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�� 'KPNGKVWPI

'PVUEJGKFWPIGP�WPVGT�4KUKMQ�UKPF�ÑMQPQOKUEJG�9CJNCMVG��DGK�FGPGP�FKG�-QPUGSWGP\GP�XQP
ÑMQPQOKUEJGP�*CPFNWPIGP�KPFGVGTOKPKGTV�UKPF��LGFQEJ�UQYQJN�GKPG�
\WOKPFGUV�CWH�FGT�OQ�
FGNNVJGQTGVKUEJGP�'DGPG��-GPPVPKU�FGT�OÑINKEJGP�*CPFNWPIUGTIGDPKUUG�CNU�CWEJ�FGTGP�'KP�
VTKVVUYCJTUEJGKPNKEJMGKVGP�DGUVGJV��+O�HQNIGPFGP�UQNNGP�FKG�*CPFNWPIUGTIGDPKUUG�LGYGKNU�
GKP�
FKOGPUKQPCNG��HKPCP\KGNNG�)TÑ²GP�UGKP��GVYC�FKG�'TIGDPKUUG�GKPGU�(KPCP\�+PXGUVOGPVU�WPVGT
4KUKMQ��9KG�×DNKEJ�YGTFGP�FKG�*CPFNWPIUGTIGDPKUUG�FWTEJ�GKPG�<WHCNNUXCTKCDNG�:�TGRT¼UGPVKGTV�
FGTGP�9CJTUEJGKPNKEJMGKVUXGTVGKNWPI�
GVYC�KP�(QTO�FGT�#PICDG�FGT�8GTVGKNWPIUHWPMVKQP�Q�¼��
DGMCPPV�KUV�

&KG�\GPVTCNG�2TQDNGOUVGNNWPI�FGT�'PVUEJGKFWPIUVJGQTKG�WPVGT�4KUKMQ�DGUVGJV�PWP�KP�FGT�$G�
YGTVWPI�FGT�DGVTGHHGPFGP�<WHCNNUITÑ²G�D\Y��9CJTUEJGKPNKEJMGKVUXGTVGKNWPI��YQDGK�FKGUG�$G�
YGTVWPI�GU�\WU¼V\NKEJ�GTNCWDGP�UQNN��2T¼HGTGP\XQTUVGNNWPIGP�\W�GZRNK\KGTGP��F�J��GKPG�#WUYCJN
\YKUEJGP�CNVGTPCVKXGP�<WHCNNUITÑ²GP�D\Y��9CJTUEJGKPNKEJMGKVUXGTVGKNWPIGP�FWTEJH×JTGP�\W
MÑPPGP��(QTOCN�IGUEJKGJV�FKG��W²GTWPI�UQNEJGT�2T¼HGTGP\GP�FWTEJ�#PICDG�GKPGU�2T¼HGTGP\�
HWPMVKQPCNU�0��YQDGK�0
:��FKG�$GYGTVWPI�FGT�<WHCNNUITÑ²G�QRGTCVKQPCNKUKGTV�WPF�FKG�2T¼HG�
TGP\TGNCVKQP�\YKUEJGP�CNVGTPCVKXGP�<WHCNNUITÑ²GP�:�D\Y��;�CWH�FGT�)TWPFNCIG�FGU�2T¼HGTGP\�
HWPMVKQPCNU�HQNIGPFGTOC²GP�GZRNK\KGTV�YKTF�

5#4+0�9'$'4�
������IGDGP�GKPGP�¯DGTDNKEM�×DGT�4KUM�8CNWG�/QFGNNG��KO�4CJOGP�FGTGT�FKG
$GYGTVWPI�
WPF�FGT�8GTINGKEJ��\WHCNNUCDJ¼PIKIGT�'TIGDPKUUG�CWH�FGT�)TWPFNCIG�GKPGU�2T¼�
HGTGP\HWPMVKQPCNU�FGT�(QTO

IGUEJKGJV��&CDGK�OK²V�FCU�(WPMVKQPCN�4�FCU�FGT�DGVTGHHGPFGP�9CJTUEJGKPNKEJMGKVUXGTVGKNWPI
KPPGYQJPGPFG�4KUKMQ�
4KUM��WPF�FCU�(WPMVKQPCN�8�UVGNNV�GKP�/C²�H×T�FGP�9GTV�
8CNWG��FGT
8GTVGKNWPI�FCT��<WT�DGUUGTGP�-QPVTCUVKGTWPI�YGTFGP�YKT�KO�HQNIGPFGP�CPUVGNNG�XQP�9GTV�K�F�4�
FGP� 6GTOKPWU�%JCPEG� DGPWV\GP�� &KG� (WPMVKQP� *� UEJNKG²NKEJ� SWCPVKHK\KGTV� FGP� 6TCFG�QHH
\YKUEJGP�4KUKMQ�WPF�%JCPEG��#NU�MNCUUKUEJGU�5VCPFCTFDGKURKGN�H×T�GKP�/QFGNN�FGT�(QTO�
��
MÑPPGP� 'TYCTVWPIUYGTV�8CTKCP\�/QFGNNG� FKGPGP�� DGK� FGPGP� 4KUKMQ� D\Y��9GTV� FWTEJ� FKG
8CTKCP\� D\Y�� FGP� 'TYCTVWPIUYGTV� FGT� 8GTVGKNWPI� IGOGUUGP� YGTFGP�� WPF� FKG� 
W�C��� FGP
\GPVTCNGP�#PUCV\�KP�FGT�/#4-19+6<UEJGP�2QTVHQNKQ�6JGQTKG�FCTUVGNNGP�

2T¼HGTGP\OQFGNNG�FGU�6[RWU�
���DGTWJGP�CWH�GKPGT�GZRNK\KVGP�-QP\GRVWCNKUKGTWPI�XQP�4KUKMQ
WPF�%JCPEG�UGKVGPU�FGU�LGYGKNKIGP�'PVUEJGKFWPIUVT¼IGTU��&KGU�UVGJV�KO�)GIGPUCV\�GVYC�\W
'TYCTVWPIUPWV\GPOQFGNNGP�H×T�'PVUEJGKFWPIGP�WPVGT�4KUKMQ��FKG�CWH�GKPGT�)GUCOVDGYGTVWPI
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FGT�GPVURTGEJGPFGP�<WHCNNUITÑ²G�D\Y��9CJTUEJGKPNKEJMGKVUXGTVGKNWPI�DGTWJGP��5Q�DCUKGTV�GVYC
FCU $'4017..+�2TKP\KR�CWH�GKPGO�2T¼HGTGP\HWPMVKQPCN�FGT�(QTO�
FCDGK�YKTF�FKG�(WPMVKQP�W
Z�
CNU�4KUKMQPWV\GPHWPMVKQP�DG\GKEJPGV�

&CU�$'4017..+�2TKP\KR�DGKPJCNVGV�GKPG�UKOWNVCPG�/GUUWPI�FGT�4KUKMQ��WPF�FGT�*ÑJGPRT¼HG�
TGP\GP�FGU�'PVUEJGKFWPIUVT¼IGTU�

0CV×TNKEJ�DGUVGJGP�8GTDKPFWPIGP�\YKUEJGP�FGP�#PU¼V\GP�FGU�6[RWU�
���D\Y��
����UQ�UKPF�'T�
YCTVWPIUYGTV�8CTKCP\�/QFGNNG�DGMCPPVGTYGKUG�WPVGT�DGUVKOOVGP�$GFKPIWPIGP�CP�FKG�4KUKMQ�
PWV\GPHWPMVKQP�
GVYC��SWCFTCVKUEJG�(WPMVKQP��D\Y��FKG�8GTVGKNWPI�XQP�:�
GVYC�0QTOCNXGTVGK�
NWPI��MQPUKUVGPV�OKV�FGO�$'4017..+�2TKP\KR��&KG�(TCIG�FGT�-QPUKUVGP\�\YKUEJGP�DGKFGP�9GN�
VGP�UVGNNV�GKPG�YKEJVKIG�2TQDNGOUVGNNWPI�FCT��FGT�XQP�5#4+0�9'$'4�
������PCEJIGICPIGP�YKTF�
LGFQEJ�DGVQPGP�5#4+0�9'$'4�CWEJ�FKG�'KIGPUV¼PFKIMGKV�FGU�#PUCV\GU�
����

&KG�(TCIGUVGNNWPI�GKPGT�IGGKIPGVGP�SWCPVKVCVKXGP�-QP\GRVWCNKUKGTWPI�XQP�4KUKMQ�WPF�%JCPEG
UVGNNV�GKPG�GKIGPUV¼PFKIG�2TQDNGOMCVGIQTKG�FCT��FKG�WPCDJ¼PIKI�XQP�FGT�2TQDNGOUVGNNWPI�GKPGU
CF¼SWCVGP�#WUYCJNXGTJCNVGPU�DGK�'PVUEJGKFWPIGP�WPVGT�4KUKMQ�CPCN[UKGTV�YGTFGP�MCPP�D\Y�
IIH��UQICT�OW²��5Q�DGFKPIV�FKG�#WHICDG�GKPGT�CF¼SWCVGP�OQFGNNVJGQTGVKUEJGP�(QTOWNKGTWPI
GORKTKUEJGP�'PVUEJGKFWPIUXGTJCNVGPU� KP�URG\KHKUEJGP�5KVWCVKQPGP�WPF�-QPVGZVGP�W�7��GKPG
GPVURTGEJGPFG�8QTIGJGPUYGKUG��5Q�DGTWJGP�GVYC�IGUGV\NKEJG�8QTUEJTKHVGP�\W�GKPGT�/KPFGUV�
'KIGPMCRKVCNCWUUVCVVWPI� XQP� 8GTUKEJGTWPIUWPVGTPGJOGP� 
5QNXCDKNKV¼VUXQTUEJTKHVGP �� KO��

8GTJ¼NVPKU�\WO�IGVTCIGPGP�4KUKMQXQNWOGP�CWH�FGT�8QTUVGNNWPI��FC²�FCU�7PVGTPGJOGP�
\WO
5EJWV\G�FGT�+PVGTGUUGP�FGT�8GTUKEJGTWPIUPGJOGT��GKP�DGUVKOOVGU�/KPFGUVOC²�CP�'KIGPUK�
EJGTJGKV�D\Y��¼SWKXCNGPV�FC\W�
PWT��GKP�DGUVKOOVGU�*ÑEJUVOC²�CP�'KIGPTKUKMQ�CWHYGKUGP�FCTH�
'KPG�OQFGNNVJGQTGVKUEJG�1RGTCVKQPCNKUKGTWPI �GKPGT�UQNEJGP�8QTUVGNNWPI�GT\YKPIV�W�'��IGTCFG\W��

FKG�5RG\KHKMCVKQP�GKPGT�GKIGPUV¼PFKIGP�4KUKMQMQP\GRVKQP��FGT�/GUUWPI�XQP�4KUKMQ�KP�GKPGO
CDUQNWVGP�5KPPG��'TUV�FWTEJ�GKPG�UQNEJG�8QTIGJGPUYGKUG�YKTF�
H×T�DGUVKOOVG�(TCIGUVGNNWPIGP�
GKPG�OQFGNNVJGQTGVKUEJG�#PCN[UG�FGU�'PVUEJGKFWPIUXGTJCNVGPU�XQP�8GTUKEJGTWPIUWPVGTPGJOGP
OÑINKEJ�� FKG� MQPUKUVGPV� \W� FGO� 
KO� 4CJOGP� FGT� DGUVGJGPFGP� 4GIWNKGTWPI�� OÑINKEJGP
GORKTKUEJGP�9CJNXGTJCNVGP�KUV�

8QT� FKGUGO�*KPVGTITWPF� UQNN� KP�FKGUGT�#TDGKV� GKPG� CNNIGOGKPG� GKIGPUV¼PFKIG�-QP\GRVWCNK�
UKGTWPI� FGT� )TÑ²GP� 4KUKMQ� WPF� %JCPEG� FWTEJIGH×JTV� YGTFGP�� &KGU� IGUEJKGJV� KP� GKPGT
CNNIGOGKPGP�UVTWMVWTGNNGP�9GKUG��YQDGK�UKEJ�CWU�FGT�.KVGTCVWT�DGMCPPVG�#PU¼V\G�CNU�5RG\KCNH¼NNG
GTIGDGP��+O�8QTFGTITWPF�UVGJV�FCDGK�PKEJV�FGT�TGEJGPVGEJPKUEJG�#URGMV ��UQPFGTP�FCU�<KGN���

GKPG�CNNIGOGKPG�VTCIH¼JKIG�$CUKU�\W�GPVYKEMGNP��FKG�GKPG�HNGZKDNG�$GJCPFNWPI�GKPGT�4GKJG�XQP
(TCIGUVGNNWPIGP�\WN¼²V�

&C�FKG�¯DGTPCJOG�GKPGT�KFGPVKUEJGP�8GTVGKNWPI�HKPCP\KGNNGT�'TIGDPKUUG�H×T�WPVGTUEJKGFNKEJG
'PVUEJGKFWPIUVT¼IGT�WPVGTUEJKGFNKEJG�-QPUGSWGP\GP�JCDGP�MCPP��UQNN�FCDGK�PKEJV�FCU��'KIGP�
TKUKMQ��FGT�8GTVGKNWPI�QRGTCVKQPCNKUKGTV�YGTFGP��UQPFGTP�FCU�FWTEJ�FKG�8GTVGKNWPI�KPFW\KGTVG
H×T�FGP�LGYGKNKIGP�'PVUEJGKFWPIUVT¼IGT�ÑMQPQOKUEJ�TGNGXCPVG�4KUKMQ�
INGKEJGU�IKNV�H×T�FCU
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%JCPEGPRQVGPVKCN���0CEJ�GKPGT�GKIGPUV¼PFKIGP�-QP\GRVWCNKUKGTWPI�XQP�4KUKMQ�WPF�%JCPEG�KP
GKPGO�CDUQNWVGP�5KPPG�YGTFGP�CDUEJNKG²GPF�GKPKIG�(QNIGTWPIGP�FCTCWU�H×T�FCU�9CJNXGTJCNVGP
KO�4CJOGP�XQP�'PVUEJGKFWPIGP�WPVGT�4KUKMQ�IG\QIGP�

#NU�#PYGPFWPIUDGKURKGNG�FKGPGP�(TCIGUVGNNWPIGP�CWU�FGO�$GTGKEJ�FGT�XGTUKEJGTWPIUDGVTKGD�
NKEJGP�4KUKMQVJGQTKG�UQYKG�FGO�$GTGKEJ�XQP�(KPCP\KPXGUVOGPVU�WPVGT�4KUKMQ��KPUDGUQPFGTG�FGT
2QTVHQNKQ�6JGQTKG��#WU�FKGUGP�$GTGKEJGP�KP�FGT�.KVGTCVWT�DGMCPPVG�#PU¼V\G�GTIGDGP�UKEJ�CNU
5RG\KCNH¼NNG�FGT�CWHIG\GKIVGP�CNNIGOGKPGP�8QTIGJGPUYGKUG�

�� 4KUKMQ�CNU�)GHCJT�FGT�7PVGTUEJTGKVWPI�GKPGT�<KGNITÑ²G

#WUICPIURWPMV�FGT�YGKVGTGP�¯DGTNGIWPIGP�KUV�GKPG�IGIGDGPG�<WHCNNUITÑ²G�:��FGTGP�OÑINKEJG
#WURT¼IWPIGP� FKG� HKPCP\KGNNGP� 'TIGDPKUUG� GKPGT� ÑMQPQOKUEJGP� *CPFNWPI� TGRT¼UGPVKGTGP�
(QNIGPFG�5VCPFCTF�#PYGPFWPIUDGKURKGNG�YGTFGP�KO�.CWHG�FGT�7PVGTUWEJWPI�XGTHQNIV�

$GKURKGN��� (KPCP\KPXGUVOGPVU�WPVGT�4KUKMQ

9KT�DGVTCEJVGP�GKPG�GKPRGTKQFKIG�#PNCIG�KP�GKPGP�(KPCP\VKVGN�
GVYC��GKPG�#MVKG�
QFGT�KP�GKP�2QTVGHGWKNNG�CWU�(KPCP\VKVGNP��FGT�4×EMHNW²�CWU�FKGUGT�+PXGUVKVKQP�CO
2GTKQFGPGPFG� KUV� KPFGVGTOKPKGTV�� 'Z� CPVG� UQNN� FCU� HKPCP\KGNNG� 'TIGDPKU� FGT
+PXGUVKVKQP� FWTEJ� FKG� 
\WHCNNUCDJ¼PIKIG�� 'KP�2GTKQFGP�4GPFKVG� 4�OQFGNNKGTV
YGTFGP�

$GKURKGN��� 2GTKQFGPGTHQNI�GKPGU�8GTUKEJGTWPIUWPVGTPGJOGPU

&GT� 2GTKQFGPGTHQNI� )� GKPGU� 8GTUKEJGTWPIUWPVGTPGJOGPU� N¼²V� UKEJ� KP� FKG
HQNIGPFGP�*CWRVGKPHNW²ITÑ²GP�CFFKVKX�FKUCIITGIKGTGP��


 2T¼OKGPGTNÑUG %

� 5EJCFGPMQUVGP 5

 -CRKVCNCPNCIGGTHQNI +
� $GVTKGDUMQUVGP� -
AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA

� 7PVGTPGJOGPUGTHQNI )

+P�HQTOCNGT�5EJTGKDYGKUG�UQOKV�

'U�KUV�WPOKVVGNDCT�GTUKEJVNKEJ��FC²�\WOKPFGUV�\YGK�FGT�*CWRVFGVGTOKPCPVGP�FGU
2GTKQFGPGTHQNIU�)��P¼ONKEJ�FKG�5EJCFGPMQUVGP�5�WPF�FGT�-CRKVCNCPNCIGGTHQNI
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+� GZ� CPVG� 
\W� $GIKPP� FGT� DGVTCEJVGVGP� 8GTUKEJGTWPIURGTKQFG�� UWDUVCPVKGNN
KPFGVGTOKPKGTV� UKPF�� <YGEMO¼²KIGTYGKUG� YGTFGP� FKGUG� )TÑ²GP� KP� GKPGT
OQFGNNVJGQTGVKUEJGP�#PCN[UG�UQOKV�CNU�\WHCNNUCDJ¼PIKIG�)TÑ²GP�GTHC²V��FCOKV
KUV�CWEJ�FGT�)GUCOVGTHQNI�)�FGU�8GTUKEJGTWPIUWPVGTPGJOGPU�GKPG�<WHCNNUITÑ²G�
'KP�/QFGNNCPUCV\�FGT�(QTO�
���H×JTV�CWH�GKP�UVQEJCUVKUEJGU�)GUCOVOQFGNN �FGU��

8GTUKEJGTWPIUIGUEJ¼HVU�� #PCN[UKGTV� OCP� PWT� FCU� -GTPIGUEJ¼HV� GKPGU� 8GT�
UKEJGTWPIUWPVGTPGJOGPU�� FCU� 4KUKMQIGUEJ¼HV�� UQ� XGTPCEJN¼UUKIV� OCP� FGP
-CRKVCNCPNCIGGTHQNI� WPF� FKG�$GVTKGDUMQUVGP� WPF� CTDGKVGV�OKV� FGO�8GTUKEJG�
TWPIUVGEJPKUEJGP�'THQNI�86)��HQTOCN�

&KG� KUQNKGTVG� #PCN[UG� FGU� 4KUKMQIGUEJ¼HVU� KUV� VTCFKVKQPGNNGT� )GIGPUVCPF� FGT
XGTUKEJGTWPIUDGVTKGDNKEJGP�
UQYKG�FGT�XGTUKEJGTWPIUOCVJGOCVKUEJGP��4KUKMQ�
VJGQTKG ���

-GJTGP�YKT�PWPOGJT�YKGFGT�\WO�CNNIGOGKPGP�(CNN�\WT×EM��\W�GKPGT�IGIGDGPGP�9CJTUEJGKP�
NKEJMGKVUXGTVGKNWPI�HKPCP\KGNNGT�'TIGDPKUUG�:��$GUKV\V�FKG�<WHCNNUXCTKCDNG�:�GKPG�&KEJVGHWPMVKQP
H
Z�� 
YQXQP� YKT� KO� YGKVGTGP� 8GTNCWH� FGT� #TDGKV� FGT� GKPHCEJGTGP� #PCN[UG� YGIGP� UVGVU
CWUIGJGP���UQ�N¼²V�UKEJ�FKG�#WUICPIUUKVWCVKQP�GVYC�YKG�#DDKNFWPI���KNNWUVTKGTGP�

#DD���� 4GRT¼UGPVCVKQP�GKPGU�\WHCNNUCDJ¼PIKIGP�HKPCP\KGNNGP�'TIGDPKUUGU�FWTEJ�FKG
&KEJVGHWPMVKQP

&KG�FWTEJ�#DDKNFWPI���KNNWUVTKGTVG�9CJTUEJGKPNKEJMGKVUXGTVGKNWPI�WPF�CWU�KJT�IIH��CDIGNGKVGVG
4KUKMQOC²G�YGKUGP�MGKPGP�$G\WI�\W�FGO�LGYGKNKIGP�'PVUEJGKFWPIUVT¼IGT�CWH��'U�KUV�CDGT�W�'�
YKEJVKI�\W�GTMGPPGP��FC²�FKG�¯DGTPCJOG�FGTUGNDGP�9CJTUEJGKPNKEJMGKVUXGTVGKNWPI�H×T�WPVGT�
UEJKGFNKEJG�'PVUEJGKFWPIUVT¼IGT�WPVGTUEJKGFNKEJG�-QPUGSWGP\GP�JCDGP�WPF�FCOKV�WPVGTUEJKGF�
NKEJG�4KUKMGP�WPF�%JCPEGP�PCEJ�UKEJ�\KGJGP�MCPP��$GVTCEJVGP�YKT�CNU�$GKURKGN�WPVGTUEJKGFNKEJG
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-QPUVTWMVKQPGP� GKPGT� HQPFUIGDWPFGPGP� .GDGPUXGTUKEJGTWPI�� $GK� GKPGT� HQPFUIGDWPFGPGP
.GDGPUXGTUKEJGTWPI�YGTFGP�FKG�5RCTCPVGKNG�FGT�2T¼OKG�KP�GKPGP�
QFGT�OGJTGTG��+PXGUVOGPV�
HQPFU��GVYC�GKPGP�#MVKGPHQPFU��KPXGUVKGTV�WPF�FKG�#WU\CJNWPI�CWU�FGT�.GDGPUXGTUKEJGTWPI
J¼PIV�UQYQJN�KO�(CNNGU�GKPGU�XQT\GKVKIGP�6QFGU�FGU�8GTUKEJGTWPIUPGJOGTU��CDGT�CWEJ�KO�(CNNG
FGU�'TNGDGPU�FGU�'PFGU�FGT�8GTVTCIUNCWH\GKV�CD�XQP�FGO�9GTV�FGU�(QPFU�\WO�LGYGKNKIGP
<GKVRWPMV��&KG�9GTVGPVYKEMNWPI�FGU�(QPFU�MCPP�OQFGNNVJGQTGVKUEJ�FWTEJ�GKPG�9CJTUEJGKPNKEJ�
MGKVUXGTVGKNWPI�YKG�KP�#DDKNFWPI���TGRT¼UGPVKGTV�YGTFGP��&KGUG�9CJTUEJGKPNKEJMGKVUXGTVGKNWPI
DGKPJCNVGV� LGFQEJ� WPVGTUEJKGFNKEJG� -QPUGSWGP\GP� H×T� 8GTUKEJGTWPIUWPVGTPGJOGP� WPF
8GTUKEJGTWPIUPGJOGT�� YQDGK� FKGUG� \WFGO� PQEJ� XQP� FGT� LGYGKNKIGP�8GTVTCIUMQPUVTWMVKQP
CDJ¼PIGP�� +O� (CNNG� GKPGT� HQPFUIGDWPFGPGP� .GDGPUXGTUKEJGTWPI� QJPG� )CTCPVKG� GKPGT
/KPFGUVXGT\KPUWPI�GVYC�DGVTKHHV�FCU�4KUKMQ�GKPGT�CFXGTUGP�9GTVGPVYKEMNWPI�FGU�(QPFU�PWT�FKG
8GTOÑIGPUUKVWCVKQP�FGU�8GTUKEJGTWPIUPGJOGTU�WPF�PKEJV�FKG�FGU�8GTUKEJGTWPIUWPVGTPGJOGPU�
)CTCPVKGTV�FCU�8GTUKEJGTWPIUWPVGTPGJOGP�CDGT�FKG�'T\KGNWPI�GKPGT�IGYKUUGP�/KPFGUVTGPFKVG�
GVYC�FGT�*ÑJG�T ���UQ�H×JTV�FKGU�\W�CPFGTUCTVKIGP�-QPUGSWGP\GP�H×T�FKG�8GTOÑIGPUUKVWCVKQPGP�

XQP� 8GTUKEJGTWPIUPGJOGT� WPF� �WPVGTPGJOGP� KO� 8GTINGKEJ� \W� XQTUVGJGPFGO� (CNN�� 'KP
ÑMQPQOKUEJ�TGNGXCPVGU�4KUKMQ�H×T�FCU�8GTUKEJGTWPIUWPVGTPGJOGP�GTIKDV�UKEJ�FCDGK�CDGT�GTUV�
YGPP�FKG�4GPFKVGGPVYKEMNWPI�FGU�(QPFU�WPVGT�FKG�ICTCPVKGTVG�/KPFGUVXGT\KPUWPI�HCNNGP�UQNNVG�

+O�HQNIGPFGP�KUV�GU�WPUGT�<KGN��FCU�H×T�FGP�LGYGKNKIGP�'PVUEJGKFWPIUVT¼IGT�H×T�UGKPG�URG\KHK�
UEJG�5KVWCVKQP�ÑMQPQOKUEJ�TGNGXCPVG�4KUKMQRQVGPVKCN�
INGKEJGU�IKNV�H×T�FCU�%JCPEGPRQVGPVKCN�
\W�GTHCUUGP��#DDKNFWPI���TGRT¼UGPVKGTV�FCIGIGP�GJGT�FKG��'KIGP\WH¼NNKIMGKV��OKV�FGP�-QORQ�
PGPVGP��'KIGPTKUKMQ��WPF��'KIGPEJCPEG��

'KP�KPVWKVKXGT�4KUKMQDGITKHH��FGT�FKG�-QPUGSWGP\GP�GKPGT�CFXGTUGP�HKPCP\KGNNGP�'PVYKEMNWPI
WPVGT�'KPDG\KGJWPI�FGU�LGYGKNKIGP�'PVUEJGKFWPIUVT¼IGTU�GTHC²V��KUV�FGTLGPKIG�XQP�4KUKMQ�CNU
OÑINKEJGO�8GTNWUV ��F�J��FGT�)GHCJT�GKPGT�CFXGTUGP�HKPCP\KGNNGP�'PVYKEMNWPI��&KG�KO�<GPVTWO��

UVGJGPFG�CFXGTUG�HKPCP\KGNNG�'PVYKEMNWPI�OW²�UKEJ�FCDGK�PKEJV�CWH�FCU�'TNGKFGP�HKPCP\KGNNGT
8GTNWUVG�DGUEJT¼PMGP��$GK�FGO�XQTCPUVGJGPFGP�$GKURKGN�GKPGT�HQPFUIGDWPFGPGP�.GDGPUXGT�
UKEJGTWPI� OKV� GKPGT� ICTCPVKGTVGP� /KPFGUVTGPFKVG� FGU� 5RCTMCRKVCNU� XQP� T � OW²� FCU� 8GT��

UKEJGTWPIUWPVGTPGJOGP�FKGUG�/KPFGUVTGPFKVG�XGTDKPFNKEJ�GTYKTVUEJCHVGP��WPF�FCU�4KUKMQ�FGU
7PVGTPGJOGPU� DGUVGJV� JKGT� PKEJV� KP� FGT�'T\KGNWPI� PGICVKXGT�4GPFKVGP� 
8GTOKPFGTWPI� FGU
KPXGUVKGTVGP�-CRKVCNU��� UQPFGTP� KP� FGT�0KEJV�'TYKTVUEJCHVWPI� FGT�/KPFGUVTGPFKVG��*'.6'0

������5������HH���MGPP\GKEJPGV�4KUKMQ�CNU�+PHQTOCVKQPUFGHK\KV�×DGT�FKG�HKPCNG�$GUVKOOVJGKV�
F�J��×DGT�FCU�'TTGKEJGP�IGUVGEMVGT�<KGNG�D\Y��
KO�XQTNKGIGPFGP�(CNNG��CPIGUVTGDVGT�HKPCP\KGNNGT
<WUV¼PFG�� #WU� FKGUGP� )T×PFGP� UQNN� KO� YGKVGTGP� WPVGT� FGO� 4KUKMQRQVGPVKCN� HKPCP\KGNNGT
'TIGDPKUUG�H×T�FGP�LGYGKNKIGP�'PVUEJGKFWPIUVT¼IGT�FCU�#WUOC²�FGT�)GHCJT�FGT�7PVGTUEJTGKVWPI
GKPGT�CPIGUVTGDVGP�HKPCP\KGNNGP�<KGNITÑ²G�
VCTIGV��\�XGTUVCPFGP�YGTFGP��#NU�5[PQP[O�H×T�FKGUG
%JCTCMVGTKUKGTWPI�UQNN�KO�HQNIGPFGP�CWEJ�FGT�$GITKHH�5JQTVHCNN�4KUKMQ�DGPWV\V�YGTFGP��#PCNQI
Y×TFG�CWU�5KEJV�FGU�'PVUEJGKFWPIUVT¼IGTU�FCU�GPVURTGEJGPFG�%JCPEGPRQVGPVKCN�KP�FGO�#WUOC²
FGT�/ÑINKEJMGKV�FGT�¯DGTUEJTGKVWPI�FGT�CPIGUVTGDVGP�<KGNITÑ²G�DGUVGJGP�

#NU�GTUVGP�5EJTKVV�KP�4KEJVWPI�3WCPVKHK\KGTWPI�XQP�4KUKMQ�D\Y��%JCPEG�KP�FGO�IGPCPPVGP�5KPPG
\GTNGIGP� YKT� FKG� <WHCNNUXCTKCDNG� :� FGT� HKPCP\KGNNGP� 'TIGDPKUUG� TGNCVKX� \W� FGT� IGIGDGPGP
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��

( z) � z 	 X
		

( z) ,

X
		

( z) 
 max( z 	 X, 0)




z 	 x x � z

0 x > z

X
��

( z) 
 max( X 	 z, 0)




0 x � z

x 	 z x > z .

�����

(6)

(7a)

(7b)

<KGNITÑ²G�\�CWH�HQNIGPFG�9GKUG�CFFKVKX�KP�FTGK�6GKNG

YQDGK

D\Y�

&CDGK�DGUEJTGKDV�FKG�<WHCNNUITÑ²G�: 
\��FKG�*ÑJG�FGU�(GJNDGVTCIGU�
UJQTVHCNN��FGT�FKG�HKPCP�
�

\KGNNG�<KGNITÑ²G�\�WPVGTUEJTGKVGPFGP�4GCNKUCVKQPGP�XQP�:��Y¼JTGPF�: 
\��FKG�*ÑJG�FGU�'Z\GU�



UGU�FGT�FKG�<KGNITÑ²G�\�×DGTUEJTGKVGPFGP�4GCNKUCVKQPGP�XQP�:�GTHC²V��#DDKNFWPI���KNNWUVTKGTV
FKGUG�8QTIGJGPUYGKUG��KP�FGO�FGT�IGUCOVG�9GTVGDGTGKEJ�FGT�<WHCNNUITÑ²G�KP�GKPGP�5JQTVHCNN�
$GTGKEJ��FGT�FCU�4KUKMQRQVGPVKCN�FGT�HKPCP\KGNNGP�'TIGDPKUUG�TGNCVKX�\WT�<KGNITÑ²G�\�ITCRJKUEJ
KNNWUVTKGTV�UQYKG�KP�GKPGP�'Z\GUU�$GTGKEJ��FGT�GPVURTGEJGPF�FCU�%JCPEGPRQVGPVKCN�KNNWUVTKGTV�
\GTNGIV�YKTF�

#DD���� 5JQTVHCNN��D\Y��'Z\G²�$GTGKEJ�DG\×INKEJ�FGT�<KGNITÑ²G�\



f
		

( x) 


0 x < 0

1 	 F( z) x 
 0

f ( z 	 x ) x > 0 .

f
��

( x) 


0 x < 0

F( z) x 
 0

f ( x 	 z ) x > 0 .

�����

(8a)

(8b)

#DUEJNKG²GPF�UQNN�PQEJ�CWH�FKG�<WHCNNUIGUGV\O¼²KIMGKV�XQP�: 
\��D\Y��: 
\��GKPIGICPIGP
� 


YGTFGP��7PVGT�FGT�#PPCJOG��FC²�FKG�<WHCNNUITÑ²G�:�GKPG�&KEJVGHWPMVKQP�H
Z��DGUKV\V��GTIGDGP
UKEJ� FKG� GPVURTGEJGPFGP� &KEJVGHWPMVKQPGP� H 
Z�� D\Y�� H 
Z�� \W� 
FCDGK� DG\GKEJPG� (� FKG

� 


8GTVGKNWPIUHWPMVKQP�XQP�:��

D\Y�

1HHGPDCT�DGUKV\GP�FKG�&KEJVGP�GKPG�7PUVGVKIMGKVUUVGNNG�KO�2WPMV�Z�������: 
\��DGUKV\V�GKPG�KP
�

0WNN�NKPMU�MQP\GPVTKGTVG�8GTVGKNWPI��FKG�9CJTUEJGKPNKEJMGKVUOCUUG�2
: ��������2
:� �\���
�

����(
\��KUV�KO�2WPMV�Z�����MQP\GPVTKGTV��: 
\��KUV�GDGPHCNNU�KP�0WNN�NKPMU�MQP\GPVTKGTV��FKG



GPVURTGEJGPFG�9CJTUEJGKPNKEJMGKVUOCUUG�KUV�2
: ��������2
:���\����(
\��



�� <WT�3WCPVKHK\KGTWPI�FGU�4KUKMQRQVGPVKCNU

+O�5KPPG�FGT�IGY¼JNVGP�4KUKMQMQP\GRVWCNKUKGTWPI�DGKPJCNVGV�: 
\��CNNG�TGNGXCPVGP�+PHQTOCVKQ�
�

PGP�×DGT�FCU�4KUKMQRQVGPVKCN�XQP�:��'KPG�
GKPFKOGPUKQPCNG��/C²ITÑ²G�H×T�FCU�4KUKMQ�GTJ¼NV
OCP� LGFQEJ� GTUV� FWTEJ� GKPG� $GYGTVWPI� XQP� : 
\��� +P� #PCNQIKG� \WT� 8QTIGJGPUYGKUG� FGT

�

UVCVKUVKUEJGP� 'PVUEJGKFWPIUVJGQTKG � 
4KUKMQ� �� GTYCTVGVGT� 8GTNWUV�� H×JTGP� YKT� FC\W� GKPG��

8GTNWUV��D\Y��-QUVGPHWPMVKQP�.�
NQUU�HWPEVKQP��EQUV�HWPEVKQP��GKP��FKG�GKPG�$GYGTVWPI�FGT�OKV
XGTUEJKGFGPGP�7PVGTUEJTGKVWPIUJÑJGP�XGTDWPFGPGP�-QPUGSWGP\GP�H×T�FGP�'PVUEJGKFWPIUVT¼IGT
DGKPJCNVGV��&COKV� UKPF�YKT� KP� FGT� .CIG�� FCU�OKV�:� TGNCVKX� \WT� <KGNITÑ²G� \� H×T� FGP� 'PV�
UEJGKFWPIUVT¼IGT�XGTDWPFGPG�4KUKMQ�4
:��KO�5KPPG�GKPGU�5JQTVHCNN�4KUKMQU�\W�FGHKPKGTGP�FWTEJ

\WT�8GTGKPHCEJWPI�FGT�0QVCVKQP�WPVGTFT×EMGP�YKT�FKG�<KGNITÑ²G�\��
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	 �
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SWz( X) : 
 E( X0
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 P( X � z) ,

SEz( X) : 
 E( X
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 P
z

	 �

( z	x) f ( x) dx

R( X) 
 P
z

	 �
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�����

(9)

(10)

(11)

(12)

7PVGT�$GT×EMUKEJVKIWPI�XQP�
�C��GTJCNVGP�YKT�KP�TGEJGPVGEJPKUEJGT�*KPUKEJV

&COKV�UVGJV�GKP�CNNIGOGKPGT�UVTWMVWTGNNGT�4CJOGP�\WT�/GUUWPI�FGU�4KUKMQRQVGPVKCNU�\WHCNNUCD�
J¼PIKIGT�HKPCP\KGNNGT�'TIGDPKUUG�\WT�8GTH×IWPI��URG\KHKUEJG�/C²G�H×T�FCU�4KUKMQRQVGPVKCN�GT�
IGDGP�UKEJ�KP�#DJ¼PIKIMGKV�XQP�FGT�FWTEJ�FGP�'PVUEJGKFWPIUVT¼IGT�FWTEJ\WH×JTGPFGP�9CJN
FGT�8GTNWUVHWPMVKQP�.��9KT�DGVTCEJVGP�FC\W�KO�HQNIGPFGP�GKPG�4GKJG�XQP�$GKURKGNGP�

'KPG�GTUVG�CNNIGOGKPG�-NCUUG�XQP�8GTNWUVHWPMVKQPGP�DKNFGP�FKG�2QVGP\HWPMVKQPGP�.
Z����Z �P

QHHGPDCT�IKNV�KP�FKGUGO�(CNNG TGEJGPVGEJPKUEJ�H×JTV�GKP

UQNEJGT�#PUCV\�UQOKV�CWH�FCU�2TQDNGO�FGT�$GUVKOOWPI�RCTVKGNNGT�/QOGPVG �FGT�<WHCNNUITÑ²G��

:�

9¼JNV�OCP�P������F�J��.
Z�������UQ�DGFGWVGV�FKGU��FC²�U¼OVNKEJG�OÑINKEJG�7PVGTUEJTGKVWPIGP
FGT�HKPCP\KGNNGP�<KGNITÑ²G�\�INGKEJ�DGYGTVGV�YGTFGP��GVYC�GKP�7PVGTUEJTGKVGP�XQP�\�WO�&/
��������GDGPUQ�YKG�GKPG�8GTHGJNWPI�WO���/KNNKQP�&/��$GK�GPVURTGEJGPFGT�#WUYGTVWPI�XQP

�����GTJCNVGP�YKT�FGOIGO¼²

F�J�� FKG� 9CJTUEJGKPNKEJMGKV� FCH×T�� FC²� FKG� 4GCNKUKGTWPI� XQP� :� FKG� <KGNITÑ²G� \� PKEJV
×DGTUEJTGKVGV�
5JQTVHCNN�9CJTUEJGKPNKEJMGKV�59 ���FKG�OÑINKEJG�*ÑJG�FGT�7PVGTUEJTGKVWPIGP\

URKGNV�FCDGK�MGKPG�4QNNG�

9¼JNV�OCP�P������F�J��.
Z����Z��UQ�DGFGWVGV�FKGU��FC²�FKG�OÑINKEJGP�7PVGTUEJTGKVWPIGP�XQP
\�RTQRQTVKQPCN�\W�KJTGT�*ÑJG�IGYKEJVGV�YGTFGP�WPF�YKT�GTJCNVGP�CWU�
���

&GT�#WUFTWEM�
����GPVURTKEJV�FGO�5JQTVHCNN�'TYCTVWPIUYGTV�5' ��GKPGO�/C²�H×T�FGP�OKVVNGTGP\

$GVTCI�FGT�7PVGTUEJTGKVWPI�FGT�HKPCP\KGNNGP�<KGNITÑ²G�\�

9¼JNV� OCP� UEJNKG²NKEJ� .
Z�� �� Z � 
SWCFTCVKUEJG� 8GTNWUVHWPMVKQP��� UQ� YGTFGP� ITÑ²GTG�



SSVz( X) : 
 E( X
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 P
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KRz( X) : 
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 0
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(13)

(14)

(15)

7PVGTUEJTGKVWPIGP�XQP�\�GPVURTGEJGPF�JÑJGT�
KO�8GTJ¼NVPKU�FGT�3WCFTCVG�FGT�#DYGKEJWPIGP�
DGYGTVGV�CNU�IGTKPIGTG�7PVGTUEJTGKVWPIGP��+P�FKGUGO�(CNNG�GTJCNVGP�YKT
�

&GT�#WUFTWEM�
����GPVURTKEJV�FGT�5JQTVHCNN�5GOKXCTKCP\�558 ���GKPGO�/C²�H×T�FKG�OKVVNGTG\

SWCFTCVKUEJG�5VTGWWPI�FGT�DGVTCIUO¼²KIGP�7PVGTUEJTGKVWPIGP�FGT�HKPCP\KGNNGP�<KGNITÑ²G�\�

#NVGTPCVKX� \W�2QVGP\HWPMVKQPGP�MCPP�OCP�CWEJ�CPFGTG�(WPMVKQPGP�YKG�'ZRQPGPVKCN�� QFGT
NQICTKVJOKUEJG� (WPMVKQPGP� CPUGV\GP�� &KG� 9CJN� .
Z�� �� G � GVYC� KORNK\KGTV�� FC²� JQJGZ

7PVGTUEJTGKVWPIGP�FGT�<KGNITÑ²G�DGUQPFGTU�JQEJ�IGYKEJVGV�YGTFGP��+PVWKVKX�MCPP�OCP�FKGU�UQ
FGWVGP�� FC²� FGT� 'PVUEJGKFWPIUVT¼IGT� GKPG� (WTEJV� XQT� -CVCUVTQRJGPTKUKMGP� CWHYGKUV�� 'KPG
/C²\CJN�H×T�FCU�OKV�:�XGTDWPFGPG�-CVCUVTQRJGPTKUKMQ�-4 �Y¼TG�UQOKV\

$GUKV\V�FKG�8GTNWUVHWPMVKQP�.
Z��GKPG�6C[NQTGPVYKEMNWPI�
2QVGP\TGKJGPFCTUVGNNWPI��FGT�(QTO

UQ�N¼²V�UKEJ�FKG�$GTGEJPWPI�FGU�4KUKMQRQVGPVKCNU�\WT×EM�

H×JTGP�CWH�FGP�(CNN�FGT�2QVGP\HWPMVKQPGP�.
Z����Z �FWTEJP ���

9GPFGP�YKT�WPU�PWP� KP�FGT�.KVGTCVWT�DGUVGJGPFGP�#PYGPFWPIUDGKURKGNGP� KO�$GTGKEJ�FGT
(KPCP\�� WPF� 8GTUKEJGTWPIUO¼TMVG� \W�� FKG� 5RG\KCNH¼NNG� FGT� XQTUVGJGPFGP� ¯DGTNGIWPIGP
FCTUVGNNGP�

+O�$GTGKEJ�FGT�2QTVHQNKQ�6JGQTKG�JCV�FCU�4KUKMQOC²�FGT�5JQTVHCNN�9CJTUEJGKPNKEJMGKV�
����H×T
FKG�4GPFKVG�4�GKPGT�#PNCIG�KP�GKPGP�(KPCP\VKVGN�D\Y��GKP�2QTVGHGWKNNG�XQP�(KPCP\VKVGNP�KP�FGP
NGV\VGP� ,CJTGP� GKPG� GTJGDNKEJG� $GCEJVWPI� CNU� #NVGTPCVKXG� \WO� 4KUKMQOC²� 8CTKCP\� D\Y�
5VCPFCTFCDYGKEJWPI�GTHCJTGP��&CDGK�JCV�FKG�\W�GTTGKEJGPFG�HKPCP\KGNNG�<KGNITÑ²G�\�KP�FKGUGO
<WUCOOGPJCPI� FKG� $GFGWVWPI� GKPGT� \W� GTTGKEJGPFGP�/KPFGUV�4GPFKVG� T �� 9KG� UEJQP� KP�

#DUEJPKVV���KP�GKPGO�CNNIGOGKPGP�-QPVGZV�GTN¼WVGTV��UVGNNGP�8CTKCP\�D\Y��5VCPFCTFCDYGKEJWPI
GJGT� GKP� /C²� H×T� FKG� 8QNCVKNKV¼V� FGU� (KPCP\VKVGNU� RGT� UG� FCT�� YQJKPIGIGP� FKG� 5JQTVHCNN�
9CJTUEJGKPNKEJMGKV� 
KP� GKPHCEJGT�9GKUG�� CWH� FCU� H×T� FGP� LGYGKNKIGP� 'PVUEJGKFWPIUVT¼IGT
TGNGXCPVG� 4KUKMQ� CDUVGNNV�� #WEJ� FKG� 4KUKMQOC²G� 5JQTVHCNN�'TYCTVWPIUYGTV� WPF� 5JQTVHCNN�
5GOKXCTKCP\�JCDGP�CMVWGNN�'KPICPI�KP�FKG�RQTVHQNKQVJGQTGVKUEJG�.KVGTCVWT�GTHCJTGP�



VW0
( S) : 
 P( VTG < 0) 
 P( S > �) .

������

(16)

6[RKUEJGTYGKUG�YGTFGP�FKG�4KUKMQOC²G�FGU�6[RWU�
������
���� KP�8GTDKPFWPI�OKV�CPFGTGP
/C²GP�DGPWV\V��\�$��WO�GKPG�2QTVHQNKQ�1RVKOKGTWPI�FWTEJ\WH×JTGP��#WH� UQNEJG�2TQDNGO�
UVGNNWPIGP�MQOOGP�YKT�PQEJ�\WT×EM��FGUYGIGP� UGK� CP�FKGUGT�5VGNNG�PWT� CWH�FGP�6GKN� FGT
.KVGTCVWT� JKPIGYKGUGP�� DGK� FGO� FKG� &KUMWUUKQP� FGT� GPVURTGEJGPFGP� 4KUKMQOC²G� OKV� KO
8QTFGTITWPF�UVGJV ����

9GPFGP�YKT�WPU�PWP�#PYGPFWPIGP�KP�FGP�8GTUKEJGTWPIUO¼TMVGP�\W�WPF�ITGKHGP�FCDGK�\WT×EM
CWH�FKG�5KVWCVKQP�FGU�$GKURKGNU����FGT�#PCN[UG�FGU�XGTUKEJGTWPIUVGEJPKUEJGP�D\Y��FGU�IGUCOVGP
2GTKQFGPGTHQNIU�FGU�8GTUKEJGTWPIUWPVGTPGJOGPU��9KT�DGIKPPGP�OKV�GKPGT�&KUMWUUKQP�OÑINKEJGT
HKPCP\KGNNGT�<KGNITÑ²GP�\��FGTGP�7PVGTUEJTGKVWPI�FWTEJ�FGP�TGCNKUKGTVGP�
XGTUKEJGTWPIUVGEJ�
PKUEJGP��'THQNI�FCU�4KUKMQRQVGPVKCN�FGU�7PVGTPGJOGPU�YKFGTURKGIGNV�

9¼JNV�OCP�\�����WPF�DGVTCEJVGV�FGP�8GTUKEJGTWPIUVGEJPKUEJGP�'THQNI�
����UQ�Y×TFG�FCU
8GTUKEJGTWPIUWPVGTPGJOGP�FCU�4KUKMQRQVGPVKCN�FCTKP�UGJGP��FC²�FKG�2T¼OKGPGTNÑUG�%�GKPGT
2GTKQFG�PKEJV�CWUTGKEJGP��FGP�TGCNKUKGTVGP�MQNNGMVKXGP�)GUCOVUEJCFGP�5�\W�FGEMGP��$GVTCEJVGV
OCP�FGP�IGUCOVGP�2GTKQFGPGTHQNI�IGO¼²�
����UQ�Y×TFG�DGK�9CJN�\�����FCU�4KUKMQ�KP�GKPGO
PGICVKXGP�2GTKQFGPGTHQNI�CP�UKEJ�IGUGJGP�YGTFGP�

'KPG�CNVGTPCVKXG�IGDT¼WEJNKEJG�9CJN�UVGNNV�\�����5- �FCT��YQDGK�5- �FCU�DGKO�8GTUKEJGTWPIU�� �

WPVGTPGJOGP�CO�2GTKQFGPCPHCPI�XQTJCPFGPG�5KEJGTJGKVUMCRKVCN�FCTUVGNNV��FCU�\WT�&GEMWPI
HKPCP\KGNNGT�8GTNWUVG�JGTCPIG\QIGP�YGTFGP�MCPP ��&CU�4KUKMQ�Y×TFG�XQO�8GTUKEJGTWPIU����

WPVGTPGJOGP�KP�FKGUGO�(CNNG�FCTKP�IGUGJGP�YGTFGP��FC²�FKG�XGTUKEJGTWPIUVGEJPKUEJGP�D\Y�
)GUCOVXGTNWUVG�FCU�XQTJCPFGPG�5KEJGTJGKVUMCRKVCN�CWH\GJTGP��#DGT�CWEJ�GKPG�9CJN�\� ���KUV
FGPMDCT�� YGPP� H×T� FCU� 8GTUKEJGTWPIUWPVGTPGJOGP� CWU� FGO� 4KUKMQIGUEJ¼HV� D\Y�� FGO
)GUCOVIGUEJ¼HV�GKP�RQUKVKXGT�'THQNIUDGKVTCI�PQVYGPFKI�KUV��#DGT�CWEJ�FKG�'TTGKEJWPI�GKPGU
/KPFGUV�5KEJGTJGKVUMCRKVCNDGUVCPFGU�CO�'PFG�FGT�2GTKQFG�CNU�5VGWGTITÑ²G�MCPP�KO�4CJOGP
FKGUGT�CNNIGOGKPGP�-QP\GRVKQP�FCTIGUVGNNV�YGTFGP��&KGUG�$GKURKGNG�WPVGTUVTGKEJGP�PQEJOCNU�FKG
(NGZKDKNKV¼V�WPF�)GPGTCNKV¼V�FGU�GPVYKEMGNVGP�#PUCV\GU�

-QP\GPVTKGTGP�YKT�WPU�KO�HQNIGPFGP�CWH�FKG�#PCN[UG�FGU�8GTUKEJGTWPIUVGEJPKUEJGP�'THQNIU
86)�IGO¼²�
����&CU�OKV�CFXGTUGP�'PVYKEMNWPIGP�FKGUGT�)TÑ²G�XGTDWPFGPG�4KUKMQ�H×T�FCU
8GTUKEJGTWPIUWPVGTPGJOGP�YKTF�KP�FGT�DGVTGHHGPFGP�.KVGTCVWT�CNU�8GTUKEJGTWPIUVGEJPKUEJGU

)GUCOV��4KUKMQ�DG\GKEJPGV��&GU�YGKVGTGP�YGTFG�KO�HQNIGPFGP�PWT�FGT�(CNN�\�����YGKVGTXGT�
HQNIV��+O�(CNNG�GKPGT�9CJN�FGT�8GTNWUVHWPMVKQP�FGU�6[RWU�.
Z������GTJCNVGP�YKT�CWU�
���

&CU�XGTUKEJGTWPIUVGEJPKUEJG�4KUKMQ�KUV�KP�FKGUGO�(CNNG�FWTEJ�FKG�8GTNWUVYCJTUEJGKPNKEJMGKV�
KP
FGT� .KVGTCVWT� CWEJ� CNU� 4WKPYCJTUEJGKPNKEJMGKV� DG\GKEJPGV��� GKPGO� KP� FGT� XGTUKEJGTWPIU�
DGVTKGDNKEJGP�WPF�XGTUKEJGTWPIUOCVJGOCVKUEJGP�4KUKMQVJGQTKG�VTCFKVKQPGNNGP�/C²�\WT�'THCUUWPI
WPF�5VGWGTWPI�FGU�4KUKMQU ��(×T�FGP�(CNN�FGT�8GTYGPFWPI�FGT�8GTNWUVYCJTUEJGKPNKEJMGKV�KO���

4CJOGP�FGT�#PCN[UG�FGU�IGUCOVGP�2GTKQFGPGTHQNIU�XIN��#.$4'%*6 
����� 5� ��� HH���D\Y�
#.$4'%*6�<+//'4/#00 
������
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(17)

(18)

(19)

+O�(CNNG�FGU�#PUCV\GU�GKPGT�8GTNWUVHWPMVKQP�FGU�6[RWU�.
Z����Z�GTJCNVGP�YKT�CWU�
���

&CU�8GTUKEJGTWPIUVGEJPKUEJG�4KUKMQ�KUV�KP�FKGUGO�(CNNG�FWTEJ�FGP�8GTNWUV�'TYCTVWPIUYGTV

GTYCTVGVG�8GTNWUVJÑJG��IGIGDGP��GKPGO�/C²��FCU�KP�5%*4#&+0 
������5�����H���WPF�#.$4'%*6

�����F��CNU�4KUKMQOC²�XQTIGUEJNCIGP�YKTF��'KPG�8GTYGPFWPI�CNVGTPCVKXGT�8GTNWUVHWPMVKQPGP
KUV�WPU�CWU�FGT�XGTUKEJGTWPIUYKUUGPUEJCHVNKEJGP�.KVGTCVWT�DKUJGT�PKEJV�DGMCPPV�

�� -QPVTQNNG�FGU�4KUKMQRQVGPVKCNU

0GDGP�GKPGT�CF¼SWCVGP�-QP\GRVWCNKUKGTWPI�FGU�4KUKMQRQVGPVKCNU�KUV�XQT�CNNGO�FGUUGP�-QPVTQNNG
D\Y��5VGWGTWPI�CNU�\GPVTCNGT�#WHICDG�FGT�4KUKMQRQNKVKM�XQP�4GNGXCP\��#NU�-QPVTQNNMTKVGTKWO
DKGVGV�UKEJ�FCDGK�FKG�$GUEJT¼PMWPI�FGU�×DGTPQOOGPGP�4KUKMQRQVGPVKCNU�CWH�GKP�VQNGTKGTVGU�/C²
CP��HQTOCN�

&KG�9CJN�FGT�-QPVTQNNITÑ²G�KUV�FCDGK�KP�#DJ¼PIKIMGKV�XQP�FGT�(GUVNGIWPI�FGT�8GTNWUVHWPMVKQP
.� XQT\WPGJOGP�� +O� (CNNG� FGT� /GUUWPI� FGU� 4KUKMQRQVGPVKCNU� FWTEJ� FKG� 5JQTVHCNN�9CJT�
UEJGKPNKEJMGKV� 59 
:�� IGO¼²� 
���� N¼WHV� FKGU� CWH� GKPG� $GUEJT¼PMWPI� FGT� 5JQTVHCNN�9CJT�\

UEJGKPNKEJMGKV�FGT�(QTO

JKPCWU�� &CDGK� KUV� J� GKPG� UGKVGPU� FGU� 'PVUEJGKFWPIUVT¼IGTU� XQT\WIGDGPFG� 
MNGKPG�� 9CJT�
UEJGKPNKEJMGKV��FKG�FCU�#WUOC²�FGU�PKEJV�\W�×DGTUEJTGKVGPFGP�4KUKMQRQVGPVKCNU�KO�5KPPG�GKPGT
VQNGTKGTVGP�5JQTVHCNN�9CJTUEJGKPNKEJMGKV�URG\KHK\KGTV�

+O�<WUCOOGPJCPI�OKV�FGP�KP�#DUEJPKVV���CPIGURTQEJGPGP�#PYGPFWPIGP�KO�4CJOGP�XQP
(KPCP\KPXGUVOGPVU�YGTFGP�-QPVTQNNMTKVGTKGP�FGU�6[RWU�
����KP�FGT�.KVGTCVWT�GKPIGUGV\V��WO�FKG
'TTGKEJWPI�XQP�XQTIGIGDGPGP�/KPFGUV�4GPFKVGP�KO�4CJOGP�XQP�GKPGT�QFGT�OGJTGTGP�2GTKQFGP
OKV�JQJGT�-QPHKFGP\�\W�UKEJGTP��&KG�8GTYGPFWPI�XQP�4GUVTKMVKQPGP�FGU�6[RWU�
����IGUEJKGJV
GPVYGFGT� KUQNKGTV� QFGT� KO� 4CJOGP� GKPGU� 1RVKOKGTWPIURTQ\GUUGU�� GVYC� GKPGT� 2QTVHQNKQ�
1RVKOKGTWPI� WPVGT� 5JQTVHCNN�0GDGPDGFKPIWPIGP�� 7PINGKEJWPIGP� FGU� 6[RWU� 
���� UVGNNGP
9CJTUEJGKPNKEJMGKVU�4GUVTKMVKQPGP� 
EJCPEG� EQPUVTCKPVU�� FCT��/GVJQFKUEJ� H×JTV� GKP� UQNEJGT
#PUCV\�UQOKV�KP�FCU�)GDKGV�FGU�%JCPEG�%QPUVTCKPGF�2TQITCOOKPI��K�F�4��MCPP�LGFQEJ�
���
HQNIGPFGTYGKUG�KP�GKPG�¼SWKXCNGPVG�FGVGTOKPKUVKUEJG�7PINGKEJWPI�VTCPUHQTOKGTV�WPF�FCOKV�FKG
#PYGPFWPI�XQP�FGVGTOKPKUVKUEJGP�1RVKOKGTWPIUOGVJQFGP�IGUKEJGTV�YGTFGP��$G\GKEJPG�( �FCU

J
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(20)

(21)

(22)

J�3WCPVKN �FGT�8GTVGKNWPI�XQP�:��UQ�KUV�
����¼SWKXCNGPV�\W����

(×T�FKG�IGPCPPVGP�#PYGPFWPIGP�UGK�CWH�FKG�.KVGTCVWT�XGTYKGUGP ����

+O�4CJOGP�FGT�KP�#DUEJPKVV���FCTIGUVGNNVGP�XGTUKEJGTWPIUURG\KHKUEJGP�#PYGPFWPIGP�DGKPJCNVGV
FCU� -QPVTQNNMTKVGTKWO� 
���� GKPG� $GUEJT¼PMWPI� FGT� 8GTNWUVYCJTUEJGKPNKEJMGKV�� GKPGO
VTCFKVKQPGNNGP�#PUCV\�\WT�4KUKMQUVGWGTWPI�XQP�8GTUKEJGTWPIUWPVGTPGJOGP ����

+O�(CNNG�FGT�9CJN�FGT�5JQTVHCNN�'TYCTVWPI�5' 
:��CNU�/C²�H×T�FCU�4KUKMQRQVGPVKCN�GTUEJGKPV\

GVYC�FKG�HQNIGPFG�-QPMTGVKUKGTWPI�XQP�
����IGGKIPGV�
����E������

&KGUGU� -QPVTQNNMTKVGTKWO� DGKPJCNVGV� FKG� (QTFGTWPI�� FC²� FKG� 5JQTVHCNN�'TYCTVWPI� GKPGP
DGUVKOOVGP� 2TQ\GPVUCV\� E� FGU� IGUCOVGP� GTYCTVGVGP� 'TIGDPKUUGU� PKEJV� ×DGTUVGKIV�� +O
XGTUKEJGTWPIUURG\KHKUEJGP�-QPVGZV�YKTF�GKP�-QPVTQNNMTKVGTKWO�FGT�(QTO�
����XQP�#.$4'%*6

�����F��XQTIGUEJNCIGP��GKPG�8CTKCPVG�YKTF�KP�5%*4#&+0 
������5�����H���DGJCPFGNV��9GKVGTG
#PYGPFWPIGP� UKPF� WPU� PKEJV� DGMCPPV�� GDGPUQYGPKI� H×T� CNVGTPCVKXG� 5RG\KHKMCVKQPGP� FGT
8GTNWUVHWPMVKQP�.�

�� <WT�3WCPVKHK\KGTWPI�FGU�%JCPEGPRQVGPVKCNU

+P� XQNNUV¼PFKIGT� #PCNQIKG� \WT� 'PVYKEMNWPI� GKPGT� CNNIGOGKPGP� -QP\GRVWCNKUKGTWPI� FGU
4KUKMQRQVGPVKCNU�GKPGT�9CJTUEJGKPNKEJMGKVUXGTVGKNWPI�HKPCP\KGNNGT�'TIGDPKUUG�KO�5KPPG�GKPGU
5JQTVHCNN�4KUKMQU� KP�#DUEJPKVV� ��MCPP�FCU� GPVURTGEJGPFG�%JCPEGPRQVGPVKCN� KO�5KPPG� GKPGT
'Z\G²�%JCPEG�MQP\GRVWCNKUKGTV�YGTFGP��9KT�H×JTGP�FC\W�GKPG�)GYKPPHWPMVKQP�)
Z��GKP��FKG
GKPG�$GYGTVWPI�FGT�OKV�FGP�XGTUEJKGFGPGP�OÑINKEJGP�¯DGTUEJTGKVWPIUJÑJGP�XGTDWPFGPGP
-QPUGSWGP\GP� H×T� FGP� 'PVUEJGKFWPIUVT¼IGT� GTNCWDV� WPF� FGHKPKGTGP� 
\WT� 8GTGKPHCEJWPI
YKGFGTWO�FKG�<KGNITÑ²G�\�KP�FGT�0QVCVKQP�WPVGTFT×EMGPF�

9KG�KO�(CNNG�FGT�-QP\GRVWCNKUKGTWPI�FGU�4KUKMQRQVGPVKCNU�FWTEJ�FKG�CPCNQIG�&GHKPKVKQP�
���KUV
FWTEJ� 
���� GKP� CNNIGOGKPGT� UVTWMVWTGNNGT� 4CJOGP� \WT� /GUUWPI� FGU� %JCPEGPRQVGPVKCNU
\WHCNNUCDJ¼PIKIGT�HKPCP\KGNNGT�'TIGDPKUUG�DGTGKVIGUVGNNV��URG\KHKUEJG�/C²G�H×T�FCU�%JCPEGPRQ�
VGPVKCN�GTIGDGP�UKEJ�KP�#DJ¼PIKIMGKV�XQP�FGT�FWTEJ�FGP�'PVUEJGKFWPIUVT¼IGT�FWTEJ\WH×JTGPFGP
9CJN�FGT�)GYKPPHWPMVKQP�)�

'KPG�GPVURTGEJGPFG�-QP\GRVWCNKUKGTWPI�FGU�%JCPEGPRQVGPVKCNU�KUV�WPU�CWU�FGT�.KVGTCVWT�PKEJV
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(23)

(24)

(25)

DGMCPPV�� +P� FGT� .KVGTCVWT� YKTF� FWTEJI¼PIKI� FGT� 'TYCTVWPIUYGTV� '
:�� FGT� OÑINKEJGP
HKPCP\KGNNGP�'TIGDPKUUG�CNU�/C²�8
:��H×T�FGP�9GTV�
8CNWG��XQP�:�DGPWV\V��&KGU�KUV�\WOKPFGUV
KP�DG\WI�CWH�FKG�8QTICDG�GKPGT�\W�GTTGKEJGPFGP�HKPCP\KGNNGP�<KGNITÑ²G�\�KPUQYGKV�KPMQPUKUVGPV�
CNU�FCPP�CWEJ�OÑINKEJG�7PVGTUEJTGKVWPIGP�FGT�<KGNITÑ²G� KP�FKG�/GUUWPI�FGU�9GTVGU�OKV
GKPIGJGP��(×T�FGP�'TYCTVWPIUYGTV�URTKEJV�XQT�CNNGO�FGUUGP�GKPHCEJG�TGEJPGTKUEJG�*CPFJCDWPI

\�$��.KPGCTKV¼V���FKGU�MCPP�LGFQEJ�H×T�FKG�(TCIG�PCEJ�GKPGT�CF¼SWCVGP�-QP\GRVWCNKUKGTWPI�FGU
%JCPEGPRQVGPVKCNU�D\Y��9GTVGU�GKPGT�<WHCNNUITÑ²G�:�PKEJV�KO�8QTFGTITWPF�UVGJGP��+PUQYGKV
GTÑHHPGV� UKEJ� CWH� FGT� )TWPFNCIG� FGU� #PUCV\GU� 
���� GKP� HTWEJVDCTGU� (GNF� H×T� FKG� YGKVGTG
(QTUEJWPI�� $GUKV\V� :� GKPG�&KEJVGHWPMVKQP� H
Z��� UQ� GTIKDV� UKEJ�OKVVGNU� 
�� D�� FKG� HQNIGPFG
TGEJGPVGEJPKUEJG�&CTUVGNNWPI�XQP�
����

+O�(CNNG�XQP�)GYKPPHWPMVKQP�FGU�6[RWU�)
Z����Z �H×JTV�FKG�#WUYGTVWPI�XQP�
����YKGFGTWOP

CWH� FCU� 2TQDNGO� FGT� $GUVKOOWPI� RCTVKGNNGT� /QOGPVG� FGT� <WHCNNUITÑ²G� :�� 'KP� W�� '�
KPVGTGUUCPVGU�/C²�H×T�FCU�%JCPEGPRQVGPVKCN�XQP�:�DCUKGTV�GVYC�CWH�FGT�9CJN�.
Z����Z��FKGU
H×JTV�\WT�'Z\G²�'TYCTVWPI�:<' �FGT�(QTO\

CNU�/C²�H×T�FCU�%JCPEGPRQVGPVKCN�

�� -QPUGSWGP\GP�H×T�FCU�'PVUEJGKFWPIUXGTJCNVGP�WPVGT�4KUKMQ

&KG� -QPUGSWGP\GP� FGT� KP� FGP� #DUEJPKVVGP� �� WPF� �� XQTIGPQOOGPGP� CNNIGOGKPGP� -QP�
\GRVWCNKUKGTWPI�XQP�4KUKMQ�4
:��UQYKG�%JCPEG�8
:��H×T�FCU�'PVUEJGKFWPIUXGTJCNVGP�WPVGT
4KUKMQ�NCUUGP�UKEJ�\WP¼EJUV�KO�4CJOGP�XQP�4KUM�8CNWG�/QFGNNGP�FGU�6[RWU�
���CPCN[UKGTGP�
F�J��CWH�FGT�$CUKU�GKPGT�2T¼HGTGP\HWPMVKQP�FGT�)GUVCNV

&C�KP�FGT�.KVGTCVWT��YKG�KP�#DUEJPKVV���FCTIGNGIV��WPUGTGU�9KUUGPU�PQEJ�MGKPG�GPVURTGEJGPFG
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(26)

(27)

(28)

(29)

-QP\GRVWCNKUKGTWPI�FGU�%JCPEGPRQVGPVKCNU�GKPIGUGV\V�YQTFGP�KUV��DGVTCEJVGP�YKT�CNVGTPCVKX�PQEJ
4KUM�8CNWG�/QFGNNG�FGT�(QTO

FKG�CWH�FGT�$GPWV\WPI�FGU�'TYCTVWPIUYGTVGU�CNU�/C²�H×T�FCU�%JCPEGPRQVGPVKCN�DCUKGTGP�

&KG� (WPMVKQP� *� KP� 
���� D\Y�� 
���� SWCPVKHK\KGTV� FCDGK� FGP� XQO� 'PVUEJGKFWPIUVT¼IGT
FWTEJ\WH×JTGPFGP� 6TCFG�QHH� \YKUEJGP� 4KUKMQ� WPF� %JCPEG� \WT� )GYKPPWPI� GKPGT� )GUCOV�
DGYGTVWPI��+UV�FKG�(WPMVKQP�*
Z�[��XQNNUV¼PFKI�URG\KHK\KGTV��UQ�H×JTV�GKPG�/CZKOKGTWPI�XQP

����D\Y��
����×DGT�FGT�/GPIG�FGT�\WN¼UUKIGP�HKPCP\KGNNGP�'TIGDPKUUG�:�D\Y��\WN¼UUKIGP
9CJTUEJGKPNKEJMGKVUXGTVGKNWPIGP�\WT�$GUVKOOWPI�FGT�QRVKOCNGP�#NVGTPCVKXG�

'KP�KPVGTGUUCPVGT�GKPHCEJ�UVTWMVWTKGTVGT�5RG\KCNHCNN�GTUEJGKPV�WPU�FKG�5RG\KHKMCVKQP�*
Z�[����[��
Z�\W�UGKP��FKG�KO�4CJOGP�FGT�$GYGTVWPI�
����\W�FGO�2T¼HGTGP\HWPMVKQPCN

D\Y��KO�4CJOGP�XQP�
����\W�

H×JTV��&KG�)GUCOVDGYGTVWPI�DCUKGTV�KP�FKGUGP�(¼NNGP�CWH�FGO�
GWMNKFKUEJGP��#DUVCPF�\YKUEJGP
%JCPEG�WPF�4KUKMQ�FGT�8GTVGKNWPI��,G�ITÑ²GT�FKGUGT�#DUVCPF��LG�ITÑ²GT�FKG�&KHHGTGP\�\YKUEJGP
%JCPEGP��WPF�4KUKMQRQVGPVKCN��FGUVQ�JÑJGT�FKG�2T¼HGTGP\�FGU�'PVUEJGKFWPIUVT¼IGTU�H×T�FKG
LGYGKNKIG�*CPFNWPIUCNVGTPCVKXG��#NVGTPCVKXG�HWPMVKQPCNG�5RG\KHKMCVKQPGP�XQP�*
Z�[��MÑPPGP
PCV×TNKEJ�GDGPHCNNU�XQP�+PVGTGUUG�UGKP�

$NGKDV�FKG�(WPMVKQP�*
Z�[��WPURG\KHK\KGTV��UQ�KUV�\WOKPFGUV�FKG�7PVGTUWEJWPI�XQP�&QOKP�
CP\GKIGPUEJCHVGP�WPF�FKG�$GUVKOOWPI�FGU��GHHK\KGPVGU�4CPFGU��FGT�KPPGTJCND�GKPGT�DGUVKOOVGP
/GPIG�XQP�9CJTUEJGKPNKEJMGKVUXGTVGKNWPIGP�PKEJV�FQOKPKGTVGP�8GTVGKNWPIGP�OÑINKEJ��&KG
(WPMVKQP�*
Z�[��UQNNVG�FCDGK�FKG�'KIGPUEJCHV�JCDGP��FC²�UKG�OQPQVQP�HCNNGPF�KP�Z�WPF�OQPQVQP
UVGKIGPF�KP�[�KUV��FCOKV�GKPG�4KUKMQRQVGPVKCN�%JCPEGPRQVGPVKCN�&QOK�PCP\GKIGPUEJCHV�KP�FGT
×DNKEJGP��CWEJ�KPVWKVKX�RNCWUKDNGP��#TV�WPF�9GKUG�IGY¼JTNGKUVGV�KUV��(+5*$740�
������WPVGTUWEJV
KP�FKGUGO�4CJOGP�4KUM�8CNWG�/QFGNNG�FGU�6[RWU� 
�����YQDGK�FCU�4KUKMQOC²�FWTEJ�GKPG
8GTNWUVHWPMVKQP�FGU�6[RWU�.
Z����Z �HGUVIGNGIV�YKTF��KPUDGUQPFGTG�CWEJ�KP�*KPDNKEM�CWH�GKPGP

-QPUKUVGP\�OKV�FGO�$'4017..+�2TKP\KR�
����$GUQPFGTGU�+PVGTGUUG�KP�FGT�RQTVHQNKQVJGQTGVKUEJGP
.KVGTCVWT�JCV�FCDGK�FGT�(CNN�P�����IGHWPFGP��FGT�CNU�'TYCTVWPIUYGTV�5JQTVHCNN�5GOKXCTKCP\�
/QFGNN� DG\GKEJPGV�YGTFGP�MCPP��*1)#0�9#44'0 
����� WPVGTUWEJGP�FKG�$GTGEJPWPI�FGU
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)] � max !
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E( X) � max !
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(30)

(31)

GHHK\KGPVGP�4CPFGU�KO�4CJOGP�FKGUGU�/QFGNNGU��9GKVGTG�#TDGKVGP�DGUEJ¼HVKIGP�UKEJ�OKV�FGT
#DNGKVWPI�GKPGU�-CRKVCNOCTMVOQFGNNGU�OKV�%#2/�5VTWMVWT�CWH�FKGUGT�$CUKU��GDGPUQ�YKG�H×T�FGP
(CNN� P� �� � �� &CPGDGP� JCV� CWEJ� FGT� (CNN� P� �� ��� F�J�������

'TYCTVWPIUYGTV�5JQTVHCNNYCJTUEJGKPNKEJMGKVU�/QFGNNG� KP� FGT� GPVUEJGKFWPIUVJGQTGVKUEJGP
.KVGTCVWT�$GCEJVWPI�IGHWPFGP ����

&KG�/CZKOKGTWPI�GKPGU�#PUCV\GU�FGT�(QTO�
����D\Y��
����IGY¼JTNGKUVGV�PKEJV�PQVYGPFKIGT�
YGKUG��FC²�FKG�QRVKOCNG�#NVGTPCVKXG�GKP�DGUVKOOVGU�XQTIGIGDGPGU�/C²�CP�4KUKMQRQVGPVKCN�PKEJV
×DGTUEJTGKVGV��&KGU�KUV�RTQDNGOCVKUEJ�GVYC�KP�FGP�(¼NNGP��\�$��FGP�KP�#DUEJPKVV���CPIGURTQEJG�
PGP�5QNXCDKNKV¼VUXQTUEJTKHVGP�H×T�8GTUKEJGTWPIUWPVGTPGJOGP��KP�FGPGP�FGT�'PVUEJGKFWPIUVT¼IGT
UVTKMV�IG\YWPIGP�KUV��DGK�UGKPGT�#WUYCJNGPVUEJGKFWPI�GKP�XQTIGIGDGPGU�#WUOC²�CP�4KUKMQ
PKEJV�\W�×DGTUEJTGKVGP�WPF�UQOKV�GKPGP�6TCFG�QHH�\YKUEJGP�%JCPEGPRQVGPVKCN�WPF�4KUKMQRQVGP�
VKCN�PKEJV�DGNKGDKI�FWTEJH×JTGP�MCPP��+P�UQNEJGP�(¼NNGP�GTUEJGKPV�GU�FGUJCND�UKPPXQNN �CNU���

#NVGTPCVKXGP�\W�
����D\Y��
����'PVUEJGKFWPIUOQFGNNG�FGT�HQNIGPFGP�(QTO�\W�DGVTCEJVGP�

D\Y�

7PVGT�$GCEJVWPI�GKPGT�0GDGPDGFKPIWPI�FGU�6[RWU�
����H×T�FKG�4KUKMQMQPVTQNNG�YKTF�UQOKV�FCU
%JCPEGPRQVGPVKCN�OCZKOKGTV�

<WP¼EJUV� KUV� MNCT�� FC²� GKP� UQNEJGU� 'PVUEJGKFWPIUXGTJCNVGP� IGIGP� FCU�$'4017..+�2TKP\KR
XGTUVÑ²V��FC�UQYQJN�FCU�5VGVKIMGKVU��CNU�CWEJ�FCU�5WDUVKVWVKQPUCZKQO�XGTNGV\V�UKPF��6TQV\FGO
JCDGP�UQNEJG�#PU¼V\G�GKPG�GKIGPUV¼PFKIG�$GTGEJVKIWPI��XIN��H×T�5RG\KCNH¼NNG�%*+2/#0�
�����
WPF�#4<#%�$#9#�
������

+O�(CNNG�FGU�'PVUEJGKFWPIUOQFGNNU�
����JCV�FGT�5RG\KCNHCNN�
����FGU�-QPVTQNNMTKVGTKWOU�
����
F�J��FKG�-QPVTQNNG�FGT�5JQTVHCNN�9CJTUEJGKPNKEJMGKV��XGTUV¼TMV�$GCEJVWPI�IGHWPFGP��
����UVGNNV
KP�FKGUGO�(CNNG�
GKPG�8GTUKQP��FGU�5CHGV[�HKTUV�2TKP\KRU�FCT�WPF�JCV�KPUDGUQPFGTG�#PYGPFWPIGP
KP� FGT� 2QTVHQNKQ�6JGQTKG � YKG� CWEJ� FGT� XGTUKEJGTWPIUYKUUGPUEJCHVNKEJGP� 4KUKMQVJGQTKG���

GTHCJTGP ����

5EJNKG²NKEJ�KUV�PQEJ�GKPG�YGKVGTG�8CTKCVKQP�FGPMDCT�WPF�YKTF�KP�5RG\KCNH¼NNGP�KP�FGT�.KVGTCVWT



H[ R( X), V( X) ] � max !

unter der Bedingung

E[ L( X
		

) ] � C .

H[ Var ( X), E( X) ] � max !

unter der Bedingung

P( X � z) � J ,

������

(32)

(33)

DGJCPFGNV��#WUICPIURWPMV�KUV�GKP�CNNIGOGKPGU�4KUM�8CNWG�/QFGNN�FGT�(QTO�
����FKG�(WPMVKQP
*
Z�[��DNGKDV�WPURG\KHK\KGTV�
IGP×IV�CDGT�FGP�DGTGKVU�CPIGURTQEJGPGP�&QOKPCP\GKIGPUEJCHVGP�
WPF�YKTF�WPVGT�$GCEJVWPI�GKPGU�4KUKMQMQPVTQNNMTKVGTKWOU�FGU�6[RWU�
����OCZKOKGTV��(QTOCN
DGFGWVGV�FKGU

8QTCWUUGV\WPI�H×T�GKPG�UQNEJG�8QTIGJGPUYGKUG�KUV�FKG�/ÑINKEJMGKV��FGP�GHHK\KGPVGP�4CPF��FGT
FWTEJ� FCU� 2T¼HGTGP\HWPMVKQPCN� KPFW\KGTV� YKTF�� DGTGEJPGP� \W� MÑPPGP�� &KG� WPU� DGMCPPVGP
#PYGPFWPIGP�DGVTGHHGP�CNNG�FGP�5RG\KCNHCNN

F�J��GKPG�8GTDKPFWPI�FGU�'TYCTVWPIUYGTV�8CTKCP\�/QFGNNU�OKV�FGT�-QPVTQNNG�FGT�5JQTVHCNN�
9CJTUEJGKPNKEJMGKV�� *KGT\W� GZKUVKGTGP� KO� 4CJOGP� FGT� 2QTVHQNKQ�6JGQTKG� GKPG� 4GKJG� XQP
#TDGKVGP��YQDGK�GPVURTGEJGPFG�GORKTKUEJG�#PYGPFWPIGP�UKEJ�XQT�CNNGO�OKV�FGO�2TQDNGO�FGT
#UUGV� #NNQECVKQP�� F�J�� FGT�#WHVGKNWPI� IGIGDGPGT�/KVVGN� CWH� GKP\GNPG�#PNCIGMNCUUGP� WPVGT
$GCEJVWPI�RQTVHQNKQVJGQTGVKUEJGT�2TKP\KRKGP��DGUEJ¼HVKIGP����

�� 5EJNW²DGOGTMWPIGP

+P�FGT�XQTNKGIGPFGP�#TDGKV�YWTFG�CWH�FGT�)TWPFNCIG�GKPGU�KPVWKVKXGP�4KUKMQDGITKHHU�XQP��4KUKMQ
CNU�#WUOC²�FGT�)GHCJT�FGT�7PVGTUEJTGKVWPI�GKPGT�CPIGUVTGDVGP�<KGNITÑ²G��GKPG�CNNIGOGKPG
UVTWMVWTGNNG�3WCPVKHK\KGTWPI�FGU�4KUKMQRQVGPVKCNU�GKPGT�9CJTUEJGKPNKEJMGKVUXGTVGK�NWPI�KO�5KPPG
GKPGU� YKTVUEJCHVNKEJGP� 4KUKMQU� 
8GTNWUVIGHCJT�� H×T� FKG� LGYGKNKIG� ÑMQPQOKUEJG� 'KPJGKV
XQTIGPQOOGP��+O�5KPPG�FGU�#PUCV\GU�FGT�UVCVKUVKUEJGP�'PVUEJGKFWPIUVJGQTKG�MQPPVG�CNNIGOGKP
4KUKMQ�CNU�GTYCTVGVGT�8GTNWUV�SWCPVKVCVKX�MQP\GRVWCNKUKGTV�YGTFGP��#NU�5RG\KCNH¼NNG�GTIGDGP�UKEJ
DGMCPPVG�4KUKMQOC²G�KO�4CJOGP�FGU�5JQTVHCNN�#PUCV\GU��+P�CPCNQIGT�8QTIGJGPUYGKUG�MQPPVG
FCU�%JCPEGPRQVGPVKCN� GKPGT�8GTVGKNWPI� HKPCP\KGNNGT�'TIGDPKUUG� SWCPVKVCVKX� MQP\GRVWCNKUKGTV
YGTFGP�

&CT×DGT� JKPCWU� YWTFGP� FKG� 2TQDNGOCVKM� FGT� 4KUKMQMQPVTQNNG� DGJCPFGNV� WPF� CDUEJNKG²GPF
XGTUEJKGFGPG�(QNIGTWPIGP�H×T�CWH�FGT�-QP\GRVWCNKUKGTWPI�XQP�4KUKMQRQVGPVKCN�WPF�%JCPEGPRQ�
VGPVKCN� DCUKGTGPFG� 'PVUEJGKFWPIUOQFGNNG� WPVGT� 4KUKMQ� IG\QIGP��#NU�#PYGPFWPIUDGKURKGNG
FKGPVGP� FCDGK� LGYGKNU� (TCIGP� FGT� 4GPFKVGUVGWGTWPI� DGK� FGT� #PNCIG� KP� (KPCP\VKVGN� D\Y�



������

'THQNIUUVGWGTWPI�XQP�8GTUKEJGTWPIUWPVGTPGJOGP��'KPG�4GKJG�XQP�'TIGDPKUUGP�KP�FGT�.KVGTCVWT
H×T�FKGUG�DGKFGP�2TQDNGOMTGKUG�GTYKGUGP�UKEJ�CNU�5RG\KCNH¼NNG�FGT�KP�FGT�#TDGKV�FKUMWVKGTVGP
#PU¼V\G�� FKG� GKPG� IGPGTGNNG� 5VTWMVWT� DGUKV\GP� WPF� UQOKV� GKPG� CNNIGOGKPG� $CUKU� H×T� FKG
$GJCPFNWPI�GKPGT�4GKJG�XQP�2TQDNGOUVGNNWPIGP�DKGVGP�



������

�� <WT KPUVKVWVKQPGNNGP 5GKVG FGT 5QNXCDKNKV¼VUXQTUEJTKHVGP XIN� 5%*+'4'0$'%-�*©.5%*'4 
����� 5� ��� HH���

�� <WT OQFGNNVJGQTGVKUEJGP 1RGTCVKQPCNKUKGTWPI FGT 5QNXCDKNKV¼VUTGIWNKGTWPI XIN� #.$4'%*6�<+//'4/#00


������ 5EJTCFKP 
����� 5� ��� HH���

�� <W CPCN[VKUEJGP 'TIGDPKUUGP KP YKEJVKIGP 5RG\KCNH¼NNGP XIN� #.$4'%*6 
����C� ����E��

�� 8IN� GVYC #.$4'%*6 
����� 5� ����� #.$4'%*6�<+//'4/#00 
�����

�� 8IN� CNNIGOGKP FC\W #.$4'%*6�<+//'4/#00 
������

�� 8IN� CNNIGOGKP GVYC $¯*./#00 
������ *'.6'0 
������ #.$4'%*6 
������

�� <W CZKQOCVKUEJGP (WPFKGTWPI GKPGU GPVURTGEJGPFGP 4KUKMQDGITKHHU XIN� (+5**$740 
������

�� 8IN� GVYC $'4)'4 
����� 5� � HH���

�� 8IN� FC\W CNNIGOGKP 9+0-.'4 W�C� 
������ <W CPCN[VKUEJGP 'TIGDPKUUGP H×T P � ��� XIN� #.$4'%*6


����E�

��� &C\W KUV PCV×TNKEJ FKG 'PFNKEJMGKV FGT 'TYCTVWPIUYGTVG '
: � XQTCWU\WUGV\GP�
�

P

��� 8IN� GVYC 24+%' GV CN� 
������ .'+$19+6<�*'04+-5510 
������ 5146+01�8#0 &'4 /''4 
������

*#4.19 
������ #.$4'%*6 
���� C� ���� E��

��� &KG 5WOOG CWU 2T¼OKGPGTNÑUGP WPF CPH¼PINKEJGO 5KEJGTJGKVUMCRKVCN YKTF CWEJ CNU 8GTUKEJGTWPIU�

VGEJPKUEJGU -CRKVCN DG\GKEJPGV� FCU CNU GKIGPUV¼PFKIG 5VGWGTITÑ²G CWHIGHC²V YGTFGP MCPP� XIN� FC\W

#.$4'%*6 
����� 5� �� HH���

��� 8IN� GVYC #.$4'%*6 
����� 5� �� HH��� $¯*./#00 
����� 5� ��� HH���

��� &KGUGU KUV DGK 8QTNKGIGP GKPGT &KEJVGHWPMVKQP GKPFGWVKI DGUVKOOV FWTEJ FKG (QTFGTWPI

2
: � ( � � J �
J

��� 8IN� GVYC .'+$19+6<�*'04+-5510 
������ .'+$19+6<�-1)'./#00 
���� D�� #.$4'%*6 
���� C��

��� 8IN� $¯*./#00 
����� 5� ��� HH��� #.$4'%*6�<+//'4/#00 
������
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������

��� 9'$'4 
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4KUKMQOC²GU CWH FGT )TWPFNCIG GKPGT GZRQPGPVKGNNGP 8GTNWUVHWPMVKQP CD�
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������ $#9# 
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