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1;vintroduction
. The present contribution {safwn;‘concerned with the
.nonselfadjoint problem

-latxou,]

X-; b(X-)uX + c(x)u = Au, 0 <4x <1,
(1) o . 4 ,

u(0) = u(1) =0

where a(x) ¥ o > 0, . c(x) > 0, and a, b, ¢ are all bounded

and.smdoth functions. This problem has an infinite sequence
of positive and distinct eigenvalues

.0 < z <z z :
0 € Ay “ 2, Ay 4o
and a corresponding sequence of smooth eigenfunctions

. ui,‘ue, u3,-... (see for'instanceﬁProtter—Weinbergér»[10,

p. 37]. and Coddington-Levinson [4, p. 212]).’Following”

b are

CourantQHilbert [5, p.-BBM] the eigenfunctions u
“uniformly bounded in the supremum norm if they are norma-

-lized so that

of course, by the well-known transformation

uP(x)]%ax = 1, Cop=1,2,3,...

O = v

b(t)

2(t) dt)w(x)

Pf
O !

- (2) u(x) = exp( -
(1) may be put in the selfadjoint form
'—[a(x)wx]x'+ S(x)w = 2w, '    ‘an,X'4 1,

Caw(0) = w(1) =0 -




where

~ _ o1 1°.2 '

c(x) -.c(x).+_§ bx(x) o b (x)/a(x).
Here, in order to obtain €(x) ® O we have to make a
restricting assumption on bx’ Therefore we choose the
direct approximation'of'(l) by means of the finite-diffe-

rence equations

) 7 o172V Veog)

817207V R 1 I T
Ax2 ‘ k 2AX
(3)
+ ¢ Vi = Avk, k=1,...,M,
Vo T VM41 F 0

where M e_m, Ax‘z'i/(M+1), and'vk = v(kAx). Equivalently,

we may write (3) in matrix-vector notation
(3') LV = AV
| T

. WheI’e V = (Vi’ .. ’VM) PR

and the matrix L may be”easiiy"
'derivéd from (3).

Let lbzk)l £ B and O ¢ Ax € 2a/8. Then the matrix L 1is
equivalent to a real symmetric matrix (see Carasso [2]).

Using this fact and Theorem 1.8 of Varga [11] it can be

"shown that.all eigenvalues Ap of (3) are reai and positive,

\ 2 < < < < :
0 < Ay £ A, Ay - Ay

and there exists a complete sequence of corresponding

eigenvectors vP . result of Carasso [2, Corollary 11 says

that there exist a constant K and an integer P> both inde-

pendent of M, such that



<
el
n
o}
N
=

. ; Z
nax lvil ¢ kp "%, g

if W .
|vp|§ 2% |v§|2,.= 1.

In this paper we prove the following theorem:

Theorem. Let a(x) 2 « > O and c(x) > 0, 0 4 x 4. 1. Assume

- In the selfadjoint case this result goes back to Blickner [1]. B
|

that a, b, and c are 7 differentiable bounded functions
with bounded derivatives 3. say  Jo(x)] £ B. Let

0 € Ax £ a/B and let'{Vp}g: be the eigenvectors of (3)

1
normalized so that [Vp|2 = 1. Then

va|m'é-K> | p»; 1,..:,M,

';for‘some constaﬁt K independeht of M.

Remark 1. In the case of the equation u = Au this result

XX

may begprovéd.by ekplicit computation of the eigenvectors

vP (see Isaacson—Keiler [9, 9.1.1]).

Applications of the Theorem to the theory of finite-diffe-
“rence approximations to parabolic and hyperbolic

partial differential equations are given in [6, 7].



2. Proof of the Theorem

Instead of L we consider, as ih [2], thé eiéeﬁvecﬁofé D;in.of
the similar matrix D_lLD defiﬁed below. But in contrast N
to Carasso [2],who uses a discrete maximum principle for his
,estimation,We transpose then the proof of Courant-Hilbert

[5, p. 334] to the resulting discrete problem.
The ‘following basic results are needed.

Lemma 1 (Carasso [2, Lemma 1, 3, Lemma 3.1]). Let
D = (dl’ s dM) be the diagonal matrix with

i-1

a - b, ,Ax/271/2 _ :
a, =1, d; =+ TT k+1/2 g+1 - _ "1 : 2,...?M
. k-l_ak+1/2.+ bkAx/a

For O € Ax € 20/8 we have d; > 0 and

for  constants Kgs K independent of M. Furthermore -

2

“ﬁ; o iLp = +-Q)/Ax2

where P =

(pik)i,kzi;..,,m
( i L=k
(Prs1/o ¥ Pr-1/2) 1=k
- < - pk+1/2 1 = k+l
Pig = L ,
| T Piyq/2 k = 1+1
! 0 | o otherwise
B} _ 1/2, 1/2
Prraso = (Bppqyp = Pyyq 87207 ay g p + bybx/2) >

and - Q = (ql,...,qM) is the diagonal matrix with

2

A = @0 * 270 7 (Prugyn +Apk—1/2) t o AxTey
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Remark 2. The change of variables V = DW is a discrete

‘analog to (2) [2].

" Lemma 2 (Carasso [2, Theorem.1]j. Let A, VP be the
characteristic pairs of the matrix L with [Vpl2 = 1. Let
u® be an eigenfunction of (1) corresponding tovAp and 1et
_Up beithe Qector of dimension M obtained from uP by

p

mesh-point evaluation. Assume u° normalized so that

lDflUplg :«|D‘1Vpi2 then as Ax — O, wé have

"

Thg - aglf kg (e)ex?,

(4) |uP - ijg £ Ku(p)AX2

where Kgs Ky are positive constants depending only on p.
In the selfadjoint case Lemma 2 was proved by Gary'[6].

Remark 3. The estimation (4) implies
|uP - Vp[°° £'Ku(p)AX3/2

Lemma 3. Let
1

%;; oyrg /o tneme, 1) = g o (o g ) lagn /8

1]

Gy (W)

Then, under the assumptions of the Theorem';

Py _ _ p D N _'._
.Cl(w ) = QP41 /0W] 4177 ¥ g(1), 1 = 1,...,M,

where J(1) denotes a function which hasca bouhd'independént'of M.

Proof. We show at first that]qk//-\x21é KS independently of M.

To this end it suffices to Qon51der ak+1/2j— pk+1/2_'




By means of the binomial theorem we obtain

k172 T Pxrr/2 |
C by L AX ‘ b, AX

_ - k+1 a2 .k 2
= 2y ,1/2 k+1/2(1 Z;————— + O(Ax ))(1 +'Ma- — + J(ax°)).
: k+1/2 , “k+1/2
Inserting bk+1': bk + J(Ax) we find that
(5) 84172 T Prsrsp = O(8x7).
Now, since wg = 0,
, p-__; : p P
C (W) = q1p1+1/2w_1+1W1/AX
1, . R S,
R K, D. D - *k+1 “k P p
—(p = Pp_q Wy + E ———D W AW
=1 Ax k+1/2 k 1/3 k'k %=1 AX% k+1/2 k+1 'k
%»M; But: by the.mean value theorém we have
el _, . 2—v A
Pryq = Py ° g(Ax) and (qk+1_— qk)/Ax = ¢(Ax). Hence,

using Schwarz's inequality and |wp|2 £ Kg we ébpgin the

desired result.

V_Now_ accordlng to Lemma 1 it sufflces to prove the Theorem

-1

for the .eigenvectors wP =D Vp of the matrlx (P+Q)/AX whlch

_ has the elgenvalues_Ap too. We multiply the k—th row of

Lo+ WP = AP
o AxXS 5 p

by _ |

o D _ Py _ "D _ D
Prat/2(M = Weat) T Prog/o(We - W)

and obtain by adding all rows from k = 1 until k—;'lhA

‘ p _ D
Pypayo(Wy = wigq)
- A X '

| p _ D
P1/p(W3 - we)
P _ E p p _ ©
+ A p1+1/2 1417 1 - Ajex p (&, Jwpwy = [ A%

. + cl<wp)
(6)




(6) for 1 =1 to 1 = M, add (p

"since [ql/AX

where (k=-1/2)Ax <« Ek < (k+1/2)Ax. In order to eliminate
the term on the right'side of (6) we sum up the equations

Dy o (W5 - wg)/Ax)2 to both

sides, and divide by M+1 = 1/Ax. Then

p M py12 M

|p (w - W) p w? - WPy T :
[ 1/2 } = Ax 1+1/2 7 1+1 1 + Ax§ Cl(wp)

Ax 1=0 AX ' 1=1
(7) M

p p
+ ApAX;Z; p1+1/2 14171 ~ EZ: Ei:p (& )Wk K

But- ‘

“a < £ Z
(8) | 0 a/2. P141/2 Ko

Cif 0 £ Ax £ o/B. Thus, using the fundamental relation

| | B
%;; p1+_1/2(w1+1 - wy)T = WPW

‘and Schwarz's inequality we derive

M p (w p) 2 i q M q
Ax§ [ 1+41/27 7141 + AXK7E. "12w L AXK7§ 12 g ?
l=o " Ax _ 1=1 Ax 1=1 Ax
< w_A
K7t T K58y
.21 .

£ K5 1ndependent1y of M. Hence,;applylng

 Schwarz S 1nequa11ty once more we flnd from (7) by means of

the Assumptlon and Lemma 3 that

p) 2

b _
Pyjolwy - w ;- .
- K8A + K9.
AX p

From this estimation, equation (6), and Lemma 3 we deduce that

ql) WP £ A+
D p1+1/2 1+1 1-“ “10%p T ®11-

(A
- AX




o~

(9) owPowP o«

; for some constant K

. assertlon of the Theorem follows by Lemma 2

Consequently; observing (8) we obtain, in case_Ap N K
l+1 1 12?2

12

it

Finally, we return once more to equation (6). The above

estimations yield

~

_wp)2

tp'
Pyy1/2(W74q 1 .

L AX

13°p T K1y

or, usingj(9);

max {w

1£14M 1+1°?

1T

ibecausele?Aﬁ is bouhded independently of M.
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1ndependent of M For Ap £ k. the

p} £ Ax (K 5 s K16) + K é'g:if.

that
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