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Convergence Towards the Vlasov—Poisson
Equation from the N-Fermionic
Schrodinger Equation

Li Chen, Jinyeop Lee and Matthew Liew

Abstract. We consider the quantum dynamics of N interacting fermions
in the large N limit. The particles in the system interact with each other
via repulsive interaction that is regularized Coulomb potential with a
polynomial cutoff with respect to N. From the quantum system, we derive
the Vlasov—Poisson system by simultaneously estimating the semiclassical
and mean-field residues in terms of the Husimi measure.

1. Introduction

In this study, we consider a system of N identical spinless fermions character-
ized by the wave function ¢y : R*N — C in L2(R3N) with HQ/}NHQLz = 1. The
antisymmetric space L2(R3N), which is a subspace of L2(R3"), is given by

L2(R*N) = {¢n € L2(R*N) : N (Tr(1)s - - - T ()
= ex¥n(x1,...,2nN), for all?TESN}, (1.1)

where Sy is the odd-permutation group and e, is the sign of the permutation 7.

The antisymmetric space considered above is a reflection of fermions
obeying the Pauli exclusion principle, i.e., no two identical fermions simul-
taneously occupy the same single quantum state. It is observed that when N
fermions are initially trapped in a volume of order one, their kinetic energy is
at least of order N®/3. This implies that the coupling constant should be chosen
as N~1/3 to balance the order of the potential energy and the kinetic energy
in the Hamiltonian. Thus, the mean-field Hamiltonian acting on L2(R3*Y) is
given by
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N
1 1
Hy = —izij + WZVN(xi _xj)a
j=1 i
where A, is the Laplacian acting on particle z; and Vi is the interaction
potential given by the regularized Coulomb potential defined as follows:

Definition 1.1. For any z € R? and let V(z) = |z|~!, then we call the following
Vi to be the regularized Coulomb potential:

Vn(z) = (V * Gpy)(), (1.2)

where Gg, (x) := W(e_(w/ﬁmz.

The regularized Coulomb potential defined in (1.2) can be understood
as an interaction potential between spherical particles with a vanishing radius
Oy — 0 as N — oo. This method of using the regularized Coulomb potential
depending on N — oo has been applied in many works, for example, in [35,
43] for the derivation of the Vlasov—Poisson dynamics from N-body classical
dynamics. In [17], such a regularized potential was considered for the bosonic
case.

Observe that, the time-dependent Schrédinger equation is given by

iﬁ#/’N,r = HNwN,Ta

for all Yy, € L2(R3Y) and 7 > 0. Since the average kinetic energy for each
fermionic particle is of order N2/, then its average velocity is of order N/3.
Therefore, in the mean-field regime, the time evolution of the fermion system
is expected to be of order N~1/3. Rescaling the time variable t = N'/37, one
obtains the following Schrodinger equation for N fermions:

NY3idpn s = Hyn 4. (1.3)

As suggested in Thomas-Fermi theory in [44,46], we set h = N~1/3 as
the semiclassical scale. Then, multiplying both sides of (1.3) by A%, we obtain
the time-dependent Schrédinger equation as follows:!

. R Y | X
ih0yhN e = *?;Az_i + ﬁZVN(%‘ —25) | YNt (1.4)

i#]
YN0 = YN,

where 1) is the initial data in L2(R3"). The choice of other coupling constants
for different scenarios is summarized in [6].

Solving numerically the Schrédinger equation in (1.4) with a large particle
number and analyzing the behavior of its solution is hard even for N = 1000.
An efficient way to analyze and solve the behavior of a large quantum system
is to derive its corresponding effective evolution equations. Therefore, we con-
sider the density matrix operator instead of the wave function 1 ;. Namely, for

1Note that A here can be interpreted as the effective Planck’s constant.
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t > 0, we define the 1-particle reduced density matrix vy ¢, a positive semidef-
inite trace class operator in L2(R*"), with trace equal to N. Specifically, for
pure states, it is an operator with the corresponding kernel given by

’Y](\},)t(xvy) :N//dIQdIN 1/)N7t(y,$2,...IN)?/JN¢($,$2,...,IN),

for any normalized ¢y, € L2(R3YN). It can be easily shown that the trace of the

1-density particle is given by Tr*y( ) = N. Furthermore, for indistinguishable
fermions, we can analyze the quantum dynamics by density matrices depending
on a small number of particles, 1 < k < N. Denoting Tr*) as the k-partial
trace, we define the k-particle reduced density matrix as

Vz(v)t = mrﬁ( YN, (1.5)

where its corresponding integral kernel is given by

(k)

’YNt(xlww xk;yla"'vyN)
NI
(N Bl / /d$k+1 Az N YN (T, Ty Thg 1y - TN YL - - -
yk,karl,...,{EN).
We denote the inner-product of LZ(R3Y) as (¢,¢) = [dazo(z)¢(z).

Given any N and time ¢, the expectation of the physical observable associ-
ated with a self-adjoint operator O is given as

<¢Nt,0'(/}Nt / /dl‘l de T/JNt(JSl,...,l‘N)(O’(/)N,t)(.rl,...,$N).

Equivalently, we can write the expectation of an observable O with
TrOVN: = (¥nt: OUng) (1.6)

and the expectation of any k-observables O*) is

N!
(0N © 1Y) ys = 5 O

Therefore, the k-particle reduced density matrix 71(\];) is also a positive semi-

definite trace class operator with trace

Tryy; (N—k)!'

With a k-particle density matrix, we can avoid analyzing the complicated
case with N-particles by finding an approximating effective equation that de-
scribes the system. In the fermionic case, we let 7](\},)0 = wp, a l-particle density
matrix associated with initial state ¢, be a Slater determinant defined as

YR (2, o) = (N!)_l/2 det{ei(xj)}]-v (1.7)

i,j=1>



558 L. Chen et al. Ann. Henri Poincaré

for any family of orthonormal bases {e; }j\;l C L?(R3). In particular, we have

N
wy = lej ) e, (1.8)
j=1

which corresponds to the 1-particle reduced density matrix with an integral

kernel of wy (z;y) = Z;\le ej(y)ej(z). In [57], the mean-field approximation of

the Schrédinger equation is given by the following Hartree—Fock equation:
{iham,t = [~R2A+ (|- [T o) — Xiy wiva]

wN,t|t:0 = WN,

(1.9)

where pn; has the integral kernel %wN,t(x;x), X, is the exchange operator
with the integral kernel 4|z — y| *wn¢(2;y), and the commutator is denoted
as [A, B] := AB — BA for any bounded operators A and B.

The mean-field limit from the Schrédinger equation to the Hartree—Fock
equation has been studied extensively. In [23], where the Slater determinant
constitutes the initial data and a regular interaction is assumed, the conver-
gence is obtained by the use of the Bogoliubov—Born—-Green—Kirkwood—Yvon
(BBGKY) hierarchy method for short times. In [10], the rates of convergence
in both the trace norm and Hilbert—Schmidt norm for pure states are obtained
for an arbitrary time and more general potential in the framework of second
quantization. The extension to mixed states has been considered in [8] for
a positive temperature and for the relativistic case in [11]. Furthermore, by
utilizing the Fefferman—de la Llave decomposition presented in [6,25,34], the
rate of convergence, with more assumptions on the initial data is obtained in
[57] for Coulomb potential and in [59] for inverse power law potential. Further
literature on the mean-field limit for fermionic cases can be found in [27,53-55].

The semiclassical limit from the Hartree-Fock equation to the Vlasov
equation has also been extensively studied. In [47], this is achieved by using
the Wigner—Weyl transformation of the density matrix. In [9], the authors
compared the inverse Wigner transform of the Vlasov solution and the solution
of the Hartree—Fock equation and obtained the rate of convergence in the trace
norm as well as the Hilbert—Schmidt norm with regular assumptions on the
initial data. In fact, [9,60] utilized the k-particle Wigner measure as follows:

WJ(\/{iz)E(xlapla SRR 7xkapk:)

N ! & (k) h h
= (k) /-/(dy)® TNt $1+§yla-~-7$k+§yk;$1 (1.10)
h h

— — iZkzl piYi
ey, L e i N
2y1 k 2yk>

where fyy;)t is the kernel of the k-particle reduced density defined in (1.5).

The works in this direction have also been extended for the inverse power
law potential in [61], rate of convergence in the Schatten norm in [42], Coulomb
potential and mixed states in [60], and convergence in the Wasserstein distance
in [40,41]. The convergence of relativistic Hartree dynamic to the relativistic
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Vlasov equation was considered in [21]. Further analysis of the semiclassical
limit from the Hartree—Fock equation to the Vlasov equation can be found in
[2,3,5,28,51].

We can combine both mean-field and semiclassical limits and directly
obtain the convergence from the Schrédinger equation to the Vlasov equation.
The notable pioneers in this direction are Narnhofer and Sewell in [52] and
Spohn in [64]. They proved the limit from the Schrédinger equation to Vlasov,
in which the interaction potential V' was assumed to be analytic in [52] and C?
in [64]. The rate of convergence of the combined limit in terms of the Wasser-
stein (pseudo)distance was obtained in [31-33]. In fact, the authors studied
the rate of convergence in terms of the Wasserstein distance by treating the
Vlasov equation as a transport equation and applying the Dobrushin estimate
with appropriately chosen initial data. Then, the result for the Husimi mea-
sure was obtained by transforming its Wigner measure similar to (1.11) with
a specifically chosen coherent state. In this study, we instead consider a more
generalized coherent state. Recently, the combined limit for the singular po-
tential case was obtained in [18]. They provided a derivation of the Vlasov
equation using the weighted Schatten norm with a higher moment, and more
conditions on the initial data were assumed.

Nevertheless, it is known that the Wigner measure defined in (1.10) is not
a true probability density, as it may be negative in a certain phase space. This
is shown numerically in [39] for chosen Fock states. Moreover, in [38], a vis-
a-vis comparison of the classical and quantum systems of a nonlinear Duffing
resonator shows that the classical system develops a probability density in the
traditional sense, while the quantum system yields a negative region in phase
space corresponding to the Wigner measure. In fact, it is proven in [37,50,63]
that the Wigner measure is nonnegative if and only if the pure quantum states
are Gaussian. Additionally, in [13], it is stated that the Wigner measure is
nonnegative if the state is a convex combination of coherent states. The issue
of incompatibility between the quantum Wigner and classical regimes remains
an open question [14].

Nevertheless, it has been shown that we can obtain a nonnegative proba-
bility measure by taking the convolution of the Wigner measure with a Gauss-
ian function as a mollifier; this is known as the Husimi measure [19,26,66]. In
particular, from [26, p.21], given a specific Gaussian coherent state, the rela-
tion between the Husimi measure and Wigner measure is given by the following
convolution: for any 1 < k < N,

G NN=1)-(N—k+1)
n‘LN,t: Nk;

Wi *G", (1.11)

where mg\];‘)t is the k-particle Husimi measure and

k
G" = (xh) " exp | —n7" Z lq;1% + 1p; |
j=1
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N-fermionic Schrodinger } N=voo s Hartree Fock

h—0
Liouville N—oo Vlasov

FIGURE 1. Relations of N-fermionic Schrodinger systems to
other mean-field equations [15,30,31]

The smoothing of the Wigner measure presented in (1.11) motivates the
objective of our study: to directly obtain the Vlasov—Poisson equation from
the Schrodinger equation in terms of the Husimi measure.? In fact, we have
explored the direct method in [15] with the use of the BBGKY hierarchy
method, under the assumption that V' € W2°°(R3). The main contribution of
the current work is that by using the generalized version of Husimi measure
defined later in (2.10), we are able to write N-fermionic Schrodinger equation
directly into Vlasov type of equation in (3.4) and obtain a convergence in
combined limit without the use of BBGKY hierarchy method. Furthermore,
compared to [15], the new remainder terms in (3.4) obtained in this paper
allow us to handle the regularized Coulomb potential defined in (1.2).

Note that the case for bosons has been extensively studied. In fact, there
are more studies on bosonic cases than on fermionic cases. As bosons are not
the main concern of this paper, we mention only a selected few of these studies
in passing. In particular, [24] proved that the Schrodinger equation for bosons
converges to the nonlinear Hartree equation for the Coulomb potential. In
addition, the convergence for the aforementioned equation is obtained in [58]
with a rate of N'/2 for the Coulomb potential. The convergence rate of N~!
has been optimized in [17] for the Coulomb potential, as well as for more
singular potentials in [16].

This article is organized as follows. Brief introductions to the second
quantization and Husimi measure are presented in Sects. 2.1 and 2.2, respec-
tively. This is followed by the statement of our main theorem and proof strat-
egy in Sect. 3. Then, uniform estimates are given in Sect. 3.2, followed by the
proof of the main theorem in Sect. 3.3. The estimates for the residual terms
are covered in Sect. 4.

2See Fig. 1.
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2. Preliminaries

2.1. Second Quantization

In the study of large particle systems, we expect the operators to interact with
different Hilbert spaces of the N-particle system by creating and annihilat-
ing particles. Therefore, to analyze a large particle system, it is convenient
for us to build a ‘larger’ Hilbert space that accompanies the aforementioned
interactions, equipped with the norm || - ||. In particular, for a large fermionic
system, we consider the Fock space for fermions as

-7:@ =C @ Lg(R3n7 (dx)®n)7
n>1
where L2(R®"; (dz)®™) represents the n-fold antisymmetric tensor product of
L?(R3). Moreover, the vacuum state is denoted as Q =105 0® - - - € F,.

For f € L%*(R3), the annihilation operator a(f) and creation operator
a*(f) acting on ¥ =€P, - ™ € F, are defined by

(a@7WY")ﬁ:¢n+f{/dw?65wm+“@amjuwxnx
(a (f) (n)- fo (n 1) (T1, 0 Tjm1, T 15+ o+, T

Here, ¥(™ denotes the n-th particle sector of U € F,. Following the notations
from [10], we will use the operator valued distributions a* and a,, to represent
the creation and annihilation operators:

fm=/mﬁm@,dﬁ=/mﬁﬂw (2.1)

Note that the operator-valued distribution a}, formally creates a particle at po-
sition = € R3, while the operator-valued distribution a, annihilates a particle
at x.

Furthermore, by the corresponding canonical anticommutation relations
(CAR) in the fermionic system, we have that for any f,g € L*(R3)

{a(f),;a™(9)} = (f,9), {a"(f),a"(9)} = {a(f),al9)} =0, (2.2)

where {A, B} := AB + BA is the anticommutator. Following from (2.2), the
CAR for operator kernels holds as follows:

{az,ay} = 0u—y, {ay,ay} ={az,ay} =0. (2.3)
For any normalized ¥y ; € F,, it is straightforward to show that
2 2 *
Na()Unell” <[l Ml (H)IF = llal(] (24)

for any f € L*(R3).2

3See Theorem 3.52 in [20] for a more pedagogical approach to the annihilation and creation
operator for the fermionic case.
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We extend the Hamilton operator appeared in (1.4) acting on L2(R3M)
to an operator acting on the Fock space F, by (Hy W)™ = Hg\?)t/}(") with

n o~ 1P 1
Hgv) :Z_EAZJ' +WZV(;U2- —zj).

j=1 i#j
Then, we can write the Hamiltonian Hy in terms of the operator-valued dis-

tributions a, and a by

52
Hy = 5 dz VgzaiVza, + IN //dxdy Vn(z —y)azayaya,.  (2.5)

In this article, we will consider only the following Schrédinger equation
in Fock space:

{iha&N,t =HyUn,, 26)

Uno= "y,
for all Uy, € F, and ||¥n || =1 for ¢ € [0,T].

Next, we denote the number of particles operator and kinetic energy
operator as
h2
N = /dx ata, and K= —/dx ViV pa,, (2.7)

respectively.
For any given W € F, in the n-th sector, we can interpret the number of
particles operator as

N@)™) = np™), (2.8)

where ¢ € L2(R3") for any n > 1. In the vacuum state, we have N'Q = 0.
It is therefore straightforward to show that for & > 1,

(Un e, NFON ) = N(N =1)--- (N —k+1),

for any normalized ¥y, € F, and t > 0. Clearly, the relation between the
number of particles operator and the 1-particle reduced density matrix is given
as

(Une; NN ) = /dw (UNt) Q@ VN t) = 7](\2(11);111),

and observe Tm](\}’)t = N.

2.2. The Husimi Measure

We use the definition of the Husimi measure given in [26]. Let f be any real-
valued normalized function in Hilbert space; then, the coherent state is defined
as

qh,p(ll) =hTif <y\;ﬁq) erPY, (2.9)
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Then, the projection of coherent state is given by

ﬁ // dgdp|fy ) {fipl = 1.

For any U, € F,, 1 <k < N andt > 0, the k-particle Husimi measure
is defined as

mg\’fft(thh--wq:c,pk)
::/~~/(dwdu)®k (w)fgp(u ) <\I/N b Aoy, Ay Gy ~~~au1\IIN,t>
®k
/ /dUJdu ®k fq,p(w) ap(u )) 75\5?,)1:(”17”wuk:;wl:"'ywk)v (2.10)

where we use the short notations

__ \®k
(dwdu)®* := dw;duy - - - dwydug, and (ffp(w)fg‘p(u))

k —
H a3 { q] p; (U5)-

The Husimi measure defined in (2.10) measures how many particles, in par-
ticular fermions, are in the k-semiclassical boxes with a length scale of vA
centered in its respective phase-space pairs, (q1,p1),- .-, (qk, Dk)-

Remark 2.1. The Husimi measure (2.10) is a more generalized version of (1.11).
If f is given by a Gaussian function, then the definitions of ms\l,c) and mg\,) co-

incide.

Then, we observe that by using the operator kernels defined in (2.1), the
Husimi measure can be expressed by
The relation between the Husimi measure and the number of particles

operator can be expressed as follows, for the 1-particle Husimi measure my; :=

(1)
Myt

//dqdp mn,+(¢,p)
//dqdp//dwldm fr wl)vN ), (wisu) fR(ur)
o (258)58) v

= (27rh)3h_%//dq1dw1 f(wl\/_ﬁ(h>' 'Y](\:fl)t(wlvwl)

= nn)® [z 7@ [ dun 0 wriwn)
— (20)?,

where we use the Dirac-delta &, (y) := (2rh)~3 feihp'(“"’y)dp. Further prop-
erties of the Husimi measure are covered in Lemma 3.1. Observe that if the
initial data is described by Slater determinant as in (1.8), then the Husimi
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measure at initial time is

N
m]S\}ater(%p) = Z/ dwduy fqh,p(wﬂej(wl)ej(ul)fgp(ul)~ (2.11)
j=1

We are now ready to state the main theorem.

3. Main Result

In this section, we provide our main result, proof strategies, and the a priori
estimates. The complete proof will be presented in Sect. 3.3. In the following,
we denote V, f and V, f to be the gradients of f with respect to the position
and momentum variables, respectively.

Theorem 3.1. Suppose that Vy is the reqularized Coulomb potential given in
(1.2) with By ;== N~ and0 < e < i hold. For any fizedT > 0, let U, € Fo,
t € [0,T], be the solution to the Schridinger equation (2.6) with the Slater de-
terminant as the initial data. Let my ;. be the 1-particle Husimi measure defined
in (2.10), where f is a compact supported positive-valued function in H'(R?)
with || f|| 12 = 1. Moreover, let m3/" be the initial 1-particle Husimi measure
with its L'-weak limit mg and there exists a constant C > 0 independent of N

such that
/ / dgdp (IpP? + al)ymn (¢,p) < C. (3.1)

Then, my; has a weak-* convergent subsequence in L°°((0,T]; L*(R3 x R?))
with limit my, and my is the solution of the Vlasov—Poisson equation with
repulsive Coulomb potential,

{atmt(qm) +p-Veme(q,p) = V(|- |71 % 0¢)(q) - V(. p),

mi(g,p)|,_o = mo(g:p), (32)

in the sense of distribution where o,(q) :== [ dpmi(q,p).

Remark 3.1. Since the total energy is conserved in this problem, the assump-
tion of repulsive interacting potential is important to give uniform estimates
both for kinetic energy and potential energy.* In fact, the result in Theorem
3.1 holds also for attractive singular potential if the kinetic energy can be
bounded uniformly in N.

Remark 3.2. 1t is proven in Proposition 3.1 that the first moment of the Husimi
measure my ;¢ is uniformly bounded. Therefore, by Theorem 7.12 in [65], the
convergence stated in theorem also holds in terms of the 1-Wasserstein metric.®

4See Lemma 3.2 below.

5The 1-Wasserstein metric is defined as W1 (i, v) := maxX.eri(y,) | [ =yl dn(z,y), where p
and v are probability measures and II(u, v) the set of all probability measures with marginals
pand v [65].
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Remark 3.3. In [31], the rate of convergence from Schrédinger to the Vlasov
equation in the pseudometric is obtained for the interaction potential V€ C1:1.
In addition, the authors commented that their result can be extended for the
truncated Coulomb interaction, but with order higher than C'//v/In N for some
constant C' > 0. In Theorem 3.1, the mollification of the Coulomb interaction
can be handled with polynomial truncation.

Remark 3.4. The global existence of classical solution to the Vlasov-Poisson
equation in 3-dimension is proven in [48,56] for a general class of initial data.
The uniqueness of the solution is proven in [48] for initial datum with strong
moment conditions and integrability. In [49], the uniqueness of the solution is
also proven for bounded macroscopic density. Furthermore, the global existence
of weak solutions is provided in [4] for bounded initial data and kinetic energy.
The result is then relaxed to only LP-bound for p > 1 in [29]. Result on
existence with symmetric initial data is proven in [7,22,62]. For other results,
we refer to the works given in [1,12,36] to list a few.

3.1. Proof Strategies

From [15, Proposition 2.1], we obtain the following equation from the
Schrédinger equation given (1.4), i.e

Omn (4 p) +p- Vemuni(q,p) — Vg - (RS (Vea(fl )N, alfl )N ))

~ s [ awtn [ v, [[ avutps (11,01 75550) "

1
/ ds VVy (su1 + (1= s)w — wg)fyj(\?,)t(ul,uz;wl,wg), (3.3)
0

where we denote

(@) T @) = iy 0 T 1) £ g (102) T )

In particular, this can be rewritten into the Vlasov equation with remainder
terms, i.e.,

atmN,t(Qap) +p : quN,t(qap)
' /dQZva(Q —@2)oni(@2)mn(q,p) + Vg R+ VY, R,
(3.4)

~ e

where on+(q) :== [ dpmn (g, p), R and R = R; + R, are given by
R :=hS <V a(fL )N a(fl ) on e,

Ri = 2ﬂ)3 //dwldul //dwgduz //dq2dp2 fo o) fE,(u) (u))

{/ ds VVx (su1 + (1 —s)wr — wz) — VVn(qg— qz)} “/N,)t(ul’“%wlﬂw)’
0

Ra = ﬁ//dwldul //dUJ2dUQ //.dQdez (fgp(w)m>®2

VVn(g—q2) I:'Y]g’)t(ulau%wlva) VN t(U1,w1)’7N t(u27w2)} (3-5)
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The main contribution of this article is to rigorously prove the limit N — oo
from (3.4) to the Vlasov—Poisson equation (3.2) in the sense of distribution.

First, from the uniform estimate of the kinetic energy shown in Lemma
3.2, we prove in Proposition 3.1 the uniform estimate for the moments of
Husimi measure. Additionally, because the Husimi measure belongs to L
([0, T]; LY (R3) N L>°(R3)) (see Lemma 3.1), we obtain directly the weak com-
pactness of the two linear terms on the left-hand side of (3.4) by the Dunford—
Pettis theorem.%

For the quadratic term on the right-hand side of (3.4), the classical
Thomas-Fermi theory gives that oy, € L>([0, T]; L%/3(R?)). With the a priori
estimate obtained in Sect. 3.2, the Aubin—Lions compact embedding theorem
shows the strong compactness of VV * gn ;.

The estimate for the remainder term R is provided in [15, Proposition
2.4]. Thus, the main work of this paper is dealing with the challenging term R.
Unlike the BBGKY hierarchy used in [15], where the remainder term contains
only the difference between the 2-particle density matrices, we write the term
R as a combination of the semiclassical and mean-field terms as Rq and Ro,
respectively.” Thus, the factorization effect can be directly obtained from Ry
instead of using the method of the BBGKY hierarchy.

The estimates for R; and Ry are shown in Proposition 4.2 and Proposi-
tion 4.3, respectively, in which we utilize the estimates of the ‘cutoff’ number
operator and momentum oscillation presented in Lemma 4.1 and Lemma 4.2,
to control the growth of the Lipschitz constant Vi, which is of order 5&2.

3.2. A priori Estimates

We present in this subsection a sequence of estimates that is used repeatedly
in the proof.

First, we cite the following properties of k-particle Husimi measures from
(or [15, Lemma 2.2] for the time dependent version).

Lemma 3.1. Suppose that Uy, € F, is normalized for any t > 0. Then, the
following properties hold true for mg\lz)t,

k . )
1. mgv,)t(qm, ceey Qk,pk) 18 symmetric,

2. g F-(dgdp)P*m Gy (qp, -, g i) = NEDLNZEED,

3. ﬁ J[ dgrdpr m%ft(qm, Gk, PE) = (N*kJrl)mE\If;l)(q,pv ces -1,
Pr—1),
40 <l (a,p, - aqe o) <1 ae,
where 1 < k < N.

Then, due to the conservation of energy and the repulsive effect of the
Coulomb force, we obtain the following estimate for the kinetic energy.

6See Proposition 3.2.
"See (4.5) for the full structure.
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Lemma 3.2. Assuming that Vy(z) = 0 and the initial total energy is bounded
in the sense that %(‘IIN,HN\IJN> < C, then there exists a constant C' > 0
independent of N such that

K
<¢N7t, N\IIN,t> <C. (3.6)

Proof. We define the operator

1
=% // dzdy V(z — y)azayayas.
Since Vi > 0, we have (¥n;, VN Un ) > 0. Then
(Unt, HNUne) = (Une, KON ) + (U, YN U ),
implies
0< (Un, KUn) < (U, HN U ).

Hence,

i<\Il K ><i<\I! HyW )—i<\1/ HyON) < C

NN AN S F YN RN NG = (VN HvWa) < ©

O

Consequently, the moment estimate of the Husimi measure is obtained
directly from the uniform bound in Lemma 3.2.

Proposition 3.1. Fort > 0, we have the following finite moments:

/ dgdp (lq| + |pI*)mn.(q,p) < C(1 + 1), (3.7)

where C > 0 is a constant that depends on initial data [[ dgdp (|q| + |p|*)mn
(¢,p)-

Proof. First, from equation (2.16) in [15], we obtain that

(e owe ) = oy [ Q0o Prossta) + [ aalvs @,

(3.8)
which implies that

K
W/ dgdp [p|*mn+(q,p) < <¢N,t, N¢N,t> < O, (3.9)

where we use Lemma 3.2 in the last inequality.
Then, for the moment with respect to ¢, we obtain from (3.4) that

//dqdp lglmn . (q,p) //dqdp lg|0ymn +(q,p)

//dqdp Iql( p-Vymn.i(q,p) + (%) Vp

// dwyduq // dwdus // dQdez/ ds
0
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VV(S'UQ +(1—s)w — wg)ftip(wl) qh,p(ul) [Zm (wg)fqh%p2 (uz)

(g Oy O N 5 Quy Gy U g) + Vg - ﬁ) (3.10)

By applying the divergence theorem first with respect to p and then with
respect to ¢ in (3.10), we obtain

// dgdp |glmn,i(q,p // dqdp -pmn.(q,p)
< //dqdp (1+[p|*) - mn.(q,p),

where we use Young’s product inequality. Finally, taking the integral over ¢,
we obtain the desired result. O

3.3. Proof of Theorem 3.1
First, denoting on¢(q) := [ mn+(g, p)dp, recall the Vlasov equation

dymp,i(q,p) +p-Vemn,i(q,p)

1 ~
= va . /d(hva(q — QQ)QN’t(qg)mN’t(q’p) +V, R+V, R
1 ~
= W(VVN * QN,t)(Q) . meN,t(%p) + Vq R+ vp . R, (311)

with

_th<V Cl( \IJNt7 fqp leNt>

®2
= (27) //dwldul //dwgduQ/ dqadpz qp w) qp(u))

[/ ds VVy (su1 + (1 —s)w — wg)’y](v))t(uhug,wl,wg)
0

—-VVn(q— Q2)71(\},)t(ul; wl)Wg\},)t(U% wz)} . (3.12)

The main task is now reduced to taking limits in (3.12). In fact, Sect. 4 is
devoted to deriving the estimates for the residuals. As a summary, it is proven
in Sect. 4 that for p, ¢ € C§°(R?), there exists a positive constant K such that

’/ dgdp ¢(q)d(p)V, R(q,p)’ < Khi

‘// dgdp ¢(q)6(p)Vy - R(%p)’ < K (h3(Em—5)=20 4 piloa=3)-20)
(3.13)

where 2 < a1 <1, 4 <y <1and 0 < § < 1. The estimates in (3.13) show
that the residual terms converge to zero in the sense of distribution.
Next, we have the following result on weak convergent in L':
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Proposition 3.2 (Proposition 2.7 of [15]). Let {mn:}nen be the 1-particle
Husimi measure; then, there exists a subsequence {mny;,};jen that converges
weakly in L'(R3 x R3) to a function (2r)3my; i.e., for all ® € L>=°(R? x R3),
it holds that

dgdp my; (g, p)®(q,p) — //dqdp m¢(q, p)®(q, p),

asj—>oo.

Remark 3.5. The proof for Lemma 3.2 is obtained by proving its uniform in-
tegrability and employing the Dunford-Pettis theorem for L' compactness.

Furthermore, to prove the convergence of the nonlinear term (VVy *pp)-
Vpmn ¢, we first show the strong convergence of VVy * py.

Lemma 3.3. Let Vi be defined as (1.2). Then, for t € [0,00), there ewists
constant C' > 0 independent on N such that

||VVN * QN’t||L°°([O,oo);W1%(R3))
10:(VV * on.t)l|

<C, (3.14)

Lo (000w sy S (3.15)

Proof. From Lemma 3.1 and Proposition 3.1, one finds that my, is uni-
formly bounded in L>([0,00); L'(R3 x R3)) N L>([0,00); L= (R3 x R3)) and
Ip|*mn.+(g, p) uniformly in L>°([0,00); L} (R3 x R3)), respectively. As a conse-
quence, it holds that

llowiell e o,001:2.8 sy < &

Thus, Viv*on = V*Gg, * 0N, is uniformly bounded in L ([0, 00); W23 (R3))
due to the fact that V is the fundamental solution of the Poisson equation and

||gﬂN ‘QNtHLoo( );Lg(Rfj)) \ ||g5NHL1 ]R3) ||‘QNt||L°°(OOO)L3(R‘5))

This implies the result (3.14) directly.
To prove (3.15), recall again the transport equation for my

omys+p-Vemn, — (VVN*ont) - Vpmne = V- R +Vp R,

1
(2m)?
(3.16)
where on+(q) :== [ mn (g, p)dp. Taking the integral with respect to p,
O / dpmn,¢(g,p) + Vg - / dpp mn+(q,p) = Vg - / dpR.

Next, by taking the convolution with VVy, we obtain

0 (VVN % ont) + Vg (VVN @y Ing) = Vg - (VVN R /dpﬁ) )
(3.17)
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where Jn.(q) := [ dpp mn,(q,p), (u®4v);; = u; *v; for u,v € R3. Then, we
observe that
’/dpp mN,t(va)’

! ! .
< [ / dePQmN,t} { / dpmN,t] = [ / dp|p|2mzv,t] 0%y (3.18)

Therefore, we have

/dQ|JNt |1 /dq‘/dppmm qp)
< { / / dgdp |p2mN,t:| { / dq@;’gv,t} <G,

where we use Proposition 3.1 in the last inequality, yielding that Jy: is
uniformly bounded in LOO([O,oo);L%(Rg)). Then, for any test function ¢ €
L% (R3), we obtain for a.e. ¢ > 0 that

/ dali(q)

< /dq|<p(q)| ’/dqQVV(q —q2)98y * INt(q2)

o

| /dqQVVN(q — q2)JIn,t(q2)

< [ dadasle@I9V(a = @G * Twala)] < Cll, i 19 = vl 5

<Cllell o2 11Gaxll: el 5 < Cllell, 12

where we use the Hardy-Littlewood—Sobolev inequality in the third inequal-
ity. This implies that by using dual formulation of LP norms and taking the
supremum in (p eL¥ , one obtains that VVy * Jy; is uniformly bounded in
L([0,00); L7 (R?)).
Therefore, focusing on the estimate of 7€, we have

[an®| <n [ | (Tuatr) oty ons) |

[ ap[9aatsgy 0l llat £ 0

[

< [h [ (Va0 Vil )m>] [ [av mN,t<q,p>]§

_ [hZ/dp<an(pr)\I/N7t,an(fzp)TN7t>]
Note that since it holds that

0 / / dgdp (Va(£L)Un 1 Vaalfli) U v

— h? //dqdp// dwdu Vg f < ) Vof ( Tr ) en? (w—w) (Unt, anauVne)
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143 -1 w—q 2 *
= h2 // dqdw h Vf W <\I/N’t,awaw\1/]\[’t>

= h4/dEj|Vf(Ej)|2 (UN,e, NN 1)
< R|IVAS,

this implies

/dq‘/dp R
5 3
s [52 //dep <an(f<ip)\PN7t’vqag{ip)\pjv)tﬁ (/ dqgf\u) <h

Repeating the calculation in (3.18), we have that VVy x f dpﬁ is uniformly
bounded in L ([0, 00); L7 (R?)), which implies that VVy* [ dp(V,-R+V,-R)
is uniformly bounded in L>°([0, 00); L7 (R3)). Thus, from (3.17), we have that
there exists a C' which is independent of N such that

10:(VVN = on,e)l]

This completes the proof for Lemma 3.3. g

5
4

N

C.

<C.

Lo ([0,00);W 1 7 (R3)) S

Finally, we conclude the proof of main theorem with the following com-
pactness argument.

3.3.1. Compactness Argument. As in Sect. 3.1, the weak convergence of the
linear terms in the Vlasov equation is obtained from Proposition 3.2. The fol-
lowing discussion is focused on the nonlinear term. Without loss of generality,
assume that ®(g,p) = ¢(q)¢(p) for any test functions p, ¢ € C§°(R?), and let
the sphere B, with radius £ > 0 be the support of ¢. Due to the Sobolev’s
embedding theorem, we have

W3 (By) «>L"(By) — Wb7 (By),

where g <r< % and «<— means the compact embedding. Recall the results
in Lemma 3.3, we have

I(VVN * ono)ll +10:(VVi * on o)

Then, by Aubin—Lions lemma, we obtain that there exists a subsequence de-
noted also by (VVy * on,) and h € L°°([0,T]; L"(By)) such that, as
N — oo, we have

VVi *on: — h in  L*([0,T]; L (R?)), (3.19)

C.

Lo ([0,00); W 3 (R3)) Lo ([0,00) = % (@) S

NeN’

where % <r< %5. The weak star convergence of g —* o¢ in L>((0,T); L3
(R?)), where g:(q) := [my(q,p)dp, and the definition of Vi in (1.2) imply
that the limit function h coincides with VV % g; a.e. in By.

Now, to show the convergence to the Vlasov—Poisson equation, we first
compute

/ ar / / dgdp p(q)Vpd(0) - [(VViv * o) (@)mne(a,p) — (TV * e0)ma(g, p)
0
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T
dt [ [ dgdp ¢(q)Vo(p) - [(VVN * on.¢)(q) — (VV * 01)(q)] mn.+(q,p)

T
+ [ at [ dadp o()9560)- (9 + 0)(@) o) = metap) '

T
dt [ [ dgdp ¢(q)Vpo(p) - [(VVN * on¢)(q) — (VV * 0¢)(q)] mN,t(q,p)‘
T
) dt [ [ dgdp ¢(q)Vpo(p) - (VV x 0¢)(q) [mn¢(q,p) — mi(q, p)] )
=: A1 + As.

Let us focus on the first term.

T
Al = dt [ dq ¢(q) [(VVN *on.t)(q) — (VV % 0t)(q)] - /dp Vpcb(p)mw,t(q,p)'
By
ST sup [[(VVN * o) = (VV o)l g, ‘@/dp Vpo(p)mn i (-, p)
tef0.7) ‘ L7 (By)
< Tt S[%pT] I(VVN * on ) = (VV 5 00l e ) 1@ Lo (5, IV R Bl L1 (3
€10,

< C’T ||(VVN * QN,t) - (VV* Qt)HLoo( 0,T];L"(By))

where we use the fact that 0 < my; <1 almost everywhere. Taking the limit
N — 00 on both sides, then we have

lim A; =0.
N—o0

We focus now on A;. We observe that since ||[my ||, is uniformly
bounded, it is implied that there is a subsequence still denoted by (mn¢)Nen
such that my; —* my in L°((0,T); L= (R3xRR3)) as N — oo. Since p(q)V,é(p)-
(VV % 01)(q) € LY((0,T); L*(R? x R?)), we have limy_o, Az = 0. This com-
pletes the proof of Theorem 3.1. O

4. Estimates of Residuals

To estimate the residuals outlined in (3.5), we first present the following im-
portant facts, which are used frequently in the proof: the h-weighted Fourier
transformation is given as

[wcwrw = [a GO G J[ vt Frojeir=,

for any given function F, G € L?(R3).
The results in [15] for the localized number operator and oscillation esti-
mates are

Lemma 4.1. (Lemma 2.4 of [15]) Fort > 0, let Un, € F, with |[Uny|| =1
and Ry > 0 be the radius of a ball such that the volume is 1. Then, for all
1< k<N, we have

/ /dqu (H X|g,— qn<fR1> ’y](v)t(xl,...,ack;xl,...,xk) < ho2k,
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(4.2)
where x 1s a characteristic function.
Lemma 4.2. (Lemma 2.5 of [15]) For g € C§°(R?) and
3 [eY
= 3 i< ) :
Qp = {zx e R lréljagg|x]| n*} (4.3)
it holds that for every a € (0,1), s € N, and x € R3\Qy,
/ dp e'itp'mg(p)‘ < clﬁ(lf‘l)s, (4.4)
R3

where the constant ¢1 depends on the compact support and the W*°°-norm of
the test function g.

The estimate for the residual term R given in (3.5) is obtained exactly
as shown in [15], i.e.,

Proposition 4.1 (Proposition 2.4 of [15]). Suppose that f € HY(R3), ||f|lz2 =1
and has compact support; then, we have the following bound for R in (3.4);
i.e., for an arbitrarily small § > 0, there exists s(6) > 0 such that the following
estimate holds for any test function ¢, ¢ € C§°(R?)

‘/ dgdp 9(q)d(p)Vg - R(q.p)| < c2h ™2,

where the constant ca depends on |V||re and ||@||ws..

For the residual term R, we insert the terms

+VVn(g— Q2)7](37)t(ul7 Ug; Wi, Wa),

and write into a sum R = R + Ro, where

R1 :=(27)° / / dwidus / / dwadus // dgzdp2 (f(ip(w)m)m

1
{/ ds VVn (su1 + (1 — s)wr —wz2) — VVn(q — tn)] wﬁ,)t(m,uz;whw(z),
0 4.5

Ro :=(27)? // dwiduy // dwadus // dgadp2 <f£p(w)m) © VVn(g—q2)

|:’7](\?,)t(u17u2§ w1, w2) — Y (i wi) Yy (s wz)} :
Note that in (4.5), R4 represents the semiclassical limit part, and R represents
the mean-field limit.
As a preparation for the estimates of the residual term R, we present the
following estimate for regularized Coulomb potential:

Lemma 4.3. Let Vi be the regularized Coulomb potential given in (1.2), then
it holds that

IVVN e < CBY. (4.6)
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Proof. Let ‘//\'N be the Fourier transform of V. Recall that for Vy = |-|71*Gg,,
[45, Theorem 5.9] yields

~ C _(,85)?
VN(p):We (p2>7

for some positive constant C'. Then, by inverse Fourier transform, we get

1 ip-xi;
e [T [ e

< C/dplpllffzv(p)\
BN 2
= C/dpie_(pT)
Ip|

< OBy,

where we use the spherical coordination in the last inequality. 0

[VVN(2)| =

In the following, we treat the semiclassical and mean-field residual terms,
i.e., R1 and Rs, by using the truncated radius Oy, the oscillation estimate,
the cutoff number operator and the kinetic operator estimates outlined in Sect.
3.2.

4.1. Estimate for the Semiclassical Residual Term R,

In this subsection, we present in full detail the estimate for the semiclassical
residue.

Proposition 4.2. Let ¢,¢ € C°(R3). Then, for % <o <1,0<0< %(6&1 —

5), and s = [:1((21&_1;1))—‘ , we have

’// dgdp ©(q)¢(p)Vy - R4 (q,p)‘ < Cpi60a=5)-25 (4.7)

where the constant C depends on ||| y1.e » ||V 1 pyre.ce » SUPD &, || F]] oo gt s
and supp f.

Proof. Recall from (4.5) that we have

R1 = (2m)3 //dwldul // dwadus //dQ2dp2 (fqﬁ,p(w)m)®2

1
{/ ds VVx (su1 +(1=s)wi — wg) — VVn(g— QQ)} Vg\?’)t(ul,ug;wl,wg).
0

(4.8)
For ¢, ¢ € C§°(R3), we have

/[ a0 e(@o)v, ~R1<q,p>]

= (2m)?

'/~(~/(dqdp)®2 #())Vro(p) - /dmdm // dwzduz (ff,p(w)m)m

1
{/ ds VVn (su1 +(1—s)w; — wg) —VVn(g— qg)} vg\gft(ul,umwl,wg)
0
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[ [[[ awanrdes ¢ 7o) - s (wi/%q) f (“VEQ

) _ 2 1
enP(wi—u) f (uuﬁqz)‘ {/ ds VVN(Su1 +(1—s)wr — wz) —VVnN(qg— qz)}
0
(2)

'VNyt(Ulﬂ-UZ? w1, w2)

= (2m)

’

where we apply the fact that (27h)35,(y) = feiﬁp'(l'_y)dp. Then, inserting
+VVx (g — ws), by the triangle inequality, we have

JJ[@iean [[[ awduraws etvow - g (20 £ (20

f <w2\/_ﬁq2 > ’2 |:Vw; /O ds Vv (sur + (1 — s)wr —wz) — V(g — wz)}

(2) .
YN (U1, wa; w1, w2)

// (dQ)mdp/// dwiduidws ©(q)Vé(p) - f (“’1/% q) f <u1\/—ﬁq>

iZD‘(wl*’ul) w2 —q2 ?
en f 7 Vg [V (g —w2) — V(g — g2)]

< (2m)°

e%l"(wl—”h)

+ (2m)°

'yl(vz,)t (u1, wos w1, w2)

[[[@o®2ap [[[ awiauwaws @ vow - 5 (“’;%q) f (“J‘;)

! <w2\/_ﬁq2>'2 UO ds Vi (su1 + (1 = s)w1 — w2) — V(g — wz)}

sz’Y](\?,)t (u1, wa; wi, w2)

[ff = [[f avnausaun et -1 (2220 5 (“70)

w2 L Vi s+ (1 sy — s) = Var(a — )]

— (2m)°

b (wi—up)

+ (2m)©

E%P‘(wlful)vw ’f (
2

'y}(\?,)t (u1, was w1, w2)

[ =2 [[[ awausaws vow) - v, (cp(q)f (“’;% q) 7 <“1\/‘ﬁq)>

f <w2\/_ﬁq2>'2 [V (g —w2) — V(g — g2)]

Y, (w1, wa wy, wa)

+ (2m)©

e%l"(uh —u1)

)

=L +J1+ K
where we use integration by parts in the second to last equality.

Before advancing, we observe that by splitting the integral with respect
to momentum space 5 and Qf as defined in (4.3), for constant C; depending
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on [|Vo|| 1w and supp ¢, we have

/dpvaﬁ(p)@%p'(w*u) B '/dp(X(wl-m)enh+X(w1—u1>e9%)¢(p)6ép'(”“)

g Cl (X(wl—u1)€Qh + h(l_al)s) 3
(4.9)

where we use (4.4) in the last inequality.
Now, we want to separately estimate the terms I; and J;. We begin by
estimating ;. Recall that

[[ aadp [[[ dwrdunrdus ot@vow) - 1 (“”J%q) f (“yﬁq)

erp-(wi—us) </ dgo ‘f(az)|2) {/ds Vn (su1 + (1 — s)wi —w2) — Vv (g — wz)}

I = (2m)5h2

2
vU}z’yl(\]?t(ul’ w235 W1, ’LUQ)

By using (4.9) we have,
LS| VVil e Cii / dg |p(9)| / / dwn dus dws (X (wy —upye
s (P2 s ()|
()
(lur — gl + [w1 — a]) [V, 78 (w1, wa; w1, w2)]
3
<9Vl Cand [ da lo(@] [[ dundus (xew,-uyeo,
wnmev) [ (M2 ) (M2 |
) )

(Jur — q| + w1 — q\)/dwz‘sz»y](\f!)t(wl,wg;ul,w2)|

3
— ||V Viv|[, C1R /dq Iw(q)l//dwldul (Xws —uyect,

(51

(jur = al + w1~ al) [ dwa| Vo, @i, Ut 00,00, V)|

3
< |IVVN|| e~ C1h2 /dq Iw(q)l//dwldul (X (w1 —ur)en,

o (25 ()

(lur = gf + w1 — Q\)/dwz{llvwzawzawl\l’N,tll l@w, @u, U, el

TP S| ||vw2aw2aulww,t||}

<YVl Cr3 /dq |so(q)|//dw1du1 (X(wr —upyes,

e (2 ()
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1

1 1
(lur — gl + fwr — ) [(/dwz ||vaaw2aw1¢N,t|\2) (/ duws IIawzaunP?v,tH)

1

1 1
T (/ dws ||aw2awlw,t\|2) (/dwz ||vw2aw2aulw,t|\2) }

=:C1||VVnN|| 1 {i1,1 +i1,2]7

Before we continue, we observe that from the definition of the kinetic
energy operator K and number operator A/, we have

/dq le(q) {//dwldm Xjw; —q| <Ry VEX |1y —q| < Ry VR

%
( [ awe vaawzawlw,w) ( [ aws ||aw2au1wzv,t||2)}

1
=2h /dq le(a)l U/dwldul Xjw, —a| <Ry VEX | —a| <Ry VR

(Unt, G, Kaw, N ) (UNe, ag, Naw, Un )] H

= 2;271 /dq |SD(Q)| |:/dw1 X|w17q|<R1\/g<\IIN,t7K(a>:U1aw1 - 1)\IlNytk410)

1
2

/dul X\ulfq\gRlx/ﬁ<\IjN’t’(N_ 1)aZlaul\I/N,t>}

1
2

< 2! ( / / dgdwr [¢(q)] x‘w,,q‘@ﬁ<ww,t,lca:ulawnvw,t>)

. 1
(] s 16—y (O N )

< Cohh7z,

where in the last step we use a direct outcome of (4.2) and (3.2), i.e

*9

[ 0o xio o alo @] (W iKa v
— [[ dade X, yyem r @] (B Kl = 1))

< // dgdz X, 1< oAl L@ (YN, Kagaz Ve (4.11)

<\Ith7IC//dqu X\'r q\<R1\f|@( )|Cl a:C\I/Nt>
Csh *%@MJC\IIN»

Coh™

NN

M\W

In the above estimate, Cy is a constant depends on ||¢||; and supp f.
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To continue, we apply the Holder inequality to ¢;; with respect to the
terms wy and wuq,

11,1 < h? /dq le(q) [// dw1dus X (w; —ur)en
(wl Q) f (Ul Q)

Vh Vh
[/ dwrdun Xy, —gi< Ry VEX 1 —al< R VR

(/ dwa ||V iy, Gy G, 2> (/dwz || @ws Gy

’)
+ // dwiduy X|w1—‘1\<R1\/ﬁX|U1—QI<R1\/ﬁ
1
2
< [ aws ||aw2awlw,t|2) ( [ aw, |vw2aw2aun1w,t|2) }

= [ aindiing, e I @0 @ RG]+ 50
/dq |90 |: //dwldul Xwi —q|<R1 vVAX|u1 —q| <R VR
</ dws ||Vw2aw2aw1 2> (/ dwy Hawzaul s 2> :| .

Then by using (4.10), the estimate goes further

1
431 ~ o~ - ~ - - 2
< Cpht-3+} [ /] dwldulxlmlm@maﬁ;v(wl)ﬂu)2<|u1+|w1|>2]

< Coh™ {//duudm XI | <Rahe1 | f (wy) f (0) |2 |t +@1|2}
< Csh™ 2+ 3 (o1 +3% )_037_16“1 5

f

2

(s — g + s — q|>2]

where C3 depends on [|¢||;; [|f]| cnr2, supp f and we use the following
estimate in the last inequality above:

Jawls@l [aus, g e f@P

2 2 4.12
<swplff [dw lf@f [dux, ey 012
Il o 11£]] o B33 H2),

where the fixed radius Ry arises from the compactness assumption of f.
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With steps similar to those for i1 1, we have
1
3
i15 < Cyh=2p1-on)s U/ iy din | f (@) £ (@) |2 (7] + @1 ])?
< C4h72+(17a1)s7

where the constant Cy depends on ||¢|| ., || ]| 2, and supp f. To balance
the order between 41 ; and ¢; 2, s is chosen to be

for aq € (2,1). Therefore, we have

< C||IVVx|| e B (4.13)

To estimate J;, we compute

[ aaaw [[[ dwndurdus o@vow) - s

(w1 —Q) (m\/—ﬁq) oo (wi—u1) {2h/d&2 f(@)Vf (52)}

1
/ ds VN su1 + (1 —s)ws — wz) V(g — wz)} 'yl(\?,)t(uhwz;wl,wz)
0

< @n)°n [ ddlola) [[[ durdurdu,

FX (w1 —ur)eag ) VO(p) - enP (w1 7u)

= (2m)°

—

/ dp(X(wl_u1)€Qh

[aw wr @] | (“50) s

(m\f)[/ ds Vi (su1 + (1 — s)wy — wp) — VN(q—wz)]th(ul,wz,wl,wQ)

< Clh/dq|<p(q)| /// dwiduidws (X(wl—ul)eﬂn 4 h(lfal)s> ‘

(7)) [0 vt

’YN t(u17w27w17w2)

< O |[VVillpe B / dgle(a)| / / dwndus (Xw, —upen,

e ) (5)

(Jur — gq| + w1 — ql)/dwz l@w, @w, U el || @w, au, Onv el

< C1[[VVillp P / dgle(a)| / / dundus (X(w, —upyeo,

el ()

2
(lux — gl + w1 — q)) (/dw Hanaw]\I’N,tHi)

1
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1
2
(/dwz ||aw2au1‘1’N,t||§>

= C1||[VWN|| 1 [jl,l +j1,2}- (4.14)

As in part I, we separately analyze j;,; and ji 2.

Ji1= h/dq|<p(q)|//dwldUIX(wlful)GQﬁ f

(un\/% q) f <U1\/_ﬁq) ‘ (Jus — gl + [wy — q])

ok

X|u1—q\<R1\/ﬁx\w1—q\<R1\/ﬁ </ dws <\IIN7tva’w1aw2aw2aw1\IJN7t>>
* *

(/ dws <\I}N,t7au1aw2aw2au1\1}N,t>>

< [ ddota) ( [ R ——
2

%
w1 —¢q uy —q 2
ur —q| + |wy —
<\/ﬁ>f<\/ﬁ>‘( dl + Jun q|>>
(// duwy dw X|w1—Q\§R1\/ﬁ <\DN»t’a:U1af02aw2awl\IlN,t>>
_n (h / / A1 AT X,y e, | (@) £ (@) Ph

1
~ ~n2)\ 2
(1 +13)%)" [ dadun X0, <yvalot@)
(Untan Naw, Unye)

_3_3 ~ 1~
< H()O”L"C h1+2 T (/ dwldulX(ﬁ)lfﬂl)EQh‘f

Nl

1
2

f

(@) f (@) 2 (1l + a))*)
<C4h%(041—%)7

where we use (4.12) in the last inequality.
On the other hand, from the definition of j; 2 in (4.14), we get

Ji2= h/dqleo(q)l//dwldul p(t—an)s|f (wl\/%4> 7 (ui/iﬁq>

1
22 2
X\m—qwg&ﬁxm—q\gmﬁ(/dw2 ||aw2aw1\I/N,t||2> </dw2 Hawzaul‘I’N,tHz>

L pt-ans (//dwldu1 f (wl\/%q> f (ui/—ﬁq)

/dQ\<P(q)\//dw1dw2 X, —ql< By v/i (TN Gl AL, Gy G, UN )

(lur — g + w1 —ql)

1

2

2 1
2
(lur — gl + |w1 — q\)2>
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1

< h1+(170¢1)573*%<h4 // dw; duy X\mﬁal\gh"ﬁ%‘f(ﬁl)f(ﬂ)|2(|ﬁl| + |1171|)2>2
< C4FL(1_QI>S_§.

To obtain the same order for ji,; and j; 2, we can choose

-l |

Thus, for a; € (3,1), we have
J1 < C||VVy|| o hi2(0172), (4.15)

Now, we want to estimate K.

i [f] awnmus wote) -, (sts (“0) £ (42)
f (L\/ﬁqz) [V (¢ — w2) — Vv (g — q2)]

(2

WN,)t(m,wz; w1, w2)

s [ i i st (25 (%5)
S e WS e K

. _ 2
en? (wr1mu) f(wi/ﬁqz)‘ [V (¢ — w2) — VN(Q*%)} (u17w27w15w2)

= (2m)¢

enP (wi—u1)

= (2m)¢

=t k1,1 + k1,2 + k1,3

Note that, for any ¢ € C§° and f € Wol’Z, the term k;; is Vh-order
higher than k; 2 and k; 3. Moreover, the estimate of the terms ki 2 and kq 3
is the same when doing change of variables in the final steps. Therefore, we
focus only on the term k; ».

s [ [ ama
(2357

2

w

‘f ( 2\/;2) ‘ |VN(q - wz) —Vn(g— QQ)| |’)’](\?7)t(u1,w2;wl’w2)‘
=t faa [ awndudun| [ 40 (un-soean

X (w1 —ur)ess ) VO(p) - eip(wi—u)

s (252) (272 | i

f(@)? ‘VN (¢ —ws) — V(g — Vhs — wz)‘

2
|7](v7)t(ula W25 W1, w2)|
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<G VVN]| oo Bita /dq//dwldul

‘X(wl—ul)eﬂh + pit=on)s
w1 —q uy —¢q

\Y%

#(9) f( 7 )f< ﬁ)‘

([ bl 1@ ) [ aus b, wmiwn, )

< CLVVNI| Lo hH%/dq lw(Q)l//dwldm (X (w1 —ur)cho
w1 —¢q uy —¢q

\V4

/ ( NG >f < N )’

X|wy —q|<R1VAX|u1 —q|<R1 VA

1 1
( [ aws ||au,2aw1ww,t|2) ( [ s llawsau, v,

2) 2
= O [|[VVN | oo [R1 + Ko, ).
Using the Holder inequality with respect to w; and u;, we obtain that

1
2|2
~ 1 w1 —¢q ul —q
bo<ntt [ag () U/dwldul Xy |1 () 1 (M )H
U/dwldul Xjwy—q| <Ry VAX|uy —q| <Ry VR
1
(f aws llowsawwnel?) ( [ aws llawsanwnel?) |
3 2
= h2 h3 //d@ldal X(u71—171)§ﬁ“1+%

[ a0 1061 | [ a1 X0,y (N )|

3(2a1 —1)

< Csha@t2)=5 — opp

+h(17041)s)

1
2

YV (w) f (ur)

?

where we use (4.2) in the last inequality and Cs depending on || ||, ||V f]| 2,

supp f, and [[][ -
Similarly, to calculate j; 2,

o < HiH / dq |0(a)] / / duwrdug B0

W () ()]

2
Xjuws —q|<RivAEX [u1 —q|<R1VF </dw2 [y Gy Ui | >

) 3
(/dwz |Gy Gy U )

< Csh(tmoem3,
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where s is chosen as
5 — 3(2&1 + 1)
- 4(1 — al) ’
for ay € (3,1). Thus,

3(2a; —1)
i

K <C||VVn|[ i+, (4.16)

where we recall that the constant C' depends on lellwioos IVOll Liamrase

supp @, |[f|| o1, and supp f.
Therefore, in summary, we have

‘// dgdp ¢(q)p(P)V - Ri(q,p)| < C||VVi||poo h1 60175 < Cpy2R1 073

where we use (4.6) in the second inequality.
Setting Bn = h? for 0 < § < (61 — 5), we obtain the desired result.
O
4.2. Estimate for the Mean-Field Residual Term R o
Proposition 4.3. Let ¢, ¢ € C5°(R?). Then, for 3 < as < 1,0 <6 < 3(az—3),

2
and s = {34((21012:21))—‘ , we have

| [[ st a6, Ratap)| < Entesb
where the constant C depends on ||¢||., VG| 11 mmwees 1] psormts SUDPD f
and supp ¢.
Proof. Recall that from (4.5), we have

Ro = (27)° // dwidu // dwadus //dqupz (fqh,p(w)m)®2 VVn(q— q2)

(180, g wn, w2) = A0 (w1 )9 (2 )] (4.18)

Then, we have

‘/ dgdp ¢(q)¢(p)Vyp - R2

= ‘/''/(dqdp)m(dwdu)®2 ©(q)Vo(p) - ( ZAWW)@Z YV (g — g2)

[’71(\%),5 (u1, ug;wi, wa) — 7](\3(111; w1)7](\},)t(u2; wz)}

_ 53 /,/(dqdp)®2(dwdu)®2 ©(q)Vo(p):

(o (55)(550) ) e

|:7J(\3,)t(ulau2;wl7w2) - ’y](\;,)t(ul; wl)’)’z(\;,)t(uﬁ w2)} ’
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(dgdwdu)®? (f (“’};) f

(u\;ﬁg))@ﬂ (/ dp v(q)Vo(p) - e;p(wl—ul))
VVn(q = q2) (/ dps e%pz-(wg—uz))

[Wﬁ,)t(uhuz;whw) — (s i)Yy (ua; w2)} ’

i (2520) (25 (25

(/ dp ¢(9)Ve(p) - e%p‘(“’l—uﬂ)
1) (1)

VVn(q—¢2) {7](\?,)15(1/41, was w1, w2) — Yy (s wi) v (was U)Q)}

=hr3

= (277)3

)

where we use the weighted Dirac-delta function in the last equality; i.e.,

1 Lo (we—u
(2mh)3 /dp2 P2 (12 = Gy, (ua).

Now, splitting the domains of w; and u; into two, namely with the character-
istic functions X (w, —u,)eq, and X(w, —u,)eqs as defined in (4.3), we have

(dg)®?¢ / / / dwiduidws f
)

(/ dp X(wlm)eszhe“'“‘“‘““V(b(p)) “VVn(g— ¢2)

27r

[%(\%)t(uhwz;whwﬂ ng)t(uhwl)%(\;)t(wmwz)H

o (75
(252

</ dp X(wy— ul)EQ‘eh WIUI)V¢(p)> : vVvN(q - (I2)

27r

[7 (w1, wo; wi, wa) — 71%(“1;W1)’Yz(\},)t(w2;w2)}‘

== 12 + J2.
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Without the loss of generality, we let ®(g,p) = ¢(q)d(p). First, consider-
ing the term Js,
dqdgz »(q /// dwydurdws f

Qe

(/ dp X(wlu1)€Qﬁv¢(p)e%p.(wl_ul)> ) VVN(Q - Q2)

27T

(71(\?,)t(ula Wa; w1, W2) — 71(\};(”1; wl)%(\},)t(w% w2)) ‘

By the change of variable vAigs = ws — go, we obtain

P foactw [ mtuaen £ (2172 s

( \/ﬁq) (hz/d% | f(g2)] )VVN(q—wz—I—\fqg)

(/ dp X(w1—u1)€92v¢(p)e%p'(UH_UI))

(71(\%,1(“1,102;7111711)2) ’yg\/)t(ul’wl)’yg\/{)t(wQ;MQ))‘

<PVl b [ dalota) [[[ dwrdudus 17
(=52)5(%)
Vi i

‘/ AP X (wy —un) ey V(p)er? (71

27T

(’Yj(v)t(ul, w2’w1,w2) TN, t(ul; wl)’YN t(wz; wz))’

< OVl %/dq 1o(q) |//dw1du1 ( " )

(Ul 2) ‘X
7 \/ﬁ \wl u1\<2R1\/ﬁ
(1)

/dwz ’71(\2,)t(u17w2;w17w2) - VN,t(Ul; wl)%(\},)t(w% wz)‘

‘/dp X(w1—u1)eggv¢(p)e%l7'(w1ful) '

Recall again from Lemma 4.2 that we have

‘/dp X(uzl—ul)GQ%e;lp.(uu_ul)VQS(p)‘

< |V |lyyre A7),
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for s to be chosen later. Then, we obtain

J2 < O|Vellyyee IVVN|| oo h%“l*azﬁ/dq le(q)] //dwldul

W)f(%q)\

e ‘7(2) ,YI(V})t ® ’YJ(\},)t

f

(u1§ wl)X|w1,ul|<231\/ﬁv

The Holder inequality yields

< C 198y~ IVl 107 [ g fota)

2
(//dwldul S <w;;;>f<ug>\)
(//dwldu [T |2, = R
(Ul;wl)r> :
= C[¢ll e [Vl IVViy]| oo hEFO02S
.
(h3 // dwiduy X (@, —a,|<2r, |f (W) f (W) 2) )
/dq <//dw1dul TI“(I ‘7(2) ’YJ(\})t

®’7](V)t‘ (u17 uu)} le_qKRl\/ﬁ)

< Cll@ll g 1V8llyyeme VY| oo 702

([ ama 7@ o P)é
B2 /dq1X|q1‘<R1 <// dwiduq [Tr(1 ”y ’YJ(\})t

2\ 2
®7Nt‘ u17w1):| )

< C~« ||VVN| |L(x> h3+(17a2)s+%

( / / durduy [TV |52, =24} @)

where we denote

N

1
®YNt

[N

(U1;w1)r) ;

T ‘vj(v 7, ® %(vl,)t‘ (u1;w1)
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= /dw2|’71(\?,)t(u17w2;w1,w2) - ’Y](\},)t(ul;wl)%(\},)t(w2;w2)|~
Thus, we have

Ty < C||VVi || oo BEFO702)5F5 (// dwidu,

1

2\ 2

[Tr<1> ’7(2) 8 (ul;wl)} ) .
Now, we focus on I ;

Nt~ YNt @ 7](\},)t
[[ @ [[[ dwidudus 1 (“’;}iq) /
<U1Q> 'f <w2(JQ) 2
Vh Vh
(/ dp X(unm)EQneép.(wlU1)V¢<p)> -VVn(q—q2)

[vﬁ,)t(m, W5 Wy, W2) — vﬁ,)t(ul; w1)%(\},)t(wz; wz)} ’

12,1 = (27’(’)3

We observe that

] [av eépwl-uﬂw(m\ <IV6ll,:

Then, we obtain the following estimate:

L < CIVall,s 9Vl [ da [9(a) ( [ dwidin XX o
w1 —¢q uy —(¢q 2\ *
() (s )‘)
h%/dq~2|f('q“2)|2 (//dwldul [I&«“)

71(31 - 7](\},)t & 7(1)

2
N,t (ul;wl):| le—(I|<Rl\/ﬁ)
3
< Cllollpe IVl 11 [IVVNI| e 2

3 o~ ~
(h //dwldm prﬂl‘ghtxﬁ%X|m1—a1|<2R1
1

@ f)f)°

/dq (// dwiduy [Tr(l) "yj(\?’)t - 7](\}1 7y

1
2 2
Nt (ul;w1)} XlwlqéRl\/ﬁ>
< 6HVVN||L°° n’

[N
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(//dwldul X| w1 — u1|<7iazJr2

f@ )

h3 /dQIX|q1|<R1 (//dwldul
2\ %
(ul;wl)] ) .

I < éHVVNHLoo pits(e2t3)+3
2\ 2
<//dw1du1 Tr(1 ‘7(2) ’y](\})t®’yj(\})t (u1;w1)} ) .

To balance the order between Iy and Jo, s is chosen to be

2 1
{Tr(l) "YJ(V) ’Y§v)t ® 'YJ(V)t

From (4.12), we have

for ay € [0, 1). Therefore, we have

‘//dqdp ©(q)d(P)Vyp - Ra

< C||VVy|| o B3T3 F2)+3 (/ dwduy

(Ulﬂvl)r)é

< +Jo

[Tr“) ’%(v — WL ey
=~ H— 3 2 1 3
< CﬁN2h3+2(" +3)+3 N2

Setting By = hd for 0 < § < %(60[1 —5), we have the desired inequality.
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