Bivariate Segment
Approximation and Splines

G. Meinardus, G. Niirnberger, G. Walz

Reihe Mathematik Nr. 206/1998



Key words: Bivariate approximation, Segment approximation, Bivariate splines, Func-
K tionals.

AMS(MOS) subject- classification: 41A15, 41A63, 65D07.

Running title: Bivariate Segment Approximation.

wh



Abstract. The problem to determine partitions of a given rectangle which are optimal
for segment approximation (e.g. by bivariate piecewise polynomials) is investigated. We
give criteria for optimal partitions and develop algorithms for computing optimal parti-
tions of certain types. It is shown that there is a surprising relationship between various
types of optimal partitions. In this way, we obtain good partitions for interpolation
by tensor product spline spaces. Our numerical examples show that the methods work
efficiently.



1. Introduction

The motivation for our investigations comes from the following problem. Let a rectangle

= [a,b] x [c,d] be subdivided by a fixed number of horizontal and vertical lines. Such a
partition is called of type 3 (see Figure 3). We interpolate a function f € C(2) by a function
A(f) from some tensor product spline space defined on this partition. The problem is to
determine a partition of 2 for which the error ||f — A(f)||q is relatively small.

Since no general criteria are available for good or optimal partitions of this type, we
try to get such partitions via piecewise polynomial approximation. Therefore, we consider
the following general subdivision problem. Let a partition of 2 into a fixed number of
subrectangles {Q,, ,} as in Figure 1 or Figure 2 be given. Such a partition {Q,,} is called
of type 1 or type 2, respectively. Moreover, let a functional d be given which associates to
each subrectangle €2, , a real number d(, ). We first investigate the problem to determine
a partition of type 1 respectively type 2 for which mual,/x d(€,,) is as small as possible. Such

a partition is called optimal.

Figure 1. Partition of type 1 Figure 2. Partition of type 2

Figure 3. Partition of type 3

For a general class of functionals d (e.g. the minimal deviation for piecewise polynomials),
we develop criteria for optimal partitions of type 1 respectively type 2 (Theorem 2.2).
Furthermore, we describe an algorithm for computing a partition for which all values d($,,,)
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are the same. Such a pé,rtition is shown to be optimal. In the univariate case, similar
methods were developed by Niirnberger, Sommer & Strauff [13] and Meinardus, Niirnberger,
Sommer & Straufl [9]. However, the bivariate case is more complex, since certain anomalies
may occur. (For further results on univariate segment approximation see e.g. [1], [4], [5],
i61, 171, 8], [11], [12], [15], and the references therein.)

Partitions of type 1 and 2 are more general than partitions of type 3. Therefore, it
is surprising that for certain functionals d, the optimal value of type 3 partitions is equal
to one of the optimal values of type 1 and type 2 partitions (Theorem 3.5). Moreover, it
is shown that in this case, the horizontal lines of an optimal type 1 partition combined
with the vertical lines of an optimal type 2 partition yield an optimal partition of type 3
(Theorem 3.6). .

A functional d for which these results hold, is given by

d(R) = max{[| fom+[|(€&2 — €)™, | fymer | (72 — )™},

where R = [€1,£2] X [n1,72). This functional reflects the error for interpolation by the tensor
product polynomial space II,, ® 1, (see Theorem 3.2 and (3.3)). Moreover, the numerical
tests show that our method also works efficiently if we use the functional

d(R) = If = P(f)llr,
where P(f) € I1,,®Il,, interpolates f at (m+1)? uniformly distributed points in R (although
d does not quite fit into the general setting of our results). Finally, some numerical examples
indicate that the optimal partitions of type 3 for piecewise polynomial approximation yield
good partitions for interpolation by tensor product spline spaces.

2. Partitions of Type 1 and Type 2

In this section, we give results on the existence of optimal partitions of type 1 and type 2
and derive criteria for optimality. Building on these results, we describe an algorithm for
computing optimal partitions.

Let a rectangle = [a, b] x [c,d] be given. We subdivide © into r horizontal strips

Jy = [a,b] X [1u_1,74], (2.1)

where c =79 <71 <--- < 7_1 <7, = d. Furthermore, let each strip J, be subdivided into
k subrectangles

Q/_},’U = [a“’y_l,o-u,u] X [TM_]"T/J']’ (2.2)

where a = 0,0 < 0u1 < --- < 0opk-1 < opk =b. A partition {Q,,} of this type is called a
partition of type 1 (see Figure 1).




If we subdivide Q into k vertical strips and each strip into r subrectangles, then the
resulting partition is called of type 2 (see Figure 2). If Q is subdivided into r - k rectangles
of the form

Qp.,u = [Uu—hau] X [Tu——laTu]a (23)

where a = 09 < 01 < -+ < o1 < 0p = b, then the partition {Q,,} is called of type 3 (see
Figure 3).

Let M denote the set of all subrectangles R = [£1,&2] X [n1,72] of Q. We consider
a functional d, which associates to each R € M a real number d(R) with the following
properties:

—~

d(R) < d(R), if RCR, R,Re M, (2.4)
d(R) =0, if R consists of one single point, (2.5)
d(Ry) — d(R), if R, > R, R,R, € M for all n. (2.6)

In contrast to the univariate case (see [9]), d(R) may be strictly positive, although the
rectangle R degenerates to a line segment.

Definition 2.1. Fix a number ¢ € {1,2,3}. A partition {Q,,} of type ¢ is called optimal
if

maxd(Q,,) = inf maxd(Q,.), (2.7)
e {2} Y

where the infimum is taken over all partitions {ﬁu,u} of type i. For an optimal partition of
type 4, the value m; = maxd({2,,v) is called the optimal value. A partition {€,,} of type i
v

is called leveled, if all values d(2, ), p=1,...,7, v =1,...,k, are the same.
We first prove a result on optimal partitions of type 1 and 2.

Theorem 2.2. For fized i € {1,2}, the following statements hold:
(i) For every partition {Q, .} of type i,

mind(Q,,) < m; < maxd(Qy,).
’R% [IN%

(ii) Ewvery leveled partition of type i ts optimal.

(iii) A leveled partition of type i ezists.

(iv) If d(R) < d(R) for all R C R, R,R € M, then a unique optimal partition of type i
erists.

Proof. Tt suffices to consider the case when 7 = 1. Since the mapping which associates to
each set of real numbers {o,,,7,} (cf. (2.2)) the real number max d(Q,) is continuous, it
u, .



follows from compactness arguments that the infimum in (2.7) is attained. Therefore, an
optimal partition exists.

To prove statement (i), we first have to show the following. Let arbitrary type 1 parti-
tions {2, ,} and {ﬁu,u} with {Q,,} # {Qu,u} be given. Then

there is an 2, , with Q,, C ﬁu,v- (2.8)

To show this, we distinguish two cases.

Case 1. T, =71, for p=0,...,7
Since {Q,,} # {Qu.}, there is an index m such that {0y ,} # {Gm,}. We consider the
strip [a,b] X [Tm-1, Tm]. By running through om,...,0m it follows that there is an index

n with [Um,n—l, Um,n] - [a:m,n—la am,'n.}, hence Qm,n - Qm,n-
Case 2. 7, # 7, for some p € {1,...,7r -1}
By running through 79, 71,..., 7, it follows that there is an index m, such that

(

[Tm—lu Tm] Q [;m-—h ;m]

We consider the strips [a, b] X [Tm—1, Tm] and [a,b] X [Tm—1, Tm]. It follows that there is an
index n with [omn-1,0mn] C [Omn-1,0mn), hence Qmn C Qm,. This proves statement
(2.8).

It is obvious that m; < maxd(f,,). Now, assume that mind(£2,,) > mi. Let {(Z”,y}
v v

be an optimal partition. Then by (2.8)

mi 2> d(Qu,u) > d(Q“,U) > my

for some (u,v), which is a contradiction. This shows (i). Statement (ii) is an immediate
consequence of (1). We now prove (iii). Let us consider an arbitrary strip

Ju = [a,8] x [1y—1, 7]
Fora§§1§§2§b,wéset
Q(é1,62) := [€1, 8] X [Tu—1,Tu]-
Claim 1. Real numbers
a=0,0< 0,1 < S oue=b,
exist such that
AU pw, Opw+1)) = AQ(Opp+1, Opp+2)) forv=0,...,k -2,

i.e., a leveled partition of the strip J,.
We prove this claim by induction on &, so first assume k = 1. For any £ € [a, b], we set

e(§) = d(Q(a, ) — d(2(¢,0))- (2.9)




It follows from (2.4) that
c(a) <0 and c(b) > 0. (2.10)

Therefore, the continuity of ¢ (cf. (2.6)) implies the existence of a number £ =: 0,1 € [a, }]
with ¢(o,,1) = 0. This proves Claim 1 in the case £ = 1. (Note that, in contrast to the
univariate case, it may happen 0,1 = a or g, = b, due to the fact that d(f2(a,a)) and
d(Q(b, b)) are strictly positive in general.)

Now we assume that Claim 1 is true for k — 1. We define, for £ € [a,b], functionals ¢;
and co by

c1(§) = min{osrilgx

k_ld(Q(au,mau.,u-H)) 10 =0,0< 0,1 <o SOk = €}

and

c2(€) = c1(§) — d(Q¢, b)) (2.11)

Again by the continuity of the functional c, there is some £ := 0, ;1 with

CZ(O'u,k—l) =0. (2.12)

Moreover, by the induction hypothesis there exists a leveled partition with parameters
Ou0,- -+, 0u k-1 for k—1. It follows from (i) that this partition is also optimal, and so

d(Qouw, 0pp+1)) = c1(opr-1) forv=20,...,k—2. (2.13)

Finally, a combination of statements (2.11), (2.12) and (2.13) completes the proof of Claim 1.
Now, we set for c < m <19 < d,

I(m,n2) = [a, 8] x [n1,m2].

“eey

exist such that

d(I(1y, Tut1)) = E(I(Tu+1’TM+2)) for py=0,...,7—2.




Claim 2 follows analogously as Claim 1. This proves (iii).

Now, we prove (iv). From (iii) we know that a leveled partition {2, ,} exists. Assume
that there is another optimal partition {ﬁw,}. Then, by (2.8), there is an ﬁwj such that
Quov C ﬁﬂ,,,. But since {§2,,} is leveled, this implies

mi = d(Qu,) < d(Qp),
which contradicts the optimality of {ﬁu,u}. a

Before describing an algorithm for computing leveled partitions, we investigate special
functionals d which arise from best approximation.

Let G be a subspace of C(R), where R = [£1,&3] x [m,m2] and f € C(R) be given.
A function gy € G is called best approzimation of f if ||f — gfllr = glgg IIf — gllr, where
lhllr = xgxealaz([h(z)l for h € C(R). The value p(f,G)r = glgé”f — gllr is called minimal
deviation of f from G.

In the next two examples, we investigate functionals d of the form d(R) := d(f, R) :=

p(f~ G)R

Example 2.3. We denote by O, = span{z#y” : p,v € Ny, u,v < m} the space of
bivariate polynomials of total degree m. Given the function f(z,y) = z™'y™?, we define the
functional d by

d(R) = d(f, R) = p(f, Tlmy tma-1)
for all R = [£1,&2] X [m, 2] in Q = [a,b] X [c,d]. We will show that

(§2 — &)™ (2 —m)™ '

d(R) = 92mi +2ms—2

(2.15)

Then it is easy to verify that for d, the equidistant partition is the unique optimal partition
of type 1, type 2 respectively type 3 with m) = mg =m3 = 22T&i1§£1_(ﬁ;2:3m2.

We first determine d(R) for Ry = [—1,1] x [-1,1]. Generalizing earlier work of Ehlich
& Zeller (3], it was shown by Reimer [14] that a best approximation p; € o 4my—1 Of f

exists such that

1
F@,y) =psle,y) = o=y Tm (2) Tma (1),
where T}, denotes the univariate Chebyshev 'polynomz'al of the first kind of degree m (see
e.g. [6]). Since || Tmll,,;) = 1, we get p(f, m;+my—1)Ro = 2—,,,1—;1m By transforming Ry to
R, we get (2.15). :

Example 2.4. For Q = [0,1] x [0,1] and f(z,y) = \/Zy, we consider the functional d(R) =
d(f,R) = p(f, ﬁl) . We will determine an explicit expression for a leveled type 1 partition.
We first prove the following




Claim. The polynomial

pf(x,y)=4(\/§—1+\/§—2)l(ﬁ+m) (2(\/ﬁ+\/ﬁ)2z +2(\/€—1+\/€—2)2y
| - (Vam - Vém)').

is a best approximation of f from IT; on R = [€1,&2] X [n1,72] and the corresponding minimal
deviation is

(V&m — \/ﬁf
V& + V&) (Vi + Vi)

This can be seen as follows. Let H = f — py be the error function. Then the set of
extremal points of H consists of the two points (£1,72) and (€2,7;), where H attains the
value —d(R), and of all points of the intersection of the line

(VL — viR) e — (VE + V&) y =0

with the rectangle R, where H attains the value d(R). Since there is no function in I1; which
is negative at the points (£1,77) and (€2,71) and positive on the intersection of the above line
with R, it follows by Kolmogorov’s criterion (see e.g. [6]) that py is a best approximation of

d(R) = T (2.16)

f, and that d(R) is the corresponding minimal deviation.
In order to compute a leveled partition, we recursively define functions g, : [0,1] = IR
for v € INg. We set

go(A) =0 for all A € [0, 1]

and

gu+1(>‘) = % + /\gu()‘) + \/% + (1 + )‘)gu()‘)

for v € INg. It is easy to verify that
(i) gv is continuous and monotone on [0, 1];

() o (1) = 0,
(i) 90 < gV < gog  frAe 1)
(iv) v Ullngogy(A) = a _2)\)2 for A € [0,1).

With Ag = 0, real numbers Ag, Ag, ..., A-—1 in (0,1) exist such that

’\u+1(1 + >‘u+1)gk(>‘#+1) =(1+ ’\/A)gk()‘#) . (2.17)



for u =0,1,... ,7r—2. These numbers are uniquely defined. In fact, the continuous function
h(A) = A(1 + A)ge(N)

vanishes for A = 0 and has the value k(k+1) for A = 1, i.e., its value for A = 1 is larger than
the right hand side of (2.17), where we have used the assumption A\, < 1 and, for v € N,
the monotonicity of g;. This gives the existence of a number A, satisfying (2.17). The
uniqueness follows from the fact that the function h is strictly monotone. The numerical
procedure to compute the numbers ), is easy.

We now show that

Ty = (AgAua1 o Aro1)? for p=1,2,...,r—1,

a0 1)\ 2 ' (2.18)
Uu,u=<—> forpy=12,...,r, v=12,... ,k—1,

gk(Au—l)

is a leveled partition of type 1. Let a rectangle R = [0 ,—1,0,,] X [Tu—1, T4 be given. Since
(90 (Aum1) = Aum180-1(Au-1))? = g (Au1) + gum1 (A1),

it follows from (2.16) that

)‘;A)‘;H-l tl /\r—l
(1+ Au—l)gk(’\u—l),

d(R) =

which, by using (2.17), gives

Ao - Apog
d(R) = 202 Ar-l
(B) 49 (0)

The optimal segmentation for r = k = 3 is shown in Figure 4; here, m; = 0.035678.

Algorithm

We now describe an algorithm for computing a leveled (hence optimal) type 1 partition
of a given rectangle Q = [a,b] X [c,d] w.r.t. any functional d satisfying (2.4)-(2.6) and
the corresponding optimal value m;, which we assume to be positive. It uses some meth-
ods developed in the univariate case by Niirnberger, Sommer, Straufl [13] and Meinardus,
Niirnberger, Sommer, Strauf} [9].

The method is as follows. We compute iteratively a sequence of partitions {5} peN,
and simultaneously two sequences of real numbers {dP"} e and {dp®}pen, which are
monotonously increasing respectively decreasing and converge to my, such that for all p,

the inclusion
drt < my < dp™ . (2.19)

holds.
In practice, the algorithm terminates if d;'** — dg‘i“ < ¢ for some prescribed tolerance €.



|

Figure 4. Optimal partition in Example 2.4

Description of the Algorithm

First Step: In order to get two positive numbers drlni“ and d"®* with the property (2.19),

compute the values

d(Qu,t/,l)v

of an arbitrary type 1 partition {Q,, 1} of Q. According to Theorem 2.2, the numbers
d™" = mind(Q,,1)

di®™ = max d(Qy.,1)

satisfy (2.19). We may assume that dP® > 0.

pt? Step:

a. Set dp := ,/d;)nin dpex. If d®* — d;,“i“ < g, then stop.

b. For = 1,2,..., determine a strip J, , = [a,b] X [Tu—1,p, Tup|, such that
d(Qprp) =

Let z < r — 1 be the maximal index such that this is possible, and put 75415 == ---

Trp-

c. Compute a leveled partition {14, ...

cp =d(Qr1p) ="

=d(Qukp) = dp.

,Qkp} of the strip Jy 5, and set

= d(Qr,k,p)-



d. If ¢, = dp, then stop.
If ¢p < dp, set
it = max{dy™, cp}
pri = min{d;™, dp},

if ¢p > dp, set

it = max {5, dy)

pi1 = min{d;"*, ¢},

and proceed with the (p + 1) step.

Details of the Algorithm

Step b: For simplicity, we omit the index p and set x = 1. The computation of the strip
J1 = [a,b] x [19,71], i.e., of the parameter 71, such that

d,1) = =d(Q ) =d,

is as follows.

Compute a sequence {71} such that 7, 222, 7. To do this, determine 71,1 and
Q] 1,01 ,,..., such that

AL = (@) = - = d
and
d(Q}) < d.
Here, Q, U---U Q},k = [a, b] x [70, T1,1)-
Moreover, determine 712 and Q} |,Q%,,..., such that
dO%,) = d(@) =+ = d
and
d(Q3y) > d.

Here, Q%,l U e U Q%,k = [a7 b] X [7-077—1,2]‘
This implies

T11 S 11 ST




1
T3 = —2-(7‘1’1 + 7'1,2) (220)
and determine 3 |,Q3,,..., such that
A0 ) = ) = =d

If d(Qik) < d, then 13 < 7 < 712 and set T(4 = %(71’2 + 71,3), if d(Qik) > d, then

1 £ 71 <713 and set T34 = %(T1,1 + 71,3). Proceed by induction.

Step c: For simplicity, we omit the indices p and r. The computation of the leveled
partition {Q3,...,Q} of a strip J with optimal vallue c follows the same principle as used
in the algorithm itself: Given two bounds ¢™® < ¢ < ¢, set, in the n* step,

Op = 4/ cin cmax,

Determine rectangles QF,Q7, ..., such that
d(QF) = d(Q3) =+ = bn,

and compute 7y, := d(Q}).
If v, = 0y, then stop.
If v, < 0p, set

c?ﬁ‘[‘l = max{cfi“, Yn}

max .__ .3 max
Cpey = min{cy™, 6},
if v, > 0n, set
min ,__ min
ey = max{cy'", 0n }

max ,__ 3 max
col = min{cy™, 1 },

and proceed by induction.

The convergence of the algorithm is proved in the following

Theorem 2.5.
(i) For each p € IN, the relation

1

1 . 1 .
dmin b7 dmin 2 in
o<(}mx) << R < —lm”*;i>51
dl dp p+1

holds.

11




(ii) For each p € IN, the inclusion
d;)nin <m < Jmax \
holds.
(iii) We have

lim &' = lim dJ'™ = m,.
p—0o p—00

Remark 2.6. In connection with problems of best approximation, the numbers d;,“i“ and
dy*®* are typically of the form d;li“ = 10% and d7"** = 108> with ap < By < 0. Then,
Theorem 2.5 implies a fast convergence of the algorithm, since it follows from (i) that
1
|lap41 — Bpt1] < §|ap — Byl
for all p.

Proof of Theorem 2.5. From the definition of d;,“ﬂ and dpff in Step 4, it follows directly
that

d;,n_:_ri S dr;lin _ d;)nin |
if ¢, < dp, and

o dy B

dns < dp T g

if ¢ > dp. Since 0 < dg‘i“ < dy® for all p, relation (i) is proved. Moreover, (ii) is obvious.

Since 0 < d;“i“ < dgi‘} <m; < d;,“_ﬁf < dy"® for all p, we see that

lim d™" =: 4 and lim d™ =: B
p—00 P p—00 P

exist and satisfy

A <m, <B. (2.21)
It follows from (i) that % £2% 1, hence A = B, and so (2.21) implies statement (iii). O
P .

"Numerical Results

We give some results on optimal partitions of type 1 on the square [0, 1]?. We consider the
functional

d(R) = ’ max{ (& — €%, (m2 — m)°}, (2.22)

8/ (z + v+ 155)°

12



where R = [£1,&2] X [11,m2). Note that this functional reflects the error in best approximation

/ 1

(cf. (3.2)). For r = k = 6, the leveled type 1 partition computed by the algorithm is shown

of the function

in Figure 5.

Our numerical experience shows that the algorithm works efficiently if we use the func-
tional J(R) = ||f = P(f)||r, where P(f) interpolates f at (m + 1)? uniformly distributed
points in R, although d does not satisfy (2.4) in general. To illustrate this, we show in
Figure 6 the leveled type 1 partition w.r.t. d for m = 2. By comparing Figures 5 and 6 we

see that the optimal partitions for both functionals are almost the same.

Figure 5. Figure 6.

3. Partitions of Type 3

Optimality criteria for type 3 partitions differ very much from that for type 1 and type 2.
In general, for type 3, no leveled partition exists and, on the other hand, if for a partition
{Q,,} all values d(£2,,,) except one are the same, this still does not imply optimality. We
illustrate this behaviour by two examples in the case r = k = 2.

Example 3.1. Let = [0, 1] x [0,1] and a function F : @ = IR be given. We consider the
functional d defined by

d(R) = | Fl|g - max{(&z — &)™, (12 — m1)™*"}

for all subrectangles R = [£1, &3] x [n1, 2] of Q. (Compare the functional ds in (3.2).)

13




We first consider the case when F(z,y) = |z +y — 1|. For the equidistant partition, we
have d(Q1,1) = d(Q22) = (3)™*! and d(Q12) = d(Q2,1) = (§)™*2. It is easy to verify that
this partition is the unique optimal partition of type 3 but it is not leveled.

We now consider the case when F = 1. For o) =7 < %, all values d(Q,,) = (1—o7)™*!
are the same except that d(2;,) = af”“. But these partitions are not optimal, since the

equidistant partition is the unique optimal partition of type 3 with m3 = (%)m“.

Despite these difficulties, we describe an approach to determine optimal type 3 partitions
for functionals d which arise from piecewise polynomial approximation. This is done by
analyzing the relations between optimal partitions of type 1 respectively type 2, and type 3.
We denote by I1,, = span{l,¢,...,t™} the space of univariate polynomials of degree m and
by II, ® II,, = span{z*y” : u,v € Ny, u,v < m} the space of tensor product polynomials
of degree m.

Let a sufficiently differentiable function f € C(Q) and a subrectangle R = [{1, &) % [n1, 72]
of  be given. Since no general methods are available in the literature for computing
p(f, I, ® II,;,) g, we replace this value by the value d(R) of some appropriately chosen
functional d.

We define two functionals of this type. The first one replaces the value p(f, 1L, ® IIn)r
by the maximum of the univariate minimal deviations

A(f:Ilm)r = min |If = plis
for all horizontal and vertical line segments I in R. We define

di1(R) := di(f, R)

= Ly , Ima I , 3.1
el gy P e B U0 o) o

where I := I;(R) = {((,n) € R : ¢ =z}, and Iy := I,(R) = {({,n) € R: n = y}.
Obviously, the value d; (R) is a lower bound for p(f, I, ® I1,).

The second functional is up to some constant an upper bound for the error || f — P(f)|lr
and therefore, for p(f, II,, ® I1,,) g. Here, P(f) is the unique polynomial in II,, ® II,, which
interpolates f at (m + 1) uniformly distributed points in R. We define the functional d;
by

d2(R) := da(f, R)
1= max{|| fomt1 R - (€2 = €)™ W fymrllr - (m2 — )™}, (3.2)

where f; and f, denote the partial derivatives of f.
For these functionals, the estimate

di(f, R) < p(f,lm ® m)r < If — P(f)llr < Cda(f, R) (3-3)

14




holds, where C is some positive constant.

The last inequality follows from the next result in which we give an upper bound for
the interpolation error || f — P(f)||g- This estimate differs from the known upper bounds in
which an additional term || fym+1ym+1[|g(€2 — &)™ (n2 —m)™*! appears (see e.g. [2, p. 87]).

Theorem 3.2. For each function f € C™1(Q), a constant K > 0 ezists such that

If = P(Dllr < K (I fomsillr(€2 = €)™ + || fymas | R (02 — m)™ ) (3.4)

where K is independent of £1,€2,m1,72 and f.

Proof. We denote by {(z;,y;) : 4,7 = 0,...,m} the set of uniformly distributed interpolation
points in R. Moreover, we set hy := & — £, hy := 12 — m, and consider for Z € [€1, &), the
line segment

Iz :={({,m) € R: { =T}

Let p € II,, denote the unique univariate polynomial which interpolates f at the points
{(Z,y;)}j=o0,...m- It follows that

If = P(lz < If —pllz +llp = P(F)l (3.5)

and the univariate interpolation theory implies that

I1F = pllie < oMol - 25 (3.6)

Now, we consider the univariate polynomial
q(y) :==p(y) - P(f)(Z,y). (3.7)

Since p interpolates f at the points {(Z,y;)}, it follows again from the univariate theory
that

lg(y;)l = (@, y;5) — P(F)(Z, y5)]

1 m+1
< m”fzmﬂﬂlyj - hy (3.8)
1
< - " . hm+l
= (m + 1)|“fz ‘HHR 1
for j = 0,...,m, where
Iy, = {(&n) :n=y;}
We now write the polynomial ¢ in Newton form, i.e.,
a@) =>_ AW, Yu; ) (¥ — ¥0) - - (¥ — Y1), (3.9)

u=0
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where A denotes the usual divided difference.
Using the recurrence relation for divided differences and inequality (3.8), it is easily
shown by induction that for each p € {0,...,m} a constant K{(u) > 0 exists such that

Ao, -, Y )| < K (1) - | famillp - ATH - BGH.
This implies, using (3.9), that
lglles < K - | fomsrllr - AT (3.10)

with some constant K > 0.

Since R= |J Iz, the combination of (3.5), (3.6) and (3.10) completes the proof of
55[51762]
Theorem 3.2. O

Remark 3.3. It is also possible to prove an analogous result for the case of Hermite inter-
polation by tensor product polynomials.

From now on, d denotes the functional d; or ds, defined in (3.1) and (3.2). We now in-
vestigate type 3 partitions for these functionals. First we describe a method for constructing
an optimal type 3 partition by using an optimal type 1 partition.

Algorithm

Step 1: We construct a leveled partition of type 1 and fiz the corresponding 7-parameters
To < --- <7, (by applying the algorithm in Section 2).

Step 2: We consider the univariate functional
d(é1,&) = uﬂa.}frd([&’@] X [Tu-1,Tul); (3.11)

where a < & < & < b. We construct a leveled partition for this functional d, ie., we
compute parameters oy < --- < 7 such that

d(,-1,7,) =d(@,,Tu+1), v=1,...,k—1 (3.12)
(by applying the algorithm in Section 2). We denote the optimal value in (3.12) by .

The next result shows that in this way, we obtain an optimal partition of type 3.

Theorem 3.4. The partition {Q,,}, defined by
ﬁu,l/ = [Eu—lval/] X [F/_L—la?,u]a = 17 e, T, V= 17 v ’k7

s an optimal partition of type 3.




We also show that the optimal value of type 3 partitions is equal to one of the optimal
values of type 1 and type 2 partitions.

Theorem 3.5. We have
m3 = max{m, mo},
where m; s the optimal value for partitions of type 1, ¢+ = 1,2,3.

Finally, we establish a connection between the three types of optimal partitions. It is
shown that optimal partitions of type 1 and type 2 yield an optimal type 3 partition.

Theorem 3.6. The horizontal lines of an optimal type 1 partition combined with the vertical
lines of an optimal type 2 partition yield an optimal type 3 partition.

Proof of Theorems 3.4-8.6. Let d =dy or d = da.
It follows from the definition of 77 that

dQu.) <m
for all 4 and v. Since {Q,,} is a partition of type 3, the inequalities
my <m3<m and me <m3 <m (3.13)

follow.

We now distinguish two cases:
Case 1. mjy=m
In this case m; = m3 as a consequence of (3.13), and Theorems 3.4 and 3.5 are proved.
Case 2. my <m _
We first consider the functional d = ds. Since {7y, ...,0%} is a leveled parameter set w.r.t.
the functional d (cf. (3.12)), there exist indices p1, . .., ik, such that

m=dE,1,5,) =dQ,,,) forv=1,..,k (3.14)

Moreover, since the parameters 7y,...,7, belong to a leveled type 1 partition, we see
that for each p=1,...,r and z € [a,b] X [Tp—1,7T4],

|fym+1(2)] - (T — Fu_l)mH < m;. (3.15)
Therefore
m=d(Q, )
> my

)m+1

> Ify""+1(z)| ’ (Fliu — Tu,—1

is valid for all z € [a,b] X [T, -1, 7w, ] and v =1,... k.




This implies that

I fymerlls,, , - (o — Tp—1)™ 1t

< d(Qp, )

= max {“fx'"+1 ”ﬁuu,,, (ov — EU—l)mHa ||fym+1 ”ﬁw,,, ) (T,U'u - ?I-‘v—l)m_'-l} )

and so
d@Qp, ) = | famiillg,, , - (@0 = T—1)™ (3.16)
forv=1,...,k.
Forv=1,...,k letz,, € ﬁuu,,, be a point where the norm in (3.16) is attained, i.e.,
Fomo ()| = Il - (3.17)
Let {Q,,} be an arbitrary type 2 partition with parameters {0y, ...,0r}. There exists

an index n € {1,...,k} such that
[En_l,En] C [O‘n_l,dn] (318)

(cf. the proof of Theorem 2.2).
Moreover, there is some {2, , such that

Zynn € Qun- (3.19)
Now it follows from (3.14), (3.16), (3.18) and (3.19) that

d(Qun) > | famillan.. - (on — on_1)™

> | famt1(Zun )| - (00 = On=1)™

> || fomrilly,, - (@n = Fa=)™ (3.20)
= d(Qu,,n)

= M.

Since {Q,,} is an arbitrary type 2 partition, and since {2, } is also of type 2, it follows
that m = mo, hence m3 = m. This proves Theorems 3.4 and 3.5 for d = d».

Now let d = d;. Since the parameters 7o, ...,7, belong to a leveled type 1 partition, we
have for each py = 1,...,7r and z € [a, b),

(s ) 1, (la b} (a1 7u]) S 15

hence

>
> p(f D) 1, ((a,b1% [y 1,70 )




forv=1,...,k. It follows that

dQ, ,)=  max I 5 3.21
(Qu, ) ye[ﬂu-l,ﬂu]p(f m) 1y (@) (3.21)
forv=1,...,k.
Let I, C Q,, , be a line segment where the maximum in (3.21) is attained, i.e.,
d(Qu, ) = o(f, Hm)1yw(ﬁw,u)- (3.22)

Let {Q,,} be an arbitrary type 2 partition, and n an index such that (3.18) holds. Then
there is some 2, , such that

I

Yun

C Qun- (3.23)
It follows from (3.14), (3.18), (3.22) and (3.23) that

d(Qun) > max  p(f, Hm)Iy(Q,‘,n)

yE[Tu—lyTp.]
2 p(fim) 1, (@)
Z p(f7 Hm)[yun (ﬁ“’n)

d(_ﬂ:n ,77.)
.

il

As above, it follows that M = mg = m3. This completes the proof of Theorems 3.4 and 3.5.
We now prove Theorem 3.6. Let

{(€,n) :n =13 u=0,..r
be the horizontal lines of an optimal type 1 partition, and
{(§&m) :E=07}u=0,..k
the vertical lines of an optimal type 2 partition. We have to show that {Q}, ,}, where
Q= lop_ o] X [Tl

v=1,...,k, p=1,...,r, is an optimal type 3 partition.
To do this, let p € {1,...,r} be fixed. Then, for each z € J,
J; = [a, b] x [7‘;_1,7;],

we have

| fymrr(2)] - (73 — 7 O™ < my, (3.24)
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if d = dj, and for each z € [a, b]

p(fs ) 1, (sz) < 1, (3.25)

if d =dj.
Analogously, for each v € {1,...,k} and z € J},

gy =loy 1,00 X [ed],
we have
|fam1(2)] - (0 — oy 1) < ma, (3.26)
if d = dy, and for each y € [c, d],

p(fs ) 1, (1) < Mo, (3.27)

ifd=d.
Since m; < m3 and my < mg3, equations (3.24) and (3.26) (respectively (3.25) and (3.27))
imply that for all x and v

)™ < my and | fym+1] Q;,U(T; - 75—1)m+1

* * )
Q5. (o) — Oy-1 < mg,

”fzm"'ll

respectively

p(fs lm) (0 ,) S ™3 and P Um) s,y < ™3,
hence {Q:‘w} is an optimal partition of type 3. This completes the proof of Theorems 3.4~
3.6. a
Numerical Results

Some results concerning optimal type 3 partitions, computed by using the method of The-
orem 3.6, are given.
We continue the example of Section 2 concerning approximation of the square root

flz,y) = \/z+y+ﬂl)~0-

The optimal type 3 partition for the functional d, defined in (2.22), is shown in Figure 7.

function

In a second step, this optimal partition is used for interpolation by tensor product splines

from the spaces

Ssq = {s € C(Q) : sla,, € 2 @I for all (u,v)}




Figure 7.

optimal partition | equidistant partition
59, 0.000635 0.01759
5%72 0.000654 0.02508
Table 1.

fort:=0and :=1.
The entries of Table 1 are the errors

I1f = slio,12,

where s is the interpolating spline from 58’2 respectively S’%,Q, corresponding to the optimal
partition respectively to the equidistant partition. v

By comparing the errors in both lines of the table, we see that there is a significant reduc-
tion of the interpolation error when we use the optimal partition instead of the equidistant
one.

Moreover, these errors are compared with the maximum of the errors for piecewise
polynomial interpolation at nine equidistant points on each subrectangle of the partition in
Figure 5 (respectively Figure 6). The maximal error is 0.000755 (respectively 0.000541) (cf.
Table 1), and the errors on each subrectangle are almost the same (respectively the same).
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