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driven by cadlag rough paths*
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Abstract

The existence of unique solutions is established for rough differential equations (RDEs)
with path-dependent coefficients and driven by cadlag rough paths. Moreover, it is
shown that the associated solution map, also known as It6-Lyons map, is locally
Lipschitz continuous. These results are then applied to various classes of rough
differential equations, such as controlled RDEs and RDEs with delay, as well as
to stochastic differential equations with delay. To that end, a joint rough path is
constructed for a cadlag martingale and its delayed version, that corresponds to
stochastic It0 integration.
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1 Introduction

Stochastic functional differential equations, also known as stochastic delay differen-
tial equations, are a natural generalization of stochastic ordinary differential equations,
allowing for path-dependent coefficients which may depend on past values of the gen-
erated random dynamics. Since numerous real-world phenomena show evidence of a
dependence on the past as well as a stochastic behaviour, stochastic functional differ-
ential equations serve as mathematical models in many areas ranging from biology to
finance. For classical introductions to stochastic functional differential equations we
refer, e.g., to [33, 35].
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Rough functional differential equations

A deterministic approach to stochastic differential equations is provided by rough
path theory, initiated by Lyons [31]. Originally designed to treat stochastic ordinary
differential equations, it has been extended in various directions, for instance, allowing
to deal with stochastic Volterra equations [17], reflected stochastic differential equa-
tions [1], stochastic inclusion equations [10], and different classes of stochastic partial
differential equations [27, 13]. These rough path approaches contributed many novel
insights to the study of the aforementioned equations, such as, but not limited to, new
well-posedness and stability results. Comprehensive introductions to rough path theory
can be found, e.g., in [32, 21].

In the present paper, we study rough functional differential equations (RFDESs)

t t
Yt:yt—l—/ bs(Y)der/ oo(Y)dX,, t€ 0], (1.1)
0 0

where the driving signal X is a cadlag p-rough path for p € (2, 3), the initial condition y is
a given controlled path, and the coefficients b, o are non-anticipative functionals, mapping
a controlled path to a controlled path. Assuming a quadratic growth and a Lipschitz-type
condition on the path-dependent coefficients b, o, which both are formulated on the space
of controlled paths, we establish the existence of a unique solution to the RFDE (2.2). To
that end, we rely on the theory of cadlag rough paths, as introduced by Friz, Shekhar
and Zhang [22, 24], as well as Banach’s fixed point theorem. Moreover, we show that
the solution map, also known as It6-Lyons map, mapping the input (initial condition,
coefficients, driving signal) of an RFDE to its solution, is locally Lipschitz continuous
with respect to suitable distances on the associated spaces of coefficients, controlled
paths and rough paths. Let us remark that the continuity of the It6-Lyons map is one of
the most fundamental insights of rough path theory, with many applications to stochastic
differential equations, cf. e.g. [21].

The presented results on rough functional differential equations provide a unifying
theory, recovering and extending various previous results on different classes of rough
differential equations with path-dependent coefficients. Indeed, we deduce the existence
of unique solutions as well as the local Lipschitz continuity of the It6-Lyons map for
classical rough differential equations (RDEs), controlled RDEs, RDEs with discrete time
dependence and RDEs with constant/variable delay, that are all driven by cadlag p-rough
paths for p € (2,3).

In the existing literature, there are several different approaches to deal with rough
functional differential equations driven by continuous rough paths. Since the theory of
(continuous) rough paths works nicely for infinite dimensional Banach spaces, RDEs with
path-dependent coefficients can be treated as Banach space-valued RDEs, see e.g. [9],
which requires the coefficients to be Fréchet differentiable and, thus, excludes some
interesting examples. Existence, uniqueness and stability results are established by
Neuenkirch, Nourdin and Tindel [36] for RDEs with constant delay. The existence of
a solution is proven by Ananova [7] for RDEs with path-dependent coefficients, which
are assumed to be Dupire differentiable [19], and by Aida [2] for RDEs with coefficients
containing path-dependent bounded variation terms. The latter two approaches rely
on Schauder’s fixed point theorem. Another exemplary class of RFDEs are reflected
rough differential equations, see e.g. [1, 16], which, in general, do not possess a unique
solution, see [26].

Most applications of rough path theory to stochastic differential equations (SDEs)
crucially rely on the construction of suitable (random) rough paths. To apply the
developed theory on RFDEs to Itd6 SDEs with constant delay, we show that a cadlag
martingale together with its delayed version can be lifted to a random rough path in the
spirit of stochastic It6 integration. The key challenge to obtain the “delayed” rough path
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is that a martingale together with its delayed version is, in general, not a martingale itself,
thus preventing the direct use of stochastic It6 integration. For related constructions
of random rough paths above fractional Brownian motions we refer to [36, 42, 12, 15].
Consequently, one can apply the continuity of the It6-Lyons map to derive pathwise
stability results for stochastic differential equations with constant delay, which plays an
important role in many applications, see e.g. [8]. In particular, the map y — Y, mapping
the initial condition y to the associated solution Y of an SDE with constant delay, is
continuous on the space of controlled paths. This resolves an old observation, pointed
out by Mohammed [34], about the non-continuity of the flow of stochastic differential
equations with delay, for which the initial condition is in fact an initial path.

Organization of the paper: In Section 2 we provide existence, uniqueness and con-
tinuity results for rough functional differential equations. In Section 3 we prove that
various classes of rough differential equations are covered by the presented results on
rough functional differential equations. In Section 4 we establish the existence of the It6
rough path lift of delayed martingales and discuss applications to stochastic differential
equations with delay. Appendix A contains some auxiliary estimates for rough integrals.

2 Existence, uniqueness and continuity

Before treating rough functional differential equations (RFDESs), we recall the neces-
sary definitions and some essentials from the theory of cadlag rough paths, as introduced
by Friz and Shekhar [22] and Friz and Zhang [24]. The theory of cadlag rough paths
extends the classical rough path theory, allowing to deal with many stochastic pro-
cesses with jumps [14], and has numerous applications, e.g., in probability theory [25],
numerical analysis [24] and mathematical finance [6].

2.1 Essentials on rough path theory

Throughout, let T’ > 0 be a fixed finite time horizon. Let Ar := {(s,t) € [0,T]? : s < t}
be the standard 2-simplex. A function w: Ap — [0, 00) is called a control function if it is
superadditive, in the sense that w(s,u) + w(u,t) < w(s,t) forall0 < s <u <t <T. We
write w(s,t—) := limyp w(s,u) if s < ¢, and w(s,t—) :=0if s = ¢.

Whenever (B, || - ||) is a normed space and f,g: B — R are two functions on B,
we shall write f < g or f < Cg to mean that there exists a constant C' > 0 such
that f(z) < Cg(z) for all x € B. The constant C' may depend on the normed space,
e.g. through its dimension or regularity parameters, and, if we want to emphasize the
dependence of the constant C' on some particular variables, say aq, ..., a,, then we will
write Sa,... 0, O C = Cy, .. 4, Unless otherwise stated, the dependence of the implicit
constants on the variables is locally bounded; that is, if «y € Ay,...,a, € A,, where
Aiq,..., A, are compact subsets of the range of a1, ..., a,, respectively, then we have that
SUPaleAl,...,aneAn Calwuyan < 00.

For two vector spaces, the space of linear maps from E; — E> is denoted by L(FE1; E2);
and we write Cf = CF(R™; L(R;R")) for the space of k-times differentiable (in the
Fréchet sense) functions f: R™ — £(R% R") such that f and all its derivatives up to
order k are continuous and bounded. We equip this space with the norm

1l = I flloc + IDflloc + -+ + D" fllcc,

where D" f denotes the r-th order derivative of f, and || - || denotes the supremum norm
on the corresponding spaces of operators.

For a normed space (E, | - |), let D([0,T]; E) be the set of cadlag (right-continuous
with left-limits) paths from [0, 7] to E. For p > 1, the p-variation of a path X € D([0,T]; E)
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is given by

P
[X1lp o= (| Xlp,ory  With [ X[ 54 == ( sup Y [X, —Xup) , (s1) € Ar,
PCls.t [u,v]€P

where the supremum is taken over all possible partitions P of the interval [s, ¢]. We recall
that, given a path X, we have that || X ||, < oo if and only if there exists a control function
w such that!
‘Xv B Xu|p
sup ———— < oo.
(u,v)EAT U)(’U/,’U)

We write D? = DP([0,T]; E) for the space of paths X € D([0,T]; E) which satisfy || X||, <
oo. Moreover, for a path X € D([0,T]; R?), we will often use the shorthand notation:

Xop:= X, =X, and X, :=lmX,, for (s,t) € Ar.
u

For p > 2 and a two-parameter function X: A — F, we similarly define

N\ v
X[z = [IX[lz o7y with  [|X][|z 54 1=< sup Xum|"‘) . (s,t) € Ar.
PClst] [u,v]€P

We write ng = DQ% (Ar; E) for the space of all functions X: Ap — E which satisfy
||X||g < oo, and are such that the maps s — X, ; for fixed ¢, and ¢t — X, ; for fixed s, are
both cadlag.

For p € (2,3), a pair X = (X, X) is called a cadlag p-rough path over R? if

(1) X € Dp([(], TL Rd) and X c DQ% (ATa ]RdXd)’ and
(ii) Chen’s relation: X, ; = X, + X+ + X5, ® Xy, holds forall 0 <s <u <t < T,

where ® denotes the usual tensor product. In component form then, condition (ii) states
that X, = X4, + X/, + X! X7, for every i and j. We will denote the space of cadlag
p-rough paths by D? = DP([0,T]; R%). On the space DP([0,T];R¢), we use the natural
seminorm

1X|lp == HXHp,[o,T] with [IX

Ip.fs.e) =1 X

p,[s,t] + ||X‘

§ilst]

for (s,t) € Ar, and the induced distance
1K Xl o= 1% X lp oy with 1% X[ g 2= 1X = X e + 11X = Xl g (5.0

for (8, t) € Ar.
Let p € (2,3), and X € D?([0,T]; R¢). We say that a pair (Y,Y”) is a controlled path
(with respect to X), if

Y € DP([0,T); E), Y' e DP([0,T];L(R% E)), and RY € D (Ar;E),
where RY is defined by
Yo =Y/X,,+R), forall (st)€Ar.

We write V§ = V5 ([0, T7]; E) for the space of E-valued controlled paths, which becomes
a Banach space when equipped with the norm (Y,Y) — |Yo| + ||Y, Y| x,», where

1Y, Y xp = 1Y, Y xp o) with [[Y,Y xp 16 = Yo+ 1Y llp s + IR

5ils:t]

1Here and throughout, we adopt the convention that % = 0.
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for (s,t) € Ap. We point out that, by definition, for (s,t) € Ar,
Youl < V[ Xl + R, and Y]] < [Yg| + [Yg,l,
which implies that

Y1y < CollY el Xllp + IRV Iz)  and  [[Y"floc < [¥5I + Y7 [lp,

where [|Y'|| := sup,¢(o 1) |Y/| denotes the supremum seminorm of the path Y.
Given X, X € DP, we further introduce the standard “distance”

||}/7 Y/, Y/a ?/HX,XJ) = HY7 YI’ }77 ?/||X7X7P»[07T]

with
1YYV Y g % ppe = Y =Y+ 1Y = Y|y 0g + 1R — RY || o

for (s,t) € Ar, whenever (Y,Y’) € V&, (YV,Y') € V%. Note that V% and V7 are, in
general, different Banach spaces; if X = X, we write |- ; N X p.s,8]-

Given p € (2,3), X = (X,X) € D?([0,T];RY) and (Y,Y’) € V5 ([0, T]; L(R%; RF)), the
(forward) rough integral

/ Y, dX, := lim Z (YuXuo + Y/ X0o),  (s,t) € Ar, (2.1)
| |—0
[u,v]€eP
exists (in the classical mesh Riemann-Stieltjes sense), where the limit is taken along
any sequence of partitions (P"),en of the interval [s,t] such that |[P"| — 0 as n — oc.
More precisely, in writing the product Y, X,, ,, we apply the operator Y, € £(R% R¥)
onto X, , € R%; and in writing the product Y, X, ,, we use the natural identification of
L(R% L(RY; RF)) with £(R? ® R?; RF). The rough integral comes with the estimate

t
‘ / Y, dX, — VX, — V/Xos
S

< C(IBY N fa )Xl oy + 1Yl s X5 o))

for some constant C depending only on p; see [24, Proposition 2.6], where

plst) | fsupllY sy and (IR ||z (s == supHR [FPE

The estimate implies that ([, ¥, dX,,Y) € V& ([0, T];R") is a controlled path with respect
to X, see also [24, Remark 2.8].

For details on the construction of the rough integral with respect to cadlag p-rough
paths and its properties, we refer to [22, 24], and we provide some auxiliary estimates
for the rough integral in Appendix A.

Let us now consider the rough functional differential equation (RFDE)

t
nzyt+/ F(Y)dX,, tel0,T), (2.2)
0

where X € DP([0,T]; R?) is a cadlag p-rough path for p € (2,3), (v,9') € V& ([0, T]; R¥) is
a given controlled path with respect to X and further, where (F, F'): V5. ([0, T]; R*) —
VL ([0, T); £L(R?; R¥)) is a non-anticipative functional, i.e.

) (F(Y),F/(Y,Y")) € VR ([0,T]; L(R% RY)),
(i) (B (Y),F[(Y.Y") = (Fu(Yae), F{(Yn, Y,)) forall t € (0,7,
for every (Y,Y’) € V5.([0,T); R¥). The integral in (2.2) is defined as a (forward) rough

integral, see (2.1) for its definition. Note that the RFDE (1.1) can be re-written in the
form of (2.2), using a standard time-extension of the driving rough path.
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2.2 Existence and uniqueness

To prove the existence of a unique solution to the rough functional differential
equation (2.2), we postulate a quadratic growth and a Lipschitz-type condition on the
path-dependent coefficient (F, F’), formulated on the associated path spaces. While
a Lipschitz-type condition is expected, the quadratic growth condition appears to be
natural in the presented context of (second order) controlled paths, which corresponds
to a Taylor expansion with quadratic remainder term.

Assumption 2.1. Let X € D?([0,T]; R?) be given. For every K > 0, there exist constants
Cr > 0, which depends on p and the functional F', and Cr g x > 0, which additionally
depends on K and X, such that the map

(F,F'): VE (0, TT RY) — VE ([0, TT; LR RY))

satisfy, for all (Y,Y"),(Y,Y') € V%, and every 0 < s <t < T,
(i) the growth conditions:

|F:(Y)| < CF,
[Fr— e (V)] < Cr(1+ [[Y |y 1s,0) + [Yie ),
IEY) lp,s < Cr(1+ (Y24 1Y lps.) 1X lp,s,) + 1RY || 2 5,67),  and

IF(Y), F' (YY) x,p,gs0) < Cr(L+ 1YY L, fs,0)* (1 + 11X

2.
)

pls.t])

(ii) the Lipschitz conditions:

IF(Y) = FY)|lps) < Cra,x (Vs = Y| + |Y =Y, 5). and
HF(Y)ﬂF/(Y7Y/);F(Y)7F/(Y7YI>||X,p,[s,t]
< Crex(|Ys = Vil + IV, Y Y, Y | x g fs.1))s

ijyr Y/”X,p,[&t]a ‘|Y7Y/||X,p,[s,t] < K.
Remark 2.2. The growth and Lipschitz conditions in Assumption 2.1 are formulated in
terms of both the p-variation of Y and the controlled path norm (Y,Y”) — |Yo|+|Y, Y| xp
on the space V% of controlled paths (Y, Y/). To deduce the existence of a unique
solution to the RFDE (2.2) under a growth and Lipschitz conditions formulated only
in terms of the controlled path norm seems to be far from being obvious. Moreover,
notice that the common examples of RDEs with path-dependent coefficients do satisfy
Assumption 2.1, see Section 3 below, demonstrating that Assumption 2.1 is, indeed, a
natural generalization of the conditions on the coefficients postulated in the existing
literature.

Based on Assumption 2.1, we obtain the following global existence and uniqueness
result for rough functional differential equations.
Theorem 2.3. Let X € DP([0,7];RY) be a cadlag p-rough path for p € (2,3), and
(y,y") € V%([0,T);R*) be a given controlled path with respect to X. Suppose that
the non-anticipative functional (F, F"): V% ([0, T); R*) — V&([0,T]; L(R%; R*)) satisfies
Assumption 2.1 given X. Then, there exists a unique solution to the rough functional dif-
ferential equation (2.2), i.e. there exists a unique controlled path (Y,Y") € V5. ([0, T); RF),
with Y’ =y’ + F(Y'), such that

t
Yt:yt—k/ F,(Y)dX,, t €10,T].
0
Moreover, there exists a componentwise non-decreasing function K,: [0,00)% — [0, 00)

such that
1YY llxp < Kp(lly, ¥ | x> Crs [1X])-
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The proof relies on a fixed point approach using Banach’s fixed point theorem.
Proof. Step 1: Local solution. We may assume that
X[, <1 and |[y/[l, + [IRY]z < 1.

For t € (0,T), we define the map M,: V5 ([0,t]; R¥) — V5. ([0,t]; R¥) by
(Y, Y') > (2,2)) = My(Y,Y") = (y +/ Fy(Y) dXS,y,’—i—F(Y)),
0

noting that M,(Y,Y”) is a controlled path with respect to X as V% is a Banach space,
and introduce the subset of controlled paths

(Y0,Y5) = (yo, yo + Fo(y)),

- / P CREY .
Bt o {(KY ) E VX([OatLR ) . ||(Y _ y)l||p7[07t] S 4CF7 ||RY _ Ry”%,[o,t] S 1 }7

which is a complete set as a closed subset of VX ([0, ¢]; Rk), cf. [24, Section 3.2].
Invariance. For any (Y,Y’) € B,, we have that

||(Z - y)’l p,[0,t] = ||F(Y)||p>[0,t]
< Cr(L+ (Y5 + 1Y llp, 0.1 X llp o) + IRV I3 10.0)
< Cr 4+ Cr(|Y5l + 1Y llp,10,0) 1 X .0, + OF”RYiy”%,[O,t] + CrlIR[|2.0.0
< Cr(L+ Y5l + 1Y NIy, 0,011 X Ip,f0,6 + 3CF,

since (F, F') satisfies Assumption 2.1 (i), and by the local estimate for rough integration,
see Lemma A.1,

IR = R¥|l3 0. = [IRI "COX15 1o 4
S Cr+ 1YY [ xp,0.0)* (L + 1X

p,[O,t])2||X

|p,[07t]’

where the implicit multiplicative constant depends only on p. Hence, for ¢t = ¢; sufficiently
small we obtain that B;, is invariant under My,. Note that ¢; depends on p, |y;|, Cr and
[1X |- o

Contraction. Let (Y,Y'),(Y,Y’) € B; for some t € (0,t], that is, setting K :=
5(1+ ||y, ¢/ |lx.p + Cr), it holds that | Y, Y| x 0.6 |V, Y| x pjo.) < K. We have that

12" = Z' |y 0.0 = IFY) = F(Y)|lpj0.4
S Crrx|lY =Yp, 0.

So Crr x (1Y =Y llp 001X lpj0.0 + IR = RV l|z,10.)-

Further, due to Assumption 2.1 (ii) and Lemma A.2, it holds that
IRZ — R?||g 0, = [[RIo PR FODAX, o

S Crr x|V Y5, Y | x 0.0l Xl p. 0.1

where the implicit multiplicative constant depends on p and ||X||,. Defining an equivalent
norm on V5 by

)
1Y, Y19 =Ygl + Y

Xop0.] ° Ip.0. T IRV |2 0,9, ford >1,
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we then deduce that
1z~ 2,2 - Z/||g§?p7[0,t]
S Crax (1Y = V' llpjo,0l Xllp o, + IR = B |1z j0.0)
+0Crx x (1Y = Y|l 0.0 + IIRY = R ||z 0. 1Xlp. 10,4
S Crix(1480)1XpoallY =Y 0.0 + Crac.x (1 + 61Xl 0,0) IR — RYH%,[O,t]
1+5||X||p,[o,t1>
)

Iy =7y =¥

p,[0,¢]

gchKX(u+6memﬂv

where the implicit multiplicative constant depends on p and || X||,. Hence, we can choose
¢ sufficiently large and ¢ = ¢» < t; sufficiently small such that

LM lbioal) <

cRKX(u+5mxumhn/ -

where the left-hand side is up to a multiplicative constant which depends on p and || X||,.

It follows that M, is a contraction on the subset of controlled paths (B;,, || - ||g§7)p7[07 t2]).
Hence, by Banach'’s fixed point theorem, there exists a unique fixed point of the map M,,,
which is the unique solution of the RFDE (2.2) over the time interval [0, to].

Step 2: Global solution. Let w: Ar — [0, 00) be the right-continuous control function
given by

w(s,t) == | XIL g + XI5 g (5,0) € Ar

p,[s,t

We infer from Step 1 that there exists a constant v > 0, which depends on p, ||y, ¥ x.p,
Cr, Cr i, x and || X||,, such that the local solution (Y,Y”) established above exists on any
interval [s, ¢] such that w(s,t) < v, given any initial condition £ € V§ with [£] < |ly, ¥/ x p-

By [24, Lemma 1.5], there exists a partition P = {0 =79 <7 < --- <7y =T} of
[0,T], such that w(r;, 7;41—) < 7 for every i = 0,1,..., N — 1. We can then define the
solution (Y,Y”) on each of the half-intervals [7;, 7;11). Given the solutions on [7;, T;41),
the values Y, , at the right end-point of the interval are uniquely determined by the

jumps of X at time 7, ;. More precisely, let yo,. = y., and define y;, i =1,...,N — 1, by

Yist = Yt + Y{,— —Yri— + FT»L'—(Y)XT{,—,‘H + F%-(K Y/)X‘ri—,na te [TiaTi+1)-

We note that |y; .| = |yi| < [ly,%[|x - Given the initial condition (y;,y;) € V%, we obtain
the solution (Y,Y”) on [r;,7;41), ¢ = 0,1,..., N — 1. By pasting the solutions on each of
these subintervals together, with Y = yn.r, we obtain a unique global solution (Y,Y”)
of the RFDE (2.2) on the interval [0, 7.

Step 3: A priori estimate. It remains to show the existence of a componentwise
non-decreasing function K,,: [0,00)® — [0, c0) such that

VY lxp < Kp(lly 'l .0, Crs [1Xlp)-

Analogously to Step 2, we can obtain a partition P ={0=79 <7 <--- <7y =T} and
define the solution (Y,Y”) on each of the half-intervals [7;,7i+1), ¢ = 0,1,..., N — 1. We
recall the definition of 55; and note that the defining estimates also hold in terms of y

since the p-variation is invariant under additive shifts, thus, ||yilly.ir,.7.1) = ¥llp.[r.700)
and |[R¥([z (7, 7,,,) = [RY||2 (+, 7.,,)- It therefore holds that
||Y,||P7[7'1:77'71+1) S 4CF + ”y/ D,[Ti,Tit1) (2'3)
as well as
Y
IR 2 fririsn) < LA IRV 2 7y i) (2.4)
EJP 30 (2025), paper 117. https://www.imstat.org/ejp
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foralli=0,...,N — 1. Here, N depends on p, ||y,¥'||xp, Cr, Cr K x,
fixed, non-decreasing in the other variables. Observe that

X]||, and is, for p

Vit =yt + ( / F(Y) dxs) s+ F (V) Xt + (Y, Y X,
0 t—.t

for any ¢ € (0,7, so we have
Rz/—,t = R?tJ—,t + Ft/— (Yv Y/)Xtat‘
This yields

RS, | < R

Ti+1—Ti+1

D,[Ti,Tit1] + (‘F‘I/'L (Y7 Yl)' + ||F/(Y, Y/)||p,[n,‘ri+1))|X‘n+1—,n+1 :
Now, we use Assumption 2.1 (i), i.e.
‘F7/_7 (Y7 YI)' + ||F/(Y’ Y/)||p,[7'i,7'1:+1) S OF<]' + ||Y; Y/HX,]),[T,',T1'+1))2(]‘ + ||X||p,[7'i,7'13+1))2'

Since
||KY/||X,p,[Ti,Ti+1) < |y;-L + |FTL<Y>| + ||Y/||p,[7'i77'i+1) + ||RY||g7[T¢,T7;+1)7

It follows from Assumption 2.1 (i), (2.3) and (2.4) that

||K YIHX,p,[Ti,Ti+1) < |y;L| + 5(1 + CF) + ||y/||p,[‘ri,’ri+1) + HRy”%,[n,nJrl)'

Consequently, there exists a componentwise non-decreasing polynomial QZ(,R) . [0,00)% —
[0,00) such that

‘R‘I}'/;+17,Ti+1| < QI()R)(”y? ylHX,p-,[Ti,Ti+1]’ CF> ||X||p,[ﬂ,n+1])

as well as
IRY |12 tresripn] S 14 IR 2 i) + QS U0 x> O 1K i riin))
foralli =0,..., N — 1. Moreover, since
Y. =y +F.(Y),

for any ¢ € (0,77, we have

|YT/¢+1—,T¢+1| < Hy/Hp,[‘m‘nﬂ] + |Fﬁ+1—7ﬂ‘+1 ()l
By Assumption 2.1 (i), it holds that

|F7—i+1777-i+1 (Y)| < CF(]- + ||YHP,[T7',,7'1;+1) + |Y‘Fi+1*,‘ri+1|)7

thus, we need to control the jump of Y at 7;,;. For this, note that

1Yo 1= miga |

< ‘yn+1—,n+1| + ‘Fn+1—(Y)||Xn+1—VT1,+1| + |F7,—

S Yrior— i |+ (EL (O + 1EO) |p, i ) X = i |
+ (IFL YY)+ IF' QY ) g trsmig ) Ko =i |

<Y Y llp,fre i) + (Cr + Cr(1 + (Y7, + |
F IR N2 i) I X

+ CF(l + HY’ Y/Hp,[n,'ri+1))2(1 + ||X‘|p,[7'i77‘i+1})2||xl|%,[Triﬂ'iJrl]'

i1 (Y) ‘ |X7i+1 s Ti41

Y/‘|g,[7'i7‘l'i+1))||X||P7[7i77'i+1]

D,[Ti,Tit1]
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Using (2.3) and (2.4), we can now conclude that there exist componentwise non-
decreasing polynomials Qéy"]), Q,(DY ) [0, 00)3 — [0, 00) such that

|FT7:+1—77'71+1 (Y)| < Q;E;Y’J)(”y, y/HX,p,[‘r,-,nH]chv ||X||p,[n,7'i+1])

as well as

HY/Hp,[n (Y )(

ly,y ||Xp [ri,mig1]> CFa HXHp [Ti, ﬂ+1})

JTig1] =

Combining these estimates, we obtain that
Yol + 1Yl + 1R Ils < Kp(ly, ¥/ llx.0, Cr, [1X),

which is the assertion. O

2.3 Continuity of the It6-Lyons map

A fundamental contribution of the theory of rough paths is the insight that the solution
map, mapping the input (initial condition, coefficients, driving rough path, ...) of a rough
differential equation to its solution, is continuous with respect to suitable distances on
the spaces of controlled paths as well as of rough paths, see e.g. [21]. In the context of
rough differential equations, this solution map is also known as Ito0-Lyons map. In the
next theorem we present the local Lipschitz continuity of the It6-Lyons map for rough
functional differential equations, based on the following assumption.
Assumption 2.4. Let X, X € D?([0,T];R%) be given. For (G,G") € {(F,F'),(F,F')} and
Z € {X, X} we have: For every K > 0, there exist constants C¢ > 0, which depends on
p and the functional G, and OG k.x.x > 0, which additionally depends on K, X, X such
that the maps

(G.G"): V5 (0. T): RY) = V5 ([0, T); LR RF))

satisfy, for all (Y,Y') € V%, (Y,Y') € Vi, andevery0<s <t <T,
(i) the growth conditions:
|G(Y)] < Cag,
|G-t (V)] < Ca(L+ Yl s,6) + Yo t])s
IG) p sty < Ca(l+ (VST + 1Y | o) Zllp o) + 1B 113 1s07),  and
IGY), G (V.Y N 2,150 < Ca(L+ 1YY 2, 15,0) 2 (L + 121l 15,0)%

(ii) the Lipschitz conditions:

”G( ) ( )”p,[st < CFKX)((|Y Y | + ”Y Y”p,[s t]) and

IGY), &' (V.Y ):G(Y), G (YY)l x % st

< Cgrex g (1YVs =Yl + IV Y5V, Y Iy 3 + 12X = Xllp ),

D[

Y, Y N xp s, 1YY M 5 sy < K
Moreover, there exists a constant C._ > 0, which depends on p and the functionals
F — F, such that

(F = F).(Y)| < Cp_p,

[(F = F)i— (V)] < Cp_p( —tl)s

[(F = F)Y)lp,s) < Cp_p(l+ (\Y’I A Y s )1 X Ml s,y + 1RV 13 fs1),  @nd

I(F = E)Y(Y), (F' = F)(Y, Y )xp i) < Cpo (L 1YY | x py15.) 2 (1 (1X [ gs,01)°
EJP 30 (2025), paper 117. https://www.imstat.org/ejp
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Theorem 2.5. Let X, X € D?([0,T]; R%) be cadlag p-rough paths forp € (2,3), (y,y') €
VE([0,T; RY), (9,9) € V%([0,T]; R*) be given controlled paths with respect to X and
X, respectively. Suppose that the non-anticipative functionals (F,F'), (F, F') satisfy
Assumption 2.4 given X, X.

Let (Y,Y) € V%([0,T); R*) be the solution given by Theorem 2.3 to the rough func-
tional differential equation (2.2), and (Y,Y’) € V%([O,T];]Rk) be the solution to the
rough functional differential equation (2.2) driven byf( with initial condition (g,y’) and
functional (F, F’), and suppose that ||Y,Y"| x.,,||Y, ?/H)”(,p < K, for some K > 0. Then,
we have the estimate

Yo — Yol + Y.V Y. Yy <,
S 1o = Gol + 1Fo(y) = Fo@) | + 19,935, 7 Il x 5. + Cr + 11K X[,

where the implicit multiplicative constant depends onp, Cr V Cg, Cp e v x V Cp k x %
K, ||IX], and |X],-

Proof. Step 1: Local estimate. Let (Y,Y’) € V&([0,T];R¥), (Y,Y") € VE([0,T]; R") be
the global solutions to the RFDE (2.2), with data ((y,y’), (F, F'),X), ((g,%"), (F, F"),X),
respectively, see Theorem 2.3. Let ¢ € (0,7]. Without loss of generality assume that
Cr<Cr Cpgxx < Cprxx AS

1Y =Ylp00 < (Y5 = Y5l + 1Y = Yl o) 1X o, + (Y51 + 1Y o, 01X = Xllp.jo.05
Assumption 2.4 gives that

IE(Y) — EY)lppo
<|EY) = FX)lp 0.4 + 1(F = F)X) 0.4
< Crgxx(Yo— Yol + Y — ?Ilp,[o,t])
+ Cp_ (L (153 + 1Y Iy 0,) X Iy 0, + 1RY [l 2. 10.47)
<o Crxx.x (Yo = Yol + (1¥3 = Y51+ 1Y = ¥'llpi0.0) X o V 1K llpf0,)
+ Cr e x 2 I1RY = R7||z 0. + Cr e x || RS FONXJg FOOX

+ CF,IQX,X”X - X”p,[O,t] + Cp_p(1+ K)(1 + [|X|lp 0, V ||X||p,[0,t])-

Further, by Lemma A.1 and Lemma A.2 we have that

HRfd F(Y)dX—[; F(f/)df(‘

5:[0.1]
< ||Rf6 F(Y)dX-[; F(f’)df(Hg’[O’t] + ”Rfo'(F—F)(?)df('

5.:0,%]
S CF,K,X,XUYO - Y0| + ||Y, Y’ }7, Yl”X,f(,p,[O,t] + ||X - X
+ Cr(L+ K> (141X lp0. V 1 Xlp.0.0) 1% Xllp.j0.6

+Cp_p (LK) (L + 1 X 10,0 V 11X lp,10,0)* (X0, V 1Kl 10,1)5

X||, and ||X||,. Combining the

lp.10.8) X p0. V1 Xllpoj0,11)

where the implicit multiplicative constant depends on p,
results, we get that

1Y =¥l o, + 1R = R I3 10,
<y = Fllpo.g + 1FQ) = FY)pj0
+[|BY = B|g 1o + [[RI6 PR POy
< Cr(IXlpujo, V IX o) (Y = Yl j0. + 1RY = RY”%,[O,t])
+ Co([Yo = Yol + 1Fo(Y) = (V) + 11938, 7 | x % pjo.y + Cr i + 1X: Xllp.j0.0)
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for some constants C; > 0, which depends on p, C. ;- « 5, [ X]|, and |X]|,, and Co > 1,
which depends additionally on Cr and K. Hence, we can choose ¢ sufficiently small such
that C1 (|| X||p, 10,4 V [ Xllp.0,9) < 3, which implies that

1Y =Y |lp0.0 + IR — RY |2 0,4

. _ 2 ) (2.5)
S Yo = Yol + |[Fo(Y) = FoW)| + 1y, 939, | x % 0. + Crei + 11X X|p,j0,1-

Step 2: Global estimate. Recall the right-continuous control function w: Apr — [0, 00)
given by

w(s, t) = (XI5 o + I1X

NSV

p[5:1] I8, (S,f) S AT,

as introduced in the proof of Theorem 2.3, and let w(s,t) := ||XH§,[5¢] + ||X||§[s,t]'
(s,t) € Ap. We infer from Step 1 that there exists a constant v > 0, which depends on
P Cr ke x.x |IX|, and |X||,, such that on any interval [s, t] with w(s, ) V i@ (s, t) < 7 the
local sohitions satisfy an estimate of the form (2.5).

Let ¢(s,t) := w(s,t) + w(s,t), (s,t) € Ap. Since c is right-continuous, there exists a
partition P = {0 =ty < --- <ty =T} of [0,T], such that

c(titizi—) =7, or c(ti,tiv1—) <~v and c(t;,tiv1—) + c(tivi—, tiv1) > 7,

forevery:=0,1,..., N — 1. Since w and w and, thus, c is superadditive, we have that

N—
Z t17t2+1_ + C( 41" tz+1) < C(O T)
=0

Therefore, the number of partition points N may be bounded by a constant depending
only on v, w(0,T) and w(0,T). Thus, in this step, we may combine the local estimates
on each of the subintervals [¢;,t,11), together with simple estimates on the jumps at the
end-points of these subintervals, which we aim to derive, to obtain the global estimate.
More precisely, by Step 1, we have the local estimate

1Y =Yl i) + IR = BY Nl i)

SV = Ya | 4+ 1B, (YY) — B, (V)| + |y, — 3, (2.6)
poltitir) T [ RY — Rﬂ”%[tii )+ CF—F + HX;anv[tith—l)’

i+1

fori =0,..., N —1, where the implicit multiplicative constant depends on p and C. ;- v 5.
Cr, K, | X|lp, | X||,, but not on the index i. So, it remains to bound
! ! Y
|)/t'i+1_7t'i+1 o )/t'i+1_7t'i+1‘ + |Rti+1_7ti+1 Rtl+1_7tl+1‘
to extend the previous estimate to [ti, tiv1].
We note that fO dX )t_,t =F_ (Y)Xt—,t + Ft/7 (K Y/)Xt—7tl that is, with Y:f—,t =
Yo + (fy Fs(Y)dX )t,yt, it follows that Y/ , = y; , + F,_,(Y)and R}, = R} , +

F}_(Y, Y’)Xt_J, for ¢ € (0,T]. Given the assumptions, we then have

¥ Y %
V" =Yl ti,tisa) + IR = Bl )
< ”Y/ - Y/||p:[ti:ti+1) + ”RY - RY| Boltistivr)
Yl Y
+ |Y7+1— tiv1 Y;fq‘,+1—7t7‘,+1| + |R tit1—tit1 R tit1—, t7+1|
S |Y;51 - Y;51 z(Y) - ti( )| + Hy,y/;y,y |‘X7X,p,[ti,t7¢+1] + C'F Pt HX X”P [tistiv1]
(2.7)
EJP 30 (2025), paper 117. https://www.imstat.org/ejp
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where the implicit multiplicative constant depends on p, Cr, Cp - x 3. K, X||p and

||X », and not on the index i. Here, we used Assumption 2.4 and the estimate (2.6) to
derive that

(RY,, s =R ) — (R —RE )]
<|F, (Y Y)Xe o, — FLL (VYK

<|F,, (MY =B (VYK + (V)X

< (| FL (V.Y = LV, V) + |F'(Y) = E' VY o) X
+ (FL VY IE VY ) oot )IIX = X2 o600

i+1_7ti+1|

it1—stip1 T Xii+1*,ti+1

Lot tiga]

Y, y/§ s 37||X,p,[ti,ti+1) + CFfﬁ‘ =+ ”Xv X”p’[ti’tiJrl]’

and

|(th/i+17,ti+1 - f/t/iﬂf,tiﬂ) - (yéiﬂf,tiﬂ - g£i+17,ti+1)|
=Pt (V) = Frppy s (V)
<NF = F) iy toin O+ 1 Fr— s (V) = Friy -y, (V)
< Co_p(L+ (YL + 1Yttt DI X Nt tisa) + IRV M2 t1.60000)
+ Crrxx (Yo, — Vi | + 1Y = Yl titinn) + Yoo tisr — Yeiraoitira])
S =Y |+ 1B, (V) = By D))+ 1y 058, 5 xpsttin) + Cr i + 1K Xyt

where the implicit multiplicative constant depends on p, Cr, Cp x v . K and [X][,
V || X||,, and not on the index i.

Now, we need to control the term |Y;, — Y, | + |F}, (Y) — Fy, (V)| + ly;, — U;,|. For this,
we note that

Ve, = Vo, | + [P (Y) = B (V)] + [yr, — 32,
<Wir, =Y, | +1F (V) = B D+ v, — 3,
F Y = Ypperad + IFQ) = F) st + 1Y = 7 lpije st
Sy =Y |+ 1F (V) = B D)+ 1958580l x %t
+Cr_p+ 1% X
Y = Y|

|p7[ti—17ti]

] + ||RY - RY”%,[ti—l;ti]’

i—1,t;

where the implicit multiplicative constant depends on p, Cr, Cp x ¢ 5, K, || X||, and
I1X

p, and not on the index 4; thus applying the estimate (2.7) for ¢ — 1 gives that
S ‘}/ti—l - }/ti—1| + |Ft¢71(Y) - Fti—l(Y)| + Hyay/;ga :';/”X,X,p,[ti,l,ti]
+ CFfl:"' + ||X7 X||Pa[ti—17ti]'

Iteratively, we obtain for any ¢ = 1,..., N that

i

< 1o = ol + [Fo(y) — Fo ()] + lyy — Gl

i—1
+ Z <||y/ - g/||p,[tj,t]‘+1] + ||R"/ - Ry”g,[tj,tjurl] + CF—}:_' + HX’ X||P,[tj,tj+1]>7

=0
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that is,

< (lvo — Gol + [Fo(y) — Fo(9)| + lvo — Fol + NCp_z)?

i—1
* Zo (Hy/ B g/”;[twtjﬂ] +IR - Ry”%v[%ﬁﬁl] X XH;[UMH])'
i=

This implies that
S lyo = Gol + 1 Fo(y) — Fo)| + 1y, ¥ 9,9 | x 5 p + Cr_p + 1K Xlp,

which is the desired control.
If we plug this into (2.7), it follows that

||Y/ - ?/||p7[ti,ti+1] + HRY - RY||%,[ti,t¢+1]

+|Fo(y) — Fo)| + 1y, 05,7 1 x.5.p + Cr_i + 1X: X[

< yo — o

Since || - ||,j0,7) < NN llp,it:.t:+,) forany p > 1, see e.g. [3, Lemma A.1], the estimate
finally follows. O

3 Examples of RFDEs

The general framework of rough functional differential equations, presented in
Section 2, allows to treat various classes of rough differential equations. In this section,
some exemplary rough functional differential equations are discussed, aiming to develop
the main conceptional ideas and demonstrating the scope of RFDEs rather than pushing
for the most general results.

3.1 Classical RDEs

Let us start with the classical rough differential equation (RDE)
t
Y;:yo+/ f(Ya)dX,, te[0,7], (3.1)
0

where yo € R¥, f € C3(R¥; L(R% R¥)) and X € DP([0,T];RY) for p € (2,3). While the

existence and uniqueness of solutions to the RDE (3.1) driven by a continuous rough path

and the continuity of the solution map were first proven by Lyons [31], the analogous
results for RDEs driven by cadlag rough paths were more recently obtained by Friz and

Zhang [24]. As an application of Theorem 2.3 and Theorem 2.5, one can recover these

results, demonstrating that Assumption 2.1 and 2.4 are, indeed, natural generalizations

of the classical assumptions of the coefficients of a rough differential equation. Further-
more, note that Corollary 3.1 presents the continuity of the solution map with respect to

the controlled path norm, which slightly generalizes [24, Theorem 3.8].

Corollary 3.1. (i) If f € C}(R*;L(R% R")), there exists a unique solution to the
RDE (3.1). Moreover, there exists a non-decreasing function K, : [0,00)% — [0, 00)
such that

1YY" < Kol Fllez. IX)-

(ii) Let (Y, Y’)Ne VE([0,T7; R*) be the unique solution to the RDE (3.1). Moreover, let
g0 € R*, f € C}(R¥; L(R%;RF)), X € DP([0,T); RY) with corresponding solution

EJP 30 (2025), paper 117. https://www.imstat.org/ejp
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(Y,Y') € V;([O,T];]Rd), and suppose that ||Y,Y"| x p, H}},}}’HXm < K, for some
K > 0. Then, we have the estimate

Yo = Yol + IV, Y'Y, Yl 5, S lyo — ol + I1f = Fllez + 1X: X,

where the implicit multiplicative constant depends on p, || f||¢cs V HfIICg, K,
and | X[.

In order to apply the existence and uniqueness result presented in Theorem 2.3, and
also the continuity result presented in Theorem 2.5, we need to check that the vector
field f in the RDE (3.1) satisfies Assumption 2.1 and 2.4. This is the content of the next
lemma, which we formulate slightly more general, with regard to the dimensions of the
underlying spaces, for later use.

Lemma 3.2. Let f € C}(R™; £L(R%; R¥)) and X, X € DP([0,T]; R?). The non-anticipative
functional

Xl

(FF): VR([0, TER™) = VR ([0, T]; L(RGRY)), (F(Y), F/(Y,Y") = (f(Y),DF(Y)Y"),
satisfies Assumption 2.4 (i) and (ii), and, in particular, Assumption 2.1, given X, X.

Proof. Since the proof is fairly standard, we provide only a sketch of a proof, following,
e.d., the proofs of [24, Lemma 3.5, Lemma 3.6, Lemma 3.7].

Fix (s,t) € Ay and let (Y,Y') € V&, (Y, V") € V.

Growth conditions. It is clear that [F}(Y)| < [|f||¢c2, and it follows from the Lipschitz
continuity of f that

[Fi— (V)] < ||F(Y)]

plsd] < fllez Y llps.0-

We now note that [|Y||, s, < [|Ylpse) + [Ye— | @s well as |||, s, < Cp(1 + (Y] +
1Y ps.1) - 1 X l|p.s.e) + IRY || 2. 1s,¢7)- Further, it holds that

[FLY Y )+ 1 F' (VY )l = D Y)Y+ IDFO)Y |5,
< Aoz YT+ 1Y p,s,e1) (1 + 1Y Nl gs,0)
So I ez (Y1 1Y o) U4 (YT 1Y st I X U sy + IRV 15 15.01)
So ez (L 1YY (1 x o gs.) (14 11X M fs.0)

and by Taylor’s expansion,
Ry = RISD = F(V)) = F(Ys) = DF(Ye)Yeu + DF(YVS)RY,
1
= SD2F(Ys + Vo) Y2 + DF (V) R,
with A € [0,1], which implies that

IR" g ey = I1RT Nl g o) < Fllcz (Y112 1o, + 1BV (g 1s11)

So I oz (Y 1Yl s DX Nl + IRV W15 6,6)° + 1RV
o I lloz (U 1YY N pugs)* (14 11X Ml s,0)*

2 [s.1])

Assumption 2.4 (i) therefore holds with some constant Cr = || f||c2 up to a multiplicative
constant which depends on p.

Lipschitz conditions. Fix K > 0 and assume that [|Y, Y| x , (.4, HY,Y’HX’Z)’[S’,&] <K.
The proofs work verbatim as the proofs of [24, Lemma 3.1 and Lemma 3.7]. The constant
Cr i x,x depends on p and || f[|cz, K, || X[, and [|X||,. O
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Proof of Corollary 3.1. (i) The existence and uniqueness of the solution follows immedi-
ately from Lemma 3.2 and Theorem 2.3. For the a priori estimate, note that ||y, y'||x, =0
and Cr <, |fllc;-

(ii) To apply the continuity result presented in Theorem 2.5, we need to ensure that
the functionals satisfy the required assumptions. For (F,F’), (F, F' ), this is given in
Lemma 3.2, and further,

(F = F,(F = F)): VR (10, TER) = VX ([0, T]; L(RY RY)),
(F = F)(Y),(F = F)(Y,Y") = (f(Y) = f(Y),Df(Y)Y' = Df(Y)Y"),

—~

satisfies the corresponding estimates in Assumption 2.4, since O{f is a vector space. Thus
we have, Cp_p 5p |If — fllez- m

3.2 Controlled RDEs

Motivated by pathwise stochastic control, see e.g. [18, 4], and robust stochastic
filtering, see e.g. [3], as well as analogously to controlled stochastic differential equations,
see e.g. [38], we consider the controlled rough differential equation

t
Y =y +/ flas,Ys)dX,, t€]0,T], (3.2)
0

where X € DP([0,T];R?) for p € (2,3), (y,¥') € V% ([0, T];R¥), f € C}(RkFe; L(RY; RF)),
and (o, ') € V5 ([0, T]; R°) is a fixed controlled path, with e € IN. In case of continuous
rough paths and controls a of finite £-variation, controlled RDEs were treated in [3,
Theorem 2.3]. The following corollary provides an existence, uniqueness and continuity
result for controlled RDEs driven by cadlag p-rough paths and with controls «, which
are only required to be controlled paths.
Corollary 3.3. (i) If f € C}(R**% L(R% RF)) and (o, ') € VE([0,T];R¢), then there
exists a unique solution to the controlled rough differential equation (3.2). More-
over, there exists a componentwise non-decreasing function K,: [0,00)% — [0, 00)
such that

VY Nxp < Kp(ll fllez, 9,6 | x.00 lleellps llevs o llx s [1X1)-

(i) Let (Y,Y’) € V5.([0,T]; R*) be the unique solution to the controlled rough differ-
ential equation (3.2). Moreover, let (§,7') € V5 ([0,T]; R¥), (a,&') € V5 ([0, T]; Re),
f € C3(R¥*¢; £L(RY; R¥)), with corresponding solution (Y,Y') € V% ([0, T]; R¥), and
suppose that ||Y,Y"||x,|Y,Y'|lx, < K, for some K > 0. Then, we have the
estimate

Yo — 1~/0| + 1Y, Y/;Y/afﬂHX.,p
S lvo = dol + 19,059, 7 xp + 1f = Fllcz + oo — ol + llev, o5 &, @l x s

where the implicit multiplicative constant depends on p,
16, &' x p, K, and || X[,

In order to apply the existence and uniqueness result presented in Theorem 2.3, and
also the continuity result in Theorem 2.5, we need to check that the vector field in the
RDE (3.2) satisfies Assumption 2.4. This is the content of the next lemma. Note that
it will be sufficient to check Assumption 2.4 (ii) for X = X , since we do not establish
stability results with respect to the driving rough path in this subsection. (This also
applies to the following subsections.)

Fllos VI flles, llas @l x,p,
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Lemma 3.4. Let f € C}(R**¢; L(R%; R*)) and X € D?([0,T]; R?) for p € (2,3). Further,
let (o, ') € V&([0, T]; R¢). The non-anticipative functional

(F, F'): VR([0, T RF) = V& ([0, T]; LR RY)),

(F(Y), F'(Y,Y")) i= (f((a V), Df((, Y)) (0, Y1),

satisfies Assumption 2.4 given X = X.

Proof. Fix (s,t) € Ar and let (Y,Y’) € V. It is clear that |F;(Y)| < | f|/cz, and we note
that

[Fi e (V)] < TEY )l gs,1 = 1 (2, Y)) I,
< [ fllez (e Y) I, s,
< fllez (X + lledlp,s.) X+ Yl

and it holds that ||V, (s < IV lps) + [Yiet| as well as [|[Y|, s < Cp(1 + (JY] +

1Y, 1s8) - 1 X M| s, + ||RY||%[S¢]). Applying Lemma 3.2 to the enlargeacontrolled path

((a, V), (/,Y")), it follows that

p,[s,t])>

I1EQ), F' (YY) x p,fs,1
S I lloz (1 (e, YOI+ 10/, Y ) o + BT s ) (1 + |1 X
S flloz (X lles o lxp) (LA 1YY x i, f5,0)* (14 11X [ f5,00) .

plsit])”

The growth conditions thus hold with constant Cr = ||f ||C§ up to a multiplicative
constant, which depends on p, ||a|, and ||, /|| x p.

Proceeding as in the proof of Lemma 3.2, we can show the Lipschitz conditions,
observing that

(@, Y)s = (@, V)| + (@, Y) = (@, Y)lp ) = [¥s = Yo + Y =Yy [0

and
||(a, Y), (O/’ Y/>; (a7 }7)7 (0/7 ?,)HX,p = HY> YI; }77 ?/”X,pv

and similarly for each summand of the norm, so the Lipschitz conditions hold with
constant Cr , x,x, which depends on p, || f|/¢s, K, for K >0, [, o[ x,p, and [|X||,. O

Proof of Corollary 3.3. (i) The existence and uniqueness of the solution follows im-
mediately from Lemma 3.4 and Theorem 2.3. For the a priori estimate, note that
Cr Sp Ifllez (L4 llally + o o x.)2

(ii) To apply the continuity result presented in Theorem 2.5, we need to ensure that
the functionals satisfy the required assumptions. For (F,F’),(F,F’), this is given in
Lemma 3.4. Analogously, since f — f € C32, we note that for

(Y,Y") = ((f = N)((,Y)), D(f = /(e Y))(, Y"))

the growth conditions hold with constant equal to ||f — f ||c§ up to a multiplicative
constant which depends on p, |af|, and ||, /|| x . Further, it follows from the proofs
of [24, Lemma 3.1 and Lemma 3.5] that the growth conditions hold for

YY) = (f((a,Y) = f((@ Y)), Df (e, Y))(',Y') = Df((&,Y))(@",Y"))

with constant equal to |ag—ao|+|la—a&ll,+||a, &'; &, &'|| x » up to a multiplicative constant
which depends on p, | |z, [l a, || x p,

«

p’ p’ d>0~/HX>p-
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This implies that

(F = F,F' = F): V ([0, T]; R") = Vi (0, T]; L(R% RY)),
(F = F)(Y),(F = F)(Y,Y")
= (f((a,Y)) = f((&,Y)),Df (e, Y)) (", Y') = Df((a, Y)) (@', Y")),

satisfies the corresponding estimates in Assumption 2.4 with

Cp_ip = IIf = fllcz +lao = dol + o = &llp + l|lo, '3 &, @[l x,p

up to a multiplicative constant, which depends on p, || f]|cs V| f s &llp, o, | x ps
16, &[] x p- O

3.3 RDEs with discrete time dependence
Let us consider the rough differential equation with discrete time dependence

t

)/t:yt+ f(}/S7)/s/\1"17"'Ys/\T‘g)dXS7 te [07T}7 (33)
0

where X € DP([0,T];RY) for p € (2,3), (y,y') € V5([0,T]; R¥), f € CJ(RFHD; L(RY; RF)),
and r; < .-+ < ry be given time points in [0, 7], with ¢ € IN. For continuous rough paths
as driving signals, the existence (without uniqueness) of a solution to the RDE (3.3) was
proven in [7, Example 4.2 and Theorem 4.4]. The next proposition provides an existence,
uniqueness and continuity result for RDEs with discrete time dependence driven by
cadlag p-rough paths.

Proposition 3.5. (i) In the above setting, there exists a unique solution to the RDE
with discrete time dependence (3.3). Moreover, there exists a componentwise
non-decreasing function K,: IN x [0,00)® — [0, 00) such that

VY xp < Kl 1 fllezs 1y, 0/l s 1X]1)-

(i) Let (Y,Y’) € V& ([0,T];R*) be the unique solution to the RDE with time discrete
dependence (3.3). Moreover, let (§,7') € V% ([0,T]; R¥) with corresponding solution
(V,Y") € V&([0,T];R¥), and suppose that |Y,Y'||x,,||Y,Y’|x, < K, for some
K > 0. Then, we have the estimate

Yo — Yol + |V, YV, Y | xp < lvo — dol + 119,535, 7 | x5

where the implicit multiplicative constant depends on p, ¢,

flicg. K, and [ X[,

Proof. (i) On the interval [0,r;], we extend the vector field f to map into the space of
controlled paths by setting

(F7 F/): V&([Ovrl];Rk) - ng([oarlhﬁ(Rd;Rk))v (F(Y>7F/(Yv Y/)) = (f(Y),Df(Y)Y’),

with (V,Y') = ((V,Y,...,Y), (Y'Y’ ..., Y")) € V& ([0, T]; R**+Y). It follows analogously
to Lemma 3.2 that the functional satisfies Assumption 2.4 (i) and (ii) with constants
depending additionally on ¢, that is, Cr = ||f ||cg up to a multiplicative constant, which
depends on p and ¢, and Cr i, x,x depends on p, ¢, f||cgr K, for K > 0, and || X]||,.
Note that it is sufficient to check Assumption 2.4 (ii) for X = X. We can thus apply
Theorem 2.3 to show that there exists a unique solution to the RDE (3.3) on the interval
[0,71). We now aim to solve the RDE (3.3) iteratively on the subintervals [r;,7;+1),
i=1,...,¢ with o1 = T. Given the solution on [r;_1,7;), with ro = 0, the value Y,, is
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determined by the jump of X at time r;. We therefore consider (y;,y}) € V% ([ri,ri+1]; R"),
where

yi;t =Yt + Ym— — Yr;— + Fri—(Y)Xr,;—,ri + FA_(Y; Y/)Xr,;—ﬂ"” t e [T‘Z‘,T‘Z‘_._ﬂ,

for every i = 1,...,¢, and (a;, o)) € V¥ ([ri,ri+1]; R*) be a fixed controlled path, with
Oél'_’t = (le, e ,Ym), te [T’i,'f'i+1). We set

(F7 F/): Vf(([rivriJrl]?Rk) — Vg(([rivriJrl];‘C(Rd;]Rk))’
(FY),F'(V.Y") = (f(Y,0,Y,....Y)), DF((Y, e, Y, ... ,Y))(Y', 0}, Y7, YT))

fori=1,...,/—1, and
(F(Y),F'(Y,Y") = (f((Y, ), DF((Y, ) (Y, o)),

for i = /. Analogously to Lemma 3.4, we can show that the functional satisfies Assump-
tion 2.4 (i) and (ii) with constants depending additionally on ¢, that is Cr = || f ||c§ up
to a multiplicative constant, which depends on p and ¢, see the definition of («a;, ) €
V& ([ri,ri+1]), and Cr k x,x depends on p, ¢, fllez, K, for K > 0, and || X|[,. Note that
it is again sufficient to check Assumption 2.4 (ii) for X = X. We can thus again apply
Theorem 2.3 to show that there exists a unique solution to the RDE (3.3) on the interval
[7”1‘, 7"1‘4_1), that is

t
Y = yiu +/ F(Y)dX,, teririt1),

for every ¢ = 1,...,£. Then, by pasting the solutions on each of these subintervals
together, we obtain a unique global solution Y, which holds over the entire interval [0, 7.

The a priori estimate follows by iteratively combining the a priori estimate of Corol-
lary 3.3, noting that o ; = (Y;,,...,Y,,), t € [rs,riq1), fori=1,... ¢

(ii) Local estimate on [0, 71]. To apply the continuity result presented in Theorem 2.5
on the subinterval [0,r;], we need to ensure that the functionals satisfy the required
assumptions.

For (F, F’), this is shown in the proof of (i), and as we aim to obtain continuity of the
solution map as a function of the initial condition (y,y’), not the vector field f, on the
interval [0, 1] we may consider (F, F') = (F', F'), so, (F — F, F’ — F’) = 0. Theorem 2.5
now gives that

1Y =¥y jo) + IR = BY o1 S [0 = Gl + 19, 5'55, 7 x ot

where the implicit multiplicative constant depends on p, £, || f|¢z, K, and | X[,

Local estimate on [r;,r;4+1], i = 1,...,{. To apply the continuity result presented in
Theorem 2.5, we need to ensure that the functionals satisfy the required assumptions.
For (F, F'), (F, F"), this is shown in the proof of (i), and for (F — F, F’ — F), in the proof
of Corollary 3.3 (ii), where the constant C',_ - depends additionally on {. Theorem 2.5
then implies that

”Y/ - Y/| p,[7i,rit1] + HRY - RY||P;[T¢,T:+1] S D/M - le1| + ||y7yl;gag/”X,p,[n,rHl]v

where the implicit multiplicative depends on p, || f[|¢cz, K and | X[[,, see the definition of
(i, o), (@i, &%) € VR ([ris riga s R™), (v ), (96, 97) € Vi ([ri, ria; RP).

Global estimate. Using the methods of the proof of Theorem 2.5, and applying the
local estimates on the subintervals [r;, r;41], ¢ =0, 1,...,¢, one can then derive that

1Y =Yl + IR = R¥ [z < lyo — Jol + 9.4 9.'l|x.

which implies the estimate. O
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3.4 RDEs with constant delay

Maybe the most prominent example of rough functional differential equations are
RDEs with constant delay, cf. e.g. [20, 36, 12, 15, 11]. In the present subsection we
consider the delayed rough differential equation

t
}/t :yf+/ f(YwYe—nw'~;Y9—m)dX57 t e [OaT]a (34)
0

where X € DP([0,T];RY) for p € (2,3), (y,y') € V5([0,T]; R¥), f € CF(RFHD; L(RY; RF)),
and constant delays 0 < r; < --- < rp with ¢ € IN. To give a rigorous mathematical mean-
ing to the RDE (3.4), we follow the approach of Neuenkirch, Nourdin and Tindel [36]:
we assume that the driving rough path X is of the form

Xt:(Zt,th’rlv--thszL te [OvT]v

for a path Z € DP([—r, T]; R®) with d = e(¢ + 1). We extend the vector field f to map
into the space of controlled paths by setting

(F(Y),F'(Y,Y")) = (f(Y,0),Df((Y,a))(Y",a)),
for (a, ') € V&([0, T); R¥Y), where

thfrj, te [T‘j7T]

: (3.5)
Yj;fw te [O?rj)

a=(a,...,00) with o;,:= {

for fixed controlled paths (Y;,Y/) € V), ([0,T);R¥) and every j = 1,..., (. This includes

I =g r
the natural case Y; = §._,; for an initial 1)ath €€ Vh([—re, T); RF).

Note that the postulated form of the rough path X is essential to ensure the
well-posedness of the rough integral appearing in (3.4) and the extension of the so-
lution Y to the interval [—r, 0] is a standard and necessary way to give a meaning to
f(Ys,Ys_r,...,Ys_,,) on the entire interval [0, 7.

For delayed RDEs of the form (3.4) driven by a-Holder continuous rough paths,
existence, uniqueness and continuity of the It6-Lyons map were first proven in [36] for
S (%, %). These results were extended in [42] to a-Holder continuous rough paths
for a € (i, %). A paracontrolled distribution approach to RDEs with constant delay can
be found in [39]. Based on the general results of Section 2, we can derive the follow
proposition.

Proposition 3.6. (i) In the above setting, there exists a unique solution to the delayed
RDE (3.4). Moreover, there exists a componentwise non-decreasing function
K,: N x [0,00)* = [0,00) such that

4
1YYl < K (€1 ez o0 e SOV ¥z 1)

Jj=1

(ii) Let (Y,Y’) € V5([0,T); R*) be the unique solution to the rough differential equation
with constant delay (3.4). Moreover, consider (3,7') € Vi ([0, T7; R¥), and fixed con-
trolled paths (Y;,Y!) € Vb, ([0,T);R¥), j =1,..., ¢, with corresponding solution

I 5 v

(V,Y") € V&([0, T]; R¥).

Suppose that ||Y,Y"|x ., |Y,Y'||x, < K, for some K > 0, and that ||Y;
15, Y5l x 0/

Y.

~ ~ pr Jllps
Y;,Y/xp < L, for some L > 0, j = 1,...,¢. Then, we have the
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estimate
Yo — Yo| + |V, YV, Y| x,
4 ~ V4 L
Slyo = ol + 119958 llxp + Y, Vio = Vol + D 1Y3, Y3 Y5, Y|z s
j=1

Jj=1

where the implicit multiplicative constant depends onp, ¢, r1, T,
[1X][p-

f”cg, K, L, and

Proof. (i) The existence and uniqueness of the solution follows by iteratively applying
Corollary 3.3 (i) to intervals of the length 7.
More precisely, we consider the functional

(F7 F/): Vf(([&rl];Rk) — Vf{([ole];ﬁ(Rd;Rk))7

for (a,a’) € V5([0,71]; R**) given by (3.5), and apply Corollary 3.3 (i) to show that there
exists a unique solution to the RDE (3.4) on the interval [0, 7).

We now aim to solve the RDE (3.4) iteratively on the subintervals [iry, (i + 1)r1],
it =1,...,N — 1, assuming that " = Nr; for some N € IN. Given the solution on
[(¢ — 1)ry,4r1), the value Y;., is determined by the jump of X on ir;. We therefore
consider (y;,y}) € V& ([ir1, (i + 1)r1]; R*), where

Yist = Yt + Y;m— = Yir,— + FiT1—(Y)XiT1—-,i7“1 + ﬂ/7’1—(Y7 Y/)Xirl_yirl7 te [irla (Z + 1)7’1}7
foreveryi=1,...,N — 1, and
(F, F'): V& ([iry, (i + D)ri]; RF) — VB ([ir1, (i + 1)r1]; LR RF)),

for (a, ') € V& ([ir1, (i + 1)r1]; R*) given by (3.5). We again apply Corollary 3.3 (i) to
show that there exists a unique solution to the RDE (3.4) on the interval [irq, (i + 1)r1),
that is .
K:yi;t+/ FS(Y)CIXS, t e [iTl,(’i+1)T1)

iry
for every i = 1,...,N — 1. Then, by pasting solutions on each of these subintervals
together, we obtain a unique global solution Y to the RDE (3.4), which holds over the
interval [0, T7.

The a priori estimate follows by iteratively combining the a priori estimate of Corol-
lary 3.3, and by the definition of « in (3.5).

(ii) Local estimate on [iry, (i + 1)r1], i =0,..., N — 1. To apply the continuity result
presented in Theorem 2.5 on the subintervals [iry, (i + 1)r1], we need to ensure that
the functionals satisfy the required assumptions. This is given for (F, F’), (F,F’ ) in
Lemma 3.4, and for (F — F‘, F — ) we refer to the proof of Corollary 3.3 (ii), and write
Cr_p, for the corresponding constant. By Theorem 2.5, it then holds the estimate

1Y = Y|l firy (1)m] + IRY — RY 5 liry, (i4+1)r]
5 |Y;r1 - YVir1| + ‘Fi”‘l (Y) - Fin (Y)| + ||y7y/; gagl||lh[i7"1’(i+l)”] T CF_F’i
L

S lyo = Gol + 11y, 9399 I x + Y Yo = Yiol + 15, Y]5 3. Y2,
j=1

+ ||Y/ - Y/”Py[o,in] + ||RY - RYH%,[O,irl]a

where the implicit multiplicative constant depends on p, ¢,
the definition of (a, '), (&,&') € V5 ([0, T]; R¥).

Global estimate. Iteratively applying the local estimates and, as before, using that
Il < Nzij\;l |l - lp,firs,(i+-1)r,] ONE can then derive the estimate. O

fllez. K, L, and [[X[|,, see
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3.5 RDEs with variable delay

Rough differential equations with variable delay represent a slight generalization of
RDEs with constant delay. More precisely, let us consider the rough differential equation
with variable delay

t
Y, = Yt +/ f(Y’vats—n(s)) dXs, te€ [O,T], (3.6)
0

where X € DP([0,T];R?) for p € (2,3), (y,4') € VX ([0,T;R"), f € C§(R**; L(RY; RF)),
and 7(-) be a bounded continuous function with n(¢t) > ¢, t € [0, 7], for some € > 0, and
77 =sup{n(t) —t:t € [0,T]}. We assume that the driving rough path X is of the form

Xy = (Ztathn(t))v le [OaT]a

for a path Z € DP([—7, T|; R¢) with d = 2e. We extend the vector field f into the space of
controlled paths by setting

(F,F'): Vi ([0.T); RY) = Vi (0. 7): LR: RF)),
(F(Y).F'(Y,Y") = (f((V.0)). DF(Y:a))(¥".a)).

for (o, o) € V& ([0, T); R¥), where

)Y, t=n(t)
Qp =
Yn;ta t < 77(75)
for some fixed controlled path (Y;,Y,) € V%_n(_) ([0, T]; RF).
Corollary 3.7. (i) In the above setting, there exists a unique solution to the delayed
RDE (3.6). Moreover, there exists a componentwise non-decreasing function
K,: (0,00) x [0,00)* = [0,00) such that

1Y, Y xp < Kp(e™ I llozs 1y, llxms 1Y Yol 11X 1)-

(i) Let (Y,Y') € V5 ([0,T);R*) be the unique solution to the RDE with variable de-
lay (3.6). Moreover, consider (3,§') € V([0,T]; RF), and a fixed controlled path
Yy, Y evy | (0.1} R¥) with corresponding solution (Y,Y’) € V5 ([0, T]; R¥).

Suppose that ||Y,Y"|x,, |Y,Y'|x, < K, for some K > 0, and ||Y;, Y, xp,

1Yy, }7,;||X7p < L, for some L > 0. Then, we have the estimate

Yo = Yol + [V, Y5V, V|| x,p
S \yo - Zjo| + Hy,y';ﬂ, g/”X,p + |Yn;0 - Y/*7];0| + HYme;; ffm Yn/HZ.,,,(.).,pa

where the implicit multiplicative constant depends onp, ¢, T, 1,
X[l

chug, K, L, and

Proof. (i) The existence and uniqueness of the solution follows by iteratively applying
Corollary 3.3 (i) to intervals of the length ¢, see the proof of Proposition 3.6 (i). The a
priori estimate follows analogously.

(ii) The continuity of the solution map follows analogously to Proposition 3.6 (ii). O

EJP 30 (2025), paper 117. https://www.imstat.org/ejp
Page 22/32


https://doi.org/10.1214/25-EJP1381
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Rough functional differential equations

4 Application to stochastic differential equations with delay

One main application of rough path theory is a pathwise and robust approach to
stochastic differential equations, see e.g. [21]. In this section we show how a cadlag
martingale and its delayed version can be lifted to a joint random rough path in the spirit
of stochastic It6 integration. Consequently, this allows to apply the results on rough
functional differential equations, provided in Section 2, to Itd6 stochastic differential
equations (SDEs) with constant delay.

Throughout the entire section, let us consider constant delays 0 < r; < --- < rp, with
¢ € NN, and let (2, F,P) be a probability space with a complete and right-continuous
filtration (F):e[—r,,7]- L€t Z = (Zt)ie[-r,, 7] b an e-dimensional square-integrable cadlag
martingale that is defined on (2, F,P), with Z, = 0 for ¢ < 0. The space of all square-
integrable random variables on (2, 7, P) is denoted by L? and equipped with the standard
L?-norm.

4.1 Delayed martingales as rough paths

The aim of this subsection is to construct a random rough path above the stochastic
process X = (X¢)c[o,7], defined as

Xe =(Z4, Zs—yy, ... Zt—y,), te 0,17,

in the spirit of stochastic It6 integration. Recall that, for a martingale (S;);c[o,7] (0T,

more generally, for a semimartingale (5;);c[o,r1), the stochastic Ité integral fot s dSs
can be defined whenever (¢;):c[o,1] is @ stochastic process with left-continuous sample
paths with right-limits, which is adapted to the augmented filtration generated by
(St)teo,1- For a comprehensive introduction to stochastic integration see, e.g., [40]. In
the following, when writing a stochastic integral, like fg ps dSs, we will always implicitly
refer to the augmented filtration generated by (S;).c[o, 1) if not explicitly stated otherwise.

To construct a random rough path above the stochastic process X = (Xt)te[O,T]' the
main challenge is to establish the existence of the random integral f(f iy, dZt_rjz
for j; < jo since (Zt—rjl)te[O,T] is, in general, not adapted to the augmented filtration
generated by (Z;—,, )icjo,1]-

As a first step to construct a random rough path above the stochastic process X,
in the next lemma, we derive the existence of an auxiliary process, inspired by the
quadratic co-variation of martingales.

Lemma 4.1. Let Z = (Z;):¢[r,, 1] be an e-dimensional square-integrable cadlag mar-
tingale that is defined on (Q, F,P), with Z, = 0 fort < 0. Then, for i1,ia = 1,... €,
1,2 =0,...,¢, j1 # jo, we have

Np—1
ul ) ) , ) 2
11 12 _ 11 12
I |:t€s[lél’)1’] ‘ kz th'/\t_rhvtgﬁ-l/\t_?“h ZtZ'At—%JQH/\t—% ; ASZ'_TM ASZ'_TJQ ‘ :| —0
’ =0 s<t
along any sequence of partitions P" = {0 =t} <t} < --- < N, = T}, n € N, of the
interval [0,T] with vanishing mesh size, so that |P"| — 0 as n — oo. Here, we write
AH = Hy_ 4, with H,_ = limy; H;, for the jump of a stochastic process H at time t.
We define the stochastic process
(20, 22, =Y AZE AZE e (0,T).

i ST 7 P
s<t

This process is cadlag and has IP-almost surely finite £ -variation, that is, [Z_iile , Z,iirjz] €
D3 ([0, T); R) P-almost surely.
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Rough functional differential equations

Proof. We assume w.l.o.g. that j; = 0, and write r = r;,, and M = Z%, M = Z. For
n € IN, we define

Nn—1

H} = Z Mip—ren —rLpep, ) (2), t€[0,T],
k=0

and note that for |P"| < r, H" is indeed a simple predictable process, see [40, Chapter II].

The It0 integral is then given by

+ Np—1
/ HdM = E Mg n—rp  At—r Mipaten At
0 k=0
We now aim to show that

T
E[/ (H;“L—HS)Qd[M]S} —0, as n — oo, (4.1)
0

where H = A.]\j,r, and [;Ldenotes the quadratic variation. Using the localizing
sequence 7,, = 1T A inf{t : |[M;| > m}, m € N, and replacing H" by H!,, and H by
H.,., , we may assume that the integrand is uniformly bounded, so that we can apply
the dominated convergence theorem. Since H" — H converges pointwise as n — oo,
this shows (4.1).

By [28, Chapter 1.4], it follows that

t t
E{ sup ‘/ H;’dMsf/ H, dM,
tel0, 7] ' Jo 0

as n — 0o, thus uniformly in L2, and as

2
]%O

t
H,dM, =Y AM._,AM,
/0 L, =Y

s<t

this implies the convergence result. Further,

AM, M.y =D (AM + AM_)* =Y (AM — AM._,)?

s<- s<-

has cadlag sample paths of finite 1-variation, as both terms on the right hand side
are monotonically increasing, which implies that [M, M._,| has P-almost surely finite
g-variation, and concludes the proof. O

Proposition 4.2. Let p € (2,3), and let Z = (Z;);c|—r,1) be an e-dimensional square-
integrable cadlag martingale that is defined on (Q, F,P), with Z, = 0 fort < 0. We set
X=(Z2Z_,...,7%_:,). Then, X can be lifted to a random rough path, by defining
X = (X, X) € Dr([0, T); R?), P-almost surely, with d = e(¢ + 1), where

t t s
XY, = / Xi_dX] - XIX!, = /0 X! dxi — /0 X)_dX] - XIX?,,
S
fori,j =1,...,d withi = j and i > j such that X’ = Z,’lm, XJ = Z?‘z”_z with i1,iy =
0,...,e, 741,72 =0,...,4, j1 > jo, and else
ngt = *Xi{t + X;th,t - [Xia Xj]s,t

for any (s,t) € Ar, and where the integration is defined as a stochastic It6 integral, and
[X, X7] is defined in Lemma 4.1.
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Remark 4.3. The stochastic integral fg Zz}_rh _ def_% can be defined using classical
stochastic It6 integration if j; > j,. Indeed, the stochastic process (Zéi%)te[oﬂ is a
martingale and the stochastic process (Zt“_,.j1 )te[O,T] is predictable, both with respect to
the filtration (F;—,, )icpo,7] With F; := {Q,0} for ¢ < 0.

Further, for i > j, we have that X%/, := [/ X! dXj — [; X._dX] - XIX!, =
JIxi, dxi

= [0 ["7dX}dX], that is, XY, coincides with the 2-fold iterated integral, for (s,t) € Ar.

Proof of Proposition 4.2. First, by definition Chen’s relation does hold: Let 0 < s < v <
t <T. Then, we have that

Xil + Xz},t + X;vXZ),t

S,v

t
= [ XX - XIX, - XX, XX

t
= / X, _dX} - X!X!,

s,
similarly for X%, and
X;fv + X?th + Xg,vXti),t

= XY, + X! X7, — [X*, X)e = XY, + X0, X0 — [XF, XT) e+ XD, X0,

= _Xij;t + Xé,vXZ,t + X;,’qu,'u + Xf;,th,t + Xz,th,v - [Xia Xj}s,t

= _X?,t + X;,th,t - [XivXj]s,t

=
Further, Z has P-almost surely finite p-variation, see e.g. [29], hence X € DP([0,T]; Rd)
P-almost surely. Since the maps s — X, ; for fixed ¢, and ¢ — X, ; for fixed s are both

cadlag, it thus remains to show that ||X[|z < co P-almost surely.
We define the dyadic stopping times (7{"), ken by

ty =0, 7y =inf{t > 7 0 [ Xy — Xon[ 227" AT

For ¢t € [0,T] and n € IN we introduce the dyadic approximation

oo t e .

X = ZXT;’jl(T,;‘QTQ“](t) and XprdX) = ZX;ZA?Xf—g/\t,T;“/\tv

k=0 0 k=0
for i = j ori # j such that X’ = Z?'im, Xi = Z?‘z% foriy,io=1,...,e, j1,j2 =0,...,%,
J1> Ja-

We now show that for almost every w € Q, for every ¢ € [0, T] and for every ¢ € (0, 1),

there exists a constant C' = C(w, ¢) such that for all n € IN, we have

t t
’(/ Xirdxg —/ X! dXﬂ)(w)‘ < 2 =9, (4.2)
0 0

Applying the Burkholder-Davis—-Gundy inequality, we have that

t 2 T
B (s [ -xhaxt) | sE| [ o - xipan) sz e,
t€[0,7] J0 0
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where the implicit multiplicative constant depends on the quadratic variation [X7] of X7,
Combining this with Chebyshev’s inequality, we obtain for any € € (0,1) that

t
JP(‘ [ i - xax
0

> 2n(16)> < 22’(1(176)272?7, — 9—ne.

So by the Borel-Cantelli lemma, we have that

t t
sup (/ Xin 4 x7 —/ Xi dxg) < g-nli=e),
tefo,7] > Jo 0
where the implicit multiplicative constant is a random variable which does not depend
on n, which shows (4.2). Proceeding as in the proof of [30, Theorem 3.1], we can show
that HX”Hg < oo P-almost surely. Further, let i # j as above, then we have for any
(S,t) € Ar that
PP iink i P
IXTLE SIS g+ I g+ 11 X9

i[85t J[s,t]"

Lemma 4.1 then ensures that [|X/*||z < oo P-almost surely. O

Remark 4.4. For a fractional Brownian motion with Hurst index H and its delayed ver-
sion a joint rough path was constructed in [36] based on the Russo-Vallois integral [41],
assuming that H > 1. This construction was generalized in [42] allowing for H > 1. A
related construction of a delayed rough path above a fractional Brownian motion can be
found in [12]. For a standard Brownian motion a delayed rough path was also defined
in [15] based on stochastic It6 integration. While the delayed rough path provided in
Proposition 4.2 corresponds to stochastic It6 integration, see Proposition 4.5 below,
the aforementioned constructions of delayed rough paths above (fractional) Brownian
motion correspond to Stratonovich integration.

4.2 SDEs with delay as random RDEs

Let us consider the SDE with constant delay

t
Y, = +/ Yoo Yocrioyo., Yo, _)dZs, te[0,T),
t Yo 0 f( 1 14 ) [ ] (43)

Y;E = Ut, te [77”530)7

where y € D% ([—r, T); R¥), f € C3(RFHD; £(R¢; RF)), with d = e(¢+1), and the integral
is defined as a stochastic It6 integral. For a comprehensive introduction to stochastic It6
integration and SDEs we refer, e.g., to the textbook [40]. It is known that the SDE (4.3)
possesses a unique (strong) solution, see e.g. [40, Chapter V, Theorem 7]. It turns out
that the solutions to the SDE (4.3) and to the RDE (3.4) driven by the random rough path
X = (X, X), with X as defined in Proposition 4.2, coincide P-almost surely.

Proposition 4.5. Let p € (2,3), and let Z = (Z;);c[—, ] be an e-dimensional square-
integrable cadlag martingale, that is defined on (2, F,IP), with Z, = 0 fort < 0. We set
X =ZZ_+,....Z._y,), and let X = (X, X) be the random rough path, with X defined
as in Proposition 4.2.

(i) Let (V,V') be an adapted stochastic process such that V takes values in L(IR¢; R¥)
and, identifying V' with its extension (by zero) to take values in L(]Rd;]Rk), we
assume that (V(w),V'(w)) € Vg’((w) for almost every w € ). Then, the rough integral
exists and coincides IP-almost surely with the stochastic Ité integral, that is

T T
/ V,dX, = / Vu—dZ,, P-almost surely.
0 0
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(ii) The solution of the SDE (4.3) with coefficient f and driven by X, and the solution
of the RDE (3.4) with coefficient fy and driven by X, coincide PP-almost surely, if f
be the extension (by zero) of f to a function taking values in L(R?; RF).

Proof. (i) Step 1. [22, Theorem 31] gives that

T
VedX, = li Vi X, VIXs4),
[ = S v
(s,t)eP

where the limit is taken over any sequence of partitions P of the interval [0, 7| with mesh
size |P| — 0, and it is known that

T
Z ‘/sXs,t — / ‘/u— dZua
(s,t)eP 0

in probability as |P| — 0, noting that V, X, , = V;Z,, by definition of V, see e.g. [40,
Chapter II, Theorem 21], therefore the convergence holds IP-almost surely, possibly
along some subsequence.

Step 2. We are left to show that

li VX, =0, 4.4

|7>1|r30 Z st (4.4)
(s,t)eP

P-almost surely, along some subsequence. It suffices to show that fori,j =1,...,d,

sup‘ S oxY[-0, as [P0, (4.5)

T€0T1 (5 1y ePnio.7]
in probability, which then implies P-almost sure convergence, along some subsequence:

if V' is P-almost surely piecewise constant, then (4.5) implies (4.4). Otherwise, for any
€ > 0, there exists a suitable piecewise constant approximation V"*° of V'’ such that

V' = V"l <,
P-almost surely, see [5, Proposition B.1]. By a standard interpolation argument (e.g. [23,
Proposition 5.5]), it follows, for any ¢ > p, that

)
1-3 b2

P
IV =Vl < IV = VEIE IV = Vst < o,

P-almost surely, where the implicit multiplicative constant C is a random variable which
does depend only on p, ¢ and ||V’||,. Using [43, (5.1)], we obtain that

> ViXai= D0 VIIXy
(s,t)eP (s,t)EP

P

1 2
< (rre(y+ o))V =Vl < cet

P-almost surely for any partition P, where the implicit multiplicative constant C' is a
random variable which does depend only on p, ¢, ||V’||, and [|X||z. Consequently, if

. 1,€
A (8%27) Vi Xsr =0,
holds IP-almost surely, then so does (4.4), and it suffices to show (4.5).
Step 3. From here on, for the proof of (4.5), we consider the sequence of partitions
Pr={0=1ty <t} <...<t} =T} necN, of the interval [0, 7] with vanishing mesh
size, so that |P"| — 0 as n — co. Moreover, let i > j.
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Recall that

ij o j
b, = | Xipao0Xh k=0 N, -1,
k

Thus, the Burkholder-Davis—-Gundy inequality gives that

i |2 r ) ,
E[ sup ‘ Y oxY, }5]3{/0 X PAIX]]

€017 (s HyePrn[o,7]

where we write tpn := max{t} € P" :ty <t}, t € [0,T]. Proceeding as in the proof
of [25, Lemma 6.1], one can then show that

T
]E{/ Xf;pn,u_|2d[Xj]u} -0, as n— oo,
0

which gives (4.5).
Therefore, by definition and Lemma 4.1 it holds that

Np—1 N,—1
> XD ==Y X A X X = [X X e
ko k41 kolk41 kolk41 kolk41 ko Vk+1
k=0 k=0
N,—1 N, —1
== Xihp > X X = > AXAX
k'Yk+41 k" k41 k7 k+1
k=0 k=0 s<T
— 0,

as n — oo, where the convergence holds uniformly in probability, which then concludes
the proof.

(ii) Let Y be the solution of the rough differential equation (3.4) driven by the random
rough path X = (X, X), see Proposition 3.6 (i). We note that the assumption on (V, V")
in (i) does fit into this setting, where (V(w),V'(w)) = (F(Y (w)), F'(Y(w),Y’(w)) for some
functional F', see Section 3.4. As the rough and It6 integral do coincide P-almost surely
by (i), we infer that Y is also a solution of the SDE (4.3), which has a unique solution (by
e.g. [40, Chapter V, Theorem 7]). O

Remark 4.6. As a consequence of Proposition 3.6 and Proposition 4.5 (ii), one can apply
the continuity of the It6-Lyons map (Theorem 2.5) to derive pathwise stability results
for stochastic differential equations with delay like (4.3). In particular, the map y — Y/,
mapping the initial path y to the associated solution Y of the SDE (4.3), is continuous
on the space of controlled paths, which resolves an old observation, pointed out by
Mohammed [34], about the non-continuity of the flow of stochastic differential equations
with delay. The latter is a consequence of the discontinuity of stochastic integration
when using an unsuitable topology for the integrands.

Remark 4.7. While we considered square-integrable martingales and the associated
stochastic differential equations with constant delay in this section, the presented results
can be generalized in a fairly straightforward manner to:

(i) cadlag local martingales using standard localization arguments;

(ii) cadlag semimartingales using the classical estimates for Young integrals, see e.g.
[24, Proposition 2.4] and [30, Theorem 3.1], to show that one can suitably lift X to
a random rough path with additional Young integrals;

(iii) Young semimartingales (also known as semimartingales in the sense of Norvaisa
[37]), i.e. Z = M + ¢, for some martingale M and some cadlag adapted process ¢
with ¢(w) € D4([0,T]; R®) for almost every w € (2, for some ¢ € [1,2);

(iv) SDEs/RDEs with variable delay of the form (3.6), as long as 7 is assumed to be
bounded with 7(t) > ¢, t € [0,T], for some ¢ > 0.
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A Local estimates for rough integration

The following local estimates are needed to prove the existence and uniqueness result
in Theorem 2.3, and the continuity result in Theorem 2.5.
Lemma A.1. Let X € D?([0,T];R%) for p € (2,3) and (Y,Y’) € V%([0,T);R*). Sup-
pose that the non-anticipative functional (F, F'): V§.([0,T]; R*) — V% ([0, T]; £L(R?; RF))
satisfies Assumption 2.1 (i) with some constant C'r. Then, we have the local estimate

1RS POV 1y S Or(L 4 1Y, Y 1y 10) (L4 1 X g gs,) 21X

D, [s,t]>
for all (s,t) € Ar, where the implicit multiplicative constant depends only on p.

Proof Let (V, V’) € VR ([0,T]; L(R%; RF)), and set =, := Vo Xup + Vi Xy,p and 62, ., :=
Eup — Sur — Zpp for s <u < r < wv <t. Here, strictly speaking, in writing VX, ,, we
use the canonical identification of £(R%; £(R%; R¥)) with £L(R? ® R¢; R¥). We note that

|RES| < ‘/ V, dX, — Zy.

S ‘ / ‘/r dXT - Eu,v

Using Chen’s relation, one can show that

+ Vol X

+ VT IV llp s, X,

_5Eu,r,v = RXTXT,U + VQLTXTJM
which gives that

—
|0 ur,0]

< IRV ||z
2

||p,[u 7]||X|| L [r]

= wlﬁl(um)%wg’l(r, v) + w1 2(u, T)ng o (7, v)%

where wy (s, t) := IIRVIIP w2,1(s,t) == [|X[} (s wr2(s,8) = [V'II] (s 4 w2i2(s,1) :=

NERK [s,t]”

||X|| 2 [s,t)’ (s,t) € Ar, are control functions and 1 5+ % > 1. It then follows from the
generahzed sewing lemma, see [24, Theorem 2.5], that
[F:R P
S IRV g fo,0| Xl s, + IV
S IV Vst Xl s,

X g s + VI 1V llp, o) 1Xl 5 5,)

where the implicit multiplicative constant depends only on p. Using Assumption 2.1 (i),
we therefore obtain the estimate for (V, V') = (F(Y), F'(Y,Y")). O

Lemma A.2. For p € (2,3), suppose X,X € DP([0,T);R%), (Y,Y’) e Vp([O T]; RF),
(Y,Y') € VZ.([0,T];R¥), and that the non-anticipative functional (F, F'): Vi ([0, T}); R") —
VE ([0, T); L(R?; R¥)) satisfies Assumption 2.4 (i) and (ii) given X, X. Then, we have the
local estimate

”Rfo F(Y)dX _ Rfo Y)dX” »

2 (s
SCrrxx(Ys — Y|+ |V, Y)Y, f//Hx,f(,p,[
+ Cr(1+ K (141X | sy VX N s.0) 2135 X s

) (X st V 1 X fs.1)

for all (s,t) € Ap, if |[Y,Y'||x p (s, Y,V % p sy < K, for some K > 0, where the
implicit multiplicative constant depends on p, ||X||, X
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Proof. 1t follows from [24, Lemma 3.4] that for any (V, V') € V, (V,V') e 1%

HRIU VdX _ Rfo VdXH »
Z.lst]
Sp (LA X5, + 1K ps,) UV V5V VN x5 6 1 XK g5,
+ IV, V/||X,p,[s,t] X X||1p,[s,t])

5 ||V7 VI? V7 VIHX7X,p,[s,t] ||X||p,[s,t] + ||V7 VI”X',p,[s,t] ”X? X'

pi[st]s

where the implicit multiplicative constant depends on p, || X||, and ||X|,. For (V,V’) =
(F(Y),F'(Y,Y")), (V,V') = (F(Y),F'(Y,Y")), using Assumption 2.4 (ii), we therefore
obtain the estimate. O
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