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Abstract

In this paper, we suggest a new Fourier transform based algorithm for the reconstruction -

. of functions from their ponstandard sampled Radon transform. The algorithm incorpo-.. . . ...
rates recently developed fast Fourier transforms for nonequlspaced data.” We estimate

* the- correspondmg aliasing-error-in dependence on the sampling geometry of the Radon- -
‘ transform and confirm our theoretlcal results by numerical examples
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1 Introductlon

Let S (RZ) be the Schwartz space of rapldly decreasmg functlons and let S(Rx ’Jl‘) be thespace ‘

‘of C* functions on R? that are rapldly decreasmg in the first argument and 27r~per10dlc in.

the second’ argument : :

We are interested in the two—dlmensmnal computerlzed parallel beam tomography: Wthh is
Vconvemently vodeled by the Radon tmnsform R:S (]Rz) - S (]R x ’Il‘) w1th T

f(f) fl@)e 2=t dz |
R[ __

be ".the‘Fourz'er transform of f € Lz(Rfi).
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- Figure 1: X-ray in parallel beam tomOgrabhy‘

Radon transform and Fourier tra.nsform are rela.ted by the so—called “Founer shce theorem” '
or “projection theorem”. B

Theorem 1.1 If f € S(RZ) then

P ' o 00 /Rf(s,go "27“”ds—Rf(a cp)

In practlce only a finite number of hne integrals (1. 1) can be measured So the natural questlon
. ’a,nses ‘which line integrals should be taken, i.e. how the beams should be arranged in order
~ to insure a satisfactory reconstructlon of the function f.
If we sample R f on a grld Q’ = {Ak k € Zz} C R X ’JF the answer was glven by Natterer :

' Theorem 1.2 [20 Theorem 1113 1] Let f € C°°(Q) and Rf € SRxT). For v € (0,1) and
5> 1 deﬁne the set K by R a ’ R

Let A be given by (1.3) so tha,t. , Lo e




(A) the sets K + Ak (k € Zz) are mutually d1SJomt ‘
_ IfRf(Ak) =0 for a]l k € Z2 then we have forb > B( ) > 1 that ,

g o R e
uRfIIL:@&fr’) < w) A ||f”L1(Q) - ——50( F (i)
Here C( ) aJﬂd /\( ) are positive constants and - R

Calnb= [ i@

Tl

The first summand in (1.5) decays exponentlally as b increases beyond B(v), while the second

summand depends on the decay of |f| outside the ball {¢: |¢| < b}. .
The simplest sampling grid G which satisfies the assumptions of Theorem 1.2'is the so—~called -
standard grzd with generating matrix ’

A= ('6” x ) (@ >wm).

- 260 :

i (22, |

generates the dual grid. This is the grid usually applied in pa.rallel beam computenzed tomo— '

graphy and the assumption (.A) in Theorem 1.2 is simply an agreement with a result of B
Bracewell and Riddle (3]. See Flgure 2. The standard grid has mesh width < 4—1)7 - We will * T

refer to’ any other grld G as nonstandard -grid.- Havmg a look a.t Flgure 2, we see.that. g can S
‘be further reﬁned so that G becomes coarser. C o

Here

AR

Flgure 2: Dual standard grld Wlth four sets K+ Ak (left) and sta,nda,rd grld (rlght) where
T = 2 (1~ 0.95). .




For example the samplmg gr1d and correspondmg dual grld W1th generatmg matnces : o

_respectively, also fulfill the assumptlon of Theorem 1. 2 See Flgure 3.

L Flgure 3 ‘Dual interlaced gnd Wlth four sets K + Ak (left) and 1nterlaced gnd (r1ght) wher,e
:T—gzr—b(u<u1/~095) '

Moreover, this so—called interlaced grid has twice the mesh width of the standard gr1d ie.
we need only half the number: of line integrals for a satlsfactory reconstruction of f than in
the standard sampling case. The interlaced grid has been found by Lindgren and Rattey [18]
wh1le 1ts name- is due to Cormack [4] AT
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A Varlous algorlthms ‘were’ desxgned for the reconstructlon of functlons f from thelr sampled
- values.c on the interlaced grid. For example, a filtered backprmectmn algorithm was" suggested_ -
by~ Kruse [15] and algebralc reconstruction algonthms by Klaverkamp [14] e

n- algonthms for standard sampled Radon transforms -

..connectlon ‘with fast- Founer transform a.lgorlthms —

~for nonequlspaced da,tari[l 3 11 25]»}. These new algorlthms improve known Fourier” recon-
: structlon algorithms as the UFR /gri
[7 27] -with respect- to. the reconstru b
‘venient filtered’ backprojection which:ensures a good quality of the 1mage ‘at the expense:
of O(N3) arithmetic: operatmns, Fourier. reconstruction methods require only O(N? log N)
arithmetic operatlons This feature will be of pa,rtlcula,r interest for future three—dlmensmnal v

g algorithm [16 17, 22; -26] or the linogram algorl hm ] i

image processing. :
This paper is organized as follows: The followmg sectxon provides a new Fourier reconstruc-

- tion algonthm for nonstandard sa,mpled Radon transforms based on fast Fourier transforms




' numerxcal results

for nonequlspaced data. Section 3 conta.ms estimates of the ahasmg €errors mtroduced by
our algonthm which confirm Na,tterer s samphng condltlon (A) Fma.lly, Sectlon 4 Presents

" introduced approx1ma.t10n error and glve non—heunstlc criteria for the choice of the parameters L :

2 .Fouri‘er. reconstruction algorithms-

QOur Fourier reeonstruct_ioh algorithms are based on fast F_ourier ktra,rlstrms for nonevqlri:’s»pe,ced :
data (NFFT). In the following, we introduce,;;he NFFT ina very short way. For details see [24]. .

Let 14 := [-1 1) and Iy := {k e“ Z‘d K—’—;’- <k<X }, where the 1nequaht1es hold e
componentwise. For arbitrary wj el (4 el M), We c0n51der

=T 1 ..‘?f.,zf"kw’ (’?,,?’.N,)'., e

J€Inm’

Stra1ghtforwa.rd computation of (2. 1) requlres 0 ((M N)%) arithmetic operations. For equi-
spaced data w; = j /N (j € In) the complexrty can be reduced to O(N¢ log N ) anthmetlcf“ :
‘operations by applymg well-known fast Fourier transform techmques (FFT).
Recently, fast approximative algorithms for the efficient. computation of (2.1) were developed

(2, 6, 23, 29, 32]. The basic idea of these algorithms was known as so—called grlddmg ‘
However, only the recent papers cla.nfy the relation between the speed of the algorithm and the,' R

of the algorithm.-
Let n:=aN "(a@>1) and m < N. Further Iet a l-perlodxc functron 7 W1th good Iocahza-
_tion in time and frequency domain be given. For. example, can -be chosen as tensor producth .

v of the 1~per10d1zed n—dxla.ted version 3 <p(n(x + r)) of the

_ reZ
- Gaussra,n bell <,o(a:) ;l-ﬁe‘“"ziy/ﬂ” ’ ‘(ﬁ = ﬁz—%l—m-),

- cente‘ed cardinal B-sphne P(a) i= Mam(z) of order 2m

- Kalser—BesseI functlon [10] '

Let ¢( {

1[_m m] j(z)y where 1[_m m] 18 the cha.ra.cterlstlc function of [—‘m L
bell ¢ is 51mp1y a trunca.ted versxon of,-tp, while 1/1 coincides w1th <p in the other two cases e el

vﬁ-:Wthh requlres only .

ﬂetlc operatlons reads as follows: R

Algorlthm 2 1 (NFFT Algorlthm' i n S SIS ‘
Input N M. E N a>1l,n:= aN w; € 114, fJ ecC (J € IM) : S R

Preeomputatxon: Fourier coeﬂiaents | ck(cp) of <p (k €I N)..
 function values = (w; —%) (leIy; 5 € Inm)
Compute - : . o ,




—'*—"*;'*"‘2?"'&7;":': -4 Z ar e*z’”“/" by d va.mate Teduce 1

Z i (wa—g) (leI)

]GJn m

": .
n%
:_3 S

lel,

.3 fk: ak/ck(qo) (k EI

- OQutput: fe <approximate lva.rl‘ile-of fk

For the above functions ¢ and o > 1, it was pr'oved 2, 6, 29] that the error inz}.x | F — fil
. . ' eln )

decays exponentially with m.

functions. For constructlve purposes we assume tha.t R f was sampled on the grld g ={Ak:
k =3 Z2} Wlth . C e : ol B e R ,, i .

-

- Further, we assume that a|M and a|T. Then the “dueI grid G is generated by

., -vNote that we have a= 1 c= 0 for the sta.ndard gr1d and a = 2 ¢ =1 for the 1nterlaced gnd

o E[Q
= BN

Remark 2.2 Indeed (2.2). 1s‘felatedmte the more general grld(l 4) as follows: Under the

additional assumption that a11,a12 € Q in (1.4), there exist integers c11,c12,¢21,Co2" w1th

| gcd(cn, clg)“— l and gcd(czl, 022) =1 a,nd positive numbers T M € Q such that

_Cﬁ G 021.;13’1”‘7 . agy o 622
2T det(A)f. M 7 det(A) M

where a € N is the sma.lles.f positive integer such that (% ) e g and c e Z is the smallest
nonnegatlve 1nteger such that (& T) €g. o . : O

| Fort— T,...,T 1, we set

!

‘ . ) T T
' =s == =Uu,... -lyj=— ..., —=1],
~.,-~“Pt. ©j .k T(J,a +,@, (k =0, ,a‘.»ll j . , )

.6

= 1,2). Thus, the grid § given by

)' }(a,c,M,TeN;b q,M,T>O; 0<c<a). (22)




054 := (cos go-j,k;singoj, )" and

k SV | oM Mo\
snk = —-——-————( ¢)a + na (k 0 N B (R N -_—‘1) S
TR T M - ak e )

Here (k), denotes the nonnegatlve res;due of k modulo a. By (2 2) we assume that the Radoh FRAL I :
transform Rf of f is known at the gmd pomts : : &

T M. M
(Snka‘ﬂjk) (k=0,. -a—l J—-QY .,Z’—l“; nw=—?,n.u...,,7——1),

We want to reconstruct f with ( 2) on the grid

(xj’yk)—(JN,kﬁ) (J,k— 5 1),,

i.e. we are mterested in details of size > + . Based on Shannon’s samphng theorem [13], we -
assume that eo(f,b) is small for b > N Our Fourier reconstruction: algomthm is ba,sed onthe .
projection theorem L. 1 and on our NFFT~a.lgor1thm o ' e |

In the first step, we approximate the onMimensional'Fomier' transforms

. 1 ) » .
RF(0,9) = fo9) = / R el rds

-1

by using our sampled values Rf (snk, ¢;, k) and the tra.pezmdal rule for the numerlcal 1ntegra— =

tion: For ] = 0 I_1 and k= 0 ,a—1, we obtam '
o | M_l B
}' g"(o_, ‘Pj,k) = GZ 3n k> 93, Ic) 21r1((kc)a+na)a'/M
. . &: - __1 S _ . L
dorpsp) = _,‘2’”"“ ol S Riones, et ey
T TR n=_M . ST Ee

=) i
_ S Tl -
g <_77_7'_‘:)“(pj1k> =' —27r1(lcc)au/a e —27n(lcc)av/7M a Z Rf Sn s P, k)e-27rmv/(—1);'
) ¥ ) n_—M L
— ——21r1(kc au(ag (7 Vik ) | ‘ . n : (26) -




Thus it suffices to evaluate (2.5) for m = M 1 The other value"'fﬂllow”b” T

multiplication with complex exponentlals (see (2. 6)) . In summary, we obtain all izalues_;

g (mu’ 9{%) by T one—dlmensmnal FFTs of length -——1 and some- modulatrons 'w1

exponehtlals The computatmnal complex1ty can be turther reduced by using the fact that -
for real—valued functions f o r .

 f(~06) = F(08). R @

" To improve the reconstruction quality, the first step is in general followed by a filter step.

This filter step reduces the aliasing error introduced by the discretization of the Fourier inte-

gral. In our numerical computations we will apply several filters.. However, our estimates of

the aliasing errors in Section 3-are given without incorporation of the improvement by the fil- v

ter. For this reason, we will i ignore the filtering step in the followmg theoretxcal considerations. e o

In the second step, we approx1mately ‘compute the: two—d1mens1onal inverse Fourler trans- .
form : . ,

oo ' . .
f@=5 [ el / f(o0) 2”“d<pda~ / o / R (o,9)e**% dpdo

-0 ) —o0 -7

by usmg our values § (m’ <pt) ~f (ﬂf)t) and the trapez01da1 rule Based on our assumptlon o
that eo (£,0) (b> ) is negligible small, we consider g :

(f*Wb)( / /f (08) 2’""0"d<pdcr B ey
3 -wo . o [ : : » -
where A : '
W) = 1) (€€ R).

. Note that Wb can be replaced by smoother functlons w1th

O<IW@<(1 W@(—U

Wb(a) Wb(a) = 0 for |cr| > b

.. /This leads to the ﬁltermg step mentroned before the second step of our algomthm To sxmphfyt ’
 the notatlon, ‘we omit the ﬁltenng step- by.a smoother functlon at least in our theoretlcal.'

con31derat10ns PR e

retlzatlon of the inner 1ntegral: leads to a

. ..,“Q.Now?:

(f * Wb)(l)( )= /01
[ e . -
R t=-T
and finally discretization of the outer integral with b :=. %’- to’
S (i) : Vs T T ‘'m : o ‘j' Nyy - ‘.
(f * WN) (:J:j,yk) = — Z Umd | —, ¢ ezW‘mof(k)/(_zi), (2.10)

T S




m =0, v
m otherwise.

In summary, we obtain the followmg algorxthm for the eﬁ‘icxent computatlon of

(ii)
f (m,,yk) = < f* WN) (.’EJ, yk) with (’)(N 2 log N) arlthmetm opera,tlons

Algorithm 2.3 (Fourier reconstruction algorithm)

Input: a, M,T €N and ¢ € Z grid parameters. v _
Rf(shk:,(Pt) (t_ T 1ik=O7-",a"n’:—%ﬂ'"%“l).
'y €N oversamp]mg fa.ctor ' a

1. For k.=0,. _.v,a—landJ—T/a, ,T/a——landform;—%i’,...,%I—lcompute
' - RIS o -l R M 1 :'.t:v - : s S
g (m’wj k:) —e 21r1(k:c)am/(7M) a Z Rf Snk> Pjk ) 21rmm/( L ) :
v n_ ‘v o

by T one-dimensional FFTs of length Ma—'l and some nﬁulﬁp]icétions with 'COfnplex..‘ex-

ponentials. I
2 F Orj’k:—'zMa 4 -1 cokm'p'izt'ef'}
fzi ue) = ;7,- Z Z U (_ <Pt> 2mim8y(] )/(_21)’

m=0- t=-T

‘ by Algontbm 2. 1 with a = 2 a.nd d 2

Output f(xj,yk) a.pproxunate Value off(z: myk)

Our Fourler reconstructlon algonthm 23 suﬂ'ers from two kxnds of approx1ma/c10n errors: “the
errors. mtroduced by applying the NFFT—&.Igomthm in step .2 and the aliasing errors arlsmg'
by the dlscret1zat10n of the. Fourier mte‘ als.. Whlle the first’ kmd of errors can be kept very.
small by an appropriate choice of the parameters of the NFET(see [24, 29, 10]), the aliasing
-.. -€ITOrs depend on the samphng gnd g of the" Radon transfor 1 "herrelatlon bet_ween G and -

the Lntroduced ahasmg error wxll be mvestlgated in the next secti . [ S

3 -Est1rriat on’ of the allasmg error

 We are mterested in the dlﬁerence between [ W, and ( f * Wb)(‘) glven by (2 8) and (2. 9)
respectlvely The final discretization (2.10) also depends on the oversamphng factor +, where
the discretization error can be improved by increasing 7.




)2 <M< ;%% andT > 7rM(a Z1). (a>3),

Theorem 3.1 Let f € C§° (Q) and Iet the S(R x T) be 'eempled' with respect te'tHe nd “'
generated by the matrix (2.2) with c = 1 IfM,TeN sat1sfy one of the fol]owmg conditions

" can be'treated in-a similar way.

if) 3272 < M <obandT >m(2eb—M) (a24), ;f,,
i) ab < M < 2ab and T > M @2,
iv) M‘v_>_ 2aband T > 27b (a2 1‘),“ -
then ‘ ‘
| f W, —(f* Wb)(j)'”Loo(Q) < mabeo(f,b) + CllfllLye) avh (1 = TZ)—.ie—%"b(l—ﬂ)% N
Where C denotes a positive censtant and '
” | - IM(a—1) in casei),
' in case ii),

. jn case lii), .  : b,_',:,;, ‘ L _ R . ._..,_j'_:,,. 2 e e
in case iv). . '

To keep the notatlon as simple as possxble we restnct our attentlon to c=1. The case ¢ # 1 o

Note further that our cond1t1ons i) — iv) are in agreement with Natterer $ requlrement (.A) CoT
See Flgures 4 and 5. : : Ry

) Proof: Our starting pomt is the d1scretlzat10n (2 4) which is necessary in the ﬁrst"sﬂ ep of .
, ‘Algorlthm 2 3. Regarding that. Pt = ik, i.e. t := ja + k and applying Poisson's summa,tlon L

formula, we obta.m that g is related to R f by

(o) = —2m(kc aa/MZRf o+ l— (p ) 27r1(a+lM)k/M
' ' ' - lez : CE e

- e = ZRf 0’+l—]\£ (P) z,mlk/alb A’

Z é21t1rk /a . |

Cor=0

ZRfa+rM+lM (pt) EV (3.2)

(e W)0a) =

Lo - | B
T M. 27ncrat:x: 27r1rk/a o
firs (;wa M e

e B - ) |
;; Z (ZR]‘(O’-*-TLM— -I—lM ()0) 27rw€ta:> eir2T&f)t/a dd

t=-T \lezZ "~

U




This can be splitted as follows:

W)@y = 63

ir2Tnpt/ada S

+ Z( / 7+‘ / )a% Z Rf(a 4 T]_f—) (Pt)ezmaotkz‘» elTZT(pt/a do
u(r,a) t==T A

4 Z( / + / )O'% Z RTf(O’ _Ma;‘?"got)e2wiaﬁtm eiT2T‘éc/fl do,

where : R , - S o :
bt it rM (0], I G

10 - otherwise, o

and v

MEE—b i METE b€ (0,0), |
0~ - fM&T-b<o,
b if MEL —b> b, | , -
|
|
\

¢ By Poisson's; siim;nation formula we have for a 2m—periodic function h that

T Z h 11‘2T§0t/a ZC’2T+k2T , . (3"._4)
=T L ke

- where S

, 2 _

ck(.h),;;"/;h( Jeietdy

N 11 that

(.f * Wa)c.).,_(w) -1’=3:(f_\%»W;,)(w) teo +, CI:O + e, - Tt 2 |

-where

o e




and - o
b |
o erg = / Ycsz Rf 0, ) 2#10%),_519’

J keZ
0 kzo

, u(r‘a.) - T 1 M AR : v

eyx = Z / Z Rf U+7‘-— wt)ezﬂiaetmfe-'i.r;?m’ot/a.da ' . S
r=1 ‘ t——T ; . o e
a—1 STl

+ Z / O'-— Z Rf O'—M ,(P )e27ﬂ0’0t1‘ 11'2T(pt/a,da_

T=1o(r a) - t__T

- Note that - [ - do vanishes for r = 0. ‘
o('r a)-. ) »
Let M and T satlsfy one of the condltlons i) - iv). Then we have in particular that

 M>%and T>2b - (36
Estimation of eg o
Since M > 2b and ‘byn(2.7) the error ed canbe .estimé:fe;i by ‘.

el < 370 5 /:Rfosotmo |

,_.«;_ = Tlol2b

- By Theorem 1 1 we obtain further that : - h ) ’ i A )

Estimation oferg 0 T T
By deﬁni't'ibh'\bfck'(-), we obtaziﬁ R

- > / o

- : R N T
k#0., 0 ;-;—Q,, S e

and furth by Theorem I

€10 = Z/ //f —27rwy8 dy e27r100w 1<pk2T d(p dO'

- k€EZ
k0 0 Q

27

‘ ___ Z/f / / —-27rio(y~z)ﬁei(pk2T d(de‘ dy.

ke
k,;eo 2

Sz




 Sety— z = ly:'ﬁ"?@l (Cps ¥(z,y), sinbzﬁ(__xr,‘y‘)) and & = o(z ,y) = (p— . Then we havg tht S

(20, p.198]

Thus,

~ Let M < 2ab. “As in the prev10us ca.se, we rewnte en by usmg Pmsson sl'summatlon for ’*ula i

e b 2w - : L
o 610 = S—‘ J/ f(y 11p(m,y)k2T /0_ /e—2ma|y-—m|cosa 1ak2T da d()' d'u
' fiﬁﬂ 0 .0 o ‘
= > / Fly)dverT / g Jier (2moly —x|)dady (38 .
k€EZ R e e
ko & o L L D e : Cod e

Here Jn denotes the n—th Bessel function of first kind

it . ) v
0

The Bessel functions satisfy J_n(z) = (=1)"J,(z) and the modified Debye‘s formula [vl, 9.3.7]

< (rn) < Q- _Tz)_%e‘—‘%’@—’z)gﬁ (rwe (! ) |
@)z

‘ Smce we have by (1. 2) that |y zlo < 2b and since T > 27b, we verlfy that

. 2moly - x| < 2bm

Tk:—— | 2Tk _—i_'—=:’r<1 (kGN)

. ( 1 _Z_Tl,]_;ﬁ%»
eln. < 41r fl E kI i mm)?
10 || |L1(Q) (2r sz)_% o ‘
x 3 . : L
< Cllfllrl(n)\/l—)(l'—f )-tesa-mt 69

with a positive constant C.

Estlmatxon of e

First note. that e only dppears 1f a Z,-

- for nonstanda.rd sa.mphng and if M < 2ab.":
Thus, in case iv) we are done. : - : e

(3.4) and Theorem 1.1as: B TP

keZ

e :Z(Ef Ix(fr(m,y)+11§3( ,y)+fz(c3r( ,y))dy)

=L 0




- where

,_ w2 ~
;I(l) (.’I? y) =. i.b.J[ 5 J[ 'et—_27r‘i9((a+7'—)y a:z:)) 1( +k)2Ttp d(p do,
0 .0
‘ v(r, a.) :
I)E:?’) (93, y) = O" —27r16((0' Me=T)y— ax))el( +k)2Tcp d(p dO’,
o(r,a)
e = [ - / P ST g
: ura) O ‘ o -

. and ' a—r . [

. M i M € [0,b),

v(r a) = { b otherwise.

The integrals I, (1 ) vanish if M > 2, in particular, since M > 2b,'ifr > 3. If M < %Il_,,then 1

~—~we have for o € [0 u(r, a)] that St - el et L
m(a,m y) = |(a + r—a-)y —oz| < 2b- r%[—

The mtegrals I ,E ) vamsh if M > 2“" If M < =22 2“” , then we obtain for o € [o(r ( a),v(r,a)] that =

-T

<2>(axy>—|< M,“_;",) —os| <ML
.a. a

then '

ar’

The mtegrals I ,(62 vanish if M > ab m partlcular smce M > 2b 1f r<g. IfM <.
‘we have for o € [v () a) b that ‘

a

P (0,2,y) = (o = M

—r
| —)y
‘1. First we cons1der the nonvamshmg summands in (3.10) w1th 1<r <& 3 (@>3),ie I (1) ff’bl"
M < “b and I ,(62) if M > 2ab < 4 4b The smallest absolute value of o+ Ic (k € Z) appears fo

7‘ —.a-T

k= 0
- With respect to ( ) we see that R

_holds true if
" With respect to 18 we have that

is correct if

T >nM(7-1). . "(3;"12‘)‘




o o M(a—-1) 2 2ab M the cond1t10n

. The rlght—hand 51des of (3. 11) and (3. 12) increase if  becomes smaller »
1.1, Let 26 < M < 22 Then I(lr) and I( ) dont vanish for all r_e N r < . Thus, since

T>7rM(a __ 1) | iy (313) b, v

' ensures that 27rp(") <2T7 (v=1,2)forallr € N r<g.

1.2 Let 2‘”’ <M <ab(a=4). Then I,(Cl) doesn’t va.msh but I,(cl becomes zero. Since

o 'sharper than (3. 15)

o } vamsh M <22 2ab and I (3) if M < 20 “b . The smallest absolute value of T + k (k € Z) appears o

M(% - 1) < 2ab — M, we conclude that for all nonvamshmg integrals I,g ) v(u = 1,2), the
- condition : :

© ensures that 27rp( ) <2T% (v=12)forallreN, r<2.
1.3 For M > ab the 1ntegrals I,ET) v=1, 2) vamsh

2. Next, let a beeven and r:=%(a> 2) Then the 1ntegrals I (V.)ﬂ (uﬁlil 3) are zero and I 122;
12 -
' doesn t vanish 1f M < 4b. Here we obtain that 27rpl,2) < 271' < 2T§ if

T aM. (3.15)

For M < ab, we see that M < M(a - 1) and M < 2ab — M so that (3.13) and (3.14) are

3. Fmally, we consxder the summands m (3 10) w1th < r<a-1 (@ = > 3) ie I Igz} doesn’t

o fork = -1 Wlth respect to I( 1),. we see that i

2mpy

holds.true if o

~ With respect to I @ ) we have that
27rp(3) < o (
is correct if ‘;:» .l N

3.1 Let ab < M < 2a,b Then only I ( 1) r doesn t vamsh at least for r=a- 1 and T must

Cfulfill (3.16) to ensure that 27rp$ < 2T|’ Ykl (keZr= 1,. . a- 1).
3 2: Let 2b < M < ab. Then 2ab — M .> M and 2ab M> M - M and we summarize: I e




‘ "For 2b < M < 2“’;, condltlon (3.13) ensures the 1nequahty 27rp£ v) < 2T| + kj (k e Z T —W
" 1,...,a— 1) for all nonvamshmg mtegrals Iy v ) (v=1,2,3). ,
. Fof 2ab. <M <ab condition (3. 14) ensures the mequa.hty 21rp(V) < 2T|Z + k| (k€ Z r _
1,...,a= 1) for all nonvamshmg mtegrals I Ig,,r) (v=1,2,3). o

Now let T be deﬁned by (3. 1) Then we conclude similar as in the estimation of e1o that

. w(ra)
) < o [ o o2 Yoz y)ds
.0
u(r,a) oyl
<o [0 (1—7) C e _| +hi2r (=R /3 g
| (4nT|Z + kD
v(r;z)
S < o [ ool ¢ sipr (2ol (0,2,)] do
o(r,a) »
v(r,a) ‘ 1
< o o (1-r%)"s eIz +’°|2T(1“72)’/3da
o oy TTIG +k|)2._,,..
o -
) < o [ ol e (2o, a:,y)_)rda'
b(ra) : . ‘
Y D
< on / o L=T)TE  pzkara-m i g,
- S (4nT|E 4+ k)2 ‘

v(ra

- and further since T ,'>”'7"rab‘ in cases i) — iii) that

<C Vb 1— 4—2—""’(1‘72)% ;'
|e11| ||f||L1(Q)a ( T) e’ S

- Together with (3.5), (3. 7) and (3 9) this ylelds the assertion. -
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‘ 4 Numerlcal Examples

A commonly exammed model in computerlzed tomography is the Shepp—Logan Phantom of

the brain. ThlS model consists of several ellipses so that its Radon transform can be evaluated o
analytlcally In order to get a sampled version of the phantom and its Radon transform we ,
have use the software packages “RadonAna’ [3()] The originali 1mage (Flgure 6 (left)) is of size - |

| ..1:7,,,;,' E




N X N = 256 X 256 a.nd 1ts smogram of srze R xT = 256 x 600.. Frgure 6. (right) presents the

packa.ge 1radon ‘[30]

Figure 6: Shepp Logan pha.ntom 0r1g1nal (left), reconstructed rmage by ﬁltered ba,ckprOJec-
tion (rrght)

Our Fourrer reconstruction algorrthms were implemented in C on a SGI 02. The reconstructed
images in Flgure 7 were computed by Algorithm 2.3 witha =1, ¢ =0, i.e with respect to the
standard grid: (left) and with @ = 2, ¢ = 1, i.e. with respect to the’ interlaced grid (right).
Figure 7 shows the reconstructed image with a = 4,c=1. All examples were computed with »
._oversampling factor 'y 2. Further, we have used the ﬁlter smc for Frgure 7 and the ﬁlter C
sinc? for Figure 8. :
We have computed Step 2 of Algorrthm 2 3 by applylng Algorrthm 2. 1 wrth d= 2 oversam-
pling factor o = 2; the tensor product of a dilated periodized Gaussran bell ¢ and the tensor

2am "4

product of its truncated ‘version z/;, Where m =3 and ,8 = Gacl)r = 7

Flgure 7. Reconstructed 1mage by Algorrthm 2.3 with standa.rd grld (left) and with rnterlaced
grrd (right). S




Figure 8: Reconstructed ‘image by Algorithm 23 witha=4andc =1.

Finally; note that we can detect d1fferences in the quahty of the reconstructed images much -

better if we are given colored images. For this we refer to
http://www.math.mu-luebeck.de/potts/radon/interl.html.
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