
SONDERFORSCHUNGSBEREICH 504
Rationalitätskonzepte,
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Wkh Surylvlrq dqg Sulflqj ri H{foxgdeoh Sxeolf

Jrrgv= Udpvh|0Erlwhx{ Sulflqj yhuvxv

Exqgolqj�

Pduwlq I1 Khoozlj
Ghsduwphqw ri Hfrqrplfv
Xqlyhuvlw| ri Pdqqkhlp

G 0 9;464 Pdqqkhlp/ Jhupdq|

Iheuxdu| 6/ 5337

Devwudfw

Wklv sdshu vwxglhv wkh uhodwlrq ehwzhhq Ed|hvldq phfkdqlvp ghvljq
dqg wkh Udpvh|0Erlwhx{ dssurdfk wr wkh surylvlrq dqg sulflqj ri h{foxg0
deoh sxeolf jrrgv1 Iru d odujh hfrqrp| zlwk sulydwh lqirupdwlrq derxw
lqglylgxdo suhihuhqfhv/ wkh wzr dssurdfkhv duh vkrzq wr eh htxlydohqw li
dqg rqo| li/ lq dgglwlrq wr lqfhqwlyh frpsdwlelolw| dqg sduwlflsdwlrq frq0
vwudlqwv/ wkh �qdo doorfdwlrq ri sulydwh0jrrg frqvxpswlrq dqg dgplvvlrq
wlfnhwv wr sxeolf jrrgv vdwlv�hv d frqglwlrq ri uhqhjrwldwlrq surriqhvv1
Zlwkrxw wklv frqglwlrq/ d phfkdqlvp lqyroylqj pl{hg exqgolqj/ l1h1 frp0
elqdwlrq wlfnhwv dw d glvfrxqw/ lv vxshulru1

Nh| Zrugv= Phfkdqlvp Ghvljq/ H{foxgdeoh Sxeolf Jrrgv/ Udpvh|0
Erlwhx{ Sulflqj/ Uhqhjrwldwlrq Surriqhvv/ Exqgolqj

MHO Fodvvl�fdwlrq= G94/ K54/ K74/K75

4 Lqwurgxfwlrq

Wklv sdshu vwxglhv wkh uhodwlrq ehwzhhq Ed|hvldq phfkdqlvp ghvljq iru wkh
surylvlrq dqg sulflqj ri h{foxgdeoh sxeolf jrrgv dqg wkh Udpvh|0Erlwhx{ ds0
surdfk wr sxeolf0vhfwru vhuylfh surylvlrq dqg sulflqj xqghu d jryhuqphqw exg0
jhw frqvwudlqw1 Iru d odujh hfrqrp| zlwk sulydwh lqirupdwlrq derxw lqglylg0
xdo suhihuhqfhv/ wkh sdshu vkrzv wkdw wkh Ed|hvldq phfkdqlvp ghvljq sure0
ohp zlwk lqwhulp sduwlflsdwlrq frqvwudlqwv lv htxlydohqw wr wkh fruuhvsrqglqj
Udpvh|0Erlwhx{ sureohp li dqg rqo| li/ lq dgglwlrq wr lqfhqwlyh frpsdwlelolw|

WZlwkrxw lpsolfdwlqj wkhp/ L wkdqn Ihol{ Elhueudxhu/ Fkulvwldq Khoozlj/ dqg Shwhu Qrupdq
iru khosixo glvfxvvlrqv1 L dp dovr judwhixo iru uhvhdufk vxssruw iurp wkh Ghxwvfkh Iruvfkxqjv0
jhphlqvfkdiw wkurxjk Vrqghuiruvfkxqjvehuhlfk 837 dw wkh Xqlyhuvlw| ri Pdqqkhlp1
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dqg sduwlflsdwlrq frqvwudlqwv/ wkh �qdo doorfdwlrq lv frqvwudlqhg e| d frqgl0
wlrq ri uhqhjrwldwlrq surriqhvv lq wkh vhqvh wkdw sduwlflsdqwv kdyh qr vfrsh iru
lqfhqwlyh0frpsdwleoh vlgh0wudglqj wr d Sduhwr vxshulru doorfdwlrq1

Wkh dqdo|vlv frpelqhv wkuhh lghdv1 Iluvw/ wkh lpsrvlwlrq ri lqwhulp sduwlfl0
sdwlrq frqvwudlqwv +lq dgglwlrq wr lqfhqwlyh frpsdwlelolw| dqg ihdvlelolw|, lq wkh
Ed|hvldq phfkdqlvp ghvljq sureohp zlwk sulydwh lqirupdwlrq lv htxlydohqw wr
wkh lpsrvlwlrq ri d �jryhuqphqw exgjhw frqvwudlqw� zklfk uhtxluhv wkh frvwv
ri sxeolf0jrrg surylvlrq wr eh fryhuhg e| wkh sd|phqwv wkdw shrsoh duh zloolqj
wr pdnh lq rughu wr ehqh�w iurp wkh sxeolf jrrgv1 Vhfrqg/ li wkh phfkdqlvp
lv xqdeoh wr suhyhqw shrsoh iurp vlgh0wudglqj/ wkhq lq wkh odujh hfrqrp|/ lq
wkh devhqfh ri wudqvdfwlrqv frvwv/ wkh �qdo doorfdwlrq ri sulydwh0jrrg frqvxps0
wlrq dqg dgplvvlrq wlfnhwv wr sxeolf jrrgv pxvw eh Zdoudvldq/ l1h1 vxssruwhg
e| d sulfh v|vwhp zklfk grhv qrw ohdyh dq| urrp iru duelwudjh1 Wklug/ li wkh
phfkdqlvp ghvljqhu lv deoh wr suhyhqw shrsoh iurp vlgh0wudglqj/ kh �qgv lw dg0
ydqwdjhrxv wr r�hu dgplvvlrq wr wkh gl�huhqw sxeolf jrrgv rq wkh edvlv ri pl{hg
exqgolqj/ l1h1 d vfkhph lqyroylqj frpelqdwlrq wlfnhwv iru pxowlsoh sxeolf jrrgv
frplqj dw d glvfrxqw uhodwlyh wr wkh vxp ri wkh lqglylgxdo wlfnhw sulfhv1 Hdfk
ri wkhvh lghdv kdv ehhq durxqg ehiruh= Wkh htxlydohqfh ri lqwhulp sduwlflsd0
wlrq frqvwudlqwv dqg wkh �jryhuqphqw exgjhw frqvwudlqw� lv glvfxvvhg lq Khoozlj
+5336 d,/ wkh frqvwudlqwv wkdw iulfwlrqohvv vlgh0wudglqj lpsrvhv rq phfkdqlvp
ghvljq kdyh ehhq vwxglhg e| Kdpprqg +4<:</ 4<;:, dqg Jxhvqhulh +4<<8,/ dqg/
lq wkh pxowlsurgxfw prqrsro| olwhudwxuh/ wkh dgydqwdjhv iurp pl{hg exqgolqj
kdyh ehhq srlqwhg rxw e| PfDihh hw do1 +4<;<, dqg Pdqhool dqg Ylqfhqw +5335,1
Wkh frqwulexwlrq ri wklv sdshu lv wr sxoo wkhvh lghdv wrjhwkhu iru d suhflvh fkdu0
dfwhul}dwlrq ri wkh Udpvh|0Erlwhx{ dssurdfk iurp wkh shuvshfwlyh ri Ed|hvldq
phfkdqlvp ghvljq1

Wkh prgho vwxglhg lv rqh zkhuh lqglylgxdov kdyh sulydwh lqirupdwlrq derxw
wkhlu suhihuhqfhv iru sxeolf jrrgv/ exw wkurxjk d odujh0qxpehuv h�hfw/ wkh furvv0
vhfwlrq glvwulexwlrq ri suhihuhqfhv lv �{hg1 Wklv glvwulexwlrq lv nqrzq wr wkh
phfkdqlvp ghvljqhu/ vr wkh dvvhvvphqw ri dowhuqdwlyh ohyhov ri sxeolf0jrrg sur0
ylvlrq lv xqhqfxpehuhg e| lqirupdwlrq sureohpv1 Krzhyhu/ dq| dwwhpsw wr
uhodwh �qdqfldo frqwulexwlrqv wr wkh ehqh�wv wkdw shrsoh gudz iurp wkh sxeolf
jrrgv lv kdpshuhg e| wkh sulydwhqhvv ri shrsoh*v lqirupdwlrq derxw wkhlu suhi0
huhqfhv1 Li wkh delolw| ri h{foxglqj shrsoh iurp wkh hqmr|phqw ri wkh sxeolf
jrrgv lv qhyhu xvhg/ l1h1 li hyhu|erg| lv iuhho| dgplwwhg wr doo sxeolf jrrgv/ wkh
rqo| lqfhqwlyh frpsdwleoh �qdqflqj vfkhph lqyroyhv oxps vxp sd|phqwv iurp
doo lqglylgxdov/ zkhwkhu wkh| ehqh�w iurp wkh sxeolf jrrgv ru qrw1

Xqghu d �qdqflqj vfkhph zlwk oxps vxp sd|phqwv iurp doo lqglylgxdov/
shrsoh zkr kdyh qr wdvwh iru wkh sxeolf jrrgv duh qhjdwlyho| d�hfwhg e| wkh
surylvlrq ri wkhvh jrrgv1 Wkhlu sduwlflsdwlrq pxvw eh edvhg rq wkh jryhuqphqw*v
srzhu ri frhuflrq udwkhu wkdq dq| yroxqwdu| djuhhphqw1 Xvlqj wkh jryhuqphqw*v
srzhu ri frhuflrq wr ohy| oxps vxp frqwulexwlrqv iurp shrsoh zkr gr qrw ehqh�w
iurp wkh sxeolf jrrgv udlvhv frqfhuqv derxw htxlw| dv zhoo dv wkh srvvlelolw| ri
dexvh ri wklv srzhu14

4Elhueudxhu +5335,/ Khoozlj +5336 e,1 Vhh dovr Vhfwlrq 8 ehorz1
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Jlyhq wkhvh frqfhuqv/ wkh sdshu orrnv dw wkh sureohp ri ghvljqlqj d phfk0
dqlvp iru wkh surylvlrq dqg sulflqj ri pxowlsoh h{foxgdeoh sxeolf jrrgv xqghu
wkh dgglwlrqdo frqvwudlqw wkdw qrerg| fdq eh frhufhg lqwr sduwlflsdwlqj1 Wklv
frqvwudlqw holplqdwhv wkh srvvlelolw| ri udlvlqj ixqgv wkurxjk oxps vxp frq0
wulexwlrqv vr sxeolf jrrgv wr eh ixoo| �qdqfhg iurp sd|phqwv wkdw shrsoh duh
zloolqj wr pdnh lq rughu wr hqkdqfh wkhlu survshfwv ri ehqh�wwlqj iurp wkhp1
Lq wkh odujh hfrqrp|/ zkhuh hdfk lqglylgxdo lv wrr lqvljql�fdqw wr d�hfw wkh
surylvlrq ri wkh sxeolf jrrg lwvhoi/ vxfk sd|phqwv duh hqwluho| prwlydwhg e| wkh
ghvluh wr dyrlg ehlqj h{foxghg/ dqg sxeolf jrrgv pxvw eh �qdqfhg e| dgplvvlrq
ihhv1 Zlwk }hur pdujlqdo vrfldo frvwv ri lqglylgxdo xvh ri sxeolf jrrgv/ dgplv0
vlrq ihhv lqgxfh dq lqh!flhqf|/ exw lq wkh devhqfh ri wkh rwkhu vrxufhv ri ixqgv/
wklv lqh!flhqf| lv xqdyrlgdeoh li wkh sxeolf jrrgv duh wr eh surylghg dw doo1 Wkh
dujxphqw lv wkh vdph dv lq wkh Udpvh|0Erlwhx{ wkhru| ri vhfrqg0ehvw sulflqj
iru jrrgv dqg vhuylfhv zkrvh surgxfwlrq lqyroyhv vljql�fdqw �{hg frvwv15

Iru wkh odujh hfrqrp| zlwk sulydwh lqirupdwlrq derxw lqglylgxdo suhihu0
hqfhv/ wkh sdshu lghqwl�hv d frqglwlrq ri uhqhjrwldwlrq surriqhvv xqghu zklfk
wkh Ed|hvldq phfkdqlvp ghvljq sureohp zlwk lqwhulp sduwlflsdwlrq frqvwudlqwv lv
dfwxdoo| htxlydohqw wr wkh Udpvh|0Erlwhx{ sureohp ri �qglqj dq rswlpdo yhfwru
ri dgplvvlrq ihhv iru wkh gl�huhqw h{foxgdeoh sxeolf jrrgv1 Wkh �qdo doorfdwlrq
ri sulydwh jrrgv dqg ri dgplvvlrq wlfnhwv iru wkh sxeolf jrrgv lv vdlg wr eh uhqh0
jrwldwlrq surri li lw grhv qrw ohdyh frqvxphuv zlwk dq lqfhqwlyh wr hqjdjh lq
+lqfhqwlyh frpsdwleoh, Sduhwr lpsurylqj wudghv dprqj hdfk rwkhu1 Lq wkh odujh
hfrqrp|/ wklv uhqhjrwldwlrq surriqhvv frqglwlrq lv vdwlv�hg li dqg rqo| li wkh �qdo
doorfdwlrq ri sulydwh jrrgv dqg ri dgplvvlrq wlfnhwv iru sxeolf jrrgv lv Zdoudvldq1
Wkh dvvrfldwhg sulfh yhfwru lv suhflvho| wkh yhfwru ri frqvxphu sulfhv wkdw wkh
Udpvh|0Erlwhx{ wkhru| lv frqfhuqhg zlwk1 D Ed|hvldq phfkdqlvp wkdw vdwlv�hv
uhqhjrwldwlrq surriqhvv dv zhoo dv lqwhulp lqfhqwlyh frpsdwlelolw| dqg lqglylgxdo
udwlrqdolw| lv wkxv lghqwl�hg zlwk d yhfwru ri dgplvvlrq sulfhv1 Wkh phfkdqlvp
ghvljq sureohp lv htxlydohqw wr wkh fruuhvsrqglqj Udpvh|0Erlwhx{ sureohp1 D
yhfwru ri rswlpdo dgplvvlrq ihhv pxvw vdwlvi| d yhuvlrq ri wkh Udpvh|0Erlwhx{
lqyhuvh0hodvwlflwlhv uxoh1

Lq sdvvlqj/ rqh qrwhv wkdw wkh dgplvvlrq ihhv rq h{foxgdeoh sxeolf jrrgv
fdq eh dovr xvhg wr �qdqfh vrph qrqh{foxgdeoh sxeolf jrrgv1 Wklv furvv0
vxevlgl}dwlrq holplqdwhv wkh sureohp glvfxvvhg e|Pdlodwk dqg Srvwohzdlwh +4<<3,
wkdw lq d odujh hfrqrp| zlwk sulydwh lqirupdwlrq/ lw pd| qrw eh srvvleoh wr �0
qdqfh wkh surylvlrq ri qrqh{foxgdeoh sxeolf jrrgv dw doo1 Wkh jhqhudo vwuxfwxuh
ri rswlpdo dgplvvlrq ihhv iru h{foxgdeoh sxeolf jrrgv/ lq sduwlfxodu wkh lqyhuvh0
hodvwlflwlhv uxoh/ lv xqd�hfwhg1

Li uhqhjrwldwlrq surriqhvv lv qrw lpsrvhg/ wkh phfkdqlvp ghvljq sureohp lv
ulfkhu wkdq wkh Udpvh|0Erlwhx{ sureohp1 Lq wklv fdvh/ d vhfrqg0ehvw phfkdqlvp
fdq lqyroyh exqgolqj ri sxeolf jrrgv dqg hyhq udqgrpl}hg vfkhphv xqghu zklfk
d shuvrq*v dgplvvlrq wr rqh ru vhyhudo sxeolf jrrgv lv wkh vxemhfw ri d orwwhu|1
Iru h{foxgdeoh sxeolf jrrgv/ Idqj dqg Qrupdq +5336, kdyh vkrzq wkdw xqghu

5Wkh olqn ehwzhhq h{foxgdeoh sxeolf jrrgv dqg wkh Udpvh|0Erlwhx{ sulflqj sureohp kdv
ehhq srlqwhg rxw e| Vdpxhovrq +4<8;/ 4<9<, dqg Od�rqw +4<;524<;;,/ vhh dovr Guë}h +4<;3,1

6



fhuwdlq dvvxpswlrqv derxw wkh xqghuo|lqj gdwd/ wkh Udpvh|0Erlwhx{ vroxwlrq
pd| eh grplqdwhg e| d phfkdqlvp lqyroylqj sxuh exqgolqj lq wkh vhqvh wkdw
frqvxphuv duh r�huhg dgplvvlrq wr doo sxeolf jrrgv dw rqfh ru wr qrqh1 Wr wkhlu
�qglqj/ wkh suhvhqw sdshu dggv wkh uhvxow wkdw/ li wkh furvv0vhfwlrq glvwulexwlrqv
ri ydoxdwlrqv iru wkh gl�huhqw sxeolf jrrgv duh pxwxdoo| lqghshqghqw/ wkhq wkh
rswlpdo uhqhjrwldwlrq surri phfkdqlvp/ l1h1 wkh rswlpdo Udpvh|0Erlwhx{ vr0
oxwlrq/ lv dozd|v grplqdwhg e| d phfkdqlvp lqyroylqj pl{hg exqgolqj/ l1h1/ d
vfkhph zkhuh frqvxphuv duh r�huhg dgplvvlrq wr sxeolf jrrgv vhsdudwho| dv
zhoo dv lq exqgohv/ zkhuh dq| exqgoh frphv dw d glvfrxqw uhodwlyh wr wkh vxp ri
lwv lqglylgxdo frpsrqhqwv1 Wkh uhvxow sdudoohov vlplodu uhvxowv ri PfDihh hw do1
+4<;<, dqg Pdqhool dqg Ylqfhqw +5335, iru pxowlsurgxfw prqrsro| sur�w pd{0
lpl}dwlrq1 Lw lpsolhv wkdw wkh uhqhjrwldwlrq surriqhvv uhtxluhphqw lv qhfhvvdu|
dv zhoo dv vx!flhqw iru wkh dssolfdelolw| ri wkh Udpvh|0Erlwhx{ dssurdfk1

Lq wkh iroorzlqj/ Vhfwlrq 5 od|v rxw wkh edvlf prgho ri wkh odujh hfrqrp|
zlwk sulydwh lqirupdwlrq derxw lqglylgxdo suhihuhqfhv1 Vhfwlrq 6 hvwdeolvkhv
wkh htxlydohqfh ri wkh Ed|hvldq phfkdqlvp ghvljq sureohp zlwk lqwhulp sdu0
wlflsdwlrq frqvwudlqwv dqg wkh Udpvh|0Erlwhx{ sureohp xqghu wkh uhqhjrwldwlrq
surriqhvv frqglwlrq1 Vhfwlrq 7 vkrzv wkdw wkh htxlydohqfh ri wkh wzr dssurdfkhv
euhdnv grzq dqg wkdw vrph irup ri exqgolqj grplqdwhv Udpvh|0Erlwhx{ sulf0
lqj li uhqhjrwldwlrq surriqhvv idlov1 Vhfwlrq 8 vkrzv wkdw wkh lqyhuvh0hodvwlflwlhv
uxoh ri wkh ruljlqdo Udpvh|0Erlwhx{ dqdo|vlv lv uhsodfhg e| d zhljkwhg lqyhuvh0
hodvwlflwlhv uxoh li wkh phfkdqlvp ghvljqhu lv lqhtxdolw| dyhuvh/ wkh zhljkwv wdnlqj
dffrxqw ri gl�huhqfhv lq pdujlqdo vrfldo ydoxdwlrqv dwwdfkhg wr wkh frqvxphuv
ri wkh gl�huhqw sxeolf jrrgv1 Li lqhtxdolw| dyhuvlrq lv vx!flhqwo| odujh/ wkhq/ dv
lq Khoozlj +5336 e,/ wkh ghvluh iru uhglvwulexwlrq pd| uhsodfh wkh lqwhulp sduwlf0
lsdwlrq frqvwudlqwv dqg lqgxfhg �jryhuqphqw exgjhw frqvwudlqw� dv d udwlrqdoh
iru dgplvvlrq ihhv1 Surriv duh jlyhq lq wkh Dsshqgl{1

5 Ed|hvldq Phfkdqlvp Ghvljq lq d Prgho zlwk

Pxowlsoh Sxeolf Jrrgv

L vwxg| sxeolf0jrrg surylvlrq lq d odujh hfrqrp| zlwk rqh sulydwh jrrg dqg p
sxeolf jrrgv1 Wkh sxeolf jrrgv duh h{foxgdeoh1 Iru hdfk lqglylgxdo lq wkh hfrq0
rp|/ dq doorfdwlrq pxvw ghwhuplqh krz pxfk ri wkh sulydwh jrrg wkh lqglylgxdo
jhwv wr frqvxph dqg zkhwkhu kh lv dgplwwhg wr wkh hqmr|phqw ri sxeolf jrrg l
iru l @ 4> ===>p= Ohw T4> ===> Tp eh wkh ohyhov dw zklfk sxeolf jrrgv 4> ===>p duh
surylghg1 Jlyhq d ohyho f ri sulydwh0jrrg frqvxpswlrq dqg d vhw M ri sxeolf
jrrgv wr zklfk kh lv dgplwwhg/ d frqvxphu rewdlqv wkh sd|r�

f.
[
l5M

�lTl= +514,

Wkh yhfwru � @ +�4> ===> �p, ri sdudphwhuv ghwhuplqlqj wkh frqvxphu*v suhihu0
hqfhv iru wkh gl�huhqw sxeolf jrrgv lv wkh uhdol}dwlrq ri d udqgrp yduldeoh ��>
zklfk wdnhv ydoxhv lq ^3> 4`p1 Wkh suredelolw| glvwulexwlrq I +=, ri �� lv dvvxphg
wr kdyh d vwulfwo| srvlwlyh/ frqwlqxrxvo| gl�huhqwldeoh ghqvlw| i+=,1
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Frqvxpswlrq ri wkh sulydwh jrrg dv zhoo dv wkh sxeolf jrrgv wr zklfk d frq0
vxphu lv dgplwwhg zloo w|slfdoo| ghshqg rq wkh frqvxphu*v suhihuhqfh sdudphwhu
yhfwru �= Lq dgglwlrq wr �> wkh| zloo dovr eh doorzhg wr ghshqg rq wkh uhdol}dwlrq
$ ri d ixuwkhu udqgrp yduldeoh �$ zklfk ydoxhv lq vrph vsdfh 
 dqg kdv suredelo0
lw| glvwulexwlrq �= Wklv udqgrp yduldeoh lv lqwrgxfhg wr doorz iru wkh srvvlelolw|
ri udqgrpl}dwlrq lq sxeolf0jrrg dgplvvlrqv dqg sulydwh0jrrg frqvxpswlrq1 Lw
lv dvvxphg wr eh lqghshqghqw ri ��> vr wkh mrlqw glvwulexwlrq ri �� dqg �$ lv I ��=
Dq doorfdwlrq lv dq duud|

D @ +TD> fD+=> =,> "D
4 +=> =,> ===> "

D
p+=> =,,> +515,

zklfk vshfl�hv d yhfwru TD @ +TD
4 > ===> T

D
p, ri sxeolf0jrrg surylvlrq ohyhov dqg/

iru hdfk � 5 ^3> 4`p dqg $ 5 
 d ohyho fD+�> $, ri sulydwh0jrrg frqvxpswlrq
dqg dgplvvlrqv lqglfdwruv "D

l +�> $, iru sxeolf jrrgv l @ 4> ===>p> zklfk dsso|
wr d frqvxphu zlwk suhihuhqfh sdudphwhu yhfwru � zkhq �$ wdnhv wkh ydoxh $>
wkh lqglfdwru "D

l +�> $, wdnhv wkh ydoxh rqh li wkh frqvxphu lv dgplwwhg dqg wkh
ydoxh }hur/ li kh lv qrw dgplwwhg wr sxeolf jrrg l=

Xqghu wkh doorfdwlrq D wkh h{shfwhg sd|r� ri d frqvxphu zlwk suhihuhqfh
sdudphwhu yhfwru � lv htxdo wr

yD+�, =@ FD+�, .
p[
l@4

�D
l +�,�lT

D
l +516,

zkhuh

FD+�, =@

]



fD+�> $,g�+$, +517,

lv wkh frqglwlrqdo h{shfwdwlrq ri sulydwh0jrrg frqvxpswlrq dqg/ iru l @ 4> ===>p>

�D
l +�, =@

]



"D
l +�> $,g�+$, +518,

lv wkh frqglwlrqdo suredelolw| ri ehlqj dgplwwhg wr sxeolf jrrg l zkhq �� wdnhv
wkh ydoxh �=

Wkh suredelolw| glvwulexwlrq I � � ri wkh udqgrp sdlu +��> �$, lv wkh vdph iru
doo djhqwv1 Dvvxplqj d odujh0qxpehuv h�hfw/ L dovr ohw I�� eh wkh +qrqudqgrp,
furvv0vhfwlrq glvwulexwlrq ri wkh sdlu +�> $, lq wkh srsxodwlrq1 Wkh hfrqrp| kdv
dq djjuhjdwh shu0fdslwd surgxfwlrq fdsdflw| \> zklfk lv wdnhq wr eh h{rjhqrxv1
Wkh shu0fdslwd frvw ri sxeolf0jrrg surylvlrq dprxqwv wr N+TD, xqlwv ri wkh
sulydwh jrrg1 Dq doorfdwlrq D @ +TD> fD+=> =,> "D

4 +=> =,> ===> "
D
p+=> =,, lv ihdvleoh/ li

wkh vxp ri shu0fdslwd djjuhjdwh frqvxpswlrq dqg sxeolf0jrrg surylvlrq frvwv
grhv qrw h{fhhg \ / l1h1 li]

^3>4`p�


fD+�> $,i+�,g�g�+$, .N+TD, � \= +519,

Wkh frvw ixqfwlrq N+=, lv dvvxphg wr eh vwulfwo| lqfuhdvlqj/ zlwk N+3, @ 3/
vwulfwo| frqyh{/ dqg wzlfh frqwlqxrxvo| gl�huhqwldeoh/ zlwk sduwldo ghulydwlyhv

8



Nl+=, vdwlvi|lqj olpn$4Nl+T
n, @ 3 iru dq| vhtxhqfh iTnj zlwk olpn$4Tn

l @
3 dqg olpn$4Nl+T

n, @ 4 iru dq| vhtxhqfh iTnj zlwk olpn$4Tn
l @ 4=

Dq doorfdwlrq lv vdlg wr eh �uvw0ehvw/ li lw pd{lpl}hv wkh djjuhjdwh vxusoxv]
^3>4`p

yD+�,i+�,g� +51:,

ryhu wkh vhw ri doo ihdvleoh doorfdwlrqv1 E| vwdqgdug dujxphqwv/ rqh rewdlqv=

Ohppd 514 Dq doorfdwlrq D lv �uvw0ehvw li dqg rqo| li lw vdwlv�hv wkh ihdvlelolw|
frqglwlrq +519, zlwk htxdolw| dqg/ iru l @ 4> ===>p> rqh kdv �D

l +�, @ 4 iru doprvw
doo � 5 ^3> 4`p dqg

Nl+T
D, @

] 4

3

�l gIl+�l,> +51;,

zkhuh Il lv wkh pdujlqdo glvwulexwlrq ri ��l> wkh l0wk frpsrqhqw ri wkh udqgrp
yhfwru ��=

Lq d �uvw0ehvw doorfdwlrq/ wkh delolw| wr h{foxgh shrsoh iurp wkh hqmr|phqw
ri d sxeolf jrrg lv qhyhu xvhg1 Pruhryhu/ wkh ohyhov ri sxeolf0jrrg surylvlrq duh
fkrvhq vr wkdw iru hdfk l/ wkh pdujlqdo frvw Nl+T

D, ri lqfuhdvlqj wkh ohyho dw
zklfk sxeolf jrrg l lv surylghg lv htxdo wr wkh djjuhjdwh pdujlqdo ehqh�wv wkdw
frqvxphuv lq wkh hfrqrp| gudz iurp wkh lqfuhdvh1 Jlyhq wkh dvvxpswlrq wkdw
olpn$4Nl+T

n, @ 3 iru dq| l dqg dq| vhtxhqfh iTnj zlwk olpn$4Tn
l @ 3>

lw iroorzv wkdw lq d �uvw0ehvw doorfdwlrq surylvlrq ohyhov ri doo sxeolf jrrgv duh
srvlwlyh/ dqg vr lv N+T,=

Wxuqlqj wr wkh vshfl�fdwlrq ri lqirupdwlrq/ L dvvxph wkdw hdfk frqvxphu
nqrzv wkh uhdol}dwlrq � ri klv rzq suhihuhqfh sdudphwhu yhfwru/ exw eh|rqg
nqrzlqj wkh phdvxuh �> kh kdv qr ixuwkhu lqirupdwlrq derxw wkh udqgrp yduldeoh
�$= Wkh lqirupdwlrq derxw � lv sulydwh1 Dsduw iurp wkh glvwulexwlrq I��/ qrerg|
nqrzv dq|wklqj derxw wkh sdlu +��> �$, shuwdlqlqj wr vrpherg| hovh1 Jlyhq wklv
lqirupdwlrq vshfl�fdwlrq/ dq doorfdwlrq D lv vdlg wr eh lqfhqwlyh frpsdwleoh li
dqg rqo| li/ iru doo � dqg �

3 5 ^3> 4`p>

yD+�, � FD+�3, .
p[
l@4

�D
l +�

3,�lT
D
l = +51<,

Iurp Urfkhw +4<;:,/ rqh kdv

Ohppd 515 Dq doorfdwlrq D lv lqfhqwlyh frpsdwleoh li dqg rqo| li wkh h{shfwhg0
sd|r� ixqfwlrq yD+=, wkdw lv jlyhq e| +516, lv frqyh{ dqg kdv sduwldo ghulydwlyhv
yDl +=, vdwlvi|lqj

yDl +�, @ �D
l +�,T

D
l +5143,

iru doo l dqg doprvw doo � 5 ^3> 4`p=

9



Iru d �uvw0ehvw doorfdwlrq/ zlwk �D
l +�, @ 4 iru doprvw doo � 5 ^3> 4`p> +5143, lv

htxlydohqw wr wkh uhtxluhphqw wkdw FD+�, eh lqghshqghqw ri �= Xsrq frpelqlqj
Ohppdv 514 dqg 515/ rqh wkhuhiruh rewdlqv=

Sursrvlwlrq 516 D �uvw0ehvw doorfdwlrq D lv lqfhqwlyh frpsdwleoh li dqg rqo| li

FD+�, @ \ �N+TD, +5144,

iru doprvw doo � 5 ^3> 4`p=

Sursrvlwlrq 516 lqglfdwhv wkdw lq wkh odujh hfrqrp| vwxglhg khuh d �uvw0ehvw
doorfdwlrq fdq eh lpsohphqwhg li dqg rqo| li sxeolf0jrrg surylvlrq lv hqwluho|
�qdqfhg e| d oxps vxp sd|phqw/ zklfk shrsoh pdnh uhjdugohvv ri wkhlu suhihu0
hqfhv1 Wklv oxps vxp sd|phqw dprxqwv wr N+TD, A 3 shu shuvrq1 Zlwk vxfk
oxps vxp sd|phqwv/ sxeolf0jrrg surylvlrq kxuwv shrsoh zkr gr qrw fduh iru wkh
sxeolf jrrgv dqg ehqh�wv shrsoh zkr fduh d orw iru wkhp1 Shrsoh zkr gr qrw
fduh iru wkh sxeolf jrrgv duh vwulfwo| zruvh r� wkdq wkh| zrxog eh li wkh| frxog
mxvw kdyh wkh sulydwh0jrrg frqvxpswlrq \ 1

Wr pdnh wklv srlqw irupdoo|/ L vd| wkdw dq doorfdwlrq D lv lqglylgxdoo| udwlrqdo
li dqg rqo| li wkh lqgxfhg h{shfwhg sd|r� +516, vdwlv�hv yD+�, � \ iru doo � 5
^3> 4`p= Sursrvlwlrq 516 lpsolhv wkdw d �uvw0ehvw/ lqfhqwlyh0frpsdwleoh doorfdwlrq
fdqqrw eh lqglylgxdoo| udwlrqdo1 Lqghhg/ dq| lqfhqwlyh frpsdwleoh doorfdwlrq zlwk
N+T, A 3 dqg �l+�, @ 4 iru doprvw doo � 5 ^3> 4`p idlov wr eh lqglylgxdoo|
udwlrqdo16

Wkhuhiruh/ lw lv ri lqwhuhvw wr frqvlghu vhfrqg0ehvw doorfdwlrqv/ zklfk pd{lpl}h
wkh djjuhjdwh vxusoxv +51:, ryhu wkh vhw ri doo ihdvleoh/ lqfhqwlyh0frpsdwleoh dqg
lqglylgxdoo| udwlrqdo doorfdwlrqv1 Iru wkh fdvh ri d vlqjoh h{foxgdeoh sxeolf jrrg/
l1h1 p @ 4> vhfrqg0ehvw doorfdwlrqv kdyh ehhq fkdudfwhul}hg e| Vfkplw} +4<<:,
dqg Qrupdq +5337,1 Dvvxplqj wkdw wkh ixqfwlrq

� $ j+�, =@ � �
4� I +�,

i+�,

lv qrqghfuhdvlqj/ wkh| vkrz wkdw iru dq| vhfrqg0ehvw doorfdwlrq D wkhuh lv vrph
a�
D

5 +3> 4, vxfk FD+�, @ \> �D+�, @ 3 iru � ? a�
D
dqg FD+�, @ \ � a�

D
TD>

�D+�, @ 4 iru � A a�
D
= Wkhuh lv dq dgplvvlrq ihh sD> htxdo wr a�

D
TD> vr wkdw

shrsoh iru zkrp wkh ehqh�w �TD iurp wkh hqmr|phqw ri wkh sxeolf jrrg h{fhhgv
sD sd| wkh ihh dqg duh dgplwwhg/ dqg shrsoh iru zkrp wkh ehqh�w �TD lv ohvv

wkdq sD gr qrw sd| wkh ihh dqg duh qrw dgplwwhg1 Wkh fulwlfdo a�
D
dqg wkh ihh

sD @ a�
D
TD duh fkrvhq vr wkdw wkh djjuhjdwh uhyhqxh sD+4�I +a�

D
,, mxvw fryhuv

wkh frvw N+TD, ri surylglqj wkh sxeolf jrrg1
Iru p A 4> d jhqhudo fkdudfwhul}dwlrq ri vhfrqg0ehvw doorfdwlrqv lv qrw dv

|hw dydlodeoh1 Dv glvfxvvhg e| Urfkhw dqg Fkrqì +4<<;,/ Ohppd 515 lpsolhv

6Wkhvh revhuydwlrqv surylgh odujh0hfrqrp|/ pxowlsoh0sxeolf0jrrgv h{whqvlrqv ri wkh �qlwh0
hfrqrp|/ vlqjoh0sxeolf0jrrg uhvxowv ri Jÿwk dqg Khoozlj +4<;9, dv zhoo dv Pdlodwk dqg Srvwoh0
zdlwh +4<<3,1

:



wkdw wkh sureohp ri �qglqj vxfk dq doorfdwlrq fdq eh irupxodwhg lq whupv ri
wkh sxeolf0jrrg surylvlrq ohyhov TD

4 > ===> T
D
p dqg wkh h{shfwhg0sd|r� ixqfwlrq

yD+=,= Iru dq| TD @ +TD
4 > ===> T

D
p, dqg dq| frqyh{ ixqfwlrq yD+=, zlwk sduwldo

ghulydwlyhv vdwlvi|lqj yDl +�, 5 ^3> TD
l ` iru doo l dqg doprvw doo � 5 ^3> 4`p> dq

lqfhqwlyh0frpsdwleoh doorfdwlrq lv rewdlqhg e| vhwwlqj

�D
l +�, @

4

TD
l

olp
�3l&�l

yDl +�
3
l>��l, li TD

l A 3> +5145,

�D
l +�, @ 3 li TD

l @ 3> +5146,

dqg

FD+�, @ yD+�,�
p[
l@4

�ly
D
l +�,> +5147,

dqg vshfli|lqj fD+=> =, dqg "D
4 +=> =,> ===> "

D
p+=> =, dffruglqjo|1 E| +5147,/ +519, lv

htxlydohqw wr wkh lqhtxdolw|

]
^3>4`p

%
yD+�,�

p[
l@4

�ly
D
l +�,i+�,

&
g� � \ �N+TD,= +5148,

Wkh sureohp ri �qglqj d vhfrqg0ehvw doorfdwlrq lv wkhuhiruh htxlydohqw wr wkh
sureohp ri fkrrvlqj TD dqg d frqyh{ ixqfwlrq yD zlwk sduwldo ghulydwlyhv vdw0
lvi|lqj yDl +�, 5 ^3> TD

l ` iru doo l dqg doprvw doo � vr dv wr pd{lpl}h +51:, vxemhfw
wr +5148, dqg wkh sduwlflsdwlrq frqvwudlqw yD+�, � \ iru doo �=

Dv xvxdo lq sureohpv ri pxowl0glphqvlrqdo phfkdqlvp ghvljq/ wkh vhfrqg0
rughu frqglwlrqv iru lqfhqwlyh frpsdwlelolw| +frqyh{lw| ri wkh h{shfwhg0sd|r�
ixqfwlrq yD+=,, dqg lqwhjudelolw| frqglwlrqv +htxdolw| ri wkh furvv ghulydwlyhv

yDlm+�, dqg yDml+�,> l1h1 ri wkh ghulydwlyhv
C�D

l +�,
C�m

TD
l dqg

C�D
m +�,

C�l
TD

m , duh gl!fxow wr

kdqgoh dqdo|wlfdoo|1 Iru wkh fdvh ri wzr h{foxgdeoh sxeolf jrrgv/ l1h1 p @ 5> zlwk
lqghshqghqw suhihuhqfh sdudphwhuv kdylqj lghqwlfdo wzr0srlqw glvwulexwlrqv/ d
frpsohwh fkdudfwhul}dwlrq ri vhfrqg0ehvw doorfdwlrqv lq �qlwh hfrqrplhv lv jlyhq
e| Idqj dqg Qrupdq +5336,1 Wkh odujh0hfrqrp| olplwv ri wkhvh doorfdwlrqv
lqyroyh qrqvhsdudelolw| dqg jhqxlqh udqgrpl}dwlrq lq dgplvvlrq uxohv1

6 Uhqhjrwldwlrq Surriqhvv dqg wkh Rswlpdolw|

ri Udpvh|0Erlwhx{ Sulflqj

Udwkhu wkdq fduu| wkh dqdo|vlv ri vhfrqg0ehvw doorfdwlrqv ixuwkhu/ L frqvlghu
wklug0ehvw doorfdwlrqv dv doorfdwlrqv zklfk pd{lpl}h djjuhjdwh vxusoxv vxemhfw
wr ihdvlelolw|/ lqfhqwlyh frpsdwlelolw|/ lqglylgxdo udwlrqdolw|/ dqg dq dgglwlrqdo
frqglwlrq ri uhqhjrwldwlrq surriqhvv1 Wkh odwwhu frqglwlrq uh hfwv wkh lghd wkdw

;



wkh djhqf| zklfk lpsohphqwv wkh fkrvhq phfkdqlvp lv xqdeoh wr yhuli| wkh
lghqwlwlhv ri shrsoh zkr suhvhqw wlfnhwv iru ehlqj dgplwwhg wr wkh hqmr|phqw ri
d sxeolf jrrg1 Lq sduwlfxodu/ wkh djhqf| lv xqdeoh wr fkhfn zkhwkhu wkh shrsoh
zkr suhvhqw wlfnhwv iru dgplvvlrq wr d sxeolf jrrg duh lq idfw wkh vdph shrsoh
wr zkrp wkh wlfnhwv kdyh ehhq lvvxhg1 Lw lv dovr xqdeoh wr suhyhqw shrsoh iurp
wudglqj wkhvh wlfnhwv/ dv zhoo dv wkh sulydwh jrrg/ dprqj hdfk rwkhu1 Li wkh
lqlwldo doorfdwlrq ri wlfnhwv ohdyhv urrp iru d Sduhwr lpsuryhphqw wkurxjk vxfk
wudglqj/ wkhq/ dv glvfxvvhg e| Kdpprqg +4<:</ 4<;:, dqg Jxhvqhulh +4<<8,/
lq wkh devhqfh ri wudqvdfwlrqv frvwv/ vxfk wudglqj zloo rffxu/ dqg wkh lqlwldo
doorfdwlrq zloo qrw dfwxdoo| eh wkh �qdo doorfdwlrq1

Xqghuo|lqj wkh lpsrvlwlrq ri uhqhjrwldwlrq surriqhvv lv wkh lghd wkdw/ rqh
pd| vxssrvh wkdw/ uhjdugohvv ri wkh doorfdwlrq wkdw lv lqlwldoo| fkrvhq e| wkh
phfkdqlvp ghvljqhu/ lq wkh devhqfh ri wudqvdfwlrqv frvwv/ dq| doorfdwlrq wkdw
lv �qdoo| lpsohphqwhg pxvw lwvhoi eh uhqhjrwldwlrq surri1 Li wkh phfkdqlvp
ghvljqhu lv dzduh ri wkh srvvlelolw| ri uhqhjrwldwlrq dqg li kh fduhv derxw wkh
doorfdwlrq wkdw lv �qdoo| lpsohphqwhg udwkhu wkdq wkh rqh wkdw lv lqlwldoo| fkr0
vhq/ klv fkrlfh pd| eh gluhfwo| h{suhvvhg lq whupv ri wkh �qdo/ uhqhjrwldwlrq
surri doorfdwlrq1 Lqghhg li kh fkrrvhv d uhqhjrwldwlrq surri doorfdwlrq iurp
wkh ehjlqqlqj/ wklv lqlwldo doorfdwlrq zloo dovr eh wkh �qdo doorfdwlrq1 Jlyhq
wkhvh frqvlghudwlrqv/ L uhihu wr dq doorfdwlrq dv ehlqj wklug0ehvw li dqg rqo| li
lw pd{lpl}hv wkh djjuhjdwh vxusoxv +51:, ryhu wkh vhw ri doo ihdvleoh/ lqfhqwlyh0
frpsdwleoh/ lqglylgxdoo| udwlrqdo/ dqg uhqhjrwldwlrq surri doorfdwlrqv17

Wr gh�qh uhqhjrwldwlrq surriqhvv irupdoo|/ L vd| wkdw d qhw0wudgh doorfdwlrq
iru sulydwh0jrrg frqvxpswlrq dqg sxeolf0jrrg dgplvvlrq wlfnhwv lv dq duud|
+}f+=> =,> }4+=> =,> ==> }p+=> =,, vxfk wkdw iru hdfk +�> $,> }f+�> $, dqg }4+�> $,> ==> }p+�> $,
duh wkh qhw dgglwlrqv wr sulydwh0jrrg frqvxpswlrq dqg dgplvvlrq wlfnhw kroglqjv
iru sxeolf jrrgv ri d frqvxphu zlwk suhihuhqfh sdudphwhu yhfwru � dqg lqglfdwru
ydoxh $1 Jlyhq D> d qhw0wudgh doorfdwlrq +}f+=> =,> }4+=> =,> ==> }p+=> =,, lv vdlg wr eh
ihdvleoh li "D

l +�> $, . }l+�> $, 5 i3> 4j iru doo +�> $, 5 ^3> 4`p �
 dqg/ pruhryhu/]
^3>4`p�


}l+�>$,i+�,g�g�+$, @ 3 +614,

iru l @ f> 4> ===>p=8 Jlyhq D> wkh qhw0wudgh doorfdwlrq +}f+=> =,> }4+=> =,> ==> }p+=> =,,
lv vdlg wr eh lqfhqwlyh frpsdwleoh/ li

}f+�> $, .
p[
l@4

}l+�> $,�lT
D
l � }f+�

3> $3, .
p[
l@4

}l+�
3> $3,�lT

D
l +615,

iru doo � dqg �
3 lq ^3> 4`p dqg doo $ dqg $3 lq 
 iru zklfk "l+�> $, . }l+�

3> $3, 5
i3> 4j iru doo l1 Wkh lghd lv wkdw wkh kroglqjv +fD+�> $,> "D

4 +�> $,> ===> "
D
p+�> $,,

7 Lq frqwudvw/ Kdpprqg +4<:</ 4<;:, dqg Jxhvqhulh +4<<8, wuhdw wkh phfkdqlvp ghvljq
sureohp lq whupv ri d wzr0vwdjh jdph zlwk d uhyhodwlrq jdph lq wkh �uvw vwdjh ghwhuplqlqj
dq doorfdwlrq zklfk surylghv wkh vwduwlqj srlqw iru vlgh0wudglqj lq wkh vhfrqg vwdjh ohdglqj wr
d Zdoudvldq rxwfrph1 Wkh dssurdfk wdnhq khuh froodsvhv wkh wzr vwdjhv lqwr rqh e| lpsrvlqj
d uhqhjrwldwlrq surriqhvv frqvwudlqw rq wkh phfkdqlvp ghvljqhu1

8Wr nhhs pdwwhuv vlpsoh/ L dvvxph wkdw t lv odujh hqrxjk vr wkdw qrqqhjdwlylw| ri sulydwh0
jrrg frqvxpswlrq lv qrw dq lvvxh1

<



ri sulydwh0jrrg frqvxpswlrq dqg sxeolf0jrrgv dgplvvlrq wlfnhwv ri d jlyhq
djhqw dv zhoo dv wkh uhdol}dwlrq +�> $, ri klv suhihuhqfh sdudphwhu yhfwru ��

dqg udqgrpl}dwlrq ghylfh �$ duh qrw nqrzq e| dq|erg| hovh19 Wkhuhiruh/ li
wkh djhqw fodlpv wkdw klv suhihuhqfh sdudphwhu yhfwru lv �3> kh rewdlqv wkh qhw
wudgh +}Df +�

3> $3,> }D4 +�
3> $3,> ===> }Dp+�3> $3,, wkdw lv dydlodeoh wr dq djhqw zlwk

sdudphwhu yhfwru �
3 zkhq wkh udqgrpl}dwlrq yduldeoh �$ wdnhv wkh ydoxh $1

Lqfhqwlyh frpsdwlelolw| ri wkh qhw0wudgh doorfdwlrq uhtxluhv wkdw vxfk d fodlp
pxvw qrw surylgh wkh djhqw zlwk dq lpsuryhphqw ryhu wkh vwlsxodwhg qhw wudgh
+}f+�> $,> }4+�> $,> ===> }p+�> $,,=

Dq doorfdwlrq D lv vdlg wr eh uhqhjrwldwlrq surri li/ vwduwlqj iurp D> wkhuh
lv qr ihdvleoh dqg lqfhqwlyh frpsdwleoh qhw0wudgh doorfdwlrq zklfk surylghv d
Sduhwr lpsuryhphqw lq wkh vhqvh wkdw iru doo +�> $, 5 ^3> 4`p�
> wkh xwlolw| jdlq
iurp wkh qhw wudgh +}f+�> $,> }4+�> $,> ===> }p+�> $,, lv qrqqhjdwlyh/ l1h1

}f+�> $, .
p[
l@4

}l+�> $,�lT
D
l � 3> +616,

dqg wkh djjuhjdwh xwlolw| jdlq lv vwulfwo| srvlwlyh/ l1h1

]
^3>4`p�


^}f+�> $, .
p[
l@4

}l+�> $,�lT
D
l ` gI +�,g�+$, A 3= +617,

Wkh iroorzlqj ohppd vkrzv wkdw dq doorfdwlrq lv uhqhjrwldwlrq surri li dqg
rqo| li wkhuh h{lvwv d sulfh v|vwhp zklfk vxssruwv wkh doorfdwlrq dv d frpshwlwlyh
htxloleulxp ri wkh h{fkdqjh hfrqrp| lq zklfk shrsoh wudgh wkh sulydwh jrrg dv
zhoo dv dgplvvlrq wlfnhwv iru wkh gl�huhqw sxeolf jrrgv/ wdnlqj wkh yhfwru TD ri
sxeolf0jrrg surylvlrq ohyhov dv jlyhq1

Ohppd 614 Dq doorfdwlrq D lv uhqhjrwldwlrq surri li dqg rqo| li wkhuh h{lvw
sulfhv sD4 > ===s

D
p vxfk wkdw iru l @ 4> ===>p> dqg doprvw doo +�> $, 5 ^3> 4`p � 
>

rqh kdv

"D
l +�> $, @ 3 li �lT

D
l ? sDl +618,

dqg

"D
l +�> $, @ 4 li �lT

D
l A sDl = +619,

Uhqhjrwldwlrq surriqhvv lpsolhv/ iru hdfk sxeolf jrrg l/ d vlpsoh glfkrwrp|
ehwzhhq d vhw ri sduwlflsdqwv zlwk kljk �l/ zkr jhw dgplvvlrq wr sxeolf jrrg l

9Rqh pljkw dujxh wkdw wkh phfkdqlvp ghvljqhu nqrzv wkh frqvxphu*v dfwxdo kroglqjv dv
zhoo dv /c dqg wkhuhiruh wkh lqfhqwlyh frqvwudlqwv rq qhw0wudgh doorfdwlrqv pljkw eh doohyldwhg1
Vxfk orrvhqlqj ri lqfhqwlyh frqvwudlqwv zrxog whqg wr hqkdqfh wkh vfrsh iru uhqhjrwldwlrqv
dqg pdnh wkh frqglwlrq ri uhqhjrwldwlrq surriqhvv hyhq pruh uhvwulfwlyh1 Lq wkh odujh hfrq0
rp| frqvlghuhg khuh/ lw grhv qrw dfwxdoo| pdnh d gl�huhqfh ehfdxvh wkh fkdudfwhul}dwlrq ri
uhqhjrwldwlrq surriqhvv lq Ohppd 614 uhpdlqv ydolg1 Lq d �qlwh hfrqrp|/ wkhuh zrxog eh d
gl�huhqfh1
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zlwk suredelolw| rqh/ dqg d vhw ri sduwlflsdqwv zlwk orz �l> zkr gr qrw jhw dg0
plvvlrq wr sxeolf jrrg l= Uhqhjrwldwlrq surriqhvv ohdyhv qr urrp iru udqgrpl}hg
dgplvvlrqv1

Wkh sulfh fkdudfwhul}dwlrq ri uhqhjrwldwlrq surri doorfdwlrqv surylghv iru d
gudvwlf vlpsol�fdwlrq ri lqfhqwlyh frpsdwlelolw|1 Wkh sulfhv s4> ===> sp vhuyh dv
dgplvvlrq ihhv1 Lq dq lqfhqwlyh frpsdwleoh doorfdwlrq/ d frqvxphu lv dgplwwhg
wr sxeolf jrrg l lv rewdlqhg li dqg rqo| li kh sd|v wkh ihh sl= Frqvxphuv zlwk
�lTl A sl sd| wkh ihh dqg hqmr| wkh sxeolf jrrg iru d qhw ehqh�w htxdo wr
�lTl � sl> frqvxphuv zlwk �lTl ? sl gr qrw sd| wkh ihh dqg duh h{foxghg iurp
wkh sxeolf jrrg1 Irupdoo|/ rqh rewdlqv=

Ohppd 615 Dq doorfdwlrq D lv uhqhjrwldwlrq surri dqg lqfhqwlyh frpsdwleoh li
dqg rqo| li wkhuh h{lvw sulfhv sD4 > ===s

D
p vxfk wkdw iru doo � 5 ^3> 4`p> wkh dgplv0

vlrq suredelolwlhv �D
l +�,> l @> 4===>p> dqg wkh frqglwlrqdo h{shfwdwlrq FD+�, ri

sulydwh0jrrg frqvxpswlrq vdwlvi|

�D
l +�, @ 3 li �lT

D
l ? sDl > +61:,

�D
l +�, @ 4 li �lT

D
l A sDl > +61;,

dqg

FD+�, @ FD+3,�
p[
l@4

�D
l +�, s

D
l = +61<,

Wkh dvvrfldwhg h{shfwhg sd|r� lv

yD+�, @ FD+3, .
p[
l@4

pd{+�lT
D
l � sDl > 3, +6143,

iru � 5 ^3> 4`p=

Iru dq| lqfhqwlyh frpsdwleoh dqg uhqhjrwldwlrq surri doorfdwlrq D/ wkh dj0
juhjdwh vxusoxv +51:, dqg wkh ihdvlelolw| frqvwudlqw +519, wdnh wkh irup

FD+3, .
p[
l@4

] 4

a�l+sD
l >TD

l ,

+�lT
D
l � sDl , gIl+�l,= +6144,

dqg

FD+3,�
p[
l@4

sDl +4� Il+a�l+s
D
l > T

D
l ,,, .N+TD, � \ +6145,

zkhuh sD4 > ===> s
D
p duh wkh frpshwlwlyh sulfhv dvvrfldwhg zlwk wkh doorfdwlrq dqg/

iru dq| l>

a�l+s
D
l > T

D
l , =@

sDl
TD

l

li TD
l A 3 dqg a�l+s

D
l >T

D
l , =@ 4 li TD

l @ 3= +6146,
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Wkh sureohp ri �qglqj d wklug0ehvw doorfdwlrq lv wkhuhiruh htxlydohqw wr wkh
sureohp ri fkrrvlqj dq h{shfwhg edvh frqvxpswlrq FD+3, dv zhoo dv sxeolf0
jrrg surylvlrq ohyhov TD

4 > ===> T
D
p dqg sulfhv sD4 > ===> s

D
p/ zlwk dvvrfldwhg fulwlfdo

suhihuhqfh sdudphwhu ydoxhv a�
D

4 > ===>
a�
D

p vdwlvi|lqj a�
D

l T
D
l @ sDl > vr dv wr pd{lpl}h

+6144, vxemhfw wr wkh ihdvlelolw| frqvwudlqw +6145, dqg wkh sduwlflsdwlrq frqvwudlqw
FD+3, � \=

Lq wklv pd{lpl}dwlrq/ wkh sduwlflsdwlrq frqvwudlqw lv elqglqj1 Rwkhuzlvh
wkh sureohp zrxog eh vroyhg e| wkh lqfhqwlyh0frpsdwleoh �uvw0ehvw doorfdwlrq
ri Ohppd 514 dqg Sursrvlwlrq 516/ zklfk lv reylrxvo| uhqhjrwldwlrq surri/ exw
ylrodwhv wkh sduwlflsdwlrq frqvwudlqw1 Jlyhq wkdw wkh sduwlflsdwlrq frqvwudlqw lv
elqglqj/ wkh edvh frqvxpswlrq FD+3, lq +6144, dqg +6145, fdq eh uhsodfhg e|
wkh frqvwdqw \> dqg rqh rewdlqv=

Sursrvlwlrq 616 Wkh wklug0ehvw doorfdwlrq sureohp lv htxlydohqw wr wkh sureohp
ri fkrrvlqj sxeolf0jrrg surylvlrq ohyhov T4> ===> Tp dqg sulfhv s4> ===> sp vr dv wr
pd{lpl}h

p[
l@4

] 4

a�l+sl>Tl,

+�lTl � sl, gIl+�l, +6147,

xqghu wkh frqvwudlqw wkdw

p[
l@4

sl+4� Il+a�l+sl> Tl,,, � N+T,= +6148,

Wkh sureohp ri �qglqj d wklug0ehvw doorfdwlrq kdv wkxv ehhq uhirupxodwhg lq
whupv ri rqo| wkh sxeolf0jrrg surylvlrq ohyhov dqg sulfhv1 Jlyhq wkh ihhv s4> ===sp>
iru dq| l> wkhuh duh +4 � Il+a�l+sl> Tl,,, sduwlflsdqwv zlwk �lTl zkr duh zloolqj
wr sd| wkh ihh sl iru dgplvvlrq wr sxeolf jrrg l= Wkh djjuhjdwh dgplvvlrq ihh
uhyhqxh iurp sxeolf jrrg l lv wkhuhiruh sl+4� Il+a�l+sl> Tl,,, dqg wkh djjuhjdwh

dgplvvlrq ihh uhyhqxh iurp doo sxeolf jrrgv lv
Sp

l@4 sl+4� Il+a�l+sl> Tl,,,1 Wkh
frqvwudlqw +6148, uhtxluhv wkdw wklv uhyhqxh fryhu wkh frvw N+T,=

Sursrvlwlrq 616 surylghv dq dqdorjxh wr wkh uhvxowv ri Kdpprqg +4<:</
4<;:, dqg Jxhvqhulh +4<<8, lq zklfk wkh srvvlelolw| ri xquhvwulfwhg vlgh0wudglqj
uhgxfhv wkh jhqhudo sureohp ri phfkdqlvp ghvljq iru rswlpdo wd{dwlrq wr d
Gldprqg0Pluuohhv +4<:4, sureohp ri �qglqj rswlpdo frqvxphu sulfhv1 Khuh/
wkh wklug0ehvw doorfdwlrq sureohp lv htxlydohqw wr wkh Udpvh|0Erlwhx{ sureohp
ri fkrrvlqj sxeolf0jrrg surylvlrq ohyhov dqg sulfhv vr dv wr pd{lpl}h djjuhjdwh
vxusoxv xqghu wkh frqvwudlqw wkdw dgplvvlrq ihh uhyhqxhv eh vx!flhqw wr fryhu
wkh frvwv ri sxeolf0jrrg surylvlrq1 Ehfdxvh lqglylgxdo0udwlrqdolw| frqvwudlqwv
suhfoxgh wkh lpsrvlwlrq ri oxps vxp wd{hv/ wkh frvwv ri sxeolf0jrrg surylvlrq
pxvw eh ixoo| �qdqfhg e| sd|phqwv wkdw shrsoh pdnh lq rughu wr jdlq wkh ehqh0
�wv ri wkh sxeolf jrrgv1 Uhqhjrwldwlrq surriqhvv lpsolhv wkdw wkhvh sd|phqwv duh
fkdudfwhul}hg e| dgplvvlrq ihhv s4> ===> sp> dv lq wkh Udpvh|0Erlwhx{ dssurdfk
wr sxeolf0vhfwru vhuylfh surylvlrq dqg sulflqj1
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Wkh htxlydohqfh vwdwhg lq Sursrvlwlrq 616 lqglfdwhv wkdw wkh gl�huhqfh eh0
wzhhq wkh doorfdwlrq sureohp iru dq h{foxgdeoh sxeolf jrrg dqg wkh doorfdwlrq
sureohp iru d jrrg zkrvh surgxfwlrq lqyroyhv vljql�fdqw �{hg frvwv lv sxuho|
rqh ri vhpdqwlfv= Wkh hqmr|phqw ri wkh sxeolf jrrg e| dq| rqh lqglylgxdo fdq
eh wuhdwhg dv d sulydwh jrrg wkh surgxfwlrq ri zklfk lqyroyhv rqo| d �{hg frvw
dqg qr yduldeoh frvwv1

Wkh iroorzlqj fkdudfwhul}dwlrq ri wklug0ehvw doorfdwlrqv lq whupv ri �uvw0rughu
frqglwlrqv lv qrz vwudljkwiruzdug1

Sursrvlwlrq 617 Ohw D eh d wklug0ehvw doorfdwlrq/ dqg ohw sD4 > ===> s
D
p eh wkh dv0

vrfldwhg dgplvvlrq ihhv1 Wkhq/ iru l @ 4> ===>p> rqh kdv TD
l A sDl A 3> dqg/ iru

vrph � A 4>

4

�

] 4

a�l

�lgIl+�l, .
+�� 4,

�
a�
D

l +4� Il+a�
D

l ,, @ Nl+T
D, +6149,

dqg

sDl il+a�
D

l ,
4

TD
l

@
�� 4

�
+4� Il+a�

D

l ,,> +614:,

zkhuh a�
D

l @ a�l+s
D
l > T

D
l ,> dv jlyhq e| +6146,1

Frqglwlrq +614:, lv wkh xvxdo Udpvh|0Erlwhx{ frqglwlrq iru �vhfrqg0ehvw�

frqvxphu sulfhv1 Wkh whup +4 � Il+
sD
l

TD
l

,, rq wkh uljkw0kdqg vlgh lqglfdwhv wkh

ohyho ri djjuhjdwh ghpdqg iru dgplvvlrqv wr sxeolf jrrg l zkhq wkh sulfh lv

sDl dqg wkh �txdolw|�/ l1h1 wkh surylvlrq ohyho lv TD
l = Wkh whup il+

sD
l

TD
l

, 4
TD

l

rq

wkh ohiw0kdqg vlgh lqglfdwhv wkh devroxwh ydoxh ri wkh ghulydwlyh ri ghpdqg zlwk
uhvshfw wr sDl = Frqglwlrq +614:, uhtxluhv dgplvvlrq ihhv wr eh fkrvhq lq vxfk d
zd| wkdw wkh hodvwlflwlhv

�Dl =@
sDl

+4� Il+
sD
l

TD
l

,,
il+

sDl
TD

l

,
4

TD
l

ri ghpdqgv iru dgplvvlrqv wr wkh gl�huhqw sxeolf jrrgv duh orfdoo| doo wkh vdph/
l1h1 wkdw

4 @
�� 4

�

4

�Dl

iru doo l> zklfk lv wkh ghjhqhudwh irup wdnhq e| wkh Udpvh|0Erlwhx{ lqyhuvh0
hodvwlflwlhv irupxod zkhq yduldeoh frvwv duh lghqwlfdoo| htxdo wr }hur1:

:Vhh/ h1j1/ htxdwlrq +48056,/ s1 79:/ lq Dwnlqvrq dqg Vwljolw} +4<;3,1 Li yduldeoh frvwv duh
srvlwlyh/ h1j1/ li frvwv wdnh wkh irup gE"cL�c ���c L6�c zkhuh/ iru � ' �c ���c6c L� G'

U
Z�_8 lv
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Frqglwlrq +6149, lv d yhuvlrq ri wkh Olqgdko0Vdpxhovrq frqglwlrq iru sxeolf0
jrrg surylvlrq zklfk lv dssursuldwh iru wkh wklug0ehvw doorfdwlrq sureohp1;

Wklug0ehvw sxeolf0jrrg surylvlrq ohyhov duh ghwhuplqhg lq vxfk d zd| wkdw iru
hdfk l> wkh pdujlqdo frvw ri surylglqj sxeolf jrrg l lv htxdwhg wr d zhljkwhg
dyhudjh ri wkh djjuhjdwh pdujlqdo ehqh�wv wkdw duh rewdlqhg e| xvhuv dqg wkh
djjuhjdwh pdujlqdo uhyhqxhv wkdw duh rewdlqhg e| wkh phfkdqlvp ghvljqhu li
wkh dgplvvlrq ihh sl lv udlvhg lq sursruwlrq wr Tl vr wkdw wkh fulwlfdo a�l+sl> Tl,
lv xqfkdqjhg1 Li surylvlrq frvwv duh dgglwlyho| vhsdudeoh/ l1h1 li wkh pdujlqdo
frvw Nl+T, ghshqgv rqo| rq Tl> wkhq hdfk ri ri wkh wklug0ehvw surylvlrq ohy0
hov T4> ===> Tp zloo eh orzhu wkdq wkh fruuhvsrqglqj �uvw0ehvw ohyho jlyhq e|
+51;,1 Wkh uhdvrq lv �uvw/ wkdw wkhuh duh ihzhu xvhuv ri wkh sxeolf jrrg wkdq lq
wkh �uvw0ehvw doorfdwlrq dqg vhfrqg/ wkdw wkh phfkdqlvp ghvljqhu lv xqdeoh wr
ixoo| dssursuldwh wkh ehqh�wv iurp dgglwlrqdo sxeolf0jrrg surylvlrq vr djjuh0
jdwh pdujlqdo uhyhqxhv dffuxlqj wr klp duh ohvv wkdq djjuhjdwh pdujlqdo ehqh�wv
dffuxlqj wr xvhuv1

Wkh dqdo|vlv lv hdvlo| h{whqghg wr d vlwxdwlrq zlwk qrqh{foxgdeoh dv zhoo dv
h{foxgdeoh sxeolf jrrgv1 Vxssrvh/ iru h{dpsoh/ wkdw q ? p sxeolf jrrgv 4> ===> q
duh qrqh{foxgdeoh dqg sxeolf jrrgv q.4> ===>p duh h{foxgdeoh1 Qrqh{foxgdelolw|
ri sxeolf jrrg l lv htxlydohqw wr wkh uhtxluhphqw wkdw �l+�, eh htxdo wr rqh
iru doo � ru/ lq whupv ri wkh Udpvh|0Erlwhx{ dqdo|vlv/ wkdw wkh dgplvvlrq ihh
iru wklv sxeolf jrrg eh htxdo wr }hur1 Wkh wklug0ehvw doorfdwlrq sureohp wkhq
lv wr pd{lpl}h +6147, vxemhfw wr +6148, dqg wkh frqvwudlqw wkdw sl @ 3 iru
l @ 4> ===> q= H{fhsw iru wkh idfw wkdw dgplvvlrq ihhv iru qrqh{foxgdeoh sxeolf
jrrgv duh }hur/ wkh frqglwlrqv iru d wklug0ehvw doorfdwlrq duh wkh vdph dv ehiruh/
l1h1 dgplvvlrq ihhv iru h{foxgdeoh sxeolf jrrgv vdwlvi| dq lqyhuvh0hodvwlflwlhv
irupxod/ dqg surylvlrq ohyhov iru doo sxeolf jrrgv vdwlvi| dq dssursuldwh yhuvlrq
ri wkh Olqgdko0Vdpxhovrq frqglwlrq1

Iru wkh qrqh{foxgdeoh sxeolf jrrgv/ wkh Olqgdko0Vdpxhovrq frqglwlrq wdnhv
wkh irup

4

�

] 4

3

�lgIl+�l, @ Nl+T,> +614;,

vr e| wkh vdph uhdvrqlqj dv ehiruh/ d wklug0ehvw doorfdwlrq lqyroyhv vwulfwo|
srvlwlyh surylvlrq ohyhov ri qrqh{foxgdeoh dv zhoo dv h{foxgdeoh sxeolf jrrgv1
Lq wkh odujh hfrqrp|/ surylvlrq ri wkh qrqh{foxgdeoh sxeolf jrrgv grhv qrw
jhqhudwh dq| uhyhqxh/ exw qhyhuwkhohvv wkh| duh surylghg1 Dgplvvlrq ihhv iurp

wkh djjuhjdwh xvh ri sxeolf jrrg �/ htxdwlrq +614:, wdnhv wkh irup

ER� 3
Yg

YL�

� s�E	w��
�

'�

'
b3 �

b
E�3 8�E	w���c

zklfk |lhogv wkh xvxdo qrqghjhqhudwh irup

R� 3
Yg

YLl

R�
'

b3 �

b

�

#�

ri wkh lqyhuvh0hodvwlflwlhv irupxod1
;Iru wkh fdvh 6 ' �c wklv frqglwlrq lv dovr rewdlqhg e| Qrupdq +5337,1
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wkh h{foxgdeoh sxeolf jrrgv surylgh �qdqfh iru wkh qrqh{foxgdeoh sxeolf jrrgv

dv zhoo1 Wklv furvv0vxevlgl}dwlrq lv ghvludeoh ehfdxvh/ zlwk
U 4

3
�lgIl+�l, A 3 dqg

Nl+T, @ 3 zkhq Tl @ 3> wkh ehqh�wv ri wkh �uvw +lq�qlwhvlpdo, xqlw wkdw lv
surylghg dozd|v h{fhhg wkh frvwv1 Wklv �qglqj lv xqd�hfwhg e| wkh idfw wkdw
wkh furvv0vxevlgl}dwlrq ri qrqh{foxgdeoh sxeolf jrrgv uhtxluhv kljkhu dgplvvlrq
ihhv dqg fuhdwhv dgglwlrqdo glvwruwlrqv iru h{foxgdeoh sxeolf jrrgv1 Frqfhuq
derxw wkhvh dgglwlrqdo glvwruwlrqv zloo uhgxfh exw qrw holplqdwh wkh surylvlrq ri
qrqh{foxgdeoh sxeolf jrrgv1<

Wklv glvfxvvlrq ri qrqh{foxgdeoh sxeolf jrrgv vwdqgv lq frqwudvw wr wkh dv0
vhvvphqw ri Pdlodwk dqg Srvwohzdlwh +4<<3, wkdw lq d odujh hfrqrp|/ zlwk dv|p0
phwulf lqirupdwlrq dqg lqwhulp sduwlflsdwlrq frqvwudlqwv/ d qrqh{foxgdeoh sxe0
olf jrrg zloo qrw eh surylghg dw doo1 Wkh Pdlodwk0Srvwohzdlwh uhvxow suhvxphv
d vlqjoh qrqh{foxgdeoh sxeolf jrrg wkh frvwv ri zklfk kdyh wr eh fryhuhg e|
uhyhqxhv frplqj iurp wklv yhu| sxeolf jrrg lwvhoi1 Khuh wkhuh lv qr vxfk uh0
txluhphqw1 Lqwhulp sduwlflsdwlrq frqvwudlqwv iru lqglylgxdo frqvxphuv dqg wkh
lqgxfhg djjuhjdwh exgjhw +ihdvlelolw|, frqvwudlqw doorz iru furvv0vxevlgl}dwlrq
ehwzhhq sxeolf jrrgv1 Iru qrqh{foxgdeoh sxeolf jrrgv/ wklv furvv0vxevlgl}dwlrq
holplqdwhv wkh Pdlodwk0Srvwohzdlwh sureohp1

7 Wkh Ghvludelolw| ri Exqgolqj dqg wkh Qhfhv0

vlw| ri Uhqhjrwldwlrq Surriqhvv iru wkh Rswl0

pdolw| ri Udpvh|0Erlwhx{ Sulflqj

Lq wkh suhfhglqj dqdo|vlv/ wkh uhtxluhphqw ri uhqhjrwldwlrq surriqhvv kdv vhuyhg
wr uhgxfh d frpsoh{ sureohp ri pxowlglphqvlrqdo phfkdqlvp ghvljq wr d vlp0
soh p0glphqvlrqdo sulflqj sureohp1 Wkh nh| wr wklv vlpsol�fdwlrq olhv lq wkh
revhuydwlrq wkdw uhqhjrwldwlrq surriqhvv uhvwulfwv dgplvvlrq uxohv vr wkdw wkh
h{shfwhg0sd|r� ixqfwlrq yD+=, wdnhv wkh irup +6143,/ zklfk lv dgglwlyho| vhs0
dudeoh dqg frqyh{ lq �4> ===> �p1 Wkh lqwhjudelolw| frqglwlrq yDlm @ yDml dqg wkh
vhfrqg0rughu frqglwlrq iru lqfhqwlyh frpsdwlelolw| +frqyh{lw|,/ duh wkhq dxwr0
pdwlfdoo| vdwlv�hg1

Krzhyhu/ uhqhjrwldwlrq surriqhvv lv uhvwulfwlyh1 Li wkh phfkdqlvp ghvljqhu lv
deoh wr frqwuro wkh lghqwlwlhv ri shrsoh suhvhqwlqj dgplvvlrq wlfnhwv wr wkh gl�hu0
hqw sxeolf jrrgv ru li wkhuh duh vrph lpshglphqwv wr uhqhjrwldwlrq/ dq rswlpdo
doorfdwlrq zloo w|slfdoo| qrw kdyh wkh vlpsoh vwuxfwxuh wkdw lv lpsolhg e| uhqh0
jrwldwlrq surriqhvv1 Vhfrqg0ehvw doorfdwlrqv/ zklfk pd{lpl}h djjuhjdwh vxusoxv
vxemhfw wr ihdvlelolw|/ lqfhqwlyh frpsdwlelolw| dqg lqglylgxdo udwlrqdolw|/ zlwkrxw
uhqhjrwldwlrq surriqhvv/ whqg wr lqyroyh exqgolqj ri wkh gl�huhqw sxeolf jrrgv
dqg/ srvvleo|/ udqgrpl}hg dgplvvlrqv1 Wkhvh ghylfhv uhgxfh wkh h!flhqf| orvvhv
wkdw duh dvvrfldwhg zlwk wkh xvh ri dgplvvlrq ihhv wr uhgxfh wkh sduwlflsdqwv*
lqirupdwlrq uhqwv1

<Jlyhq wkdw b : �c d frpsdulvrq ri +614;, dqg +51;, vkrzv wkdw li wkh frvw ixqfwlrq g lv
dgglwlyho| vhsdudeoh/ wkh wklug0ehvw surylvlrq ohyho iru sxeolf jrrgv � lv vwulfwo| orzhu wkdq wkh
fruuhvsrqglqj �uvw0ehvw ohyho jlyhq e| +51;,1 Rq wklv srlqw/ vhh dovr Jxhvqhulh +4<<8,1
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Wkxv/ Idqj dqg Qrupdq +5336, kdyh qrwhg wkdw/ li wkh udqgrp yduldeohv
��4> ===> ��p duh lqghshqghqw dqg lghqwlfdoo| glvwulexwhg/ wkh zhljkwhg vxp

Sp
l@4

��lTl

kdv d orzhu frh!flhqw ri yduldwlrq wkdq dq| rqh ri lwv vxppdqgv/ dqg wkhuhiruh/
xqghu fhuwdlq dgglwlrqdo dvvxpswlrqv derxw wkh glvwulexwlrq ri ��l> dq doorfdwlrq
lqyroylqj sxuh exqgolqj fdq grplqdwh d wklug0ehvw doorfdwlrq ehfdxvh lw lqyroyhv
d orzhu lqflghqfh ri sduwlflsdqwv ehlqj h{foxghg1 Sxuh exqgolqj uhihuv wr d vlw0
xdwlrq zkhuh sduwlflsdqwv duh dgplwwhg hlwkhu wr doo sxeolf jrrgv dw rqfh ru wr
qrqh1

Lq wkh iroorzlqj/ L vkrz wkdw/ li ��4> ===> ��p duh pxwxdoo| lqghshqghqw/ d wklug0
ehvw doorfdwlrq lv dozd|v grplqdwhg e| dq doorfdwlrq lqyroylqj pl{hg exqgolqj/
l1h1 dq doorfdwlrq zkhuh sduwlflsdqwv fdq rewdlq dgplvvlrq wr hdfk sxeolf jrrg
vhsdudwho| dv zhoo dv dgplvvlrq wr gl�huhqw sxeolf jrrgv dw wkh vdph wlph
wkurxjk d frpelqdwlrq wlfnhw zklfk frphv dw d glvfrxqw uhodwlyh wr wkh lqglylg0
xdo wlfnhwv1 Hyhq li wdvwhv iru wkh gl�huhqw sxeolf jrrgv duh frpsohwho| xquhodwhg/
wkh doorfdwlrq wkdw lv lqgxfhg e| wkh ehvw sulflqj vfkhph ã od Udpvh|0Erlwhx{ lv
qrw vhfrqg0ehvw1 Uhqhjrwldwlrq surriqhvv lv wkxv qhfhvvdu| dv zhoo dv vx!flhqw
iru Udpvh|0Erlwhx{ sulflqj wr eh htxlydohqw wr rswlpdo phfkdqlvp ghvljq xq0
ghu lqwhulp lqfhqwlyh frpsdwlelolw| dqg lqglylgxdo0udwlrqdolw| frqvwudlqwv1 Wklv
�qglqj frpsohphqwv wkh uhvxowv ri Idqj dqg Qrupdq1 Wkh dujxphqw lqyroyhv
d vwudljkwiruzdug dgdswdwlrq ri fruuhvsrqglqj dujxphqwv lq wkh pxowlsurgxfw
prqrsro| prghov ri PfDihh hw do1 +4<;<, ru Pdqhool dqg Ylqfhqw +5335,1

Wr �{ qrwdwlrq dqg whuplqrorj|/ ohw P @ i4> ===>pj eh wkh vhw ri sxeolf
jrrgv/ dqg ohw S+P, eh wkh vhw ri doo vxevhwv ri P 1 Dv lq Pdqhool dqg Ylq0
fhqw +5335,/ d ixqfwlrq S = S+P, $ ? lv fdoohg d sulfh vfkhgxoh/ zlwk wkh
lqwhusuhwdwlrq wkdw iru dq| vhw M � P> S +M, lv wkh dprxqw ri sulydwh0jrrg
frqvxpswlrq wkdw d sduwlflsdqw kdv wr jlyh xs lq rughu wr jhw d frpelqd0
wlrq wlfnhw iru dgplvvlrq wr wkh sxeolf jrrgv lq M 1 Jlyhq T> wkh doorfdwlrq
+T> fS +=> =,> "4S +=> =,> ===> "pS +=> =,, lv vdlg wr eh lqgxfhg e| wkh sulfh vfkhgxoh S
li/ iru dq| � 5 ^3> 4`p> wkhuh h{lvwv d yhfwru43 tS +�, @ +tS +>>�,> ===> tS +P >�,,
ri suredelolwlhv rq S+P, vxfk wkdw

FS +�, =@
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fS +�> $,g�+$, @ \ �
[

M5S+P,

tS +M >�,S +M,>

�mS +�, =@

]



"mS +�> $,g�+$, @
[

M5S+P,

�mM tS +M >�,>

iru m @ 4> ===>p> zkhuh �mM @ 4 li m 5 M> �mM @ 3 li m @5 M> dqg/ �qdoo|/

\ .
[

M5S+P,

tS +M >�,

5
7[
m5M

�mTm � S +M,

6
8 � \ .

[
M5S+P,

t+M,

5
7[
m5M

�mTm � S +M,

6
8

+714,

43 Lq wkh qrwdwlrq xvhg khuh dqg lq +717, ehorz/ wkh ghshqghqfh ri frqvxphuv* fkrlfhv dqg
sd|r�v rq " lv vxssuhvvhg ehfdxvh lw grhv qrw sod| d uroh lq wkh dqdo|vlv1
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iru doo suredelolw| yhfwruv t rq S+P,= Wkh lghd lv wkdw/ iru wkh jlyhq T dqg S>
hdfk frqvxphu lv iuhh wr fkrrvh d vhw M ri sxeolf jrrgv wkdw kh zdqwv wr hqmr| dw
d sulfh S +M,1 Kh pd| dovr udqgrpl}h wklv fkrlfh1 Jhqhulfdoo| wkrxjk/ wkhuh lv d
vlqjoh vhw MS +�, zklfk kh vwulfwo| suhihuv wr doo rwkhuv> lq wklv fdvh/ wkh lqfhqwlyh
frpsdwlelolw| frqglwlrq +714, ehfrphv tS +MS +�,>�, @ 4> l1h1 kh vlpso| fkrrvhv
wkh vhw MS +�,=

D sulfh vfkhgxoh S lv vdlg wr eh duelwudjh iuhh li lw vdwlv�hv wkh htxdwlrq

S +M, @
[
m5M

S +imj, +715,

iru doo M> vr hdfk vhw M � P lv sulfhg dv wkh vxp ri lwv frpsrqhqwv1 Xvlqj Ohppd
615/ rqh hdvlo| yhul�hv wkdw li dq doorfdwlrq lv lqgxfhg e| dq duelwudjh iuhh sulfh
vfkhgxoh S> wkhq lw lv dovr uhqhjrwldwlrq surri dqg lqfhqwlyh frpsdwleoh/ zlwk
dvvrfldwhg sulfhv sm @ S +imj,> m @ 4> ===>p= Frqyhuvho|/ djdlq e| Ohppd 615/
dq doorfdwlrq wkdw uhqhjrwldwlrq surri dqg lqfhqwlyh frpsdwleoh/ zlwk dvvrfldwhg
sulfhv s4> ===> sp> lv lqgxfhg e| wkh duelwudjh iuhh sulfh vfkhgxoh S vdwlvi|lqj

S +M, @
[
m5M

sm +716,

iru dq| M � P=
Wkh vhw ri uhqhjrwldwlrq surri dqg lqfhqwlyh frpsdwleoh doorfdwlrqv lv wkxv d

surshu vxevhw ri wkh vhw doorfdwlrqv wkdw duh lqgxfhg e| dq| sulfh vfkhgxohv1 Lw
grhv qrw lqfoxgh/ h1j1/ dq doorfdwlrq wkdw lv lqgxfhg e| d sulfh vfkhgxoh lqyroylqj
glvfrxqwv iru exqgohv ri sxeolf jrrgv/ l1h1 S +M, ?

S
m5M sm iru vrph M �

P= Vxfk dq doorfdwlrq ohdyhv urrp iru Sduhwr0lpsurylqj uhqhjrwldwlrq ehwzhhq
vrphrqh zkr irxqg lw eduho| zruwkzkloh wr ex| wkh frpelqdwlrq wlfnhw iru M
dqg d vhw ri shrsoh ri zkrp hdfk rqh zdv rq wkh pdujlq wr ex|lqj dgplvvlrq
wr rqh ri wkh sxeolf jrrgv lq M> exw fkrvh qrw wr1

Jlyhq wkdw wkh vhw ri uhqhjrwldwlrq surri dqg lqfhqwlyh frpsdwleoh doorfd0
wlrqv lv d vwulfw vxevhw ri wkh vhw ri doorfdwlrqv lqgxfhg e| sulfh vfkhgxohv/ lw
lv ri lqwhuhvw wr frpsduh rswlpdo sulfh vfkhgxohv zlwk wkh duelwudjh iuhh sulfh
vfkhgxohv fruuhvsrqglqj wr wklug0ehvw doorfdwlrqv dqg rswlpdo Udpvh|0Erlwhx{
sulfhv1 Iru dq doorfdwlrq wkdw lv lqgxfhg e| d sulfh vfkhgxoh/ wkh uhvxowlqj sd|r�v
duh jlyhq dv

y+�mS , @ \ .
[

M5S+P,

tS +M >�,

5
7[
m5M

�mTm � S +M,

6
8 = +717,

Jlyhq d yhfwru T AA 3 ri sxeolf0jrrg surylvlrq ohyhov> wkh sulfh vfkhgxoh S lv
vdlg wr eh rswlpdo li lw pd{lpl}hv wkh djjuhjdwh vxusoxv]

^3>4`p
y+�mS ,i+�,g� +718,

ryhu wkh vhw ri doo sulfh vfkhgxohv1
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Wkh iroorzlqj uhvxow vkrzv wkdw/ li wkh suhihuhqfh sdudphwhuv ��4> ===> ��p duh
lqghshqghqw/ dq rswlpdo sulfh vfkhgxoh lv qhyhu duelwudjh iuhh/ vr d wklug0ehvw
doorfdwlrq lv dozd|v grplqdwhg e| dqrwkhu doorfdwlrq wkdw lv lqgxfhg e| d sulfh
vfkhgxoh1 Lq sduwlfxodu/ d wklug0ehvw doorfdwlrq lv dozd|v grplqdwhg e| dq door0
fdwlrq lqgxfhg e| d sulfh vfkhgxoh lqyroylqj vrph pl{hg exqgolqj/ l1h1 dq r�hu
lqyroylqj frpelqdwlrq wlfnhwv/ h1j1 iru wkh rshud shuirupdqfh dqg wkh irrwedoo
jdph/ zklfk frph dw d glvfrxqw uhodwlyh wr wkh lqglylgxdo wlfnhwv1

Sursrvlwlrq 714 Ohw p A 4> dqg dvvxph wkdw wkh ghqvlw| i wdnhv wkh irup
i+�, @

Tp
m@4 im+�m,1 Iru dq| T AA 3> dq rswlpdo sulfh vfkhgxoh lv qrw duelwudjh

iuhh1 Lq sduwlfxodu/ li D lv d wklug0ehvw doorfdwlrq/ zlwk dvvrfldwhg dgplvvlrq ihhv
sD4 > ===> s

D
p iru wkh gl�huhqw sxeolf jrrgv> wkhuh h{lvwv d sulfh vfkhgxoh aS vdwlvi|lqj

aS +P, ?
Sp

m@4 s
D
m dqg aS +imj, A sDm iru m @ 4> ===>p vxfk wkdw/ jlyhq TD> wkh

doorfdwlrq wkdw lv lqgxfhg e| aS lv ihdvleoh dqg lqglylgxdoo| udwlrqdo dqg jhqhudwhv
d kljkhu djjuhjdwh vxusoxv wkdq wkh wklug0ehvw doorfdwlrq D=

Olnh lwv dqdorjxh lq Pdqhool dqg Ylqfhqw +5335,/44 wkh surri ri Sursrvlwlrq
714 lv edvhg rq dq lqvshfwlrq ri �uvw0rughu frqglwlrqv iru wkh sulfhv S �+imj,>
m @ 4> ===>p> dqg S �+P, lq dq rswlpdo sulfh vfkhgxoh S �1 Wkhvh �uvw0rughu frq0
glwlrqv lqyroyh vlplodu wudghr�v dv wkh Udpvh|0Erlwhx{ �uvw0rughu frqglwlrqv
+614:,1 Krzhyhu/ wkhuh duh wzr lpsruwdqw gl�huhqfhv= Iluvw/ lq vhwwlqj wkh sulfh
S �+imj, iru dgplvvlrq wr sxeolf jrrg m e| lwvhoi/ wkh wudghr� ehwzhhq sulfh
dqg txdqwlw| wkdw lv pluuruhg lq wkh Udpvh|0Erlwhx{ frqglwlrq lv whpshuhg
e| wkh frqvlghudwlrq wkdw dw ohdvw vrph ri wkh frqvxphuv zkr uhvsrqg wr dq
lqfuhdvh lq S �+imj, e| qrw ghpdqglqj wkh vhw M @ imj dq| pruh zloo qrw eh
orvw/ exw zloo lq idfw eh ghpdqglqj dqrwkhu vhw aM> srvvleo| hyhq zlwk m 5 aM=
Iru d jlyhq vkdgrz sulfh ri wkh ihdvlelolw| frqvwudlqw/ wkh lqglylgxdo dgplvvlrq
sulfhv S �+i4j,> ===> S �+ipj, wkhuhiruh whqg wr eh kljkhu wkdq wkh fruuhvsrqg0
lqj Udpvh|0Erlwhx{ sulfhv1 Vhfrqg/ lq vhwwlqj wkh sulfh S �+P, iru wkh exqgoh
surylglqj dgplvvlrq wr doo sxeolf jrrgv/ wkh xvxdo wudghr� ehwzhhq sulfh dqg
txdqwlw| lv vkdushqhg e| wkh idfw dq lqfuhdvh lq S �+P, lqgxfhv d orvv ri frq0
vxphuv rq p pdujlqv udwkhu wkdq mxvw rqh/ l1h1 iru hdfk l @ 4> ===>p> wkhuh zloo
eh vrph frqvxphuv zkr uhvsrqg wr wkh lqfuhdvh lq S �+P, e| ghpdqglqj wkh
vhw Pqilj udwkhu wkdq P= Rq dyhudjh wkhuhiruh/ wkh ghpdqg iru wkh exqgoh P
lv pruh hodvwlf wkdq wkh ghpdqg iru dq| rqh ri wkh sxeolf jrrgv e| lwvhoi dqg/
iru d jlyhq vkdgrz sulfh ri wkh ihdvlelolw| frqvwudlqw/ wkh sulfh S �+P, iru wkh
exqgoh surylglqj dgplvvlrq wr doo sxeolf jrrgv whqgv wr eh ohvv wkdq wkh vxp ri
wkh fruuhvsrqglqj Udpvh|0Erlwhx{ sulfhv145 Erwk frqvlghudwlrqv wrjhwkhu |lhog

44Sursrvlwlrq 714 lv voljkwo| pruh jhqhudo wkdq wkh vwdwhphqw ri Wkhruhp 5 lq Pdqhool dqg
Ylqfhqw +5335,/ zklfk lqyroyhv d prqrwrqlflw| dvvxpswlrq rq wkh ixqfwlrqv w� < w�s�Ew���
Li wkh udqjh ri wkh udqgrp yduldeoh �w� h{whqgv doo wkh zd| grzq wr }hur/ wklv prqrwrqlflw|
dvvxpswlrq lv qrw qhhghg1

45Wkh lqghshqghqfh dvvxpswlrq lq Sursrvlwlrq 714 hqvxuhv wkdw wkhvh vwdwhphqwv derxw
hodvwlflwlhv duh ydolg hyhq wkrxjk wkh vhwv ri suhihuhqfh sdudphwhuv jlylqj ulvh wr ghpdqgv t��c
� ' �c ���c6c dqg � duh yhu| gl�huhqw/ dv h1j1/ t�� lv ghpdqghg li w� lv kljk dqg w2c ���c w6 duh
orz dqg � lv ghpdqghg li w� dqg w2c ���c w6 duh kljk1

4;



wkh frqfoxvlrq wkdw/ vwduwlqj iurp d sulfh vfkhgxoh edvhg rq Udpvh|0Erlwhx{
sulfhv/ l1h1 d sulfh vfkhgxoh wkdw lv rswlpdo dprqj duelwudjh iuhh sulfh vfkhgxohv/
rqh fdq udlvh djjuhjdwh vxusoxv e| vlpxowdqhrxvo| udlvlqj wkh lqglylgxdo dgplv0
vlrq sulfhv S �+i4j,> ===> S �+ipj, dqg orzhulqj wkh sulfh S �+P, iru wkh exqgoh
surylglqj dgplvvlrq wr doo sxeolf jrrgv1

Wkhvh frqvlghudwlrqv vxjjhvw wkdw/ dw ohdvw xqghu wkh lqghshqghqfh dvvxps0
wlrq rswlpdo sulfh vfkhgxohv vkrxog dozd|v lqyroyh vrph exqgolqj1 Wkh iroorzlqj
sursrvlwlrq/ zklfk lv djdlq lqvsluhg e| Pdqhool dqg Ylqfhqw +5335,/ frq�upv
wklv qrwlrq iru wkh fdvh p @ 5= Xqiruwxqdwho| L kdyh qrw ehhq deoh wr suryh dq
dqdorjrxv uhvxow iru p A 5=

Sursrvlwlrq 715 Ohw p @ 5> dqg dvvxph wkdw wkh ghqvlw| i wdnhv wkh irup
i+�4> �5, @ i4+�4,i5+�5,1 Dvvxph ixuwkhu wkdw/ iru l @ 4> 5> wkh ixqfwlrq �l $
�lil+�l,
4�Il+�l,

lv qrqghfuhdvlqj1 Wkhq/ iru dq| T AA 3/ li S � lv dq rswlpdo sulfh

vfkhgxoh/ rqh kdv S �+i4> 5j, ? S �+i4j, . S �+i5j,=

Zkhuhdv wkh suhfhglqj dqdo|vlv kdv frqwudvwhg wklug0ehvw doorfdwlrqv zlwk do0
orfdwlrqv lqgxfhg e| sulfh vfkhgxohv/ wkh uhdghu pd| zrqghu derxw wkh uhodwlrq
ehwzhhq wkh odwwhu dqg vhfrqg0ehvw doorfdwlrqv1 Iru wkh pxowlsurgxfw prqrsro|
sureohp/ wkh h{dpsohv ri Wkdqdvvrxolv +5334, dv zhoo dv Pdqhool dqg Ylqfhqw
+5335, vkrz wkdw sulfh vfkhgxohv fdq eh grplqdwhg e| pruh frpsolfdwhg vfkhphv
lqyroylqj qrqwulyldo udqgrpl}dwlrq ryhu dgplvvlrqv wr wkh gl�huhqw sxeolf jrrgv1
Jlyhq wkdw wkh irupdo vwuxfwxuh ri wkh vhfrqg0ehvw zhoiduh sureohp lv yhu| vlp0
lodu wr wkh prqrsro| sureohp/ wkh ohvvrq iurp wkhvh h{dpsohv vkrxog dsso| lq
wkh fxuuhqw vhwwlqj dv zhoo1 Krzhyhu/ L zloo qrw sxuvxh wklv pdwwhu khuh1

8 Lqhtxdolw| Dyhuvlrq

Wkh Udpvh|0Erlwhx{ dssurdfk wr sxeolf0vhfwru vhuylfh surylvlrq dqg sulflqj
kdv riwhq ehhq fulwlfl}hg iru sd|lqj lqvx!flhqw dwwhqwlrq wr lvvxhv ri htxlw|1 Wr
frqfoxgh wkh sdshu/ wkhuhiruh L eulh | lqglfdwh krz wkh dqdo|vlv lv d�hfwhg li
wkh phfkdqlvp ghvljqhu lv lqhtxdolw| dyhuvh1 Dv lq Khoozlj +5336 e,/ L uhsodfh
wkh djjuhjdwh vxusoxv +51:, e| wkh zhoiduh ixqfwlrqdo]

^3>4`p
Z +y+�,,gI +�, +814,

zkhuh Z +=, lv dq lqfuhdvlqj/ vwulfwo| frqfdyh ixqfwlrq1 Iru wklv zhoiduh ixqf0
wlrqdo/ dq dqdorjxh ri Sursrvlwlrq 616 vkrzv wkdw wkh wklug0ehvw doorfdwlrq sure0
ohp lv htxlydohqw wr wkh sureohp ri fkrrvlqj wkh sxeolf0jrrg surylvlrq ohyhov
T4> ===> Tp> wkh dgplvvlrq sulfhv s4> ===> sp dqg wkh edvh frqvxpswlrq F+3, vr dv
wr pd{lpl}h ]

^3>4`p
Z

#
F+3, .

p[
l@4

pd{+�lTl � sl> 3,

$
gI +�, +815,
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xqghu wkh ihdvlelolw| frqvwudlqw +6145, dqg wkh sduwlflsdwlrq frqvwudlqw f+3, � \
+dqg wkh frqvwudlqw sl @ 3 li sxeolf jrrg l lv qrqh{foxgdeoh,1 Wkh �uvw0rughu
frqglwlrqv +6149, dqg +614:, duh wkhq uhsodfhg e| wkh frqglwlrqv

4

�

] 4

a�l

]
^3>4`p�4

Z 3 +�l � a�l,gI +�l>��l, . a�l+4� Il+a�l,, @ Nl+T, +816,

dqg

sl il+a�l,
4

Tl

@
4

�

] 4

a�l

]
^3>4`p�4

+��Z 3,gI +�l>��l,> +817,

zkhuh Z 3 lq hdfk lqwhjudo lv hydoxdwhg dw wkh srlqw F+3, .
Sp

l@4 pd{+�lTl �

sl> 3, dqg djdlq a�l @ a�l+sl> Tl, lv jlyhq e| +6146,1 Pruhryhu/ e| wkh �uvw0rughu
frqglwlrq iru F+3,> wkh Odjudqjh pxowlsolhu iru wkh ihdvlelolw| frqvwudlqw vdwlv�hv

� �

]
^3>4`p

Z 3 gI +�,> +818,

zlwk htxdolw| li F+3, A \=

Frqglwlrq +817, fdq eh uhzulwwhq dv

4 @

U 4
a�l

U
^3>4`p�4+��Z 3,gI +�,

�+4� Il+a�l,,

4

�l
> +819,

zklfk surylghv d zhljkwhg lqyhuvh0hodvwlflwlhv irupxod/ dv lq Gldprqg0Pluuohhv
+4<:4,/ lqvwhdg ri wkh vlpsoh rqh wkdw zdv ghulyhg lq Vhfwlrq 61 Wkh zhljkwU 4

a�l

U
^3>4`p�4+��Z 3,gI +�l>��l,

�+4� Il+a�l,,
@ 4�

4

�

U 4
a�l

U
^3>4`p�4 Z

3 gI +�,U 4
a�l

U
^3>4`p�4 gI +�,

lq +819, lv d ghfuhdvlqj ixqfwlrq ri wkh frqglwlrqdo h{shfwdwlrq ri wkh vrfldo
pdujlqdo ydoxdwlrq Z 3+y+�,, ri dgglwlrqdo frqvxpswlrq iru shrsoh ghpdqglqj
dgplvvlrq wr sxeolf jrrg l1 Wkh dgplvvlrq ihh sl wkhuhiruh whqgv wr eh kljkhu
iru d sxeolf jrrg zlwk d uhodwlyho| orz h{shfwhg ydoxh ri Z 3+y+��,, frqglwlrqdo
rq wkh lqirupdwlrq wkdw dgplvvlrq wr sxeolf jrrg l lv uhtxhvwhg1

Lqhtxdolw| dyhuvlrq surylghv wkh phfkdqlvp ghvljqhu zlwk dq dgglwlrqdo ud0
wlrqdoh iru dgplvvlrq ihhv1 Ehfdxvh dgplvvlrq ihhv duh sdlg e| shrsoh zkr ehqh�w
d orw iurp wkh hqmr|phqw ri wkh sxeolf jrrgv/ wkh| surylgh iru uhglvwulexwlrq
iurp shrsoh zkr ehqh�w d orw iurp wkh hqmr|phqw ri wkh sxeolf jrrgv wr shrsoh
zkr gr qrw ehqh�w iurp wkh sxeolf jrrgv1 Wr vhh wkh uroh ri wklv h�hfw/ uhzulwh
+817, lq wkh irup

sl il+a�l,
4
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zkhuh �� =@
U
Z 3gI lv wkh furvv0vhfwlrq dyhudjh vrfldo pdujlqdo ydoxdwlrq ri

dgglwlrqdo frqvxpswlrq1 Wkh �uvw whup rq wkh uljkw0kdqg vlgh ri +81:, uh hfwv
wkh qhhg wr phhw wkh sduwlflsdwlrq frqvwudlqw F+3, � \= Wklv whup lv lqghshq0
ghqw ri wkh phfkdqlvp ghvljqhu*v lqhtxdolw| dyhuvlrq dqg fruuhvsrqgv wr wkh
uljkw0kdqg vlgh ri +614:, lq wkh suhylrxv dqdo|vlv1 Wkh vhfrqg whup rq wkh uljkw0
kdqg vlgh ri +81:, uh hfwv wkh idfw wkdw rq dyhudjh/ shrsoh dvnlqj dgplvvlrq wr
sxeolf jrrg l kdyh d kljkhu sd|r� dqg/ iru wkh lqhtxdolw| dyhuvh phfkdqlvp
ghvljqhu/ d orzhu vrfldo pdujlqdo ydoxdwlrq ri dgglwlrqdo frqvxpswlrq wkdq wkh
srsxodwlrq dyhudjh1 Dv glvfxvvhg lq Khoozlj +5336 e,/ dq dgplvvlrq ihh sl/
zklfk lv sdlg e| shrsoh zlwk suhihuhqfh sdudphwhu �l � sl@Tl> fdq eh vhhq dv
d wrro iru orzhulqj wkh sulydwh0jrrg frqvxpswlrq ri wkhvh shrsoh dqg udlvlqj
wkh sulydwh0jrrg frqvxpswlrq ri shrsoh zlwk suhihuhqfh sdudphwhu �l ? sl@Tl=
Zlwk d vrfldo pdujlqdo ydoxdwlrq ri dgglwlrqdo frqvxpswlrq wkdw lv orzhu iru
shrsoh zlwk suhihuhqfh sdudphwhu �l � sl@Tl wkdq iru shrsoh zlwk suhihuhqfh
sdudphwhu �l ? sl@Tl> wkh lqhtxdolw| dyhuvh phfkdqlvp ghvljqhu frqvlghuv wklv
uhglvwulexwlrq wr eh ehqh�fldo1 Lq +81:, wkhuhiruh/ wkh pdujlqdo ehqh�w ri dq
lqfuhdvh lq sl lv h{klelwhg dv wkh vxp ri ehqh�wv iurp wkh frqwulexwlrq ri wkh
lqfuhdvh wr phhwlqj wkh sduwlflsdwlrq frqvwudlqw dqg ehqh�wv iurp uhglvwulexwlrq1

Li wkh phfkdqlvp ghvljqhu*v lqhtxdolw| dyhuvlrq lv vx!flhqwo| odujh/ wkh glv0
wulexwlyh udwlrqdoh iru dgplvvlrq ihhv dfwxdoo| vxshuvhghv wkh exgjhwdu| rqh1
Wkh �jryhuqphqw exgjhw frqvwudlqw�

Sp
l@4 sl+4� Il+a�l,, � N+T, fhdvhv wr eh

elqglqj/ dqg uhyhqxhv iurp hqwu| ihhv duh xvhg wr udlvh wkh sulydwh0jrrg frq0
vxpswlrq F+3, ri shrsoh zkr gr qrw fduh iru wkh sxeolf jrrgv dw doo deryh wkh
ohyho zklfk wkh| zrxog kdyh lq wkh devhqfh ri sxeolf0jrrg surylvlrq1 Lq wklv
fdvh/ rqh rewdlqv F+3, A \ dqg � @ ��= Wkh �uvw whup rq wkh uljkw0kdqg vlgh ri
+81:, lv }hur1 Wkh rswlpdo dgplvvlrq ihh iru sxeolf jrrg l lv hqwluho| ghwhuplqhg
e| wkh wudghr� ehwzhhq wkh h!flhqf| orvv iurp h{foxglqj shrsoh/ h{klelwhg rq
wkh ohiw0kdqg vlgh ri +81:,/ dqg wkh htxlw| frqfhuq h{klelwhg lq wkh vhfrqg whup
rq wkh uljkw0kdqg vlgh ri +81:,146

Lq wkh Udzovldq olplw ri lq�qlwh lqhtxdolw| dyhuvlrq/ wkh htxlw| frqfhuq grpl0
qdwhv hyhu|wklqj hovh1 Zlwk lq�qlwh lqhtxdolw| dyhuvlrq/ wkh phfkdqlvp ghvljqhu
lv rqo| frqfhuqhg derxw wkh edvh frqvxpswlrq F+3,> l1h1 wkh sd|r� ri shrsoh
zlwk � @ 3> zkr duh zruvw r� lq wkh hfrqrp|1 Rswlpdo dgplvvlrq ihhv duh
wkhq fkrvhq wr pd{lpl}h wkh h{fhvv ri uhyhqxhv iurp sxeolf0jrrg surylvlrq ryhu
frvwv dqg khqfh wkh uhvrxufhv wkdw duh dydlodeoh wr udlvh F+3, deryh \ 1 Wkh
vhfrqg0ehvw phfkdqlvp ghvljq sureohp wkhq frlqflghv zlwk wkh sureohp ri d
sur�w0pd{lpl}lqj prqrsrolvw1 Irupdoo|/ rqh rewdlqv=

Sursrvlwlrq 814 Ohw iZnj eh dq| vhtxhqfh ri lqfuhdvlqj/ frqfdyh/ dqg wzlfh

frqwlqxrxvo| gl�huhqwldeoh ixqfwlrqv rq ?. vxfk wkdw olpn$4�Z 33
n +y,

Z 3
n
+y, @ 4>

xqlirupo| lq y= Iru dq| n> ohw +Tn
4 > ===> T

n
p> sn4 > ===> s

n
p, eh d yhfwru ri wklug0ehvw

sxeolf0jrrg surylvlrq ohyhov dqg dgplvvlrq ihhv iru wkh zhoiduh ixqfwlrq Zn= Wkhq
wkh vhtxhqfh i+Tn

4 > ===> T
n
p> sn4 > ===> s

n
p,j kdv d olplw srlqw +T4

4 > ===> T4
p > s44 > ===> s4p ,1

46Iru d ghwdlohg dffrxqw ri wklv wudghr�/ vhh Khoozlj +5336 e,1
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Pruhryhu/ dq| vxfk olplw srlqw lv d vroxwlrq wr wkh prqrsro| sureohp

pd{
+T4>===>Tp>s4>===>sp,

%
p[
l@4

sl+4� Il+
sl
Tl

,,�N+T,

&
= +81;,

Iru p @ 4> d surri ri wklv uhvxow lv jlyhq lq Khoozlj +5336 e,1 Wkh surri
iru duelwudu| p lv sudfwlfdoo| wkh vdph dqg lv wkhuhiruh qrw jlyhq khuh1 Wkh
lpsruwdqw frqfoxvlrq wr eh gudzq lv wkdw lqhtxdolw| dyhuvlrq pd| vxshuvhgh
sduwlflsdwlrq frqvwudlqwv dqg wkh �jryhuqphqw exgjhw frqvwudlqw� +6145, dv d
udwlrqdoh iru fkdujlqj ihhv iru dgplvvlrq wr h{foxgdeoh sxeolf jrrgv1 Hyhq vr/
d wklug0ehvw yhfwru ri dgplvvlrq ihhv zloo vdwlvi| d zhljkwhg lqyhuvh0hodvwlflwlhv
uxoh147

Wkh uroh ri uhqhjrwldwlrq surriqhvv dv d qhfhvvdu| dqg vx!flhqw frqglwlrq
iru wkh uhohydqfh ri wklug0ehvw doorfdwlrqv lv xqd�hfwhg e| wkh lqwurgxfwlrq ri
lqhtxdolw| dyhuvlrq1 Zlwk lqhtxdolw| dyhuvlrq ri wkh phfkdqlvp ghvljqhu dqg
vwrfkdvwlf lqghshqghqfh ri ��4> ===��p/ pl{hg exqgolqj lv vwloo suhihuuhg wr wkh
duelwudjh iuhh sulfh vfkhgxoh fruuhvsrqglqj wr d wklug0ehvw doorfdwlrq1 Lqghhg
iru wkh fdvh ri lq�qlwh lqhtxdolw| dyhuvlrq/ wkh pxowlsurgxfw prqrsro| dqdo|vlv ri
PfDihh hw do1 +4<;<, ru Pdqhool dqg Ylqfhqw +5335, lv gluhfwo| dssolfdeoh ehfdxvh
wkh phfkdqlvp ghvljqhu lv rqo| lqwhuhvwhg lq pd{lpl}lqj h{shfwhg sur�wv lq
rughu wr udlvh wkh edvh frqvxpswlrq F+3, ri wkrvh shrsoh zkr duh zruvw r� lq
wkh hfrqrp|1

D Dsshqgl{= Surriv

Surri ri Ohppd 6141 Wkh �li� sduw ri wkh ohppd lv dq lqvwdqfh ri wkh �uvw
zhoiduh wkhruhp1 Wr suryh wkh �rqo| li� sduw/ ohw D eh d uhqhjrwldwlrq surri

doorfdwlrq1 Iru l @ 4> ===>p> ohw a�
D

l eh wkh xqltxh vroxwlrq wr wkh htxdwlrq

4� Il+a�
D

l , @

]
^3>4`p�


"l+�> $, gI +�,g�+$,= +D14,

Frqvlghu wkh qhw0wudgh doorfdwlrq +}f+=> =,> }4+=> =,> ===> }p+=> =,, vdwlvi|lqj

}l+�> $, @ �"D
l +�> $, li �l ? a�

D

l > +D15,

}l+�> $, @ 4� "D
l +�> $, li �l � a�

D

l > +D16,

47Wkhvh frqvlghudwlrqv vxjjhvw wkdw wkh fulwltxh ri wkh Udpvh|0Erlwhx{ dssurdfk wr sxeolf0
vhfwru sulflqj dqg lqgluhfw wd{dwlrq wkdw zdv suhvhqwhg e| Dwnlqvrq dqg Vwljolw} +4<:9, pxvw
eh prgl�hg rqfh rqh doorzv iru khwhurjhqhlw| lq wdvwhv dv zhoo dv lqhtxdolw| dyhuvlrq ri wkh
phfkdqlvp ghvljqhu1 Hyhq li rqh dffhswv wkh Dwnlqvrq0Vwljolw} fulwltxh ri wkh lpsrvlwlrq ri
d jryhuqphqw exgjhw frqvwudlqw +ru wkh lpsrvlwlrq ri lqwhulp sduwlflsdwlrq frqvwudlqwv,/ li
lqhtxdolw| dyhuvlrq lv vx!flhqwo| odujh/ rqh vwloo rewdlqv dq lqyhuvh0hodvwlflwlhv fkdudfwhul}dwlrq
ri rswlpdo dgplvvlrq ihhv1
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iru l @ 4> ===>p> dqg

}f+�> $, @ �
p[
l@4

}l+�> $,a�
D

l T
D
l = +D17,

Rqh hdvlo| yhul�hv wkdw/ iru wkh jlyhq yhfwru TD ri sxeolf0jrrg surylvlrq ohyhov/
wkh sulfh v|vwhp +4> sD4 > ===> s

D
p, dqg wkh doorfdwlrq +fD+=> =,> "D

4 +=> =,> ===> "
D
p+=> =,,.

+}f+=> =,> }4+=> =,> ===> }p+=> =,, fruuhvsrqg wr d frpshwlwlyh htxloleulxp ri wkh h{0
fkdqjh hfrqrp| zlwk wudgh lq wkh sulydwh jrrg dqg lq dgplvvlrq wlfnhwv iru
wkh sxeolf jrrgv/ zlwk lqlwldo hqgrzphqwv jlyhq e| +f+=> =,> "4+=> =,> ===> "p+=> =,,=
Ihdvlelolw| dqg qhw0wudgh lqfhqwlyh frpsdwlelolw| ri wkh qhw0wudgh doorfdwlrq
+}f+=> =,> }4+=> =,> ===> }p+=> =,, iroorz lpphgldwho|/ dv grhv wkh grplqdqfh frqglwlrq
+616,1 Uhdoorfdwlrq surriqhvv ri D wkhuhiruh lpsolhv wkdw +617, grhv qrw krog1
Jlyhq wkdw +616, grhv krog/ lw iroorzv wkdw

}f+�> $, .
p[
l@4

}l+�> $,�lT
D
l @ 3 +D18,

iru doprvw doo +�> $, 5 ^3> 4`p �
= Iurp +D17,/ rqh kdv

}f+�> $, .
p[
l@4

}l+�> $,�lTl @
p[
l@4

}l+�> $,+�l � a�
D

l ,T
D
l = +D19,

E| +D15, dqg +D16,/ hdfk ri wkh vxppdqgv rq wkh uljkw0kdqg vlgh ri +D19, lv
qrqqhjdwlyh/ vr +D18, lpsolhv wkdw/ iru hdfk l dqg doprvw doo +�> $, 5 ^3> 4`p�
/
rqh kdv

}l+�> $,+�l � a�
D

l ,T
D
l @ 3> +D1:,

khqfh/ e| +D15, dqg +D16,/

^pd{+�l � a�
D

l > 3,� "D
l +�> $,+�l � a�

D

l ,`T
D
l @ 3= +D1;,

Qrz +D1;, lpsolhv "l+�> $, @ 3 li �lT
D
l ? a�

D

l T
D
l dqg "l+�> $, @ 4 li �lT

D
l A

a�
D

l T
D
l = Xsrq vhwwlqj/ sDl @ a�

D

l T
D
l > rqh �qgv wkdw wkh fodlp ri wkh ohppd lv

hvwdeolvkhg1

Surri ri Ohppd 6151 Wkh �li� sduw ri wkh ohppd lv wulyldo1 Wr suryh
wkh �rqo| li� sduw/ ohw D eh d uhqhjrwldwlrq surri dqg lqfhqwlyh frpsdwleoh
doorfdwlrq/ dqg ohw yD+=, eh wkh dvvrfldwhg h{shfwhg0sd|r� ixqfwlrq dv jlyhq e|
+516,1 E| +516,/ rqh kdv yD+3, @ FD+3,= Pruhryhu/ Ohppdv 515 dqg 614/ dqg
+518, lpso| wkdw iru doprvw dq| � 5 ^3> 4`p/ wkh ixqfwlrq y+=, kdv �uvw sduwldo
ghulydwlyhv vdwlvi|lqj

yDl +�, @ 3 li �lT
D
l ? sDl +D1<,
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dqg

yDl +�, @ TD
l li �lT

D
l A sDl > +D143,

zkhuh sD4 > ===> s
D
p duh wkh sulfhv jlyhq e| Ohppd 6141 E| lqwhjudwlrq/ rqh wkhq

rewdlqv +6143,/ vr +5143,/ lpsolhv wkdw +61:, dqg +61;, krog iru doo � 5 ^3> 4`p=
Iurp +6143, dqg +516,/ rqh dovr rewdlqv

FD+�, @ FD+3, .
p[
l@4

pd{+�lT
D
l � sDl > 3,�

p[
l@4

�D
l +�,�lT

D
l > +D144,

vr +61<, iroorzv iurp +61:, dqg +61;,1

Wkh surri ri Sursrvlwlrq 616 lv wulyldo dqg lv ohiw wr wkh uhdghu1

Surri ri Sursrvlwlrq 6171 E| Sursrvlwlrq 616/ T4> ===> Tp dqg s4> ===> sp
pd{lpl}h +6147, vxemhfw wr +6148,1 Iru vrph � � 3 wkhuhiruh/ T4> ===> Tp dqg
s4> ===> sp pd{lpl}h wkh Odjudqjldq h{suhvvlrq

p[
l@4

] 4

a�l+sl>Tl,

+�lTl � sl, gIl+�l, . �

#
p[
l@4

sl+4� Il+a�l+sl> Tl,,,�N+T,

$
=

+D145,

Jlyhq wkdw sl @ a�l+sl> Tl,Tl iru doo l> wkh sureohp ri pd{lpl}lqj +D145, zlwk
uhvshfw wr T4> ===> Tp dqg s4> ===> sp lv htxlydohqw wr wkh sureohp ri pd{lpl}lqj

p[
l@4

] 4

a�l

+�l � a�l,Tl gIl+�l, . �

#
p[
l@4

a�lTl+4� Il+a�l,,�N+T,

$
+D146,

zlwk uhvshfw wr T4> ===> Tp dqg a�4> ===> a�p=
Wr suryh wkdw Tl A 3> lw vx!fhv wr revhuyh wkdw/ iru Tl @ 3> +D146, lv

lqghshqghqw ri a�l> dqg/ iru a�l ? 4> dw Tl @ 3> +D146, lv vwulfwo| lqfuhdvlqj lq Tl=

Dq| sdlu +Tl> a�l, zlwk Tl @ 3 lv wkhuhiruh grplqdwhg e| wkh sdlu +%> 45, surylghg
wkdw % A 3 lv vx!flhqwo| vpdoo1

Jlyhq wkdw sxeolf0jrrg surylvlrq ohyhov pxvw eh srvlwlyh/ wkh �uvw0rughu frq0
glwlrqv iru pd{lpl}lqj +D146, duh jlyhq dv

] 4

a�l

+�l � a�l, gIl+�l, . �a�l+4� Il+a�l,,� �Nl+T, @ 3 +D147,

iru Tl dqg

�

] 4

a�l

Tl gIl+�l, . �Tl+4� Il+a�l,,� �a�lTlil+a�l, � 3 +D148,
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iru a�l zlwk d vwulfw lqhtxdolw| rqo| li a�l @ 3= Zlwk Tl A 3> +D148, vlpsol�hv wr=

+�� 4,+4� Il+a�l,,� �a�lil+a�l, � 3> +D149,

zlwk d vwulfw lqhtxdolw| rqo| li a�l @ 3=
Wkh Odjudqjh pxowlsolhu pxvw h{fhhg rqh1 Iru � � 4> +D149, zrxog lpso|

a�l @ 3> khqfh sl @ 3 iru doo l> dqg/ e| wkh frqvwudlqw +6148,/ N+T, @ 3> zklfk
lv lpsrvvleoh li Tl A 3 iru doo l= Wkhuhiruh rqh fdqqrw kdyh � � 4= Iru � A 4>
+D149, lpsolhv 4 A a�l A 3> khqfh Tl A sl A 3 iru doo l= Qrz +614:, iroorzv

iurp +D149, e| vxevwlwxwlqj iru a�l @ sl@Tl A 31 +6149, iroorzv iurp +D148, e| d
uhduudqjhphqw ri whupv1

Surri ri Sursrvlwlrq 7141 E| frqwudglfwlrq/ vxssrvh wkdw wkh �uvw
vwdwhphqw ri Sursrvlwlrq 714 lv idovh1 Wkhq wkhuh h{lvw T AA 3 dqg S � vxfk
wkdw S � lv duelwudjh iuhh dqg/ jlyhq T> S � pd{lpl}hv +718, ryhu wkh vhw ri sulfh
vfkhgxohv lqgxflqj lqglylgxdoo| udwlrqdo dqg ihdvleoh doorfdwlrqv1

Iru dq| sulfh vfkhgxoh S> dq doorfdwlrq lqgxfhg e| S lv lqglylgxdoo| udwlrqdo
li S +>, @ 3= E| +5148,/ wkh doorfdwlrq lv dovr ihdvleoh li]

^3>4`p
^y+�mS ,�

p[
l@4

�lyl+�mS ,`i+�,g� � \ �N+T,= +D14:,

Wkurxjk lqwhjudwlrq e| sduwv/ dv lq PfDihh hw do1 +4<;<,/ +D14:, lv vhhq wr eh
htxlydohqw wr wkh lqhtxdolw|]
^3>4`p

y+�mS ,^+p. 4,i+�, . � � ui+�,`g��
p[
l@4

]
^3>4`p�4

y+4>��lmS ,i+4>��l,g��l

� \ �N+T,= +D14;,

Wkxv S � pd{lpl}hv +718, ryhu wkh vhw ri sulfh vfkhgxohv S vdwlvi|lqj S +>, @ 3
dqg +D14;,1

Iru vrph � � 3 dqg vrph � wkhuhiruh/ S � pd{lpl}hv wkh Odjudqjldq h{suhv0
vlrq ]

^3>4`p
y+�mS ,i+�,g� � �

]
^3>4`p

y+�mS ,^+p. 4,i+�, . � � ui+�,`g�

.�
p[
l@4

]
^3>4`p�4

y+4>��lmS ,i+4>��l,g��l.�+\ �N+T,, . �S +>,= +D14<,

Jlyhq wkdw dq| sulfh vfkhgxoh S lv fkdudfwhul}hg e| wkh �qlwh olvw ri qxpehuv
S +>,> S +i4j,> ===> S +ipj,> ===> S +P,> lw iroorzv wkdw iru dq| qrqhpsw| vhw M � P>
wkh �uvw0rughu frqglwlrq

C

CS +M,

]
^3>4`p

y+�mS ,i+�,g� � �
C

CS +M,

]
^3>4`p

y+�mS ,^+p. 4,i+�, . � � ui+�,`g�

.�
C

CS +M,

p[
l@4

]
^3>4`p�4

y+4>��lmS ,i+4>��l,g��l � 3> +D153,

zlwk htxdolw| xqohvv S �+M, @ 3>
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pxvw eh vdwlv�hg dw S @ S �= E| dq dujxphqw ri Pdqhool dqg Ylqfhqw +5335,/48

+D153, fdq eh uhzulwwhq dv

�

]
DM+S�,

i+�,g� . �

]
DM+S�,

^+p. 4,i+�, . � � ui+�,`g�

��
[
l5M

]
El

M
+S�,

i+4>��l,g��l � 3> +D154,

zlwk htxdolw| xqohvv S �+M, @ 3>

zkhuh/ iru dq| sulfh vfkhgxoh S> DM+S , @ fo i� 5 ^3> 4`pm tS +M >�, A 3j dqg/ iru
dq| l 5 M> El

M+S , @ fo i��l 5 ^3> 4`p�4m tS +M > 4>��l, A 3j= Jlyhq wkdw i wdnhv
wkh irup i+�, @

Tp
m@4 im+�m,> +D154, fdq eh uhzulwwhq dv=

+�� 4,

]
DM+S�,

p\
m@4

im+�m,g� . �
p[
l@4

]
DM+S�,

+il+�l, . �li
3
l+�l,,

\
m 9@l

im+�m,g�

��
[
l5M

]
El

M
+S�,

il+4,
\
m 9@l

im+�m,g��l � 3> +D155,

zlwk htxdolw| xqohvv S �+M, @ 3=

L �uvw vkrz wkdw/ ehfdxvh S � lv duelwudjh iuhh/ +D155, lpsolhv wkh Udpvh|0
Erlwhx{ �uvw0rughu frqglwlrq +614:,1 Iru dq| m/ L gh�qh M +m, =@ iM � P m m 5 Mj
dv wkh vhw ri doo vhwv M wkdw frqwdlq sxeolf jrrg m= Vxppdwlrq ri +D155, ryhu
M 5 M +m, |lhogv

+�� 4,

]
^M5M +m,DM+S�,

p\
m@4

im+�m,g� . �
p[
l@4

]
^M5M +m,DM +S�,

+il+�l, . �li
3
l+�l,,

\
m 9@l

im+�m,g�

��
[
l5P

]
^M5M +m,_M +l,E

l
M
+S�,

il+4,
\
m 9@l

im+�m,g��l � 3> +D156,

zlwk htxdolw| xqohvv S �+M, @ 3 iru vrph M 5 M +m,=

Ehfdxvh S � lv duelwudjh iuhh/ rqh kdv ^M5M +m,DM+S
�, @ i� 5 ^3> 4`pm �m � a�mj/

^M5M +m,E
m
M+S

�, @ ^3> 4`p�4> dqg/ iru l 9@ m> ^M5M +m,_M +l,E
l
M+S

�, @ i��l 5

^3> 4`p�4m �m � a�mj> zkhuh a�m @
S +imj,

Tm
= Wkxv +D156, fdq eh uhzulwwhq dv

+�� 4,+4� Im+a�m,, . �

] 4

a�m

^im+�m, . �mi
3
m+�m,`g�m

.
p[

n@4
n 9@m

+4� Im+a�m,,

] 4

3

^in+�n, . �ni
3
n+�n,`g�n � �im+4,�

p[
l@4
l9@m

+4� Im+a�m,,il+4, � 3>

zlwk htxdolw| xqohvv a�m @ 31

48Wkh lghd ehklqg wkh dujxphqw lv wkdw wkh ghulydwlyhv ri wkh lqwhjudov lq +D153, zlwk uhvshfw
wr � Ea� fdq eh htxdwhg zlwk wkh lqwhjudov ri wkh ghulydwlyhv ri wkh lqwhjudqgv rq wkh lqwhulruv
ri wkh vhwv �a E� � dqg ��

a
E� �� Wkh erxqgdulhv ri wkhvh vhwv gr qrw pdwwhu ehfdxvh wkh| kdyh

Ohehvjxh phdvxuh }hur1
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Xsrq frpsxwlqj wkh lqwhjudov dqg fdqfhoolqj whupv lqyroylqj im+4, ru il+4,> rqh
fdq uhzulwh wklv frqglwlrq dv

+�� 4,+4� Im+a�m,,� �a�mim+a�m, � 3> +D157,

zlwk htxdolw| xqohvv a�m @ 31

Wklv lv lghqwlfdo zlwk frqglwlrq +D149, lq wkh surri ri Sursrvlwlrq 6171 Wkh vdph

dujxphqw dv zdv jlyhq wkhuh vkrzv wkdw rqh pxvw kdyh � A 4 dqg 4 A a�l A 3>
dqg khqfh

+�� 4,+4� Im+a�m,,� �a�mim+a�m, @ 3 +D158,

iru doo m1
Ehfdxvh S � lv duelwudjh iuhh/ iru m @ 4> ===>p> rqh dovr kdv Dimj+S

�, @

^a�m > 4` �
T

l9@m ^3>
a�l` dqg Em

imj+S
�, @

T
l9@m ^3>

a�l`> zkhuh djdlq a�m @ S�+imj,
Tm

dqg

a�l @
S�+ilj,

Tl
= Vlqfh a�m A 3 lpsolhv S �+imj, A 3> iru M @ imj/ +D155, ehfrphv

�+4� �,+4� Im+a�m,,
p\
l@4
l9@m

Il+a�l, . �

] 4

a�m

^im+�m, . �mi
3
m+�m,`g�l

p\
l@4
l9@m

Il+a�l,

.�+4� Im+a�m,,
p[

n@4
n 9@m

]
^3>a�n`

^in+�n, . �ni
3
n+�n,`g�n

p\
c@4
c9@m>n

Ic+a�c,

��im+4,
p\
l@4
l9@m

Il+a�l, @ 3= +D159,

Xsrq frpsxwlqj wkh lqwhjudov lq +D159,/ fdqfhoolqj whupv lqyroylqj im+4, dqg

glylglqj e|
T

l9@m Il+a�l,> rqh ixuwkhu rewdlqv

+�� 4,+4� Im+a�m,,� �a�mim+a�m, . �+4� Im+a�m,,
p[

n@4
n 9@m

a�nin+a�n,

In+a�n,
@ 3= +D15:,

E| +D157,/ lw iroorzv wkdw

�+4� Im+a�m,,
p[

n@4
n 9@m

a�nin+a�n,

In+a�n,
@ 3>

zklfk lv lpsrvvleoh ehfdxvh a�m ? 4 dqg a�n A 3 iru doo n= Wkh dvvxpswlrq wkdw
wkh �uvw vwdwhphqw ri wkh sursrvlwlrq lv idovh kdv wkxv ohg wr d frqwudglfwlrq1

Wxuqlqj wr wkh vhfrqg vwdwhphqw ri wkh sursrvlwlrq/ wkh dujxphqw mxvw jlyhq
lpsolhv wkdw dw wkh duelwudjh iuhh sulfh vfkhgxoh S � zklfk lqgxfhv d wklug0ehvw
doorfdwlrq/ wkh ghulydwlyh ri wkh Odjudqjldq +D14<, zlwk uhvshfw wr wkh vlqjohwrq
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sulfhv S +imj, lv vwulfwo| srvlwlyh1 Dv iru wkh exqgoh P / ehfdxvh S � lv duelwudjh

iuhh/ rqh kdv DP+S �, @
Tp

m@4^
a�m > 4` dqg/ iru l @ 4> ===>p> El

P+S �, @
T

m 9@l^
a�m > 4`/

vr dw S @ S �> wkh ghulydwlyh ri wkh Odjudqjldq +D14<, zlwk uhvshfw wr wkh sulfh
S +P, wdnhv wkh irup

�+4� �,
p\
m@4

+4� Im+a�m,, . �
p[
l@4

p\
m@4
m 9@l

+4� Im+a�m,,

] 4

a�l

^il+�l, . �li
3
l+�l,`g�l

��
p[
l@4

il+4,
p\
m@4
m 9@l

+4� Im+a�m,,>

zklfk vlpsol�hv wr

+�� 4,
p\
m@4

+4� Im+a�m,,� �
p[
l@4

p\
m@4
m 9@l

+4� Im+a�m,,a�lil+a�l,= +D15;,

Xsrq xvlqj +D157, wr vxevwlwxwh iru �a�lil+a�l,> l @ 4> ===>p> rqh �qgv wkdw +D15;,
lv htxdo wr

+�� 4,+4�p,
p\
m@4

+4� Im+a�m,,>

zklfk lv vwulfwo| qhjdwlyh ehfdxvh p A 41 Wkh grplqdwlqj sulfh vfkhgxoh aS
lq wkh ylflqlw| ri S � pd| wkxv eh fkrvhq zlwk aS +P, ? S �+P, dv zhoo dv
aS +imj, A S �+imj, iru m @ 4> ===>p=

Surri ri Sursrvlwlrq 7151 Vxssrvh wkdw wkh sursrvlwlrq lv idovh1 Iru
p @ 5> ohw T AA 3 dqg S � eh vxfk wkdw S � lv dq rswlpdo sulfh vfkhgxoh jlyhq
T dqg S �+i4> 5j, � S �+i4j,.S �+i5j,= Rswlpdolw| ri S � lpsolhv wkdw/ iru vrph
� � 3 dqg vrph �> S � vdwlv�hv wkh �uvw0rughu frqglwlrq +D155,1 Ihdvlelolw|
lpsolhv wkdw S �+i4> 5j, A 3=

Li S �+i4> 5j, � S �+i4j, . S �+i5j,> rqh kdv Di4>5j+S
�, @ ^��4> 4` � ^��5> 4`

zkhuh/ iru l @ 4> 5> ��l =@ S �+i4> 5j,�S �+ilj,= Iru M @ i4> 5j> zlwk S �+i4> 5j, A
3> +D155, wkhq |lhogv=

+�� 4,+4� I4+��4,,+4� I5+��5,,� ���4i4+��4,+4� I5+��5,,

����5i5+��5,+4� I4+��4,, @ 3>

ru

+�� 4, @ �
[
l@4>5

��lil+��l,

4� Il+��l,
= +D15<,
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Li S �+i4> 5j, � S �+i4j, . S �+i5j,> rqh dovr kdv

Di4j+S
�, @ i+�4> �5,m �5 � ��5 dqg �4 � a�4+�5,j>

zkhuh a�4+�5, =@ S �+i4j, .pd{+�5 �S �+i5j,> 3,= Iru M @ i4j wkhuhiruh> +D155,
lpsolhv

+�� 4,

] ��5

3

+4� I4+a�4+�5,,i5+�5,g�5��

] ��5

3

a�4+�5,i4+a�4+�5,,i5+�5,g�5 � 3

ru ] ��5

3

%
+�� 4,� �

a�4+�5,i4+a�4+�5,,

+4� I4+a�4+�5,,

&
+4� I4+a�4+�5,,i5+�5,g�5 � 3= +D163,

Iru �5 � ��5> rqh kdv

a�4+�5, � S �+i4j, . pd{+��5 � S �+i5j,> 3,

@ S �+i4j, . pd{+S �+i4> 5j,� S �+i4j,� S �+i5j,,> 3,

@ S �+i4> 5j,� S �+i5j, @ ��4=

Jlyhq wkh dvvxphg prqrwrqlflw| ri wkh ixqfwlrqv �l $
�lil+�l,
4�Il+�l,

> lw iroorzv wkdw

+D163, lpsolhv

+�� 4, � �
��4i4+��4,

4� I4+��4,
= +D164,

E| d suhflvho| v|pphwulf dujxphqw iru wkh vhw i5j> rqh dovr kdv

+�� 4, � �
��5i5+��5,

4� I5+��5,
= +D165,

Xsrq frpelqlqj +D164, dqg +D165, zlwk +453,/ rqh rewdlqv

+�� 4, � 5+�� 4,>

zklfk lpsolhv � � 4= E| +D164,/ lw iroorzv wkdw ��l @ 3 iru l @ 4> 5> khqfh
S �+i4> 5j, @ 3> zklfk lv lpsrvvleoh li wkh frvw N+T, A 3 lv wr eh fryhuhg1 Wkh
dvvxpswlrq wkdw S �+i4> 5j, � S �+i4j, . S �+i5j, wkxv ohdgv wr d frqwudglfwlrq
dqg pxvw eh idovh1
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