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Abstract

Moulin (1984) describes the class of nice games for which the solution concept

of point-rationalizability coincides with iterated elimination of strongly dominated
strategies. As a consequence nice games have the desirable property that all ratio-

nalizability concepts determine the same strategic solution. However, nice games

are characterized by rather strong assumptions. For example, only single-valued
best responses are admitted and the individual strategy sets have to be convex and

compact subsets of the real line R. This note shows that equivalence of all rational-

izability concepts can be extended to multi-valued best response correspondences.
The surprising …nding is that equivalence does not hold for individual strategy

sets that are compact and convex subsets of Rn with n ¸ 2.
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1 Introduction

Iterative solution concepts for strategic games presume that players involve into an inter-

nal process of reasoning that sequentially excludes unreasonable strategies (cf. Pearce

1984, Tan and Werlang 1988, Guesnerie 2002). There exist several iterative solution

concepts in the literature which di¤er by their de…nitions of unreasonable strategies. On

the one hand there are so-called rationalizability concepts for which a strategy is unrea-

sonable if it is not a best response to some belief. These beliefs may either be described

as non-additive probability measures (Choquet rationality of Choquet expected utility

maximizers as introduced in Ghirardato and Le Breton 1997), or as additive probability

measures (correlated rationalizability, Bernheim 1984, Pearce 1984) that can be further

restricted to independent (independent rationalizability, Bernheim 1984, Pearce 1984) or

even degenerated (probability-one) distributions (point-rationalizability, Bernheim 1984,

Moulin 1984, Pearce 1984). On the other hand there are dominance solution concepts

for which a strategy is unreasonable if it is dominated - strongly versus weakly - by

another - mixed versus pure - strategy (cf. Moulin 1984, Milgrom and Roberts 1990,

Börgers 1993).

In general di¤erent iterative solution concepts determine di¤erent strategic solutions.

However, Moulin (1984) describes a class of strategic games, so-called nice games, for

which the set of point-rationalizable strategies coincides with the set of strategies which

survive iterated elimination of strongly dominated strategies. Since point-rationalizability

is the strongest rationalizability concept, whereas the iterated elimination of strongly

dominated strategies is weaker than all rationalizability concepts, this result establishes

equivalence of all rationalizability concepts for nice games. Such an equivalence result

turns the question ”Which de…nition of beliefs is the most appropriate one?” irrele-

vant because the same rationalizable solution obtains for all di¤erent concepts of beliefs.

Another, more practical, advantage arises because this rationalizable solution can be

determined by the technically convenient concept of point-rationalizability. Since point-

rationalizability only treats strategies as reasonable that are best responses to some

pure strategy it is in general a much simpler mathematical tool than alternative ratio-

nalizability concepts which consider best responses to probability measures over pure

strategies.

As a drawback this desirable equivalence result is rather restricted in its applications

because nice games are characterized by strong assumptions. Moulin (1984) presumes

individual strategy sets that are compact and convex intervals of the real line as well as

individual utility functions that are strictly quasiconcave in a player’s strategy choice.

Especially the latter assumption of strict quasiconcavity is problematic because it ex-

cludes the possibility of multi-valued best response correspondences.
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This note explores whether equivalence of point-rationalizability and of iterated elim-

ination of strongly dominated strategies can be assured for games that result as slight

generalizations of nice games. In particular, this paper focuses on two possible general-

izations:

(i) Does equivalence still hold for games with individual strategy sets that are com-

pact and convex intervals of R such that strict quasiconcavity is weakened to quasicon-

cavity?

(ii) Does equivalence still hold for games with strictly quasiconcave utility functions

such that individual strategy sets are compact and convex intervals of Rn with n ¸ 2?
The second question must be answered to the negative whereas the …rst question is

answered to the a¢rmative. The possible relaxation of strict quasiconcavity to quasi-

concavity is a nice result because it allows for equivalence of point-rationalizability and

of iterated elimination of strongly dominated strategies in games with multi-valued best

response correspondences. However, the fact that equivalence can not be assured for

individual strategy sets that are subsets of R2, instead of just R, demonstrates that

equivalence of all rationalizability concepts requires very strong assumptions.

2 Preliminaries: Notation, De…nitions

For a …nite set of players, I, let G = (Si; Ui)i2I denote a strategic game in normal form

with Si as player i’s individual strategy set and with Ui : Si £ S¡i ! R+ as player

i’s utility function. Furthermore, let fi : S¡i ! 2Si denote player i’s individual best

response correspondence, i.e., fi (s¡i) = arg maxSi Ui (si; s¡i).

De…nition. (Bernheim 1984, Moulin 1984, Pearce 1984): The set of point-rationalizable

strategies of a game G is given by P (G) =
T1
k=0 ¸

k (S) such that ¸k (S) = £I
i=1¸

k
i (S)

with ¸ki (S) =
S
s¡i2¸k¡1¡i (S)

fi (s¡i) and ¸0¡i (S) = S¡i.

De…nition:The set of strategies of a game G which survive iterated elimination of

strongly dominated strategies is given by D (G) =
T1
k=0 µ

k (S) such that µk (S) = £I
i=1µ

k
i

whereas si 2 µki if and only if si 2 µk¡1i , and there does not exist a ti 2 µk¡1i such that

Ui (ti; s¡i) > Ui (si; s¡i) for all s¡i 2 µk¡1¡i . Furthermore, µ0¡i (S) = S¡i.

A utility function Ui is (strictly) quasiconcave with respect to Si i¤

Ui (si; s¡i) > Ui (ti; s¡i) ) Ui (asi + (1 ¡ a) ti; s¡i) > Ui (ti; s¡i)
Ui (si; s¡i) = Ui (ti; s¡i) ) Ui (asi + (1 ¡ a) ti; s¡i) ¸ (>)Ui (ti; s¡i)
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for all a 2 (0; 1) and all si; ti 2 Si with si 6= ti.
A strategic game G is nice (Moulin 1984) i¤ for all i 2 I : Ui is continuous and strictly

quasiconcave w.r.t. Si whereby Si is a compact and convex subset of R.

Observation: If G is a nice game then a strategy is weakly dominated by some

strategy if and only if it is strongly dominated by some strategy.

Proof : If a strategy is strongly dominated it is clearly weakly dominated. Suppose

now on the contrary that there is a strategy which is weakly but not strongly dominated;

that is, there exist si; ti 2 Si with si 6= ti such that U (ti; s¡i) ¸ U (si; s¡i) for all

s¡i 2 S¡i and U (ti; s¡i) > U (si; s¡i) for some s¡i 2 S¡i, but there does not exist

some ri 2 Si such that U (ri; s¡i) > U (si; s¡i) for all s¡i 2 S¡i. By convexity of Si just

pick some a 2 (0; 1) and let ri = ati + (1¡ a) si. Strict quasiconcavity implies then

Ui (ri; s¡i) > Ui (si; s¡i) for all s¡i 2 S¡i. A contradiction.¤

Moulin proves that the set of point-rationalizable strategies of a nice game coincides

with the set of strategies which survive iterated elimination of weakly dominated strate-

gies (Lemma 2 in Moulin 1984). Since, by the observation, every weakly dominated

strategy is also strongly dominated for nice games the following corollary to Moulin’s

…nding immediately obtains:

Corollary: For nice games the iterative procedure of point-rationalizability coin-

cides with the iterated elimination of strongly dominated strategies.

3 Results

This section presents the two main results.

Proposition 1. Given a game G such that for all i 2 I
(A1) Ui is continuous with respect to s.

(A2) Ui is strictly quasiconcave with respect to si.

(A3) The individual strategy sets Si are convex and compact subsets of Rn with

n ¸ 1.
If there is some i 2 I such that Si is not a subset of R then the iterative process

of point-rationalizability does not necessarily coincide with the iterative elimination of

strongly dominated strategies.
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The proof proceeds by an example. Let I = fA;Bg, SA = [0; 1]£ [0; 1], SB = [0; 1].
Assume that A is an expected utility maximizer such that UA (sA; sB) = ¡ (sB ¡ sA;1)2¡
(s2B ¡ sA;2)2. Verify that UA is strictly quasiconcave w.r.t. SA. The best response func-

tion of A to point-beliefs is then fA (sB) = (sB; s2B), i.e., ¸1A (S) =
S
sB2[0;1] f(sB; s2B)g.

Now consider, e.g., the particular belief ¾B such that ¾B (0) = ¾B (1) = 0:5 and observe

that fA (¾B) = (0:5; 0:5). Consequently, fA (¾B) =2 ¸1A (S), i.e., the best response to

belief ¾B is not a best response to any pure strategy of B. Since any best response to

some belief must be a undominated strategy for an expected utility maximizer we obtain

¸1A (S) 6= #1A (S). Simply presume UB (sB; sA) = 0:5 (sA + sB) to conclude the proof.¤

Proposition 2. Given a game G such that for all i 2 I
(A1) Ui is continuous with respect to s.

(A2’) Ui is quasiconcave with respect to si.

(A3) The individual strategy sets Si are convex and compact subsets of R.

Then the iterative process of point-rationalizability coincides with the iterative elim-

ination of strongly dominated strategies.

Proof: Delegated to the appendix.

The …nding that equivalence still holds when strict quasiconcavity is weakened to

quasiconcavity is not surprising. The proof of proposition 2 simply demonstrates that

a convex valued best response correspondence, as implied by a quasiconcave utility

function, plays the same role for proving equivalence as a continuous best response

function.

In contrast, it may come as surprise that the equivalence result of the corollary can

not be extended from R to R2. To see the mathematical reason for this negative …nding

observe that equivalence, i.e., ¸k (S) = µk (S) for all k 2 N, could have been assured

in the above example if inf ¸k (S) · s · sup¸k (S) had implied s 2 ¸k (S). For real-

valued individual strategy sets this condition is satis…ed for convex sets ¸ki (S) whereby

convexity of ¸ki (S) results from an application of the intermediate value theorem. That

is, the continuous function fi assumes every value on the real line between sup ¸ki (S)

and inf ¸ki (S) because ¸k¡1¡i (S) is a connected set.

Unfortunately, this argumentation is not at hand for individual strategy sets that

are not subsets of R. As a generalization of the intermediate value theorem ¸ki (S)

must be connected if ¸k¡1¡i (S) is connected. However, as the above example shows,

connectedness of ¸ki (S) is not su¢cient for guaranteeing si 2 ¸ki (S) for all si 2 Si, with

inf ¸ki (S) · si · sup¸ki (S), if Si is not an interval of the real line.
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4 Appendix

The proof of proposition 2 proceeds in two steps.

Step 1 demonstrates that the sets ¸ki (S) are compact and convex subsets of R for

all k ¸ 0 and all i 2 I. Each fi is upper-hemicontinuous by Berge’s Maximum Theorem

(Berge 1997) and because S is compact the set ¸1i (S) is compact as well. Since this is

true for all i 2 I the sets ¸ki (S) are compact for all k ¸ 1. It remains to show convexity

of ¸ki (S) =
S
s¡i2¸k¡1¡i (S)

fi (s¡i). Suppose on the contrary that ¸ki (S) is not convex, i.e.,

there exist si; ti 2 ¸ki (S) such that asi + (1¡ a) ti =2 ¸ki (S) for some a 2 (0; 1). Since

quasiconcavity of Ui (s) implies convex values fi (s¡i) for all s¡i 2 S¡i we have then

si 2 fi (s¡i) and ti 2 fi (t¡i) for some s¡i; t¡i 2 S¡i with s¡i 6= t¡i. De…ne the sets

H =
©
ri 2 ¸ki (S) j ri > asi + (1¡ a) ti

ª

L =
©
ri 2 ¸ki (S) j ri < asi + (1¡ a) ti

ª

and verify thatH and L must be compact to assure compactness of ¸ki (S) under the as-

sumption asi+(1 ¡ a) ti =2 ¸ki (S). Thus, there exist individual strategiesminH;maxL 2
¸ki (S). Let h¡i 2 f¡1 (minH) and l¡i 2 f¡1 (maxL) and observe that there must exist

some b 2 (0; 1] such that

f (bl¡i + (1¡ b) h¡i) ·maxL

whereby there exists for any open neighborhood O around

bl¡i + (1¡ b) h¡i

some r¡i 2 O such that

maxL < minH · f (r¡i)

Consequently, there is an open set V containing f (bl¡i + (1¡ b) h¡i) such that for no

neighborhoodO around bl¡i+(1¡ b)h¡i obtains fi (r¡i) ½ V for all r¡i 2 O. A violation

of upper-hemicontinuity.

Step 2. Since every set ¸ki (S) is a compact subset of R it contains a unique maximum,

max¸ki (S), and a unique minimum,min¸ki (S). Furthermore, by convexity of ¸ki (S) ½ R

we have si 2 ¸ki (S) for all si with min¸ki (S) · si · max ¸ki (S). Hence, ¸k (S) = µk (S)

i¤ there does not exist some si 2 µki (S) such that si < min¸ki (S) or max ¸ki (S) < si.

The max-case: Suppose there exists for some i 2 I a strategy si > max ¸ki (S) that

is not strongly dominated by some strategy in ¸k¡1i (S). Since max¸ki (S) = asi +

(1¡ a) fi (s¡i) for some a 2 [0; 1), and Ui (fi (s¡i) ; s¡i) > Ui (si; s¡i) for all s¡i - by

assumption si is not a best response against any pure strategy pro…le s¡i - quasiconcavity
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implies Ui
¡
max ¸ki (S) ; s¡i

¢
> Ui (si; s¡i) for all s¡i, i.e., si is strongly dominated by

max¸ki (S). Analogously for the min-case: Ui
¡
min¸ki (S) ; s¡i

¢
> Ui (si; s¡i) for all s¡i

if si < min ¸ki (S).¤

5 References

Berge, C. (1997), Topological Spaces. Dover Publications, Inc., Mineola, New York.

Bernheim, B.D. (1984), ”Rationalizable Strategic Behavior”, Econometrica 52, 1007-

1028.

Börgers, T. (1993), ”Pure Strategy Dominance”, Econometrica 61, 423-430.

Ghirardato, P., and M. Le Breton (1997), ”Choquet Rationality”, mimeo.

Guesnerie, R. (2002), ”Anchoring Economic Predictions in Common Knowledge”, Econo-

metrica 70, 439-480.

Milgrom P. and J. Roberts (1990), ”Rationalizability, Learning, And Equilibrium In

Games With Strategic Complementaries”, Econometrica 58, 1255-1277.

Moulin, H. (1984), ”Dominance Solvability and Cournot Stability”, Mathematical Social

Sciences 7, 83-102.

Pearce, D.G. (1984), ”Rationalizable Strategic Behavior And The Problem Of Perfec-

tion”, Econometrica 52, 1029-1050.

Tan, T., and S.R. Costa Da Werlang (1988), ”On Aumann’s Notion of Common Knowl-

edge, an Alternative Approach”, Journal of Economic Theory 45, 370-391.

7



SONDERFORSCHUNGSBereich 504 WORKING PAPER SERIES

Nr. Author Title

04-06 Oliver Kirchkamp Why are Stabilisations delayed - an experiment
with an application to all pay auctions

04-05 Karl-Martin Ehrhart
Marion Ott

Auctions, Information, and New Technologies

04-04 Alexander Zimper On the Existence of Strategic Solutions for Games
with Security- and Potential Level Players

04-03 Alexander Zimper A Note on the Equivalence of Rationalizability
Concepts in Generalized Nice Games

04-02 Martin Hellwig The Provision and Pricing of Excludable Public
Goods: Ramsey-Boiteux Pricing versus Bundling

04-01 Alexander Klos
Martin Weber

Portfolio Choice in the Presence of Nontradeable
Income: An Experimental Analysis

03-39 Eric Igou
Herbert Bless

More Thought - More Framing Effects? Framing
Effects As a Function of Elaboration

03-38 Siegfried K. Berninghaus
Werner Gueth
Annette Kirstein

Trading Goods versus Sharing Money - An
Experiment Testing Wether Fairness and Efficiency
are Frame Dependent

03-37 Franz Urban Pappi
Thomas Gschwend

Partei- und Koalitionspräferenzen der Wähler bei
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durch soziale Erwünschtheit. Ein Vergleich der
Prognosen der Rational-Choice Theorie und des
Modells der Frame-Selektion

03-23 Daniel Schunk Modeling the Use of Nonrenewable Resources
Using a Genetic Algorithm

03-22 Brian Deal
Daniel Schunk II

Spatial Dynamic Modeling and Urban Land Use
Transformation: An Ecological Simulation
Approach to Assessing the Costs of Urban Sprawl

SONDERFORSCHUNGSBereich 504 WORKING PAPER SERIES

Nr. Author Title

03-21 Thomas Gschwend
Franz Urban Pappi

Stimmensplitting und Koalitionswahl

03-20 Thomas Langer
Martin Weber

Does Binding or Feeback Influence Myopic Loss
Aversion - An Experimental Analysis

03-19 Peter Albrecht
Carsten Weber III

Asset/Liability Management of German Life
Insurance Companies: A Value-at-Risk Approach
in the Presence of Interest Rate Guarantees

03-18 Markus Glaser Online Broker Investors: Demographic
Information, Investment Strategy, Portfolio
Positions, and Trading Activity

03-17 Markus Glaser
Martin Weber

September 11 and Stock Return Expectations of
Individual Investors

03-16 Siegfried K. Berninghaus
Bodo Vogt

Network Formation and Coordination Games

03-15 Johannes Keller
Herbert Bless

When negative expectancies turn into negative
performance: The role of ease of retrieval.

03-14 Markus Glaser
Markus Nöth
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00-21 Axel Börsch-Supan A Blue Print for Germany’s Pension Reform
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