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On a Question of G.H. Wengel

by

Sydney Bulman-Fleming and Walter Yaylor

§1. Introduction _
A relational system A= <A;F3;R”» is called atomic

compact iff the following condition is satisfied: if Me
K(T) and if Z, is a set of atomic formulas of type T
(possibly modified by the substitution of elements of A
as "constants") such that each finite subset of Z, has a
simultaneous solution in 01, then Z,itself has a simul-
taneous solution in Ol. If R = ¢ then the (universal)

“algebra O, should it be atomic compact, is called
equationally compact. One should consult '[2], [§1, &3] and

[8] for further basic information.

Let Ol be a relational system and le‘t A be any ordinal.
In (4] an_di (9] a mapping Ly : Aw’-——’A i$ called a
L-li‘mit‘ on _g_’“provided it has the following three proper-
ties: | ' } wx' :
(1) Ly is a weak homomorphism from A *into a;
‘i.e. Ly is a homomorphism of the associated algebras,
and if r is an n-ary relational symbol in R, and if-'
fos--+,f _, satisfy r(fO(Y),...,fn_l(U))'for all
¥<W,, then r(L)(fO),...,L)(fn_l)) holds.

(2) If £(¥) = a € A for all ¥{W,, then La(f) = a.

W _
(3) If f,g € A * and _if there exists « < W, such
that £(¥) = g(Y¥) for all ¥Y¥«, then L)(.f) = L}(g).

‘G.H; Wenzel has recently proved, as part of the main theorem
of ym‘;, that an algebra M is equationally compact if and

only if there exists a A-limit on Ol for all 2\€¢«, where
Qis of the (infinite) cardinality N* . He then .asks'
whether the existence of an o« -limit on Olis sufficient

for the eqﬁational compactness of an algebra O of power N.(
(To quote Wenzel: "I conjecture a negative answer, although
I have no counterexamplé.") This note provides various
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examples that settle positively the abcve gonjecfﬁ'u'r'e.‘i"f

[}

§2. An Example in the Class of 'A‘l‘geb‘r'.as of Type -<'1>_

< 3 3 3 : N ...

Let Cn (n<w,) be disjoint sets Cn {an,O" ’,an,n}
of n + 1 elements such that each C_ is disjoint from the
setW, + 1 = {¥|Y<w1}Ui\A>1}. Let C =_U'(Cn\n<w°).and
let A = W, + 1)U C. Let O be the mono-unary algebra
<A;(f}) where the mapping f : A— A is defined by:

Y + 1 if X = X<;Dol

1 1
f(x) =
' 0 if x = a for some n< W
1’1,0 . o
an’i_1 if x = an,i for some n< W,

and for some i > 1. [

Thus X may be 'represented 'by the following diagram:

-



_ ’I’he algebra N just defined will be shown to
- @ 1~«limit, although it has cardlnallty TV and is" nbt
equationally compact. That Ol is not equatlonally cbmpact
may be shown either by displaying a suitable set of _
equations or by applying the characterization theorem of
G.H. Wenzel ﬂ@] of equationally compact algebras of"

type <17 . A proof more in keeping with the nature of this -
‘ report is the following: 1f(2 were equationally compact,
then a O-limit L, would exist on A, by the resuls of =
Wenzel mentioned previously. Necessarily we would have

' = . <W) ini =
LO((an,O)n<u%) 0 for some m<w,. Defining b = a ,m+1

for all n»m + 1, and letting bO’bi""’b be arbltrary
elements of A one finds that
ML () W) = a
0 n<wy m,O

1) for all xeh.

which is impossible, since a #
m,0
A 1-1imit will now be constructed on O . ' The following
notational conventions will be adopted. AntQHQSequence
(xr).“w1 will be denoted simply by (x,), and if F is a

W :
mapping from A 1 to A then F((xy)) will be shortened to

F(xx). Frequently fx will be written instead of f(x):
- The set A will be endowed with the following linear order:

(1) The elements oftﬁl +‘1.retain their usual
ordering; ' '
_ (2) Every element of C is less than O;
. '< . . 070 .=.
and (3) an’l am,J iff 17 o?{l J andxn>r1].
A sequence (x ) w1ll be called often x for X €A iff
'%‘<t0 | Xy = x}l (xy) will be called minimally
often x for xeA 1ff (xx) is often x, and (x,) is not
often y, for all y< x. The 1-limit L, is defined now
‘as follows: ' '

&




x irf ng)'ie mit
ofter x. }
L (x

W, if there exists no xe€A
such that (xy) is mini- |
'mally'oftenlg.

To verify that L1 is indeed a 1-1limit on 0! one
may. concentrate on showing that it is a homomorphism,
the other parts of the definition of 1-1imit being trivial
to check. It must be shown that L (fxr) = le(xr) for

all (xr)e A 7., The verification is divided into three
cases: -

Case I: Ll(xl) = W

1°

If (xr) is minimally often uﬁ then so also is
(fxy) and the conclusion follows. The remaining poss1b111ty
is that there ex1sts no x&€ A such that (xr) is mlnlmallz
often x. 1In this eventuality, the same is true for the
sequence (fxx) and the desired result appears.

Case II: L,(xy) = § for some 0<8¢W W.
Thls case 1is trivially dlsposed of.

‘ Case III: L (xx) = an N for some n,i < Wy

If i = O then (X() is mlnlmally often 2, ,0° and -
hence (fxx) is minimally often 0. Consequently L (fx()

0 = fan,O = fL (Xx).- ' : : J

If 1> 0 then (XX) is mlnlmally often an i,=which
clearly implies that (fxx) is minimally often a,

-1+ -Again

‘the requlred equallty can be calculated

The verification of this example is now completef

§3.  An Exaﬁpie?in‘the Class of Algebras of Type <1,1)

' To begin with, a strictly relational system Ol = (A;{H.))




. where’R is a blnary relation on A will be constructe),- SRR
- such that |A\ = 1, ‘such that the system M is not atamic L
compact, but such that a 1-limit exists on Of. Then, from
Olan algebra & = <B; & ,2)Y of type <1,17 with the same

propertles w111 be determined. (For an earlier example

~of such a conversion, see f[sj);

Let ‘A =b01 + 1, and define a binary relation R on A
by: <x,y”> &R iff x< yor x = y =®1. That O - -<A°(R))is~
not atomic compact can be deduced by con31der1ng the
follow1ng system L of atomic formulas with constants in A:

R(xl,ub) ‘ |

_R(X2’x1)

However, retaining the notions of often X and minimally

often . x iqsroduced in §2, it is not difficult to verlfy
that L : A 1——4-A defined by

x 1f (xy) is minimally often x
L(xy) = '

wl if there exists no x € A such

that (xy) is minimally often x
is a 1-1limit on Q. _ |
The algebra & = {B; &,g)Y of type <1,1Y mentioned
above is defined in the following fashion. LetTT and1T
denote the first and second coordinate prOJectlons respectlvely




- of the graph of R (here denoted also by R) to theset
where A and R are as in the preceding paragraph.v‘&et
be the set AUR U {2z}, where z belongs neither to A nor:
to R. The mappings £ ,& : B—>»B are defined by

e
~

1T1(x) if xeR
f(x) '

.z otherwise.

Tr2(x) if xeR

g(x)
z otherwise.

That $is not equatlonally compact can be seen from the
following system Zitof equations w1th constants in B
(whlch corresponds to the system Z, already con81dered for
the relational system QO):

glzy) = W,

f(z,) = g(zg) _
f(z2).= g(z3)

£(z) = glz, . 4)

‘To complete this example, a 1-1imit L on the algebra
1313 now given. Let (x,)eISjy The standard terminology

that (xy) is evehfually in the set X iff there exists -t<u)i

such that xy € X for all ¥»« will be used. L(xy) is
defined'according_to the nature of (x‘) as follows:




(1) L_ ) is evenﬁually in Ay }.e. there exis

w such that x"&& for all ¥ »¥,. Let (ay) be an arbi-
trary .element of A 1, and define (yy)e A " by yy = x' if1

'._‘ﬁ,_i_‘,x»)‘o, and yy = ay if ¥< XO’ Define f(xx_) = Lyy)s

(2) (Xf) is e@em&ually in R; i.e. there exists X <
W such that xy = <u,,v,> €R for all X»Y Define (sr),‘

1.
(t') € A 1 as follows:

o irf ¥<Y

o =%
Sy = :
Y
: uy if 3'>xb
| 1 if YLXO
tr =
Then.'<(sx) (tt)7€ A %‘% is in the relation R (interpreted
' 1

as a binary relatlon on A in the natural way) and
since L is a homomorphlsm of Cﬂ into Cn the element -

= {L(sy), L(ty)) belongs to R (this time reading RCAXA)
Deflne L(x*) =

(3) (XY) is not eventually in A and not'gxenhuallx
in R. In this case define L(x,) =z,

The verification that L is a 1-l1imit can be carried
out in similar fashion to the verification of the ,
corresponding result of §2.

§u. Concluding Remarks

Assumlng the Contlnuum Hypothe51s we have an example
of a semilattice T = <S8;{AYsuch that ¥ has a 1-limit,
IS| =7V1, and ¥ is not equationally compact. To produce

this example, let S be 'the set of non-negatlve real numbers,
“let A denote the usual binary "minimum" operatlon on S,




1-1imit for T .

However ?513 not equatlonally'compact,‘-
since by [2] equatibnally compact /\-semilattides mus ¢

~contain VC for every chain c<s.

L

Can the above example be converted to an éxample of

¥ ¢ :
power 7\1? The fact that 1lim inf exists ftu'uﬁ-sequences

relies on the axiom of Archimedes; and it is not altogethef
clear that there exists an uncountable Archimedean order
'typé‘which is conditionally complete for allbol-sequenges
unless it has already the power of the continuum. For

CE e sl el

that matter, we may ask whether any of the. examples given

in this note can'be turned into semilattice examples.
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