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1 Introduction

During the design of a reactive system it may occur that certain information rele-
vant for the present stage of the specification is either not yet available or should
be supressed but will be provided at a later stage. This is where the concept of
underspecification or partial specification comes in. One way to handle the situ-
ation of incomplete information is to admit a specification that leaves room for
later refinement steps in which additional knowledge can be incorporated. The
loose specification in the area of algebraic specification of abstract data types is
an example for such an approach. There are various ways how underspecification
or partial specification can be incorporated into a process algebra setting. [LT91]
consider e.g. partial specifications, where the specification of some components
is left open. The interpretation is here that these parts may show any behaviour.
Such a partial specification S defines an infinite set of concrete processes, i.e. all
processes being equivalent to some instance of S, and can e.g. be used to reduce
the complexity of compositional verification.

We are here interested in a more restricted form of underspecification which
arises from a situation where at a certain point in the system design the decision
between various known options of system behaviour is to be postponed. Hence
the degree of underspecification is less than in the case of the partial specifica-
tion. One would like to describe the alternatives within one process expression
but at the same time it should be clear that only some of the options will be
chosen in a later design step. This can be achieved by introducing a special
underspecification operator via which the options are combined. The interpre-
tation of such an underspecification term is that it describes a set of alternative
processes, among which we have to choose in a later step. Refinement can be
modelled by inclusion between sets of alternatives.

In a recent paper [VD98] Veglioni and De Nicola consider a simple process al-
gebra BP of finite processes and propose an alternative approach which avoids
the introduction of an additional operator by giving a new interpretation to the
choice operator + . The operator + is interpreted as underspecification whenever
it combines processes which have some initial action in common. The meaning
of such a term is a'set of deterministic trees (possible worlds). Refinement can
then again be modelled by inclusion between sets of possible worlds. This view of
underspecification can be illustrated by the coffee dispenser example of [VD98].
The coffee dispenser provides a maximum of n units of coffee, where n is deter-
mined by the size of the coffee container. If, for some reason, the actual size has
not yet been decided a specification might be given by:

CofMach = cof + cof.cof + cof.cof.cof +...

This system is not meant to be nondeterministic, but allows for different imple-
mentations ( possible worlds) :

CofMachy, = cof; CofMachy = cof.cof;

In a subsequent design step one may then take a decision for one of these vari-
ants thus performing a refinement step.



This use of the choice operator, though debatable, allows for a simple opera-
tional semantics that is derived from the classical transition system semantics
and that is equivalent to a very intuitive denotational semantics of underspecified
processes in terms of sets of deterministic trees. It also allows for the definition
of a possible worlds equivalence that can be related to other equivalences for the
language BP. It is restricted, however, as far as the modelling of underspecifica-
tion combining two arbitrary processes is concerned. [VD98] introduce for this
purpose a special underspecification operator & that is used together with the
+ operator understood as above.

In this paper we consider two variants of underspecification:

1) the variant of [VD98] for an extended language expressing underspecification
by the + operator for processes with some common initial action, which we
adapt to allow for expressing underspecification among arbitrary processes.

II) an approach where + has its classical meaning and underspecification is
described via a separate operator.

The language BP of - [VD98] of finite, sequential processes is not powerful
enough to specify complex processes. At least recursion and a parallel construct
have to be added for a more realistic setting. In a first part of the paper we dis-
cuss how the idea of [VD98] introduced for finite processes can be carried over to
a larger class of processes including recursion. To handle recursion we use metric
spaces. We give a denotational semantics for underspecified processes in terms of
compact sets of trees which induces a denotational possible worlds equivalence
and study its properties. We then consider general underspecification and discuss
the approaches I) and IT). We treat the question of an operational semantics. It
turns out that the equivalence of denotational and operational semantics that
holds for finite processes is not valid in general. We also sketch possible exten-
sions.

The paper is organized as follows. Section 2 contains the definitions. In section
3 we describe a domain of trees upon which we will build our semantics. Section 4
presents the denotational possible worlds semantics for the language of recursive
processes. In section 5 properties of the possible worlds semantics are presented.
In section 6 we discuss general underspecification. Section 7 treats operational
semantics. Section 8 contains extensions and connections to related work.

2 Definitions and elementary facts about metric spaces

In the next sections we give a summary of the concepts of processes and metric
topology. ”

2.1 Processés

W consider processes that are able to perfofm actions from a given set Act. An
action represents any activity of a system at a chosen level of abstraction.




A transition system over Act is a pair (A, —), where A is the class of processes
(or states) and —C A x Act x A is the transition relation. We write p = ¢ for
(p,a,q) €—. On transition systems a variety of semantic equivalences have been
investigated as e.g. presented in [vG90].

We first extend the class BP of [VD98] of finite processes by recursion to
model infinite behaviour. A parallel construct will be introduced in section 6,
concatenation and infinite summation are discussed in section 8.

The class RBP of processes given by

- 0 € RBP

- a.P ¢ RBP (prefix) for alla € Act, P € RBP

- X eRBP forall X ¢ Idf

P+ Qe RBP (sum) for all P,Q € RBP

- fiz(X = P) forall X € Idf, P € RBP such that X is guarded in P

Here Idf is a set of identifiers. An occurrence of X € Idf is free in P iff it does
not occur within a subterm of the form fiz(X = @). An identifier X € Idf is
guarded in P iff each free occurence of X in P is in the scope of a prefix operation.
A process is closed iff it does not contain any free occurrences of identifiers. For
P,Q € RBP, X € Idf, P[X/Q)] denotes the process where each free occurrence
of X in P is substituted by @. '

RBP yields a labelled transition system with the transitionsa.P = P, P+Q -
P ifP 3% PorQ3 P, fis( X = P) 3 P if P[X/fiz(X = P)] > P
Processes can be drawn as process graphs, i.e. rooted, connected, directed graphs.
The nodes, edges and root of a graph G are denoted by N(G), E(G) and R(G).
We want to define the subclass of deterministic processes. For this we introduce
a set INIT of assignments that associate a set of actions with each identifier

INIT = {o|o : Idf — P(Act)}.
For X,Y € Idf,U € P(Act) we put

s = {7y 2%

The function I : RBP — INIT — P(Act) giving the set of initial actions
for a process P is defined as follows:
1(0)(s) = 0 ' I(X)(0) = o(X)
I(a.P)(0) = {a} I(P + Q){o) = I(P)(0) UI(Q)(0)
I(fiz(X = P))(c) = fppx(c) A. ' ~

where Ifpp x (o) is the least fixed point of pp x(c) : P(Act) — P(Act) given
by pp,x(o)(U) = I(P)o[X/U].

Let P € RBP, 0 € INIT. The relation & C RBP x INIT characterizes
the processes that are deterministic under an assignment o and is given as follows
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(0,0) €6

(X, U)E5

(a.P,o) € if (Po)esé

(P1+P2,0')€6 ifI(Pl)aﬂI(P2)0=@and(P,-,cr)E(S 1=1,2
(fiz(X =P),o0)eéd if(Po)es

(P,o) € § means that P is deterministic under o.
Ezample 1. (X +Y,0) € 6 for o(X) = {a},oc(Y) = {b,c}
Let us call a process P deterministic if (P,o) € ¢ for all 0.

Ezample 2. 0, X, fiz(X =a.X +1.Y) are deterministic; if P, @ are determin-
istic, so is a.P + b.Q; fiz(X = a.X +Y') is not deterministic.

To handle recursion we will use the metric setting, proposed by [Niv79] and first
investigated in [dBZ82].

2.2 Metric Spaces

We recall some basic facts from (metric) topology. We presuppose the notions
of metric space, compactness, completeness of a metric space and the theorem
that each metric space has a unique completion. Given a metric d on M, then d
and 135 + 137 induce the same topology on M, hence in the following we will restrict
ourselves to metric spaces (M, dps) with dps - M x M — [0,1]. A metric space
(M,dp) is called discrete iff for every z € M there exists £ > 0 such that
du(z,y) < € implies z =y . A n-ary function f : M x ... x M — N is called
non-distance-increasing iff

dN(f(mlv .- 7:[71)7 f(yI) e 7yn)) S izn:lla_‘_)_(ndM(xi, yl)

A non-distance-increasing function f : M x...x M — N, where (N,dy) is a
complete metric space has a unique extension to the completion of M x...x M.
f:Mx...xM — N is called contractive iff there exists a constant ¢, 0 < ¢ < 1
such that dn(f(z1,---,Zn), f(¥1,- -, Yn)) < € MKyt . drr (T, Yi)-

The fixed point theorem by Banach/Cacciopoli states that every contractive
function f : M — M on a complete metric space M has a unique fized point in
M. )

If (M,du) is a (complete) metric space then (Pnco(M),dn) is a (complete)
metric space where | ’

Prco(M) ={U C M| U # 0, U compact}
and

dp(X,Y) = max{sup mf d(z,y), sup inf d(z,y)}
zeX UE yey 2€X



for X,Y € Ppeo(M).
If (M,dp) is a discrete space then Ppeo(M) = Ppy(M), where

Pus(M)={U CM|U=#GE, U finite}

In section 4 we will define a semantics that associates with each process
P ¢ RBP a compact set of trees. In the sequel we will frequently make use
of the fact that a subset S of a metric space is compact if every sequence in S
contains a subsequence that converges in S. In addition, the following theorems
turn out to be useful.

Theorem 1. Let (M,d) be a metric space. If X C Ppeo(M) is compact and
X # 0 then e x A € Preo(M).

Proof. Let U be an open cover for | JA and A € X. As A is compact there must
be a finite subset of U that covers A and yields an open neighbourhood U(A4)
of A. Hence {U(A4)}4ecx is an open cover for X, from where we obtain a finite
cover of X , as X is compact. From this finite cover we obtain a finite cover for

UA .

The next theorem will enable us to lift certain set-valued operations f defined
on trees to operations defined on compact sets of trees by pointwise application
of f. As the theorem is stated for arbitrary metric spaces it can also serve as a
basis for a possible worlds semantics that is based on other models than trees.

Theorem 2. Let (M,dp), (N,dn) be metric spaces. f: M x M — Ppeo(N) a
non-distance-increasing function. We put for U,V € Ppeo(M)

fovy= U faw)

uelUveV
then

i) f(U,AV) is & nonempty compact subset of N for allU,V € Preo(M).
) da(f(U,V), (U, V")) < max(du (U, U"),du(V, V"))
for all U,V € Preo{M), ie. f: Preo(M) X Preo(M) = Pneo(N) is non-

distance-increasing.

Proof. i) We first observe that S = {f(u,v)|u € U, v € V} is a nonempty
compact set for U,V € Ppeo(M): let (f(us,v:))ics be a sequence in S, hence
((us,vi))ier is a sequence in U x V, hence there is a subsequence ((us;,vi;))jes
of ((us,vi))ier that converges to some (ug,vo) in U x V. As f is non-distance-
increasing (f(us;,vi;))jes converges to f(uo,vo) € S. Application of theorem 1
yields the result. ; )

it) Let U,V € Ppco(M). We first observe that

d(f (U, v), fU',v")
=d( {J fwv), | f@,v)

ueUveV w el vev!




<d{flu,v):uel, veV}{flu,v): v el v eV}

= max{ su in d(f(u,v), f(u',v")), su inf  d(f(u,v), flu,v
(o g, ) S, sup |t ), S, 0))

= max(Lq, Ls).

As f is non-distance-increasing, we obtain for allu e Uju € V

d(f(u,v), f(u',0)) < max(d(u, u'), d(v,v"))

inf inf
u'eU' v eV’ wel veV!

_ . ! . !
- maX(ullIel(fj’ d(u7 u )7 v’nel{/’ d(’U, v ))

< max(sup inf d ", sup inf d(v,v’
= (uegu’EU’ (u’u)’,,egu'lev' (v,v'))

< max{d(U,U"),d(V,V")).

Hence ‘
L; < max(d(U,U"),d(V,V")) for i = 1,2.

3 A domain of trees

The semantics of BP is given in [VD98] in terms of finite sets of finite determin-
- istic trees with edge labels in Act. In order to be able to model the meaning of
recursive processes we have to admit infinite sets of possibly infinite trees. We
define in the following a suitable metric space (D, d) of trees and use P (D)
as semantic domain for RBP (and the extended languages introduced sections
6 and 8), as compactness generalizes finiteness. The choice of D is justified as
follows. Bisimular terms in BP obtain the same meaning in [VD98], hence this
semantics can be viewed as a mapping from BP to Pns(Tfinsran/~) - Here
T finbran denotes the class of (isomorphism classes of) finitely branching trees
with edge labels in Act and ~ denotes bisimulation.
The natural metric on Tfinpron is given by

o1l
dr(t1,t2) = inf{z; | ") = 57}

where (™) denotes the n-cut of ¢ . With this metric T finbran 1S a complete metric
space. The metric carries over to Tfinpran/~ and yields an incomplete metric
space (T finsran/~,dr). Let (A,d) denote the completion of (T finsran/~,dr)-
(4, 4) can be given an alternative, more flexible characterization as follows. Let
CMS be the category where the objects are complete metric spaces and- the
arrows are non-distance-increasing functions. The functor F : CMS — CMS is
given by :
F(M) = {0} U Preo(Act x M)

and
F(f) = \UA(a, f(m))|(a,m) € U}.



It is a well known fact that F has a unique fixed point in CMS [MCZ91,dBZ82]
that can be obtained as the metric completion (D, d) of |J;5.q D; where

Do = {0}, Diy1 = F(D;) i2>0.
As D; is discrete for ¢ > 0, we have
Diyi ={0}UPs(Ax D) i 20.
Uiso D consists of finitely branching trees of finite height.
Theorem 3. (D,d) and (4, 48) are isometric.

Proof. This proof is due to [Bai94] and consists of the following observations:
1. the mappings F), : Ts,'zzlbmn/ ~ = D, , defined by

Fo([te]~) = 0 and Fo([tl) = {(a, Fa-1([t']~)) st >t}

for
t € T(n) ={te Tfinbranll < height(t) < n}

finbran
are welldefined, bijective and distance-preserving ,
2. for every t € T finpran the sequence F([t(”)],v)nzo is a Cauchy sequence in D,
3. the mapping F : Tfinpran/ ~ — D given by F([t]~) = limy—c0 Fn([t(")]N)
is an embedding,
4. F(Tfinbran/ N) is dense in D.

By standard arguments [dBZ82] one can introduce operators o, +, and - on
D as follows:

o: corresponds to the empty tree §
+: Uiso Di X Ui Di = Uiz Ds
t1 i =t Uty
+ joins two trees at the root
- Act x Ui>0 D; — Uizo D;
a-t:={(a,t)}
As + and - are non-distance-increasing on {J,5, D; they may hence be uniquely

extended to D. The initial actions function I for trees in D is given by

I(t) = {a: (a,z) €t for some z € U D;} forte U D;.
\. i>0 i20

For t = lim¢, € D we choose some £ < % and determine N such that d(t,,t) < %
for all n > N. We put
16) = |J 1)

k>N

Lemma 1. I(t) is finite for allt € D.




The subset D¢ C D of deterministic trees is given by

Dg = {0}

D¢, = {0}y

AU € Pps(A x D¥) : VaVb¥azVy (a,z) € UA (byy) € UA (a,2) # (by) = a #
b} fori >0

D? is the completion of |J D¢. For i > 0 the subset D¢ C D; of root deter-
ministic trees is given by D¢ = {t € D, : YaVbvVzVy ((a,z) € t A (b,y) €
i A (a2) # (b,y) = a # b).

4 Denotational infinite possible worlds semantics for
RBP

In this section we present the denotational semantics for RBP in terms of com-
pact sets of deterministic trees where each tree represents one option of the
specification at the present stage. The choice between the options is to be de-
cided in a later design step thus performing a refinement. The interesting part
of this semantics is the definition of an operator % on compact sets of trees that
models the intended interpretation of + .

EXAMPLE Let P, = a.b.0 4+ a.c.0, P, = a.e.0 + d.0. The intended meaning
of P, resp. of P> is shown in Figure 1 while the intended meaning of P, + P> is

resp. o

Fig. 1.

shown in Figure 2

For the definition of # we proceed as follows. We first define a function rdet
that decomposes a tree ¢ into a set rdet(t) of root deterministic trees which have
the same initial actions as t. We define an operation * on root deterministic trees
that already reflects the desired interpretation of +. This operation is extended
to arbitrary trees by using the function rdet and then lifted to compact sets of
trees using the theorem 2.



Fig. 2.

not be used for trees in D. This is due to the fact that D contains infinitely
branching trees for which « is not welldefined. However, » and * coincide for
(finite sets of) finite deterministic trees and hence finite processes obtain the
same meaning in both semantics.

Definition 1. Lett € (J;5q Di. We put
rdet(0) = {0}. Fort # ( let

Fy={f| f:I(t) » | Ds such that (a, f(a)) € t}
i>0
and
j rdet(t) = {{(a, f(a))l a € I(t)} | f € Fi}

Remark 2. rdet(t) is finite for all ¢ € U;50Diy t = Upepgerryt for all ¢ €
Uiz D: and rdet(t) = {t} for each root deterministic ¢ € ;54 Di-

rdet decomposes a tree in | J;, D; into a set of trees ¢’ in |J DI with I(t) =
I(t). B
Lemma 2. rdet : | J,5q Di = Pnco(D) U {{0}} is non-distance-increasing.

Proof. Case 1 dg(t1,t2) =1 : is obvious.

Remark 1. It should be noted that the corresponding operator + of [VD98] can-
|
Case 2 dy(t1,t3) = 5} < 1 for some k: we show that ‘

1
dpr(rdet(t1), rdet(tz)) < o5

Let 7 € rdet(t1), 7 = {(a1,71),..,(@n,7n)} where a; # a; for i # j. As for
i =1...n (a;,7) € t1 and sup,¢,, infyey, d(z,y) < ¢ there must be some
y € t2 y = (a5, i) with dg((a:, 73), (@i, M) < 25

Put p = {(a1,A1),---,(@n, An)} then du (7, p) < 2, hence

dp(rdet(t1), rdet(t2)) =

ax : 1
m sup inf  d(z,y), sup inf  d(z,y)) € =
(wefdet(tl)yerdet(h) v yErdet(t,) TETdet(t1) (=9)) 2k,
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Hence rdet can be canonically extended to a non-distance-increasing map
rdet : D = Ppreo(D).

Ezample 3. Let t € D and ¢, as shown below in Figure 3. Then t = lim t,, and
rdet(t) = lim(rdet(ty)).

O
N
@)
1)
O
e
o]
}

e}
a .
t = tl’l— ) n
D o
a a
O
Ia
a
rdet(tn): Ia,: n rdet(t): Ia ]
. a
Ia B

Fig. 3.

Definition 2. Let t,t' € |J;5q D: be root deterministic.Let

Fop = {fl f: 1) UI(t') = | J D: such that (a, f(a)) €tV (a, f(a)) € t'}.
. . i>0
We put

txt' = {{(a, f(a)) a € I()VI(t")} | f € Fypr}

For t1,t; € ;50 Di we put

ty xty = - U txt
térdet(ty)
t' erdet(ta)

Lemma 3. Letty,ty € ;5o Di be deterministic trees. Then ty *ty contains only
deterministic trees. -

Proof. By induction on the size of I(¢;) N I(t2).




Erample 4.

2 A a b P a /b a A\ b
/ \ * = / \ s \
Al B A B

Lemma 4. Let t,ts € |J;5q D; be root deterministic then

d(t1 * ta, t] * t5) < max(dy(t1,t}),du(t2,t5))

Proof. The case that dg(t1,t]) = Lordg(ts,t5) = 1is trivial. Let now dg(t1,t]) <
1 and dg(ts,t5) < 1. Then I(t,) = I(t}) and I(t2) = I(t)). Let T = t1 x t5 ,
T' =ty *t, . Each t € T is a combination of parts of ¢; and parts of t,, i.e.

t = {(ei,m)l i€ IYU{(bs,my)l j € J},
where (ai, 7) € t1, (b, 75) € ta.
For each 7 € I choose 7; such that (a;,7;) € ¢] and for each j € J choose 7;
such that (b;, ;) € t2 and put

¢ = {(an i€ }U{(bml 5 € T}

Then

du(t,t') < max(dg(t1,t)), de(t2, t5))
hence

sup inf dy(t,t") < max(dg(t1,t]),du(ts, t5)).
tET tleTI

Theorem 4. Let ty1,t2,t],t5 € Uz>0 i, then
dp (bt * ta,t] xt5) < n}a.x(dH(tl, 1), de(ta, £5)).
Proof.

dp(ty *ta,t] *ty) =

du( U t*f,..U tf*f’).

tErdet(ty) ¢/ Erdet(t])
t€rdet(tz) - frerdes(s))

12




By lemma 4 x is a non-distance-increasing function

x: D/ x |JDI* = Preo(D).

i>0 i>0

Hence by theorem 2

%1 Proo(|J D% x Preo(| JDIY) = Preo(D)

i>0 i>0

is a non-distance-increasing function. As rdet(t, ), rdet(t2), rdet(t}), rdet(t;) are
elements in Preo(U;so DI%) we get

dy (rdet(t;) * rdet(ts),rdet(t}) * rdet(t,))
< max(dy (rdet(t,), rdet(t])), dg (rdet(ty), rdet(ts)))

S ma.X(dH(tl, tl]_)a dH(t27 t/2))

as rdet is non-distance-increasing.

Hence * can be canonically extended to a non-distance-increasing map
*:D XD = Preo(D).

Theorem 5. Let T1,T, be nonempty compact sets of trees in D then

1) Th#Ty = Ut,»ET.- t; *x t3 is a nonempty compact subset of D
i) % : Preo(D) X Pneo(D) = Pneo(D) a non-distance-increasing function.

Proof. By theorem 2 and theorem 4.

Remark 8. If T1,T, consist of deterministic trees then T7xT» consists of deter-
ministic trees.

Definition 3. Let ENV = {00 : Idf = Ppnco(D)} be the set of environments.
For T € Pneo(D), X,Y € Idf

ox/mm = {772 %

The meaning function ((-)) : RBP-— ENV — P,.,(D) is given by

({0} (o) = {0}

{(X))(0) = o(X)

((a.P))(0) = {{(a, )}t € ((P))(0)}
(P + P2)) (o) = ((P1))(0)*{(P2)) (o)
{({(fiz(X = P)))(0) = fiz &p.x(0)

13



where fiz $p x (o) is the unique fized point of the contractive mapping
¢P,X(0') : PnCO(D) — Pnco(D)

defined by.
Pp x(o)(T) = ((P))o[X/T].

Remark {. For each closed process P, ({P)) is a set of deterministic trees in D.

Ezample 5. Let P = fiz(X = a0+ a.X) and Q = a.0 + fiz(X = a.X) then
({P)) consists of infinitely many worlds while {{(Q)) has two possible worlds as
shown below.

(F)= T % )= T

As in the finite case one obtains a refinement notion as inclusion between
sets of the possible worlds.

Definition 4. Let P,Q € RBP be closed processes. Q is a (denotational) pos-
stble worlds refinement of P, written P <p Q ff ({(@)) C ({(P)). P and @ are
(denotational) possible worlds equivalent, P =p Q, iff ((P))=((Q)).

Ezample 6. P <p @Q where P, are taken from example 5.

5 Properties of the infinite possible worlds refinement

[VD98] gave an axiomatic and operational characterization of the possible worlds
refinement and showed that bisimulation implies denotational possible worlds
equivalence for finite processes. They informally argue that bisimulation does
not imply operational possible worlds equivalence for infinite processes, see also
section 7. This is the starting point for this section. It is not difficult to see
that the above possible worlds equivalence also satisfies the axioms given in
[VD98]. In addition we establish an axiom for recursive processes, which will be
of some importance when we lock for an operational semantics that is equivalent
to the denotational one. We then address the question of the relation between
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bisimulation and possible worlds equivalence. We show that bisimulation implies
denotational possible worlds equivalence also for infinite processes. This is done
by a sequence of steps using three auxiliary functions

hi :RBP — ETI,’Ui — H,L‘, 1= 1,2
where H, = D and Hj = Tfinpran and
det : D = Proo(D)

that associates a set of deterministic trees with each t € D. We show that for
each closed process P
h(P) = F([h2(P)]~)

where F : T ¢inpran/~ — D, and

((P)) = det(h(P))

and
(RBP, Act, —, P) is bisimular to (T finbran, Act, =, h2(P))

hence P1 ~ P2 yields <<P1>> = <<P2>>
The next technical lemma is needed in this section for arguments involving
recursive processes.

Lemma 5. Let P, P,...,P, € RBP and X,,..., X, € Idf, X, # X; fori # j,
o € ENV. Then

((P[X1/P1, -, Xn/Pn])) (o)
= (PN X1 /((P))(0),- .-, Xn/{(Pn))(0)]-

Pro‘of. By induction on the structure of P. We only show the case
P = fiz(X = P').

We assume w.l.o.g. that X does not appear free in P,,..., P,.

Case 1 X & {X1,...,X,}.Then

PX1/Py,...,Xn/Pp) = fiz(X = P'[X1 /P, ..., Xn/Pp)).

By induction hypothesis

(P'[X1/Pry s Xa/Pal))(0) = (PNolX1/((P1))(0); - Xn/ ({Pa)) ()]
hence for all T

Spi(x,/Py,. X0 Pa), x (ONT) =
((P'[X1/P1,..., Xn/Pa)))o[X/T]

(P )olX1/((P) (o), ..., Xn/{((Pa))(0), X/T)]
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= ®p x (o[ X1/({(PD)) (o), .-, X/ ({Pa))(a)(T)
hence
(P[X1/Py,. .., Xn/Pal))(o) =
f1z ®pix,/py,.. X0 P, x(0) =

fiz &p xo[ X1 /({(P1))(0), -, Xn/((Pn))(0)]

= (PNl X1 /((P)(0), -, Xn/{(Pa))(0)].

Case 2 X = X, forsomei € {1...n}. W.lo.g. we may choose ¢ = 1. Then
X = X; does not occur free in P. As X does not occur free in Py, ..., P,, it also
does not occur free in P[X3/Ps,. .., Xn/Py,] and hence by case 1

({P[X2/Ps,. .., Xn/Pa]))(0) = (P[X2/ Py, ..., Xn/ Pa]))o[ X1 /((P1))(0)]
= ((P))o[X1/((P))a), X2/ ({P2))(0), .., Xn/{(Pn))(0)]
= (PNo[Xa/{((P2))(0), - -, Xn/((Pn))(0)]-

5.1 Axioms

Lemma 6. The (denotational) possible worlds refinement satisfies the following
~ azioms. Let P,Q, R be closed processes:

A0: a.P+a.Q <p a.P

Al1: P+Q=pQ+P

A2: P+ P=pP

A3:(P+Q)+R=pP+(Q+R)

A4: (P+0)=p P
A5:a.(b.P+b.Q+R)=pa.(b.P+R)+a(b.Q+R)
A6: fiz(X = P') =p P'[X/fiz(X = P')]

where P' € RBP and X is the only variable occurring free in P'.

Proof. The axioms Al to A5 were already established by [VD98] and carry over
to infinite processes. For A6 we show that

((P'[X/fiz(X = P)]))
is a fixed point of X
Epr x(o)(T) = ({(P))o(X/T).
(P'[X/ fiz(X = P'))) = ((P")o[X/({fiz(X = P'))]

= (PNl X/ (P Vo[ X/{(fiz(X = P)))]]
= ((PNe[X/((P'[X/ fiz(X = P)])]

by lemma 5.




5.2 Bisimulation and denotational possible worlds equivalence

To establish the relation between the two equivalence notions we use au;iiliary
functions h;, ¢ = 1,2, defined in the following.

Definition 5. Let Envy = {o : Idf — D}, h; : RBP — Envy; — D is given
by

P)(0) = a- h1(P)(0)
hi(Py + P2)(0) = ha(P1)(0) + hi(P2)(0)
hi(fiz(X = P))(0) = fiz vpx(0)

where fiz pp x (o) is the unique fized point of the contractive mapping
ppx(0) : D = D where p x(c)(t) = b1 (P)o[X/1]

Lemma 7. Let P be a deterministic process, ¢ € Env, .-

{(P))(5) = {m(P)(o)}

where 6(X) = {o(X)} for all X € Idf. In particular ({(P)) = {h1(P)} for all
closed deterministic P.

Proof. By induction on the structure of P. The basis of induction and the han-
dling of the operators choice and prefixing are straightforward. We consider the
case

P = fiz(X = P')
and show that {h,(P)(0)} is a fixed point of &p: x(5)(T). By induction assump-
tion
@p,x () ({P1(P)(0)}) = (P NG [X/{h(fiz(X = P))(0)}]
= {h1(P)o[X/h1(fiz(X = P))(o)]}
= {h(fiz(X = P')(0))}
= {h1(P)(0)}.

Definition 6. Let Envy = {0 : Idf = Tfinpran}, hz : RBP - Envy —
Tfinbran is given by

h2(0){c) = tg, (the empty tree)

ha(X) (o) = 0(X) :

ha(a.P)(c) = a- h2(P)(o), (prefizing of the tree)

ha(Py + Py)(0) = he(P1)(0) + ha{P,)(c), (joining at the root)
ha(fiz(X = P))(o) = fiz fpx(0)

where fP,X(U) : Trintran = Lfintran, fP,X(O')(t) = hz(P)U[X/t] s a contrac-
tive mapping.
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Rﬁet P,P,,...,P, € RBP and X,,..., X, € Idf, X, # X;, fori #

{  7.Then /

\_// ha(P[X1/h2(P1), ..., Xn/h2(Pn)]) (o)

= h2(P)o[Xy/ha(P1)(0), . .., Xn/ha(Pn) ()]
holds in analogy to lemma 5.
Let F : Tjinbran/~ — D be given by F([t]~) = lim,_co(Fy[t™)]) where

F, is defined by F,,([tg]~) = 0, Fu([t}l~) = {(a, Fu_1[t']~) : t 3 t'} for ¢t with
1 < heigh(t) < n, see also theorem 3.

Lemma 8. Let P € RBP, X, Xs,..., X, € Idf the identifiers that occur free
in P and Py, ..., P, closed processes € RBP. Let 7 € Envy with 7(X;) = he(P;)
and o € Envy with o(X;) = F([h2(P;)]~). Then hi(P)o = F([ha(P)7]~)

Proof. By induction on the structure of P. The basis of induction is obvious.
Induction step:
1. P=a.P:

hi(P)(o) = {(a, hi (P")(0))} = {(a, F[h2(P')(7)]~)}
= lim{(a, Fa—1([(h2(P")(7)) ™" V].))}
=lim Fu([(a- h2(P')(r))™].)
= F([a- ho(P')(7)]~)
,‘i = F((h2(a-P')(7)]~) = F([h2(P)(7)]~)
2. P = P, + P,: by simple calculation
3. P = fiz(X = P’): we show that F([hz(fiz(X = P")){7)]~) is a fixed point
of wp x (o).
F(he(fiz(X = P))(1)]~) = F([ha(P')r{X/h2(P)(7)]]~)
= F([ho(P)r[X/ha(P[X1/ Py, ..., X0/ Pa])l]~)
= F([h2(P)(T")]~) = ha(P)(0")
= hi(P")o[X/F([h2(P[X1/P1, ..., Xn/Pna])]~)]
= h1(P)o[X/F([h2(P)(7)]~)]
by induction assumption, where o'(X) = F([h2(P{X1/P1,.-., Xn/Pu])]~)
and o/ (Y)=0c(Y)for Y # X

Lemma 9. Let P, Py,..., P, € RBP and Xy, ..., X € Idf, X; # X;, fori #

j, identifiers in P, a € Act. If X1, ..., Xn are guarded in P then P[X1/Py,...,Xn/Pn] =
Q implies the ezistence of P' € RBP such that P = P' and P'[X,1/P,...,Xn/Py] =

Q \

Proof. [BMC94]




Lemma 10. Let P € RBP, a € Act, 0 € Env,. If P 3 P’ then hy(P)(0) 3
ha(P') (o).

Proof. By structural induction. We only show the case
P = fiz(X = Q).

Let P % P',ie. Q(X/P] 3 P'. By lemma 9 there exists Q' € RBP such that
Q 3 Q' and Q'[X/P] = P'. We apply the induction hypothesis to Q, hence

ha(Q)(0) 3 ha(Q') (o) for all o
hence
h2(Q)o[X/h2(P)(0)] = ha(Q")o[X/h2(P)(0)] for all o
hence ha(P)(c) = ha(P')(0) by remark 5.

Lemma 11. Let P € RBP and X, ..., X, the identifiers that occur free in P,
. Xi# Xj, fori#j. Let 0 € Envy such that o(X,;) = ha(P;) where P; € RBP s
closed. If X1,..., X, are guarded in P then for allt' € T finpran if ha(P)o L

then there ezists P' € RBP, P’ closed , such that P[X1/Pi,..., Xn/Pa] =
P' and ha(P") = ¢t

Proof. By structural induction, lemma 9 and remark 5.

Lemma 12. R = {(@,h2(Q))] @ € RBP closed } is a bisimulation between
(RBP,ACt,—},P) and (Tfinbran,ACt,—-),hz(P)).

_ Proof. By lemma 10 and lemma 11.

Definition 7. Lett € Uiso Di, 1(t) = {a1,...,an}.

t(a) .= {t'| (a,t') €t} a€ Act

det(t) := {{(a1,21), ..., (@n,Tn)} where z; € det(t'),t' € t(a;) fori=1...n }
Lemma 13. det(t) is non-distance-increasing on ;5o Di
Proof. By lemma 2.
Hence det can be extended to det : D —) D.
Lemma 14. Let P € RBP, ¢ € Envy, 5(X) = det((X) .Then
((P))(G) = det(h1(P)(0)).
In particular ({P)) = det(hy(P)) for all closed érocesses P.

19




Proof. By induction on the structure of P. We consider the case
P=fiz(X =P

and show that det(hi(P)(c)) = det(hi(fiz(X = P'))(0)) is a fixed point of
Sp x(5).
det(hy(P)(0)) = det(h1(P'))o[X/h1(P)(o)])

= det(h1(P')(c"))
= ((P"))(5)

by induction hypothesis, where
d(Y)=0o(Y) forY # X, o'(X) = (P)(0).

hence )
det(h1(P)(0)) = ((P"))5[X/det(hi(P)(0)]

hence det(h1(P)(c)) is a fixed point of $p x (&) and ((P))(5) = det(h1(P)(0))
Theorem 6. Let P,() € RBP be closed processes. If P ~ Q) then P =p Q

Proof. By lemma 8, lemma 12 and lemma 14.

6 General underspecification

It is desirable to be able to describe underspecification that allows to combine
arbitrary processes to an underspecified term. [VD98] introduce for this purpose
an operator @ that is used in combination with + interpreted as above. So e.g.
(a.P +a.Q) @ c.R displays underspecification twice on the top level. Its meaning
is a set consisting of three trees, provided P, @ and R are deterministic. It seems
clearer to use a single concept for underspecification. In this section we sketch
two alternatives how this can be achieved.

One way to incorporate general underspecification is to use the + as un-
derspecification operator as above together with special symbols that allow to
treat arbitrary processes within this setting. Let §;,7 > 0, be symbols ¢ Act. If
we want to model that the decision between a process P and a process @ that
e.g. have disjoint sets of initial actions is to be postponed at the present design
step, one could express this by 6;.P + 6;.Q for some 1. Taking this option has
some advantages. One can use our meaning function for assigning a meaning to
underspecified terms that reflects the intended meaning. Consider e.g. the term
8;. P+ 6;.Q, then \ : '

((6:-P +6:.Q)) = ((6:.P))*{(8:-Q))

= 6. (((P)) U ({@)),

i.e. we obtain as meaning all options of P plus all options of @ prefixed by §;.
The deltas may be now discarded if we are not interested in reconstructing the
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points at which we expressed the underspecification and should be kept other-
wise. Also, in contrast to an additional underspecification operator one may here
use classical transition systems for operational semantics. Equivalence notions
that take care of the role of the special symbols §; have then to be defined ap-
propriately. One problem with this view and also the mixed one of [VD98] arises
if we want to introduce a parallel construct into the language. If we maintain
that the meaning of a process should be a set of deterministic trees then the
meaning of a.b.0]a.c.0 has to be a set consisting of two trees. In a refinement
step one of them would be discarded which means that certain computation
paths would be lost. On the other hand the meaning of a.b.0/c.d.0 is a singleton
set and there is no further refinement. This problem can be solved by admitting
sets of nondeterministic trees as semantics for a language including a parallel
construct. It should be noted that Pp.o(D) is still a suitable domain for such an
interpretation. However, the definition of the operation * has to be modified as
in its present definition it resolves any nondeterminism of its arguments.
Another way to incorporate underspecification is to separate the issues of non-
determinism and underspecification completely by introducing a separate under-
specification operator and interpreting + in the standard way. In this setting a
parallel construct can be easily incorporated.

We introduce a language UP that contains an underspecification operator which
is semantically interpreted by the union of sets of trees. The operator + has its
conventional meaning and the parallel construct is given an interleaving inter-
pretation. The meaning of processes in UP will be given by sets of trees that
are no longer deterministic. UP is given by

- 0eUP
-a.PeUP ac Act,Pc UP
-XeUP Xeldf
- P+QeUP P,Q € UP (choice)
- POQ € UP P,Q € UP (underspecification)
- PIQ € UP P,Q € UP (parallel construct)
- fiz(X = P) e UP
where X € Idf, P € UP such that X is guarded in P.

Ezample 7. The specification of the coffee dispenser could be rewritten in the
above setting by :

Cofmach = cof O cof.cof O cof.cof.cof O ...

Ezample 8. The expression (a.P +b.Q) + (a.P’' +c.R) of BP is expressed in UP
by (a.POa.P’') +b.Q + c.R.
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Lemma 15. Let T1, T3, 7], T3 € Ppeo(D), then
a)
dH(Tl ] TZ,TII ] Té) S ma:E(dH(Tl,T{), dH(Tg,TZ,))

b)
dH(Tl-i-Tz,Tll-’i\-Té) < maa:(dH(Tl,Tl'), dH(Tz,TZI))
where T1+T2 ={t1+t2 | t; € T3}
c)
dg(Ty | Tz, Tll | Tzl) < maa:(dH(Tl,Tl'),dH(Tg,Tz'))
where T} I Ty = {t1]t2 | t; € Ts} and | defined as in [dBZ82]
Proof. By theorem 2.

Definition 8. The meaning function [[]] : UP — ENV — P,.,(D) for under-
specified processes € UP is given by

[0]}(o) = {0}
[X]](0) = o(X)
[a.P]}(o) = {{(a,?
[P+ Qll(0) = [[P
[P1Q]l(0) = { )
[PEQ]|(0) = [[ ]]( ) UllQll(e)

[
[
[
[
|
[fiz(X = P)]l(0) = fiz ¥px(o)

where fiz ¥p x (o) is the unique fized point of the contractive mapping
SPP,X (U) : Pnco(D) — Pnco(D)

gwen by ¥p x (o)(T) = [[Pllo[X/T].

Ezample 9. [[a.(b.d + b.0)0c.0]] consists of one deterministic tree and one non-
deterministic tree.

Ezample 10. [[a.b.0|a.c.0]] consists of one nondeterministic tree.

A RBP term is strictly guarded if in every subterm of the form fizX = Q
the variable X only occurs immediately prefixed, i.e. in the form «.X. There is
a simple translation tr from strictly guarded RBP terms to UP such that for
each closed process P € RBP

(P)) = [{tr(P)]]-

tr is given by tr(0) = 0,¢r(X) = X,tr(a.S) = a.tr(S), (#r(fiz(X = Q)) =
fiz(X = tr(Q)).

22




For additive terms, i.e. terms of the form P + @ we proceed as follows:
determine all minimal summands of P and @, i.e. all summands P; of P and Q,
of @ that are no summands themselves. Substitute each minimal summand of
the form fiz(X = R) by R[X/fiz(X = R)]. This gives rise to a modified set
of minimal summands each of which is either 0 or X or of the form a.S. For
each a € Act we collect all terms of the form 4.5 and combine their translations
tr(a.S) with the operator O resulting in a term t,. The terms t,, t5,... are
combined with the + operator yielding a term Z € UP. We define tr(P+Q) =

The semantics ((P)) and [[tr(P)]] coincide.

Example 11. The expression

(a.d.0+ 6.0+ ¢0) + (fiz(X =a.0+a.X) +ce.0)

of RBP is translated into

(a.d.0) Qa0 Oa.fiz(X =a.00aX))+ 50+ (c.0 O ce.0).

7 Operational characterization

One of the advantages of the use of + in [VD98] is that one may use classical
transition systems to obtain an operational meaning for processes in BP. [VD98§]
- associate with P € BP an operational meaning PW (P) consisting of all pro-
cess graphs H that are isomorphic to a minimal deterministic graph G satis-
fying R(G) = P and (@ = @', Q € N(G) = 3Q" € N(G) : (Q,a,Q") €
E(G) and Q@ 3 Q").

[VD98] show that two processes P, Q € BP are denotational possible worlds
equivalent (P =p Q) iff PW(Q) = PW(P).

For infinite processes [VD98] remark:...that infinite processes are already con-
sidered in the operational characterization, in fact it is not restricted to finite
transitions systems. For example we have that
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We also have that:

G, = strictly refines G, =

though they are bisimilar. Notice, in fact, that the process on the left admits
only two possible worlds... . Unfortunately definition 3 (Definition of PW) cannot
be directly used for infinite processes; it is not sufficiently abstract for loops. For
ezample:

a a

a .
O—@ is not equivalent to @

However, this can be easily resolved by choosing a graph equivalence weaker
than isomorphism...
Let us assume that we choose such a weak notion of equivalence that identifies
the above graphs. Then the resulting operational semantics will be incomparable
with the denotational semantics in the sense that
i) there are processes P and @ for which PW(P) = PW(Q) but P #p @
ii) there are processes P and @ for which P =p Q but PW(P) # PW(Q)

Ezample 12. Let P = fiz(X = a.0 +a.X) and Q = 2.0 + fiz(X = a.X). The
process graph of P is G; whereas the process graph of @ is

Hence in the view of [VD98] PW (P) and PW(Q) coincide under the assumed
weaker notion of graph equivalence, but Q #p P, see example 5.
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Ezample 13. Let P = fiz(X = R) = fiz(X = a.04+a.X) and Q = R[X/fiz(X =
R)] = a.0+ a.fiz(X = a.0 + a.X), By axiom 6 P =p Q.The transition system
for Q) is

If G1 admits only two possible worlds then analogously

a
PW(Q = Ta’ ’ @
@]

hence PW(P) # PW(Q) under the assumed notion of graph equivalences.

The question of an appropriate operational semantics for RBP and UP
remains open.

8 Extensions and related work

8.1 Concatenation

It is not difficult to see that concatenation can be easily incorporated into our
setting. We omit the 0 process, consider instead each a € Act as a basic pro-
cess and substitute prefixing by concatenation, thus obtaining a language RCP.
The corresponding semantic operator on (J;, D; is non-distance-increasing and
hence all constructions carry over to this case.

8.2 Infinite sums

For simplicity we considered in RBP a standard binary ‘choice’. It should be
noted that the approach can be extended to an infinite summation operator 2.
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The language thus obtained would then include the coffee machine example :
CofMach = cof +cof.cof +... = Z;>1cof'. However, we then no longer choose
D as our basic domain, but the complete pseudometric space T/.., as D is too
coarse to distinguish between P; = Z;>1a* and P> = Z;>1a* + fiz(X = a.X). -

8.3 Other models of computation

As already suggested in [VD98] the possible worlds concept can be used to
obtain a whole spectrum of possible worlds notion, as e.g. trace possible worlds
-equivalence and so forth. Another track of transfer of the possible worlds idea
leads to other models of computation as e.g. true concurrency models provided
we consider a language with concurrency features.

8.4 Related work

The idea of two different types of nondeterminism and their modelling by branch-
ing respectively sets is not new. In the special case of a finite alphabet Act it
can be found in [Rou85], where a CSP-type language with the choice-operator of
Dijkstra and the M-operator of [BHR84] is considered and interpreted in terms
of (sets of) trees.

For a finite alphabet Act [Rou85] estabhshes the relation between the Hennessy-
Milner logic HML and P.(T) where P.(T) denotes the closed subsets of the
pseudometric space T.

[Bai94]

[BHRS4].
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