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IDENTIFICATION OF BEREZIN-TOEPLITZ DEFORMATION
QUANTIZATION

ALEXANDER V. KARABEGOV AND MARTIN SCHLICHENMAlER

ABSTRACT. We give a complete identification of the deformation quantization which
was obtained £rom the Berezin- Toeplitz quantization on an arbitrary compact Kähler
manifold. The deformation quantization with the opposite star-product proves to be
a differential deformation quantization with separation of variables whose dassifying
form is explicitly calculated. Its characteristic dass (which dassifies star-products
up to equivalence) is obtained. The proof is based on the microlocal description of
the Szegö kernel of a strictly pseudoconvex domain given by Boutet de Monvel and
Sjöstrand.

1. INTRODUCTION

In the seminal work [1] Bayen, Flato, Fronsdal, Lichnerowicz and Sternheimer drew
the attention of both physical and mathematical communities to a weIl posed mathe-
matical problem of describing and classifying up to some natural equivalence the formal
associative differential deformations of the algebra of smooth functions on a manifold.
The deformed associative product is traditionally denoted * and called star-product.
If the manifold carries a Poisson structure, or a symplectic structure (Le. a non-

degenerate Poisson structure) or even more specific if the manifold is aKähler manifold
with symplectic structure coming from the Kähler form one naturally asks for a de-
formation of the algebra of smooth functions in the "direction" of the given Poisson
structure. According to [1] this deformation is treated as a quantization of the corre-
sponding Poisson manifold.
Due to work of De Wilde and Lecomte [14]' Fedosov [18]' and Omori, Maeda and

Yoshioka [32] it is known that every symplectic manifold admits adeformation quan-
tization in this sense. The deformation quantizations for a fixed symplectic structure
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ean be classified Up to equivalenee by formal power series with eoefficients in two-
dimensional eohomology of the underlying manifold, see [5], [15], [17], [31], [40]. Kont-
sevieh [27] showed that every Poisson manifold admits adeformation quantization and
that the equivalenee classes of deformation quantizations on a Poisson manifold ean be
parametrized by the formal deformations of the Poisson strueture.
Despite the general existenee and classifieation theorems it is of importanee to study

deformation quantization for manifolds with additional geometrie strueture and ask for
deformation quantizations respeeting in a eertain sense this additional strueture. Exam-
pIes of this additional strueture are the strueture of a eomplex manifold or symmetries
of the manifold.
Another natural question in this eontext is how some naturally defined deformation

quantizations fit into the classifieation of all deformation quantizations.
In this article we will deal with Kähler manifolds. Quantization of Kähler manifolds

via symbol algebras was eonsidered by Berezin in the framework of his quantization
program developed in [3]'[4]. In this program Berezin eonsidered symbol algebras with
the symbol produet depending on a small parameter 1i whieh has a preseribed semi-
classieal behavior as 1i ---+ O. To this end he introdueed the eovariant and eontravariant
symbols on Kähler manifolds. However, in order to study quantization via symbol al-
gebras on Kähler manifolds he, as well as most of his sueeessors, was foreed to eonsider
Kähler manifolds whieh satisfy very restrietive analytie eonditions. These eonditions
were shown to be met by eertain classes of homogeneous Kähler manifolds, e.g., Cn,

generalized £lag manifo~ds, Hermitian symmetrie domains ete. The deformation quan-
tization obtained from the asymptotie expansion in 1i as 1i ---+ 0 of the produet of
Berezin's eovariant symbols on these classes of Kähler manifolds was studied in a num-
ber ofpapers by Moreno, Ortega-Navarro ([29]' [30]); Cahen, Gutt, Rawnsley ([11]' [12]'
[13]); see also [25]. This deformation quantization is differential and respeets the sep-
aration of variables into holomorphie and anti- holomorphie ones in the sense that left
star-multiplieation (Le. the multiplieation with respeet to thedeformed produet) with
loeal holomorphie funetions is pointwise multiplieation, and right star-multiplieation
with loeal anti-holomorphie funetions is also point-wise multiplieation, see Seetion 2
for the precise definition. It was shown in [22] that sueh deformation quantizations
"with separation of variables" exist for every Kähler manifold. Moreover, a eomplete
classifieation (not only up to equivalenee) of all differential deformation quantizations
with separation of variables was given. They are parameterized by formal closed forms
of type (1, 1). The basie results are sketehed in Seetion 2 below. Independently a
similar existenee theorem was proven by Bordemann and Waldmann [7] along the lines
of Fedosov's eonstruetion. The eorresponding classifying (l,l)-form was ealculated in
[26]. Yet another eonstruetion was given by Reshetikhin and Takhtajan in [34]. They
direetly derive it from Berezin's integral formulas whieh are treated formally, Le., with
the use of the formal method of stationary phase. The classifying form of deformation
quantization from [34] ean be easily obtained by the methods developed in this paper.
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In [16] Englis obtained asymptotic expansion of Berezin transform on a quite general
class of complex domains which do not satisfy the conditions imposed by Berezin.

For general compact Kähler manifolds (M, w-d which are quantizable, Le. admit a
quantum line bundle L it was shown by Bordemann, Meinrenken and Schlichenmaier [6]
that the correspondence between the Bereziri-Toeplitz operators and their contravariant
symbols associated to Lm has the correct semi-classical behavior as m -t 00. Moreover,
it was shown in [35]'[36]' [38] that it is possible to define adeformation quantization
via this correspondence. For this purpose one can not use the product of contravariant
symbols since in general it can not be correctly defined.

The approach of [6]was based on the theory of generalized Toeplitz operators due to
Boutet de Monvel and Guillemin [8],which was also used by Guillemin [19] in his proof
of the existence of deformation quantizations on compact symplectic manifolds.

The deformation quantization obtained in [35]'[36]'which we call the Berezin-Toeplitz
deformation quantization, is defined in a natural way related to the complex structure.
It fulfils the condition to be 'null on constants' (Le. 1* 9 = 9 * 1 = g), it is self-adjoint
(Le. / * 9 = 9 *1), and admits a trace of certain type (see [38] for details).

As one of the results of this article we will show that the Berezin- Toeplitz deforll1;ation
quantization is differential and has the property of separation of variables, though
with the roles of holomorphic and antiholomorphic variables swapped. To comply with
the conventions of [22] we consider the opposite to the Berezin- Toeplitz deformation
quantization (Le., the deformation quantization with the opposite star-product) which
is adeformation quantization with separation of variables in the usual sense.

We will show how the Berezin- Toeplitz deformation quantization fits into the classi-
fication scheme of [22]. Namely, we will show that the classifying formal (1,1)-form of
its opposite deformation quantization is

----1

(1.1)
_ 1
w = --W-l + Wcan,

1J

where 1/ is the formal parameter, W-l is the Kähler form we started with and Wcan is the
closed curvature (1,1)-form of the canonicalline bundle of M with the Hermitian fibre
metric determined by the symplectic volume. Using [23] and (1.1) we will calculate
the classifying cohomology class (classifying up to equivalence) of the Berezin- Toeplitz
deformation quantization. This class was first calculated by E. Hawkins in [20] by K-
theoretic methods with the use of the index theorem for deformation quantization ([17]'
[31]).

In deformation quantization with separation of variables an important role is played
by the formal Berezin transform f Ho 1(/) (see [24]). In this paper we associate to
adeformation quantization with separation of variables also a non-associative "formal
twisted product" (/, g) Ho Q(/, g). Here the images are always in the formal power series
over the space Coo (M). In the compact Kähler case by considering all tensor powers
Lm of the line bundle Land with the help of Berezin-Rawnsley's coherent states [33]'
it is possible to introduce for every level m the Berezin transform 1(m) and also some
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"twisted product" Q(m). The key result of this article is that the analytic asymptotic
expansions of I(m), resp. of Q(m) define formal objects which coincide with land Q for
some deformation quantization with separation of variables whose classifying form w is
completely determined in terms of the form w (Theorem 5.9). To prove this we use the
integral representation of the Szegö kerneion a strictly pseudoconvex domain obtained
by Boutet de Monvel and Sjöstrand in [9] and a theorem by Zelditch [41] based on [9].
We also use the method of stationary phase and introduce its formal counterpart which
we call "formal integral" .
Since the analytic Berezin transform I(m) has the asymptotics given by the formal

Berezin transform it follows also that the former has the expansion
1 1(1.2) I(m) = id+ -ß + 0(-),

m m2

where ß is the Laplace-Beltrami operator on M.
It is worth mentioning that the above formal form w is the formal object correspond-

ing to the asymptotic expansion of the pullback of theFubini-Study form via Kodaira
embedding of M into the projective space related to Lm as m --+ +00. This asymptotic
expansion was obtained by Zelditch in [41] as a generalization of a theorem by Tian
[39].
The article is organized as follows. In Section 2 we recall the basic notions of deforma-

tion quantization and the construction of the deformation quantization with separation
of variables given by a formal deformation of a (pseudo- )Kähler form.
In Section 3 formal integrals are introduced. Certain basic properties, like uniqueness

are shown.
In Section 4 the covariant and contravariant symbols are introduced. Using Berezin-

Toeplitz operators the transformation I(m) and the twisted product Q(m) are introduced.
Integral formulas for them using 2-point, resp. cyclic 3-point functions defined via the
scalar product of coherent states are given.
Section 5 contains the key result that I(m) and Q(m) admit a well-defined asymptotic

expansion and that the formal objects corresponding to these expansions are given by
land Q respectively.
Finally in Section 6 the Berezin- Toeplitz star product is identified with the help of

the results obtained in Section 5.
Acknowledgements. We would like to thank Boris Fedosov for interesting discus-

sions and Miroslav Englis for bringing the work of Zelditch to our attention. A.K.
thanks the Alexander von Humboldt foundation and the DFG for support and the
Department of Mathematics at the University of Mannheim for a warm hospitality.
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2. DEFORMATION QUANTIZATIONS WITH SEPARATION OF VARIABLES

Given a vector space V, we call the elements of the space of formal Laurent series
with a finite principal part V[v-l, v]] formal vectors. In such a way we define formal
functions, differential forms, differential operators, etc. However we shall often call
these formal objects just functions, operators, and so on, omitting the word formal.

Now assume that V is a Hausdorff topological vector space and v(m), m E lR, is a
family of vectors in V which admits an asymptotic expansion as m -+ 00, v( m) rv

Lr>ro (l/mr)vr, where ro E Z. In order to associate to such asymptotic families the cor-
responding formal vectors we use the "formalizer" lF : v(m) t---+ Lr>ro vrvr E V[v-l, vJ].

Let (M, W-1) be areal symplectic manifold of dimension 2n. For any open subset
U eMdenote by F(U) = COO(U)[v-l, vJ] the space of formal smooth complex-valued
functions on U. Set F = F(M). Denote by IK= C[v-1, v]] the field of formal numbers.

Adeformation quantization on (M, w-d is an associative IK-algebra structure on F,
with the product * (named star-product) given for f = L vj fj, 9 = L vkgk E F by
the following formula:

(2.1) f*g=Lvr L Ci(fj,gk)'
r i+j+k=r

In (2.1) Cn r = 0,1, ... , is a sequence of bilinear mappings Cr : COO(M) x COO(M)-+
COO(M) where Co(<p,~) = <p~ and C1(<P,~) - C1(~,<P) = i{<p,~} for <p,~ E COO(M)
and {-, .} is the Poisson bracket corresponding to the form W-1.

Two deformation quantizations (F, *1) and (F, *2) on (M, w-d are called equivalent
if there exists an isomorphism of algebras B : (F, *d -+ (F, *2) of the form B =
1+ vB1 + v2 B2 + ... ,where Bk are linear endomorphisms of COO(M).

We shall consider only those deformation quantizations for which the unit constant
1 is the unit in the algebra (F, *).

If all Cn r ~ 0, are local, i.e., bidifferential operators, then the deformation quanti-
zation is called differential. The equivalence classes of differential deformation quanti-
zations on (M, W-1) are bijectively parametrized by the formal cohomology classes from
(1/iv)[W_1] +H2(M, C[[v]]). The formal cohomology class parametrizing a star-product
* is called the characteristic class of this star- prod uct and denoted cl (*).

A differential deformation quantization can be localized on any open subset U e M.
The corresponding star-product on F(U) will be denoted also *.

For f, 9 E F denote by Li, Rg the operators of left and right multiplication by f, 9
respectively in the algebra (F, *), so that Lig = f * 9 = Rgf. The associativity of the
star-product * is equivalent to the fact that Li commutes with Rg for all f, 9 E F. If
adeformation quantization is differential then Li, Rg are formal differential operators.

Now let (M, w-d be pseudo-Kähler, i.e., a complex manifold such that the form W-1

is of type (1,1) with respect to the complex structure. We say that a differential defor-
mation quantization (F, *) is adeformation quantization with separation of variables
if for any open subset U e M and any holomorphic function a and antiholomorphic
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function b onU the operators La and Rb are the operators of point-wise multiplication
by a and b respectively, i.e., La = a and Rb = b.
A formal form w = (l/V)W-l + Wo + VWI + ... is called a formal deformation of the

form (l/V)W-l if the forms Wn r ~ 0, are closed but not necessarily nondegenerate
(l,l)-forms on M.
It was shown in [22] that all deformation quantizations with separation of variables

on a pseudo-Kähler manifold (M, W-l) are bijectively parametrized by the formal de-
formations of the form (l/V)W-l'
Recall how the star-product with separation of variables * on M corresponding to the

formal form W = (l/V)W-l +wo + VWI + ... is constructed. For an arbitrary contractible
coordinate chart U c M with holomorphic coordinates {zk} let <I> = (l/V)<I>-1 + <I>o +
v<I>l+ ... be a formal potential of the form W on U, Le., w = -i8a<I> (notice that in
[22] - [26] a potential <I> of a closed (1,1)- form W is defined via the formula w = i8a<I».
The star-product corresponding to the form w is such that Lacpjazk = 8<I>/8zk+8/8zk

and Racpjazl = 8<I>/8z1 + 8/8z1 on U. The set £(U) of allleft multiplication operators
on U is completely described as the set of all formal differential operators commuting
with the point-wise multiplication operators by antiholomorphic coordinates Rzl = zl
and the operators Racpjazl = 8 <I> /8z1 + 8/ 8zl. One can immediately reconstruct the
star-product on U from the knowledge of £(U). The local star-products agree on the
intersections of the charts and define the global star-product * on M.
One can express the characteristic class cl(*) of the star-product with separation

of variables * parametrized by the formal form w in terms of this form (see [23]).
Unfortunately, there were wrong signs in the formula for cl(*) in [23] which should be
read as folIows:

(2.2) cl(*) = (l/i)([w] - e/2),
where e is' the canonical class of the complex manifold M, Le., the first ehern class of
the canonical holomorphic line bundle on M.
Given adeformation quantization with separation of variables (F, *) on the pseudo-

Kähler manifold (M, w-d, one can introduce the formal Berezin transform I as the
unique formal differential operator on M such that for any open subset U c M, holo-
morphic function a, and antiholomorphic function b on U the relation I(ab) = b'* a
holds (see [24]). One can check that I = 1+ vß + ... , where ß is the Laplace-Beltrami
operator corresponding to the pseudo-Kähler metric on M. The dual star-product *
on M defined for I, 9 E F by the formula I*g = 1-1(lg * 11) is a star-product with
separation of variables on the pseudo-Kähler manifold (M, -w-d. For this deformation
quantization the formal Berezin transform equals I-I, and thus the dual to * isagain
*.
Denote by W = -(l/V)W-l + Wo + VWI + ... the formal form parametrizing the star-

product *. The opposite to the dual star-product, *' = *OP, given by the formula 1*' 9 =
1-1(11* Ig), also defines adeformation quantization with separation of variables on M
but with the roles of holomorphic and antiholomorphic variables swapped. Differently
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said, (F, *') is adeformation quantization with separation of variables on the pseudo-
.Kähler manifold (M, w-d where M is the manifold M with the opposite complex
structure. The formal Berezin transform I establishes an equivalence of deformation
quantizations (F, *) and (F, *').

Introduce the following non-associative operation Q(.,.) on F. For f, 9 E F set
Q(f,g) = 1f*lg = l(f*' g) = l(g*f). We shall call it formal twisted product. The
importance of the formal twisted product will be revealed later.

A trace density of adeformation quantization (F, *) on a symplectic manifold M is
a formal volume form J-l on M for which the functional K,(f) = fM f J-l, f E F, has the
trace property, K,(f *g) = K,(g* f) for all f, 9 E F where at least one of the functions f, 9
has compact support. It was shown in [24] that on a local holomorphic chart (U, {zk})
any formal trace density J-l can be represented in the form c(v) exp(<I>+ w)dzdz, where
c(v) E IKis a formal constant, dzdz = dz1 .... dzndz1 ... dzn is the standard volume on
U and <I>= (1/ v)<I>-1 + ... ,w = (1/ v)w -1 + . .. are formal potentials of the forms w, W
Tespectively such that the relations

(2.3) 8<I>/8zk = -1(8w/8zk
), 8<I>/8zl = -1(8w/8zl

), and <I>-1+ W-1 = 0

hold. Vice versa; any such form is a formal trace density.

3. FORMAL INTEGRALS, JETS, AND ALMOST ANALYTIC FUNCTIONS

Let cP = (1/v)cjJ-1 + cPo + VcP1 + ... and J-l = J-lo + VJ-l1 + ... be, respectively, a
smooth complex-valued formal function anci a smooth formal volume form on an open
set U c IRn. Assume that x E U is a nondegenerate critical point of the function cP-1
and J-lo does not vanish at x. We call a IK-linear functional K on F(U) such that

(a) K = Ko + vK~ + ... is a formal distribution supported at the point x;
(b) Ko = .8x is the Dirac distribution atthe point x;
(c) K (1) = 1 (normalization condition);
(d) for any vector field ~ on U and f E F(U) K(~f + (~cP + divJL~)f) = 0,

a (normalized) formal integral at the point x associated to the pair (cP, J-l).
It is dear from the definition that a formal integral at a point x is independent of a

particular choice of the neighborhood U and is actually associated to the germs of (cP, J-l)
atx. Usually we shall consider a contractible neighborhood U such that J-lo vanishes
nowhere on U.

We shall prove that a formal integral at the point x associated to the pair (cP, J-l) is
uniquely determined. One can also show the existence of such a formal integral, but
this fact will neither be used nor proved in what follQws.

We call two pairs (cjJ, J-l) and (cjJ', J-l') equivalent if there exists a formal function u =
Uo + VU1 + ... on U such that cjJ'= cP - U, J-l' = eU J-l.

Since the expression ~cjJ+ div JL~ remains invariant if we replace the pair (cjJ, J-l) by an
equivalent one, a formal integral is actually associated to the equivalence dass of the
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pair (1, j.L). This means that a formal integral actually depends on the product ecP j.L
which can be thought of as apart of the integrand of a "formal oscillatory integral".
In the sequel it will be shown that one can directly produce formal integrals from the
method of stationary phase.
Notice that if K is a formal integral associated to a pair (1, j.L) it is then associated

to any pair (1, c(v)j.L), where c(v) is a nonzero formal constant.
It is easy to show that it is enough to check condition (d) for the coordinate vector

fields 8/8xk on U. Moreover, if U is contractible and such that j.Lo vanishes nowhere on
it, one can choose an equivalent pair of the form (1', dx), where dx = dx1 ',' . dxn is the
standard volume form.
Proposition 3.1. A formal integral K = Ko + vK1 + ... at a point x, associated to a
pair (1 = (1/v)1-1 + 10+ V11 + ... ,j.L) is uniquely determined.

Proof. We assume that K is defined on a coordinate chart (U, {xk}), j.L = dx, and take
f E Coo(U). Since divdx(8/8xk) = 0, the last condition of-the definition of a formal
integral takes the form -

(3.1)

Equating to zero the coefficient at vr, r 2: 0, of the l.h.s. of (3.1) we get Kr (8f /8xk) + _
~:~~ Ks((81r-s/8xk)f) = 0, which can be rewritten as a recurrent equation

(3.2) Kr+1((81-1/8xk)f) = r.h.s. dependingon Kj, j ~ r.

Since X is a nondegenerate critical point of 1-b the functions 81_1/8xk generate the
ideal of functions vanishing at x. Taking into account that Kr+1(1) = 0 for r 2: 0 we see
from (3.2) that Kr+1 is determined uniquely. Thus the proof proceeds by induction. D

Let V be an open subset of a complex manifold M and Z be a relatively closed subset
of V. A function f E Coo (V) is called almost analytic at Z ife f vanishes to infinite
order there.
Two functions f1, f2 E Coo (V) are called equivalent at Z if f1 - f2 vanishes to infinite

order there.
Consider open subsetsU c ]Rn and U c (Cn such that U = U n ]Rn, and a function

f E Coo (U). A function -I E Coo (U) is called an almost analytic extension of f if it is
almost analytic at U and Ilu = f.
It is weIl known that every f E Coo (U) has an almost analytic extension uniquely

determined up to equivalence.
Fix a formal deformation W - (1/v)w~1 + Wo + VW1+ ... of the form (1/v)w_1

on a pseudo-Kähler manifold (M, w-d. Consider the corresponding star-product with
separation of variables *, the formal Berezin transform 1and the formal twisted product
Q on M. We are going to show that for any point x E M the functional K; (f) = (1f) (x)
on Fand the functional Kr; on F(M x M) such that Kr;(f Q9g) = Q(f, g)(x) can be
represented as formal integrals.
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Let U c M be a contractible coordinate chartwith holomorphic coordinates {zk}.
Given a smooth function I(z, z) on U, where U is considered as the diagonal of U =
U x U, one can choose its almost analytic extension j(Zl, Zl, Z2, Z2) on U, so that
j(z, Z, z, z) = I(z, z). It is a substitute of the holomorphic function I(Zl, Z2) on U
which in general does not exist.

Let <P = (ljv)<P_1 + <Po + v<P1 + ... be a formal potential of the form w on U
and <I> its almost analytic extension on U. In particular, <I>(x, x) . <P (x) for xE,
U. Introduce 'an analogue of the Calabi diastatic function on U x U by the formula
D(x, y) = <I>(x, y) + <I>(y,x) - <P(x) - <P(y). We shall also use the notation Dk(x, y) =
<I>k(X,y) + <I>k(y,x) - <I>k(X)- <I>k(Y)so that D = (ljv)D_1 + Do + vD1 + ....

Let w be the formal form corresponding to the dual star-product *" of the star-product
*. Choose a formal potential W of the form w on U, satisfying equation (2.3), so that
J-ltr = eiJ!+'IJ dzdz is a formal trace density of the star-product * on U.
Theorem 3.2. For anypoint x E U the functional K:(/) = (11)(x) on :F(U) is the
formal integral at x associated to the pair (cjJx,J-ltr ), where cjJx(y) = D (x, y) .
Remark. In the proof of the theorem we use the not ion of jet of order N of a formal
function I = l:vr Ir at a given point. It is also a formal object, the formal series of
jets of order N of the functions Ir'
Proof. The condition thatx is a nondegenerate critical point of the function cjJ~l(y) =
D_1(x, y) directly follows from the fact that <I>-1 is a potential of the non-degenerate
(l,l)-form W-1. The conditions (a-c) of the definition of formal integral are trivially
satisfied. It remains to check the condition (d). Replace the pair (cjJx,J-ltr) by the
equivalent pair (cjJx+ <I>+ w,dzdz) = (<I>(x,y) + <I>(y,x) - <I>(x)+ w(y),dzdz). Put
x = (zo, zo), y - (z, z). For ~ = 8j8zk the condition (d) takes the form

,I (8lj8zk + (8j8zk)(<I>(zo,zo,z,z) + <I>(z,z,zo,zo) + W(z,z))/) (zo,zo) = o.
We shall check it by showing that .
(i) I(81 j 8 zk+ (8w/8 zk) I) = - II * (8<I> j 8 zk) ;
(ii) 1( (8 <I>(zo, zo,z, z)j8zk)/) (zo, zo) = 0;

(iii) I ( (8<I>(z, z, Zo, zo) j 8zk) I) (zo, zo) = (II * 8 <I>j 8zk) (zo, zo).
First, 1(8Ij8zk+(8wj8zk)/) = 1((8wj8zk)*"/) = 11*1(8wj8zk) - -11*(8<I>j8zk),

which proves (i).
The function 'ljJ(z, z)- <I>(zo,zo, z, z) is almost antiholomorphic at the point z = zoo

Thus, the fuB jet of the function 8'ljJj 8zk at' the point z = Zo is equal to zero, which
proves (ii). .

The function B(z, z) =8<I>(z, z, Zo, zo)j8zk is almost holomorphic at the point z = zoo
Fora holomorphic function a we have l(al) = l(a*"/) = I1* 1a = II * a. Since
I(B I)(zo, zo) and (II * B)(zo, zo) considered modulo vN depend on the jets of finite
order of the functions Band I at the point' Zo taken modulo vN' for sufficiently big
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N', we can approximate B by a formal holomorphic function a making sure that the
jets of sufficiently high order of Band a at the point Zo coincide modulo vN'. Then
1(BI)(zo, 20) 1(al)(zo, zo) (II * a) (zo, zo) (I I * B) (zo, zo) (mod vN). Since N
is arbitrary, I(B/)(zo,zo) - (11*B)(zo,zo) identically. The functions 8~/8zk and B
have identical holomorphic parts of jets at the point zo, i.e., all the holomorphic partial
derivatives (of any order) of these functions at the point Zo coincide. Since a left
star-multiplication operator of deformation quantization with separation of variables
differentiates its argument only in holomorphic directions, we get that (II *(})(zo, zo) =
(I I * (8~ / 8 zk) )( Zo, zo). This proves (iii).
The check for ~ = 8/8zl is similar, which completes the proof of the theorem. D

The following lemma and theorem can be proved by the same methods as Theo-
rem 3.2.
Lemma 3.3. For any vector field ~ on U and x E U 1(~xcPX)(x) = 0, where cPX(y) =
D(x, y).
(~xcPx denotes differentiationof cPxw.r.t. the parameter x.)
Introduce a 3-point function T on U x U x U by the formula T(x, y, z) = <l?(x,y) +

<l?(y,z) + <l?(z,x) - ~(x) - ~(y) - ~(z).
Theorem 3.4. For any point x E U the functional Kr; on F(U x U) such that Kr; (I Q9
g) ~ Q(/, g)(x) is the formal integral at the point (x, x) E U x U associated to the pair
('ljJx, J-Ltr Q9J-Ltr), where 'ljJx(y, z) = T (x, y, z) .

4. COVARIANT AND CONTRAVARIANT SYMBOLS

In the rest of the paper let (M, W-l) be a compact Kähler manifold. Assurne that
there exists a quantum line bundle (L, h) on M, i.e., a holomorphic hermitian line
bundle with fibre metric h such that the curvature of the canonical connection on L
coincides with the Kähler form W-l'

Let m be a non-negative integer. The metric hinduces the fibre metric hm on the
tensor power Lm = Lrsm. Denote by L2(Lm) the Hilbert space of square-integrable
sections of Lm with respect to the norm IIsl12 = I hm(s)n, where n = (l/n!)(W_l)n
is the symplectic volume form on M. The Bergman projector Bm is the orthogonal
projector in L2(Lm) onto the space Hm = rhol(Lm) of holomorphic sections of Lm.
Denote by k the metric on the dualline bundle r :L* -+ M induced by h. It is a

wen known fact that D = {a E L * 1k (a) < I} is a strictly pseudoconvex domain in L * .
Its boundary X = {a E L*lk(a) = I} is a Sl-principal bundle.
The sections of Lm are identified with the m-homogeneous functionson L* by means

of the mapping "Ym : s H- 'ljJs,where 'ljJs(a) = (arsm, s(x)) for a E L;. Here (.,.) denotes
the bilinear pairingbetween (L*)m and Lm.
There exists a unique Sl-invariant volume form 0 on X such that for every f E

COO(M) the equality Ix(r* 1)0 = IM In holds.
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The mapping "im maps L2(Lm) isometrically onto the weight subspace of L2(X, D.)
of weight m with respect to the SI-action. The Hardy space 1i C L2 (X, D.) of square
integrable traces of holomorphic functions on L* splits up into weight spaces, 1i =
fB~=o1im, where 1im = "im(Hm).

Denote by Sand Bm the Szegö and Bergman orthogonal projections in L2(X, D.)
onto.1i and 1im respectively. Thus S = "'£:=0 Bm. The Bergman projection Bm has a
smooth integral kernel Bm = Bm(a, ß) on X x X.

For each a E L* - 0 ('-0' means the zero section removed) one can define a coherent
state e~) as the unique holomorphic section of Lm such that for each s E Hm (s, e~m)) =
'l/Js(a) where (-,.) is the hermitian' scalar product on L2(Lm) antilinear in the second
argument.

Since the line bundle L is positive it is known that there exists a constant mo such
that for m > mo dim Hm > 0 and all e~m) , a E L* - 0, are nonzero vectors. From now
on we assume that m > mo unless otherwise specified.

The coherent state e~m) is antiholomorphic in a and for a nonzero c E C e~~) = cme~m).
Notice that in [10] coherent states are parametrized by the points of L - O.

.For s E L2(Lm) (s, e~m)) = (s, Bme~m)) = (Bms, e~m)) = 'l/JBms(a). The mapping "im
intertwines the Bergman projectors Bm and Bm, for s E L2(Lm) 'l/JBms= Bm'l/Js' Thus,
on the one hand, (s, e~m)) = Bm'l/Js(a) = Ix Bm(a, ß)'l/Js(ß)D.(ß). On the othet hand,
(s,e~m)) = ('l/Js, 'l/Je~m»)= Ix'l/Js(ß)'l/Je~m)(ß)n(ß). Taking jnto account that (e1m), e~m)) =
'l/J(m)(a) = 'l/J(m)(ß) wefinallygetthat (eß(m),e~m)) = 'l/J(m)(a) = Bm(a,ß). Inparticular,
~ ~ ~

one can extend thekernel Bm(a, ß) from X x X to a holomorphic function on (L* -
0) x (L* - 0) such that for nonzero c, d E C

(4.1)

For a, ß E L* - 0 the following inequality holds.

(4.2) IBm(a,ß)/ = l(e~m),e1m))1~ Ile~)lllle1m)11 = (Bm(a,a)Bm(ß,ß))~.

The covariant symbol of an operator A in the space Hm is the function a(A) on M
such that

(A (m) (m))
a(A)(x) = ea , ea

(
(m) (m))ea , ea

for any a E L; - O.
Denote by Mf the multiplication operator by a function f E COO(M) on sections of

Lm. Define the Berezin-Toeplitz operator Tjm) - BmMfBm in Hm. If an operator in
Hm is represented in the form Tjm) for some function f E COO(M) then the function f
is called its contravariant symbol.
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With these symbols we associate two important operations on Coo (M), the Berezin
transform I(m) and a non-associative binary operation Q(m) which we call twisted prod-
uct, as follows. For I,g E Coo(M) I(m) 1 = a(Tjm)), Q(m)(I, g) = a(Tjm)TJm)).
We are going to show in Section 5 that both I(m) and Q(m) have asymptotic expansions

in 1/ m as m ---+ +00, such that if the asymptotic parameter 1/ m in these expansions
is replaced by the formal parameter v then we get the formal Berezin transform land
the formal twisted product Q corresponding to some deformation quantization with
separation of variables on (M, W-l) which can be completely identified. We shall mainly
be interested in the opposite to its dual deformation quantization. The goal of this paper
is to show that it coincides with the Berezin- Toeplitz deformation quantization obtained
in [36], [38] .'
In order to obtain the asymptotic expansions of I(m) and Q(m) we need their integral

representations; To calculate them it is convenient to work on X rather than on M.
We shall use the fact that for 1 E Coo(M), s E f(Lm), 'l/JMfs = (7*1) . 'l/JS' For x E M
denote by Xx the fibre of the bundle X over x, Xx = 7-1(X) n X. For x, y, z E M
choose a E Xx, ß E Xy, 'YE Xz and set

Vm(X, y) = Bm(a, ß)Bm(ß, a),
Wm(X, y, z) = Bm(a, ß)Bm(ß, 'Y)Bm( 'Y, a).

It follows from (4.1) that um(x), vm(x, y), wm(x, y, z) do not depend on the choice of
a, ß, 'Yand thus relations (4.3) correctly define functions Um, Vm, Wm. The function Wm
is the so called cyclic 3-point function studied in [2]. Notice that um(x) = Bm(a,a)=
Ile~m)112> 0, vm(x, y) = Bm(a, ß)Bm(ß, a) = IBm(a, ß)/2 ~ 0 and

(4.4)

It follows from (4.2) that

(4.5)

For a E Xx we have
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Similarly we obtain that

(4.7) Q(m)(j,g)(x) =

B / ) r Bm(a,ß)Bm(ß, "f)Bmb, a)(r*f)(ß)(r*g)b)o'(ß)o'b) =
m a,a lxxx

1 1-(-) wm(x, y, z)j(y)g(z)O(y)O(z).
Um X MxM

5. ASYMPTOTIC EXPANSION OF THE BEREZIN TRANSFORM

In [9] a microlocal description of the integral kerneIS of the Szegö projection S
was given. The results in [9] were obtained for a strictly pseudoconvex domain with a
smooth boundary in Cn+I. However, according to the concluding remarks in [9], these
results are still valid for,the domain D in L* '(see also [6]' [41]).

It was proved ,in [9] that the Szegö kernel S is a generalized function on X x X
singular on the diagon,al of X x X and smooth outside the diagonal. The Szegö kernel
S can be expressed via the Bergman kerneIs Em as folIows, S == ~m>O Em, where the
sum should be understood as a sum of generalized functions. -

For (a,ß) E X x X and B E IR set To(a,ß) = (eiOa,ß). Since each 1-lm is a weight
space of the SI-action in the Hardy space 1-l, one can recover Em from the Szego kerneI,

E '1 r21r -im6 *SdB
m == 21r lo e TO •

This equality should be understood in the weak sense.
Let 'EI, E2 beclosed disjoint subsets of M. Set Ei = T-I(Ei) n X, i = 1,2. Thus

FI, F2 are closed disjoint subsets of X .or, equivalently, FI x F2 is a closed sub set of
X x X which does not intersect the diagonal. For Sand Em considered as smooth
functions outside the diagonal of X x X equality (5.1) holds in the ordinary sense, from
whence it follows immediately that

(5.2)

for any N E N.
Now let E be a closed subset of M and x E M \ E. Then (5.2) implies that

(5.3) supvm(x, y) = 0 ( IN)
yEE m

forany N E N.
In [41] Zelditch proved that the function Um on M expands in the asymptotic series

Um rv mn ~r~O(l/mr)br as m' --* +00, where bo = 1 (n = (1/2) dim]RM). More
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(5.4)

precisely, he proved that for any k, N E N
N-l

Um - L mn-rbr ~ O(mn-N).
r=O Ck

Therefore

(5.5) sup ~ = o(~).
M Um mn

Using (4.6), (5.3) and (5.5) it is easy to prove the following proposition.
Proposition 5.1. Let f E COO(M) be a function vanishing in a neighborhood of a
point x E M. Then I (I(m) f)(x)1 = O(l/mN) for any N E N, i.e., (I(m) f)(x) is rapidly
decreasing as m -+ +00.
Thus for arbitrary f E COO(M) and x E M the asymptotics of (I(m) f)(x) as m -+ +00

depends only on the germ of the function f at the point x.
Let E be a c10sed subset of M. Fix a point x E M \ E. The function wm(x, y, z)

with y E E can be estimated using (4.4) and (4.5) as follows.

(5.6) Iwm(x, y, z)12 ~ vm(x, y)um(x)um(y) (um(z) )2.
Using (5.3), (5.4) and (5.6) we obtain that for any N E N

(5.7) sup Iwm(x,y,z)l= O( IN)'
yEE,zEM m

Similarly,

(5.8) sup Iwm(x,y,z)1 = O( IN)
yEM,zEE m

for any N E N.
Using (4.7), (5.5), (5.7) and (5.8) one can readily prove the following proposition.

Proposition 5.2. For x E M and arbitrary functions f, 9 E COO(M) such that f or 9
vanishes in a neighborhood of x Q(m)(f, g)(x) is rapidly decreasing as m -+ +00.
This statement can be reformulated as folIows. For arbitrary f, 9 E COO(M) and

x E M the asymptotics of Q(m)(f, g)(x) as m -+ +00 depends only on the germs of the
functions f, 9 at the point x.
We are going to show how formal integrals can be obtained from the method of

stationary phase.
Let cP be a smooth function on an open subset U c M such that (i) Re cP ~ 0;

(ii) there is only one critical point Xc E U of the function cP, which is moreover a
nondegenerate critical point; (iii) cP(xc) = O.
Consider a c1assical symbol p(x, m) E SO(U x R) (see [21] for definition and notation)

which has an asymptotic expansion p r-.J l:r>O(l/mr)Pr(x) such that Po(xc) =1= 0, and a
smooth nonvanishing volume form dx on U.-SetJ.L(m) = p(x, m)dx.
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We can apply the method of stationary phase with a complex phase function (see
[21] and [28]) to the integral

(5.9) SmU) = £ em<PfJ.1.(m),

where f E Cü(U). Notice that the phase function in (5.9) is (l/i)c/J so that the condition
Im ((I/i)c/J) 2 0 is satisfied.

Taking into account that dimR M = 2n and c/J( xc) = 0 we obtain that Sm (f) expands
to an asymptotic series Sm(f) rv 'L/::o(l/mn+r)Kr(f) as m -+ +00. Here Kr, r 2 0,
are distributions supported at Xc and Ko = cn8xc' where Cn is a nonzero constant.
Thus lF(Sm(fn = vn K(f), where lF is the "formalizer" introduced in Section 2 and
K is the functional defined by the formula K = I::r>O vr Kr' Consider the normalized
functional K(f) = K(f)/ K(I), so that K(I) == 1. Then' lF(Sm(f)) = c(v)K(f), where
c(v) = vnCn-+ ... is a formal constant.
Proposition 5.3. For f E Cü(U) Sm(f) given by (5.9) expands in an asymptotic
series in l/m as m -+ +00. lF( Sm(f)) = c(v )K(f), whereK is the formal integral at
thepoint Xc associated to the pair ((I/v)c/J,lF(j.t)) andc(v) is a nonzero formal constant.

Proof. Conditions (a-c) of the definition of formal integral are satisfied. It remains to
check condition (d). Let ~ be a vector field on U. Denote by L~ the corresponding
Lie derivative. We have 0 = fu L~(em<pfj.t(m)) = fu em<p(~f + (m~c/J+ divJ1.~)f)j.t(m).
Applying lF we obtain that 0 = lF(fuem<P(~f + (m~c/J+ divJ1.~)f)j.t(m)) = c(v)K(~f +

(~((I/v)c/J) + diVlF(J1.)~)f),which concludes the proof. 0

Our next goal is to get an asymptotic expansion of the Bergman kernel Bm in a
neighborhood of the diagonal of X x X as m -++00. An asymptotic expansion of
Bm on the diagonal of X x X was obtained in [41] (see (5.4)). As in [41]' we use the
integral representation of the Szegö kernel 8 given by the following theorem. We denote
n .dimcM.
Theorem 5.4. (L. Boutet de Monvel and J. Sjöstrand, [9], Theorem 1.5.
and 9 2.c) Let 8(a, ß) be the Szegö kernel of the boundary X of the bounded strictly
pseudoconvex domain D in the complex manifold L *. There exists a classical symbol
a E sn (X X X X ffi.+) which has an asymptotic expansion

00

a(a, ß, t) rvL tn-kak{a, ß)
k=O

so that

(5.10) S(a,ß) = LX> eit<p(e<,ß)a(a,ß, t)dt,

where the phase <p(a,ß) E COO(L* x L*) is determined by the following properties:
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• 'P(a, a) = (I/i) (k(a) - 1),.
• 8a'P and 8ß'P vanish to infinite order along the diagonal,.
• 'P(a, ß) = -'P(ß, a). '

The phase function 'P is thus almost analytic at the diagonal of L* x L*. It is
determined up to equivalence at the diagonal.
Fix an arbitrary point Xo E M. Let s be a local holomorphic frame of L* over a

contractible open neighborhood U c M of the point Xo with local holomorphic co-
ordinates {zk}. Then a(x) = s(x)/ y'k(s(x)) is a smooth section of X over U. Set
q>-1(X) = logk(s(x)), so that

(5.11)

It follows from the fact that L is a quantum line bundle (i.e., that W-1 is the curvature
form of the Hermitian holomorphic line bundle L) that q>-1 is a potential of the form
W-1 on U.
Let 4> -1(x, y) E Coö (U x U) be an almost analytic extension of the potential q>-1 from

the diagonal ofU x U .. Denote D_1(x, y) := 4>-l(X, y) + 4>-l(Y, x) - q>-l(X) - q>-l(Y)'
Since 4>-l(X, x} = q>-l(X), we have D_1(x, x) = O. In local coordinates

(5.12)

where

D_1(x, y).= -Qxo(x - y) + O(lx - yI3),

, () ""' 8
2
q>-1 ( ) k -lQxo z = L..J 8zk8zl Xo Z z

is a positive definite quadratic form (since W-1 is a Kähler form).
Thefollowing statement is an immediate consequence of (5.12).

Lemma 5.5. There exists a neighborhood U' C U of the point Xo such that for any two
different points x, y E U' one has Re D_1 (x, y) < O.

Taking, if necessary, (1/2) (4)-1 (x, y)+4>-l (y, x)) instead of 4>-1(x, y) choose 4>-1 such
that 4>-1(Y, x) = 4>-l(X, y). Replace U by a smaller neighborhood (retaining for it the
n.otation U) such that Re D_1(x,y) < 0 for any different x, y from this neighborhood.
For a point a in the restriction L*lu of the line bundleL* to U represented in the

form a = vs(x) withv E C,x E U one has k(a) = IvI
2k(s(x)).

One can choose the phase function 'P(a, ß) in (5.10) of the form

(5.13) 'P( a, ß) == (I/i) (vwe<}-dx,y) - 1),

where a == vs(x), ß = ws(y) E L*lu.
Denote x(x,y) := 4>-l(X, y) - (1/2)q>_1(x) - (1/2)q>-1(Y)' Notice that x(x, x) = O.
The following theorem is a slight generalization of Theorem 1 from [41].
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Theorem 5.6. There exists an asymptotic expansion ofthe Bergman kernel Bm(a(x), a(y))
on U x U as m --+ +00, of the form

l

(5.14) Bm(a(x), a(y)) I"V mnemx(x'y)E(l/mr)br(x, y)
r~O

such that (i) for any compact E c U x U and N E N

(5.15)
N-l

sup Bm(a(x), a(y)) - mnemx(x,y) E(l/mr)br(x, y) = O(mn-N);
(x,y)EE r=O

(ii) br (x, y) is an almost analytic extension of br(x) fro'fll, the diagonal of U x U, where
bT) r ~ 0, are given by (5.4); inparticular, bo(x,x) = 1.

Proof. Using integral repres~ntations (5.1) and (5.10) one gets for x, y E U

(5.16) Bm(a(x), a(y)) = 2; 102" L'" e-imOeit<p(r, (a(x),a(y))) a(ro (a(x), a(y)), t)dtdlJ.

Changing variables t r-+ mt in (5.16) gives

(5.17) Bm( a(x), a(y)) = ;;. 102" L'" eim(t<P(r,(a(x),a(y)))-O)i.z(ro( a(x), a(y)), mt)dtdlJ.

In order to apply the method of stationary phase to the integral in (5.17) the following
preparations should be made.

Using (5.13) and (5.11) express the phase function of the integral in (5.17) as follows:

(5.18) Z(t,B;x,y):= tcp(ro(a(x),a(y))) - B = (t/i) (eiOeX(x,y) -1) - B,

In order to find the critical points of the phase Z (with respect to the variables (t, B);
the variables (x, y) are parameters) consider first the equation

(5.19) . 8tZ(t,B;x,y) = (I/i) (eiOeX(x,y) -1) = o.
It follows from <I>-l(Y, x) = <I>-l(X, y) that Re x(x, y) = (1/2)D_1(x, y). Since D_1(x, y) <
o for x i= y one has \ex(x,y) I = e Re X(x,y) < 1 for x i= y whence it follows that (5.19)
holds only if x = y and thus Z has critical points only if x = y. Since x(x, x) = 0 one
gets that 8tZ(t, B; x, x) = (l/i)(eiO - 1) and 80Z(t, B;x, x) = teiO - 1. As in the proof
of Theorem 1 from [41]' one shows that for each x E U the only critical point of.the
phase function Z(t, B;x, x) is (t = 1,B = 0). It does not depend on x and, moreover, is
nondegenerate.

One has Im Z(t,B;x,y) = Im ((t/i)(eiOex(x,y) -1) - B) = t(l- Re (eiOex(x,y))) ~ 0
sincelex(x,y) I ~ 1.

Finally, a simple calculation sho~s that the germs of the functions Z(t, B; x, y) and
(l/i)X(x, y) at the point (t = 1,B = 0, x = xo,y = xo) are equal modulo the ideal
generated by 8tZ and 80Z.
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for some Cr E Coo (U x U) and TO E Z, and with the norm estimate of the partial sums
in the r.h.s. term in (5.20) analogous to (5.15). Since X(x, x) = 0 one gets that all
cr(x, x) = O. From this factone can prove by induction over N that TJxbr vanishes to
infinite order at _the diagonal of U x U. Similarly, ~ybr vanishes to infinite order at the
diagonal. Thus br is almost analytic along the diagonal. 0

Choose a symbol b(x, y, m) E SO((U x U) x IR) such that it has the asymptotic
expansion b f'..J I:~o(l/mr)br. Then Bm(a(x), a(y)) is asymptotically equivalent to
mnemx(x'Y)b(x, y, m) on U X U. One has X(x, y) + x(y, x) = <I>-1 (x, y) + <I>-l(Y, x) -
q>-l(X) - q>-l(Y) = D_1(x,y) and,x(x,y) + X(y,z}+X(z,x) = <I>-l(X,y) + <I>_l(Y,Z) +
<I>_l(Z,X) - q>-l(X) - q>-l(Y) - q>-;-l(Z) = T_1(x,y,z) (the last equality isthe definition
of T-d. Thus the functions

Vm(x, y) = Bm(a(x), a(y))Bm(a(y), a(x)) and
wm(x, y, z) = Bm(a(x), a(y))Bm(a(y), a(z))Bm(a(z), a(x))

are asymptotically equivalent to

m2nernn:....I(x'Y)b(x, y, m)b(y, x, m) and m3nemT_l(x,y,z)b(x, y, m)b(y, z, m)b(z, x, m)

respectively. It is easy to show that for the functions <P:'1 (y) = D-1(x, y) and 'ljJ:'1 (y, z) =
T_1(x, y, z) the points y = x and (y, z) = (x, x) respectively are nondegenerate critical
ones.
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Since bo(x, X) = 1 one can take a smaller contractible neighborhood V € U of Xo
such that bo(x, y) does not vanish on the closure of V x V. One can choose V such that
for any x E V the only critical points of the functions <P~1(y) on V and 'l/;:'1 (y, z) on
V x V are y = x and (y, z) = (x, x) respectively.

The identity T_1(x, y, z) = (1/2)(D_1(x, y) + D_1(y, z) + D_1(z, x)) implies that
Re T_1(x, y, z) ~ 0 for x, y, z E V.

The symbol b(x, y, m) does not vanish on V x V for sufficiently big values of m. It
follows from (5.4) that l/um(x) and (mnb(x, x, m))-1 are asymptotically equivalent for
x E V. Denote
(5.21)

( ) = b(x, y, m)b(y, x, m) n() _.( ) = b(x, y, m)b(y, z, m)b(z, x, m) n( .)n( )
J-lxm b( ) y , J-lxm b() Y z.x,x,m x,x,m

Taking into account (4.6) we get for f, 9 E Cü(V) and x E V the following asymptotic
equivalences,
(5.22) .
(I(m) f) (x) rv mn r em4J~lf J-lx(m) and Q(m)(f, g)(x) rv m2n r em1/J~l(f Q!) g)jjx(m).Jv Jvxv

(In (5.22) (f Q!) g) (y, z) = f(y)g(z).)
Applying Proposition 5.3 to the first integral in (5.22) we obtain that lF( (I(m) f) (x)) =

c(v, x)L;(f), where the functional L; on F(V) is the formal integral at the point x
associated to the pair ((1/v)4>~1' lF(J-lx)) and c(v, x) is a formal function. It is easy to
show that c(v, x) is smooth.

Similarly we obtain from (5.22) that lF(Q(m)(f,g)(x)) = d(v,x)L~(f Q!) g) where the
functional L~ on F(V x V) is the formal integral at the point (x, x) associated to the
pair ((l/v ) 'l/;:. 1 ,lF(jjx)) and d(v, x) is a smooth formal function.

Since the unh constant 1 is a contravariant symbol of the unit operator 1, Tim) =
1, and 0"(1) = 1, we have I(m)l = 1,Q(m)(l, 1) = 1, and thus lF(I(m)l) = 1 and
lF(Q(m)(l, 1)) = 1. Taking the functions f, gin (5.22) to be equal to 1 in a neighborhood
of x and applying Proposition 5.1 and Proposition 5.2 we get that c(v, x) = 1 and
d(v, x) = 1.

Sincebo(x, y) does not vanish on V.x V we can find a formal function s(x, y) on.V x V
such that lF(b(x, y, m)) = eS(x,y), Set s(x) = s(x, x). In these notations

(5.23) lF(J-lx) = exp(s(x, y) + s(y, x) - s(x))O(y) and
lF(jjx) = exp(s(x, y) + s(y, z) + s(z, x) - s(x))O(y)O(z).

It follows from Theorem 5.6 that s is an almost analytic extension of the function s
from the diagonal of V x V. According to (5.4), lF(um) = (1/vn)e8,

Denote <I> = (1/v)<I>_1 + S, <I> = (1/v)<I>_1 + s, D(x, y) = <I>(x,y) + <I>(y,x) - <I>(x) -
<I>(y) - (1/v)D_1(x,y)+(s(x,y)+s(y,x)-s(x)-s(y)), T(x,y,z) = <I>(x,y)+<I>(y,z)+
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4>(z, X) - cI?(X) - <I>(y)- cI?(Z). The pair ((I/V)<jJ=-l' lF(l-lx)) = ((I/v)<jJ=-l' exp(s(x, y) +
s(y, x) - s(x))O(y)) is then equivalent to the pair (<jJx,eSo'), where <jJX(y) = D(x, y).
Similarly, the pair ((I/V)1P=-l,lF(ji,x)) is equivalent to the pair (1Px,esO Q9eSO), where
1PX(y, z) = T(x, y, z).
Thus we arrive at the following proposition.

Proposition 5.7. For f, g E Coo(V), x E V, (I(m) f) (x) and Q(m)(f, g)(x) expand in
asymptotic series in l/m asm -t +00. lF((I(m)f)(x)) = L;(f) andlF(Q(m)(f,g)(x)) =
L~ (f Q9 g), where the functional L; on F(V) is the formal integral at the point x
associated to the pair (<jJx,eSO) and the functional L~ on F(V x V) is theformal integral
at the point (x, x) associated to the pair (1Px, eSO Q9 eSO).
Now let * denote the star-product with separation of variables on (V,w-d corre-

sponding to the formal deformation w = -iaäcI? of the form (l/v)w_b so that cI? is
a formal potential of w. Let I be the corresponding formal Berezin transform, w the
formal form parametrizing the dual star-product "* and W the solution of (2.3) so that
I-ltr . eq>+'ltdzdz is, a formal trace density for the star-product *.
Choose a classical symbol p(x, m) E SO(V x R) which has an asymptotic expansion

p t"V 2:r~O(I/mr)Pr such'that

(5.24) lF(p)eSO = I-ltr'
Clearly, (5.24) determines lF(p) uniquely.
For I E Coo(V) and x E V consider the following integral

(5.25) (PmJ)(x) = inn1em""'-l fp/-Lz,
v

where <jJ=-l(Y)= D_1(x, y) and I-lx is given by (5.21).
Proposition 5.8. For I E COO(V) and x EV (Pmf)(x) has an asymptotic expansion
in l/m as m -t +00. lF((Pmf)(x)) =c(v)(If)(x), where c(v) is a nonzero formal
constant. '

Proof. It was already shown that the phase function (l/i)<jJ=-l of integral (5.25) satis-
fies the conditions required in the method of stationary phase. Thus Proposition 5.3
canbe applied to (5.25). We get that lF((Pmf)(x)) = c(v,x)Kx(f), where Kx is a
formal integral at the point x associated to the pair ((I/V)<jJ=-l' lF(pl-lx)) and c(v, x) is
a nonvanishing formal function on V. It follows from (5.23) and (5.24) that lF(pl-lx) =
lF(p)lF(l-lx) = lF(p) exp(s(x, y) + s(y, x) - s(x))O(y) = exp(s(x, y) + s(y, x) - s(x) -
s(Y))l-ltr = exp(D(x, y) - (l/v)D_1(x, y))l-ltr = exp(<jJx - (I/V)cjJ=-l)l-ltn where cjJX(y)=
D(x, y). The pair ((I/V)cjJ=-l' lF(pl-lx)) is thus equivalent to the pair (<jJx,I-ltr)' Applying
Theorem 3.2 we get that

(5.26) , lF((Pmf)(x)) ~c(v,x)(If)(x).
It remains to show that c(v,x) is actually a'formal constant. Let Xl be an arbitrary
point of V. Choose a function E E Coo (V) such that E = 1 in a neighborhood W C V
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of Xl' Let ~ be a vector Held on V. Then, using (5.23), we obtain

(5.27) ~~x4>:l (y) + lF( ~xJ-lx (y)) =
v J-lx

1 -
-~xD-l(X, y) + ~x(s(x, y) + s(y, x) - sex)) = ~xD(x, y) = ~x4>x.
v

On the one hand, taking into account (5.27) we get for x E W that

(5.28)

IF((~Pm€)(X)) = 1F(mn~ J>m,p"-'€PJ1x) = 1F(mn Iv em,p,,-,(m~x1>:'l + ~~x )€PJ1x) =

c(v,x)IG~x1>:'l(Y) +1F(~~X(y))) = c(v,x)I(~x1>X) = O.

The last equality in (5.28) follows from Lemma 3.3. On the other hand, for x E
W we have from (5.26) that IF((PmE)(X)) = c(v,x), from whence IF((~PmE)(X)) =

~IF( (PmE)(X)) = ~c(v, x). Thus we get from (5.28) that ~c(v, x) = 0 on W for an
arbitrary vector field ~, from which the Proposition follows. 0

It followsfrom (5.22) and (5.25) that for fE Cü(V) (I(m) (fp)) (x) is asymptotically
equivalent to (Pmf)(x). Passing to formalasymptotic series we get from Proposition 5.7
and Proposition 5.8 that c(v) (If)(x) = IF((Pmf)(x)) = IF( (I(m)(fp)) (x)) = L~(fIF(p)),
where ,L~ is the formal integral at the point x associated to the pair (4)x, eSn). Thus

(5.29) c(v)(If)(x) = L~(fIF(p)).
The formal function IF(p) is invertible (see (5.24)). Setting f = I/IF(p) in (5.29) we get
c(v) (I(I/IF(p))) (x) = L~(I) = 1 for all x E V. Since the formal Berezin transform is
invertible and 1(1) = 1, we finally obtain that

(5.30) IF(p) = c(v).

Now (5.24) can be rewritten as folIows,

(5.31) c(v)eSn = J-ltr =e<I>+'I! dzdz.
In local holomorphic coordinates the symplectic volume n can be expressed as follows,

n = eOdzdz. The dosed (1,1)-form Wcan = -iaae does not depend on the choice of
local holomorphic coordinates and is defined globally on M. The form Wcan is the
curvature form of the canonical connection of the canonical holomorphic line bundle on
M equipped with the Hermitian fibre metric determined by the volume form n. Its de
Rham dass c = [wcan] is the first ehern dass of the canonical holomorphic line bundle
on M and thus depends only on the complex structure on M. The dass c is called the
canonical dass of the complex manifold M.

One can see from (5.31) that c(v) = Co + VCl + ... , where Co i= O. Thus there exists
a formal constant dry) such that ed(v) = c(v) and dry) + s + e = <I>+W. Therefore the
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------------------ -1

formal potential \lJ of the form w is expressed explicitly, \lJ = d(v) - (I/V)cI>_l + B, from
whence it follows that '

(5.32) w = -(I/V)W-1 +Wcan'

Formula (5.32) defines w globally on M. Thus the corresponding star-product "*and
therefore its dual star-product * are also globally defined.

Theorem 3.2, Theorem 3.4, Proposition 5.1, Proposition 5.2 Proposition 5.7, formulas
(5.29), (5.30) and (5.31) imply the following theorem, which is the central technical
resultof the paper.
Theorem 5.9. For any f, 9 E COO(M) and x E M (l(m) f)(x) and Q(m)(f, g)(x)
expand to asymptotic series in l/m as m --+ +00. lF( (l(m)f) (x)) = (lf)(x)and
lF(Q(m)(f,g)(x)) = Q(f,g)(x), where land Q are the formal Berezin transform and
the formal twisted product corresponding to the star-product with separation of variables
* on (M, w-d whose dual star-product"* on (M, -W-1) is parametrized by the formal
form w = -(I/V)W-1 +Wcan'

Remark. As shown in [37] we have the following chain of inequalities

(5.33)

Here 11 .. 11 denotes the operator norm with respect to the norm of the sections of Lm
and 1.. 100 the sup-norm on COO(M). Choose as Xe E M a point with If(xe)1 = Ifloo'
From Theorem 5.9 and the fact that the formal Berezin transform has as leading term
the identity it follows that 1 (l(m) f)(xe) - f(xe)1 ~ A/m with a suitable constant A.
This implies Ilf(xe)I-I(I(m) f)(xe)11 ~ A/m and hence

(5.34) Ifloo - A = If(xe)l- A < I(l(m) f)(xe)\ < 1(l(m) f)loo .
m m

Putting (5.33) and (5.34) together we obtain

(5.35) Ifloo - A < I1Tjm) 11 < Ifloo'
m

This provides another proof of [6]' Theorem 4.1.

6. THE IDENTIFICATION OF THE BEREZIN- TOEPLITZ STAR-PRODUCT

In this section * will denote the star-product with separation of variables on (M, W-1)
whose dual "*is the star-product with separation ofvariables on {M, -w-d parametrized
by the formal form w = -(I/V)W-1 +Wcan'

'Let I = 1 +'v11 + v212 + ... and Q = Qo + VQ1 + ... denote the formal Berezin
transform and the formal twisted product corresponding to *. Theorem 5.9 asserts
that for given f, 9 E COO(M), rEN, x E M there exist constants A, B such that for
sufficiently big values of m the following inequalities hold:
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r-l

(6.1) (I(m) J)(x) - L ~I;(f)(x) ::; :r'
i=O m

r-l 1 B
(6.2) Q(m)(f,g)(x) - L-iQi(!,g)(x) ~. -r'

. i=Om m

It was proved in [36]'[38] that Berezin- Toeplitz quantization on a compact Kähler
manifold M gives rise to a star-product on M. Thisstar-product *BT is given by a se-
quence of bilinear operators {C k}, k ~ 0, on Coo (M) satisfying the following condi tions.
For f, 9 E COO(M) and any rEN there exists a constant C such that

(6.3) IITjm)T~m) - Tj~;1911 ~ C/mr,

where f *[r] 9 = 2:~:~(I/mk)Ck(f, g). The conditions (6.3) determine the star-product
*BT uniquely. We call *BT the Berezin- Toeplitz star-product.

Recallthat for f, 9 E COO(M) a(Tjm)) = l(m)(f), a(Tjm)TJm)) = Q(m)(f, g).
Passing from operators to their covariant symbols in (6.3) and using the inequality

la(A)1 ~ IIAII we get that

(6.4) IQ(m)(f,g)(x) - l(m)(f*[r] g)(x) I ~ C/mr.
It follows from (6.1) that

r-k-l

(6.5) ~ J( m) (Ck (J, g) )( x) - L m7+kIi (Ck(J, g) ) (x) ::; ~~.
i=O

Summing up inequalities (6.2) and (6.5) for k = 0,1, ... , r - 1, we obtain that

(6.6) I ( Q(m) (f, g)(x) - l(m) (f *[rj g) (x))-

r-l D
L~i(Q;(f,g)(x) - L Ij(Ck(J,g))(x))I ::; mr.
i=O j+k=i

for some constant D. It follows from (6.4) and (6.6) that
r-l

L ~i (Q;(f, g)(x) - L Ij (Ck(J,g)) (x)) ::; :r'
i=O j+k=i

for some constant E, which infers that for i = 0,1, ...

Qi(f, g) = L 1j(Ck(f, g)).
j+k=i

Equalities (6.7) mean that Q(f, g) = l(f *BT g). Since I is invertible we immedi-
ately obtain that the star-products *' and *BT coincide. Thus the Berezin- Toeplitz
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deformation quantization is completelyidentified as the deformation quantization with
separation of variables on (M, w-d whose star-product *BT is opposite to *.
Using (2.2) we can calculate the characteristic dass cl(*BT) of the Berezin-Toeplitz

star-product *BT.
It follows from (2.2) and' (5.32) that the characteristic dass of the star-product *-

equals to cl(*) = (I/i) (-[(I/V)W-l] + e/2). It is easy to show that the characteristic
dass of the opposite star-product *' is equal to -cl(*). Since *BT = *', we finally get
that the characteristic dass of the Berezin- Toeplitz deformation quantization is given
by the formula cl(*BT) = (I/i) ([(I/V)W-l] - e/2).
The characteristic dass of the Berezin- Toeplitz deformation quantization was first

calculated by Eli Hawkins in [20] by K-theoretic methods.
As a conduding remark we would like to draw the readers attention to the fact that

the dassifying form w of the star-product * is the formal object corresponding to the
asymptotic expansion as m -t +00 of the pullback w(m) of the Fubini-Study form on
the projective space 1P'(H~) via Kodaira embedding of lvf into 1P'(H~). Here H~ denotes
the Hilbert space dual to Hm - rho1(Lm) (see Sectiori 4). It was proved by Zelditch [41]
that w(m) admits a complete asymptotic expansion in l/m as m -t +00. As an easy
consequence of the results obtained in this artide one can show that lF(w(m)) = w.
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