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Abstract. Existence and uniqueness theorems for parabolic stochastic
partial differential equations with space-time white noise are proved.
The method is a combination of the characterization theorem for Hida
distributions with the Feynman-Kac and Girsanov formulae.

1. INTRODUCTION

The purpose of this paper is to show that certain stochastic partial differential equations
(SPDE’s) which are too singular to be solved in the more traditional frameworks have so-
lutions which are generalized Brownian functionals in the sense of Hida. We are concerned
with stochastic partial differential equations of the following two types:

(1.1) g—tu(t, z) = Lu(t,z) + n(t, z)u(t, z)

and

) d o ,
(1.2) ;9—tu(t, z) = Lu(t,z) + Z &t ac)a—mu(t, z),

where t € Ry, ¢ = (21,...,24) € RY, n(t,2), &(t,2), (i = 1,2,...,d), are white noise
random fields with parameters (¢,z) € H = R4 x R%, and L is a uniformly elliptic second
order operator.

We will understand and solve these equations in the framework of white noise analysis
(see, e.g., [6]). The main idea is to take the S—transform (see below) of the equations, to
obtain the following deterministic partial differential equations respectively:

(1.3) %v(t, z) = Lu(t,z) + h(t,z)v(t, x)
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and
(1.4) 9 (t,z) = Lo(t )+ih-(t x)——a——v(t )
. ) at’l) , ) = LU(l,T £ i\ aCE,' s L)y
where h and hi(1 = 1,...,d) are elements in S(R4t!), and v denotes the S-transform of
u.

By considering the diffusion process associated with the generator L we obtain the
usual stochastic representation formulae for the solutions of (1.3) and (1.4). These formulae
together with the characterization theorem of Hida distributions (see, e.g., [6,8]), and one
of its corollaries (Lemma A.3 in [11]) will be used to prove that v(t,z) and its partial
derivatives are the S—transforms of certain generalized Brownian functionals u(t,z) and
their corresponding weak partial ‘derivatives in the sense of white noise calculus. In this-
way we obtain solutions of (1.1) and (1.2). For equation (1.2) we also show that the
solution has a representation by a generalized Feynman-Kac formula.

The SPDE’s (1.1) and (1.2) arise in several contexts in mathematical physics. The
Burgers equation with white noise is reduced to the SPDE (1.1) by the Cole-Hopf trans-
formation. SPDE’s of the type (1.2) were proposed in [2] as a model for the turbulent
transport of a substance. The SPDE (1.1) was also discussed by D. Nualart and M. Zakai
[10] and by H. Holden, T. Lindstrgm, B. @ksendal, J. Ubge, and T.-S. Zhang [7] from
different points of view. An SPDE related to (1.2) has been considered by R. Mikulvicus
and B.L. Rozovskii in [9].

Acknowledgement. H. W. acknowledges gratefully the warm hospitality and support
of Mannheim University. J. P. acknowledges gratefully the warm hospitality and support
of Okayama University of Science. Two of us (J.P. and G.V.) wish to thank F.E. Benth
and Th. Deck for fruitful discussions.

2. PRELIMINARIES

Let W denote the Wiener random measure on (R4*!, B(R**!)) over a probability space
(9, B, P): For every sequence {B;,1 = 1,...,n} of Borel subsets of R, W(B,),..., W(Bn)
is a Gaussian family of centered random variables with covariance matrix (|B; N Bj,¢,7 =
1,...,n), where |-| denotes the Lebesgue measure. The canonical realization of W is given
by the white noise probability space (S'(R¥H1), B, u), where B is the weak Borel o-algebra
of S'(R4*1), and u the centered Gaussian measure whose covariance is given by the inner
product of L?(R4*1). Let X denote the canonical coordinate process on S(RA1), Xp(w) =
(w,h),h € S(R¥H1), w € S'(R¥!). We can extend X continuously in L?(p) to L3(R4T1),
and then realize W(B), B € B(R*+') by X1, on (§'(R**!), B, ). From now on we shall

work with this representation for W.

Every random variable F' € L?(u) is represented as



(convergence in L?(u)-sense) where the F, are orthogonal random variables of the form
/ /fn ai,...,an)Widay)---Wi(day),
(Rd+1)n

and the deterministic functions f, are symmetric L2((R%+1)") kernels. Therefore we have
the isomorphism

M)N@Lsym (RHH™),

.., F<—>(f07f17""fﬁ"")’

which is called the Wiener chaos expansion. It turns out that

2 n
VFIE = 3wt £

n=0

where |-|, denotes the norm of L?((R%*!)™),n € N.
The S—transform of F is defined as follows: for A € S(R¥*!), we set

(2.1) ' SF(R) = E(F : eX# ),
with the abbreviation
eXh (]Eexh) 1 Xh
(2.2)
Xh__|h|2

Then we obtain

(2.3) SF(h) :Z/ /fn(al, Yh(ay)- - h(an)day - - - dan.

- IRd-f-l)n
If we consider the last expression as a function of (fo, fi,...; fn,...), We observe that it
extends to larger spaces than @ L, ((R**1)"). This observation leads to spaces of

generalized random variables. Here we shall only need the space of Hida distributions (S)",
which we describe next. ‘

Let A be the self-adjoint extension of the differential operator
Ah(a) + |a)* h(a), he S(RT), a e R*,

to L2(R*!). Let (S) denote the subspace of L?(p) consisting of ¢ corresponding to-
(fn;n € NO) SO that

oo

Sl [(A% M £, < +oo,

n=0




for all p € N. (8) carries a natural Fréchet topology, and (8)" is the corresponding dual.
Thus we get the triple

(8)C L¥(w) C (8)°

(where we have identified L?(u) with its dual). ® € (§) is in one-to-one correspondence
with a sequence (Tp,Ti, ..., Tn,...) of symmetric elements T, in S'((R4*+1)™), and there
exists p € N so that '

Y nl|(A%™)PT,|; < +oo.

n=0

For such a ®, we get the following generalization of (2.3):

- S®(h) = i(Tn, h®™), h € S(RUTY)

n=0

where (-,-) denotes the dual pairing between S'((R4*')") and S((R**')"*),n € N.

It is easy to see that the canonical coordinate process X, = (-, h) extends — as an
element in (S)* - to h € S'(R%t1). The generalized random field a — (-,8,) € (8), a €
R4+1, is a white noise on R4T!, and we shall denote this field by 7. Its S-transform is
given by S(n(a))(h) = h(a). Informally, n can be thought of as the Lebesgue density of
W. Similarly, the normalized exponential : "(®) : belongs to (S)* for every a € R, and

S(: el . J(h) = et he S(RT.

We usually write a € R asa = (¢,z),t € R,z € R4, where t represents time and
z is a space variable. Consider a mapping u from R4*! into ()" : (t,2) — u(t,z). Under
very mild conditions on the mapping (e.g., as in Chapter 8 of [6]), the expression

/ Su(t,z)(h) h(t,z)dt, he SR,
R
is the S—transform of an element in (S)*, which we denote by

(2.4) /Ru(t?:r)n(t,:c)dt.

(2.4) is called the Hitsuda-Skorokhod integral of u. (Actually, the “product” of u and 7
under the integral sign is the so—called Wick product.) It is known that when d = 0 the
Hitsuda-Skorokhod integral is a generalization of the Ité integral.

3. FORMULATION OF THE CAUCHY PROBLEMS

We denote H = Ry x R? and Hr = (0,7) x R%, T > 0, with typical elements (¢, z), (s, y)
ctc. Partial derivatives with respect to the space variable in R? are denoted by D;, i =
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1,....d, the time derivative by D, , and — if convenient - also by Dy. Throughout the paper,
we consider a partial differential operator L in R? of the form:

d d

3" ai(2)(D:D;f)(2) + Y bi(@)(Dif)(z), f e C*RY),z € R,

1,7=1 =1

(Lf)(z) =

satisfying the following hypothesis:
(H1) L is uniformly elliptic, i.e., there exists ¢ > 0 so that for all z,y € R,

d

' 2
2 aij(z)yiy; 2 elyl”.

4,j=1

(H2) For all 1,5 = 1,...,d, a;; and b; belong to CE(R?) (i.e., are bounded and have
bounded, continuous derivatives up to second order).

We remark that the method of the paper applies also to problems where L has time
dependent coefficients. For simplicity of the presentation we refrain from considering this
more general situation.

Let u be a mapping from H (or Hr) into (§)*. The weak derivative D;u,: =0,1,...,d,
of u is defined as follows. For ¢ € (S) consider the function F,(t,z) = (u(t,z),¢). If for
(t,z) € H and all , (D;F,)(t,z) exists, and ¢ > (D;F,)(t,z) defines a linear, continuous
mapping from (§) into R, then we say that u is weakly (partially) differentiable with
respect to D; at (¢,z), and denote D; F,(t,z) by ((Diu)(t,z),¢), with (D;u)(t,z) € (8).
Weak derivatives of higher order are defined in the obvious way.

*

In Sections 4 and 5 we solve the following Cauchy problems in (§)

(3.1) Dsu(t,z) = Lu(t,z) + n(t, z)u(t, z),
(3.2) Diu(t,z) = Lu(t,z) + £(t, z) - Vu(t, z),
(3.3) w(0,2) = £(2),

respectively, where f belongs to C2(R%). In (3.1) n is space—time white noise, and in (3.2)
€ is a d—vector of independent space-time white noise (generalized) random fields. In both
equations multiplication by white noise is understood in the sense of Hitsuda—Skorokhod or
— equivalently — Wick (the natural generalization of It6’s convention to generalized random
processes and fields). '

By a solution of the Cauchy problems (3.1,3), (3.2,3) respectively, we mean a mapping
uw from H or Hy into (S)*, so that the weak derivatives Diu(t,z), Diu(t, z), D; Dju(t, z)
exist for all 4,j = 1,...,d and all (t,z) € H, (Hp, resp.), and such that equations (3.1),
(3.2) respectively hold. Furthermore, we require that lim,jo u(t,z) = f(z) for all z € RY,
where the limit is taken in the weak topology of (S)".

We remark that a solution of (3.1,3) in the sense described above is also a solution in
the weak sense which has been used in [10]. Hence our concept of solutions is stronger.
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Finally, in order to discuss uniqueness of solutions to the Cauchy problems we intro-
duce the following additional assumption on the coefficients of L:

(H3) For all 4,5 = 1,...,d, a;; has uniformly Holder continuous derivatives up to second
order.

For T > 0, let Wr be the space of weakly measurable mappings u : Hr — (S)*, for which
there exist p € Ny and k£ > 0 so that

T
/ / u(t, )|, _, e F* dr dt < +oo0.
0 R¢ . ’

(Note that this entails Bochner-integrability of u with respect to the measure e~k dg dt
over ]HT) ‘ '

4, THE SOLUTION OF Diu = Lu + nu.

In this section we consider the Cauchy problem (3.1), (3.3). The main idea is as follows.
By taking the S—transform of (3.1) we obtain a classical parabolic PDE, whose initial value
problem (3.3) can be solved via the Feynman-Kac formula. Using this representation for
the solution, we can prove regularity estimates which allow to invert the S-transform, and
to show that we end up with a solution of (3.1), (3.3).

Taking (mformally) the S— transform of equation (3. 1) evaluated at h € S(R*1), we
obtain

(4.1) : Div(t,z; h) = Lo(t,z; k) + h(t,z)v(t,z; k), (t,z) € H.

Fix h for the moment. It is known (e.g., [5]) that under the conditions (H1), (H2) the initial
value problem (4.1) with v(0,z; k) = f(z), f € CZ(R?), has a solution v which is bounded,
continuous on [0,T] x R? for every T > 0, and which is continuously differentiable with
respect to time and twice continuously differentiable with respect to the space variables
on (0,T) x R?. From now on we consider only this solution v(t, z; k).

Lemma 4.1. There exists a mapping v : H — (8)*,(t,z) — u(t,z), which is for
all + > 0 weakly continuously differentiable in ¢ and twice weakly continuously partially
differentiable in z. Moreover, the relations Su(t,z)(h) = v(t,z;h), S(Dewu(t, z))(h) =
Dyu(t,z; h), S(Diu(t,))(h) = Divu(t,z;h), S(D:iDju(t, m))(h) = D;Djv(t,z;h) hold for
alli,j =1,..,d,t >0,z € R, andhES(IRd+1)

Proof. It is well-known that the solution of (4.1) with v(0, z; h) f(z) can be
represented by the Feynman-Kac formula, of. e. g. [4, Theorem II.2. 2] B(t) t >0, be
a d—dimensional Brownian motion on an auxiliary probability space ({2, ) and consider

the stochastic differential equation associated with L,

d
(4.2) | dXi(t) = Y 0i;(X () dB;(t) + b; (X (1)) dt.




Here o;; is a smooth function on R? with Zzzlaik(x)ajk(a:) = a;5(z),z € R%. The
solution of (4.2) with X(0) = z € R? is denoted by (X(¢,z),t > 0).

Now the Feynman-Kac formula for v(t,z; k) reads as follows (loc. cit.):
(43) (k) = B(F(X(2) 2t a3 h)),

where -
(4.4) Z(t,z;h) = exp (/Ot h(t — s,X(s,1)) ds),

and E denotes expectation with respect to P.

It is obvious that Z(t,z;-) and v(t,z;-) have ray—entire extentions, i.e., for h, g €
S(R#*Y), z € C, Z(t,z;zh + g) and v(t,z;2h + g) are well-defined, and entire in z € C.
Moreover, we trivially get the estimate

(4.5) |o(t, ; 2h)| < | f|, e171Hes.

Since ||, is a continuous norm on S(R?+1), it follows from the characterization theorem
(e.g. [6,8]) that there exists u(t,z) € (8)* with Su(t,z)(h) = v(t,z;h). This defines the
mapping u : H — (S)* in the statement of the lemma.

In order to show that u has the claimed differentiability properties, and that the
partial derivatives commute with S (to give SD;u(t,z)(h) = D;v(t,z; h) etc.) we apply
Lemma A.1.3 in [11]. To this end we first have to establish that for all f, g € SR, z €
C, v(t,z; zh +g) is continuously differentiable in ¢ and twice continuously differentiable in
z. This, however, is quite obvious from the representation (4.3) and left to the interested
reader. Furthermore, we have to prove that the relevant partial derivatives of v(t, z;zh)
admit a bound of the type (4.5) which is locally uniform in (¢, z).

We begin with Dyv(t,z;zh). An application of It6’s formula gives
t .
Dw(t,z; zh) = ]E([z f(X(t,2))(R(0, X(t,z)) + / Dih(t —s,X(s,2))ds)+
0

v LE(X(t,2))] 2(¢,@; zh)) .
This equation yields immediately the following estimate |
IDeo(t, 3320 < (121 (Bl + £1Dohlo) flag + 1Efl )M,

which suffices to conclude that u(t,z) is weakly contihuously differentiable in t for ¢t >
0, z € R%, and that SDu(t,z)(h) = Dy(t,z;h).
Next consider Div(t,z; zh),i = 1,...,d. From (4.3) we get the formula

Div(t,z; zh) = E((Z(Djf)()((t, 2))Di X,(t, o)

j=1

(4.6) + 2 f(X(t,z)) Z(/O (D;h)(t — s, X(s,2))Di X;(s,2) ds)) Z(t, z; zh)),

j=1

~1



and D; X;,j = 1,...,d, satisfies the following (linear) system of stochastic integral equations

Din(t,.’E) = 5'1']' + /t Z (Dkdjl)(X(S,I))DiXk(S,I) df)’l(s)

0 k=1

© k=1

. t d
(4.7) | +/0 > " (Db;)(X(s,2)) DiXi(s,z) ds.

Equation (4.6) yields the following bound

d
Dio(t,zi 2)| < (3103l BIDX; (8, 2)])
" d o o .
+ || IfloozIDjh‘loolE(/,0 |D; X (s, z)| ds)) EI.

i=1

Therefore‘we only have to show that the last two expectations are locally uniformly
bounded in > 0 and z € R%. But this follows from a standard estimation. (For example,
one can consider first E(ijl(Din (t,2))?), use (4.7) and apply Gronwall’s lemma. The
bound one obtains this way can be used to estimate the expectations in question.)

Finally, the estimation of D;D;u(t,z;zh) is done similarly and does not present any
new difficulties. We therefore leave the details to the interested reader. a

Now we are ready to prove our first main result:

Theorem 4.2.  Under conditions (H1), (H2) the initial value problem (3.1,3) has a
solution u(t,z), which for every T > 0 is a bounded, weakly continuous mapping from
[0, 7] x R? into (S)*. Moreover, this solution is the inverse S-transform of (4.3).

Proof. Let u(t, ) be defined as in Lemma 4.1, i.e., as the pre-image of the v(¢,z) in
(4:3) under S.

First we show that u : (t,7) — u(t,z) € (§)" is bounded on [0,T] x R* for every
T > 0: this follows directly from inequality (4.5) and Lemma A.1.1 in [11]. Since for every
h € S(R%), v(,-;h) is continuous on [0,T] x R, it follows from Lemma A.1.2 in: [11]
that u is weakly continuous from [0, T] x R% into (S)™. _

Next we show that u(t,z) — f(z),z € R?, as t | 0, weakly in (S)*. Since we have -
from (4.3) that v(t,z; h) — f(z) ast | 0 for all A € S(R*), it follows that u(t,z) — f(z)
on the linear span of the exponential vectors : e{"?): in (S). Since u(t,z)— f(z) is bounded
in (8)* in t € [0,T), T > 0, the last stated convergence extends to all of ().

It remains to prove that (3.1) holds. The fact the v(t,z) solves (4.1) means that
u(t, z) solves (3.1) when paired with elements from the linear span. of the exponential
vectors. Since this span is dense in (§), u(t,z) solves (3.1). v O
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In order to obtain a stochastic representation formula directly for u, we define for
(t,z) € H and P-a.e. & € (0, the mapping T} ;(&) from S(R**!) into R by

(4.8) h r—>-<Tt’z(&3),h> = /0 h(t —s,X(s,z)(w))ds.

It is obvious that T; , belongs P-a.s. to S'(R¥*1). Therefore, : exp({-, Ty ;) : is P almost
surely in (S)".

Theorem 4.3.  The solution u(¢,z) in Theorem 4.2_Ahas a representation given by the
following generalized Feynman-Kac formula:

(4.9) u(t,z) = E(f(X(t, DO e.< 2 Te) )

where the expectation in (4.9) is a Bochner integral in (§)".

Proof.  Let h € S(R™!) and consider Z(t,z;h) given in (4.4). It can be written as
2(t,2; h) = exp((Th.z, b))

with T}, defined in (4.8). Moreover Z(t,z;k) is (a.s.) the S-transform of the Hida
distribution : e Tt.2) ;. The bound |Z(t, z; zh)| < exp(|t| |z]|h|.,) shows that we can apply
Theorem 4.51 in [6] with the result that S~ f(X(t,2))Z(t,z;-) = f(X(t,2)) : el Tew)
is Bochner integrable in (§)*. Furthermore, the expectation with respect to P and the
S—transform can be interchanged, which proves (4.9). O

Note that for all T € S'(R4*+1), the (S)"—element : exp({T, -)) : is positive (in the
sense of Hida distributions, e.g., [6]). It is then obvious from formula (4.9) that u(t,z) is
positive if the initial condition f is. For general f € Cy(R*1), we can decompose f into
its positive and negative parts, and it follows from (4.9) that u(t,z) is the difference of
two positive Hida distributions. Applying Yokoi’s theorem (e.g., Theorem 4.26 in [6]) we
obtain the following result. '

Corollary 4.4. For all initial conditions f € Cp(R?*!), and all (¢,z) € H, the solution
u(t,z) in Theorem 4.2 is a signed measure on B. In particular, if f is positive, then u(t, z)

is a measure on B.

We end this section by discussing the uniqueness of the problem (3.1,3). Let 7' > 0.
It is well-known that under conditions (H1), (H2), and (H3) the initial value problem for
(4.1), v(0,-) = f € Cp(R?), has a unique solution in the class of functions w on [0,T] x R¢
so that for some k& > 0,

T : :
/ / lw(t,z)| e ¥ dz dt < +oo.
0o JRe
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If u € Wr (see end of Section 3), then we find for all b € S(RY),

/ / v(t, z; b)) ek do dt = / /
R R4
< ei|h|2,p/ / lult 2, _, e~ dz dt < +oo,

d b

for appropriately chosen p € N,k > 0. Since a solution of (3.1,3) has an S-transform
which solves the initial value problem for (4.1), it follows that (3.1,3) has a umque solution
in Wr. We summarize:

u(t,z),: V) e —k* 4z dt

Theorem 4.5. Let T > 0. Under hypotheses (H1), (HZ), and (H3) the Cauchy problem
(3.1,3) has a unique solution in the class Wr, and the solution is given by (4.9).

5. THE SOLUTION OF Dyu = Lu + ¢ - Vu

In this section we treat the Cauchy problem (3.2), (3.3). The main idea is similar to that of
Section 4, but this time we use the Girsanov formula instead of the Feynman—Kac formula.
Recall that ¢ is a d-dimensional white noise depending on space z € R¢ and time t € Ry.

Accordingly, the S—transform has to be defined using d-tuple h = (h1,..., hq) of functions
h; € S(R%),: = 1,...,d, and we set .

d
Xp(w) = (wi,hi), wie8'R™),i=1..d

=1

in the definition (2.1) of the S-transform. (Of course, in (2.2) |h|2 then stands for
Zle |hi|%2(md+1).) Thev S-transform of equation (3.1) at h reads (v := Su):

d
(5.1) Deo(t,z) = Lo(t,z) + Y hi(t, @) Div(t, 2),

where we have suppressed the dependence of v on h € § (R4+1). Again it is well known
that under conditions (H1), (H2), the initial value problem for (5.1) with v(0) = f €
Cy(R%) has a solution v, which is bounded and continuous on [0, T] x R? for every T > 0.

First we are going to prove that Lemma 4.1 also holds for the solution of the Cauchy
problem under consideration. However, for simplicity we shall only treat the case where
L=1 1A: the general case follows by obvious modifications of the argument We use the
Glrsanov formula (in a suitable form which can be found, e.g., in [4]) for the solution v
above and obtain the following respresentation

(5.2) o(t,z;:h) = B(f(o + B(1) G(t,a3h)

where we have set
d t . _ 1 d- + _

(5.3) G(t,z;h) = exp(Z/ hi(t——s,ac+B(s))dBi(s)—§ Z/ hi(t—s,m-+B(s))2ds>.
i=1v0 i=1 Y0
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As in the previous section NE is an independent R%-valued Brownian motion on a proba-
bility space (2, B, P), and E denotes the expectation with respect to P. It is quite obvious
that replacing h in (5.2) with ¢ 4+ zh, h, g € SR, 2 € C, leads to an entire function
z + v(t,z; g + zh). We have to estimate |v(t,z; zh)|. Note first that

d .t ) -
|G(t,z; zh)| = G(t,z;Rezh)exp (%(Im z)? Z/o hi(t — s,z + B(s))? ds).

Since E(G(t; z;Re 2 h)) = 1 we obtain the bound
1 2 d )
Jo(t, 23 2h)] < [flase? 21" 2uima Il

This is sufficient to conclude that for every (t,z) € H there exists u(t,z) € (S)" so that
Su(t,z) = v(t,z).

It is useful for the following argument to note that the preceeding estimation yields
immediately the following bound:

~ d
(5.4) B(IG(t, 2; 2h)[2) < 21" B Wil

In order to prove that u is weakly continuously differentiable to order 1 in ¢ and to
order 2 in z, we have to estimate the corresponding derivatives of v(%, z; zh) locally in a
uniform way. Using (5.2), (5.3) and It6 calculus we get the following formula:

Dyu(t,z; zh) = ]]N*](Ho(t, x;zh) f(z + B(t)) G(t, z; zh)) + ]E(Lf(;c + B(t)) G(t, z; zh))
d .
+2) E(hi(o, 2+ B(t)) D f(z + B(t)) G(t, x; zh)) ,

with
d t B B 1 B
Hy(t,z;h) = Z [/0 (Dohi)(t — s,z + B(s))dBi(s) — 5hi(0,z + B(t))*

1

]

— / hi(t — s,z + B(s))Dohi(t — s,z + B(s) ds] :

With Schwarz’ inequality, (5.4), and the It6 isometry it is easy to show that for every
T ~ 0 there exists a constant K > 0 so that for allt € [0,T], z € C, h € S(RdJﬂ)d,

d - 2 d 2 12
Duot s )| < K (|Floo 1L floo + 3 IDiflo ) (170 2oty (eI ),
1=1

Therefore an application of Lemma A.1.3 in [11] proves that u(t, z) is weakly continuously
differentiable in t and S(Dyu) = Dyv.
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For D;v, 1 =1, ...,d, we get the following expression
D;v(t,z; zh) = ']AEI)(H,-(t, z;zh) f(z + B(t)) G(t, z; zh)) + E(sz(x + B(4)) G(t, z; zh)) )

With

d

Hi.(t,x; h) = z(/o D,‘h;(t — s,z + B(s))dB;(s)

j=1

¢
. / h(t — s,z + B(s))Dih;(t — s,z + B(s)) ds).
0
The same arguments as above lead to an estimate of the form

: - | 2 d 12 B2
Doty 5 2h)| < Ko([loo + |Diflo )™ I Zupm (sl DS,

where the constant K; only depends on ¢; — in particular the estimate is uniform.in z €
RY. Therefore we obtain in the same way as before that u(t,z) is weakly continuously
differentiable with respect to z and for all 7 = 1, ...,d, (t,z) € H, S(D;u)(t,z) = D;v(t,z).

Finally, the second order terms D{D]-'v(t,z) do not present any new difficulties, and
are left as an exercise to the interested reader. Hence we have established the statement of
Lemma 4.1 for the current case. The additional arguments which led to Theorem 4.2 and
4.4 can be taken over without any change. Altogether we established the following result:

Theorem 5.1. Under conditions (H1), (H2) the initial value problem (3.2), (3.3) with
f € C}(RY), has a solution u(t, z), which for every T' > 0 is a bounded, weakly continuous
mapping from [0,7] x R¢ into (S)*. Moreover, this solution is given by the inverse S-
transform of (5.2). If for T > 0 in addition (H3) holds, then this solution is unique in the
class Wr. '
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