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Abstract

Many important techniques in image processing rely on partal di erential equation
(PDE) problems, which exhibit spatial couplings between the unknowns throughout
the whole image plane. Therefore, a straightforward spatiasplitting into indepen-
dent subproblems and subsequent parallel solving aimed atidhinishing the total
computation time does not lead to the solution of the origind problem. Typi-
cally, signi cant errors at the local boundaries between the subproblems occur. For
that reason, most of the PDE-based image processing algohims are not directly
amenable to coarse-grained parallel computing, but only tone-grained parallelism,
e.g. on the level of the particular arithmetic operations involved with the specic
solving procedure. In contrast, Domain Decomposition (DD) methods provide sev-
eral di erent approaches to decompose PDE problems spati®y so that the merged
local solutions converge to the original, global one. Thussuch methods distinguish
between the two main classes of overlapping and non-overlging methods, refer-
ring to the overlap between the adjacent subdomains on whictthe local problems
are de ned. Furthermore, the classical DD methods | studied intensively in the
past thirty years | are primarily applied to linear PDE probl ems, whereas some
of the current important image processing approaches invale solving of nonlinear
problems, e.g. Total Variation (TV)-based approaches.

Among the linear DD methods, non-overlapping methods are feored, since
in general they require signi canty fewer data exchanges bwveen the particular
processing nodes during the parallel computation and ther®re reach a higher scal-
ability. For that reason, the theoretical and empirical focus of this work lies primarily
on non-overlapping methods, whereas for the overlapping nteods we mainly stay
with presenting the most important algorithms.

With the linear non-overlapping DD methods, we rst concentrate on the the-
oretical foundation, which serves as basis for gradually diving the di erent algo-
rithms thereafter. Although we make a connection between tle very early methods
on two subdomains and the current two-level methods on arbitary numbers of sub-
domains, the experimental studies focus on two prototypichmethods being applied
to the model problem of estimating the optic ow, at which poi nt di erent numerical
aspects, such as the in uence of the number of subdomains omé convergence rate,
are explored. In particular, we present results of experimets conducted on a PC-
cluster (a distributed memory parallel computer based on lav-cost PC hardware for
up to 144 processing nodes) which show a very good scalabyliof non-overlapping
DD methods.

With respect to nonlinear non-overlapping DD methods, we pursue two distinct



approaches, both applied to nonlinear, PDE-based image damising. The rst ap-
proach draws upon the theory of optimal control, and has beersuccessfully employed
for the domain decomposition of Navier-Stokes equations. fie second nonlinear DD
approach, on the other hand, relies on convex programming a relies on the de-
composition of the corresponding minimization problems.

Besides the main subject of parallelization by DD methods, w also investigate
the linear model problem of motion estimation itself, namely by proposing and
empirically studying a new variational approach for the esimation of turbulent

ows in the area of uid mechanics.



Zusammenfassung

Viele Bildverarbeitungsverfahren basieren auf linearen nd nicht-linearen partiellen
Di erenzialgleichungen (PDG), welche raumliche Abhangigkeiten zwischen den Un-
bekannten uber den gesamten Bereich der Bildebene aufweia. Eine direkte raum-
liche Zerlegung in seperate Teilprobleme und daran anscldiende parallele Berech-
nung fuhrt nicht zur Lesung des urspmanglichen Problems. Typischerweise treten
starke Fehler an den lokalen Grenzen zwischen den Teilgeltén auf. Folglich ermeg-
ichen die meisten PDG-basierten Bildverarbeitungsalgohmen keine direkten grob-
kernigen Parallelisierungen, sondern nur solche fdr fem-kernige, z.B. auf der Ebene
der einzelnen Rechenoperationen des jeweiligen Lesungav¥ahrens. Im Gegensatz
dazu stellen Gebietszerlegungsmethoden (GZ) verschiederAnsatze zur raumlichen
Zerlegung von PDG-Problemen zur Veriagung, so da die verénigte Lesung der
lokalen Teilprobleme zur ursprnanglichen Lesung konvergert. Hierbei wird zwis-
chen den beiden Klassen der uberlappenden und nichtubdappenden Methoden {
in Bezug auf die Uberdeckung von benachbarten Teilgebieten { unterschiede. Zu-
dem werden klassische Gebietszerlegungsmethoden { selbSegenstand intensiver
Forschung in den vergangenen dreiig Jahren { primar auf lineare PDG-Probleme
angewandt, wohingegen viele der heutigen Bildverarbeitugsverfahren, wie z.B. solche
basierend auf der total Ableitung (TA), nicht-lineare Prob leme mit sich bringen.

Unter den linearen GZ-Methoden sind die NichtUberlappenden generell von
Vorteil, da sie im allgemeinen einen wesentlich geringen Oanaustausch zwischen
den einzelnen Rechenknoten wahrend der parallelen Beredang erfordern und hier-
durch eine hehere Skalierbarkeit erreichen. Daher liegt @r theoretische und em-
pirische Schwerpunkt dieser Arbeit hauptsachlich auf nidtuberlappenden Meth-
oden, wohingegen wir in bezug auf die uberlappenden Methogh im Gro en und
Ganzen bei der Erkiarung der verschiedenen Berechnungswhren verbleiben.

Bei den linearen nichtuberlappenden GZ-Methoden konzetrieren wir uns zu
Beginn auf die theoretischen Grundlagen, welche hernach slBasis fur die Her-
leitung der verschiedenen Algorithmen dient. Obwohl wir enen gro en Bogen von
den relativen simplen Methoden auf zwei Teilgebieten bis zuden heutigen Zwei-
Gitter-Methoden auf einer beliebigen Anzahl von Teilgebiden spannen, beschranken
sich die experimentellen Studien auf zwei prototypische Vidahren, anhand deren,
in Anwendung auf das lineare Modellproblem der Bewegungsatrung, verschiedene
numerische Aspekte, wie z.B. der Ein u der Anzahl der Teilgebiete auf die Konver-
genzgeschwindigkeit, untersucht werden. Im besonderen @sentieren wir exper-
imentelle Ergebnisse, die auf einem PC-Cluster (einem auf dstenganstiger PC-
Hardware basierenden Parallelcomputer mit verteiltem Spé&her) mit bis zu 144



Proze knoten durchgefuhrt erzielt, die ihrerseits die sehr guten Skalierungseigen-
schaften von nichtuberlappenden GZ-Methoden aufzeigen

Im Hinblick auf nicht-lineare nichtuberlappende GZ-Met hoden verfolgen wir
zwei unterschiedliche Ansatze, beide jedoch in Anwendun@uf nicht-lineare, PDG-
basierte Bildentrauschung. Die erste Methode basiert aufimem kontrolltheoretischen
Ansatz, welcher bereits erfolgreich zur Parallelisierung/on Navier-Stokes-Gleichungen
eingesetzt wurde. Der zweite nicht-lineare Gebietszerlaghgsansatz hingegen fut
auf konvexer Programmierung und basiert auf einer Zerlegug der korrespondieren-
den Minimierungsprobleme.

Neben des Hauptthemas der Parallelisierung durch GZ-Methden untersuchen
wir auch das lineare Modellproblem der Bewegungsschatzum selbst. Hierbei stellen
wir einen neuen variationellen Ansatz zur Schatzung von tubulenten Flu feldern
auf dem Gebiet der Flu mechanik vor und untersuchen ihn expeimentell.

Vi
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Chapter 1

Introduction

1.1 Motivation and Overview

In this chapter, we provide an introduction to the scienti ¢ subjects and questions
being dealt with in this work.

1.1.1 Parallel Computing

Parallelization denotes a set approaches for the distribubn of either the computa-
tional requirements or the memory requirements associatedvith a computational
task from one to several computation nodes (one or more prossors sharing the
same memory physically or virtually). In the rst case, the goal is to decrease the
computation time, which is also denoted as run-time, wherea in the second case itis
to enable feasible computation for numerical problems whas memory requirements
are too high for one machine.

In order to reach either goal, the rst step in terms of separaing the solving
algorithm is to identify data independencies either along tie work ow or within
data being processed at the same time. The rst class of appmaches is denoted by
functional parallelism, an example of which could be an image processing pipeline,
where the pre-processing, main processing, and post-proggng of the video stream
is carried out on three di erent computers at the same time. The second class of
approaches, on the other hand, is referred to bylata parallelism, which would, in the
previous example, amount to running several sequential imge processing pipelines
on di erent subregions of the image domain.

Despite the existence of shared memory machines requiringraost no communi-
cation time for a small number of computation nodes, with evey splitting approach
the total number of data communications as well as its volumeneeds to be minimized
in order to reach a su cient scalability, i.e. the computation time will decrease when

1



Chapter 1. Introduction 2

increasing the computation nodes to even large numbers. Ingrticular, the parame-

ters latency, i.e. the initial amount of time to transfer a message from ore node to
another, and bandwidth, i.e. the amount of time to transfer a certain communica-
tion volume, need to be taken into account. Ideally, the totd communication time

does not increase with the number of sub-procedures; howewen reality it increases

up to a point where the gain by distributing the computation t ime to more nodes
is over-compensated by the increase in communication time Especially with data

parallelism, various kinds of techniques for the optimal sp@tial splitting, denoted as

data partitioning, have emerged.

In terms of reaching low communication time, the so-calledgranularity of the al-
gorithm splitting plays an important role. Almost all numer ical procedures provide
clues for parallel computing on an operationally local levé| a matrix-vector mul-
tiplication for example where the per-component multiply-and-add operations can
be carried out group-wise on di erent machines concurrenty and only the resultant
partial sums need to be added sequentially. This so-calleche-grained paralleliza-
tion approaches typically require a high communication voume, i.e. the distribution
and collection of the sub-vectors/-matrices by a central nale in the aforementioned
example. By contrast, coarse-grained parallelization approaches aim at splitting the
computational problem into independent subproblems at a carse scale, such that
the amount of parallel computation time is signi cantly lar ger than the time spend
for data exchange.

1.1.2 Domain Decomposition

Although classical image processing techniques, such asédiar Itering techniques,
are directly amenable to data parallelism, many modern PDEbased methods exhibit
couplings between the variables throughout the image planewhich thereby prohibits
a direct coarse-grained decomposition. This holds espediy true for the class of
variational problems, which play a signi cant role in areas like image segmentation,
motion estimation, image enhancement and restoration.
In order to clarify this aspect, let us consider an example fom variational motion

estimation. The Euler-Lagrange equations of the well-knowm Horn and Schunck
approach read

@ ui+ @ @lux+ @ @l up=0 .)
@ @lui+ @luz+ @ @ uz=0 '
with | : [0;T]! R denoting a sequence of images over the image plane sec-

tion 2 R? and the time period [0;T], being a scalar parameter, and in con-
junction with the boundary conditions @ui = 0 and @Qu, = 0 on @. Obviously,



3 1.1. Motivation and Overview

because of the presence of the Laplacian termsu; and u», after discretization,
all unknows in u; and u, are more or less tightly coupled, such that this problem
cannot be directly broken into independent subproblems. Fo example, partitioning

into several subregions, and independent solving of (1.1)on each of those, would
yield strong discontinuities across partition boundaries(see also Fig/ 3.1 in Chap-
ter (3)). Especially in the case of subregions with very litle image information,
i.e. texture-less regions, strong artifacts occur when sgal couplings are neglected.
On the other hand, applying ne-grained parallelization to the (typically iterative)
solving method for problem (1.1), is insu cient to reach signi cant speed-ups for
the reasons mentioned above.

Fortunately, so-called domain decomposition (DD) methods provide approaches
to spatially decompose PDE problems, thereby making them aranable to coarse-
grained parallelization. DD needs to be distinguished fromdata parallelization in
parallel computing, which deals with optimizing the data partitioning and com-
munication patterns of algorithms which already provide clues for coarse-grained
parallelization. By contrast, DD methods apply on a higher level, providing means
to partition PDE problems on a mathematical level, which can then be optimized
for communication patterns by methods of parallel computing.

In general, DD methods are classi ed with respect to their urderlying spatial
decomposition. With the rst class, the overlapping methods, anoverlapping cover-
ing of the image plane section is assumed, see Figure 1.1(a) an(b), for example.
With non-overlapping methods on the other hand, is assumed gartition of (in
the mathematical sense), (see Figuré 1.1(c) and (d), for exaple). Since the two
classes rely on quite di erent approaches, throughout thiswork we focus on each
of them separately. In the following we provide short introductions for the discrete
case of each class. Thereby, we assume a generic linear systef equationsA u = f
on , which realizes a discretization of (1.1), for example, with u = (uq;uy)”,
f =(fq;f,)” and the operator A structured accordingly.

1.1.2.1 Overlapping Methods

Overlapping methods are usually employed to parallelize tie preconditioning step of
a Krylov subspace iteration, e.g. of GMRES or PCG type,on the original problem,
which involves the independent solving of restrictions of he original problem to each
of the subdomains.

For example, let us assume an overlapping covering of byM subdomains

fi; 1 =1;:1:;Mg, and let Rj; i = 1;:::;M denote operators which restrict a
vector on onto the subdomain ;, and whereR; refers to its adjoint. Then, by
Aj = Ri>ARi; i =1;:::;M it is given the restriction of the operator matrix A to

each of the subdomain. Then, an overlapping preconditionig step within a Krylov
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Figure 1.1: Examples for non-overlapping and overlapping decompositi ons of .
(a) and (b): Partitions of into open subsets f ;g sharing boundaries or f j; g,

respectively. (¢) and (d): Overlapping coverings of consisting of overlapping subdomains
f ig.

subspace iteration is of the form

pk) = X R A IR r( (1.2)
|

while k denotes the iteration count. Practically, i.e. in terms of parallel implementa-
tion, the R; require a distribution ("scattering' in parallel programm ing terminology)
of the residual vector r (k) from the master process toN slaves processes. Thél
slave pocesses carry out the action oA, L'in parallel, and return their local re-
sults to the master process, where they are merged to a globa®) (‘gathering’).
The remaining operations of the Krylov iteration, such as the operator application
step, are left unchanged by overlapping methods, and thus & usually carried out
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sequentially in a master process.

Although the preconditioner in (1.2) gives a maximum of data independence,
and therefore clues for coarse-grained parallel computingt is a poor preconditioner
in terms the condition number and thus the overall convergerte speed of the Krylov
iteration. This arises from the fact that (L.2) propagates information only from one
subdomain to the other, at each application. As a remedy, sesral variants of (1.2)
arising from di erent discretizations on coarser grids, in connection with di erent
partitions of , are employed. Thereby, at each iteration, t he coarser preconditioners
yield a propagation of (aggregated) update information ove larger parts of .

1.1.3 Non-overlapping Methods

By contrast, with non-overlapping methods or so-calledsubstructuring methods a
Krylov subspace iteration is applied to a reduced variant of the model problem
Au = f, which is de ned on the inner partition boundaries, i.e. a one-dimensional
subset of .

In the case of partitioning into two (non-overlapping) sub domains ; and »

for example, the rst step is to consider the local restrictions A(Vu® = £ (:j=1;2
of the original problem to each subdomain. Then, each subprgem is further split
into unknowns on the common boundary = 1\ 5 and those on n , which
reads (M (')! (')! (')!
| | | |
A'(E) Afi) = fl(i) ;=12 (1.3)
AY A u f
Combining them into one global problem on vyields
0 10 1 0 1
AP o A u £
& (()1) Aig (1)A'(2) (2)g %“I(Z)g - P@ﬁ(z)g ; (1.4)
AYYOAY AT+ A u f
wheref = f® + 1@ andu = u® = u®@. Thirdly, by solving the rst two equa-

tions for ul(l) : ul(z) and substitution into the third equation one obtains a problem,

which is de ned on the common boundary only:

AD AW LD AD 4 aA@ A@ L@ A@ )y AD 4 AD g
(1.5)

This can be written in a more readable form by means of the so deed Steklov-
Poincae operators (Schur complement operatorsin the discrete case), de ned as

s = A0 A AP AL i=15nN; (1.6)
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by which reads:
sSW+s@y =f AR AP HD  A@ A @ (1.7)

In case of a partitioning into an arbitrary number N > 1 of subdomains,[(1.7) would
be of the form

RPSOR, u = R7B" R>AQ AL 1D (1.8)
[ = " iz }
=S =
while the Ri; i =1;:::;N denote restrictions from to n@ ;.

Now, the main idea of substructuring is to solve Equation (18) by a Krylov
subspace iteration, while computing the actions of theS; independently in parallel.
In addition, various kinds of preconditioners exist, which are parallelizable in a
similar manner, all of which we will addressed in detail in Chapter 3.

In general, non-overlapping methods have a systematic advdaage over overlap-
ping methods in terms of scalability, since the only common mknowns between the
subdomain problems are located on a one-dimensional set. Hhis, the total number
of variables to be exchanged between per-subdomain probleprocesses grows much
slower with the number of subdomain problems than it does wih the overlapping
methods | where overlapping widths of two to ve nodes are typ ical (given a grid-
like partition). Especially on parallel computers with shared memory this aspect is
of importance, since there the amount of data to be transferd in each iteration can
have a signi cant impact on the total computation time. On th e other hand, non-
overlapping methods are, in general, more complex both to gply to PDE problems
as well as in terms of implementation, as it is with their ovedapping counterparts.

1.1.4 Domain Decomposition for Nonlinear Problems

Domain decomposition were primarily applied to linear probems. Nonlinear prob-
lems, such as apparent in the are of computational uid dynanics for example,
were ususlly solved by repetitive local linearizations, wile parallelization came into
play with solving the resulting linear problems at each linaarization step. Other
approaches pursue the decomposition of the nonlinear probm itself, which then
yields nonlinear subproblems, being solved independentlyTwo approaches of the
latter type we will outline in the following sections. Thereby, we assume a generic
nonlinear model problem

A(u)= f (1.9)

on .
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1.1.4.1 A Control Approach

Let us consider two non-overlapping subdomains ; and , as de ned above, and
the restriction of (1.9) to each of those, being of the formA(u;) = f;; i =1;2. Asin
the linear case, an independent solving for each subdomainiglds signi cant errors
for all model problems with spatial couplings.

However, these couplings can be re-established by enforgjrthe function values
of u; and u, as well as their normal derivatives to be the same. In the conbl
approach pursued in here, this is realized through arti cid Neumann boundary
conditions at :

A(u)= f; and @=gon ; @=Oon@1n
@n @n . (1.10)
A(up)=f, and g—gz gon ; %=00n@2n

while the function g is chosen such that the value ofu; and u, is equal on . The
latter condition is stated as a minimization problem of the form*

1Z z

; 2 2

um}ggé (up up)d + > g-d (1.112)
subject to (1.10); (1.12)

whith (1.10) giving additional equality constraints.

Thereby, it is gives a control problem with the control g, the state variables uy
and u, and the objective functional in (1.11). Standard iterative solving methods
from optimal control theory can be applied, whose main comptational e orts con-
centrate on the independent solving of the local problems [(1.10), thereby making
the parallelization of nonlinear problems feasible.

1.1.4.2 A Convex Programming Approach

Another approach for the decomposition of a nonlinear probém can be pursued
on the level corresponding energy minimizations. Let the uiue solution to the
minimization problem

min J(u 1.13
Jin 3(u) (1.13)
with J(u) : V() ! R being a convex functional, be the solution to the nonlinear

model problem (1.9). Subsequently, we consider the restrion of J(u) to each of

1The presence of the second integral is to exclude arbitrarily large solutions for g.
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the subdomains, i.e. J () = J; ,()and J ,() = J; ,() in the two-subdomain
case, and to minimize the sum of those restrictions while regjring the local solutions
up = u; , and uz := u; , to be equal on the shared boundaries:

min i (u1) + Jj ,(u2) (1.14)
subjectto: uy = uy : (1.15)

Thereby, it is known the global solution, given by merging the local ones to[(1.14),
to converge to the one of the original, non-decomposed probim.

Technically, the equality constraints in (€.14) are relaxed by introducing a La-
grangian multiplier function , by which the following minimization-maximization
problem is reached:

sup muian L(u1) + h;uqi g+muian ,(U2) h;uq g : (1.16)
1 2

Obviously, the minimization problems are independent with respect to the variables
being minimized for. This fact is exploited within an iterat ive convex program-
ming method for solving (1.16), where the main computationd burden then lies
on the parallel solving of the local minimization problems, whereas the sequential
operations with respect are negligible within that respect.

1.1.5 Motion Estimation with High-order Regularization

Besides the main focus of the parallelization of PDE-based wdel problems in image
processing, the improvement of the model problems and theiunderlying approaches
is dealt with in this work too.
With respect to the Horn and Schunck motion estimation approach for example,
given by the enerzqy minimization
inf (@luyi+ @lu+ @)%+ jr ugj?+ jr uxj® dxdy; (1.17)

ui;u2

the two last terms implement a prior smoothness assumption o the optical ow eld
(uz;u2), in order to overcome the aperture problem. In some applicdon areas, such
as that of computational uid mechanics, however, this geneal assumption is not
appropriate for reconstructing motion patterns which are typical in such scenarios,
among which are vortices, or sink- and source-like patternsinstead, our approach
is to penalize changes in the divergence and curl of the veatoeld to be estimated.
That giveszenergies of the form

inf  (@luy+ @luz+ @)%+ jr divuj®+ jr curl uj> dxdy; (1.18)

ui;uz
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whereu = (ug;uy)”.
Furthermore, u can be represented by scalar-valued potential functions 2 V()
and 2 V() according to

u=sr +r°; (1.19)

while r  generates sink and source-like motions, and > vortices of either di-
rection. The representation through potential functions has the advantage of an
inherent separability into these two classes of motion paterns, as well as easier
localization of extrema, which becomes important for subsguent processing, e.g.
tracking. However, substituting u in (1.18) by its representation given in (1.19) re-
sults in third-order derivatives in the regularization ter ms, which means sixth-order
derivatives in the corresponding Euler-Lagrange equation, thereby rendering a dis-
cretization very involved. Thus, it makes sense to search foalternative formulations
of the same idea in order to decrease the degree of involved riatives.

1.2 Contribution and Organization

Having provided a motivating outline of the topics being dedt with in this work, in
the following we outline our own contribution, as well as theorganizational structure
of this work.

In Chapter 2 we provide a short introduction into optical ow estimation by
explaining the three most well-known approaches, one of wish then will serve as the
linear model problem in the succeeding chapters on classical donradecomposition
methods.

Chapter 3 is dedicated exclusively to classicahon-overlapping domain decom-
position methods. First, we introduce and discuss the mathmatical foundation,
which will lead to the Steklov-Poincae interface equation in the continuous and
the Schur complement equationin the discrete case. Subsequently, we derive and
explain most of the known iterative substructuring methods in the order of their
appearance. Thus, we always start with the simple case of twsubdomains in order
to stress out the link to the aforementioned theory and then nove on to the case
of an arbitrary number of subdomains. Besides the technicahspects of the various
methods, we address and discuss in particular the problem dfmited information
propagation with single-level methods and show how this prblem is overcome by
presenting di erent kind of two-level approaches.

Thereafter, we focus onFinite Element Tearing and Interconnecting (FETI)
methods, which can be seen as dual two-level substructuringnethods. Here too,
starting with the theoretical foundation, we gradually derive the main algorithm
followed by a comparison to primal iterative two-level methods. The section is
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followed by an elaboration on a combination of the primal andthe dual approach,
which nally results in the recently emerged primal-dual FETI approach.

In the subsequent experimental section we present empirical results for two
prominent primal approaches being applied to a standard varational motion esti-
mation method. In particular, measurements of the convergace rate in dependence
on the number of subdomains for two di erent data sets, as wdlas its comparison
to theoretical upper limits, will be shown. In addition, measurement results of the
sensitivity of the convergence rate to the precision of the dcal solvers are given.
The experimental section concludes with results of run-time measurements on a
dedicated PC-cluster for up to 144 processors, including acslability and speed-up
analysis in comparison to a non-parallel multi-grid implementation.

Chapter4lis dedicated tooverlapping methods. However, because of their adver-
sarial communication requirements in comparison to non-oerlapping methods, we
leave out empirical studies and remain with the derivation and explanation of the
established methods, again in the order of their appearanceln particular, we show
the well-known multigrid methods to be special cases in the nalti-level framework.

As already addressed in Section 1.1.5, the improvement of #h model problem
itself, i.e. here the variational motion estimation, is pursued also. Thereby, a new
method for the direct estimation of the potential elds and from a given image
sequence of turbulent ows is derived and explained in Chaper[5. After details
on a multi-resolution solving, the chapter concludes with ax elaborate experimental
section showing results for synthetic and real input data.

In the remaining chapters we focus on the domain decompositin of nonlinear
PDE-based problems. As a prototypical exemplar of the latte type, we have chosen
an variational image denoising method based on dotal Variation (TV) regular-
ization. Because of its superior ltering results in comparison to L2-norm-based
methods while requiring special numerical schemes dealingith the nonlinearity, it
has been the subject of intensive research in the past 15 yegrwhich we detail on
both theoretically and empirically in Chapter 6.

Subsequently, in Chapter 7 we propose a new decomposition ppoach stated as
a control problem, as outlined in Section 1.1.4.1. Startingwith the formulation as
energy minimization on a two-subdomain partition, we derive step-by-step the cor-
responding solving method consisting of several linear PDiproblems. Experimental
results for the denoising model problem at the end of the chaer show its feasibility
for two and more subdomains.

Alternatively, in Chapter 8 we propose another approach fordecomposing non-
linear problems, this time based on a Lagrangian relaxation As outlined in Sec-
tion 1.1.4.2, we formulate the decomposed problem as a conmsined convex opti-
mization problem, relax it by the means of Lagrangian multiplier functions, and
solve the corresponding primal-dual problem by a subgradiet iteration. Also here,
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besides the theoretical derivation, results of an experimatal feasibility study are
presented at the end of the chapter.

The results in the aforementioned chapters have been publied in journals [82]
and conferences [79, 80, 81], respectively.

1.3 Related Work

Since most of the relevant references are given along with #ir elaborations in the
following chapters, in this section we mention only the mostimportant monographs
and survey papers.

1.3.1 Domain Decomposition

The extensive work which has been done and ndings which havéeen published on
these topics can be found in the annual conferences on domadtecomposition, whose
proceedings, beginning in the late eighties [60, 28, 74, 6lije ect the evolvement of
DD methods, their underlying theory as well as their applicaion to various areas
(see, e.g., the proceedings of the latest conferences [7B]8 In addition, the mono-
graphs by Quarteroni and Valli [101] and Toselli and Widlund [120] provide deep
insights into the mathematical foundations of Schwarz and sibstructuring meth-
ods and detailed overviews of the multitude of existing mettods as well as many
application examples. In particular, in [120] also the morerecently emerged dual
and primal-dual FETI methods are discussed. On the other had, the monograph
by Smith, Bj rstad and Gropp [112] pursues a more algebraic @proach of explain-
ing most of the primal overlapping and non-overlapping mettods, while focusing
more on implementation issues in terms of parallel computabn as well as com-
plexity, though providing a substantial chapter on the abstract convergence analysis
of Schwarz methods. Similarly, the survey articles by Chan ad Mathew [34] and
LeTallec [87] give detailed algebraic and algorithmic exphnations of the existing
primal procedures, while the publications by Xu and Zou [128 and Xu [127] pro-
vide explanations by well-founded continuous formulatiors then thoroughly focusing
on their discretization by nite elements. Especially in terms of dual substructur-
ing methods (FETI), the survey article by Farhat and Roux [565] provides a strong
algebraic insight amidst the application-context of compuational mechanics.

An important application area of DD methods can be found in canputational
uid dynamics and computational mechanics, e.g. by paralldizing Stokes prob-
lems, advection-di usion problems, or the linear elasticty problem, see, e.g., [101]
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and [120]. More recently, vector-valued problems of the fan

r ( divuw+Bu=f on (1.20)
un=0 on @ ; (1.21)

with B denoting a symmetric positive coe cient matrix, a positive scalar andn
the outer unit normal on @, which are similar to our model problem (1.1), were the
subject of extensive studies in connection with Domain Decmposition, [126, 125]
and Chapter 10 of [120].

Regarding the elds of image processing and computer visionwe are not aware
of any published investigation of Domain Decomposition of wariational problems.

1.3.2 Nonlinear Domain Decomposition

In general, the approaches for spatially decomposing nomiear PDE problems can be
grouped into three di erent classes: With the oldest approach, a Newton is applied as
outer iteration in connection with a standard overlapping DD technigue to parallelize
the involved linear problems (see![25], [45]). The Schwarzl@rnating method, a
well-known overlapping method, is applied directly to the nonlinear problem (see,
e.g., [91, 92]). Besides employing classical DD methods ihé nonlinear case, by a
third group of approaches, a non-overlapping decompositio is reached by means of
control theory, which results in two sets of nonlinear subdanain problems (see [86,
65, 67, 66]).

1.3.3 Motion Estimation with High-order Regularization

Building upon the div-curl regularization proposed by Suter [116], Corpetti, Memin
et al. [39,/40] proposed the splitting of the estimated ow eld into an irrotational
and solenoidal component in Fourier space, followed by an émation of the potential
functions and by means of path integration. Subsequently, they show how to
track the local extrema once those estimates have been comfmd. In addition,
they present a technique to lower the degree of involved devatives by relaxing the
regularization onto auxiliary functions.

The topics addressed in Chapter 5 have been recently extendeend elaborated
by Yuan et al. [129,/130].

1.4 Mathematical Preliminaries and Notation

In this section we note the basic notation being used througbut this work.
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1.4.1 Sets and Function Spaces and other Notations

Let 1; 2;:::7 N R2 be open and bounded domains with Lipschitz continu-
ous boundaries@ ;@ ;@ »;::: @ n, While the f g are referred to assubdomains
of .

Moreover, we make use of the usual Sobolev space for seconder elliptic bound-
ary value problems:

V()= H()= w¥?()= fv2L?): @v2L%) ;0 | 1g; (122
with  denoting a multi-index. The corresponding scalar product & de ned as

X
(Uv)r = (Qu;@V) ; (1.23)

ij1

while the scalar product of L2() is given by:

Z
(u;v) = u(x) v(x) dx; (1.24)
or by
z
u;v o= u(x)v(x) dx; for : (1.25)
when being restricted to some subset , respectively. Often, we will make use of
subspaces/i ;= V( i); i =1;:::;N which are restricted to a certain subdomain ;.

We do not need the notion of “traces' and “trace spaces' in théllowing. Hence
we loosely speak of functions with vanishing boundary valus:

Vo= Hi) HY) : (1.26)
Likewise, we use the symbolic notation

Z @u
ar ds = h@ui; vi (1.27)

for the duality pairing with respect to the trace space H ¥72() and its dual, and call
@u, the outer normal derivative of u, a function as well.
For u;v 2 HY() and u 2 L2(), the following version of Green's formula
holds: 7
rurvdx=( u;v) + h@u;vig (1.28)
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1.4.2 Finite Element Discretization

If not speci ed otherwise, all discretizations in this work are based on standard
conforming piecewise linear nite elements.

Therefore, we restrict our considerations to those (sub)dmains ; 1;:::; N
which allow for conforming, shape-regular and quasi unifom triangulations Tih of

the sub-cases ofmatching and non-matching Tih triangulations. In the matching
case, all overlapping triangulations are compatible, i.e. all nodes in the overlap
region are element of all triangulations involved. In the nm-matching case the
opposite holds.

To simplify notation, we use the same symbolsfor some functionv = v(x) and
the coe cient vector v 2 RN representing the approximation ofv(x) in the subspace

vx)2HY) $ v2RrRY 3 vi i(x): (1.29)

Furthermore, we use the same symbolfor the vector obtained by discretizing the
action of some linear functional on some functionv(x). For example, we simply
write f and w for the discretized versions of the linear functionals {;v) and a(w; v)
(with a( ; ) being a bilinear form and w(x) xed). We refer to standard textbooks

like, e.g. [5], [37],/[107], for the discretization of boundry value problems with nite

elements.



Chapter 2

Variational Motion Estimation
Methods

In this chapter we introduce the main model problem for the linear domain decom-
position methods, which will be the so-calledcombined local-global(CLG) motion
estimation approach. Therefore, we start with motivating the problem of estimat-
ing the optical ow from an image sequence, introduce the glbal Horn and Schunck
approach, followed by the local approach by Lucas and Kanadand conclude with
the CLG approach. Thereby, we always address the aspect of pallel computation.

2.1 Problem Statement

Let | : 0; T! R denote a sequence of images taken over the time period; [L].
Assuming that a change of intensities over time arises fromhe movement of the
recorded objects only, the problem of optic ow is to determine the vector eld
(ug;up) 2 V( f 1;Tg) V( f 1,Tg) denoted asoptic ow, which ful lls the

equation

I (X+ upy+ ugt+1)= I (xy;t); (2.2)

and are commonly referred to adrightness constancyassumption. Thereby, (Uz; uy)
give a mapping of each intensityl at (x;y) from time point t to t + 1.

Obviously, (2.1) not only is a nonlinear, but also an under-cetermined problem.
Unlike image registration approaches, nonlinearity here $ avoided by a rst-order
Taylor series expansion of the left term with respect tous, u, and t, respectively,
giving the so-calledoptic ow constraint

@Qlui+ @lux+ @ =0; (2.2)

15
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a solution (uq; u2) which is a su ciently close to that of (2.1)]if the magnitude s are
relatively small, e.g. not more than two pixels.

Still the problem of under-determination remains. In particular, having only
(2.1) or (2.2) only the so-callednormal ow

@ ri. 2.3)
jroljjelj

that is, the displacement vectors projected onto the image gadients can be deter-
mined, which is commonly denoted asperture problem However, since we are inter-
ested in the original displacement vectors, additional assmptions besides brightness
constancy, are necessary, which give rise to several di er¢ approaches. We will fo-
cus on three of the most important of these approaches in thedillowing section.
Thereby, we will make use of the following notation:

u:=(ug;uz)” | =@l; 2fxy;tg
jr uj? = r ugj?+ jr ugj? ri=(@l @l) :

2.2 The Approach by Lucas and Kanade

Common to all motion estimation approaches is the presencefadditional prior as-
sumptions on the vector eld (uy; uy). In the class of local approaches, for example,
Lucas and Kanade[[90] in 1981 assumedi(; uy) to be constant in a local neighbor-
hood of size . In that case for each location &;y;t) the ow components u; and u;
are determined by minimizing the functional

J(01;00) = umzzv K (Ixug+ lyup+ 19)? ; (2.4)

with K denoting convolution by a Gaussian kerneK (x;y) of standard deviation
, Which is equivalent to a weighted least squares t.
Deriving J .k for u; and uy, respectively, and setting equal to zero, yields the
linear system

K (Ix)2 Ko (Ixly) ur _ K (ltlx)

Ko (Ixly) K ()% uz ~ K (Ily) (2.5)

Important with respect to parallelization here is the fact that (2.5) can be solved
for each image location &;y) 2  separately Thus, the solving of (2.5) can be
parallelized directly so that the total execution time can be decreased by distributing
the computational e ort to more than one processing node.
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However, in image regions lacking su cient intensity gradients, the matrix in
(2.5) becomes degenerate, that is, its second eigenvaluetgelose to 0, which cor-
responds to having the aperture problem again. Consequent] this approach yields
only sparse ow elds for locations where both eigenvalues are signi cantly present,
which is a major disadvantage with respect to subsequent imge analysis. On the
other hand, the magnitude of the second eigenvalue gives a gd con dence measure
of the ow vectors at each location.

2.3 The Approach by Horn and Schunck

As opposed to the local approach by Lucas-Kanade, Horn and $&anck [72] at the
same time suggested to embed equation (2.2) into a global, viational optimization
problem, and to add aglobal regularization term:

z

J(0;0) = uf-ﬁ‘;zv (Ixug+ lyup + 1%+ jr ugj?+ jr upj® dxdy; (2.6)

with > 0 denoting the regularization strength. Here the additiond assumption is
not local constancy, but global smoothness of the ow eld throughout , which is
implemented by penalizing the magnitude changes ofi; and u,.

In order to nd a miminum, the rst variations of J(u1;u») must vanish, which
results in

Z
12 Ixly  ug

2 + rup rvi+ruy rvy dxdy

Vi V2

z

lelx v dxdy; 8vi;ve 2 V() : (2.7)

for which it is known a unique solution to exist (See [105]).
By partial integration with respectto r u; r vy andr uy, r v, one reaches the
Euler-Lagrange equations

1 Zug + Ixlyup + Ixly up=0 (2.8)
Ixly;us + 1z + Iyl u=0; (2.9)

with Neumann boundary conditions @Qu; =0 and @Qu, =0 at @.

In contrast to the previous method, the values of (1(x);u»(x)) are spatially
coupled throughout , because of the presence of spatial davatives of u; and u;
in (2.7) and (2.8), respectively, which arise from the glob& regularization. Hence,
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problem (2.7) cannot be decomposed spatially and thus provides no direct clues
for coarse-grained parallel computing. On the other hand, he regularization term
jr u1j? + jr usj? vyields a so-called ll-in of ow information at locations where
irlj 0, by implicitly interpolating from the neighborhood. Thus this global
approach results in dense ow elds, advantageous for many pplications. However,
it is also known to be more sensitive to noise [7] than the lodamethods.

2.4 The Combined Local-Global Approach
2.4.1 The Approach

Recently, Bruhn et al. [24, 23] proposed a hybrid optical ow approach, which com-
bines the robustness of local approaches with the density aflobal approaches. This
is reached by convoluting the products of the image derivaties in (2.7) with Gaussian
kernels:

z K (lf) K (lxly) \%1

K (Ixly) K (I;%) V2

| {z }
= a(u;v)

K (Itlx) Vi

Ko (Idy) w2

I {z }

= f(v)

up uz + rujrvi+rusrvy dxdy

dxdy; 8vi;vo2V() ; (2.10)

which is equivalent to embedding (2.5) instead of the optich ow constraint equation
into the variational energy in (2.6). By using the bili near form a( ; ) and linear
form f (), (2.10) can be written as
a(u;v) = f(v); 8v2V?() (2.11)
with u = (uq;u)” andv =(vq;Vv,)”. The corresponding Euler-Lagrange equations
read
K 12up+ K Ixlyua+ K 14l up=0

x Yl X ); 2 xt 1 (2.12)

K Ixlyup + K Iyu2+K Iyl u,=0;

with Neumann boundary conditions @y =0 on @. By taking the constant terms
to the right-hand side, one reaches the form
K 12ui+ K Ixlyup up= K Il (2.13)

K Ixlyur+ K 1fup uz= K Iyl (2.14)
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which we compactly write as
Au=f (2.15)

by means of the continuous linear operatorA : V() v() ' vY) vY),
where VY ) denotes the dual space of V(), the vector eld u := (uz;u») and the
right-hand side f .

Although experimental results [24,[23] have approved the speriority of this
approach in comparison to that of Horn and Schunck as well as ucas and Kanade,
even further re nements exist. For example, Bruhn et al. sugyested to assume ow
eld smoothness also along the temporal dimension by replang regularization term
in (2.6) by

jr sugj®+ jr gupj? (2.16)

with r 3= (@; @; @)~ denoting the spatio-temporal derivation operator. Further-
more, instead of using quadratic penalization both in the dda term and the regular-
ization, the utilization nonlinear penalization function s lead to a better preservation
of ow discontinuities. Further improvements have been made by the introduction
of vectorial penalizers in the regularization term, which dso take the spatial orienta-
tion into account and thus implement so-called anisotropicregularization. See [124]
for a survey for both types of extensions.

In the experimental section of Chapters 3,(2.10) will serveas the model problem,
since as a linear PDE-based problem, it is prototypical for many others in image
processing.

2.4.2 Discretization by Finite Elements

In order to compute the vector eld u, we consider equation|(2.111) to be discretized
by piecewise linear nite elements over the triangulated setion of the image plane.
We arrange the vectors of nodal variablesus; u, corresponding to the nite element
discretizations of u1(x); uz(x) as follows: u = (uj ;u3)”. Taking into consideration
the symmetry of the bilinear form a(u;v), this induces the following block structure
of the discretized version of (2.11):

A1 A ug fq
= , Au=f; 2.17
Axr A W fa (2.17)
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where8i;j =1;:::;N:

(Aw)j = a( ;0)7;( ;;0) (2.18)
(A2)ij = a ( 1;0)7;(0; ;) (2.19)
(A21)ij = (Aw)ii (2.20)
(A2)ij =a (0; i)7;(0; i) (2.21)
(foi=f (;0)7 (2.22)
(f2i=1f (0; )" : (2.23)

and with  denoting linear basis function corresponding to the nodal ariable (u1)x
or (uy)k, respectively. Again, we use thesame symbols for referring to nodal nite
element weights and the continuous functions and operatorshey are discretizing.

2.4.3 The Solving

Bruhn et al. [22, 19] made extensive studies on multigrid salers for (2.8) and other,
more advanced optic ow approaches, thereby reaching frameates of 63 frames per
second for images sizes of 12A.60 pixels on a single processor. Nowaday image
sensors, however, can provide sizes of 2000000 or even higher at similar frame
rates. Therefore, it is sought for speeding up the computatns even further by
means of coarse-grained parallel computing.

With almost all variational optic ow approaches, however, A;; and Ay, are
of banded structure with six o -diagonals when employing canformal linear nite
elements, whereasA;, and Ay, are simply diagonal matrices. Thus, the inverse
operator matrix, A 1, isdenseand a straightforward spatial splitting and subsequent
inversion of A, according to a spatial decomposition of the image plane, des not
yield the right solution.

This motivates the following chapters, where we will presehdi erent kinds of
methods to split LSEs like (2.17) spatially into independert smaller problems, such
that the merged local solutions will be consistent (up to a gien tolerance) with the
solution of the original problem.



Chapter 3

Non-overlapping Domain
Decomposition Methods

Obviously the problem requiring solution, given either in variational (2.11) or di er-
ential (3.6) form, is global in the sense that all unknowns ae coupled. Consequently,
a straightforward spatial separation of the problem, i.e. ndependent solvings fol-
lowed by assembling the local results to a global one, resudtin signi cant errors.
See Figure[(3.1) for an example. Especially at subdomain badaries where the reg-
ularization term is dominant, i.e. at places with little ima ge structures, signi cant
artifacts appear, since the couplings across boundaries arall neglected.

In contrast to that ad-hoc approach, in the following two chapters we will present
approaches to decompose the model problem spatially into slependent subproblems
while still preserving the global couplings and thus reachig the same solution, de-
pending on the number of iterations being introduced, as wih sequential solving.

The motion estimation model problem given either in variational (2.11) or di er-
ential (3.6) form, is global, in the sense that all unknowns @&e more or less strongly
coupled. Consequently, a straightforward spatial separabn of the problem into
local subproblems, in order to distribute the computational e ort to several process-
ing nodes, results in strong artifacts across the subdomaitoundaries. (See Fig-
ure (3.1).) Especially at subdomain boundaries where the satial regularization term
is dominant, i.e. at places with little image structures, signi cant errors appear, since
the couplings across those boundaries are completely negted. In contrast to this
ad-hoc approach, in the following chapter we will present méhods to decompose
the model problem spatially indirectly. That is by rst solv ing a reformulation on
the arti cial boundaries and by solving for the remaining unknowns in a subsequent
step. Thereby, the spatial couplings will be preserved and e will reach the same
solution, depending on the number of iterations being intraduced, as by sequentially

21
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solving the original problem.

(b) Separated solving on 3 3 subdomains

(a) Original optical ow estimation

problem.

Figure 3.1: An ad-hoc decompaosition of a variational motion estimation

Separate solving on subdomains while neglecting the spati@ouplings yields strong artifacts

at the shared boundaries.

:; N g of the image section

=1;::

iji

In this chapter, we considerpartitions f
i.e. subdomains which have no overlap and ; \

The

j we denote by

j N@. The union of all shared boundaries is referred to by

[i i

;] 61, and

i

j

i\

ij

common boundary between two adjacent subdomains ; and

while

which

@ i n@. Though the methods

i we denote that subset of a subdomain's boundan@ i,

Furthermore, by

i.e.

to be presented below are applicable to arbitrarily shaped prtitions, we restrict our

considerations to the case to grid-shaped ones in the follang.

are a part of other local boundaries too

101, 120],

-called substructuring methods[112

The central notion behind the so

which are to be explained later

is to restate the original poblem on to a variant

It is then solved for the

i.e. non-

veayiving clues for

which de ned on the shared subdomain boundaries only.

unknowns on , while in each iteration local problems for the interior,

shared, degrees of freedom on each subdomain are to be sol

parallel computation. Once a solution for the reduced probém has been determine

the remaining unknowns to gain the full solution are calculded in a similar, also

highly parallelizable

nalization step.

The chapter is organized as follows. First, we focus on the nthematical founda-
tions for restating the original problem and explicitly show the link between contin-

uous formulations and the algorithmic realization. Second we present and explain
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the various primal iterative methods in the order of their appearance in the past
two decades. In the third part, we concentrate on the more reently emergeddual

and primal-dual methods In the concluding experiential part, we present results
of experimental studies made for two prominent primal methads, among which are
scalability measurements on a parallel machine for up to 144rocessing nodes and
images sizes of 2000 2000 pixels.

Model Problems. For the time being, we consider the following convex, scalar
valued model problem:
Z
J=inf (v 1)+ jr vj?dxdy (3.1)
v2V
which is also known as theDe nite Helmholtz equation, with V. = H(), | 2 V

giving image intensities over the image plane section , and 2 R determining the
regularization strength imposed onu. Vanishing of the rst variation yields

d£J(u+ V) _oza(u;v) (f;v)=0; 8v2V; 3.2
with the bilinear form:
z
a(u;v) = uv+ ru rvdxdy: (3.3)
Since
a(v;v) minf1l; gkvk? ; 8v2V ; (3.4)

J is strictly convex, and the global minimum is the unique soluion to the variational
equation:
a(u;v)=(f;v); 8v2V.: (3.5)

By applying (1.28), partial integration yields the Euler-L agrange equation along
with the natural boundary condition [68]:

Lu:= u+u=f in ; @Qu=0 on@ : (3.6)

The solution u to (3.5) is the so-called weak solution to [(3.6). Discretizéion yields
a linear system as the algebraic counterpart off(3.5),

Au = f; (3.7)

with a symmetric, sparse and positive de nite matrix A.
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In a subsequent step, the linear system[(3]7) is permuted angartitioned in
order to group the variables on the shared boundaries as wdlas the remaining
oneson n:

An A w _ f

Al A u f ’
with the indices and | referring to each of those two sets, respectively. Further-
more, we need restrictions 01|‘ [(3.8) tlo each oflthe subdomains;, giving

(3.8)

Al ADT 07

- - No= b =10 N 3.9
AD AD 0T 0 (3.9)

All relevant concepts and algorithms will be shown for this model problem. The
generalization on the algebraic level to the main model prolem of optical ow esti-
mation (2.12), which will be assumed in the experimental seton, will be straight-

forward, when partitioning the corresponding LSE (3.7), in the same manner as

in (2.17).

Mathematical Preliminaries. The decomposition of problem [(3.6) into a set
of parallel solvable problems requires boundary conditiom di erent from the nat-

ural boundary condition in (3.6). We will collect necessary details in the following
paragraphs.

Suppose we wish to haveuyj = u on , i.e. a Dirichlet boundary condition,
with some given functionu :
Au=f in ; @Qu=0 on@n ; u=u on : (3.10)

To obtain the corresponding variational formulation as bads of a proper nite ele-
ment discretization, we de ne the subspace:

Vo =fv2V v =0g: (3.11)
The variational formulation of (3.10) then reads: Find ug 2 Vy; such that:
a(ug; ;v)=(f;v) a(Pu;v); 8v2Vy : (3.12)

where P is an arbitrary extension operatorV() ! V(). The desired solution is
then given byu = uy + Pu 2 V.

Alternatively, suppose we wish to have@u = u, on , i.e. a Neumann boundary
condition, with a given function up:

Au=f in ; @Qu=0 on@n ; @Qu=u, on : (3.13)
The corresponding variational formulation reads: Findu 2 V such that:

a(u;v)=(f;v)+ hug;vi ;3 8v2V . (3.14)
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3.1 The Mathematical Basis of Substructuring

3.1.1 The Steklov-Poincae Operator
3.1.1.1 The Model Problem in Two-Domain Formulation

In order to restate problem (3.6) as a problem on let us start with its so-called
multi-domain formulation:

Lu® =@ jn @,u?P=0 on@:\ @ (3.15)
Lu@ =@ in , @,u? =0 on@,\ @ (3.16)
u® = 4@ on (3.17)

au® = @u® on : (3.18)

which is equivalent to Equation (3.6), i.e.

ub(xy) (xy)2 1
u@(xy) (xy)2 »

holds true, for u denoting the solution to the original solution, cf., e.g., [L01]. Obvi-
ously, this still provides no clues for parallel computation, because of the coupling
of both subproblems via the arti cial boundary conditions ([3.17) and (3.18) on .
Instead, let u® and u® formally denote the solution to either subproblem. Then,
by (3.17) we have for the restricted solutions thatu®j = u®j = u . Subse-
guently, the restricted solution u is substituted into (8.18) by means of the Steklov-
Poincae operator introduced in the following. Once the resulting equation has been
solved foru , the functions u® and u® then follow from the substitution of u back
into (8.15) and (3.16) with boundary condition (3.17).

Consequently, in order to solve system/(3.15)-(3.18), we he to make explicit the
dependency betweer@uj and uj of the solution u to a boundary value problem.

First, let us decomposeu into two functions,

u(x;y) = (3.19)

U= Ug+ Us ; (3.20)
which are the unique solutions to the following problems:
g Lug=0in ;
S Quo=00on @ n ; (3.21)
8 Up=u on
2 Lus=fin ;
Qui =0on @ n ; (3.22)

>
’ ur =0on



Chapter 3. Non-overlapping Domain Decomposition Methods 26

Obviously, we have thatus 2 V; and:

uj = Ugj (3.23)
@Qu = Quo+ Qus : (3.24)

Then, the de nition of the Steklov-Poincae operator S is as follows(cf. e.g./[101]):
S:u ! @Qugj (3.25)

which is known to be symmetric, coercive and continuous. Apjtying this mapping
to the solutions u®M; u® of equations (3.15) and (3.16) in the domains 1 and »,
respectively, equation (3.18) becomes

sW+s® u = @uji @,u?j (3.26)

with u = u®j = u@j because of((3.17).((3.26) is denoted as thBteklov-Poincae
interface equation

That is, by (8.26) we have reduced the original problem[(3.6)de ned on to a
problem restricted to the interface , which is also denoted as interface problem in
the two-subdomain case.

In the following we will show the discretization and solution of (3.26) as well as
the calculation of the unknowns not on .

3.1.1.2 The Actionof S

First, we will explain the action of the Steklov-Poincae operator by the algebraic
representation of its discretized version. For the followng two sections, we therefore
restrict our considerations to one subdomain with an arti cial boundary part .

By equation (3.12), the variational formulation of problem (3.21) reads:

a(ug ;v)= a(Pu ;v); 8v2\Vy ;

(3.27)
Up = Ugy *+ Pu 2V ;

with P denoting an arbitrary extension operator from V() to V(), cf. [101].
Discretization yields a linear system with respect toug; of the form

Ay Ug = A u ; (328)

while using the partitioning of A as noted with (3.8). Let us compare the linear sys-
tems (3.28) and (3.7), the latter corresponding to the boundary value problem (3.6).
Note that the dimension of the latter system is larger becaue v runs through V in
(2.11), whereas in (3.27)v only varies in V; .
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Now considerug = ug; + Pu , with uy from (3.27) and (3.28), respectively,
and let v vary in V. Note that for v 2 V,

a(uo;Vv) = a(ugy + Pu ;v)= a(ug ;v)+ a(Pu ;v)=0; (3.29)

due to (3.27). Forvj 6 0 and taking into consideration Lug = 0 from (8.21), we
obtain by (3.14):
a(up;v) = @Quo;v ; 8v2V: (3.30)

Sinceup] = u due to (3.21), discretization of this variational equation yields the
linear system:

An A Uoji  _ 0 )
A, A u B @Uoj ' (331)

from which we conclude by algebraically eliminatingugj, (cf. de nition (3.25)):
Su =(A AAA U = @ug (3.32)

which is also known as theSchur complementof A.

Hence, theaction of S on some boundary datau involves the solution of prob-
lem (3.28), exhibiting arti cial Dirichlet boundary condi tions at and natural ones,
i.e. Neumann conditions for our model problem, on@ n . We will refer to those
local problems as 'Dirichlet problems' in the sequel.

3.1.1.3 The Actionof S 1

In order to make the action of S 1 explicit as well, we may formally invert equation
(3.32). SinceS is dense, this is not advisable. Therefore, in practice, onsolves the
Neumann problem (3.30) forug with f = 0 and given boundary data @uo (compare
with (8.14)) and obtains by restriction to the interface : u = ugj .

Alternatively, this can also be algebraically derived from (3.31) by the following
factorization:

A A _ | 0 Ay 0 1 A, A
Al A T A AL 0 S 0 | (3.33)
Inverting this matrix yields
1 1 1
An A _ooAMA Al O | 0 .
AL A 0 | 0 st AA T (3.34)
by which we conclude
1
S '@ugj = 0 1 A A @Uoj = U] = U ; (3.35)

A A I



Chapter 3. Non-overlapping Domain Decomposition Methods 28

see, e.g., [113].

Therefore, the action of S ! to some boundary data @uoj is computed by
solving problem (3.31) with respect tou , which exhibits arti cial Neumann bound-
ary conditions at , for which reason we will denote such problems as ‘Neumann
problems' in the following.

3.1.2 The Schur Complement System
3.1.2.1 Two Case of Two Subdomains

Using the results of the previous sections, we return now to guation (3.26) in
connection with solving the system of equations[(3.15){(318).

Suppose the boundary valuesu = u®j = u®@j on the interface separat-
ing 1and  were known. Thenu® and u® within 1 and », respectively, can
be exactly computed as discussed for problem (3.10). Here; = u,(') is given by

ul(i) — A|(|I) l(f I(i) Al(i)u ) coi=1:2: (336)

Thus, it remains to compute the unknown boundary function u := u®j =
u@j . Again, this will be done by solving equation (3.18) stated & the Steklov-
Poincae interface equation (3.26). Since we have shown he to invert the Steklov-

Poincae operator S() by means of submatrices ofA(), we are left with the com-
M. ;

putation of @iu;’;i = 1;2. This can be reached by the same procedure used to
compute (3.30). SinceLu]E') = f{;i=1;2, we obtain
au;v) = (FD:v)+ @uv ; i=1;2; 8v2V: (3.37)

Discretization yields the linear systems
| | |
ORENOREEN (N U] '
A A u f .
b A o T g O =12 (3.38)
AYA 0 Y+ @, Uy
Due to the system (3.15){(3.18), we have to solve these two tiear systems si-
multaneously, along with the system (3.31) applied to eithe domain ;i = 1;2.
Since u; = ug) + ulf'), summation of the two systems [(3.31) and [(3.38) for each
domain, respectively, gives:

| | |
(i) (i)’ (i) (i) '
A A u fy

. : , - . i=1;2: (3.39)
A(II) A(') u(') f (M) + @i U(I)J
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We combine these equations into a single system:

i Al 0 ALY o u” - £ 1
@ ?1) Aig (1)A i (z)X %}u'@g - ® fl_(Z) | X (3.40)
AYOAYY AT HA u f o+ @1U(1)j + @ZU(Z)J

wheref =f® + 1@, By solving the rst two equations for ul(l);ul(z) and substi-
tution into the third equation of (3.40), we conclude that (8.18) holds i:

AD AL LD ADL Y AD AD 1@ A@y )y AD 4 Ay = f

Applying representation (3.32) of the Schur complement we nally obtain

s 4y @ | = [ AD AD T AR A@ 1 @) (3.41)
| —{z—} {z }
=S =

being denoted as theSchur complement systenmand corresponding to the discretiza-
tion of the Steklov-Poincae interface equation (3.26). Recall that equation (3.41)
was derived by substituting (3.15){(3.17) into (B.18). Accordingly, imposing the
solution u to (3.41) as boundary conditions as required in[(3.17), the inctions u®

and u® can be computed from (3.15) and|((3.16) such that((3.19) holds

3.1.2.2 The Multiple Subdomain Case

then the extensions by zero are from ; to . Accordingly, let AMu® = pi) pe
the original problem restricted to either subdomain and A() := R;AR; . Further-
more, we consider each local sti ness matrixA() to be partitioned as having been
introduced with (3.8). Then, the local Schur complements ae de ned by

s®= A0 A AL TAD =N (3.42)

As opposed to the two-subdomain case, the local problem assiated to Al(l') can
exhibit only arti cial, Dirichlet boundary conditions, wh ich is the case for interior
subdomains j,i.e. @i\ @= ;.

Subsequently, the Schur complement equation here reads

RPSOR; u = R R>AD AP 0, (3.43)
= f—13 |2 = {z )
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which can be derived in the same manner as in the two-subdomaicase. With
this formulation the direct clues for parallel computation become quite clear: the
action of the global Schur complement matrix S mainly consists of those of the
local matrices S, which themselves require the solving local Dirichlet prollems
(see above). Since theR” S(VR; can be applied independently, so can be the local
solutions, that is at the same time on several processing nags. This will be the
starting point of almost all methods determining a solution for u to be presented
below. Once a such has been determined, the remaining valuem n are given
by

u = A 10 ADR Gy =Ny (3.44)

cf. (3.36) also.

An important issue with the case of multiple subdomains is the fact that for
many prominent model problems, such as the Poisson problemrdhat of linear elas-
ticity [98], for interior subdomains, i.e. those where@ ;\ @= ;, the correspond-
ing A() become singular, and so the corresponding!!) through (3.35), which is due
to purely arti cial Neumann boundary conditions in that cas e. As a consequence,
if particular A and SU) are singular, it also means their null spaces kerneA()

and kernel S( | respectively, are non-empty. In the case of the Poisson eation
u=f on j; u=0 on @ (3.45)

for example, replacing the original Dirichlet boundary conditions by any Neumann
boundary conditions yields a singular problem, sinceu will then be de ned only up
to a constant. Consequently, the operator's null space woul comprise all constant
functions on j, which would hold true for the Schur complement operator on
too. Those null spaces will become important with the coarsegrid preconditioners
being presented in Section 3.2.3:3 and Section 3.2.4.1 balo

3.2 lterative Substructuring Methods

The starting point of all substructuring methods is the solving of equation (3.43).
Roughly, they can be classi ed in three groups.

The rst and oldest group, denoted by direct substructuring methods aim at
assembling and solving/(3.43) explicitly. Thereby, the gltal Schur complementS is
not assembled in one step. Instead, the local Schur complemts S() are assembled
themselves by even smaller ones in a recursive manner. Thad,ithe direct substruc-
turing methods process upwards a tree of local Schur compleemt matrices, at the
top of which is the global oneS. Once the global Schur complement equation has
been solved, typically by factorization, the tree is desceded and it is backsolved for
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the remaining variables according to (3.44). Parallel comptation comes into play
both in the assembling and the backsolve phase, and thus verlarge linear systems
can be solved on parallel machines. However, due to the Schwomplements being
dense matrices, direct methods exhibit a high demand both incomputation and in
memory.

In contrast, with so-called iterative substructuring methods the second group of
methods, the Schur complements in((3.43) are never calculat explicitly. Instead,
iterative solving methods are employed, such as Richardsoar PCG iteration, where
only the actions of the S() to some vector, but not the operator matrices themselves
are computed. This amounts to solvingN local Dirichlet problems at every itera-
tion in parallel, cf. Section[3.1.1.2. Thus, preconditionng is necessary, Sincé& is
usually very ill-conditioned. In fact, methods of this group only di er in the type of
preconditioner they employ, which, however, arises from qite di erent approaches
and leads to di erent algorithms in the end.

More recently, dual approaches have arisen, denoted binite Element Tearing
and Interconnecting (FETI) . There, (3.43) is broken up into the local Schur comple-
ment equationsSOu® =
and restating them as quadratic minimization problems. Equality of the duplicated
variables then is enforced by additional constraints. By Lagrangian relaxation of the
such de ned constrained optimization problem, it is then restated as a dual problem
with respect to Lagrange multipliers , which is solved by a modi ed PCG iteration.

In the following, we will focus on iterative substructuring methods as well as
FETI methods, and elaborate on their mathematical foundation as well as algorith-
mic implementation. Direct substructuring methods will not be focused on further,
because of their disadvantages previously mentioned andrsie they have been over-
come by the more recent iterative methods.

3.2.1 One-level Methods on Two Subdomains

We will start with the two most basic iterative methods on two subdomains and
explain their link to the Schur complement equation.

Thereby, we always assumel (3.41) for being solved by a Richdson iteration
using di erent kinds of preconditioners P:

uktt = uk+ P (S U9); (3.46)

with > 0 being an acceleration parameter ank 0 denoting the iteration count.
As a matter of fact, all the following methods only dier in th e type of precondi-
tioner P, which, however, arises from quite di erent approaches andalso leads to
di erent kind of algorithms in the end. The same holds with th e primal methods in
the case of multiple subdomains, where PCG iteration will beemployed.
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Although the following algorithms do not provide clues for parallel computation,
they will give the building blocks for those in the multiple- subdomain case, and
elucidate the connection between the iterative solving of he interface equation [(3.41)
and the local problems on each subdomain.

Finally, note that the following preconditioners are commonly referred to asin-
terface preconditioners according to their de nition on the common boundary .

3.2.1.1 The Dirichlet-Neumann Method

Let us start with the algorithm rst. The Dirichlet-Neumann method, cf. e.g. [12,
17], is given in Algorithm[1] It is known to converge to the true solutionu of (3.41)
for an acceleration parameter 0< < 2, where denoting the greatest eigenvalue
of S@ 'S. That s, one has to rst solve a local problem ; with arti cial Dirichlet
boundary conditions at , followed by a problem on , with arti cial Neumann
boundary conditions. The two problems in Algorithm [ also allow for the following
weak formulation, see, e.g., [101]:

( al(u(l);k;v(l)) =(f (1);V(1)) . gvd 2 VO( 1)

, (3.47)
u@ik+l = u(k) on
( @)k /(2 2.2 @) 0
a (U v = (9 v9) 8V« 2 VE( )
U@k P )y=(f@;p ) ,+(fD;P ) | au®kp) 8 2V() ;
(3.48)

where the last equation corresponds the weak formulation othe Neumann boundary
conditions on in in the second problem in Algorithm 1.
Discretization then results in the linear systems of equatbns

AR uOHL = @A gk (3.49)
and
! ! !
2 2 (2);k+1 ()
A||2 A|2 uIk L, = fy (3.50)
A( I) A( ) u +1= f A(ll)u(l);k+l A(l) uk

Moreover, algebraic solving forul(l);k+1 in (3.49) yields

u|(1);k+l — Al(il-) lf I(l) Al(il-) lAI(l) uk : (351)
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Algorithm 1: The Dirichlet-Neumann method on two subdomains
initialize u! with an arbitrary value

iterate k =1;2;::: until convergence

E Lu(l);k+1 = f(l) in 1;

solve foru®k+1. 5 @ubkl =g on@in ;

S CT S N S,

8

5 Lu@k+l = @ in o
solve for u@k+1: @u@k+l = on @ ,n

@u(z);k+1 = @u(l);k+l on :

update: Ukt u @k yuk;

whereas eliminatingu®*** in (3.50) results in
) (2 A 1,(2)  k+l=2
A@®  A@ A@ IAG

. (3.52)
Sf ADGWIL AWy A@ AG L@

respectively. Substituting the expression forul(l);k+1 into (8.52) and subsequent
application of (3.42) results in

SOUZ =A@ D D AB A@ @ gk (3.53)

Also, we can identify the remaining terms which contain submnatrices or subvectors
of the original linear system of equations as the right-handside of (3.41):

sS@uk=Z - gk . (3.54)

k+1

Finally, by eliminating for u 2 and inserting the result into the update equation

of Algorithm 1[gives
Ul = g@ ! sOuk +(1 yuk (3.55)
kt1 = yk 4 5@ * Suk - (3.56)

) u

The latter equation reveals that the algorithm indeed is a Richardson iteration on the
interface variablesu employing the local Schur complementS® as preconditioner.
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Furthermore, (3.55) can be also explained by the details gign in Section 3.1.1.2 and
Section/3.1.1.3: the problem on 1 having Dirichlet conditions at is equivalent to
the action of S®, and the Neumann problem on 5 to the action of S@ *

The reason for usingS® * as a preconditioner here is because of the fact that its
eigenvalue spectrum is equivalent toS = SU + S@ [12]. In particular, it is known
for condition number , i.e. the ratio of the largest to the smallest eigenvalue, of
the preconditioned operator to be independent from the mestsize h:

s@ s ¢ (3.57)

for a positive constant €. As a consequence, the error reduction rate, or convergence
rate, of the Dirichlet-Neumann algorithm is bound upwards independently of the
number of unknowns, i.e. the size of the problem. All precondioners providing this
property are commonly referred to asoptimal.

Note that, since S{);i = 12 is a symmetric preconditioner, if A() is symmetric
also, PCG iteration can be used to accelerate the Richardsoprocedure.

3.2.1.2 The Neumann-Neumann Method

Another important interface preconditioner is given by the Neumann-Neumannpre-
conditioner [14,/42, 85], reading

Pun = 1S® T+ ,8@ 7 (3.58)

where ; and , denote two positive weights chosen such that ; + > = 1. Thus,
the Richardson iteration is of the following form:

= gk 80ty L@t (SM + s@y yk (3.59)

Consequently, the preconditioning step requires to solve &leumann problem onboth
subdomains, which is given in detail in Algorithm [2.

That is, the amount of computational work doubles in comparison to the previous
method. However computation time remains nearly the same ifeach subdomain
problem is solved on two processing nodes in parallel.

Besides the fact that the NN preconditioner is also optimal,its advantages arise
from the possibility of compensating for coe cient jumps at through adjusting
the weights 1; » accordingly. The same holds for crosspoints on in the case fo
more than two subdomains also.
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Algorithm 2: The Neumann-Neumann method on two subdomains
initialize u! with an arbitrary value

iterate k =1;2;::: until convergence

8
E Lu(i);k+1 = f(l) in i
solve for u()k+1: @QuVk*t =0  on@;n ; i=1;2
u(i);k+1 — uk on
Lwktl =g in
solve for w(k+1 @w*l =0 on@;n : i=1;2

@W(i);k+1 — @ W(l);k+1 @W(Z);k+1 on

W /W00 W

update: uf*t  uk WDk W@k |

3.2.1.3 Other Methods

Several other methods have emerged. Besides variants to thRirichlet-Neumann
method, such as theRobin method [88], we here mention theprobing precondition-
ing method [31], where it is aimed at estimating a preconditioner matrix explicitly,
which can consists of only a few diagonals, prior to the iteréion, which can then be
e ectively inverted while solving. In order to get a good estimate, the action of S is
probed, i.e. calculated for a small set of chosen vectors.

Finally, for the standard model problem, the Poisson problan, an explicit pre-
conditioner based on an algebraic diagonalization o6 has been devised, giving the
so-calledJ-operator [11].

3.2.2 One-level Methods on Multiple Subdomains

After having explained the role of interface preconditiones as well as their com-
putation for two well-known types on two subdomains, in the following we will
concentrate on the case of many subdomains. In this sectionwe restrict our focus
to one-level preconditioners, which provide only a very linited parallel scalability,
and proceed in the succeeding sections with two-level extaions which will overcome
this drawback.

Typically, a Krylov subspace method is employed, such as PC&®r GMRES [63,
68], in order to solve the Schur complement equation[(3.43)Since A is symmetric
and positive de nite for our model problem, so isS, for which reason we only consider
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PCG iteration as solving procedure in the following.

As with the Richardson iteration in the two-subdomain case, here too the meth-
ods only di er in the type of preconditioner employed as well as the choice of initial
value in a few cases. The operator application step

X .
u R’SOR; r (3.60)
i=1

always remains the same, and mainly amounts to solvind\ Dirichlet problems, cf.

Section[3.1.1.2, in parallel. Also note that the actions ofR; and R;” correspond to
a scattering of the input vector r to the N computing nodes, or a gathering of the
results from them, respectively. Both operations also allav for concurrent execution,
depending on the used hard- and software platform.

Moreover, upper bounds for condition number (P 1S) in dependence oH and
therefore the number of subdomains, measured b¥|1—2, play an important role with
the analysis of the forthcoming preconditionersP *. Thereby, it is well known, [69,
p. 272], for (P 1S) to limit the convergence rate of the PCG iteration according
to:

) y p_
i ukjj c . _ 1

with 4 denoting the true solution, u® the initial value and k the iteration count. We
will make use of this relationship in the experiments preseted at the end of this
section.

3.2.2.1 The Dirichlet-Neumann Preconditioner

Generalizing the two-subdomain case, half of the local Schucomplement inverses
s® * serve as the building blocks of theDirichlet-Neumann (DN) preconditioner [44,
9], given by

X .
Pol:= R>SM 'R;; (3.62)
i2lr

wherelr denotes a subset of all subdomain indices, such that none obresponding
subdomains are adjacent. Note that choosindr is equivalent to applying a red-
black coloring to the partition of . See Fig. $.2(a) for an ex ample, wherelr then
refers to the indices of the 'red' subdomains. Consequent/ythe DN preconditioner
can only be applied for partitions allowing for such a coloring.

Note that for certain model problems, the S() of interior subdomains can be
singular, as already mentioned in Section 3.1.2.2. As a rendg, the singular A(®)
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in (3.35) are replaced by pseudo-inversesA() ¥, [42,46], which can be obtained by
adding small constants to the diagonal entries of A() | for example. Then, through

computing the action of A Y in (3.35), one determines the result of applying the
pseudo-inverses St 7.

3.2.2.2 The Neumann-Neumann Preconditioner

Fortunately, a coloring of the subdomains is not required with the Neumann-Neumann
(NN) preconditioner [14,/85, 42/ 47| 49]. Here, all Schur complement inverses are
involved equally: X
Pyt = R>DOs® 'pOR; ; (3.63)
|

where D) are diagonal weighting matrices to be focused on below. Thats, the
NN preconditioner requires solving local Neumann problemsn each of the subdo-
main. However, since this can be done in parallel, the run-tne is more or less equal
to that of the DN preconditioner. In addition, the NN precond itioner is more robust
against coe cient jumps of A across subdomain boundaries and applies to partitions
where a red-black coloring is not possible.

The D denote weighting matrices, which, in general, are chosen sh that they
give a partition of unity, that is

X
Ri> DiRj = I: (3.64)

|
In most cases, their diagonal entries are determined by the geudo-inverses of the
counting functions (x) 2 V( i);i = 1;:::;N, the latter giving the number of
subdomains a pointx on is a boundary point of. To be concrete, the ;(x) can be
de ned as:

8
2iNxj x2@i\ @

i(x)::>1 x2(@i\ @ n i=1;:::5;N; (3.65)
"0 X2 nN@;

where N, denotes the indices of those subdomains, whose boundariesntain x, and
jNx]j refers to the number of such. Subsequently, the pseudo-invees iV(x), which
again give the diagonal entries of theD (), read

X)) x2@; ,
0 x2([@ n@;

Y(x) = (3.66)
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However, in case of heavily varying coe cients in the original operator matrix A
across subdomain boundaries, which cause the convergendetwe Dirichlet-Neumann
methog to deteriorate, jNj in (3.65) will be replaced by a sum of weightening func-
tions, .y, in order to compensate for that hindrance. See, e.g. [119,20] for
further details.

Both for the Neumann-Neumann as well as Dirichlet-Neumann peconditioned
operator matrix S, the condition number is known to be bounded according to

j ’

(P 1s) cL 1+|ogE i (3.67)
H?2 h '

where P 1 = Py or P 1 = Py, respectively, and C being a positive, scalar
constant. This reveals that the conditioning of P 1S deteriorates signi cantly with
decreasing subdomain sizeBl, i.e. increasing number of subdomains. An explana-
tion is given by the error propagation argument: SincePg; couples only the un-
knowns at adjacent subdomain boundaries, a residual errorppagates only with the
speed of one subdomain per iteration. Consequently, the nessary number of itera-
tions must be at least 1=H. Therefore, the parallel scalability of a Krylov subspace
method utilizing NN or DN preconditioning is quite limited. This will be overcome
by the introduction of a second, coarse-level preconditioar, to be presented later.

0, e, Q, e, Q, Q, Q, Q,
I‘1 I‘2
€ Vi & [V, & 1 2
Q4 €, Q; A le Q4 ‘QS Q(s
r3 r4
elO V3 ell V4 e12 V3 4
QT Qf§ Qél Q7 Q{; Q(.
Cs Cs ‘
(a) Partition with red-black (b) Dividing further into (c) Dening local regions
coloring as employed with the  edges and vertices as utilized around the vertices gives the
Dirichlet-Neumann precondi-  with the Block-Jacobi precon-  basis for the Vertex Space
tioner. ditioner. preconditioner.
Figure 3.2: Exemplary partitions used with the di erent substructurin g methods.

3.2.2.3 The Block-Jacobi Preconditioner

As opposed to the Neumann-Neumann preconditioner, theBlock Jacobi (BJ) pre-
conditioner is built upon a more geometrical decomposition ofS. Here, the Schur
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complement equation is permuted according to the edges andevtices of , such
that S can be written as

0 1
SE1E1 e SElEm SE1V
SE2E1 e SEzEm SEzV
S= : : : ; (3.68)
SEmE1 e SEmEm SEmV
SVEl N SVEm SVV

where the subscriptE;E; refers to the edge on the boundary between subdomain
i and j, and V to the set of all vertices. See Figuré 3.2(b) for an illustratve
example. Note that Sg,g,; is a zero-matrix if @ ; and @ j have no point in common.
Neglecting the couplings between the edges and vertices oflgcent subdomains
then gives the basis for the preconditioner

Ecl)El S 0 . 0
ELE,
Pgj = : .. : (3.69)
Eng Eng
0 o 0 Svv

where Sy vy not only contains the diagonal of Sy v, but also the couplings of adjacent
vertices.
By de ning RE as the extension by zero from the local edge g, to , and

similarly Ry, as that from y to , (3.69) can be compactly written as

xn
P,'=  RZSgtRe +RyS, Ry : (3.70)
i=1

Again, the SEilEi are never computed explicitly. Since the inverses of the Schr

complements can be written as
1
A|.. | A|.. E: 0
Sek = 0| i i =i ; 3.71
EiE; |>ij E, AEgE I ( )

with Ijj referring to the interior nodes of ; and j, the action of SEilEi corresponds
to solving a local Neumann problemon ;[ ;[ Ej.

On the other hand, due to Ayy = Ry ARy, being spectrally equivalent to Sy v,
e.g. [112],A,,{, is commonly used to approximatesS,,y,.

As with the previous preconditioners, the condition number of the BJ precon-
ditioner Pgj' also worsens for increasing number of subdomains, which isué to
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neglecting the couplings between subdomains. In particula the upper bound (3.67)
applies also, [[16, 44]. In addition, coe cient jumps between subdomains are known
to have a much stronger negative in uence on the condition number

3.2.3 Two-Level Preconditioners

Similar to the one-level overlapping methods (cf. Sec. 4/1)also iterative substructur-
ing methods exhibit a limited parallel scalability, which i s due to the to deterioration
of condition number for an increasing number of subdomainsin particular, the lat-
ter fact is re ected by the factor H—12 in the upper bound of the conditioner numbers,
(3.67).

As in the overlapping case this is overcome by augmenting thexisting precon-
ditioner by a coarse-grid preconditioning, which leads to @ crude error propagation
throughout all unknowns on for every iteration. However, a s opposed to the over-
lapping two-level methods, the involved coarse problems he are of much smaller
size in relation to those on the ne grid. Usually, they consist of only one unknown
per subdomain. Thereby, almost optimal preconditioners ae constructed, in the
sense that the condition number bounds are almost independ# of the number of
subdomains and thus from the subdomain mesh sizél .

We will start with two such approaches which extend the Block Jacobi precon-
ditioner, and then move on to the extension of the Neumann-Namman precondi-
tioner, which will lead us to the widely used Balancing Neumann-Neumann (BNN)
preconditioner.

All of the following so-called two-level preconditioners yield condition numbers,
which do not deteriorate with decreasingH . In particular, the following upper limit
will hold:

H 2

(P 1S) C 1+log .

(3.72)
for a positive constant C, which only depends on the relative subdomain size%.
Consequently, the number of PCG iterations in relation to a gven error threshold
remains almost constant, if the number of subdomains is inaased while xing the
subdomain size. In the alternative case that the subdomainiges shrink, because of
keeping the total problem size constant, (3.72) even decress slowly, due to the ner
coarse-grid couplings. On the other hand however, the coaessystems to be solved
provide no clues for coarse-grained parallelization, andhus are usually computed
sequentially on one central processing node, which increas the computation and
communication time by some xed costs per iteration signi cantly. Thus, two-level
preconditioners provide a much better scalability than their one-level counterparts,
although at additional xed computational costs.
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3.2.3.1 The Bramble-Pasciak-Schatz Preconditioner

One of rst two-level preconditioners was proposed by Brambe et al. in 1986 [16],
whose main idea is to replace the purely vertices-based sulatrix Syyv in (3.69)
by a coarse variant of the original sti ness matrix A, giving the so-called Bramble-
Pasciak-Schatz (BPS) preconditioner

Let Ay be the stiness matrix of a nite element discretization of ([2.11) on the
coarse triangulation TH. Furthermore, let R, be the weighted extension matrix
interpolating the nodal variables on T to those on Tjh. The BPS preconditioner
then reads:

by
Pes =  RE Sgk Re + RGALRY (3.73)
i=1

That is, in contrast to the Block Jacobi preconditioner (3.70) the solely vertices-
based term R\>,SV\1,RV is replaced by the matrix RL An Ry, which yields a coarse
coupling of all unknowns on . Thereby, a global error propagation is realized for
every application of Pgps.

In particular, it is known that (3.72) holds for P 1 = PBplsS in two dimen-
sions. In the three-dimensional case (3.73) does not hold, for which reason the
BPS preconditioner has been further developed to théNire Basket preconditioners
[110, 111, 18], where the coarse problem is build upon the vérbasket, i.e. the
union of edges and vertices, in order to reach the same uppeiniit (3.72) in three
dimensions as well.

3.2.3.2 The Vertex Space Preconditioner

In aiming to make the condition number independent of the rehtive subdomain sizes
also, i.e. abolishing the term%, couplings in local regions around the vertices at
are considered in addition.

For eachi = 1;:::;Ny, let , refer to the union of the vertex node . and
all those nearby nodes on , which have a maximum distance of to .. See

extend by zero a nodal vector from | to . Then, by S, := R” SR’ we denote
the Schur complement with respect to each such vertex regian In making use of
these components, theVertex Space (VS) preconditioner [113, 114, 10| 64] reads as

There, the coarse problem is de ned on the vertices also, but is coupled to variables on common
faces and edges.
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follows:

Xn
Pys:=  RgS:t Re + REA'Ry+ RS 'R ; (3.74)
i=1 i=1

which extendsPgps additively. Because of these additional terms, the residuberrors
can propagated faster across the subdomains, and it is knowfor the conditioner
number to be limited according to, [48, 114]

2
(PysS) C 1+|ogﬂ : (3.75)

for relatively small coe cient discontinuities between th e subdomains and

1 H

(PysS) C 1+log S ; (3.76)

at the presence of signi cant coe cient jumps. That is, for c hoosing an overlap

extent > h , the iteration number can be further diminished in comparison to the

BPS preconditioner. On the other hand, the computational casts per iteration are
higher.

Typically, the action of S ili is computed by the same approach as used f@g, g,

in Section [3.2.2.3, where the submatrixA() here is the restriction of A to the
union of those subdomains, i.e. edges and vertices, whoseoslires do intersect
with . Alternatively, the employment of probing preconditioners has also been
found satisfactory, [33,/32].

In the three dimensional case [64], which is not in the main fous in this work,
edge regions and their corresponding Schur complements anetroduced in addition
to the vertex ones. Similar to the latter, an edge region compses the nodes of an
edge g, and all those nodes on adjacent faces, which have a maximumstance of

from g,. In doing so, (3.75) and (3.76) also holds for a three-dimernsnal setting.

3.2.3.3 The Balancing Neumann-Neumann Method

Moativation and Approach. As opposed to the previous approaches which de ne
a coarse grid preconditioner upon a geometrical decompositn of S, in the following
approach the coarse space was originally motivated from thgoint, low-dimensional
null spaces of the local Schur complement$(). The latter are present for certain
model problems, such as the Poisson problem, cf. Sectibn 3212. Since for our model
problem those local null spaces are all empty, i.e. alA() and S() are invertible, we
will consider the Poisson problem for the time being, in orde to better explain the
original motivation. Later on, we will generalize the ndin gs to our model problem.
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With the Poisson problem (3.45) as the problem to be decompaad, the solution
to the corresponding local Schur complement equations

SOy = (O i=1;::N; (3.77)

on inner subdomains, at the presence of Neumann boundary conditionsnly, are
only de ned up to a constant. Let the indices of those subdomins be referred to by
N in the following. There, S * is usually approximated by the Moore-Penrose
pseudo-inverse [63], S(”.

Moreover, in order to assureany solution to (3.77) exist, it is required the right-
hand sider () to lie within the range of S(). The other way round, in case thatS is
symmetric, which is the case here, one can equivalently enfee the projection of r ()
into the null space of S to vanish:

D E
v;r) =0; 8v2kemel SO ; 8i2N (3.78)

i.e. to be L2-orthogonal to the null spac& of SO, This is usually realized by
de ning matrices Z{) whose columns span spaces which include the corresponding
null spaces, i.e.

kernel S rangez® ;  8i2 N ; (3.79)
and to then require
z0r=0: 82N (3.80)

to hold.
Based on that, the (low-dimensional) space of (weighted) nn-admissible right-
hand sides vectors is de ned by

( N )
Vip:= w2V :w= RO'DOy; y2rangez® (3.81)
i2

and let

Ro:= z(1) ' p(IR(1) z(1 "pl1 YRO2 D ... (3.82)

be the corresponding projection fromV () into V,,(). For the Poisson problem
for example, V;, consists of vectors which are piecewise constant on the inter

2Note that in the case of symmetry range S’ =kernel S~ =kemel S .
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subdomains (whose corresponding local problems have arttial Neumann boundary
conditions only) and zero else.

In order the global right-hand side vector r to lie in the orthogonal space ofV;,,,
a possible component withinV;, is removed by

F= 1 SR3S,'Ro r (3.83)

prior to applying the NN preconditioner, where Sy is de ned as the projection of S
into Vy,, i.e. Sp := R3 SRo. This so-called balancing step is applied to the result of
the NN preconditioning,

X N
t = R DOSO'DOR; r; (3.84)

again,
¥ | R3S,'ReS t; (3.85)

thereby making the preconditioner symmetric.

The Algorithm. Integrating (3.83), (3.84) and (3.85) into a PCG iteration gives
Algorithm B8, see, e.g. [112]. Note that these steps can alsoebwritten as one
expression:

X e
Peny = | R3Sy RoS RFDWSDOR; 1 SR;S,'Rg
+ R3S, 'Ro; (3.86)

which is referred to as theBalancing Neumann-Neumannpreconditioner.

In comparison to NN preconditioner, the two-level variant requires two additional
applications of S, as well as three times that ofRj S, 1Ry. Whereas the computation
of each the former is exactly the same as with the previous mébods, the inversion of
So provides no clues for coarse-grained parallelization. Thsl it needs to be carried
out on a central processing node which requires additionalalecting and spreading
communication steps (represented here by the operatorfq and Rj, respectively)
for each occurrence oR3 S, 'Ro. Computation costs w.r.t. to the inversion itself are
practically neglectible, since Sy is very small. Typically, Sq is calculated explicitly
or factorized prior to the iteration.
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Algorithm 3: PCG iteration with Balancing Neumann-Neumann precondition-
ing

initialize u® with an arbitrary value
ro sul
iterate k=1;2;::: until convergence

11 SR;S,!Ro |r'<1I

X!
pk 1 RTDWS'DOR; ¢k 1
i=1

y¢ 1 1 R3S,!ReS k1
Yk Tkl (1=
yk 2> qk 2
pk yk 14 kpk 1 [pl — qO]
‘ yk ke qk 1
Pk Sp¢
k k 1,4 kpk

I’k I’k 1 Spk

The second role of S, 1. Besides guaranteeing well-posedness and uniqueness,
the balancing steps lead to a global yet coarse information mpagation. In par-
ticular, R3S, 'R, plays the role of a coarse global operator there. This beconse
clear when considering the coarse spacdé, in case of the Poisson problem as model
problem. As explained above, there the local null spaces ohierior subproblems

consist of constant functions and thus the coarse space is tifie form
n 0
Vi, =span RM™ Y : kernel SO 6 ; ; (3.87)

with the weights Iy as de ned in (3.66). That is, the action of Rq is to compute a
weighted sum for each inner subdomain andsy gives a global coupling of all such
sums according to a coarse representation d. Therefore, the balancing steps lead
to a global, yet coarse, error propagation throughout all urknowns on . Thereby,

the only local error propagation property of the NN preconditioner is compensated
for. In fact, the condition number of Pgyy S is known to be bounded according
to (3.72) also, and in addition to be independent of strong ce cient jumps across
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subdomain boundaries. HencePgnn IS close to an optimal preconditioner and in
comparison to the BPS and Vertex Space preconditioners the @licit knowledge
about the image partition geometry is much less.

Empty null spaces. Let us return to our model problem given in Section[2.4.
There, V;, is empty, since none of the local Schur complement§() are singular,
cf. Section3.1.2.2. However, following a similar suggestn of Toselli et al. [120,
119], own experiments have shown that assuming the coarse ape (3.87) and its
corresponding operatorsRy and Sy with the motion estimation problem yields the
same advantageous convergence behavior as for the Poissoroiplem.

3.2.4 Finite Element Tearing and Interconnection Methods

7
| L |
; B an ?
I )
)

(a) Completely torn mesh as used with
the dual FETI method

(b) Partially torn mesh as used with the
primal-dual FETI method

Figure 3.3: Examples of torn meshes as used with the dual and primal-dual FETI
methods. Gray patches indicate necessary equality constraints in tle underlying energy
minimization problems.

3.2.4.1 The One-Level FETI Method

Approach.  Substructuring approaches presented so far aimed at solvin for the
global vector u in (3.43) by PCG iteration. In contrast, the following metho ds
consider the local problemS®Ou® = O: j =

duplication of unknowns from the view of the global problem | and enforce equality
across the subdomains boundaries by additional constrairs. See Figure 3.3(a) for

an illustration. This gives the outline of the so-called Finite Element Tearing and
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Interconnection (FETI) method [54, 55,/117] which can be seen as dual method
of BNN preconditioning and has gained strong interest espeally in the area of
computational mechanics.

In order to re-establish continuity across the subdomain baindaries, the ap-
proach is to restate the local problemsS(u() = () as separate optimization prob-
lems rst, which are then coupled by additional constraints enforcing equality of the
duplicated unknowns.

First, we will make use of the following de nitions:

0 @) 1
S o ::: O Ou(l)l 0 (1)1
@ . :
é;:%o S E 0::%52; ’\:=?@ X (3.88)
D " " 0 y™N) (N)
0 ::: 0 s
by which the N local problems can be written as
So =~ (3.89)

Note that common variables in the global problem (3.43) havebeen split up into
several local ones. Henceay has more components than does .

Subsequently, the inter-connection of the thus duplicatedvariables is realized by
equality constraints

Ba =0; (3.90)

with the matrix B having a row for each pair of variables to be equal, and each v
consisting of exactly one 1 and one 1, respectively, at the columns corresponding
to each variable pair and zero else.
Now, the purpose of the FETI method is to formulate (3.89) as a optimization
problem which is constrained by the equality conditions stded in (3.90), which reads
8 1
<30 )= Erféo A7 1 min

Ba =0

(3.91)

In a next step, the equality constraints are relaxed by a Lagangian approach.
That is, by introducing the multiplier variables 2 RNs, with Ng denoting the
number of equality equations in (3.90), we de ne the Lagrangan as

1
L ; )= Eo>éo ~ho+ CB O (3.92)
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by which the original problem can be rewritten as the @ddle-point problem

i(r)wf maxL(0 ; ) (3.93)

a solution (0 ; ) to which amounts to solving the following (static) equilib rium
equations

So +B> =~
(3.94)
B0 =0
Algebraically solving the rst equation for 4 then gives
a =80V~ B> ): (3.95)

while 8¢  has block structure also and consists of the local inversea() *. However,
central to FETI methods is the assumption that some of the S()) are not invertible,

which we will assume for the time being. Also for the time beiry, we consider
the Poisson problem as model problem, as with the explanatio of the Balancing
NN preconditioning above. In that case, the non-existingS() "ing lare replaced
by any suitable pseudo-inverseS()” giving the global pseudo-inverseS* and (3.95)
can be rewritten as

a =8 (~ B>) Z; (3.96)

with Z giving a null space component of the solution, i.e. piecewss constant
vectors on interior subdomains in case of the Poisson modelrpblem. In particular,
Z is made of the local null space-spanning matrice$Z(® j S() singularg and we
have that range Z =kernel S .

Furthermore, the pseudo-inverse in [(3.96) can only be appdid if @ in (3.96) is
perpendicular to the null space ofS, i.e.

A B> ? kernel S (3.97)

with ? denoting orthogonality with respect to the euclidian 2-norm. Due to the
de nition of Z, (3.97) can be equivalently written as

zZ>(* B> )=0: (3.98)

In a next step, the expression forutin (3.96) is inserted into the second equation
of (3.94), which, after a minor modi cation, results in an equation

B S$B> =B §* B Z; (3.99)
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whereu as been eliminated. By utilizing the abbreviating notation F :== B $* B>,
G> := Z>B> andd:= B $* ~ this can be compactly written as

F +G =d: (3.100)

In combination with the necessary condition (3.98), which & rewritten using afore-
mentioned abbreviations as well ase:= Z~ », we obtain the system

(F +G =d

; 3.101
G =e ( )
where the original variables* being sought for have been eliminated.

Because problem[(3.91) is convex, (3.101) can be derived afnatively by con-

sidering the dual problem

max C( ) := max irJf L(u; ); (3.102)

see, e.g. [55, 117]. For that reasory “and are commonly called primal and dual
(or multiplier) variables.

The Algorithm. With the FETI method, the dual vector in (8.101) rst is
solved for, which is done in the null space kernelG> in order to be independent
from . To be precise, this is realized by the projection

P=1 G(G"G) 'G”; (3.103)

which is chosen such that rangeP = kernel G> . Multiplying the rst equa-
tion (3.101) by P~ then simpli es the system to

P F +G =P>d: (3.104)

Subsequently, the solving procedure is a PCG iteration appéd to (3.104), where
the preconditioning step involves a projection by P before and by P> afterwards,
respectively, see Algorithm[4. There, M 1 denotes a generic preconditioner, on
which we will detail later on, and we have that Q = |. Note that because of the
speci ¢ choice of the initial value, the second equation in[8.101) is ful lled from the
beginning. Parallelization can be employed in the in the computation of &Y, which
is contained in F, i.e. by solving the actions of the local pseudo-inverse§(®)’ and
sS® * respectively, on di erent processing nodes.

Furthermore, P and P~ not only play the role of projections that are Q-orthogonal
torange G> andrange G , respectively, but also that of a global, coarse error prop-
agating step [93]. In particular P and P> can be seen as the dual counterparts of
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Algorithm 4: PCG for the FETI problem iteration using an augmented precon-
ditioning step and a generic preconditionerNt 1

°© 0G G°QG ‘e
O d F O

iterate k=1;2;::: until convergence

Project: ¢! Prk?
Precondition: AN v STV
Project:  y* 1 Pp>z< !
Yk Tt Ciog
YK Z gk 2
pk yk 14 kpk 1 [p1: qO]
Yk Tt
KKy kpk
kok 1l ppk

the balancing terms (3.83) and (3.85) of the primal BNN methad, respectively. Un-
like Sp however, (G”G) ! is not a coarse version of the ne operatorF here, but
also yields a global coarse coupling during iteration. In paticular, the bounds given
in (3.72) hold for the preconditioner PNt P> F also, see [94, 117, 77, 78].

The most standard preconditioner is given by

N
m =8 38>= BO&HBH . (3.105)
i=1

which is denoted by the FETI Dirichlet preconditioner [54,93]. Note that (3.105)
mainly amounts to solving N local Dirichlet problems in parallel, cf. Section[3.1.1.2.
See, e.g. [102] for alternative preconditioners.

In addition, (8.103) is the most simple choice too. In generh the projection is
of the form

P:=1 QG(G"QG) 'G”: (3.106)
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where Q is a symmetric, positive de nite scaling matrix accounting for possible co-
e cient jumps in A across the subdomain boundaries. ThusQ = M ! is a common
choice. In terms of implementing G” QG) 1, it is common to factorize G” QG in
the initialization, e.g. by Cholesky decompaosition, in order to keep computation
costs low during iteration when it is applied.

Once a solution has been computed, with respect to a given error tolerance,
the null space component is determined according to

=(G°G) 'G°Qd F ); (3.107)

by which the complete solution to the dual problem (3.101) isobtained. Finally, the
primal solution u is calculated according to equation((3.95). Also here, diret clues
for coarse-grained parallelization exist.

Empty Null spaces. Unlike with the BNN method, the algorithms needs to be
changed for the of case of non-singular local matriced\() and therefore empty
null spaces kernelS(® . Similarly, applying the above approach to model problems
exhibiting this property would yield an empty matrix Z and P = |. Thus, global
error propagation would not be present by the above approach As a remedy, it
is shown [50, 119] that one can de ne an arti cial coarse spage rangeZ , if the
columns vectors ofZ are chosen such that at least the following assumptidﬂ holds:

range Z \ kernel B = ;: (3.108)

If so, G is de ned as above:G> = Z> B~. Subsequently,P is chosen to be
P:=1 G(GFG) G°F; (3.109)

that is, P is built upon the operator F, unlike the original de nition in (3.106) where
Q is some scaling matrix. Furthermore, the initialization of the iteration needs to
be modi ed to:

Initialize
° G GFG ‘F>d
; (3.110)

r d FO
see [[50]. Thereby, one obtains a modi ed one-level FETI metbd with the same

convergence properties as above, and therefore it becomegpicable to our original
model problem as well.

Sfor further details we refer to [119]
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The Second Function of P and Similarities to the BNN Method. Interest-
ingly, P not only has the function of ensuring every update to lye in the null space
of G”, but can also be seen as a coarse preconditioner.

In order to elucidate this fact, let us take a closer look at its de nition (3.106).
Note that the columns of the product G> = Z> B~ consist of the rows ofB
having been projected into the null space ofS. By de nition, B is of sizej j
j j. In contrary, since almost always kernelS is of much smaller dimension than

range $ , G> has much fewer rows than columns. Consequently, the produds™ QG

is of much smaller size than the operator matrixF. Moreover, since G~ QG Lis
known to be dense, it realizes a global coupling of all unknowns in a coarser dual
subspace when applied. ThereforeP not only has the function of projecting into

the subspace kernelG ” and thus asserting the constraint {3.97), but also that of a
global, coarse preconditioner having the e ect of a global gor propagation at every

iteration [93].

Furthermore, one discovers similarities between Algorithm [4 and the Balancing
Neumann-Neumann method presented in Sec. 3.2.3.3, sincesalwith the latter the
coarse-grid correction steps can be interpreted as projeicin steps. Thus, G~ QG
could be seen as the dual counterpart tcscl, as well as the recurring projectionsP =
| G(G°G) 1G” to | RzS.'RcS , and the initial projections QG G> QG
in comparison to IQESCHQC [120,/55]. However, unlike with the BNN method, the
coarse problem as well as the projections here do not depend ¢he operator F, for
which reason it is only a similarity in the algebraic structure. Note that, because of
the latter observation, the pre-projection step with the FE TI method cannot be left
out.

3.2.4.2 The Dual-primal FETI Method

More recently, mixed dual-primal approaches have attractel considerable interest,
motived both by the unsatisfying results of dual FETI method applied to problems
of higher order, such as fourth-order plate and shell problms [53] in computational
mechanics, as well as by the fact that the coarse operator ofhe original method,
i.e. without the adaption explained in the preceding subsetion, is dependent on
the model problem's null space. The idea behind the so-calte Dual-Primal FETI
(FETI-DP) methods [51, 52, 95| 100, 75] is to partially reverse the process ofdeng
nodes, and thus the duplication of variables, which was the tarting point of the one-
level FETI method, such that a few variables in (3.43) remainglobal. Those degrees
of freedom then are continuous across the subdomains by camnsction, thereby
diminishing the number of constraints in comparison to the purely dual method.
Finally, one reaches a primal subproblem in addition to the emaining dual one,



53 3.2. Iterative Substructuring Methods

for which reason the FETI-DP method can be seen as intermedig between the
purely dual one-level or two-level FETI methods and the purdy primal Balancing
Neumann-Neumann methods.

Approach.  One of the standard cases with DP-FETI methods is to have prinal
variables at the crosspoints of , i.e. at vertex points being elements of more than
two subdomain boundaries. Thus, we will denote the duplicaéd nodes by g and
the crosspoints by ¢, according to which we set up the following global-local Schr
complement systems:

0 1
6 . @w=-0 10 1
st o o0 s W @
2 .. : 2 2 @)
0 See : - Sec Ue E
: .0 : : = : ; (3.111)
(N) (N) (N) (N)
0 0 St SO 4
st s& i sl sec Ue c
(3.112)
See Sec  UE E a
, = , =" 3.113
Sec Scc Uc c ( )

which, unlike equation (3.88), contains global dependeneéis in the unknowns at ¢.

As a consequence, none of the local matrices
|

M gl
SEE SEC

s = EE S
(i) (i)
SEC SCC

(3.114)
is singular. As a consequence, here will be no need for a praj®n as with the dual
FETI method.

Subsequently, by algebraically eliminating for the globalvariables, in the same
manner as for the degrees of freedom onn in Section 3.1.2, we obtain the reduced
system

ISEE SuicZ:ScéSch £ S%Scé (3.115)

= S’EE “EE
Again, this is embedded into a minimization problem with additional constraints
ensuring equality of the duplicated degrees of freedom:
1 .
< J(ug) = EUESEE U ~gUg! min

Beug =0

(3.116)
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Note that unlike S in (3.91), here Sge is not purely block-diagonal, due to the
term Sgc SCéSEC in (3.115) realizing a global, coarse discretization oS on .

As with the one-level FETI approach, problem (3.116) can be ewritten as a
saddle-point problem with respect tou and the Lagrange variables , which would
result in the system of equations

Stg + BZ =4
ETE : (3.117)
BEOE =0

However, in order to explain the nal algorithm better we wil | take two steps
back and reverse both the elimination for the unknowns at ¢ as well as for those
on n and consider the fully expanded system

0 ) 1 0 1
AR 0 o0 AR T @ O
) .. : ) ) 2
0 ARr ' - ARrc Ur fr
L o B iE=R: (3118)
0 ) v :> 0 A(RNRZ A(RNC) (RN) éN)
AR Al i Al)T A e fe
(3.119)
ArRr Arc UR fr
, = ; 3.120
Arc Acc Uc fc ( )

where the subscriptR refers to the local nodes, i.e. non-crosspoints here, an@d to
the global nodes, i.e. crosspoints in our case. The constiad minimization problem
then reads

8
-1 s -~ AR Arc U > UR |
%J(u) =5 Ur Ug Ane Ace  Uc fr fc e min
;o (3.121)
3
) Brugr =0
while Bg only a ects duplicated variables on torn edge nodes, i.e.
_ 0 o
Bgr = 0 Be (3.122)

As with the dual FETI method, (3.121) is then stated as saddlepoint problem
by introducing Lagrange multipliers , a solution to which is obtained by solving
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the following equilibrium equations:
10 1 0]c 1

0
Arr Arc BZ UR R

@A%. Acc O0A@ucA = @A (3.123)
Bk 0 O 0

which corresponds to [(3.117).
Algebraically solving the rst equation for ugr yields

Ur = Ags TR BR  Arclc ; (3.124)

which, inserted into the second and third equation results n

BrAgs B2 B RAREARcUC _ BrARs TR
ARcArrBR  (Acc ARcAggArc)  Uc fe  ARcArrfr
(3.125)
By utilizing the notation
Frr := BRAREBR
Frc := BRAREARC
FCC:: ACC AECARéARC (3126)
dRZ: BRARéfR
dec = fc  ARARsTR
(3.125) can be compactly rewritten as
Frr Fre = Gk (3.127)

FSC FCC Uc dc

In comparing this system of equations to that in (3.101) two important observations

can be made. First, not all primal variables have been elimiated here. Those on
non-torn nodes are still present since no Lagrange multipkrs are associated to them.
Second, because of these global couplings, none of the logabblems is singular and
consequently no subspace constraint is required as by the send equation in (3.101).

Solving.  With respect to solving (3.127) however, a solution is rst sought to the
dual vector in the equation

Frr + Frc Fccl':;c =dr Frec Fcédc ; (3.128)
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whereuc has been eliminated. As with the dual FETI method, PCG iteration is uti-
lized. Note that unlike F in (3.99), here the operator matrix Frr + Frc FCéFgc

consists of two components. The rst one,Frr is also block-diagonal and thus will
lead to local and independent problems. The second on&grc F&Fac , on the other
hand, results in a coarse, global problem, which arisesot from a null space, but
the non-torn nodal variables in (3.111) and (3.118), respdively.

Let us replace all elements withing the brackets in[(3.128) ecept for Fcc by its
de nitions given in (8.126) again, in order to detail on the real operations to be car-
ried out while solving (Fcc will be represented explicitly). The operator application
step within PCG iteration then is implemented by the followi ng substeps/[54]:

Yri1  BRARABR X

> 1 >
Zc.1 ARcArrBr X

zc2  Feé zca (3.129)
YR:2 BRARéARC Zc;2
Y Yra1tYr2:

while x refers to the vector to which the bracketed term in (3.128) isapplied. Because
of the block-diagonal structure Argr, its inversion in the rst and second step is
again implemented by concurrent solving of the correspondig local problems for
each subdomain. Its result is then used in the rst and secondstep of (3.129),
whereas with the rst one it is multiplied by Bgr, which mainly corresponds to
a restriction onto the edge nodes, while the second stepAz- gains a weighted
restriction of the local variables to the global ones on the tosspoints (which can also
be parallelized in the same manner). In the third step, the gbbal error propagation is
realized, whereas the lower-dimensional matriXcc is usually calculated explicitly or
factorized beforehand, in order to minimize the computatianal e ort during iteration.
Similarly, ARF%ARC in the fourth step is also pre-calculated explicitly, since the
number of columns in Arc is only that of the number of coarse degrees of freedom.
To summarize, one application of the operator mainly amouns to solving local
problems with hybrid boundary conditions for every subdoman in parallel (ARé),
as well as to solving a lower-dimensional problemli’ccl).

Preconditioning. Standard preconditioners are similar to those of the one-leel
FETI method. For example, the FETI-DP Dirichlet preconditioner here reads
!

X0 0 N
Mp:= DMBY o BY DO (3.130)
=1 0 Sge
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with the Schur complements
(i) — A() (D> o) 1A00)
See = A A A Alg (3.131)

and D () being weighting functions accounting for coe cient jumps across subdomain
boundaries. For our model problem, we suggest to use the wedits Iy having been
proposed in [119] and introduced here in the previous sectio
Similarly to the one-level method, with the FETI-DP lumped preconditioner it
is omitted the second term of the Schur complement[(3.131), esulting in
|

B DO : (3.132)

Extensions to three Three Dimensions. So far, the primal problem was de-
ned only at the subdomains' crosspoints. However, especily for three-dimensional
problems, FETI-DP with primal problem so de ned gives unsatisfying results in
terms of the convergence rate (see, e.g., [62]). As a remedygcent research activi-
ties [62,/76] 75] focus on extending the primal problem. Forxample, continuity can
not only be realized by the identity of the crosspoint variables, but also by that of the
per-edge means. In that case, the dual problem is reduced tosaerting equality of
the deviations from the per-edge means only. In the three-dnensional case this ex-
pands to the face-means and/or edge means. In terms of impleemtating such mean
identities, two di erent approaches have emerged: First, €lge and/or face mean
equalities of adjacent subdomains are enforced by additicel Lagrange multipliers,
which are treated as additional components of the coarse, yerimal variables uc,
and hence are also eliminated when going from equation (3.Z2 to equation (3.128),
see [52| 76]. Alternatively, such means can be representedicitly by appropriate
coarse basis functions, see [75].

Scalability. Although the FETI-DP methods provide the same convergence ate
bounds as the purely dual ones, their cost per iteration is laer since only one coarse
problem needs to be solved, which, in general, is also smallesee, e.g., [51].

3.3 Experimental Studies

Here we study the numerical properties of primal non-overlpping DD methods
experimentally. As two representative algorithms we chosdhe one-level Neumann-
Neumann (NN) as well as the two-level Balancing Neumann-Nemann (BNN) pre-
conditioners in connection with PCG iteration in order to parallelize the CLG optical
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ow problem, see Section_2.4. In terms of the latter, we consler the correspond-
ing LSE (2.17) being partitioned in the same manner as for thede nite Helmholtz
eguation in (3.9) and (3.9).

Experiments are conducted on two di erent data sets: An image pair of the well-
known Marble sequence (512 512 pixels), and a synthetically generated particle
image pair (2000 2000 pixels) as it appears in particle image velocimetry (PV).

In particular, the experimental studies focus at the following issues:

() The impact of interface preconditioning on the convergence rate of the Krylov
subspace iteration.

(i) The evolution of the convergence rate while increasingthe number of subdo-
mains N having the total number of unknowns n xed.

(i) The impact of the subdomain solver's precision on the mnvergence rate.

(iv) The scalability behavior on a real parallel machine (PC-cluster with up to 144
processing nodes).

In all experiments, we assume the the total number of unknows n, and hence
1=h?, with h denoting the mesh-size of the nite element discretization which is
xed in our considerations and is only the number of subdomains N, and thus
1=H?, with H denoting the maximum subdomain diameter, which varies with our
experiments. Obviously, there are other scenarios, e.g. thse where it sought to
increase the discretization accuracy. In that case, one ske to decrease mesh-sizle
while keeping the total computation constant, which is reahed by decreasingH
also, i.e. increasing the number of subdomains and thus digbuting the additional
computational e ort on more processing nodes. In most imageorocessing applica-
tions, however, the primary goal is to lower the total computation time by increasing
the number of subdomains, i.e. decreasingd while having h xed.

3.3.1 Parameter Selection and Input Data

For ease of implementation, in the following we assume the imge plane to be
partitioned into equally sized, quadratic subdomains ' in all experiments, i.e. the
aspect ratio, whose in uence on convergence was not in our éwus, was one always.
Two distinct datasets served as input data. First, frame 16 and 17 of the well-
known Marble sequend@, Fig. [3.4, was chosen as a representative for the class of
moving three-dimensional scene, and served as input imageap for the experiments
[1{2. In order to investigate the practicability of the propo sed methods in the context

4Created 1993 by Michael Otte, Institut far Algorithmen und  Kognitive Systeme, University of
Karlsruhe, Germany. Available at http://i21www.ira.uka.de/image _sequences.
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of particle image velocimetry (PIV) also, as a second data set we generated an
2000 2000 image pair consisting of small particle movements (seE€ig. [3.4), which
were used for the experiments 2{4. We will refer to the rst dataset by 'Marble 512
and to the second one by 'PIV 2000' in the following.
The parameter values of the CLG motion estimation were: = 1000, = 2:6,

= 1:8, while the intensity values were from the range [0255]. The implementation
was realized in C/C++ using the Intel compiler 7.0, with O3 op timization option,
and MPI-conform[58], (57] inter-process communication libaries on the Linux OS
on standard PC hardware. Vectorization operations (SSE(2)or 3dnow-commands)
were not used.
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(a) Frame #16 of the marble data set (b) True motlon eld between frame #16
and #17
Figure 3.4: Input data for experiments with the marble data set. (512 512 pixels,

maximum velocity: 2.58 pixels/frame)

3.3.2 Algorithms and Implementation Details

We brie y explain the important details in terms of the paral lel implementation. In
case of the used parallelization methods these are the impigentation of the action
of the Steklov-Poincae operator S, cf. Sec.3.1.2.2, that of the NN preconditioner
Pnn , see Secl 3.2.212, and, in case of the BNN method only, that dhe coarse
preconditioner S.*, see Sec. 3.2.33.

A already explained above,S can be written as a sum of local Schur complements:

/R 'SR~ . Thatis, its application, e.g. within an PCG iteration in or der
to solve (3.43), allows for a separation intoN local operators Sj, whose actions can
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S

(a) First image of input image pair (b) True motion eld

Figure 3.5: Input data for the particle sequence experiments. (2000 2000 pixels,
maximum velocity: 0.96 pixels/frame)

then be carried in parallel. Again, the local Schur complemats are never computed
explicitly, but mainly amount to solving local Dirichlet pr oblems, as pointed out in
Sec! 3.1.1.2. Similarly, the action ofPyy is computed by solving the local Neumann
problems associated with the local Schur complement invees S') 1.

Besides the computational aspects, also the question of hot assign optimally
| in terms of communication time | the parallelizable comput  ations to the avail-
able processing nodes, is of importance. This then resultfiia speci c communica-
tion pattern. For the NN method however, this is rather obvious: Since theresults of
applying S and Pyn are needed in all remaining operations, such as matrix-veotr
multiplications, we have chosen to carry them out on one cental node. On the
other hand, the computation of S; and (S') 1, respectively, are carried out onN
separate processing nodes in parallel. Consequently, fomeh occurrence ofS and
Py within the iteration, it was necessary to select and distribute the correspond-
ing local interface variables to each of the nodes, and in tur to collect and merge
the local results into a global vector on the central node. The aforementioned two
operation groups{which are denoted byscattering and gathering, respectively, in the
context of parallel programming exactly correspond to the ations of the restriction
matricesR ;i =1;:::;N and its transposeR ;i =1;:::;N, respectively. In par-
ticular, a scatter operatron amounts to sendrng to each Iochnode associated with
the subdomain ', the subset@ '\ of nodal variables. In turn, the transposed
operator R . amounts to receiving and adding the nodal values of all locakhared
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boundaries.

In case of the BNN method, additional considerations for imgementing the ac-
tion of the coarse Schur complement inverseSO1 = RoSRg 1, cf. Sec.[3.2.3.3,
need to be made. UnlikePyyn , a straightforward implementation of its de nition
would involve the inversion of S, which does not allow for a substitution by the local
S, as can be seen easily. Instead, we found it e cient to compug Sc explicitly
beforehand, and then to invert it during iteration up to an su cient accuracy. In
particular, the entries of Sc are determined column-wise, by carrying out

X
Sc; R, R SR R._g; (3.133)
|
with g denoting a vector containing a one-entry atj and zero-entries else. Obviously,
this would need to be doneN times.

However, a closer look onR C reveals that its j-th column aects only the
boundaries of subdomain ;, as well as its left, right, upper and lower neighbors, if
any, as well as the vertex variables of its diagonal neighb@. Making use of this fact,
several columns ofSy can be computed by (3.133) at one time, by having several
one-entries in the g -vectors. In addition, we have found the vertex couplings to
be negligible, such that in total only eight executions of (3133) are necessary. See
Figure 3.6 for an illustration.

11 12 13 14 15 16 17 18 19 QZO

21 22 23 24 25 26 27 28 29 930

31 32 33 34 35 36 37 38 39 940

Figure 3.6: lllustration of the optimized initialization scheme for th e coarse Schur
complement matrix  Sg. Each gray cross depicts non-zero couplings ifg, i.e. on the
coarse level, except for those at vertices. Also, the blackrdmed subdomains correspond
to one-entries in the vector ey (see text), and thereby gray indicates a non-zero entry of
R _SR _e.

Finally, the initial calculation of the right-hand sides of the interface equa-
tion (8.43), as well as the concluding calculation of the remaining inner nodal vari-
ables by (3.44) allow for parallel execution by concurrent slving of the corresponding
local Dirichlet systems also.
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3.3.3 The Impact of Interface Preconditioning

In this rst experiment, the goal was to observe the in uence of interface precondi-
tioning in general. Therefore, we solved equation[(3.43) w.t. u once making use
of the NN preconditioner and once without using it. As local lver PCG iteration
was used too, with a relative residual error tolerance of 10°. As input data served
image 16 and 17 of the Marble sequence, see above.

Table [3.1 depicts the number of necessarputer (P)CG iterations to reach an
residual error of 10 3, i.e. jj  Su™ji,5jj ji» < 10 3, with  denoting the right-
hand-side of (3.43). It clearly shows that, in agreement wih theory [101], the system
becomes more and more ill-conditioned if the number of subduoains increases. Using
the Neumann-Neumann preconditioner [(3.63), however, largly compensates this
e ect and enables shorter computation times through paralklization.

Partition || Subdomain|| Preconditioner| Necessary outer
size iterations
2 2 256 256 NN 6
2 2 256 256 none 42
4 4 128 128 NN 7
4 4 128 128 none 42
Table 3.1: The impact of interface preconditioners while solving the S chur com-

plement equation.  The number of necessary iterations to reach a relative resigal error
of 10 3 is given. Results show the strong improvement in convergerec when employing
NN-preconditioning within a CG iteration.

3.3.4 Convergence in Dependence on the Number of Subdomains

Here we studied the in uence of the number of subdomains, andhereby that of
1=H, on the convergence rate of the PCG iteration, while using NNor BNN pre-
conditioning, and compared them to the theoretical upper limits given in (3.67) and

(3.75), respectively.
In order to measure the convergence rate after k PCG iterations, we rst

determined the relative residual error by
(0 = U0 AUl (3.134)
o Au@jj

and subsequently estimated by

[B -
SRNCE (3.135)
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Furthermore, the convergence rate bounds were computed fro the theoretical con-
dition number bounds by (3.61). Thereby, the constant paranmeter C in (3.67) and
(3.75) was set to 3.

Results are depicted in Figure 3.7. First, let us consider tle results for the Marble
sequence (blue curves). As expected by theory, the convergee rates deteriorate for
increasing subdomain numbers using the NN preconditionersince it lacks a global
error propagation. In contrast, with the BNN preconditioner, the rate remains rel-
atively constant, because of the additional coarse-grid amection. However, for PIV
Sequence (black curves), the deterioration using the NN preonditioner is much less
than for the Marble sequence, and the rate is even slightly biger for larger number
of subdomains. The explanation for these quite di ering ob®rvations is found in
the fact that with the PIV data the spatial couplings play a le sser role than with
the Marble sequence, since with the former an image gradienis available almost
everywhere throughout the image plane, which is not the casevith the latter where
the spatial smoothness term yields a ll-in of motion vectors at regions without any
or only few image gradients. This phenomenon is clearly illstrated by the per-
pixel L2-error between resulting motion elds and their correspondng groundtruth
solutions (obtained without parallelization), see Figure3.8. Consequently, for the
Marble sequence, the lack of global information propagatia of the NN precondi-
tioner a ects convergence much less when the number of subdaains and therefore
locality is increased. In view of the fact that the BNN preconditioner demands more
than three times the computational e ort than the NN per iter ation, the additional
coarse-grid preconditioning is reasonable when spatial cplings are dominant across
a greater number of subdomains.

3.3.5 Convergence in Dependence on the Precision of the Loca I
Solver

Besides the degree of image plane partition, also the in uece of the local Dirichlet
and Neumann problems’ solving precision in connection withhe NN preconditioner
was studied, in order to reach a rule of thumb for the minimum eror tolerance
needed to reach a given tolerance level for the outer PCG itextion.

Therefore, we observed the nal relative residual error forthe Schur complement
equation while varying the maximum residual error threshold of the local Dirichlet
and Neumann problem solvings. Again, PCG iteration was useds local solver also.
The results shown in Table/3.2 for the Marble sequence applyig a4 4o0r8 8
partition, suggest that local solving must be about one orde of magnitude more
precise than the desired precision for the Schur complemergquation.
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Residual error Resulting residual error
of the local solver|| of the Schur complement problem
4 4 subdomaing|8 8 subdomains
10 5 21 10 4 36 10 4
10 4 2.7 10 3 6:1 10 3
10 3 1:2 10 ? 3.0 10 2
10 ? 16 10 * 36 10t
10 1? 79 10 ° 93 10 °
Table 3.2: Inuence of the local solver's precision. The rst column shows the error

thresholds up to which the local Dirichlet and Neumann problems were solved. The sec-
ond and third column give the resulting error of the outer PCG iteration employing BNN
preconditioning for the Schur complement problem. Resultsshow that the precision of the
local solvers need to be about one order of magnitude highethan the desired precision of
the Schur complement problem.

3.3.6 Scalability Study on a Parallel Computer

In order to study the advantage of employing substructuring methods compared to
non-parallel methods in practice, we conducted scalabilif experiments on a state-
of-the-art parallel machine? varying the number of processing nodes from four up to
144, i.e. using partitions of 2 2to 12 12.

Due to limited access to the PC-cluster, only experiments fothe particle image
data set could be made. Full multigrid iterations derived from an algorithm for
the original problem [20,/21,/22, 19] served as local solveff®r the Dirichlet and
the Neumann problem@. The algorithmic parameters, such as the outer number of
PCG iterations as well as the number of V- or W-cycles and numler of pre- and
post-recursion Gauss-Seidel relaxations in connection i the local solvers, were
adjusted manually, in order for the L2-error” to be lower than 10 3 in comparison
to a reference solution. The reference solution was obtairkby solving the original
problem up to a residual error of less than 108,

For each of the dierent experiments, both the time spent for computations
(either in the master node or the slave nodes) and the commugation time were
measured. Results for employing each of the two preconditiming techniques are de-
picted in the diagrams[3.9(a) and (b). At rst glance, one observes that the run-times

5The dedicated PC-cluster HELICS, 512 Dual AMD Athlon MP 1.4 GHz processing nodes,
Myrinet2000 network, Interdisciplinary Center for Scient ic¢ Computing, University of Heidelberg,
Germany

5Thanks to Andes Bruhn for providing us with his implementa tion.
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with BNN preconditioning are about four times larger than for NN preconditioning,

which is congruent with fact the former requires two additional applications of the
Schur complement operatorS as well as three inversions of its coarse variantSy,

see [(3.86). On the other hand, both preconditioners show alwst the same scalabil-
ity characteristics, which, as we found in Section 3.3.4, i\ data-dependent fact for
the NN preconditioner. However, in this case, NN preconditonering clearly beats
BNN preconditioning, since the latter cannot compensate fo its higher computa-

tional e ort per iteration by an increase in scalability.

In order to assess the practical use of substructuring methds, we compared the
measured run-times to that of Bruhn's highly-optimized full multigrid implementa-
tion for the original problem, which needed 825 seconds (in average) on the same
dataset when being run onone processing node of the aforementioned PC-cluster
(Note that the code was optimized for current Intel Pentium machines on smaller
images sizes, e.g. 160 120, where run-times around 0.02 seconds per frame were
measured, [[22]). Comparing this result to those of the two shstructuring methods
shows that only with NN preconditioning is it possible to reach a speed-up, but at
the cost of at least 25 or more processing nodes, which can beost clearly seen
with the speed-up diagrams in Fig.[3.10. Further analysis rgealed that the reason
for the substructuring methods not to perform better lies in the about four to eight
times higher number of smoothing cycles for the local multigid solvers when being
employed with the (local) Dirichlet problems (which do not appear in the original
problem). In particular, one V-cycle with two pre- and post-Gauss-Seidel relax-
ations per level have been employed with the Neumann probles (both the global
as well as for the local ones), whereas four W-cycles in conciion with six to eight
Gauss-Seidel smoothing steps per level were necessary tdveothe local Dirichlet
problems. These ndings must be seen in view of the fact that he current multigrid
solver had been optimized with respect to Neumann boundary enditions. Because
of very limited access to the PC-cluster, further experimeis with di erent local
solvers, e.g. PCG iteration, could not be conducted.

Besides the communication time, also the communication valme was recorded,
see the diagram in Fig.[ 3.11. It results from the following plases of the parallel
algorithm: (a) initial distribution of input data, i.e. the image pair, (b) exchange of
values on shared boundaries nodes, and (c) collection of theal vector eld from
the slave processes. Whereas the communication volumes f@a) and (c) are nearly
independent of the number of subdomair@, for step (b) they grow linearly with
the square root of the number of subdomains, as can be seen ing-[3.11, which is

8In fact, in our implementation it increases slightly with th e number of subdomains for (a), since
there the distributed regions must have a small overlap in or der to obtain the same convolution
results on the shared boundary nodes of neighboring local systems.
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consistent with the fact that the overlap between subdomairs is one dimension less
than that of the problem. This observation clearly shows theadvantage of the non-
overlapping substructuring methods in terms of higher scahbilities in comparison
to overlapping methods being presented in Chapter 4.

3.4 Conclusion

In this chapter, we explained the mathematical foundation d substructuring meth-
ods, in particular the Steklov Poincae operator and the Schur complement equation,
and gradually derived the associated algorithms for the paallelization of a proto-
typical linear PDE problem. Moreover, we explained the comnon primal iterative
methods and have shown their link to the aforementioned theoy. Furthermore, we
addressed the numerical problem of local information propgation with one-level
algorithms and elucidated its remedy by means of additionalcoarse-grid precondi-
tioners. Finally, we focused on the more recent dual and primal-dual substructuring
methods, which consider local Schur complement problems wiin the setting of an
constrained optimization problem, and compared them to ther primal counterparts.

Within the experimental section, we studied two representdive primal iterative
substructuring methods with respect to their convergence fehavior in dependence
on the number of subdomains (while having the total number ofunknowns xed),
the in uence of the local solver's precision, the scalabily on a real parallel ma-
chine, and the speed-up in comparison to a highly-tuned segntial multigrid imple-
mentation. Although the experiments con rm the very good scalability of the two
investigated non-overlapping methods, the unequally higler number of iterations
and recursions involved with solving the local Dirichlet problems, in comparison to
the corresponding Neumann problems, suggest further invéigiations, e.g. on better
prolongation/restriction operators with the Dirichlet so Ivers or alternative solving
methods, like conjugate gradient iteration.

By the derivation of the dual FETI method, we have given an alternative two-
level substructuring approach and have shown its similariy to the Balancing NN method.
Although empirical studies were not made, convergence rateare most likely to be
comparable. The subsequently presented primal-dual FETI @aproach then gave
means to freely chose the coarse couplings, which allows talmst information prop-
agation during iteration with respect to the given model problem, the partitioning
of the image domain and the hardware requirements imposed bthe speci ¢ parallel
computer on which the computations are carried out. Future work is to concen-
trate on an empirical comparison of the BNN and the dual FETI method on a
representative model problem, as well as an empirical studis of primal-dual FETI
implementations with di erent kinds of (primal) coarse dep endencies.
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To conclude, we have shown that substructuring methods aredasible means to
parallelize computational intensive PDE-base problems. Thereby, variational image
processing approaches on large two-dimensional data sets etandard-size three-
dimensional sets, come into reach of real-time computing.
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Figure 3.7: Measured convergence rates and theoretical upper limits. The mea-
sured (solid) convergence rates for each data set and each tife two preconditioners are
depicted, as well as their corresponding theoretical uppedimits (dashed), respectively.
Whereas with BNN preconditioning the rates stay almost congantly low, with the NN pre-
conditioner the rates increase rapidly for problems with daninant spatial couplings across
the subdomain borders.
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(a) Marble seq. with NN preconditioning (b) Particle seq. with NN preconditioning

(c) Marble seq. with BNN preconditioning (d) Particle seq. with BNN preconditioning

Figure 3.8: Per-pixel LZ2-errors. Depicted are the per-pixelL?-errors for 12 12 decom-
positions with respect to a highly accurate reference solubn of the original model problem.
Whereas with the particle sequence the one-level NN precoiitibner already yields good
results because of the spatial couplings are very local, fahe Marble data set, BNN precon-
ditioning helps diminish signi cant strong errors present at some of the subdomains. Note
that local errors are uniformly smaller than 10 2 and 10 4, respectively.
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Figure 3.9: Measured run and communication times on a PC-cluster. The logarith-

mic plots depict the total run-time for varying numbers of subdomains in comparison to the
ideal development (relative to the minimal number of subdomains) for both preconditioner
types. In addition, the part of the communication time is shown. Although both NN and

BNN preconditioning exhibit a similar very good scalability, the BNN preconditioner cannot
compensate for the three times higher cost per iteration.
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Figure 3.10: Measured relative and absolute speed-up factors. The speed-up factors
are shown either relative to the run-time on a 2 2 partition, or to a highly-optimized
non-parallel multigrid implementation on the same hardware.



Chapter 3. Non-overlapping Domain Decomposition Methods 72

150 T
=6~ NN preconditioner
+©' BNN preconditioner
140 -
130 /‘j)
Kd
s
F-1
7 120f S J
& v
9
= P
o 110+ : e 1
E ~Q‘
S .,
Z 100+ 22 4
S o’
5] .
2 P \
5 90 4
£ ‘fo‘
s} K
o 80 -

60

I I I I I I
2 3 4 5 6 7 8 9 10 11 12
sqgrt(number of subdomains)

Figure 3.11: Measured communication volume for a varying number of subdo -
mains. The measured communication volume is plotted for the two di erent preconditioner
types over the square root of the number of subdomains. Thislearly shows that, in accor-
dance with theory, the amount of data to be exchanged betweerthe subdomain problems
expands one-dimensionally.



Chapter 4

Overlapping Domain
Decomposition Methods

Besides the family ofnon-overlapping methods, in the following chapter we will focus
on the second large class obverlapping domain decomposition methods. Unlike
with the former, here, parallel preconditioners are realizd by local inversions of the
original problem being restricted to overlapping subdomans.

We will explain the most important approaches and their algaithmic realiza-
tion in what follows, beginning with earlier basic variants on two subdomains and
proceeding to recent, more complex methods on many subdomas and several res-
olution levels. Also, we will focus on relations to classicimultigrid methods, which
appear as degenerate cases of methods being presented beldlie objective of this
chapter is rstly to outline the basic mathematical and algorithmic principles of
this class of decomposition approaches, and secondly to paiout and discuss its
connections to the main topic of this work, the substructuring approach.

Throughout this chapter, we consideroverlapping coveringsf jji=1;:::;Ng
of , i.e. = [iiand ;\ 6 ;; jisneighborof ;i =1;:::;N, while
denoting f g as subdomains Moreover, let == @in@ ;i =1;:::;N be those

parts of the local boundary which are interior of .

Model Problem. As model problem, again, we consider the De nite Helmholtz
equation (3.1), as introduced in Chapter 3. Unlike the notation used in the parti-
tioning (3.9), in the following, we refer to the sets ; and ;n ;, respectively, in the
superscript, which yields the form:
AlCAL »
Ai'>A- uo-f S = I \\ (4.2)

73
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4.1 One-level Methods

In order to explain the principles of the basic overlapping nethods | the alternating,
multiplicative and additive Schwarz methods | rst we consi der a covering of only
two subdomains, ; and , either in the continuous, discrete non-matching or
discrete matching case, and then move on to the case of multip subdomains. See
Fig. 4.1 for partition examples for these three cases.

4.1.1 The Case of Two Subdomains
4.1.1.1 The Alternating Schwarz Method

The rst overlapping domain decomposition method was alrealy proposed over a
hundred years ago by H. Schwarz [106]. There a solution to pkdem (3.6) is com-
puted indirectly by the algorithm:

Algorithm 5: Multiplicative Schwarz iteration in the continuous case
initialize u?;u$ by an arbitrary value

iterate k =1;2;::: until convergence
8
2 Lu EH’ =f,

k+1 ; k+1 _ i
solve foruy N upm=uz, on g

Qui*t = on@in i

8
> Lu‘§+1 =f,

k+1 ; K+l — | k+1;
solve foru; in_ u; " =u;Tj, on

@u|§+1: on @2n 2

while information exchange takes place at the arti cial boundaries 1 and », re-
spectively, and with fj := f; . andfj;u; 2 V; ;== V( ). (In the following, subscripts

always refer to subdomains). In particular, both subproblens are coupled by arti -

cial Dirichlet boundary conditions applied at ;, respectively, whereas the original
boundary conditions remain at @ ; n . Finally, once that uk and u§ have converged,
the global solution is given by

(U'i”(x;y): (xy)2 1

k+1 /y,. =
u (xy) = U|§+l xy): (xy)2 o ’

(4.2)
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which is known to be equal to the non-decomposed original sotion, i.e. to prob-
lem Lu = f. Thereby, the convergence speed is linear, i.e.
ko ufka  Kko u%ka ;
while < 1 denotes the reduction factor.
In the discrete casehaving non-matching meshesT "(";);i = 1;2 on either sub-

domain, however, additional interpolation operators which map nodal variables from
~1to ,andfrom ,to 1, respectively, are required:

Algorithm 6 : Alternating Schwarz iteration on non-matching grids

initialize u$; u9 by an arbitrary value
iterate k=1;2;::: until convergence
oAl et = g -
Kol - Al A up =1, on i1n i
solve foru;™™ in i1 ‘
( up - =1, ,u; on
oAl gkl — £ -
Kol - Ay A uy =15 on 2n
solve foru;™ in Kbl Kl
u, - =1 ;1 ,uj on »
with Aju; = b;i = 1;2 resulting from separate Finite Element discretization on

either sub-mesh and while making use of the matrix partitionas explained in begin-
ning of this chapter.

\

(@) Overlapping continuous
subdomains used with the al-
ternating Schwarz method in
the continuous case

Figure 4.1: Examples for overlapping coverings used with the dierent S

methods.

(b) Overlapping discrete sub-
domains with non-matching
grids as with the the alter-
nating Schwarz method in the
discrete case

(c) Overlapping discrete
subdomains with matching
grids as wused with the
multiplicative Schwarz
method

chwarz
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4.1.1.2 The Multiplicative Schwarz Method

However, in case the subdomain's meshes are conformal, imatch, one can dispense
with the interpolation mappings, thereby gaining the following procedure:

Algorithm 7 : Multiplicative Schwarz iteration on matching grids
initialize u?;u$ by an arbitrary value

iterate k =1;2;::: until convergence

(

oAl Ik +1 | —
kil : A1 A uy fq on 1n 3
solve foru;™ in

K+l _ ok
oAl k+1 _ ¢l -
i1 - A5 As Uy =f, on 2n
solve foru;™ in K+l K :
k+l _  k+l
u, = Uy on »

Taking the Dirichlet boundary values to the right-hand side and solving for u} and
u'2, respectively, results in

1
T VN P ST
bk+1 _ Al 2 gl AL k1 (4.3)
u =~ = Az 2 2 U,

which can be written as interleaved Richardson iterations ly further adding ui';k
uI kii=1;2, respectively, on either right-hand side, and by drawing u ki =1;2

W|th|n the brackets:

Ibk+1 _ | Lk I 1 ¢ I;k
uy =u+ A T AU Al u 2] . 4.4)
Ibk+1 _ Lk It ¢ I;k Ik +1 ’
u = Ut ALy AJug AL U

Still, we have a formulation based on local vectorsu;, k. In aiming at a represen-
tation by means of global vectorsu and b, which will be necessary for subsequent
analysis, we modify (4.4) to

I;k I;k

uli 1\ 2 u2] 1\ 2
Ik+1 _ Lk 1 ¢ [
uy =uy + A fi A1 u1 Al Uy ,
) (4.5)
ul,k u|,k+1
2 1\ 2 1 1\ 2
Lk+1 _ Lk I 1 ¢ | Ik +1
up*t = u Al Tl Alul Al i,

which means that u'l;k and u'z;k are updated by the most recent values ofu'z;k
and uI k+l respectively, in the overlap region. Note that we do not chage the
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scheme, because)®  Al' "Al' ul* cancels out at the right-hand sides. Most im-

portant, by this formulation, ul* and uj* no longer di er in their common variables
in the overlap region, and hence can be replaced by restriains of the global vectoru:

k+1=2 _ , k > All 1 g Ik I,k
u = u"+ Ry Ap fi1 Aj Uji, A u;
k+1 _ | k+1=2 > all 1 gl I, k+1=2
ut = u +RLA,  f A; U,

1

(4.6)
AL u

k+1=2 .
] 2 !
with Ry and R}, denoting extensions by zero from 1 and > to -, respectively.
Finally, due to A{'u;;, + Al uj, = Rj;Au and f! = R;f; i =1;2, we nd the
expressions in brackets to be restrictions of the global reduals (f  AuX) and (f
Auk*1=2) respectively, and end up with

— 1
ukt=2 = yk+ Ry A TRy, f o AUK

ukl = k124 R AL TR, f 0 AR @D

This reveals that one iteration of the multiplicative Schwarz method corresponds to
two Richardson relaxation steps, which apply the preconditonersB; := R|>1A'1' 1R.l
and B, := R}, Al "Ry, alternatingly.

Moreover, the e ect on the iteration error € =4 uX, with &4 denoting the true
solution vector, can be shown straightforwardly. SinceA® = f, we can introduce
the error vector to (4.7) as follows:

uk+1=2= uk+ B]_A ek

Ukl = k=2 4 goaektl=2 . (4.8)
Multiplying by 1 and adding & on both sides then yields
k+1=2 _ k
A, @9
Finally, substituting for €<*1=2 in the second equation results in
e = (1 BLA)I B1A) € (4.10)

which not only shows the sequential manner of this method, btialso gives grounds
for denoting it as a multiplicative procedure. Because of tte relaxations are applied
sequentially, direct clues for parallel computation are na present with this method,
although it will serve as a building block in a parallel algorithm in the case of multiple
grid levels. (See below).
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41.1.3 The Additive Schwarz Method

Besides multiplicative methods, an important variant is given by the Additive Schwarz
method:

Algorithm 8 : Additive Schwarz iteration
initialize u?;u$ by an arbitrary value

iterate k =1;2;::: until convergence

o AlAL Wit = f) on in i
solve foru;™ in KL - .
( up °J . = Uz, on
1 AN AL gkt = f) on on »
solve foru;™ in ol - .
u “J ;= uy, on 2

The main di erence from the former methods that solving the local problems can
be carried out concurrently and not sequentially since the second one does not
depend on the result of the rst one (note that the second prodem relies on the old
iterate uk).

In form of a Richardson iteration this reads

ukt = Uk RPAY TR, f ALK + ROAY TR, AUk (4.11)
which can be compactly written as
uk*l = uk+ (B + By) f AUX (4.12)
and, after some minor restatements, results in the error prpagation rule
el = | (Bi+ By € (4.13)

both making the additive character more obvious.

Unlike the multiplicative or alternating methods, here the local subdomain prob-
lems can be solved in parallel. However, the iteration counto reach the same nal
error as using with the multiplicative method is about twice (see, e.g. [101]), that
is, theoretically, a speed-up by parallelization cannot bereached here, in general.

4.1.2 The Case of Multiple Subdomains

Before combining the idea of domain decomposition with thatof multiple grid solv-
ing, let us rst focus on the extension of the previous method to the case of more
than two subdomains and its representation as preconditioers. Thus, we are now
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looking at N > 2 overlapping subdomainsf ;j ;\ 41 6 ;;i=1;:::;N 1g
forming a covering of , which we denote as the multiple-subdomain casein the
following. See Fig. 4.2 for an example.

4.1.2.1 The Multiplicative Schwarz Method

Skipping the explicit formulation of N coupled subproblems similar to that of the
two-subdomain case in (7), with the multiplicative Schwarz method, one implicitly
carries out the following relaxation steps:

uk+1:N - uk+ Bl f Auk
uk*2=N = k+2=N B, f Ayk+2=N
(4.14)

uk+1 - uk+(N 1)=N + BN f Auk+(N 1)=N

Again, coarse-grained parallel computation cannot be emmlyed here, since every
step depends on the results of the previous one.

However, with a variant to (4.14), relaxations on mutually non-overlapping sub-
domains are carried out at the same time, In particular, it is considered a coloring
of the subdomains with a minimum number of K colors such that overlapping sub-
domains always have diering ones (see, e.g., Fig. 4.2) in & of a rectangular
decomposition (hatches there). Then, relaxations which corespond to subdomains
of the same color are executed in parallel, while those of derent color are carried

out consecutively. LetfPy;:::;Px g be the set of subdomain indices for each of the
K colors. Then the iteration rule reads
X
u|(+1=K - Uk+ Bi f Auk
i2P1
uk*2=K = jk+2=K B; f Ayk+2=K
i2P, (4.15)

uk+1 - uk+(M 1)=K + X Bi f Auk+(K 1)=K
i2Pg

Obviously, this scheme is dierent from (4.14) in the way update information is
propagated, namely not sequentially from the unknowns on 1 to p, but between
the di erently colored groups of subdomains. However, thisis known to have no
signi cant di erence in the overall convergence speed.
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4.1.2.2 The Additive Schwarz Method

In the extreme case of having as many colors as subdomains oabtains the additive
Schwarz method on multiple subdomains:

uk*t = uk + o Bi f AuX ; (4.16)
i=1
which provides the highest degree of parallelism, but the lwest degree of information
propagation per iteration. Even worse, it is known, see e.g[112], that convergence is
not guaranteed while using it as Richardson preconditioner Therefore, it is typically
used a as a building block in multi-level methods. (See beloyw

4.1.2.3 Schwarz Methods as Parallel Preconditioners

As with case of two subdomains, both the multiplicative and the additive method
can be stated as single preconditioner8 being applied to the residualrk = f  Auk
in a Richardson iteration, which we will do in the following.

Whereas for the additive method we just have

X X
Bas = Bi = Ri“A 'R] ; (4.17)
i=1 i=1

for the multiplicative method, let us recall the error propagation rule in (4.10) for
the case of two subdomains, which, for the purely sequentiadlgorithm, is of the
form

e =(1 BnA) (I BRA)I  BiA)€f (4.18)
(@ u*)y=(1 BnA) (1 BA)NI B A uk): (4.19)

Subsequent subtraction ofu*on both sides, substitution of & by A f and some
minor modi cations then yield the iteration rule

uktt = uk+ 1 (1 BNA) (I BA)I BiA) A Y(f AU (4.20)

Hence, the multiplicative method is equivalent to applying the preconditioner

¥ ¥ .
Bus = | (I BjA) A 1= | (0 R A RA) A @421
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Figure 4.2: Example of an overlapping decomposition with coloring as em ployed
with the parallelized multiplicative Schwarz iteration.

4.1.2.4 Links to Gauss-Seidel and Jacobi Iteration

Interestingly, the well-known Gauss-Seidel and Jacobi iteations can be interpreted
as degenerate cases of multiplicative and additive Schwargerations. For both
cases, a degenerate decomposition is assumed such that theébdomains have no
variables in common, i.e. i\ ; = ;;8j 6 i, and each subdomain consists of
only one node. That is, the number of subdomains is equal to th total number

of unknowns which is equal to the number of nodes on . Conseqgantly, each of

element of the original operator matrix Aji. Hence, in that case the iteration rule
for the additive Schwarz method can be written as

X
Ut =+ RYD;MR; f AUk =uk+D 1 Auk; (4.22)
i=1

with D = diag(A), which describes the Jacobi iteration.
On the other hand, the multiplicative iteration can be stated as

u|(+1=N — uk + R|>1D111R|1 f Auk

ufr2 N = Uk + Ry DR, f o Auk

(4.23)
GKENEN = k(N D)= RI>NDNIJ\.I Ri, f Auk
which is equivalent to the steps
fori=1;:::;Ndo u. ui+if Au ; (4.24)



Chapter 4. Overlapping Domain Decomposition Methods 82

describing Gauss-Seidel iteration applied toAu = f.

Furthermore, when assuming each subdomain to contain morehtan one node,
but still have no overlap among each other, both Schwarz methds correspond to
block Jacobi and block Gauss-Seidel iterations, respectively, éing applied to the
system

0 1
Al 0 0 =
o Al 0o
) S u=f, (4.25)
0 0 :: Al

which becomes clear if one replaceB; by Al' in (4.22) and (4.23) above.

Moreover, in the case of overlapping subdomains each containg at least one non-
overlapped node, the procedures described in (4.14) and (86) can be interpreted as
generalized block Gauss-Seidel or generalized block Jagaberations, respectively,
i.e. those with an overlap, being applied to the LSE

0 1 o
All Al R ,R}, Al R R} i AIR R> ul

%A'Z R R}, Al AL R LRy A2 R R> E%u%% %fZE

AyR Ry, AYR (RY,
(4.26)

There, the bIock-matricesAi” do overlap, unlike in (4.25), i.e. have those coe cients
in common which lie in the overlap regions.

4.1.2.5 Scalability Characteristics and Comparison to Sub structuring

For the case of elliptic problems, as with our model problemsthe condition num-
ber of the multiplicative and additive one-level preconditioners exhibit a strongly
dependence on the number of subdomains by which is coveredin particular, the
number of iterations grows proportionally with 1=H when employing them within
PCG iteration, i.e. the with square root of the number of subdomains in case of
guadratic subdomains. As with the one-level iterative subsructuring methods, the
reason for this e ect becomes clear in view of the informatio propagation argu-
ment: within each iteration, update information is transpo rted further for only one
subdomain. Again, in terms of parallel scalability, this is a major drawback, since
with increasing number of subdomains, and processing nodesspectively, the speed
gain by parallelization is quickly taken away by the additional number of iterations
necessary.
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As opposed to the non-overlapping methods, the overlap widt has a signi cant
in uence on the convergence rate as well. Typical values for are 10 to 20 percent
of H, while the convergence rate deteriorates signi cantly wha there is no overlap,
i.e. information exchange takes place via the shared boundgs only. In addition,
it is known, see e.g. [113], that the convergence speed is iepdendent from the total
number of unknowns, if the overlap is kept proportional to H. That is, then it is
independent of the discretization mesh sizé.

On the other hand, having to exchange more than the boundary ariables be-
tween adjacent subdomain processes increases the commuation volume involved
with each iteration by several times. Consequently, non-oerlapping methods run-
ning on distributed parallel machines exhibit, in general, a better scalability, since
the communication volumes and therefore the communicationcosts grow with a
smaller magnitude than the number of subdomains. However, e implementation
of the overlapping algorithms is much less complex since owlrestrictions of the
original operator matrix A are involved. Whereas with the iterative substructuring
approaches, the local matrices need to be disassembled inrn@s manners, depend-
ing on the speci c substructuring algorithm, which renders the implementation of
the overall solving scheme more complex.

4.2 Multi-level Algorithms

In order to make convergence rates independent from the numdr of subdomains,
addititional coarse-level relaxations are introduced, whch yield a global, though
coarse, information propagation in each iteration. Unlike the two-level precondi-
tioners presented in Chapter 3, several levels of relaxatits based on di erent mesh
sizes are employed, similar to multigrid approaches. On edclevel, either the ad-
ditive or multiplicative one-level overlapping method is applied. In addition, the
relaxations on each resolution level can be carried out coesutively or in parallel,
which is also referred to by the adjectives multiplicative a additive, respectively.

First we will consider the case of only one coarse relaxatiorand explain the
employment of either Schwarz method. Then we focus on the casof an arbitrary
number of resolution levels, describing each reasonable mbination of additive and
multiplicative methods and address their use for parallel omputing.

421 Two-Level Methods

Let TC be a grid on with a coarser mesh-size thanT", and let Acuc = f¢ be the
corresponding system of nodal variables resulting from a iite element discretization
of the model problem. Moreover, let the operatorRc appropriately restrict a nodal
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Figure 4.3: lllustration of the di erent restriction operators employ ed with the
multi-level methods.

vector u of the ne discretization Au = f on to uc. Vice-versa, RE denotes an
interpolation.

Making use of these de nitions, the multiplicative two-level method is described
by the following iteration rule:

uk+1=2 - uk + REAC].RC f Auk

uk+1 - uk+1:2+ B f Auk+l:2 : (427)
while B stands for one of the previously presented one-level Schwapreconditioners.
That is, additive or multiplicative Schwarz relaxation ste ps are carried out alternat-
ing with the coarse ones, while the latter involve the non-deomposed solving of a
global, yet smaller LSE involving Ac. Due to the latter step, update information,
though aggregated, is exchanged between all unknowns mutllg for each iteration.
With the additive variant,

u*l = uk+ B+ RZALRe f AUX (4.28)

the coarse-grid relaxation is done in parallel with the ne ones, thereby increasing
parallelism but worsening the convergence rate.
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By having introduced a global updating step, the iteration speed no longer de-
teriorates when increasing the number of subdomains, i.e.tis independent of 1=H.
However, with this two-level methods, there is still a rather low limit in terms of par-
allel scalability. This is because of the computation time br sequentially inverting
Ac fully compensating the gain of solving smaller local problens associated withB
in parallel.

4.2.2 Multiplicative Multi-level Methods

In aiming to exploit parallelism with the coarse relaxation steps too, so-called
multi-level methods are constructed by recursively applying the two-level metlrod
to the coarse step. That is, the action ofACl in (4.27) is again approximated by
method (4.27) this time consideringT " () as the ne level.

In order to formalize this notion, we rst need to de ne the fo llowing notations.

increase withj and which will be referred to aslevelsin the following. Besides the
corresponding nite element discretizations AG)ul) = f () on each level, letR() be
the restriction of a nodal vector de ned on grid THi to the next coarser grid THi+1 |
and R0)” the correspondin%interpolation operator. Moreover, we wil make use of

cumulative variants R0) := ~1_ RO restricting directly from the nestto the j-th
level. _
On each levelj, we consider an overlapping coverindg { ;] =1;:::Njg, which

is compatible with THi | with the same properties as in the one-level case, anhy;
denoting the_number of subdomains. Furthermore, on each lezf, we will make use of
operators Ri(‘), which restrict a nodal vector corresponding to the whole meh T i

to one corresponding to the subdomain meshT_Ejj only. See Figure 4.3 for an
j

illustration.
By means of this notation, we can formalize the idea which wasutlined above,
and state the following iteration rule:

UK = g+ RMYAM) TRM) Ay

uk* @) =y + RM »’gM HYRM 1 5 Akt )

uk W) = o+ B f o AR

with BU) representing either the additive or the multiplicative Schwarz precondi-
tioner, as given in Section 4.1.2.3, applied to level Hi .
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The number of levelsM is usually adapted to the decomposition size, i.e. an
optimal trade-o between the computation time for invertin g AM) at level M and
the computation and communication time for additional Schwarz relaxations on
intermediate levels (including all additional restrictio n and interpolation operations)
can be sought, while keeping the overlap on each level low.

Since the relaxations are carried out consecutively, thesalgorithms are denoted
as multiplicative multi-level (independent from the type of Schwarz preconditioners
used on each level).

Although the steps in (4.2.2) give a good description of the main idea, it is
in general not an e ective formulation for implementation. The reason for this is
that all assignments are formulated on the nest grid, i.e. each residual would be
calculated on the nest grid, then restricted across severhlevels to the level on which
the preconditioner is applied, followed by an interpolation of update back to the

nest grid. Instead, in cases where thef AU) g are Galerkin, i.e. either AU) or the R()
have been constructed such thatA(*D) = RID ADRG*D” forj =1;:::;M 1
holds, the updating steps in (4.2.2) can be done only on the auent grid level j and
the result is interpolated only to the next ner one. As an algorithm, this reads:

Algorithm 9: Multiplicative multi-level Richardson iteration
initialize u® by an arbitrary value

iterate k =1;2;::: until convergence
for j =1;2;:::;M  1do ul*d) RGO+ y()
r(M) (f M) A(M)U(M))
uM) M) AM) (M)
rM 1) RM)” (f M) A(M)U(M))

JM D M DL gMM LMoY

() RO (FGHD) AGD (4D
Gy + R G)

(W R (1@ AQy@)
d® @+ BORW @

where the for-loop is necessary for the initialization of tre ul) at each iteration.

(4.29)
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Obviously, this variant requires less sequential instructons in comparison to
Alg. (4.2.2), since up to the last relaxation, all correction steps are executed on
the coarser grids having less nodes, i.e. fewer unknowns. buddition, the opera-
tors fRU)g as well as their inverses need fewer instructions than doeshéir cumu-
lative versions fRU)g for j > 1, since they operate on smaller vectors. The only
additional costs, in terms of execution time, are due to the hitial calculation of A()
and f 0) for j > 1 before the iteration as well as the computation of theu().

In comparison to the multiplicative two-level method, the advantage of the
multi-level extension is the much higher degree of parallelscalability, since the
non-parallelizable inversion on the coarsest grid here ragres only an negligible
computational e ort since AM is much smaller than Ac.

4.2.3 Additive Multi-level Methods

In order to gain parallelism across the levels, the per-levesteps in Algorithm 9 can
also be carried out consecutively (while usingsk on all right-hand and uk*! on all
left-hand sides), which gives theadditive multi-level methods similar to those in the
two-level case. Here too, the convergence rate deterioratein comparison to the
multiplicative algorithms, though the total parallelizat ion gain can | depending on
the problem and the computing hardware | be higher.

Furthermore, in the case of the additive multi-level algorithm with additive
Schwarz relaxation steps on each level, the highest degreé marallelization is achiev-
able. Typically, that is implemented by combining the level restriction operators R()
and the subdomain restriction operatorsRi(’) on each level to a single operator:

R = RORD):, i=1;::0;N0; j=1;00M; (4.30)
which restricts,a vector de ned on whole ; to the subdomain_i(j) on levelj directly.
Thereby, the J-Kzl M; relaxations

0 ¥ 1
X N

u u+@ R AW "ROA ¢+ Ay ; (4.31)

j=1 i=1

can be calculated independently.

4.2.4 Multi-level Methods as Parallel Preconditioners

As with the one-level methods, overlapping multi-level mehods are typically used
as preconditioners in a Krylov subspace iteration, such as G or GMRES. There,
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besides the operator application stepA X, for some vectorx, one has to implement
the application of the preconditioner B to a vector r.

With the additive multi-level method this is straightforwa rd, namely by replacing
theterm f Au by a residual functionr in (4.21). For the multiplicative method
however, as given by Algorithm 9, one has to replace every oacrence off by r
as well as initializing u by zero, which therefore gives a slightly di erent procedure:

Algorithm 10: The multiplicative multi-level method as preconditioner
@)
r r

iterate k =1;2;::: until convergence
for j =1;2;:::;M  1dor*)  RGD ()
uM)  AM) (M)
r(M- 1) R(M)” (r(M) A(M)U(M))

uM ) gM (M T

(4.32)

() RO (G4 AG+D) G+
U(j) B(j)R(j)r(j); J =M 3;:::;1

This gives a non-symmetric preconditioner, suitable for GMRES or BiCG-Stab
iteration, for example. A symmetrized version is reached bycarrying out the pairwise
steps in Alg. (10) in reverse order, i.e. starting from the nest level up to the coarsest
one, see, e.g., [113].

4.2.5 Links to Multigrid Methods

Algorithm (10) can be written in a recursive manner too. In case of the symmetric
multiplicative preconditioner with N1 pre-recursive andN, post-recursive Schwarz
relaxation steps, for example, one obtains Algorithm 11, wth r  v-cycle (r; 0; 1).
Interestingly, in the extreme case of having only one node pesubdomain and
no overlap in connection with additive Schwarz relaxation geps, i.e. B() = D) *,
with DU) being the diagonal of AU), Algorithm 11 is equivalent to a multigrid
v-cycle with Jacobi smoothing, which is also denoted agliagonal scaling in the
domain decomposition context. In the case of multiplicative Schwarz relaxation
steps on each level, this corresponds to Gauss-Seidel smbiptg. In those cases,
Algorithm 11 is utilized as independent solver and not as preonditioner, while
u v-cycle(f; 0;1) gives the solution. Furthermore, when reverting back to the
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Algorithm 11: V/W-cycle multigrid with Schwarz smoothing

v-cycle (r@), ul j)

if j == M then
aM) M) 1 AM) Te(M)

else
fori=1:::::Nydo u@®  ud+B® i AGDLD
uld® ul) + R(j+1)>v_cyc|e R+ (G)  AG)yd) ,O,J +1
fori=1::::Npdo ul®  ud+ B® i) AGOLD

end

return u)

standard case of overlapping subdomains, the additive and woitiplicative Schwarz
methods are denotedSchwarz smoothers

Finally, the full multigrid algorithm is reached, if the v-cycles are started not only
one time from the nest level, but used to correct a coarse inermediate solutionu()
on every grid level (except for the coarsest one), which give Algorithm 12.

Although one can interpret the multiplicative multi-level methods as a general-
ized multigrid methods, note that the motivation to incorpo rate relaxations steps
on coarser levels for the latter is of a slightly di erent nature. Multigrid methods
rely on the fact that with the standard iterative LSE solving methods lower spatial
frequency components in the error decline much slower thathhose with high spatial
frequencies. Hence, the idea is to do certain iterations oncarser grids where a
part of the persisting error appears as having high spatial fequencies. Recursion is
used to exploit the fast attenuation of the iterative solver for almost all frequency
components, with respect to the original resolution of the eror. In terms of do-
main decomposition methods on the other hand, coarse-levaterations have been
introduced to overcome locality of the error correction prgpagation arising from the
spatial decomposition. Recursion there is used as a mean txgloit parallelism for
the coarse iterations too.
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Algorithm 12: Full multigrid with Schwarz smoothing

(W f@
(@ R@ M

(M) R(M) (M 1)
dM) A )
JM D RM)T (M)

uM D M Dy yeeyele (MO DM Do 1)
UM 2 R T M)

uM 2 yM 24 yeycle rM 2, uM 2:m 2)

ud U@ + veeyele (r®;u®; 1)

4.2.6 Scalability and Comparison to lterative Substructur ing

Given a su cient number of coarse-level updates, the convegence rates of the above-
explained multi-level preconditioners are independent othe number of subdomains,
since thereby update information is propagated between alsubdomains on the nest

level within each iteration. Naturally, the in uence of the overlap widths on each

level on the convergence speed still remains, similar to theingle-level case. Again,
fora xratio =H, the number of iterations becomes independent of the total amber

of unknowns.

In comparison to the two-level substructuring methods, obvously, multi-level
overlapping methods involve much more total costs in compason to their single-
level level counterparts. Whereas with the former a small, mn-decomposed system
with a few unknowns per subdomain has to be inverted on the caae level, with the
latter, the one-level Schwarz updates need to conducted oneseral, incrementally
coarser levels, resulting in signi cant additional computation and communication
demands.

On the other hand, and especially with the two-level approabes, the non-
overlapping procedures require more complex implementatins again, in particular
since for the overlapping ones same or very similar one-leechemes are to be carried
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out on each of the di erent levels.

4.3 Summary

In this chapter, we presented the common overlapping domairdecomposition meth-

ods after having explained their foundation on classical tvo-subdomain Schwarz
methods. Besides relations to standard multigrid methods,we focused on the dif-
ferent factors in uencing the convergence rates and discused the disadvantages of
overlapping methods versus non-overlapping ones, dependj on the computational

environment.
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Chapter 5

Motion Estimation with
High-order Regularization

Though the main focus of the rst half of this work is on studyi ng the paralleliza-
tion of linear PDE-based problems at the example of CLG motiom estimation, this
chapter is devoted to the model problem itself and in particdar with respect to
computational uid mechanics.

In a number of domains a ecting our everyday life, the analyss of image se-
guences involving uid phenomena is of importance. This indudes, for instance,
domains such as visualization in experimental uid mechancs [2, 96], environmen-
tal sciences (meteorology [6, 39, 84, 99, 131], oceanograp1]) or medical imaging
[3, 56, 115]. For all these domains it is of primary interest b extract reliable velocity
elds, though this is far from being the ultimate goal of the analysis. Di erential
or integrated information from the velocity eld is indeed f ar more valuable for con-
cerned experts. For example, it is essential to characterz uid ows to extract
the vorticity elds, the streamlines, or the singular point s of the ows. All these
features may be estimatedindirectly from the velocity eld by di erentiation or by
integration. Among all these information, the two potential functions called the
velocity potential and the stream function are of great interest: () their gradients
provide a description of the irrotational and the solenoidal components of the ve-
locity elds; (i) their Laplacians give access to thevorticity and the divergenceof
the velocity elds; (iii) their level lines allow us to extract directly the streamlines
and the equipotential curves of the velocity potentials; (v) their extrema provide
the location of the singular points of major interest [40] (namely sources, sinks and
vortexes.

Knowing the curl and the divergence of the ow, the extraction of such potential
functions can be done by solving two Dirichlet problems. Suk an estimation is

93
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particularly di cult for sparse velocity elds such as thos e obtained by the usual
correlation methods [96] since an additional interpolation step is needed [108, 109].
Dense motion estimation, on the other hand, allows us to receer these potential
functions more accurately. However, such an estimation asnoposed in [40] is not
\direct". It requires a process of three steps: First, the mdion eld has to be
extracted, next the motion eld is separated into its irrota tional and solenoidal
components in Fourier space, and nally the potential functions are estimated from
these two vector elds by integration. Obviously, this not only involves a rather
complex implementation, but also the problem of numerical haccuracies and image
artifacts. By contrast, we propose to estimatedirectly the velocity potential and the
stream function in one joint energy minimization directly. Thereby, one problem is
the high degree of derivatives involved in the regularizaton term, which we tackle
by means of auxiliary functions, similarly to the approach in [40].

The organization of this chapter is as follows: First, we wil give mathemati-
cal de nitions of the aforementioned ow eld components and their representation
by potential functions. Second, we will gradually develop @r new direct estima-
tion approach while especially detailing on the regularizéion involving third-order
derivatives. Third, we will present thorough experimental studies on synthetic and
real data.

5.1 The Helmholtz Decomposition

Let us consider the smooth optical ow eld u = (ui(x;y);ux(x;y))” de ned over
the image plane section , as de ned in Chapter 2. Without los s of generality we can
extend u to the whole plane and assume that it vanishes at in nity. Then it allows
for the decomposition into a divergence free component (dested solenoidal) and
a curl free component (denoted adrrotational ), which is known as the Helmholtz
Decomposition of a vector eld:

U= Uso+ Uj ; (5.1)
with

Qu, @:0 and curl uj = @+@=02 (5.2)

@x @y @x @y

In case of a non-zero border condition, the decomposition ab includes alaminar
component which is neither irrotational nor solenoidal:

div uso =

U= Uso+ Uy + Ugm : (5.3)
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Furthermore, it is well known that both usg and uj, can be derived from potential

functions and : [1;T]! R denoted asstream potential and velocity potential,
respectively:
@ @ ~
Ur = I = —;— 5.4
i @% @y (5.4)
>
Uso =  ° = QQ : 5.5
so o O (5.5)

Thus, an optical ow eld can be represented uniquely by
Usr +r 7+ Uam: (5.6)

Following the proposition by Corpetti et al. [39, 40], we assime U5, to be estimated
separately by the (multi-resolution) Horn-Schunck method with a very strong regu-
larization and to be removed from the image pair in advance.

5.2 Direct Estimation of the Potential Functions

Let us start with the brightness constancy equation, (2.1),using the such represented
vector eld:

I(x+r1r (;t)+r 7(t)t+1)= 1(x;t); (5.7)

and x = (x;y). Embedding into an energy framework yields the energy funtonal
Z

J(; )= I(x+r1r (t)+r 70ct); t+ t) 1(x;t) 2dx: (5.8)

Similar to the Horn-Schunck approach in Chapter 2, the idea & linearize with
respect to the displacement functions. Here, this means toply a rst-order Taylor
series expansions for 7 andr separately, giving the two energy functionals

VA
2

Ji(; ) = Fi(x+r ;t+ t7r Z+1(x+r ;t+ t) 1(xt) dx

z 2
Ja(; ) = ri(x+r “;t+ ©)7r +1(x+r 7;t+ t) I(x;t) dx:
By means of the notation

rio(x) = ril(x+r ;t+ 1t (5.9

@l = I(x+r ;t+ t) 1(x;t); 2f; 0; (5.10)
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we write those compactly as
2
Ji(; ) = ri>r 7+ @1 dx (5.11)
2
Jo(; ) = ri’r + @l dx: (5.12)

Thereby, the idea is to minimize in alternation each energy vith respect to the
function for which it was linearized, respectively, while keeping the other function
xed. Speci cally, the rstvariation of J; w.r.t. is set equal to zero, as well as the
rst variation of J, w.r.t. is set to zero, yielding the following coupled equations:

8 Z

3 rlr1>)r ?+@Ir1> r ?2dx=0

Z (5.13)

.B rtr1>)r +@Ir1> r dx=0;
with ~ and ~ denoting the arbitrary test functions. Note that we still ha ve an
under-determined problem, which is re ected by the fact the matricesr | r |~ and

r1 r 1~ in(5.13) are singular.
As an ad-hoc regularization, we added small scalars to the diagonal entries of
those to two matrices, i.e. the innermost brackets in (5.13)are replaced byr | r |~ +

| andr | r 1>+ |, with | referring to the identity matrix, respectively. However,

while carrying out several experiments using a rst-order nite elements discretiza-
tion, this has emerged to be an inappropriate approach, sine it leads to an sys-
tematic underestimation of and . As explanation for this observation, it became
clear that additional terms of the form r ?r =2 and r r =, to the integrands
in (5.13), respectively, correspond to additional terms kr  ?k?and kr k2?in (5.11)
and (5.12), respectively. Thereby, any magnitudes of the senoidal eld, r ?, and
the irrotational eld, r , are penalized while seeking for the minima ofl; and J,,

respectively, which explains the systematic underestimabn.

5.3 A Structure-preserving Regularization
5.3.1 The Approach

This gives raise for better a regularization. In particular, an important property
besides non-biasing is the preservation of sink-, source-nd vortex-like patterns,
which argues against standard regularizations as employewith the Horn-Schunck
approach. In other works, we aim at extending the general smathness assumption
on the optical ow eld towards a notion of smoothness by means of those structures.
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The starting point thereby was the work of Suter [116] where f was proposed to
use a so-called second—grder div-curl regularization:

kr div uk? + kr curl uk? dx ; (5.14)

i.e. not discontinuities in the ow eld itself, but in the di vergence and curl are
penalized. However, since we are interested in directly eshating the potential
functions and instead of u, we modify it by replacing u by the representation
introduced in (5.6) (h%ving Uam 0), by which we obtain

kr divr k®+ krcurlr ?K?dx; (5.15)

since divr  ? =0 and curl r =0 by de nition (see (5.2), (5.4-5.5)).

Unfortunately, the third-order derivatives in (5.15) make a direct numerical ap-
proach quite complicated. To be concrete, the correspondig Euler-Lagrange equa-
tions would contain sixth-order derivatives of and , respectively. To remedy
this numerical problem, we subsequently follow the approals of Corpetti et al. [39]
and introduce auxiliary variables 1 and », enforce them to approximate curlr ?
and divr by additional (soft) constraints and impose the original discontinuity
penalzlizing constraint on them, i.e.

div r 22+ culr 7 1%+ kr K2+ kr iK% dx; (5.16)

with the regularization strength parameters ; 2 R*. By this, the degree of
derivation can be lowered to the order of four in the Euler-Legrange equations, at the
cost of slightly weakening the regularization constraints Merging the regularization
and the data-drivezn energies (5.8) into one functional nally gives

J(;: 1 2):= L(x;t) I(x+r +r 7:t+ t)2 (5.17)

. 2 2
+ divr >+ curlr 7 1%+ kr K2+ kr 1K dx ;

?

which we again IirZ1earize with respect tor andr separately:

2
Ji(;; 1)= r1r 2+ @1+ curl(r ?) 1%+ krook?dx;

(5.18)
2
ri’r +@f + div(r ) 22+ kr ok?dx; (5.19)

Ja(5 0 2):
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while keeping only the involved regularization terms. Agan, the idea is to min-
imize iteratively and by alternation both energies with respect to either or
respectively, while, in addition, the minima w.r.t. the auxiliary variables have to be
calculated.

5.3.2 Discretization and Solving

In order to avoid the implementation e orts involved with n ite elements of sec-
ond order, here a discretization is realized by nite di erences. Hence, the Euler-
Lagrange equations forJ; w.rt. ; 1 and for Jo, w.r.t. and », respectively, are
determined:

8 R S
%curl ri>r 2+@1 rl o+ 2 + 4 =0

+ =0
( 1) 1 (5.20)
dv ri>r +@I Trl  + 2 ,» =0
( + 2) 2=0;
with
2= @4+2@2y2+ @4; (5.21)

denoting the so-calledbiharmonic operator, which was approximated by a standard
13-points-stencil [68], and require mixed Dirichlet and Neimann boundary condi-
tions

xX)= x) ~ra,x= (x) 8&2@

(5.22)
X)= xX) " rax= (X)) 8&2@;

with boundary functions ; ; and (see the second but last paragraph in
Section 5.4 for details on their concrete selection in our cse).

5.3.3 Embedding into a Multi-resolution Framework

Since rst experiments with small velocities (below one pixel per image pair) show
promising results, we integrate the current approach into amultiresolution frame-
work in order to estimate and also for larger displacements. Therefore, we
consider a pyramid of M discretization meshes with the original, the nest one at
the bottom being labeled by index 1. Moreover, we consider ggroximations of every
function in (5.18) and (5.19) on each resolution level { indicating the level by upper

indices { while operators P' provide a prolongation (P') or restriction (P'”) from
level | to | 1 orl+1, respectively.
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Given the solutions ' L and ' 1 from resolution level | 1, while at level M
with setting M =0and M =0, 'and ' are calculated by iteratively carrying
out

(5D = (P'50)+agmndi(GP "5 455 0) (5.23)
» 1
(55 = (P"Lo)+agmind(P " 55 2 ) (5.24)
y 2
with
J1(;Zo;; 1 )= (5.25)
S 2 ? 2 2
ril-r + @ + curlr ( o+ ) 1+ kr 1k®dx
Jo( g is 25 )= (5.26)
2
F1r +@ + divr ( o+ ) 2%+ kr k2dx;
and
I(x;t) = 1(x;t)
L(x;t+ 1) == I(X+r o+r g;t+ 1) (5.27)

Note that except for the coarsest resolution levelM, and are incremental re-
nements of the whole solution, thereby describing only smdl velocities and thus
keeping the linearization error low. By contrast, the regularization terms apply to
the complete potential functions (P ' 1+ andP ' 1+ ), not only to the incre-
ments. For the auxiliary variables, on the other hand, the muti-resolution is not
applied, since they are not involved in the linearization. Hence, ; and » are not
increments, but calculated independently at each resolutn.

5.4 Experimental Studies

This section is organized into three parts. First, the quanttative and qualitative
in uence of the parameters and s investigated in Section 5.4.1. Second, the
proposed method is compared with the method of Corpetti et al [40] on arti cial
motion elds, i.e. with ground truth, in Section 5.4.2. Fina lly, results for a real
image sequence will be presented.

In all experiments, the Euler-Lagrange equations (5.20) wee solved sequentially
in 3000 iterations using an incomplete CLG solver iterating50 times in each (outer)
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iteration. Two resolution levels (including the original one) have been used for the
experiments in Sections 5.4.1 and 5.4.2 and three for thosa iSection 5.4.3.

In terms of the boundary functions in (5.22), because of lackof data, it has
been assumed = 0; =0; = 0 and = 0 at distance of 30% of the
image height and width, respectively. That is, the image plane has been arti cially
enlarged by 30% of its width and height, respectively, on allsides, in order to have
su cient space for and to decay!. The image intensity has been set to zero
on this arti cial frame. Consequently, there, only the regularization term in (5.17)
determined values for and

As error measures theaverage squared-, norm error and the average angular
error (mean and rst standard derivation), see [7], applied to the ow elds resulting
from and/or were chosen. An error measure on and directly was avoided,
thus the potentials are only de ned up to a constant.

The intensities of all input images have been normalized to he range [Q1].

5.4.1 Parameter Studies

In early experimental studies the in uence of the parametes and were inves-
tigated on synthetic potentials in order to have a ground truth (cf. Figure 5.1).
The associated synthetic ow eld was applied to a real image i.e. the real image
was mapped using the velocity eld to obtain a second image rsulting in the input
image pair for the current experiments. Note that the vector eld consist of an exact
spatial overlap of the true components we wish to determine ad distinguish.

Figure 5.3 shows the results for estimating the potential functions with varying
values for 2f0:1;0:250:5;1;2;3;4g and a xed = 10°. These results clearly il-
lustrate the positive regularizing e ect of the high-order smoothness terms in (5.18)
and (5.19) which were made computationally tractable by meas of auxiliary func-
tions. It's remarkable that both vector eld components can be distinguished |
despite a complete spatial overlap and only partially givenimage structures | by
subsequent linearizations of a single data term (cf. Sectio5.1).

Whereas Figs. 5.4(a,c) and 5.3(d,k) show that the potential elds have been
reconstructed well, Figs. 5.4(b,d) reveal a relatively lage angular error of 10 20
of the respective velocity elds. This is plausible since ttre velocity elds are related
to the derivatives of the quantities we estimate directly (potential functions). As
a consequence, inaccuracies appear ampli ed. However, ithsuld be noted again
that the potential functions are the quantities of primary i nterest for ow pattern
analysis. A comparison with an approach which usesndirect computation of the

!Note that this is (approximately) consistent with the initi  al assumption (w.r.t. the Helmholtz
Decomposition) that the velocity eld vanishes at in nity.
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potential functions by integrating velocity elds along st ream lines is the object of
the next section.

Figure 5.4 shows that for low values of the regularizing pareneter the corre-
sponding auxiliary function must not be smoothed too much (too large values of ).
This nding reveals a dependency between and |, the closer investigation of which
is left for future work.

W!i
i

N

/ \
@ \
WITT
e S,
e,
\ / Z

(@) Synthetic velocity (b) Synthetic stream (c) Corresponding ve- (d) Image to which (c)

potential function locity eld r +r ? was applied to

PEIIIIES
sl AT
oI

Figure 5.1: Input data for the parameter studies. Based on the synthetic potential
functions depicted in (a) and (b), the image in (d) was mappedby the corresponding velocity
eld (c) to obtain a synthetic image pair with ground truth da ta. (128 100 pixels)

5.4.2 Comparison with Existing Approaches

In [40] an approach was presented in which the potential funtions were approxi-
mated indirectly by rst estimating a motion eld using a regularization simi lar to
(5.17) and a subsequent integration along the stream linesni order to obtain the
velocity potential and the stream function. Both approaches were compared in two
experiments here based on given synthetic potential functins (cf. Figure 5.5). In
order to have another reference solution, a Horn and Schunciotion estimation [72]
has been carried out with both data sets in addition. The paraneters of all methods
have been optimized manually. Note that the setting of compaison experiment 1 is
the same as for the parameters studies.

The results for experiment 1 (Figure 5.6 and Table 5.1) and egeriment 2 (Figure
5.7 and Table 5.2) both show that the new approach yield good esults similar to
those obtained by the the approach of Corpetti et al., despie the higher order of
di erential equations involved in the minimization. Furth ermore, they show that the
standard regularization of Horn and Schunck is insu cient t o preserve the desired
image structures, since this regularization penalizes sting discontinuities like those
in the center of the velocity eld in experiment 1 resulting from a vortex and a
source, which we want to preserve. Even for weak regulariz&ins the results of the
Horn and Schunck estimator are less accurate in both experients.
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Figure 5.2: Quantitative parameter studies. (a,c) Average squared_,-error of Oy +Us,

(solid), 0 (pointed) and (g, (dashed) depending on (a) and (c) . (b,d) Average angular
error of & + s, (solid), O (pointed) and 04, (dashed) depending on (b) and (d)
Direct estimation of potential functions as the objects of primary interest leads to a small
global error of the corresponding gradient velocity elds (a,c) but to local angular errors
from 10 20.

5.4.3 Reconstructing the Vortexes of a Landing Air Plane

Finally, the new approach has been applied on an image pair ening from a real

image sequence. The sequence is a recording of the motion aghake behind a
landing passenger air plane. It contains a strong vortex in he center and a weaker
but larger one in the other direction with its center laying outside the image plane,
approximately 50% from the right border. In addition a weak source is present in
the right half, centered vertically (cf. Figure 5.8(a,b)).

In order to eliminate the laminar component of the velocity eld, the laminar
ow has been approximated roughly by a Horn and Schunck estinator with a strong
regularization 2 =10° and used to map the second image of the input image pair
back (cf. Section 5.1).
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Figure 5.3: Qualitative parameter study for . Estimated velocity potentials  ((a)-(d))
and stream functions ((e)-(h)) for  taking values off 0:1;0:25;0:5; 1; 2; 3;4gand = 103.
Both vector eld components can be distinguished, despite acomplete spatial overlap. The
positive e ect of the high{order regularization implement ed by means of auxiliary functions
is clearly visible.

The results in Figure 5.8 show that both the main vortex and the weak source
are well reconstructed, despite the lack of image structurs in the lower half of
the sequence. But the weaker counter-vortex is detected owlin outlines. This
is plausible since the latter one has its maximum outside thamage plane and the
stream function is set to be zero on the large border (see beginning of this g#mn).

5.5 Conclusion

The problem of computing highly non-rigid uid ow from imag e sequences involves
important application issues. In contrast to traditional v ariational approaches for
optical ow computation which have disadvantages in this context, we dealt with this
problem by using higher-order regularization terms which rmerely penalize changes of
the principal ow constituents. The approach was made compuationally tractable
by the use of auxiliary functions. A signi cant feature of th e approach is that the
associated potential functions are directly computed. Ths is a favorable property
regarding the recognition and analysis of ow patterns. Numerical experiments
con rmed that both components can be estimated separately ly subsequent lin-
earizations of a single data term. A comparison with an indiect approach revealed
no loss in performance, despite the higher order of di ererial equations to be solved.

The research area of variational uid ow estimation from im age sequences is
rapidly evolving. We refer in Section 9.2 to the most recent @&velopments since the
completion of this thesis.
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Figure 5.4: Qualitative parameters study for . Estimated velocity potentials  ((a)-
(d)) and stream functions ~ ((e)-(h)) for  taking values off 10?; 10°;10*; 10°g and =0:5.
Parameters for enforcing regularization and smoothing the auxiliary functions are not
independent. For low values of , the auxiliary functions must not be smoothed too much.
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Figure 5.5: Input data for comparison experiment 1 and 2 . Either synthetic velocity
eld has been used to map the image in Fig. 5.1(d) in order to geerate an image pair.
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Approach/ Direct approach Corpetti et al. Horn&Schunck
Error measure =3:0; =1000| =300; =250 2=0:17
Av. squared L2-error Ui + Uso 13711 17581 208979
10° Uir 11638 15289

Uso 67:51 10224
Av. angular error Uy + Usgo 869 672 1012 7:95 893 6:39
(mean/1. std. dev.) Uir 11:52 558 1289 771

Uso 835 5:39 10:36  6:12

Table 5.1: Measured errors of comparison experiment 1.

Both the average squared

L2-error and the average angular error of the resulting velocity eld ( u; + us,) and sep-
arately for the irrotational and solenoidal components (Ui, Uso) are given. Approach-
dependent parameters have been optimized manually. The eors of the Horn and Schunck
approach show clearly that, despite the ow directions are atimated with similar accuracy,

there is a signi cant higher error in the magnitudes which results from the penalization of
the discontinuity in the velocity eld (cf. Fig. 5.5(c)).

Approach/ Direct approach Corpetti et al. Horn&Schunck
Error measure =0:5;, =100 =300; =250 2=0:07
Av. squared L2-error Uy + Uso 16218 1687 170514
10° Uir 60:69 70:59

Uso 12956 65.76
Av. angular error Uy + Uso 1468 9:59 1465 1151 1619 1026
(mean/1. std. dev.) Uir 1056 5:93 11:15 7:52

Uso 1411 972 1029 7:36

Table 5.2: Measured errors of comparison experiment 2. While the approximation
quality compared to the indirect approach of Corpetti et al. is more equal here, the di erence
in approximation quality to the approach of Horn and Schunck is not as distinct as in
experiment 1 since the discontinuities of the velocity eld are smaller in this case see Fig.
5.5(f).
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Figure 5.6: Direct versus indirect approach on data set 1. (a){(f) Results of the
proposed direct approach ( = 3:0; = 1000). (g){(l) Results of the indirect approach by
Corpetti et al. ( =300; = 250). Both methods lead to very similar results in this case
despite signi cant di erences in the approach.
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Figure 5.7: Direct versus indirect approach on data set 2. (8){(f) Results of the
proposed direct approach ( = 0:5; = 100). (g){(I) Results of the indirect approach by
Corpetti et al. (= 300; = 250). Also here the results are quite similar, although the
false second maximum of the stream function is more distinctwith the direct approach.
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(e) Corresponding irrotational comp.

The images in (a) and (b) are part

Figure 5.8: Results of the real-world experiment.

of sequence showing a wake vortex of a landing air plane. Botthe main vortex and the

weak source are well reconstructed by the new approach, deig the lack of image structures
in the lower half of the sequence. However, the weaker counte/ortex is reconstructed only

in outlines. This is plausible since the latter one has its maimum outside the image plane

103,

(=0:5,

is set to be zero on the enlarged border.

and the velocity potential

maximum velocity: 2.75 pixels/frame)



Chapter 6

TV-based Variational Image
Restoration

Variational image restoration employing the Total Variati on (TV) norm regular-
ization has been recognized for giving very good results inamparison to those
based onLZ2-norm regularization, because of its edge-preserving pragty. On the
other hand, the underlying partial di erential equations a re nonlinear and demand
a signi cantly higher computational e ort for solution by d edicated methods. Fur-
thermore, because of the variational nature of the approachthe solution methods
do not provide direct clues for coarse-grained parallelismneither with respect to a
spatial nor to a functional decomposition. Due to the nonlinearity, standard non-
overlapping domain decomposition methods, e.g. substructring methods as pro-
posed in Chapter 3, cannot be applied directly, but only within iterations based on
local linearizations. In contrast, in the succeeding two clapters di erent approaches
for the direct domain decomposition of nonlinear problems \ill be discussed. Since
TV-based image restoration will serve as the model problemtere, details on the
approach and common solving methods will be discussed in théollowing chapter
rst.

The plan of this chapter is as follows. First the underlying gotimization prob-
lem in comparison to the L2?-based restoration problem is explained, followed by
addressing the di culties in solving the corresponding nonlinear equations systems.
Second, an outline of the four most known dedicated solving échniques is given,
followed by presentation and discussion of experimental rsults for two meaningful
examples.

109
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6.1 Regularization Based on the TV-norm

6.1.1 Problem Statement

TV-based image restoration is founded on the following mininization problem [104,

103, 27]:
z

min %(Ku f)2dx + J pv(u)=: J(u); (6.1)

wheref 2 HY() = V() denotes the degenerated input image, u the reconstructed
image being sought for,K : V() ! V() a linear compact integral operator
describing the degradation process. Jyy refers to the so-called Total Variation
norm, given in weak formulation by
Sz
Jrv( )= sup _ divwdx : kwky 1 ; (6.2)
w2(Cg () 2- '

9

with test functions w and 2 L%(), see, e.g., [121]. Furthermore, by Jtv one can
construct the space of Bounded Variations denoted by BV (), which consists of all
functions 2 L*() for which

kK ksy = k k|_1() + JTV( ) 1 (63)
anditisu2 BV ()in (6.1).
Note that for all 2 W1() the explicit formulation
Z

Jrv() = jr jdx (6.4)
can be givert. However, for 2 H()= WZX2()= V/(), as we assume for u in

the following, (6.4) is commonly approximated by
z

v, ()= @ )EE dx; (6.5)

with  being small scalar constant inR. The reason for using this approximation is
to obtain a di erentiable functional that allows for using s tandard tools in a common
Hilbert-space setting. In the following we will always approximate? Jry by Jtv: .

'wrl(y:= fv2LY(): @v2LY) ;0 | 1g

2However, we point out that discrete implementations of (6.1 ) exist, that do not rely on the
approximation (6.5), but use the exact de nition (6.2) of th e TV-measure [26]. Convergence of the
corresponding iteration is slow, however, and any accelerdion will result in a primal-dual iteration
similar to that investigated in Section 6.2.4.
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Furthermore, note that problem (6.1) can be regarded as a nolinear instance of
the class ofTikhonov regularizations [118], which is applied to the inverse problem

f=Ku+ : (6.6)

with  being a Gaussian-distributed random function modeling themeasurements
noise. Due the compactness dk , problem (6.6) is ill-posed, which gives rise to the
regularization in connection with the least-squares minimzation as stated in (6.1),
see [43] and the references therein. Note that (6.6) is alsoedoted asimage degra-
dation model in the restoration context.

Additionally, in comparison to approaches applying the squared L2-norm, i.e.

(r u)? dx, as regularizer, TV regularization has the superior propety of not pe-
nalizing strong magnitudes ofr u, and thus strong discontinuities of u much less,
leading to considerably better results, which is illustrated for a 1D-example in Fig-
ure 6.1(a). However, at the presence of weak gray value graelts, staircase-like
artifacts are known to appear, emerging from the preferencef piecewise constant
gray levels, see Figure 6.1(b).

T : : :
T

12} noised input signal noised input signal
original signal

original signal
1 : —, T
m il MM Hl-semi-norm reconstr., a=150 H™-semi-norm reconstr., a=4500
<y W <, . = = =TV-norm reconstruction, a=12
i N = = = TV-norm reconstruction, a=7

Y
08 K N Hl-sem|-n0rm reconstr., a=1000
’ \

L L L L L L L 02 L L L I
0 100 200 300 400 500 600 700 800 900 1000 0 100 200 300 400 500 600 700 800 900 1000

(a) Reconstructions of a ramp function (b) Reconstruction of a triangular function

Figure 6.1: L2-norm versus TV-norm regularization at the example of 1D de-
noising. Depicted are reconstructions of (a) a step function signal prturbed and (b) a
triangle function signal both having being perturbed by additive Gaussian noise (signal-
to-noise ratios: 17 dB and -11 dB, respectively,K I; =10 ). In case of the step
function, TV-regularization leads to a much better reconstruction, since it allows for strong
discontinuities. On the other hand, staircase-like artifacts do occur with smooth gradients.
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6.1.2 Euler-Lagrange Equation

Computing formally the rst variation of the functional of ( 6.1), while using the
TV-norm approximation (6.5), we obtain
Z >

K (Ku f)v + p%dx:o; 8v2 V() ; (6.7)

which is the rst variation of J being set equal to zero, and withK denoting the
adjoint operator to K. Here we see that > 0 also has the function to prevent (6.7)
from becoming singular at locations whergr uj = 0. Itis known, [1], that a solution
to the approximation converges to that of the original problem for approaching 0.
Equation (6.7) will serve as our model problem in the sequel.

The Euler-Lagrange equations being derivable from (6.7) bypartial integration
read:

ru

Ku f K r —— =0,; (6.8)
Jru
wherejj = P jj2+ , and with the Neumann boundary condition
%ﬁz 0 on @; (6.9)
where n denotes the outer unit normal on @.
We rewrite (6.8) to
VKK u or Y o=k (6.10)
Iru
anddene (u):= KK u r Y of which we will make use of later on.

Iruj
6.2 Solving Methods

Four common iterative solving approaches will be presentedn the following, which
also re ects chronological order of their appearance.

Concerning the perturbation parameter , note in advance that it is either set to
its nal value, e.g. 10 8 for all iterations, or initialized by some large value and then
gradually diminished within while solving, which is referred to as'continuation' in
TV restoration literature. However, the denotation ‘conti nuation' in optimization
theory is commonly utilized for non-convex objective funcionals whose number of
local minima change with the continuation parameter. This is not the case here, since
J(u) is convex even for ! 0. Therefore, we will use the denotation -decrement
procedure in the following.
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6.2.1 Steepest Descent

In their rst publication on TV-based regularization [104] , Rudin, Osher and Fatemi
also proposed the followingtime-marching scheme

@u_ B ru
@t W= r ir uj

K (Ku f); t>0 (6.11)

with initial condition u = z at t = 0. Hereby, one obtains as the steady state a
solution to (6.10). After time-discretization, an explicit (forward Euler) marching
scheme leads to the iteration rule

uk+l = yk (uk) (6.12)

for some xed time step size , 0 < 1, and the iteration count k 2 N; which
is equivalent to the steepest descent method. Unfortunatgl, this method has poor
asymptotic convergent rates. Furthermore, it almost always leads to oscillation at
the minimum, and has little robustness for small values of , such as =10 8.

6.2.2 Fixed Point Iteration

In order to overcome the disadvantages of the steepest destemethod, Vogel and
Oman [122, 123, 43], proposed the xed point iteration

r uk+1
K (Ku¥*t f)=0; (6.13)

jroukj
with initial value u® = z, leading to solve the linear equation system

r

KK jir ukj

uk*t = K f; (6.14)

for each iteration k. The weak formulation reads:

Z k+l > Z
K (Kuk*t  f)v+ rvdx= K fvdx; 8v2V(): (6.15)

jruk]

The main idea of this approach is to x the the nonlinear term L(uk) := r
r 5r ukj in (6.14) and to consider it as a linear equation

K K L@ =K f (6.16)
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instead. In doing so,L (uX) can be interpreted as a di usion operator being applied
to uk*l, cf. [122]. SinceL depends on the solutionu® of the previous iteration,
this method is denoted aslagged di usivity xed point iteration [122]. However,
later Heers et al. [70] found, that this procedure had been akady introduced as the
Kacanov method over 35 years ago [73, 59]. After discretization, standard mthods
from numerical linear algebra, e.g., conjugate gradient ieration in connection with
multigrid or FFT-based preconditioning can be applied.

Although the designated method turned out to be robust and cavergence is
ensured, [43], its convergence rate is only linear [35].

6.2.3 Newton's Method

In aiming to improve the convergence rate, Vogel and Oman [12], as well as Chan,
Chan and Zhou [36] suggested to apply Newton's method, leadg to the iteration
rule

ut = df H RN (9 (6.17)

with  (uX) denoting the gradient of J at uX, as de ned in (6.10), as well as its
HessianH (u¥), given by
Lo

1 >
Hw=KK r ——— 1 25 (6.18)
jir uj jir uj
That is, at each iteration one has to solve the equation
Y
l >
KK r — 1 2y W), (6.19)
jr uj jir uj

with respect to an update u, followed by setting u**1  uX + u. The variational
formulation of 6.19 reads:
|
A .
K Kuv + 1 FPur Uy udx = %ﬂu F8v2 V() :

T ir U2
(6.20)

Although the convergence of this procedure is quadraticalits domain of convergence
has turned out to be very small, which is especially the caseof small values of since
the nonlinear characteristics becomes most apparent thenl.e. the Newton Method

practically always diverges for reasonable small values of , such as 108, even

though u is initialized with values close to the solution, e.g. by thenon-degradated
ground truth image.
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As a remedy, Chan, Chan, and Zhou [36, 29] proposed a decrentgmrocedure,
where Newton's Method is carried out several times for di erent, decreasing values

of ,i.e. is xed within the Newton iteration. In detail, is initially set to a
relatively high value of e.g. 1 and the decreased by a heurist procedure | e.g.
multiplication by a xed factor in the simplest variant | unt il the the nal value

is attained. However, our experimental studies have revead that the decrement
step and the Newton iteration can be interleaved, i.e. can be decreasedavithin the
Newton procedure without loss of convergence. In doing so, aigni cantly faster
convergence could be observed, see Figure 6.4¢(see Sec. 6.2.5 for details on input
data and parameters values).

6.2.4 Primal-dual Newton's Method
6.2.4.1 Mitigating the Nonlinearity

Although the Newton method, in connection with an appropriate decrement proce-
dure on , is appropriate for solving the TV-based reconstruction problem; much
heuristics and parameter tuning is involved there. In orderto overcome the main
cause for the numerical instability, which is the presence bthe term r usjr uj
in (6.7), Chan et al. [29, 35, 13, 30] suggested to substitut¢his term by the auxil-
iary function

ru

— . 2.
wis e w2 (Vo) % (6.21)

which can also be interpreted as the unit normal vector of thelevel sets ofu, cf. [29].
Applying this substitution to the Euler-Lagrange equations (6.10) then yields the
coupled system

K (Ku f) row:="(uw)=0
- (6.22)
wjiruj r u:= (uw)=0:
The advantage of this is substitution is the rst equation now to be linear in u, in
contrast to the original E.-L. equation.
In order to solve the coupled problems (6.22), Newton's methd is applied, lead-
ing to the equation system

!
KK r ' (usw)
LA LU W (u; w) (6.23)

c

3Also here, the reduction factor was chosen manually to be the smallest one from a discrete set
of values leading to convergence
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for the updates u; w , which is obtained by linearizing (u;w); (u;w) around
(u;w)” (see [29] for further details). In a next step, the second ecation in (6.23) is
algebraically solved for w and (u;w) is replaced by its de nition, giving

W=_1_ I wru ru W+_ru_: (6.24)
jr uj jr uj jr uj

Subsequently, replacing by this w in the rst equation of (6.23) results in

1 wr u>
K K r U I iU r u= (u): (6.25)

By this, one solves (6.25) for the update u only, followed by evaluating (6.24) in
order to obtain the corresponding update forw.
Weak formulations of (6.24) and (6.25) are given by

Z Z N

>
wwdx = - 1_ w il Uy wwr ™y 8w 2 (V()) 2
jr uj jr uj jr uj
(6.26)
and
z wr u>
KKuv+ —rv | —— r udx =
jr uj jr uj
‘ ru
K (Ku f)v+ m r vdx; 8v2V() ; (6.27)
respectively.

6.2.4.2 The Algorithm

After applying an appropriate discretization, the inner lo op of the iteration consists
of the following steps:

(i) solve (6.25) for the update u*
(i) evaluate (6.24) for the update w
(iii) determine the step size  for uX

(iv) determine the step size  for wK such that kwk + wXk; 1
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(v) setuk*t  uk+
(vi) set wk*1  wk+
(vii) set k  Kk+1

whereu® and wX are initialized by arbitrary feasible values. These steps ee iterated
until the L2 norm of the gradient, kg—jkLz, has fallen below a given threshold.

Let us take a closer look at the rst step. Discretization of (6.25) (or (6.27) when
using nite elements, respectively), yields a linear equaton system of the formA u =
b. A typically is a sparse and banded matrix (assuming a regular tcretization
grid), whose inverseA ! is dense, which suggests the employment of an iterative
solving technique not requiring A * to be calculated explicitly. Furthermore, it is
known [29], A to be regular and positive de nite, if > 0, K is invertible and
jwij < 1; 8i. Though, A is also known to be non-symmetric, which prevents from
applying appropriate methods like conjugated gradient iteration. As a remedy Chan
et al. propose, [29], to instead solve the symmetrized equiin %(A +A%)u = b
which corresponds to modifying the left-hand sides of (6.2bto

l l > + >
K K — - u_ _r uw u=::; (6.28)
Jr yj 2 Jr yj
or in the weak formulation (6.27) to
Z > >
+
K Kuv + lwru ruw rudx=:::: (6.29)

rujrv 2 jr uj

Empirically, it has turned out, [29], that the symmetrized o perator %(A + A”) con-
verges to the original operatorA while applying Newton's method, sincew converges
to Jrr—t‘” , without changing the convergence rate signi cantly. Henee, conjugated gra-
dient iteration can now be applied to the symmetrized problem, which was also done
with our experiments.

Whereas the implementation of step (ii) is obvious, di erent line search methods
for step (iii) can be employed in order to guarantee global cavergence with respect
to u. Chan et al. suggested the commonly utilizedArmijo's rule , cf., e.g., [8], which
amounts to determining the rst m in ascending order, starting with m = 0, for
which the following inequality holds true:

dJ(u) .
ST (6.30)

J(u) J(u+ o Mu) o™

where denotes a given reduction factor, ¢ an initial step size guess, a scalar
parameter, and with J and hﬂ—ﬂ; ui asdenedin (6.1) and (6.7), respectively. Once
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such anm has been found, the nal step size is given by ¢ M. Our experiments
have shown, that setting ¢ =1, = 3, and to a value within [10 °;10 4] lead
to satisfactory step size selections. However, in most expinents, using a constant
step size of , = 1 led to convergence also, while the convergence rate of thgrimal-
dual Newton Method could not be improved in utilizing Armijo 's rule. SinceJ has
to be evaluated several times for each step size selectiongwgkipped choosing a xed
step size in almost all experiments.

Moreover, the determination of proper step sizes fow in order to ful ll jw;j <
1; 8i, see step (iv), also by own experiments has shown to be essaitwith respect
to convergence. Therefore, at each iteratiork, it is necessary to solve a problem of
the form

w= supf :jwk+ wkj<1;8ig; (6.31)

where is a given scalar parameter being in the range [A]. A simple but robust
procedure to determine ,, is to test step sizes = (%)", for k being iteratively

incremented by 1, beginning with zero, and to then set ,, = for the rst ﬁ, for
which the inequality (6.31) holds. Furthermore, manually choosing = 0:9 has been
found most appropriate in terms of convergence.

Besides the step size selections, the decrement procedurer f , as suggested
with Newton's method in Section 6.2.3, can be applied here ab, which has led to
small convergence speed improvements with our experimernitagtudies. On the other
hand, convergence was reached in all cases also without thi§he latter is a distinct
property in comparison to the (solely primal) Newton method, where the decrement
w.rt. is essential for convergence.

6.2.5 Experimental Studies

The main goals of the experimental studies have been rst to @prove the results
presented in the designated publications and second to congpe the four presented
methods with respect to their convergence characteristicas well as computational
e ort. The studies were restricted to the denoising problem only, i.e. K was the
identity in all experiments, since only general convergene characteristics were to be
studied.

6.2.5.1 Input Data, Parameter Values and Error Measures

Standard conforming piecewise linear nite elements were sed for discretization. As
ground truth images, an arti cial, Fig. 6.2(a), as well as an (arti cially generated)
real world examplée?, Fig. 6.3(a), were utilized. Both data sets did contain intensity

“being provided to us by Prof. R. Plemmons of Wake Forest Unive rsity, Winston-Salem, U.S.A.
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values of the range [01] and were perturbed by adding (arti cially generated) white,
mean-free Gaussian noise of variance? = %1, in order to obtain the input images,
depicted in Fig. 6.2(b) and Fig. 6.3(b).

With respect to choosing a value for the perturbation paramder , a common
value is 10 2 in literature, given a range of [0 255] for the intensity values. This
corresponds to choosing 108 for intensities being normalized to [Q 1], as it was the
case also here. Using smaller values than 18, which decreases the convergence rate
further, has shown to change the result on 2D-data only slighly; e.g. it leads to an
improvement of only 0.2% in the rel. L? error for the example depicted in Fig. 6.2.

As the solving method for the linear equation system occurmg in the presented
methods, preconditioned conjugate gradient iteration whie using the inverse of the
diagonal of the operator matrix as preconditioner was usedAs error threshold, the
nal relative residual L? error must have been dropped below 10%.

Finally, as error measures, both the nal (nonlinear) relative residual error

ku r Lu fk 2

Iruj

Kf k2

(6.32)

for =0, as well as the relative L2 error to a reference solutionu™were utilized. The
reference solutionu*was calculated in applying the primal Newton method with a
nal L2 norm of the gradient of 10 2.

6.2.5.2 Results

First the qualitative results for a synthetic example, Figs. 6.2(g){(j), and a real world
example, Figs. 6.3(a){(e), in utilizing the Newton method were studied for di erent
regularization strengths , see Figs. 6.2(g){(j) and Figs. 6.2(g){(j), respectively.
The outcomes show the superior properties of TV-based densing especially at the
presence of heavy noise.

Second, the convergence behavior for each of the four dedweid solving methods
was observed in terms of the relative residual ? error and the relative L2 error to the
corresponding reference solution (see Figs. 6.4(b), (d)g} and (f)). In comparing the
residual error of the four methods as in Fig. 6.4(f) the supeior quadratic convergence
of the Newton methods becomes clear.

In addition, di ering  -decrement procedures were studied with the two Newton
methods, Figs. 6.4(a){(d). With the primal Newton method, cf. Section 6.2.3, we
compared the decrement method proposed by Chan et al., whickiminishes out-
side the Newton procedure, with our new approach of integraing the decrement into
the Newton procedure, see Figs. 6.4(&)and (b), respectively. By this we observed,

5The error threshold for each nested application of Newton's method was 10 ° w.r.t. to the rel.
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that our decrement methods leads to signi cant better convegence rates while con-
vergence was always reached, if only the reduction rate witlrespect to was high
enough.

In addition, the convergence behavior of the primal-dual Nevton method with
and without -decrement was explored (see Figs. 6.4(c) and (d), respeeély) show-
ing that the decrement improves the convergence speed onlflightly. This was also
observed for =0:5 and the same input data, as well as for the real world example
depicted in Fig. 6.3. Besides the step size fow, depicted in both diagrams also,
the two components of the dual variablew are shown in Fig. 6.5. In order to obtain
a meaningful depiction, the latter were scaled by the Eucliccan length of the gra-
dient of the corresponding solution tou. The density plots clearly show, that the
components ofr usjr uj are correctly approximated by w.

Moreover, comparing the best results of the (solely) primalNewton method and
the primal-dual Newton method, Figs. 6.4(b) and (d), shows that the latter only
takes approx. 25% more iterations than the former. In consi@ration of the fact
that one iteration of the non-dual method comprises fewer istructions than for the
primal-dual method, employing the former method can be evenfaster, depending
on the implementation. E.g. for a Matlab v7.0 implementation on a 3 GHz Intel
Pentium machine, the non-dual method took 461 s in compariso to 592 s for the
primal-dual method to converge. This proportion was nearlythe same for a choosing
weaker regularization strength = 0:5, as well as with for di erent input data, e.e.
the real world example in Fig. 6.3(a) for = 1.

Finally, with respect to the additional step size selection algorithms, the con-
vergence speeds of both Newton-based approaches could nat lmproved by using
Armijo's rule w.r.t. u. In contrast to that, the latter was necessary to obtain con-
vergence of the steepest descent method. Concerning a stejaes selection for w in
view of the constraint given in Section 6.2.4, which are show in Figs. 6.4(c) and
(d) also, the reported strong necessity in terms of convergece of the primal-dual
method was proved in addition.

6.3 Conclusion

We presented the TV-based image restoration approach and etained its advan-
tages in comparison toL?-based approaches. The ill-posedness of the associated
Euler-Lagrange equations was explained and the standard reedy of introducing a

nonlinear residual, which corresponds to the threshold of 10 % on k k, 2 used in the experiments by
Chan et al. Furthermore, a reduction factor of 0 :25 for , which was applied at each outer iteration,
was found to be the smallest one not leading to divergence, wtile manually trying values at steps
of 0:05.
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perturbation parameter was presented. Furthermore, four of the most common
iterative solving methods were described and their di erert approaches to deal with
the nonlinearity were discussed. Finally, numerical resuk for a synthetic as well
as for a real world example, showing the convergence behavifor each method, as
well as the di erence between TV-based andL?-based denoising for varying regu-
larization strengths were given and discussed. In terms of amputation time, the
experiments revealed that although the primal-dual Newton Method needs less iter-
ations to converge, the primal Newton method turned out to befaster, at least for
the implementation employed here.
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(a) Ground truth (b) with noise added

(¢ =1, e=014 (d =5, e=0127 () =10, e=0127 (f) =20, e=0.15
Denoising results forL?-norm regularization

(9 =3 e=01 (hy = %, e=0.057 () =1,e=0.061 () =2 e=0.089
Denoising results for TV-norm regularization
(k) 3D-plot of (d) () 3D-plot of (h)
Figure 6.2: L2-norm and TV-norm regularization in comparison for a synthe tic

data set. (a) Synthetic ground truth image (256 256 pixels, intensity range [Q1]). (b) In-
put data generated by adding mean-free white Gaussian noiggignal-to-noise ratio: -0.5 dB).
(c){(f) Denoising results and its rel. L2 error to ground truth in applying L2 norm-based
restoration for varying regularization strengths . (f){(h) Results and relative L? error
in applying TV-based restoration for varying regularization strengths ( =10 8 in all
experiments). (k) and (I) 3D-plots of the best results for each regularization type.
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(a) Ground truth (b) with noise added

(c) =1,e=054 (d =5 e=04 (e) =10,e=041
Denoising results forL ?-norm regularization

(f) =131,e=037 (@ =13%e=031 (hy =1,e=0.36
Denoising results for TV-norm regularization

Figure 6.3: L2-norm and TV-norm regularization in comparison for real-wo rid

data set. (a) Ground truth image (200 200 pixels, intensity range [Q1]). (b) Generated
input image by adding mean-free white Gaussian noise (sigrdo-noise ratio -7 dB). (f){

(h) Denoising results and relative L2 error to the ground truth in applying L2 norm-based
restoration for varying regularization strengths . (f){(h) Results and relative L? error
in applying TV-based restoration for varying regularization strengths ( =10 8 in all
experiments) .
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(e) Steepest descent and xed point iteration  (f) Evolvement of L2-error for each method

Figure 6.4: Convergence diagrams for the di erent solving methods. Input data:
synthetic example, as depicted in Fig. 6.2(b). Error measue: relative L? error. Parameter
values: =1, =10 8 in all experiments. (a) o = 10, red. factor for : 0:25, rel.

res. error threshold for Newton's method: 10°. (b) o =10, N =21. (c¢) = 0:9.
(d 0=10 2,N =11, =0:9. See Sec. 6.2.5 for further descriptions.
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(8) wajr uj = @u (b) wjr uj = @u

Figure 6.5: Depiction of the dual variable w when carrying out the primal-dual
Newton's method for the synthetic data set. It is depicted the x- and y-component
of w, multiplied by the Euclidean norm of r u at each node, which are the result of applying
the primal-dual Newton Method to the arti cial example depi cted in Fig. 6.2(@) ( = 1,

=10 9).
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Chapter 7

A Control Approach to
Nonlinear Domain
Decomposition

Whereas the previous chapters dealt with the domain decompsition of linear PDE
problems, in the remainder of this work we focus on thenon-overlapping decomposi-
tion of nonlinear PDE-based and energy minimization-based problems. In the @&se
of nonlinear PDE problems, overlapping Schwarz methods carbe directly applied
as well (see, e.g. [91, 92] and the references therein). Withon-overlapping meth-
ods however, a local linearization via a Newton-like algothm is usually employed
and an iterative substructuring technique is used to paralklize the resulting linear
system at each nonlinear iteration [25, 45].

More recently, there a di erent approach has been proposeddr nonlinear non-
overlapping DD, namely by means of optimal control theory [&, 65, 67, 66]. In the
scant literature available concerning that approach, the ronlinear model problem
is almost always that of Navier-Stokes uid estimation. In this chapter, we give a
step-by-step explanation of the control-based decomposiin in generic variational
formulation and show its application to the TV-based denoidng problem explicitly.

The organization of the chapter is as follows. We start by inroducing the cen-
tral energy minimization problem with nonlinear equality c onstraints on two sub-
domains, and explain its link to the multi-domain formulati on (see Chapter 3).
Thereafter, we apply a Lagrangian relaxation, derive the coresponding optimality
system, and focus on the numerical disadvantages in solvinthe latter directly. In-
stead, we focus on the two di erent ways for calculating the gadient, then being
used in a gradient descent iteration. We extend the ndings to the case of many
subdomains by considering a 2 2 partition and elucidate the special treatment

127
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of corner points. For both partition cases, we present resut of numerical experi-
ments based on our model problem, thereby studying the conwvgence behavior and
showing the empirical feasibility of the approach.

7.1 The Case of Two Subdomains

I o "o
1 2
=)
Q Q ’
1 2 F13 11'_'[
n 3 4
) n
o I,
(a) Partitioning of into two (b) Partitioning into four subdo-
subdomains. mains with one corner point

Figure 7.1: lllustration of the two model partitions used.

7.1.1 Problem Statement

As in Chapter 3, we assume a partition of into two subdomains 1; 5, such that
= 4] 2, 1\ 2= ;,andlet denotethe common boundary,ie. = 1\ .
See Fig. 7.1(a) for an example.
As a representative for the class of nonlinear elliptic PDE poblems we consider
that of TV denoising, as introduced in the previous chapter. In particular, here we

have K = |, such that the nonlinear PDE reads
ru
u r T f (7.1)
, A(u)= f; (7.2)

where > 0, and with the homogeneous Neumann boundary conditions

@u_ ,
@n Oon @ : (7.3)
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Let us consider the restriction of (7.1) to either of the subdmains, while modi-
fying the Neumann boundary conditions as follows:

A(up)=f, and @:gon ; @:OOn@ln :
@n @n (7.4)
@y @y '
A(Ug):fz and @—@: gon , @:Oon@gn ,

where g is a given function in L2(), and

gz U x2 (7.5)
Up(X) X2 n 1:

That is, by (7.4) the original problem A(u) = f is split into two subproblems, whose
Neumann boundary conditions have been modi ed so that the nomal derivatives of
the local solutions u; and u, are equal tog and g, respectively. Sinceg is given,
we can thus write u1(g) and ux(g).
Furthermore, (7.4) shall now serve as the constraints of theconstrained opti-
mization problem
z z

min & (U1 ux)?d t3 g°d =J uiupg (7.6)

subject to (7.4);

cf. [86], whereas for the time being we assume = 0, i.e. neglect the second integral.
Then, for a global minimum (Qi1; 05; g) of J it obviously holds that 11(g) = 2(Q)
on , because of the de nition of J ; as well as@01 = g= @uy, because of the
construction of the constraint equations. That is, a solution to problem (7.6) does,
in negligence of the second integral, also satisfy

8

%Al(ul):fl and g—::wn@ln

@d_  _ @4

@ 97 @ ™" (7.7)
U = Uz On

; Az(Ug):fz and g—::OW@gn

which is the so-called multi-domain formulation of the original problem A(u) =
f. Interestingly, if A would be a linear operator, the optimization problem (7.6)
could therefore be associated with the well-known class ofan-overlapping domain
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decomposition methods substructuring methods since the multi-domain formulation
serves as basis of the Steklov-Poincae interface equatiothere, cf. [101]. Although,
since one assumption for the latter is linearity of the operdor, it is not applicable
here and hence classical substructuring methods are not fedle in this case. On
the other hand, by following the constrained optimization-based approach (7.6), we
are also able to exploit parallelization for nonlinear prodems.

Concerning the second integral in (7.6), its purpose is to pevent getting arbi-
trarily large solutions for g, since its magnitude is not involved in the rst integral.
However, experiments with the chosen model problem on two ah four subdomains
showed convergence for =0, see details below.

Independent of that, the problem in (7.6) belongs to the weltknown class ofop-
timal control problems, see, e.g., [89], wherg here is aboundary control; J is the
objective functional; (7.4) are the state equationsand u;(g);u2(g) are denoted as
the state.

7.1.2 Lagrange Relaxation and the Optimality System

A direct approach to the optimal control problem (7.6) could be to solve the optimal-
ity system which belongs to the Lagrange relaxation of the caostrained optimization
problem, see, e.g., [66].

In order to simplify the Lagrange multiplier function to be d e ned below, we
will make use of the weak formulation of the constraint equaton system (7.4):

ai(ug;vi) = bi(va) + ugsvy g 8vi2 Vi;up 2 Vg (7.8)
a(Uz;V2) = p(V2)  uz;va ; 8v22 Voiup 2 Vy; '
cf., e.g., [4], which can be written in more compact form
Fi(ui;g);va | =0; 8vi2 Vi u12Vy (7.9)
Fa(uz; g);vo , = 0; 8vo 2 Vo, Up 2 Vs (7.10)
by making use of the nonlinear operatorsFi( ; ):
Fi(uighivi = ai(uisvi) bv)+( 1) Ygiv) i 8v2Vii=1;2 (7.11)

Now, we are ready to give a compact de nition of the Lagrange finctional by
L(uiiu2;@; 15 2) = J (Usuzi@)  Falui;g); 10 Fo(uzig); 2 5 (7.12)

where 12 Vi; 22 V, are the Lagrange multiplier functions.
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First-order necessary conditions for nding a solution (¢;Q>;§) to the origi-
nal problem (7.6) are to nd a stationary point ("ui;02;6; 1;"2) of the Lagrange
functional L. That is, one has to solve the system

r °L(us;uzg; 1; 2)=0;

wherer ° = (@=@QU@=@UA@=09; @=@@=@), which gives the optimality system
to the Lagrange relaxation and is derived in detalil in the folowing.
Partially di erentiating L (u1;u»;g; 1; 2) with respect to the Lagrange functions
1 and ,, respectively, yield the so-calledstate equations

g—:';vi i=0; 8vi2V;i=1;2 (7.13)
, Fi(ui; 9); v i =0; 8v; (7.14)
. a(uvi)= (vi)+( 1) Ngiv) 5 8y (7.15)

which are just the constraint equations of the original problem. On the other hand,
deriving with respect to u; and u,, respectively, results in the adjoint or co-state
equations

@L .
—V =0; 8vi2V;i=1;2 7.16
@‘J | | I | | ( )
@J @F '
, —V —V D =0; 8v; 7.17
@u | | @u | | | | | ( )
, aluisvi; )= uy uy (1) vy 8vi (7.18)
where al(u;; vi; i) is de ned as follows:
!
O e  @FU;Q) .
a(ui; vi; i) = ——"V o 7.19
I( | | |) @u | | | | ( )
Z I
= v it 1 rvy 1 ru’rviruoroodx
(rufru+ )2 (ruru+ )32
| (7.20)
z rour u’
vtV uir Ui - dx: 7.21
TSI ir uij? o (7:21)
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Additionally, solutions to u; and u, to (7.18) are denoted asco-states Finally, by
partially deriving for the control g we obtain the optimality condition

@L 2 .
- =0; 8g2 L 1=1;2 7.22
@q® , &) ();i=1; (7.22)
@J @k @k
- - : - : =0; 8 7.23
y @g,g @g1g y 1 @g1g y 2 ) & ( )
, g + g 5,8 =0; 8¢ (7.24)

To summarize, in order to nd a solution for the Lagrange relaxation with the
model problem one has to solve the following coupled systemf ove equations

8 z ru’r v z
v+ ——dx= fividx+( 1) Pgv
Ui Vi U] X ividx+( 1) ©g;v
i i 8vi2V,;i=1;2;
z !
Vi o+ V'> | —r uif u_i . dX = Ur; Uoi Vi y
i jr Uij i jr Uij2 i 1j 2] Vi )
i 8vi2V,;i=1;2;
' 98 = 3 2.8 ; 8g2L%():

(7.25)

A direct approach would be to discretize and solve the wholeystem in a xed point

iteration X, similar to that in Chapter 6, which is usually denoted by one-shop method
in literature, see, e.g., [66]. However, because of the laegnumber of unknowns
involved, the convergence rate is known to be relatively shv. Furthermore, and

more important with respect to parallel computing, the solving (7.25) cannot be
broken apart into independent iterations, hence no possibities for coarse-grained
parallel computation would be given.

7.1.3 Gradient-based Solving

As opposed to the one-shot method, other methods minimizel by carrying out
a gradient descent with respect tog, while determining u1(g) and u»(g) according
to (7.4). In particular, for each iteration k, given the current value g*, one rst
determines the statesuk(g¥) and uk(g*) by solving the state equations, secondly

That is, one would solve the rst two equations w.r.t. u; and u;, the second two equations
w.rt. 1 and 2 and the last w.r.t. g, respectively.
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calculates ¥(u¥) and X(u) via the co-state equations, and thirdly determines the
gradient %J u1(g4); uz(gf): g€ from which an update g for g is deduced (See
Algorithm 13 for an example.). The advantage of this iterative method, in terms of
parallelization, lies in the fact each of the state and co-site equations to be solvable
independently from each other. That is, u; and u, can be calculated concurrently,
as well as 1 and », respectively. Thereby, values only on the common boundary
need to be exchanged.

7.1.3.1 Calculating the Gradient

In the following we will focus on the computation of the total derivative r J =
dig;l u1(g¥); uz(g¥); g in general, as well as for our model problem in particular.

We start with the formal structure of the total derivate of J with respect to g
at (uq; uy; g) in an arbitrary direction ~g 2 L?():

D E D E
dJ @J ~@u @J ~@u @J
——¢ = —— — + = —= + —g (7.26)
dg @u' @9 @y’ @g @g
De ning di(g) = %"‘g;g ; 1 =1;2, this can be rewritten as
dJ @J @J @J
—_— = —t + — b + —; 7.27
dg ' @y @y’ @g° (7.27)

Here, u1(g) and t»(g) are the directions of in nitesimal change of the state func
tions u; and uy, respectively, in dependence of the direction of in nitesimal changeg-
Or, in other words, t1 and - represent the variation directions in the state depend-
ing on of a variation direction in the control g. Therefore, u1(g) and w»(g) are
commonly referred to assensitivities in literature [66].
In general, two ways of calculating ur(g) and u»(g) exist. The rst one follows

from considering the total derivative of the state equations with respect to g, which
is given by

P; d%Fi(ui;g);g Vi =0; 8v2V;i=1;2; (7.28)
with P : V( i) ! V/( ;)denoting an extension by zero. Due tou; and u, depending
on the control g, the chain rule applies again, yielding

@f _Pau E

@F
y —,P| N ;
@u @gg

+p =
| @gg

T Vi =0; 8y (7.29)
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By substitution of %“‘g; g ;i =1;2 through & and uy, respectively, we obtain
I
, g—i; th  + P %Z;g PV =0; 8y (7.30)
L !
Q@F @F
' —— b Vi = Pi —; |V ;o 8vi: 7.31
@u i i i @9 (] i i ( )

Hence, with equation (7.31), denoted assensitivity equation, we have given the de-
pendency betweerur, t» and g Unfortunately, it is clear that, since equation (7.31)
is not formally inverted, H;, t» can be determined only for particular g; through solv-
ing (7.31). In recapitulation of the gradient formulation i n (7.27), it becomes obvious
that by (7.31) we are only able to compute the action % onto a given function g,
but not the gradient itself.

However, in most continuous caseg) need to be arbitrary, therefore we are in-
terested in a formulation without the incorporation of the sensitivities t; and th,
which is referred to as ‘calculation of the gradient through adjoint equations’ in
literature, [66]. Such a formulation can be reached by conslering the adjoint equa-
tions (7.18),

I
@F.

@—ulvl iv

e’

i = 8vi2V;i=1;2 (7.32)
of the previous section again. Since this holds for any;, it is in particular true
for setting vi = dj. Analogical, (7.31) is true for an arbitrary v; and thus for an

particular vi = ;. In applying these substitutions to (7.32) and (7.31), resgectively,
and comparing the outcomes, one can deduce that
@J @F
—— = Pi —; Vi : 7.33
v i [ @4 g i ( )

Thus, terms in the gradient formulation (7.27) involving th e sensitivities uy and o
can now be substituted due to (7.33), which yields the gradiat formulation

dJ _ Q@F , @F _ @J
dg ’g - Pl @g!g y 1 ) P2 @g1g y 2 2+ @g1g
(7.34)
dJ | _ @J, @ _ @k, ,
’ dg ’g - @gyg Pl @g’g y 1 P2 @g1g y 2

(7.35)
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Obviously, we have now given a closed-form of the gradient foarbitrary 4§ and not

for particular ones only, since there is no need to solve theemsitivity equations in an

intermediate step any longer. Instead, one has to solve thedjoint equations (7.32)

for 1 and o, respectively. Since the latter only involves the state furctions uq; u,

and the control g, but not the change direction g, this solving has to be done only
once for any g.

7.1.3.2 Application to the Model Problem

Now that we have general formulation of the gradient, the cortrete ones for our
model problem are straightforward. Obviously, in consideing the de nition of J as
given in (7.6), the gradient formulation in (7.27) for the model problems here reads

dJ
d—g;g = Uy Uy ; by thj + 0 : (7.36)
Furthermore, the sensitivity equations corresponding to (7.31) is of the form

up;th; 1)=(9; 1) ; 812V

0 (7.37)
ag(uz; t2; 2)= (8 2) 5 822 Vo,

with aio( ; ;) as dened in (7.19) in connection with the adjoint equations.
Alternatively, in following the adjoint equations approach, the gradient formula-
tion in (7.35) here reads

dJ
4 T % & 2 *+ (9;9) (7.38)
g
& 1 ’ t 08 (7.39)
or, in explicit formulation
dJ
d—g: 1] 2 T 9 (7.40)

where the co-states ;, » are to be determined by solving the adjoint equations

al(ui;vi; 1)= Uy Uy vy 8vi2Vp (7.41)
a(uz; V2, 2)= Uy Uy Vg 8v2 2 Vs '

which have been already introduced with the Lagrange multigier approach, see (7.18).
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The relation between the sensitivity and the co-state funcions, as shown gen-
erally in (7.33), can be reproduced here by setting; = 1, 2= 2 in (7.37), and
V1 = H1, Vo =ty in (7.41), resulting in

(g 1) 1j 2j 1j (7.42)
(8, 2) = Uy Uy ; Vy
and thus
& 1 5 = Uy Uy ;b by (7.43)

which, utilized to substitute the rst term at the right-han d side of the rst gradient
formulation (7.36), just leads to the formulation in (7.38).

7.1.3.3 The Solving Algorithm

After having explained the calculation of %J u1(g¢); uza(g¥): g€ in detail, we will
give an example of a simple gradient method in Algorithm (13) which was imple-
mented for the experimental studies to be presented in the stceeding section.

As outlined in the beginning of this section, in step 1 of the dgorithm, it is
solved for the statesuk and u¥, which can be done on di erent processing nodes,
since the corresponding problems are independent from eacdther. The same holds
true for the adjoint equations in step 2, where the values ofu¥ and u only on the
common boundary have to be determined sequentially beforédand. In step 3,
the current derivative is computed, from which an update is deduced in step 4.
Furthermore, a line search along the update direction g is employed (step 5) which
has turned out to necessary to guarantee global convergente This step requires
additional solvings of the state equations, in order to detemine ui(gk + g k) and
us(g¢ + g %), respectively, which can be done in parallel again. The remining
steps are self-explanatory.

7.1.3.4 Experimental Studies

After discretization by rst-order conforming nite eleme nts, a LU decomposition
was chosen as solver for the adjoint equations, which are lgar w.r.t. 1 and o,
respectively. For the state equations, which are nonlinearw.r.t. u; and u,, the
primal-dual Newton method, cf. Section 6.2.4, with LU deconposition as inner
solver, was employed. The nonlinear problems were solved up a relative residual
error of less then 101° for all experiments. The regularization strength  was set
to the relatively high value 1.0, in order to demonstrate that the algorithm returns

2In our implementation we used ten nested iterations startin g with an interval of [0 ;5]
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Algorithm 13: Gradient descent w.r.t. to the control g on two subdomains

® 0k O
Choose a feasible.
do

1. Solve the state equations fou¥;uk (in parallel):

ag(uf;vi) = bi(v) + (g5va) 5 B2 V( 1) (7.4
a(Us;va) = ba(va)  (gv) 1 Bv22 V( o) '
2. Solve the adjoint equations for ¥; & (in parallel):
a(uk; v ) =(uk usv) s Bvi2V( 1) (7.45)
ad(us; va; §)=(uk usva) 5 B2 V( )
3. Calculate the gradient:
r3< (§ 5+ gk (7.46)
4. Calculate a new update direction gX:
rJk gk gkt
g r Jk+ Kgk 1 where K (7.47)

rak 1okt

5. Do a line search along d* to determine a new step size :

k min J ui(g+ gf);ua(d“+ g¥); g+ g*  (7.48)

0< max

6. Update the control:

gk+1 gk + k gk (749)
7.k k+1
until kr J¥ Tk=kr JO
Merge the local solutions:
k 1
uj up
" u'§ 1 (7.50)
] 2
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the correct global solution also under substantial regulaization. Finally, we set =
10 8 in all experiments. Figure 7.2(b) served as input image, whih was generated
by adding Gaussian noise to the synthetic image depicted in K. 7.2(a). All error
measurements refer to the solution of the original problem alculated without domain
decomposition for the same set of parameter values.

The goal of the experiments, whose results are shown in Figer 7.3, was to
study the general feasibility of the proposed domain decomesition approach, i.e.
convergence, convergence rate, as well as the spatial digtution of the error in
comparison of a sequential reference solution with the samearameters and the
same local solver's accuracy (in terms of error threshold).

The results in Fig. 7.3(a) reveal that the relative L2-error linearly drops to 10 4
with a relatively good rate of  0:89 until iteration 50, but then deteriorates to
0:99. Furthermore, setting = 0, i.e. switching o the regularization of g, does
not lead to divergence here. In contrast, experiments showHhat the convergence
behavior does not change signi cantly for setting to values smaller than 10 4
or equal to zero. Despite the worsening convergence rate, ¢hdensity plots of the
resulting image in Fig. 7.3(b) show that the remaining error after 50 iterations is
acceptable for most image processing applications.

{09
{08
{07
{06 t Hos
{05 r 1°
H0.4

10.3

(a) Ground truth (b) With added Gaussian noise

Figure 7.2: Ground truth and noised input image (128 128 pixels, signal-to-noise
ratio -4.2 dB).
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10 T

relative L? error

5 1 I I

1 1
0 50 100 150 200 250 300
iterations

10°

(a) Development of the L2-error for di erent control regularization strengths

(b) Per-pixel L2-error to reference solution after
300 iterations

Figure 7.3: Total and per-pixel L2-error for a two-subdomain decomposition
( =1:0, =10 % =10 ).
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7.2 The Case of Many Subdomains

Subsequently, we extend our approach to the case of multiplsubdomains. However,
it su ces to consider a2 2 partition, since the special treatment for the one corner
point there extends naturally to the case of many corner poits. Thus, let us de ne

four open subdomainsf ji = 1;:::;4g, suchthat = [&, s\, =, an
having the common boundary := [ gj2n, ) s ij [ » whichis further divided into

the corner point ~ :=\ &, |, and the sections j :=( ;\ j)n ; 8 2 Ns(i); 8i,
whereasN.- (i) := f jj j is cityblock-neighbor of ;; j <i g. See Fig. 7.1(b) for an

illustrating example.

7.2.1 Problem Statement

Induced by partitioning of , we decompose the original problem A(u) = f on
into the subproblems

@y @y
A(u;)=fy and =—==gon ; —==00o0n n
(U2) = 1 @n ¢ @n @
A(up) = f, and @: gon ; @:Oon@zn
@n @n (7.51)
@y @y Oon @ '
A(uz)= fz and =—= on ; — =0o0n n
(Us) = T @s @n 3
@y @y
A(ug)=fg and =—=gon ; ——=00o0n n ;
(Ua) = T4 @a ¢ @n @.
forg2 L?(), where = 12l 13l a2[ a3l here. As with the two-subdomains

case, the natural Neumann boundary conditions have been maed. In order to
reach a more compact formulation of the Lagrange functionalater on, we will make
again use of the weak formulation of (7.51),

ar(ug;vi) = bi(vi)) + g 8v12 Vi u12V( 1)
ax(uz;v2) = bp(v2)  g;v2 8v22 Vo, uz 2 V( 2) (7.52)
ag(uz;va) = 3(vz)  g;v3 8v32 Vs uz2 V( 3) .

aa(Us;Va) = by(va) + giva 8v42 Va4 us2 V( 4);
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in the sequel. Furthermore, the objective functional reads

(

Z
1 X
J (ugjuz;usiusig) = 5 (Uy ;Ui )% dx + (uy uj )%+
|:2’3 1i
x Z Z )
(ug Uy )7 ax + (uy; uj; )+ g?dx : (7.53)

i=2;3 4

In contrast to the two-subdomains case, four constraints fo the unknowns at
are implicitly applied here: uj; = Uy ;Uj; = Ug ;Ug = Uy ; and Uy = Ug ,
which turned out to have an impact on the step size selection bgradient-based
methods in experiments, as will be described later on.

Finally, the problem of optimal control is stated as:

min J (u1;U2;Us;Uy; Q) (7.54)
us;9

subject to (7.51):

7.2.2 The Optimality System

Although an iterative, gradient-based method shall be usedfor solving (7.54), the
Lagrange functional

L(ug;:iii;us;0; 15005 4) = J (Ug;Uz2;U3;Us; Q) (7.55)
x4 .
a(u; D+B(D+( D g ;  (7.56)
i=1

and its optimality system are rst elaborated here, since the involved adjoint equa-
tions do also appear with the gradient-based algorithm. Agdn, partially deriving

for the Lagrange multiplier functions 1;:::; 4 yields the state equations
@L i .
o v =0 . aiv)=hw+( 1) Yo ; i=1;4; (757)
|

whereas deriving for the control function g results in the optimality condition

x4 .
=0; 8g ) (g6) + (' 'eg i =0: (7.58)
i=1

eL
@g’
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The adjoint equations here read as follows:

0 . . — .
aj(us; vi; 1) = Uy o Uz oo Vaj o Uy Ui Vg
i=2:3
0 . . — .
ay(uz; V2; 2) = Uij iz Uz Vzip , Wy Uz V3
i=1:;4
. (7.59)
asz(uz; v3; 3) = Uj s Ugigr Vg Ui Uz Vg
i=1:;4
0 . . — .
ay(Us; Va; 4) = Ug o Uij oVa 5,7 Ug Ui Vg
i=2;3
with a¥ ; : ) as de ned in (7.19).
7.2.3 Calculation of the Gradient b E

Since the general mathematical structure for computation @ the gradient %;g ,

is described in Section 7.1.3.1, we immediately proceed tche explicit calculation
for the model problem.
The gradient formulation involving the sensitivities, i.e. variation directions,

dJ X X
dg g = Ugj o Yij gty g Bj oy Uy Uij by
i=2;3 i=2;3
X X
+ Ugj 5 Uij 5B 4 Bij 4 F Uyj Uij 5ty ij
i=2;3 i=2;3

+ (9;8) : (7.60)

The associated sensitivity equations are of the form

X
aj(us; b V) = (8 VY ) o+ G Vi
. i:2'>?z
az(uz; to;v2) = (8 iV ) 2 G Vy
i a (7.61)
ag(us; b3;Vv3) = (8 57V3 3) s G V3
i ><i=1;4
a4(U4; tta; Va) = (gj ai v V4 4i) i TG Yy
i=2;3
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Again, by setting vi = d; in (7.59), and v = ; in (7.61) we obtain the following
equations:
X
Ugj o Uz gl Uy Uij By =
i=2;3 X
(glj TRI u) 1 T ]
i=2;3
X
Uj i U2z 255, , Wy Uy By =
i=1;4 X
(8 20 212) 2§ 2
i=1:4
X
Uij s Ugj 150 B3 5 U Uz t3 =
i=1;4 X
(8 5 3 3) = § 3 s
i=1;4
X
Ugj 4 Uij 40 Ba 4 4i+ Uy Uj; By =
i=2;3 X

(gl a0 4 4i) it 4
i=2;3
(7.62)

between the sensitivitiesur and the co-states . Applying these relations to replace
the sensitivities in (7.60) by the co-states, yields

g, _ X .
-— 8 = 9 10 14 g ij 1

*+ 9 1 i
dg i=2:;3
X

1i

+ 8 0 44 djia T 4j i + (99 ; (7.63)

i=2;3

i4

i.e. the gradient formulation independent of g; which is analogical to (7.38) for the
two-subdomains case. The explicit formulation reads:

d X
dg - Py 50 ju *P g ij
i=2;3
X
+ P
i=2;3

i 4s ija TP g ij t9; (764

i4

with P :V( 3)! V()and P :V( )! V() denoting extensions by zero.
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Note that the gradient at locations is the sum of four di erences, in contrast to
the pointson n  whereitis only of one di erence. That s, the magnitude ofﬂ—fJ at
this corner point is in average four times larger as it is for he remaining locations.
Since the step size in step 5 of Algorithm 1 is selected for thevhole gradient,
experiments have shown that it is systematically chosen toolarge at , which
leads to divergence even when employing line search. As a reaty, an additional
scaling factor for g—é at is introduced, where a value of%1 has shown to be
appropriate.

7.2.4 The Solving Algorithm

As a consequence of the ndings in the previous section, witlthe four-subdomains
case, steps 1{3 of Algorithm 1 have to be replaced by the folleing actions:

1. Solve the state equations foru'{; e ;u'j1 (in parallel):
ai(ui;vi) = bi(vi)+ gwv 8v12 V( 1);
az(uz;Vv2) = bp(v2)  give ; 8v2 2 V( 2); (7.65)
ag(uz;va) = by(va)  givs 5 8va2 V( a); '
aa(Ua;Va) = by(va) + giva 8va2 V( 4);
2. Solve the adjoint equations for &;:::; ¥ (in parallel)
0 X
ay(uy; vy, 1) = Ugj ;U 45V g li+ Uy; Ujj Vg
i=2:;3
0 X
ay(Uz; Vo; 2) = Uj i, U o Vo, ., Uij Uy Vo
. el (7.66)
ag(us; vs; 3) = Ujis Ui Vg, W o Uy Vg,
i=1;4
ag(us; va; 4) = Ug g Uij 43V 4, Uij Uy V)
i=2;3
3. Calculate the gradient:
dik X
e Py 55 i ¥ P g ij
dg i=2;3
X
+ Pa 4 ijw 7P 4 ij t+ 9 (7.67)

i=2;3
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7.2.5 Experimental Studies

Although a theoretical approximation of the scalability ch aracteristics of the pro-
posed method has been discussed, the focus of the experimahstudies was re-
stricted to the feasibility for the 2 2 case and its in uence of the parameters
and

The algorithm was run on the same input image, Fig. 7.2(b), aswith the two-
subdomains case, where the common boundary here includedhte 64th row and
64th column of the discretized image plane. The discretizaon, the local solving
method as well as all the parameter values, except the stantig interval of the step
size selection which was [L0], have been the same as with the previous experiments.
Results are depicted in Fig. 7.4.

Besides the in uence of the control regularization strengh , also the impact
of the step size reduction at were studied. (See the diagrams in Fig. 7.4(a)
and (b), respectively). Figure 7.4(a) shows that the convegence behavior for the
2 2 case has not changed signi cantly in comparison to the twosubdomains case,
despite the fact that the rate has deteriorated to  0:93 after 50 iterations. Leaving
out the control regularization has no signi cant impact on t he L2 error in comparison
to setting  to values small than 10 . Moreover, studies for the step size reduction
factor revealed that only values less or equal to% led to convergence, whereas
greater values always led to divergence at

Again, the result after 50 iterations in Fig. 7.4(c), as well as the per-pixel relative
L2 error shown in Fig. 7.4(d), are satisfactory for denoising pirposes.

7.2.6 Complexity Considerations

As in the two-subdomains case, step (a) and (b) can be obviolg carried out on
di erent processing nodes, which holds also for the case dfy My subdomains
(My > 2,My > 2).

With respect to inter-process communication for the My M, case, note that
only variables lying on the interface have to be exchanged vithin the main loop. To
be explicit, the control vector g* has to be distributed by a central process, carrying
out the steps (c){(g), to Bhe subdomain processes before spe(a), which amounts to

sending apprommatelyi‘»— unknowns per subdomain, whereM := My My andN is

the total number of unknowns, i.e. M fb— = 4p MN in total. Before step (b), again
only variables on have to be communlcated in order to set-upthe right-hand sides,
but this time only mutually among processes which have adjaent subdomains; i.e.
a distributed c&mmunlcanon step can be applied, which amouts to interchanging

only approx. -4|9— variables sequentially. Furthermore, before step (c), thelocal co-
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states vectors }( being restricted to their local interfaces ;, are gathered ;P)Lhe
central process, again resulting in a sequential communi¢en volume of 4 MN
variables. Finally, the total amount of bytes to be communicated sequentially is
given by the expression:

p_!

p__
V(M;k)=k 8 MN +4p% v+ Ve

where k denotes the total number of iterations, v, denotes the size of one variable
in bytes and V; the constant amount of bytes for the initial distribution of the input
vector f as well as the nal collection of the local solutionsu;. Obviously, as it is
with standard non-overlapping domain decomposition methals, the communication
volume scales only with the square root of the humber of subdmains here, which
is due to exchanging only the interface variables and indices very good scalability
properties.
With respect to the total computation time, we have the approximation:

T(M)= Tne (N=M) + TL(N=M ) + tpyeV(M;Kk(M)) + T¢;

where Ty (n) and T, (n) denote the average computation time for solving the non-
linear and linear state systems, respectively, in parallel T, the computation time
for the steps (c){(9), which are independent from M, and with tyy denoting the
communication time per byte. Note that communication latency times as well as
synchronization times have been neglected here. Furthernre, although the outer
iteration number k(M) naturally increases with the number of subdomainsM , the
processing time of the computationally demanding steps (aand (b) is supposed to
decrease strongly, depending on the complexity of the innesolving methods.

Finally, note that depending on the applied line search proedure, coarse-grained
parallelization can be employed also there. In the case of iséed iteration for ex-
ample, the two necessary evaluations o within each iteration can be carried out
simultaneously.

7.3 Conclusion

We investigated a new control-based approach for decompasy nonlinear PDE prob-
lems using the example of variational TV-denoising. Begining with the constrained
energy minimization problem on two-subdomain case, we gragblly developed the
involved local nonlinear equations | both in a generic and in an explicit formulation

with respect to our model problem. After having addressed the issue involved with
a direct solving of the nonlinear equation systems, we showkan alternative solving
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approach by means of a CG iteration. In particular, we explaned in detail the two
di erent ways to calculate the gradient of the constrained energy.

When addressing the many-subdomain case, we restrict our osiderations to a
rectangular partition of only 2 2 subdomains, since the special treatment involved
with one corner point directly extends to an arbitrary number of corner points.
Again, we show the two alternatives of calculating the gradent and note the involved
calculation steps explicitly.

The experimental results for both partition cases suggest lhat the approach
is practically feasible. However, despite an already empiged step size selection
heuristics, the convergence rate needs to be further impraad, which can most likely
be reached by the utilization of appropriate preconditiones, the subject of future
work.
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(c) Per-pixel L? error after 300 iterations ( =
10 %)

Figure 7.4: Total and per-pixel  L2-error for a 2 2 decomposition ( = 1:0;
10 9).
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Chapter 8

A Convex Programming
Approach to Nonlinear Domain
Decomposition

Besides the control approach introduced in the previous chpter, in this chapter
we present a di erent mathematical programming approach todecompose nonlinear
problems. Interestingly, in [62] the authors give another cerivation, instead of by the
multi-domain formulation, of the non-overlapping Robin method [88] | a variant to
the Neumann-Neumann method on two subdomains | by stating th e decomposed
problem as a constrained energy minimization being subseauntly relaxed and solved
by an augmented Lagrangian relaxation.

In the following we will apply this energy-based decomposibn to non-quadratic
convex problems, at the example of TV-denoising, as it was @posed in general
in [15] for the two-subdomain case. As in the previous chapte we rst consider
the two-subdomain case, and then detail on the special treahent of corner points,
apparent in the case of many subdomains, at the example of a 2 2 partition.

Again starting with the two-subdomain case, we present the entral idea of de-
composing the nonlinear problem on the energy level. We pramed with a Lagrangian
relaxation of the involved constrained minimization problem, and propose to employ
a subgradient iteration to solve the resulting primal-dual problem. As with the con-
trol approach in the previous chapter, we use a generic formation for the derivation
of the algorithm and in the end give an explicit formulation for our model problem.
Similarly for the case of many subdomains, we focus on the spml treatment of one
corner pointina 2 2 partition as an example to illustrate the case of many corne
points. For both partition cases, experimental results for small images are given,
showing the empirical feasibility (for those data sets) andproviding an initial study

151
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of the convergence behavior.

8.1 Primal-dual Domain Decomposition

8.1.1 The Approach

The approach is applied to energy minimization formulations of problem in terms
of convex functionals:

min J (u): (8.1)

This encompasses a wide range of problems in image procegsand computer vision.
In the following, we focus on the nonlinear model problem (6L).

Given a partition by two open subdomains, 1, 2 (see, e.g., Fig. 7.1(a)), we
separate J( ) into two convex functionals: J () := J; () and J ,() := J; ,().
Next, following [15], we rewrite (8.1) as

minJ ,(uy)+ J ,(uz) (8.2)
uz;uz
subject to: uy = uy ; (8.3)

with up = u; ; 2 V( 1) and uz ;= u; , 2 V( 2). Thatis, by (8.2) we have split
the original minimization (8.1) into the minimization of tw o independent energies
while preserving the spatial couplings through (linear) eqality constraints.

In order to obtain a solving algorithm for (8.2) which exhibits signi cant clues
for coarse-grained parallelization, we, in a next step, relx the constraints in (8.2) by
introducing a Lagrangian multiplier function , which leaves us with the primal-dual
optimization problem

supm‘ilp J (u)+J ,(U2)+ hjuy Ugi i (8.4)
1,U2

{z }
=3 ()

with 2 L2() being the Lagrangian multiplier function and J the dual to J.
Interestingly, the two minimizations can be separated:

sup muian L(u1)+ h;uqi g+muian ,(Uu2) huq g : (8.5)
1 2

That is, the direct coupling between u; and u, can be replaced by an indirect
coupling through the dual function . If we think of the dual as being xed,
the two minimization problems, which vyield the local solutions dy( ) and Ox( )
respectively, are independent from each other and can thusd solved in parallel.
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8.1.2 Solving

In terms of solving (8.5) with respectto we chose thesubgradient iteration method
(See [8, 15)]).
First, we consider

U =argrrLian ,(u) h;u4i g and us =argrrLian ,(U2) h;ua g;
1 2
(8.6)

andwe de neu := fuy. ;uy g. Then, the subgradient method generates a sequence
of dual feasible points according to the iteration

k+1 - k + kgk (87)

with k denoting the iteration count, 2 R appropriate step sizes, andj® = g(u «) =
de—( Ky as subgradients of the subdi erential @J( ¥). Thereby, it is made use of
the fact that

JO) JO)+(T )g(u); 872 L2() : (8.8)
In particular, we have that
g(u)=ugj uzj: (8.9)

That is, within one iteration, rstly, u;. « and u, « have to be determined,
according to (8.6), which require independent minimizations and can therefore be
done in parallel. Secondly,g* is calculated according to (8.9), and thirdly, an ap-
propriate step size K is selected and the update is carried out following (8.7). Se
Algorithm 14 for a formalization.

Concerning the selection of step sizesy, di erent methods exist (See, e.g., [97]).
Typical choices are a constant step size:x = const, or exponentially decreasing step
Sizes: k+1 = k k; 2 (0;1); o> 0, both of which were used in the experiments
to be presented below.

8.1.3 Application to the Model Problem

In a next step, we apply Algorithm 14 to the model problem of TV-based denoising,
see Chapter 6. Thereby, the local energied ,(u;); i =1;2 read

L2
Jio=5 £)2+ jruj dx; i=1;2 (8.11)
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Algorithm 14: Nonlinear DD by convex programming on a two-subdomain parttion
k 0.Chooseag>0anda 2 (0;1).

Choose a dual feasible °.
do

(a) Determine a primal solution:
n o]
up « argmin J ,(u1)+ h % uji
! u
‘'n )
Uy« argmin J ,(uz) h X ui
; Up

(b) Calculate the subgradient:

k

g ul; kj u2; kj

(c) Update the dual solution:

k+1 K
(d) Calculate a new step size:
k+1
k+1 k
(e) Increment: k k+1
until kul; kj Uy kj K2 <
Merge the local solutions:
k 1
Ui u
b (8.10)
Uj uz

with f 2 V() denoting the input image, 2 R the regularization strength, and 2
R the regularization parameter of the TV norm, and we haveK = I.

Including the Lagrange multipliers, minima of the subproblems in the prob-
lem (8.5) are given by solving the rst their variations being equal to zero, which
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yields:
z U z
(i i)+ n u-lj r b dx thdx = 0 82 H3; i=1;2
|
(8.12)
or, in PDE-formulation:
w fy+ r Y R . =0 i=1:2 (8.13)
| | Jr UIJ i - 1 - 1 &y .
whereR , denotes an extension by zero from to ;i =1;2. In comparison with

the formulations in Chapter 6, the additional Lagrangian multipliers  only amount
to replacing each occurrence of the original rst variation, which is the left-hand
side of (6.7), by the left-hand side of (8.12), or, respectigly, every occurrence of the
left-hand side of (6.10), by the left-hand side of (8.13), inPDE-formulation. Finally,
when using the Primal-Dual Newton's methodr u=jr uj need to be replaced byw,
see Section 6.2.4.

8.1.4 Experimental Studies

Numerical experiments have been made on a 3232 grid, which was partitioned into
two subdomains of size 17 32 and 16 32 (height width). Newton's Method with
continuation ( =0:5, =10 % 4=10; n =15, e. =10 '), in connection
with PCG iteration with a maximum residual LZ2-error of 10 2 has been employed as
local solver. Results and input data are depicted in Figures8.2! and 8.1, respectively.

The convergence behavior w.r.t. to the relativeL2-error (kuX  Uyer ko=kUyet k2)
is depicted in Fig. 8.3, while uet is a reference solution generated by a sequential
run of the local solver with a nal residual error of 10 12. Several constant step
sizes have been tried, as well as some exponentially dimihigg step sizes k1 =

k.0< < 1.

The per-pixel error depicted in Figure 8.2 shows that the renaining error is
mainly located at the interface , which is to be expected, since the natural spa-
tial couplings are broken up right there and are relaxed thraugh the Lagrangian
functions. Furthermore, the diagram in Fig. 8.3 clearly points out an exponential
convergence rate for constant step sizes, while for this sniladata set, exponentially
decreasing step sizes do not help to improve the convergencate, but instead are
most likely to prevent further convergence below a relativeerror of less than 10 4.

!Note that asymmetric artifacts especially occurring in the upper corners of Fig. 8.2(a) are due
to the asymmetry of the nite element basis functions used in the discretization.
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Figure 8.2: Result and per-pixel  L2-error for a two-subdomain decomposition 1
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relative 12-error

iterations

Figure 8.3: Development of the L?2-error for dierent step sizes in the two-
subdomain case. It is plotted the relative L2-error w.r.t. the reference solution for either
xed step sizes 2 f 0:2;0:5;0:8;1:0g, or exponentially decreasing step sizes = ; 2
f0:97;0:98g; k : iteration count, respectively.
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8.2 The Case of Many Subdomains

Extending the proposed decomposition approach to more thantwo subdomains
brings up the need for special equality constraints at innercorner points, i.e. points
on which are shared by more than two subdomains. Since thesespecial conditions
are the same (up to a multiplication by 1) for all other inner corner points, we,
as in the previous chapter, restrict our considerations to he case of 2 2 partition

with only one corner point , Figure 7.1(b) for an example and a mathematical
de nition.

Then, a straightforward extension of (8.2) in this setting would be

X4
min J () (8.14)
Ug;::us i=1
subjectto: Uy [ = Uy o
Ugj 151 = Ugj g4 (8.15)
U2 o4l = Ugj o4
Ugj 54 = Ugj g

Although mathematically correct, numerical experiments based Algorithms 14 ex-
tended to (8.14) revealed a highly insu cient convergence tehavior in terms of
persistent oscillations, even for relatively small step sies, while the error mainly did
concentrate at .

Therefore, we propose to have separate constraints for thenknowns on , such
that

X4
min J L (up) (8.16)
ug;ius
i=1
subjectto: uy; ,, Uy ,, =0
Ugj 3 Uz, =
Ugj 5y Ugj o4 = 0

Ugj 30 Ugj g = 0

After applying Lagrangian relaxation as in the two-subdomain case, the correspond-
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ing primal-dual optimization reads:

o ® X _
sup min J i (Ui) + h i » Uij i Uj; i I i
pr m =1 2N (1) (8.17)
PR x3
+ i(Ug Wy )¢

i=1

Subsequent splitting into local minimization problem yields

n

sup minfJ 1(U1)+ h 12;ugi 2t h 13; ugl 13+( 1t 2t ;3) uj 9
12; 13 Uz
24, 34 i . . . .
a0 3 +mu|£1 J ,(u2) h 125uqi o, + hg35ugl o :1Up;

+min J 5(us) h 13Usi 5+ hosgiual g, 22U

* )
+min J ,(us) h osu4i ,, h 34u40 4 :3Uy; ;

(8.18)

Finally, by applying the subgradient method in an analogousmanner as above, we
obtain Algorithm 15.

8.2.1 Experimental Results

Experiments were conducted on the same grid and input data ai the two-subdomain
case, with the di erence that the interface did divide the d iscrete image plane at
the 17. column and 17. row, respectively. Again, Newton's m#éhod served as inner
solving method, using the same parameters as in the previousxperiments.

Figure 8.4(b) shows that the error is distributed mainly equally along and does
not concentrate at as encountered with the non-special corstraints on . In ad-
dition, while conducting the experiments, it has been foundto improve convergence
at if the step size for u is one fourth the step size for the other unknowns.

The error plots in Fig. 8.4 reveal an almost similar convergace rate for step sizes
of 0:8 and 05 as in the two-subdomain case, although the number of subdoains
has doubled. In addition, according to the error plots in Fig. 8.6 the regularization
strength , controlling the strength of the spatial couplings, in uen ces the conver-
gence rate only moderately. Only for = 0:2 the step size had to be reduced in
comparison to the other cases in order to prevent divergencat .
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Algorithm 15: Nonlinear DD by convex programming on a 2 2 partition
k 0.Choose ag>0 anda 2 (0;1).

Choose a dual feasiblei(j’ and O;i =0, e.gq.0.

I f (;5)j1 i 4 ) 2Ns(i)g
do
(a) Solve the local minimization problems (in parallel):
Uy; « arg nl]in J (u)+h |iz;ulj pl ot h li?ﬁulj sl 1
n +( |(;1"' |(;2"' |(;3)ulj
Uy, « argrﬂizn J ,(uz) h IiZ;UZj 12i L I§4;qu 24i 24 k;1u2j
n
ug « argmin J ,(us)+ h failg i 5+ N S5ug o0 o “oug
n
Uy, « argnain J ,(ug) h l54;u4j 2l 2 B 54;u4j sl a k;3u4j
(b) Update the dual functions (sequentially):
foreach (i;j)21 do f* U
fori=1;::5;3 do 4t Kod up ko Upegs K
(c) Calculate a new step size:
k+1
k+1 k
(d) Increment: k k+1 |
P P '
until kUij Ujj ki 2 + - kulj Ui+1j ki <

(i;j )21 i=1
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omains

(a) Result after 300 subgradient iterations

Figure 8.4: Result and per-pixel
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Figure 8.5: Development of the  LZ-error for dierent step sizes on a 2
composition. It is plotted the relative L2-error w.r.t. the reference solution for either
xed step sizes 2 f 0:2;0:5; 0:8; 1:0g and exponentially decreasing step sizes = ¥
f0:92,0:95;0:97g, k : iteration count, respectively.
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Figure 8.6: Development of the L2-error for dierent regularization strengths
on a 2 2 decomposition. It is plotted the relative LZ-error for di erent regularization
strengths 2 f 0:2; 0:5; 0:7; 1:0; 2:0g.
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8.2.2 Comparison to Control-based Decomposition

In comparison to the solving algorithms (both in the two- and the multi-subdomain
case) of the control approach in Chapter 7, it is obvious the omputational e ort per
iteration to be less here, since with the control-based algithms, two (linear or non-
linear) partial di erential equations are to be solved per subdomain, whereas with
the convex decomposition-based methods it is only one miniimation problem per
iteration and subdomain. Furthermore, as experiments are gggesting, the convex
methods seem to be less sensitive to the step size selectidhus allowing simpler
and much less computationally expensive selection rules.

From a theoretical perspective, the parallelization apprach here is founded on
mathematical programming. By contrast, the control-theoretic decompaosition ap-
proach, as well as all the linear domain decomposition appraches in Chapter 3 and 4,
are based on a splitting of partial di erential equations. As mentioned in the intro-
duction of this chapter, in terms of the classical domain deomposition approaches,
a link between the mathematical programming and PDE-based érmulations can be
found in [62].

8.3 Conclusion

In this chapter we proposed a new convex programming approdcfor the decompo-
sition of nonlinear energy minimization problems, using the example of TV-based
denoising. Starting with the two-subdomain case, we split he original minimization
problem into separate minimizations of local energies whé preserving the global
couplings through Lagrangian multiplier functions. Thus, the main computational
burden can be distributed to several processing nodes at theost of an outer sequen-
tial iteration, where the Lagrangians updated. Analogue to the previous chapter,
we restrict our considerations to only one corner point whenaddressing the case
of arbitrary many subdomains. For both cases, we propose sahg by subgradient
iterations and give concrete formulations of the resultingcomputational steps in a
generic manner.

As in the previous chapter, experimental results show the pactical feasibility of
the approach on small data sets. In comparison to the controbpproach. However,
the involved systems of nonlinear equations are less compleand require a smaller
computational e ort. In addition, the few experimental res ults show a better and
more constant convergence rate.
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Chapter 9

Conclusion

9.1 Summary

The main subject of this work is to provide methods for data paallelization through
the domain decomposition of linear and nonlinear PDE problens in image process-
ing. Whereas the rst three chapters deal with linear domain decomposition methods
at the example of a well-known variational motion estimation problem, the last three
chapters focus on nonlinear DD techniques based on the mod@roblem of varia-
tional image denoising employing TV-regularization. Besides the main subject, in
Chapter 5 we propose an extension of the linear model problerm order to improve
optic ow reconstructions in the context of computational uid mechanics.

9.1.1 Linear Domain Decomposition
9.1.1.1 Non-overlapping Methods

After giving a short introduction into variational motion e stimation and de nition
of the model problem, the second chapter starts by elaboratig the theoretical basis
for non-overlapping DD techniques, rst by introducing the Steklov-Poincae op-
erator and following the Schur complement equation, which gves the basis of all
primal substructuring methods. Based on the Schur complemet equation, we then
develop the rst one-level algorithms based on two subdomais and show their equiv-
alence to preconditioning techniques with a Richardson iteation. Subsequently, in
the multiple-subdomain case, we rst explain the typical algorithmic framework
of iterative substructuring methods, namely that of a Krylo v-subspace solving ap-
plied to the Schur complement equation by means of a parallé&ed solving step and
various di erent types of parallel preconditioning techniques. We then focus on
common one-level preconditioners and address their impaobn the condition num-
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ber of the preconditioned system. In addition, we address ath explain the problem
of limited information propagation and show how it is overcaome by di erent two-
level preconditioning approaches. Thereby, we put a strongdocus on the Balancing
Neumann-Neumann preconditioner, because of its prominentole as a current pri-
mal substructuring method, and by elaborating also on the agebraic foundation
and its application to our model problem. The remaining sectons of the theoretical
part are dedicated to dual and primal-dual substructuring methods, notably the
solely dual FETI and the primal-dual FETI method. In either c ase, we elucidate
the mathematical background by drawing a line from the constained optimization
problem involving local Schur complement equations, over its Lagrangian relaxatin,
up to the dual and primal-dual problem, respectively, solval by an extended PCG
iteration. In particular, with the dual approach, we address the intrinsic two-level
character of the involved projection, compare it to its primal counterpart in Balanc-
ing NN preconditioning, and show the necessary modi catiors in order to apply the
method to our model problem.

In the experimental section we study di erent numerical aspects by the ex-
ample of two well-known primal preconditioners, Neumann-Neumann and Balanc-
ing Neumann-Neumann, in connection with our model problem wing a multi-grid
Gauss-Seidel local solver. Thereby, the following empirl ndings are made:

Preconditioning the Schur complement system has a strong iact on the con-
vergence rate. Speci cally, theoretical upper limits for ather the NN or BNN
preconditioner hold. While convergence deteriorates withincreasing number of
subdomains for NN preconditioning in case the spatial couphgs are dominant,
it remains nearly constant for BNN preconditioning.

With respect to the nal relative residual error, that of the outer Schur com-
plement solver is about one order of magnitude larger than tlat of the local
subdomains solvers.

Both the NN and BNN preconditioning method provide a very good relative
scalability on a relatively cheap PC-cluster even for large numbers of sub-
domains. However, the BNN preconditioner cannot compensa for its three
times higher computational e ort, if spatial couplings are not dominant over
larger image regions. Hence, for model problems with primaly local spatial
couplings, NN preconditioning is probably preferable overBNN precondition-
ing.

In comparison to an highly-tuned multi-grid implementatio n, only little speed
gains can be reached for the NN method at very high costs of 25rpcessing
nodes or more.
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In accordance with theory, the communication volume increaes only with the
square root of the number of subdomains.

9.1.1.2 Overlapping Methods

Starting with the very rst DD method by H. Schwarz we rst pre sent the basic
one-level algorithms on two and on multiple subdomains, regectively, and identify
each of them with additive and multiplicative, respectively, preconditioners. In
particular we show that Gauss-Seidel and Jacobi iteration ae special cases within
this framework. With same numerical argument as with one-level non-overlapping
methods | limited spatial information propagation | we move  on to two-level and
multilevel methods presenting the di erent combinations of additive (sequential) or
multiplicative (parallel) algorithms with respect to eith er the order of level updates
or the order of subdomain updates within each level, respeotely. Thereby, we
always address the aspect of scalability in terms of parallecomputing. Finally,
we show that standard multigrid methods appear as special cses in the multilevel
framework and, in particular, that level-multiplicative m ethods can be seen as w-
cycle multigrid algorithms while employing Schwarz smootters.

9.1.2 Nonlinear Domain Decomposition

Instead of considering the extensions of classical non-ostapping DD methods for
their application to nonlinear problems, we pursue two distinct alternative ap-
proaches to decompose nonlinear PDE problems. By giving a ttrough introduction
into TV-based image denoising, including all main algorithms as well as several ex-
periments, we chose a prototypical nonlinear model problem

9.1.2.1 Control Approach

Based on the work of Lee, Gunzburger et al. [86, 65, 67, 66], wgive a step-by-
step presentation of the control-theoretic approach for the denoising model problem.
Both for the two and the multiple-subdomain case, we rst formulate the optimal

control problem as constrained energy minimization, proced with its Lagrangian

relaxation and derive the corresponding optimality systemfor our model problem,
respectively. Subsequently, we explain the two di erent iterative solving approaches
in general, and show their formulation for the denoising pralem. In the experi-

mental sections we show the empirical feasibility on two and2 2 subdomains and
provide explicit formulations for the communication volume and the total run-time

in dependence on the number of unknowns and the number of sulodnains.
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9.1.2.2 Convex Programming Approach

With the convex programming approach we provide another mehod for a nonlinear
non-overlapping decomposition. Given that the model probem can be written as
energy minimization, we propose a decomposition on the engy level, while enforc-
ing the inter-subdomain couplings by equality constraints Similar to the control
approach, the constraints are relaxed by the Lagrangian mulplier method resulting

in a primal-dual problem, which is then solved by subgradiem iteration. Here too,
numerical experiments on two and 2 2 subdomains based on the nonlinear denoising
problem show the empirical feasibility of the approach.

9.1.2.3 Motion Estimation with High-order Regularization

As an o -topic, we investigate the improvement of the linear model problem, vari-
ational motion estimation, with respect to its application to uid mechanical prob-
lems. In particular, after introducing the notion of potent ial elds as well as regular-
izations based on high-order derivatives, we present a nov@pproach for the direct
estimation of the potential elds from a given image sequene. As with the indi-
rect, three-step approach by Corpetti et al. [39, 40], we toodecrease the degree of
derivatives by their relaxation through auxiliary functio ns. Thereby, the maximum
order of derivatives in the corresponding partial di erential equations can be low-
ered from six to four. Furthermore, we embed the approach inb a multi-resolution
framework in order to make larger ow speeds computationaly feasible. In the suc-
ceeding experimental section, we provide qualitative and gantitative comparisons
of our approach to the indirect method as well as the well-knavn Horn and Schunck
motion estimation for several synthetic data sets, which slows the superiority of the
new method.

9.2 Future Work

Although answering of the scienti ¢ questions posed in the leginning of this work
were pursued as posed, new questions or issues appeared ie ttourse of this study,
which are to be subject of future investigations.

Chapter 3:

{ Adaption of the multigrid scheme, i.e. the discretization on lower reso-
lutions as well as the restriction and prolongation operatas, for solving
the local Dirichlet problems, or investigation of alternative local solvers
in connection with NN and BNN preconditioning, in order to in crease the
total convergence rate of the parallel algorithm.
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{ Experimental studies of the dual and the primal-dual FETI method ap-
plied to optical ow estimation on a parallel computer, and comparison to
the quantitative and qualitative results for NN and BNN prec onditioning.

Chapter 5:

{ Meanwhile, after completion of this thesis and spurred by bth posi-
tive and negative (cf. Section 5.3.2) results, and in-depthstudy of the
approach (5.8) together with higher-order regularization (5.14) has been
conducted in our group [129, 130]. An independent benchmarkvaluation
as part of work package 5 of the european FLUID project (http?/ uid.irisa.fr/)
has shown recently that by adding a boundary penalizer to (514), and
by using a more sophisticated discretization scheme, a wefljosed and
stable variational approach can be implemented that not only makes the
use of auxiliary variables obsolete but also computed signiantly more
accurate uid ow estimates than the approach by Corpetti et al. [38].

{ Decomposition of the energies (5.18) and (5.19) by applyinghe approach
of Chapter 8, in order to parallelize the computation of the higher-order
regularization problems.

Chapter 8:

{ Theoretical proof of equivalence of the problem decomposiin on the
energy level and the original minimization problem.

{ Derivation of the energy-based decomposition from the Stekv-Poincae
equation.

{ Further experimental studies using more advanced solverssuch as the
cutting plane method, on larger data sets.
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