(t,2) = h(w)| + [h(e) "
L (o0 = 8) = bl pu = O)] + Bl ot = 8) = h()
+[h(v) —y"))

_l’_

<,

o if [ €7, for x = py:
h(t.2) — ()] = B0+ () — F@ ()] <e.
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19. Walsh’s Brownian Motions on a Star Graph

Following the half-line case of section 16, the next step would be to turn to a metric
graph with one vertex and two external edges, which is equivalent to consider the real
line R with vertex point 0. Brownian motions have been studied for this setting in [IM63,
Section 17], where It6 and McKean construct “skew Brownian motions” by taking the
excursions from the origin of a reflecting Brownian motion and then choosing the sign of
each excursion independently relative to the distribution p~'e_; + pt!e | with weights
p~t, pt! > 0 satisfying p~! 4+ pT! = 1. This results in a Brownian motion in the sense of
definition (20.1): On both edges (—o0,0), (0,+00), the process will behave just like a
reflecting Brownian motion, while “drifting” at the origin to either of the edges depending
on the weights p_1, py1. It is then seen that the domain of the generator A = % A reads!

2(A) ={f € C§R) : —p~ ' f'(0=) +p™ f'(0+) = 0},

which reduces to the standard one-dimensional Brownian motion on R in the symmetric
case p_1 = pi1 = 3.

In the general case of a star graph G, that is a metric graph with a single vertex v
and finitely many external edges &, the conception of a “skew Brownian motion” W =
(W1, W?) with weights (p§, e € £) proceeds completely analogously: Here, the edge W1
of any excursion of the reflecting Brownian motion W? is chosen independently relative
to a given distribution p 1= > c¢ p§ €e, see figure (19.1).

By embedding the geometric representation of the star graph as a subspace of R?, such
a process turns out to be a specialization of the so called “Walsh processes”, which are
defined to be stochastic processes W = (W1, W?2), expressed in polar coordinates of R?,
for which the “radial part” W? is a reflecting Brownian motion, and for any excursion
of W? from the origin, the “ray” W' is constant and chosen independently of W2 by a
general distribution g on [0, 27). Such processes were first proposed by Walsh in [Wal78],
who introduced them for examinations on Brownian local time. Since then, they have
been applied in various fields, such as in studies on Brownian filtrations and on the
generalization of typically one-dimensional results on Brownian motion, like local time
characterizations and arcsine laws, to higher dimensions. For a survey we refer the reader
to [BPY89], which still seems to be a main reference for Walsh processes and which also
provides most of the results needed here.

Nowadays, these “skew Brownian motions” are especially used as a prototype class
for Brownian motions on metric graphs. For instance, [Jeh09] and [FK14] analyze their
harmonic functions in order to extend their characteristics to general metric graphs
in [FK15]. We are going to use them as a main building block for general Brownian
motions on star graphs in section 21, which are then “glued together” to metric graphs in
section 22. As we will only consider processes on graphs, there will be no confusion when
we use the term “Walsh Brownian motions” for the restriction of the “general Walsh
processes” on R? to the star graph case.

'With C3(R) being defined in this case in the sense of definition (18.12) for the metric graph R =
{0} U (—00,0) U (0, 400) with vertex 0.
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Figure 19.1: Construction of a Walsh Brownian motion on a star graph: Starting with
a reflecting Brownian motion | B| on R with local time L at the origin, choose for each
excursion of |B| an edge independently with respect to some distribution p, resulting
in the edge process W. Then ((W},|By|),t > 0) is a Walsh Brownian motion with
local time L at the star vertex. The parts W(©, e € &, in the above graph indicate on
which of the edges £ = {1,2,3,4} the Walsh Brownian motion is currently running.

19.1. Definition

Let G = {v} UU.ce ({€} X (0,00)) be a star graph with star vertex v = {(e,0),e € £}.
As the Walsh Brownian motion is only defined illustratively or with the help of excursion
theory in most of the older works, we follow [FK14, Definition 2.1] for a rigorous context:

(19.1) Definition. A strong Markov process W = (W', W?) on G is a Walsh Brownian
motion (or Walsh process) on G with weights (p5,e € £), if p§ > 0 for all e € £ and
Y eceP5 =1, and with p 1= ¢ PS5 ee, the process W satisties:

(i) W?2 is a reflecting Brownian motion on R, ;
(i) if Wo = v, then for t > 0, the distribution of W} is given by y;

(iii) if Wy = (e,x) with z > 0, then W,! = e holds for all t < H,,, and on t > H,, the
distribution of W} is equal to i and independent of (W2, t > 0).

For a Walsh process W; = (W}, W?), t > 0, we will denote the “radial process” by
Wi == W72, t>0.

[BPY89] contains a list of various existence proofs. In this paper, the authors first gain
insight into the structure of the semigroup of a Walsh Brownian motion (see lemma (19.2)
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below), which they then use to derive a Feller process W satisfying the conditions of
definition (19.1). A more natural approach in view of the above process description is
the construction via the application of Itd excursion theory [It672], generalized from
the skew Brownian motion [Sal86, Example 5.7] to the star graph case. [LejO6] gives a
comprehensive survey on construction methods for skew Brownian motions. Details on
the construction in the context of star graphs can also be found in [FK14, Section 2.

19.2. Basic Results

The semigroup of the Walsh Brownian motion can be obtained using its strong Markov
property at the first hitting time of the vertex. The process then decomposes into a
one-dimensional Brownian motion on the starting vertex killed on hitting the origin,
followed by a reflecting Brownian motion on the edges chosen by the weight distribution
= oce D5 €e. The closed form of the semigroup is given in [Wal78, Equations (2.1)—
(2.2)] in a more general context. By inserting the discrete distribution u, we get:

(19.2) Lemma. The semigroup (T})V,t > 0) of the Walsh process reads for all f € bAB(G),
t>0,(,x)e€q:

T fa) =2 s (T fle, )+ T (£, ) = fle, ) ) (@),

ecf
with (Tt‘B‘,t >0), (Tt[o’oo), t > 0) being the semigroups of the reflecting Brownian motion,
the standard Brownian motion killed when hitting the origin respectively, as introduced

in examples (16.2) and (16.3).

In particular, we have T}V f(v) = 3 ce 1S TtlBlf(e, -)(0), so the resolvent of the Walsh
process at the star vertex v is obtained with the help of example (16.2):

UY f(w) =" ps UL f(e, -)(0)

(19.3) °c
= Z P2 / mxf )
eef

As the semigroups of reflected and killed Brownian motion are Feller semigroups, the
Feller property of the Walsh Brownian motion is immediate (cf. [BPY89, Theorem 2.1]):

(19.4) Theorem. (T}V,t > 0) is a Feller semigroup on G.
Furthermore, the closed form (19.3) of the resolvent yields:

(19.5) Theorem. The generator of W reads A = £, with domain

A)={f€Ci(G): Y _psfilv) =

ecl
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We will always work with a continuous version of the Walsh Brownian motion, whose
existence is obvious when constructed via It6 excursion theory, but which can also be
obtained from the semigroup considerations of [BPY89, Lemmas 2.2, 2.3, Theorem 2.4]:

(19.6) Theorem. There exists a version (Wy,t > 0) of the Walsh Brownian motion on
the star graph G which is continuous, and for which (|[Wy|,t > 0) is a reflecting Brownian
motion on R;.

Therefore, properties which only depend on |[W| or on the behavior of W on one edge
can be derived from the respective properties of a Brownian motion on R or on R;. For
instance, the passage time formulas of subsection 14.3 can be used in appropriate cases
for the Walsh Brownian motion W as well.

As the edge process (W}, t > 0) is independent of the radial process (W72 = |W;|,t > 0)
(and thus of its local time), the following result is a direct consequence of theorem (15.4):

(19.7) Lemma. The joint distribution of (W, Ly), t > 0, at the star vertex v is given by

EY (fW L) = Xoms [ [ £ y) 2EEY) - gy, fe BG).

ey 273

(19.8) Example. Consider the “Dirichlet Walsh process” WP, that is the Walsh pro-
cess W killed at the first hitting time of the star vertex v: With H, := inf{t > 0: W; = v},
it is defined by

WtD — Wt, t < HU7
A, t> H,.

By theorem (19.6), the Walsh process W just behaves like a standard (reflecting) Brownian
motion on the starting edge until hitting the star vertex. So the Dirichlet Walsh
process WP, with fixed starting edge, equals the Dirichlet process B [0.0) on the half line
(see example (16.3)). Therefore, when identifying {(e, A),e € £} = A, we get P, ,)-a.s.
for any (e,z) € G:

Vt>0: WP = (e, B"™).
Thus, the resolvent of WP reads, for o > 0, f € b&(G), (e,z) € G,
U fle,x) = U (f(e, ) ().

Our findings of example (16.3) imply that (UYP, a > 0) preserves Co(G). Furthermore,
they give

UVPf (e,04) = 2/00 e V20w f(e,x)dx
0
Ul P f" () = =2 (v).
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The domain of the generator then reads
9(AP) ={f € C§(G) : f(v) = 0}.

For later use, we also remark that for all (e, z) € G,

UVPl(e,x) = EB(/HO e_atdt> = lIEB(I — e b0y = 1 (1 — emV2om) [ |
« ) - - T - .
0 « (6%

20. Brownian Motions on Metric Graphs

We are ready to introduce and study the main class of stochastic processes of this thesis.
As already explained in the introduction, it is suitable to characterize Brownian motions
on metric graphs by their generators, which will be the goal of this section.

After finally giving the rigorous definition of a “Brownian motion on a metric graph”,
we collect some basic properties of such a process by utilizing its locally “one-dimensional
Brownian behavior” on the edges and by applying our previous findings for the half-line
and interval cases. We are then able to analyze the resolvents—yielding their Feller
property—and the generators of Brownian motions on metric graphs, giving explicit
formulas for the computation of their “Feller—Wentzell” boundary conditions.

These results constitute the fundamental basis for the pathwise constructions given in
the upcoming sections 21 and 22.

20.1. Definition

Following the definitions of the half-line and interval cases (16.1), (17.1), and thus
extending the definition of [KPS12a] to the discontinuous setting, we define a Brownian
motion on a metric graph G to be a right continuous, strong Markov process on G which
behaves on every edge like the standard one-dimensional Brownian motion. That is, the
local coordinate of such a process, if stopped once it leaves its starting edge, needs to
be equivalent to the Brownian motion on R, stopped when leaving the corresponding
interval of the process’ initial edge:

(20.1) Definition. Let X = (2,9, (%)t>0, (Xt)t>0, (O1)1>0, (Pz)zcE) be a right contin-
uous, strong Markov process on a metric graph G. X is a Brownian motion on G, if for
all g = (I,x) € G, the random time

Hx :=inf{t>0: X, ¢1°, with1®= {1} x (0, p),
is a stopping time over (¢;,t > 0), and for allm € N, f1,..., f, € bAB(G), t1,...,t, € Ry,

B (Ai(Xinmy)  foXeonmy)) = B2 (AL Binmg) - foll, Bioamy))

holds, with B being the Brownian motion on R and Hg :=inf {t > 0: B, ¢ (0,p;)}.
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The technical requirement of the first hitting time Hx of the closed set 0I° being a
stopping time is always satisfied if we are working in the context of usual hypotheses
(cf. theorem (3.8)). It can also be achieved if we ensure the continuity of the process X
until Hx (see lemma (3.7)), that is, continuity while the process runs inside any edge.
While the latter condition is not implied by the above definition, it is a desirable property
which may be implemented by constructing a Brownian motion on a metric graph with
the help of continuous excursions of a “standard” one-dimensional Brownian motion, as
done in sections 21 and 22.

20.2. Basic Properties

We first need to collect some basic properties of Brownian motions on metric graphs.
Most of them are implicitly used without proof in earlier works, such as in [IM63], [Kni81],
or [KPS12a], and may be attained quite easily in the continuous setting. However, it
seems to us that a little bit more care is needed for discontinuous Brownian motions. For
instance, it is not evident from its very definition that a Brownian motion on a metric
graph will (a.s.) behave continuously during an excursion on some edge.

For all that follows, let X be a Brownian motion on a metric graph G, Hx be the first
exit time from [° = {I} x (0, p;) for a given initial point g = (I,z) € G, as well as B be
the one-dimensional Brownian motion with the first exit time Hp from the corresponding
edge interval (0, p;), as specified in definition (20.1). As usual, we identify any edge [ € £
with its geometric representation {l} x [0, p;], where we set [0, p;] := [0, +00) if p; = +o0.

We start with some basic results on Hx:

(20.2) Lemma. For all t > 0,
{Hx <t} = {Xinny, €0} and {Hp <t} = {Birn, €C0,0)}.

Proof. For any right continuous process Y on (E, &) and every debut Hy4 of a closed set
Ae &, itis Yg, € A. Thus, if Hy <t, then

Yt/\HA = YHA c A.

On the other hand, if Yiam, € A, then Hy < (t A Ha) <t.
Now apply this general result to Y := X, A:=C0i° and to Y := B, A:=((0,p;). O

(20.3) Corollary. For all g = (l,z) € G,
P. o Hy' =P2 o Hy',
especially
P (Hx < +o0) =PJ(Hp < +o0) = 1.

These results will be considerately improved in theorem (20.8) below. For the time
being, they are sufficient to deduce a slightly more general property of the distributions
of the stopped Brownian motion:
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(20.4) Lemma. For allg= (l,x) € G,n €N, fi,..., fn,h €bB(G), 0 <t; <.+ <y,

Ee) (f1(Xe) - falXe,) M( X kg )i tn < Hx)
=EP(f1(1,By,) - full, Be,) h(l, By )itn < Hp).

Proof. Observe that, because Hx < 400 a.s. (see corollary (20.3)) and Xsam, = Xpy
holds for all s > Hx, we have

lim h(Xs/\HX) = h(XHX) a.s.,

5§—00

and analogously,
Slggo h(l, Bsnrg) = h(l, Bay) as..

Thus, by using LDCT and the definition of a Brownian motion on a metric graph, we
conclude that

Eqe) (f1(Xe) - fu(Xe,) (X py )i tn < Hx)
= lim B0 (fi(Xenmy) - fo(Xeanmy) M(Xsnmx) Lo (Xinmy )
= lim EZ (f1(l, Buatig) - fn(Beoatis) B(L, Boptig) Lo (L, Binriy )
=EZ(f1(l,Byy) - fall, Bi,) M, Buy); tn < Hp). O
This lemma allows us to achieve equivalent defining properties for Brownian motions
on metric graphs. They will turn out to be more suitable for our work, as they are based

on the (partial) resolvent and the exit behavior of the process rather than on its stopped
distributions:

(20.5) Theorem. Let X be a right continuous, strong Markov process on G. X is a
Brownian motion on G, if and only if for all g = (I, z) € G, the following assertions hold:

(i) for all a > 0, f € bB(G),

E(lvx)(/OHX e f(Xy) dt) = B2 /OHB e~ f(1, By)dt);

(jj) IP>(l,:rz) o (HX7XHX)_1 = ]P)f o (HBv (laBHB))_l‘
Proof. Necessity follows directly from lemma (20.4).

Now let (i) and (ii) hold true. As X and B are right continuous, strong Markov
processes and Hx, Hp are debuts of closed sets, the stopped processes X . \my, B.AHp
are indeed right continuous, strong Markov processes (see section 8). Let (Tt,t > 0)
and (ftB ,t > 0) be their respective semigroups, that is, consider for f € b#(G) and
Ji= f(lv ) = b‘%([oapl])

,ftf(l’ LE) = IE(l,aﬁ) (f(Xt/\Hx))v
TP fi(w) = B2 (i Binmy)-
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As the stopped process X. p, is strongly Markovian, Dynkin’s formula (3.16) for
decomposition of its resolvent at Hyx gives for all a > O:

/Ooo e T f(l,2)dt = E(l’x)</OHX e F(Xy) dt)

+ B (e*aHX Ex, ( /0 T e f(Xonay) dt)).

With Xy, € Ci% we have Hx =0 IP’XHX -a.s., thus the above decomposition becomes

o] ~ Hx 1
—at _ —at - —aHx
| et Tty dt = By ([ e £ dt) + 2 By (e S (X)),
Analogously, we get by decomposing the resolvent of B. nmp:
[e’e) ~ Hp 1
[T e T aayar =EE( [ et @ B dt) + B2 (M2 £, Buy)).
0 0 e
Using (i) and (ii) immediately yields
/ e T f(l,x)dt = / e TB f(x) dt,

0 0

holding true for all @ > 0 and all f € bC(G), (I,z) € G. As the mappings ¢ — T f (1, x)
and t — TP fi(z) are right continuous, the uniqueness theorem for Laplace transforms
(cf. [Dyn65, Lemma 1.1]) asserts that

Ve>0: Tf(l,z) =TEfi(x).

As X . aHy, B. am, are Markov processes with the “same” semigroup, we are able to show
inductively that for all (I,x) € G, f1,...,fn € bC(G), 0 < t; < -+ < tp,

E o) (A (Xtiamy) - fo(Xeanry))
=Eq ) (1(Xtiamy) - foot (X iam ) Ex,wwny (Fn(X(t—t,_)nmy )
=B (1 (Xenmy) - a1 Ky ai) Too—tny (Xt ntiy)

= Ef (fl (l7 Bt1/\HB) T fn—l(l7 Btnfl/\HB) th—tn_1 (fn(lv : ))(Btnq/\HB))
= Ef (fl <l7 Btl/\HB) T fN(lv Btn/\HB))7
which is easily extended to f1,..., f, € bA(G) by using the MCT. O

With the help of this theorem, we can further refine the properties of the first exit
time Hyx. Indeed, despite of its potential discontinuities, the Brownian motion can only
exit its initial edge by hitting vertices incident with it:

(20.6) Corollary. For all g = (I, x) € G,

HX = Ha(l) IP([J)—a.S. .
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Proof. As 9(1) C CI°, we always have Hx = Hgo < Hpyp.
Using (ii) of theorem (20.5) gives

Py (Xuy €1) =P5 (B, €[0,p]) = 1.

On the other hand, Xg, € Ci° holds, as C1° is closed and X is right continuous. So we
conclude that Xp, € INCI° = (1) a.s., which results in Hayp < Hx as.. O

It immediately follows that
Vi >0: Xt/\HX el P(l’x)—a.s.,

because if otherwise X p, € Ci C Ci° then Hx <t A Hx and so Xuy = Xinmy €1,
contradicting to Xy, = Xp,, € (1) C 1.

This seemingly small result implies that any Brownian motion, stopped on leaving the
open interior of its starting edge, remains on this edge (especially at the exit time):

(20.7) Theorem. For all g = (I,z) € G,
P(l,m) (Vt >0: XiaHy € l) =1.

Proof. We are going to use the section theorem, cf. [DM78, IV-83, p. 137f]. Assume the
contrary, that is,

]P)(l,m) (Ht >0: Xt/\HX §é l) > 0.
Consider the optional set
A={(t,z) e Ry x Q: Xypnpy(w) €1},

and the projection 7: Ry x 2 — Q onto the second coordinate. Then, by the assumption,
there exists € > 0 such that

P(w(A)) > e.
Now, the section theorem asserts that there exists a stopping time R with
(i) for all w € Q with R(w) < +o0: (R(w),w) € A, that is, Xpam, (w) ¢ [, and
(i) Py (R < +o0) > P(n(A)) —e > 0.

Especially, we have P ,)(Xgrary € 1) > P e (R < +00) > 0.
However, we are going to show that for every stopping time R,

Pwy(Xramy €1) =0

holds true, which yields a contradiction to the above: Because Xpy = Xp,,, € (1) C 1,

Puoy(Xramy € LR > Hy) =Py (X, ¢ ;R > Hx) =0,
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so it remains to compute

]P)(l,az) (XR/\HX §é l) = P(l,x)(XR §é I,R < Hx)
<P (Xr €ll’,R < Hy)
= ]E(l,a:) (PXR(HX = 0);R < Hx)7

where in the last step we used the fact that for all g € G,

1, gell°
Py(Hx =0) = 0. geld [~ Igp(9),

which is an immediate consequence of Hy being the debut of the closed set Ci° for right
right continuous, normal process X. Next, the strong Markov property of X implies
Px,(Hx =0) =P, (Hx o R=0|%g), so by using this together with the terminal
time property of Hx and {R < Hx} € .ZR (see, e.g., [BG69, Proposition 1.6.8]), we get

]P(l,x) (XR/\HX ¢ l) = P(l,z) (HX =R, R< HX) =0. ]

We are now able to restrict our attention to the initial edge (and thus to its local
coordinate) of the Brownian motion when considering the process stopped on leaving
this edge, allowing us to gain full insight into its exit distributions.

In the following results, we set as usual [0, p;] := [0, +00) if p; = +o0.

(20.8) Theorem. Let X be a Brownian motion on G, B be the standard one-dimensional
Brownian motion, as well as 72: G — R be the projection onto the local coordinate.
Then for every g = (I,z) € G, and for A € B(G) with A’ := 12(AN1) C [0, p;] being open
(in the topology of [0, p;]), the following holds true:
>y -1 B B’ -1

]P(l,x)O(H 5 }_If/) :]P)x O(H /,(l,B;_Ifl/)) 5
where X' := X apy, B' i= B.any, and HY Hf,/ are the first hitting times of A, A’ for
X', B’ respectively.

Proof. Tt follows from theorem (20.7) that X’ := 72(X . A7, ) is a right continuous process
with values in [0, p;], having the same finite dimensional distributions as B’ = B. xm,.
Let Y be the canonical right continuous coordinate process on [0, p;], and define the

path mappings ®X "and ®8' from X’ and B’ to the space of all right continuous maps
Ry — [0, py], as given in subsection 7.2. Especially, we have

VE>0: Y00% =X, and Y005 =Bl
Consider the debut of A" € Z([0, p;]) for Y:

(20.9) HY =inf{t >0:Y; € A'}.



20.2. Basic Properties 135

ffy

H};, and Yy v are . -measurable (as the hitting time of any open set is a stopping time
A/

over (FY ,t>0), cf. section 3). If A € B(G) with 72(AN1) = A, then we have
HY, 00X =inf{t >0: Y00~ € A}
=inf{t > 0: 7% (Xiamy) € T2(ANI)}
=inf{t > 0: Xinm, € A}
= HY,

where we used theorem (20.7) for the third identity. This gives for any w™ € QX:

X' X\ B X' X
Yy 0 &% (w )_YHX,(éx'(wX))( (w™))

v X
2 X
= ( }IX')(W ).
A
Analogously, we get
HY 0®% = HE and Yy, o dB = }{5.

Thus, for any f € B([0,+o00]) @ B([0, pi]), setting G := f(HX/’YHX,) € .FY gives

IE(l,cr:) (f(HjX(/a 7T2( }_Ii(/))) = E(l,x) (G o (I’X/)

=E7 (G o o)
=E5(f(HE, o)
which together with theorem (20.7) concludes the proof. O

(20.10) Remark. As easily observed in its proof, the above theorem can also be stated
for any A € B(G) with A’ := 72(AN1) € B([0,p]), as long as the first hitting time H?Y,
of A’, as defined in (20.9), attains .#X -measurability, with .ZY = o(Y;,t > 0) being the
o-algebra generated by a suitable coordinate process Y on [0, p].

For instance, this is the case if A is a closed set and the Brownian motion X is known to
be continuous up to the hit of A, cf. lemma (3.7), as we can then consider the continuous
canonical coordinate process Y in the proof instead. |

We are usually interested in the exit distributions of the “original” Brownian motion X
on a metric graph instead of the stopped process X', so we lift the results of theorem (20.8)
from X’ to X (the same remark on the limitation to open subsets A’ also applies here):

(20.11) Corollary. Let g = (I,z) € G, A € B(G).

(i) If AC 1 and A’ := 7%(A) C [0, p] is open, then theorem (20.8) holds true.
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(i) If A C1° and A" := 72(Ab N 1) C [0, p)] is open, then

-1 -1
Py 0 (Hgy, Xpx ) =By o (HA, (1, Byz)) ™

Proof. (i) The requirements of theorem (20.8) are fulfilled, as A’ = 72(A4) = 72(AN1).

(ii) Theorem (20.8) gives

! 71 ’ 71
P o (HEy, X ) =PBo(HE ., (1,B, ).

Hey HY
We will consider both distributions separately.

As CA D GO, it is H[iil < Hx and therefore

/
X :X X :X X .
HCA HCA/\HX HCA

Furthermore, we observe that
HE = inf{t >0 Xynm, € CA}
= inf{t € [0, Hx] : X; € CA}
=inf{t > 0: X; € CA}
X
= Hey,

where the third identity follows again from H[fil < Hx: If H@; < Hx, the identity
is clear. If H[ﬁ = Hy, then as (I° is closed, we have Xy, € CI° C CA, so Hx lies
in both sets, thus concluding that both infima are equal. In summary, this gives

’ —1 —1
Pz 0 (HCAvX;qBXA') = P(a) © (Hey, XHng) :
Turning to the part for the Brownian motion B, observe that A C {l} x (0, p;). This
means that A’ = 72(CA N 1) contains the points 0 and (if [ is an internal edge) p;.
Thus, we have
HY = HE < Hp,
which shows
Biqf,’ = BHf,/\HB = BHE,’

resulting in

By o (HE, (1, Byw)) ' =P o (HE, (I Byn)) . O

B/
HA’
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(20.12) Lemma. Let X be a Brownian motion on G. Then, for any f € bA(G), a >0
and g = (I, z) € G, the resolvent of X reads, ifl = e € £,

Uaf(g) = UPCf(g) + e~ V22409 1, (3(e)),
and ifl =1 € T,

sinh (\/ﬁd(&r(i),g))

Ua = UD’i Uoc . (i
N0 =0 IO G Vaapy O
sinh (v2a d(0_(i .9 .
009 v s,
sinh(v/2a p;)
with
(20.13) UD<f(g) = UL fi(d(0(e).9), g€,
UL f(g) := UL f1(d(0-(i),9), g€i,
where ( N 0> 0) and ( 0l e > 0) are the resolvents of the one-dimensional Brow-

nian motion killed on leaving [0, c0), [0, p;] respectively, which are given in examples (16.3)
and (17.3).

Proof. The decomposition of the resolvent at the stopping time Hyx with the help of
Dynkin’s formula (3.16) yields for g = (I,z) € G, f € bB(G):

Uozf(g) = EQ(/OHX e f(Xt) dt) + Eg (eiaHX Uaf(XHX))'

Thus, by theorem (20.5), we have

Hp
Uaf(9) =EE( [ e (1. By dt) + B (=1 Uaf (1, Biy).

With Hg = inf{t > 0: B; =0} or Hg =inf {t > 0: B; € {0, p;} } depending on whether
l € £orl e Z, the passage time formulas of the one-dimensional Brownian motion
(cf. subsection 14.3) conclude the proof: We only need to note that for any g = (I, x) € G,

we have 0_(1) = (1,0), z = d(9_(1),g) and d+(1) = (I, p1), pi — x = d(0+(1),g) in case

l € Z, whereas 9(1) = (1,0), x = d(9(1), g) in case | € . O
As seen in the examinations for the resolvents ( Do) o> 0) and ( o o> 0) of

the “Dirichlet” Brownian motions on [0,00) and [a, ] (cf. examples (16.3) and (17.3)),

o (UL o> 0) maps b2([0,00)) on bC([0, 00)) and Co([0,0)) on C2([0,0)), and
assumes the boundary values U0 £(0) = 0, U9 #7(0) = —2£(0),

. (Uéo’pi],a > 0) maps bZ([0,pi]) on bC([0,pi]) and C([0, p;]) on C%([0, p;]), and
assumes the boundary values U0 f(z) = 0, U0l f(2) = —2f (x), for = € {0, p;}.
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Thus, the resolvents defined in equation (20.13) are continuous functions, twice con-
tinuously differentiable inside their respective edge for any f € Cy(G), and assume
the values

UYCf(0(e)) =0, ULCf"(0(e)) = —2f(9(e)),
UL F(0-(i)) =0, U f"(0-(i)) = =2f(0-(4)),
U2 f(04(1)) =0, UR'f(04(i)) = =2 (94(i)).

Therefore, these boundary values for resolvents UP+¢, UP+ of various edges e, i, incident
with the same vertex, coincide on their mutual vertex. Then, by the decompositions
given in lemma (20.12) for the resolvent (U,,« > 0) of a Brownian motion on a metric
graph, U, f extends to a twice continuously differentiable function on G, yielding;:

(20.14) Corollary. The resolvent (U,, o > 0) of a Brownian motion on a metric graph
maps b%(G) on bC(G) and Cy(G) on C3(G).

(20.15) Theorem. Let X be a Brownian motion on G with generator A. Then X is a
Feller process, uniquely determined by its generator A = %A, with 2(A) C C3(G).

Proof. Theorem (5.13) together with corollary (20.14) and the right continuity of X
immediately show the Feller property of X. Uniqueness is guaranteed by theorem (5.9).

Let f € 2(A). Then by (5.10), there exist h € Cp(G) and a > 0 with f = Uyh,
and U,h € C3(G) holds by corollary (20.14). Differentiating the decomposition given in
lemma (20.12) twice yields for g = (I,x) € G, in case [ =i € 7:

sinh (v2a d(0_(i), g))
sinh(v/20)

1 1
5f"(9) = 5 U (9) + o

+ o

= aUyh(g) — h(g),

and in case l = e € &:

1 1 —V 2« e
317(9) = JUDN () + eV D Ush(o-(e))
= aUP*h(g) — h(g) + ae V2> UO-(9) U h(D_(e))

= aUah(g) — h(g).

Thus, for any f € Z(A), we have f € C3(G) and Af = %f on G. O
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20.3. Computing the Generator: Feller’'s Theorem

As any Brownian motion on a metric graph is a Feller process with generator A = %A, it
is uniquely characterized by its generator domain, more accurately: by the generator’s
boundary conditions. We are going to extend the classical results of the half-line and
interval cases by generalizing the approach of [Kni81, Lemma 6.2] and [IM63, Section 8]:

(20.16) Theorem. Let X be a Brownian motion on G with generator A. Then, for every
v €V, there exist ¢} > 0, cgl >0 for each | € L(v), ¢§ > 0 and a measure ¢} on G\{v},
satisfying

cl + Z Cy L c5 + (1- e_d(”’g)) ci(dg) =1,
IEL(v) G\{v}

such that for every f € 9(A), the relation

v vl et v v _
LI0) = 3 )+ AF(0) - Lo, (0) = 700 citdg) =0

holds. The constants and the measure only depend on the process’ exit behavior from

any arbitrarily small neighborhood of v. They are given by
4:4A+#%

Py (X‘rsn =A)

v\'en En eck
(maony. teen)
' = 0D, 1€ T0)0=0-0),
Pl 1€T0L0= 0.0
%= 1, Kfvv
v 1 7V
cy(dg) = 1= o—dvg) 1" (dg),

where for every e > 0, 7. = inf {t > 0: X; € (B.(v)},

]P)’U(XT = A) —d
ngl—l—;—l—/ 1 — e~ 49)) 2 (dg),
E’U(TE) G\{v} ( ) ( )

v¢ and p? are measures on G\{v} defined by

P,(X,. € dg)
Ey(1e)

v —d(w.g) Ye(dg)
pl(dg) = (1 — e ’g))igKv ,

£

ve(dg) =
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as well as fil, @i¥ are measures on G\{v} with

e (dg) = pg (dg 0 (G\{v})),
p’ = lim 7

(in the sense of weak convergence), and (e,,n € N) is a sequence of positive numbers
converging to zero such that all of the above limits exist.

Proof. Let v € V. For all € > 0, define the first exit time of X from B.(v) by
7o :=1inf {t > 0: X; € CB.(v)}.
In case v is a trap, we can compute the generator directly: Then

o By (f(X) — f(v)
Af(v) = ltlf(r)l ”

=0

holds true, thus choosing ¢§ =1 and ¢} = cg’l =cj =0 forall ] € L(v) gives

I = YD i)+ GAF@) ~ [ (fle) — F(w) ch(dg) = o0.

leL(v)

This choice coincides with the definition of the parameters in the theorem, because in
the case of a trap v, we have E,(7.) = +o0o for all € > 0, all (scaled) exit distributions
read P, (X, = A) =v¢ = p? =0, and thus Kj =1 holds for all ¢ > 0 as well as ¥ = 0.

If v is not a trap, then due to X being Feller (see theorem (20.15)), E, () < +oc holds
true for all € > 0 sufficiently small by theorem (5.16), and thus Dynkin’s formula (3.18)

is applicable for every f € Z(A) (cf. remark (5.11)). It yields
Ev (f(XTs)) B f(U)

0 AP =T =g )
20.17 e
~tim (= 50) =B [ () 1(0) v ().

with v being measures on G\{v}, defined by

P,(X,. € dg)

v (dg) = E,()

e >0,

as the support of X,_ is the completion of CB.(v) in G and therefore is a subset of G\{v}.
Introducing the normalizing constants
P’U(XT - A) —d
K“::1+++/ 1—e 9 2 (dg), &> 0,
: E,(7e) \{v} ( )

equation (20.17) implies (as 75 € [0,1] for all £ > 0) that

L Py (X, = A) 1 v¢(dg)
(20.18) 0 =lim (f() Eogr A0 - /g\{v} (fl9) = f(v)) =5 ).

el
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We rescale the measures ! by introducing measures

Y(d
pl(dg) == (1 — e*d(”’g)) L( g), €>0,
K¢

on G\{v}. It is immediate that equation (20.18) then is equivalent to

]P)U(X’TE:A) 1 _/ f(g)—f(v) ”(dg)).

(2019)  0=1lim (f(v) Emre Af(v) 75

el0

Let ¥ be the extensions of the measures pf to the compactification G\{v} of G\{v}
(see subsection 18.4 for details on the compactification of a subspace of a metric graph),
that is, we define the measures ¥ on G\{v} by

pe(dg) := p2(dg N (G\{v})), €>0.
Then the above identity (20.19) remains valid for 1Y instead of pf, where
fg) = f(v)

A — )

is continuously extended from G\{v} to G\{v} by

R A C) Rl A ) R
VieLv): lim SRRy = i),
Vee &: lim M: —f(v),

g—o0,g€ed 1 — e—d(v.9)

because f € Z(A) C C3(G) C Cy*(G) and f € 2(A) C C3(G) C Co(G).

As C(G\{v}) is separable (see theorem (18.17)) and all measures ¥, ¢ > 0, are bounded
by 1, there exists a sequence (e,,n € N) of strictly positive numbers, converging to zero,
such that (@2 ,n € N) converges weakly to a measure i on G\{v}.?

The sequences (7, > 0) and (%, e > 0) are bounded by 1 as well, thus by

choosing appropriate subsequences of (¢,,n € N) and naming them (¢,,n € N) again if
necessary, we also obtain the existence of

C’U,A — lim Pv(XTan = A)
b7 oo Ey(7e,) K2, ’
1

c5 == lim

n

2This can be shown by employing the standard argument used in Helly’s selection theorem: Let . :=
{hm,m € N} be a countable, dense subset of C(G\{v}), and (&,,n € N) a sequence of strictly positive
numbers, converging to zero. As all measures are bounded by 1, the “array” ( f HZﬁ dpg, ,m,n € N)
is bounded by 1. By the diagonal method (see, e.g., [Bil79, Theorem 25.13]), it is possible to choose a
subsequence (¢,,n € N) of (€,,n € N) such that lim,, f hm dfig, exists for all m € N, that is for all
functions in a dense subset of C(G\{v}). Thus, lim, [ fdp?, exists for all f € C(G\{v}) and defines

a positive linear functional on C(G\{v}). Therefore, by the Riesz—Markov—Kakutani representation
theorem, there exists a measure on ¥ on G\{v} which satisfies lim,, f fdp? = f fdn®.
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Inserting everything in equation (20.19) shows

0=c)® f(v) + 5 Af(v) — /Q\{v} {(f)ed{y(z)

or equivalently

0= (2 + X A ({(e4o0))) F0) = 3 B {01} f(w)

ec& leL(v),
v=0_(1)
v f g _f v) _
- Y B A+ AR - [ IO )
1€1(v), G\ 2 7€
v=04 (1)

3 v . v,A v Ut . HU Ut . Hu
s setting cf := ¢ + Y e 1" ({(e,+00)}), &5' = 1 ({(1,00)}) or 5" == 5 ({(L, pi—)})
for each | € £(v) depending on whether v € 9_(1) or v € d4(l), and defining the measure
cj on G\{v} by cj(dg) = Tldwg) 1’ (dg) yields the result

0= J(@)~ D S+ ATE) ~ [ (fl0) = F0) efldg)

leL(v)

This completes the proof, as insertion of the definitions offers the normalization

SR DRGNS (1= e~ 9) ¢ (dg)
1L (v) g\{v}
= e+ i°(dg)
G\{v
1 Py(X. =A) 4
=l - +1+ 1—e @9y v (g
n—oo K? ( Ey(7e,) G\{v} ( ) V2. g))

=1. O

By examining the proof, the reader may observe that the “Brownian” property of X
was not used anywhere. Indeed, the above result holds true for any Feller process (we
will not need this fact).

Theorem (20.16) gives explicit (albeit rather unwieldy) expressions for the boundary
condition of a Brownian motion. As we will need to utilize them quite frequently, we
assign the following, supposably appropriate name:

(20.20) Definition. For any Brownian motion X on a metric graph G, the collection

A l
(Cll) 611),00, (612)’ )lEE(U)’ Cga CZ)’UEV

as defined in theorem (20.16) is called Feller—Wentzell data of X.
If no distinction is necessary, ¢o"® and ¢ are combined, denoted by ¢¥ = ¢!"* + V"™
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(20.21) Theorem. Let X be a Brownian motion on a metric graph G. Then X is a
Feller process with generator A = %A, and for every vertex v € V there exist constants

pi > 0, pg’l > 0 for each | € L(v), p§ > 0 and a measure p} on G\{v} with
CRIDON S +/(1 —e ) pi(dg) = 1,
leL(v)

and

(20.22) 5 (G\{v}) = +oo, if Py +p5 =0,
leL(v)

such that the domain of A reads

@(A)g{fecg(g):wev;

i)~ 3 B + B 17w - [ () - F0) ritdg) =0},

leL(v)

(20.23)

Proof. It only remains to show condition (20.22): Assume that there is a v € V such that
p;’l =0 for all I € L(v), p§ = 0 and pj is a finite measure on G\{v}. For any f € Cy(G),
a>0,u=al,f is an element of Z(A), so by (20.23) it especially fulfills

aUaf () (4 + PH(@\o}) = [ aliat(9) Pi(dg) =0.

Letting a — 400 yields with theorem (5.13) and LDCT (as ||aUqf]| < || f]]) that

1) (0 +23(G\()) = [ f(9)

for all f € Cy(G). But then pj must the Dirac measure in v, scaled by p{ +pj(G\{v}) > 0
which is impossible. O

(20.24) Remark. On any non-vertex point g = (I,2) € G° of the graph G, the genera-
tor A of any Brownian motion X on G reads

2
Af(9) = 3 (L), feAA),

being the usual differentiation of a function defined on some open subset of R. It is
therefore necessary for the first derivate f’ of f to exist and be continuous at g, that is,

léi}? fi(§) = 151%1 f1(€).

Therefore, if we introduce a new vertex v’ at g = (I,z) € G°, splitting the original
edge [ into two new edges 11, I5 (as done in subsection 18.2 in order to eliminate tadpoles),
the original Brownian motion X will satisfy the boundary condition

W)+ R0 =0, e N,
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at the new vertex v’. Thus, we can always assume that we are able to introduce “trivial”
vertices inside of existing edges which do not change the generator or the Feller—-Wentzell
data of the underlying Brownian motion, in case the “non-skew” boundary condition
above is chosen at the new vertices. |

As already mentioned in the introduction, it is not trivial to show that the boundary
conditions, as given in theorem (20.21), are also sufficient for the generator domain.
This means that, in general, we do not gain the complete description of the generator.
[KPS12a, Section 3] shows that equality in equation (20.23) is attained if the Brownian
motion is continuous up to its lifetime. In the discontinuous setting, we were able to
prove the corresponding result for the interval case in subsection 17.2, demonstrating
the technical difficulties that already arise for metric graphs with two vertex points. For
metric graphs with only one vertex, the proof is fortunately much simpler:

(20.25) Lemma. Let X be a Brownian motion on a star graph G with star point v, and
let p1 >0, p§ >0 for each e € £, ps > 0 and a measure py on G\{v} be given with

p1+2p2+p3+/ (1—e")pa(d(e,x)) =1,

ec&
such that the generator of X is A = and its domain satisfies Z(A) C 9, with
={rec:
P () = S0+ W = [ () - @) pitds) =0}
ecf v

Then Z2(A) = 2.

Proof. As in the proof for the interval case, we will employ lemma (5.12): For o > 0, let
f € 9 with % f =af. As f solves this differential equation on every edge, f must be of
the form

fle,z) =cfe V2T L §eV2r  ec & x>0,

for some cf,c§ € R, for each e € £. However, f € Cy(G) holds true, so as f needs to
vanish at infinity, it is ¢§ = 0 for all e € £. But then, in order to be continuous at the
star vertex, all the ¢{ need to coincide. Therefore, setting ¢{ = ¢ for all e € £ results in

fle,x) =ce V2 ec& x>0.

As f € P(A) C 2, the boundary condition for f now yields
(v S ptanst [ (e piden) =0
ec€ v

which is only possible for ¢ = 0, as all of the summands in the parentheses are non-
negative, but must add up to a positive number due to the provided normalization
P1+ Yece D5 +P3+ Jg\ oy (1 —€7%) pald(e, z)) = 1.

Thus %f =af, f € 9, is only solved by f = 0, completing the proof. O



21. Construction of all Brownian Motions on a Star Graph 145

(20.26) Theorem. Let X be a Brownian motion on star graph G with star point v.
Then X is a Feller process with generator A = %A, and there exist constants p; > 0,
p§ >0 for each e € &, ps > 0 and a measure py on G\{v} with

pL+ Y p5+Ds +/ (1 — e ) pli (dg) = 1,
=S g\{v}

and

pa(G\{v}) = +oo, if D p5+p3=0,
ec&

such that the domain of A reads
7(4) = {fec©):
it = Spsfio) + B - |

ecé G\{v}

(f(g9) = f(v)) pa(dg) = 0}.

Furthermore, X is uniquely characterized by this set of normalized constants.

21. Construction of all Brownian Motions on a Star Graph

We are going to construct all Brownian motions on a star graph by extending the ingenious
approach of [IM63] for the half-line case, which was explained in section 16. Afterwards,
in subsection 21.12, we will use our construction results to gain further insight into the
properties of these processes. This will be necessary for the treatment in section 22,
where Brownian motions on star graphs serve as basic “building blocks” for Brownian
motions on general metric graphs.

In all that follows, let G be a fixed star graph with star vertex v and set of external
edges £. For keeping notations readable in the following construction, we will assume that
€ =1{1,...,n} holds with n = |€|. As usual, we consider the geometrical representation

G = (w}U L) ({e} x [0.00))

e=1

of the graph G, with all initial points (e, 0), e € &£, being identified with the vertex v.
Furthermore, with regard to the assertions of Feller’s theorem (20.21), we assume that
we are given a fixed set of boundary weights

p1 >0, p5 >0 for each e € £, p3 > 0, py measure on G\{v},
satisfying fg\{u} (1 — =49 py(dg) < 400 and

p4(g\{v}) = +o00, if pg=0and p5=0forallecé.
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We define the partial and total reflection weights by (with % :=0)

€
45 =D fore e &, with po 3221037
p2 ecf

and decompose the jump measure on the separate edges by introducing for each e € £ a
measure p§ on (0, +00) by

Pi(A) :==pa({e} x A), A€ B((0,+00)).

Then, as d(v, (e,z)) =  on any star graph, the measures p§, e € &, also satisfy

[ ey pin) < +ox,
(0,00)

and p§((0,00)) = +o00 holds for some e € £, if p3 =0 and p§ =0 for all e € €.

(21.1) Remark. Notice that we do not require the parameters (p1, (p§)ece, p3, pa) to be
normalized. This will turn out to be helpful in subsection 21.12. |

(21.2) Remark. The upcoming, extensive construction in this section is only necessary
for measures ps which admit ps(G\{v}) = +oo. If p1 >0, p§ > 0 for each e € &, p3 > 0,
and py is a finite measure on G\{v}, normalized by

p1+2p2+p3+/ (1—e ") pal(d(e,x)) =1,
ey \{v}

there is a much simpler way to construct a Brownian motion X on the star graph G with
generator domain

7(4) = {rec©):
pif(v) = > p5fi(v f(v )—/g\{v} (f(g) — f(v)) pa(dg) =0},

ecl

which we briefly cover now:

If pa > 0, following the construction of [KPS12b] and [KPS12c|, start with the Walsh
process W on G with reflection weights (¢5 = p5/p2,e € £) and local time (L, t > 0) at
the star vertex v. Then implement the stickiness parameter ps by “slowing down” W at
the vertex via the canonical approach of time change, as given in [KPS12c, Section 2]:
For v := p3/ps, introduce the new time scale 7 by defining its inverse by

7711R+—>R+, th‘i")/Lt,

and consider the sticky Walsh process



21. Construction of all Brownian Motions on a Star Graph 147

with its new local time L{ = L., t > 0, as seen in [KPS12c, Equation (2.22)]. Next,
following [KPS12¢, Section 3], introduce an exponentially distributed random variable S

with rate 8 := M, independent of W*, and kill W* when its local time exceeds S,

P2
that is, at the random time

(g =1inf{t > 0: L; > S},

to obtain the process

wp = TS G
A, > (s,

[KPS12¢, Theorem 3.7] shows that W9 is a Brownian motion on G with generator

9(A%) = {f € C}(9) :
(b1 + Pa(G\[0}) F(0) = S psfL(v) + B2 (v) = 0}

ec&

Now adjoin an absorbing, isolated point [J to the state space G and let X% be the
independent copies process resulting from WY, as explained in subsection 13.1, where
WY is revived whenever it dies with the transfer measure

P1E€O+ D4
p1+ pa(G\{v})

Then, by following exactly the proof of lemma (21.67), using [KPS12b, Lemma 1.12]
and [KPS12c, Corollary 3.5] for the results needed on v, we see that X7 is a Brownian
motion on G U {0} with generator

VgeG: kg, -):=q, with ¢:=

9(A7) C {f €C}(9):

= b f) + 2w - [ (£(9) = F(0) (prec + ps)(dg) = 0}.

. 2 (G\{vhu{T}

Finally, map the absorbing set {{J} to A as explained in subsection 12.2 to form the
Brownian motion X := ¢ (X?) on G. Then lemma (22.2) shows that the generator of X
satisfies

2(4) c {f 39

it = st + 2w - |

e€s G\{v}

(f(g9) = f(v)) pa(dg) = 0}.

However, X is a Brownian motion on a star graph, so lemma (20.25) asserts that Z(A)
indeed equals the right-hand set.

If po = 0 and p3 > 0, the resulting process is simpler. In this case, the construction
follows exactly the same lines as above, except that instead of considering a standard
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Walsh process W, we start with a Walsh process W@ absorbed at the star vertex v, which
is then killed when W has stopped at v for an independent, exponentially distributed
time with rate 3 := p1tpa@vl) - A g een in [KPS12b, Subsection 1.4], the domain of the

p3
resulting Brownian motion W* reads

P(A%) = {F € C3(G) : BF(w) + 5 f(v) = 0}

= {F €G3 : (pr+pa(@\f0}) F(0) + 5" (w) = 0.

The remaining construction for the implementation of the jumps then proceeds as above.
The case p = 0 and p3 = 0 is impossible if py4 is finite, as seen in (20.22). [ |

In the following, we will always assume that po > 0 or py is infinite.

21.1. Definitions

The main ingredients for our construction will be a Walsh process W on G and a family of
subordinators (Q€, e € £), which are used to control the jumps to the respective external
edges. We are introducing them on an appropriate, mutual space now:

Let W = (QV,.2W (Z )0, Wi)is0, (O )i0, (P&x))(e,x)eg) be a Walsh process
on G with edge weights ¢§ = p§/p2, e € £,2 and (IA/t,t > 0) be the local time of W at v.
We have for all s, > 0 (as the local time is an additive functional by lemma (15.2)):

A AT A ~ AT A A
Wsoet :Ws—i—t; Lsoc—)t :Ls—l—t_Lt'

For each e € £, let Q° = (Q9¢, 7%, (F2) 120, (QF)120, (BF )20, (PF€)ger) be a
subordinator with Lévy measure pj and drift O realized as canonical coordinate process
on the space Q@€ of all cadlag functions. By example (6.32), we then have natural
translation and centering operators (’Ayg? € q €R) and @€ at our disposal.

Let Q := (Q,...,Q") be the Cartesian product of the processes (Q¢, e € &), that is,
Q= (22,79, (7220, Q)20 (02)120, PLr ) (gt qmycn)

with sample space Q@ = [lece Q@e, g-algebra Z9 (= ®, ce F F @€ the process being
Q= (Q},...,Qn) for any t > 0, equlpped with its natural ﬁltratlon (ﬁtQ,t > 0)
shift operators @tQ = @?’1 X e X @ ™t > 0, translation operators ’y( )

&Ql Twiiix ’yc% . q',...,q" € R, centering operator [Q:=T@lx...x I‘Q”, as well as
initial measures ]P( gy T ]P’Q ' ® ]P’?n’n for all ¢*,...,q" € R.

By construction, the processes Q!,..., Q™ are independent, so by lemma (6.25), the
set N of simultaneous jumps of Q', ..., Q" is a measurable null set. As the natural shift,

Ifpo =0 (this requires ps = +00), then consider a Walsh process with arbitrary weight distribution,
for instance use g5 = 1/n for all e € £. Any choice leads to the correct boundary condition, as will be
seen in subsection 21.11.
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translation and centering operators do not change or introduce new discontinuities, they
map QP\N into itself. Therefore, we are able to restrict the process Q together with all
its operators to QQ\N , naming this new sample space again Q%. Thus, at most one of
the processes Ql, cees Q” has a jump at any given time ¢ > 0.

Now combine the Walsh process and the subordinators independently in one space by
defining the product space Q := QW x Q9 with o-algebra .7 := . ZW @ .#9 and product

measures Py (g1, gn) = }P’}/ZI) ® IP’(qu ™) for (e,x) € G, (¢*,...,q") € R™. As we will
typically want to start the subordinators at the origin, we furthermore set

Py :=Pg0,.0, 9€9.

With the help of the canonical projections 7/V: QW x Q9 — QW 7@: QW x Q9 — QF,
and 1@¢: Q@ x ... x Q" - Q@€ e € £, we set for any t > 0, ¢ € R™:

Wyi=WeorW, Li:=Lion", O =6 on") xx?,

Qt = Qt O7TQ, Qf = Qt OWQ’e Oﬂ-Qv ec 57
09 = 1% x (6% 0 19), 'yf]g =" x (AC? or?), T9:=7" x (19on?).

Define the processes (P, t > 0) and (Pf,t > 0), e € £, by

Pe(t) :=p2t+ Q)+ > . Q/(t—), e€é,
fee f#e

P(t) := Py(t) :==pat + Z Q°(1),

ec&

where, as usual, we set Q°(t—) := limgy; Q°(s) for ¢ > 0, and Q°(0—) := Q°(0). Further-
more, for any vector n = (n° e € &) of real numbers with n° < 0 for all except at most
one e € £, we construct a function E(n): G — £ by setting

e, dJe€&:n°>0,
l, Yee&:n°<0.

Em)(l,z) = {
For all e € &, define the processes (15, > 0) by
nf = (PP~ ' —id) (L), t>0.
Finally, we define the stochastic process (X;,t > 0) on G, by setting
X = (E(nf,e € &) oWy, + |[Wi]), t>0.

For later use, we also set

o =P Y (L,) =inf{s >0: Py > L;}, t>0.
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21.2. Remarks on the Definition

The process (X¢, ¢t > 0) will turn out to be a Brownian motion on G which realizes the
reflection parameters (p§, e € £) and the jump measure py in the boundary condition of
the generator. It is a generalization of It6—-McKean’s construction on the half line, which
was explained in section 16.

Indeed, the local coordinate of X; is, by definition, just It6—McKean’s “basic” Brownian
motion on the half line, namely PP~1(L;) — L; + |W|. However, we need to adjust their
construction by a process which controls the edges of the Brownian motion: We cannot
use the edge process of (Wy,t > 0), as this would change the edge whenever |Wy| is at v,
even if the translated excursion PP~Y(L;) — L; + |W,| is not finished yet, see figure 21.1.

Therefore, we need to “overwrite” the edge process of (W;,t > 0) to being constant on
some edge e € &, as long as there is a “jump excursion” on this edge. There does not
seem to be a straight-forward way to define such an “overwriting process”. Our solution
is the introduction of the auxiliary processes P,, e € £, which are modifications of the
process P, namely, being right continuous at the jump times of their own edge e, and
left continuous at jump times of the other edges. Therefore, on jump excursions on their
own edge, P.P~! will have “upper triangles” (which is equivalent to n¢ > 0) just as
PP~! but “lower triangles” (which is equivalent to 7{ < 0) on jump excursions to other
edges, see figure 21.2 and remark (21.7). Thus, it is possible to derive the current edge
of a jump excursion from the paths of t — P,P~1(L;), e € &, or equivalently from the
processes (nf,t > 0), e € &.

The process E(nf,e € £) thus chooses which (if any) of the jump excursion times
nf,e € £, is currently greater than zero (that is, which “triangle” is the “upper triangle”),
and holds the motion on this edge e € £ for the remaining length nf > 0 of this excursion;
during this time It6-McKean’s Brownian motion 7; 4 |W;| on the local coordinate behaves
like a standard Brownian motion. On the other hand, if all jump excursion times are zero,
then E(nf,e € £) just uses the original edge of the Walsh process (W:, ¢ > 0) and 1, =0
holds true, so both coordinates of X; coincide with both original coordinates of W;. This
means that, as long as there is no jump excursion, X; is just W;. We will make these
explanations rigorous now.

In order to ensure that the process (X;,t > 0) is well-defined, it is necessary that
there is at most one e € £ with nf > 0 at any time ¢ > 0. This will be shown below in
lemma (21.10). To this end, we need to analyze the defining functions P.P~!, e € £U{0}.
The difference between the functions P, e € £, are rather subtle: If we define the set
of all jumps of the subordinator Q¢ by J. := {t > 0 : AQ°(t) # 0}, e € &, then the
set of all jumps reads J := | c¢ Je, as there are no simultaneous jumps. By definition,
P.(t) = P(t) holds true for all e € € if t € CJ, whereas for t € J, we have

P(t) = P(t), teJ,
‘ a P(t_)> t¢ Je7

that is, the function P, is right continuous at the jumps of ¢, and left continuous with
a positive jump discontinuity at the jumps of all other subordinators Qf, f # e. We
collect these first findings:
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B ke

T
0 0.5 1 15 2 2.5 3

Figure 21.1: Construction approach for Brownian motions on a star graph: Ilustration
of the Walsh process W; = (W}, W?) and the resulting Brownian motion with jumps
X, = (X}, X?) = (E(ng,e € ) oWy, PP~ (Ly) — Ly + |[Wy] ). The incorrect process
X, = (W}, PP~Y(L) — Ly + |W4| ), pictured in the first graph, already implements the
desired radial process, however switches edges during jump excursions whenever the
original process W hits the vertex. Thus, the edge process W' must be transformed to
X1 in order to “hold” the current edge during jump excursions. X (¢, X represent
the process parts of X, X on the corresponding edges e € £ = {1,2,3,4}.
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Figure 21.2: Illustration of the extension of It6—McKean’s approach to the star graph:
The left-hand graphs show the jumps of the complete subordinator ¢) and the resulting
processes P (black) and PP~ (red) used in It6-McKean’s construction in the half-line
case. The other graphs show (in the first row) the decomposition into the subordinator
parts Q¢ of the corresponding edges e € £ (with color assignment like in figure 21.1),
as well as (in the second row) the resulting processes P.P~!, which feature the needed
“upper triangles” for “own jumps” and “lower triangles” for “other jumps”.

(21.3) Lemma. For every e € &, let J. = {t > 0: AQ°(t) # 0} be the set of all jumps
of the subordinator ¢, and set J = ) ,c¢ Je. Then, for alle € £, t > 0,

Pt) = P(t), teJ.ulJ
T\ P@-), teJnlJ..

Before we are able to proceed with the analysis of P.P~!, we need to collect some
properties of pseudo-inverses (or generalized inverses). These results can mostly be found
scattered in the literature, for instance in [EH13]. There, the authors consider the left
continuous pseudo-inverse instead (see [FWTK12] for the differences in the definitions),
so we need to reiterate some proofs.

(21.4) Definition. An increasing function f: [0,00) — [0, 00] has a level of constancy at
to > 0 of length h > 0, if f(t) = f(to+) for all t € (to,to + h), f(t) < f(to) for all t < tg,
and f(t) > f(to+) for all t >ty + h.

(21.5) Lemma. Let P: [0,00) — [0, 00) be a right continuous, strictly increasing function.
Then, the generalized inverse

P71:]0,00) = [0,00], t+ P7Y(t):=inf{s > 0: P(s) >t}
admits:

(i) P~! is right continuous and increasing;
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(i) for allt > 0: P71P(t) = P7Y(P(t-)) = ¢t;

(iii) for all t > 0 with P~1(t) < +o00: PP~Y(t) > t;

(iv) for all t € ran(P): PP~(t) = t;

(v) for all t,u > 0: P7Y(t) <, if and only if t < P(u);

(vi) P~ is continuous,

(vii) P has a jump at t > 0 of height h, if and only if P~! has a level of constancy at

P(t—) of length h.

Proof. (i) Right continuity has been proved in [FWTK12, Theorem 2|. The definition

(i)

(iii)

(vii)

of P~1 directly implies that it is increasing.

Let t > 0. As P is strictly increasing, it is {s > 0 : P(s) > P(t)} = (t,00), and
{s > 0: P(s) > P(t—)} equals either (t,00) or [¢t,00), depending on whether ¢ is a
point of continuity or not.

Let t > 0 with P71(t) < +oco. Then there exists a sequence (s,,n € N) in
{s>0: P(s) >t} which strictly decreases to P~1(t). But then P(s,) >t for all
n € N, and as P is right continuous, PP~1(t) = lim,, P(s,) > t.

Let ¢t € ran(P). Then, as P is injective, there exists one and only one § € [0, c0)
with P(3) = t. But then P(s) > t for all s > 3, therefore P~!(t) = 5 and
PP~ 1(t) = P(3) =t.

If P~1(t) < u, then P(u) > PP~1(t) >t by (iii).

If P(u) > t, then, as P is strictly
increasing, {s > 0: P(s) >t} C (u,00), so P71(t) < .

Assume P! is discontinuous. As it is right continuous, there exist ¢ > 0, a < b,
such that
Plt-)<a<b=P7).

Let u € [a,b). Then, for all s < t, we have P~!(s) < P71(t—) < a < u, which
by (v) implies that s < P(u). Thus, P(u) > t holds true. But P(u) % t, because
u < b =inf{s > 0: P(s) > t}. Therefore, P(u) =t for all u € [a,b), which
contradicts the strict increase of P.

Let tg > 0 be a point of discontinuity of P with jump height A > 0, that is,
P(to) — P(to—) = h.
Let yo := P(tp—). Then, as P(s) < P(tg—) = yo for all s <ty and P(tg) = yo + h,

Pl (yo) = to = P~ (yo + h).
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As P~ ! is increasing, it must be constant on (yo,yo + h). It remains to show that
this set is maximal: As P is strictly increasing, for any y < yo there exists s < tg
such that P(s) <y < yo = P(to—), so P~(y) < s < to. Furthermore, as P is right
continuous and P(ty) = yo + h, it is P71 (y) > to for any y > yo + h.

Now, let (yo, o + h) be a constancy set of length h for P~1, with
P~ (yo) = P~ (yo + h) = to.

Then P(ty) > yo + h by (v). But indeed P(ty) = yo + h, as otherwise there exists
y > yo + h with P(tg) > y, which would imply P~1(y) = P~!(yo + h) = to. On the
other hand, P(t) < yp for all t < tg, so P(to—) < yo. But P(top—) = yo, as otherwise
there exists y < yo with P(to—) < y, which would imply P~!(y) = P~1(yo) = to.
Therefore, there is a jump at tg = P~!(yp) with height P(to) — P(to—) = h.

O

(21.6) Lemma. Let L: [0,00) — [0,00) be a continuous, increasing function. Then, the
generalized inverses

L1 [0,00) = [0,00], trs L7Yt) :=inf{s > 0: L(s) >t}
and
L7 [0,00) = [0,00], t~ LZY(t) :=inf{s >0: L(s) >t}
admit:
(i) L1 is right continuous and increasing;
(i) for all t,u > 0: L™1(t) < w, if and only if t < L(u);
(iii) L=' is left continuous and increasing;
(iv) for all t,u > 0: L='(t) < w, if and only if t < L(u).

Proof. (i) is covered by [FWTK12, Theorem 2], (iii) by [EH13, Proposition 1].

Turning to (ii), let L=1(¢) < u. Then there exists a sequence (s,,n € N) decreasing to
L~Y(t) with L(s,) > t for all n € N. But then s,, < u for almost all n € N, and as L is
increasing, it follows that L(u) > L(s,) > t. On the other hand, if ¢ < L(u), then, as L
is continuous, L(u') > t for some u' < u, and therefore L™1(t) < v’ < u.

It remains to prove (iv): If LZ'(t) < u, then by monotonicity and continuity of L,
L(u) > L(LZ'(t)) > t. Conversely, if t < L(u), then u € {s > 0: L(s) > t} and thus
L7Yt) < u. O
We are ready to analyze the functions t — P,P~1(t), e € £ U {0}:

(21.7) Remark. The function P is strictly increasing, as pa > 0 or p§((0,00)) = +o0o for
at least one e € £ (cf. theorem (6.19)). Thus, PP~! has a level of constancy at some
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time P(t—) of length h, if and only if P~! has, so by (vii) of lemma (21.5), if and only if
there exists a jump of P at time t € J of height h. Therefore, we can decompose R into
P :={t>0:PP7'(t) =t} and

7 = Ul 1),

neN

where each interval (I,;,1;) corresponds to some jump of P at time ¢, of height [,, via

I, =P(t,—), IF—1 =1, neN
Then, by definition of P, it is
Ly =1, +1,=P(tn—) + (P(ty) — P(tn—)) = P(tn), neN,
and by (ii) of lemma (21.5), we also have
P Y1) =P Y P(t,—)) =t,, neN,
This gives for each n € N,

(21.8) Vt e [1,,05) = [P(ta—), P(t,)) :  PP7Yt) = PP7Y(l)) = P(t,).

n»’'n

For every P.P~!, e € &, the same decomposition holds true, that is, we have P,P~!(t) =
P.P71(t) =t for all t € 2. However, observe that by lemma (21.3),

P(ty), tn € Je,
P(t,—), tn ¢ Je.

n’»n

(21.9) Yt e [I,,1}) = [P(ta—), P(tn)) : PP (t) = Peu(ty) = {

(21.10) Lemma. For all t > 0, the following holds true:
(i) There is at most one e € £ with nf > 0.
(ii) n, > 0, if and only if nf > 0 for exactly one e € £.

Proof. As there are no simultaneous jumps by construction, all jump times ¢,,, n € N,
are pairwise distinct, so the intervals (P(t,—), P(ty)), n € N, are pairwise disjoint
and there is exactly one e € £ with t, € J.. Thus, we have for all e € £, n € N,
te [l 17) = [P(ta=), P(tn)),

P(t,) —t >0, th € Je,
PP t)—t= (tn) nee

P(t,—)—t<0, t,¢Je,
and P,P~1(t) —t =0 for all t € 2. Therefore, for any ¢ > 0, there is at most one e € £
with P.P~(t) —t > 0, and in this case t € [I,,,[;") for some n € N, which is equivalent

n»'n

to PP~1(t) —t > 0 by (21.8) and (21.9). O
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The path behavior of X is now clear: For L; € 9, we have n, = PP~Y(L;) — L; = 0,
and nf = 0 for all e € £ by lemma (21.10), so for these times, it is X; = W by definition.
Otherwise, if Ly € [I;,1;}) with [I;/,1;}) corresponding to a jump (¢, (en, 1)), we have
nm = > 0,50 E(nf,e € E) oW, = ey, and | Xy| = + |Wi| = P(tn) — Ly + [Wy| =
I} — Ly + |[W;|, which for t € LZ'([l;,,1;})) behaves like a Brownian motion started at
I7 — 1. =1,. In total, we get
(21.11) X, = {Wt’ Lie 2, '

(e,lf — Ly +|Wil), Ly €ly,,0l}) with ¢, € J.
(21.12) Lemma. The process (X;,t > 0) is right continuous, and it is continuous on
any excursion away from v, that is: For any t > 0 with X; # v, (Xy,t > 0) is continuous
on [t,to], with tg := inf{s >t : X, = v}.

Proof. As (Wy,t > 0) and (L, t > 0) are continuous, and L; only grows if W is at v,
the edge of Xy only changes at some time ¢t > 0, if either the edge of W; changes or L,
grows over some [;7, in which case [} — L; + |W;| = 0 holds true. Thus, as the second
coordinate (1 + |W4|,t > 0) is right continuous, and the first coordinate only changes if
the radial part is at the origin, the resulting process (X, t > 0) is right continuous.

X is away from v if either W is or if L € [I;,}) for some n € N. In both cases
the process behaves continuously in the open interior of these times, which follows
from the representation (21.11) and the continuity of W and L. For t € LZ'([l;;,1})),

n»’'n
equation (21.11) gives Xy = (e,l;} — Ly + |Wy|), thus we have
to:=inf{s >t: Xy =v} =inf{s >0: Ly > '},

and for every sequence (t,,n € N) of times which strictly increases to tg, (X;,,n € N)
converges to (e,0) = v. But as X is right continuous and {v} is closed, we have X3, = v,
so X is also continuous at tg. O

21.3. Shift and Translation Operators for X

Define the operators (y2, 2 € R) on Q by

P
Yy = ’yg/nw.’x/n, z € R.
Then (vF, 7 € R) and I'? are translation and centering operators for all P., e € £ U {0},
because for e € £ (for e = 0, namely P, = P, the calculation is completely analogous),
we obtain by shifting the underlying processes Q¢, e € &,

Pe(t) oy = p2t + Q1) 07 om+ > @)e Vst
(21.13) — ot + Q)+ =+ 3 (QF(t—) +5)
n n
fe
= P.(t) + =,
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and, by using the definition @/ (0—) = Q/(0),

Pe(t)oT9 = pot + Q°(t) o T + > QF(t—) o T¥
f#e

(21.14) =pat+ Q)+ D QI(t=) — (p20+Q°(0) + > Q7 (0-))
f#e f#e
= Pe(t) - PG(O)

Define the operators ©;X, t > 0, by
0 =0)" ® (I, 003),
that is, for all w = (W, w?) € Q,
O (@) = (O (W), 71, 1) (02 ) (@9))).

In order not to complicate the notation even more, we will also write ©W, ©F for the
lifts of these shift operators from Q% Q% to Q: For all w = (wW,w?) € Q, the formulas
0/ (w) = e}V (W), @?(w) = @?(wQ) will be used implicitly in this section.

(21.15) Lemma. (07 ,¢ > 0) is a family of shift operators for X.

Proof. Fix s,t > 0. It is clear that O : Q — Q, as O}V : QW — QW @?: Q@ - 9,
oi(w) >0 forallw € Qand vL: Q9 — QF for all x € R.
We begin by calculating the shift on the subordinator: For all u > 0, we have

P(yE, o @g)_l(u) =inf{s > 0: P(yZ,, o Gg)(s) > u}
=inf{s >0: P(s+ o) — Ly > u}
= (inf{s >0: P(s) >u+ L} — ;) VO
=P HNu+ L) - gt)+.
By noting that (L, t > 0) is an additive functional and P=(Lsy¢) > P~1(L,), we get
P YLy 0O =P(y_, 0 93)*1(!35“ — Ly)
(21.16) = (P (Lyst) —00)"
= P~ (Lste) — 01
Let e € £U{0}. Then, by applying the shift ©;* and the above findings, we obtain
(P.P7Y(Ls) — L) 0O = P.(yF, 009) (P71 (Ly) 0©)) — Lyo 0}
= P.(P7"(Ls) 0O + 1) = Lt — (Lys — Ly)
= P.P N (Lgit) — Loys.
By inserting the last two formulas into the definition of X and additionally using

X w
WS o) @t == WS o) @t == s+t
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we get X, 00X = X 44
It remains to prove ©F 0 ©F = ©X,. We calculate for w = (w",w®)

0 (67 (@) = (0 (61 (W), 71 (01 (OF 0w (VoLew) (O (1) (@))))

_ w w P Q P Q
= (05" )L 1) O ) orw) (Vo) Oy @),

where we used the shift property of (©}",¢ > 0) on themselves and on the additive
functional (Lg,t > 0), as well as g5 0 OX = P~} (Lgy4) — o by (21.16). Observing that
(09t > 0) and (77,2 € R) commute (because the shift operators (6% ¢ > 0) and
translation operators ('Ayé’2 €, q € R) of the Cartesian parts commute, see (6.32)), we get

01 (O W) = OYL W)Y L. w20 © VL) © O i) —onte) © Oty (@)
= (O% )AL ) (OF ) @)
=05, (w). O

21.4. Suitable Filtration for X

In order to describe for any ¢ > 0 the mapping
Xi= (E(Pe(é)t) — Li,e € &) oWy, P(or) — L + W] ),

the “information” of .}V and “ﬁg ” is needed. First of all, we must clarify what we
mean by the latter o-algebra, as o = P~1(L;) is certainly not an (3@@, t > 0)-stopping
time. Following the general definition of a stopped o-algebra ¥,, namely

b, ={AcY|Vs>0: An{r <s} €%},
we set for each ¢t > 0

F={Ac IV 7L |Vs>0: An{o <s}c FV @ FL).

It turns out that .%; is just the stopped o-algebra & ét as defined in (3.3) for the random

time g; and the filtration (#!, s > 0) given by

Zt .

FL=7V 9 722, s>0.

s

For this definition to fit in the context of section 3 and in order to employ the basic
results on usual stopped o-algebras, we immediately show:

(21.17) Lemma. For every t > 0, g; is an (%!, s > 0)-stopping time, that is,

Vs> 0: {gtgs}eﬁtw®§§.
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Proof. By using (v) of lemma (21.5), we see that for any s, > 0,

{o > s} = {P7H(Le) > s} = {L¢ > P(s)}

= U (Li>an{g>Ps)}) € 7V 078,
q€Q+

as (L, t > 0) is adapted to (#)V,t > 0) and (P, s > 0) is adapted to (#¥,s>0). O
(21.18) Lemma. The sequence (p;,t > 0) is increasing.

Proof. As (Qq,t > 0) is a subordinator, the process (P;,t > 0) and thus (P %, t > 0) are
increasing. (L, t > 0) is increasing as well, so is (o = P~1(L¢),t > 0). O

By taking the well-known result ¢, C ¥,, for any two stopping times 71,72 with
71 < T2 into account (see, e.g., [CW05, Theorem 1.3.5]), the two lemmas above prove the
first part of the following theorem:

(21.19) Theorem. (%#;,t > 0) is a filtration and (X;,t > 0) is adapted to (F,t > 0).
The second part follows from the next set of lemmas:
(21.20) Lemma. (g, t > 0) is adapted to (F,t > 0).
Proof. Fix t > 0. For a < 0, it is {os < a} =0 € F. For a > 0, lemma (21.17) yields
{o<ate 7V 070 C 7 0 7L,
as well as for all s > 0,
{ao<atn{o<st={a<anrs}e FV e z8, 7V e FL
Therefore, we have {9; < a} € .%; by the definition of .Z,. O

For the following results, we define for any collection 7 of sets and any set As the
usual “Cartesian product” of families of sets

o x Ag = {A1 x Ay : Ay € o},
and analogously the set Ay x @) = {As x Ay : A1 € oA }.
(21.21) Lemma. For all t > 0, #V x Q9 C .%,.
Proof. Fixt > 0 and let Ac ﬁtW. Then A x Q@ ¢ Z: holds true, because we have
Ax QR e 7)V 0 29,
and for all s > 0,

(Ax 09 n{a<ste s orQ. =
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(21.22) Lemma. For all e € £, u > 0, the process (Q°((or — u) V 0),t > 0) is adapted
to (L%,t > 0)

Proof. Fixee &£, t> 0 and a € R. For all s > 0, we have

{Q°((ot —u) v 0) <afnior < s}
=( U {@Ua-wvo <a}n{e<ad})

q€Q, ¢<s
U({Q((s —w v0) <a}n{o =s})
e 7V o 79

and
{Q“((et —u) v 0) < a}
={Q((et —u) vV0) < a} WSLEJN{Qt < s}
= U ({Q°((er ) v0) <a}n{or < 5})
€ ;E’;V ® Fr,
s0, by definition of .Z;, we have shown that {Q%((g; — u) V 0) < a} € Zi. O

(21.23) Corollary. For all e € £U{0}, the process (P.(ot),t > 0) is (%, t > 0)-adapted.

Proof. This is evident for P = Py, as for ¢t > 0,

Plor) =paor+ Q%)

ec&

is .#-measurable by lemma (21.22) with w = 0. For e € &, t > 0,

Q“(0i-) = lm Q°(s) = Jim Q“((er — 1)V 0)

n—oo n

is #i-measurable, and so is

Pe(or) =p2or + Q%) + > Q (o). O
f#e

21.5. Strong Markov Property of (IV, Q)

In the construction of X, the process P and, thus, the process ) appear shifted by the
random time g;. In order to use Markov arguments when analyzing the process X in the
next subsections, we will need to transfer the strong Markov property of Q to the part Q
of the combined process (W, Q) and then understand how the shifts ©}" of W and @8
of @ act on this combined process.
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The main idea is that, as we only shift the process @ by o0:, we only need to consider

this part of the combined process. Therefore, we introduce the filtration (%, ,s > 0) by
7=V e 70, s>o.
It is immediate that
7% =7V 2 29,

Surely, this filtration is large enough for the time shift o;:
(21.24) Lemma. For all t > 0, g; is an (§st s > 0)-stopping time.
Proof. This is clear, as for all s > 0, we have by lemma (21.17):

(oo <ste TV @72 Cc oV 090 =77 O
As every translated stopping time is again a stopping time, the next result follows:

(21.25) Corollary. For allt > 0, u > 0, o; + u is an (?Q, s > 0)-stopping time.

S

The next two lemmas show that this new filtration is, of course, larger than the actual
filtrations needed, which will be helpful for proving Markov properties later.

(21.26) Lemma. For any (?SQ, s > 0)-stopping time 7, FY x Q9 C ?ﬁ?
Proof. Let A € ZFY. Then, for any s > 0,

AxQCe W @ 70 c 2V o 7Y

S o0

and, as 7 is an (?f, s > 0)-stopping time,

(Ax Q9 n{r<ste gz 079 O

(21.27) Lemma. For allt > 0, .%; C ?g.
Proof. Using the definitions of both o-algebras, we get for ¢ > 0,

F={AcFN @78 |Vs>0: An{o <s}ecF 279}
C{AeZY @ Z2|Vs>0: An{o < s} e .Z,)
9
=7, O
We are now able to transfer the Markov property and the strong Markov property
from @ to Q. Observe that the following results are not really representing the Markov
properties which were defined and discussed in chapter I, as we will only consider and shift

the second part of the combined process (W, Q) here, so everything is still “independent”
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of the first coordinate. These “partial” time shifts are not commonly treated, because
joint Markov processes ((Xy,Y;),t > 0) typically run with a mutual time parameter ¢
and thus are translated collectively by a mutual time shift. Therefore we will need to lift
the following “Markov properties” manually.

(Qs,s > 0) is “Markovian” with respect to (9@

s > 0) in the following sense:

21.28) Lemma. Forallge€ G,q € R", f € , 8,120,
( )L Forallge g R", f € bB(R)®" 0

0a(F(Qst) | 77) =Eoq, (F(Q1)).

Proof. 1t is obvious that (Qs,s > 0) is adapted to (?Q s> 0).

The system {A x B: A€ FY B € L} is an N-stable generator of J , S0 the claim
follows from the definition of the combined process on the product space w1th the help of
Fubini’s theorem, as we have

Egq(f(Qs+t) Laxp) =E} (14) E2(f(Qs+t) 15)
—E} (14) E(ES (£(Q0) 15)
= EQ#](E (f Q )) ]leB)
:Eg,q( ng( (Q )ﬂAxB)
forall Ac ZW Bec 8 gc 9, qc R, fcbBR)®, 5,t>0. O

We are going to reiterate the standard argument which shows that every Feller process
is strongly Markovian (see, e.g., [RW00a, Section IIL.8]), applied to the process ). This
may seem strange, because we already have the strong Markov property of Q, but it is
surprisingly difficult to transfer it directly to Q, as an (&, s > 0)-stopping time also
randomizes the first coordinate of (W, Q) and, even if the processes are independent, it
does not appear easy to separate both parts in the random time.

(Qs,s > 0) is “strongly Markovian” with respect to (%, 79 5 > 0) in the following sense:

(21.29) Lemma. For all g € G, q € R", f € bB(R)®", s > 0 and every stopping time T
over (?SQ, s> 0),

00 (F(Qusr) | 77) = Egq, (£(Qs)).
Proof. Fix an (ﬁf, > 0)-stopping time 7. Then there exists a decreasing sequence
(Tn,n € N) of (ﬂQ s > 0)-stopping times with values in {£ : n, k € N}, defined by

k

=4 & Te[BL L) nkeN

In particular, we have {7, < 2%} ={r< 2%} e ?Cj%
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Following the standard argument for deducing the strong Markov property of Feller
processes from their Markov property, we compute for all s > 0, f € bC(R"), A€ F° =
(AcFL|¥s>0: An{r<sleZ )

Eg,q(f(QerT) 11A) = lim Eg q(f(QerTn) ]lA)

n—o0
= hm Zqu ) An{ist 1§T<2in})
kEN
:nli_{go ZEg,q( Ln(f(Qs)) Aﬂ{%§7<2in}>
keN
= lim Ey4(Eyq,, (f(Qs)) 1a)

n—oo

(@
= lim E,(E] (Q) 4)
Q) 1

n—o0
= hm E q( A)
=Egq(T2f (Q )
= Ey, q( 9,Qr ( ) )
where (T, s > 0) is the Feller semigroup of 0. O

We are now ready to infer the Markov property of the combined process (W, Q) with
respect to the shifts ©}" and @8 and to the actual filtration (:#,t > 0): The combined
shift operators ©; := O}V ® @g, t > 0, on  are defined in the intuitive way, that is, for
all w = (W, w?) € Q, we consider

A

(21.30) Oi(w) = 0} ® 0% (w) = (6 ("), 0% w oy (W?)):

The basic version of the “Markov property” for (W, Q) with respect to (%, t > 0) via
the just defined combined shift operators (O, > 0) reads:

(21.31) Lemma. For allg € G, ¢ € R", f € bB(R), h € bB(R)®", r,s,t > 0,
Eqa(f(Wr) 1(Qs) 0 0} @ 6 [ 7) = Ewi.q, (f(Wr) H(Qs))-

Proof. By using .%; C .FV @ Z together with the Markov property of W with respect
to (FV @ ZL,t > 0) (which follows from the product space construction), we obtain

Egq (f(Wr) © @ZV h(Qs) o @g |yt)
= Egq(Eg,q(f(W;) 0 9?/ | th ® gZQ) h(Qs) o @Q | F)
= Egq(Ew, (f(W)) M(Qs) 0 OF | 7).

Employing .%; C ,f . (by lemma (21.27)), the adaptedness of W to (?g,t > 0) (by
lemmas (21.26) and (21 24)), as well as the “strong Markov property” of @@ with respect
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to o (as given in lemma (21.29)), we get
B q(f(Wr) 0O} h(Qs) 0 65 | F1)
:EQ,Q(E%U(W)) a(h(Qs) °@Q|ﬁ )’ﬁt)
:qu(EW(f( ) gQg( )|Jt)
W, (F(W2) B, (h(Qs))
= Ewt,c;gt (f (W, ) ( ),
Q)

where we also used that (W, Q) is adapted to (%, t > 0) (see lemmas (21.21) and
(21.22)). O

Complying with the usual generalization of Markovian shifts, we lift the above lemma
to .#2 -measurable functions by slightly adjusting the routine proof (see, e.g., [BG69,
Proposition 1.8.4]):

(21.32) Theorem. For allg € G, ¢ € R", Y € bF = bo(W,.,Qs,7,5 > 0),t >0,
Eyq(Y 00" @ OF | 71) = Ew,q, (V)
Proof. Using the MCT, it suffices to show this formula for

Y = fl(Wm) fk(WTk)hl(Qsl) hl<QSZ)

with k,l € N, f1,..., fx € bB(R), hy,...,h € bBR)®™, as well as 0 < 7 < -+ < 7y,
0<s1 <---<s;. We can assume that k = [ holds, as otherwise we just fill the missing
functions with functions identically to 1.

We are going to prove the assertion by an induction over £ € N. The case k =1 is
already done in lemma (21.31). For the inductive step from k — 1 to k, we compute

gq(Hfz ) 06 hi(Qs;) 0@ |</t)
=Egq (H Writt) g,q(fk( OGW‘ Th_ 1+t® )

k

[[7(Qs)) e 05 |71)
Jj=
k—

:Eg,q( fz<Wm+t) (fk( Te—Thk— 1))
i=1
k—1
hj(QSj+9t) QQ(hk(QSk ° ®Qt |ysk 1+gz) |<%/)’
j=1

where we used .F; C ZY, @ FL for all r > 0 (by the definition of .%;), the measurability

of Qsyo, With respect to fﬂt ® Z2 (which follows from the right continuity of Q
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and the stopping time property of g; with respect to (JE‘Z QW & F J\Q ,5>0), see
lemma (21.17)), the Markov property of W with respect to (Z}V @ .Z&, t > 0) (by the

product construction of (W, Q) with Fubini’s theorem), as well as % C % 79 (see

s+ot
lemma (21.27)) and the measurability of W with respect to 9S+gt (see lemma (21.26)).
Next, we again use the “strong Markov property” of @ (see lemma (21.29)) to get

k
By (TT£i(We) 1i(Qs,) 0 OF © 02 | .7,)
=1
k—1
= Equ( H fi(Wri+t) _ (fk( TR—Tk— 1))
i=1
k—1 A
hj(Qsﬁ-&) E85k71+9t (hk(QSk—Sk—1)) ’ 9,5)
=1
1
=By ( [T FiWe) 1(Qs) 0 0 @ 02 | 7).
i=1
where we renamed f; = fi, h; = h; for i € 1. -1}, fr-1 = fi- 1Ew(fk( re=rie1);

hp_1 = hp_1 B (h(Qsy—s,_,))- By using the inductlve assumption and performing the
above steps in reverse order, we get

k
EQ,Q( H fl(Wn) hl(Qsz) o 6}5/‘/ X @8 | yt)
=1

k—1
= EWqut ( fl(WTz) hZ(QSz))
i=1
k—1
= B,y ( TT V) hi(Qs) B Qs BN, (fe(Wi s, )
i=1
k—1 N
= Ewi,qu, ( TT fiWe) hi( Qo) it Qup ) B (fi( W) | Z | @ 79))
i=1
k—1
= Ew, @, ( [T £iWe) hi(Q) B (hi(Qs) | 7L © L)) fi(Wy) )
=1
k
= Ew,q, ([T £H(We) hi(Qs,))
i=1
where the “-,-” in the above expectations serve as place holders for exactly that value
which is assumed by the random variable (W3, @Q,,) outside of the expectation. ]

For later use, we also need to introduce another, coarser filtration:

?SQ::QW F8, s>0.

,S )

Then lemma (21.29) has a natural equivalent:
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(21.33) Lemma. For all g € G, ¢ € R", f € bA(R), h € bB(R)*", r,5 > 0 and every
stopping time T over (F9,s > 0),

Eg.q(fWy) M(Qsir) | FQ) = Egq, (F(W:) H(Qs)).

Proof. As ﬁ C 9’ for all s > 0, 7 is also an (fQ s > 0)-stopping time with stopped
o-algebras ?9 C.7; 79 , and as W, is .% 7Q—measu]rable (see lemma (21.26)), we get
Eqq (f(We) h(Qut7) | FQ) = By g (Bg g (f(We) h(Qsi7) | F75) | F2)
= Eq(f(W2) B (@) | 77) | F2)
=B (W) Eyq. (h(Q:) | 77)
= Egq(f(Wr) | ) Eg0. (h(Qs))

by lemma (21.29). But as .# %7@ C QW x ZY, it follows that

Eg,q(f(Wr> ‘ tO}Q) gQT( (Qs)) = (f(W )) gQT( (Qs))

and taking the product construction of W and @) into account, we conclude that

Eg.q(f (W) Egq. (M(Qs)) = Egq. (f(Wr) M(Qs))- 0
(21.34) Theorem. For all g € G, g € R", Y € bZY = bo(W,,Qs,7,s > 0) and every
stopping time T over (Z9,s > 0),
Egq(Y 0 id" ®@Q |7 G\Q) Eqq.(Y).

Proof. As usual, in regard to the MCT, it suffices to show this formula for

Y = fl(Wm) fk(er)hl(Q81) hl<QSz)
with k,l € N, f1,..., fx € bB(R), h1,...,hy € bBR)®™, as well as 0 < 71 < -+ < 1y,
0<s; <---<sg. Itis standard to extend lemma (21.33) to
Eg,q(hl(Qﬂ) hl(QSz @Q| fQ) gQT (hl(Q81) hl(Qsl))‘

Therefore, by setting fWV := fi(W,,) -+ fr(Wy.), h% := h1(Qs,) - -+ ly(Qs,) and using
the same techniques as in the proof of lemma (21.33), it remains to compute:

Eg,q(fw h€ o id"V ®@9 |§tQ) 9,9 fW hQ°®Q| mQ)

Eg.q(

Eg,q(f (hQ ° @Q} fQ | t )
Eg,q(fw | fQ) Eg.q, (hQ)

Eyo

E

9,9 fW) gQT( Q)
9,Q~+ (fW hQ) 0
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Of course, the roles of W and @ can be interchanged in lemmas (21.28), (21.29), (21.33)
and theorem (21.34), giving us for the filtration

FV=F) x0% t>0:

(21.35) Theorem. For all g € G, g € R", Y € bFY = bo(W,,Qs,7,s > 0) and every
stopping time T over (Z|",t > 0),

Eg,q(Y o GZV ®id? ]?gv) = EWT,q(Y)-

21.6. Strong Markov Property at H,

Let Hp :=inf{t > 0: X; = v} be the first entry time of X in the star vertex v.

We are going to show the strong Markov property of X at Hp next, which will be
essential for the proof of both the Markov property and the strong Markov property
of X. The Markovian behavior of X at Hy should appear quite natural, because X is
just the underlying Walsh process W until Hy = H(I)/V (with H(I)/V being the first entry
time of W in v), W is strongly Markovian, and the additional, independent parts of the
subordinators only come into play after Hy.

(21.36) Lemma. It holds X; = W, for all t < Hy and Hy = H}V, Py-a.s. for all g € G.

Proof. Let g € G. Every identity in this proof will be meant Py = P(, o)-a.s. .

Because (L¢,t > 0) only grows at {t > 0: W; = 0} and is continuous, we have L; =0
for all t < H(‘]/V . The fact that P starts at 0 and is strictly increasing implies that
P~1(0) =0, so we get

Ve e EU{0},t < HY : P.P7Y(L;) = P.(0) = 0.
By checking the definition of X, it is immediate that
Vi< HY : X,=W,.
As Xy =W #£0for all t < H(I)/V and XHgV = WHgV = 0, this also proves Hy = H(I)/V. ]

(21.37) Corollary. The processes (Xinm,,t > 0) and (W,,yw,t > 0) have the same
finite dimensional distributions with respect to P, for all g € G.

Before we continue with our developments towards the strong Markov property, we
remark the following relation for later use:

(21.38) Lemma. For alla > 0,t > 0, w € Q,

Ex;w0(e™*™) = B o(e” D),
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Proof. 1f n;(w) # 0, then there is exactly one e € £ with nf(w) > 0 by lemma (21.10), so
the definition of X and lemma (21.36) yield

—ozHo) —aHgV).

Ex,w)0le = E(ep(w)+ @) o(e

The first hitting time and the local time of the Walsh process W at the vertex correspond
to the respective entities of the underlying (reflecting) Brownian motion B at the origin
(see theorem (19.6)), so lemmas (14.5) and (15.9) give

_ mB —aHE
= Ep @y imae) (€770
— e~ V2a (m(w)+[We(w)])

CaHW
E (e, () +Wa(w).0 (€7*0)

= ]Eﬁ/Vt(w” (e_aL_l(nt(w)))

—alL™1 w
— ]EWt(w),O (e L (77t( )))
If ni(w) = 0, then

—a —aHW
Ex, (w).0(e” ) = By, () 0(e 0 ),

which completes the proof, as L=1(0) = H}V. O
We prepare the strong Markov property of X at Hy with the following result:

(21.39) Lemma. For all g € G, t > 0, f € bA(G), k € N, f1,..., fr € bB(G) and
0 <ty <--- <ty, the following holds true with J := fi(X¢ am,) -+ fr(Xenmy,):

Eg(f(Xt4mo) - J) = By (Bxp, (f(X0)) - J).
Proof. Consider the process X shifted by Hp, that is
Xermy = (e(Ltvmy) © Wegsy, PP~ (Litry) — Livy + (Wit )-
As Hy = H}V and Ly, = Ly =0, we have
Litny = Liyn, — Ly = Ly o @EVOW
and therefore
Xivp, = Xt 0 (eLVOW x id9),

so shifting by Hp does not shift @ (this is also clear by the definition of X or by looking
at its shift operators). Lemma (21.36) then gives

(f(Xt-i-Ho) fi (Xt1/\Ho) T fk(th/\Ho))
g(f(Xt+Ho) fl(thx\HgV) T fk(Wtk/\HgV))

o (LW nag) == Je(Wnar ) Eg(f(X0) 0 (O ©1d) [ Fw)),

E

Q

E
E
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with ?XV = FV x QR t >0, as defined at the end of subsection 21.5. Using the strong

Markov property (21.35) of W with respect to (?}/V,t > 0) for the stopping time HJV,
the inner conditional expectation becomes

Ego(f(X¢) o (@%}w ®1d?) |?LVOW) =Ew,_, 0(f(Xt)) = Eoo(f(X1)),
0
which completes the proof by using once again lemma (21.36), yielding

Eg (f(Xt+H0) f (th/\Ho) T fk‘(th/\Ho))
=Eg(Exy, (f(Xe) fi(Xesnme) -+ e(Xeenns))- u
We are almost ready for the first main result, namely the strong Markov property of the
process X at Hy, which we would like to prove with the help of Galmarino’s theorem (3.22).
However, there are no stopping operators for X available on the constructed space €2, as
stopping the process at the vertex v would cause the local time to explode. Therefore, we
need to switch to the path space realization (Y;, ¢ > 0) of X. As the process X is right
continuous and continuous inside the edges by lemma (21.12), we are able to construct
the canonical process Y;(w) 1= w(t), w € QY ¢ > 0, on the path space
QY = {w: Ry — G|w right continuous A V¢ > 0 with w(t) # v: w is
continuous on [t, to], with to := inf{s >t : w(s) = v}},
equipped with its canonical filtration .%) = (Y5, s < t), t > 0, and mapping operator

d: QO — QY see subsection 7.1.
As X; = Y; o ® holds by equation (7.1), we have for the first entry time HY of Y in v:

HY o® =inf{t >0:Y;0® =v} = Hy.
The space Q¥ admits the natural shift and stopping operators
Oiw) =w(- +1), aw):=w(-At), t>0 weQ¥,

as both shifted and stopped paths admit the conditions on QY. Therefore, we are able to
apply Galmarino’s theorem (3.22) in the context of Y.

(21.40) Lemma. H} is a stopping time over (.#} ,t > 0).

Proof. By definition of QY the canonical coordinate process Y is right continuous on R
and continuous on [0, tg], with to = inf{s > 0: Y, = v} = HY. As {v} is a closed subset
of the Polish space G, lemma (3.7) yields that Hgf is a stopping time over the natural
“raw” filtration (#Y,t > 0). O

(21.41) Theorem. (Y;,t > 0) is strongly Markovian with respect to ((Z} )i>0, HY ).

Proof. Galmarino’s theorem (3.22) asserts that .% }{/0 =o(Y,, Yt = 0). It is therefore
sufficient to show that

Eoo(fYVirmy) ) = Ego(By,,, (F(12)) - J)
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holds forall g € G, t >0, f € bB(G), k€N, f1,..., fr €bB(G), 0 <ty < --- < tg, with
J = fl(Ytl/\Hg’) fk:(Yt,c/\Hg’)
But this is immediately proved by equation (7.2) and lemma (21.39), as

Eyo(fYermy) ¥ amy) - feWinmy)

=Ego(f(Xernro) f1(Xeoamg) - fe(Xepnm)

= Eg0(Exp, (f(Xe) i(Xenmg) - fe(Xepn))

= Eyo(By,py (f00) AVonmy) -+ e(Vipnmy))- O

21.7. Markov Property of X

Next, we need to prepare the proof of the Markov property of X with respect to (F,t > 0)
by analyzing the action of the time shift (0©:,¢ > 0), as defined in (21.30), on all of the
underlying components of X. Let ¢ > 0 be fixed in this subsection.
For each e € & U {0}, we define the increments of the processes P, and Q€ shifted by
ot = P7Y(L;) for all times s > 0 by
TP.(8) = Pe(s + 01) = P(o) = Pe(s + P~ (Ly)) — PP~ (Ly),
TQ%(s) == Q°(s + o) — Q°(2v),

as well as the centered processes by
Q°(s) = Q%(s) — Q°(0) = Q o I(s),
°P(s) = P(s) — P(0) = PoT(s).
We notice (recall equation (21.14)) that

0 0,
(21.42) P="PoOY =Pol00Y, TQ°=%Q°00% =Q°oI'00Y,

and that the processes *P., e € £ U {0}, and °P are strictly increasing as the underlying
processes are (see remark (21.7)).

The main non-trivial parts of X are the excursion times (n{,t > 0), e € £. We start
by examining how the shift of these components by a time ¢ relates to the basic shifts of
the underlying processes Q and W:

(21.43) Lemma. For allw € Q, s > 0,
Mies(w) = Pe((FPH(Ls 0 01 = 110)) () 0 OF (w) — (Ls 0 0] + Le) (w),
and

Nys(@) = Pe(-, P (w, (Ls 0 O] —1)(w))) 0 OF (w) — (Ls 0 O] + L) ().
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Proof. As P and L are increasing, P(u) > L;1s with u > 0 implies u > P~1(L;), so

P Y Liys) — P HLy) =inf {u>0: P(u) > Liys} — P~ H(Ly)
=inf {u > PY(L;): P(u) > Liys} — P71 (L)
=inf{u>0: Plu+ P ' (Ly)) > Liss}
=inf{u >0:"P(u) + PP (L;) > Ls 0 0} + L;}
=P (Lo @F/ =)

Therefore, we obtain

PP (Liya) (@) = PP Ly 0 O — ) (@) + P (L) (@) ()
— P(("P Ly 0 O} — ) () 0 OF (w). =

(21.44) Lemma. For allw € Q, s > 0,
Tips(@) = (PIPTH(Ls = m(w)) = Ls) 0 O @ OF (@) = Li(w).
Proof. 1t is
(PP Ly — mi(w)) — Ls) 0 O @ 0F (w) — Ly(w)
= PP ((Ls 0 0} = m)(w)) 0 O (w) — (Ls 0 6 + Ly)(w),
so with regard to lemma (21.43), it suffices to show that for all v € R,
P, (+P71(w,v)) o @g (w) = PP~ (v) o @g (w)

holds true: We have P =% o @g by definition, which results in

+p-1 _ (OP o @g)—l _0p-1, @Q

ot
because for all w € Q, v € R,
(°Po @8)_1@1,0) =inf{u>0:(Po @g)(w,u) > v}
=inf {u>0:P(OL(w),u) > v}
=P (08 (w),v)
= P1(-,v) 0 OF (w).

This gives us

Po(-, P (w,0)) 0 0L (w) = Pe(-,"P7!(-,0) 0 0% (w)) 0 OF (w)
= P.P7'(v) 0 0% (w),

completing the proof. O
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(21.45) Theorem. For allw € €2, s > 0,

Mis(@) = (PP (Ls — m(w)) — (Ls — m(w))) 0 6} © 6% (w)
= (P.P7'(Ls — m(w)) — (Ls — m(w))) o (id" @I'9) o (0} ® 69)(w)
=15 0 (id" ®(v ) 0 T9)) 0 (6} ® 6F) (w).

Proof. The first identity follows directly from the preceding lemma (21.44), as inserting
the definitions of °P, and 7 results in

(P() +mi(w)) o @ﬁ(w) = (Pe(- +0t) — P(ot) +m)(w)
=P.o @g(w) — Ly(w).

The relation °P, = P. o I'? implies the second identity of the claim, and this expression
together with P~1 o Wi(w) (v) = P71 (v —m(w)) for all v € R yields the last identity, as

(PP~ (Ls — me(w)) — (Ls — p(w))) o (id" ®T'9) 0 (6 ® ©%)(w)
= (PPN (Ls) = Lg) 0 (id"V @j ) © (id"V @I9) 0 (6} @ 0F) (w). O
(21.46) Corollary. For allw € 2, s > 0,
Xiys(w) = Xg0 (idV @1y 0 T9)) 0 (6] © ©3) ().
(21.47) Corollary. For all s > 0 with Lg o @fV <,
77te+s =n; — Lso @Xv
holds P4-a.s. for every g € G.

Proof. As °P, is strictly increasing and °P.(0) = P.(0) — P(0) = 0 holds P, = P, p-a.s.,
we have P~1(v) = 0 a.s. for every non-positive number v < 0. Thus, if Ls 0 O}V < n;, we
get from the first identity of theorem (21.45):

M ys(w) = (°Pe(0) — (Ls — ni(w))) 0 O ® O% (w)
= (PE(Qt) - P(Qt) - (Ls © @zW - ﬁt))(w)
= (nf —ne — Ls 0 0} + ) (),

where we just inserted the definitions of °P and 7 for the last two identities. O

(21.48) Lemma. For allg € G, f € bA(G), t > 0,
Eg,()(/ 67045 f(Xt+5) ds ‘ ﬂt)
0

= EXt,o( /0 " e~ £(X,) ds) +Ex, 0 (e—aHé‘ Ex,x 70( /0 Tees £(x,) ds)).



21.7. Markov Property of X 173

Proof. We decompose the integral inside the conditional expectation at the end of the
first excursion. For the part of the current excursion (if there is one), we compute

o0
Eg’0</0 Lipcomenye ™ f(Xt+s)dS\9t)(w)
= ES],O (EQ»O(/O IL{Lso®tw<nt} e f(E(nte - LS o @)It/[/’ ec 8) o (WS © 91‘;{/)7

— Lyo®) + Wil o0)ds| 7" @ FE) | 7)),

where we used .#; C .FV @ ZF2 (by definition of .%;) and corollary (21.47) for the
reduction of the shifted excursion times 7f,, to nf. The Markov property of W with
respect to (FV,t > 0) now gives

Eg0(Eqo( /0 Lipoop <py € F(E(nf = Lyo O e € €) o (W, 0 0},
fLso@%|Ws|o@¥V>ds|%WW£)|%)<w>
- EWt / ]]'{Ls<7]t o f( ( ( )_L&GEE)OW&
m(+) = Lo + Wy| ) ds) | #4) (w),

where the auxiliary arguments “(-)” are meant to be variables of the function inside
Ego(--+|%),* due to the measurability of n¢ (see corollary (21.23)) with respect to
the o-algebra .}V @ Z% being conditioned on (cf. lemma (3.11), which is analogously
provable for Markov processes and deterministic shifts). Adaption of W to (53,5, t > 0) now
trivializes the conditional expectation, and the decomposition {n; > 0} = W ce{nf > 0}
by lemma (21.10) (as the whole integral vanishes for 7, = 0) together with the relation
{Ls < m(w)} = {s < L= (mps(w))} for the left-continuous pseudo-inverse L~ of L
(see lemma (21.6)) yields

Eg,O(EWtc),o(/o roam(pe “ fE(-) = Ls,e € £) o W,

m(-) = Ls + W] ) ds) | Z) (@)
()

Lz
=> Line (w)>0} Ewiw),0 (/0

ec&

e fle,m(w) + |Ws| — L) ds).

4That is,

Egv"(Ewt«)vU(/ Liz.<n(yye " F(B@F(-) = La,e € ) o Wamn(+) = L + |WS‘)dS) |‘%)
0

=Eg0(Y | Z)

with ¥ (@) 1= Ew, (w),0 ( I ncnwry € F(EME(w) — Lo, e € £) 0 We,mi(w) — Ly + W3] ) ds)-
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By employing Lévy’s characterization of the local time and the distribution of its inverse,
as examined in lemmas (15.8) and (15.10), applied to the radial part |WW| of Walsh
Brownian motion (see lemma (19.6)), and then using lemma (21.36) as well as the
definition of X, we conclude that

Lotm))
> Lig(w)>0} Ewt(w),o(/o e f(e,m(w) + |Ws| = L) ds)

ecf
Ha/v —Qas
= Z ]l{ﬁf(w)>0} E(emt-i-IWtI)(w),O(/O € JF(Ws) ds)

ecf

HéX —QSs
= Ly (w)>0} EXt(w),o(/O e ¥ f(Xs) ds).

In summary, we have shown that—with the knowledge of the process’ history—the part
of the shifted first excursion (if there is one currently running) equals the first non-shifted
excursion, in case the process is restarted at current state of the process:

Eg0 (/O IL{Lso(atW<77t} e " f(Xiys)ds | ﬁt)
(21.49)

Hy

Turning to the part after the first excursion, we get by the definition of Xy

Fa0 (/0 ool sn) € % F(Xirs) ds | 1) (@)

= Eg,o(/o Lipoowsnye “ F(EM s e € E) o Wis, Miys + [Wigs| ) ds| 9})(01)'

Theorem (21.45) reduces the shifted excursion times nf, ; to nf with the help of shifts
and centerings of the underlying processes, thus yielding

Eg,ﬂ(/o Lo sn) € " F (B0 e € £) 0 Wit s +[Wirs| ) ds| 72 ) ()
= Byo(( [ Lipzmn e SEEP Lo =) = (L= m(-)) e € €) oW,
PP Ly = m(+)) = (Ls = m(+)) + W) ds)

o (id"V @r?) o (0] ® 02)(+)|.F) ),

where the auxiliary arguments “(-)” again represent the variable of the function inside
Ego(--- | %). Employing the Markov property of (W, Q) with respect to (%,t > 0), as
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shown in theorem (21.32), gives

Ego(( [ Litaznn e FBEP Lo = m() = (L= m(-))se € £) 0 W,
PPN Ly = mi(+)) = (Ls — () + [Wi| ) ds)
o (id" @r?) o (0} @ 02)(+) | 7)(w)
~ Ewe@uo ([ Lz e SEERL (L= mw) = (Lo = mw))e € £) 0 W,
PPN Ly — m(w)) — (Ls — m(w)) + Wi ) ds)
o (id"V @r?)).
The centering operator can be processed with the help of theorem (6.36) by translating

the starting point Q,, (w) to 0, and the set {Ls > n:(w)} is decomposed into {Ls = nt(w)}
and {s > L™ (n;(w))} (see lemma (21.6)), resulting in

Ewi,Qo) () / Lir sy € f(E(PP (Ls — n(w)) — (Ls — m(w)),e € E) o W,
PPN (Ly = () — (Ls = mp(w)) + [ W] ) ds)
o (id" @r?))
=Ew,(w) / Lpy—ny(w)y f(Ws) ds
e o Ly — m(w)) — (Ls — m(w)), e o Wi,
sy € E(PPT (= () = (L = () € €) oW
PP Ly = m(w)) = (Ls = m()) + |Wi| ) ds).

Now, {Ls; = m(w)} is a null set for every n(w) # 0, and as L is an additive functional,
Lgo @?Cl(u) = L5+L—1(u) — LL—l(u) = L5+L—1(u) — u holds true, so

Ew, w) / L mn (o)) F(Ws) ds
/ e~ F(B(P.P~Y(Ly — m(w)) — (Ls — mi(w)), e € £) 0 W,
L=t (nt(w))
PP Ly — () = (Ls — m(w)) + [Wi| ) ds),
= 1, (w)=0} Ewy(w) / Lir,—oy f(Ws)d )
—aL™ Y (nt(w)) —as -1 o °
+EWt(w),o<6 n (/0 e f(E(PEP (Ls) L576€5) W,

PP (Ly) — Ly + W) dS) ° @EV_l(m(w))).



176 21. Construction of all Brownian Motions on a Star Graph

As the local time vanishes until the first hit of the vertex, {Ls = 0} = {s < H}V'} holds
true, and applying the strong Markov property of W with respect to its augmented, right
continuous filtration for the stopping time Lil(nt(w)) (while treating the part of the
subordinator @ to be constant, which is possible due to Fubini’s theorem), with stopping
point Wy -1, ) = 0, yields

L0 Ew 0 /0 1(z.—o} F(Ws) ds)
+EWt(w)70(e—aL*1(77t(w)) (/0 e—as f(E(PeP—l(LS) _ Ls,e c 6) o WS,

PP (Ly) — Ls + [Wy|) ds) © @!‘é/*l(m(w)))

w
= L (w)=0 Ewt(w),o( /0 b f(Ws)ds)
+ EWt(w),O (e—alfl(ﬂt(w» EO,O(/(;OO e—as f(Xs) ds)) .

Now, lemma (21.38), the relation Xpx =0on {Hg < oo} (by right continuity of X)
and the definition of X imply

Hg"
L (w)=0} Ewt(w),o( /0 fF(Ws) ds)

+ EWt(w) O(e—aLfl(ﬂt(W)) E070</OOO e—ozs f(Xs) dS))

= L (w)=0} Exy(w) / fX

T Ex,wo(e Ex 0 (/0 e*an(Xs)ds)).

In total, we obtained
(o]
Eg0 / L, 06W>77t} e [(Xps) ds | yt)

= Lii—0y Exv0 / X ds)HExt ( aHé(EXHS(,O(/OOOG_QSf(XS)ds))a

which together with above result (21.49) for the first excursion concludes the proof. [

By combining this lemma with the strong Markov property at Hp, we are now able to
deduce the Markov property of X. As we only have access to the strong Markov property
at Hy with respect to canonical filtration (%} ,t > 0) of the path space realization Y’
of X (see the preceding subsection 21.6), we need to restrict our attention to the canonical
filtration of X as well:

FX =0(X,,s<t), t>0.
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(21.50) Corollary. For allg € G, f € b#A(G), t > 0,
o X
]Eg,()(/ e [(Xets) ds | F; )
0
=Ex, 0(/1{5( e f(Xs) ds) +Eyx, o<e_aH0X Ex 0(/OO e f(Xs) ds)).
) 0 ) Hé(v 0

Proof. As X is adapted to (., t > 0) by lemma (21.19), we have .Z;X C ., for all t > 0.
Thus, lemma (21.48) yields

Byo [ e 10X ds| 7Y)
s 004 7) 7
=Ezo (Extp(/OHg( e ™ f(Xs) ds)

+]EXt,o<efaHé( ]EXH(?,O(/OOO e f(Xs) ds)){ﬁtx)

The remaining conditional expectation trivializes as X is adapted to (X, t >0). O

(21.51) Lemma. For allg € G, f € b%A(G), t > 0,
Eg(/o e [(Xpys) ds| 7Y :Ext(/o e f(X,) ds).

Proof. Let g € G, f € bA(G) and t > 0. In theorem (21.41) we showed the strong Markov
property of Y at H} . Therefore, we are able to apply Dynkin’s formula (3.17) for the
stopping time Hé/ , resulting in

EZ(/OHX e f(Ys) dS) + E;/ (e_O‘Hg Engg (/OOO e % f(Yy) ds))
_ Eg(/ooo e F(Y2) ds).

Forne N, Ay,...,A, € B(G),0<t; <---<t, <t, set

(21.52)

AX = {th € Al, e ,th € An} € ytx,
AY (= {Y;, € Ay,....Y;, € A,y e 7Y

Then, as Ex, o( [;° e f(X;)ds) is Z;X-measurable and the set of all A% of the above
form constitutes an N-stable generating system of ﬁtx , it suffices to prove that

Eg(/ooo e f(Xiea)dss AX) =B, (Ex, ( /OOO e f(X,) ds) ; AX).
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We start by decomposing the resolvent at Hg® with the help of lemma (21.48):

oo

Eg(/ e Y f(Xigs) ds; AX)
0
Hg'
_ —QSs
=E, (Ext(/o e f(X,) ds)
—aHX o —as . X
+Ex, (70 Ex, s (/0 ™ f(X)ds) ) ; AY).
Now we switch to Y via the mapping operator ® (see equations (7.1) and (7.2)), use the

strong Markov property of Y at HY , embodied in equation (21.52), in order to reunite
both resolvent parts, and then switch back to X, yielding

By ([ e f(Xin) s 4Y)

= By (Evion /0 0P s f(Yso @) ds)

+ Evioo (e_aHgoq) Ey o0 ( /OOO e f(Yso®) ds)) ; <I>‘1(AY))
0

= E;/ (Egﬁt ( /OHS/ e~ f(Yy) ds)
+ B, (e E?HOY( /0 T s F(Ys)ds)); AY)
= EZ (E%ﬁt ( /OOO e f(Y5) ds) ; AY)
=By (Ex, ( /OOO e [(X,)ds) ; AY). O

(21.53) Theorem. X = (2, .7, (FX)i>0, (Xt)1>0, (O1)>0, (Py)geg) is a right continuous
simple Markov process.

Proof. The right continuity of (X;,¢ > 0) has been shown in lemma (21.12). In regard
to theorem (2.18), the Markov property has been proved in lemma (21.51). O

21.8. Strong Markov Property of X
(21.54) Theorem. X is a Feller process.

Proof. We already know that X is a Markov process, which implies the family (73,¢ > 0)
defined by

Tif(z) =E4(f(Xy)), t>0,f€bB(G), g€,

is indeed a Markov semigroup. It is therefore sufficient to show that this semigroup is
Feller. We will check property (iv) of theorem (5.13):
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By the right continuity and normality of X, LDCT yields

Vge g, feCo(G): limEy(f(X:)) =Ey(f(Xo)) = f(9),

li
tl0
so (Ti,t > 0) is continuous at 0. It remains to prove that the resolvent (Uy,a > 0) of X
preserves Co(G), that is, we need to show that

Va>0,f €Co(G): Uaf €Co(G).

To this end, we decompose once again the resolvent of X at Hy with lemma (21.48) for
t = 0: Using Xp, = v (by the right continuity of X) and lemma (21.36), we get

Uaf(9) =By ( [~ e 5(X,) ds)

0

= Eg(/oHo e f(Xs) ds) +E, (e_O‘HO Ex, (/Ooo e f(Xsy) ds))

HY w
= EZV</O e f(Wy) ds) + [EIQ/V (e_aHo ) Ua f(v)
= UL P f(g) + e V219 U, f(v),

with (UaW Do > 0) being the resolvent of the Walsh process on G killed at v. It is
now immediate that (U, > 0) preserves Co(G), because (UYV'P a > 0) preserves Co(G)

by example (19.8), g — exp ( — v2a:d(v, g)) is continuous and vanishes at infinity, and
limg—, UYP f(g) = 0 holds true. O

21.9. Local Time of X at the Vertex

As P is strictly increasing, the process P~!'L; grows if and only if PP~!L; grows, that
is, if Ly € Z (cf. the results of subsection 21.2). But then X; = W, must be at v.
Furthermore, we showed in equation (21.16) that t — P~!'L; is an additive functional
for X. By this (and also by looking at the path behavior of X), the following result is to
be expected (see also [BG69, Section V.3]):

(21.55) Theorem. The local time (L{X,t > 0) of X at v is
L¥ =P7'L;, t>0.

In general, the local time of X at v only depends on the behavior of X at v, and
therefore only on the behavior of the second coordinate (1, + |W;|,t > 0) at the origin.
This is however exactly the Brownian motion on the half line which was constructed by
Itd6 and McKean, and it was proved in [IM63, Section 14] that (P~'L,t > 0) is its local
time at the origin. So the above theorem is achieved by carrying over their result to our
generalization.
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21.10. General Brownian Motion X* on a Star Graph

Up to this point, we only took care of the reflection parameters (p§, e € £) and the jump
distributions (pg, e € £). We will now implement the stickiness parameter ps > 0 and
the killing parameter p; > 0 by using the standard procedures of time change and killing
(see sections 9 and 10). To this end, we will now consider the Feller process X as right
process in the context of the usual hypotheses (see theorem (5.8)).

For the implementation of stickiness, we define the additive functional (7¢,¢ > 0) by

Tt ::t+p3L§7 t>0,

and consider the time-changed process (XT—I(t), t > 0). By theorem (9.3) with analogous
considerations as in example (9.2), (XTﬂ(t), t > 0) is a right process with shift operators
(@f_l(t),t > 0). Its local time turns out to be (Lf_l(t), t > 0), which we will only show
(and need) partially:

(21.56) Lemma. (LX,,,t > 0) is an additive functional for (X, -1(,t > 0).

®)

Proof. For any s,t > 0, we compute

X X X
Lra(y 0 07105 = Lrmagpoex | 4r-1(s)

77X
9 L

X X
= Licis) — Limagsy

where we used that (L;¥,¢ > 0) is an additive functional (as seen in subsection 21.9, cf.
equation (21.16)) for the first identity, and for the second identity employed the relation

() o 95*1(5) +1r Y s) =77t +5s), st>0,

which is a general result for the inverse of any additive functional (7¢,¢t > 0) (see, e.g.,
[Sha88, Proposition 65.8] or the computations in the proof of [Kni81, Theorem 6.4]). [

Now kill this new process (X, -1¢,t > 0) once its local time (L. (t):t = 0) reaches

T=L(¢t)
a certain level: To this end, apply the construction given in subsection 10.2 in order
to introduce an exponentially distributed random variable S with mean 1, independent
of %, and set

(i=inf{t >0:p1 LX) > S}

Establish the definitive process X*® resulting from killing (XTq(t), t>0) at ¢ by

\v/tZO Xt. = {XTl(t)7 t<<7

A, t>C.
Lemma (21.56) and theorem (10.2) yield the following:

(21.57) Theorem. X* is a right process.
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21.11. Resolvent and Generator of X*

We will conclude our construction by showing that X*® is indeed the process which
implements the correct boundary conditions into the generator. Let (U3, a > 0) be the
resolvent and A® be the generator of X°.

We first trace the resolvent U® of X*® back to the components of X:

(21.58) Lemma. For a >0, f € bC(G), g € G,

U;f(g) _ Eg(/ooo e—at e—(Pl—l-apS)Lg( f(Xt) d»;—(t))

Proof. The definition of X*® and the independence of S from everything else yield
Usto) =By [~ et p(x7) dt)

=By (/0 e 1y, Lf_l(t)<s} f(Xr-11) dt)

= /0 Tt ( /p TOLX e ds) F(X,-1(y) di

r=1(t)
oo _ X
:]Eg(/o e~ o PILT 14 f(Xrl(t))dt)'

As (1,t > 0) is increasing and bijective, the substitution rule for Stieltjes integrals (see,
e.g., [FT12]) gives

Uaf(9) :Eg(/oo

0
— Eg(/ooo e =PI £(Xy) dT(t))7

_ _ X
e—Oé’T'(’T L(t)) e p1L7_71(t) f(XTfl(t)) dt)

and inserting the definition 7; = ¢ + p3L;* completes the proof. O

We are now ready to completely calculate the resolvent of X*®. The form of the resolvent
is well-known for the case of the half line, see [IM63, Section 15], or [Rog83, Theorem 3]
for a different approach via excursion theory. As we constructed X°® pathwise, we will
follow the computational techniques of [IM63] in order to prove the following theorem:

(21.59) Theorem. For a > 0, f € bC(G), g € G,
Usf(g) = UYL f(g) + e V2249 U f(v)

holds, with (U;/V D> 0) being the resolvent of the Walsh process on G killed at v (as
given in example (19.8)), and

e P52 0 e V2 f(e, x) d + ps f(v) + [ UYL £(g) pa(dy)
P+ V2aps +aps + [39(1 — emV20l) pY(dl)

Uaf(v) =

holds with py = Y .ce DS



182 21. Construction of all Brownian Motions on a Star Graph

Proof. Consider the first hitting time of the vertex v for X*°, that is,
HS :=inf{t >0: X} =v}.

We observe that the transformation effects from X to X*® only take effect after the first
hitting of v, so X = X, = W, for all t < H} = Hg* = H}V (see also lemma (21.36)).
In addition, X;{(; = v holds by right continuity of X*®. The application of Dynkin’s
formula (3.16) for the decomposition of the Feller (thus strongly Markovian) process X*®
at the stopping time H therefore yields

Usrto) =By [ et pX0) dt) + By (e U2 (X))

HV w
—EY( /0 et f(Wh) dt) + EY (M) U2 f(v).

The Laplace transform of the first hitting time of the vertex reads IEIg/V(e_O‘HgV ) =

e~ V2ad(v,g) by lemma (14.5), as the Walsh process W behaves on any edge like a reflecting
Brownian motion (see theorem (19.6)).

It remains to analyze the resolvent at the vertex v: Continuing the computations of
lemma (21.58), we obtain by inserting the definition of 7; and using that L;X only grows
at X; = v, that

UF(v) = Eo /0 oot e trom ) f(x) dr(r))

- E, ( /OO e e—(p1+ap3)Lf( f(Xy) dt)
0

ot —(pitaps)LX g7 X
+p3f(v)IEv(/ e e \P1TAPIEL (], (t))
0
Decomposing Ry into U,y [LZ1(15), LZ1(I})) and its complement, and using that
X = (en, i +|Wi| — Ly) holds for t € [LZ(1;;), LZ* (1)), n € N, and X; = W} otherwise
(see subsection 21.2, especially equation (21.11)) results in

Ust) = SB[

g ()

—1.+
L~ (ln) Pl
et o—(p1+aps) ¢ f(en, l:{ + W] — Lt) dt)

T
0

L2 (o) B
_ ZEU(/71 B e—at 6—(P1+ap3)P Lt f(Wt) dt)
neN L= ()
+p3 f(v) E’U(/ e_at e_(p1+ap3)P_1Lt dP_lLt)
0

= U] + Uz — U3 + ug.

We are going to compute these four expressions one after the other:
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We start with u;: The functions I, I;7, n € N, only depend on Q9. We begin by
computing the (conditional) expectation with respect to the space Q. Fubini’s theorem
asserts that while integrating on Q" we can treat I, Y, n €N, as constants (this will

not be annotated in the formulas below to keep them reasonably readable), therefore

L)L () . .
w =S ES (Egv( /0 e~ (tHLZ1(12)) o~ (pr+aps) P (1)

neN

flen Ly + W, t+L= (1 )| - Lt+L:1(l;)) dt))-
Using LZ'(IF) — LZY(1;) = L2 (1) o @EV:%)
property LHL ) = =IL;o0 @ o) LL:1(Z7:), with LL:l(l;) = [, by continuity of L,
as well as [} — I~ =1, by remark (21.7), then yields for u;
Z EQ (EW( —aLZl(ly) p—(p1+aps) P~ (1)
neN

by lemma (15.7), the additive functional

L=' ()
E(I)/V((/O e_atf<en)ln+|Wt|—Lt) dt) O@L )’

)

W is strongly Markovian with respect to the stopping time L:l(lg ), with the stopping
point being given by WL71(F) = v (as L only grows at v), so by also using that

L™Y (1) = L7(I;;) holds a.s. by lemma (15.8), it follows that

Z EQ( (p1+ap3)P~L(1y) EKV (e—aLfl(lﬁ)
neN

Ll(l>

s ([ e et W - L)),

Now the process (I,, + |Wi| — L¢, t < L7Y(1,,)) started at 0 behaves just like the standard
Brownian motion (B, t < HP) started at [, (cf. lemma (15.10)). By using lemma (15.9)
for the characteristic function of L™!, we thus get

L= Y B (e rremr 1<n)Ey(e—aL1<zn)EgL(/oH§ e f(en, By)dt)))

neN

_ ZEQ( (p1+aps3)P I(Z)EZV( —aL™(ly )) U[Ow)(f(ena‘))(lnD
neN

= Y EG(e0t e ron) PN gD (e, 1)),
neN

Representing P by its random measure N, with jump times (¢,,n € N) and jump marks
((en,1n),n € N) as discussed in remark (21.7), results in

3 (o) vt 0 1)
neN

_ E9 ( / e~ P (=) o= (prteps)t WD £(0) N'(dt x dg)).
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Employing theorem (6.29) for the last integral, we conclude that

3 / ~t(v2apa+ [ (1-e= V20 pF(dD)) ,—(pr-+apa)t gy . / U"P f(9) pa(dg)
JULP f(g) pa(dg)

p1+V2aps +aps+ [7° (1 — e V2el) p¥(dl)

The computations for us follow the same path, but are easier. By using the same
techniques as for ui, we get

ZEQ( (p1+ap3)P~L(1y)

neN

v

- - L= (ln)
_ Qf — ap3)P~Y(1y) —aL= (i,
— Z Eg (e (p1+aps) P~ (1) g—al™( )EZV(/O FOW) dt)).

neN

“H(n)o @ _
EW(/ l(l ) —a(t+L ( ))f(WtOGW ( )) dt))
0

Applying Dynkin’s formula (3.16) for the decomposition at the stopping time L~1(l,)
(see lemma (15.6)) yields

U ) =EY( / F et ramy dt) + BY (e=2 WU f(Wpag,)
—EY ( / &0 (W) dt) + e V2 UL f(w),

thus resulting in

us = Z EQ( (p1+aps) P~ () ,—V2aly (1— e*ml") Uzvf(v)>

neN
_ Z EQ( p1+aP3)tn —V2aP(tn—) (1 _ e—\/ﬁln)) . U;L/Vf(’l))
neN

_ f[)oo (1 - e—\/ﬁl) p}f(dl) . UWf(U)
p1+V2apr+aps+ [;° (1 - e—\/ﬁl) py(dl) ¢ ’

where the last identity follows again from theorem (6.29) together with

[ (= eVE e e, ) = [ (10— V3 pida).

Coming to ug, we first recall the joint distribution of (W;, L;) (see lemma (19.7)):

FWe L)) =3 g / / Hrty) 2 gy

ccE omtd
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Using the independence of W and @, as well as the distribution for (W, L), gives

27t3

0o oo o0 _ 2 )2
Uy = EOQ(ZQS /0 /0 /0 =0t =1 +ap) PTHW) (¢ 1)) Aty e dy)
ec&

= V2aUY f(v) EOQ(/O VIR o~ prtam) P70 gy

where we used, with z = =z + y > 0, that

[Pt tan [Feu L Lty
(& e 2t = e ———=e 2t
0 V2rt3 0 0z /27t
:gie— 20z
0z /2«
— e~ 20z

and, by the closed form (19.3) of the resolvent of W, that

Sas2 [ eV f((en)) do = V2aUY £ (0)

ec&
We compute the remaining expectation separately, for A := v/2a,  := p1 + aps:
)\/oo e_At e—ﬁpfl(t) dt — _/00 e_ﬂpfl(t) de_)\t
0 0
o0
= lim e PP g~ _ = FPH(0) =20 _ / e de PP
t—o00 0

o0

=1-7 / e M e PP gpL(y)
0
o0

—1_ 5/ o AP(1) Bt gy
0

As P(t—) = P(t) a.s., we conclude by using equation (6.21) that

= U(L/Vf<’l)) (1 - (pl + 04]?3)/0 EOQ (e—\/ﬁP(y)) e_(pl—i-apg)y dy)

_ U(L/Vf@) <1 — (p1 + aps) /OO e*y(mp2+f0w(1*€7ml)Pf(dl)) e~ (P1tap3)y dy)

0
+ aps
= U(L/Vf v) (1 — P
) ( p1+ V2ap2 + aps + [5° (1 — e~V2al) pf(dl))
V2aps + [7F (1—e V2O pPa)

= = Uy [(v).
1+ V2aps +aps+ [ (1—67\/%[)20%(0”) “
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It remains to compute uq: If p; + aps # 0, then

Uy = _MEU ( /OO e—at def(p1+ap3)P—1Lt)
p1+ aps 0

_ b3 f(v) Ev( lim e~ g~ (Prtaps)P~'Li _ ,—a0 ,—(p1+aps)P " Lo
p1 + aps t—0o0
- / " et P de‘“t)
0
_ b3 f(v) (1 . QEU(/OO et e*(p1+ap3)P_1Lt dt)),
p1+aps 0

1.
o

and observing that the last expectation is just ug with f = 1, we get with UV1 =

L _ ) (1- V2aps + J57 (1 - e>*) pi(dl) )
p1+aps P+ V2aps +aps+ [ (1 — e V2al) pT(dl)
_ p3 f(v)
P+ V2apy +aps + [ (1 — V2l pF(dl)

If p1 + aps = 0, that is, if p; = p3 = 0, then uy = 0 holds by its definition, which is in
accord with the above formula for uy.
Adding everything up, we get

_J UYL f(g) pa(dg) + V2aps UY f(v) + ps f(v)

Usf(v) =
p1+V2aps+aps+ [57(1— e=V2al) p¥(dl)

)

and insertion of the closed form for UY f(v) (see equation (19.3)) completes the proof. []

It was already shown in theorem (21.57) that X*® is a right process. By checking the
resolvent condition (iv) of theorem (5.13) with the help of the decomposition given in the
above theorem (21.59) (the resolvent (UVP a > 0) of the killed Walsh process preserves
Co(G) by example (19.8)), we obtain the next result:

(21.60) Corollary. X* is a Feller process.

We finish the construction on the star graph by showing that the process X*® implements
the desired boundary conditions:

(21.61) Theorem. X*® is a Brownian motion on G. Its generator reads A* = 1A with

(A% ={feC}9):
prf(0) = 05 £0) + 2"0) = [ (£(9) = 1)) paldg) = 0}.

ec&
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Proof. Let H{ be the first entry time of X*® in v. As the transformation effects of
subsection 21.10 only take effect after the first hitting of v, we have by lemma (21.36)

Vt<Hy=Hy=H) : X’=X,=W,.

Thus the stopped process (X7, Hﬁ’t > 0) behaves identically to a stopped Walsh process
(WtAHgv,t > 0), which by theorem (19.6) fulfills the defining conditions (20.1) of a
Brownian motion on the metric graph G. In addition, X*® is right continuous and strongly
Markovian by theorem (21.57), therefore it is a Brownian motion on the star graph G.
In view of lemma (20.25), we only need to show that the domain of the generator
lies inside the right-hand set. Because X* is Feller, 2(A®*) = U2(Co(G)) holds true
for any o > 0 (see (5.10)), therefore it is enough to prove that every potential U] f,
f € Co(G), satisfies the above-stated boundary condition: The derivatives of UV-P f were
already computed in example (19.8) (it is f.(v) = f’(e,04) there), so the first formula of
theorem (21.59) gives for g = (e, z) € G, by setting ¥, (g) := e~V2ad(v,9) — o—V2az,

Usfe(v) = U3"P fo(v) + ¢4 (0) Usf (v)
—2/ mzfea;)dw—\ﬁU'()

Usf"(v) = Ua"P f"(v) + s (v) Us £ (v)
= —2f(v) +2aUg f(v),

USf(g) — Usf(v) = UYL f(g) — (1 — e V2) UL f(v).

By using these relations and then inserting the closed form of UJf(v) as given in
theorem (21.59), we get

PULFW) = S ps UL + 2 U (0) ~ [ (U2(9) - U () paldg)

ecf

= (pl+\/%p2+ap3+ [ G =emn) ) - U )
~(@Xws [V e aydo+ B2 1) + [ UFP () paldy)

eel
=0. ]

21.12. Further Results on the Generator of a Star Graph

We are going to gain further insight into the star-graph case and derive results which
will be necessary for our upcoming developments on the general case.

We first turn to the question on whether the generator of a Brownian motion on a
star graph is uniquely characterized by the Feller—Wentzell data arising from Feller’s
theorem (20.26). Of course, the generator domain Z(A) determines any Brownian motion
by theorem (5.9). Therefore, we need to ensure that no two different sets of boundary
data give rise to the same set Z(A), which does not seem obvious in the presence of
non-local boundary conditions.
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(21.62) Lemma. For a star graph G with star point v, let ¢; > 0, ¢§ > 0 for each e € £,
c3 > 0, c4 a measure on G\{v} as well as p1 > 0, p§ > 0 for eache € £, p3 > 0, ps a
measure on G\{v} be given, which satisfy

01—1—202—}—03—1—/ (1 — e~ 49 ¥ (dg) = 1,

ec&
P+ e%m + 3+ / oy ¢ — e 19) pi(dg) = 1.
If
I GRORD SETHORE LD / £(0)) ea(dg) = 0}
ecf {U}
~{1€G©:nrw) - S+ G - [ 006~ 1) pild) =0},
then

c1=p1, Vee€&: c§=p5 c3=p3, C4=Dps.

Proof. Let XP, X¢ be Brownian motions on the star graph G, constructed with the
techniques of subsections 21.1-21.11, which implement the boundary condition at v given
by the p’s, ¢’'s. With AP, UP and A€, U being the generators and resolvents of XP, X¢
respectively, theorem (21.61) asserts that

2(4%) = {1 €9+ e1(0) = X b110) + L") = [ (F(9) — F(0)) ealdg) = 0},

ecf
D) = {f € CUO)  p1f(v) = Y P sL(w) + %f”(v) ~ [ (7(9) = 1)) pa(dg) = 0},
ecf

Then, by assumption, the generators and thus the resolvents of X? and X¢ coincide, so
especially we have UPf(v) = USf(v) for all a > 0, f € bC(G). Theorem (21.59) then
yields

Dece P52 J° e V20 f(e,x) dx + p3f(0) + [ UVP f(g) pa(dy)
p1+V2aps + aps + [T0(1 — e=V2al) pi(dl)

_ Teee52J5m eV fle,w) dx + ¢sf(0) + [ UL f(9) ealdg)
e+ V20 + acs + [77(1—e” V2al) c3(dl)

By inserting f = 1, we get

(21.63)

1 V2aps +aps + [ (1 —e V2 p¥(dx)

& pi -+ V2aps + aps + [ (1 — V2% pF(dl)
1 V2ac+acs+ [ (1—e V) f (da)
T a 1+ V2ac + acs + [§°(1 — e=V2al) cE(dl)’
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so when introducing
Pa 1= V2aps + aps + / (1 —e™V2%%) py (du),
Co = V2aco + acs + / (1 — e7V?29%) ¢ (dx),

it follows that

(21.64) Po G
P1 + Pa c1+ Cq

If p1 # 0, consider D := }%. Then ¢; = D p; holds, and the equation above implies
o = D pq, that is

V2acs + acs + / (1 —e V2 cf(dx) = D (\/ﬁpg + aps + / (1 — 7 V) pf(dm)).
Dividing both sides by « and letting o — oo yields ¢5 = D p3 by lemma (1.18), so
(21.65)  v2aes + / (1 e™Y?) §(d) = D (V2aps + / (1 - eV%") pF(da)).
Now dividing by v/2a and letting o — 0o again yields ¢o = Dps, thus as well

/(1—6_ 201y o3 (dx) D/ 20wy p¥ (d).

But then
c1+co+c3+ / (1— e V?*) ¢ (da) = D(pl +p2+p3+ / (I—e” 2%)29%((11‘)),

and by inserting a = %, the normalizations of the ¢’s and p’s imply D = 1.
Thus, we have ¢; = p; and ¢3 = p3. Coming back to equation (21.63), we obtain

> o5 2/ V20T f(e, dw+/UWDf 9) pa(dg)

ec&
_2022/ V30w () dx+/UWDf 9) ea(dg)
ecl

for all @« > 0, f € bC(G). Fix e € £. By approximation with the help of LDCT, we can
insert the function f with f =1 on €’ = {e} x (0,00) and f = 0 otherwise in the above
equation, yielding

1 € 1 — ax € 1 € 1 — ax €
b [ (e i) = s 2 (1 eV )
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Multiplying by V2« and letting o — oo gives p§ = ¢§. Therefore,

Vao >0 /(1 — e V20T) pe(da) = / (1 — e V27 ¢§(dx),

which by theorem (1.20) is only possible if p§ = ¢§. This completes the proof for p; # 0.

If p1 = 0, equation (21.64) implies that ¢; = 0 or p, = 0 for all & > 0. The latter is
impossible, so ¢; = p; = 0. Now using equation (21.63) again with o = % and f = 1g,
(by approximating f with Co(G)-functions, using LDCT), and utilizing the normalizations
of the ¢’s and p’s, we get

SO ¢3 = p3.
First assume p3 # 0. Inserting c3 = p3 in equation (21.63) with f = 1y, gives

p3 B 3
V2aps +aps + [ (1 — e V202) pi(dz)  V2acy + aps + [ (1 — e~ V2ox) & (dx)’

which is equivalent to
V2aps + / (1 —e7V20%) p¥(da) = V2aco + / (1 — e~ V20%) ¥ (dx),

yielding equation (21.65) for D = 1. Thus, the rest of the proof then proceeds exactly as
in the case p; # 0.

If p1 = 0 and p3 = 0, we have already seen that ¢; = 0 and ¢3 = 0 as well. Using
equation (21.63) with o = % and f(e,z) = e P for any B > 0, it follows, as the the ¢’s
and p’s are normalized, with remark (16.5) that

gt [, € i

N L
— - T —z\ 2
_1+ﬁc2+1_52/0 (€77 —e™7) ¢ (da),

2 2

with the integrals being finite, because e 7% — e™% = —e™(1 — ¢~ (612 for 8 > 1 and
0<eP*_—e®<1—e?for0< f < 1. Multiplying both sides by 3 and letting

e

B — +oo yields ps = cp, because [;° ?pf(dm) — 0 for 8 — +oo. But then

[ (e = ey pidn) = [ (e - ) Fda)

holds for all 3 > 0, and by adding [ (1—e ®)pf(dz) =1—py=1—cy = [ (1—e " %)c}(dx)
to both sides and setting £ := v/2«, we get for all a > 0

/ (1 — e V27 pi(da) = / (1 —e~V207) c(dx).

The rest of the proof then proceeds as above. O
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We are just now in a position to state that our construction of the general Brownian
motion on a star graph (as done in subsections 21.1-21.11) with the boundary conditions
given in the beginning of this section indeed implements the corresponding Feller—Wentzell
data:

(21.66) Theorem. Let X*® be constructed as above for given data py >0, p§ >0, e € &,
p3 > 0, py measure on G\{v}, such that pi + > .cs p5+p3+ [ (1—e %) py(dx) = 1. Then
with ¢ =: ¢, ey =:¢§ fore € €, ¢4 =: c3, ¢4 =: ¢4 as given in Feller’s theorem (20.16)
for the process X°®, the Feller—Wentzell data of X*® reads

c1=p1, cg=py ec&, c3=p3, C4=Dps.

Proof. By applying Feller’s theorem (20.16) for the star graph (20.26), we have
9(A%) = {fec}(9):

fw) = S L@+ W) - [ (F9) - F©)) ealdg) = 0},

cce 2 G\{v}

while theorem (21.61) gives
(A% = {feC}(9):
ORI THORE TUORY

ecE g\{v}

(£(9) = £(0) ps(dg) = 0}.

Applying lemma (21.62) yields the result. O

We are going to employ the above result in order to show that the rather artificial
part ¢§° of the killing weight ¢; = ¢ 4 ¢° in Feller’s theorem (20.16) indeed vanishes in
the star-graph case (here, the star vertex v is left out in the notation of the Feller—Wentzell
data). This will be essential for our process construction on general metric graphs in
section 22, see remark (22.7).

We achieve this as follows: Starting with the Brownian motion X*® which implements
the killing parameter ¢; = CIA —+ ¢§°, we revive this process at its killing times with the
identical copies method established in subsection 13.1 via some revival distribution k.
As killing can be interpreted as a jump to A, which is now transformed to a jump to
a revival point chosen by k, we expect the killing weight ¢; to be transformed into a
jump part cik, which is then added to the original jump weight c4. However, an analysis
of the boundary conditions for the revived process via two different methods shows a
discrepancy: The resolvent of the revived process can be decomposed with Dynkin’s
formula at the revival time, showing that the “full” killing parameter ¢; = ¢ + ¢§° is
shifted to the jump measure. But when tracing back the explicit formulas of Feller’s
theorem for the Feller—Wentzell data of the revived process to the original process X*, it is
seen that only the “natural” killing weight clA is transformed, while leaving the “artificial”
killing portion ¢ unaltered. As the Feller—Wentzell data uniquely characterizes the
process, this is only possible if ¢{° already vanishes for the original process X°.
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We are carrying out this program, starting with the analysis of the resolvent of the
revived Brownian motion:

(21.67) Lemma. Let X* be a Brownian motion on the star graph G with generator
(A% = {fec}(9):
. c
afw) - Y )+ 2w - |

e 2 g\{v}

(f(g) = f(v)) caldg) = o}.

Let q be a probability measure on G, and X4 be the identical copies process, as constructed
in subsection 13.1, resulting from successive revivals of X% := X* with the revival
kernel K, which is defined by the transfer measure (see lemma (11.5))

k‘o(g’-)::q7 geg

Then X9 is a Brownian motion on G with generator
(A7) = {f e C}(9):
e Y%
=S fw) + ) -

p=r! 2 G\{v}

(f(g9) = f()) (pa+ p1q)(dg) = 0}.

Proof. We decompose the resolvent at the first revival time R' with the help of Dynkin’s
formula (3.16): As the process X7 up to the time R' equals the original process X*® up
to its lifetime ¢, we have by theorem (11.19), for any f € Co(G), g € G:

R! )
Usf (o) =By [ et FXY)dt) + By (e Uaf (Xfy)

¢ 1

—E,( /0 e F(X7) di) + Ey(e " K(ULS))

= Uaf(9) + ¥al9) a(ULS),

with (U3, a > 0) being the resolvent of X*®, and
¢a(9) = IEg (e—ag)
1 ozEg(/oo e 16(X?) d)
0

=1-aUjlg(9).

As X* is Feller and ¢, € Co(G) by theorem (21.59) and example (19.8), (U4, a > 0)
preserves Cy(G) as well. Furthermore, X7 is right continuous and normal by definition, so
X1 is Feller by theorem (5.13). As X/ = X} holds for all ¢ < Hy and X*® is a Brownian
motion on G, X9 is also a Brownian motion on G.

Let h € 2(A?). Then by (5.10), there exists an f € Co(G) with h =UIf. As A ¢ G is
isolated, we have 1g € bC(G), so both

1 =1y =aUilg
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and U®f fulfill the boundary conditions for X*, as the proof of theorem (21.61) is also
applicable to functions in bC(G). We are ready to compute the boundary conditions
for X?: Using our findings, we get

S UL (v)
= B0 + vaaULF)" )
= 203" (0) = B (1= a)(0) g(ULS)

= USF(0) + S B US(v) + / (US£(g) — UsF(v) paldo)

ecf

= (=211 = o)) — Y55 (o). / (ta(9) = ¥a(v) a(d9) )a(ULS)

eel

— —p ULf () + S P USfA(v +/ Uaf(g) — Udf(v)) pa(dg)

ecf
+p1q(UL[),

and as g is a probability measure, we have

a(ULh) = [ Ua5(e) ~ ULs () aldg) + Uaf (0),
so it follows that

Busf(v) = S psULR) + [ (U8F(9) ~ ULF(w) (b1 + pr)(dg)

ec&

Lemma (20.25) completes the proof. O

Next, we deduce the Feller—Wentzell data of the revived process from the respective
Feller—-Wentzell data of the original process by explicitly computing the formulas given in
Feller’s theorem (20.16):

(21.68) Lemma. Let X be a Brownian motion on the star graph G with generator

7(4%) = {f e c3(9):
(e ) 1) = S AL) + G5 0) = [ (710) = 1) exldg) =0}

eef

for the Feller—Wentzell data (clA, 3%, (¢§)ece, €3, ca) satistying the usual normalization

A+ 5 —|—ch+03+/ 79)) ci(dg) = 1.
ecE \{”}
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If 1 = clA + c}® > 0, construct Y as the instant return process of X, that is, as the
identical copies process of X (as constructed in subsection 13.1) with the revival kernel K°
being defined by the transfer measure (see lemma (11.5))

ko(gv ) = &vy-

Then Y is a Brownian motion on G with generator
PAY) = {f €C}(9):

OB AR ILORY|

s 2 G\{v}

(£(9) = £(0) caldg) = O}

Proof. It has already been argued in the proof of lemma (21.67) that the revived process Y’
is a Brownian motion on G. As we will need to compare the formulas given in Feller’s
theorem (20.16) for the Feller-Wentzell data of the processes X and Y, we indicate the
defining entities for X, Y by the corresponding superscript, that is, for instance

X =inf{t>0:X,€CB.(v)}, 7 =inf{t>0:Y; €CB.(v)}, &>0.

If P,(rX < ¢X) =0 for all € > 0, that is, if P,(7X = ¢X) = 1 holds for all € > 0,

then (depending on whether E,(7X) is infinite or finite) v is an absorbing point or a

holding point for X, and in the latter case X must jump directly from v to A after an
exponential holding time. The generators for these two cases read

PAY) = {f € G(G): 51"(v) = 0,
and
P(AY) = {f €CG) s 1 f(v) + T (v) = 0}
with ¢§° = 0, as /¥ = 0 holds for all ¢ > 0 in Feller’s theorem (20.16) by definition. But

in both cases, the revived process Y is just the Brownian motion absorbed in v, so

P(AY) = {f € CG): 31" (v) =0},

conforming to the claim of the lemma.
Otherwise, there is some € > 0 with P,(7X < ¢%) > 0. As 72¥ < 72X holds for all
g’ < g, we then have for all ¢ > 0 sufficiently small

P, (X < ¢%) > 0.
We need to compare 77 with 72X: While 7X can be realized by X jumping to A or
entering G\ B (v), 7 is only realized if X enters G\ B (v). If 72X is realized by X jumping
to A, then Y restarts at v and 7Y = R! + 7Y 0 O holds true, with the first revival
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time R! being equal to the death time (X of X. Due to the strong Markov property, the
number of revivals of Y before leaving B.(v) is geometrically distributed, so

Ev(TaY) = Z (nEv(TaX |7'aX = CX) +EU(T§‘T§ < CX))
(21.69) neNg
Py(r = )R (7 < (Y,

£

which gives

Ev(TY) = s EU(T::X’TE){ :CX)+EU(T§|T§( <CX>
(21.70)

Before continuing, we prove equation (21.69) rigorously: We start by decomposing Tay
with respect to the revival times (R",n € N) of the concatenated process Y, that is

Eo(r)) = > Eo(r); R* <70 <R"™).
n€Np
Before the first revival time, Y behaves just like X, so
E, (7Y ; RO <7y < RY) =E, (7% ; = < ¢¥)
= Eo(r |75 < ¢N)Pu(7 < (9.

€

(21.71)

After the n-th revival, we are using the strong Markov property of Y together with
Eo(f (Ypn) | Frn_) = /fdav — f(v) on {R" < o0}

by theorem (11.19) and the definition of the revival kernel in order to compute

E (TEY; R" < Tf < R”+1)

(TEY 0Opn +R"; R" < TEY,TY 0O@pn < R ©0Opn)

€

E,
Ey(Eyy (72 7 < R™Y) + R Py, (1) < R™Y); R < 7))
E,

<

£ b)
(EU(Tg/; T&Y < Rl) + R" Pv(Tay < Rl); R" < T€Y)
=E,(rX |75 < () Pu(7X < () Py(R* < 7))
+Ey(R"; R" < 7)) Py (2 < ¢¥),

where we used equation (21.71) as well as the relation P, (7} < R') = P, (X < ¢X) for
the last identity. It remains to show

(21.72) Py(R" < 7)) =Py (rX = )"
and

(21.73) E,(R"; R" < 1Y) = nE (X |75 = (5P, (72X = ¢X)m
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for all n € Ny, which will be done inductively: For equation (21.72), the cases n = 0 and
n = 1 are clear, and employing the same techniques as above, we conclude that

P, (R < 7Y) =P, (R"™ 0 Opn < 7Y 0 Opa, R < 7))
E,(Py(R' <7)Y); R* < 7))

(R1 7 )Py(R" < 1)

( )n+1‘

(%

P
PUT

For equation (21.73), the case n = 0 is again clear, and n = 1 is straight forward, as

E,(R'; R' < 7)) =E, <<X,<X<T )
=E (72 75 =¢Y)
:E<X\T = ()P (2 = ¢Y).

The general case requires the same course of actions as used for equation (21.72): It is

EU(Rn-i—l : Rn+1 < 7_€Y) _ Ev(Rn+1 ° @R + Rn Rn+1 o @R" < TY o @anRn < TaY)
=E,(E,(R"; R' < 7))+ R"Py(R' <7)); R" < 7)),
and using the inductive assumption for E,(R"; R" < 7') and the closed form (21.72)
for P,(R™ < 1Y) yields
E, (R R < 7)) = By (|7 = (N Po(r = (N) Po(r2 = ()"
+Pu(rX = () nEo(r |70 = (Y Pu(r2 = (O
This finishes the proof of equations (21.69) and (21.70).

Next, we need to compare the exit distributions from B.(v) of Y with the ones of X:
It seems obvious that Y exits exactly like X, if X does not exit by jumping to A, so

(21.74) P,(Y,y € B) =Py(X,x € B|7X < (), BeB(9).

Te

The rigorous proof of this claim is not very complicated: Decomposing the probability
on the left-hand side via the revival times gives

Py(Y,y € B; 7} < R') =P,(X,x € B; X < (¥).

Te

As 7Y o R* =7Y — R" on {7 > R"}, it follows that

£

P,(Y,y € B; R* <7 <R"+1)

P,(Y,y 0Opn € B; R" < 77,7} 0Opn < R"™ 0 Opn)
Ey(Pu(Y,y € B; 70 <R'); R" < 7))
=Py(X,x € B; 7 < CN)Py(r = ¢V,

Yy
Py (
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where we used V; = X; for all ¢t < R! as well as equation (21.72) for the last identity. As
7Y # R™ for all n € Ny, this proves equation (21.74), because

Py(Y,y € B) =Py(X,x € B; X < (%) Y Py(r =¢*)"
neNg
1

X X

=P, (X;x € B; 70 <( )PU(TEX —5

In order to calculate the domain of the generator AY of Y, we need to reiterate the

proof of Feller’s theorem (20.16): Because v is not a trap, theorem (5.16) shows that

E,(7X) < +oo for all sufficiently small € > 0, so equation (21.70) yields E, () < +oo0.

Furthermore, as seen in the proof of lemma (21.67), Y is Feller, so Dynkin’s formula is
applicable for any f € Z(AY). Then, as Y cannot jump to A at all, we have

E, (f(YTEY)) — f(v)

Yy T
A =R, 0
T ~ o ]P)U(YTEY € dg)

and inserting equations (21.74), (21.70) and the measure vX

2 = !, as defined in Feller’s
theorem (20.16) for the process X, yields

P'U(XTEX S dg)/Pv(TsX < CX)

AY f(v) =lim (f(9) = f(v))

210 Jovgy N By (725) /Py (128 < ¢X)
L X
= lim i) (f(9) — f(v)) v (dg).

By now exactly following the proof of Feller’s theorem for the process Y, but using
P, (X

= A)
KX =40 — 7 / 1 _ o—dwg)y X
15 + EU(TX) + G\ o) ( & ) Vg (dg)

£

instead of the normalization KY (where the second summand would be missing), we get

IO = LW+ D) = [ (#9) = F©) ealdg) = 0.

e€s G\{v}

In comparison to the boundary condition of AX, the only term missing is clA, which is
due to P,(Yy = A) =0. O

We quickly remark that, if ¢f # 0, the boundary conditions in lemmas (21.67) and
(21.68) are not normalized anymore, but we can always renormalize them if needed.

We have thus shown that, when reviving the process X*, the killing parameter c;
or clA transforms into a jump part: The resolvent calculation (21.67) proves that ¢ is
completely transformed, while the approach via Feller’s theorem (21.68) only transforms
cf and leaves ¢§° as “killing portion” intact. This discrepancy will be employed now:
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(21.75) Lemma. Let X be a Brownian motion on a star graph G with star vertex v.
Then ¢]"™ = 0 holds true in Feller’s theorem (20.16).

Proof. Let ¢; = ¢ 4+ ¢§°, (c5,e € &), ¢3, ¢4 be given as in Feller’s theorem (20.16) for a
Brownian motion X on a star graph G with vertex v. By lemma (20.25), the generator
of X reads

2(4%) = {1 €c3(9)

fw) = S LW+ W)~ [ (F9) = F)) ealdg) = 0},

e 2 G\{v}

Define

S € Cﬁ —d(?),g)
§: =) 5+ +/ (1-e ) ca(dyg).
6% 202 Jovw

By recalling equation (20.22), we see that § > 0.

Assume ¢{® # 0. Consider the instant return process Y of X, that is the identical
copies process, as constructed in subsection 13.1, resulting from successive revivals of X
at the killing point v. Lemma (21.67) applied with the revival distribution ¢ = ¢, gives

PAY) = {f€C(9):

S ILTHORE SR NNV O R O

e€€ G\{v}
with renormalized boundary weights
Vec&: &:=5"1¢5, &:=5'e, &:=5"'e
On the other hand, it is ¢; > ¢§° > 0. So lemma (21.68) is applicable and shows that
7(4Y) ={reci9):

@) - B+ LW - [ (1)~ 1) Ealdg) = 0},

et g\{v}

with renormalized boundary weights

for §:=c§° + 3.
As both of the above sets of Z(AY) are equal, lemma (21.62) yields ¢° = 0, which is
impossible, as §¢§° = ¢ > 0 by assumption. ]
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22. Construction of all Brownian Motions on a Metric Graph

After having prepared the necessary process transformations in chapter II, collected
the characteristics of Brownian motions on a metric graph in section 20 and built up
all Brownian motions on star graphs in section 21, we are now in a position to give a
complete pathwise construction of Brownian motions on a given metric graph for any
admissible set of Feller—Wentzell data. We already announced the mode of construction:
We will begin with Brownian motions on star graphs which implement the corresponding
“local” boundary conditions (including “small jumps”) at their respective vertices. When
the process is started on one of these star graphs and approaches (or jumps to) the
vicinity of another vertex, it is killed and revived on the relevant subgraph with the
help of the concatenation techniques developed in sections 11 and 13. That way, we
achieve a Brownian motion on a general metric graph by successive pastings of partial
Brownian motions on star graphs. The accurate construction approach will be laid out
in the following.

As usual, we will assume any metric graph discussed here to have no tadpoles, as
such edges can always be “broken up” into two non-tadpoles, cf. subsection 18.2 and
remark (20.24) for the discussion concerning tadpoles.

22.1. Our Agenda

Technically, we will not start with star graphs, but with the “target” metric graph which
we then decompose into subgraphs. This is necessary, as the subgraphs (that is, at
some level, star graphs) must be chosen appropriately in order to construct the correct
complete graph at the end, and the topology of the “target” graph is required for the
pathwise construction and the specification of the Feller—Wentzell data.

To this end, let G = (V,Z, €&, 0, p) be a metric graph having at least two vertices. We
will break G up by decomposing the set of vertices into V¥V = V™! & V*! and defining
two “subgraphs” G , j € {—1,+1}, which possess the respective vertices V/ as well as
all of the original edges (with their combinatorial structure) not incident with the other
vertices V7. As internal edges ¢ which are incident with vertices of both subgraphs are
lost, we need to replace them by new external “shadow” edges e; L e;-H on the respective
subgraphs, see the upper graph of figure 22.1.

By iteratively decomposing the subgraphs further up to the level of star graphs, we are
able to introduce Brownian motions on 5_1 and §+1 with the desired boundary behavior
at their vertices. In order to paste the two processes—and thus the two graphs—together,
we need to “cut out” the excrescent parts of the external “shadow” edges by removing
them from the subgraphs and killing the partial Brownian motions whenever they hit the
removed locations. The remaining parts of these external edges need to be reorientated
where necessary (as vertices are always initial points of external edges) and then are
mapped to the original internal edges in order to achieve “real” subgraphs G~' and G*!
of the original graph G, see the lower graph of figure 22.1.

The resulting Brownian motions on G —1 and G*! can now be pasted together with
the help of the alternating copies technique established in subsection 13.2, namely by
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Figure 22.1: Decomposition and gluing of metric graphs: The metric graph G of
figure 18.1 is decomposed into two “subgraphs” ¢! and G with vertices V! =
{v1,v9,v3} and V1 = {uvy,vs5,v6}, where the internal edges i, which are incident
with vertices of both subgraphs, are replaced by new external edges e; L e;-H on the
respective subgraphs. By performing the transformations explained in subsection 22.1,

subsets of these “subgraphs” are mapped to the subsets G~1, Gt of the graph G.

reviving the subprocesses at the other subgraph whenever they leave the remaining part
of one of their shadow vertices (and thus are killed).

This construction approach will cause two main technical difficulties, which will
prescribe the order of applied transformations: Firstly, the “global” jumps, that is jumps
to other vertices or subgraphs, can only be implemented once the gluing is complete, as
their jump destinations do not exist for the original Brownian motions on the subgraphs.
They will be implemented by an instant return process with an appropriate revival
measure. Moreover, the implementation of the killing portions p{, v € V, via jumps to
the cemetery must be postponed until the gluing procedure and the introduction of the
global jumps is complete. The reason is that, as just mentioned, both procedures will
apply the technique of identical/alternating copies, which is based on reviving the process
and would therefore cancel any killing effect beforehand.

The above-mentioned restrictions and interactions of the applied techniques result in
some rather unwieldy “workarounds” in the upcoming complete construction. We are
giving an overview of the construction steps now, the mathematical justifications will
follow in subsections 22.2—-22.5.



22.1. Our Agenda 201

02 O o
(b) gluing the subgraphs together

O/A

(c) killing on the “fake cemeteries”

(d) adjoining O, reviving with an appropriate
measure, killing on [J again

Figure 22.2: Completing the construction of Brownian motions on a metric graph:
Tllustrated are the steps that are performed in the construction of the target Brownian
motion on the complete graph, when starting with Brownian motions on the subgraphs
which already implement the correct reflection, stickiness and “local” jump parameters.
The dotted lines indicate the range of the implemented jump measures.

Assume that we are given a metric graph G = (V,Z, €&, 0, p) and boundary weights

1
(PY, (05 )ieLw) P5> D) yeys

which satisfy the conditions of Feller’s theorem (20.21).

As we cannot introduce the “global” jumps yet, we choose, for each v € V), a distance
0Y > 0 such that §¥ is smaller than the lengths of all edges emanating from v, and define
the restricted jump measure and “extended” killing parameter by

qq := py( - NBsv(v)),
g} = p{ + pi(CBsv (v)).

We are going to construct the complete Brownian motion with the just given boundary
weights iteratively. That is, we decompose the metric graph into two subgraphs G
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and G*1 as explained above, and assume that there exist two Brownian motions X - X+
thereon which implement the boundary conditions

(a7, (pS’l)legj(U),pg,qii)vew, je{-1,+1},
where we set the reflection parameters for the adjoined “shadow” edges to pg’eg = p;”
As the gluing procedure only works for processes with infinite lifetime, we further
adjoin for every vertex v € V an absorbing “fake” cemetery point (1Y to the respective
subgraph 67, and assimilate the killing parameter into the jump measure by reviving
the subprocesses at (1Y whenever they die at v, see figure 22.2a. Then the new processes
possess the boundary conditions

1 .
(0, (P)e 50y B> 01 €00 + 1) yeypsr J € {=1, 41}

Next, we glue both processes together and obtain a process on the complete graph G,
as illustrated in figure 22.2b, with boundary conditions

N/
(07 (p; )leﬁ(v)apgv q11} €gv + qZ)vEV'

In order to introduce the global jumps, we split the jump to (1Y, with original weight
qi =pY + pZ(BB(;u (v)), into real killing with weight p} and non-local jumps relative to
the measure p§( - NCBsv»(v)). To this end, we need to kill the process again: By mapping
the absorbing points {0, v € V} to the “real” cemetery A, see figure 22.2c, we obtain a
newly killed process with boundary conditions

1
((ﬁ}’ (pg )lEE(U)?p§7 qzlj)velf

We adjoin another absorbing “fake” cemetery point [J and construct the next process
as instant revival process with revival distribution (p¢em + py( - NCBsv(v)))/q}. This
process now implements jumps relative to the measure p} eqw + p§( - NCB;sv (v)), which
adds to the already existing jump measure ¢§ = p§( - NBsv(v)), thus satisfying the
boundary conditions

)
(Ov (pg )leﬁ(v):p§7p11) eo+ pX)UEV'

Finally, we transform the jumps to O into killing by mapping [0 to A, and obtain the
complete boundary condition

1
(p11]7 (p;) )ZEE(U) ’ p§7pZ)veV‘

As just explained, we need to perform many process transformations in the complete
construction, while keeping track of the resulting boundary conditions. In order to keep
our results comprehensible, we first analyze the two main components—Kkilling on an
absorbing set and introduction of jumps via the instant revival process—and their effects
on the generator separately in the next two subsections.
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22.2. Killing a Brownian Motion on an Absorbing Set

In this subsection, we examine how killing a Brownian motion on an absorbing set F'
affects the boundary conditions of its generator. It will turn out that the jump portion
which originally led to F' is just transformed into the killing portion, as any jump to F is
now immediately triggering the killing.

We implement the killing transformation by mapping the absorbing set F' to A, using
the techniques of subsection 12.2, that is, we consider the process ¥(X) for the map

x, € G\F,

(22.1) v: G = G\F, x— ¢(x) = {A ve P

It has been shown there that the transformed process 1(X) is a right process in case X
is a right process and F' is an isolated and absorbing set for X.

We are able to obtain the following set of necessary boundary conditions by directly
computing the generator of the transformed process:

(22.2) Lemma. Let X be a Brownian motion on G with generator
7(A%)c{fec}(@):vweV:
v c
ORI SREE (ORI OB

1€L(v) g\{v}

(£(9) = f(v)) ch(dg) = 0},

and F C G be an isolated, absorbing set for X. Let Y := (X)) be the process on G\ F
resulting from killing X on F, with v as given in equation (22.1). Then the domain of
the generator of Y satisfies

P(AY) C {f € CYG\F) : Wv € V\F :

@+~ X & i)+ Frw) - |

(9) — f(v)) ¢i(dg) = o}.
leL(v) G\(Fu{v})

Proof. For all f € 2(AY), we have for g € G\F
Eg(f o (Xy)) — fov(g)

A¥(f 0 9)(g) = lim

tl0 t
i EaU00) = f(9)
tl0 t

which exists and is equal to AY f(g). On the other hand, if g € F', then X; € F holds for
all t > 0, Pg-a.s., because F' is absorbing for X, and it follows that

A¥(f 0 )(g) = lim Ey(f o w(th) —foulg) _ i Eg(f(A)t) N

=0.

Thus, we have f o1 € 2(AX) for all f € 2(AY), and AX(f ovp) = AY f 1 in this case.
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So, if f € 2(AY), then f o fulfills the boundary condition for X, that is

0= fW) — ¥ S HEE) + D we) - [ (700) - ) i)

leL(v) G\{v}
=)= TSROSO [ S0 ) 0,
for all v € V\F, where we used f(¢(g)) = f(A)=0forall g € F. O

However, this proof generally does not provide us with the Feller—Wentzell data of the
killed process (as we are only able to compare Feller—Wentzell data with the boundary
data of the generator in the star graph case, cf. theorem (21.66)). Therefore, we need to
derive it manually by checking its definitions given in Feller’s theorem (20.16):

(22.3) Lemma. Let X be a Brownian motion on G with Feller—Wentzell data

7A b 7l
(011} ) C’f Ooa (Cg )leﬁ(v)’ Cg’ CX)@GV’

and F C G be an isolated, absorbing set for X. Let Y := 1¢(X) be the process on G\ F
resulting from killing X on F, with 1) as given in equation (22.1). If G\F is a metric
graph and Y is a Brownian motion on G\F, then the Feller—Wentzell data of Y reads

A , A
(Cll) + CX(F)a Cll} oo’ (612) )leﬁ(v)v 65702( - N FC))UGV\F'

Proof. Fix v € V\F. The processes’ exit behaviors totally coincide, except if X exits
from a small neighborhood of v by jumping into F' (then Y jumps to A). Thus, we
have with the notations of Feller’s theorem (20.16) (where we indicate the corresponding
process in the superscript), that for all € > 0 small enough, E,(7X) = E,(7) holds, and

B(Y,y € dg (G\F)) = Bu(X,x € dg 1 (G\F).
]P)'U(YTSY = A) = ]P)'U(XTEX € {A} U F)

Therefore, we have vV = vX?( - N(G\F)) and, as d(v, f) = +oo for all f € F,

)

P,(X,y € F)
—d(v, X _ X _ Te
/F(l—e ( g))Va (dg) = v; (F)—W
It follows that

P,(Y,y = A)

KY' =1+ L / 1 — e Uv:9) VY’”(dg)
: Ey(7Y) G\ {v} )
]PU(YTEX =
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As F is isolated, we get i¥"* = g ( - N(G\{v}\F)), and conclude that
E,(7X) KXY By (rX) K
S N (F)

="+ e (),

Y, u,A .
c = lim
el0

Yv,00 _  X,v,00
¢ = )
cg’v’l = cg(’v’l, l € L(v),
Y, v Xv
03 == 63 5
e =" (- NG\F)). O

(22.4) Remark. We will apply lemma (22.3) in the following context: Let X be a
Brownian motion on G and F' be an isolated and absorbing set for X, such that for its
first entry time Hp :=inf{t > 0: X; € F'} and Hx as given in definition (20.1),

Hx < Hp Pgas.

holds true for all g € CF.

It then follows from theorem (12.5) that the killed process Y = (X)) is a right process,
and therefore strongly Markovian. If G\F' is a metric graph, then, as Hy = Hyx and
Y, = X, for all t < Hx < Hp, the properties of theorem (20.5) follow for Y from the
respective ones of X. Thus, Y is a Brownian motion on G\ F, and lemma (22.3) can be
applied in order to deduce the Feller—Wentzell data of Y.

The condition above is especially satisfied if F' can only be reached from CF via jumps
from vertices, which, as F' is isolated and thus has positive distance from any vertex
v € V\F, cannot happen immediately due to the normality of the process. |

22.3. Introduction of Non-Local Jumps

We will introduce the “non-local” jumps, namely jumps to other subgraphs, with the help
of the technique of instant revivals as established in subsection 13.1. In order to prepare
this approach, we examine the effect of this method on the Feller-Wentzell data. Similar
results were already attained in the examinations concerning Brownian motions on star
graphs in subsection 21.12, cf. especially lemmas (21.67) and (21.68). The next lemma
shows that, as expected, the killing weight will be transformed to an additional jump
portion with distribution given by the revival kernel. It also clarifies that this technique
can only be used for the implementation of finite jump measures.

(22.5) Lemma. Let X be a Brownian motion on G with Feller—Wentzell data

7A 9 7l
(611} ) Czl} oo’ (Cg )leﬁ(v)a C%? Cz)ve)ﬁ

and cf’A > 0. Let Y be the instant revival process, constructed of X with revival kernel

k(v, ) =k", ve,
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for some probability measure k” on G, and k(g, -) = €4 for all g ¢ V. Suppose that for
every v € V there exists § > 0 such that

(i) ¥(Bs(v)) =0, and
(ii) for alle <6, X, x € Bs(v) holds PX-a.s. on {7X < ¢X}.

Then, Y is a Brownian motion on G. For all v € V, the generator AY of Y satisfies for
every f € 2(AY)

A=IW) = D0 ) AT = [ () = S0) (6 + e w)dg) =0

leL(v)

If additionally d(v,z) = 400 holds for every x € supp k", then the Feller-Wentzell data
of Y at v reads

) il A
(Oacquooa (612} )lEE(U))Cq?ivCZ + C11) K“v)‘

Proof. By theorem (13.1), Y is a right process and thus strongly Markovian. As Y; = X;
holds for all ¢ < Hy, definition (20.1) or its equivalent characterization (20.5) imply that
Y is a Brownian motion on G.

Fix v € V. We are going to reiterate the proof of Feller’s theorem (20.16) for the
process Y and compare the components evolving in the generators of Y and X. As usual,
components of X of Feller’s theorem at vertex v will be named ¢5¥, VEX , K EX , etc., instead
of cf, vY, K?. This proof will be based on the following two main principles:

(i) Due to assumption (i), the processes Y and X are equivalent in a neighborhood of v,
more precisely: There exists § > 0 (e.g. being the minimum of ¢ in assumption (i)
and the minimal length of all edges incident with v) such that

Ve<d: Ey () =E; (7)),
and foralln € N, fi,..., fn € bB(G), 0 <1t < ... < tp,
Py (A(Ve) - AV )itn <75 ) =Py (A(X0) - fu(Xe)ite < 750).
In particular, we have for all € < §

PY (Y,y € A|Y,y € B;(v)) =P (X,x € A| X,x € Bs(v)), A€ B(G).

(ii) Due to assumption (ii), the process X only has jumps from v into Bs(v) or to A,
that is,

Ve<d: PY(X.x €Bs(v)U{A}) =1

Therefore, Y only can jump into CBs(v) if the underlying process X is killed and
revived again, which yields

Py (Y,y € CBs(v)) = P (X,x = A),

£
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and the jump distribution is given by the reviving kernel
Py (Y,y € A|Y,y € [Bs(v)) = £"(4), Ae B(G).
Furthermore, the revived process Y is not able to die at all, yielding

P} (Y,y = A) =0.

Let f € 2(AY) and fix v € V. The vertex v cannot be a trap for Y, as otherwise v would

either be a trap for X, which is impossible by cf’A > 0, or Y would be revived at v when
X dies there, which contradicts assumption (i). Thus, Dynkin’s formula (3.17) yields

R (f(Vy)) - f0)
A= ey

We are going to reiterate the steps in the proof of Feller’s theorem (20.16) for the
process Y, but will be using the normalization factor KX of X instead of KY . This will
not pose any problems because KX > K holds true, which is seen as follows: With the

scaled exit distributions from CB.(v)

Y A _]P)};/(YTEYGA) X A _]P)UX(XTEXGA) Aec B(G
Ve ( )_Wv Ve ( )_Wa € ( \{U}),
for Y and X, we have for all € > 0,

PX (X, = A)
KX =142 / ] edvg)y X
€ + Ei( (TEX) + G\ o) ( (& ) v, (dg)

PY (Y, € CBs(v)) J
v e + 1— e~ (v,9) VY(dg)
EY () Bs(v) ( v
PY (Y. = A)
21_1_“;_1_/ 1 — ¢~ v:9)) )Y dg
EY<TY) g\{y}( ) 5( )

v £

=1+

Y
:K&‘7

because P (Y;. = A) = 0 and

€

PY (Y, € CBs(v)) / v
R = 1v] (dg) > / 1 — e 49) Y (dg).
EY () CBsw) CBs(v) ( )ve

Thus, by exactly following the proof of Feller’s theorem (20.16), we get

m (7 0= ! 2 (dg)
i (40) Sy oy o+ A x — [ (0= 7)) =0

£

(22.6)

However, it is PY (Y,. = A) = 0, and the exit distributions of ¥ decompose into

£

PY(Y,y € ANBs(v)) BY(Y,y € AN Bs(v))

Y _
e (-0 I - ('S R
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with
Py (Y,y € ANB;(v)) Py (Yy € A|Yy € Bs(v)) 1
EY (7)) a PY (Y;y € Bs(v)) EY ()
CPY(Xx € Al X, x € B5(v)) 1
PX(Yrx € Bs(v)) B3 (75)
 PX(X,x € AN Bs(v))
B3 (7)

= v (A),

and

P} (Y,y € AN B;(v)") PY (Y, € Bs(v)")

= va (YTEY €A ’ YTSY € Bé(v)ﬂ)

EY () EX ()
— (A P (X, x = A)
EX (%)
Therefore, we have
X
i (40) 25 = [ () = 1(0) 552
PX(X,x = A)

S EXC R oy V19— T ) =0,

vZ,, (dg) PU(X, x =4)
KX ) TRE ) ENGX )KX converge along the same sequence (g,,,n € N)

given by Feller’s theorem (20 16) for X we conclude that

and knowing that

I = 3 SO+ AN - [ (f(9) - fw) citdg)

1L (v) g\{v}

In case every point in the support of k¥ has distance +oo from v, equation (22.6) shows
that KX = KY holds true, so by the definition of the Feller-Wentzell data in Feller’s
theorem (20.16), the above set of boundary conditions at v for Y coincides with the
Feller—-Wentzell data of Y at v. O

The reader may notice that the resulting boundary data for Y given in lemma (22.5)
might not satisfy the normalization condition of the Feller—-Wentzell data of Feller’s
theorem (20.16), in case the support of k¥ does not have infinite distance from v.

(22.7) Remark. Observe in above lemma (22.5) that the revival of a process upon its
death with a revival distribution s only transforms the “real” killing parameter ¢£* into
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an additional jump part clA , while leaving the artificial killing portion ¢{° intact. The
main explanation is that ¢§° does not represent the effect of “killing” in the sense of jumps
to the cemetery point A. It is rather caused by an explosion of the process, triggered by
ever-growing jumps when the process approaches a vertex point (which can be seen by
surveying the proof of Feller’s theorem (20.16)), and this effect is not transformed by the
revival technique.

In the Brownian context, we do not expect any effects which would contribute to ¢3°,
and we indeed showed in lemma (21.75) that ¢§° vanishes for all Brownian motions on
star graphs which were constructed in section 21. As they will form the building blocks of
the Brownian motions on a general metric graph, the Feller—Wentzell data of all processes
considered here will satisfy

Yo eV :c™ =0. [ ]

22.4. Gluing the Graphs Together

We are going to discuss the main construction method, namely the pasting of the
subgraphs and their Brownian motions thereon. As already disclosed in subsection 22.1,
this technique will compromise several steps, so we will further divide this subsection in
order to keep ourselves oriented.

22.4.1. Decomposition of the Graph G into G!, G+!

Let G = (V,&,Z,0,p) be a metric graph. We partition G into two graphs by choosing
disjoint, non-empty sets V=1, V*! such that V = V~!w V! holds, and decompose the
set of edges into

E=twet with &7 := {e € £: d(e) € V},
I=7'wIt w1, withZ/:={ieZ:0_(i)e WV, 0.(i)e )V},
T, =T, ' w1}t with 7/ == {i € T: 0_(i) € V7,0, (1) ¢ V'}.

As most of the following construction will be performed for both partial graphs in
parallel, we will always assume that j € {—1,+1} when nothing else is said.
We define the metric graphs G—1, Gt! by

Gli= (W, UELT &, ),
equipped with additional external “shadow” edges
gl:={el iel), withViel,: e ¢EUETIUT,
where the original graph’s combinatorial structure and edge lengths are naturally trans-

fered to 5_1, Gtl by setting

Y

§(el) 1= {8_(2'), i€,

V(I xIT) Olesuaixtoy ' 9y (i), i€,

pl

= +4o00.

Siuli = P|gju1a" pjgg
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For later use, we also define the “shadow length” of an external “shadow” edge by
ps(el) == p(i), e{ c&ltugl

The excrescent parts of the shadow edges, which will be removed in the following
development before gluing both subgraphs together, are named

Gl = |J (e} x [ps(e), +0)).

e€5§

22.4.2. Introducing the Brownian Motion X/ on G/

Let X - X+1 be Brownian motions on G - Gl respectively, which admit the hypotheses
of right processes, feature infinite lifetimes, have the Feller—Wentzell data

1
(07 0, (p; )lefj(v)vp?S)’pZ)vgvj’
are continuous inside every edge (cf. lemma (21.12)), and satisfy for all v € V7

(22.8) Ve<d: PI(XL €Gl) =0,

with & := min{p;,i € Z,} and 7 := inf {t > 0: d(X], X)) > }.
By gluing the graphs ¢~ and G** (and thus the Brownian motions X! and X*!
thereon) together, we are going to show the following main result:

(22.9) Theorem. There exists a Brownian motion X on G with Feller-Wentzell data

1
(Cll)v (612} )leﬁ(w)v Cg, CZ)Uev’

such that for each v € V, it holds that ¢§ = 0, ¢§ = pY, ¢ = p4 o (¢7)~t, with ¢’ being
defined by equation (22.11), and

py', i€ I ()UIT (),
j .
Py, i€ Ty(v), with j € {—1,+1} such that v € VI,

ieZ(v): &' = {

v,e

e€&(w): ¢y’ =py°.

We are going to construct the process X of the theorem above explicitly via alternating
copies of transformed processes X1, X1 of X~1, X+1. Before that, we need to kill
the original processes X1 and X! on the excrescent shadow edges and reorientate the
remaining parts in order to comply to the direction of the original internal edges of G.
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22.4.3. Defining X7 by Killing X7 on GJ

Consider the first entry time into (jg of the prototype Brownian motion X7 on G:
Fo=inf{t>0:X] egl}.

We define X7 to be the process obtained by killing X at the terminal time 7 , that is

i X, t<7,
t A, t>7,

on the topological subspace G’ of GJ given by

G =GN\GI=Vu U ({1 x0m)uJ (e} x(0,p5e))).

le&iVzi ec&l
(22.10) Lemma. X7 is a right process on G/ with lifetime 7.

Proof. X/ is a right process with infinite lifetime. By employing theorem (10.1), it
suffices to observe that 77 is the debut of the closed, thus nearly optional set G/, and the
regular set of the killing time 7/ reads

F = {gégj:IP’g(?J':())zl}:gz7
as X7 is a right continuous, normal process and ég is closed. O
We would like to point out that the just introduced processes X7 are not Brownian

motions on a metric graph anymore, as G’ is not a metric graph. Thus, we will not be
able to apply any results on Brownian motions for X/ in the upcoming development.

22.4.4. Letting X’ be the Mapping of X7 to the Subspace G/ C G

We need to fit the subspaces G’ of G7 to the corresponding subspaces of G. To this end,
introduce the topological subspaces G~1, Gt of G by

¢=viu | {1}x(0m),

leEIUTIUTL,

and consider the mapping 97 : G/ — GJ defined by

Vi GIS’x € (07,0@) : wj((eg,l')) = {<Z7x)’ i € Igv

(22.11) (i,pi — ), i€I,

Y’ =1id otherwise.
Clearly, ¥ is a bijective mapping with its inverse (7)™ =: p?: GI — G being given by
(el, ), i€ T,

VieZs,x € (0,p;) : J 2 = . .
ietie ) Sl = {00 T

¢/ =id otherwise.
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Furthermore, 47 is a continuous mapping, as it is continuous inside every edge and its
preimages of balls with radius € > 0 around vertices v € V7 read

@) (Bo) = @)y U (b x@epu U (i x (0.9)
e€&l(v) z'eIBJ(()):I'( v)

U U ({3} x (pi — &, pi) >
i€ (v)UTL (v)
a4 (i)=v

={vju U (e x0e)u U (i} x(0,9)
e€&i(v) 567(:;)(1;2)

O U @ xi-em)U U (e x (0,)
éi%;)(zz) ec&d (v)

= B.(v).

X7 is a right process on G, Y7 is a bijective and measurable map from G’ onto G/,
and ¢ — 7 (X J ) is right continuous (as 17 is continuous and ¢ XJ is right continuous).
Thus, the following result is a direct consequence of theorem (12.3).

(22.12) Lemma. The process X7 =l (Xj), resulting from the state space mapping of
X7 by 9 (cf. section 12), is a right process on 1/ (G7) = G/ with lifetime (7 = ¢/ = 77.

22.4.5. Constructing X as Alternating Copies of X!, X!

Apply the technique of subsection 13.2 to define the process X obtained from forming
alternating copies of X', X! via the transfer kernels K—!, K*!, which are defined by

K™= %" e, (' (X)) + D2 2o o) Lo (7' (X)),

(22.13) iel;t iel!
K™= 3" ¢ ﬂ{i}(WI(Xlel_)) + > o) ﬂ{i}(WI(Xlel_))-
iel;t ielf!

That is, the transfer kernels implement the following rules for j € {—1,+1}:
(i) X is revived as X! at v = §_;(i), if X! dies on i € TJ;
(ii) X is revived as X! at v = 9;(4), if X! dies on i € ZJ.

For later use, we already remark the following combined formula of the above definitions
for the transfer kernels K7, j € {—1,+1}:

. . ; e TJ ,
(22.14) Ki = i) {0 T xd ),
eg (1), €I, ¢



22.4. Gluing the Graphs Together 213

(22.15) Lemma. K7 is a transfer kernel from X7 to E~7.

Proof. With probability 1, the process X7 cannot realize 7 through a direct jump from
any vertex v € V/: Otherwise, this would imply P/ (Xij € GJ) > 0, as 7 > 7L holds
TE

for e < 4, contradicting our basic assumption (22.8). Furthermore, X7 is continuous on

every edge, so X % exists and is equal to X ij. Thus,
T/ — T

Y T YT — i % VI
Koo = Xi= g X1 = X5,
exists in { (e, ps(e)), e € EI}, and

(22.16) o (XL ) = WXL ) = (W (XL)

exists in Z;. Therefore, example (11.3) yields wl(XZj_) e .Z1, ., so K7 is indeed a

4 [¢i-]
probability kernel K from (07, ﬁ[jcj _]) to (E=7,&77), that is, a transfer kernel. O

Let
° 7':11 be the first entry time of X ! into G=1\G*,
° ijll be the first entry time of X*! into Gt1\G—1.

Then, according to theorem (13.2), X is a right process on G = G 1UGt!, in case the
following conditions hold true for all g € G=' NG, h=1 htl € bB(G):

(1) Egl(/T_ll e,at f(Xt_l)dt> — E;rl(/(:ill €7at f(X?l)dt),

0

(ii) IEg_l(e_aT:l1 h_l(XTilll); T:ll < Q_l) = IEFJ;’I(@_C“<+1 KHp=t ¢l < Till),

—artl 1) —ac—t _ _
B (e () i < ) = B e B <),
We are preparing the proof of these equalities. By construction, we have

g7 g = ({i} x (0.p2)),

1€1Ls

Gh\g7=viu |J ({1} x (0 m).

le&IvTi
By using the definition of X7 and observing that ?(G/\G™7) = GI\G/, we get
m=inf{t>0: X} € g\G}
—inf {t > 0: /(X)) € G\G ™}
=inf{t>0:XJ € GI\G7}.
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The process X7 was constructed by killing X7 at 77, thus, by introducing the first exit
times of X7 from the shadow edges

Fo=inf{t>0: X] € G\G 7} =inf {t > 0: X] ¢ Usez, ({e]} x (0,00))},
we obtain the relation
(22.17) TJJ' A Cj — ;‘; AFD

Turning to the actual proof of (i) and (ii), let g € G~ N G*L, that is, g = (i, ) for
some i € Zs, € (0,p;). Choose j € {—1,+1} such that i € ZJ. By tracing X’ back

to X7 and employing that the latter is a Brownian motion on G7, lemma (20.4) and
corollary (20.11) yield

E, /OT; e FX) dt) =Bl ( /0 WX )
iy 7:;/?*7' . o~
218 =EL e (/\/0 e f(¥I (X)) dt)
g ([ s

NS ot wre g
= Eﬁz)—x(/o € tf(la p(l) - Bt) dt)a
and analogously

TINTI

([ et sy an) =g, ([0 e (R a)

(22.19) i
TONT (4
_ Ef(/ e £ i, By) dt).
0

Let (vy,y € R) be the translation operators and ¢ be the reflection operator (see
subsection 6.5) for the one-dimensional Brownian motion B. They give

B (Y o,) = B2, (V).
B (Y 01) =EZ, (V)

for all 2,y € R, Y € b.Z5 as well as

Tpoyy=inf{t >0:Bioy,=x}=inf{t >0: By +y=2a} =1y,
mpotr=inf{t >0: Bior=z}=inf{t >0: —By =z} =7_,.
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Then, an application of the theorems (6.35) and (6.42) results in

EZ . ( /O 0 ot 5. o) — By d)

=2, (( /0 PO ot £ o) — B dt) o 7,0))
=5, ( /0 T ot 1)) dt)

= ( /0 O et () dt) o 1)

—E5( /0 M et £ (i, B, dt),

which proves the equality of (22.18) and (22.19), and thus concludes (i).

Coming to (ii), we will prove both assertions simultaneously, as they only differ in the
initial process. Let j € {—1,+1}. We start by reducing the first integral to X7, and
obtain with the help of equation (22.17) the identity

Ey7 (e W (X ) v < ()
—J

=E ]y (e TR @T(R); 7 < F),

—J
where (v=7)71(g) = (e;j, pi —x) or (YI)"Y(g) = (e;j, x) depending on whether i € ZJ
or i € Z;7. For all that follows, we define for any g € G/ the first hitting time E’é of {g}
by the process X7, By the continuity of X/ inside the edges, we see that P’ . -as. for

(ely
any ¢ € Zg, the relation
T = HJ on {77 < 7l ={H! < HZeZ,ps(eZ))}
holds true with v := 8(6?), so we have
Vs ] —7 a ) ) ) Ija
IR ) = o) = 1o 1T
T 0_(i), 1€Z;7.
Thus, we get
D R . .
E,7(e” =1 h J(XTfj); T < ()
-J
» LS s i
=E g h W TXZ)S T <T ’)
B —aH =i, (i) B < B e T
_ ) e o) <f (04(0); Hy? < <e;f,ps<e;f>>)’ vE L
-J —aH) 1 —j NY. FF—J « I ‘ ; —j
El (e h=3(0-(3)); H,7 < ;. (e;])))’ i€,
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But X7 is a Brownian motion on G , so using corollary (20.11) together with re-
mark (20.10) and recalling ps(e; ?) = p(i) yield

—j —ar -7 -7 —j
By (e W (X L)y 7 < )
22.20 — , Can o
( ) _ h=7 (04 (1)) EpB(i)—m(e % 10 < Tp)), €I
R (0 (1)) EZ (6725 10 < Ty i€Z;7.

Next, we employ the same techniques as above in order to compute the right-hand
sides of (ii). Equations (22.16) and (22.17) give

E) (e=* Kin; ¢ < TJJ)
=By 1) (¢ K (W (XL)) W F < 7).
We observe that

HZ  pe(el)) on {7'] <7‘J}—{HJ

holds, as T] <7 in case ¥ = H Z pee])) for some other k # i. Thus, we have
ek, s

R (W(RL) = 7 (0 (€] pole))) B s on {7 < 71,

and because ¥’/ maps eg to 4, the definition of the transfer kernel K7, which was
summarized in equation (22.14), gives

J
I pa(e! >><H}

j j j j j € )9 ZE:Z’Z:
KJ = (x (4 ((e]. ps(e])))) = { el T
€o_(i)> 1e L.

This results in
EJ (e—aCj th—j. Cj < Ti)

=B/, e kﬂ( "W (X)) W F < F)

1()

(6 Ps(e )) h j a ﬁ] . '

(22.21) = e“x) _ ( 4 (i )) (el ps(el))
—aH’ .

(EZ,PS(EZ)) —J N\, T V V

wP (1)— x) h (8—(2))7 H(ez,ps(eg))

h J 8.,. ( —Ot’rp(i)- Tp(4) < 7-0) ic Ig,

hﬂ(ﬁ())]EB()w(e’ O T()<T0) iEI;j.

<ﬁg), ieli,

< fl{,), ieI;7

Now, the first passage time formulas of lemma (14.5) yield
sinh (v2a )
sinh (v2a p(7))
sink (v2a (p(i) — ©))
sinh (v2a (7))

EpB(i)—x(e g < T ()) = Ef( TXTp(i) To(i) < 7'0)

EZ (€75 70 < Tp) = = Ejli)—o (€705 70y < 0).



22.4. Gluing the Graphs Together 217

A comparison of equations (22.20) and (22.21) then proves the equalities in (ii).
We have shown that the conditions of theorem (13.2) are fulfilled and thus have proved:

(22.22) Lemma. The process X, obtained by forming alternating copies of X~ and
X+ via the transfer kernels K—' and K*!, as defined by equation (22.13), is a right
process on Gt UG =G.

22.4.6. Proving that X is a Brownian Motion on G

As just seen, X is a right process and therefore a strong Markov process on G. In regard
to theorem (20.5), it suffices to analyze the stopped resolvent and the exit behavior from
any edge in order to show that X is indeed a Brownian motion on G:

(22.23) Lemma. X is a Brownian motion on G.

Proof. For mutual edges i € Zg, we choose j € {—1,+1} such that i € TJ. Then we have
X; = X{ for all t < 7/ and Xp1 € 9(i), P(; p)-a.s., so Hx = 7/ A R' holds true, which
together with equation (22.19) yield

TjACj

Efia)( /0 - e f(X0)dt) =B, /0 T et p(x]) dt)
_ EE(/OTU/\Tp(i) eiatf(i,Bt) dt)
Ef(/OHB e (i, By) dt).

For non-mutual edges | ¢ T, on the other hand, choose j € {—1,+1} with (I,z) € gj.
Then Xj J = XJ holds for all ¢ < 7' ; P o)-a.s., and as X7 is itself Brownian motion on gj
the above identity follows 1mmed1ately

Coming to the exit distribution from an edge, the identity

Pz © (Hx,Xu,)  =PPo (Hg, (I,Bu,)) "

follows for edges [ ¢ Z, from the corresponding property of X-lor X+t by theorem (20.5).
In case i € Z,, we choose again j € {—1,+1} with ¢ € ZJ. Then, by employing
equations (22.20), (22.21) and Hx = 7] A R! P(; »y-a.s., we get for all a > 0, h € bA(G)
Ei .z (e "X h(Xpy))
E{Z o) (e” ot} h(Xj ); Tj <)+ E{m) (e Kig; 7 < T]])
= Ef (e7 7 h(0_(1 )), 0 < Tp(i)) + Ef (e7Te() h(D4(1)); o) < 0)
=EB(em*HEp(i, By,)),
which results in

Plis) o (Hx, Xuy) ' =PPo (Hp, (i, Biy,)) "
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22.4.7. Computing the Feller—Wentzell Data of X

The Feller—-Wentzell data of X, as given in Feller’s theorem (20.16), is derived from its exit
distributions from any arbitrarily small neighborhood of each vertex. X is constructed
via alternating copies of X! and X*!, so we first need to analyze their respective exit
behavior. To this end, we consider the exit times of X7

Tg =inf{t >0: d(Xﬁ,Xé) > e}

together with the exit distributions X i ; for all small € > 0. As we only have information

on )z(j, we need to trace back the required data to these original processes. Fix v € V
and choose j € {—1,+1} such that v € V7.
Using the definition of X7 and the fact that ¢/ is an isometry, we get for all € > 0

i = inf {t > 0:d(’ (X)), (X})) > &}
— inf {t > 0:d(X], X)) > ¢}
=: Fg.
By its definition, X7 = X7 holds for all t < 7, and as CB.(v) 2 GJ, we obtain
Ve<é§: TL<7 Plas..
More precisely, we even get
Ve<éd: T<F, if F1#4400, Plas.,

because

Therefore, we see that for all € < 6,
Fo—inf{te0,7):dX, X)) >e}nF
—inf{t€[0,7):d(X], X)) >e} AT
—inf {t > 0:d(X], X}) > ¢}
= 7,
where we used that X7 is a subprocess of X7 with lifetime 77, that is

d(f(%j,f(g) = d(A, X)) = 400 > e

We have thus shown:
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(22.24) Lemma. Let v € VJ. For all ¢ < §, it holds PI-a.s. that

and
Fl< 7 if 7 < oo
(22.25) Corollary. For all v € V7, £ < §, the exit distribution of X7 is given by
WI(XL), < oo,
{A, ) 71 = +oo.

X7 =
r?

We are ready to compute the Feller—-Wentzell data of X. By lemmas (22.24) and
(22.12), we have for all ¢ < ¢
=7 <7 =¢ on{¢ <+oo},
so T < (7 a.s. holds. On the other hand, X; = th holds for all t < R! = ¢ (more
formally, X} (w;) = X;((w1,wa,...)) with ¢ =1if j = —1, and ¢ = 2 if j = +1) by the
construction of X, yielding

Pyo (7 Xs) ' = Po (i, X7,)

Thus, if v is not a trap, then 71 < 400 holds P’-a.s. for all sufficiently small € > 0 (see
theorem (5.16)), and therefore 7. < +o0 holds P,-a.s. as well. By using the notations of
Feller’s theorem (20.16) and backtracking X to X7, we compute for ¢ < §

Py (X, € A)
Ey(72)
P (X7, € 4)

= —ET
P (W(J?J:a) € A)

£

VA e B(G\{v}): V(A=

- El#)

=2 ((¢7)7H(A)),
where we naturally extend, here and in all that follows, the mapping I Gl — G to
Wl GI — G. This gives

PU(XT = A) —d
K/U:]_—f—;_’_/ ]._6 (’U,g) ]/v dg
3 ]EU(TE) g\{v} ( ) 6( )

P% ()?%_‘J = A) dloai .
=1+ W + /’gvj\{v} (1 — e ¥ (9)) 510 (dg)
(XL, = A) ]
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because 17 is an isometry with 47 (v) = v, and as %(G7\G7) = 0 holds due to the basic
assumption (22.8). Renormalization yields, again because 1 is an isometry,

VA€ #(G\{v}): p(A) = / (1 — e~dw9)) Vg[((‘ig)
) i (dg)

A
v=1(4) S Kv
= () ().

Next, introduce the topological subspaces G7\{v} of G/\{v} and G/\{v} of G\{v}, and
consider the continuous extension from 7 : G/ — G7 to 7 : GI\{v} — G\{v}. Continuity
of ¥ dictates that the new points G/\{v}\G/ are mapped to

m (i, z) = (4,04),

S Ig(v) : &j((eg>0+)) = hm W((ef,fﬁ)) = iluo

iﬂ‘«e{,pi—))— lim wﬂ(( z)) = lim (i,2) = (i, p;),

(22.26) x11p(4) x17p(4)
i €T () P ((el,04)) —hmwﬂ( ,7)) zlirr(l)(i,pi—x): (i, i),
(e p) = lim v () = lim Gopi =) = (i.0+).

and analogously

i€ () PI((i,0+4)) = (i,04), if v=20_(i),
(22‘27) . %J((Z pPi— )) (Z Pi— )7 ifv= 8+(i)7

e€ &) P ((e,04)) = (e, 04),

ec & (e, +0)) = (e,400).

Proceeding in the course of the proof of Feller’s theorem (20.16) for X7, we extend the

measures iV to measures iV on GJ\{v} by

FIU(A) = (AN (G\{v})), A€ B(GI\{v}),

and choose a sequence of positive numbers (e,,n € N) converging to zero, such that
(/ﬂ v n € N) converges weakly to a measure 1i"Y. When also extending the measures !
to measures fif on G\{v}, we obtain

vA e B(G\{v}) 1 E(A) = pZ(AN(G\{v}))
=" ((¥7)" (A N (G\{v}))
= (7)1 (A4) N (G7\{v}))
= F2 ()7 (A) N (G\{v}))
=itV o (1) 71 (A).
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Then, by the continuous mapping theorem, (fif, ,n € N) converges weakly to the measure
= o )
on G\{v}. We summarize all our results up to this point:

(22.28) Lemma. Let v € V7, and K?, u¥, ji° and f@”, [9?, 7Y be defined as in Feller’s
theorem (20.16) for the Brownian motions X, X7 respectively. Then,

(i) K¥ = K3 for all e < 6,
(i) p? = fdv o (¢9)~1 for all e < 6,

(iii) (g ,n € N) converges weakly along the same sequence (g,,,n € N) of that positive
numbers for which (ﬁg;;, n € N) converges weakly to i7", and its limit reads

i’ = o ()"

We are now ready to compute the Feller—Wentzell data of the glued process X, thus
completing the proof of theorem (22.9):

Proof of theorem (22.9). We have already proved in lemma (22.23) that X is a Brownian
motion on G. It only remains to compute the Feller—Wentzell data of X by employing
lemma (22.28). To this end, let v € V and choose j € {—1,+1} such that v € V7.

The killing parameters are given by

JE&W =,};H;OW =n

=> m"({(e,+00)) = > B ({(e,+00)}) = pi",

ecé ec&IUE]

and thus vanish, as p{ = qu’A + p"™ = 0 holds by assumption.
The reflection parameters are defined as

Y({(,0+)}), leé&(v),
&' = ({(1L,0H)}), 1€ T(v),v=0-(),
( l pl_)})> le I(U),’U = 0+(l)
For e € £(v), the relation (7)~!((e,0+)) = (e,0+) immediately yields c5° = py°. For

i € Z(v), we need to distinguish some cases, using equations (22.26) and (22.27): For
i € I(v) with v = 0_(i), that is if i € Z7(v) UZI(v), we have

=

FU{G,00N = py, e Ti(),

= ({(i,04)) =< j Ve '
5 u ({( )}) {ﬁ”({(e{,O%—)}) :p2’ i’ = Ig('U)7
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while for i € Z(v) with v = 9, (4), that is if i € T77(v) UZ, 7 (v), we have

i {(,pi—)}) =y, e T (),

The diffusion parameter is given by

1 =
— 730v
= oy T 49)
= pio ()71 (A),

as 17 is an extension from 17 : G/ — G and an isometry. O

22.5. Completing the Construction

We are ready to carry out the program that was laid out in subsection 22.1.

(22.29) Theorem. Let G = (V,€,Z,0,p) be a metric graph, and for every v € V let
constants pg’l >0 forl € L(v), p§ > 0 and a measure pj on G\{v} be given, satisfying

Py +P3 +/ eid(v’g))lﬁ(dg) =1,
1€L(v) {”}

and

py(G\{v}) = +o0, if Py +pY =0,
leL(v)

as well as p§(CBs(v)) = 0 for some ¢ € (0, mines p). Then there exists a Brownian
motion X on G which has infinite lifetime, is continuous inside all edges, satisfies
X.. € Bs(v) Py-a.s. for all e < 6, v € V, and admits the Feller—Wentzell data

1
(07 (p; )leﬁ(v) ) pgv pZ)veV'

Proof. We proceed via an induction over the count n := |V| of vertices. If n = 1, then
G is a star graph, and the construction of section 21 together with theorems (21.61),
(21.66) and lemma (21.12) yields the result.

Assume now that such Brownian motions exist for all metric graphs with less than
n vertices. Let G be a metric graph with n vertices V = {v1,...,v,} and boundary
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data as given in the theorem. Decompose the graph into ¢! and GNVH, as done in
subsection 22.4, for V™1 = {v1, ... v, 1} and V! = {v,}. Then the conditions of the
theorem are satisfied for these graphs G! QH with n—1 vertices, one vertex respectively,
and corresponding boundary data (p2 > 0,1 € [,]( ), p% > 0 and py o ¢p? (as 7 is
an isometry, this data satisfies the normalization requirements). Therefore, there exist
Browniaﬁp'motions X7 on 5]’ with infinite lifetime which are continuous inside all edges,
satisfy X ,J:j € Bs(v) Pi-a.s. for all v € V/ and admit the Feller—Wentzell data

’l j
(0, (p; )lefj(vypgapz © W)vew

with p»% = p2’ for i € Z, ( ), v € V. We then follow the construction of subsection 22.4
in order to glue X!and X*! together, and theorem (22.9) concludes the proof. O

In order to implement the killing parameter and the “global” jumps, we first need to
adjoin the “fake cemeteries” (Y, v € V:

(22.30) Theorem. Let G = (V,€,Z,0,p) be a metric graph, and for every v € V let
constants p! > 0, py' > 0 for | € L(v), p} > 0 and a measure pY on G\{v} be given with

i+ > py +p§+/ (1 - e "9) pY(dg) = 1,
1L (v) G\{v}

and

py(G\{v}) = +oo, if Py +py =0,
leL(v)

as well as p4(CBs(v)) = 0 for some § € (0,miner p;). Then there exists a Brownian
motion X on GU{O",v € V} with {{0",v € V} being an isolated, absorbing set for X, such
that X has infinite lifetime, is continuous inside all edges, satisfies X, € Bs(v) U {0"}
P,-a.s. for all e < §, v € V, and admits the Feller—Wentzell data

1
(07 (p; )lEE(v)7p§7pX + pll} EDU)UEV'

Proof. This proof proceeds analogously to the proof of theorem (22.29), except that we
need to adjoin the isolated points [JY, v € V, to the partial processes and revive them
there before gluing the partial graphs together.

If [V| = 1, then G is a star graph, and the construction of section 21 (again with
theorems (21.61), (21.66), and lemma (21.12)) gives a Brownian motion on G with the
needed properties and Feller—Wentzell data

1
(pquv (pg )leﬁ(v) ) pg) pZ) .

By concatenating it with the constant process on {{JV} with the technique of subsec-
tion 11.1, revive this Brownian motion on a new, isolated, absorbing point [1¥. Then
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a computation which exactly follows the proof of lemma (22.5) yields that the revived
process is a Brownian motion on G U {0V} and its Feller-Wentzell data at v reads

j
(0, (Py" )iec(w) P3, P4 + PY ecv).

Now let V = {v1,...,v,}, and assume that the assertion of the theorem holds for any
graph with less than n vertices. Then decompose the graph G into G—! and G, as done
in subsection 22.4, for V:l = {v1,...,vp1} and Y+l = {v,}. By assumption, there

exist Brownian motions X/ on G7 U {{0Y, v € V/} with the needed path properties and
Feller—-Wentzell data

al j
(0, (P3)c 750y B P O W + D1 Ev) ey
with p”’ez = p;’i for i € Z,(v), v € V/. We then again follow the construction of
subsection 22.4 to glue X! and X*! together, and theorem (22.9) yields the result. [
It remains to implement the “global” jumps:

(22.31) Theorem. Let G = (V,E,Z,0,p) be a metric graph, and for every v € V let
constants py > 0, p;’l >0 forl € L(v), p§ > 0 and a measure pj on G\{v} be given with

P+ Y oy 4l +/ (1— e @9 pl(dg) =1,
1L (v) G\{v}

and

py(G\{v}) = +oo, if py 4+ py = 0.
leL(v)

Then there exists a Brownian motion X on G which is continuous inside all edges, such
that its generator satisfies

9(4)c{fecd(@) :vwev:

v vl pr s L v _
PI0) = 3 0+ B0 = [ (7l0) - S itds) =0}

Proof. Let § > 0 with 6 < min;c, p;, and define for every v € V
ai =7 +p5(CBs(9)), i = pilg, -

Then, introducing the normalizing factor

-1
e = (af + Py +p8 + (1—e~9) g5 (dg))
1€L(v) g\{v}
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enables us to employ theorem (22.30) in order to construct a Brownian motion X'
on G U {0, v € V} which has infinite lifetime, is continuous inside all edges, satisfies
X;. € Bs(v) u{d"} Py-ass. for all e < 0, v € V, and has the Feller-Wentzell data

(08 (07 (pg’l)leﬁ(v%pga qzlj + q’llj EDU))ygV'

As X! has infinite lifetime, we can use the construction of subsection 11.4 to adjoin
a new, isolated, absorbing point [0 to X', resulting in a Brownian motion X? on the
metric graph G U {0, v € V} U {0} with the same Feller-Wentzell data as X! for all
v € V, and additional Feller—Wentzell data (0,0, 1,0) at the new vertex [J.

Let X3 be the right process on G U {{J} which results from killing X2 on the absorbing
set {0V, v € V} (see subsection 12.2). As X3 is strong Markov and X} = X? for all
t < Hy, X3 is a Brownian motion on G U {{J}, and lemma (22.3) asserts that the
Feller-Wentzell data of X3 reads

(08 (Qi}’ (pgl)leﬁ(v)?pg’ qZ))vGV'

Now construct X* as the revived process obtained from X3 by the identical copies
method of subsection 13.1 with revival distributions

= (g}) 7" (pf e +1ilgpyw)> VEV
Then by lemma (22.5), X* is a Brownian motion on G U {0}, and its generator satisfies
Z(A) C {f cCiGu{d}) :YweV:
CU pU
- 2 et + T
lel(v)

- /<g\{v})u{m} (£(9) = F(0)) B (PS] 0y + PV 20 + Bl 0) (d9) = O

={reciu{n}):wev:

v P3
= 2 B+ 5 )
leL(v)

- /(9\{v})u{m} (f(9) = f(v)) (pi + pien)(dg) = 0}_

Finally, employ again the construction of subsection 12.2 in order to kill X% on the
isolated, absorbing set {{J} to obtain the Brownian motion X° on G. Lemma (22.2)
asserts that the domain of its generator satisfies

.@(A)g{fecg(g):\mev:

RIw) - X B A + B - |

(f(g) = f(v)) pi(dg) = 0}. 0
leL(v) G\{v}
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