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Abstract. [VD98] propose to view a finite nondeterministic process
as a specification for a set of deterministic implementations: its pos-
sible worlds or model space. Refinement amounts to inclusion of pos-
sible worlds. We consider here the extension to infinite processes. We
study the properties of possible worlds semantics, answer in particular
an open question concerning the relation between bisimulation and pos-
sible worlds equivalence and discuss operational aspects.
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1 Introduction

In a recent paper [VD98] Veglioni and De Nicola propose to view a nondeter-
ministic process as a set of deterministic ones: its possible worlds. In this view
nondeterminism is understood as underspecification. Nondeterministic processes
are considered to be specifications and the possible worlds represent the model
space. Refinement can be modelled by inclusion between sets of possible worlds.
This notion of refinement is commonly used for the algebraic specifications of
abstract data types [ONS96,HB85]. It is an interesting concept, as it is consis-
tent with the program design methodology of stepwise refinement where more
concrete specifications have less ‘implementation freedom’. In [VD98] the au-
thors consider a simple language BP of finite processes and present a denota-
tional semantics in terms of finite sets of finite deterministic trees as well as
an axiomatic characterization of the possible worlds semantics. The location of
the possible worlds equivalence in the spectrum of equivalence notions as given
e.g. in [vG90a,vGI0b] is determined. We consider here the extension to a wider
class RBP of processes including recursion. We give an (infinite) possible worlds
semantics for RBP and study its properties. In particular we deal with the re-
lation between possible worlds equivalence and bisimulation. [VD98] show that
bisimulation implies possible worlds equivalence for finite processes and conjec-
ture that this is not true for infinite processes. In contrast to that we show that
bisimulation implies possible worlds equivalence also for infinite processes. In ad-
dition we discuss problems related with operational possible worlds semantics.
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2 Definitions and elementary facts about metric spaces

2.1 Processes

In this paper we consider sequential nondeterministic processes that are able to
perform actions from a given set Act. An action represents any activity of a
system at a chosen level of abstraction.

A domain A of sequential nondeterministic processes can be represented as a
labelled transition system, i.e. a pair (A, —), where A is the class of processes
and -C A x Act x A is the action relation. We write p 3 ¢ for (p,a,q) €—.
The set of initial actions of p is

I(p) ={a€ Act :p > q for some q}

On A a variety of semantic equivalences have been investigated. [VD98] show
how possible worlds refinement for finite processes fits into the spectrum of equiv-
alences as e.g. presented in [vG90a,vG90b).

We extend the class BP of [VD98] by recursion to model infinite behaviour
and thus obtain the class RBP of processes given by

- 0 RBP

a.P € RBP (prefix) for all a € Act, P ¢ RBP

- X eRBP forall X € Idf

- P+ Qe RBP (sum) for all P,Q € RBP

fiz(X = P) forall X € Idf, P € RBP such that X is guarded in P

Here Idf is a set of identifiers. An occurrence of X € Idf is free in P iff it does not
occur within a subterm of the form fiz X = Q. X € Idf is guarded in P iff each
free occurrence of X in P is in the scope of a prefix operation. For P,Q € RBP,
X € Idf, P[X/Q)] denotes the process where each free occurrence of X in P is
substituted by ). P is closed if it is without free occurrences of variables. RBP
will be regarded as a labelled transition system with the transitions a.P > P,
P+Q 3 P ifP3 PorQ3 P, fiz(X = P) 3 P'if P[X/fiz(X = P)] > P'.
Let M be aset and o: Idf = M amap,U € M

oy - (L2

The function giving the set of initial actions for a process P is defined as follows:
let INIT = {o|o : Idf — P(Act)}. Then [ : RBP — (INIT — P(Act)) is
given by

1(0)(o) =0 1(X)(0) = o(X)

I(a.P)(0) = {a} I(P +Q)(0) = I(P)(e) UI(Q)(0)
I(fiz(X = P))(0) =1f®px(0)



where [ f®p x (o) is the least fixed point of $p x (o) : P(Act) = P(Act) given
by 8p x(0)(U) = I{P){0)[X/U].
Let P € RBP, o € INIT. The relation 6 C RBP x INIT is given as follows

(0,0) €4, (X,0)€d, (a.Po)ed if (Po)es
(PL+ Py0)eéd i I(P)(o)NI(P)(c) =0 and (P;,0) €6, i=1,2
(fiz(X =P),0)€d if(Po)esd

We call a process P deterministic if (P,o) € ¢ for all o. In [VD98] the meaning
of BP is given in terms of the algebra of labelled trees T = (Act, T, o, -, +) where

o is the empty tree
-t Act x T — T is the prefixing operator
+:TxT =T isthe operator joining two trees at the root

T finbran is the subclass of finitely branching trees. The meaning function
(()) : BP — P(T) is given by {[VD98§]

((0)) = {o} ((a.P)) ={a-z:z € ((P))}
(P+@Q)) = {P) Q)

where * : P(T) x P(T) — P(T) is given by

Ti*xTy = U er t1xt2
tyxty = {t1 +t2} if I{t1) NI(t2) = @, I gives the branches of the root.
(a-ty +t) x(a-tg +t3) = (-t * (¢ x83)) U (a -ty » (8 * 1))

2.2 Metric Spaces

We recall some basic facts from (metric) topology. We presuppose the notions of
metric space, isometry, Cauchy sequence in a metric space, limit, compactness,
completeness of a metric space and the theorem that each metric space has a
unique completion. A n-ary function f : M x...x M — N is called non-distance-
increasing iff

An(f(z1,- ., 2n), fy1,-..,yn)) < Jmax du(zi, ys)

A non-distance-increasing function f: M x...x M — N, where (N,dy) is a
complete metric space has a unique extension to the completion of M x ...x M.
fiMx...xM — N is called contractive iff there exists a constant ¢, 0 < ¢ < 1
such that dy (f(21,...,2n), f(¥1,--,Yn)) < ¢ maxi=1. ndp(Ti, ¥i)-

The fixed point theorem by Banach/Cacciopoli states that every contractive
function f : M — M on a complete metric space M has a unique fired point in
M. We will make use of several constructions involving metric spaces.

If A is a set and (M, dys) a metric space then




ifa#b

“dy(z,y)ifa=0b for all

- (A x M, daxr) with daxs((a2), (b,y)) = {1
(a,z),(byy) e Ax M

- (Pneo(M),dg) with
PreolM)={U C M :U #0, U compact} and the Hausdorff metric

dyg(X,Y) = max{sup inf d(z,y), sup inf d(z,
#H(X,Y) {sup inf d(z,y), sup lnf d(z,y)}

for X,Y € Preo(M)

If (M,dps) is a discrete space then Ppeo(M) = Ppy(M) where
Prg(M)={UC M, U#0, U finite}

Our intention is to associate with each process P € RBP a compact set of
deterministic trees. The following theorems turn out to be useful.

Theorem 1. Let {M,d) be a metric space. If X C Ppeo(M) is compact then
Usex A € Preo(M).

Theorem 2. Let (M,dp), (N,dn) be metric spaces. f: M x M — Ppeo(N) a
non-distance-increasing function. We put for U,V € Ppeo(M)

fovy= U fluw)

uclU,veV
then

i) f(U, V) is a nonempty compact subset of N for all U,V € Po(M).

w) du(F(U, V), (U, V")) < max(du(U,U’),du(V,V"))
for all U,V € Ppeo(M), ie. 1 PpeolM) X Ppeo(M) = Ppeo(N) is non-
distance-increasing.

Proof. 1) we first observe that {f(u,v)|lu € U, v € V} is a nonempty compact
set for U,V € Ppeo(M), from where the statement follows by theorem 1.
ii) standard calculations.

3 A domain of trees

The mapping ({-)) can be viewed as a mapping from BP to Pns(T sinbran/~)
where ~ denotes bisimulation. We propose to model RBP by P,.,(D) where
D is the completion of the metric space Tfinpren/~: The natural metric on
T tinsran, dr(ti, t2) = inf{z% : tg") = t(2")} where t(") denotes the n-cut of ¢,
carries over t0 T fintron/~ and yields an incomplete metric space. The completion
(4,9) of (T finbran/~,dr) is a suitable basis for a semantics of RBP. (4, §) can
be given an alternative, more flexible characterization as follows. Let CMS be



the category where the objects are complete metric spaces and the arrows are
non-distance-increasing functions. The functor 7 : CMS — CMS given by
F(M) = {0} UPnco(Act x M) and F(f) = AU.{(a, f(m)) : (a,m) € U}. It is a
well known fact that F has a unique fixed point in CMS [dBZ82,MCZ91] that
can be obtained as the metric completion (D, d) of |J,5, D: where Dy = {0},
Diy1 = F(D;) i>0.As D;isdiscrete for i > 0, we have D1 = {0}UP,(A x
D;) for i > 0. |J,5o D; consists of finitely branching trees of finite height.

Theorem 3. (D,d) and (4,48) are isometric.
Proof. Show that (A4, ) is fixed point of F.

By standard arguments D can be turned into a X-algebra. X consists of the
operators o, +, and - as follows

- o: corresponds to the empty tree

-+ UiZO D; x UiZO Di — Uz‘ZO D;
i1 + to = t1 Uty

- -1 Act x Ui>0 D,‘ — UiZO .Dz
a-t:={(a1)}

+ and - are non-distance -increasing on {J,., Di and may hence be uniquely
extended to D. The initial actions function I will also be used for trees in D and
is given by I(0) = 0 and I(t) = {a : (a,z) € t for some z € |J,5,D;} fort e
U;>0 Di- For t =lim¢, € D we choose some £ < % and determine N such that
d(tn,t) < 1 for all n > N. We put I(t) = U,y I(t). The subset D¢ C D of
deterministic trees is given by D4 = {@} and for i > 0

D = {0} U{U € Pns(A x DY) : VaVtVzVy (a,z) € U A (b,y) €U = a # b}

D¢ is the completion of | J D¢. ¢ € {J;5, D; is root deterministic iff
VaVbVzVy (a,z) € t A (b,y) €t = a #b.

4 Denotational infinite possible worlds semantics for
RBP

In {[VD98] the denotational possible worlds semantics for P € BP is a (finite) set
of (finite) deterministic trees in T, its possible worlds. We propose (Ppco(D), dx)
as semantic domain for possible worlds semantics of RBP. The semantics of BP
is given in [VD98| using the mapping *, see section 2. We use here a slightly
modified operator ( that coincides with » in the case of (sets of) deterministic
trees.

Definition 1. Lett € |J;5q D;. We put
rdet(0) = {0} and rdet(®) = { Uyerpl(ar): (@r) et} } t#0




Definition 2. Let t),t; € ;5 D: be root deterministic.

1 ® ta={ U {(a,z) : (a,z) €t1 V (a,7) € t2} }

a€l(t1)ul(t2)

For ty,t3 € ;5o Di we put t; t2 = U terderey) t @2
= t'€rdet(ts)

Lemma 1. Let t1,t2 € ;50 D: be deterministic trees. Then t; @tz contains
only deterministic trees and t; xt2 = t; ®ta.

Theorem 4. Let t1,tq,t],th € Uizo D;, then

du(ts (®) ta,t) (©) ) < max{dy(t:,t;),du(tz, th)}.
Hence can be canonically extended to D x D.

Theorem 5. Let Ty,T> be nonempty compact sets of trees in D then

i) Ty Ty :=U,er t1 t2 s a nonempty compact subset of D
i) : Preo(D) X Ppeo(D) = Preo(D) a non-distance-increasing function.

Proof. By theorem 2 and theorem 4.

Let ENV = {o|o : Idf = Ppco(D)} be the set of environments. The meaning
function ({-})} : RBP — ENV — P,,(D) is given by

((0)) (o) = {0} {(X)(o) = o(X)
{(@-P))(0) = {{(a, 1)} : t € ((PY)(0)} ((P1+ Pa))(0) = ((P1)) (o) @ ((P2))(0)
((fiz(X = P)))(0) = fiz p x(0)

where fiz &p x (o) is the unique fixed point of the contractive mapping
¢P,X(O') : Pnco(D) - Pnco(D) defined by QP,X (U)(T) = <<P>>U[X/T]

Remark 1. {{P)) consists of deterministic trees for closed P.

Ezample 1. Let P = fiz(X = a.0 +a.X) and Q = a.0 + fiz(X = a.X) then
{{P)) consists of infinitely many worlds while {{(Q)) has two possible worlds as
shown in figure 1.

Definition 3. Let P,Q € RBP be closed processes. @ is a possible worlds re-
finement of P, written P <p Q iff ((Q)) C {({P)). P and Q are possible worlds
equivalent, P =p Q, iff ((P))=((Q))-

Example 2. P <p @ where P, Q are taken from example 1.



Fig.1.

5 Properties of the infinite possible worlds refinement

5.1 Axioms

Lemma 2. The possible worlds semantics satisfies the following azioms: Let
P,Q be closed processes

A0:a.P+a.Q<a.P AL:P+Q=Q+P

A2: P+P=P A3: (P+Q)+R=P+(Q+R)
Af: (P+Q)=P
A5:a.(bP+bQ+R)=a.(b.P+R)+a.(bQ +R)

A6: fiz(X = R) = R[X/fiz(X = R)]

where R € RBP and X s the only variable occuring free in R.

Proof. The axioms Al to A5 were already established by [VD98] and carry over
to infinite processes. A6 is established by uniqueness of fixed points of contractive
maps in P,eo(D).

5.2 (()) and ()

We associate with each closed P € RBP a meaning in D, i.e. (P), and relate
the set of trees ((P)) with the tree {P).

Definition 4. Let Env = {¢ : Idf —» D}

() : RBP — Env — D is given by

(0)(0) =0 (X)(o) = o(X)

(a.P)(c) = a- (P)(c) (Py+ P2)(0) = (P1)(0) + (P2)(0)
(fiz(X = P))(0) = fiz ppx(0)

where fizp x (o) is the unique fized point of the contractive mapping
wpx(o) : D — D where op x(c)(t) = (P)o[X/t]

Theorem 6. Let P be a deterministic process, o € Env.

(P))(5) = {(P)(o)}

where 6(X) = {o(X)} for all X € Idf. In particular ({P)) = {(P)} for all closed
deterministic P.




Proof. by structural induction and uniqueness of fixed points for contractive
maps.

Definition 5. Lett € {J,5o Di, I(t) = {a1,...,an}.

t(a) :={t': (a,t') €t} a€ Act

det(t) := {| J{(ai,z) where z € det(t'),t' € t(a;)} }

i=1
det(t) is non-distance-increasing on | J,, D; and can hence be extended to D

Theorem 7. Let P € RBP, o € Env.
((P))o = det((P)o)
in particular ((P)) = det({P)) for all closed processes P where 5(X) = det(o(X))

Proof. by structural induction and uniqueness of fixed points of $p x(5).

5.3 Possible worlds and bisimulation

In [VD98] it is shown that two finite processes P, () are possible worlds equivalent
if they are bisimular. [VD98] conjecture that this result does not hold in the
infinite case. We show that for all P,Q € RBP P ~ @ implies P =p Q.

Definition 6. env = {0 : Idf = Tfinsran}. Let tr : RBP — env — Tfinpran

tr(0)(c) =t tr(X){c) = o(X) tr(a.P){(c) = a-tr(P){o)
tr(P1 + P2)(0) = tr(P1)(0) + tr(P2)(0) tr(fiz(X = Q)) (o) = fiz fx,o(o)

where fx o(o)(t) = tr(Q)a{X/t]

T finbran can be viewed as a transition system in a straightforward way. Let
F : Tfinpran/~ — D be given by F([t]~) = limy, 00 (Fn[t(™]) where t(™ is the
n-cut of ¢, i.e. the subgraph of all nodes of depth < n and F;, is defined by
Fo(lte]) = 0, Fu([tl~) = {(a, Faciq[t']~) : t = t'} for ¢t with 1 < heigh(t) < n.
Please note that Fy,([t(™]) is a Cauchy sequence in D.

Lemma 3. Let P € RBP, X1, Xs,..., X, € Idf the identifiers that occur free
in P and Py,..., P, € RBP be closed. Let T € env with 7(X;) = tr(P;) and
o € Env with o(X;) = F([tr(P;)]~). Then (P)o = F([tr(P)7]~)

Lemma 4. Let P, P;,...,P, € RBP and X,,..., X, € Idf, X; # X;, identi-
fiersin P, a € Act. If X1,..., X, are guarded in P then P[X,/P.,..., Xn/P,] >
Q implies the existence of P' € RBP s. t. P % P' and P'[X,/P1,...,Xn/Pp] =
Q

Proof. [BMC94]




Lemma 5. Let P € RBP, a € Act, ¢ € Env. If P 3 P’ then tr(P)(c) >
tr{P') (o). '

Proof. structural induction and lemma 4.

Lemma 6. Let P € RBP and X;,..., X, the identifiers that occur free in P.
Let ¢ € Env such that 0(X;) = P, where P; € RBP is closed. If X1,..., X,
are guarded in P then for all t' € Tfinpran if tr(P)o 2 ' then there exists
P’ € RBP, P’ closed such that P[X1/P.,...,X,/P,] = P’ and tr(P') = ¢/

Proof. structural induction and lemma 4

Lemma 7. R = {(Q,tr(Q)) Q € RBP closed } is a bisimulation between
(RBP, Act, =, P) and (T finpran, Act, —, tr(P)).

Proof. by theorem 5 and lemma 6.
Theorem 8. Let P,Q € RBP be closed processes. If P ~ Q then P =p Q

Proof. by theorem 7, lemma 3 and lemma 7.

6 Operational characterization

[VD98] associate with p € BP an operational meaning PW (p) consisting of all
graphs h that are isomorphic to a minimal deterministic graph ¢ satisfying 3
R(g) =pand g > ¢, g€ N(g) = 3¢" € N(g) : (¢,0,¢") € E(g) and ¢ > ¢". ‘
Theorem 1. in [VD98] states: given processes p,q € BP then ({q)) C ((p)) iff |
PW(q) C PW(p).

For infinite processes [VD98] remark:

“...that infinite processes are already considered in the operational characteriza-

tion, in fact it is not restricted to finite transitions systems. ... .We also have

that:

G; = strictly refines G, = (7[
a
a
@]

though they are bisimilar. Notice, in fact, that the process on the left admits
only two possible worlds... . Unfortunately, Definition 3 (the definition of PW)
cannot be directly used for infinite processes; it is not sufficiently abstract for
loops.



For ezample

a

a
a . .
is not equivalent to

However, this can be easily resolved by choosing a graph equivalence weaker
than isomorphism.’
Now consider e.g. the two processes P, Q from example 1. The process graph of
P is G; whereas the process graph of @Q is

a

Hence in the view of [VD98]

a

a
e [ | oo
O

O

would coincide under the assumed weaker notion of graph equivalence, but
{{P))y # {({(@)). Hence such an operational semantics is not equivalent to the
denotational semantics. Moreover, we claim that P and @ are inherently differ-
ent. () exhibits underspecification once, whereas P exhibits underspecification in
every recursion step. See [MC98] for further discussion of operational semantics.

7 Extensions and related work

It is not difficult to see that concatenation can be easily incorporated into our
setting. As [VD98] we considered a standard binary ‘choice’. It should be noted
that the approach can be extended to an infinite summation operator X. The
language thus obtained would then include the coffee machine example of [VD98]:
cof + cof.cof +... = Zi>1cof*. More details are given in [MC98].
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As already suggested in [VD98] the possible worlds concept can be used to
obtain a whole spectrum of possible worlds notion, as e.g. trace possible worlds
equivalence and so forth. Another track of transfer of the possible worlds idea
leads to other models of computation as e.g. true concurrency models provided
we extend the language RBP by concurrency features. More details can be found
in [MC98].

The idea of interpreting certain choices by a set of trees instead of branching
is not new. It can be found in [Rou85], where a CSP-type language with two
versions of ‘nondeterminism’ is used. The one is interpreted by branching the
other by yielding a set of trees. For a finite set of actions [Rou85] establish
the relation between the Hennessy Milner Logic HML and P.(T) where P.(T)
denotes the closed subsets of the pseudometric space T of trees.
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