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A convergence structure A on C(X), the R-algebra of all
‘real-valued continuous functions on a completely regular
topological space X; is called wqumissible if the evaluation

map
w: C, (x) x X —— R,

which sends each (f,x)e C(X) x X to f(x), is continuous.

In this paper, we determine whether there exiét coarsest, or
indeed any w—admiésible'vector spacs topologies or pseudo-
»tooological structures on C(i).‘(A convergence structure A

on a vector space L over R is said to be pseudo-topological

if LA -is an inductive limit of topological vector spaces

~in the_cétegory of convergence spaces.) We will describe tha:
'_class of spaces X allowing an w-admissible vector space topo-.
vlogy on C(¥). It will be established that there exists a
coarsesf w—admiésible pseudo-topological structure on C(X)

for any'space X. Furthermore, we cheracterize that class of
spaces X, for.which the continuous convergence structure (i.c.,
the " coarsest w-admissible convergence structure, see (11
on C(X) is a pseudo-topological structure. We conclude the

’ note'by demonstrating that this class contains non—localiy

compact spaces.

We first prove a lemma that will be extremely useful

throughout this paper. The symbol X will always denote a

‘UX) its Stone-Cech compactification (respectively, Hewitt recl-




compactification). We regard X and vX as subspaces of BX.

As usual, we identifj eaﬁch function fe C(T) s whefe Xc<TecBX ,
with its restriction to X , and denote the eValuation‘map from
C(T) x T into R aisorby:the symb61 w . We write CC(X) for
the algebra C(X) endowed with fthe continuous convergence
structure. By a topological vectbr'space, we mean a Hausdorff

topological vector space over the reals.

Lemma 1. . Let o be a continuovs linear map from a

fopoZogicaZ vector space E into CC(X) . Then there existe

‘a compact subset K< gX\X with the property that o(E)c C(BX\K)

and the map o: E ———>CC(BX\K) i8 continuous.

Proof: Let W be the neighborhood filter of zero in E

Since o(UW) converges to zerc in CC(X) , there exists for

each point xe X a neighborhood VX of x in X and an

element FX in W with the property that

w(a(F ) x.V ) c 1,11
The closure of VX in BX -is a neighborhood of x in BX%,
and therefore we can choose an open neighborhood UX of x in

RX so that

w(a(F) x U) 1,11

o

For U = L) UX » the set K = BX\U is certainly a compact
X eX '



‘subset of BX\X and o(E)c C(U) . To see that a(U)
converges to zero in CC(BX\K) , choose r >0 and yeU
Obviously, y 1is an element of an open set UX' for some xe¢X

and

w(réa(FX) x\VX)C:[—r,rl
N _

.Since r-er U , the proof is complete.

Given an w-admissible vector space topology T on C(X) ,
the identity map from CT(X) into CC(X) is continuous.
Our lemma implies that there exists a compact subset K cpX\X

such that
C(X)c C(BX\K) ,

~and thus B8X\K is éontained in vX . This means vX

.is a neigborhood of "X in RBX . We note that since BX\K

is locally compact for any compact K c gX\X , the continuous
convergence structure on C(BX\K) coincides with the compact%

open topology. We have now proved

Theorem 1. For a completely regular topological space

X , there exists an w-admissible vector space topology on C(X)

if and only Zf vX <s a neighborhood of X in BX..

- As an immediate consequence of theorem 1, we can state




Corollary. For a realcompact space X , there exists an
w-admissible vector space topology on C(X) <f and only if °

X s locally compact.-

With the help of lemma 1, we provide an alternative proof
for the following known result (see [2]). Recall that an ideal
Ic<cC(X) is‘called fixed if there is a point 'p 'in X , at which

- all functions of I wvanish.

Proposition 1. There exists an w-admissible algebra

topology 1t on C(X) with the property that every closed
maximal ideal in CT(X) is fixed, 7f and only <1f X <is
locally compact.

~Proof. Let T be an w—admissible algebra topology

on C(X) . By lemma 1, we have the following diagram of : )

continuous maps for some compact Kc gX\X

c_(X) — C_(X)

C, (BX\K) L T

For 'a completely regular topological. spave Y ‘and an -
w-admissible algebra topology t on C(Y) , there is a natural
injective map iY: Y-——e—HOmCT(Y) , Where HamCT(Y) denotes

the set of all the continuous [R -algebra homomorphisms from

C%(Y) onto JR . Each point vy eY is sent under i, to the

Y




point evaluation by y (i.e., iY(y)(f) = f(y) for every
feC(Y) ). Therefore, we have the following commutative diagram

of injective maps:

. F

Hoch(BX\K) 1d ~ HomCT(X)
IPBX\K ) T X
RX\K - £ X R

where 1@® is the map induced from id: CT(X)——~+ Cé(BX\K)
If each maximal closed ideal in CT(X) is fixed, then

iX is surjective. Thus the inclusion map from X into BX\K
is a bijection, which means that . X is locally compact.
Conversely, if X is locally compact, CC(X) carries a

topology with the claimed properties.

The rest of our topological questions is answered by the

following well-known result (see [4i, p. 329).

Theorem 2. For a completely regular topological space X .,

‘the following three statements are equivalent:

“Aa). X Zs locally compact
(b). CC(X) 18 topological
(c). There exists a coarsest w—-admissible vector space

topology on C(X)

"(a) dimplies (b)" follows from a standard calculation



and (b) clearly implies (c) . By applyihg lemma 1, we
provide a quick proof bfl"(c) implies (a)" . Assume there
exists|a coarsest w-admissible topology 't on C(X) . It
follows from lemma 1 that the subalgeﬁra C(BX\K) , for some

cbmpac1 KcgX\X , is all of C(X) and.
| : :

P
|

i@: CE(X) — CC(BX\K)

is continuous. If there existed a compact K'c BX\X' which
strictly contained K , then the topology of CC(BX\K') would

l .
be strictly coarser than <t . Hence X must be locally compact.

Since we have shown that there do not, in general,
exist w—adﬁissible vector space topologies on C(X) , we
will discuss w-admissible pseudo-topological Structures,
whose existence has been established in [Bj. There, tﬁe
convérgence space CI(X) _is defined as the inductive limit

of the family
{cc(eX\K){ K a compact subset of BX\X }

together with the inclusion maps. The convergence algebfa

CI(X) carries an w-admissible pseudo-topological structure
with the further property that each closed maximai'ideal is
fixed (see[3] ). We shall now work towards an universal
characterization(of CI(X) ; starting with a helpful definition:

An inductive limit L of.topological vector spaces (taken in



Lemma .2, Let L be a c—inductive Llimit for. X , and |

" inductive limit of topological vector spaces. Then ¢« Tfactors

‘system ({E

the category of convergence spaces) is called a c-inductive

limit for X if there is a continuous linear map A: L ——»-CC(X)

such tAat,_given any topological vector space E, each continuous

linear \map o:E ~—a—CC(X) - factors uniquely through )\ (that
\ .

is, théye is a unique continuous linear map ¢ making the

diagram

commutative).

Merely by looking'at lemma 1, one sees that CI(X) is a

‘c-inductive limit for X , by means of id: CI(X)f~——>CC(X)

The next lemma forms the backbone of cur characterization
of CI(X):

o:E ——ﬁ-Cc(X) a»continuous linear map, where E 11s an
uniquely through )

Proof: Suppose “E to be the inductive limit of the inductivé

6: 8§« A} of topological vector spaces, and

 f.v E. —» E the canonical mapping; for each &6 e A . Then the

$ 8
maps a°f6 all factor uniquely through X , giving the



following commutative diagram, for each §eA :

Now, by thé univefsal pfoperfy of inductive iimits, the family
'{aofaz §e A} of continuous linear mappings induces an unique map
a: E ——a—E;'whiéh is actually continuous; It is easy to verify
that « = Xeo , and that o is indeed unique with this

.property.

Theorem 3. Let X De a completely regular topological

space. Then

). CI(X)- is linearly homeomorphic to each c-inductive
limit for X , and
i1). the convergence structure on CI(X) 18 the coarsect

w-admissible pseudo-topological structure on C(X)
Proof. Part ii) féllows immediately from the preceding lemma,
- when one recalls that CI(X) is a c-inductive 1limit for X ,
arid part 1) from the observation that, if 'L is any c-inductive

limit, in the diagram

id

e (X) S (X)

L

-1
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the map id factors uniquely through X , and the map ) in

" turn factors uniquely through id . By the usual category-

theoretic argument, the reader can himself show that )\ = X

is the claimed linear homeomorphism. .

Now we wish to determine when Cé(X) is an inductive limit
of topological vector spaces. To simplify the notation, we

say that a filter ¢ admits countable intersections if the

intersection of every countable collection of elements in o 1is

again an element of ¢ .

Theorem 4., For a completely regular topological space X ,
the following three statements are equivalent:
(a). CC(X) 18 an inductive limit of topological vector

spaces in the category of convergence spaces.

(b). The <identity map from CI(X) onto CC(X) ig a
homeomorphism. |
(e). The space X has-both properties

(). The neighborhood filter of X in BX admits
countable intersections. '
(27). The set fiw consisting of all points in X

having no compact neighbornood in VX , is a

compact subspace of X .

Proof. The equivalence of statements (a) and (b)
‘_follows directly from theorem 3.
Throughout this proof, neighborhoods and closed sets are taken

in BX . Assume that the conditions in statement (c) are satis-

fied. Let © be a filter convergent to zero in CC(X).
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We will show that © converges to zerc in CI(X), finding first

“an open neighbourhood V of X, such that 6 has a base on C(V):

Since © 1is convergent with respect to the continuous con-
vergence structure, for each xeX and ns“{ there i1s an open

1
neighbohrhood UX

n of 'x and an element F ' in 6 so that
] } . ’

X,n

] X,n X,n n’ n
\
(by the same argument used in lemma 1 ). The collection’
{ UX 1 ¢ xeX } is an open covering of the compact set %. Thus
]
* . there are points X X

g2 Xos eee s Xy in X with

X € U 1Y e v U

Xqs Xk,l
This implies that the set
vV = ((UX)KU le,l U ee. U ka,l )

contains X, where (UX)K denotes that subspace of all points
in VX possessing a compact neighbourhood in VX. Obviously

V is open (since (UX)E is open), and further,

FX1,1 A cee N ka,l c C(V).

Next we construct an open neighbourhood W of X (with

WeV., so that 8 still has a base on C(W) ) such that the

filter | FAC(W) : Fe6 } converges to zero in CC(W):
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For each neWN, the set

n ,n
- xeX

is operl. By assumption-(condition 1i ), the set-

A
1 v n=1 Un
|

n
|

is‘a neighboufhood of X, and so we can find an opeh neighbour-
hood W of X contained within it. One can readily verify
that C(W) has the desired properties.

To comp%ete the proof, we show " (b) implies (c) ". To this
end, asSumg statement (c¢) 1is not satisfied, meaning that X
is not compact or the neighbourhood filter of X does not admit
countable intersections. In both cases, we construct filters con-
verging to zero in CC(X) but not convergent in CI(X).
. To begin with, let X be not cémpact. Then there is a family
{ UX : xeX } with the property that each UX is a closed
neighbéurhood of x. and no finite subfamily covers X. For each
point  xe X~X, we ghoose a closed neighbourhpod UX of x

contained in (UX)K. Now for each point xe X, let

FX = { feC(X) : f(UX) = {0} }..
Clearly'the family of all FX for xeX generates a filter 6
convergent to zero in CC(X). We claim that 6 does not con-
verge in C(X). Assume that 6 has a basis in C(BX~K),

for some compact subset K of BgX~X. This means there are '



' each Un contains U
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points Xl,‘X2, oo o X_ - in X with

F N ... NF < C(BX~K)
X .
1 : n

By construction, there is no finite subcollectionh of { UX : xe X}

eovering X, and hence we can find a point p 1in the set

' X\(UX U ... U UX ) . Furthermore, we pick a closed neigh-

1 n

bourhood V of p disjoint from KuvU_  u el U U, . Since
- : 1. n '
p¢'(uX)£, we know that

VARX~X # 0,

and hence there i1s a function

Which does not belong to C(BXNK)'® - see [5], section 7.9
This contradicts our assumption. |

On the other hand, let { Un,: neN} be a sequence of
neighbourhcods of X whose intersectien fails to be a neigh-
bourhood of X. _Withoutrloss of generality, we assume that»b

For xeX and neN, choose a

n+l° .
elosed_neighbourhood UX 0 of x _contained in Un’ and put
: o o >
F = { fecC(pX) : £(U. )¢ “i iy
X,n X,n n’ n .
The collection of all FX n for xeX and neWN again gene-
3

rates a filter 0 converging to zero in CC(X). Given any
arbitrary compact subset K of BXNX, we shall show that 6
does not even converge pointwise, when regarded as a filter

on Cé(BX‘\K). Since BXNK 1is a neighbourhood of X, our as-



s
sumption implies the existence of a point q in gX~X . but

not in () Un , and thus not in Un’ for some neN. Suppose

n=1
there are points Xis Xos oo 5 Xy of X and positive in-
tegers nl, oo s Ny such that
e o ' -1 1 |
(F, . n AF FCPR= =S
gi,nl ot Xy, n+1 n+1

!

Clearly we can assume also that

Ny 20y > 2 0p 20> i1 2 > Pk
Since q ¢ U_~ U «--UU , there is a function fe C(X),
®qoMq Xpolp :
with
(U U .. uUU ) = {0},
X450y X0, .
- 1 -1 17"
f(q) = 5 and f(X) < - n . Now f ©belongs to
F | A F but £(q)9 [Zl— L} . with this con- =
xi,nlm cen Xy 50 n+l ?* n+14 °

tradiction the theorem 1s establiéhed.

Corollary 1. If the subspace an of all points of X without
-compact neighbourhoods in X 18 compact and the neighbourhood
filter of XHE in X admits countable intersections, then:

CI(X) and CC(X) coincide.

Proof. Under these conditions on X, we show that requirement
(c) of theorem 4 is fulfilled. Let { Un :neN} be a sequence

of neighbourhoods of X 1in gX, and thus also neighbourhoods of
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X

nt in BgX. As an is compact, we can choose for each nelN

a closed neighbourhood Vrl in gX of Xnﬁ’ which lies in Un‘
Every Vhf\X is a neighbourhood of an in X, and hence the '
set

D = ﬂ@-(VnmX)
.n=1

is a neighbourhood of Xn in X. Thus the closure D of D

.
~in gX 1is a neighbourhood -of X , -in - gX, -and. of.-course.
, _ nk

=]
f
-~
-t
"
[

-'Now, since X itself is .a neighbourhood of ,X‘\Xnﬂ in  BX, 1t

C - follows that = (M Un"Vis a neighbourhood of X -in gX. To com-

: “n=1
“plete :the proof, we .need only see that the set X = (UX)HEFWX
dsitaiclosed subset.of ‘the compact set X and thus itself com-

nt’
~pact.

. "We provide next a short proof Df“the'following_result,‘which

- appears in EB].~

"Corollary .2. ".Let - p " be.a point in X "with a countable
- meighbourhood base -in X, but no compact neighbourhoods in X.

" Then Cé(X); does. not carry. a pseudo-topologiecal structure.

Proof. By assumption, we can find a sequence. (Xn)neN'Of

- points of gX~X “converging to the point p..in gX. Clearly

the set

M (B~ ix_h

n=1
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is not a‘neighbourhood of X din BX, despite being a countable

intersection of open neighbourhoods of X.

When X is.a locally c¢ompact topologiéal space, CC(X) is a
‘topological vector space, in particular, carrying a pseudo—topolo-
gical structure. However, locally coﬁpact épaces are not charac-
.terized by this latter fact, as fhe following examplé shoWs:

Under the interval topology, the set {O,ij of all ordinal
numbers 1ess than or equal to Q; the first uncountable ordinal,
beéomes a compaét topological space. Hence Y, that subspéce of
{O,Q] obtained by deleting all countable 1limit ordinals, is
) comﬁletely regular. Since there is hut one point, namely &, of
Y wifhout compact neighbourhoods, and since the neighbourhcod
filter of Q in Y admits countable intersections, corollary 1

to theorem 4 implies that CC(Y) and CI(Y) coincide
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