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Abstract

This paper studies the relation between Bayesian mechanism design
and the Ramsey-Boiteux approach to the provision and pricing of exclud-
able public goods. For a large economy with private information about
individual preferences, the two approaches are shown to be equivalent if
and only if, in addition to incentive compatibility and participation con-
straints, the final allocation of private-good consumption and admission
tickets to public goods satisfies a condition of renegotiation proofness.
Without this condition, a mechanism involving mized bundling, i.e. com-
bination tickets at a discount, is superior.
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1 Introduction

This paper studies the relation between Bayesian mechanism design for the
provision and pricing of excludable public goods and the Ramsey-Boiteux ap-
proach to public-sector service provision and pricing under a government bud-
get constraint. For a large economy with private information about individ-
ual preferences, the paper shows that the Bayesian mechanism design prob-
lem with interim participation constraints is equivalent to the corresponding
Ramsey-Boiteux problem if and only if, in addition to incentive compatibility

*Without implicating them, I thank Felix Bierbrauer, Christian Hellwig, and Peter Norman
for helpful discussions. I am also grateful for research support from the Deutsche Forschungs-
gemeinschaft through Sonderforschungsbereich 504 at the University of Mannheim.



and participation constraints, the final allocation is constrained by a condi-
tion of renegotiation proofness in the sense that participants have no scope for
incentive-compatible side-trading to a Pareto superior allocation.

The analysis combines three ideas. First, the imposition of interim partici-
pation constraints (in addition to incentive compatibility and feasibility) in the
Bayesian mechanism design problem with private information is equivalent to
the imposition of a ”government budget constraint” which requires the costs
of public-good provision to be covered by the payments that people are willing
to make in order to benefit from the public goods. Second, if the mechanism
is unable to prevent people from side-trading, then in the large economy, in
the absence of transactions costs, the final allocation of private-good consump-
tion and admission tickets to public goods must be Walrasian, i.e. supported
by a price system which does not leave any room for arbitrage. Third, if the
mechanism designer is able to prevent people from side-trading, he finds it ad-
vantageous to offer admission to the different public goods on the basis of mized
bundling, i.e. a scheme involving combination tickets for multiple public goods
coming at a discount relative to the sum of the individual ticket prices. Each
of these ideas has been around before: The equivalence of interim participa-
tion constraints and the ” government budget constraint” is discussed in Hellwig
(2003 a), the constraints that frictionless side-trading imposes on mechanism
design have been studied by Hammond (1979, 1987) and Guesnerie (1995), and,
in the multiproduct monopoly literature, the advantages from mixed bundling
have been pointed out by McAfee et al. (1989) and Manelli and Vincent (2002).
The contribution of this paper is to pull these ideas together for a precise char-
acterization of the Ramsey-Boiteux approach from the perspective of Bayesian
mechanism design.

The model studied is one where individuals have private information about
their preferences for public goods, but through a large-numbers effect, the cross-
section distribution of preferences is fixed. This distribution is known to the
mechanism designer, so the assessment of alternative levels of public-good pro-
vision is unencumbered by information problems. However, any attempt to
relate financial contributions to the benefits that people draw from the public
goods is hampered by the privateness of people’s information about their pref-
erences. If the ability of excluding people from the enjoyment of the public
goods is never used, i.e. if everybody is freely admitted to all public goods, the
only incentive compatible financing scheme involves lump sum payments from
all individuals, whether they benefit from the public goods or not.

Under a financing scheme with lump sum payments from all individuals,
people who have no taste for the public goods are negatively affected by the
provision of these goods. Their participation must be based on the government’s
power of coercion rather than any voluntary agreement. Using the government’s
power of coercion to levy lump sum contributions from people who do not benefit
from the public goods raises concerns about equity as well as the possibility of
abuse of this power.!

I Bierbrauer (2002), Hellwig (2003 b). See also Section 5 below.



Given these concerns, the paper looks at the problem of designing a mech-
anism for the provision and pricing of multiple excludable public goods under
the additional constraint that nobody can be coerced into participating. This
constraint eliminates the possibility of raising funds through lump sum con-
tributions so public goods to be fully financed from payments that people are
willing to make in order to enhance their prospects of benefitting from them.
In the large economy, where each individual is too insignificant to affect the
provision of the public good itself, such payments are entirely motivated by the
desire to avoid being excluded, and public goods must be financed by admission
fees. With zero marginal social costs of individual use of public goods, admis-
sion fees induce an inefficiency, but in the absence of the other sources of funds,
this inefficiency is unavoidable if the public goods are to be provided at all. The
argument is the same as in the Ramsey-Boiteux theory of second-best pricing
for goods and services whose production involves significant fixed costs.?

For the large economy with private information about individual prefer-
ences, the paper identifies a condition of renegotiation proofness under which
the Bayesian mechanism design problem with interim participation constraints is
actually equivalent to the Ramsey-Boiteux problem of finding an optimal vector
of admission fees for the different excludable public goods. The final allocation
of private goods and of admission tickets for the public goods is said to be rene-
gotiation proof if it does not leave consumers with an incentive to engage in
(incentive compatible) Pareto improving trades among each other. In the large
economy, this renegotiation proofness condition is satisfied if and only if the final
allocation of private goods and of admission tickets for public goods is Walrasian.
The associated price vector is precisely the vector of consumer prices that the
Ramsey-Boiteux theory is concerned with. A Bayesian mechanism that satisfies
renegotiation proofness as well as interim incentive compatibility and individual
rationality is thus identified with a vector of admission prices. The mechanism
design problem is equivalent to the corresponding Ramsey-Boiteux problem. A
vector of optimal admission fees must satisfy a version of the Ramsey-Boiteux
inverse-elasticities rule.

In passing, one notes that the admission fees on excludable public goods
can be also used to finance some nonexcludable public goods. This cross-
subsidization eliminates the problem discussed by Mailath and Postlewaite (1990)
that in a large economy with private information, it may not be possible to fi-
nance the provision of nonexcludable public goods at all. The general structure
of optimal admission fees for excludable public goods, in particular the inverse-
elasticities rule, is unaffected.

If renegotiation proofness is mot imposed, the mechanism design problem is
richer than the Ramsey-Boiteux problem. In this case, a second-best mechanism
can involve bundling of public goods and even randomized schemes under which
a person’s admission to one or several public goods is the subject of a lottery.
For excludable public goods, Fang and Norman (2003) have shown that under

2The link between excludable public goods and the Ramsey-Boiteux pricing problem has
been pointed out by Samuelson (1958, 1969) and Laffont (1982/1988), see also Dreze (1980).



certain assumptions about the underlying data, the Ramsey-Boiteux solution
may be dominated by a mechanism involving pure bundling in the sense that
consumers are offered admission to all public goods at once or to none. To their
finding, the present paper adds the result that, if the cross-section distributions
of valuations for the different public goods are mutually independent, then the
optimal renegotiation proof mechanism, i.e. the optimal Ramsey-Boiteux so-
lution, is always dominated by a mechanism involving mixed bundling, i.e., a
scheme where consumers are offered admission to public goods separately as
well as in bundles, where any bundle comes at a discount relative to the sum of
its individual components. The result parallels similar results of McAfee et al.
(1989) and Manelli and Vincent (2002) for multiproduct monopoly profit max-
imization. It implies that the renegotiation proofness requirement is necessary
as well as sufficient for the applicability of the Ramsey-Boiteux approach.

In the following, Section 2 lays out the basic model of the large economy
with private information about individual preferences. Section 3 establishes
the equivalence of the Bayesian mechanism design problem with interim par-
ticipation constraints and the Ramsey-Boiteux problem under the renegotiation
proofness condition. Section 4 shows that the equivalence of the two approaches
breaks down and that some form of bundling dominates Ramsey-Boiteux pric-
ing if renegotiation proofness fails. Section 5 shows that the inverse-elasticities
rule of the original Ramsey-Boiteux analysis is replaced by a weighted inverse-
elasticities rule if the mechanism designer is inequality averse, the weights taking
account of differences in marginal social valuations attached to the consumers
of the different public goods. If inequality aversion is sufficiently large, then, as
in Hellwig (2003 b), the desire for redistribution may replace the interim partic-
ipation constraints and induced ”government budget constraint” as a rationale
for admission fees. Proofs are given in the Appendix.

2 Bayesian Mechanism Design in a Model with
Multiple Public Goods

I study public-good provision in a large economy with one private good and m
public goods. The public goods are excludable. For each individual in the econ-
omy, an allocation must determine how much of the private good the individual
gets to consume and whether he is admitted to the enjoyment of public good ¢
for i = 1,...,m. Let Q1, ..., @ be the levels at which public goods 1,...,m are
provided. Given a level ¢ of private-good consumption and a set J of public
goods to which he is admitted, a consumer obtains the payoff

C+ZG¢Q¢. (21)

i€J
The vector @ = (01, ...,0,,) of parameters determining the consumer’s prefer-
ences for the different public goods is the realization of a random variable 8,

which takes values in [0,1]”. The probability distribution F(.) of 8 is assumed
to have a strictly positive, continuously differentiable density f(.).



Consumption of the private good as well as the public goods to which a con-
sumer is admitted will typically depend on the consumer’s preference parameter
vector 0. In addition to 8, they will also be allowed to depend on the realization
w of a further random variable @ which values in some space €2 and has probabil-
ity distribution v. This random variable is intoduced to allow for the possibility
of randomization in public-good admissions and private-good consumption. It
is assumed to be independent of é, so the joint distribution of 0 and @ is F x v.
An allocation is an array

A= (QA7CA('7')7X114('5')7"'7Xi('a'>)7 (2'2)

which specifies a vector Q4 = (Q4}, ..., Q%) of public-good provision levels and,
for each @ € [0,1]™ and w € Q a level ¢*(0,w) of private-good consumption
and admissions indicators x#(@,w) for public goods i = 1,...,m, which apply
to a consumer with preference parameter vector 8 when @ takes the value w;
the indicator (0, w) takes the value one if the consumer is admitted and the
value zero, if he is not admitted to public good i.

Under the allocation A the expected payoff of a consumer with preference
parameter vector 6 is equal to

vA(8) == C*(0) + iwf(ewicz? (2:3)
where
A = CA w VW .
c4(6) .—/Q (8,w)dv(w) (2.4)

is the conditional expectation of private-good consumption and, for i = 1,...,m,
w(6) = [ xAO.w)in(e) (25)
Q

is the conditional probability of being admitted to public good ¢ when 0 takes
the value 0. _

The probability distribution F' x v of the random pair (8, ) is the same for
all agents. Assuming a large-numbers effect, I also let F'x v be the (nonrandom)
cross-section distribution of the pair (8,w) in the population. The economy has
an aggregate per-capita production capacity Y, which is taken to be exogenous.
The per-capita cost of public-good provision amounts to K(Q#) units of the
private good. An allocation A4 = (Q4,cA(,,.), x'(.,.), -, X2 (.,.)) is feasible, if
the sum of per-capita aggregate consumption and public-good provision costs
does not exceed Y, i.e. if

/[ 0O+ K@Y <Y (2.6)
0,1]m xQ

The cost function K(.) is assumed to be strictly increasing, with K(0) = 0,
strictly convex, and twice continuously differentiable, with partial derivatives



K;(.) satisfying limj,_, K;(Q¥) = 0 for any sequence {QF} with limy .., Q¥ =
0 and limy,_,, K;(Q*) = oo for any sequence {Q*} with limy,_, ., Q¥ = coc.
An allocation is said to be first-best, if it maximizes the aggregate surplus

/[0 - v(0)f(8)d6 (2.7)

over the set of all feasible allocations. By standard arguments, one obtains:

Lemma 2.1 An allocation A is first-best if and only if it satisfies the feasibility
condition (2.6) with equality and, fori = 1,...,m, one has 72(0) = 1 for almost
all @ € [0,1]™ and

K(QY) = / "0, dF.0), (2.8)

0

where F; is the marginal distribution of éi, the i-th component of the random
vector 6.

In a first-best allocation, the ability to exclude people from the enjoyment
of a public good is never used. Moreover, the levels of public-good provision are
chosen so that for each i, the marginal cost K;(Q%) of increasing the level at
which public good i is provided is equal to the aggregate marginal benefits that
consumers in the economy draw from the increase. Given the assumption that
limy, o0 K;(QF) = 0 for any i and any sequence {QF} with limy_., QF = 0,
it follows that in a first-best allocation provision levels of all public goods are
positive, and so is K(Q).

Turning to the specification of information, I assume that each consumer
knows the realization 6 of his own preference parameter vector, but beyond
knowing the measure v, he has no further information about the random variable
@. The information about @ is private. Apart from the distribution F'xv, nobody
knows anything about the pair (é,&)) pertaining to somebody else. Given this
information specification, an allocation A is said to be incentive compatible if
and only if, for all @ and 6’ € [0,1]™,

WA0) > )+ 3 A (00,01 (2.9

i=1
From Rochet (1987), one has

Lemma 2.2 An allocation A is incentive compatible if and only if the expected-

payoff function vA(.) that is given by (2.3) is convex and has partial derivatives

vA(.) satisfying

vi'(0) = 71 (0)Q] (2.10)

(3

for all i and almost all 6 € [0, 1]™.



For a first-best allocation, with 7(8) = 1 for almost all @ € [0, 1]™, (2.10) is
equivalent to the requirement that C’A(B) be independent of 8. Upon combining
Lemmas 2.1 and 2.2, one therefore obtains:

Proposition 2.3 A first-best allocation A is incentive compatible if and only if
CA0) =Y - K(Q%) (2.11)

for almost all @ € [0, 1]™.

Proposition 2.3 indicates that in the large economy studied here a first-best
allocation can be implemented if and only if public-good provision is entirely
financed by a lump sum payment, which people make regardless of their prefer-
ences. This lump sum payment amounts to K(Q%) > 0 per person. With such
lump sum payments, public-good provision hurts people who do not care for the
public goods and benefits people who care a lot for them. People who do not
care for the public goods are strictly worse off than they would be if they could
just have the private-good consumption Y.

To make this point formally, I say that an allocation A is individually rational
if and only if the induced expected payoff (2.3) satisfies v4(8) > Y for all 6 €
[0,1]™. Proposition 2.3 implies that a first-best, incentive-compatible allocation
cannot be individually rational. Indeed, any incentive compatible allocation with
K(Q) > 0 and m;(0) = 1 for almost all 6 € [0,1]™ fails to be individually
rational.®

Therefore, it is of interest to consider second-best allocations, which maximize
the aggregate surplus (2.7) over the set of all feasible, incentive-compatible and
individually rational allocations. For the case of a single excludable public good,
i.e. m = 1, second-best allocations have been characterized by Schmitz (1997)
and Norman (2004). Assuming that the function

1—F(0)
QO
is nondecreasing, they show that for any second-best allocation A there is some
0" € (0,1) such CA(0) = Y, 74(0) = 0 for § < & and CA(B) = v — 0”04,
74(0) = 1 for 0 > 9A. There is an admission fee p4, equal to 9AQA, so that

people for whom the benefit #Q4 from the enjoyment of the public good exceeds
p? pay the fee and are admitted, and people for whom the benefit Q4 is less

0—g(0):=0

~A
than p# do not pay the fee and are not admitted. The critical § and the fee
LA ~A
pA =0 Q" are chosen so that the aggregate revenue p”(1 — F(6")) just covers
the cost K(Q?) of providing the public good.
For m > 1, a general characterization of second-best allocations is not as
yet available. As discussed by Rochet and Choné (1998), Lemma 2.2 implies

3These observations provide large-economy, multiple-public-goods extensions of the finite-
economy, single-public-good results of Giith and Hellwig (1986) as well as Mailath and Postle-
waite (1990).



that the problem of finding such an allocation can be formulated in terms of
the public-good provision levels Q‘l“, ., Q2 and the expected-payoff function
vA(.). For any Q4 = (Q4,...,Q4) and any convex function v*(.) with partial
derivatives satisfying v:1(0) € [0,Q#] for all i and almost all @ € [0,1]™, an
incentive-compatible allocation is obtained by setting

1
72(0) = QA 01/1{1{;1 v(0,,0_;) if Q >0, (2.12)
72(0) =0 if QA =0, (2.13)
and
C4(0) = v*(8) = > 0:v7(8), (2.14)
=1

and specifying ¢(.,.) and x{(.,.),..., X2 (.,.) accordingly. By (2.14), (2.6) is
equivalent to the inequality

/ [UA«»— S oul@)f0)|do <Y - K@Y,  (215)
[0,1]™ i=1

The problem of finding a second-best allocation is therefore equivalent to the
problem of choosing Q4 and a convex function v with partial derivatives sat-
isfying v/1(0) € [0, Q7] for all i and almost all @ so as to maximize (2.7) subject
to (2.15) and the participation constraint v4(0) > Y for all 6.

As usual in problems of multi-dimensional mechanism design, the second-
order conditions for incentive compatibility (convexity of the expected-payoff
function v4(.)) and integrability conditions (equality of the cross derivatives

vf}(e) and vﬁ(@) i.e. of the derivatives —d*Q—QA QA) are difficult to
handle analytically. For the case of two excludable pubhc goodb i.e. m =2, with
independent preference parameters having identical two-point distributions, a
complete characterization of second-best allocations in finite economies is given
by Fang and Norman (2003). The large-economy limits of these allocations

involve nonseparability and genuine randomization in admission rules.

3 Renegotiation Proofness and the Optimality
of Ramsey-Boiteux Pricing

Rather than carry the analysis of second-best allocations further, I consider
third-best allocations as allocations which maximize aggregate surplus subject
to feasibility, incentive compatibility, individual rationality, and an additional
condition of renegotiation proofness. The latter condition reflects the idea that



the agency which implements the chosen mechanism is unable to verify the
identities of people who present tickets for being admitted to the enjoyment of
a public good. In particular, the agency is unable to check whether the people
who present tickets for admission to a public good are in fact the same people
to whom the tickets have been issued. It is also unable to prevent people from
trading these tickets, as well as the private good, among each other. If the
initial allocation of tickets leaves room for a Pareto improvement through such
trading, then, as discussed by Hammond (1979, 1987) and Guesnerie (1995),
in the absence of transactions costs, such trading will occur, and the initial
allocation will not actually be the final allocation.

Underlying the imposition of renegotiation proofness is the idea that, one
may suppose that, regardless of the allocation that is initially chosen by the
mechanism designer, in the absence of transactions costs, any allocation that
is finally implemented must itself be renegotiation proof. If the mechanism
designer is aware of the possibility of renegotiation and if he cares about the
allocation that is finally implemented rather than the one that is initially cho-
sen, his choice may be directly expressed in terms of the final, renegotiation
proof allocation. Indeed if he chooses a renegotiation proof allocation from
the beginning, this initial allocation will also be the final allocation. Given
these considerations, I refer to an allocation as being third-best if and only if
it maximizes the aggregate surplus (2.7) over the set of all feasible, incentive-
compatible, individually rational, and renegotiation proof allocations.*

To define renegotiation proofness formally, I say that a net-trade allocation
for private-good consumption and public-good admission tickets is an array
(zc(., ), 21(4, ), oy Zm(., .)) such that for each (8, w), z.(6,w) and 21 (0, w), .., 2, (6, w)
are the net additions to private-good consumption and admission ticket holdings
for public goods of a consumer with preference parameter vector 8 and indicator
value w. Given A, a net-trade allocation (z.(.,.), z1(.,.), .., zm(.,.)) is said to be
feasible if x2(0,w) + 2:(0,w) € {0,1} for all (8,w) € [0,1]™ x Q and, moreover,

/ 2:(0,w) f(0)dOdv(w) =0 (3.1)
[0,1]m x Q2

for i = ¢, 1,...,m.% Given A, the net-trade allocation (z.(.,.),21(,.); .-, 2Zm(,-))
is said to be incentive compatible, if

m

Zc(oaw) + Zzz(eaw)azQ? > Zc(elaw/) + ZZZ(OI,WI)GZQ? (32)

i=1 i=1

for all @ and 0" in [0,1]™ and all w and &’ in 2 for which x;(0,w) + 2;(8',w') €
{0,1} for all i. The idea is that the holdings (c¢*(8,w), x1(0,w), ..., XA (8,w))

“In contrast, Hammond (1979, 1987) and Guesnerie (1995) treat the mechanism design
problem in terms of a two-stage game with a revelation game in the first stage determining
an allocation which provides the starting point for side-trading in the second stage leading to
a Walrasian outcome. The approach taken here collapses the two stages into one by imposing
a renegotiation proofness constraint on the mechanism designer.

5To keep matters simple, I assume that Y is large enough so that nonnegativity of private-
good consumption is not an issue.




of private-good consumption and public-goods admission tickets of a given
agent as well as the realization (6,w) of his preference parameter vector 0
and randomization device @ are not known by anybody else. Therefore, if
the agent claims that his preference parameter vector is ', he obtains the net
trade (z2(0',w'),2{(0',u'), ..., 22(0',w")) that is available to an agent with
parameter vector @ when the randomization variable @ takes the value w.
Incentive compatibility of the net-trade allocation requires that such a claim
must not provide the agent with an improvement over the stipulated net trade
(2:(0,w), 21(0,w), ..., 2 (0, w)).

An allocation A is said to be renegotiation proof if, starting from A, there
is no feasible and incentive compatible net-trade allocation which provides a
Pareto improvement in the sense that for all (0,w) € [0,1]™ x Q, the utility gain
from the net trade (z.(0,w), z1(8,w), ..., zm(0,w)) is nonnegative, i.e.

m

2(0,w) + > 2(0,w)0:Q7" > 0, (3.3)

i=1
and the aggregate utility gain is strictly positive, i.e.

m

/[0 1]mxﬂ[zc(9,u}) + Z zi(ﬂ, w)Gle] dF(H)dy(w> > 0. (34)

i=1

The following lemma shows that an allocation is renegotiation proof if and
only if there exists a price system which supports the allocation as a competitive
equilibrium of the exchange economy in which people trade the private good as
well as admission tickets for the different public goods, taking the vector Q4 of
public-good provision levels as given.

Lemma 3.1 An allocation A is renegotiation proof if and only if there exist
prices pi',...p7 such that for i = 1,...,m, and almost all (8,w) € [0,1]™ x Q,
one has

X{(0,w) =0 if 0:Qf <pf (3.5)
and

XMNO,w) =1 if 0,Q} > p. (3.6)

Renegotiation proofness implies, for each public good i, a simple dichotomy
between a set of participants with high 6;, who get admission to public good ¢

60ne might argue that the mechanism designer knows the consumer’s actual holdings as
well as w, and therefore the incentive constraints on net-trade allocations might be alleviated.
Such loosening of incentive constraints would tend to enhance the scope for renegotiations
and make the condition of renegotiation proofness even more restrictive. In the large econ-
omy considered here, it does not actually make a difference because the characterization of
renegotiation proofness in Lemma 3.1 remains valid. In a finite economy, there would be a
difference.

10



with probability one, and a set of participants with low 8;, who do not get ad-
mission to public good i. Renegotiation proofness leaves no room for randomized
admissions.

The price characterization of renegotiation proof allocations provides for a
drastic simplification of incentive compatibility. The prices p1, ..., pm sServe as
admission fees. In an incentive compatible allocation, a consumer is admitted
to public good ¢ is obtained if and only if he pays the fee p;. Consumers with
0;Q; > p; pay the fee and enjoy the public good for a net benefit equal to
0;Q; — p;, consumers with 0;Q; < p; do not pay the fee and are excluded from
the public good. Formally, one obtains:

Lemma 3.2 An allocation A is renegotiation proof and incentive compatible if
and only if there exist prices pi',...p7 such that for all @ € [0,1]™, the admis-
sion probabilities 7(0), i =, 1...,m, and the conditional expectation C*(8) of
private-good consumption satisfy

71(0) =0 if 0:Q7 <pi, (3.7)
TH0) =1 if 0,Q} > p}, (3.8)
and
CcA(0) =C*(0) - iwf‘(e) pi. (3.9)
=1

The associated expected payoff is

v4(0) = C4(0) + i max(6;Q — p,0) (3.10)

=1

for @ € [0,1]™.

For any incentive compatible and renegotiation proof allocation A, the ag-
gregate surplus (2.7) and the feasibility constraint (2.6) take the form

cA [ 0,Q% — pt) dF;(6;). 3.11
(O)i_zl/wm( Q2 — p) dF:(6:) (3.11)
and

CA0) — 3 P - EOA Q) K@Y <Y (312)

where p{l, ..., p2A are the competitive prices associated with the allocation and,

m
for any 1,

R A R
0:(pi", Q1) :=% it Q>0 and 0;(p, Q") :=1if Q' =0. (3.13)

11



The problem of finding a third-best allocation is therefore equivalent to the
problem of choosing an expected base consumption C’A(O) as well as public-
good provision levels Q1, ..., Q4 and prices pil, ..., p2A, with associated critical

preference parameter values @f, ..., 8, satisfying @?Qf‘ = p#, so0 as to maximize
(3.11) subject to the feasibility constraint (3.12) and the participation constraint
c4(0)>Y.

In this maximization, the participation constraint is binding. Otherwise
the problem would be solved by the incentive-compatible first-best allocation
of Lemma 2.1 and Proposition 2.3, which is obviously renegotiation proof, but
violates the participation constraint. Given that the participation constraint is
binding, the base consumption C4(0) in (3.11) and (3.12) can be replaced by

the constant Y, and one obtains:

Proposition 3.3 The third-best allocation problem is equivalent to the problem
of choosing public-good provision levels Q1, ..., Q, and prices p1, ..., pm S0 as to
mazimize

Z/ (0:Q; — p;) dF;(6;) (3.14)

=1 7 0:(0i,Q)

under the constraint that

m

Zpi(l — Fi(0:(pi, Q2))) > K(Q). (3.15)

i=1

The problem of finding a third-best allocation has thus been reformulated in
terms of only the public-good provision levels and prices. Given the fees p1, ...pm,
for any 4, there are (1 — F;(0;(p;, Q;))) participants with 0;Q; who are willing
to pay the fee p; for admission to public good i. The aggregate admission fee
revenue from public good i is therefore p;(1 — F;(0;(pi, Q;))) and the aggregate
admission fee revenue from all public goods is Y/ p;(1 — F;(0:(pi, Q:))). The
constraint (3.15) requires that this revenue cover the cost K(Q).

Proposition 3.3 provides an analogue to the results of Hammond (1979,
1987) and Guesnerie (1995) in which the possibility of unrestricted side-trading
reduces the general problem of mechanism design for optimal taxation to a
Diamond-Mirrlees (1971) problem of finding optimal consumer prices. Here,
the third-best allocation problem is equivalent to the Ramsey-Boiteux problem
of choosing public-good provision levels and prices so as to maximize aggregate
surplus under the constraint that admission fee revenues be sufficient to cover
the costs of public-good provision. Because individual-rationality constraints
preclude the imposition of lump sum taxes, the costs of public-good provision
must be fully financed by payments that people make in order to gain the bene-
fits of the public goods. Renegotiation proofness implies that these payments are
characterized by admission fees p1, ..., pm, as in the Ramsey-Boiteux approach
to public-sector service provision and pricing.
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The equivalence stated in Proposition 3.3 indicates that the difference be-
tween the allocation problem for an excludable public good and the allocation
problem for a good whose production involves significant fixed costs is purely
one of semantics: The enjoyment of the public good by any one individual can
be treated as a private good the production of which involves only a fixed cost
and no variable costs.

The following characterization of third-best allocations in terms of first-order
conditions is now straightforward.

Proposition 3.4 Let A be a third-best allocation, and let pi,...,p2 be the as-
sociated admission fees. Then, for i =1,...,m, one has Q* > piA > 0, and, for
some A > 1,

and
NA 1 A—1 ~A
Pl 1i0:) gx = =5~ (1= B, (3.17)

where é? = 0:(p2, Q1) as given by (3.13).

Condition (3.17) is the usual Ramsey-Boiteux condition for ”second-best”
A
consumer prices. The term (1 — F( g L)) on the right-hand side indicates the
level of aggregate demand for admissions to public good ¢ when the price is
A
pt and the "quality”, i.e. the provision level is Q#. The term fz( ) Q—lA— on

the left-hand side indicates the absolute value of the derivative of demand with
respect to pA Condition (3.17) requires admission fees to be chosen in such a
way that the elasticities

AL 71’2 1
" R fl(Q“‘) ol

of demands for admissions to the different public goods are locally all the same,
i.e. that
A—1 1
A

for all 4, which is the degenerate form taken by the Ramsey-Boiteux inverse-
elasticities formula when variable costs are identically equal to zero.”

"See, e.g., equation (15-23), p. 467, in Atkinson and Stiglitz (1980). If variable costs are
positive, e.g., if costs take the form K(Q,Ui,...,Um), where, for i = 1,...,m, U; := [ m;dF is
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Condition (3.16) is a version of the Lindahl-Samuelson condition for public-
good provision which is appropriate for the third-best allocation problem.®
Third-best public-good provision levels are determined in such a way that for
each 7, the marginal cost of providing public good i is equated to a weighted
average of the aggregate marginal benefits that are obtained by users and the
aggregate marginal revenues that are obtained by the mechanism designer if
the admission fee p; is raised in proportion to ); so that the critical @1 (pi, Q:)
is unchanged. If provision costs are additively separable, i.e. if the marginal
cost K;(Q) depends only on Q;, then each of of the third-best provision lev-
els @1, ...,Q,, will be lower than the corresponding first-best level given by
(2.8). The reason is first, that there are fewer users of the public good than in
the first-best allocation and second, that the mechanism designer is unable to
fully appropriate the benefits from additional public-good provision so aggre-
gate marginal revenues accruing to him are less than aggregate marginal benefits
accruing to users.

The analysis is easily extended to a situation with nonexcludable as well as
excludable public goods. Suppose, for example, that n < m public goods 1, ...,n
are nonexcludable and public goods n+1, ..., m are excludable. Nonexcludability
of public good i is equivalent to the requirement that m;(0) be equal to one
for all @ or, in terms of the Ramsey-Boiteux analysis, that the admission fee
for this public good be equal to zero. The third-best allocation problem then
is to maximize (3.14) subject to (3.15) and the constraint that p; = 0 for
i = 1,...,n. Except for the fact that admission fees for nonexcludable public
goods are zero, the conditions for a third-best allocation are the same as before,
i.e. admission fees for excludable public goods satisfy an inverse-elasticities
formula, and provision levels for all public goods satisfy an appropriate version
of the Lindahl-Samuelson condition.

For the nonexcludable public goods, the Lindahl-Samuelson condition takes
the form

1 1
5 | oaro) = K@), (318)

so by the same reasoning as before, a third-best allocation involves strictly
positive provision levels of nonexcludable as well as excludable public goods.
In the large economy, provision of the nonexcludable public goods does not
generate any revenue, but nevertheless they are provided. Admission fees from

the aggregate use of public good ¢, equation (3.17) takes the form

oK A—

L1 1 N
(ps — B_Ui) Ji(0:) o T (1= Fi(0:)),

which yields the usual nondegenerate form

K
Pi— b A-11

Di Ao

of the inverse-elasticities formula.
8TFor the case m = 1, this condition is also obtained by Norman (2004).
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the excludable public goods provide finance for the nonexcludable public goods
as well. This cross-subsidization is desirable because, with fol 0;dF;(6;) > 0 and
K;(Q) = 0 when @; = 0, the benefits of the first (infinitesimal) unit that is
provided always exceed the costs. This finding is unaffected by the fact that
the cross-subsidization of nonexcludable public goods requires higher admission
fees and creates additional distortions for excludable public goods. Concern
about these additional distortions will reduce but not eliminate the provision of
nonexcludable public goods.’

This discussion of nonexcludable public goods stands in contrast to the as-
sessment of Mailath and Postlewaite (1990) that in a large economy, with asym-
metric information and interim participation constraints, a nonexcludable pub-
lic good will not be provided at all. The Mailath-Postlewaite result presumes
a single nonexcludable public good the costs of which have to be covered by
revenues coming from this very public good itself. Here there is no such re-
quirement. Interim participation constraints for individual consumers and the
induced aggregate budget (feasibility) constraint allow for cross-subsidization
between public goods. For nonexcludable public goods, this cross-subsidization
eliminates the Mailath-Postlewaite problem.

4 The Desirability of Bundling and the Neces-
sity of Renegotiation Proofness for the Opti-
mality of Ramsey-Boiteux Pricing

In the preceding analysis, the requirement of renegotiation proofness has served
to reduce a complex problem of multidimensional mechanism design to a sim-
ple m-dimensional pricing problem. The key to this simplification lies in the
observation that renegotiation proofness restricts admission rules so that the
expected-payoff function v4(.) takes the form (3.10), which is additively sep-
arable and convex in 01, ...,0,,. The integrability condition vg‘;- = vﬁ and the
second-order condition for incentive compatibility (convexity), are then auto-
matically satisfied.

However, renegotiation proofness is restrictive. If the mechanism designer is
able to control the identities of people presenting admission tickets to the differ-
ent public goods or if there are some impediments to renegotiation, an optimal
allocation will typically not have the simple structure that is implied by rene-
gotiation proofness. Second-best allocations, which maximize aggregate surplus
subject to feasibility, incentive compatibility and individual rationality, without
renegotiation proofness, tend to involve bundling of the different public goods
and, possibly, randomized admissions. These devices reduce the efficiency losses
that are associated with the use of admission fees to reduce the participants’
information rents.

9Given that A > 1, a comparison of (3.18) and (2.8) shows that if the cost function K is
additively separable, the third-best provision level for public goods i is strictly lower than the
corresponding first-best level given by (2.8). On this point, see also Guesnerie (1995).
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Thus, Fang and Norman (2003) have noted that, if the random variables
él, e 0,, are independent and identically distributed, the weighted sum » ;" | @Qi
has a lower coefficient of variation than any one of its summands, and therefore,
under certain additional assumptions about the distribution of 0;, an allocation
involving pure bundling can dominate a third-best allocation because it involves
a lower incidence of participants being excluded. Pure bundling refers to a sit-
uation where participants are admitted either to all public goods at once or to
none.

In the following, I show that, if 0, ...,0,, are mutually independent, a third-
best allocation is always dominated by an allocation involving mized bundling,
i.e. an allocation where participants can obtain admission to each public good
separately as well as admission to different public goods at the same time
through a combination ticket which comes at a discount relative to the individ-
ual tickets. Even if tastes for the different public goods are completely unrelated,
the allocation that is induced by the best pricing scheme a la Ramsey-Boiteux is
not second-best. Renegotiation proofness is thus necessary as well as sufficient
for Ramsey-Boiteux pricing to be equivalent to optimal mechanism design un-
der interim incentive compatibility and individual-rationality constraints. This
finding complements the results of Fang and Norman. The argument involves
a straightforward adaptation of corresponding arguments in the multiproduct
monopoly models of McAfee et al. (1989) or Manelli and Vincent (2002).

To fix notation and terminology, let M = {1,...,m} be the set of public
goods, and let P(M) be the set of all subsets of M. As in Manelli and Vin-
cent (2002), a function P : P(M) — R is called a price schedule, with the
interpretation that for any set J C M, P(J) is the amount of private-good
consumption that a participant has to give up in order to get a combina-
tion ticket for admission to the public goods in J. Given Q, the allocation
(Q,cp( ), x1p(s)s ooy Xonp (-, +)) is said to be induced by the price schedule P
if, for any @ € [0,1]™, there exists a vector'® qp(0) = (qp(0;0), ...,qp(M; 8))
of probabilities on P(M) such that

Cr(0) = [ epO.u)dvle) =Y = 3 ap(T:0)P(I)

JEP(M)

7ip(8) == /Q pOw)dvw) = 3 65 40(J;0),

JeP(M)

for j =1,...,m, where §;; =1if j € J, 6;; =01if j ¢ J, and, finally,

Y+ Y qp(7;0) ) 0,Q—PWU)| =Y+ > qJ)|> 6;Q; — P(J)
JEP(M) el JEP(M) el
(4.1)

10Tn the notation used here and in (4.4) below, the dependence of consumers’ choices and
payoffs on Q is suppressed because it does not play a role in the analysis.
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for all probability vectors q on P(M). The idea is that, for the given Q and P,
each consumer is free to choose a set J of public goods that he wants to enjoy at
a price P(J). He may also randomize this choice. Generically though, there is a
single set Jp(6) which he strictly prefers to all others; in this case, the incentive
compatibility condition (4.1) becomes gp(Jp(0);0) = 1, i.e. he simply chooses
the set Jp(0).

A price schedule P is said to be arbitrage free if it satisfies the equation

P(J)=Y_P{j}) (4.2)

jeJ

for all J, so each set J C M is priced as the sum of its components. Using Lemma
3.2, one easily verifies that if an allocation is induced by an arbitrage free price
schedule P, then it is also renegotiation proof and incentive compatible, with
associated prices p; = P({j}), j = 1,...,m. Conversely, again by Lemma 3.2,
an allocation that renegotiation proof and incentive compatible, with associated
prices pi, ..., Pm, is induced by the arbitrage free price schedule P satisfying

P(J) =Y "p (4.3)

jeJ

for any J C M.

The set of renegotiation proof and incentive compatible allocations is thus a
proper subset of the set allocations that are induced by any price schedules. It
does not include, e.g., an allocation that is induced by a price schedule involving
discounts for bundles of public goods, i.e. P(J) < >, ;p; for some J C
M. Such an allocation leaves room for Pareto-improving renegotiation between
someone who found it barely worthwhile to buy the combination ticket for J
and a set of people of whom each one was on the margin to buying admission
to one of the public goods in J, but chose not to.

Given that the set of renegotiation proof and incentive compatible alloca-
tions is a strict subset of the set of allocations induced by price schedules, it
is of interest to compare optimal price schedules with the arbitrage free price
schedules corresponding to third-best allocations and optimal Ramsey-Boiteux
prices. For an allocation that is induced by a price schedule, the resulting payoffs
are given as

vOIP)=Y + > qpr(1;0) | 0,Q; — P(J)|. (4.4)

JEP(M) jeJ

Given a vector Q >> 0 of public-good provision levels, the price schedule P is
said to be optimal if it maximizes the aggregate surplus

/[0 RGN (4.5)

over the set of all price schedules.
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The following result shows that, if the preference parameters 01,...,0,, are
independent, an optimal price schedule is never arbitrage free, so a third-best
allocation is always dominated by another allocation that is induced by a price
schedule. In particular, a third-best allocation is always dominated by an allo-
cation induced by a price schedule involving some mixed bundling, i.e. an offer
involving combination tickets, e.g. for the opera performance and the football
game, which come at a discount relative to the individual tickets.

Proposition 4.1 Let m > 1, and assume that the density f takes the form
f(0) = H;-"’zl fi(0;). For any Q >> 0, an optimal price schedule is not arbitrage
free. In particular, if A is a third-best allocation, with associated admission fees
pit, ..., p2 for the different public goods, there exists a price schedule P satisfying
P(M) < Z;.n:lpf and P({]}) > pj‘ for j = 1,...,m such that, given Q*, the
allocation that is induced by P is feasible and individually rational and generates
a higher aggregate surplus than the third-best allocation A.

Like its analogue in Manelli and Vincent (2002),!! the proof of Proposition
4.1 is based on an inspection of first-order conditions for the prices P*({j}),
j=1,...,m,and P*(M) in an optimal price schedule P*. These first-order con-
ditions involve similar tradeoffs as the Ramsey-Boiteux first-order conditions
(3.17). However, there are two important differences: First, in setting the price
P*({j}) for admission to public good j by itself, the tradeoff between price
and quantity that is mirrored in the Ramsey-Boiteux condition is tempered
by the consideration that at least some of the consumers who respond to an
increase in P*({j}) by not demanding the set J = {j} any more will not be
lost, but will in fact be demanding another set J , possibly even with j € J.
For a given shadow price of the feasibility constraint, the individual admission
prices P*({1}), ..., P*({m}) therefore tend to be higher than the correspond-
ing Ramsey-Boiteux prices. Second, in setting the price P*(M) for the bundle
providing admission to all public goods, the usual tradeoff between price and
quantity is sharpened by the fact an increase in P*(M) induces a loss of con-
sumers on m margins rather than just one, i.e. for each ¢ = 1,...,m, there will
be some consumers who respond to the increase in P*(M) by demanding the
set M\{:} rather than M. On average therefore, the demand for the bundle M
is more elastic than the demand for any one of the public goods by itself and,
for a given shadow price of the feasibility constraint, the price P*(M) for the
bundle providing admission to all public goods tends to be less than the sum of
the corresponding Ramsey-Boiteux prices.'?> Both considerations together yield

1 Proposition 4.1 is slightly more general than the statement of Theorem 2 in Manelli and
Vincent (2002), which involves a monotonicity assumption on the functions 6; — 6;f;(6;).
If the range of the random variable 6; extends all the way down to zero, this monotonicity
assumption is not needed.

12The independence assumption in Proposition 4.1 ensures that these statements about
elasticities are valid even though the sets of preference parameters giving rise to demands {5},
j=1,....,m,and M are very different, as e.g., {1} is demanded if 87 is high and 0, ..., 0, are
low and M is demanded if 01 and 02, ...,0y, are high.
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the conclusion that, starting from a price schedule based on Ramsey-Boiteux
prices, i.e. a price schedule that is optimal among arbitrage free price schedules,
one can raise aggregate surplus by simultaneously raising the individual admis-
sion prices P*({1}), ..., P*({m}) and lowering the price P*(M) for the bundle
providing admission to all public goods.

These considerations suggest that, at least under the independence assump-
tion optimal price schedules should always involve some bundling. The following
proposition, which is again inspired by Manelli and Vincent (2002), confirms
this notion for the case m = 2. Unfortunately I have not been able to prove an
analogous result for m > 2.

Proposition 4.2 Let m = 2, and assume that the density f takes the form
f(01,02) = f1(01) f2(02). Assume further that, for i = 1,2, the function 0; —
0ifi(0:

1_Fi(93) is nondecreasing. Then, for any Q >> 0, if P* is an optimal price
schedule, one has P*({1,2}) < P*({1}) + P*({2}).

Whereas the preceding analysis has contrasted third-best allocations with al-
locations induced by price schedules, the reader may wonder about the relation
between the latter and second-best allocations. For the multiproduct monopoly
problem, the examples of Thanassoulis (2001) as well as Manelli and Vincent
(2002) show that price schedules can be dominated by more complicated schemes
involving nontrivial randomization over admissions to the different public goods.
Given that the formal structure of the second-best welfare problem is very sim-
ilar to the monopoly problem, the lesson from these examples should apply in
the current setting as well. However, I will not pursue this matter here.

5 Inequality Aversion

The Ramsey-Boiteux approach to public-sector service provision and pricing
has often been criticized for paying insufficient attention to issues of equity. To
conclude the paper, therefore I briefly indicate how the analysis is affected if
the mechanism designer is inequality averse. As in Hellwig (2003 b), I replace
the aggregate surplus (2.7) by the welfare functional

- W (0(8))dF(0) (5.1)

where W (.) is an increasing, strictly concave function. For this welfare func-
tional, an analogue of Proposition 3.3 shows that the third-best allocation prob-
lem is equivalent to the problem of choosing the public-good provision levels
Q1, .., Qm, the admission prices py, ..., pm and the base consumption C(0) so as
to maximize

/[0 e 144 (C(O) + Xm: max(0;Q; — pi, 0)) dF(0) (5.2)
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under the feasibility constraint (3.12) and the participation constraint ¢(0) > Y
(and the constraint p; = 0 if public good i is nonexcludable). The first-order
conditions (3.16) and (3.17) are then replaced by the conditions

1t Lo R
X/o /[OWIW (0; — 0:)dF(0:,0_;) +0;(1 — F;(0;)) = Ki(Q)  (5.3)
and

pi fi(0) = / /017”1)\ WYAF(6:,6_,), (5.4)

where W’ in each integral is evaluated at the point C(0) + Y ;" max(6;Q; —
pi,0) and again 0; = 0;(p;, Q;) is given by (3.13). Moreover, by the first-order
condition for C(0), the Lagrange multiplier for the feasibility constraint satisfies

A > W’ dF(6), (5.5)
[0,1]™

with equality if C(0) > Y.

Condition (5.4) can be rewritten as

fe fo 1m- (A —FV)dF(H) l’ (5.6)
A1 — Fi(0:)) i

which provides a weighted inverse-elasticities formula, as in Diamond-Mirrlees
(1971), instead of the simple one that was derived in Section 3. The weight

féli f[071]m71()‘ —W"dF(0;,0_;) —1_ 1 fe fo 1Jm—1 W' dF(0)
A1 — Fi(6:)) Ao Soaper AF(6)

in (5.6) is a decreasing function of the conditional expectation of the social
marginal valuation W’ (v(@)) of additional consumption for people demanding
admission to public good i. The admission fee p; therefore tends to be higher
for a public good with a relatively low expected value of W’(v(0)) conditional
on the information that admission to public good ¢ is requested.

Inequality aversion provides the mechanism designer with an additional ra-
tionale for admission fees. Because admission fees are paid by people who benefit
a lot from the enjoyment of the public goods, they provide for redistribution
from people who benefit a lot from the enjoyment of the public goods to people
who do not benefit from the public goods. To see the role of this effect, rewrite
(5.4) in the form

v A=A 1t S L
pf0) =y 0= Fe) +x [ G-wharesen)

Qi
(5.7)
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where \ := f W'dF is the cross-section average social marginal valuation of
additional consumption. The first term on the right-hand side of (5.7) reflects
the need to meet the participation constraint C'(0) > Y. This term is indepen-
dent of the mechanism designer’s inequality aversion and corresponds to the
right-hand side of (3.17) in the previous analysis. The second term on the right-
hand side of (5.7) reflects the fact that on average, people asking admission to
public good ¢ have a higher payoff and, for the inequality averse mechanism
designer, a lower social marginal valuation of additional consumption than the
population average. As discussed in Hellwig (2003 b), an admission fee p;,
which is paid by people with preference parameter 6; > p;/Q;, can be seen as
a tool for lowering the private-good consumption of these people and raising
the private-good consumption of people with preference parameter 6; < p;/Q;.
With a social marginal valuation of additional consumption that is lower for
people with preference parameter 6; > p;/Q; than for people with preference
parameter 0; < p;/Q;, the inequality averse mechanism designer considers this
redistribution to be beneficial. In (5.7) therefore, the marginal benefit of an
increase in p; is exhibited as the sum of benefits from the contribution of the
increase to meeting the participation constraint and benefits from redistribution.

If the mechanism designer’s inequality aversion is sufficiently large, the dis-
tributive rationale for admission fees actually supersedes the budgetary one.
The ”government budget constraint” Y .~ p;(1 — F;(6;)) > K(Q) ceases to be
binding, and revenues from entry fees are used to raise the private-good con-
sumption C(0) of people who do not care for the public goods at all above the
level which they would have in the absence of public-good provision. In this
case, one obtains C'(0) > Y and A = \. The first term on the right-hand side of
(5.7) is zero. The optimal admission fee for public good i is entirely determined
by the tradeoff between the efficiency loss from excluding people, exhibited on
the left-hand side of (5.7), and the equity concern exhibited in the second term
on the right-hand side of (5.7).13

In the Rawlsian limit of infinite inequality aversion, the equity concern domi-
nates everything else. With infinite inequality aversion, the mechanism designer
is only concerned about the base consumption C(0), i.e. the payoff of people
with @ = 0, who are worst off in the economy. Optimal admission fees are
then chosen to maximize the excess of revenues from public-good provision over
costs and hence the resources that are available to raise C'(0) above Y. The
second-best mechanism design problem then coincides with the problem of a
profit-maximizing monopolist. Formally, one obtains:

Proposition 5.1 Let {Wy} be any sequence of increasing, concave, and twice

continuously differentiable functions on Ry such that limg_, —%é{é—g)) = o0,
uniformly in v. For any k, let (Q%,...,QF pk,...,pE) be a vector of third-best

public-good provision levels and admission fees for the welfare function Wy,. Then
the sequence {(QF, ..., Qk  pk. ....p% )} has a limit point (Q5°, ..., QS p3°, ..., p°).

I3For a detailed account of this tradeoff, see Hellwig (2003 b).
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Moreover, any such limit point is a solution to the monopoly problem

m

(1 Py
(QL---éﬂﬁzﬁ,...,pm) ;pz(l Fz(QZ)) K(Q)|. (5.8)

For m = 1, a proof of this result is given in Hellwig (2003 b). The proof
for arbitrary m is practically the same and is therefore not given here. The
important conclusion to be drawn is that inequality aversion may supersede
participation constraints and the ”government budget constraint” (3.12) as a
rationale for charging fees for admission to excludable public goods. Even so,
a third-best vector of admission fees will satisfy a weighted inverse-elasticities
rule.!4

The role of renegotiation proofness as a necessary and sufficient condition
for the relevance of third-best allocations is unaffected by the introduction of
inequality aversion. With inequality aversion of the mechanism designer and
stochastic independence of 61, ...0,,, mixed bundling is still preferred to the
arbitrage free price schedule corresponding to a third-best allocation. Indeed
for the case of infinite inequality aversion, the multiproduct monopoly analysis of
McAfee et al. (1989) or Manelli and Vincent (2002) is directly applicable because
the mechanism designer is only interested in maximizing expected profits in
order to raise the base consumption C(0) of those people who are worst off in
the economy.

A Appendix: Proofs

Proof of Lemma 3.1. The "if” part of the lemma is an instance of the first
welfare theorem. To prove the ”only if” part, let A be a renegotiation proof

allocation. For ¢ = 1,...,m, let 91- be the unique solution to the equation

1- R0 = / (0, w) dF(0)du(w). (A1)
[0,1]m xQ

Consider the net-trade allocation (z.(.,.), z1(.,.), ..., 2Zm(.,.)) satisfying

2(0,0) = —\A0,w) if 0; <0, (A.2)

2(0,0) =1 — xA(0,0) if 0, >0, (A.3)

14 These considerations suggest that the critique of the Ramsey-Boiteux approach to public-
sector pricing and indirect taxation that was presented by Atkinson and Stiglitz (1976) must
be modified once one allows for heterogeneity in tastes as well as inequality aversion of the
mechanism designer. Even if one accepts the Atkinson-Stiglitz critique of the imposition of
a government budget constraint (or the imposition of interim participation constraints), if
inequality aversion is sufficiently large, one still obtains an inverse-elasticities characterization
of optimal admission fees.
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fori=1,...,m, and

m

2(0,0) = =3 2(0,w)0; Q2 (A.4)

i=1

One easily verifies that, for the given vector Q# of public-good provision levels,
the price system (1,p{, ..., p2) and the allocation (e?(.,.), X1(.;.), -, XA () +
(ze(4y )y 21(4,2), oey 2m(.,.)) correspond to a competitive equilibrium of the ex-
change economy with trade in the private good and in admission tickets for
the public goods, with initial endowments given by (c(.,.), X1 (s -)s - Xan (- -))-
Feasibility and net-trade incentive compatibility of the net-trade allocation
(zc(1, ), 21(4, ), ooy 2m (4, .)) follow immediately, as does the dominance condition
(3.3). Reallocation proofness of A therefore implies that (3.4) does not hold.
Given that (3.3) does hold, it follows that

m

ze(0,w) + Z 2(0,w)0,Q1 =0 (A.5)

i=1
for almost all (8,w) € [0,1]™ x Q. From (A.4), one has

m

z(0,w) + Zzi(eaw)eiQi = Zzi(evw)(ei - @;4)@?~ (A.6)

i=1

By (A.2) and (A.3), each of the summands on the right-hand side of (A.6) is
nonnegative, so (A.5) implies that, for each ¢ and almost all (6,w) € [0,1]™ x Q,
one has

24(0,0)(0: — 0.)QA =0, (A7)

hence, by (A.2) and (A.3),
[max(8; — 0, 0) — x(8,w)(0; — 0)]Q = 0. (A.8)

Now (A.8) implies x;(0,w) = 0 if 6;Q4 < @?Q{‘ and y;(0,w) = 1 if ,Q# >

A A
0; Q. Upon setting, p* = 0; Q:, one finds that the claim of the lemma is
established. m

Proof of Lemma 3.2. The ”if” part of the lemma is trivial. To prove
the "only if” part, let A be a renegotiation proof and incentive compatible
allocation, and let v(.) be the associated expected-payoff function as given by
(2.3). By (2.3), one has v*(0) = C4(0). Moreover, Lemmas 2.2 and 3.1, and
(2.5) imply that for almost any 0 € [0,1]™, the function v(.) has first partial
derivatives satisfying

v(0) =0 if 0,Q8 < p (A.9)
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and
v (0) = Q if 6,Q > p, (A.10)
where p‘f, e p;;‘1 are the prices given by Lemma 3.1. By integration, one then

obtains (3.10), so (2.10), implies that (3.7) and (3.8) hold for all 8 € [0, 1]™.
From (3.10) and (2.3), one also obtains

CA(0) = CA(0) + > max(0:Q7 — pi!,0) = > 71(60)0: Q" (A.11)
=1 =1

so (3.9) follows from (3.7) and (3.8). m
The proof of Proposition 3.3 is trivial and is left to the reader.
Proof of Proposition 3.4. By Proposition 3.3, Q1, ..., @y and p1, ..., pm

maximize (3.14) subject to (3.15). For some A > 0 therefore, Q1, ..., @, and
P1, ..., Pm maximize the Lagrangian expression

Z/g( A Q)(@Qi —pi) dF3(0;) + A <ZP¢(1 — F(0:(pi,Q:))) — K(Q)) .
T . (A.12)

Given that p; = 6; (pi, Q;)Q; for all i, the problem of maximizing (A.12) with
respect to Q1, ..., @, and p1, ..., piy 18 equivalent to the problem of maximizing

Z /9 (0; — 0,)Q; dFy(0;) + A (Z 0,Qi(1 — Fi(6;)) — K(Q)) (A.13)

with respect to @1, ..., @,, and 91, ooy Oy

To prove that @; > 0, it suffices to observe that, for Q; = 0, (A.13) is
independent of 9i, and, for 0, < 1, at Q; =0, (A.13) is strictly increasing in Q;.
Any pair (Q;,0;) with Q; = 0 is therefore dominated by the pair (e, 3) provided
that € > 0 is sufficiently small.

Given that public-good provision levels must be positive, the first-order con-
ditions for maximizing (A.13) are given as

[I(Gz‘ —0:) dF;(0;) + A0;(1 — Fi(0;)) — AK;(Q) =0 (A.14)
0;
for Q; and

1
—/ Qi dF;(0;) + MQi(1 — Fy(6,)) — A\0; Qi fi(6:) <0 (A.15)
0;
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for §; with a strict inequality only if 8; = 0. With Q; > 0, (A.15) simplifies to:
(A= DA = Fi(0:)) = M fi(0:) <0, (A.16)

with a strict inequality only if 6, =0.

The Lagrange multiplier must exceed one. For A < 1, (A.16) would imply
; = 0, hence p; = 0 for all 7, and, by the constraint (3.15), K(Q) = 0, which
is impossible if @); > 0 for all 7. Therefore one cannot have A < 1. For A > 1,
(A.16) implies 1 > 6; > 0, hence Q; > p; > 0 for all i. Now (3.17) follows
from (A.16) by substituting for 8; = p;/Q; > 0. (3.16) follows from (A.15) by a
rearrangement of terms. ®

Proof of Proposition 4.1. By contradiction, suppose that the first
statement of Proposition 4.1 is false. Then there exist Q >> 0 and P* such
that P* is arbitrage free and, given Q, P* maximizes (4.5) over the set of price
schedules inducing individually rational and feasible allocations.

For any price schedule P, an allocation induced by P is individually rational
if P(0)) = 0. By (2.15), the allocation is also feasible if

/ w(0]P) — Ze wi(0]P)F(0)d0 < Y — K(Q). (A.17)
[0,1]™

Through integration by parts, as in McAfee et al. (1989), (A.17) is seen to be
equivalent to the inequality

/[0 o EDm+ DF(8) + 8-V F(6)]d6- Z/ v(1,04|P)f(1,6_;)d6_;

0,1]m-1
<Y - K(Q). (A.18)

Thus P* maximizes (4.5) over the set of price schedules P satisfying P(0)) = 0
and (A.18).

For some A > 0 and some pu therefore, P* maximizes the Lagrangian expres-
sion

/[0 . v(0|P)f(0)d0 — A o v(@|P)[(m+1)f(8) + 0 -Vf(6)dO

+>\Z / o(1,0_|P)F(1,0_)d0_+A(Y — K(Q)) + uP(0).  (A.19)

1]m 1

Given that any price schedule P is characterized by the finite list of numbers
P(0),P({1}),..., P({m}), ..., P(M), it follows that for any nonempty set J C M,
the first-order condition

9 )
5B /[Oﬂwv(elp)f( )do — AaP( )/[071]"nv(0|P)[(m+1)f(0)+0.Vf(9)]d9

o(1,0_;|P)f(1,0_,)d0_; <0, A.20
AP Z/[m P)F(1,6-) (4.20)

with equality unless P*(J) = 0,
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must be satisfied at P = P*. By an argument of Manelli and Vincent (2002),?
(A.20) can be rewritten as

_/ f(0)d0+)\/ ((m+1)£(6) + 0 -V £(6)]d0
Ay (P~)

Ay (P~)
—)\Z/ )dé_; <0, (A.21)
i€J
with equahty unless P*(J) =0,
where, for any price schedule P, A;(P) = cl {0 € [0,1]™]| qp(J;6) > 0} and, for

any i € J, By(P) =cl {0_; € [0,1]™ ! qp(J;1,0_;) > 0}. Given that f takes
the form f(0) = H] 1 fi(05), (A.21) can be rewritten as:

(A — /AJ(p*Hf] d0+AZ/ i) +0:£0:)) [ £:(0;

J#i
= / (W] £:(65)d6—; <0, (A.22)
ieJ J(P ) JFi
with equality unless P*(.J) = 0.
I first show that, because P* is arbitrage free, (A.22) implies the Ramsey-
Boiteux first-order condition (3.17). For any j, I define J(j) :={J C M| j € J}

as the set of all sets J that contain public good j. Summation of (A.22) over
J € J(j) yields

()\1)/UJ€J(J>AJ(P)I_If7 d0+)\2/ ( +9f Hf]

UsegAs(P*) i
-\ / _ (W] fi(65)d6-; <o, (A.23)
ieM UJeJ(j)nm)B?f(P) i

with equality unless P*(J) = 0 for some J € J(j).

Because P* is arbitrage free, one has Ujc 7(jyAs(P*) = {6 € [0,1]™] 6; > 0,},
Useq(nBy(P) = [0,1]"71, and, for i # j, Usegyng@By(P") = {6~ €
[0,1]™~1 0; > 6,}, where 0; = %j}) Thus (A.23) can be rewritten as

(A=D1 = Fy @)+ [ 110,)+ 0,550,140

300 =F0) [ U000 + 00000 = A1) = 31 = Fi@) A <0
WZ) 2

with equality unless éj =0.

15The idea behind the argument is that the derivatives of the integrals in (A.20) with respect
to P(J) can be equated with the integrals of the derivatives of the integrands on the interiors
of the sets A;(P) and B%(P). The boundaries of these sets do not matter because they have
Lebesgue measure zero.
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Upon computing the integrals and cancelling terms involving f;(1) or f;(1), one
can rewrite this condition as

(A = 1)(1 = F5(05)) = A0; f3(0,) <0, (A.24)
with equality unless éj =0.

This is identical with condition (A.16) in the proof of Proposition 3.4. The same
argument as was given there shows that one must have A > 1 and 1 > 6; > 0,
and hence

(A =1)(1 = F;(0;)) — A0 £;(0;) =0 (A.25)

for all j.
Because P* is arbitrage free, for j = 1,...,m, one also has Ag;;(P*) =

[0;,1] x 1‘[1.#[0,@)] and Bi G (PT) = H#j[(),éi], where again §; = %{j}) and

0; = —P*é?{ii}). Since Gj > 0 implies P*({j}) > 0, for J = {j}, (A.22) becomes

-0 - E@)]] i(éi)ﬂ/é_[fj( )+ 6,1(6;))d6; HF

S
Sl

; Z#J
Z 5, e00) + Ousi 000 T ot
k) i
=MW [ FE@) =o. (A.26)
i=1
1#j

Upon computing the integrals in (A.26), cancelling terms involving f;(1) and
dividing by [],; F;(6;), one further obtains

= D1 B ,) — Xy £5(05) + M1~ B(0,) S —9;”5 Wo_o (a2m)
= Fr(or)
k#j
y (A.24), it follows that
~ N Ok fr ()
— F:(0; — = U,
AL - Fy( J)% i) o

which is impossible because 8; < 1 and 6 > 0 for all k. The assumption that
the first statement of the proposition is false has thus led to a contradiction.
Turning to the second statement of the proposition, the argument just given
implies that at the arbitrage free price schedule P* which induces a third-best
allocation, the derivative of the Lagrangian (A.19) with respect to the singleton
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prices P({j}) is strictly positive. As for the bundle M, because P* is arbitrage
free, one has Apr(P*) = [[72,10;,1] and, for i = 1,...,m, By, (P*) = [1,.4[0;, 1],
so at P = P*, the derivative of the Lagrangian (A.19) with respect to the price
P(M) takes the form

m m m

SCRPV CRRIONER 9 | (SR ) [ 109+ 0,50,
*/\Zfz H Fj(éj))v
i

which simplifies to

m

=D JJa- Z

j=1

,’:js

0;))0:f:(0:). (A.28)

Yl
N

15
J

Upon using (A.24) to substitute for A; fi(6;), i = 1, ..., m, one finds that (A.28)
is equal to

(Afl)(lfm)H(lfF(é )

which is strictly negative because m > 1. The dominating price schedule P
in the vicinity of P* may thus be chosen with P(M) < P*(M) as well as

P{j}) > P*({j}) for j=1,...,m. m

Proof of Proposition 4.2. Suppose that the proposition is false. For
m = 2, let Q >> 0 and P* be such that P* is an optimal price schedule given
Q and P*({1,2}) > P*({1})+ P*({2}). Optimality of P* implies that, for some
A > 0 and some p, P* satisfies the first-order condition (A.22). Feasibility
implies that P*({1,2}) > 0.

If P*({1,2)) > P*({1}) + P*({2)). one has Agyay(P*) = [f1,1] x [fa, 1
where, for i = 1,2, 0, := P*({1,2}) — P*({i}). For J = {1, 2}, with P*({1,2}) >
0, (A.22) then yields:

—M0af2(02)(1 — F1(61)) = 0,

or

él Z él
:Z TR (A.29)
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If P*({1,2}) > P*({1}) + P*({2}), one also has
Ay (P*) = {(01,02)] 05 < 05 and 61 > 61(02)},
where 0 (0,) := P*({1}) + max (0 — P*({2}),0). For J = {1} therefore, (A.22)
implies
02

05 R R R
(A-1) /0 (1= Fi02(62))fa02)d82- | 02(00) 3 (002) o(02)02 <0

or

e PN TGS ) | I
/0 l(/\ 1) /\(1—F1(@1(92))1(1 F1(01(02)) f2(62)df2 < 0. (A.30)

For 05 < 65, one has

01(02) < P ({1})+max(f, — P*({2}),0)
Pr({1}) + max(P"({1,2}) — P*({1}) - P*({2})),0)
Pr({1,2}) = P*({2}) = b1

Given the assumed monotonicity of the functions 6; — %%, it follows that
(A.30) implies

01.f1(01)

A=1) <A =, A31
( )< 1= Fi(61) (8.3
By a precisely symmetric argument for the set {2}, one also has
02 f2(62)
A—1) < A\ A.32
( )< 1 — Fy(02) (4.52)

Upon combining (A.31) and (A.32) with (120), one obtains
A=1)>2(A—-1),

which implies A < 1. By (A.31), it follows that §; = 0 for i = 1,2, hence
P*({1,2}) = 0, which is impossible if the cost K(Q) > 0 is to be covered. The
assumption that P*({1,2}) > P*({1}) + P*({2}) thus leads to a contradiction
and must be false. m
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