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Abstract

We studya modelof local evolution. Agentsarelocatedon a network andinteractstrate-
gically with their neighbours.Strategiesarechosenwith thehelpof learningrulesthatare
basedon thesuccessof strategiesobservedin theneighbourhood.

Thestandardliteratureon local evolution assumeslearningrulesto beexogenousand
fixed. In this paperwe considera specificevolutionarydynamicsthatdetermineslearning
rulesendogenously.

We find with the helpof simulationsthat in the long run learningrulesbehave rather
deterministicallybut areasymmetricin thesensethatwhile learningthey put moreweight
on the learningplayers’experiencethanon theobservedplayers’one. Neverthelessstage
gamebehaviour undertheselearningrulesis similar to behaviour with symmetriclearning
rules.
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1 Intr oduction

In thispaperwewantto studyhow strategiesevolvesimultaneouslywith learning1 rulesin alo-

calenvironment.Weregardthispaperasamodificationof modelsof localevolutionwhereonly

strategiesmayevolve,but learningrulesarekeptfix. Thelatterkind of modelshasbeenstud-

ied by Axelrod(1984,p. 158ff), LindgrenandNordahl(1994),Nowak andMay (1992,1993),

Nowak, Bonhoeffer andMay (1993),Eshel,SamuelsonandShaked (1996),andKirchkamp

(1995). In thesemodelsplayersplay gamesagainstneighbours,usinga strategy thatthey may

changefrom time to time. Whenchangingthis strategy they usea fixed rule; normally they

eitherimitatethestrategy of themostsuccessfulneighbouror thestrategy with thehighestav-

eragesuccessin their neighbourhoodrespectively. Both rulesseemto beratherplausible,and

bothrulesleadto a niceexplanationfor thesurvival of cooperationin prisoners’dilemmas:A

clusterof mutuallycooperatingplayersmayseemto bemoresuccessfulthana (neighbouring)

clusterof mutuallydefectingplayers.Givenmyopic imitation theideaof cooperationspreads

throughanetwork.

However, this property dependson the assumedlearning rule. Other learning rules,

e.g.playersthat imitate with probabilitiesthat arestrictly proportionalto the successof the

observedstrategies,do not give this explanationfor thesurvival of cooperation.Suchpropor-

tional imitation rulesmayactuallybeviewedasparticularlyplausiblesinceproportionalrules

turnout to beoptimalat leastin aglobalsettingwhereall membersof apopulationareequally

likely to interactwith eachother(seeBörgersandSarin(1995),Schlag(1993,1994)).

Notice that local evolution is, thus,muchmoresensitive to seeminglyinnocuouschanges

of the learningrule thanglobal evolution. This sensitivity makesthe local setupparticularly

attractive to studyselectionof learningrules. To performthis taskwe have to decidewhether

we want to extendBörgersandSarinor Schlagandsearchlearningrulesthat areoptimal in

a local environmentor whetherwe want to extendlocal evolutionof strategiesto includealso

learningrules.In thispaperwetakethesecondapproachandstudyamodelwith evolutionboth

on thelevel of strategiesandon thelevel of learningrules.

Within the (wide) rangeof modelsof local evolution some(Sakoda 1971,Schelling1971)

assumeplayers’ statesto be fixed and concentrateon the movementsof players. Oth-

ers (Axelrod 1984, May and Nowak 1992, May and Nowak 1993, Bonhoeffer, May, and

Nowak1993,Ellison1993,Eshel,Samuelson,andShaked1996,LindgreenandNordahl1994,

Kirchkamp 1995) take players’ positionsas fixed but allow playersto changetheir states.

1Giventhattherearelotsof definitionsfor ‘learning’ let usstartwith a clarifying remark:Whenwe talk about
learningin thefollowing we have in mind a descriptivedefinitionof learningin thesenseof a relative permanent
changeof behaviouralpotentiality(seeG. Kimble (Hilgard,Marquis,andKimble 1961)).Werestrictourattention
to verysimplelearningrules.In particularwedonotaimto providea modelof learningasa cognitiveprocess.
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Furthermorethereare modelswhereplayersare allowed to move and to changetheir state

(Hegselmann1994,Ely 1995).Anotherdistinctionis thatsomeauthors(likeSakoda,Schelling

andEllison)assumemyopicallyoptimisingplayerswhile others(Axelrod;Nowak,Bonhoeffer,

May; Eshel,Samuelson,Shaked; Kirchkamp; Lindgren,Nordahl)assumethat playerslearn

throughimitation.

In thefollowing we restrictourselvesto playerswho have fixedpositionsandwho change

their strategy usinga rule that is basedon imitation. Thus,our modelhasmoreelementsin

commonwith Axelrod;Nowak,Bonhoeffer, May; Eshel,Samuelson,Shaked;Kirchkamp;and

LindgrenandNordahl.This literatureassumesall playersto useafixedlearningrule thateither

copiesfrom the currentneighbourhoodthe strategy of the neighbourthat is mostsuccessful2

or thestrategy that is on average(over all neighbourswho useit) mostsuccessful.In contrast

we want to allow playersto change their own learningrule usinga processthat is basedon

imitation.

Suchadynamicsyieldsasetof learningrulesthatwecancomparewith theexogenouslygiven

learningrulesfrom theliterature.Furtherwecancomparethestagegamebehaviour of apopu-

lationusingendogenouslearningruleswith thestagegamebehaviour of apopulationwith fixed

learningrules.

Regardingthe literatureon local evolution we want to ask two questions:First we want

to know whetherthe learning rules discussedin the above literaturearelikely to be selected

by evolution. Secondwe want to know whetherthe behaviourof a societywith endogenous

learningrulesis differentfrom thebehaviour of onewith afixedlearningrule. In thispaperwe

presentsimulationresultsto giveananswerto thesequestions.

Anotherusefulbenchmarkis the literaturethatstudiespropertiesof optimal learningrules

in a global environment,i.e. an environmentwhereall playersmay interactwith eachother

andlearnfrom eachother. Thiskind of problemis studiedby BinmoreandSamuelson(1994),

BörgersandSarin(1995),Schlag(1993,1994).BinmoreandSamuelsonalreadyrequiresym-

metryandstudyanaspirationlevel thatis subjectto a noisyevolutionaryprocess.Börgersand

Sarinaswell asSchlaglook for anoptimal learningrule andfind thatsucha learningrule (in

a globalcontext) turnsout to besymmetric,in thesensethatlearningplayersput equalweight

on their own aswell ason otherplayers’experience.Further, global learningrules that are

optimalor that survive in the long run turn out to be linear in the sensethat optimal learning

rulesrequirelearningplayersto switchto anobservedstrategy with aprobabilitythatis a linear

functionof theplayer’sown andtheobservedpayoff.

In the next sectionwe describea modelof local endogenousevolution of learningrules. In

2We understandhere‘success’as‘averagepayoff perinteraction’.
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section3 we discusspropertiesof theselearningrules. Section3.4 analysesthe dependence

of our resultson parametersof the model. In section3.5 we then study the implication of

endogenouslearningon thestagegamebehaviour. Section4 concludes.

2 The Model

2.1 Overview

In thefollowingwestudyapopulationof playerseachoccupyingonecell of atorusof size�����
where� is between

�
and�	�
� . Playersplaygameswith theirneighboursonthisnetwork, learn

repeatedgamestrategiesfrom theirneighboursandupdatetheir learningruleusinginformation

from their neighbours.In theremainderof this sectionwe describethekind of gamesplayers

play, andstrategiesandlearningrulesthey use.

2.2 StageGames

Playersplaygameswithin aneighbourhood.In thesimulationsthatwediscussin thefollowing

suchaneighbourhoodhasoneof thefollowing shapes:

���� ��� � ����
(1)

A player(markedasa blackcircle) mayonly interactwith thoseneighbours(gray)which live

no morethan ��� cells horizontallyor vertically apart. In eachperioda randomdraw decides

for eachneighbourindependentlywhetheraninteractiontakesplace.Thus,in a givenperioda

playermaysometimesinteractwith all neighbours,sometimeswith only some,sometimeseven

with no neighbourat all. Eachpossibleinteractionwith a givenneighbourtakesplacein each

periodindependentlyfrom all otherinteractionswith probability � � . A typical valuefor � � is�
� � . This probabilityis low enoughto avoid synchronisationamongneighbours,it is still high

enoughto make simulationssufficiently fast.We considervaluesfor � � rangingfrom �
�
� �
� to� to testtheinfluenceof thisparameter.

We assumethat gameswhich areplayedamongneighbourschangeevery �
� periods.We

changegamesto createthe necessityto adaptto a changingenvironmentand, thus, induce

evolutionary pressureon learningrules. In the following we presentresultsof simulations
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Figure1: Thespaceof consideredgames.

where�*� rangesfrom 200 to 20000 periods.Oncea new gameis selected,all neighboursin

ourpopulationplay thesamesymmetric� � � gameof thefollowing form:

Player+,+

Player

+

- .
- /

/
0 �

1
. 1

0 �
�

�

(2)

Whena new gameis selectedtheparameters/ and
1

in theabove gamearechosenrandomly

following an equaldistribution over the intervals 0 �32 / 24� and 0 � 2 1 2 � . We can

visualisethespaceof gamesin a two-dimensionalgraph(seefigure1).

Therangeof gamesdescribedby 0 �52 / 26� and 0 � 2 1 2 � includesbothprisoners’

dilemmasandcoordinationgames.All gameswith /87:9 0 �	; �
< and
1 7=9 � ;>� < areprisoners’

dilemmas(
-?-A@CB

in figure 1), all gameswith /ED 0 � and
1 2 � arecoordinationgames.

In figure 1 equilibrium strategiesaredenotedwith
.F.

,
.F-

,
-G.

and
-G-

respectively. The

symbol riskH denotesrisk dominancefor gamesthathaveseveralequilibria.

We alreadyknow from the literatureon local evolution3 that with the learningrule ‘copy

bestplayer’ playerscooperateat leastin someprisoners’dilemmas.Kirchkamp(1995)points

furtherout thatwhenplayingcoordinationgamesusingthis learningruleplayersdonotalways

coordinateon therisk dominantequilibriumbut follow acriterionwhichputsalsosomeweight

3SeeAxelrod(1984,p. 158ff), LindgrenandNordahl(1994),Nowak andMay (1992,1993),Nowak, Bonho-
effer andMay (1993),Eshel,SamuelsonandShaked(1996),Kirchkamp(1995).
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on Paretodominance.We will seein theremainderof this paperthatthis behaviour persistsat

leastto somedegreealsowith endogenouslearningrules.

2.3 RepeatedGameStrategies

We assumethat eachplayerusesa singlerepeatedgamestrategy againstall neighbours.Re-

peatedgamestrategiesarerepresentedas(Moore)automatawith amaximalnumberof statesof

one,two, three,or four4. For many simulationswe limit thenumberof statesto lessthanthree.

2.4 Learning Rules

Fromtime to time a playerhastheopportunityto revisehis or herrepeatedgamestrategy. We

assumethatthis opportunityis a randomeventthatoccursfor eachplayerindependentlyat the

endof eachperiodwith a certainprobability. Probabilitiesto learnwill be denoted�
� �JI and

rangefrom �
�
K to �
�
� �	� . ��I denotesthenthe averagetime betweentwo learningeventsof a

player. Learningis a relatively rareevent, ascomparedto interaction. Still, learningoccurs

more frequentlythan changesof the stagegameand updatesof the learningrule itself (see

below).

If a playerupdatestherepeatedgamestrategy theplayersamplesrandomlyonememberof

theneighbourhoodandthenappliestheindividual learningrule.

Notice, that this learningrule usesinformationon a singlesampledplayer. The learning

rulesdiscussedin the literature5 useinformationon all neighboursfrom the learningneigh-

bourhoodsimultaneously.

We assumeherethat only a singleplayer is sampledto simplify our learningrule in the

sensethatonly asinglealternative to theplayer’scurrentrepeatedgamestrategy is considered.

It is hardto specifya spaceof learningrulesthatlearnfrom severalneighboursbut canstill be

describedwith asmallnumberof parameters.

4Each‘state’of aMooreautomatonis describedby astage-gamestrategy andatransitionfunctionto eitherthe
sameor any otherof theautomaton’sstates.This transitiondependson theopponent’sstage-gamestrategy. Each
automatonhasone‘initial state’thattheautomatonenterswhenit is usedfor thefirst time.

Thereare2 automatawith only onestate(oneof themplaysinitially L andremainsin this statewhatever the
opponentdoes,theotherplaysalways M .

Thereare26 automatawith oneor two states.E.g. ‘grim’ is a two-stateautomaton.The initial stateplays L .
Theautomatonstaysthereunlesstheopponentplays M . Thentheautomatonswitchesto thesecondstatethatplaysM andstaysthereforever. Otherpopulartwo-stateautomatainclude‘tit-for -tat’, ‘tat-for-tit’, etc.

The set of automatawith lessthan four statescontains1752 different repeatedgamestrategies. The set of
automatawith lessthanfivestateshasalreadysize190646.

5SeeAxelrod(1984,p. 158ff), LindgrenandNordahl(1994),NowakandMay (1992,1993),Nowak,Bonnho-
effer andMay (1993),Eshel,SamuelsonandShaked(1996),Kirchkamp(1995).
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We briefly analysetwo alternativesetupsin orderto testsensitivity with respectto thetypeof

thelearningrule.

First,andin orderto becomparablewith theabovementionedliterature,westudyin section

3.5 a fixed learningrule that samplesa singleplayerandthat aimsto be similar to the fixed

multi-player rules in the literature. With the help of simulationswe show that stagegame

behaviour underthe fixed single-playerrule turnsout to be very similar to fixedmulti-player

rules.E.g.cooperationin prisoners’dilemmasoccurswith thelearningrule ‘copy bestplayer’

for almostthesamerangeof games,regardlesswhetheronly oneor all neighboursaresampled.

Second,and in order to show that choosingthe single-playersetupis not crucial for the

propertiesof the learningrulesthat we derive, we comparein section3.4.1the single-player

rule with the following multi-player rule: All neighboursare sampled,the most successful

neighbouris determined,andthenimitatedwith a probabilitythat is againa linearfunctionof

themostsuccessfulneighbour’s andthelearningplayer’s success.It turnsout thatthelearning

rulesthatevolveunderthis regimeareverysimilar to thosethatemergeunderthesingle-player

regimethatwedescribein thenext paragraph.

Learning,aswell as interaction,occursin neighbourhoodsof similar shape(seegraph1 on

page3). Wedenotethesizeof theneighbourhoodfor learningwith thesymbol� I .
Learningrulesusethefollowing information:

1. Thelearningplayer’s repeatedgamestrategy.

2. Thepayoff N own of theplayer’s repeatedgamestrategy, i.e. theaveragepayoff per inter-

actionthattheplayerreceivedwhile usingthis repeatedgamestrategy.

3. A sampledplayer’s repeatedgamestrategy.

4. The sampledplayer’s repeatedgamestrategy payoff N samp, i.e. the averagepayoff per

interactionthattheplayerreceivedwhile usingthis repeatedgamestrategy.

Learningrulesarecharacterisedby a vectorof threeparameters9POQ$R ; OQTS ; OQ$U < 7 V . Given a

learningrule 9POQ�R ; OQTS ; OQ�U < a learningplayersamplesoneneighbours’strategy andpayoff and

thenswitchesto thesampledstrategy with probability

� 9 N own
; N samp< �XW OQ$RZY OQTS N own

Y OQ$U N samp[ (3)

where

W]\ [�^ �
� if \ D �
� if \52 �\ otherwise

_ (4)
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N own andN sampdenotetheplayer’s andtheneighbour’spayoff respectively.

Thus, the two parametersOQTS and OQ$U reflect sensitivities of the switching probability to

changesin theplayer’s andtheneighbour’s payoff. TheparameterOQ$R reflectsa generalreadi-

nessto changeto new strategies,which canbe interpretedasa higheror lower inclination to

make an experimentor to try somethingnew. Choosing 9COQ$R ; OQTS ; OQ$U < a player determinesa

rangeof payoffs whereto reactprobabilistically(i.e. � 9 N own
; N samp< 7X9 � ;>� < ), a secondrange

of payoffs whereswitchingwill never occur(i.e. � 9 N own
; N samp< � � ) andfinally a third range

of payoffs whereimitationalwaysoccurs(i.e. � 9 N own
; N samp< ��� ).

Notethatoneor eventwo of theserangescanvanish,i.e. we canspecifystochasticaswell

asdeterministicrules.An examplefor adeterministicrule (‘switch if better’)is 9POQ$R ; OQTS ; OQ$U < ^ �
9 � ; 0 ¯Q ; ¯Q < with ¯Q . An examplefor a rule thatimpliesalwaysstochasticbehaviour for the

gamegivenin 2 is 9POQ$R ; OQTS ; OQ$U < ^ � 9 �
� � ; 0 ¯Q ; ¯Q < with �
� 9]` ¯Q < D max9ba /ca ; a 1 a ;>� < .
Noticealsothatour parameterOQ$R is similar to theaspirationlevel d from theglobalmodel

studiedin BinmoreandSamuelson(1994). However, the learningrulesstudiedin Binmore

andSamuelsonarenot specialcasesof our learningrules,sincetheir decisionsareperturbed

by exogenousnoise. For caseswherethis noiseterm becomessmall our rule approximates

BinmoreandSamuelson(1994)with 9POQ$R ; OQTS ; OQ$U < ^ � 9 d ; 0 ¯Q ; ¯Q < and ¯Q .

Normalisation We mapparameters9POQ�R ; OQTS ; OQ$U < 7 V into 9 Q�R ; QTS ; Q$U < 7fe � ;>��g V usingthe

following rule:

OQ �ih tan j Q � 0 j �
k$l 7nm � ;>�	; �po _ (5)

� � � � `0 �0 �0 �0 `

� _ � �
� _ � �
� _rq �
� _ �
� Q �

OQ �

Weletevolutionoperateonthenormalisedvalues9 Q$R ; QTS ; Q$U < 7se � ;>��g V for thefollowingreason:

The learningrulesfrom the literatureareoftendeterministic,thus,they canberepresentedas

ruleswhoseparametervalues OQ � areinfinitely largeor small respectively. We do not want to

excludetheserulesapriori. However, it mightbeaproblemfor adynamicsthatselectslearning

rulesto convergewithin thelimits of afinite simulationto infinite valuesof theparameters.We

7



thereforemapthe unboundedspaceof parametersof our learningrulesinto a boundedspace

usingthetransformationgivenby equation5 on theprecedingpage.

Mutations Whena player learnsa repeatedgamestrategy, sometimeslearningfails anda

randomstrategy is learnedinstead. In this case,any repeatedgamestrategy, asdescribedin

section2.3, is selectedwith equalprobability. These‘mutations’occurwith afixedprobabilityt I . Weconsidermutationratesbetween� and � _rq .
We introducemutationsin orderto show thatsimulationsareparticularlyrobust.However,

asweseein section3.4, wedonotneedmutationsfor our results.

Mutationscanalsobeseenasa way to compensatefor the limited sizeof our population.

Evenif all membersof onespeciesdieout thespeciesstill hasachanceto enterthepopulation

againthroughamutation.

2.5 ExogenousDynamicsthat SelectLearning Rules

Fromtime to time a playerhastheopportunityto revise the learningrule. In our simulations

we assumethat this opportunityis a randomevent that occursfor eachplayerindependently

with probability �
� ��u . �Ju , thus,denotestheaveragetime betweentwo updatesof a player. We

considerlearningrates �
� �Ju among �
� ` ���
�
� to �
� ` �
� . If not mentionedotherwise�
� ��u ��
� ` �
�
� . In particularlearningrules are updatedmuch slower than updatesof strategies or

changesof games.

We wantto modela situationwhereupdatesof learningrulesoccurvery rarely. We find it

justifiedthatfor theserareeventsplayersmakea largereffort to selectanew learningrule. For

our modelthis hasthefollowing two implications:All neighboursaresampledwhenupdating

learningrules(andnotonly asingleneighbourasfor updateof strategies)andthesampleddata

is evaluatedmoreefficiently, usingnow aquadraticapproximation.

Theshapeof theneighbourhoodsthatareusedto updatelearningrulesis similar to those

usedfor interactionandlearning(seegraph1 onpage3). We denotethesizeof theneighbour-

hoodfor updateof learningruleswith thesymbol� u .

A playerwho updatesthe learningrule hasthe following informationfor all neighbours

individually (includinghim- or herself):

1. The(normalised)parametersof therespective learningrule Q$R ; QTS ; Q$U .
2. Theaveragepayoff perinteractionthattherespective playerreceivedwhile this learning

rulewasused,N 9 Q$R ; QvS ; Q�U < .
To evaluatethisinformationweassumethatplayersestimateamodelthathelpsthemexplaining

their environment,in particulartheir payoffs. Playersthenusethis modelto chooseanoptimal

8



learningrule. To modelthis decisionprocesswe assumethatplayersapproximatea quadratic

functionof thelearningparametersto explainsuccessof a learningrule. Formallythequadratic

functioncanbewrittenasfollows:

N 9 Q$R ; QTS ; Q$U < ��w Y 9 Q$R ; QTS ; Q$U <
x R
x S
x U

Y

Y 9 Q$R ; QTS ; Q$U <
y RzR y RJS y R{U
y RJS y SzS y S|U
y RzU y S}U y U{U

Q�R
QvS
Q�U

Y!~ (6)

PlayersmakeanOLS-estimationto derivetheparametersof thismodel( ~ describesthenoise).

We choosea quadraticfunction becauseit is one of the simplestmodelswhich still hasan

optimum.Similarly weassumethatplayersderivethismodelusinganOLS-estimationbecause

this is asimpleandcanonicalwayof aggregatingtheinformationplayershave. Wedonotwant

to be takentoo literally: We want to modelplayersthatmoreor lessbehave as if they would

maximiseaquadraticmodelwhich is derivedusinganOLS-estimation.

The OLS-Regressiondeterminesthe parameters( w$; x R ; x S ; x U ; y RzR ; _�_�_ ; y UzU ) of the above

model. Giventhis model,theplayerdeterminesthecombinationof Q�R ; QTS ; Q$U thatmaximises

N 9 Q$R ; QvS ; Q�U < s.t. 9 Q$R ; QTS ; Q$U < 74e � ;>��g V . We find that in 99% of all updatesthe Hessianof

N 9 Q$R ; QvS ; Q�U < is negative definite, i.e. N 9 Q$R ; QTS ; Q$U < hasa uniquelocal maximum. In the re-

maininglessthan1% of all updatesthequadraticmodelmight beunreliable. In this casewe

thereforecopy themostsuccessfulneighbour.

Figure2 shows (only for onedimension)anexamplefor a sampleof severalpairsof a pa-

rameterQ � andapayoff N (blackdots)togetherwith therespectiveestimationof thefunctional

relationship(grayline) betweenQ � andN .

Mutations We alsointroducemutationsfor players’learningrules. Whena playerupdates

the learningrule, with a small probability t I not the above describedupdateschemeis used

but theplayerlearnsa randomlearningrule that is chosenfollowing anequaldistribution (for

the normalisedparameters)over 9 Q�R ; QvS ; Q�U < 7#e � ;>��g V , which is equivalent to a randomand

independentselectionof OQ$R , OQTS , OQ$U followingeachaCauchydistribution.Weconsidermutation

ratesfor learningt I between� and � _rq .
Thereasonto introducemutationsat this level is thesameasgivenabove for mutationof

strategies: We want to show that our simulationresultsarerobust. A populationthat dueto

its limited sizegetsstuckin somestatemayalwaysescapethrougha mutation.Mutationsare,

9
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Figure2: An examplefor samplesof pairsof parametersandpayoffs (black)whichareusedto
estimatea functionalrelationship(gray)betweenQ � and N . Giventhis relationshipanoptimal
value Q �� is determined.

thus,a way to compensatefor the fact that our simulationsaredonewith a relatively small

population(only 25 to 40000members).

However, asweshow in section3.4, weneitherneedmutationsonthelevel of strategiesnor

on the level of players’learningrules. Resultswithout mutationsarevery simularto theones

with asmallamountof mutations.

2.6 Initial Configuration

At thebeginningof eachsimulationeachplayerstartswith arandomlearningrulethatis chosen

following anequaldistributionover 9 Q$R ; QTS ; Q$U < 7Ee � ;>��g V . Thus,theparametersOQ�R , OQTS , OQ$U are

distributedindependentlyfollowing a Cauchydistribution. Also eachplayerstartswith a ran-

domrepeatedgamestrategy, againfollowing anequaldistributionover theavailablestrategies.

3 Resultswith EndogenousLearning Rules

3.1 Distribution over Learning Parameters

Figure3 displaysaveragesover53simulationsona
� � � � � grid, lasting400000periodseach.

Sincewe cannot displaya distribution over the three-dimensionalspace 9 Q$R ; QTS ; Q$U < we

analysetwo differentprojectionsinto subspaces.Theleft partof figure3 displaysthedistribu-

tion over 9 QTS ; Q$U < , the right part over 9 Q$R ; QTS�Y�Q$U < respectively. Axesrangefrom � to � forQ$R , QTS and Q$U andfrom � to � in thecaseof QTSiY�Q$U . Labelson theaxesdo not representthe

10



a1

a2

-Inf -1 0 1 +Inf

-Inf

-1

0

1

+Inf

0
0 �
�

�

Y OQ$U

0 0 � � � Y OQTS

69.2

1.9 0.539

0.454

0.453

0.4770.729

26.2

a0

·a1+a2“

-Inf -1 0 1 +Inf

-Inf

-1

0

1

+Inf

�

���
� �

� “ ��v� � ���� ”

� ��� � � � ��$�

2.47 1.71 1.19

25.7 55.6 13.3

Figure3: Long run distributionoverparametersof thelearningrule � ���p�>�T���>�$��� . Averageover
53 simulationsrunson a torusof size � ��� � � with 2-stateautomata.Neighbourhoodshave
sizes�����6����� � , ������� . Relative frequenciesaregiven aspercentages.Simulationslast
for �*����� �
���
�
� periods,interactionstake placewith probability  ¡��� �
¢ � , repeatedgame
strategiesarelearnedfrom a randomlysampledplayerwith probability �
¢ �J�£� �
¢ �
� , learning
rulesarechangedwith probability �
¢ ���A� �
¢ � �
�
� , new gamesareintroducedwith probability�*¤¥� �
¢ � �
�
� , mutationsbothfor repeatedgamestrategiesandfor learningrulesoccurata rate
of ¦��§�E¦��A� �
¢
� �
� .
normalisedvaluesbut instead��$� , ��T� , ��$� whichrangefrom � to

�
.6

Bothpicturesaresimultaneouslya densityplot anda tableof relative frequencies:

Densityplot: Differentdensitiesof thedistributionarerepresentedby differentshadesof gray.

Thehighestdensityis representedby thedarkestgray.7

Table of relative fr equencies:The picturesin figure 3 also containsa table of relative fre-

quencies.The left pictureis divided into eight sectors,the right pictureis divided into

six rectangles.Thepercentageswithin eachsectoror rectanglerepresenttheamountof

playersthatusea learningrulewith parametersin therespective range.

The left partof figure3 shows two interestingpropertiesof endogenousevolution: First, with

endogenousevolution learningrulesaresensitive to a player’s own payoff. Second,they are

6The figure is derived from a tableof frequencieswith ¨ª©¬«¨ª© cells. The scalingof all axes follows the
normalisationgivenin equation5 onpage7. To beprecise,thevalue“ ®°¯²± ®ª³ ” representsactuallý¶µ tan·¹¸ºµ»· ®°¯²±®¼³�½¿¾ ´ZÀÁ¸ ¾ ´ ½ andnot ®°¯	± ®¼³ . In thecurrentcontext thisdifferenceshouldbenegligible.

7Densitiesarederivedfrom atableof frequencieswith agrid of sizëª©T«i¨²© for eachpicture.Weactuallymap
logsof densitiesinto differentshadesof gray. Theinterval betweenthe log of thehighestdensityandthe log of
1%of thehighestdensityis split into sevenrangesof evenwidth. Densitieswith logsin thesameinterval havethe
sameshadeof gray. Thus,thewhitearearepresentsdensitiessmallerthan1%of themaximaldensitywhile areas
with darker shadesof grayrepresentdensitieslargerthan1.9%,3.7%7.2%,14%,27%and52%of themaximal
densityrespectively.
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substantiallylesssensitivetoobservedpayoffs. Wecall thislatterpropertysuspicion. Of course,

our agentscanonly behave asif they hadfeelingslike suspicion.We still hopethattheimage

helpsthereader.

Sensitivity to own payoffs: Rememberthat the initial distribution over ÂTÃ and Â$Ä is anequal

distribution. Thus,wouldwedraw theleft partof figure3 in periodone,theresultwould

be a smoothgray surfacewithout any mountainsor valleys. Startingfrom this initial

distribution our learningparameterschangesubstantially. Even if not in all casesÅÂvÃ
becomesÆ , the distribution over learningparametersputsmost its weight on small

valuesof ÂvÃ .
Insensitivity to sampledpayoffs: In the left partof figure3 we seethat96.3%of all players

usea learningrule with ÇÈÅÂ$Ä²Ç¶ÉÊÇÈÅÂvÃËÇ , i.e. a learningrule which putsmoreweight on the

player’s own payoff thanon thesampledpayoff.

If werestrictourselvesto ‘reasonable’learningruleswith ÅÂTÃ�ÉÍÌ and ÅÂ�Ä¥Î�Ì then97.5%

of all theseruleshave thepropertythat ÇÈÅÂ�Ä²ÇÏÉÐÇÈÅÂTÃËÇ .
Notice that for both casesthe initial distribution over parametersof the learningrule

impliesthat50%of all rulesfulfil ÇÈÅÂ$Ä²Ç¼ÉÑÇÈÅÂvÃËÇ .
We call this kind of behaviour ‘suspicious’in the following sense:A samplingplayer

may realisethat an observed learningrule is successfulfor a neighbour. Nevertheless

the player doesnot know whetherthe samerule is equally successfulat the player’s

own location. Perhapsthe successof a neighbour’s rule dependson playerswhich are

neighboursof theplayer’s neighbour, but not of theplayer. Thus,a ‘suspicious’player

behaveslike somebodywho ‘fears’ that thesampledneighbour’s experiencecannot be

generalisedfor theplayer’sown case.

3.2 Probabilities to switch to a sampledlearning rule

The learningrule asspecifiedin equation3 on page6 determinesfor eachlearningplayera

probability to switch to the observed repeatedgamestrategy. Figure4 on the following page

shows thecumulativedistributionof theseswitchingprobabilities.8

ThehorizontalaxisrepresentsÅÂ$Ò	Ó5ÅÂTÃÕÔ own Ó5ÅÂ$Ä,Ô samp. Following thelearningrule3 aplayer

switchesstochasticallywith probability ÅÂ$Ò°ÓGÅÂTÃÕÔ own ÓGÅÂ$Ä,Ô sampif thisexpressionis betweenzero

andone.Otherwisetheplayereitherswitcheswith certaintyor notat all.

8Thisfigureis derivedfrom a tableof frequencieswith 30 cells.Thescalingof thehorizontalaxisfollowsthe
normalisationgivenin equation5 onpage7.
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Figure4: Cumulative distribution over switchingprobabilities,given the learningrulesfrom
figure3.

Figure4 showsthatonly in about12%of all learningeventsÌ�ÉEÅÂ$Ò°ÓAÅÂTÃ»Ô own ÓAÅÂ$Ä,Ô samp É Ù
,

i.e. in only 12%of all learningeventsa player’s decisionis a stochasticone. Our endogenous

rulesseemto beneitherfully stochastic9 nor fully deterministic10

3.3 Comparisonwith other Learning Rules

Above we mentionedtwo referencepoints for learningrules: Thoselearningrules that are

assumedasexogenousandfixedin theliteratureon local evolutionandrulesthatturnout to be

optimal in aglobalsetting.

Let usstartwith theexogenousrulesthatareassumedin the literatureon local evolution:

We have seenthat the exogenousfixed rulesmay be similar to the endogenouslearningrules

in the sensethat small changesin the player’s ownpayoff may leadto drasticchangesin the

probabilityto adoptanew strategy. Endogenouslearningrulesdiffer from thosestudiedin parts

of theliteratureon localevolution in thesensethatchangesin anobservedplayer’spayoff lead

to smallerchangesin theprobabilityto adoptanew strategy.

Let us next compareour endogenousruleswith thoserulesthat turn out to be optimal in

a globalsetting11. We mayexpectthat theoutcomeof anevolutionaryprocessthat runsonly

for a finite time is at leastcloseto any optimal rule. However, our rulesdiffer in two respects

from thosethatareoptimal in a globalmodel:First,asdiscussedin section3.1, they aremore

sensitiveto changesin alearningplayer’sownpayoff thantochangesin anobservedneighbours

payoff. Second,asmentionedin section3.2, playersfollowing endogenousrulesquite often

9As thosefrom Börgers,Sarin(1995)andSchlag(1993).
10As thosefrom Axelrod(1984,p. 158ff), NowakandMay (1992),etc.
11SeeBörgersandSarin(1995),Schlag(1993,1994).
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switchwith certainty.

A highersensitivity to aplayer’sown payoff ascomparedto anobservedneighbourspayoff

canberelatedto thelocal structure.A strategy thatis successfulin my neighbour’sneighbour-

hoodmaybelesssuccessfulin my own neighbourhood.Thereforemy neighbour’s payoff is a

lessreliablesourceof informationthanmy own payoff.

Thefact the(globally) optimal learningrulesswitchalwaysstochasticallyresultsfrom the

attemptto evaluateinformationefficiently. Evensmalldifferencesin payoffs aretranslatedinto

differentbehaviour. The price to pay for this efficient evaluationis time. Given that neither

in BörgersandSarinnor in Schlagplayersareimpatient,they do not carewhethertheoptimal

strategy is reachedonly afterinfinite time.

While we do not have anexplicit discountfactorin our simulationsdiscountingentersim-

plicitly throughtheregularupdateof thelearningrule. A learningrulethatis efficient,but slow,

compares(within finite time) badly to a learningrule that is not perfectin the long run, but

achievesalreadygoodresultsin theshortrun. Thereforeevolution of learningrulesat a more

thaninfinitesimalspeedmayleadto deterministicbehaviour.

3.4 Dependenceon Parameters

Thediscussionin thepreviousparagraphswasbasedonaparticularparametercombination.In

thefollowing wewantto show thatparameterchangesdonot matterfor ourmainresults.

Wewill first considerin section3.4.1analternativerule to sampleneighboursthatmightbe

copiedwhenlearning.Section3.4.2thenstudieschangesin theotherparameters.

3.4.1 The SelectionRule: SamplingRandomly or Selectively

Aboveweassumedthatplayerslearnrepeatedgamestrategiesfrom arandomlysampledplayer.

Onemight, however, objectthat playerscouldbemorecarefulin selectingtheir samples.As

a benchmarkcasewe assumein thissectionthatplayerssamplethemostsuccessfulneighbour

available12. Weshow thatthischangein theselectionrulehaslittle influenceontheendogenous

learningrules.

Figure5 on the following pageshows a distribution over ÛÕÂ�ÒÝÜ>ÂvÃ�Ü>Â�Ä�Þ , projectedinto the

ÂTÃÏÜ>Â$Ä and Â$ÒßÜ>ÂTÃvÓÚÂ$Ä space,similar to figure3 on page11. In contrastto figure3 we assume

herethatplayers,whenlearning,sampletheplayerwith thehighestpayoff per interactionfor

thecurrentrepeatedgamestrategy, measuredover thelifetime of therespective repeatedgame

strategy.

12I.e. theneighbourwhoserepeatedgamestrategy yields thehighestpayoff on average(per interaction)since
thepoint in timewheretheneighbourlearnedtherespectivestrategy.
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Figure 5: Long run distribution over parametersof the learningrule ÛÕÂ�ÒpÜ>ÂTÃ�Ü>Â�Ä�Þ . Average
over 181simulationsruns,eachlastingfor 400000periods.Relative frequenciesaregivenas
percentages.Parametersareasin figure3 on page11 exceptthat learningplayerssamplethe
mostsuccessfulneighbour.

While the pictureis morenoisy thanfigure3 propertiesof learningrulesarethe sameas

alreadydiscussedin section3.1onpage10. Playersarerathersensitiveto changesin theirown

payoff andlesssensitiveto changesin thesampledneighbourspayoff.

Wesuspectthattheadditionalnoisestemsfrom thereducedevolutionarypressureon learn-

ing rules.Preselectingalready‘best’ learningrulesfor comparisonmakesthetaskof identifying

goodrulestoo easyfor learningrules.We actuallyobservea clusterof learningruleswith val-

uesof ÅÂ$Ä closeto Ó . Theserulesapparentlyfollow a ‘just copy whatever you see’strategy,

whichmightbereasonable,since‘whateveryousee’is alreadythebestavailablein yourneigh-

bourhoodunderthisselectionrule.

3.4.2 Other Parameter Changes

Figure6 onpage17showstheeffectof variouschangesof theotherparameters.Wealwaysstart

from thesameparametercombinationasa referencepointandthenvaryoneof theparameters

keepingall theothersfixed.Thereferencepoint is asimulationon torusof size×	Ì¬áA×	Ì , where

theinteractionneighbourhoodandlearningneighbourhoodhaveboththesamesizeâ�ãiä!â�å§ä Ù
while theneighbourhoodthatis usedwhenupdatingthelearningrulehassizeâ�æAä�ç . To learna

new repeatedgamestrategy playerssampleaneighbourrandomly. Learningoccursonaverage

every è�å�äéç
ê periods13. Theunderlyinggameis changedevery è
ë?ä:ç Ì
Ì
Ì periods.Players

13Rememberthat we assumelearningto be an independentrandomevent that occursfor eachplayer with
probability ìîíbïñð .
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updatetheir learningruleonaverageevery è�æGä!ê Ì
Ì
Ì periods14. Themutationratefor learning

aswell asfor updateof learningrulesis ò åºä ò æóä Ù
ô
Ù Ì
Ì . Simulationslast for è*õZäsê ÌZÌ
Ì
Ì
periods.Thus,exceptfor thesimulationlength,parametersarethesameasthosefor figure3.

Figure6 on the following pageshows averages15 of ÅÂvÃ and ÅÂ$Ä for variouschangesin the

parameters.Eachdot representsaparametercombinationthewe simulated.To easetheunder-

standingof theunderlyingpattern,dotsareconnectedthroughinterpolatedsplines.Thewhite

dot in eachdiagramrepresentstheaveragevalue(¯ÅÂTÃ ä Æ Ù Ö÷ö
ø , ¯ÅÂ$Ä ä Ì
ÖØù	Ì ) for thereferenceset

of parametersdescribedabove. Theline ¯ÅÂúÄ ä Æ ¯ÅÂTÃ is markedin gray.

The main result is that all parametercombinationsshow againrelative sensitivity to own

payoffs, and insensitivity to observed payoffs. In particularthe averages ¯ÅÂ$ÄûÉüÆ ¯ÅÂvÃ for all

parametercombinationsthatwesimulated.

Notice that we do not needmutationsfor our results,however, the simulationsarerobust

againstmutations.To show thatwe candispensewith bothkindsof mutationssimultaneously

weranasimulationwhereò åiä ò æAä Ì andshow theresultin thegraph‘mutationof learning

rules’ with a small triangle. While learningon averageto a smallervalueof ÅÂ$Ä we have still
¯ÅÂ$ÄGÉ�Æ ¯ÅÂTÃ . On theotherhandwe canintroduceratherlargeprobabilitiesof mutations(up to

0.7)andstill have ¯ÅÂúÄÁÉ�Æ ¯ÅÂTÃ .
In the remainderof this subsectionwe want to discussthe dependenceon parametersin

more detail. To do that we distinguishthreedimensionshow parametersinfluencelearning

rules:Relativespeed, relativeefficiency, andrelativedegreeof locality.

If parametersof thesimulationarechosenin awaythatmakesit slow, or inefficient(e.g.due

to a lot of noise),thedistribution over theparametersof the learningrule remainscloseto the

initial distribution(whichhasaverages¯ÅÂvÃ ä Ì , ¯ÅÂ$Ä ä Ì ).
If theparametersof asimulationdescribeasituationthathaslessaspectsof locality (e.g.the

interactionradiusis large, suchthat almosteverybodyinteractswith everybodyelse)‘suspi-

cious’behaviour disappears,andaveragesfor Æ ¯ÅÂTÃ and Æ ¯ÅÂ�Ä movescloserto symmetricvalues,

i.e.movescloserto thegrayline where ¯ÅÂ$Ä ä Æ ¯ÅÂTÃ .
Table1 onpage18summarisestheeffectsof theparameterson thesethreedimensions.

Let usbriefly discusssomeof thedependenciesonparameters:

Locality: Theparametersè*ë , è�å , ò å , â�å , ý , andþ influence‘locality’ in thesensethatplayers

becomeseithermoresimilar or morediversein the evolutionaryprocess.As a consequence

14We alsoassumeupdateof learningrulesto beanindependentrandomeventthatoccursfor eachplayerwith
probability ìîíbïñÿ .

15Theseaveragesarearithmeticaveragesof ��� and ��� respectively, takenover20differentsimulationsrunsthat
areinitialisedrandomly. Theaveragevaluesof ��� and ��� arethentransformedinto

���� and
���� usingequation5

onpage7.
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Table1: Effectsof simulationparametersonpropertiesof learningrules.Ó and Æ denotethedirectionof theeffect an increaseof a parameterhason speed,efficiency
or locality.

parametersthat we attribute more ‘locality’ in the following also lead to more weight on a

player’s own experience,i.e.more‘suspicion’,thus,theratio ¯ÅÂTÃ ô ¯ÅÂ�Ä is smaller.

Whengameschangerarely(i.e. è*ë is large)or whenplayerlearnfrequently(i.e. è�å is small)

playershave a betterchanceto find the‘long-run’ strategy for a givengameand,thus,become

moresimilar, which reduceslocality. Diversityamongplayersmayalsobereducedby ‘back-

groundnoise’ ò å sincenoisemakesplayersmoresimilar. Farsightedness(â�å ), whenlearning,

increasestheeffectsof locality sinceit exposeslearningplayersto samplesthataremorelikely

to be in a differentsituation.(This shows thatbeingableto spotlocality is actuallyoneof its

prerequisites).Likewise,situationsbecomemorediversewhenthe interactionneighbourhood

â�ã is small.Anothersourceof heterogeneityis complexity of strategies,sincethisdeterminesdi-

versityof players’capabilities.Moreheterogeneitycanfinally alsobedueto alargerpopulation

(þ ).

Speed: Theparametersè*õ , èJæ , and â�æ influencethespeedof theevolutionaryprocessin the

sensethatthey affect thefrequency or thesizeof evolutionarystepsof thelearningrules.More

speedallows learningrulesto move away from the initial distribution (which hasaveragesof

theparametersof thelearningrule ¯ÅÂvÃ ä Ì , ¯ÅÂ$Ä ä Ì ), thus,movefartherto theleft in thediagram.

The longerour simulationsrun (è
õ ), the moretime learningruleshave to develop andto

move away from the initial distribution. Also, the morefrequentlywe updatelearningrules

(i.e. thelarger èJæ ), thefasterlearningrulesevolve andmoveaway from theinitial distribution.

Thefartherwesee(â�æ ) whenupdatingalearningrule,thefastersuccessfullearningrulesspread
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throughthepopulation.

Noise: Theparametersè�å , èJæ , ò å , ò æ maymaketheevolutionaryprocessmore‘noisy’ in the

sensethat the directionof movesof learningrulesbecomesmorerandom. This againkeeps

averagesof theparametersof thelearningrulescloserto theinitial distribution.

Themorerarely learningrulesareusedto selectstrategies(i.e. the larger èJå ), the lessthey

gainexperience,andthemorethey remaincloseto theinitial distribution. Themorerarelywe

updatelearningrules(i.e. the larger è�æ ), themoredatais availableto evaluatea learningrule,

thus,the lessnoisy its development.Themorestrategiesareperturbedwhenthey arelearned

( ò å ), the lessit is possibleto evaluatea learningrule’s impacton success.Themorelearning

rulesareperturbedduringtheupdateprocess( ò æ ), themorethey arepushedbackto theinitial

distribution.

Notice,however, thatchangesin a someparametermayhave conflictingeffects.Oneexample

is thespeedto updatelearningrulesè�æ : For very smallvaluesof èJæ learningrulesareupdated

too oftento accumulatea reasonableamountof dataon thesuccesstherule. As a consequence

theevolutionaryprocessit toonoisyto moveawayfrom their initial distribution.For very large

valuesof è�æ the dataconcerningthe performanceof learningrules might be ratherreliable,

however, individuallearningbecomesslow. Thisagainmeansthatlearningrulesdonotmanage

to moveaway from their initial distribution.

In otherwords: Updatinga learningrule implies taking advantageof informationthat is

provided by neighbourswhile simultaneouslyceasingto provide the informationthat the re-

spectiveindividualhascollectedin thepast.Of coursein thelongrunalsoanupdatingplayeris

asourceof informationagain,but at leastin theshortrunupdatesarebadfor theneighbourhood

but goodfor theindividual. Thiseffectexplainstheturn in the è�æ -curve.

Still, the discussionof figure6 shows that whatever parameterswe choose,learningrules

turn out to have similar properties.Further, the dependenceof learningruleson parameters

seemsto befairly intuitive.

3.5 StageGameBehaviour

In theprevioussectionswewereconcernedwith theimmediatepropertiesof endogenouslearn-

ing rules. In thefollowing we want to analysetheimpactthatendogenousruleshave on stage

gamebehaviour.

Figure7 on the next pageshows proportionsof stagegamestrategies for variousgames

both for endogenousandfor fixed learningrules. In simulationsrepresentedin figure 7 the

underlyinggamechangesevery è
ë�ä ç Ì
Ì
Ì periods. We know from other simulationsthat
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during these2000periodsstrategiesshouldhave adaptedto the new game16. Justbeforethe

gamechangeswedeterminetheproportionof stagegamestrategies ý and G . Theseproportions

arerepresentedin figure7 ascircles.Thepositionof thecircle is determinedby theparameters

of thegame,H andI . Thecolourof thecircleis white if theproportionof ý s is largerandblack

otherwise.

Figure7 comparestwo cases:An exogenouslygiven learningrule of the ‘switch if bet-

ter’ type,approximatedas ÛPÅÂ�ÒÝÜ ÅÂvÃ�Ü,ÅÂ�Ä�Þ ä Û»Ì	Ü>Æ Ù Ì
ÌZÌ
Ì
Ì	Ü Ù Ì
Ì�Ì
Ì
Ì
Þ andthecaseof endogenous

learningrules.

In both picturestwo areascanbe distinguished.Oneareawheremostof the simulations

leadto a majority of ý andanotheronewheremostsimulationsleadto a majority of G . We

make two observations:

F Thefixedlearningrule ‘switch if better’,which is anapproximationof thelearningrules

studiedin theliteratureon localevolutionwith fixedlearningrules17, leadsto resultsthat

areverysimilar to thoseobservedin theliterature.

– Thereis cooperationfor asubstantialrangeof prisoners’dilemmas.Actually 30.3%

of the142prisoners’dilemmasin this simulationleadto a majority of cooperating

players.

– In coordinationgamesplayersdo not follow the principle of risk dominancebut

anotherprinciplewhich is betweenrisk dominanceandParetodominance18.

F Under endogenouslearningthe rangeof prisoners’dilemmaswheremost playersco-

operateshrinksto 10.2%of the 137 prisoner’s dilemmasin the respective simulation.

Behaviour in coordinationgamesagaindoesnot follow risk dominance.

Thefirst point is interestingto note,becauseit showsthatthemodelthatwestudyin thispaper

is comparablewith the modelsstudiedin the literatureon local evolution with fixed learning

rules.

Thesecondpoint shows thatpropertiesof network evolution discussedin the literatureon

local evolution with fixed learningrules persist,at leastto somesmallerdegree,even with

endogenouslearningrules.

16SeeKirchkamp(1995).
17SeeAxelrod(1984,p. 158ff), LindgrenandNordahl(1994),Nowak andMay (1992,1993),Nowak, Bonho-

effer andMay (1993),Eshel,SamuelsonandShaked(1996),andKirchkamp(1995).
18A very similar behaviour is foundfor thefixedlearningrule ‘copy thebeststrategy foundin theneighbour-

hood’ in Kirchkamp(1995).
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4 Conclusions

In thispaperwestudiedpropertiesof endogenouslyevolving learningrulesandthestagegame

behaviour that is implied by theserules. We comparedendogenouslyevolving learningrules

bothwith rulesthatareassumedin standardmodelson local evolution19 aswell aswith those

thatturnout to beoptimalin a globalcontext20.

Regardingthefirst comparisonwe find thatour dynamicsselectsruleswhich aredifferent

from theonescommonlyassumedin theliteratureon localevolution. In particularthelearning

ruleswhichareselectedfollowingourdynamicsaremuchlesssensitiveto changesin asampled

player’spayoff. This‘suspicion’canberelatedto thefactthatthesampledplayer’senvironment

is differentfrom thelearningplayer’sone.

Comparingendogenousrulesfrom local evolution with optimal rulesfrom a globalmodel

wefind twodifferences:Endogenousrulesarenotsymmetricandthey oftenimply deterministic

behaviour. Thelack of symmetryin thelearningrule is analogousto thelack of symmetryin a

learningplayer’sandtherespectiveneighbourssituation.Thedeterministicbehaviour is aresult

of thelackof patiencewhich is aconsequenceof themorethaninfinitesimallearningspeed.

As far asthestagegamebehaviour is concernedwe find that importantpropertiesof stage

gamebehaviour, like cooperationfor someprisoners’dilemmasandcoordinationnot on risk

dominantequilibria,is presentbothwith fixedlearningrulesspecifiedin theliteratureandwith

ourendogenouslearningrules,however, with endogenousrulesto amorelimited degree.

Besidestheselectiondynamicsthatwe presentherewe have alsoanalysedotherselection

dynamics.In KirchkampandSchlag(1995)we studydynamicswhereplayersuselesssophis-

ticatedupdaterulesthantheOLS-modelusedin this paper. We have analysedmodelswhere

playersmoveonly in thedirectionof themaximumof theOLSmodel,but donot adoptthees-

timateof theoptimalrule immediately. Furtherwe haveanalysedmodelswhereplayersdonot

estimateany modelatall but insteadcopy successfulneighbours.Bothalternativespecifications

leadto similarpropertiesof learningrules:Switchingprobabilitiesarelesssensitiveto changes

in payoff of theneighbourandmoresensitiveto changesin payoffs of thelearningplayer. Also

propertiesof theinducedstagegamebehaviour aresimilar: Bothalternativespecificationslead

to cooperationfor someprisoners’dilemmasandcoordinationnot on risk dominantequilibria.

Thus,wecanregardtheaboveresultsasfairly robust.

19SeeAxelrod(1984,p. 158ff), LindgrenandNordahl(1994),Nowak andMay (1992,1993),Nowak, Bonho-
effer andMay (1993),Eshel,SamuelsonandShaked(1996),andKirchkamp(1995).

20SeeBörgersandSarin(1995),Schlag(1993,1994).
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