Fast NFFT based summation of radial functions

M. Fenn and G. Steidl

Nr. 276
Juni 2003




Fast NFFT based summation of radial functions

Markus Fenn and Gabriele Steidl*
June 20, 2003

Dedicated to Professor Paul L. Butzer on the occasion of his T5th birthday.

Abstract

This paper is concerned with the fast summation of radial func-
tions by the fast Fourier transform for nonequispaced data. We
enhance the fast summation algorithm proposed in [20] by intro-
ducing a new regularization procedure based on the two-point Tay-
lor interpolation by algebraic polynomials and estimate the corre-
sponding approximation error. Our error estimates are more so-
phisticated than those in [20]. Beyond the kernels Kg(z) = 1/|z|?
(8 € N) we are also interested in the generalized multiquadrics
which play an important role in the approximation of functions by
radial basis functions.
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1 Introduction

The computation of sums of the form
N
> oxK(y; —zx)  (wky; € R
k=1

forj =1,..., N with O(IN?) arithmetic operations appears as bottleneck
in many applications where the number of knots N is large. Typical ex-
amples are the simulation of particle motion in potential fields [13], the
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approximation of curves and surfaces by linear combinations of radial
basis functions (RBFs) [22] and, in a slightly different form, the solution
of integral equations or partial differential equations via boundary inte-
gral methods [16]. The most famous algorithm for the fast evaluation of
these sums with only O(N) arithmetic operations is the fast multipole

method (FMM) introduced by Greengard and Rokhlin [13, 12], e.g. for
the kernel K (z) = log|z| in R?. Here and in the following | - | denotes
the Euclidean norm in R%,

The panel clustering method developed by Hackbusch et al. [16] at
the same time in the context of the numerical solution of integral equa-
tions and its more recent generalization, the #-matrix arithmetic [14, 15]
as well as the mosaic-skeleton approach of Tyrtyschnikov et al. [23, 24]
follow similar ideas as the FMM. During the last years the FMM was
further adapted to various kernels, e.g. to various RBFs by Beatson et
al. [4, 3]. Recently, Potts and Steidl [20, 19] have proposed a fast sum-
mation algorithm based on the fast Fourier transform for nonequispaced
knots (NFFT) which requires O(N log N) arithmetic operations and has
the following advantages:

- it resembles the well-known algorithm for the fast multiplication
of vectors with Toeplitz matrices based on the FFT,

~ the incooperation of new kernels is very simple,

- it has a simple structure consisting of the blocks FFT - NFFT -
fast summation.

The so-called NFFT and its relative, the NFFTT, are approximative
algorithms. Let I := {k € Z% | -2 < k < 2} with componentwise
inequalities, and ¢j := €, - - - €,, where

L §f1=4n
g o= {2 ! "2 (1.1)
1 otherwise.

Then, for arbitrary w; in the torus T? := ——%, %)d, the NFFT(n) com-
putes sums of the form

fi= Y enfre®™R (j=1,..., M),
keld
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and the NFFT7(n) sums of the form

M
hi=ep Y fi ¥ (ke I9)
Jj=1

with only O(n?log n+ M) arithmetic operations. Meanwhile there exists
a rich literature on NFFTs, where the algorithms are described in de-
tail and where the reader can find estimates of the approximation error
versus the complexity of the algorithm, see e.g. [8, 5, 21] and the ref-
erences therein. Moreover, free NFFT software packages are available,
e.g. [18, 9].

In this paper, we further develop the ideas frcm [20]. We intro-
duce new regularization techniques with B-splines and algebraic poly-
nomials. Based on the approach with algebraic polynomials we prove
error estimates for our approximative summation algorithm. These er-
ror estimates are more sophisticated than those for the regularization
with trigonometric polynomials in [20]. The later still involve numerical
computations and consequently are only valid for a bounded number of
parameters. In [20] only kernels of the form

1
Ko(z) = log|z|, Kp(z) = B (BeN) (1.2)
were considered. In this paper we add estimates for the parameter-
dependent generalized multiquadrics

K_i(z;¢) = (|2’ + )3, Kp(zio) = (2P + )7 (B€N: odd)

(1.3)
which play an important role in the approximation of functions by linear
combinations of RBF's [11].

Our paper is organized as follows: the next section describes our
summation algorithm in 1D. One essential step of this algorithm con-
sists in an appropriate kernel regularization which we consider in detail
in Section 3. Error estimates for our algorithm with regularization by
algebraic polynomials and the consequences for the choice of the param-
eters of the algorithm are derived in Section 4. Section 5 briefly sketches
the generalization of the algorithm to the multivariate setting. Finally,
Section 5 contains numerical results, mainly in 2D.
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2 Fast Summation at One-dimensional Knots

In this section, we recall the idea of the fast summation algorithm in-
troduced in [20]. Our aim consists in the fast evaluation of sums

v N .
flz) = ZakK(m - Zg), (2.1)
k=1

at M knots y; (j =1,..., M) for kernels K(z) = K(|z|), i.e., in 1D for
even kernels. The kernel function K is in general a non-periodic function,
while the use of Fourier methods requires to replace K by a periodic
version. Without loss of generality we may assume that the knots are
scaled, such that |zx|, ly;| < §— %2 and consequently |y; —zx| < 3 —¢5.
The parameter ep > 0, which we specify later, guarantees that K has
to be evaluated only at points in the interval [—% + €p, % — ¢ep]. This
simplifies the later consideration of a 1-periodic version of K. Beyond
a special treatment of K near the boundary :l:%, we have to take care
about properties of K in the neighborhood of the origin. The kernels
(1.2) considered in [20] are C™ except of the origin, where they have a
singularity. The parameter-dependent kernels K = Kg(z;c) in (1.3), or
its derivatives in case 8 = —1, have a singularity at zero if ¢ — 0.

To deduce a fast summation algorithm for (2.1) we replace the kernel
K by a l-periodic smooth kernel K by modifying K near the boundary
and near the origin:

Ki(z) for z € [—ey, €],
K(z):=|Kp(@) forzel-g-s+eslUlz—en 3l (22)
K(z) else,

where 0 < g7 < % —ep < % The functions K; and Kz will be chosen
such that K is in the Sobolev space H?(T) for an appropriate parameter
p > 0 which controls the smoothness of K. Various regularizations K
of K are proposed in Section 3. If p is large enough, then we may
assume that K can be approximated with sufficiently small error by the
trigonometric polynomial

Ta(K)(z) =Y b e®™ie, (2.3)

lell
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where . ‘
() \ —2riji/n 1
by = — K| = J .
! nZs]K(n)e (l€ly)
JE€L;
Now the original kernel K can be decomposed as

K= (K-K)+ (K- Ty(K)) + Tn(K), (2.4)

where the summand in the middle becomes small for a sufficiently large
parameter n € N which we will specify later. We neglect this summand
in (2.1) and approximate f by

N N
fl@):=) oK —K)z—z) + Y axT(K) (@ —z).  (25)
k=1

k=1

Instead of f we evaluate f at the knots y; (j =1,...,M). Indeed this
can be done in a fast way by the following two steps:

1) Near field computation (first sum in (2.5))

To achieve the desired complexity of our algorithm we suppose that
either the IV points z or the M points y; are “sufficiently uniformly
distributed”, i.e., we suppose that there exists a small constant v € N
such that each subinterval of [—1, ] of length 2¢; contains at most v
of the points zj or of the points y;, respectively. This implies that ¢;
depends linearly on 1/N, respectively 1/M. In the following we restrict
our attention to the case

€] = — (2.6)

where a < N is independent of N. Then, since |y; — zx| < % —¢ep and
supp(K — I~{) N [—%— + ¢35, % —eg] = [—€1,¢£1], the evaluation of

N ~

S (K -K)yj—zx) (G=1,...,M)

k=1

requires < vM, i.e. O(M) arithmetic operations.
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2) NFFT based summation (second sum in (2.5))
By (2.3), the evaluation of the second sum in (2.5) can be rewritten as

N N
D onT(K)ys—m) =) ap Y erbye®mui—a)
k=1 .

k=1 eI}

N
— Z € bl Z o, e-—27r1l:1:;c e27r1lyj .
k=1

lell
This expression can be handled based on the NFFT as follows:

1. The sums

N
a; = Z o e—QWilzk (l € I%)
k=1

can be obtained by an NFFTT(n).

2. Then we compute the products

d; = bay (l € I;E)
3. Finally we use the NFFT(n) to compute

deade®i (j=1,...,M).
lell

These three steps require O(M + N + nlogn) arithmetic operations.

In summary, our summation algorithm requires
O(M + N + nlogn)

arithmetic operations. The relation between M, N and n determined by
the approximation error of the algorithm will be specified in Section 4.

Once the basic idea of the algorithm is clear, it remains to specify
the regularization procedure and to give estimates of the approximation
error introduced by omitting K — 7,(K) in the kernel approximation.
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3 Kernel Regularization

Since K is even, we have that K/)(z) = (-1)/K)(—z). To ensure that

Ki(z) for z € [—ep,eq],
K(z):=< Kp(z) for:ve[—%,—%+€B]U[%-€B,%L
K(z) else,

is in HP(T), we need that the function K fulfills the conditions

Efder) = KO(ep), (3.1
K (~er) = KU(-ep) = (-1YKD(er)

and the function Kz the conditions

K9 (% _ 53) = x0) (.;_ _ 53) , (3.2)

K9 (% N €B> K0 (_é . €B> — (—1) KO (% _ 53)

for all j =0,...,p — 1. Then, the periodicity of K follows by setting

ko (-3re)mro(3es)  Geloen)

As simple regularizing functions K; and Kp we propose
~ algebraic polynomials,
- trigonometric polynomials,

— splines.

The regularization by trigonometric polynomials was considered in [20].
However the error estimates in [20] are not satisfactory since they involve
numerical computations which can be done only up to a fixed number
p € N. In this paper we briefly sketch the spline approach and consider
the regularization by algebraic polynomials in more detail.
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Figure 1: B-splines BY.

3.1 Regularization by spline interpolation

The normalized cardinal B-splines N, of degree p are recursively defined
by

1 forz€]0,1),

0 otherwise

No(z) := {

and
p+l—=z

Np(@) 1= = Np1(2) + B

k
Note that supp Np = [0,p + 1].
In our application we deal with intervals [m —r, m+r] (r > 0), more
precisely with [—¢7,e7] and [§ —ep, 3 +ep]. At the interval [m—r, m+r]
we choose the equispaced knots A := {t;, = m—r+%k :k=-p,...,2p}
and introduce the dilated and translated versions of N, with respect to
these spline knots

Npaz-1)  (peN).

B?(z) := N, (”(“’_TZHQ - k) ,

see Figure 1.
The set of B-splines {B}, }i;l_p forms a basis of the spline space

Sp(A) == {s € CP"Ym — r,m + 1] b 8|t taga) € py B =0,...,p—1}.

Proposition 3.1 (Spline interpolation) Forgivena;,b; (7 =0,...,p—
1) there exists a unique spline S € S,(A) which satisfies the interpola-
tion conditions

S(j)(m—r)=aj, S(j)(m—%-r):bj (j=0,...,p=1)
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at the endpoints of an interval [m —r,m +r| (r > 0). This spline can

be written as
p—1

S(z) =Y aBl(z)

k=—p

where the coefficients ¢, are the solution of the two p x p linear systems

k(B (m—r) = g

M-e

1

ch-1(BP)W(m—r) = (-1)%; (j=0,...,p—1)

M=

k

Il
—

with the same coefficient matrix.

The proposition is a direct consequence of [6, Theorem 1] and the
fact that ‘ ' .
(B2 (m = 1) = (=13 (BY_y) D + 7).

Since our kernels are even, we have by (3.1) and (3.2) for our ap-
plication that a; = (-1)7 b;. Hence it remains to solve only one p x p
system to obtain all coefficients c;. Of course, for large p € N, this sys-
tem is ill-conditioned. However, we will only need small values of p in
our algorithm, and, for p < 16, the corresponding systems can be solved
without substantial errors.

Finally note that the fast evaluation of the spline S(z) can be realized
by the de Boor algorithm [7].

3.2 Regularization by polynomial interpolation

To construct polynomials K; and K of degree 2p — 1 which fulfill the
2p Hermite interpolation conditions (3.1) and (3.2), respectively, we use
the following two-point Taylor interpolation, see e. g. [2, Corollary 2.2.6]:

Proposition 3.2 (Two-point Taylor interpolation) For givena;,b;
(j =0,...,p— 1) there exists a unique polynomial P of degree 2p — 1

which satisfies the interpolation conditions

POm —r)=a;, PD(m+4r)=b (j=0,...,p—1) (3.3)
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at the endpoints of an interval [m —r,m + r} (r > 0). This polynomial
can be written as

P(z) = zgpfi(p ) ,1§+ k)

j=0 k=0
(z-m+ry (z—m-r\P(z-—m+r ka<
4! —2r or I

+(a:—m—r)] z—-m+r\’(z—m—r kb~
5! 2r —2r A

(3.4)

As in the spline case, the representation (3.4) can be further simpli-
fied if we have even kernels and (3.1), (3.2) in mind.

Corollary 3.3 For given aj and b; = (—=1)%a; (j = 0,...,p — 1) the
unique polynomial P of degree 2p — 1 which satisfies (3.3) at the end-

points of an interval [m —r,m +r] (r > 0) is given by
1 Pl . . .
P(e) =5 ) w(l =y (-7 + (1 +y)7),  (3.)
3=0
where y := ¥=™ and
J i1
o p—1+1 r! .
K _IZ;( l )zl(j-l)!“”‘“
Proof. By (3.4) we obtain for our special setting that
-1 p-1-j .
15 p—14+k\rla; , ,
Plx) == 4 JHE (1 =P (1 =) R (10)P).
W=z ¥ (7 ) R 2 sy )

J - it e, ; ;
P =53 3 (77 ) S e () g+ -y )

In the next section we will estimate the approximation error intro-
duced by our fast algorithm. For this purpose we will need an estimate
for the pth derivative of K; and Kp, respectively.
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Theorem 3.4 For p € N, the pth derivative of the polynomial P in
(3.5) can be estimated by

max
z€[m,m+r]

P(P)(x)l <p! (g)pr—p%

where )
p— —1-1
. p—1+1 rP
7'“;,( l >2l(p——1~l)! -1l

Proof. Since the two-point Taylor interpolation polynomial reproduces
polynomials of degree at most 2p — 1, we obtain for the polynomial = 1
by Corollary 3.3 that

p-1 ;
_2}5 <p—;+J>(1—2J y*) (Q=y)P 7+ (1 +yPd) =1 (3.6)
=0

On the other hand, if we reorder the sum in (3.5) with respect to the
coefficients a; (I = 0,...,p — 1), then ag is just the coefficient of (3.6).
Thus, ag does not appear in the pth derivative of any polynomial P of
the form (3.5).

Now, since %y = %, the pth derivative of (3.5) can be written as

PO ( ) Z - p[ =y (- v + @), 3

where .
j—

1 .
~ p—1+1 ri=t
(D] (g P i
— l 205 - I

We consider Q;(y) := dy,, [(1 - y?)7 2R;(y)] with

Ri(y) =3 (1 = y)P~7 + (1 + y)P~9)

P—J\ 2, (P—JF\ 4
=1

+ {yp‘j for p — 7 even,
(

p—5)yP~I~1 for p — j odd.
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Obviously R;(y) is an even polynomial in y of degree at most p — j with
positive coeflicients and therefore

RP(y)>0fry>0 and max RV =RP(1).  (38)
By applying the Leibniz rule we get
p\ d* o dPk
(0) e [ = 92 S (R

k=i qi ok
(k) di/k ]J ddng [(1—y?)] % [R;(y)]

2

M=

Q;(y)

b
Il

0

Il
M*a

B
1l

J
and further by the Rodrigues formula (A.1) of the Legendre polynomials
P

p .
AORICVEADY (Z) PED ) RP M (y).
k=j

By Lemma A.1, we know that max,c(g |Pj(k—j)(y)| = Pj(k_j)(l). Con-
sequently, we obtain together with (3.8) that

max 10; y>|—2f+ly'2() PEIMRED) = Q). (3.9)

On the other hand we conclude by the Leibniz rule that

4r
dyP
4r

Qily) = (1= 43 [(1 — )7 + (1 +yp]]

d,,[(l— yP(L+y) + (1= y) (1 +y)7]

~p'2 ( ) (3) -0 (= + by

+ (1+y) (1~y)“k)-
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Now |@Q;(1)| can be easily estimated by

= p! i <Z) (;) (-1) (5k,o2j‘k(—1)p + 2k5k,j)

k=0

|Q;(1)]

= p! }(_1)1»21' + (?) 93 (~1)J
= 2/p! '(—1)j (];) +(—1)P

son() )

Here 4 ; denotes the Kronecker symbol. Combining this with (3.7) and
(3.9), we obtain for z € [m, m + r] that

P < (5 f%fmu@
o3 (B0

j=1

1 p
=pl — P_9P 4 9P _ 5
p (m«) (A+2P -2 +27-3) max [

3 p
< ma: il
P <27‘> j:l,...,};—l 17l
It remains to estimate max |¥;|. By definition of ¥; it follows

ji p—1+1 ri—t
I )2 -

=0

j-1 i—1
p—1+1 rd
< 7 |a;—1] = s;.
} ho( EE LS

17l =

]

Now one can easily check that s; < s;4; for 1 < j < p — 2. Thus,
. max |7;| < sp—1 = and we are done. O
j=1,...,p—1

Now we apply Theorem 3.4 and Corollary 3.3 with respect to our
special polynomials K1 and Kpg, i.e. we consider the intervals [—¢7, /]
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and [% 1+ ep) and set a; = KO (—¢) = (-1)YKU)(e;) and

— €B,
= KU (% — €p), respectively. The result can be summarized as
follows.

Corollary 3.5 The polynomials K; and Kpg Which satisfy (3.1) and
z—1/2

(3.2), respectively, are given by (3.5) withy = £,y = == and v; =
1/B .
v respectively, where
' j 1 g1
p—1+1\(-1)" i
I ._ I (5-0)
v = Z( )—T—_‘**K (en),
pord l 205 = I
J l
p—1+1\(=1)""¢ 1
B B p(-0(_Z
5 K .
7= 3 () G ()
The polynomials fulfill the estimates
3 P
EP (2 } < p[2) ePAl 3.10
LBax (@] < plig) e (3.10)
P
max B)(m)‘ < p <§> e’ v (3.11)
a:e[——eB,z] 2
with
p—2 1-1
I p—1+1 €1 | (r—1-1) ‘
= —t | [\P 3.12
7= () e 5| IERE)
p—2

2
[o:]

i
™

(3.13)

p—1+41 g -1-0) (1 _
l=o< ! )2(—1—1)!K 5 8

4 Error Estimates

Beyond the well-known errors appearing in the NFFT computations
which are discussed for example in [20], our algorithm introduces the

errors |f(y;) — f(y;)] (G = 1,...,M). By (2.4), (2.5) and (2.1), we
obtain for |y| < 1 — 22 that

N

FW - )| = Y e (R =20 - B - o)
k=1

N

Z |tk | (| Kerrll oo

k=1

IN
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where

[ Kerrlloo := max |Kerr(2)],  Kerr(z) := K(2) = Ta(K)(2).  (4.1)

=2

Lemma 4.1 Let K be an even kernel and let K € H?(T) be defined by
(2.2). Then, for 2 < p < n, the following estimate holds true:

1
C -
| Kerrlloo < W /IK(p)(x)lda:.
0

Proof. The proof follows by standard arguments. By Fourier expansion
of K and (2.3) we obtain for z € [—%, 3] that

err Z Ck: 27r1k:x Z e bl elem

kEZ lell

and further by the aliasing formula B.1 that

Kerr .'17 — Z £k ch+rn 27r1kar:(627r11'na; _1)_
kell reZ
r#0

Since K is even, we can estimate

) o0
| Kerrlloo < 4 Z ek |ex (K)|-
kz:%

By constructionbwe have that K € H?(T) which implies that
ce(K) = (2mik) P e (K)

so that

k=1

| Kerrlloo < 4 (Z er (2mk)™ ) / ]K(P) )| dz.

For p > 2 the above sum can be estimated by an upper integral

2 (1 + -”;—1) : 3
| Kerrlloo < o= rpnp-1 /]K(p)(x)|da:.
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Since p < n, this implies the assertion with a constant C = 4. O

Now we obtain by the definition of K that

} bcs :
/| P)(z) ldx—/lK z)|dz + / |E® (z)| d + / K (z)| dz
0 Er l—EB

and for the polynomials K; and Kp in Corollary 3.5 by (3.10), (3.11)

: bes
i (p) E g 1 Pyl Lopy B (p
|K'Y (z)|dz < p! 3 +ep | K'Y (z)| dz.
0

(4.2)
It remains to estimate K () and the values v!, 4B which depend on
KW (e;) and K (j)(% — €p), respectively. Therefore we have to estimate
the derivatives of K.
For the kernels (1.2) and j € N we have

K ()] = Qééﬁ%llmﬂ (c#£08eN),  (43)
where we set (—1)! := 1 in case § = 0.

Theorem 4.2 For 8 € Ny, let K = Kz be defined by (1.2) and K by

(2.2) with K; and Kp given by Corollary 3.5, where ¢; < min{ep, % —

ep}. Then, for 2 < p < n, the error ||Ker|loo in (4.1) can be estimated

by

(p+B—-2+4+6p)! 37
EzIJ+B—1 aPnp—1

| Kerrlloo < Cp (4.4)
with a constant Cyg independent of p,n and ;.

Proof. We consider the summands in (4.2). By (4.3) we obtain that

/|K(P)(:v)(da: - %12 / 2]~ 08) dy

(p+ B —2)! o (PB-1)
- -1y 7 '
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Since ;7 < min{ep, & — ep} it follows by (3.12), (3.13) and (4.3) that

vBep? < 47el™. Thus it remains to estimate /el ™. By (3.12) and

(4.3) we get
p—2 -1
I.1-p 1 p—1+0\(p—-2-1+p5)2
TS 5 ;( z >(ﬁ—1)!(p—1—1)!

1 [p-2+B8\ N (p-1+1\._
p—1+ﬁ( B—-1 )Z( l )2 l’

€1 1=0

where we set (") :=1in case 8 = 0. Using y = 0 in (3.6) we see that
the last sum equals 27! so that

ol (g)p el P < pp+B—2+0608)3° _(prp-1)

26 — 1)! er '

Combining these estimates with (4.2) and Lemma 4.1 we obtain the
assertion. a

Of course, for small ¢, the derivatives of the generalized multiquadrics
Kpg(x; c) behave similar to those of Kg(z). The following lemma esti-
mates the derivatives of the generalized multiquadrics by taking ¢ into
account.

Lemma 4.3 The derivatives of

K(z) = Kg(z;c) = (z% + c2)‘éi (B €N; odd)

can be estimated by

o Yr(l+22) (G + 8- 1)V
Ry e

Proof. We use the well-known formula [22]

oo
/e—t(m2/c2+1)t(ﬁ—2)/2 dt.
0

Kp(z;c) = 7T
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By differentiation we obtain

T @
& —tz2/c —t(B-2)/2 4
cﬂr 8 / - ¢ )
0

Using the Rodrigues formula of Hermite polynomials (A.4) we can rewrite
this as

oQ
Kéj)(x;C) chI‘ ﬂ / 1)? _tzz/cij($§> (g)y e tB=2)/2 g¢.
(2 0

\/_

Now we substitute y = £¥%* and obtain
(-1 |
@y... — - —y? 17, e Y 2¢2 /22 j+F—1

0

Since the integrand is even, this is equal to

. 00

. —1y .

K (@ic) = I‘((ﬂ)i)jﬂ’ / eV H(y)e VP dy.
2

—0Q

By the Cauchy-Schwarz inequality we get

o0
() 1 -y? 2
KR < (/ e H”(y)dy)
x
[oe]
/ e_y2(1+2c2/x2)y2(j+ﬂ~l) dy)

o0

(N1

W=

By the normalization of the Hermite polynomials (A.5) the first integral

is equal to 275!\/7 . To evaluate the second integral we set o := 1+ %,2
and use that '

oo

—a?y? 2(j+6-1) g = L 1 5
[ ey = D) < e (A1)

-0
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Combining these estimates we arrive at

2

() (22 + 2¢2)%°

(1 +22) (G +8-1)5129)"2

Theorem 4.4 For odd B € NU {-1}, let K = Kg(-;c) be defined by
(1.3) and K by (2.2) with K; and Kp given by Corollary 3.5, where
er < min{ep, % — ep}. Further, let 0 < ¢ < ey. Then the error || Ker|loo
in (4.1) can be estimated by

(p+B—2+25_15)! (3v2)P

K <
| Kerrlloo < B (6% N 62)24-;;—1 aPpp—1

with a constant Cg independent of p,n and ¢j.

Proof. The proof follows the same lines as the proof of Theorem 4.2.
First we obtain for 8 € N by Lemma 4.3 and since ¢? < e% that

3—¢€B 1 ep

2
— 1! p
/ |K®) ()| dz C(p+§(ﬂ)l)'\/§ /(x2+c2)—@+ﬂ>/2dx
ey 2 €1

C(p+8-2)V/2rt!
B r()
Next we have for 5 € N by (3.12) and Lemma 4.3 that

-1
I 1-p < C\/Qp

I e

z§<p_1+l)(p_2—l+ﬁ)! (\/m)l (4.5)

IN

(6% + 02)-(p+ﬁ_1)/2.

—o ! (p-1-10) 2v/2¢;

and since ¢ < 5% further
-1 -1
l

I_1l-p
TS O e

o, _(p=2+B) 2V
? o= DI + A

IA
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This results in

3\P - plp+B8—2)! (3vV2)P e
p! <§> ver P < Cp 92 (€3 + 3~ FA-1)/2,

Substituting of these estimates in (4.2) and applying Lemma 4.1 we
obtain the assertion for S € N.

The case § = —1 follows 81m11ar1y by using the fact that the Hardy
multiquadric K_1(z;¢) = (22 +c) fulfills

K9 (@)= K9 D(m0)  (G=23,..). =

Note that the right-hand side of (4.5) also converges under the
weaker condition ¢ < 76% so that one can prove similar estimates with
dP, d > 3+/2, instead of (3v/2) assuming weaker conditions than ¢? < 2.

We will use the estimates in the Theorems 4.2 and 4.4 to specify the
parameters €1, p and n of our algorithm. Since both cases can be handled
in the same way, we restrict our attention to Theorem 4.2. Replacing
s in (4.4) by the condition e; = a/N in (2.6) which is necessary for the
near field computation with linear complexity, we obtain

”Kerr”oo < C,BNﬂ (p+’8_2+60,5)' <3N )p—l

- ab anmn

This implies that the degree n of our trigonometric approximation of K
which is at the same time the length of our NFFTs should be chosen
proportional to N. In our numerical examples we set n = N. In this
case we can rewrite the error estimate by using the Stirling formula

p! < 1.1/ 27p (zez)p as follows

p—1 (PHB—2400p)! —
| Kerrlloo < C'ﬁ]\f’6 (ip—l) (p—1)" \/ﬁ
em Q

a

Note that the last fraction contains at most S factors in the numerator.
Thus choosing a such that M < 1, our error decays exponentially in

p. In our numerical examples we choose a = p. Note that the relation
between a and p was numerically examined in [20].
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5 Fast Summation at Multidimensional Knots

In this section we briefly explain how to extend our one-dimensional
scheme to higher dimensions and rotation-invariant kernels £(z) = K(|z|).
We focus on the fast computation of

N N
Fly) =D onKly; —zx) =Y onK(yj—zl) (G =1,..., M)
k=1 k=1

Similar as in Section 3 we regularize K near 0 and near the boundary of

[—-%, %)d to obtain a smooth periodic kernel K:

Kir(lz|) if |z] <ey,
~ Kg(lz|) if 2 —ep<|z| <3,
}C(x) = (ll |) . 2 . l ' 2
KB(i) if |z > 3,
K(|z])  otherwise.

Here we choose K as in Corollary 3.3. But instead of (3.2) the polyno-
mial K has to satisfy

Al N1 .
Kg)<—2~~53)=K(J)(§—6B> (=0,...,p—-1),

N (1 1 .
K9 (§>:50,,-K<5), (j=0,..,p—1).

The unique solution Kp of (5.1) is given by Theorem 3.2, but now it
does not have the symmetry of Corollary 3.3.
Then we approximate X by the Fourier series

Ta(K)(z) 1= ey M7,

lerg

where

. 1 % .7 —2mijl/nd d
bl = F ZsﬂC(E)e ijt/n (lEIn)

jerg

Now we can decompose the original kernel as

K= (K-K)+ (K- T(K)) + Tn(K)
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and, by neglecting the summand in the middle, we approximate f by

N N
F@) =S ek~ K)o -2+ S wTaB) @ —z). (52)
k=1

k=1

Instead of f we evaluate f at the knots y; ( =1,..., M) by the following
two steps:

1) Near field computation (first sum in (5.2))

To achieve the desired complexity of our algorithm we suppose that
either the NV points 3 or the M points y; are “sufficiently uniformly
distributed” in the ball with radius % — €p, 1.e., we suppose that there
exists a small constant v € N such that each ball with radius £; contains
at most v of the points zj, or of the points y;, respectively. This implies
that e; depends linearly on N~1/¢, respectively M~1/¢. In the following
we restrict our attention to the case

a

EI:W’

where ¢ € N is independent of N. Then, as in the one-dimensional
case, the computation of the first sum requires only O(M) arithmetic
operations.

2) NFFT based summation (second sum in (5.2))

The evaluation of the second sum in (5.2) is done exactly in the same
way as in one dimension, but with d-dimensional NFFTs now, which
really involve a multidimensional setting.

6 Numerical Examples

Our algorithms were implemented in C using double precision arithmetic
and tested on an AMD Athlon(tm) XP 1800+, 512MB RAM, SuSe-
Linux 8.2.

Throughout our experiments we apply the NFFT/NFFTT package
[17] with Kaiser-Bessel functions, truncation parameter m = 8 and over-
sampling factor o = 2.

For simplicity we have chosen M = N in our summation algorithm
and randomly distributed knots y; = z; ( =1...,N) in {z | |z| < &},
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Figure 2: Error F in dependence on p = ¢ for various kernels in 2D with
N = 5122, n = 512; regularization by spline interpolation (left) and by
polynomial interpolation (right).

i.e. eg = 1/16. The coeflicients oy, were randomly distributed in [0, 1].
Moreover, we set a = p.
We are interested in the error

FE := max M (6.1)

j=L..N | f(zj)]

Figure 2 shows the behaviour of E in 2D for various kernels in (1.2)
and (1.3) with spline regularization (left) and regularization by algebraic
polynomials (right). Here we have chosen N = 5122 points, n = VN
and ¢ = 1/V/N as parameter of the generalized multiquadrics. First
we observe that the error F with spline regularization is slightly better
than the error with regularization by algebraic polynomials. Further,
the results confirm the exponential error decay with increasing a = p
proved in the Theorems 4.2 and 4.4. In the following we will always use
regularization by polynomial interpolation.

Figure 3 presents the 1D error F in dependence on p for the Hardy
multiquadric (left) and the inverse Hardy multiquadric (right) with vari-
ous scaling parameters ¢. Here we took n = N = 1024. As expected, for
decreasing c¢, the error increases until ¢ = %, where it is approximately
the same as for ¢ = 0 in both cases. For ¢ = 1, the error is about the
same for both multiquadrics. In this case, we can also apply the algo-
rithm without inner regularization, i. e. without near field computation.
The corresponding curve is drawn with symbol A. Note that without
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—— ¢=0 : : : : [==¢=0

Figure 3: Error EF in dependence on p = a for the Hardy multiquadric
(left) and the inverse multiquadric (right) in 1D with various parameters
cand n = N = 1024. Here ¢ = 1* denotes the algorithm without near
field computation.

inner regularization n does not depend on N and the complexity of our
algorithm becomes linear in N.

Finally, Figure 4 compares the computational time in dependence on
the number N of two-dimensional points for the direct computation of
(2.1) and for our algorithm. As kernel function we have used K(z) =
log |z|. The parameters for our algorithm were n = +/N and p = 4 to
achieve an accuracy of E < 107%. The direct computation of the two
cases with N > 10° was only estimated based on the computational
time and error for the first 1000 points, since the direct computation
would have taken about 66 hours for N = 220 ~ 108, respectively 44
days for N = 222 =~ 4-10°. Comparing these times with about 4.5
minutes, respectively 19 minutes, for our algorithm, the time saving for
large problem sizes N becomes clear.

A Legendre and Hermite polynomials

In the following we collect some properties of Legendre polynomials and
Hermite polynomials which are used in the proofs of this paper.
The Legendre polynomials are defined for 7 = 0,1,... by the Ro-
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Figure 4: Computational time versus the number N of points in 2D
for the direct summation and our algorithm with n = v/N, p = 4 and
K(z) = log|z|.
drigues formula

Py(o) = (=1 g 50 = 2 (A1)

Their derivatives satisfy the recurrence relation [10, p. 172]
Py(z) =0, P(z)=1,
P/i1(z) = Pi_1(z) + 2n+1)Pi(z) (j=1,2,...). (A.2)

J
Moreover, it is well-known [1, p. 345] that

ax, |Pj(z)| = P;(1) = 1. (A.3)

Further, we can prove the following lemma.

Lemma A.1 For all j,m € Ny the Legendre polynomials P; fulfill

Proof. We apply induction on m and 7.
By Pj(m) (z) = 0 for m > ;7 and pim (z) = const., the assertion follows
for j < m. For m = 0 and j € N, the assertion follows by (A.3).
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Assume now that the assertion is true for &k < m and all j € Ny and
for Kk =m+ 1 and ! < j. Then we conclude by (A.2) that

(m+1) _ (m+1 . (m)
max [P (@) = max 1P (@) + (25 + )P o)

and further by our assumption that

max [P (@) = PT) + 25 + 0P () = P 2 0. 0

The Hermite polynomials are defined by the Rodrigues formula

C oo dd e
Hj(z) = (—1)7€" aﬁ[e =, (A4)
They fulfill the orthogonality relation
T 0 for j #
g2 or j # m,
e U Hi(z)Hp(z)dy =< . A5
4 () () dy {Mﬁ ol

B Aliasing Formula

Theorem B.1 (Aliasing formula) Let g be a 1-periodic function with
absolutely convergent Fourier series and Fourier coefficients

—2rikx dz

ck(g) = [ g(z)e

H\NIH

2

For even n € N and ¢; given by (1.1) define an approximation

€ig (%) o~ 2mijk/n

of cx(g) by using the trapezoidal quadrature rule. Then the following
relation holds true:

(N1

U

S

wofa

j=—

Gk = cr(9) + Y chrrn(9)
r€Z
r#0
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