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Symmetries in covariant quantum mechanics v

Deutsche Zusammenfassung:
”Symmetries in covariant quantum mechanics”

Die Arbeit besteht aus zwel Teilen.

Im ersten Teil der Arbeit prasentiere ich eine aktuelle Version der Theorie der ko-
varianten Quantenmechanik und des klassischen Hintergrunds. Diese Theorie wurde
urspriinglich von Jadczyk und Modugno vorgeschlagen und dann in Kooperation mit
anderen Personen weiterentwickelt. Sie ist ein geometrisches Modell fiir die Quanten-
mechanik eines skalaren oder spin-tragenden Teilchens in einer gekriimmten Raumzeit
mit absoluter Zeit mit gegebenem klassischem gravitativen und elektromagnetischem Feld.
Von ein paar Axiomen ausgehend, liefert die Theorie auf kovariantem Weg, tiber einen
globalen Lagrange Formalismus, die Schrodinger Gleichung und die Quantenoperatoren,
welche klassischen quantisierbaren Funktionen tiber die Klassifizierung ausgezeichneter
Quantenvektorfelder zugeordnet sind.

Im zweiten Teil der Arbeit untersuche ich systematisch die infinitesimalen Symmetrien
der klassischen und der quantistischen geometrischen Struktur. Dieser Teil handelt von
den wesentlichen originellen Beitragen der Arbeit. Einige Ergebnisse spiegeln wohlbekan-
nte Tatsachen aus anderen mathematischen Modellen der Quantenmechanik wider, wer-
den aber mit neuartigen Techniken hergeleitet. Andere Ergebnisse sind vollstdndig neu.
Die wichtigsten originellen Ergebnisse konnen mit Hilfe der folgenden Aussagen kurz
beschrieben werden.

Die Quantensymmetrien sind Lie Algebren, welche natiirlich isomorph zu Unteralge-
bren der neuen klassischen Lie Algebra der quantisierbaren Funktionen sind. Ich mochte
betonen, dass diese Algebra keine Poisson-Unteralgebra ist.

Auf der anderen Seite kann man durch Verwendung des Quanten-Lagrange Formalis-
mus zu jedem Element einer ausgezeichneten klassischen Unteralgebra einen erhaltenen
Quantenstrom zuordnen. Diese Ergebnisse deuten auf einen Prequanten Ursprung der
Wahrscheinlichkeitsinterpretation der Quantenmechanik.
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The methods of progress in theoretical physics have undergone a vast change during the
present century. The classical tradition has been to consider the world to be an association
of observable objects (particles, fluids, fields, etc.) moving about according to definite laws
of force, so that one could form a mental picture in space and time of the whole scheme.
This led to a physics whose aim was to make assumptions about the mechanism and forces
connecting these observable objects, to account for their behaviour in the simplest possible
way. It has become increasingly evident in recent times, however, that nature works on a
different plan. Her fundamental laws do not govern the world as it appears in our mental
picture in any very direct way, but instead they control a substratum of which we cannot
form a mental picture without introducing irrelevancies. The formulation of these laws
requires the use of the mathematics of transformations. The important things in the world
appear as the invariants (or more generally the nearly invariants, or quantities with simple
transformation properties) of these transformations. The things we are immediately aware
of are the relations of these nearly invariants to a certain frame of reference, usually one
chosen so as to introduce special simplifying features which are unimportant from the point
of view of general theory. ...  There is the symbolic method, which deals directly in
an abstract way with the quantities of fundamental importance (the invariants, etc., of
the transformations) and there is the method of coordinates or representations, ... The
second of these has usually been used for the presentation of quantum mechanics ...

P. A. M. Dirac, Principles of Quantum Mechanics (1958)
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INTRODUCTION

Our fundamental picture of the physical world is due to the theory of general relativity
and to the quantum field theory, which got great theoretical and experimental success.

The well established historical steps in classical theory have been: non relativistic the-
ory, special relativity, general relativity. Analogously, the well established steps in quan-
tum theory have been: non relativistic quantum mechanics, special relativistic quantum
field theory. For instance, well known monographs on this subject are [29, 40] for non
relativistic quantum mechanics, [I6, 137] for quantum field theory and [123] for relativity.

Unfortunately, these theories deal with different objects, use partially incompatible
mathematical methods and fulfill different requirements of covariance. In particular,
the standard formulation of quantum theories is highly based on concepts and methods
strictly related to a flat spacetime and inertial observers, which conflict with general
covariance on a curved spacetime.

So, a still open problem is a consistent formulation of quantum field theories and
general relativity. The problem has at least two faces:

- general relativistic covariant formulation of quantum theories in a curved spacetime,

- quantum theory of gravitational field.

The model of covariant quantum mechanics discussed in this paper is aimed at con-
tributing to the first face of the problem, by means of new ideas and methods [63, b#, b7,
20, K9, 60, 64, 30, 64, 061, 162, 67, 163, 164, 62, 128, 140]. Namely, we study a general
relativistic covariant formulation of quantum mechanics on a classical background consti-
tuted by a curved spacetime fibred over absolute time and equipped with given spacelike
Riemannian metric, and gravitational and electromagnetic fields. Thus, we restrict our
investigation just to fundamental fields of classical and quantum mechanics, because we
believe that this is an arena which could possibly suggest us good ideas for unifying deeper
fundamental theories of physics.

The framework of our model is allowed by the possible general relativistic formula-
tion of classical physics in a curved spacetime with absolute time. This theory is well
established in the literature [31, 32, B3, B4, BA, B6, B, b1, K1, 82, 83, R4, R, 87, 01, 100,
110, 471, 151, 152, 053, 054)], even if it is much less popular than the Einstein theory of
relativity. This theory is rigorous and self-consistent from a mathematical viewpoint and
describes the phenomena of classical physics by an approximation which is intermediate
between the classical theory and the Einstein theory of relativity.

Our model can be regarded as an intermediate step between the standard non rela-
tivistic quantum mechanics and a possible fully general relativistic quantum theory. This

x1
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framework allows us to focus our attention on the general relativistic covariance and
the curved spacetime, detaching them from the difficulties due to the Lorentz metric.
Actually, our choice seems to be quite fruitful.

The main new methods and achievements can be summarised as follows.

First of all, our basic guide is the covariance (even more, the manifest covariance)
of the theory as heuristic requirement. Nowadays, the concept of “covariance” has been
formulated in a rigorous mathematical way through the geometric concept of "naturality”
[75]. According to the covariance of the theory, time is not just a parameter, but a funda-
mental object of the theory; accordingly, the main objects of the theory are not assumed
to be split into time and space components. As classical phase space we take the first jet
space of spacetime and not its tangent space; indeed, this minimal choice allows us to skip
anholonomic constraints. Another consequence of our choices is that classical mechanics
is ruled not by a symplectic structure, but by a cosymplectic structure[3, 9, 103, [IT4];
actually, we do get a symplectic structure, but this describes only the spacelike aspects of
classical theory and is insufficient to account for classical dynamics. An achievement of
our theory is the Lie algebra of “special quadratic functions” (different from the Poisson
algebra), which allows us to treat energy, momentum and spacetime functions on the
same footing. We emphasize the fact that classical mechanics can be formulated in a
covariant way by a Lagrangian approach, but not by a Hamiltonian approach, because
the Hamiltonian depends essentially on an observer.

As far as quantum mechanics is concerned, all objects are derived, in a covariant way,
from three minimal objects. Here, we have some novelties. The quantum bundle lives on
spacetime and not on the phase space and the quantum connection is “universal”. These
assumptions allow us to skip all problems of polarisations [[68]. Indeed, we replace the
problematic search for such inclusions with a method of projectability, which turns out
to be our implementation of covariance in the quantum theory. Another new assump-
tion concerns the Hermaitian metric of the quantum bundle, which takes its values in
the space of complexified spacelike volume forms. This assumption allows us to skip the
problems related to half-densities. The Schrodinger equation is obtained, in a covariant
way, through a Lagrangian approach and not through the standard non covariant Hamil-
tonian approach. Indeed, we exhibit an explicit expression of the Schrodinger equation
for any quantum system. The quantum operators arise automatically, in a covariant way,
from the classification of distinguished first and second order differential operators of the
quantum framework and not from a quantisation requirement of a classical system. The
seat for the covariant probabilistic interpretation of quantum mechanics is a Hilbert bun-
dle, naturally yielded by the quantum bundle, and not just a Hilbert space. Our theory
provides explicit expressions of all objects for any accelerated observer and yields, at the
same time, an interpretation in terms of gravitational field, according to the principle of
equivalence.

In a few words, we start with really minimal geometric structures representing physical
fields and proceed along a thread naturally imposed by the only requirement of general
covariance. We take the well established results of classical and quantum mechanics
as touchstone of our model. On the other hand, according to the aims of our theory,
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we disregard those standard methods, which are incompatible with general covariance.
Indeed, in the flat case, the results of our model reduce to the results of the standard
classical and quantum mechanics.

The standard term “relativistic theory” links the special or general covariance with
the Minkowski or Lorentz metric. This usage is clearly motivated by the historical de-
velopments of the Einstein theory. However, it would be more appropriate to refer the
word “relativistic theory” only to its semantic meaning related to covariance. Indeed, the
standard usage would be highly misleading in our context. In fact, our model is general
relativistic, in the sense of covariance, but is not Minkowskian or Lorentzian.

Clearly, the Minkowski or Lorentz metric is physically related to the distinguished
constant c¢. Actually, in our model this constant does not occur. The classical limit of
Einstein general relativity for ¢ — oo is quite delicate, if we wish to understand the limit
of the geometric structures of the model and not only the limit of some measurements.
In a sense, our model could be regarded as the “true” classical limit of Einstein general
relativity.

In this paper, we deal just with a given gravitational and electromagnetic field; this is
sufficient as classical background of our covariant model of quantum mechanics. On the
other hand, our classical model can be completed by adding, in a covariant way, the equa-
tions linking the gravitational and electromagnetic fields to their mass and charge sources
[57]. These equations are a spacelike version of the Einstein and Maxwell equations. In
fact, due to the spacelike nature of the metric, there is no way to couple the timelike
components of the gravitational and electromagnetic fields with the timelike components
of their sources. It is just this the main point which makes the Einstein model physically
much more complete than ours.

The reader might be puzzled by the fact that we do not mention explicitly the rep-
resentations of the (finite dimensional and infinite dimensional) groups involved in our
theory. In fact, our natural geometric constructions provide these representations auto-
matically. This is an outproduct of our explicitly covariant approach.

In our model we never make an essential use of the fact that the dimension of spacetime
isn =1+ 3; We just need n > 1 + 2. In fact we have applied our machinery to the
quantisation of a rigid body, whose configuration space has dimension n = 1+ 3+ 3 [I63].
However, within this thesis I have set n = 1 4+ 3 for simplicity. All my results can be
generalized to n > 1+ 3.

Even more, in our model we never make an essential use of the fact that the spacelike
metric of spacetime is Riemannian; we just need that it is non degenerate on each fibre.
So, we could, for instance, apply our machinery to a model of dimension 5, with a fibring
on an extra parameter, whose fibres are four dimensional Lorentzian manifolds. Such
a model would work pretty well mathematically, but we do not know any interesting
physical interpretation.

The scheme developed for covariant quantum mechanics of a scalar particle can be
easily and nicely extended to the case of a spin particle [20].
In spite of the differences of the starting scheme of spacetime, several steps of the above
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methodology appeared to be usefully translatable to the FEinstein case. In particular,
so far, we have been able to apply to the Einstein case the methods concerning the
classical phase space, the algebra of quantisable functions and the algebra of pre—-quantum
operators [, 63, 64, 61, 68, 63].

We hope that the new methods arising in our model could yield fruitful hints for a
possible generally covariant formulation of quantum field theory in an Einstein framework.

Now, let us come to the contents of this thesis. I would like to stress that in the
following systematic analysis of symmetries in covariant quantum mechanics, I have been
influenced strongly by the spirits of Marco Modugno and Ernst Binz. On the other
hand, the literature which I have studied during this research work was extensive. I have
collected it in the bibliography. Beside the works of J. Janyska, M. Modugno and R.
Vitolo, I have spent the most time with [2, 3, 19, P85, 29, /5, 94, (02, 103, 104, 105, 107,
08, (00, 013, (14, (15, 18, 139, 145, 146, [55, 168].

1, L] Sy L)

The rest of this introduction is a summary of the contents of this thesis[70] and serves
as a leading guide in order to get a first, rough impression. The first section sketches the
the classical background and the quantum theory within our framework. It is basically an
up to date rearrangement of known results. The second section presents the main original
contributions of this thesis to the theory. More precisely, I have studied systematically
the symmetries of classical and quantum theory and, additionally, their interplay.

0.1 Covariant quantum mechanics

0.1.1 Classical background

We start by sketching our covariant model of classical curved spacetime fibred
over absolute time, and the related formulation of classical mechanics. We recall
the basic elements of the model and present new results, as well.

According to [67, 54], we postulate:

(C.1) a classical spacetime E, which is an oriented four dimensional manifold;

(C.2) the absolute time T, which is an oriented one dimensional affine space, associated
with the vector space T;

(C.3) a time fibring t : E — T, which is a surjective map of rank 1;

(C.4) a “scaled” spacelike metric g, which is a “scaled” Riemannian metric on the
fibres of spacetime;

(C.5) a gravitational field K*, which is a linear connection of spacetime (i.e. of the
fibring TE — E), which preserves the time fibring and the spacelike metric and whose
curvature fulfills the typical symmetry of Riemannian connections;

(C.6) a “scaled” electromagnetic field f, whichis a “scaled” closed 2—form of spacetime.

Here, the word “scaled” used for the spacelike metric and the electromagnetic field
means that these objects are tensorialised by a suitable scale factor which accounts for
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the appropriate units of measurement.

A time unit of measurement will be denoted by u® € T and its dual by ug € T*.
We refer to charts of spacetime () = (2°,2%) adapted to the time fibring, to the
affine structure of time and to a time unit of measurement ug € T.

With reference to a given particle of mass m and charge ¢, in order to get rid of
any choice of length and mass units of measurement, it is convenient to “normalise” the
spacelike metric and the electromagnetic field, by considering the Planck constant h.

Thus, we consider the “re-scaled” spacelike metric G := %' g, which takes its values
in T. Its coordinate expression is

G=GLueded,

where d' is the spacelike differential of the coordinate z'.

Analogously, we consider the “re-scaled” electromagnetic field I := { f, which is a
true form.

Accordingly, all objects derived from G and F' will be re—scaled and will include the
mass and the charge of the particle, and the Planck constant as well.

As phase space for the classical particle we take the first order jet space J1 E of the
spacetime fibring [75]. We recall that J;E can be naturally identified with the affine
subspace of T* ® TE, whose elements v are normalised according to the condition vJ = 1
(which is independent from the choice of a unit of measurement of time). The chart
naturally induced on the phase space by a spacetime chart is denoted by (2%, z*, z).

We have assumed a projection of spacetime over time, but, according to the principle
of general relativity, not a distinguished splitting of spacetime into space and time. In
other words, for each spacetime vector X, we obtain, in a covariant way, its projection
on time X v, but not a timelike and a spacelike component.

On the other hand, an observer is defined to be a section 0o : E — JyE. The coordinate
expression of an observer o is of the type 0o = u® ® (9y + 0}, d;). An observer o yields a
splitting of each spacetime vector X into its observed timelike and spacelike components
v =100y + 04;) + (v' —v°0}) 0;”]

A spacetime chart is said to be adapted to an observer if o = 0; conversely, each
spacetime chart determines an observer.

According to the principle of general relativity, we do not assume distinguished ob-
servers.

The above objects C.1, ... , C.6 yield in a covariant way [67, b4):

the time form dt : E — T ® T*E on spacetime;

a spacelike volume form n and a spacetime volume form v on spacetime;
a 2-form QF : JJE — A*T*J, E on the phase space;

a dt-vertical 2-vector A*: JJE — A*V J, E of the phase space,

a second order connection v¥ : J|E — T* ® T'J, E of spacetime,
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Here, we have used the symbol  to label objects derived from the gravitational field.
We obtain the following identities

i(dt=1, (") =0, HALPAQLAQ £ 0,
A =0, LA =0, [A%, Al =0.

Hence, the pair (dt, Q) turns out to be a scaled cosymplectic structure of the phase
space.

Moreover, A% and QF yield inverse linear isomorphisms between the vector spaces of
dt—vertical vectors and 7" horizontal forms of the phase space.

The Lie derivative of the spacelike metric G' and of the spacelike volume form 1 with
respect to a vector field of E is well defined provided that the vector field is projectable
on T'.

If X is a vector field of E projectable on T, then we define its spacelike divergence by
means of the equality div,, X = L[X]7n. We have the coordinate expression

XOaO\/ﬂ 9;(X |9|)
U

It is convenient to add an electromagnetic term to the gravitational field, in a covariant
way [67, b4, according to the formula

div, X

K=K 4K =K+ 1i(dt@F+Fad),
i.e., in coordinates,
Ky = K%', Ko’y = K%'x + 3 G§ Fir,, Ko'o = K%'o + GY Fjo

where F = Géj Fjd®®0; @ d*.

Then, “total” object K turns out to be a connection of spacetime, which fulfills
the same properties postulated in (C.5). Moreover, all main formulas in classical and
quantum mechanics concerning the given particle and involving the gravitational and
electromagnetic fields can be expressed through the “total” K and its derived objects,
without the need of splitting it into its gravitational and electromagnetic components.

Proceeding with the total spacetime connection K as before, we obtain the “total”
second order connection, 2-form and 2-vector

v=At 4t 0 =0"+Q°, A=A+ A",

where the electromagnetic terms ~¢, €2° and A® turn out to be, respectively, the Lorentz
force, % the re-scaled electromagnetic field and % the re-scaled contravariant spacelike
electromagnetic field (i.e. the magnetic field).
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These total objects fulfill all properties fulfilled by the gravitational objects as above.

The total cosymplectic 2-form € encodes the full structure of spacetime (metric, gra-
vitational field and electromagnetic field), hence it plays a central role in the theory.
We have the following coordinate expressions

Yoh = Kk That 4+ 2 Ko’y 1 + Ko'o
Q= G2, (df — oy d® — (Ky'o + Ky af) (d" — 2l d)) A (d — ) d°)
A =Gy (0 + (Ki" + K" af) ) A 0.

The classical mechanics can be achieved as follows.

The second order connection ~ yields, in a covariant way, the generalised Newton law
Vjis = 0, for a motion s : T — E. Clearly, this equation splits into its gravitational and
electromagnetic components as V¥js = ¢ o j; .

Moreover, the classical dynamics can be derived from €2, by a Lagrangian formalism,
in the following covariant way [[30, b4].

0.1.1. Proposition. The closed 2—form 2 admits locally horizontal potentials © :
J1E — T*E, which are defined up to closed 1-forms of spacetime.
The horizontal potentials © have coordinate expression of the type

O =—-(LGaal — A)d" + (Ghal+ A;)d',  with A€ Sec(E, T"E).O

A horizontal potential ® and observer o yield the classical potential A := 0*0 : E —
T*E, which is defined locally up to a closed form and depends on the observer.

0.1.2. Proposition. Let us consider a given horizontal potential ©; if 0 and 0 = o+v
are two observers, then the associated potentials A and A are related, in a chart adapted
to o, by the formula

A=A-1G% vl d + G b d.

Therefore, each horizontal potential © determines a distinguished observer; in fact,
there is a unique observer o, such that the spacelike component of the associated potential
A vanishes. O

An observer o yields the observed 2-form ® = 20*Q : E — A*T*E.
0.1.3. Proposition. We have ®,, = 0 A, — 0, A,.
We obtain also (I)Ok = —ng Kojo and q)hk = G?LJ Kkjo — ng Khjo.

0.1.4. Proposition. A horizontal potential © yields, in a covariant way, the classical
Lagrangian L : J1E — T*T, with coordinate expression

L:@%%%+%&+mmﬁ
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where A, are the components of the potential A observed by the observer o associated
with the chart. The Lagrangian is defined locally and up to a gauge, but does not depend
on any observer. The Poincaré—Cartan form associated with the Lagrangian £ turns out
to be just ©.

The Euler-Lagrange equation associated with £ turns out to coincide with the gen-
eralised Newton law. O

0.1.5. Proposition. A horizontal potential ©® and an observer o yield the classical
Hamiltonian ‘H : JJE — T*T and the classical momentum P : J1E — T*E, defined as
the negative of the o—horizontal component and the o—vertical components of ©, respec-
tively. Thus, we can write

O=-H+P.
In an adapted chart, we have the coordinate expressions
H=(ELG) el —A)d", P=(Ghal+A)d.

They are defined locally and up to a gauge, and depend on the choice of the observer. O

The Newton law can be achieved also through H and P, by means of a Hamiltonian
formalism; but this procedure is non covariant, as it depends on the choice of an observer.

Additionally, our structures yield further results on Lie algebras of functions and lifts
of functions.

First of all, we obtain the Poisson Lie bracket {f, g} := A*(df A dg) for the functions
of phase space.

A function f of phase space is conserved along the solutions of the Newton law if and
only if v.f = 0. We denote the space of conserved functions by Con(J; E, IR). This space
turns out to be a subalgebra of the Poisson algebra.

The time fibring and the spacelike metric yield, in a covariant way, a distinguished
subset of the set of functions of phase space [67]. Namely, we define a special quadratic
function to be a function of phase space, whose second fibre derivative (with respect to
the affine fibres of phase space over spacetime) is proportional to the spacelike metric. In
other words, the special quadratic functions are the functions of the type

f=3"Ghahab+ fGhay+f,  with O f f € Map(E, RR).

The time component of a special quadratic function f as above is defined to be the
(coordinate independent) map f” := fCuy: E — T.

0.1.6. Proposition. The space of special quadratic functions Spec(J; E, IR) turns
out to be a Lie algebra through the special Lie bracket

[f, 9] ={f g} ++(f")9—").f,
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with coordinate expression

[£,91° = f°80g° — ¢°00f® — f 0ng° + g"Onf°
[f,9]" = f°0g" — "0 f" — f"Ong" + g"Onf’
[f,9] = %069 — ¢°00f — f"0ng + g"Onf — (f*g" — ¢° f*) Dop + fg" @O0

0.1.7. Corollary. We have the following distinguished subalgebras of the special Lie
algebra:

- the subalgebra Quan(J; E, IR) C Spec(J1 E, IR) of quantisable functions f, whose
time components f” depend only on time;

- the subalgebra Time(J; E, R) C Quan(J1E, IR) of time functions f, whose time
components f” are constant;

- the subalgebra Aff(J,E, IR) C Time(J,E, IR) of affine functions f, whose time
components f” vanish;

- the subalgebra Map(E, IR) C Aff(J1E, IR) of spacetime functions.O

0.1.8. Example. We obtain
Lo, Ho € Time(JL,E, R), P Aff(JLE, R), 2"€ Map(E, R).
Clearly, the special bracket and the Poisson bracket coincide on Aff(J1 E, R).O

We have distinguished lifts of special quadratic functions to vector fields of spacetime
and of phase space. Let us denote by Pro(E, TE) C Sec(E, TE) the Lie subalgebra of
vector fields of E which are projectable on T

0.1.9. Proposition. The time fibring and the spacelike metric yield, in a covariant
way, for each f € Spec(J1E, IR), the tangent lift X[f] : E — TE, whose coordinate
expression is

X[f]=r"0— 1 0.

The lift Spec(J1E, R) — Pro(E, TE) : f +— X|[f] turns out to be a Lie algebra
morphism (with respect to the special bracket and the standard Lie bracket, respectively);
its kernel is Map(E, IR).O

0.1.10. Example. We obtain
X[Lol =0y — Ay,  X[Mo] =8, X[P]=-8, X[']=0,

where A} = G A;.

We observe that X[£] = u® ® X[Lo] turns out to be the unique observer for which the
spacelike component of the observed potential A vanishes.

Moreover, X[H] = u’ ® X[H,] turns out to be just the observer by which we have
defined the Hamiltonian. O
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0.1.11. Proposition. For each vector field X of E projectable on T', the spacetime
fibring yields, in a covariant way [5], the holonomic prolongation

Xy = Xqy: LE — TLE,
whose coordinate expression is
X} = X200+ (00X + 0, X ahy — 9y X ) AP .
This prolongation turns out to be an injective Lie algebra morphism. O

0.1.12. Corollary. For each f € Quan(J;E, IR), the time fibring yields, in a covari-
ant way, the holonomic lift

X1 = (X[f])(l) . LWE — TJ.E,
whose coordinate expression is
Xiolf] = f700 = [0 = (of* + 0;f' i + 0o f° ) 0.

This lift turns out to be a Lie algebra morphism (with respect to the special bracket
and the standard Lie bracket, respectively); its kernel is Map(E, IR).O

0.1.13. Example. We obtain

Xio[Lo] = 0 — AL 0; — (Do Ap + 0;Ah ) O,

)

XigMol =00,  X[y[P]=-0, XiglzY]=0.0

0.1.14. Proposition. For each f € Spec(J1E, IR), the cosymplectic structure yields,
in a covariant way, the Hamiltonian lift

Xramlf] = A(") + A(df) : L E = THE,
whose coordinate expression is
Xl f] = £°00 = £10:+ X507,
where
X§ = G§ (3 0,£°G0 bt + (— 2GS, + f* WG, + Gy 05 1*)
+O,f + B f" 4 [0By0).

The lift Quan(J,E,R) — Sec(J1E, TJLE) : f — X],.[f] turns out to be a Lie
algebra morphism (with respect to the special bracket and the standard Lie bracket,
respectively); its kernel is Map(T', IR).O
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0.1.15. Example. We obtain

X [Ho] = 0y — G 00P; 7,
XIIIam[Pi] = _al + G(})U azph 8]0 5 )(T [Q?O] =0 R )(T

Ham Ham [‘TZ] = GEJ a;) 0

The above definition of Hamiltonian lift is motivated by the following result concerning
the projectability, which will play an important role in quantum mechanics.

For each function f of phase space, we obtain, in a covariant way, the dt—vertical
Hamiltonian lift A*(df) : ZWE — VJ,E.

More generally, for each function f of phase space and for each time scale 7 : JJE — T,
we obtain the 7—Hamiltonian lift v(7) + A*(df) : T E — TJ,E.

0.1.16. Proposition. [67] The 7-Hamiltonian lift of a function f of phase space is
projectable on a vector field of spacetime if and only if f € Spec(J1 E, IR) and 7 = f”.

Moreover, if these conditions are fulfilled, then the 7-Hamiltonian lift projects on the
tangent lift of f.O

0.1.2 Covariant quantum mechanics

We proceed by sketching our covariant model of quantum mechanics on a curved
spacetime fibred over absolute time. We recall the basic elements of the model and
present new results, as well.

According to [67, b4], for quantum mechanics of a charged spinless particle in the
above classical background (including the given gravitational and electromagnetic exter-
nal fields), we postulate:

(Q.1) a quantum bundle Q — E, which is a one dimensional complex vector bundle
over spacetime;

(Q.2) a Hermitian metric h: E — (Q* ®g Q%) ®g A3V*E of the quantum bundle,
with values in the space of spacelike volume forms of spacetime.

Locally, we shall refer to a scaled complex quantum basis (b) normalized by the condi-
tion h(b,b) = n. The associated scaled complex chart is denoted by (z). Then, we obtain
the scaled real basis (by, by) := (b, ib) and the associated scaled real chart (w!, w?).

If ¥ € Sec(E, Q) then we write ¥ = Ulb; + ¥2b, = ¢o b, where U, W2 and ) are,
respectively, the scaled real and complex components of .

Moreover, we consider the extended quantum bundle, Q' — J,E, obtained by ex-
tending the base space of the quantum bundle to the classical phase space, which here
plays the role of space of classical observers.

o
Each system of connections {1} of the quantum bundle parametrised by the classical
observers induces, in a covariant way, a connection Y of the extended quantum bundle,
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which is said to be universal [44, b4]. The universal connections are characterised in
coordinates by the condition Y = 0.

Then, we postulate:

(Q.3) a quantum connection Y on the extended quantum bundle, which is Hermitian,
universal and with curvature proportional to €.

We recall that € incorporates the mass m of the particle and the Planck constant A.

0.1.17. Proposition. The coordinate expression of the quantum connection, with
respect to a quantum basis and a spacetime chart, turns out to be locally of the type
qOI—iH(), L:[,LIIPZ, q?ZOD
The above classical Hamiltonian ‘H and momentum P are referred to the observer o
associated with the spacetime chart (z*) and to a classical horizontal potential © of €,
which is locally determined by the quantum connection Y and the quantum basis b.
Then, the gauge of the classical potential A := 0*© is determined by the quantum con-

nection and the quantum basis. Moreover, we recall that A includes both the gravitational
and the electromagnetic potential.

These minimal geometric objects Q.1, ... , Q.3 constitute the only source, in a covariant
way, of all further objects of quantum mechanics.

Actually, the quantum connection lives on the extended quantum bundle, whose base
space is the phase space; on the other hand, the covariance of the theory requires that the
significant physical objects be independent from observers. This fact suggests a method of
projectability, in order to get rid of the observers encoded in the phase space. Actually, we
have already used this method in the classical theory, just in view of these developments
of quantum mechanics. Indeed, this method turns out to be fruitful.

The quantum dynamics can be obtained in the following way.

The method of projectability yields, in a covariant way, a distinguished quantum
Lagrangian (hence, the generalised Schrédinger equation, the quantum momentum and
the probability current) [67, 54].

Even more, the covariance implies the essential uniqueness of the above Lagrangian
and of the Schrodinger equation [60, 61, 62].

0.1.18. Proposition. The coordinate expression of the quantum Lagrangian is
L) =L (i (¢ 0ot — v Do) + 2 Ag b )
— G (00 00+ Ai Aj ) —1GY Ay (0 0p — 0 0) + k po )
VIgld® Ad' A AP

where p is the scalar curvature of the fibres of spacetime determined by the spacelike
metric and k € IR is a real constant (which is not determined by the covariance). O
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0.1.19. Corollary. The coordinate expression of the generalised Schrodinger equa-
tion turns out to be

. doy/19] . ]
(80—1140—1—% —%I(Ao—kaO))w:O,
Vgl
where
o 0 th qg
AO::<9ymah-L4@(ak—ifu)+’“0“’|)(ak—i/u)
g

is the spacelike quantum Laplacian.O

0.1.20. Corollary. We obtain in the standard way the conserved probability current
with coordinate expression

W) = () o) — Ge* (15 (0w — 0 0w) + An i) o,

where 0§ = i(dy) +/|g| d° Ad* ANd* A d® END

We obtain distinguished operators acting on the sections of the quantum bundle in
the following covariant way:.

First of all, we have a distinguished family of second order pre—quantum operators.

0.1.21. Proposition. The Schrédinger operator yields, for each time scale 7 : E —
T, the second order linear operator S(7) : JoQ — @, which acts on the sections ¥ of the
quantum bundle, according to the coordinate expression

Do |9|
9]

S(T)[\I/]:iTO(ao—iAo—i—% —%1(&0+k‘p0))¢b

In particular, each f € Spec(JiE, IR) yields, in a covariant way, the second order
pre-quantum operator S[f] := S(f”).O

Then, we obtain a distinguished family of first order operators, by classifying the
vector fields of the quantum bundle which preserve the Hermitian metric.

A vector field Y of @Q is said to be Hermitian if it is projectable on E and on T, is
real linear over its projection on E and L[Y]h = 0.

We denote the space of Hermitian vector fields of @ by Her(Q, TQ).

0.1.22. Proposition. A vector field Y of @ is Hermitian if and only if its coordinate
expression is of the type

Y = Y] =00 — for+ (1(f+ Ao f = A f) — § div, X)) T,
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where f € Quan(J;E, R) and where I = (w' Qw; + w? Ow,) denotes the identity vertical
vector field of the quantum bundle.

The space of Hermitian vector fields Her(E, TQ) is closed with respect to the Lie
bracket. Moreover, the map

Quan(J, E, R) — Her(Q, TQ) : f — Y|f]

is independent of the choice of coordinates and is an isomorphism of Lie algebras (with
respect to the special bracket and the standard Lie bracket, respectively).

Furthermore, the map Her(Q, 7Q) — Pro(E, TE) : Y[f] — X|[f] turns out to be a
central extension of Lie algebras by Map(E, i R) ® [.O

For each f € Quan(JiE, IR), the vector field Y[f] : @ — TQ is said to be the
quantum lift of f.

0.1.23. Example. We obtain

Ao/

0;
Y[Hol = 9o — 3 HH, Y[P]=-0;+1 \‘/‘7711, Y] =i’ .0
g g

0.1.24. Corollary. Each quantisable function f yields, in a covariant way, the first
order operator acting on the sections of the quantum bundle

Z(f] =iL|Y[f],

whose coordinate expression is, for each ¥ € Sec(E, Q),
2110 =1 (2000 — 0w = (i (F+ Ao £° = i £) = § divy X[1)) 4) b.O

For each quantisable function f, we say Z[f] to be the associated first order pre—
quantum operator. We denote the space of the first order pre—quantum operators by

Oper(Q).
0.1.25. Proposition. The space Oper,(Q) turns out to be a Lie algebra through the
bracket

21f), Zlg)] = i (Z[f] o Zlg] - Zg) © ZIf]) .

Moreover, the map Quan(J;E, R) — Oper,(Q) : f — Z[f] turns out to be an
isomorphism of Lie algebras (with respect to the special bracket and the above Lie bracket,
respectively). O
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0.1.26. Example. We obtain

0
Z[Ho). W =i (9ot + } : |||g| ¥)b
g
0;
ZIP)W = =i (0 + ||T| )b
g

The above results appear to be a covariant “correspondence principle” yielding pre—
quantum operators associated with quantisable functions.

However, we still need to introduce the Hilbert stuff carrying the standard probabilistic
interpretation of quantum mechanics. It can be done in the following covariant way [57,
54].

We consider the infinite dimensional functional quantum bundle H. — T, whose
fibres are constituted by the compact support smooth sections, at fixed time, of the
quantum bundle (“regular sections”). The Hermitian metric h equips this bundle with
a pre—Hilbert product (, ). Then, a true Hilbert bundle H — T can be obtained by
a completion procedure. This bundle has no distinguished splittings into time and type
Hilbert fibre; such a splitting can be obtained by choosing a classical observer.

Each regular section ¥ of the quantum bundle can be regarded as a section T of the
functional quantum bundle. Accordingly, each “regular” operator O acting on sections
of the quantum bundle can be regarded as an operator 0 acting on the sections of the
functional quantum bundle.

Our previous results yield, for each quantisable function f, two distinguished operators
acting on the sections of the functional quantum bundle, namely Z [ f] and S[ f]- Actually,
in general, both operators do not act on the fibres of the functional bundle (at fixed time),
because they involve the partial derivative 0.

On the other hand, we have the following results [57, b4, 128].

0.1.27. Proposition. Let f € Quan(J;E, IR). Then, the combination

—

= Z[f] - S[f]

acts on the fibres of the functional bundle. We have the following coordinate expression

R ° ) o 8j J -~
(U) = (=3 S (Do+kpo) =117 (0 —14;) + f—i} Ui‘@)wb-
g

[\

Moreover, f is symmetric with respect to the Hermitian metric (,).0

For the self-adjointness of f further global conditions on f are needed.
For each f € Quan(JE, IR), we say f to be the quantum operator associated with f.
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0.1.28. Example. We obtain the following distinguished quantum operators

The space of the fibre preserving maps of the functional quantum bundle into itself
becomes a Lie algebra through the bracket [h, k] := —i(hok — ko h).

0.1.29. Proposition. For each f,g € Quan(JiE, IR), we obtain

—

(.3 =[f. g1 —i[Slf), Zlg)] +i[Sla). Z[£)] -

In particular, for each f, g € Aff(J1E, IR), we obtain

~ —

7, a=10f 91 ={f ¢}.0

Thus, the above results suggest our covariant “equivalence principle”.

The Feynmann path integral approach can be nicely formulated in our framework [67].
In fact, the quantum connection Y yields, in a covariant way, a non linear connection of
the extended quantum bundle over time; moreover, this connection allows us to interpret
the Feynmann amplitudes through the parallel transport of this connection. However,

unfortunately, our theory does not contribute so far to the hard problem of the measure
arising in the Feynmann theory.

The case of a spin particle (generalised Pauli equation) can be approached in an
analogous way, by considering a further quantum bundle of dimension two, with the only
additional postulate of a suitable soldering form [20].

0.2 Symmetries

Next, we classify the infinitesimal symmetries of the classical and quantum
structures. We show that these symmetries are controlled by the Lie algebra of
quantisable functions and its distinguished subalgebras. Moreover, we discuss the
strict relations between classical and quantum symmetries.

0.2.1 Classical symmetries

We start by discussing the main results concerning symmetries of the classical
structure.
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A vector field X' of J1 E is said to be a symmetry of the classical structure, if it is
projectable on E, T and fulfills

LIX"dt=0 LX'|Q=0.
We denote the space of symmetries of the classical structure by Clas(J, E, TJ E).

0.2.1. Proposition. We have the following distinguished subalgebras of the algebra
of quantisable functions:

— the subalgebra Hol(J, E, IR) C Quan(J,E, IR), which is constituted by the functions
f such that X, [f] = Xp[f];

— the subalgebra Unim(J; E, IR) C Quan(J, E, IR), which is constituted by the func-
tions f such that div, X[f] = 0;

— the subalgebra Self(J1 E, R) C Quan(J; E, IR), which is constituted by the func-
tions f such that i(X] ,[f]) Q = df.O

If f € Hol(J1E, IR), then we set

0.2.2. Theorem. We have

Time(J; E, R) N Con(J1 E, R) = Time(J; E, IR) N Self(J, E, IR)
Time(J; E, R) N Con(J; E, R) C Hol(J, E, IR)
Time(J, E, R) N Con(J, E, R) C Unim(J, E, R).O

We set
Clas(J1E, R) := Time(J, E, R) N Con(J,1 E, IR) = Time(J, E, IR) N Self(J, E, IR)
and denote the space of the tangent lifts of elements of Clas(J, E, IR) by
Clas(E,TE) C Pro(E,TE).

0.2.3. Proposition. The special and the Poisson brackets coincide in Clas(J; E, IR).
Hence, this space turns out to be a subalgebra of the Poisson and of the special algebras.

Moreover, Clas(E,TE) turns out to be closed with respect to the standard Lie
bracket. O

We call the elements of Clas(J, E, IR) classical generators. This name will be justified
by Proposition 0.2.4, Corollary [0.2.3 and Corollary [.2.6.

0.2.4. Theorem. [I70] A vector field X' of J|E projectable on E fulfills L[ X1 dt = 0
and LIXT)Q = 0 if and only if, locally,

X=X\ [f], with feClas(JLE, R),
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where f is defined up to a real constant. O

0.2.5. Corollary. If f € Clas(J; E, IR), then we obtain

LIx[f]]¢G=0, LX[flln=0, LIX'[f]y=0, LX'[f]]K=0.0

0.2.6. Corollary. If X is a vector field of E projectable on T, such that L[X] ] £ =
0, then we obtain locally

X =X[f], X, =X"f], with feClas(;E, R),

where f is defined up to a real constant. O

0.2.2 Quantum symmetries

Eventually, we classify the vector fields of the extended quantum bundle which
preserve the full quantum structure: all fibrings (on quantum bundle, on phase
space, on spacetime, on time), the Hermitian metric, the quantum connection. More-
over, we compare the symmetries of the quantum structure with the symmetries of
the quantum Lagrangian.

A vector field Y of Q' is said to be a symmetry of the quantum structure if it is
projectable on Q, J1E, E, T, is real linear over J; E and fulfills

LY"lat=0, LY'NTh=0, L[Y'|U=0.

We denote the space of the symmetries of the quantum structure by Quan(Q', 7Q").
For each f € Hol(J1 E, IR), we define its eztended quantum lift to be the vector field
of the extended quantum bundle

YI[f] o= A(XTf]) + (1f = § div, X[f]) T.

0.2.7. Theorem. A vector field Y of Q' is a symmetry of the quantum structure if
and only if it 1s of the type

Y =YT[f], with  f € Clas(J1 E, IR).

The space Quan(QT, TQT) 15 closed with respect to the Lie bracket. Moreover, the map
Clas(J,E, R) — Quan(Q', TQ") : f — Y'[f] is an isomorphism of Lie algebras (with
respect to the special bracket and the standard Lie bracket, respectively).

Furthermore, the map Quan(Q', TQ'") — Clas(E, TE) : Y'[f] — X[f] turns out to
be a central extension of Lie algebras by i IR @ 1.0

Next, we compare the symmetries of the quantum connection and the symmetries of
the quantum Lagrangian.
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0.2.8. Proposition. For each f € Quan(J; E, IR), we obtain, in a covariant way, the
holonomic quantum lift of f, defined as the holonomic prolongation [[75]

Yhol[.ﬂ = (Y[f]) Q- T1Q

(1

of the quantum lift Y'[f], whose coordinate expression is
Viollf] = f2 00 — [ 0;
a . (0]
_%(f 0\/7 f\/>> Lor+w?da) + (fOAg— [P A+ f) (W' 0y — w? 0y)

S
1y ( c%m (fl\/ﬂ))(wl(?erwQ@S)+8,\(fvo—fiAi+})(wla2/\_U’QalA)

Jol

80 . o
(f \/\/—7 %) N wl 93) + (fOAg— fLA 4 f) (w95 — wi )

— O0f" (wy O + wi 05) + Oof* (w; O + wi B5) + Ohf* (w; OF +w}05).0

0.2.9. Theorem. Let f € Time(J1E, IR). Then, the following conditions are equiva-

lent:
LY'[fj4=0
LY/l L=0
i(Xalf) Q = df
v.f=0

feClas(J1E, R).O

We can also show, in analogy with the symmetries of classical and quantum strucutre,
that any vector field of J;Q), which is projectable over @ and T, complex linear over its
projection on @ and preserves the quantum Lagrangian, is necessarily of holonomic type.

Eventually, we consider the conserved currents associated with symmetries of the
quantum Lagrangian, according to the standard Nother theorem. Additionally, our results
allow us to associate such currents with classical quantisable functions.

For each f € Quan(JiE, IR), we define the associated quantum current to be the
3—form

iLf] = —i(Y[f))1T: hQ — AT Q,

where II is the Poincaré—Cartan form [[30] associated with the quantum Lagrangian.
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0.2.10. Corollary. For each f € Clas(J1E, IR), the current j[f] is conserved along
the solutions ¥ : E — @ of the Schrodinger equation. O

0.2.11. Example. The current associated with the constant function 1 € Clas(J, E, IR)
is just the conserved probability current. O

Moreover, for each affine function and quantum section, we obtain, in a covariant way,
a spacelike 3—form (which can be integrated on the fibres of spacetime), according to the
following result.
0.2.12. Proposition. Let f € Aff(J;E, IR). Then, for each ¥ € Sec(E, Q) we ob-
tain
\4

(TGI) =3 (h(Z[).0, ©) — (T, Z[f).0))

where v denotes the vertical restriction. We have the coordinate expression

\%

(T°GID) = (£ (¥ 002 — W00 + (f — fiA) (W0 + 02 0%)) \lgld' Ad® A d O



CHAPTER 1

PRELIMINARIES

1.1 Basic notation

All manifolds and maps between manifolds are smooth.
If M and N are manifolds, then we denote the sheaf of local maps f: M — N by

Map(M,N) :={f: M — N}.

If F — B and 1_7‘_—> B are fibred manifolds, then we denote the sheaf of local fibred
morphisms f : F — F by

Fib(F,F) C Map(F, F).

If F — B is a fibred manifold, then we denote the sheaf of local sections s : B — F
by

Sec(B, F) C Map(B, F)) .

Accordingly, if M is a manifold, then the sheaf of local vector fields X : M — T M
is denoted by

Sec(M,TM) C Map(M,TM).

Moreover, if FF — B is a fibred manifold, then the subsheaf of projectable local vector
fields is denoted by

Pro(F, TF) C Sec(F, TF).

If F — B is an affine bundle associated with the vector bundle F' — B, then we can
write

VF ~ Fx F.
B

1
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In particular, if FF — B is a vector bundle, then we can write

VF ~ F x F.
B

If FF — B is a vector bundle, then we define the Liouville vector field to be the vertical
vector field

]I:F—>VF2F]>§F3f'—>(f>f>a

which can be identified with

1:B—-F'QF and id: F— F.
B

1.2 General connections

Here we recall a few basic results on general connections, which will be needed
in the following.

Let us consider a fibred manifold p : F — B and refer to a fibred chart (2*, ).
A (general) connection is defined to be a tangent valued 1-form

c: F—>T"B®TF,
F

which projectson1: B - T"B T B.
B

Let us consider a general connection c.
Its coordinate expression is of the type

c=d*® (0\+c0), with ¢y € Map(B, IR).
The curvature of ¢ is defined to be the vertical valued 2-form
Rl = 3, o,

where [, ] is the Frolicher—Nijenhuis bracket.
We have the coordinate expression

R[] = (Ox¢}, + cl 9;c;,) d*Nd" ®0;.
1.2.1. Lemma. Let X, X € Sec(B,TB). Then, we have

[¢(X), e(X)] = e([X, X]) +i(X) i(X) R[] .
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PROOF. We have

[e(X), e(X)] = [X)‘ (Ox +ch 9;), X+ (Op + % aj)]
= (X X! — XM ONXH) (0, + ¢}, 0;) + (XM XH — X XH) (0ac], + ¢ 0ic),) 95 . QED

1.2.2. Lemma. Let X € Sec(B, TB). Then, we have
Lle(X)]c=1ix R[] .

PROOF. It can be proved in coordinates. QED

1.2.3. Lemma. Let M be a manifold and let ¢ € Sec(M, A"T*M %TM) and

Y € Sec(M, TM).
Then, we have

LY]p=1Y, ¢],
where the bracket in the right hand side is the Frolicher—Nijenhuis bracket.

PROOF. By recalling the general expression of the Frolicher—Nijenhuis bracket and the Leibnitz rule
for the Lie derivative, we obtain, for each Z1,...,Z, € Sec(M, TM),

[¢7 Y](Z17""ZT) = % Z |U| ([¢(Z6(1)7""ZU(T))7 Y} —T¢(Zg(1)7...,ZJ(T), [Zo'(r)7 Y]))

ceS(r+1)

=L N ol (- @19 Zoqys s Zor)

c€G(r+1)
- ¢(L[Y]Za(1)7 EER Za(r)) - ¢(ZD'(1)7 ceey L[Y]Za(r))
— 1 Ze)s s Zotr)s [Zo(rys Y1)

= Z |0| (_ (L[Y] d))(ZO'(l)?"')ZO'(T))

oceS(r+1)

= —(L[Y]¢)(Z,...,2Z,)).QED

1.2.4. Proposition. Let Y € Sec(F, TF'). Then, we have
LY]e=—d[JY and  L[Y](R[c]) = —d*[dY,

where we have set d[c]Y :=]c, Y].
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PROOF. The first equality is a particular case of the above Lemma.
The second equality follows from

LIY] (Rld]) = —IY, R[] = —d?[]Y . QED

1.2.5. Corollary. Let Y € Sec(F, TF). Then,
LY]e=0 = LY](R[c])=0.0

1.2.6. Proposition. Let Y € Sec(F, T'F).
Then, the following conditions are equivalent:

1) LY]e=0;
2) Y is projectable on a vector field, X € Sec(B, TB), i.e.
0; X" =0;Y" =0,
and
Y — X1l — X"+ A 0,Y — YT 9;cl =0.
ProOOF. We have the following expression
LY](d*®@0\+c4d*®0;) =0,Y d" @0\ + ;Y d @ 0y — YY" d* @0, — Y d* ® 0

+YH 0,8 d*®0; + Y 9;chd* @ 0; + ch 0,Y d" ® 0 + ¢k ;Y N ®0;

—AoYrd*®0, —ch oY d* ®0;
Hence, L[Y]e = 0 if and only if

Y =0
NY' 4+, 0; Y — O\ X" — X'9,uch — Y7 9;ci =0.QED

Next, let us suppose that F' be a vector bundle and ¢ a linear connection.
1.2.7. Lemma. Let ¢ € Map(F, IR). Then, we have

Liplc=—dé 1.
ProoF. We have
Lipl(d* @0\ + ey d* ®0;) = —0\py' d* @ 9; + ¢y’ e’y d* ® 0; — per' d* ® 9,

= -y d ®0;
= —d¢®1.QED
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1.2.8. Lemma. Let ¢ € Map(B, IR), X € Sec(B,TB). Then, we have
[o(X), 61 = X.61.
Proor. We have

[e(X), ¢1) = [X* (Or + ' 47 0y), by’ O]
=X 8,\¢yi8i —&—X’\(bc,\ij yj 0; —XAchAijyj 0;
=X 0oy’ 0;
— X.¢1.QED

1.2.9. Lemma. Let ¢,¢ € Map(B, IR). Then, we have

[¢1, 1] = 0.
PROOF. We have
(01, 1] = [¢py' 0i, ¢y’ 0]
=00y 0 —y 0;)
=0.QED

1.3 Lie derivatives of sections

Let us consider a vector bundle p : F' — B and refer to a linear fibred chart (z*,y?)
and to the associated local basis (b;).

1.3.1. Lemma. A section s € Sec(B, F') yields the vertical vector field

§:=(id[F], sop) € Sec(F, VF) ~ Sec(F, F x F),

according to the following commutative diagram

B .F
p prOZ
F— 5 FxF
B
d[F] P
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Actually, the map

S S

is a natural bijection between the sheaf of sections B — F' and the sheaf of vertical vector
fields F' — V F whose second projection F' — F' factorises through a section B — F'.
The coordinate expression of s is

§=s5'0; s':=y'os € Map(B, IR).O

1.3.2. Lemma. The coordinate expression of a vector field Y € Pro(F, TF'), which
is linear over its projection is of the type

Y=Y O\+Y vy 0, Y)Y/ € Map(B, IR).

1.3.3. Lemma. Let us consider a vector field Y € Pro(F, TF'), which is linear over
its projection, and a section s € Sec(B, F'). Then, the Lie bracket

Y, 3] € Sec(F, VF)
can be naturally regarded as a section
Y.s € Sec(B, F).
We have the coordinate expression
Vis= (Y 0 —Y]s)b;.
PrOOF. In fact we have
§=15"0;,
hence
[V, 3] = (Y Ors' = Y] s7) 0

and

(Y s’ = Y] ') =0.QED

Let us analyze two complementary cases of the Lie derivative of a section with respect
to a horizontal and a vertical vector field.

1.3.4. Lemma. Let us consider a linear connection ¢ : F — T*B ® T'F', a section
B

s € Sec(B, F), a vector field X € Sec(B, TB) and the induced vector field Y := ¢(X) €
Sec(F, TF).
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Then, we obtain
Y.s=Vgxs.
ProoF. We obtain the coordinate expression
Y =X\ + ey o),
hence

V.s = X* (Oxs' — cr'j87)b; = Vxs.QED

1.3.5. Lemma. Let us consider a section s € Sec(B, F') and a linear vertical vector
field Y € Sec(F, VF).
Then, we obtain

Ys=-Yos,

where we have identified Y with the associated linear fibred endomorphism F — F'.
PROOF. We obtain the coordinate expression
Y=Yy, YeMap(B, R),
hence

Y.s=-Y/s’b;=-Y 0s.QED

Thus, we obtain the following general case.
1.3.6. Proposition. Let us consider a linear connection ¢ : FF — T"B ® TF, a
B

section s € Sec(B, F'), and a vector field Y € Sec(F, TF'), which is projectable over a
vector field X € Sec(B, T'B) and linear over X. Then, we can split Y into its horizontal
and vertical components

Y = e(X) + (V).
and obtain

Ys=Vxs—v[](Y)os.O

1.4 Infinitesimal symmetries

Throughout the paper we shall be involved with the following concept.
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1.4.1. Definition. Let M be a manifold and

¢ € Sec(M, ("T*M) ® (®°TM))

a tensor field. Then, we define an infinitesimal symmetry (i.s. for short) of ¢ to be a
vector field X € Sec(M,TM), such that

LIX]p=0.0
We denote the sheaf of i.s. of ¢ € Sec(M, ("T*M) ® (@*TM)) by
Sym,(M,TM) .
1.4.2. Proposition. Let M be a manifold and

¢ € Sec(M, ("T*M) %I (@°TM))

a tensor field.
Then,

Symy (M, TM) C Sec(M, TM)

is a Lie subalgebra.

PROOF. In fact, for each vector fields X,Y € Sec(M, TM) and for tensor fields ¢ of degree 0 and
1, we have

L[[Xa Y]] ¢ = [L[X]vL[Y]] ¢.

Moreover, the above equality can be extended to tensor fields ¢ of any degree by means of the Leibnitz
rule. QED

1.4.3. Proposition. Let F' — B be a fibred manifold.
If

¢ € Sec(F, @"V*F) and X € Pro(F, TF)
then the Lie derivative
LIX]¢ € Sec(F, ' V*F),

where L[X]¢ is the vertical restriction of the standard Lie derivative of an arbitrary
extension of ¢, is well defined, i.e. does not depend on the extension of ¢.
With reference to a fibred chart (z*,1%), we have the coordinate expression

LIX|¢ = (X" 0uepiy..q, + X/ 0;bi,..i, + 05, X7 Ojig.iy T+ 9, X7 Biy.ir1j) d"@d?®..@d".0
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Accordingly, we give the following definition.

1.4.4. Definition. An infinitesimal symmetry (i.s. for short) of ¢ € Sec(F, " V*F')
is defined to be a projectable vector field X € Pro(F,TF), such that

LIX]¢p=0.
We denote the sheaf of i.s. of ¢ € Sec(F, ®"V*F) by
Sym(F,TF).
1.4.5. Proposition. Let F' — B be a fibred manifold and
¢ € Sec(F, @"V*F)

a vertical tensor field.
Then,

Symy(F, TF) C Pro(F, TF)

is a Lie subalgebra. O

1.5 Jets

Let us consider a fibred manifold p : F' — B and refer to a fibred chart (2, y?).
Then, we denote the k—jet prolongation of F by p* : J,.F — B.

For each 0 < h < k, we have the natural projection p} : J,F — J,F.

The fibred charts induced on J;1F and JyF' are denoted by

(9’ yh)  and (@MY 0, uh,)  with A < p.

1.5.1. Lemma. The fibred manifold p¥ , : JF — J;_ F turns out to be naturally
an affine bundle associated with the vector bundle S¥T*B (%) VF.O

1.5.2. Lemma. Let us consider two fibred manifolds p : FF — B and ¢ : G — C and

refer to fibred charts (z*,%%) and (w®, 2").
For each fibred morphism ® : F' — G projectable on a diffeomorphism ® : B — C

there is a unique fibred morphism J;® : J; F' — J;G, which makes the following diagram
commutative for each s € Sec(B, F)

JLF -2, J.G

jw[ Ijl(éosogl)

B —— (C
>
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We have the coordinate expression

(w#’ Zj’ Zj) o qu) = ((I)'ua (I)j7 <8a(1)j + 87‘q)j yg) (aﬂ(gilyy) © @> N

m

The map J; turns out to be a covariant functor.
In particular, we have the following result.

1.5.3. Lemma. Let us consider two fibred manifolds p : FF — B and ¢ : G — B and
refer to fibred charts (2%, %) and (2, 2").

For each fibred morphism ® : F' — G onid[B], there is a unique fibred morphism J; ® :
J1F — J;G, which makes the following diagram commutative for each s € Sec(B, F')

JLF -2, J.G

jh{ Ijl(‘b%)

B —— B
id

We have the coordinate expression

(1’)\, Zj? Zi) © J1<D = (CI)/\v (I)ja (a/\q)j + ar(bj y;)) g

1.6 Holonomic prolongation

Let F — B be a fibred manifold and refer to a fibred chart (2%, ).

1.6.1. Lemma. Let X € Pro(F, TF) and denote the flow of X by ® € Fib([R x
F, F).
Then, we obtain the vector field

X(l) = 0,0 € PI‘O(JlF, TJlF) ,

which projects on X, where J; denotes the jet prolongation at constant parameter and 0
denotes the tangent prolongation with respect to the parameter evaluated at 0 € IR.
We have the coordinate expression

Xy =X 0+ X0+ (X" + 0, X"y, — HhX"y,) 07
Proor. We have
yh o Ji®; = (01} + 0; Pl ) O (®; 1) 0 @,
hence

Ay o 1®y) = (X" + 9; X" y{ — O\ X"y}) . QED
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1.6.2. Definition. We define the vector field
X(l) = 8J1<I> S ];:)I‘O(JlF"7 TJlF)

to be the (first) holonomic prolongation of X € Pro(F, TF).O

1.6.3. Proposition. The map
Pro(F, TF) — Pro(JiF, JTF): X — X

is a morphism of Lie algebras.

Proor. If X,Y € Pro(F, TF), then we obtain
(X1, Yyt = X0 Y + X" Y =Y 0, X —Y" 9, X = (X, Y] 1))

and

(X1, Y)l! = X 0aY' + X" 0, Y =Y 0, X' = Y" 0, X" = ([X,Y]1))*

Moreover, we obtain

(X (1), Y)lh = X2 0a(02Y" + 0, Y ¢} — V" y)
+ X" 8h(a,\Yi + 8jYi yg\ — O\YH y;)

— Y 0,(03 X"+ 0; X"y — h X" y,)
Y Ou(Oh X"+ 0; X"y} — W X" y,)

+ (AX" + 0, X"y} — AX" yft) DY
— (aaXZ + ani ygx — O XH y;) oY

— (Y + 0"y — Yy X
+ (GQYZ + ani yé — O, YH ny) X
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ie.
[X(1), Y)lh = X¥0a(0Y" + ;Y 5 — WY y,)
+ Xh ah(({?)\Yi + @-Yi yf\)

— Y0, (03 X"+ 9; X"yl — X" y)
— Yh 6h(8AXi =+ ani yi)

+ (X" + 0, X"yl — X" yh) 0, Y
— (8aXi + 8]‘Xi yi — O XH y;) ohY“®

— (WY + ;Y gyl — 0 Y ) O X!
+ (8ayi + 8jYi yZz — O, YH y;) X
1.e.
(X1, Yplh = X 0a(03Y" 4 0,V g} — Y "yl
+ X" OR(0\Y" + 0,V y))

— Y 0u (03X + 0, X"y} — X"yl
—Yh 6h(a)\Xi + ani yf\)
+(OAX" — 9 XH ") 9,

— (0o X" — 0o X" y!) Y

- (GAY” + 8th yg\) 8hXi
+ (0aY" = DY y;,) 01X

On the other hand, we obtain

(X, Y]1)h = (X" 0.Y" + X" 0, Y = Y* 9, X" —Y" 9, X7)
+0;(XY0, Y + X" 9, Y — Y29, X — Y9, X") v

— (X0 YH =Y 0 XMy,

ie.

(X, Y]1)h = DX 0aY + X" 0Y" — 0\ Y ¥ 0. X" — 0\ Y " 0, X7

+ (0, X" Y — 9;Y" 9, X7 ]
— (WX* D YH — 0\ Y* 0. XM) y,

+ (XY 000aY + X" 00O Y —Y* 00, X" — Y 000, X7)
+ (X2 0,0, + X" 9;0,Y" — Y 9;0, X" — Y"9;0,X") v/,

— (XY 000, Y" — Y*O0\0u XH) y!
"

D. Saller
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hence

[(X (1), Yyls = ([X,Y]1))5 - QED

We can extend in a natural way the above holonomic prolongation to non projectable
vector fields, but this is not relevant for this thesis.
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D. Saller



CHAPTER 2

CLASSICAL THEORY

In the first section, I recall the basic facts of the CCG theory. For more details,
see for instance [b6, 54]. Moreover, I sketch the results of [140] about symmetries
in the CCG theory, which are necessary for understanding the symmetries of quan-
tum theory. Using these results we can classify the vector fields which preserve
the classical structure by means of algebras of functions of classical phase space,
which are subalgebras of the algebra of special functions. The algebra of special
functions is not a Poisson subalgebra. In the case, when the vector fields preserve
the full classical structure, they are generated by functions of the special subalgebra
Clas(J1 E, IR), called classical generators, which is also a Poisson subalgebra. This
subalgebra plays an essential role in the quantum theory.

The covariance of the theory includes also independence from the choice of units of
measurements. For this reason, a rigorous treatment of this feature is needed.

Therefore, we assume the following “positive 1-dimensional semi-vector spaces” over
IR* as fundamental unit spaces (roughly speaking, they have the same algebraic structure
as IR™, but no distinguished generator over IR"): the space of T time intervals, the space
L of lengths and the space M of masses.

Moreover, we assume the Planck constant to be an element h : T* ® L? @ M.

We refer to particles with mass m € M and charge ¢ € T* ® L @ Ms:.

Moreover, we refer to a time unit uy € T or to its dual u° € T*.

2.1 Classical framework

The classical background is introduced starting from minimal axioms. A curved
spacetime fibred over an absolut time, a spacelike scaled Riemannian metric and a
compatible gravitational and electromagnetic field. This structure yields in a covari-
ant way the full classical structure. In particular, it yields the covariant Newton law,
a scaled cosymplectic structure of classical phase space and a classical Lagrangian
formalism.

Choosing an observer, it yields a classical Hamiltonian formalism. Hence, the
Hamiltonian formalism is not covariant.

15
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2.1.1 Spacetime

~ We assume (absolute) time to be an affine space T associated with the vector space
T :=T ® IR. We assume spacetime to be an oriented (n + 1)-dimensional manifold E
fibred over time by the absolute time map

t: E—T.
Thus, the time fibring yields the time form
dt . E—-TT'E.

We refer to charts of spacetime (z*) = (2°,2°) adapted to the time fibring, to the
affine structure of time and to a time unit of measurement wug.

The induced local bases of TE, VE, T*E and V*E are, respectively, (9y), (3;), (d)
and (d).

We have the coordinate expression

dt = up @ d° .

An observer is defined to be a section o € Sec(E, T* ® TE), which projects on
1 € T*® T. Hence, an observer is a connection of the spacetime fibring. In a chart, we
have the expression o = d°®(9y+0},0;), where o), € Map(E, IR). The charts () for which
0} = 0 are said to be adapted to o. Each chart (z*) determines the observer o := u° @ 9.
Each observer o yields the splitting

TE=(ExT)@VE: X — (d(X)) + (X — o(dt(X)).

We shall be involved with the Lie subalgebras
Pro(E, TE) C Sec(E, TE) and Time(E, TE) C Pro(E, TE)

of vector fields of E which are projectable on T' and whose time component is constant,
respectively.

2.1.2 Metric field

Assumption 0.1. We assume spacelike metric to be a scaled Riemannian metric of
the fibres of spacetime

g:E—-1L*®(V'ExV*E).O
E
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2.1.1. Definition. Given a particle of mass m, we define the re—scaled spacelike met-
ric

G=%g:E—~Te(V'EQV'E).

We denote the contravariant spacelike metric and the contravariant re-scaled spacelike
metric by

§:E—-1L*® (VEQVE)
E
G = %g:E—NH‘*@(VE%VE).
2.1.2. Proposition. We have the coordinate expressions
G=Giu'eded, with GY=7g;cMap(E, R).

G=Gju®0;,®0;, with GY = ZL—(’ g € Map(E, R).O

2.1.3. Proposition. The spacelike metric g and the spacetime orientation naturally
yield a scaled spacelike volume form

n:E—-L"® A"V'E,
with coordinate expression

n=/lgld"A...Ad".

Moreover, the time form and the spacelike volume form yield the spacetime volume
form

vi=dtAn:E— (TL") @ A"MT*E,
with coordinate expression
V= U R V0 ,
where we have set

00 = \/lglug@d Ad' A ... AdY.O

2.1.4. Proposition. The spacelike metric g (or, equivalently, the re-scaled spacelike
metric G) naturally yield the fibre-wise Riemannian connection

»:VE —-V'E ® VVE,
VE
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with coordinate expression

h 1 hk(

5" = —5 9" (Oigrj + Ojgri — Okgiz) - O

2.1.5. Corollary. We obtain the fibre-wise curvature tensor of s
Mﬂ:%hyﬁVEHMVW%VE
where [, ] denotes the fibre-wise Frolicher—Nijenhuis bracket, with coordinate expression
Rlsx| = (@%ﬂk + 3P, %jhp) P (d’ AN @ Op) .0
2.1.6. Corollary. We obtain the fibre-wise Ricci tensor
RRicei : E—V'E %) V*E
and the fibre—wise scalar curvature of s
pl#] :=(G, Rricei) : E = T*® R.O
Lie derivatives of the metric
2.1.7. Proposition. For each X € Sec(E, TE), we obtain the Lie derivative
Mﬂ@e&ﬂEﬂP@VE%VE%
with coordinate expression
LIX]G = (X*0GY —GY 0, X" — G 9, X))’ © 8, ® 9; .
Moreover, for each X € Pro(E, TE), we obtain the Lie derivative
LIX]G €Sec(E, T V'E % V*E),
with coordinate expression
LIX]G = (X 0\GY + Gy, 0,X" + GY, 0, X" ug @ d @ d .

2.1.8. Corollary. Let X € Pro(E, TE) and f € Map(E, IR). Then the following
conditions are equivalent:

&=
>
Q Q
|
—

G
=—fG.
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ProoOF. The equality
X 0\Gy — Gy on X' - Gi 0, X7 = [ GY
is equivalent to the equality
G GY (XM ONGY — Gy Op X' — GY 0, X7) = GY, G, (f GY)
i.e. to the equality
—XMhGY, - Gy, 0, X" =G 0, X" = f G, .0

2.1.9. Definition. For each X € Sec(E, TE), we define the spacetime divergence
div, X € Map(E, IR)
by the equality
L[ X]v = (div, X)v
and the timelike divergence
divgy X € Map(E, R)
by the equality
LIX]dt = (divq, X)dt.O
2.1.10. Definition. For each X € Pro(E, TE), we define the spacelike divergence
div, X € Map(FE, IR)
by the equality
LX]n=(div, X)n.O

2.1.11. Proposition. Foreach X € Sec(E, TE), we have the coordinate expressions

A (X0 9: (X
div, X = o !g!)+ i (X74/1g1)
9] 9]

divgs X = 9o XY .

Moreover, for each X € Pro(E, TE), we have the coordinate expression

0 0;(X7
div, X = X° OMJF il \/m).m
91 Vlgl
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2.1.12. Corollary. For each X € Pro(E, TE), we obtain
div, X = divg X + div, X .
Hence, for each X € Time(E, TE), we obtain
div, X = div, X .0
2.1.13. Corollary. For each X € Pro(E, TE), we obtain

div, X = L(G, L[X]G).O

1
2
2.1.14. Definition. A vector field X € Pro(E, TE) is called conformal unimodular,
or unimodular, if we have, respectively,
d(div, X) =0, or div, X =0.0

We denote the sheaves of conformal unimodular and unimodular vector fields by

—~—

Unim(E, TE) C Pro(E, TE) and Unim(E, TE) C Unim(E, TE).

2.1.15. Lemma. For each X, X € Pro(E, TE), we have
div,([X, X]) = X.div, X — X.div, X .O
2.1.16. Proposition. The sheaves ﬁﬁu/n(E, TFE) and Unim(E, TE) are closed with
respect to the Lie bracket. O

The spacelike metric g yields a Riemannian connection of the fibres of E and the
scalar curvature p.

2.1.3 Gravitational and electromagnetic fields

We assume gravitational field to be a torsion free linear connection of the vector bundle
TE — E

K':TE - T'E @ TTE,
TE
such that
Vidt =0, Vig=0
and such that the curvature tensor R? fulfills the condition

Rhg)kiu - Rh%uj/\ :
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We assume electromagnetic field to be a closed scaled 2-form
fE— (L2 @M?2)® A’T*E,

Given a particle of a charge g, it is convenient to consider the re-scaled electromagnetic
field

F:=14f.E—NTE.

2.1.17. Proposition. The electromagnetic field F' can be “added”, in a covariant
way, to the gravitational connection yielding a (total) spacetime connection

K=K'+ldeF+F®d),

where F = G F;u® ® 0, @ /.
The total K still fulfills the properties that we have assumed for K?.

2.1.18. Proposition. [JadMod93] The coordinate expression of K is

3 (athk + 51<:Gjh 8;Gr)
K(]?h = Kh;‘)() = —% (8hA ajAh + (90G9LJ)
—(4; — 0;40),

where Afo] = Agd® + A; &’ is any local potential of the closed 2-form
®[0] := Ant(G’(Vo)) € Sec(E, A*T*E),

where o is the observer associated with the chosen spacetime chart. O

2.1.4 Examples of spacetime

As a particular example of spacetime we shall consider a special spacetime, constituted
by an affine spacetime E, equipped with an affine time map ¢ and the flat gravitational
field K® induced by the affine structure of E.

2.1.5 Classical phase space

The phase space is defined to be the first jet space t! : JJE — T of sections of
spacetime [139]. We denote fibred charts of the phase space by (z°, 2, x}).

We recall that J; E — F is an affine bundle associated with the vector bundle T*QV E.

Hence, the vertical space of J; E with respect to E turns out to be

VEhE =T"QVE.
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Moreover, we obtain the natural tensor

v: 1 E—-T (V'E J®E VLE),

with coordinate expression
v=uy®d ® 0.
We recall the natural contact maps

n: J1E—-T"@TE and 0: W E—-T'EQVE,
E

with coordinate expressions

n=u’® (0 + x4 0;) and 0=0®(d—uxid).

We shall be involved with the Lie subalgebras

Pro(J1E, TLE) C Sec(J,E, TJ.E)
Time(J, E, TJ,E) C Pro(LE, TJ,E)

of vector fields of J; E which are projectable on T' and whose time component is constant,
respectively.

2.1.19. Proposition. For each X € Pro(E, TE), we have the holonomic prolonga-
tion

X(l) S PI‘O(JlE, TJlE),
with coordinate expression
Xay=X"0 + X0 + (06X' + 0, X"} — 00X x}) ) .

Moreover, the map Pro(E, TE) — Pro(J,E, TJ,E) is an injective Lie algebra mor-
phism. O

For each X' € Pro(J1E, TJ,E), we define the spacelike divergence
div X" € Map(J,E, IR)

by the equality L[X']n = div X .

2.1.20. Proposition. We have the coordinate expression

don/lgl  0;(X74/lgl)
|

Ja

divx! = Xx°
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A vector field X € Pro(JE, TJ,E) is called conformal unimodular, or unimodular,
if we have, respectively,

d(divX") =0, or divx'=0.
We denote the sheaves of conformal unimodular and unimodular vector fields by
Unim(J,E, TJ,E) C Pro(J,E, TJ,E)
Unim(J,E, TJ,E) C Unim(J,E, TLE).
2.1.21. Lemma. For each X', X' € Pro(J,E, TJ,E), we have
div([ X", X)) = XT.divXT — XT.divX".O
2.1.22. Proposition. The sheaves Unim(J,E, TJ,E) and Unim(J,E, TJ,E) are

closed with respect to the Lie bracket. O

2.1.6 Distinguished phase fields

2.1.23. Proposition. [56] The spacetime connection K yields in a covariant way a
torsion free affine connection of the affine bundle J1 E — FE, called phase connection,

I JJE—TE @ THLE,

J1E
with coordinate expression
FZ_FZOI‘]—FFZO with FzO_Kz
20 = L aoj To 200 5 Aop — A

Conversely, the phase connection I' characterizes the total spacetime connection K. O
We have the following useful equalities.

2.1.24. Proposition. We have the following coordinate expressions

Tih — T = —Gi'GE* ((0nGy — 0GR w6 + P ,
[yj — Dy = —(0iG%, — 9,G5,) a5 — iy

where

hk . ~hiTk 0
I'go == Go Lig Doi = Gy T . O

2.1.25. Proposition. [566] The phase connection yields in a covariant way the second
order connection

vyi=np,I': hWE—-T"®T/LE,
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with coordinate expression
v =1’ @ (8o + 205 + 700 07)
where
Yoo = Thok 2626 + 2 Thgo 25 + Logo
= — G (3 (OGS + WY, — 0,Ghy) af af + (DG + i) xf + oy ) -
Conversely, the second order connection 7 characterizes the phase connection I'. O

2.1.26. Proposition. [56] The phase connection I' and the spacelike metric G yield
in a covariant way the phase 2—form

Q:=v[[|A0: L E — N J, TE,
with coordinate expression
Q= G, (dy — y0pd” — Tug 0") N0,

where v[I'] is the vertical valued form associated with I' and A is the wedge product
followed by a contraction through G.

Conversely, the phase 2-form () characterizes the spacelike metric G and the phase
connection ['. O

2.1.27. Proposition. For each observer o, we obtain
dlo] =20"Q2.0

2.1.28. Proposition. The phase connection I' and the spacelike metric G yield in a

covariant way the 2—vector
AGT):=TAv: JE — N*TJ,E,
with coordinate expression
AIG,T] = G (01 + T o) A o,

where I': JE — V*E J®E V J  E is the vertical restriction of I'. O

2.1.29. Proposition. [b6, 66] We have

At ANQ" £ 0, i(v)2=0, dQ2 =0, Ly|A =0, [A, A]=0.0

Additionally, we have that i(y) dt = 1. Hence, (J1 E, dt, Q) turns out to be a (scaled)
cosymplectic manifold, v the associated (scaled) Reeb vector field and A the associated
2-vector field.
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2.1.7 Classical kinematics

A motion is defined to be a section s € Sec(T', E). The absolute velocity of a motion
s is defined to be its first jet prolongation jis € Sec(T, 1 E).

An observer can be regarded as a section o € Sec(E, J1 E).
An observer o yields the fibred morphism

Vo] € Fib(J1E, T* @ VE)
with coordinate expression
Vo] = (zf, — o}) u’ ® ;..
Then, for each motion s, we obtain the observed velocity
Vio]s := j1is —oos € Sec(T, T" @ VE).
We define the kinetic momentum and the kinetic energy to be the maps
Qo] := G" o Vo] : LhE - V*E
Klo] = %G o (V]o,V[o]) : IE — T* @ IR,
with expressions, in adapted coordinates,

Qlo] = G%médj and  Klo] = LGV xlx)d°.

— 2 Yij

2.1.8 Classical mechanics
We assume the generalised Newton’s equation
Vs =0
as equation of motion for classical dynamics.

A function f € Map(J;E, IR) such that v.f = 0 is said to be conserved. We denote
the subsheaf of conserved functions by

Con(J1E, R) C Map(J1E, R).

We can also obtain the classical dynamics by a Lagrangian formalism according to a
cohomological procedure in the following way [I30].

2.1.30. Proposition. The phase 2-form €2 admits locally horizontal potentials
© € Sec(JLE, T*E)

(defined up to a closed form of the type o € Sec(E, T*E)).
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We have a first natural splitting of each horizontal potential induced by the contact
structure of J, E.

2.1.31. Proposition. Each horizontal potential © splits, in a covariant way as,
© = L[B] +P[O],
through the t—horizontal component and the n—vertical component
L[O] == 1.0 and PO] :=0.0,

called Lagrangian and momentum, respectively.
Moreover, we obtain

Hence, each potential © turns out to be the Poincaré—Cartan form of the associated
Lagrangian £[0].0

On the other hand, given an observer o, we obtain a further splitting of each horizontal
potential ©.

2.1.32. Proposition. Let us consider an observer o.
Then, each horizontal potential © splits as

© =—H[O,0] + V[0, 0],
through the ¢-horizontal component and the o—vertical component
H[O,0] := —0.0 and  V[O,0] :=v[o] 10O,

called observed Hamiltonian and observed momentum, respectively.
Moreover, we obtain

L[O] = —H[O,0] + 11V[O,0].O

2.1.33. Definition. Let us consider an observer o.
We define the local observed potential associated with a horizontal potential © to be
the form

Al©,0] :=0"(©) € Sec(E, T*FE) .0
2.1.34. Proposition. For each horizontal potential © and observer o, we obtain
A[©,0]=0Boo0.

PRrOOF. It follows from the fact that © is a horizontal form. QED



Symmetries in covariant quantum mechanics 27

2.1.35. Proposition. Let us consider an observer o.
Then, for each horizontal potential ©, A[©,0] is a potential of the closed 2—form
Plo] =20*(Q) € Sec(E, A°T*E), according to

2dA[©, 0] = P[o] .
PROOF. We obtain

2dA[O,0] :==2d(0"0) =20"(dO) =20"Q := ®[o] . QED

2.1.36. Proposition. Let us consider an observer o and a horizontal potential ©.
Then, we obtain

L[O] = K[o] + n1 A[©, 0]
H[O, 0] = K[o] — 01 A[O, 0
V[©,0] = vfo] s (Qlo] + A6, d]) .0
2.1.37. Proposition. Let us consider an observer o, an adapted chart and a hori-

zontal potential ©.
We have the following coordinate expressions

O = (—1GY zhal + Ag) d" + (G af + A)) &'
LO] = (3G apal+ Aiah+ Ag)d°,  PO] = (GY 2+ A) (d — ) d°)
and, in a chart adapted to o,

H[O, 0] = (3 GY afaf — Ag) d°, V[, 0] = (GY ah + A;)d'.O

2.1.38. Proposition. Let us consider two observers o and 0 = o+ v and a horizontal
potential ©.
Then, we obtain

A[©,0] = A[©, 0] — 1 G9v,v) + v[o] LG (v)
i.e., in a chart adapted to o,
A©,0] = A[©,0] — L GY v v)d® + G vl d'
PrROOF. In a chart adapted to o, we have

Al©,0] =000
= ((-1GY ahad + Ao) d° + (G} + Ai)d') 06
= Ayd* — L GY v v} d® + GY; ) d' . QED



28 D. Saller

2.1.39. Proposition. The “t—horizontal” component of {2 turns out to be the fibred
morphism

E=G(V[N]): LE T ®V'E.

Moreover, £ turns out to be the Euler-Lagrange operator associated with the La-
grangian £(0©), for each horizontal potential ©.0O

2.2 Hamiltonian stuff

The minimal axioms yield in a covariant way a distinguished lift of functions
of classical phase space to vector fields of phase space, called the Hamiltonian lift.
The vector field of phase space which preserve the cosymplectic structure turn out
to be locally of the type of a Hamiltonian lift.

2.2.1 Musical morphisms

2.2.1. Lemma. We have the natural dual splittings

TJlE = T,YJ1E EEB VJlE and T*JlE = H*JlE % T,;kle,

given by
XM =dt(XN)y+ (X" =dt(X")y)  and o' =o' (y)dt + (¢ — o' (y)dt),

where
- VJLE C TJ,E is the vertical subbundle (with respect to dt),
- H*J1E C T*J1 E is the horizontal subbundle generated by dt,
- T, E C TJ,E is the subbundle generated by ~,
-T;JE CT*J,E is the subbundle of forms which kill v.O

We define the musical morphisms to be the linear fibred morphisms
Q : Sec(JLE, TJLE) — Sec(J,E, T*LE) : X! — i(X") Q
A : Sec(J,E, T*J,E) — Sec(J,E, TLE) : ¢ —i(¢") A.

2.2.2. Lemma. The musical morphisms restrict to the mutually inverse linear fibred
isomorphisms

O :Sec(,E, VJE) — Sec(LE, T;HE) : X1 i(X)Q
A*: Sec(LE, T: L E) — Sec(JLE, VLE) : ¢! —i(¢')A.O
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2.2.3. Lemma. For each X' € Sec(J1E, TJ,E) and ¢! € Sec(J,E, T*J,E),

obtain

Mo @)(XT) =X —dt(X)y  and (Do A)(¢)) = ¢! —¢'(y)dt
N(oh) = (@) (¢! —¢'(y)dt)  and  Q(XT) = (A)HXT —dt(XT)7).0

2.2.4. Theorem. The natural dual splittings
THE =T, E®VJ,E and T"LhWE=HJLEST LE,
E E
are given by

X' =dt(X)y+ (Ao @) (X))  and ¢ =¢'(y)dt+ (D oA (¢).O

Given a time scale 7 € Map(J, E, T), we define the subbundle
T.LECTLE

consisting of vectors whose time component is given by 7.

29

we

2.2.5. Lemma. Given a time scale 7 € Map(J, E, T), we obtain the mutually inverse

affine fibred isomorphism
0 : Sec(LE, T, LE) — Sec(J|E, T; LE) : X1 — i(X")Q
AL Sec(LE, T; L E) — Sec(J1E, T, LE) : ¢' — v(7) +i(¢") A.O

2.2.6. Lemma. Let X', X! € Sec(J,E, T/, E) and ¢',¢' € Sec(, E, T*J,E).
Then, we have the following equivalences:

X=X & dt(X") =dt(X"), QX=X
¢l =o! s 9l =0'(), M) =A(g).
Proor. If
d(X") =at(XT), QX)) =X,
then
0=A QX)) —AQPX))=XT —dt(X)y— X" +dt(X)y=X" - XT.
If
TN =0"(r), A1) =A%),
then

0= (A () — LA (d") =o' — ¢! (7)dt — " + ' (y)dt =¢' — ¢ .0
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2.2.2 Hamiltonian lift of functions

2.2.7. Definition. The vertical Hamiltonian lift of a function f € Map(J/1 E, IR) is
defined to be the vector field

A*(df) € Sec(J,E, VL,E).
2.2.8. Proposition. For each f € Map(J; E, IR), we have the coordinate expression
N(df) = —G§ 00 f 0, + (GY 0, f + (T} — Th) 90 f) 0F .0
2.2.9. Definition. Given a time scale 7 € Map(J, E, T), we define the 7-Hamiltonian
lift of a function f € Map(J1E, IR) to be the vector field

XT

Ham

7, f] := ~(7) + A*(df) € Sec(J,E, TJ,E).O

2.2.10. Proposition. For each 7 € Map(J,E, T) and f € Map(J,E, IR), we have
the coordinate expression

Xipamlr ] = 7000 + (702, — G§ )f) 0; + (770 + G§ 0;f + (T — Th) 0 ) 0 .0

2.2.11. Lemma. For every f € Map(J;E, IR), we have the distinguished time scale,
called the time component of f,

f” = % <G, D2f> S Map(J1E7 T)a
where

D?f ¢ Fib(LE, TR®T®V*E 2 V*E)

is the second fibre derivative of f with respect to the affine fibre of the bundle /1 E — E.
Thus, we have the coordinate expression

"= fou():%Géja?@?fuo.D

2.2.12. Definition. We define the Hamiltonian lift of f € Map(J1E, IR) to be the
vector field

XT

Ham

] = Xl ", f1 = 2(") + N (df) € Sec(JLE, T1LE).O
2.2.13. Example. If f € Map(E, IR), then we obtain

Xlulf] = grad f := G¥(df) € Sec(E, T* @ VE) C Sec(J,E, VoL E).O
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We denote the subsheaf of Hamiltonian lifts of functions by

Ham(J\E, TJLE) C Sec(J,E, TJLE) .

2.2.3 Classical symmetries

We classify the vector fields of the phase space which are infinitesimal symme-
tries of the time 1-form and of the phase 2—form.

2.2.14. Proposition. The i.s.’s
X €Sec(E, TE) and  X'e€Sec(,E, TJ,E)
of dt are the vector fields with constant time component

dt(X)eT and dt(X")eT,

respectively
PRroo¥r. In fact, we have

LX]dt =di(X)dt and  L[X'|dt=di(X")dt.QED

2.2.15. Theorem. The i.5.’s
X" e Sec(JLE, TJ,.E)
of Q0 are the vector fields of the local type
X'=X/L.[mfl,  with  7eMap(LE,T), feCon(/,E,R),

where, for each X', the time component is given by 7 := dt(X') and the function f is
defined up to a constant.

PROOF. Let us consider any X' € Sec(Jy E, TJ,E) and set 7 := dt(X') € Map(J; E, T).
Then, X! can be uniquely written as

X' =~(r)+ X',  with X' eSec(LE, VL E).

Moreover, we have

Furthermore,
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if and only if

i.e. if and only if locally
(X1 Q= df, with  ~.f =0,
i.e. if and only if locally

X' =A*df), with ~.f=0.QED

2.2.16. Corollary. The i.s.’s
X" € Sec(J,E, TJ,E)
of dt and 2 are the vector fields of the local type
X'=Xx/,.[rf], with 7eT, feCon(/iE, R),

where, for each X', the time component is given by 7 := dt(X') and the function f is
defined up to a constant.d

2.2.17. Proposition. The subsheaf
Symy, (E, TE) C Sec(E, TE)

is a Lie subalgebra.
The subsheaves

Symdt(JlE, TJlE) C SGC(J1E, TJlE),
Symg((HLE, THE) C Sec(J1E, THE),
Sym(dt7Q)(J1E, TJlE) C SeC(JlE, TJ1E>

are Lie subalgebras.

PROOF. They are particular cases of the general Proposition [[4:3. QED

2.2.4 Poisson Lie algebra

2.2.18. Definition. We define the Poisson bracket to be the map

Map(JiE, R) x Map(JLE, IR) — Map(JLE, R) : (f, ) — {f, g} = i(df Adg) A.O
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2.2.19. Proposition. For each f,g € Map(J1 E, IR), we have the coordinate expres-
sion
{9y = GJ (0.1 89 — g 0 ) — (Tih — Ty) 01 f 95
= G (0:f g — Dig 0 f) + G GIF ((0nGRy — DGR wh + Pux) OV f D9 .0

2.2.20. Lemma. For each f,g € Map(J1E, IR), we have

v{f.9y ={v.f.9} +{f., 79}

PRrOOF. The equality
LA = [, A] =0
yields

LIy {f, g} := LIy (A*(df, dg)) = A*(L[y] df, dg) + A*(df, L[y] dg)
= A (dL[n] f, dg) + A*(df, dL[y] g) = {7.f, g} + {f. 7.9} . QED

2.2.21. Proposition. The sheaf Map(J; E, IR) turns out to be an IR-Lie algebra
through the Poisson bracket. Moreover, the map

Map(J,E, R) — Sec(,E, VJ,E) : f — A (df)

turns out to be a morphism of Lie algebras. Its kernel is Map (T, IR).

ProoF. Clearly, Map(J1 E, IR) is an algebra.
First, let us prove that the vertical Hamiltonian lift is a morphism of algebras. For this, it is sufficient
to prove that, for each f,g € Map(J1 E, RR),

O (A*(d{f,9})) = @ ([A*(df), A*(dg)]) -

In fact, we have

O (AL, g})) = d{f, g} — A, ¢}
and

O ([A*(df), A*(dg)]) = LIA*(df)] i(A*(dg)) @ — i(A*(dg)) LIA*(df)]
= LIA*(df)] (dg — v.9) — i(A*(dg)) d(df —~.f)
= di(A¥(df)) dg — i(A*(df)) dv.g + i(A*(dg)) dv.f
=d{f,g} —{f, v-9} +{9, 7. f}
=d{f, 9} —{f,v9} — {71, 9}
=d{f, 9} —vAf 9}

Then, let us prove that the Poisson bracket fulfills the Jacobi property.
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In fact, for each f,g € Map(J1 E, IR), we have

{{f.g},h} = A (d{f.g})-h
= [A*(df), A*(dg)].h
= A¥(df).(A*(dg).h) — A*(dg).(A*(df).h)
={f{g,h}} — {9, {f, h}}
= —{{h. f1.9} = {{g,h}. 1}

It follows from the coordinate expression that the kernel is Map(T', IR). QED

2.3 Lie algebra of special quadratic functions

The minimal axioms yield in a covariant way a distinguished algebra of func-
tions of phase space, called the algebra of special functions, which is not a Poisson
subalgebra. It turns out that the Hamiltonian lifts which project over a vector field
of spacetime are necessarily of the type of a Hamiltonian lift of a special func-
tion. Moreover, the map which associates with a special function the projectable
Hamiltonian lift is a morphism of Lie algebras.

2.3.1 Special quadratic functions
2.3.1. Definition. A special quadratic function is defined to be a function
f € Map(J,E, R),
such that
Df=71®QG, with 7€ Map(E, T).O

Clearly, if f € Map(J, E, IR) is a special quadratic function, then we obtain 7 = f”,
hence

Df=f"oG, with f" € Map(E, T).
The subsheaf of special quadratic functions is denoted by
Spec(J1E, R) C Map(J1E, R).

We stress that the definition of special quadratic function involves only on the time
fibring and the spacelike metric; indeed, it does not involve €.

Moreover, we shall be involved with the distinguished subsheaves related to the affine
structure of the bundle J1E — E.

2.3.2. Definition. We define the following subsheaves:
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- the sheaf
Quan(J E, R) C Spec(J1 E, IR)

consisting of functions, called quantisable, whose time component f” € Map(T, T) de-
pends only on T
- the sheaf

Time(J/, E, R) C Quan(J, E, IR)

consisting of quantisable functions whose time component f” € T is constant;

- the sheaf
AH(JlE, R) - Time(JlE, R)

consisting of quantisable functions, called affine, whose time component f” = 0 vanishes,
i.e. the subsheaf of affine functions with respect to the affine fibres of the bundle /1 E — FE;
- the sheaf

Map(E, R) C Af(J,E, IR)

consisting of affine functions such that Df = 0, i.e. the subsheaf of functions which
depend only on E.O

2.3.3. Proposition. With reference to any observer o and to an adapted chart, the
special quadratic functions are the functions f € Map(J1 E, IR) of the type

f = (Klol, ") + (f'lo], Vlol) + flo].
i.e. of the type
=1 1GY ahah+ [+ f
where
" eMap(E, T),  fo] € Sec(E,T®V*E),  flo] € Map(E, R),
1.8, f € Map(E, R),
f= a0, flo=fued,  flo=7.

Moreover, if f € Map(J1E, IR) is a special quadratic function, then we obtain

f'=5(D*f,G),  flol=Dfoo,  flo=foo0.0
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2.3.4. Corollary. If f € Quan(J;E, IR) and 0, 0 are two observers, with 6 = 0 + v,
then we obtain

f'o] = f'lo) + G(w) f", flo] = flo] + f'[o] (v) + 5 G(v,v) f".
Proor. We have

f'lol=Dfoo=Dfo(o+v)=Dfoo+D*f(v) = f'lo]+ f" G (v)
flo]=foo=fo(o+v)=foo+(Dfoo)(v)+3D*fo(v,v) = flo]+ f'[o](v) + § G(v,v) f".QED

2.3.5. Theorem. [66] Let 7 € Map(J,E, T) and f € Map(J, E, IR). Then, the fol-
lowing conditions are equivalent:

1) Xjuulr f] € Sec(JLE, TJLE) is projectable on X|[r, f] € Sec(E, TE),

2) feSpec(JLE, R) and T = f".

Thus, if the above conditions are fulfilled, then we obtain

Xl f1 = Xl f] = 7(f") + N (df).
Proor. The vector field

x1

tam [T f] = 7000 + (72 = G 90 £) 01 + (70100 + G 0, f + (T — Th0) 0] ) 0
is projectable if and only if
7% € Map(E, IR), Gy xh — 0)f € Map(E, R).

Moreover, by recalling the affine structure of the bundle J; E — E, the functions f which fulfill the
equation

70 G?j zh — 8?]” = ij € Map(E, R).

are of the type

. . . o o
F=170G% aba) + flah+ f,  with  feMap(E, R).QED

2.3.6. Definition. If f € Spec(J1 E, IR), then the vector field

X[f] = X[f", f]

is called the tangent lift of f.O

We stress that the tangent lift of special quadratic functions turns out to depend only
on the time fibring and the spacelike metric; indeed, it does not involve €.



Symmetries in covariant quantum mechanics 37

2.3.2 Classification of classical symmetries

2.3.7. Corollary. The i.s.’s
X' € Sec(JLE, TJ.E)
of ) projectable on E are the vector fields of the local type
X'=Xx/, [f], with feCon(JiE, R)NSpec(JiE, R),
where, for each X', the function f is defined up to a constant.
Proo¥. It follows from Proposition Z23:3. QED
2.3.8. Corollary. The i.s.’s
X" e Sec(JLE, TJ.E)
of dt and €2 projectable on E are the vector fields of the local type
X"=X/L.[f], with  feCon(JiE, R)NTime(/,E, R),

where, for each X', the function f is defined up to a constant. O

2.3.9. Corollary. Let us consider a vector field X € Pro(E, TE).
If its holonomic prolongation Xy € Sec(J1E, TJ,E) is an i.s. of ), then we obtain
locally

X=X[f]  and  Xu = Xlf] = Xhalf]
where
f € Spec(LE, R).O

2.3.10. Corollary. Let us consider a vector field X € Pro(E, TE).
If its holonomic prolongation Xy € Sec(J1E, T, E) is an i.s. of dt and 2, then we
obtain locally

X:X[f] and X(l) = Xllol[f] :XITIam[f]7
where

f € Time(J,E, R).O

2.3.11. Definition. A symmetry of the classical structure is defined to be a vector
field X1 € Sec(J, E, TJ, E), which is an i.s. of dt and € and which is projectable on E.O
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We denote the subalgebra of i.s.’s of the classical structure by
Clas(L1E, T/HE) C Ham(J,E, T/LE).
Moreover, we set

Clas(J1 E, R) := Con(1 E, R) N Time(J1 E, R) .

2.3.12. Lemma. If X € Time(E,TE), then
LI X1))0=0,
where we have regarded 6 as a vertical valued form

V:hE—Te(TE ® VLE),

through the isomorphism VJ1E ~ T* @ VE.
PrROOF. We have

LIX1)]0” := L[X )] (' — 2.d°) ® 87)
= (80X d + 0; X" — (o X'+ 0; X" 2} — X' 2})d°) @ 8 — 2 (X d’ + 0, X° &) ® &)
— 0 X" (d" — 2} d°) ® B} + 0y X° (d — xf d°) ® O
=0.QED

2.3.13. Lemma. If X € Time(E,TE), then, L[ X )] v[I'], where v[I'] is the vertical
projector associated with the phase connection I, is a tensor of the type

LX) v[T) € Sec(,E,T"E @ VE).

We have the expression
LX) v[[] = (L[X )] D) d" @ 6;.0

2.3.14. Remark. I want to observe that we have also proved in[l40], that ,for a
vector field X in Time(E, TE), the following conditions are equivalent

1. X is a holonomic symmetry of the phase connection I’

2. X is a holonomic symmetry of the spacetime connection K; here, holonomic denotes
the natural prolongation of X to a vector field of TE;

3. X is a holonomic symmetry of the dynamical connection 7. holonomic symmetry
of the phase connection.
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2.3.15. Proposition. [140] If X € Time(E,TE), then
LX) Q=0 & LIXpT'=0, LIX]G=0.0O
PROOF. 1) We have
LX) Q= (L[X]G) (v[[]A0) + G ((L[X]v[I]) A 6).

Hence, if L[X(1)]I' = 0 and L[X]G = 0, then L[X ()] Q2 = 0.
2) By Lemma P3.T3, we have

LX) = (LIX] G)gj; (dy = Tag d) A 67) + G ((LIX(1)] Tup) d A 67)

Hence, if L[X(1)] Q = 0, then L[X(;)]T = 0 and L[X]G = 0. QED

2.3.16. Lemma. Let X € Pro(E, TE).

Then, we have the following implications:

LIX]G =0 & LIX]G =0,
2. LIX]G=0 = divX =0,
LIX]G=0 = LIX]p=0,

where G is the contravariant spacelike metric and p the scalar curvature of G.

PROOF. (1) We have 0 = L[X]1 = G*(L[X]G) + G*(L[X]G).
(2) We have div X = § (G, L[X]G).
(3) It follows from the functorial construction of p through G. QED

2.3.17. Proposition. If X € Time(E, TE) then,
L[X(l)]Q:O = divX =0.

PROOF. In virtue of Proposition B:3.15, L[X(1)] Q2 = 0 implies L[X]G = 0. QED
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2.3.3 Special Lie bracket

2.3.18. Proposition. If f,g € Spec(J1E, IR), then, the coordinate expression of
their Poisson bracket is

{f: 9y =350 9" =0 f°) Gy, Toag Ty
(ahfk 9° — gyl [°) x5
G ( z‘fo dig fo) b T0T0

ng (fo -9 fo) G, nglg

+ Gy GYE (0nGY — akGhl) (Gon 1095 + G, ¢° F7) oy
G (0:f7 9] — Dugh 1) o

+ Gy (8'}90 — 9,9 f°) Gy g

+ Gy G Oue(GY,, £09) + GO 8 FD) 2
GBhGg)k (athz - akG%z) fio 9; 376

+ Gy (61} 9] — 09 1)

+ GG D £ 9

Hence, the sheaf Spec(J1 E, IR) is not closed under the Poisson bracket.

PROOF. We have

{f, 9} = G (0:f° 8° — 9:9° ) 1 GY, GO ahabl

+GU( hg — 0ign 1°) G kxoxo

+GJ( — ;9" f?)ingzoxg

+ G (f°9) = ¢° 1)) 3 0iGYy af
(0

+G” hgj digp fjo)xg

+(0:F 6° — 0§ £°) x

+ G (0:f 60— 0:4 1°)

+ GG (G — 0G) th + k) (GO, £0) + G2 g 1) !
+ GY'GIF (G — 0G)) b + Bui) 0 g2 . QED

On the other hand, we have the following result.
2.3.19. Definition. We define the special bracket to be the map

Spec(J1 E, R) x Spec(J1 E, IR) — Map(J/1E, R) :
(f; 9) = 1f.9] ={f 9} +2(f") g —(g").f.O
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2.3.20. Proposition. For each f, g € Spec(J E, IR), we have the coordinate expres-
sion

1,91 = [£,91° G0 ziah + [ £,9]0xh+ [£.9]
with

[£.91° = £°009° — ¢°00f" — f"Ong” + g"Onf°

[f,9]7 = G3(f°0g’ — 90 f’ — ["Ong’ + 9" Onf’)

[£:9] = 209 — "0 f — f"Ong + g"Onf + (f 9" = 8" ") ®no + f"g" .
Hence, the sheaf Spec(J1 E, IR) is closed under the special bracket. O

The following theorem will be proved in two different ways. For the second proof, I
need following Lemma

2.3.21. Lemma. Let f, g, h € Spec(J1 E, IR). Then, we have the following coordinate
expressions

1) {y(f")-9.h} = f*{70-9, b} +70.9{f°, b}
2) ([f91")-h=~(f")Ag")-h+~(g")A(f").h
= (¢"Onf° — f"Ong" — £°0:8°x + ¢°0i fx})yo.h O

2.3.22. Theorem. [66] The sheaf Spec(J1E, R) turns out to be an IR-Lie algebra
through the special bracket.

PRrROOF. It is sufficient to prove the Jacobi property of the bracket.
In fact, for each f,g,h € Spec(J1 E, IR), we have

]

[1f.9]. 0]+ [[h f1.9]+ [Lg. k], f] =0.

Actually, we have the following coordinate expression

[[ [[fv g]] ) h]] =
= oh (f*00g° — 6 Do — 7 0;6° + ¢ 0;1°)
— 1086 (f° 009 — ¢° 0o f — " Ong + 9" Onf + (9" — g° ™) no + f" 9" Pr)
— Oh (f200g' — ¢° Bof — 17 0;6" + o7 0, 1)
+ 10 (009 — g° 0o f — " Ong + g" Onf + (9" — " 1) Pro + f" 9" Pri)
+ 0 (2 00g° — g° 0o f° — 10,9 + ¢7 9; f°) D1
— K2 (f200g" — g° Oof' — 1 059" + g7 0; 1) Puo
+hF (2 009" — g% 00 f" — f10;9" + ¢’ 0; ") P -
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hence

[1f.9],h] =

= Do (° Bog” — 6° A0S ~ [ 0;9° + o7 0;1°)
10 (00° 00 — Bog” 00 f — 00" Ou + 0ug" O + (D0 S°5" — Bog” ") @no + B0 " 5" Bar)
— 10 (f° 00009 — ¢° 5030} — f"000hg + g" 50311} + (f200g" = g°00 ") Bro + f"B0g" P
—hO((f9" = g° ") Bo®ro + f" 9" Do®ri)
— 0 (f2 009" — ¢ 00 f' — 1 03" + o7 0, )
+h' (00 Bog — D19° 30; — OLf" Ong + D1g" 8h; + (0uf°g" = 09’ ") ®ro + 01 f" 9" P
+ht (f° Ddog — ¢° 5150; — 90+ g" alah;[ + (fPog" — g0 f") Bro + [ 019" Pr)
+hH (09" — " ") O1Pno + fMg" D1k
+h' (£ 009" — g° 00 f® — 17 0;9° + ¢7 9;f°) o
A
+ h¥

(f°00g" — g° Oof' — 17 0;9" + g7 0; f') o
(f° 009" — g° O f" — £ 0;9" + g7 0; ") Pp -

On the other hand, we obtain the following equalities (here the symbol " denotes the sum of three
terms obtained by circular permutation of f, g, h)

0= Z(_hogh aOfO + hth 80g0 _ hhf080g0 + hhgo aOfO) 1o
0= (h°f%dog" —h%g° Ao f") ®po

0="> (=hg* aof" — n°f" dog" + h* £° Bog" — 1" g° Do ) Dk
0="> (h*f10;9" — hFg? 0;f" — Wi gk 0; " — 17 f" 0;9%) B

0="> —hOf"g" 0®pr + ' (9" — g° ") AP0
0=> n'f"g" O

0= Z (hl (3zfogh _ algth) + hl (fO@lgh . QOalfh)
+ 1" (flog° — g'af®) — KO (flowg" — f1oig™)) Puo
0="2 1’ (fg" — 4" /") ®ro

0="> h°(f°" — g°f") dono
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0= Z doh (£°009° — g°00f°) — h° (80 f°80g — Dogd0 f)

0= doh(f0;9° — g70,°) — b (9;f°0og — 9;9°00 f)

0= 1 (3f"0ng — Dog"Onf) — Onh (f°00G — g°0f)

0="> " (f"0ong — g"0onf) + h" (f*Bng — 9" 0onf)

0=">_ h"(f°800g — 9°d00 f)

0= Z " (fkahkg — g Onif)
0= Z 8h;l (f¥Og" — gt o) — h* (O fOng — 3kgh3hjc) .QED

In the following, I sketch another proof of the previous theorem.

PROOF. * The result follows by Lemma B.2.21], Proposition E:2.20 and the coordinate expressions of
Lemma 2-33°21. QED

2.3.23. Proposition. For each f, g € Quan(J1 E, R), we have

[f.9]" =1[r"9",

where the right bracket is the standard Lie bracket of the vector fields f”, ¢” € Sec(T,TT).

PROOF. It follows immediately from the coordinate expression of the special bracket. QED
2.3.24. Proposition. The subsheaves

Quan(J1 E, IR) C Spec(J, E, IR)

Time(J; E, R) C Quan(J, E, IR)
Af(J,E, R) C Time(,E, R)
Map(E, R) C Aff(J,E, IR)

are subsheaves of subalgebras.
Moreover, the subsheaf

Map(E, R) C Aff(J,E, R)

is a subsheaf of ideals.
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PRrOOF. It follows easily from the coordinate expression of the special bracket. QED

2.3.25. Proposition. The quotient sheaf Spec(J1E, IR)/ Map(E, IR) turns out to
be an IR-Lie algebra through the quotient special bracket.
For each f,g € Spec(J1 E, IR)/ Map(E, IR), we have the coordinate expression

1£,91° = f2009° — ¢°00f° — f10ng° + g"Onf°
[£.91) = G%(f°0g” — 0o f? — f'hg’ + g"Onf?) .0

We stress that the above quotient bracket turns out to depend only on the time fibring
and the spacelike metric; indeed, it does not involve (2.

2.3.4 Tangent lift of special quadratic functions

2.3.26. Proposition. [566] For each f € Spec(J1E, IR), we have the coordinate ex-
pression

2.3.27. Proposition. For each f, g € Spec(J1 E, IR), we have

[f,9]1" =Tto [X[f], X[g]].

PRrOOF. It follows from the coordinate expression of the special bracket. QED

2.3.28. Lemma. For each f, g € Spec(J1E, IR), we have the coordinate expression
0 0
[f, 91" = [X[/), X1g]]
[f, 91" = [X[f], X[g]] -
PRrOOF. It follows from the coordinate expression of the special bracket. QED

2.3.29. Lemma. Let us consider an observer o. Then, for each f, g € Spec(J1 E, IR),
we obtain

£ 91 = X171~ Xlglf + 5 i(X[6)) X[1)) @lo]

PRrROOF. It follows from the coordinate expression of the special bracket. QED
2.3.30. Proposition. For each f, g € Spec(J1 E, IR), we have

(X111, X[gl] = X[ £, 91].
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Hence, the map
Spec(J1E, R) — Sec(E, TE) : f — X|[f]

turns out to be a morphism of Lie algebras, with respect to the special bracket and the
standard bracket, respectively. Its kernel is the ideal Map(E, IR) C Spec(J1 E, IR).

PROOF. It follows from a computation in coordinates. QED

2.3.31. Corollary. We have a natural isomorphism of Lie algebras
Sec(E, TE) — Spec(J1 E, IR)/ Map(E, IR),
whose coordinate expression is
X0 + X0, — [X° LG afad — GY X )] . O

We stress that this isomorphism turns out to involve only the time fibring and the
spacelike metric; indeed, it does not involve €.

2.3.5 Further expression of the special bracket

In this section we prove a further expression of the special bracket in terms of
arbitrary prolongations of the tangent lift of the special functions.

This formula will be used in the quantum theory for the study of Hermitian
vector fields.

2.3.32. Lemma. If f, f € Spec(J1E, R) and X', X" € Pro(J1E, T, E) are prolon-
gations of X|[f] and X[f], then we obtain

XVf=XVf=1f7]
+ (O =[O 1) (85 Gy gy + QoG 6 + Pos)
—(fif]—flf])(a'GQh-To + 3 @ij)
+ (X O = X ) G + (Xg 7 = Xo ) G
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PRrROOF. We have

Xlg—X1f=f00f—fPoof —(f O f— Fof)+X,00f — X{f

= (fO00 0 — F200f°) L Gy alh b + (£ 00 fT — 000 7) GO 3l + (£ 00f — F00f)
- (f 3f0 fzafo) G%k%xo (fzafj fzafJ)GOth (flaif—fzﬁif)
+(f°f f)aozGOkaoxo +(fOF = O ) 00GY, xh

(f ff0)8 Gokxoxo (f fj flfj)aGohxo

(Xofo XofO)Gzhxo (Xof]*Xof])

= I, fﬂ“GO ol + 1f, F1' G b+ [ £, F]

(fofl /) zo——(flfj—fifj)q)u

+(ff f)ao )

—-(f'f ffo)a Gokxozo (f - Jafj)aGohxo
+ (X5 0 = X5 1) G g + (X5 ) = X5 1) G

=1/, f]

+ (O F = O 1) (85 Gy g 2 + QoG 2 + Do)
—(fifj—fifj)(aGohxo 3 Pij)

+ (X0 f = X5 1) G g + (Xo f7 = X5 f7) GY; - QED

2.3.33. Lemma. If f, f € Spec(/1E, R) and X', X" € Pro(J1E, TJ, E) are prolon-
gations of X|[f] and X[f], then we obtain

(XX Q= —(f°F - fOfJ)( G + 0Gy g + Doy )

—(
_ %( il iy ((I)hj (OnG — 0;Ghy) xo)
— (X5 f* = X0 f*) Giag — (X 7 = Xo 1) G
ProoF. We have
0= G (dy — o d® — T ") 07
hence

z(XT)Q :Xé G?jﬂj fo GU ’YOo Y —l—fo GO Fho 330 67 +f0 GO (di 'yoé d° —th Qh) 336
+ fh ng Thh 67 + ng (dh — v0h d° — Tny o") f7,
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hence

(XN i(XN) Q=X G (F + [

+ f° G?j (Xé
+ Gy (X5

= £ G0 - 1
+ f° ijrhofhl"%_

_’YOOf "‘Fho(fh fo 0))x
0 7 T (¢

)+fOszFYOO(fJ+fO J) fO
— "G T (F + [0 23)
' 25)) f

0 1 i hFj
Gy Tho 2o I’

PG Tug (7 + )

+GY (=00 F° + Tug (F" + f0a) 2

— (X P = X £ GO al — (X P — Xi ) GY

= (fOF7 = Y F7)GY, (o — Ty al) + (f° f" — O f") GO Ty )
—(f" =G Th,

— (X3 O = X 10 G al — (X§F7 - X§ ) GY,

= (f*F = 7 17) (vo5 + (Tyn

- (X - X )G

hence, by recalling the equalities

— ) zg) — (" fj ANy

zh$0 (Xof] Xof]) z];

0 0.h
I'nj = Thjo + Thji 2o

0.h k 0..h 0
Yoi = Thip g x5 + 2T hig xg + Loig

we obtain

iXhixha= ("~

+ (-

— (X5 " -

hence, by recalling the equalities

Fh]% == —% (6hG§)k + ak;G?h -
1—\ 0 _
hjo =

0
Lojo =

we obtain
iXNixhH Q= -
_ % (fJ fh _

P17 (59;Gh
i (‘I)hj +30G
- (Xofo XOfO)Glth (Xéf]

ik fh)( Jhi TG TG + (FhJO+F]hO)‘TO)+FOJO)
F 1) (Thjg + Thjp x5)

X6 f%) Ghas — (X5 f1 = X5 ) G

9;Giy)
—% (CIDhj + 8009”-)
—Po; ,

Nk Th 0+ 60Ggh z( + Poj)
(8hGOJg + 8kG
- X5/ G

6jG2k) xlg)

(fofJ fofj)( hkx0x0+80GghmO+q)0J)
- % (f f ) (‘I’hj (5’hG —0; th)xo)
(X XofO)tho (Xéf]_Xof]) ij'QED

Gy Ty g (7 + [0 )

47
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2.3.34. Proposition. If f, f € Spec(/1E, R) and X', X' € Pro(JiE, TJ,E) are
prolongations of X|[f] and X|f], then we obtain

XLf=XLf+iaXhaxha=[f f1.
In particular,
XL f— X1 f+i(X)i(X")Q € Spec(J, E, IR)

depends only on f and f and not on the prolongations X' and X' of X[f] and X[f].

PRrROOF. It follows immediately from the two Lemmas above. QED

2.3.6 Hamiltonian lift of special quadratic functions

We denote the sheaves of Hamiltonian lifts of the subalgebras
Att(LE, R) C Time(J1E, R) C Quan(J, E, IR) C Spec(J1 E, IR) C Map(J1 E, IR)
respectively by

AH(JlE, TJlE) C Time(JlE, TJlE) C Quan(JlE, TJlE) C Spec(JlE, TJlE) C
Ham(J,E, TJ,E) .

2.3.35. Proposition. [56] For each f € Spec(J E, IR), we have the coordinate ex-
pression

Xl f] = 1000 = f1 0+ X5,
with
Gy (301Gt + (9,1 + [* (96GY — 0,GR) — 100G,
+ O, f + Dy £ +f°0).0
2.3.36. Corollary. For each f € Quan(JiFE, IR), we have the coordinate expression
Xl f1= 1000 = 110+ X5
with

= G (0,13 + 1* (OGS, — 0,G%) — f20uGY) ah + 0, + By f" + f°%50) .0
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2.3.37. Corollary. For each f € Aff(J1E, IR), we have the coordinate expression
Xiamlf] = —f1 0 + X307
with
Xt = G (0,10 + * (05, — 0,G2) ol + 0, + By ") .0
2.3.38. Corollary. For each f € Map(E, IR), we have the coordinate expression
Xitalf] = G§ 051 8] .0

2.3.39. Lemma. For each f”,¢” € Map(E, T), we have
(), g = (") 79" = 2(g") 7-f" B

2.3.40. Lemma. For each f” € Map(E, T), we have

LIy(fA = =y A (A¥(df")) .
ProoF. For each X,Y € Sec(J1 E, TJ1E), we obtain

LIy(f"(XAY) = (LX) AY + X A (L[y(f1)]Y)
=" (LA X)AY + X A(LPY]Y)) = X f"yAY =Y. f" X Ny
= [T LDI (X AY) =y A (X AY)HAF").

Hence, we obtain the result by recalling the equality L[y] A = 0. QED

2.3.41. Lemma. For each f” € Map(E, T) and g € Spec(J,E, IR), we have

("), Mé(dg)| =y (N (df" A dg)) + A (d(v(f")-9) = (v-9)(df"))
PrOOF. We have

("), A(dg)] = (LIv(f") A)¥(dg) + A* (LIy(f")) dg)
= — (v A (NH(AF"))¥ (dg) + A (d((f")-9))
= —7.g A(df") +~v(A*(df” A dg)) + A*(d(v(f").g))
= y(A*(df" A dg)) + A*(d(v(f")-9) — (v-.9)(df")) . QED

2.3.42. Proposition. For each f, g € Spec(J1 E, IR), we have
(Xl £, Xiamlg)| = (779" = 9" £+ 4", £} = {f". 9})
+ [A(df), A(dg)]
+ N (d(V(f").9 = 1(g")-1)) + N ((7-£)(dg") = (v-9)(df")) -
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PRrROOF. We have

(X a1 Xlhamlgl] = () + A*(df), 7(g") + A*(dg)]
= [V, A(g]+ [V, Ar(dg)] — [v(g"), AHdf)] + [A*(df), A*(dyg)]
=v(f"vg" —g"v.1")
+ (A" A dg)) + AF(d((f").9) = (v-9)(df"))
—v(A*(dg” A df)) — AF(d(y(g")-f) = (v-F)(dg"))
+ [A*(df), A*(dg)]
=" 79" = g"7-I") + (A (dg" A df — df” A dg))
+ [A%(df), A¥(dg)]
+ A d(Y(f")-9 = v(g")-F)) + A ((v.f)(dg") — (v.9)(df")) . QED

2.3.43. Proposition. For each f, g € Spec(J1E, IR), we have

X [ 91] = 7([£.91") + [N (df), AX(dF)] + A (d(v(f")-g = ¥(g").)) -
PROOF. We have

Ham[[[f’g]]]

v(1fg1") + A ([ f,9])
([ £ 91") + A (d{f,g}) + A (d(v(f")-9 = v(g")-F))
(L f.91") + [A*(df), A*(df)] + A*(d(v(f").g — 7(g").f)) . QED

2.3.44. Theorem. For each f,g € Spec(J1 E, IR), we have

XITIam |: [[ f7 g ]] :| - |:XITIam[fL XITIam[g”
=y([£,9)" = 1"7.9"+¢" 1.1 =4{g" £} +{f" a}) = A ((v-)(dg") = (r-9)(df")) .0

2.3.45. Corollary. The sheaf Spec(J1 E, T J, E) is not closed under the Lie bracket.

PROOF. In fact, in general, f”~.g" — " v.f" +{g", f} — {f", g9} ¢ Map(E, T), hence it is not the
time component of a special quadratic function. QED

2.3.46. Example. Let us consider an affine spacetime with vanishing electromagnetic
field and refer to cartesian coordinates.
Let us consider the two special quadratic functions

_ 010 i g 0_ 0100 _h k
[=1 35G35, and 9 =9 3 Gh o2 -

Then, we obtain

Xiramlf] = 000 + 0, f* GY L G, ah af 87
Xiamlg) = 6% 00 + 0g° GR L GO,y 25 8P
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hence

Xl ], Xiramld]] = (6 00f° = £° 00g°) 00
+ 3 (0ug° 03 1° = 00f° 019°) G G, b ) O

Indeed, the above vector field is not the Hamiltonian lift of a special quadratic function,
because the vertical component is a polynomial of degree 3.0

2.3.47. Corollary. The map
Spec(LE, R) — Ham(J,E, TJLE) : f — X}, [f]

is mot a morphism of Lie algebras, with respect to the special bracket and to the Lie
bracket, respectively. O

2.3.48. Example. Let us consider an affine spacetime with vanishing electromagnetic
field and refer to cartesian coordinates.
Let us consider the two special quadratic functions

f= 105G wad,  with 50" =0,

g=g° % G?j zh ) with g’ =0.
Then, we obtain
XI[f] = "0 + Gg* 0 f* 5 G2y 0, X'[gl =¢" o
and
(X1, X' (9] = f° Dog” 0.
On the other hand, we obtain
[£. 9] = f°00g" 3 G i b
and
XTH[f, gll= F° 0g° 0o + ngak(f03090) % G%xéx%@g.
Hence,

(X[, X'gll # X'[[f. 9]].0

On the other hand, we have the following result.
2.3.49. Theorem. For each f,g € Quan(J1 E, IR). we have

[Nl Xtam[9]] = Xitam [ £ 911
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Hence, the sheaf Quan(J1 E, T J, E) is closed with respect to the Lie bracket. Moreover,
the map

Quan(J, E, R) — Quan(J,E, TLE) : f — X{iu[f]

is a morphism of Lie algebras, with respect to the special bracket and to the Lie bracket,
respectively. Its kernel is

Map(T', IR) C Map(E, IR) .
PRrROOF. The formula of Theorem 2-3Z44

Xiram [[£:91] = [Xltam /s Xitaml9]]
=v(1f.9]" = f'vg" + 9" 71" —{d" f}+{f". g}) — N((v-F)(dg") — (v-9)(df"))

reduces to
XITIam[ [[fhg]u - [XITIam[fL XITIam[g]] = Ov
because
[f.9]" =f"vg"+d"vf". A" fr=0={f"g}
and

Af(dg") = 0 = A*(df") . QED

2.4 Subalgebras of the algebra of special quadratic
functions

We classify the projectable vector fields of phase space which are distinguished
by the classical structure. It turns out that those v.fs which preserve the full clas-
sical structure are locally generated by a special subalgebra, called the classical
generators, which is also a Poisson subalgebra.

2.4.1 Subalgebra of constants of motion

Further, we consider the subalgebra of special quadratic functions which are
also constants of motion.

Let us consider the subsheaf
Con(J1E, IR) N Spec(J1E, IR) C Spec(J1E, IR) .

2.4.1. Proposition. The sheaf Con(J;E, IR) N Spec(J1E, R) is closed with respect
to the special bracket.
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Proor. If f,g € Con(J1E, IR) N Spec(J1 E, IR), then we obtain

v 01f9] =~Af9y ={~.f, 9} +{f,7-9} =0.QED

2.4.2. Proposition. The sheaf Con(J; E, IR) N Spec(J1 E, IR) is constituted by the
special quadratic functions such that

8jf0 GV + O f* Ggh + O f° ng =

Ao f° Goy — [° 006Gy + Ok + Onfi — I (ahG?k + akG?h —89;Gp) =0

Dof? + 0if — f° ®oi — 17 (80GY + Byy) = 0
80}_¢)0ifi =0.

Proor. Taking into account the coordinate expressions
Yo =00 + x4 0i — GY (3 (OnGY + OKGY, — OGoi) xlh 6 + (00GYhy + Prt) Tl + Poy) OF,
f=35 Gy ag + f xg +f,
we obtain

Yo-f =5 (0,10 G + 10 0;GR — [0 (OGS + WGy, — 0;Ghy)) )y
3 (B f° G+ P 00Gh), — 2 [ (00Ghy + Pni) + 20k fi) — f7 (OnGYy, + OKGYy — 0;GY)) 2
+ (oS0 + Onf — 10 Bon — 7 (00GY, + D)
+ 50; — By, f*
ie.
(0510 Gy, + Ok f° Gy, + On 0 GR) wly ol
(00f° GRi — f° B0Ghg + O fr + Onfi — 7 (OhGYy, + OGS, — 0;G1)) g oz

Yo-f =%
1

+3
+ (0o fi + Onf — f* Pon — f7 (00Gh; + Pny)) g
+ 0 f_q)Oifi~QED

2.4.3. Corollary. The sheaf Con(JiE, R) N Quan(J,E, IR) is constituted by the
quantisable functions such that

Ao f° Goy — [° 06Ghy + Ok + Onfy — I (ahG?k + akG?h —9;Gh) =0
o fi + 31'} — [0 ®g; — f (80G[i)j + @) =0
aojoc—q)oifi =0.0
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2.4.4. Corollary. The sheaf Con(JiE, IR) N Time(J, E, IR) is constituted by the
quantisable functions, with constant time component, such that

—f* Gy + O fi + Onfi — (ahG?k + akG?h - 0,GY,) =
Dofi’ + (91-} — [0 @i — f (aOG?j + ®35) =0
30}—‘I>0ifi =0.0

2.4.5. Corollary. The sheaf Con(J; E, R)NAff(J, E, IR) is constituted by the affine
functions such that

akf;j + 8hf,g — fj (8hG2k + OkG?h — @-ng) =0
000+ Of — 7 (G2 + Biy) = 0
(90}— Oy, f'=0.0

2.4.6. Corollary. The sheaf Con(J; E, IR)NMap(FE, IR) is constituted by the space-
time functions such that

ohf=0.
Thus,
Con(J1E, R) "Map(E, R) = IR.O

The systems of first order linear partial differential equations in the above Proposition
and Corollaries would deserve an analysis which is beyond the scope of the present paper.
The above sheaves might reduce to IR, unless strong conditions are imposed to spacetime.
Here, we just show non constant examples of special quadratic functions which are also
constant of motion in the simplest case of spacetime.

2.4.7. Example. Let us consider an affine spacetime with vanishing electromagnetic
field and refer to an inertial observer o and to an adapted cartesian chart.

Then, the sheaf Con(J; E, IR) NSpec(J; E, IR) is constituted by the special quadratic
functions such that

hf'=0
nfl = =0fl==200f",  Of)+0;f) =0, i#]
0.f = —00f°,  dof =0.

In particular, we obtain

Con(J1E, IR) N Spec(J/1 E, R) C Quan(J/, E, IR).
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For instance,
]C(), Qi, €i1i2...in .Z‘il Q62 c COD(JlE, R) M Spec(JlE, R) .
Proor. Con(J1E, IR) N Spec(J1E, IR) is constituted by the special quadratic functions such that
0;f° Gy + Ok f° G?h + O f° G%j =
B0 f° Gy + O fr +0nfi =0
Bofy +Onf =0
df = 0.QED

2.4.2 Holonomic subalgebra

We can compare the holonomic and Hamiltonian lifts of a quantisable function.
The quantisable functions whose holonomic and Hamiltonian lifts coincide consti-
tute a subalgebra.

2.4.8. Definition. The holonomic lift of a quantisable function f € Quan(J, E, IR)
is defined to be the holonomic prolongation of the tangent lift of f

Xalf] = X[Na .0

2.4.9. Proposition. Let f € Quan(J;E, IR). Then, we have the coordinate expres-
sion

Xlalf1= 00 = 10 — (o' + 0,1 a + 00 () O .O
2.4.10. Theorem. If f,g € Quan(J1E, IR), then we obtain

{X}Iol[fL Xﬁol[g]} - Xﬁol[ [[fu g]] } .
Hence, the map
Quan(J,E, R) — Sec(LE, TLE) : f — X],[f]

is a morphism of Lie algebras. Its kernel is Map(E, IR).

Proor. If f,g € Quan(JiE, IR), then, in virtue of Proposition [.6.3 and Proposition B:3.30, we
obtain

[Xlalf]s Xialal] = [(X[May Xlghw] = (XU X9)]) o), = (X[[£:91])
= X} [[f9]] -QED
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2.4.11. Definition. A quantisable function f is said to be holonomic if

Xlzol[f] = XITIam[f] .
We denote the sheaf of holonomic functions by
HOI(JlE, R) C Quan(JlE, R) .
2.4.12. Proposition. The sheaf Hol(J; E, IR) is closed with respect to the special

bracket.

PrOOF. If f,g € Hol(J1E, IR), then, in virtue of Proposition [.6.3, Proposition .3:30 and Theorem
2:3-29, we obtain

[ Ham Ham[ ]]

[ hot [f hol 9]] = [(X[f])u)» (X[g])(1)]
= ([X[f], Xlal])

( [ f,g]]})(l) X}Tlolmfa ]]]QED

Ham[[[f’g]]]

2.4.13. Proposition. The sheaf Hol(J; E, IR) is constituted by the quantisable func-
tions such that

Oof’ = —0if' — GG (0, f) + f* (0uGY; — 0;GY) — f©0oGY),  mo sum on i
0=—0;f" = G (Onf] + f* (G5, — WGY,) — [P GY,), i #j
ol = —Géj (aj} + (I)hjfh + focbjo) :
PRrROOF. The equality
G (9,40 + ¥ (kG — 0;G%,) — [000G) el + 8, f + i f" + [0®j0) =
—(0of* + 05 " wh + Do f° x)
is equivalent to the system
G (017 + 5 (0kGYy, — 0,GR) — F000GY,) 2 = —(Onf' afy + 0o f° )
dof' = -Gy (f%;” + @4 " + fO®jo) . QED

2.4.14. Corollary. The sheaf Hol(J;E, IR) N Time(J; E, IR) is constituted by the
special quadratic functions, with constant time component, such that

0=—0,f" — G (0;f + f* (0,GY — 0,G%) — f°00GY;),  mno sum on i
0=—0;f" = G (Onf] + [* (G, — hGYy) — P 0GS) . i# )
Oof' = =G (0;f + u; " + [°®jo) .0
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2.4.15. Corollary. The sheaf Hol(J; E, R)NAff(J, E, IR) is constituted by the affine
functions such that

0=—0,f"— G§ (0;f) + f* (hGY — 0;GY%)),  mo sum on
0= —;f" — G (Onf? + 5 (G — GY)), P4
Onf' = =GY (0] + @n ") .0
2.4.16. Corollary. We have
Hol(J/1 E, R) " Map(E, R) = Map(T, IR).O

The systems of first order linear partial differential equations in the above Proposition
would deserve an analysis which is beyond the scope of the present paper. The above
sheaves might reduce to IR, unless strong conditions are imposed to spacetime. Here, we
just show non constant examples of special quadratic functions which are also constant
of motion in the simplest case of spacetime.

2.4.17. Example. Let us consider an affine spacetime with vanishing electromagnetic
field and refer to a cartesian chart.

Then, f € Hol(J1E, IR) if and only if
nfl=-20fl = ==20.fy, Of =-0if}, Of]= ~o.f .

2.4.3 Self-holonomic subalgebra
2.4.18. Definition. A function f € Quan(J;E, IR) is said to be self-holonomic if

i(Xialfl) @ =df .0
The subsheaf of self-holonomic functions is denoted by
Self(J1 E, R) C Quan(J1 E, R).
2.4.19. Lemma. If f € Self(J; E, IR), then we have
v.f=0,
hence
Self(J1 E, R) C Con(J1E, R) N Quan(J, E, IR).

PROOF. We have

v.f = i) df = i(y) (X[, [f) Q@ = —i(X],[f])i(7) Q@ = 0.QED
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2.4.20. Lemma. If f € Self(J; E, IR), then we have
Xﬁol[f] - XITIam[f] )
hence
Self(J1E, IR) C Hol(J,E, IR).
PRrROOF. The equality
i(X[alf]) @ = df
yields
Xfamlf] = () + M (df)
= (") + M@ (X))
= 7(f") + Xpalf] = WXl
= (") + Xl f] = v(X[f])
= (") + X[, ] = (")
= Xhol[f] .QED

2.4.21. Proposition. For each f, g € Self(J; E, IR), we obtain

QX[ [£.91]) =d[f.g].

Hence, the sheaf Self(J; E, IR) is closed with respect to the special bracket.

D. Saller

PRrROOF. If f,g € Self(J1 E, IR), then, by recalling that Self(J; E, IR) C Hol(J1 E, IR), we obtain

Aﬁ<Qb(X}T101H[f>9H)>:X}Tlol[[[f» ]]] 7 hol[ g]]])
—Xﬂol[[[f, 1] —v(x H[f, 1)
hol“[f» ]]] ([ f )
—X;am[ﬂf,gﬂ] M 91"
=A(d[f.g])

and, by recalling that Self(J1 E, IR) C Con(J1E, IR), we obtain
i (X[ £,91) =0
and

i(y)dlf.g] =i(y)d({f. 9} +v(f")-9—(g").f)
={v.f9} +{f,v9} +i(y)d(v(f").9 —v(g").f) = 0.

Hence,

Qb(X}IolH[fag}H) :dﬂfag]] 0
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Now, we state the conditions aimed at classifying the fine functions.
2.4.22. Lemma. If f € Quan(J/;E, IR), then we obtain

i(Xﬁol[f]) (fo (5 0:Ghy g g g + QoG 2 2 + Doy )
+ (4 (8hG0k + OGY, — 0,Gh) wh xf + (DG, + Bpy) 2l + Byy)) d°
((% f°8:Ghy g g
(fo 0Gh + f7(0:Gly — 9;G) — Go, Do f* — G, O f7) g
+ 1 By — G 00 f7 + [0 i) 0
+ G?j (fx + f)dy.
PrROOF. We have

(Xﬂol[f]) Q= G?j (f° (=706 67 + Tnj af) 07 + O ud(dh — o d® — Tnp 0")
+ [P Twb 07 + 7 (df — voh d° — Tn 6")
— (Do f" + 0 f ) + Do f xl))
= —y0i (f0zh+ f)d°
+ ((Dji = Tip)(fad + ) = GY; (8o + xly o) (fO 2 + £7) — £ 704) 6
+GY% (fOx) + f7)dy. QED

2.4.23. Lemma. If f € Quan(J/;E, IR), then we obtain
df =
(fo 5 0iGhy g g g + 5 (O f°Ghy + P0Gy + Onfy, + Ok fy) g 6
+ (D0f3 + Onf) aly + Ao f)
+ (O LOGh bk + Oflah +0.f) ¢
+ G, (fO g+ M) dy O

2.4.24. Proposition. The sheaf Self(J; E, IR) is constituted by the quantisable func-
tions such that

Ao f — [ ®oi =0
0f—i—G Oof' — 0Py + fidy; =0,
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PRrROOF. The above equality is fulfilled if and only if
(200G + 17 (3 (0nGYy, + OkGY), — 0;G0)) ah afy = 3 (B0 f Gl + 200Gk + Onfi + Ok fh) xh
(ajjoc—foq’o]‘ + P Ou+ G 00 fM) 2l =0
fi®0i — 50;[ =0
i.e. if and only if
00.f" Ghr = ° 00Ghy, + [ 9;Ghy + G Onf? + Gl O f? = 0
03 = 10 Doy + 1" By + G 00" =0

[P @i = o f =0
(f° Gy + [ (0:GY), — 0,GYy) — G, 00 f° — Gy Onf7) wy = 0, ff,

f1 @iy — G 00 f + [0 Poi = 0, f .

On the other hand, in the above system, the 4-th equation is consequence of the 1-st equation and
the 5-th equation is a consequence of the 2-nd equation. QED

The above result can be re-expressed in the following way through the tangent lift of
the quantisable function.

2.4.25. Proposition. The sheaf Self(J; E, IR) is constituted by the quantisable func-
tions such that

0uGiy, X[ + G (X [f])) + G On(X[£]') = 00X [f]° Gy
0o f + X[f]! ®os = 0
0;f — GLONX[f]) = X[[)F .
i.e. , such that
BoGiy, [© = 0:Gy, 1= Gl Ok ' — G Onf* = 00 f° Gy,
Oof — fi®o; =0
3J}+ng50fi = f" @y — f1 Dy
2.4.26. Remark. Let f € Quan(J E, IR). Then, the equality
OuGh X[ + GO, 0u(X[f])) + GO On(X[f]) = 00 f° Gy,
is the coordinate expression of

LIX[f]] G =df"G.O
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2.4.27. Corollary. The sheaf Self(J, E, IR) N Time(J; E, IR) is constituted by the
quantisable functions such that

Ao f — f P =0
aj}‘i‘G?jaOfi_fo(I)Oj_'_fiq)ij =0.

2.4.28. Corollary. The sheaf Self(J1E, R) N Aff(J,E, IR) is constituted by the
quantisable functions such that

fi az‘G?Lk + G?h akfi + G?k; ahfi =0
of — f Py =0
Oif +GLoof' + [ @i =0.
2.4.29. Corollary. We have

Self(J1E, R)NMap(E, R)=IR.0O

2.4.30. Example. Let us consider an affine spacetime with vanishing electromagnetic
field and refer to an inertial observer o and to an adapted cartesian chart.
Then, the sheaf Self(J; E, IR) is constituted by the quantisable functions such that

Df'=-20f' = =-20,f"

df =0
ai} = _80fi0 .
For instance,

ICO ) Q’L ) 6i1i2,,.in :Eil 7(:)2 € Self(J1E7 B) .0

2.4.31. Proposition. Let f € Quan(J;E, IR). Then, the following conditions are
equivalent:

1) LIX,[f|@=0  with  fe€Con(;E, R);

2) Xglf] = Xfwlf],  with  f € Con(J,E, R);



62 D. Saller

3) i\ Xlalfl] @ =df.
PrROOF. 1) = 2). If L[X] |[f] © = 0, then
di(Xylf) 2 =0,
hence, locally,
i(X[ L) Q=dg, with g€ Con(JiE, R),
hence, in virtue of Proposition 2-2:3,
Xpalf1 =2(F") + A (dg) := Xy ", 4]
Moreover, being X}Iol [f] projectable on E, in virtue of Theorem ,
g € Spec(J1 E, IR) and ¢" = f".
Hence, we obtain

X}Tlol[f} = X;Iam[g] ’

which yields

hence
f=9g+h, with h € Map(E, R) .

On the other hand, f,g € Con(J1 E, IR) implies h € Map(E, IR) N Con(J1 E, R) = IR.
Therefore, we obtain

XhTol [f] = XITIam[f]

in the domain of definition of g. But, if the above equality holds locally, then it holds in the domain of
definition of f.

2) = 3). If f € Con(J1E, IR), then, in virtue of Proposition 2.2.3, we obtain
i(X o [f]) 2= i(3(f") + AR(df)) = df
Hence, X}Tlol[f] = XIT{am[f] implies

i(Xlf]) 2 = df

3) = 1). If i(X,,[f]) © = df, then

L(X}Tlol[fD Q= di(Xﬂol[f]) Q2=0.QED
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2.4.32. Proposition. Let f € Quan(J;E, IR). Then, the following conditions are
equivalent:

1) LIX[f|@=0  with  feCon(:E, R);
2) X1 =XLalf],  with  f e Con(JLE, RR);
3) i\ Xlalf]] @ =df.

PrROOF. 1) = 2). If L[X] |[f] © = 0, then
di(X},1f1) 2 =0,
hence, locally,
i(X ) Q=dg, with g€ Con(,E, R),
hence, in virtue of Proposition 2-2.3,
Xioilf] = (") + A¥(dg) = Xy, [, g1
Moreover, being X}T101 [f] projectable on E, in virtue of Theorem 7
g € Spec(J1 E, IR) and g =f".
Hence, we obtain

X}Iol[f} = X;Iam[g] ’

which yields

hence
f=g+h, with h € Map(E, R) .

On the other hand, f,g € Con(J1E, IR) implies h € Map(E, IR) N Con(J1 E, R) = IR.
Therefore, we obtain

XlIol [f] = XITIam[f]

in the domain of definition of g. But, if the above equality holds locally, then it holds in the domain of
definition of f.

2) = 3). If f € Con(J1E, IR), then, in virtue of Proposition .2.3, we obtain

(Xl f]) =i (v(f") + A¥df)) @ = df .
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Hence, X}Tlol[f} = XIT{am[f] implies

i(X][f) Q= df .

3) = 1). 1 i(X/,[f]) 2 = df, then

L(X}Tlol[fD Q= di(Xﬂol[f]) 2=0.QED

2.4.33. Theorem. We have
Self(J1 E, R) = Con(J1 E, R) N Quan(J, E, IR)
Self(JlE, R) = COD(J1E7 R) N HOI(J1E7 R) .

PROOF. 1) The classifying system of Proposition P.4.25 and the classifying system of Corollary P.4.3
coincide. Hence

Self(J;E, R) = Con(J1 E, R) N Quan(, E, RR).
2) The equality
Self(J1E, R) = Con(J1 E, IR) NHol(J1 E, IR)

follows from Proposition F-4-32. QED

2.4.4 Unimodular and conformal unimodular subalgebras

Next, we consider the subalgebras of the algebra of quantisable functions related
to the divergence of the tangent lift.

The subsheaves of the sheaf of quantisable functions f, whose tangent lifts fulfill the
properties

div X[f] =0 and d(div X[f]) =0,
are denoted by
Unim(J, E, R) C Quan(J1 E, IR) and Unim(J1E, R) C Quan(/,E, IR)

and called unimodular and conformal unimodular, respectively.

2.4.34. Proposition. The sheaves Unim(J, E, IR) and Unim(J, E, IR) are closed
with respect to the special bracket.

Proor. If f,g € Quan(J1 E, R), then we obtain

div(X[[f, gl]) = div ([X[f], X[g]]) = X[g]. div(X[f]) — X[f]. div(X[g]) . QED
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2.4.35. Proposition. If f € Self(J, E, IR) N Time(J1 E, IR), then we obtain
div(X[f]) =0,
hence
Self(J1 E, R) N Time(J; E, R) = Con(J1 E, R) N Time(J; E, R) C Unim(J;E, R).
PrRoOOF. The equality
i(Xalfl) 2 =df
yields
L[Xlf] @ =0,
hence, in virtue of Proposition E3.T9 and Lemma E3.T8,

div(X[f]) = 0.QED

2.4.5 Classical subalgebra

Eventually, summarizing several results of the above sections, we consider the
subalgebra of the algebra of special functions which generate the infinitesimal sym-
metries of the full classical structure.

2.4.36. Definition. A function f € Con(J1E, IR) N Time(J, E, IR) is said to be a
classical generator .0

We set
Clas(J/1 E, R) := Con(J1 E, IR) N Time(J, E, R).
2.4.37. Theorem. We have

Clas(J1E, R) := Con(J1E, R) N Time(J, E, IR)
= Con(J1 E, R) N Time(J, E, IR)

and

Clas(1 E, R) C Hol(J1 E, IR)
Clas(J; E, R) C Unim(J, E, IR) .

Proor. It follows immediately from Theorem E:4.33, Lemma P.4.20 and Proposition £.4.35. QED
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2.4.38. Example. Let us consider an affine spacetime with vanishing electromagnetic
field and refer to an inertial observer o and to an adapted cartesian chart.
Then, the sheaf Clas(J1 E, IR) is constituted by the quantisable functions such that
201 fl=.--=-20,f"=0

Bof =0
oif = —0nf?.
For instance,

Ko, Qi, €y, v Qf € Clas(LE, R).O

2.5 Nother Symmetries

The results on classical symmetries are applied to the classical Lagrangian for-
malism. I recall some of our results from [I40].

Let us consider a local Lagrangian £ and the corresponding Poincaré—Cartan form ©
for the phase 2-form Q. Clearly, any infinitesimal symmetry X' : JJE — TJ,E of O is
an infinitesimal symmetry of Q. In fact, if Lx1 © = 0, then 0 = dL[X']© = L[X]dO =
LIXTQ.

Now, we can formulate the following (Nother) theorem which relates holonomic in-
finitesimal symmetries of © to conserved quantities.

2.5.1. Theorem. Let X1y be a holonomic infinitesimal symmetry of ©. Then, on
the domain of ©, ix, Q is eract and f = —ix © € Self(/1E, R) C Con(/1E, IR) is a
potential.

Moreover, Xy = Xyalf] = Xyl f].

PROOF. The equation
0=L[X1]O = (dix,, +ix,d) O =dix,, O +ix,, Q
is equivalent to
ix,, =—-dix, ©=-dix 0.

Let us define, on the domain of ©, f := —ix O.
Then, by Corollary E-377, on the whole domain of ©,

Xy = Xpawlf] = X[f] 1),

with f € Self(J; E, R). QED

2.5.2. Corollary. Let X be an infinitesimal spacetime symmetry which, additionally,
is a holonomic infinitesimal symmetry of ©. Then, f := —ix © € Clas(J/1 E, R).
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2.5.3. Remark. In particular, if an observer o is a (scaled) infinitesimal symmetry
of ©, then the Hamiltonian H[o] turns out to be the associated classical generator. In
particular, H[o] is a conserved function.

Let £ be the Lagrangian corresponding to a Poincaré-Cartan form © and let P be the
corresponding momentum. In [[40], we have proved the following theorem

2.5.4. Theorem. Let X be an infinitesimal spacetime symmetry. Then, the following
equivalence holds

1) Lx,©=0 &  2)Lyx, L=0

Theorem P.5.4 yields immediately another formulation of the (N6ther) Theorem P.5.1].
This version may be more popular to the physicist.

2.5.5. Corollary. Let X be an infinitesimal spacetime symmetry which, additionally,
is a holonomic infinitesimal symmetry of £. Then, on the domain of ©, a classical generator
f € Clas(J1 E, IR) is given by

f=—-(XiP+X.iL).O

2.6 Covariant momentum map

We define a covariant momentum map for classical symmetries. The components
of a momentum map turn out to be classical generators.

Let us suppose a closed dynamical phase 2—form {2 and a left action G X B —
J1E of a group G of symmetries of the cosymplectic structure (J1 E, €, dt), i.e. P70 =

and @;dt = dt. Let g be the associated Lie algebra. Hence, L e Q=0 and Lo e) dt=0
for all £ € g.

We would like to define a momentum map in our (covariant) setting by analogy with
the standard symplectic and cosymplectic literature [3, 98, T3, 18] and ref. therein.

Let X' € Sec(J1E, TJ,E) an infinitesimal symmetry of Q and dt. Then, by the
Propositions R.2.15 and R.2.14, X is of local type X{,.[7, f], with 7 := dt(X") : JE — T
and f € Con(J1E, IR), where f is determined up to an additive constant ¢ € IR.

Hence, we can locally associate with any infinitesimal symmetry X' of € and dt of
the type X1 = dd(€) locally a pair (fe, 7¢), where 7 is the constant dt(d®(€)) and fe is
a potential function of Tob(e) Q.

2.6.1. Definition. A (local) map J

J:g— Con(J1E) x T : & (Jg, 7e),

where J¢ is a potential of i,4,) 2 and 7¢ = iy4 dt for all € € g, is said to be a momentum

map for the action ®.0O
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We stress that a momentum map is not unique, since the functions J; are defined only
up to a real additive constant. However, the time scales 7¢ are uniquely determined.

2.6.2. Remark. In general, a momentum map J is defined locally. But if we assume
suitable hypotheses on spacetime or on the Lie algebra g, then we can find a global
momentum map. Of course, a global J always exists if H'(E) = {0}. A detailed list of
other hypotheses under which J is globally defined is given in [?]; they are the same as
in our case.

Now, let us suppose that we have given a momentum map J for a group of sym-
metries ® of the cosymplectic structure. Let 7,0 € T be constant time scales and
f,g € Con(J1E, IR) be conserved quantities. We say {(f,7), (g,0)} :=([r,0],{f,g9}) =
(0,{f,9}), where [1,0] is the Lie bracket and {f, g} is the Poisson bracket, to be the

Poisson bracket for pairs.

2.6.3. Proposition. The map
(7e. Je) = 0(¢),

which associates with any component (7¢, Je) of J its infinitesimal generator turns out to
be a morphism of Lie algebras. Its kernel Map(T', IR).

PROOF. The equality

H, ), Holo) 4 = (L. (f),im,(9)) dt = Ly, ()0 — ig, g dT =0

shows that the bracket [H,[f], H,[g]] is a vertical Hamiltonian lift. Hence, Proposition B.2.2] yields the
result. QED

Now, let us suppose, additionally, that the left action d of G is projectable on a left
action ® : G x E — FE, that is, ® is an action of classical symmetries. Theorem P R.3.5
yields the following result.

2.6.4. Proposition. The components of a momentum map are pairs (Je, 7¢), where
Je € Clas(J1E, R) C Hol(J,E, R) with the second fiber derivative D*J; of J; equal to
the constant time scale 7 = dt(®(€)).

Hence, in the case of the projectable actions, each function J¢ encodes all information
of the pair (J¢, 7¢).O

Consequently, we call the map J : g — Clas(J1E) : £ — J(§) := Je momentum map,
denoted by the same symbol J.

Now, let us consider a Poincaré-Cartan form © and an action ® of classical symmetries
which, additionally, preserves ©.

2.6.5. Proposition. There exists a momentum map on the domain of ©. Namely,
the map

Je=00(&) s P+ 00(&) L. (2.6.1)
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Moreover, Let (e,) be a basis of g, and £ = &Pe,. Then, the coordinate expression is
Je = gp((ap(bi — 20y¢") 8] L + 90" L) 5

Given an observer o, the momentum map can be expressed in terms of the observed
Hamiltonian H|o] and the observed momentum P[o] by

Je = 0D() 5 Po] + 0 (€) L H[o)]. (2.6.2)

PROOF. The first expression follows simply from the contact splitting of © and Theorem B-5.1]. The
observer dependent expression of J follows simply from the splitting of © through the observer.
The coordinate expression

ad’(ﬁ) = fpapﬁboao + §p3p¢iai

with respect to a basis (ep,) yields the second expression. QED

2.6.6. Remark. There is a connection between the momentum of a Lagrangian and
the momentum map. In fact, let G be a group of vertical holonomic symmetries of O, i.e.
tpa(e) dt = 0. Then we have the expression

Je = 00(§) 2P = P(99(€)) ,

so the momentum map coincides with the momentum of the Lagrangian. O

Now, we apply the machinery developed in the above subsection to analyze three
groups of symmetries acting in simple cases.

2.6.7. Example. We suppose the spacetime E to be an affine space with affine pro-
jection t. In this case VE ~ E x S, where S := ker Dt. So, we assume an Euclidean
scaled metric g on S.

Let us consider the natural vertical action

SxE—>E:(U,eO)I—>(€0+U);

Let K* be the natural flat connection on E and F = 0. Then, any Poincaré-Cartan
form exists globally and S is a group of symmetries of a ©. The momentum map J is
just the standard linear momentum.

In fact, © is invariant with respect to spacelike translations. Of course, the Lie algebra
of S is § and we have the momentum map

J:So— Clas(LE, R)NAff(JLE,R) : v+ J(v) = P(v).

We have the coordinate expression P(v) = v’ Gi;x) (see remark P.6.6). 0

2.6.8. Example. Assume the same spacetime and fields as in the above example,
and assume additionally that E ~ T x P, i.e. , assume a complete observer o. Then, we
can consider the natural action

Tx(TxP)—TxP:(v,(r,p)— (v+71,p).
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It turns out that T is a group of symmetries of O, i.e. o is a (scaled) infinitesimal
symmetry of ©, and the momentum map J is just the (observed) kinetic energy H|[o].

In fact, © is as in the above example, hence it is invariant with respect to time
translations because the metric does not depend on time. Of course, the Lie algebra of T
is T and we have the momentum map

J:T — Clas(J1E, R) : £ — J(7) =7 1(020).

Obviously, J = HJo].O

2.6.9. Example. Now, we suppose our spacetime to be T' x SO(g), where g is the
metric of the above spacetime. The manifold T x SO(g) is interpreted as the configuration
space for the relative configurations of a rigid body with respect to the center of mass
(see [IIR, 127] for a more detailed account).

We assume the inertia tensor I as the scaled vertical metric. Consider the action

SO(g) x (T x SO(g)) — T x SO(g) : (A, (1,B)) — (1,AB).

Let K" be the natural flat connection on T' x SO(g) and F = 0. Then, SO(g) is a
group of symmetries of © and a momentum map J is just the angular momentum.

In fact, as in the previous examples, © reduces to the kinetic energy of particles
with respect to the center of mass. This is obviously invariant with respect orthogonal
transformations [127]. We have the momentum map

J 1 50(gs) — Clas(T x T® TSO(g), R)NAff(T x T TSO(g), R) :w— J,=w" 1P,

where, by definition, P = VgL, with the coordinate expression P = [ijxgaﬁ. A simple
computation shows that

~w*:80(g) = TSO(g) : r — w(r);

—w* 4PW) = I(w(r),v) = w(r x v).

The Lie algebra of SO(g,) is so(g,), but the Hodge star isomorphism yields a natural
Lie algebra isomorphism so(g,) ~ L' ® S,. The isomorphism carries the Lie bracket
of s0(g,) into the cross product. In this way, if w € so(g,) and @ € L™! @ S, is the
corresponding element, we can equivalently write

J:L1'®8, = Clas(T x T®TSO(g)) : @ — Jy = I(r x v,w),

where v € T* @ TR, = J1(T x R,). This proves the last part of the statement. O



CHAPTER 3

QUANTUM THEORY

The Galilei covariant quantum mechanics (CQM) provides a framework for a
charged scalar quantum particle on a curved spacetime with absolute time inter-
acting with given gravitational and electromagnetic fields.

I recall a few basic facts of the Galilei covariant quantum theory according to [?]
starting from minimal axioms. The minimal axioms yield, in a covariant way, the
full quantum structure. In particular, it yields the covariant Schrédinger equation
and a (canonical) quantum Lagrangian formalsim.

I study systematically the v.fs of the quantum theory which preserve the quan-
tum structure. It turns out that these vector fields are generated by subalgebras
of the algebra of special functions (of classical phase space). In particular, the v.fs
which preserve the Hermitian structure are generated by the quantisable functions
and the vector fields which preserve the full quantum structure are generated by
the classical generators. The map which associates with a classical function the
corresponding quantum symmetry turns out to be an isomorphism of Lie algebras.

On the other hand, I apply these results to the quantum Lagrangian formalism.
It suggests me to define quantum currents associated with a quantisable function.
For classical generators, the associated quantum currents are conserved along the
solutions of the covariant Schrédinger equation.

3.1 Quantum framework

We recall the minimal axioms of the quantum theory. These axioms yield in a
covariant way the full quantum structure. In particular, it yields a (canonical) quan-
tum Lagrangian, the covariant Schrodinger equation, a Hilbert bundle the related
stuff.

3.1.1 Quantum bundle

We refer to the classical background structure (J1 E, €, dt) described in the previous
chapter.

71
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3.1.1. Definition. A quantum bundle is defined to be a one-dimensional complex
bundle over spacetime

mT:Q — FE
equipped with a Hermitian fibred metric
h:QxQ—-CA"V'E
E

with values in the bundle of complexified spacelike volume forms. O

We shall refer to a complex basis
b e Sec(E, L> @ Q),
normalised by
h(b,b) =1,

to the associated complex dual basis

z € Map(Q, L*> @ C),
to the associated real basis

by, by € Sec(E, L2 ® Q)
and to the real dual basis

w', w? € Map(Q, L*? @ R),
where
b, :=b, by:=ib and z=w!'+iw’.

We refer to scaled real fibred charts (z*, w?®) of Q and to the induced basis of vector
fields and forms

(0x,0.) and  (d*,d*).

We can identify 0, with b,.

3.1.2. Proposition. We obtain the following expressions
i =w!'®by —w? @by =iz®Db,
h = ((w1®w1+w2®w2)+i(wl®w2—w2®wl)) KN=zRzn,
[=w'b +uw’by=2b.0
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3.1.3. Proposition. Let Y € Sec(Q, TQ).

Then, the following conditions are equivalent:
1) Y is projectable on a vector field X € Sec(E, TE) and real linear over X;
2) the coordinate expression of Y is of the type

Y = X0\ + V2w 0,,
with
X V;* € Map(E, IR).

Moreover, the following conditions are equivalent:
1) Y is projectable on a vector field X € Sec(E, TE) and complex linear over X;
2) the coordinate expression of Y is of the type
Y = X0\ + (r+is)w*d,,
= X O\ 47 (w0 + w?0y) + s (w' 0y + w? 9y),
with
X* e Map(E, R),

r =Y} =Y eMap(E, R),
s =Y?-Y; €Map(E, R).O

3.1.4. Proposition. If b is another quantum basis, then we have locally

b=-exp(ig)b, with ¢ € Map(E, R).
Accordingly, we obtain
zZ= eXp(_i (b) <,
and
w' = cospw' +singpw?,

w? = —sinpw' + cospw? .0

The history of a quantum particle is described by a quantum section ¥ € Sec(E, Q).
We write ¥ = ¢ b, with ¢» € Map(E, IR).

We shall be involved with the first jet space J;Q of Q@ — E. We denote the fibred
charts of J;Q by (2}, w? w}).
We have the natural contact maps

’H:JIQ%T*E%TQ and 19:J1Q—>T*Q%Q,
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with coordinate expressions
N=d"® 0y +wid,) and =203, (d*—wid).

3.1.5. Proposition. Let Y € Sec(J;1Q, T/J1Q).
Then, the following conditions are equivalent:

1) Y is projectable on a vector field X € Sec(E, TE) and real linear over X;
2) the coordinate expression of Y is of the type

Y = X0\ + Y w0, + Y wy, 0a 4 Y, w® 0, 4+ Y w92

n Y
with

XA VR YA YR Y € Map(E, IR).

Moreover, the following conditions are equivalent:

1) Y is projectable on a vector field X € Sec(E, TE) and complex linear over X;
2) the coordinate expression of Y is of the type

Y:X’\a\—i—(r+is)waé?a+(r“+is“)wzaa+(m—l—isﬂwaa;‘—i—(Tf\‘—l—is’j)wZ@;\,

= X0,
+r(w181+w282)+8(w1(92—w281)—l—r“(wi@l—l—wi%)—l—s“(wi@g—wi@l)

+ry (w0 +w?dy) + sy (wh Oy — w?dY) + (wi o} + wi 95) + sk (w; 05 — wi o)

i = Y =Y € Map
sh = Y2 — YL € Map

~—

with

X* € Map(E, R),
r=Y!'=Y] €Map(E, R),
s =YY, € Map(E, R),
rt = YW =YY € Map(E, R),
st =Y Y™ e Map(E, R),
ry = Y1 =Y\ € Map(E, ),
sy = Y =Yy, € Map(E, R),

(E,R

(E

E
-
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3.1.2 Extended quantum bundle
3.1.6. Definition. We define the extended quantum bundle

Q= J1E1>§Q—>J1E,

by taking the pullback of 7 : Q@ — E, with respect to the map ¢} : JE — E.O

We refer to the fibred charts (2%, z, w?) of Q' and to the induced bases of vector
fields and forms (9, d?,0,) and (d*, di, d*).

3.1.7. Remark. We have
TQ'=TJ,E x TQ.
TE
In particular, we obtain the natural linear fibred inclusion over Q

Ve, E x QcrTqQ'

by considering the E—vertical subbundle VgJiE C TJ;E and the “zero subbundle”
Q C TQ, which project on the “zero subbundle” E C T'E. We stress that the above
natural inclusion is independent from any connection of the extended quantum bundle. O

3.1.8. Proposition. Let YT € Sec(Q'", TQ").
If YT is projectable on a vector field Y € Sec(Q, TQ), then Y is projectable on a
vector field X € Sec(E, TE).

If YT is projectable on a vector field X' € Sec(J;E, TJ,E) and on a vector field
X € Sec(E, TE), then Y is projectable on a vector field Y € Sec(Q, TQ).

ProoF. If YT is projectable on Y, then
AY*=0 and NV*=0,
hence, in particular,
Y =0.
If YT is projectable on X' and X, then
ANy =0 and NY*=0,
hence, Y is projectable on Y. QED
3.1.9. Proposition. Let Y € Sec(Q', TQ").
Then, the following conditions are equivalent:

1) YT is projectable on a vector field X! € Sec(J; E, TJ, E) and real linear over X';
2) the coordinate expression of YT is of the type

YT =X*0\ + X} 00 + Yi*w® 0, ,
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with
X X{, Y € Map(J,E, IR) .

Moreover, the following conditions are equivalent:
1) YT is projectable on a vector field X' € Sec(J,E, TJ,E) and complex linear over
Xt
2) the coordinate expression of YT is of the type
YT =X\ + X'+ (r +is)w0,,
= X O\ 4+ XL + 1 (w01 +w?0y) + s (w' Oy + w? 0y)

with

X* € Map(J,E, R),
r=Y!=Y!eMap(/.E, R),
s = Y2 Y} € Map(/LE, R).O

We shall be involved with the first jet space J;Q' of Q" — J, E. We refer to the fibred

charts (2%, x5, w®*, w}, w™)) of J;Q' and to the induced bases of vector fields and forms

(a)\a azoa aav 827 aa%)a (dAa d67 da’ di? da?)‘
The Hermitian metric h of Q yields, by pullback, a Hermitian metric h! of Q'.
3.1.3 Quantum connection

3.1.10. Definition. A linear connection C' of Q — E, or U of Q' — J| E, is said to
be Hermitian if

VIK,Clh =0, or  V[K,Yh!=0,

respectively. O

3.1.11. Proposition. A Hemitian connection C' of  has coordinate expression of
the type

C=d"@0h+ic,d 1, with ¢y € Map(E, R) .
A Hemitian connection Y of Q' has coordinate expression of the type

U=d*@+d, @0 +i(und* +9°d))®1, with wuy, 4’ € Map(/,E, R).0

o
3.1.12. Proposition. [44, 56, bd] A system of connections {U} of Q parametrised
by observers o € Sec(E, J; E) induces, in a covariant way, a connection Y of Q', called
universal [56], whose symbols 4 vanish. Conversely, the connections of the system can be
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(%)
recovered from the universal connection through the pullback U = 0*(Y). Analogously,
the curvature of the connections of the system can be recovered from the curvature of the

universal connection through the pullback R[{)l] = o*(R[Y]).O

3.1.13. Definition. A quantum connection is defined to be a connection U of Q',
which is Hermitian, universal and whose curvature is

RU]=iQ®I.0

We stress that % has been incorporated in 2 through the re-scaled metric G.

Here, the closure of ) turns out to be a necessary integrability condition because of
the Bianchi identity of R[Y].

Thus, quantum connections are associated with the classical background through (2.

3.1.14. Theorem. [66| Given a quantum basis b, a quantum connection Y turns out
to be locally of the type

Y = y'Ib] +iulb) &1,

where x'[b] is the flat connection of Q' associated with b and u[b] = O is a horizontal
potential (determined by Y and b) of Q.

Given a quantum basis b, the connections of the system associated with a quantum
connection Y turn out to be locally of the type

9= x[b] +iA[b,0]®T,

where xI[b] is the flat connection of Q associated with b and Alb, o] := o*(u[b]) is a
potential (determined by Y, b and o) of ®[o] = 20*Q.
Thus, the coordinate expression of Y is locally of the type

q:d/\®a)\+dé®a?+i(_(%G?jxéx%—Ao)do—i—(G%xé—i—Ai)d")®H.D

We observe that the classical horizontal potentials © are defined up to a gauge; on
the other hand, the quantum potential u[b] is determined by the quantum connection Y
and the quantum basis b.

We observe that quantum connections exist locally because €2 admits horizontal po-
tentials.

~3.1.15. Lemma. Let b and b be two quantum bases related by the transition map
b =exp(ip)b.
Then, we have
X”:X”+1d¢®H and XTH:XT”—kidgb@H.
PRrROOF. In a chart adapted to b and b, we have, respectively,
x![b] = d* ® 9, and
X'Mpl=d*@oy+di®9)  and

I[6] = @ ® &)

X
x'p] = d* ® 0\ + d) ® &7
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Then, we obtain
XH[B] =d® O\
= (0,2 d") ® (Ozx" 0, + Or\w™ D)
=0, ®@d" + (0x¢) (0,2 d") @ ((—singp@" — cos p w?) dw; + (cos pw" — sin ¢ w?) Iws)
=9, ®@d" +dop ® (w' dws — w? Ow)
=0, 0d" +idp®1
and
x'b) = d* @ dx + d}y ® 9?
= (9,2 d") ® (Orz" Dy, + Oaw™ Ba) + (9, zh d* + A0z} df)) ® 00w O
=0, ®@d" +dj ®0) + (0r¢) (0,2" d") ® ((—sinpw" — cos p w?) dw; + (cos pw' — sin ¢ w?) Iws)
=0, ®@d" +dy® 0] +dp ® (w' dws — w? Owy)
=0, ®@d"+dy® 0] +idp ®1.QED

3.1.16. Proposition. Let us consider a quantum connection Y, two quantum bases
b and b = exp(ip) b and two observers o and 6 = 0 + v.
Then, we have

and

s
I
2

[b,0] = A[b, 0] —dep,
Alb,0] = A[b, 0] — 1G(v,v) + v[o] LG (v),
Alb,0] = A[b, 0] — LG (v,v) + v[o] LG (v),
A[b,0] = A[b, 0] — LG (v,v) + v[o] LG (v) — dp .0

PRrOOF. It follows from Theorem B-1.14, Lemma B-1.19 and Proposition E.1.38. QED

3.1.17. Corollary. Let us consider a quantum connection Y, a quantum basis b and
two observers o and 0 = o + v.

Then, we have

Afb, 0] = A[b, 0] + G*(v) .0

3.1.18. Corollary. Let YU be a quantum connection and b a quantum basis. Then,
there exist a unique observer

olb] € S(E, T* ® TE)
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such that the vertical restriction of the induced potential vanishes, i.e. such that
Alb,o[b]] = 0.
Indeed, if o is any observer, then we obtain
o[b] = 0 — G*(A]b, 0]).

Moreover, if b is another quantum basis, with b = exp(iy) b, then we obtain

o[b] = 0 — G*(A[b, 0] — dy) .0

3.1.19. Theorem. [129] A quantum connection exists globally if and only if the co-
homology class of § is integer; the equivalence classes of quantum bundles equipped with
a quantum connection are classified by the cohomology group H'(E,U(1)).O

We suppose that the classical structure fulfills the above chomological condition for
the existence of quantum structures and assume a quantum structure (Q, ).

This is our only assumption for the quantum theory. We derive all other quantum
objects from it (including the quantum dynamics and quantum operators) by means of
covariant procedures.

Our approach has evident analogies with geometric quantisation, but there are im-
portant differences. In particular, we stress that our quantum bundle lives on spacetime
and that the quantum connection is universal. In this way we avoid the intricate prob-
lems related to polarisations. Actually, we replace the difficult search for the inclusion of
polarisations with an easier search for projectable objects.

3.1.4 Quantum differentials

The quantum structure yields all further quantum objects in a covariant way.
Actually, the quantum connection lives on the extended quantum bundle Q'; on the
other hand, we implement the covariance of the quantum theory by requiring that
the physically significant objects live on the quantum bundle @ through a method
of projectabilty [64]. In this way, we get the quantum Lagrangian, the quantum
Schrodinger operator and the quantum operators.

For each W € Sec(E, Q), we obtain the quantum covariant differential

VV := VVU' € Sec(J,E, T*E 2 Q),

with respect to U, by considering the pullback U! € Sec(J, E, Q') of .
We observe that VW turns out to be valued just in T* E %Q, because of the universality

of Y.
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We have the coordinate expression
VU = (0h —im)vd @b=((0y+iHo)Yd" + (0 —iP)vd) @b.

Moreover, we define the time-like and space-like differentials to be the maps

—~ V

VU := 1,VV € Fib(LE, T"® Q) and VUV € Fib(LE, V'E % Q),
with coordinate expressions

— . \ “.
VU = (0g+ 250, —1Ly)wd’®b and VU= (0;—iP)vd ab.

3.1.5 Quantum Lagrangian

3.1.20. Proposition. [56, b4] The quantum structure yields, in a covariant way, the
distinguished fibred morphisms over E,

L € Fib(,Q, A" T*E)

which, for any ¥ € Sec(FE, Q) is expressed by

L[] = dt A (h(¥, iV9) + h(iVY, ¥) - (G © h(VT, V) +kp (T, 1)),

with k£ € IR.
PrROOF. We have
L[U] = dt A (R(®, iVP) + h(iVVP, ¥)) € Fib(J, E, AY""T*E)

\2 _ V V
L[¥] = dt A ((G®h)(VY, V) € Fib(J1 E, A"T"T*E)
Lioy[¥] = ph(¥, ¥) € Sec(E, A" T*E).

However, the coordinate expression of the above terms, shows that

\

L[¥] — L[¥] € Sec(E, A'""T*E) . QED

3.1.21. Proposition. We have the coordinate expression
LIW) = § (1 (000 — v 000) — G (0 000 + As A0 ) — LAY (4 D) — 4 Oy))
+ 2000+ kpo D) /lgld Ad AL A d"
Hence, we obtain the coordinate expression

L= 12"
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where, in complex coordinates,

=131 (1(zAzoA—z Zo) +2 A0 2% 2

2
_A _A A LAY s opi (5A A A A A _A
— G (% i+ Ay A 2R 2N A (2R ) =202 ) Hhp 2t 2 ),
and, in real coordinates,

Lo =(w?wy — w'w]) + A (w' w' + w? w?)
G”(ww +w]w)) — 5 Ay A (w' w' + w?w?) — Af (w wi —w' w})

+§kp0(w w' + w w2).D
3.1.22. Definition. For each k € IR, the fibred morphism
L € Fib(J1Q, A" T*E) ,

as above is called a canonical quantum Lagrangian.O

3.1.23. Proposition. [?, 61, 62] All covariant fibred morphisms
L' € Fib(J,Q, A" T*E)

are proportional to a canonical quantum Lagrangian L.O

Thus, the requirement of covariance is insufficient to determine the constant k. A
theoretical determination of this constant needs further requirements.

According to the above results, we assume a canonical quantum Lagrangian L as the
source of quantum dynamics (leaving k& undetermined).

3.1.24. Definition. We define the quantum momentum to be the momentum asso-
ciated with the quantum Lagrangian, i.e. the fibred morphism over E

Vol € Fib(/1Q, Q° @ TE @ A" T°E).

Moreover, we consider the fibred morphism over E

P :=ihf(Vgl) € Fib(J,Q, T* ® (Q 9 TE)).0

3.1.25. Remark. In the above Definition, we have identified V*J,Q with Q* @ TE
E

by means of a natural isomorphism of vector bundles. In the case of classical phase space
we have denoted the analogous isomorphism by the tensor v.
On the other hand, we have the natural isomorphism _: TE @ A""'T*E — A"T*E.

E
Hence, we can naturally regard VgL as a morphism J;1Q — Q" @ A"T™E.
E
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3.1.26. Proposition. For each ¥ € Sec(E, @), we have the coordinate expression

P =u"® (¢ —iGE" (Oh —144) ¥ ) b.O

3.1.27. Definition. We define the quantum Poincaré—Cartan form to be the Poincaré—
Cartan form associated with the quantum Lagrangian, i.e. the fibred morphism over Q

I := L+ 9AVQL € Fib(J,Q, A'T"T*Q) .0
3.1.28. Proposition. We have the coordinate expression
II :((Ao — AL A+ Lk po) (' w' + ww?) + 1 GY (w] w] + w] wf)) v’
+ (w? dw' — w' dw?®) A vy
- (Gf)j (w} dw' + w} dw?) + A} (w® dw' —w' dw2) A
PROOF. We have the coordinate expression
=L+ lhv* Aol
where
9 = d* — w d*
and
oY = /]g[1(8x) (d° Adb... A d).

Moreover, we obtain

5?10 = U)2
8310 = —w1

% _ ij 1 i ,.2
Oilo = -Gy w; — Agw

Aly = —Gf w? + Ay w'
which yields
N 92 A = (w? dw' — w' dw?) A — (Géj (wj1 dw' — w]2 dw?) + Af (w? dw' — w' dw?) Ao

—I—(—(waé—wlwg)—&—Géj (w} wj +wiw?) + Ay (w? w; —w' w}))o®.0

3.1.29. Definition. We define the quantum Euler—Lagrange operator to be the Euler—
Lagrange fibred morphism associated with the quantum Lagrangian

E € Sec(/1Q, AN"""T*E % Q).
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Moreover, we define the Schrodinger operator to be the fibred morphism

S :=1li(reh)*(E) € Sec(LQ, T*® Q) .0

N[

3.1.30. Proposition. For each ¥ € Sec(E, @), we have the coordinate expression

D |9|

Vgl

SI0] = ((Vo+ 3 — =) ¥ = 3 (Ao + kpo) v)) @b,

where
Vow = (80 — 1140) w

0 On (G
Aot = (GEF (D — 1 Ap) (ak—iAkHM O —1Ar)) .0

o)
Vlol

We stress that % has been incorporated in G.
Thus, we assume the generalised Schrodinger equation

S[¥] =0

as quantum dynamical equation.

3.2 Symmetries of the quantum framework

In the following I study the v.fs which preserve the quantum structure. The
special subalgebras play an essential role. I classify systematically the vector fields
of the quantum bundle and the extended quantum bundle. We find that the vec-
tor fields which preserve the full quantum structure are generated by functions
of Clas(J1E,IR) C Quan(J1E,IR). Moreover, the map which associates with a
function f the resp. symmetry of the quantum structure is an isomorphism of Lie
algebras.

3.2.1 Symmetries of the complex linear structure structure

3.2.1. Proposition. Let us consider a vector field Y € Sec(Q, T'Q) projectable on
X € Sec(E, TE). Then, Y is (real) linear over X if and only if its coordinate expression
is of the type

Y = X0\ + Vw0, , with X Y;* € Map(E, R).O
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3.2.2. Lemma. Let f € Fib(Q, Q) be (real) linear. Then, the following conditions
are equivalent:
1) f is complex linear,

2) foi=iof,
3) the coordinate expression of f is of the type

f=fRw @b, with  fi=fy, fo=-f,
4) the coordinate expression of f is of the type

f=H+if) @ @b +uw?*®@by),  with  fl=f, fi=-f,

5) f=+iML

PROOF. The equivalence 1) < 2) follows immediately from the definition of complex linearity. More-
over, we have

foi=iof,
if and only if

fl=f2=0, fi+f2=0.QED

3.2.3. Proposition. Let Y € Sec(Q, T'Q) projectable on X € Sec(E, TE) and
(real) linear over X. Then, the following conditions are equivalent:
1) Y is complex linear,

2) LIY](il) =0,
3) the coordinate expression of Y is of the type

Y = X0, + Vw0,  with X YPecMap(E,R) Y} =Y} Y} =-Y?,
4) the coordinate expression of Y is of the type

Y = X0, + (V! +iY?) (w' o, +w?dy),  with XV Y? € Map(E, IR),
5) the coordinate expression of Y is of the type

Y =X*0,+ (Y +iY?)I,  with XYY Y? € Map(E, R).
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PROOF. The equivalence of 1), 3), 4) and 5) follows from the above Lemma.
Moreover, the equivalence of 2) and 3) follows from the coordinate expression

LIY] (D) = (=Y w' — Y7 w? — Y3 w' + Y w?) 0y + (Vi w! + Yy w? — Y3 w! + Y2 w?) 92 . QED

Analogous results hold for the extended quantum bundle.

3.2.4. Proposition. Let us consider a vector field YT € Sec(Q', TQ'") projectable
on X' € Sec(J;E, TJ,E). Then, Y is (real) linear over X if and only if its coordinate
expression is of the type

Y =X 00+ X0 +Y#w0,,  with  X* X{ V* € Map(J,E, R) .0

3.2.5. Lemma. Let f € Fib(Q', Q') be (real) linear. Then, the following conditions
are equivalent:
1) f is complex linear,

2) foi=iof,
3) the coordinate expression of f is of the type

f=fw @b, with  fi=f7, fy=-f,
4) the coordinate expression of f is of the type

f=h+iff)(w @b +w?®bs),  with  fi=f5, f=-f,

5) f=(fl+ifL.o

3.2.6. Proposition. Let YT € Sec(Q', TQ'") projectable on X' € Sec(J,E, TJ,E)
and (real) linear over XT. Then, the following conditions are equivalent:

1) YT is complex linear,

2) LY (i) =0,

3) the coordinate expression of YT is of the type

Y= X0+ V{0 + V*wb0,,

with

XAV, eMap(LE, R) Y =Y5 Yy = Y7,
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4) the coordinate expression of Y is of the type
YIi= X0+ Y00+ (Y] +iY?) (w' 0y + w?0y),
with
XAV, VY € Map(L E, IR)
5) the coordinate expression of YT is of the type
YIi=X20y+Y 0+ (V! +iYP)1,
with

XYy, Y, Y? € Map(E, R) .0

3.2.2 Symmetries of the Hermitian metric of ()

First, we classify the vector fields of @, which preserve the Hermitian metric.

3.2.7. Remark. The Hermitian metric h can be naturally regarded as a section
h:Q—VEQEViQ o AVIQ,

where VzQ denotes the vertical dual with respect to the fibring of Q over E and V;Q
denotes the vertical dual with respect to the fibring of @ over T'. We have the coordinate
expression

h=(ded+ded)+i(ded-dad))en

Accordingly, if Y € Sec(Q, TQ), is projectable on E and T, then the Lie derivative
L[Y]h is well defined (in spite of the fact that h is vertical valued). O

3.2.8. Definition. A vector field Y € Sec(Q, TQ) is said to be an infinitesimal
symmetry (i.s.) of h if it is projectable on E and T and fulfills the equality

LY]h=0.

A vector field Y € Sec(Q, T'Q) is said to be Hermitian if it is (real) linear projectable
on E and projectable on T and fulfills the equality

LY]h=0.0
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3.2.9. Remark. If Y € Sec(Q, TQ), is projectable on E and T, then we obtain, for
each &, ¥ € Sec(E, Q),

LY](h(@, ¥)) = (L[YTh)(®, ¥) + h(L[Y]®, ¥) + h(®, L[Y]¥),
and, if additionally Y is linear over E,
LY (h(@, ¥)) = (LYTh)(®, ¥) + h(Y.®, ¥) + h(, V.0).

PRrROOF. It follows immediately from the Leibnitz rule of the Lie derivative, by regarding ® and ¥
as vertical valued vector fields of @, via pullback. QED

3.2.10. Lemma. Let X € Pro(E, TE) and ¥, ® € Sec(E, Q). Then, we have
LIX](h(¥, ®)) = V[K']x (h(¥, ®)) + h(¥, ) div X .
Proor. We have
VIK'|n=0, L[X]np=divXn,

where K’ is the linear connection induced on the vector bundle VE — E by the linear connection K.
Hence, we obtain

LIX](h(¥, @) = L[X]( ¢n) = X.(¥ ¢)n + (¥ ¢) divX n
VIK'x (h(¥, ®)) = VIK'|x(¥ ¢n) = X.(Y o) n+ (¥ ¢) VIK']xn = X.(¢ ¢) n. QED

Now, we classify the i.s.’s of h and the Hermitian vector fields. For this purpose, we
need several preliminary results.

3.2.11. Lemma. Let Y € Sec(Q, T'Q) be projectable on X € Sec(E, TE) and
0Y!'=0Y? :=rcMap(E, R), OY?=—-0,Y':=s5¢cMap(Q, R).
Then, the coordinate expression of Y is of the type
Y =X0,+ (r+is)I+c0,, with r, s, ¢ € Map(E, R).
ProoOF. By integrating the equations
qY'=r and Y =r
on the affine fibres of the quantum bundle, we obtain
Yi=rw'+a' and  Y?=rw?+d?,

where

*) a', a®> € Map(Q, RR), with Orat =0 = 0ya?.
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Then, the equation
HY? = —9,7!

reads

k) 01a? = —dqat.

Moreover, (*) and (**) yield

0a®=s and doat = —s, with s € Map(E, R),
hence, by integrating the above equations on the affine fibres of the quantum bundle,
at = —sw? + ¢ and a® =sw! + 2, with c', ¢ € Map(E, IR).

Therefore, we obtain

Y:XA&\+r(w181+w282)+8(w182—w281)+0181+0282
=X O+ (r+is) (wrd +w?d) +ctd + 20y . QED

3.2.12. Lemma. Let Y € Sec(Q, VQ) and r € Map(FE,C) and suppose that
R(LIYTW, ®) + (¥, LY]®) =rh(¥, &), VU, & € Sec(E, Q).
Then, it turns out that » € Map(E, IR) and Y is of the type
Y =(Gs—3r)[+c"0,, with s, ¢® € Map(E, R) .
Proor. We have
rh(¥, @) =7 (T o + U2 0?) 471 (T &% — U2 0.
Moreover, we have

LIY]U = —(T' oY + 829, Y1) 0 — (U1 01Y? 4 U2 0,Y?) 0,
O =—(P'O Y + 320, Y0 — (91 01Y? + B2 0,Y?) 0y,

hence

h(L[Y]T, @) + h(T, L[Y]®) = —(V' 9 Y + U2 .Y @' — (V' 9,V + U2 9,Y?) @2
— i (T Y+ U2 0,V B2 +i (T 9V 4 T2 9,Y2) !

— (@'Y + B2 0Y) — U (019 Y? + B2 0,72
— iU (@ Y2+ 020, Y?) +102 (0! 0, Y + 229 YY).
Therefore, we have

h(L[Y]¥, @) + h(¥, L[Y]®) =rh(¥, D)
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if and only
Y =Y?=-1r and Y?=-Y'.

Hence, the result follows from Lemma B-Z.11. QED

3.2.13. Lemma. Let us consider a function f € Quan(J; E, IR) and two observers o
and 0 = o0+ v.
Then, we have

9

G(X[f) +i f1=G(X[fF) +1 /1.

PROOF. Let us refer to a quantum basis b and to a quantum chart adapted to o and b.
We have

(%

QX)) +1 /1= X'BIX[) +1((Alb,a], X[f]) + /)1
Moreover, by recalling the formula
A[b, 0] = Alb, 0] — 1G(v,v) + v[o] LG’ (v),

we obtain

~ Ol

)I

i((Alb, 3], X[f)) +

((Alb,ol, X[F)) = & (£, G(v,0) + Glo,v]o)(X[f]) + )1
(b, o), X[f) = (4 12 G 3 6+ G2, £ ) + )]
i((Alb,ol, X[f)) — (f = f)oo) + f)I

— i ((A[b, o, X[f]) = (foo— ) + /)1

= i ((A[b, o, X[f]) + f)1

Hence, we obtain

(X)) +1 1= T(X[f]) +1/1.QED

3.2.14. Theorem. LetY € Sec(Q, TQ) be projectable on E and T .
The following conditions are equivalent:

1) Y is an i.s. of h;

2) with reference to an observer o, we have the expression

Y = Y[f]+C =YX+ 0] -5 dvX[/)I+C,

where f € Quan(J1E, IR) and C € Sec(E, Q);
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3) with reference to a quantum basis b and to an observer o, we have the expression

Y = x'o)(X[/]) + (i (Al o (X)) + f) — § div X[f]) T+ C,

where f € Quan(J1E, IR) and C € Sec(E, Q);

4) we have the coordinate expression

an lgl  9(X"\/]gl)

Jal

d d;( X
=X 0y + (ig— 5 (X° O‘/E+ ( \/m)))(w181+w282)+0a8a,

U

where X*, C?, g € Map(E, IR).
Moreover, if the quantum chart in 4) is adapted to the quantum basis b and to the
observer o, then we obtain

Y:XA8A+g(w162—w281)—%(X )(w181+w282)+0a8a

X =X[fl=1"8—fo, g=f+Af—Af.
Indeed, the expression Y[f] in 2) does not depend on the choice of the observer o.

PROOF. Let us prove the equivalence 1) < 2).
We can split Y into its horizontal and vertical components as

Y = tOI(X) +Y where Y = v[U](Y).
Now, Y is an i.s. of h if and only if, for each ¥, ® € Sec(E, Q),
LIX](h(¥,®)) = h(L[Y] ¥, ®) + (T, L]Y]®)
i.e., in virtue of Lemma B-2.10, if and only if
VK x (WP, ®)) + div X h(¥, ®) =

o

= R(V[U]x ¥, ®) + h(¥, V[A|x®) + h(L[Y] ¥, &) + h(¥, L[V]®),
i.e., in virtue of the Hermitianity of 101, if and only if
div X h(¥, ®) = h(L[Y] ¥, @) + h(¥, L[Y]®),
i.e., in virtue of Lemma (by setting } = s), if and only if

V=(f-LdivX)I+C, with feMap(E, R), C€Sec(E, Q).

Hence, Y is an i.s. of h if and only if it is of the type

9

Y =U(X)+ (if - L divX)[+C,
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with
X €Sec(E, TE),  feMap(E, R), C€Sec(E, Q).

Moreover, we recall that the map

Quan(1E, IR) — (Pro(E, TE), Map(E, R)) : f — (X[f], )

is a bijection. Hence, Y is Hermitian if and only if it is of the type

o

Y = X[+ (f - L divX)[+C,
with

f € Quan(/LE, R), C € Sec(E, Q).

Eventually, Y[f] does not depend on the choice of the observer o in virtue of Lemma B.2.T3.

Then, the equivalences 2) < 3) and 3) < 4) follow easily from the expression of the observed quantum
connection.

We can also prove the equivalence 1) < 4) directly in coordinates in the following way.
We have
LYTh=(0,Y'd*®d" +d' ® 0, Y'd* + 0,Y?d* @ d* + d* ® 0,Y* d*
+divX (d' @ d" + d* ® d?)
+i0, Y d* @ d*> +1d' ® 0,Y?d* —10,Y?d* @ d" +1d* ® 0,Y* d*
FidvX (@ ed - Rsad)) ey

= (Y'(@od +d o@d)+0Y*(d' ®@d+d od)
+ oY ' (d'od +d' @d)+Y?(d®d+d* o d)
+divX (d' @ d' +d* ® d?)
+iY'([d'od® -—d*0d)+i1Y? (d' @ d® - d* @ d")
+iY (P od> - @d®) +i0Y? (d' @ d*> - d*> @ d")
+idivX (d'@d —d' ®d"))®n
Hence, L[Y]h = 0 if and only if
HY'+1divX =0
RY?+1divX =0
RY'+0,Y? =0

i.e. if and only if

Y =0Y?=-1divX
82Y1 + 81Y2 =0.

Therefore, Lemma B.2.11] yields the equivalence 1) < 4). QED
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3.2.15. Remark. Condition 2) in the above theorem shows that each i.s. of h is an
affine vector field, whose fibre derivative is a complex linear vector field. O

3.2.16. Theorem. LetY € Sec(Q, TQ) be projectable on E and T'.
The following conditions are equivalent:

1) Y is Hermitian,

2) with reference to an observer o, we have the expression

Y = Y] = UX[f]) + G f -1 divX[/]DT,

where f € Quan(J1 E, IR);
3) with reference to a quantum basis b and to an observer o, we have the expression

Y = X[b)(X[f1) + (i (Alb,o] (X[ + f) = § div X[ T,

where f € Quan(J1E, IR);
4) we have the coordinate expression

15/ 0;(X?
b \g\+ (X*/1gl)

) (w' 8, + w? dy)
9] 9]

Y =X\ +g(w 0y —w?dy) — 1 (X°

) ai(X
=X 00+ (ig— 5 (X7 sl o
sl

where XA, g € Map(E, IR).
Indeed, the expression Y[f] in 2) does not depend on the choice of the observer o.

Moreover, let us suppose that the above conditions be fulfilled. If the quantum chart in
4) is adapted to the quantum basis b and to the observer o, then we obtain

5 (010, 4 a2,

X =X[f] =20 — o, g=f+Af —Af

PRrROOF. This Theorem is a particular case of the above Theorem, with the additional condition of
the linearity of Y. QED

The sheaf of Hermitian vector fields is denoted by

Her(Q, TQ) C Sec(Q, TQ) .
3.2.17. Definition. For each f € Quan(JiE, IR), the vector field
VIf) = AXI) + G - § div X[

is called the quantum lift of f and the quantum prolongation of X[f] € Pro(E, TE).O
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3.2.18. Corollary. Let f € Quan(J1 E, IR).
If Y[f] is vertical, then
Y[f]=ifI and f€Map(E, R).
ProoF. If U(X[f]) = 0, then X[f] = 0. Hence, div X[f] = 0 and f € Map(E, R). QED

3.2.19. Corollary. Let f € Quan(J1E, IR).

If Y[f] is tol—horizontad, with respect to a certain observer o, then
feUnim(LE, R) and f=0.

Proor. If i;” — % div X[f] = 0, then we have separately i;‘ =0 and % div X[f] = 0.QED

3.2.20. Theorem. For each f,g € Quan(J1E, IR), we have

Y1 Yl =Y |1£.91]
Hence, the sheaf Her(Q,TQ) is closed with respect to the Lie bracket and the map
Quan(1 E, R) — Her(Q, TQ) : f — Y[f]

1s a morphism of Lie algebras. Even more, this map is an isomorphism of Lie algebras.
Moreover, the map

Her(Q, TQ) — Pro(E, TE) : Y[f] — X|[f]
is a central extension of Lie algebras by Map(E, IR).

PROOF. Let us prove that the map f — Y[f] is a morphism of Lie algebras.
We have

[YIf], Y0gl] = [AXF) + G f — L div X[, A(X[g]) + (16— L div X[g])T]
]

+[AXL), (G- 1 divX[g)T) + [(f— L divX[/)T, U(X][g))]
+[6f -1 dv X[, (§— 5 divX[g)T].

Moreover, in virtue of Lemma [[Z-1] and of our assumptions on the quantum connection, we obtain

o

U(X[S, g]) + iX[g) i(X[F) R4
(X1, 9]) + 5 ((XTg) d(X[f]) @) T,

[S(X[f)), U(X]g))]
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Furthermore, in virtue of Lemma [LZ.§, we obtain

(X)), (16— 5 divX[g)T) = (XG5~ & divX[g))T
[A(X[g), (f— 4 divX[/DI) = (X[gl(f — § divX[f])L
Additionally, in virtue of Lemma [[2Z.9, we obtain

[(f—1LdivX[NL (i§— % divX[g)1] =0.

Hence, in virtue of Lemma 3729 and Lemma P.T.19, we obtain

D. Saller

Next, let us prove that the map f — Y[f] is a bijection. In fact, if f,¢g € Quan(J1 E, IR), and

]

A(X[f) + (i f — L div X[F) I = T(X[g]) + (1§ — & div X[g]),

then we obtain

hence

this map is surjective and its kernel is constituted by the Hermitian vector fields of the type

Eventually, let us prove that the map Y[f] — X[f] is a central extension by Map(E, IR). In fact,

YIf] =ifl,

which are in bijection with the functions of E. Moreover, these functions commute with all quantisable
functions with respect to the special bracket. QED

3.2.3 Symmetries of the Hermitian metric of Q'

Next, we classify the vector fields of Q!, which preserve the Hermitian metric.
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3.2.21. Remark. The Hermitian metric h! can be naturally regarded as a section
h:Q' — v*Q' 2 VQ', %A?’V;:QT,

where VE*QT denotes the vertical dual with respect to the fibring of Q' over E and VJ’ZQT
denotes the vertical dual with respect to the fibring of Q' over T'. We have the coordinate
expression

W= (ded+ded) +idod-ded)) e

Accordingly, if YT € Sec(QT, TQT) is projectable on Ji E and T', then the Lie deriva-
tive L[YT]h! is well defined (in spite of the fact that h' is vertical valued). O

3.2.22. Definition. A vector field YT € Sec(Q', TQ") is said to be an infinitesimal
symmetry (i.s.) of hl if it is projectable on J; E and T and fulfills the equality

LY'Ih! =0.

A vector field YT € Sec(Q', TQ'") is said to be Hermitian if it is (real) linear pro-
jectable on J; E and projectable on T and fulfills the equality

LY'Ih! =0.0

3.2.23. Remark. If Y € Sec(Q', TQ'") is projectable on J; E and T, then we ob-
tain, for each ®, ¥ € Sec(E, Q),

LY (h'(®, ©)) = (LY|h')(®, ¥) + hI (LY@, ¥) + h! (@, L)Y T),
and, if additionally Y is linear over J, E,
LY (h'(®, ©)) = (LY|h')(®, ¥) + h!(YT.0, ¥) + hi(®, YT.0).

ProOF. It follows immediately from the Leibnitz rule of the Lie derivative, by regarding ® and ¥
as vertical valued vector fields of Q', via pullback. QED

3.2.24. Lemma. Let X! € Pro(J1E, TJ,E) and ¥, ® € Sec(E, Q). Then, we have
LIXT(h (9, ®)) = XL VK] (0 (¥, @) + 1 (¥, @) div X

PROOF. We have
VIKTn=0, LX"np=dvX'y,

where K’ is the linear connection induced on the vector bundle VE — E by the linear connection K.
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Hence, we obtain

LIXT)(R(9,®)) = LIX)(@ ¢m) = X' (D ¢) n + ($ ) divX Ty
XTLVIK (W (v, @) = XT VK (Y dn) = XT.($ @) n+ (Y ¢) X 5V[Klnp = XT.(¢ ¢)n. QED

Now, we classify the i.s.’s of h! and the Hermitian vector fields. For this purpose, we
need several preliminary results.

3.2.25. Lemma. Let Y € Sec(Q', TQ'") be projectable on X' € Sec(J,E, TJ,E)
and

0Y!'=0,Y? :=r € Map(J,E, R), 0Y? = -0,Y':= s Map(Q', R).
Then, the coordinate expression of Y is of the type

YI=X*0\+ (r+is) I+ C*0,, with 7, s, C* € Map(J,E, IR).
PROOF. By integrating the equations

HYl=r and HY?=r

on the affine fibres of the extended quantum bundle, we obtain

Y!=rw! +d! and Y? =ruw?+d?,
where
*) at, a® € Map(QT7 R), with Oral =0 = 02a°.
Then, the equation
hY?=—-0Y!
reads
k) Aa® = —dyat.

Moreover, (*) and (**) yield
01a® =s and Doat = —s, with s € Map(J1 E, R),
hence, by integrating the above equations on the affine fibres of the extended quantum bundle,
at = —sw? +C! and a? =sw! +C?, with C', C?> ¢ Map(J,E, R).
Therefore, we obtain

Y:X’\6A+r(w181 +w282)+s(w162—w281)+0161+0282
=X O+ (r+is) (wrd +w?d) +CLI, +C*,.QED
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3.2.26. Lemma. Let YT € Sec(Q', VQ') and r € Map(J, E,C) and suppose that
RI(LYTW, @) + 1 (W, LY @) =rh!(¥, @), V¥, ® € Sec(1E, Q').
Then, it turns out that r € Map(J1 E, IR) and Y is of the type
Yi=({is—=1r)I+C*0,, with s, C* € Map(J,E, R) .
Proor. We have
rhl (T, @) =7 (U &' + T2 0?) 471 (V! % — T2 ).

Moreover, we have
LIYNO = (Lo, Y+ 020, Y1) 0y — (U0, Y2 + U2 0,Y2) 0,
LY® = (!0, Y + 220V 9 — (1 91Y? + 2 0,Y?) Dy,
hence
h(LYN W, @) + K (U, LY @) = —(T' 0,V + ¥2 0,V ) @' — (W' 0, Y2 + U2 Y ?) 92
— (U Y+ 020,V @2 +i (U9 Y2 4+ U2 0,Y?) !
U@ oY + 020,71 — 02 (D1 9,V + B2 9,Y7?)
— iU (@O Y2+ D% 0,Y?) +i02 (101 Y + B2 oY)
Therefore, we have
h (LYW, @) + h! (¥, LYT]®) = rhI(T, @)
if and only

1y and Y?=—-9Y".

NY'=00Y?=-1

Hence, the result follows from Lemma B-2.25. QED

3.2.27. Theorem. Let Y € Sec(Q', TQ") be projectable on JyE and T.
The following conditions are equivalent:

1) YT is an i.s. of h!;

2) we have the expression

Y =YX f]l+ 0T =49XN)+(if-Ldivx)I+CT,

where X' € Pro(JE, TJLE), f € Map(J,E, R) and C' € Sec(J,E, Q");

3) we have the coordinate expression

YI=X0+ X'0; + X 00 + (ig—%( 80\/ﬂ 8~(Xi\/7|)))ﬂ+0aaa’

T
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where X' € Pro(J1E, T/LE), g€ Map(JLE, R), C* & Map(J,E, R).
Moreover, let us suppose that the above conditions be fulfilled. Then we obtain
g=f =X (3Gl ryab — Ao) + X' (Gl ap + Ay).
PROOF. Let us prove the equivalence 1) < 2).
We can split YT into its horizontal and vertical components as
Y =YUY(X)+Y"  where Y :=pUjYT).
Now, YT is an i.s. of h! if and only if, for each ¥, ® € Sec(E, Q),
LX) (R (W, @) = N(L[Y] W, ®) + A1 (T, L[YT] D)
i.e., in virtue of Lemma B-2.24, if and only if
X VK] (h(T, @) +divXTh!(T, @) =
—hi (X LV[U]P, &) +h (¥, XT S V[U]®) + k! (LY, @) + h! (U, L[YT] @),
i.e., in virtue of the Hermitianity of Y, if and only if
divXTh!(¥, @) = hI (L[Y'] ¥, ®) + h' (T, L[YT] @),
i.e., in virtue of Lemma B.2.2§ (by setting f = s), if and only if
Vi=(Gif-L1divX")I+C, with feMap(/L1E, R), C€Sec(JiE,Q").
Hence, Y is an i.s. of h! if and only if it is of the type
Yi=9XH+(Gf-L1divxH)I+cor,
with

X' € Pro(JLE, TJ,E), f € Map(J,E, IR), C' e Sec(JLE, Q).

Then, the equivalence 2) < 3) follows easily from the expression of the quantum connection.

We can also prove the equivalence 1) < 3) directly in coordinates in the following way.
We have
LYW = (0.Y'd*®@d' +d' ©0,Y' d* + 0,Y?d* @ d® + d* ® 9,Y* d*
+divX (d' ®@d + d* @ d?)
Fi0Y' d* @ d> +1d' ® 0,Y?d* —10,Y?d* ® d' +1d*> ® 9,V d*
+idivX (d'®d* —d*®d"))®n

= (LY (d*®d' +d' ®@d®)+0Y?(d' ®@d® +d* ®d")
+ oY (d' @d +d' @d") +Y? (d®®d*+ d* @ d?)
+divX (d' @ d' + d* ® d?)

+i0 Y N (d' @d® —d>@d") +19,Y? (d' @ d* — d* @ d*)
+iY (P od -d*0d®) +i10,Y? (d' @ d®> — d* @ d")
+idivX (d'@d —d' ®d))®n
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Hence, L[YT]h! = 0 if and only if
HY'+ L divxT =0
QY?+ L divxT =0
RY' +0Y? =0
i.e. if and only if
HY'=0Y? = -1 divx'
82Y1 + 81Y2 =0.

Therefore, Lemma [B.2.2] yields the equivalence 1) < 3). QED

3.2.28. Remark. Condition 2) in the above theorem shows that each i.s. of h! is an
affine vector field, whose fibre derivative is a complex linear vector field. O

3.2.29. Theorem. Let Y € Sec(Q', TQ") be projectable on JyE and T.
The following conditions are equivalent:

1) YT is Hermitian,

2) we have the expression

Vi =YX fl=9(X")+(1f -3 divXI,

where X1 € Pro(J1E, TJLE), f & Map(J,E, IR);
3) we have the coordinate expression

don/lgl  Oi(X*

Jal

(x°

: : . lg])
YT = X0+ X0+ X0 + (ig - )1,

1
2
where X1 € Pro(J1E, TJ,E), g€ Map(J,E, R).
Moreover, let us suppose that the above conditions be fulfilled. Then we obtain
g=f—X"(3GYa}al — Ag) + X' (GY ah + Ay).

PROOF. This Theorem is a particular case of the above Theorem, with the additional condition of
the linearity of Y'T. QED

The sheaf of Hermitian vector fields of Q' is denoted by
Her(Q', TQ") C Sec(Q', TQ").

3.2.30. Definition. For each X! € Pro(J,E, TJ,E) and f € Map(J,E, IR), the
vector field

VIXT fl=49X", )+ Gf—1divx"I

is called the quantum lift of the pair (X', f).O
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3.2.31. Corollary. Let X' € Pro(J1E, TJ,E) and f € Map(J,E, IR).
If YI[XT, f] is vertical, then

Y'f]=ifl and X'=0.
Proor. If Y(XT) =0, then XT = 0. Hence, div X' = 0. QED

3.2.32. Corollary. Let X! € Pro(J1E, TJ,E) and f € Map(J, E, IR).
If Y[XT, f] is U-horizontal, then

X' € Unim(JLE, TJLE) and  f=0.

ProoF. Ifif — % div X" = 0, then we have separately i f = 0 and % div X" =0.QED

3.2.33. Proposition. [126] If X', X! € Pro(J,E, TJ,E) and f, f € Map(J,E, IR),
then we have

YUXT £, YIXT A = VI[X XY, (X F = X f+i(X)i(xh) Q).

Hence, the sheaf H~er(QT, TQ") is closed with respect to the Lie bracket.

PROOF. By recalling Lemmas [[L2], [L278, [[29, E.T.27], we obtain

YTXT £, YIXT f]] = [9(xh), 9(xh)]

=Y(x, X)) +2ii(XN)ixhQl
XL f-XTfH) -2 (XTdivXT - XT.divXT)) T

_|_

=Y(x, X)) +2ii(XN)ixhQl
+ (XN f=XT) - FdivixT, XTI

=Y[x", X', (X".f—X".f+2i(X")i(X")Q)].QED

3.2.4 Projectable Hermitian vector fields of Q'

In particular, we are interested in Hermitian vector fields of Q', which are
projectable on Q.
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3.2.34. Theorem. A Hermitian vector field Y1[X', f] € Her(Q', TQ") is projectable
on Q if and only if

(i) f € Quan(J1E, R),

(ii) X is projectable on the tangent lift X|[f] of f.

Thus, the Hermitian vector fields of Q' projectable on Q are of the type
VX! fl =X+ (i f -1 divX9f))I
i.e., in coordinates, of the type
YIXT =200 — f 0, + X5 0,

+<i(f0A0_fiAi+;)—%(fO 91 (JM\/H)>]I

Jol

where f € Quan(J1E, R) and X' € Pro(J,E, TJ,E) is any prolongation of X|[f].
Moreover, if a vector field Y1[XT, f] as above is projectable on Q, then its projection
is the quantum prolongation of f € Quan(J1 E, IR)

Y[f] € Sec(Q, TQ),

with coordinate expression

VU= 0200 = S0+ (17 + 10 Ao = £14) = 5 (f° fm (ﬂff)m

PROOF. According to Theorem B.2.29, the coordinate expression of Hermitian vector fields of QT is
of the type

YIXT f] = X0 + X" 0; + X[ 09

+(1(f—-Xx%(% Goxoxo AO)+X1(G0xO+A)) 3 (X

where X! € Pro(J;E, TJ1E), f € Map(J,:E, IR).
Now, if we set

. . o
fO::XO, fZ::*XZ, fif f01G0x0x0 fZGOIE%,
the above expression becomes

|91

VI 1) = £200 — 104 X300+ (1(F+ 10 o — £ 4 — 4 (0 219
Vgl

where f0, fi, f € Map(J1E, IR).
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Then, YT[XT, f] is projectable on @ if and only if
fO ', f € Map(E, R).
Moreover, if this condition is fulfilled, then
f:fO%G?jxgxg—&-f?xé—l—f
turns out to be a quantisable function,
X =120~ f'0

turns out to be the tangent prolongation X|[f] of f and the projection Y of Y[X', f] turns out to be the
vector field with coordinate expression

a+/19]  9:(f'\/1g])
Vgl Vgl

Y =0 — flo+ (i(f+ 2 Ao— [T A) — L (f° ))I.QED

We denote the sheaf of Hermitian vector fields of Q' projectable on Q by
Her(Q', TQ") C Her(Q', TQ") .

3.2.35. Theorem. If f, f € Quan(J,E, IR) and X', X" € Pro(J,E, TJ,E) are pro-

longations of X|[f] and X|[f], then we obtain
) VI, f1, VI, 7] = YI[IXT X0, 1 7]

where [ f,f] € Quan(/1E, R) and [X',X'] € Pro(1E, TJiE) is projectable on the
tangent prolongation [X[f], X f]].
Hence, the sheaf Her(QT, TQT) 18 closed with respect to the Lie bracket.

Moreover, the map
Her(Q', TQ'") — Her(Q, TQ) : Y'[X', f] = Y]

is a morphism of Lie algebras. Its kernel is the horizontal prolongation of the sheaf
SGC(JlE, VEle)

PrOOF. Formula (*) follows immediately from Proposition B:2.33 and Proposition E.3.34. Moreover,
the Lie bracket of two projectable vector fields is projectable on the Lie bracket of their projections.
Hence Her(QT, TQ") is closed with respect to the Lie bracket.

Formula *) shows that the map Her(Q', TQT) — Her(Q, T'Q) is a morphism of Lie algebras. More-
over, the coordinate expressions of YT[X', f] and Y[f] show that the kernel of the above map is the
natural prolongation of the sheaf (see Remark B.1.1) Sec(J1 E, Vg J1 E). QED

Actually, we are interested in the two distinguished prolongations X' of X[f], deter-
mined, respectively, by the fibred structure of spacetime and by the cosymplectic structure
of the phase space.
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3.2.36. Definition. Let us consider a quantisable function f, the tangent lift X|f]
of f, the Hamiltonian prolongation Xj,.. [f] of X[f], the holonomic prolongation X|[f]
of X[f] and the quantum lift Y[f] of f.

The Hermitian vector field of Q' projectable on Q

Yitalf] = Y Xl f], ] = WX f]] + (0 f = 5 div X[FDT,

is said to be the Hamiltonian quantum lift of f and the Hamiltonian quantum prolongation
of Y[f].
The Hermitian vector field of Q' projectable on Q

YiLlf] =YXl f) = DX+ G f = § div X[,

is said to be the holonomic quantum lift of f and the holonomic quantum prolongation
of Y[f].O

We denote the sheaves of Hamiltonian and holonomic vector field of Q' projectable
on Q, respectively, by

HerHam(QT, TQT) C Her(QT, TQT) and HerHOl(QT, TQT) C Her(QT, TQT) .

3.2.37. Theorem. If f, f € Quan(JLE, IR), then we obtain

Va1, YitaF]] = Vit [ [£: F1]

[YhTol[f]a YhTol[ ]] - YhTol[[[f, f]” :

Hence, the sheaves Herpam(Q', TQ") and Herp(Q', TQ'") are closed with respect
to the Lie bracket and the maps

Quan(JiE, R) — Herpan(Q', TQ') : £+ Yilnlf]
Quan(J, E, R) — Her,q(Q', TQ") : f YhTol[f]

are morphisms of Lie algebras. Fven more, these maps are isomorphisms of Lie algebras.
Moreover, the maps

Herpam(Q', T7Q") — Her(Q, TQ) : Yiunlf] — Yf]
Herpo (Q', TQ') — Her(Q, TQ) : Y, [f] — Y[f]

are Lie algebra isomorphisms and the maps

Herttam(Q', TQ') — Pro(E, TE) : Vi, [f] — X[f]
Herpo(Q', TQ') — Pro(E, TE) : Y, [f] — X[f]

are central extensions of the Lie algebra Pro(E,TE), by Map(E, IR) ®il.
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PROOF. The closure of the sheaves follows from Theorem B:2.39 Theorem B.3.49, Lemma [[6.3 and

Proposition B-Z.33.
The above isomorphisms and central extensions follow from Theorem B-2.35 and from the expression
of Hermitian vector fields. QED

3.2.5 Symmetries of the quantum connection

Next, we analyze the infinitesimal symmetries of the quantum connection.

3.2.38. Definition. An infinitesimal symmetry (i.s.) of the quantum connection Y
is defined to be a vector field YT € Sec(Q', TQ'"), such that

LY'NIU=0.0

3.2.39. Lemma. Let YT € Sec(Q', TQ").
Then, we have the following coordinate expression:

LYY =—-Y30,Y"d*® 0,
~U39,Yid ®
+ (=Y + Y O, U5 + Y 0Us + YO, U5 + U0,V —Ub 0, Y?) d ® 0,
+ (U507 — Y™ di @ 0,
+ 0, Y d* ® 0y
+ 0,Yy d* ® O
+ U Y d* ®0,.0

3.2.40. Proposition. Let Y € Sec(Q', TQ").
Then, the following conditions are equivalent:
1) YTis an i.s. of U;
2) the following equalities hold in a chart
Y =0
.Yy =0
AY® —YHr9, U5 — Y 0U; — U39,V + UR O, Y —YP O, Us =0
NY* — U3 v* =0.
PRrROOF. It follows immediately from Lemma B:2.39. QED

3.2.41. Corollary. Let YT € Sec(Q', TQ"). be an is an i.s. of Y.
Then, Y is projectable on a vector field X! € Sec(J,E, TJ,E).

Proor. It follows from the first two equalities of the above system. QED
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3.2.42. Lemma. Let X' € Sec(J,E, T/, E).
Then, we have the following coordinate expression

i(XT)Q = = (X; 2§ — 70, X7 + (Tjy = Toy) (X" — 2 X°) f ) °
+ (X5 = 70; X0 4 (Tjn = Tag) (X" — 2 X°)) &
G (X7~ 2} X0 dy.
where X; := GY; X{.
ProOOF. We have
i(XT)Q =i(X* 05+ X§0) (GY; (diy — ~voh d® —Tr§ 0") N 67)

= G (X§ =705 X = Tng (X" — a5 X)) 07
— GY (dy — vop d® — Tl 0") (X7 — 2} X°) . QED

3.2.43. Proposition. Let Y € Sec(Q', TQ").
Then, the following conditions are equivalent:
1) Y1is an i.s. of Y;

2) YT is of the type

YI=4xh+vrT,
where
X' € Sec(J,E, TJ,E), YT e Sec(Q', V5, Q")
with
LY =—i(X"HQel.
ProOF. If Y7 is projectable on X! € Sec(J1 E, TJ, E), then we can write
YI=uXxh)4+vT,

with YT € Sec(Q, V5, 2Q").
By assumption, R[Y] =iQ ® I. Hence, by recalling Lemma [.2.2, we obtain
LYY =LXHYI+L[YU
=i(X")Q® () + L[Y'|Y.QED

Next, we restrict our attention to i.s. of U, which are Hermitian vector fields of Q.

3.2.44. Definition. A Hermitian infinitesimal symmetry of Y is defined to be a
Hermitian vector field of Q', which is an i.s. of 4.0
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The sheaf of Hermitian i.s.’s of Y is denoted by
Cov(Q', TQ") C Her(Q', TQ").

3.2.45. Proposition. Let Y[XT, f] € Her(Q', TQ"), with X' € Pro(J,E, TJ,E)
and f € Map(/1 E, R).
Then, the following conditions are equivalent:

1) LIY'XT fl] 9 =0,

2) (XN Q=df, ddivX")=0.

PROOF. By assumption, R[Y] = i Q®I. Hence, in virtue of Theorem B.2.29, Lemma [.2.9 and Lemma
277, we obtain

LIYTXT, f]U=L[UX"JY+L[Gf-3divX)I] U
= (14(X"]Q —idf + d(divX"))I.

Then, the result follows by splitting the above equality into the real and imaginary components. QED

3.2.46. Theorem. LetY' € Sec(Q', TQ'"). Then, the following conditions are equiv-
alent:

1) Y1 is a Hermitian i.s. of Y;

2) we have the expression

= U X7, 1) + (1f = § div Xp[7, [T,
where
T € Map(T, T), f € Con(J1E, R) and  d(div X{,.[7, f]) = 0.

PrOOF. Let X! € Pro(J1E, TJ,E).
Then, in virtue of Theorem R.2.4, X can be uniquely written as

X' =q(r)+ (M o) (XT),  with 7:=dt(X")Map(T,,T).
Moreover, if i[X '] Q = df, then we obtain
XT = 5(r) + AN (df) = Xp [T, f]
and

feCon(JE, R).
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Conversely, if 7 € Map(T, ,T), f € Map(J,E, IR) and X! = ~(7) +A#(df), then, in virtue of Lemma
2223, we obtain

i(XT)Q = df —(df).
Moreover, if f € Con(J1 E, IR), then we obtain

(X Q=df.

Hence, the Theorem follows from Proposition B-2.45. QED

3.2.6 Symmetries of the quantum structure

Here we study the infinitesimal symmetries of the full quantum structure, i.e. the
vector fields of the extended quantum bundle, which are projectable on the quantum
bundle and preserve the linear structure, the complex structure, the Hermitian
metric and the quantum connection. These infinitesimal symmetries turn out to
preserve the classical structure, as well.

3.2.47. Definition. An infinitesimal symmetry of the quantum structure is defined
to be a Hermitian infinitesimal symmetry Y € Sec(Q', TQ'") of U, which is projectable
on Q.0

We denote the sheaf of i.s.’s of the quantum structure by
Cov(Q', TQ") C Cov(Q', TQ").

We observe that an i.s. of the quantum structure turns out to be projectable with
respect to all fibrings of Q', i.e. it is projectable on Q, J,E, E, T.

3.2.48. Theorem. Let Y € Sec(Q', TQ"). Then, the following conditions are equiv-
alent:

1) YT is an i.s. of the quantum structure;
2) we have the expression

V= Y1[f] = Villf
= Y[X] o [f]]+ (L f = 3 div X[F)T,
with f € Self(J,E, R) N Unim(J, E, R).
PROOF. In virtue of Theorem YT is a projectable Hermitian vector field if and only if
Yi=aXxh+Gif-3dvX[f])I,

where f € Quan(J,1E, IR) and X' € Pro(J, E, TJ, E) is any prolongation of X|[f].
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In virtue of Theorem B.2.46, Y is a Hermitian i.s. of the quantum connection if and only
Y= U(Xfy [, f]) + (f = 5 div X[,
where
7€Map(T,T), feCon(J;iE, R) and  d(divX}], [r, f])=0.
But, by Theorem B.4.33, Self(J1E, R) = Con(J1 E, R) N Quan(J1 E, R).

On the other hand, in virtue of Remark , if a vector field YT € Sec(QT, TQT) projectable on
J1E is also projectable on @, then X' is projectable on E.
Moreover, in virtue of Theorem R.3.3, if X/ [r, f] is projectable on E, then 7 = f, hence X}, _[r, f] =

Xtamlf]- QED

We recall (see Theorem P.4.20 and Theorem P.4.33 ) that

Self(J1 E, R) = Con(J,1E, R) N Quan(J/, E, IR) C Hol(J, E, IR)
3.2.49. Definition. For each f € Self(J, E, IR), we call the vector field
VIF] = Yiiawlf] = Yialf) = I f]] + (1 f = 5 div X[f) T € See(Q', TQ")

the quantum lift of f.O
3.2.50. Theorem. The sheaf Cov(Q', TQ") is closed with respect to the Lie bracket.
Moreover, the map

Self(J,E, R) N Unim(J,E, R) — Cov(Q', TQ') : f — Y[f]

s an isomorphism of Lie algebras.
Furthermore, the map

Cov(Q', TQ") — Pro(E, TE) : Y'[f] — X[f]

s a central extension of Lie algebras, by i IR ® 1.

PROOF. The closure of Cov(Q', TQ") follows from Theorem and from the closure of the sheaf
Self(J, E, IR) N Unim(.J, E, IR) with respect to the special bracket.

The isomorphism Self(J; E, IR) N Unim(J; E, R) — Cov(Q', TQ") follows from the isomorphism
Quan(J, E, R) — Herpam(Q', TQ').

In virtue of Theorem B-Z.37,

Herpam(Q', TQ') — Pro(E, TE) : Yy, . [f] — X|f]

is a central extension by Map(E, R) ®il.
Moreover, in virtue of Corollary 2.4.4,

Con(J1E, R)NMap(E, R) = IR.QED
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Eventually, we can restrict the above constructions to the classical generators, by
recalling

Clas(J1E, R) := Self(J, E, IR) N Time(J,1 E, IR) C Unim(J, E, IR).

In fact, the vector fields generated by quantisable functions of the above type preserve
the affine structure of time.

3.2.51. Definition. An infinitesimal quantum symmetry is defined to be an i.s. of
the quantum structure, which is also an i.s. of dt.O

We denote the sheaf of infinitesimal quantum symmetries by
Quan(Q', TQ'") C Cov(Q', TQ").

3.2.52. Corollary. Let Y ¢ Sec(QT, TQT). Then, the following conditions are equiv-
alent:

1) YT is an infinitesimal quantum symmetry;

2) we have the expression

YT =YT[f] = Yifulf
= U[Xgp[ /] + ( f — 3 div X[f]) T,
with f € Clas(J1E, R).O

3.2.53. Corollary. The sheaf Quan(Q', TQ'") is closed with respect to the Lie bracket.
Moreover, the map

Clas(J,E, R) — Quan(Q', TQ") : f + Y[f]

is an isomorphism of Lie algebras.
Furthermore, the map

Quan(Q', TQ") — Time(E, TE) : Y'[f] — X[f]

is a central extension of Lie algebras, by iR ® I.O

3.3 Quantum Nother symmetries

3.3.1 Holonomic symmetries of the quantum Lagrangian

I apply the above results to the quantum Lagrangian formalism. It turns out
that the (holonomic) vector fields which preserve the quantum Lagrangian are also
generated by the function Clas(J1 E, IR). Moreover, the map which associates with
a classical generator the corresponding symmetry of the quantum Lagrangian is
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an isomorphism of Lie algebras. The standard Lagrangian formalism suggests me
to associate with any quantisable function a quantum current. It turns out that
the quantum currents which are associated with a function of Clas(J1E, R) are
conserved along the solutions of the covariant Schrédinger equation.

3.3.1. Proposition. Let us consider a function f € Time(J; E, IR) and the associ-
ated Hermitian vector field Y[f] € Her(Q, T'Q). Then, we obtain the holonomic prolon-
gation

Yialf] == (Y[f])q) € Pro(/1Q, T/,Q),

with real coordinate expression

Vil f] =XU710, + (F + XU AR w0ty — w?hy) = o div X[7J(w'by +u?by)
0+ XD A @'t — wh) — Zox (v X[7]) ('} + )
(4 X AN uhb — ) — 3 div XTF)(whth +u2f)
— HX[f1(w)by +wiby) .0
3.3.2. Lemma. Let f € Time(J, E, R). Then,
LYialf]] L =0
if and only if
0 = — dof + X[[P (040 — 00A;) + GH AL, f + X[1N(9;4r — DrA))
— GIF@XTIN) + SAACEROXIY) + G @X ) — XU OC)
— SEX @),

0 =G0 + X[F045 — 0hA;) — G (B X [f]™)
+ A(G (O X[fT) + G (DX 1Y) = X[[PN0:GY))

1 i .
0= §MGojai(d1vX[f])(w}wl +ww?),

0 = (GiVIgl@XUP) = X UPViol03GE) k] + i)

PrROOF. We have

LYoy L=
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0 = (— 5 div X[71y/Ig] (240 — GH AL, — kro) + G A/[al 0, (7 + X[/ Ax)
— VIgl0o(F + X[ A3 + %m@X{f]*@AO — G AA; — ko)) (w'w! + ww?) |

1 i . i o 1 i .
= (560 Ai div X[f \/\g +Gq V1910i f‘f'X[f]/\AA)"’ 5 Go Ai div X[f]V/]g]

+ G 19l A X[f7) — V19|00 X [f) — X[f120x(GF V]9l As)

— GI\/|g| AN X f] )(w1w2 wal)
0=(- iGgﬂ\/Eai div X [f]) (wjw' + wiw?)
0 :(— 1¢|§divx - 1\/|?divx ~ Vg0 X[1° + G V19l A X 1]°
Moav1gl) + VIglOX 1Y) (wow? — wiw'),
- (iaéﬂ'm aiv X[f] + G0 X [P + 5 X170 (G v/Tg)

— SCH VIO (whut + wiu?).

L

Performing the partial derivatives, we find the following equivalent system

0 = (G 4i/[gl(0;f + Am XU + X[ (0542) — VIgl@of + Ar(@6X ()
+ X[f1MB0AN)) + 5 \/l? X205 Ao — (02GE) Az A;
— 26 A0 A;) - <awo>>)<w o'+ wru?),

0= (G"W\? 0, }+Ax(3 X[f1Y) + X[FN04x)) + G Igl 40X (1))

[f
910X [f17) = V1gIX [F1M((02GF ) As
+ G (02 A, )))( 1w2 —wiw'),

0= (%\/EGlojai(divX[f]))(ij +wiw?),
0=0

0 = (@ VITOXIP) — G XIVITIONGH)) (whw} + wu?).

Ordering the equations with respect to different algebraic orders in the pl?tentials 'AA and using the
equality A;A;(GF(ORX[f)) — LX[fINO.GY)) = L A4 A;(GIF(0: X[f)7) + G (0: X [f]') — X[f1M0,.GY))
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the system is equivalent to
0 = — dof + X[f (8,40 — B0A;) + G A0, + X[F1N8;Ax — OrA)
~ G @XIA1) + 5 A (GO XTT) + G @XTST) — XM OGE))
— SEXIN @),
0 =Gy (0;f + X[/1N8;45 — 03A;) — GJ" (@ X (/™))
+ Ai(GY O X[f)) + G @R X[f)) = X[ ONGY))

\/70”3 div X[f ])(w w' + w; 2w?),

0 = (@ VII@XISP) — S XUV @OAGH)) (wht +w?u?) QED

3.3.3. Theorem. Let f € Time(J1E, IR) Then, the following equivalence holds
Lyifjd=0 e L[Kalf]jL=0

PROOF. The last equation in Lemma B.3.2, by means of the polynomial identities for coordinates w}
and w? (symmetrisation!!), turns out to be equivalent to the equation

0 = GF@OX[f) + G§F(OuX[f]") = X[FIN(OAGY) .

which is nothing else than the intrinsic condition L[X[f]]G = 0.

On the other hand, by means of Lemma P.3.16, L[X[f]]G = 0 implies that div X[f] = 0 and
X[flro=0.

Hence, the third equation in Lemma B-3.2 becomes a consequence of the last equation.

Moreover, it makes the first and the second equation to become

0 = (9;f — G%(BX[f]") — X[f]°®0; — X[f]*®s;)a?
and
0 = dof + X[f]70; .

Hence, the system becomes equivalent to ... QED

3.3.4. Corollary. The map f — Y|[f] is an isomorphism of Lie algebras between
functions f € (Con(JiE) N Quan(J,E)) with respect to the Poisson bracket and holo-
nomic infinitesimal symmetries Y[f]uo of the quantum Lagrangian with respect to the
Lie bracket.

We can summarize the above symmetry results by the following theorem
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3.3.5. Theorem. Let f € Time(J1E, IR). Then the following conditions are equiva-
lent

L LY [fMYa=o0 (3.3.1)
2. LYalfJIL=0 (3.3.2)
3. i(Xlglf)Q=df (3.3.3)
4. 4.f=0 (3.3.4)
5. f € Clas(J,E,R). (3.3.5)

3.3.2 Quantum currents

The quantum Poincaré-Cartan form and each quantisable function yields, in
a covariant way, an horizontal n—form on the first jet prolongation of the quan-
tum bundle. In the case when the quantisable function generates a symmetry of
the quantum Lagrangian, the above form is conserved along the solutions of the
Schrédinger equation.

3.3.6. Definition. Let f € Quan(J/;E,R). We say the 3-form form
i[f] .= —i[Y[f]]TI: 1Q — N°T*Q

to be the quantum current associated with f.

By direct calculation in coordinates we find the following result

3.3.7. Proposition. Let f € Quan(J; E,R). Then, the coordinate expression of j[f]
is

il = =5 G (wiw] +wiw) (') — o))

J

(Ao — S G AA; + Shpo) (' +uPu?)(F0 — Fof)

~(F 120 = FrAY ! ) (GY A ]~ of)
—1 G div X[f](w'w! + ww?)o)

+GY (} + YAy — R AL (wre? — ww) )v?
—G{ (widw' + widw?®) A ((f°06 — fFOr) 2vY)
+H(w'dw?® — wdw') A (0, 2v))
+GF A (wrdw? — w dw®) A ((f°00 — f50y) J'U?),

where we have set v2 = 9, J(d° A n).

3.3.8. Lemma. For any quantum section U the pullback j;U*(j[f]) of a quantum
current j[f] is a 3—form of the type

7U*Glf]) : E — A*T*E.
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We have the coordinate expression,
PG = (68 A4A; — 3 koo + | — [P A) @0 + )
1 OGE (00 00" + 002 0,0%) — (fF — fPGHA) (20" — 6100 o
+ (/%40 = § 1*GY AA; + § Fhpo) — (F + 104y — [P AR GEA) W' + 4?)
+% kaf)j(anaﬂﬁl + 0?07 — (Jot + fOAg — [P ARG ('O — ot
—5 div X[fGE* (010" + 0*0i?) — (f* — fOGF A (V200" — ¢'0p¢?)
+1OGE (00 00" + O 0w?)) o]
— (ffeYAW A — ' 0W?) — AGY (00'a! + 0*a?))  d' A (0 50f) D
Let us set 035 := 9 209,
3.3.9. Example. If f € Aff(J,E, IR), then we obtain
ilf=
(( frA; + f) (w' w' + w? wz)) vy
%thi (w} w) +w} w?) + (=" 4 —|—f)G ' (w! w2—w2w1)>1}2

J J

div X[f] Gl (w? wj +w?wj)v)

" (w? dw' — w' dw?) A,

<( fi A +f)Ah fh(AO_lAgAﬁ;pr)) (w' w' + w? w?) v}
>
f
f

dyes (w} dw' 4w} dw?) + A} (w® dw' — w' dw2)> Ay,
and
U (5[f]) =
= —fH (V29,0 — 0! 9,0?) 0
(= F A ) (U e ) o
+(f'GY — L f"GY) (0,9 9,0 + 9,02 0,9%) o)
+ fr (w29, — U 9 0?) v
(= f A+ )G (U 9,02 — 020,01 0
_ (; div X[f] Gl (W' 9,01 + W2 9,02) + (f" Al — f AM) (D2 9,0" — ! aiqﬂ)> W0

+ ((fiAi—ff)A’&Hh(Ao—%AéAﬁ%kpo)) (Uh U+ U ) vy O
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3.3.10. Example. If f € Map(E, IR), then we obtain

ilfl=1r ((wl w' 4+ w? w?) vy (G (w' w? — w?w}) — Al (w' w' + w? w2)) Ug)

and
WG = £ (00 )

(Gl (U 002 — W2 0,0 — AL (U 4 0 0)) Ug) o

3.3.11. Example. We obtain

i[Hol =
)+ ( (AL Ai — K po) — AO) (w' w' +w w2)>vg

J

( G(ww—l—ww

90\/1g]

9]
- (ng (w} dw" 4+ w} dw?) + A} (w® dw' — w' dw2)>> AUy,

hj 1 1 2 2 0
Gy (W w; +w”wy) vy,

N[ =

and
U (i[Ho]) =
<§ Gy (9W 0,0 + 0,02 9,0%) + A (V20,0 — Wt a@“lﬂ)> K
(3 (A A e po) — Ao) (U0 + 202 o

— (Gg‘j (0;,U 9o Ut + ;W2 9y W?) + Al (U2 90t — W! aoxp?)) vy

) ‘
Oﬁ Gy (Tt 9,0t 4 w2 ajqf2)> vy .0
g

3.3.12. Example. We obtain

i[Py] =
+ 1 GUF (wp wy, +w,21wi)vg+ (Ao — LAY A + Sk po) (w' w' +w2w2)v?
9; \/ﬂ th (
9]
+ (w? dw' — w' dw?) A vg; — (ng (wy, dw* + w} dw?) + A (w? dw' — w' dw2)) Avp;,

1 1 2 9y 0
+3 wy, + w”wi) vy,
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and
v (G[P]) =
= —(V?9;0' — U' 9;0?) vy
+ ng ((%\I/l (9k\111 + @-\I’z 8k\1’2) Ug — % ng (8h\111 8k\111 + 8h\1f2 8k\1’2) U?
+ (U2 90! — W' 9p¥?) vf

) .

+ (% ’ | ||g| Gy (T 9,0 + W% 0,0%) 4+ Al (02 0,0' — 0! ajqﬂ)) vy
g

— Ay (V20,0 — 0! 9,9%) )

+ (A[)— %ABAZ‘F%/CP()) (\IJIIIII +\I/2\I/2)U?.D

3.3.13. Corollary. Vertical restriction with respect to the fibres of spacetime yields
1%
the vertical 3—form (jl\I/*( Jl f])) : E — A3T*E with coordinate expression

(L GU) = (GG AA — 5 fhpo+ F— A0 016+ 02?)
+3 1°G (0010501 + 0%0,0°) — (f' = [OGY A (W0 —v'0w®)) n D

On the other hand, by means of the Hermitian product, a function f € Quan(J, E, IR)
and a quantum section ¥ yield in a covariant way the real valued vertical 3—form

;Z_(h(qf, Y[f19) = h(Y[f].9,¥)) : E — A*V*E. (3.3.6)

3.3.14. Remark. Recalling that Z[f] := iY[f], we can write the expression B.3.G,

equivalently, as

%(h(\ll, Z1f1.9) + h(Z[f].9,¥)) : E — A*V*E.

3.3.15. Lemma. We have the coordinate expression

S (RWY(10) = ROV L.0,9)) = (£ 00 = 200") + (000" — 9100

(3
—(F + 104 — PA) @+ )y O

3.3.16. Corollary. Let f € Aff(J1E, R) and ¥ € Sec(Q,TQ). Then, the following
equality holds

(110 n0)" = o (W, Y [19) (Y [f].9, W) (337)

We have the coordinate expression

GIfl o )Y = Fi(20m" — 0 o) — (f — f1A)(@"! + 22y, O (3.3.8)
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3.3.17. Remark. The results in this section can be generalized. In [69], we introduce,
for any quantisable function in analogy with expression (B.3.G) the real vertical form

L (n(S[f.w, ¥) +h(w, S[f].qf)),

where S[f] is the Schrédinger operator associated with the quantisable function. The re-
sults of the sections B.1.5 and B.3.2 suggest to introduce the notion of quantum expectation
forms, where eq[f] = %(h(\ll, ZIf1U)+h(Z[f]. ¥, \I/)) is called first order quantum expec-

tation form and where ey[f] = % (h(S[f].\I/, \IJ> + h(\I/, S[f]@)) is called second order

2

—_—

quantum expectation form. There is a unique combination (see introduction) Y[f] — S[f]

of the naturally induced operators Y[f] and S[f] which acts on the fibres of the Hilbert
bundle. Thus, we call

€ =€ —e

the quantum expectation form associated with f.
I think that this could be the pre-quantum source of the probabilistic interpretation
in covariant quantum mechanics. O

Now, let us recall the well known result of Nother

3.3.18. Proposition. Let Y be a vector field of Q. If L[Y{1)] L = 0, then, the current
j = —1y Il is conserved along critical sections W.

3.3.19. Definition. We say the current j associated with a holonomic symmetry of
L to be a quantum conserved current.

Now, we are going to apply the Nother theorem to our results above

3.3.20. Proposition. Let f € Clas(J;E, R). Then, the quantum current j[f] is a
conserved current.
If, additionally, f € Aff(J1E,IR) and ¥ € Sec(E, Q) , we have the equality

R |
(1H2GLD) " = 5 (WP YIS1.9) — (Y [f].0, D)),

Finally, T apply the machinery above to the classical backgrounds, which we have
modeled at the end of section PG.

3.3.21. Example. Let (Q,Y) a quantum structure and (J; E, 2, dt) the associated
classical background. We consider the natural infinitesimal action of the IR-Lie algebra
i ® IR (associated to the group action of U(1)) on the fibres of Q) given by Y|[f] =i® 1.

We observe that f = 1 € IR has no classical meaning since it corresponds to the
classical gauge freedom in the choice of a potential function. Clearly, f € Clas(J, E, IR).
The associated (globally) conserved quantum current has the coordinate expression

i[1] = —(w'w'+w*w?) (G A U? — )

ij (01,02 2. 13,0
+G§ (W w; — ww; )v;
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We say j[1] to be the conserved probability current. In particular, for any quantum section
v, we have

(12°GID) " = (00" + v

3.3.22. Example. Let t : E — T an affine space with affine projection ¢. Let G be
the euclidian metric, K the natural flat connection and F' = 0. We consider the natural
vertical action of the associated vector space S of E given by S x E — E : (u,e)
(e + u). Then, any Poincaré-Cartan form © is globally defined and f = P(u) := —i,0 €
Clas(J1 E, IR) is the conserved kinetic momentum (defined up to an additive constant
¢ € IR). In a cartesian chart, we have the expression P(u) = GO u'x).

Let (@, Y) be a quantum structure for this background. Then in a cartesian chart,
the associated conserved quantum current has the coordinate expression

[P)] = —5Gf (wiwj +wiw))(—u"v})

—GO (wldw' + w?dw?®) A (—u*0y JU?)
+Hw'dw? — widw) A (uF0), 20f)

We say j[P(u)] to be the conserved quantum momentum current. In particular, we have
. x /2 V Z
(9 GIP)) = +ui(@100? — 20 ).

3.3.23. Example. Let E := T x SO(3) be the configuration space for a rigid body
with a fixed point. We assume the inertia tensor I as the scaled vertical metric. Let K? be
the inertial connection and F' = 0. We have a global (classical) O, the rotational energy.
© is invariant w.r.t. the action of SO(3) on itself. The conserved quantity associated with

every infinitesimal generator oso(3) ~ L' ® S 3 X (o) is the angular momentum 7 (oc.
The induced infinitesimal quantum symmetry is Y[ 7 (0)] = X (o). Clearly,

ixiz@) 2 =d(JT(0)).

This induces a conserved quantum angular momentum current j|J (c)]. We get its
expression from equation 7?7 by substituting G” — IO and ©* — ¢ and adding a mass
term due to a non vanishing scalar curvature for this configuration space.



CONCLUSIONS AND OUTLOOK

At this point, I spend some words on my results and I give an outlook on further
developments within this field.

[ have studied the symmetries of the (full) classical structure, i.e. the vector field of
phase space which preserve what we call the ”classical structure”, and the symmetries
of the (full) quantum structure, i.e. vector field which preserve the ”quantum structure”.
Both symmetries can be classified by means of a subalgebra of the algebra of special
functions of phase space, namely the classical generators Clas(J; E, IR) using a covariant
lift of functions of phase space to vector fields of phase space. In particular, I have found
a morphism of Lie algebras between Clas(J; E, IR) and the symmetries of the classical
structure and an isomorphism of Lie algebras between Clas(.J/; E, IR) and the symmetries
of the quantum structure. In our formalism, we can directly express our results in terms of
central extensions. In particular, we recover well known results found by other approaches
in other contexts.

On the other hand, I have "systematically” studied the symmetries of classical and
quantum structure. That is, I have classified step by step the vector fields which preserve
only a part of the structure. It turned out that many of the above (well known) results are
due to more general geometric structures. Let us recall, at this point, the isomorphism of
Lie algebras between quantisable functions and Hermitian vector fields of the quantum
bundle. Here, the main contribution is due to the algebra of special functions, more
precisely, the special subalgebra of quantisable functions.

Moreover, the covariance in the sense of naturality and observer independence yield
a new insight into the notion of holonomicity within a concrete physical model of funda-
mental type. That is, the symmetries which preserve the classical or quantum structure
are automatically of holonomic type.

Furthermore, the model provides a canonical quantum Lagrangian, hence, a canoni-
cal quantum Lagrangian formalism. This leads to a new insight into a quantum theory
and the quantum symmetries by means of standard (classic field theoretic) methods. In
particular, with any quantisable function, we can associate a quantum current. For func-
tions in Clas(J1 E, IR) the associated quantum current is conserved along the solutions of
the (covariant) Schrodinger equation. We have explicit coordinate expressions for these
currents. They look like well known expressions of field theory. More generally, these
currents are completely determined by the classical structure, since they are associated
with a quantisable function. Moreover, for each affine function and quantum section, we

|
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obtain, in a covariant way, a spacelike 3—form (which can be integrated on the fibres of
spacetime). These results can be generalised and seem to be the pre-quantum source of
the (standard) probabilistic interpretation within covariant quantum mechanics.

The results are promising for further investigation. In the following I give an outlook
on the next main steps.

We study the quantum Lagrangian formalism. In particular, we proceed with our
analysis of the quantum currents and quantum expectation forms. Additionally, we look
for a quantum momentum map.

Moreover, we apply our pre-quantum results to the (natural) Hilbert bundle in order
to get the standard probabilistic interpretation for these currents.

On the other hand, we plan to go back, from the Hilbert bundle to the pre-quantum
structure, in order to compare standard techniques in quantum mechanics with (covariant)
geometric techniques on the pre-quantum structure.

There are other possible directions of future research. Some of them are still too far
away, hence, they are not worth to be mentioned right now.



ACKNOWLEDGEMENTS

This thesis has been partially supported by Department of Mathematics of University
of Mannheim, Department of Applied Mathematics of University of Florence (Italy),
DAAD, LGFG (Germany), GNFM of INDAM (Italy).

Dirk Saller would like to thank everybody who has contributed to this thesis, espe-
cially, the following persons.

I thank my supervisor Marco Modugno. He has taught me how to work scientifically.
Our collaboration was not restricted to working hours. At any time, I could discuss with
him, ask him questions (follow his analysis based on two neurons). I am convinced that
he did an excellent job being able to bear me continuously. He never got angry with me
(?7) By the way, Marco Modugno taught (forced) me, to be more organized and clear. I
am sure this has influenced my future live positively beyond mathematical studies.

I thank my supervisor Ernst Binz, for his complete support. From the very begin-
ning, he was interested in my own ideas. He made it possible that I could study several
mathematical problems rather than focusing immediately on one particular topic. The
first year, I lost a lot of time on searching for precise mathematical formulations of my
(physical) problems. However, I could always go ahead, having the necessary financial
support. Finally, I could find my approach to partially organize my mental confusion.

I thank both, Marco Modugno and Ernst Binz, to convey me the "good” attitude to
be (hopefully) open minded to other ideas, modest and to not judge something before I
understand it. I hope I can cultivate this philosophy even if, it seems not to be so much
popular. I have to thank them for the fact that, nowadays, I am an enthusiastic research
worker.

I thank Raffaele Vitolo for the collaboration and the spiritual support. He has the
great capacity to treat with human and scientific respect even young researchers. He
helped me a lot to prepare for my talk in Tenerife. As a friend, he helped me to overcome
several problems during my work.

I thank Josef Janyska for the discussions in Florence. Moreover, I thank Antonella
Cabras, Daniel Canarutto for their warm hospitality during my time in Florence.

I thank Werner M. Seiler and Dirk Fesser for our recent seminars and frequent discus-
sions. It was their interest in a collaboration, which made it possible to find intersecting
topics. I have enjoyed these seminars a lot. They help me to learn to present my ideas
(hopefully) in a precise manner.

I thank Werner M. Seiler and Jiirgen Tolksdorf for the discussions and the time which
they have dedicated to me during my thesis.

ITI



1A D. Saller

I thank all colleagues and friends for the positive vibrations, which are necessary to
pass the bad times and to feel better in good times.

Last but not least, I have to thank my family. Words cannot explain the deep gratitude
I feel. I thank my wife Sara who shows me each day that nature is even much more
beautiful than natural science; my daughter Deianira, that she makes chaos relative and
beautiful; my parents Marie-Luise and Hubert and my parents in law Paola and Vasco,
that they always give asking nothing in return and my sister Silke for her support. I love
you all.

I hope I can give a few things back.



ERKLARUNG

Ich erklére, dass ich die Arbeit Symmetries in covariant quantum mechanics selbstiandig
angefertigt und keine anderen als die angegebenen Hilfsmittel verwendet habe.



VI

D. Saller



1]

[11]

[12]

[13]

BIBLIOGRAPHY

R. ABRAHAM, J. E. MARSDEN: Les méthodes mathématiques de la mecanique classique
Editions Mir, Moscou, 1974.

R. ABRaHAM, J. E. MARSDEN: Foundations of Mechanics, second edition, Benjamin-
Cummings 1978.

C. ALBERT: Le théoréme de reduction de Marsden—Weinstein en géométrie cosymplectique
et de contact, J. Geom. Phys., 6, n.4, 1989, 627-649.

I. M. ANDERSON: Natural Variational Principles on Riemannian Manifolds, Ann. Math.
120 (1984), p. 329 ff.

A. P. BALACHANDRAN, H. GROMM, R. D. SORKIN: Gauge symmetries and Fiber bundles,
Lect. Notes Phys. 188 (Berlin: Springer 1983).

A. P. BALACHANDRAN, H. GROMM, R. D. SORKIN: Quantum symmetries from Quantum
phases. Fermions from Bosons, a Zs Anomaly and Galileian Invariance, Nucl. Phys. 281

B (1987), p. 573 ff.

A. P. BALACHANDRAN, G. MARMO, N. MUKUNDA, J.S. NILLSON, E. C. G. SUDARSHAN,

F. ZAaccaAria: Uniwversal Unfolding of Hamiltonian Systems: from Symplectic structure to
Fiber Bundles, Phys. Rev. D 27 (1983), p. 2327 ff.

V. BARGMANN: On unitary Ray representations of Continous groups, Ann. Math. 59
(1954), p. 1 ff.

K. H. BASHKARA, K. VISWANATH: Poisson Algebras and Poisson Manifolds, Research
Notes in Math. 174, (London: Pitman 1988).

K. H. BasHkARA, K. VISWANATH: Calculus on Poisson manifolds, Bull. London Math.
Soc. 20 (1988), pp. 68-72.

F. BAYEN, C. FRONSDAL, A. LICHNEROWICZ, D. STERNHEIMER: Quantum Mechanics as
a Deformation of Classical Mechanics, Letters in Math. Phys. Vol 1 (1977), pp. 521-530.

F. BaveEN, C. FRONSDAL, A. LICHNEROWICZ, D. STERNHEIMER: Deformation Theory
and Quantization, Part I 4+ II, Ann. Phys. IIT (1978), pp. 61-152.

P. BERGMANN, I. GOLDBERG: Dirac Bracket Transformations in Phase Space, Phys. Rev.
98 (1955), p 531 ff.

VII



VIII

[14]

[15]

D. Saller

S. BENENTI, W. M. TuLczZYJEW: The Geometrical Meaning and Globalization of the
Hamilton—Jacobi Theory, in Differential Geometric Methods in Mathematical Physics, Lec-
ture Notes in Math. 836, Springer (Berlin, 1980), pp. 9-21.

S. BENENTI, W. M. TULCZYJEW: Sur le théoreme de Jacobi en mécanique analytique,
preprint 1982.

J. D. BJORKEN, S. D. DRELL: Relativistische Quantenfeldtheorie, B.1. Hochschultaschen-
buch Band 101 (Mannheim: B.I. 1965).

D. E. BrAIR: Contact manifolds in Riemannian Geometry, Lect. Notes in Math 509
(Berlin: Springer 1976).

J. L. BRYLINSKI: A differential complex for Poisson manifolds, J. Diff. Geom. 28 (1988),
pp. 93-114.

F. CANTRLIN, M. DE LEON, E. A. LACOMBA: Gradient vector fields on cosymplectic
manifolds, J. Phys. A 25 (1992) 175-188.

D. CANARUTTO, A. JADCZYK, M. MODUGNO: Quantum mechanics of a spin particle in
a curved spacetime with absolute time, Rep. on Math. Phys., 36, 1 (1995), 95-140.

J. F. CARINENA: Canonical Group Actions, preprint ICTP, IC /88/37.

J. F. CARINENA, L. A. IBORT: Geometric Theory of the Equivalence of Lagrangians for
Constraint systems, J. Phys. A: Math. Gen. 18 (1985), p. 3355 ff.

V. CATTANEO: Invariance Relativiste, Symetries Internes et Extensions d’Algébre de Lie,
Thesis Université Catholique de Louvain (1970).

C. CHEVALLEY, S. EILENBERG: Cohomology Theory of Lie Groups and Lie Algebras, Trans.
Am. Math. Soc. 63 (1948), p. 85 ff.

D. CHINEA, M. DE LEON, J. C. MARRERO: Prequantizable Poisson manifolds and Jacobi
Structures, J. Phys. A: Math. Gen 29 (1996), pp. 6313-6324.

D. CHINEA, M. DE LEON, J. C. MARRERO: A canonical differential complex for Jacobi
manifolds, preprint.

P. DAZORD: Integration d’algébres de Lie locale et groupoides de contact, C. R. Acad. Sci.,
Ser. I, Math. 320 (1995), pp. 959-964.

P. DAZORD, A. LICHNEROWICZ, C. M. MARLE: Structure locale des varietés de Jacobi,
J. Math. Pures et Appl. 70 (1991), pp. 101-152.

P. A. M. DirAC: The Principles of Quantum Mechanics, (Oxford: Clarendon Press 1958).

V. V. DoboNov, V. I. MANKO, V. SKARZHINSKY: The Inverse Problem of the Variational
Calculus and Non-uniqueness of the Quantization of Classical Systems, Hadron J. 4 (1981),
p- 1734 ff.



Symmetries in covariant quantum mechanics X

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

[40]

[41]

[42]

[44]

[45]

[46]

[47]

H. D. DomBrOWSKI, K. HORNEFFER: Die Differentialgeometrie des Galileischen Rela-
tiwitdtsprinzips, Math. Z. 86 (1964), 291—.

C. DuvaL: The Dirac & Levy-Leblond equations and geometric quantization, in Diff. geom.
meth. in Math. Phys., P.L. Garcia, A. Pérez-Rendén Editors, L.N.M. 1251 (1985), Springer-
Verlag, 205-221.

C. DuvAL: On Galilean isometries, Clas. Quant. Grav. 10 (1993), 2217-2221.

C. DuvaL, G. BURDET, H. P. KUNZLE, M. PERRIN: Bargmann structures and Newton—
Cartan theory, Phys. Rev. D, 31, n. 8 (1985), 1841-1853.

C. DuvaL, G. GiBBONS, P. HorvAaTy: Celestial mechanics, conformal structures, and
gravitational waves, Phys. Rev. D 43, 12 (1991), 3907-3921.

C. DuvaL, H. P. KUNZLE: Minimal gravitational coupling in the Newtonian theory and
the covariant Schriodinger equation, G.R.G., 16, n. 4 (1984), 333-347.

A. ECHEVARRIA-ENRIQUEZ, M. C. MUNOz-LECANDA, N. ROMAN-RoOY, C. VICTORIA-
MONGE: Mathematical foundations of geometric quantization, Part I, preprint UPC 1993.

J. EHLERS: The Newtonian limit of general relativity, in Fisica Matematica Classica e
Relativita, Elba 9-13 giugno 1989, 95-106.

M. FERNANDEZ, R. IBANEZ, M. DE LEON: Poisson cohomology and canonical cohomology
of Poisson manifolds, Archivium Mathematicum (Brno) 32 (1996), pp. 29-56.

R. P. FEYNMAN, A. R. HiBBS: Quantum mechanics and path integrals, (New York:
McGraw—Hill 1965).

M. FLATO, A. LICHNEROWICZ, D. STERNHEIMER:Algébres de Lie attachés d une varieté
canonique, J. Math. Pures et Appl. 54 (1975), pp. 445-480.

M. FRANCAVIGLIA, M. PALESE, R. VITOLO: Symmetries and conservation laws in varia-
tional sequences, submitted to Czech Math. J. (1999).

A. FROLICHER, A. NUENHUIS: Theory of Vector Valued Differential Forms, Nederl. Acad.
Wetensch. Proc. Ser. A 59, Indag. Math. 18 (1956), p. 338 ff.

P. L. GARcia: Connections and 1-jet fibre bundle, Rendic. Sem. Mat. Univ. Padova, 47
(1972), 227-242.

GODBILLON: Géometrie différentielle et mécanique analytique, Hermann Paris (1969).

M. J. Gotay: Constraints, reduction and quantization, J. Math. Phys. 27 n. 8 (1986),
2051-2066.

M. Goray, J. ISENBERG, J. E. MARSDEN: Momentum maps and the Hamilto-
nian Structure of Classical Relativistic Field Theories, part 11, preprint, available from
http://www.cds.caltech.edu/~marsden/.



[48]

[49]

[50]

[51]

[52]

[53]

[54]

[55]

[56]

[57]

D. Saller

W. GREUB, S. HALPERIN, R. VANSTONE: Connections, Curvature and Cohomology, Vol
I + II, (New York: Academic Press 1972, 1973).

F. GUIDERA, A. LICHNEROWICZ: Géometrie des algébres de Lie locale de Kirillov, J. Math.
Pures et Appl. 63 (1984), pp.407—484.

V. GUILLEMIN, S. STERNBERG: Symplectic Techniques in Physics, (Cambridge: Cambridge
Univ. Press 1984).

P. Havas: Four-dimensional formulation of Newtonian mechanics and their relation to the
special and general theory of relativity, Rev. Modern Phys. 36 (1964), 938-965.

L. P. Horwitz, F. C. ROTBART: Non relativistic limit of relativistic quantum mechanics,
Phys. Rew. D, 24 (1981), 2127-2131.

J. HUEBSCHMANN: Poisson cohomology and quantization, J. Reine Angew. Math. 408
(1990), pp. 57-113.

A. JADCzZYK, J. JANYSKA, M. MODUGNO: Galilei general relativistic quantum mechanics
revisited, “Geometria, Fisica-Matemadtica e Outros Ensaios”, A. S. Alves, F. J. Craveiro de
Carvalho and J. A. Pereira da Silva Eds., 1998, 253-313.

A. JADCZYK, M. MODUGNO: An outline of a new geometric approach to Galilei general rel-
ativistic quantum mechanics, in C. N. Yang, M. L. Ge and X. W. Zhou editors, Differential
geometric methods in theoretical physics, World Scientific, Singapore, 1992, 543-556.

A. JADCZYK, M. MODUGNO: A scheme for Galilei general relativistic quantum mechanics,

in Proceedings of the 10*" Italian Conference on General Relativity and Gravitational
Physics, World Scientific, New York, 1993.

A. JADCZYK, M. MODUGNO: Galilei general relativistic quantum mechanics, Report Dept
Appl. Math, Univ. of Florence, 1994.

J. JANYSKA: Remarks on symplectic and contact 2—forms in relativistic theories, Boll.
U.M.IL., 7 (1994), 587-616.

J. JANYSKA: Remarks on symplectic and contact 2—forms in relativistic theories, Bollettino

U.M.I. 7, 9-B (1995), 587-616.

J. JANYSKA: Natural quantum Lagrangians in Galilei general relativistic quantum La-
grangians, Rendiconti di Matematica, S. VII, Vol. 15, Roma (1995), 457-468.

J. JANYSKA: Natural Lagrangians for quantum structures over 4—dimensional spaces, Ren-
diconti di Matematica, S. VII, Vol. 18, Roma (1998), 623-648.

J. JANYSKA: A remark on natural quantum Lagrangians and natural generalized Schriod-
inger operators in Galilei quantum mechanics, Proc. of Winter School of Geometry and
Physics, Srni 2000, to appear.

J. JANYSKA, M. MODUGNO: Classical particle phase space in general relativity, Proc.
Conf. Diff. Geom. Appl., Brno 1995, Masaryk University 1996, 573-602, electronic edition:
http://www.enis.de/proceedings/.



Symmetries in covariant quantum mechanics XI

[64]

[69]

[70]

J. JANYSKA, M. MODUGNO: Relations between linear connections on the tangent bundle
and connections on the jet bundle of a fibred manifold, Arch. Math. (Brno), 32 (1996), 281
— 288, electronic edition: http://www.emis.de/journals/.

J JANYSKA, M. MODUGNO : On quantum vector fields in general relativistic quantum
mechanics, General Mathematics 5 (1997), Proc. 3rd Internat. Workshop Diff. Geom. and
its Appl., Sibiu (Romania) 1997, 199-217.

J. JANYSKA, M. MODUGNO: On the graded Lie algebra of quantisable forms, in Differential
Geometry and Applications, I. Kolar, O. Kowalski, D. Krupka J. Slovak Eds., Proc. of the
7th Intern. Conf., Brno, 10-14 August 1998, Masaryk University, 1999, 601-620.

J. JANYSKA, M. MODUGNO: On the graded Lie algebra of quantisable forms, in Differential
Geometry and Applications, I. Kolar, O. Kowalski, D. Krupka J. Slovak Eds., Proc. of the
7th Intern. Conf., Brno, 10-14 August 1998, Masaryk University, 1999, 601-620.

J. JANYSKA, M. MODUGNO: Quantisable functions in general relativity, in “Opérateurs
différentiels et Physique Mathématique”, J. Vaillant, J. Carvalho e Silva Eds., Textos Mat.
Ser. B, 24, 2000, 161-181.

J. JANYSKA, M. MODUGNO, D. SALLER: Symmetries in covariant quantum mechanics,
preprint 2001.

J. JANYSKA, M. MobpuaNo, D. SALLER: Covariant quantum mechnaics and quantum
symmetries, preprint, to be published in PROCEEDINGS OF A MEETING ON GENERAL REL-
ATIVITY, Genoa 2000.

M. V. KARASEV, V. P. MaAsLoV: Nonlinear Poisson Brackets, Geometry and Quantiza-
tion, Translations of Mathematical Monographs 119, AMS Providence, RI (1993).

A. KiriLLov: Local Lie algebras, Russ. Math. Surv. 31 (1976), pp. 55-75.
A. KIriLLOV: Elements of the Theory of Representations, (Berlin: Springer 1976).

S. KOBAYASHI: Principal fiber bundle with 1-dimensional toroidal group, Tohoku Math J.
8, n. 2 (1956), pp. 29-45.

I. KOoLAR, P. MICHOR, J. SLOVAK: Natural Operations in Differential Geometry,,
Springer-Verlag, 1993.

I. KoLAR, M. MoODUGNO: On the algebraic structure on the jet prolongation of fibred
manifolds, Czech. Math. Jour., 40 (115), 1990, 601-611.

J. L. KoszuL: Homologie et Cohomologie des Algébres de Lie, Bull. Soc. Math. de France
78 (1950), p. 65 ff.

B. KOSTANT: Quantization and unitary representations, Lectures in Modern Analysis and
Applications III, Springer—Verlag, 170 (1970), 87-207.

J. L. KoszuL: Crochet de Schouten-Nijenhuis 1t cohomologie, Elie Cartan et les Math.
d’Aujour d’Hui (Asterisque hors—serie 1985), pp. 251-271.



XII

[80]

[81]

[82]

[83]

[84]

[85]

D. Saller

D. KrRUPKA: Variational sequences on finite order jet spaces, in Proc. Conf. on Diff. Geom.
and its Appl., World Scientific, New York, 1990, 236-254.

K. KUCHAR: Gravitation, geometry and nonrelativistic quantum theory, Phys. Rev. D, 22,
n. 6 (1980), 1285-1299.

H. P. KUNZLE: Galilei and Lorentz structures on space-time: comparison of the correspond-
ing geometry and physics, Ann. Inst. H. Poinc. 17, 4 (1972), 337-362.

H. P. KUNZLE: Galilei and Lorentz invariance of classical particle interaction, Symposia
Mathematica 14 (1974), 53-84.

H. P. KUNzLE: Covariant Newtonian limit of Lorentz space-times, G.R.G. 7, 5 (1976),
445-457.

H. P. KUNZLE: General covariance and minimal gravitational coupling in Newtonian space-
time, in Geometrodynamics Proceedings (1983), A. Prastaro ed., Tecnoprint, Bologna 1984,
37-48.

B. A. KUPERSCHMIDT, A. VINOGRADOV: The structures of Hamiltonian Mechanics, first
publ. in Russian 1974, reprinted in Integrable systems, Lond. Math. Soc., Lect. Not. Ser.
60, Cambridge University Press (Cambridge 1981), pp. 173-239.

H. P. KUNZLE, C. DUVAL: Dirac field on Newtonian space-time, Ann. Inst. H. Poinc., 41,
4 (1984), 363-384.

A. KYPRIANIDIS: Scalar time parametrization of relativistic quantum mechanics: the co-
variant Schrédinger formalism, Phys. Rep 155 (1987), 1-27.

N. P. LANDSMAN, N. LINDEN: The geometry of inequivalent quantizations, Nucl. Phys. B
365 (1991), 121-160.

G. LanDI, G. MARMO: Lie Algebra Fxtensions and Abelian Monopoles, Phys. Lett. B 193
(1987), p. 429 ff.

M. LE BELLAC, J. M. LEVY-LEBLOND: Galilean electromagnetism, Nuovo Cim. 14 B, 2
(1973), 217-233.

M. pE LeEoON, J. C. MARRERO: Constrained time-dependent Lagrangian systems and La-
grangian submanifolds, J. Math. Phys. 34, n. 1 (1993).

M. DE LEON, J. C. MARRERO, E. PADRON: A generalization for Jacobi manifolds of the
Lichnerowicz—Poisson cohomology, in Proc. of the V Fall Workshop: Diff. Geom. and its
Appl., Jaca Sept. 23-25, 1996.

M. pE LeoN, J. C. MARRERO, E. PADRON: On the geometric quantization of Jacobi
manifolds, p. 6185 ff., J. Math. Phys. 38 (12), 1997

M. DE LEON, J. C. MARRERO, E. PADRON: Lichnerowicz—Jacobi cohomology of Jacobi
manifolds, C. R. Acad. Sci. Paris I 324 (1997), pp. 71-76.



Symmetries in covariant quantum mechanics XIII

[96] M. DE LEON, J. C. MARRERO, E. PADRON: Lichnerowicz—Jacobi cohomology, J. Phys. A
30 (1997), pp. 6029-6055.

[97] M. DE LEON, J. C. MARRERO, E. PADRON: Complex polarizations on cosymplectic and
contact manifolds, preprint.

[98] M. DE LEON, M. SARALEGL: Cosymplectic reduction for singular momentum maps, J.
Phys. A 26 (1993) 5033-5043.

[99] M. DE LEON, G. M. TUYNMAN: A universal model for cosymplectic manifolds, J. Geom.
Phys. 20 (1996), pp. 77-86.

[100] J. M. LEVY-LEBLOND: Galilei group and Galilean invariance, in Group theory and its
applications, E. M. Loebl Ed., Vol. 2, Academic, New York, 1971, 221-299.

[101] P. LIBERMANN:Sur le probléme d’equivalence de certaines structures infinitésimale
réguliéres, Ann. Mat. Pura Appl. 36 (1954), pp. 27-120.

[102] P. LIBERMANN:Sur les automorphismes infinitésimauz des structures symplectiques et
des structures de contact, Colloque de géometrie différentielle globale, Bruxelles, 19.-22.
Décembre 1958, Gauthier—Villars (Paris, 1959), pp. 37-59.

[103] P. LIBERMANN, CH. M. MARLE: Symplectic Geometry and Analytical Mechanics, Reidel
Publ., Dordrecht, 1987.

[104] A. LicHNEROWICZ: Algébre de Lie des Champs de Vecteur, Cohomologie 1-differentiable
et Deformations, C. R. Acad. Sc. Paris 281 A (1975), p. 507 ff.

[105] A. LICHNEROWICZ: Varietés symplctiques, varietés canoniques et systemés dynamiques in
Topics in Differential Geometry, (London: Academic Press 1976), pp. 57-85.

[106] A. LICHNEROWICZ: Les varietés de Poisson et les algébres de Lie associeés, J. Diff. Geom.
12 (1977), pp. 253-300.

[107] A. LICHNEROWICZ: Les varietés de Jacobi et leurs algébres de Lie associeés, J. Math.
Pures Appl. 57 (1978), pp. 453-488.

[108] A. LICHNEROWICZ: Generalized foliations and local Lie algebras of Kirillov, Differential
Geometry, L. A. Cordero ed. (London: Pitman 1985), Research Notes in Math. 131, pp.
198-210.

[109] A. LICHNEROWICZ: La géometrie des transformations canoniques, Bull. Soc. Math. de
Belgique 31 (1979), pp. 105-135.

[110] L. MANGIAROTTL: Mechanics on a Galilean manifold, Riv. Mat. Univ. Parma (4) 5 (1979),
1-14.

[111] L. MANGIAROTTI, M. MODUGNO: Fibered Spaces, Jet Spaces and Connections for Field
Theories ,in Proceed. of the Int. Meet. on Geometry and Physics, Pitagora Editrice,
Bologna, 1983, 135-165.



XIV D. Saller

[112] C. M. MARLE: Differential geometry and relativity, M. Cahen, M. Flato eds., (Dordrecht:
Reidel 1976).

[113] C.-M. MARLE: Lie group action on a canonical manifold, Symplectic Geometry (Research
notes in mathematics), Boston, Pitman, 1983.

[114] C. M. MARLE: Contact manifolds, canonical manifolds and the Hamilton—Jacobi Method
in Analytical Mechanics, Geometrie Symplectique et Mecanique (Seminaire Sud—Rhodanien
de Geometrie), J. P. Duffour (Paris: Hermann).

[115] C. M. MARLE: Quelques proprietés des varietés de Jacobi, Geometrie Symplectique et
Mecanique (Seminaire Sud-Rhodanien de Geometrie), J. P. Duffour (Paris: Hermann), pp.
125-139.

[116] G. MARMO, G. MORANDI, C. RUBANO: Symmetries in the Lagrangian and Hamiltonian
formalism: the equivariant inverse problem, preprint.

[117] G. MARMO, G. MORANDI, A. SIMONI: Quasi-invariance and Central Extensions, Phys.
Rev D 37 (1988), p.2196 ff.

[118] J. E. MARSDEN, T. RATIU: Introduction to Mechanics and Symmetry, Texts in Appl.
Math. 17, Springer, New York, 1995.

[119] G. MARMO, C. RUBANO: Particle Dynamics on Fiber Bundles, Bibliopolis, Naples 1988.

[120] J. E. MARSDEN, S. SHKOLLER: Multisymplectic geometry, covariant Hamiltonians and
water waves, Math. Proc. Camb. Phil. Soc. 125 (1999), pp. 553-575.

[121] E. MassA, E. PAacAN: Classical dynamics of non-holonomic systems: a geometric ap-
proach, Ann. Inst. H. Poinc. 55, 1 (1991), 511-544.

[122] L. MICHEL: Invariance in Quantum Mechanics and Group extensions, in Group Theor.
Concepts and Methods in Elem. Part. Phys., F. Giirsey ed. (New York: Gordon and Breach
1965).

[123] C. W. MISNER, K. S. THORNE, J. A. WHEELER: Gravitation, monograph, (New York:
Freeman And Company 1970).

[124] M. MoODUGNO: Torsion and Ricci tensor for mon-linear connections, Diff. Geom. and
Appl. 1 No. 2 (1991), 177-192.

[125] M. MobuGNo: Covariant quantum mechanics, book pre-print, 1999
[126] M. MobpuGNo: Covariant quantum mechanics, book in preparation, 2000.

[127] M. MobucNo, C. TEJERO PRIETO, R. VITOLO: A covariant approach to classical and
quantum mechanics of a rigid body, preprint 1999.

[128] M. MobucNo, C. TEJERO PRIETO, R. VIiTOLO: Comparison between Geometric Quan-
tisation and Covariant Quantum Mechanics, in Proceed. “Lie Theory and Its Applications
in Physics - Lie III”, 11 - 14 July 1999, Clausthal, Germany, H.-D. Doebner, V.K. Dobrev
and J. Hilgert Eds., World Scientific, Singapore, 2000, 155-175.



Symmetries in covariant quantum mechanics XV

[129] M. MobpucNoO, R. VITOLO: Quantum connection and Poincaré—Cartan form, Proc. of
the Conf. in Honour of A. Lichnerowicz, Frascati, ottobre 1995; ed. G. Ferrarese, Pitagora,
Bologna.

[130] M. MobpucGNoO, R. VITOLO: Quantum connection and Poincaré- Cartan form, in “Grav-
itation, electromagnetism and geometrical structures”, G. Ferrarese Ed., Pitagora Editrice
Bologna, 1996, 237-279.

[131] A. NwENHUIS, R. W. RICHARDSON JR.: Cohomology and deformations of algebraic struc-
tures,Bull. Amer. Math. Soc. 70 (1964), pp. 406—411.

[132] P. PAvAls: A global formulation of the Lie theory of transformation groups, Memoires
AMS 22 (1957).

[133] R. PENROSE: Quantum gravity, C.I. Isham, R. Penrose, D. W. Sciama eds.,(Oxford: Ox-
ford Univ. Press 1975).

[134] L. E. PurseLL, M. E. SHANKS: The Lie algebra of a smooth manifold, Proc. Amer.
Math. Soc. 5 (1954), pp. 468-472.

[135] M. PutA: Hamiltonian Mechanical Systems and Geometric Quantization, Math. and its
Appl. 260, (Dordrecht: Kluwer 1993).

[136] G. REEB: Sur certaines proprietés topologiques des trajectoires des systémes dynamiques,
Memoires Acad. Sc. Bruxelles 27 (1952).

[137] L. H. RHYDER: Quantum Field Theory, Cambridge University Press, first published 1985,
second edition (1998).

[138] D. SALLER, R. VITOLO: Symmetries in covariant classical mechanics, J. Math. Phys.,
41, 10, (2000), 6824-6842.

[139] D. J. SAUNDERS: The geometry of jet bundles, Cambridge University Press, 1989.

[140] D. SALLER, R. VITOLO: Symmetries in covariant classical mechanics, J. Math. Phys.,
41, 10, (2000), 6824-6842.

[141] E. SCHMUTZER, J. PLEBANSKI: Quantum mechanics in non inertial frames of reference,
Fortschritte der Physik 25 (1977), 37-82.

[142] D. J. Smmwms: Lie groups and Quantum mechanics, in Lect. Notes Math. Vol. 52 (Berlin:
Springer 1968).

[143] D. J. SivmMmS: Projective Representations, Symplectic manifolds and FExtensions of Lie
algebras, Lect. Notes at CPT/CNRS, Marseille 1969.

[144] D. J. Simms, N. WOODHOUSE: Lectures on Geometric Quantization, Lect. Notes Phys.
53 (Berlin: Springer 1977).

[145] J. SNIATICKI: Geometric quantization and quantum mechanics, Springer—Verlag, New
York 1980.



XVI D. Saller

[146] J.—M. SOURIAU: Structures des systémes dynamiques, Dunod, Paris 1970.
[147] S. STERNBERG: Lectures on Differential Geometry, (Prentice-Hall, englewood Cliffs 1964).

[148] S. Sternberg: Minimal Coupling and the Symplectic Mechanics of a Classical Particle in
the Presence of a Yang-Mills Field, Proc. Nat. Acad. Sci. 74 (1977), p. 5253 ff.

[149] S. TANNO: The automorphism groups of almost contact Riemannian manifolds, Tohoku
Math. J. 21 (1969), pp. 21-38.

[150] PH. TONDEUR: Foliations on Riemannian manifolds, Universitext (New York: Springer
1988).

[151] A. TRAUTMAN: Sur la théorie Newtonienne de la gravitation, C. R. Acad. Sc. Paris, t.
257 (1963), 617-620.

[152] A. TRAUTMAN: Comparison of Newtonian and relativistic theories of space-time, In Per-
spectives in geometry and relativity, N. 42, Indiana Univ. press, 1966, 413-425.

[153] W. M. TuLczYJEW: Classical and Quantum Mechanics of particles in External Gauge
Fields, Rend. Sem. Mat. Univ. Torino 39 (1981), p. 111 ff.

[154] W. M. TULCZYJEW: An intrinsic formulation of nonrelativistic analytical mechanics and
wawe mechanics, J. Geom. Phys., 2, n. 3 (1985), 93-105.

[155] G. M. TuyNMAN, W. A. J. J. WIGERINCK: Central extensions and physics, J. Geom.
Phys., 4, n. 3 (1987), 207-258.

[156] R. W. URWIN: The prequantization representations of the Poisson Lie algebra, Adv. Math.
50 (1983), pp. 126-154.

[157] 1. VAISMAN: Basic ideas of geometric quantization, Rend. Sem. Mat. Torino 37 (1979),
pp. 31-41.

[158] I. VAISMAN: On the geometric quantization of Poisson manifolds, J. Math. Phys. 32
(1991), pp. 3339-3345.

[159] I. VAISMAN: Lectures on the Geometry of Poisson manifolds, Progress in Math. 118
(Basel: Birkenh&user 1991).

[160] I. VAISMAN: On the geometric quantization of the symplectic leaves of Poisson manifolds,
Diff. Geom. Appl. 7, n. 3 (1997), pp. 265-277.

[161] R. VITOLO: Spherical symmetry in classical and quantum Galilei general relativity, An-
nales de I'Institut Henri Poincaré, 64, n. 2 (1996), 177-203.

[162] R. VITOLO: Quantum structures in general relativistic theories, Proc. of the XII It. Conf.
on G.R. and Grav. Phys., Roma, 1996; World Scientific.

[163] R. VITOLO: Finite order Lagrangian bicomplexes, Math. Proc. of the Camb. Phil. Soc.,
128 1. 3, 1998.



Symmetries in covariant quantum mechanics XVII

[164] R. VIiTOLO: Quantum structures in Galilei general relativity, Ann. Inst. "H. Poinc.” 70,
n.3, 1999.

[165] A. WEINSTEIN: A Universal Phase Space for Particles in a Yang-Mills Field, Lett. Math.
Phys. 2 (1978), p. 417 ff.

[166] A. WEINSTEIN: The local structure of Poisson manifolds, (a) J. Diff. Geom. 18 (1983),
pp. 523-557, and, (b) J. Diff. Geom. 22 (1985), p. 255 ff.

[167] E. D. WIGNER: Do the Equations of Motion determine the Quantum Mechanical Com-
mutation relations?, Phys. Rev 77 (1950), p. 711 ff.

[168] N. WOODHOUSE: Geometric quantization, Second Ed., Clarendon Press, Oxford 1992.



	Covariant quantum mechanics
	Classical background
	Covariant quantum mechanics

	Symmetries
	Classical symmetries
	Quantum symmetries

	Preliminaries
	Basic notation
	General connections
	Lie derivatives of sections
	Infinitesimal symmetries
	Jets
	Holonomic prolongation

	Classical theory
	Classical framework
	Spacetime
	Metric field
	Gravitational and electromagnetic fields
	Examples of spacetime
	Classical phase space
	Distinguished phase fields
	Classical kinematics
	Classical mechanics

	Hamiltonian stuff
	Musical morphisms
	Hamiltonian lift of functions
	Classical symmetries
	Poisson Lie algebra

	Lie algebra of special quadratic functions
	Special quadratic functions
	Classification of classical symmetries
	Special Lie bracket
	Tangent lift of special quadratic functions
	Further expression of the special bracket
	Hamiltonian lift of special quadratic functions

	Subalgebras of the algebra of special quadratic functions
	Subalgebra of constants of motion
	Holonomic subalgebra
	Self--holonomic subalgebra
	Unimodular and conformal unimodular subalgebras
	Classical subalgebra

	Nöther Symmetries
	Covariant momentum map

	Quantum theory
	Quantum framework
	Quantum bundle
	Extended quantum bundle
	Quantum connection
	Quantum differentials
	Quantum Lagrangian

	Symmetries of the quantum framework
	Symmetries of the complex linear structure structure
	Symmetries of the Hermitian metric of Q
	Symmetries of the Hermitian metric of Q"3222378 
	Projectable Hermitian vector fields of Q"3222378 
	Symmetries of the quantum connection
	Symmetries of the quantum structure

	Quantum Nöther symmetries
	Holonomic symmetries of the quantum Lagrangian
	Quantum currents



