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Introduction

Endogeneity is one of the most challenging problems in applied economics. It may
occur when important causal factors are omitted, when variables can only be observed
within a measurement error, or when a regressor is determined simultaneously with the
response variable. Frequently, economists overcome this obstacle by using instrumental
variables. Examples of instruments are rainfall variations to estimate the impact of
economic growth on the likelihood of civil war in Africa in Miguel et al. [2004], the
Vietnam era draft lottery to identify the effects of military service on subsequent civilian
mortality in Hearst et al. [1986], or quarter of birth for estimating returns to schooling
Angrist and Krueger [1991].

Applications of instrumental variables methods are often widely debated in the liter-
ature. One important issue is the validity of the instruments, that is, exogeneity to the
error term (cf. Bound et al. [1995] as an example). Another concern regards unrea-
sonable strong functional assumptions on the structural relationship, such as linearity
(cf. Horowitz [2011b]). In both situations, the model is potentially misspecified which
can lead to seriously erroneous conclusions. Therefore, the aim of this doctoral thesis
is twofold. First, we provide testing procedures to check whether instrumental variable
models are correctly specified. Second, we develop estimation methods that do not rely

on implausible functional restrictions.

To minimize the likelihood of misspecification the nonparametric version of instru-
mental variable models became increasingly popular in the literature. In this work, we
consider nonparametric instrumental mean and quantile regressions models. In these
models, given a scalar dependent variable Y and a vector of regressors 7, the structural

function ¢ satisfies
Y =p(Z)+U (0.1)

where the error term U might be correlated with the vector of regressors Z. But there is
another variable W available, called an instrumental variable, that satisfies in the mean
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regression case
E[U[W] = 0. (0.2)

In instrumental quantile regression, we assume that the instrumental variable W satis-
fies

P(U <0|W) =gq (0.3)

for some quantile 0 < ¢ < 1. The quantile regression model (0.1) & (0.3) subsumes a
nonseparable model Y = h(Z, V') with function h being strictly monotonic in its second
argument and unobservable V' being independent W. Thereby, the quantile regression
model (0.1) & (0.3) allows for heterogeneity in the unobservables.

When the methods of analysis are widened to include nonparametric techniques, how-
ever, one must confront two mayor challenges. First, identification requires stronger as-
sumptions about the instrumental variables than for the parametric case. Second, the ac-
curacy of any estimator of the structural function can be low, even for large sample sizes.
Consequently, the need for statistically justified model simplifications is paramount.

In this doctoral thesis, we contribute to the literature new estimation and testing
procedures in the nonparametric instrumental regression models (0.1) & (0.2) and (0.1)
& (0.3). The chapters are self-contained and can be read separately. Each chapter ends
with an appendix that contains the proofs.

In Chapter 1, which is based on a joint paper with Prof. Dr. Jan Johannes, we consider
the problem of estimating a linear functional /() of the structural function ¢ in the
mean regression model (0.1) & (0.2). We propose a plug-in estimator which is based
on a dimension reduction technique and additional thresholding. It is shown that this
estimator is consistent and can attain the minimax optimal rate of convergence under
additional regularity conditions. This, however, requires an optimal choice of the di-
mension parameter m depending on certain characteristics of the structural function ¢
and the joint distribution of the regressor and the instrument, which are unknown in
practice. We propose a fully data driven choice of m which combines model selection
and Lepski’s method. We show that the adaptive estimator attains the optimal rate of
convergence up to a logarithmic factor. The theory in this paper is illustrated by con-
sidering classical smoothness assumptions and we discuss examples such as pointwise
estimation or estimation of averages of the structural function ¢. A Monte Carlo investi-
gation illustrates that the difference of the adaptive parameter choice to the optimal one
is small in finite samples.
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In Chapter 2, we propose several tests of restricted specification in the mean regression
model (0.1) & (0.2). Based on series estimators, test statistics are established that allow
for tests of the general model against a parametric or nonparametric specification as
well as a test of exogeneity of the vector of regressors. The tests are asymptotically
normally distributed under correct specification and consistent against any alternative
model. Under a sequence of local alternative hypotheses, the asymptotic distribution
of the tests is derived. In Monte Carlo simulations we give examples where our tests
exceeds the power of existing tests in finite samples.

Chapter 3 studies the quantile regression model (0.1) & (0.3). There are many en-
vironments in econometrics which require nonseparable modeling of a structural dis-
turbance. Under certain key conditions, these models lead to the conditional quantile
restriction (0.1) & (0.3) which is used in the literature to obtain identification and esti-
mation results. These conditions concern validity of the instruments and monotonicity of
the model in the nonseparable, continuously distributed disturbance. If one of these as-
sumptions is violated the true structural function may not solve the conditional quantile
restriction. Erroneously assuming the misspecified conditional quantile representation
might lead to inconsistent estimators. This paper develops a methodology for testing
the hypothesis whether the instrumental quantile regression model is correctly speci-
fied. Our test statistic is asymptotically normally distributed under correct specification
and consistent against any alternative model. A Monte Carlo study examines its finite
sample properties. As an empirical illustration we consider a quantile regression model
describing the effect of class size on scholastic achievement.






1 Adaptive Estimation of Functionals in
Nonparametric Instrumental

Regression

1.1 Introduction

We consider estimation of the value of a linear functional of the structural function ¢ in
a nonparametric instrumental regression model. The structural function characterizes
the dependency of a response Y on the variation of an explanatory random variable Z
by

Y =¢(Z)+U with E[U|Z] #0 (1.1a)

for some error term U. In other words, the structural function equals not the condi-
tional mean function of Y given Z. In this model, however, a sample from (Y, Z, W) is
available, where W is a random variable, an instrument, such that

E[U|W] = 0. (1.1b)

Given some a-priori knowledge on the unknown structural function ¢, captured by a
function class F, its estimation has been intensively discussed in the literature. In con-
trast, in this paper we are interested in estimating the value /() of a continuous linear
functional ¢ : 7 — R. Important examples discussed in this paper are weighted average
derivatives or point evaluation functionals which are both continuous under appropriate
conditions on F. We establish a lower bound of the maximal mean squared error for esti-
mating /() over a wide range of classes F and functionals /. As a step towards adaptive
estimation, we propose in this paper a plug-in estimator of ¢(¢) which is consistent and
minimax optimal. This estimator is based on a linear Galerkin approach which involves
the choice of a dimension parameter. We present a method for choosing this parameter
in a data driven way combining model selection and Lepski’s method. Moreover, it is
shown that the adaptive estimator can attain the minimax optimal rate of convergence
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within a logarithmic factor.

Model (1.1a-1.1b) has been introduced first by Florens [2003] and Newey and Powell
[2003], while its identification has been studied e.g. in Carrasco et al. [2006], Darolles
et al. [2002], and Florens et al. [2011]. It is interesting to note that recent applications
and extensions of this approach include nonparametric tests of exogeneity (Blundell and
Horowitz [2007]), quantile regression models (Horowitz and Lee [2007]), or semipara-
metric modeling (Florens [2002]) to name but a few. For example, Ai and Chen [2003],
Blundell et al. [2007], Chen and Reif3 [2011] or Newey and Powell [2003] consider
sieve minimum distance estimators of ¢, while Darolles et al. [2002], Hall and Horowitz
[2005], Gagliardini and Scaillet [2012a] or Florens et al. [2011] study penalized least
squares estimators. A linear Galerkin approach to construct an estimator of ¢ com-
ing from the inverse problem community (c.f. Efromovich and Koltchinskii [2001] or
Hoffmann and Reifs [2004]) has been proposed by Johannes and Schwarz [2010]. But
estimating the structural function ¢ as a whole involves the inversion of the conditional
expectation operator of Z given W and generally leads to an ill-posed inverse problem
(c.f. Newey and Powell [2003] or Florens [2003]). This essentially implies that all pro-
posed estimators have under reasonable assumptions very poor rates of convergence. In
contrast, it might be possible to estimate certain local features of ¢, such as the value of
a linear functional at the usual parametric rate of convergence.

The nonparametric estimation of linear functionals from Gaussian white noise ob-
servations is a subject of considerable literature (c.f. Speckman [1979], Li [1982] or
Ibragimov and Has'minskii [1984] in case of direct observations, while in case of indi-
rect observations we refer to Donoho and Low [1992], Donoho [1994] or Goldenshluger
and Pereverzev [2000]). However, nonparametric instrumental regression is in general
not a Gaussian white noise model. Moreover, this model involves the additional diffi-
culty of dealing with an unkown operator. On the other hand, in the former setting the
parametric estimation of linear functionals has been addressed in recent years in the
econometrics literature. To be more precise, under restrictive conditions on the linear
functional ¢ and the joint distribution of (Z, W) it is shown in Ai and Chen [2007],
Santos [2011], and Severini and Tripathi [2010] that it is possible to construct nl/2-
consistent estimators of /(). In this situation, efficiency bounds are derived by Ai and
Chen [2007] and, when ¢ is not necessarily identified, by Severini and Tripathi [2010].
We show below, however, that n'/2-consistency is not possible for a wide range of linear
functionals ¢ and joint distributions of (Z, W).

In this paper, we establish a minimax theory for the nonparametric estimation of the
value of a linear functional ¢(y) of the structural function ¢. For this purpose, we con-
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sider a plug-in estimator /,, := 0(pm) of £(p), where the estimator $,, was proposed
by Johannes and Schwarz [2010] and the integer m denotes a dimension to be chosen
appropriately. The accuracy of 0, is measured by its maximal mean squared error uni-
formly over the classes F and P, where P captures conditions on the unknown joint
distribution Py zy of the random vector (U, Z, W), i.e., Pyzw € P. The class F reflects
prior information on the structural function ¢, e.g., its level of smoothness, and will
be constructed flexible enough to characterize, in particular, differentiable or analytic
functions. On the other hand, the condition Py zy € P specifies amongst others some
mapping properties of the conditional expectation operator of Z given W implying a
certain decay of its singular values. The construction of P allows us to discuss both a
polynomial and an exponential decay of those singular values. Considering the maximal
mean squared error over F and P we derive a lower bound for estimating ¢(¢). Given
an optimal choice m, of the dimension we show that the lower bound is attained by Zm;;
up to a constant C' > 0, i.e.,

sup supE ]Zm; —Up)? < Cinf sup supE|f — £(p)]?
Pyzw€eP peF { Pyzw€P peF
where the infimum on the right hand side runs over all possible estimators /. Thereby,
the estimator Zmn is minimax optimal even though the optimal choice m; depends on
the classes F and P, which are unknown in practice.

The main issue addressed in this paper is the construction of a data driven selec-
tion method for the dimension parameter which adapts to the unknown classes F and
P.  When estimating the structural function ¢ as a whole, adaptive estimators have
been proposed by Loubes and Marteau [2009], Johannes and Schwarz [2010], and
Horowitz [2011a]. Johannes and Schwarz [2010] consider an adaptive estimator based
on a model selection approach (cf. Barron et al. [1999] and its detailed discussion in
Massart [2007]) which attains the minimax optimal rate. The estimator of Loubes and
Marteau [2009] attains this rate within a logarithmic term. Both papers crucially rely
on the a-priori knowledge of the eigenfunctions which yields an orthogonal series esti-
mator involving the estimated singular values of the conditional expectation operator.
In econometric applications, however, the eigenfunctions of this operator are unknown.
Recently, Horowitz [2011a] proposed an adaptive estimation procedure which is based
on minimizing the asymptotic integrated mean-square error and does not involve the
knowledge of the eigenfunctions of the operator.

For estimating linear functionals of the structural function ¢, adaptive estimation pro-
cedures are not yet available. We propose a new method that is different from the above,
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does not involve a-priori knowledge of the eigenfunctions of the operator, and allows for
a polynomial or exponential decay of its singular values. The methodology combines a
model selection approach and Lepski’s method (cf. Lepskij [1990]). It is inspired by

the recent work of Goldenshluger and Lepski [2011]. To be more precise, the adaptive
1

choice m is defined as the minimizer of a random penalized contrast criterion -, i.e.,
m = arg min {\Tlm + ﬁs?lm} (1.2a)

1<m<M,

with random integer M,, and random penalty sequence peii := (peil,, )m>1, to be defined
below, and the sequence of contrast U= (\ffm)m21 given by

Uy i= max_ {[lp — bnl? — poty . (1.2b)
m<m/<Mn

With this adaptive choice m at hand the estimator Zﬁ is shown to be minimax optimal
within a logarithmic factor over a wide range of classes 7 and P. The appearance of
the logarithmic factor within the rate is a known fact in the context of local estimation.
Brown and Low [1996] show that it is unavoidable in the context of non-parametric
Gaussian regression and, hence it is widely considered as an acceptable price for adap-
tation. This factor is also present in the work of Goldenshluger and Pereverzev [2000]
where Lepski’s method is applied in the presence of indirect Gaussian observations.

1.2 Complexity of functional estimation: a lower bound.

1.2.1 Notations and basic model assumptions.

The nonparametric instrumental regression model (1.1a-1.1b) leads to a Fredholm equa-
tion of the first kind. To be more precise, let us introduce the conditional expectation op-
erator T'¢ := E[¢(Z)|W] mapping L% = {¢ : E[¢*(Z2)] < oo} to L3, = {¢: E[p*(W)] <
oo} (which are endowed with the usual inner products (-,-),, and (-, -);,, respectively).
Consequently, model (1.1a-1.1b) can be written as

g=Te (1.3)

where the function g := E[Y|W] belongs to L. In what follows we always assume that
there exists a unique solution ¢ € L% of equation (1.3), i.e., g belongs to the range of T,

!For a sequence (@, )m>1 having a minimal value in A C N set arg min{a.,} := min{m : am < @,/ ¥m’ €

meA
Al
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and that the null space of T is trivial (c.f. Engl et al. [2000] or Carrasco et al. [2006] in
the special case of nonparametric instrumental regression). Estimation of the structural
function ¢ is thus linked with the inversion of the operator 7. Moreover, we suppose
throughout the paper that 7" is compact which is under fairly mild assumptions satisfied
(c.f. Carrasco et al. [2006]). Note that the proof of minimax optimality of our estimator
does not rely on this assumption but it is used for the illustrations and remarks below.
If T is compact then a continuous generalized inverse of 7' does not exist as long as the
range of the operator T is an infinite dimensional subspace of L?,. This corresponds to
the setup of ill-posed inverse problems.

In this section, we show that the obtainable accuracy of any estimator of the value
¢(¢) of a linear functional can be essentially determined by regularity conditions im-
posed on the structural function ¢ and the conditional expectation operator 7. In this
paper, these conditions are characterized by different weighted norms in L% with respect
to a pre-specified orthonormal basis {e;};>1 in L%, which we formalize now. Given
a positive sequence of weights w := (w;);>1 we define the weighted norm ||¢||? :=
> i1 wil{@, e5)z]?, ¢ € L%, the completion F,, of L with respect to ||-||,, and the el-
lipsoid F7, := {¢ € Fy : ||¢||% < r} with radius r > 0. We shall stress that the basis
{e;j}j=1 does not necessarily correspond to the eigenfunctions of 77" where T* denotes
the adjoint operator of T'. In the following we write a,, < b, when there exists a generic
constant C' > 0 such that a,, < Cb, for sufficiently large n € N and a,, ~ b, when
an < by, and b, < a,, simultaneously.

Minimal regularity conditions. Given a nondecreasing sequence of weights v := (;);>1,
we suppose, here and subsequently, that the structural function ¢ belongs to the ellip-
soid F£ for some p > 0. The ellipsoid F¥ captures all the prior information (such as
smoothness) about the unknown structural function ¢. Observe that the dual space of
F can be identified with F; /v where 1/ := (fyj_ 1) j>1 (cf. Krein and Petunin [1966]). To
be more precise, for all ¢ € F, the value (h, ¢) is well defined for all h € F;,, and by
Riesz’s Theorem there exists a unique h € F/, such that £(¢) = (h, )z =: {5(¢). In cer-
tain applications one might not only be interested in the performance of an estimation
procedure of /() for a given representer h, but also for h varying over the ellipsoid F,
with radius 7 > 0 for a nonnegative sequence w := (w;),>1 satisfying inf;>1{w;v;} > 0.
Obviously, F, is a subset of F .

Furthermore, as usual in the context of inverse problems, we specify some mapping
properties of the operator under consideration. Denote by 7 the set of all compact
operators mapping L% into L?,. Given a sequence of weights v := (v;);>1 and d > 1 we
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define the subset 7 of 7 by
TP ={TeT: |ol2/d<|Tol} <dlol?, voeL}. (1.4)

Notice first that any operator 7" € 7 is injective if the sequence v is strictly positive.
Furthermore, for all T € 7 it follows that vj/d < ||Te;||}, < dvj for all j > 1. If
(sj)j>1 denotes the ordered sequence of singular values of 7" then it is easily seen that
vj/d < 3? < dvj;. In other words, the sequence v specifies the decay of the singular
values of T'. In what follows, all the results are derived under regularity conditions on
the structural function ¢ and the conditional expectation operator T described through
the sequence v and v, respectively. We provide illustrations of these conditions below
by assuming a “regular decay” of these sequences. The next assumption summarizes our
minimal regularity conditions on these sequences.

Assumption 1.1. Let v := (yj)j>1, w = (wj);j>1 and v = (v;);j>1 be strictly positive
sequences of weights with vy = wy = v = 1 such that ~y is nondecreasing with | j[3fyj_1 =

o(1) as j — oo, w satisfies inf;>1{w;v;} > 0 and v is a nonincreasing sequence.

Remark 1.2.1. We illustrate Assumption 1.1 for typical choices of v and v usually studied
in the literature (c.f. Hall and Horowitz [2005], Chen and Reifs [2011] or Johannes et al.
[2011]). Let [h]; be the j-th generalized Fourier coefficient, i.e., [h]; := E[h(Z)e;(Z)], then
we consider the cases
(pp) j ~ |3* with p > 3/2, vj ~ |j|7*% a > 0, and

(i) [h]? ~ 1§72, s>1/2—por

(i) wj ~1j|*, s > —p.
(pe) ~vj ~ |31*, p > 3/2 and v; ~ exp(—|j|**), a > 0, and

@ [p)3 ~ i, s >1/2—por

25, s > —p.

(i) wj ~[j
(ep) ~j ~ exp(|j|*), p > 0 and v; ~ || 7% a > 0, and

€] [h]f ~ 17|72, s € Ror

(i) wj ~ l7%5, s € R.
Note that condition |j ‘3%—1 = o(1) as j — oo is automatically satisfied for all p > 0 in case

of (ep). In the other two cases this condition states under classical smoothness assumptions
that, roughly speaking, the structural function o has to be differentiable. Note that Hall
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and Horowitz [2005], who only consider the polynomial case, assume 2p + 1 > 2a > p
with p > 0 and a > 1/2 which is more restrictive than Assumption 1.1 for a > 2. O

We shall see that the minimax optimal rate is determined by the sequence R" :=
(RI),>1, in case of a fixed representer h, and R¥ := (R¥),>1 in case of a representer

varying over the class F. These sequences are given for all = > 1 by

1

Rh = max { o, and RY :=a' max (1.5

Z Z* Yj z * 1<j<m w;vy
j>mk

where o := max {vmm;é, z~1}. This corresponds to the usual variance and bias de-

composition of the mean square error. Here the dimension parameter m} is chosen to

trade off both, that is, we let for z > 1

my = arielgin{':: —a:l‘}. (1.6)

In case of adaptive estimation the rate of convergence is given by R
and R¥ (R¥
and oy :=

h
adapt (Rn(1+log n)*l)n21

n(1+logn)~1 )n>1, respectively. For ease of notation let m;, := M (1410g n) -1

1. The bounds established below need the following additional as-

adapt =

a*
n(l4+logn)—

sumption, which is satisfied in all cases considered in Remark 1.2.1.

Assumption 1.2. There exists a constant 0 < x < 1 such that for all n >

N Upy*

Ym

K < no gL 1.7)
Assumption 1.2 implies that nvm;’y;ll is uniformly bounded from above and away
from zero. Thereby, we can write nv,x ~ Yy .

1.2.2 Lower bounds.

The results derived below involve assumptions on the conditional moments of the ran-
dom variables U given W, captured by U, which contains all conditional distributions
of U given W, denoted by Py, satisfying E[U|W] = 0 and E[U*|W] < o* for some
o > 0. The next assertion gives a lower bound for the mean squared error of any esti-
mator when estimating the value ¢;,(¢) of a linear functional with given representer h
and structural function ¢ in the function class F¥.

Theorem 1.2.1. Assume an iid. n-sample of (Y, Z, W) from the model (1.1a-1.1b). Let ~y
and v be sequences satisfying Assumptions 1.1 and 1.2. Suppose that sup;-, E[e?(Z )W <
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nh,n=1and o' > (V3+4p1n* > 5 7{1)2. Then for all n > 1 we have

o 1
inf sup sup sup E[f — £ (p)* > E min (, p) RN
l TE'TdU Py \w€Uo gpe]:f; 4 2d

where the first infimum runs over all possible estimators /.

Note that in Theorem 1.2.1 and in the following results the marginal distribution of
Z and W is kept fixed while only the dependency structure of the joint distribution of
(Z,W) and of (U, Z,W) is allowed to vary.

Remark 1.2.2. In the proof of the lower bound we consider a test problem based on
two hypothetical structural functions. For each test function the condition o* > (v/3 +
4pn? >t 7;1)2 ensures a certain complexity of the hypothetical model in a sense that it
allows for Gaussian residuals. This specific case is only needed to simplify the calculation of
the distance between distributions corresponding to different structural functions. A similar
assumption has been used by Chen and Reifs [2011] in order to derive a lower bound for
the estimation of the structural function o itself In particular, the authors show that in
opposite to the present work an one-dimensional subproblem is not sufficient to describe the
full difficulty in estimating .

On the other hand, below we derive an upper bound assuming that Py belongs to U,
and that the joint distribution of (Z, W) fulfills in addition Assumption 1.3. Obviously
in this situation Theorem 1.2.1 provides a lower bound for any estimator as long as o is

sufficiently large. O

Remark 1.2.3. The regularity conditions imposed on the structural function ¢ and the
conditional expectation operator T involve only the basis {e;};>1 in L%. Therefore, the
lower bound derived in Theorem 1.2.1 does not capture the influence of the basis { f;};>1 in
L%, used below to construct an estimator of the value ¢}, (). In other words, this estimator

attains the lower bound only if { f;};>1 is chosen appropriately. O

Remark 1.2.4. The rate R" of the lower bound is never faster than the /n-rate, that
is, Rl > n='. Moreover, it is easily seen that the lower bound rate is parametric if and
only if Zpl[h]?v;l < oo. This condition does not involve the sequence v and hence,
attaining a /n-rate is independent of the regularity conditions imposed on the structural
function. Moreover, due to the link condition T € T; we have that Piccard’s condition
Zj%[h]ﬁvj_1 < oo is equivalent to h belonging to the range R(T*), where T* denotes
the adjoint of T. Note that Severini and Tripathi [2010] showed in their Lemma 4.1 that
h € R(T*) is necessary to obtain +/n-estimability. Under appropriate conditions on ¢ and
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the joint distribution of (Y, Z, W) we show in the next section that h € R(T*) is also
sufficient for \/n-estimability. O

The following assertion is due to Breunig and Johannes [2009] who establish a lower
bound uniformly over the ellipsoid F; of representer. Note that this result is a direct
consequence of the lower bound in Theorem 1.2.1 with a fixed representer h. Indeed,
if we consider the function h* := ij_*l/er* with j* := arg maxlgjgm;{(wjvj)‘l} then
it obviously belongs to F]. Further, Corollary 1.2.2 follows by calculating the value of
the lower bound in Theorem 1.2.1 for the specific representer ~* and, hence we omit its
proof.

Corollary 1.2.2. Let the assumptions of Theorem 1.2.1 be satisfied. Then for alln > 1 we
have

o TR 1
inf sup  sup sup  E|f—£(0)|> = — min <, p) R
¢ TETY Pyyw€Us peFE, heF], 4 2d

where the first infimum runs over all possible estimators /.

Remark 1.2.5. If the lower bound given in Corollary 1.2.2 tends to zero then (w;vy;)j>1
is a divergent sequence. In other words, without any additional restriction on ¢, that is,
v = 1, consistency of an estimator of £,(yp) uniformly over all ¢ € F? and all h € F is
only possible under restrictions on the representer h in the sense that w has to be a divergent
sequence. O

1.3 Minimax optimal estimation.

1.3.1 Estimation by dimension reduction and thresholding.

In addition to the basis {e;};>1 in L% used to establish the lower bound we consider now
also a second basis { f;};>1 in L?,. We comment on the choice of these basis functions in
Remark 1.3.2.

Matrix and operator notations. Given m > 1, &,, and F,, denote the subspace of Lzz
and L}, spanned by the functions {e;}72, and {fi};2, respectively. E,, and E:L (resp.
F,, and F;}) denote the orthogonal projections on &,, (resp. F,,) and its orthogonal
complement &;; (resp. F.b), respectively. Given an operator K from L% to L2, we denote
its inverse by K ! and its adjoint by K*. If we restrict F,,, K E,, to an operator from &,,
to F,,, then it can be represented by a matrix [K],, with entries [K|;; = (Kej, fi))w
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for 1 < j,I < m. Its spectral norm is denoted by ||[K],,||, its inverse by [K],,' and
its transposed by [K]!,. We write I for the identity operator and V, for the diagonal
operator with singular value decomposition {v;, ¢;, f;};>1. Respectively, given functions
¢ € L% and ¢ € L}, we define by [¢],, and [¢],, m-dimensional vectors with entries
[¢]; = (#,€j)z and [¢]; = (¢, fyw for 1 < j, 1 < m.

Consider the conditional expectation operator 1" associated with (Z, W). If [e(Z)]m
and [f(W)],, denote random vectors with entries e;(Z) and f;(W), 1 < j < m, respec-
tively, then it holds [T],, = E {[f(W)]m[e(Z)]}, }. Throughout the paper [T, is assumed
to be nonsingular for all m > 1, so that [T],! always exists. Note that it is a nontrivial
problem to determine when such an assumption holds (cf. Efromovich and Koltchinskii

[2001] and references therein).

Definition of the estimator. Let (Y1,2;,Wh),..., (Y, Z,, W,,) be an iid. sample of
(Y, Z,W). Since [T}y, = E{[f(W)lule(2)]L, } and [glm = E{Y[f(W)]m} we construct
estimators by using their empirical counterparts, that is,

\
S|

SFW)lmle(Z:)]h,  and [l = = > Yi[f(Wi)]m-
3 =1

Then the estimator of the linear functional ¢} (y) is defined for all m > 1 by

- { [h]8 [ T) 5 [@lms  if [T]m is nonsingular and [[T],.}] < v/n, (1.8)

0, otherwise.

In fact, the estimator /,, is obtained from the linear functional /() by replacing the un-
known structural function ¢ by an estimator proposed by Johannes and Schwarz [2010].

Remark 1.3.1. If Z is continuously distributed one might be also interested in estimating
the value [; p(z)h(z)dz where Z is the support of Z. Assume that this integral and also
Jz h(2)ej(z)dz for 1 < j < mare well defined. Then we can cover the problem of estimating
Jz ©(2)h(2)dz by simply replacing [h],, in the definition of ?,, by a m-dimensional vector
with entries [ h(z)e;j(z)dz for 1 < j < m. Hence for [ ¢(z)h(z)dz the results below
follow mutatis mutandis. O

Note that the orthonormal bases {e;};>1 in L% and {f;};>1 in L%, depend on the
marginal distributions of Z and W. As we illustrate in the following remark, these
marginals are not needed to be completely known in advance as long as they satisfy
additional regularity conditions.
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Remark 1.3.2. Without loss of generality assume that the support of Z and W is confined
to [0,1] and denote L, := {¢ : Jy $*(2)dz < oo}. If one assumes in addition that
L%OJ} C L and L}, C L[2071] then it is possible to consider the restriction of T onto L[20’1].
Note that this condition is satisfied if the density of Z is bounded from above and the
density of W is uniformly bounded away from zero. For a detailed discussion we refer to
a preliminary version of Darolles et al. [2002] or Section 2.2. of Florens [2002]. Further;
let {e;};>1 and {f;};>1 be orthonormal bases in L[2071]. I~n this case, (E[e;(2) f;(W)]);i>1
is the matrix representation of the restricted operator (T'¢)(-) := f01 o(2)pzw(z,-)dz on
Ly ‘
estimator of {(y) in this situation coincides with the estimator ¢,, given in (1.8) and hence,

where pzyw denotes the joint density of (Z,W). Moreover, due to Remark 1.3.1 the
the results below follow simillarly. O

Moment assumptions. Besides the link condition (1.4) for the conditional expectation
operator 7' we need moment conditions on the basis, more specific, on the random
variables e;(Z) and f;(W) for j,1 > 1, which we summarize in the next assumption.

Assumption 1.3. There exists n > 1 such that the joint distribution of (Z, W) satisfies
(D) supjen E[e3(2)|W] < n? and supyey E[f{(W)] < 7%
(i) sup;ien E |ej (Z) W) = Ele;(2) i(W)IF < okl k =3,4,.....

Note that condition (i7) is also known as Cramer’s condition, which is sufficient to
obtain an exponential bound for large deviations of the random variable e;(Z) f;(W) —
Ele;(Z) fi(W)] (c.f. Bosq [1998]). Moreover, any joint distribution of (Z, W) satisfies
Assumption 1.3 for sufficiently large n if the basis {e;};>1 and {f;};>1 are uniformly
bounded, which holds, for example, for the trigonometric basis considered in Subsection
1.3.4.

1.3.2 Consistency.

The next assertion summarizes sufficient conditions to ensure consistency of the estima-
tor /,, introduced in (1.8). Let us introduce the function ¢, € &, which is uniquely
defined by the vector of coefficients [py)m = [T, [glm and [p]; = 0 for j > m + 1.
Obviously, up to the threshold, the estimator ?m is?he empirical counterpart of ¢, (¢,).
In Proposition 1.3.1 consistency of the estimator U is only obtained under the condition

lp = mlly = o(1) asm — oo (1.9
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which does not hold true in general. Obviously (1.9) implies the convergence of ¢;(¢,)
to {4 () as m tends to infinity for all h € F,.

Proposition 1.3.1. Assume an iid. n-sample of (Y, Z, W) from the model (1.1a-1.1b) with
Pyyw € U, and joint distribution of (Z, W) fulfilling Assumption 1.3. Let the dimension
parameter my, satisfy m. ! = o(1), m, = o(n),

I[AlL, [T) 112 = o(n), and m3|[T],L |12 = O(n) as n — oo, (1.10)

Mn

If (1.9) holds true then E |0,,, — €,(0)|? = o(1) as n — oo for all ¢ € Fyand h € Fy,.

Notice that condition (1.9) also involves the basis { f;};>1 in L%V. In what follows, we
introduce an alternative but stronger condition to guarantee (1.9) which extends the
link condition (1.4). We denote by 4D for some D > d the subset of 7 given by

Tip = {T € 74 : [T)mis nonsingular and H[Vv}l/Q[T]zHQ < D forallm > 1}. (1.11)

m

Remark 1.3.3. If T' € 7} and if in addition its singular value decomposition is given by
{sj,€j, fj}j>1 then for all m > 1 the matrix [T],, is diagonalized with diagonal entries
[T];; = sj, 1 < j < m. In this situation it is easily seen that sup,,cy|[Volst 2 [TI2H? < d
and, hence T satisfies the extended link condition (1.11), that is, T € 4D Furtgermore,
it holds T; = Tj'p for suitable D > 0, if T is a small perturbation of vi/? or if T is
strictly positive (c.f. Efromovich and Koltchinskii [2001] or Cardot and Johannes [2010],
respectively). O

Remark 1.3.4. Once both basis {e;};>1 and {f;}i>1 are specified the extended link con-
dition (1.11) restricts the class of joint distributions of (Z, W) such that (1.9) holds true.
Moreover, under (1.11) the estimator ©,, of ¢ proposed by Johannes and Schwarz [2010]
can attain the minimax optimal rate. In this sense, given a joint distribution of (Z, W)
a basis {f;};>1 satisfying condition (1.11) can be interpreted as optimal instruments (c.f.
Newey [1990]). O

Remark 1.3.5. For each pre-specified basis {e;};>1 we can theoretically construct a basis
{fi}i>1 such that (1.11) is equivalent to the link condition (1.4). To be more precise, if
T € T;, which involves only the basis {e;};>1, then the fundamental inequality of Heinz
[1951] implies ||(T*T)~"/?¢;||% < dv; . Thereby, the function (T*T)~/e; is an element
of L} and, hence f; := T(T*T)"'/%¢j, j > 1, belongs to L%, Then it is easily checked
that { f1}1>1 is a basis of the closure of the range of T" which may be completed to a basis
of L},. Obviously [T),, is symmetric and moreover, strictly positive since (Tej, fi)w =
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((T*T)"?ej, ;) 7 for all j,1 > 1. Thereby, we can apply Lemma A.3 in Cardot and Johannes
[2010] which gives T = T, for sufficiently large D. We are currently exploring the data
driven choice of the basis { fi}>1- O

Under the extended link condition (1.11) the next assertion summarizes sufficient

conditions to ensure consistency.

Corollary 1.3.2. The conclusion of Proposition 1.3.1 still holds true without imposing
condition (1.9), if the sequence v satisfies Assumption 1.1, the conditional expectation
operator T' belongs to T;'p, and (1.10) is substituted by

S vt =0(n) and m) =O0(nvg,) asn— oo. (1.12)

1.3.3 An upper bound.

The last assertions show that the estimator Zm defined in (1.8) is consistent for all struc-
tural functions and representers belonging to F, and F ., respectively. The following
theorem provides now an upper bound if  belongs to an ellipsoid F¥. In this situation
the rate R" of the lower bound given in Theorem 1.2.1 provides up to a constant also
an upper bound of the estimator Zm;;. Thus we have proved that the rate R" is optimal

and, hence /,,,» is minimax optimal.

Theorem 1.3.3. Assume an iid. n-sample of (Y, Z, W) from the model (1.1a-1.1b) with
joint distribution of (Z, W) fulfilling Assumption 1.3. Let Assumptions 1.1 and 1.2 be
satisfied. Suppose that the dimension parameter m., given by (1.6) satisfies

(m)? max {| log R", (log m;;)} = 0(Ymz), asn — oo, (1.13)
then we have for all n > 1

sup  sup  sup E|lm: — lh(p)* < CR!
TE’T;D PUlWequ gpe]-—,g

for a constant C > 0 only depending on the classes 7Y, T;'p, the constants o, 1 and the

representer h.

The next result gives sufficient conditions for /n-estimability of ¢, (). The next corol-
lary is a direct consequence of Theorem 1.3.3 and Remark 1.2.4, hence its proof is omit-
ted.
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Corollary 1.3.4. Let the assumptions of Theorem 1.3.3 be satisfied. If in addition h €
R(T™*) then we have for all n > 1

sup  sup sup E|lpx — lu(p)* <Cn7?
Tenljp PU\WEZ/{U (,DE]:»{;

where C is as in Theorem 1.3.3.

Remark 1.3.6. The last result together with Remark 1.2.4 established equivalence between
condition h € R(T*) and +/n-estimability of ¢, () under appropriate conditions on ¢ and
the joint distribution of (Y, Z, W) (as conjectured in Chapter 4, Remark (ii) of Severini
and Tripathi [2010]). As illustrated in the next subsection, depending on the severness
of the ill-posedness \/n-estimability could not be possible even for smooth functionals. In
the polynomial case (pp), condition h € R(T™*) holds true only if s > a + 1/2. In case
of (ep), h € R(T*) only if the representer h is analytic. In contrast to our framework,
the estimation procedure of Santos [2011] crucially relies on condition h € R(T*) which
implies the existence of a function ¥ € L%, such that ¢, () = E[YI(W)]. O

Note that Breunig and Johannes [2009] considered a similar estimator as Zm given in
(1.8) which requires the choice an additional regularization parameter. Breunig and Jo-
hannes [2009] show that their estimator attains the lower bound rate within a constant
where the loss is measured uniformly over the class F, of representer. In the following,
we see that a similar result can be shown for the estimator /,,,. Observe that 2k Jy ST
and R < 7o) maxicjcm: {(wjv;)~t} = 7R for all h € F;,. Employing these esti-
mates, the proof of the next result is similar to the proof of Theorem 1.3.3 and is thus
omitted.

Corollary 1.3.5. Let the assumptions of Theorem 1.3.3 be satisfied where we substitute
condition (1.13) by (m},)* max {|log R%|, (logm},)} = o(ym;: ) as n — co. Then we have

sup  sup sup E |Zm;; —ly(@)? <CRY
TETy b Puyw EUs 0EFE heF]

for a constant C > 0 only depending on the classes F%, F[, T and the constants o, 1.

1.3.4 lllustration by classical smoothness assumptions.

Let us illustrate our general results by considering classical smoothness assumptions.
To simplify the presentation we follow Hall and Horowitz [2005], and suppose that
the marginal distribution of the scalar regressor Z and the scalar instrument W are
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uniformly distributed on the interval [0, 1]. All the results below can be easily extended
to the multivariate case. In the univariate case, however, both Hilbert spaces L2Z and
L%, equal L?[0,1]. Moreover, as a basis {e;};>1 in L?[0, 1] we choose the trigonometric
basis given by

e1 =1, e9;(t) := V2cos(2mjt), egjr1(t) := V2sin(2mjt),t € [0,1], j € N.

In this subsection also the second basis {f;};>1 is given by the trigonometric basis. In
this situation, the moment conditions formalized in Assumption 1.3 are automatically
fulfilled.

Recall the typical choices of the sequences v, w, and v introduced in Remark 1.2.1. If
vj ~ |j|*, p > 0, as in case (pp) and (pe), then F,, coincides with the Sobolev space
of p-times differential periodic functions (c.f. Neubauer [1988]). In case of (ep) it is
well known that F, contains only analytic functions if p > 1(c.f. Kawata [1972]). Fur-
thermore, we consider two special cases describing a “regular decay” of the unknown
singular values of T'. In case of (pp) and (ep) we consider a polynomial decay of the se-
quence v. Easy calculus shows that any operator 7 satisfying the link condition (1.4) acts
like integrating (a)-times and hence is called finitely smoothing (c.f. Natterer [1984]).
In case of (pe) we consider an exponential decay of v and it can easily be seen that
T € 7} implies R(T") C C*°[0, 1], therefore the operator T is called infinitely smoothing
(c.f. Mair [1994]). In the next assertion we present the order of sequences R" and R“
which were shown to be minimax-optimal. Note that the minimax optimal rate R“ in
the cases (pp) and (pe) were already derived in Breunig and Johannes [2009] but are
stated and proved here for the sake of completeness.

Proposition 1.3.6. Assume an iid. n-sample of (Y, Z, W) from the model (1.1a-1.1b) with
T € T;p and Pyjw € Uy,. Then for the example configurations of Remark 1.2.1 we obtain

(pp) m’ ~ n/(2P+20) qnd

n~(@pt2s=1)/(2pt2a)  if s g < 1/2,
@ Rj~ § n'logn, fs—a=1/2
n1, otherwise,

(i) Ry ~ max(n_(l’+s)/(z7+a)7n—1).

(pe) m ~ log(n(logn)~P/*)1/(2%) and
(i) R ~ (logn)~(2p+2s-1)/(2a),
(ii)) RY ~ (logn)~Pts)/e,
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(ep) m; ~ log(n(log n)*a/p)l/(Qp) and

n~!(logn)@e=2s+1)/Cp) - ifs —a < 1/2,

(D RE~Q nllog(logn), ifs—a=1/2,
nt, otherwise,

(ii)) RY ~ max(n~'(logn)@=5)/P p=1),

Remark 1.3.7. As we see from Proposition 1.3.6, if the value of a increases the obtainable
optimal rate of convergence decreases. Therefore, the parameter a is often called degree of
ill-posedness (c.f. Natterer [1984]). On the other hand, an increasing of the value p or s
leads to a faster optimal rate. Moreover, in the cases (pp) and (ep) the parametric rate n~*
is obtained independent of the smoothness assumption imposed on the structural function ¢
(however, p > 3/2 is needed) if the representer is smoother than the degree of ill-posedness
of T, i.e., (i) s > a—1/2and (ii) s > a. Moreover, it is easily seen that if [h]; ~ exp(—|j|*)
or wj ~ exp(|j|**), s > 0, then the minimax convergence rates are always parametric for

any polynomial sequences v and v. O

Remark 1.3.8. It is of interest to compare our results with those of Hall and Horowitz
[2005] or Chen and Reiss [2008] who consider the estimation of the structural function as
a whole. In the notations of Hall and Horowitz [2005], who consider only the case (pp), the
decay of the eigenvalues of T*T is assumed to be of order j—¢, that is, « = 2a with o > 1.
Furthermore, they suppose a decay of the coefficients of the structural function of order
§7P, thatis, B = p + 1/2 with 8 > 1/2. By using this parametrization, Hall and Horowitz
[2005] obtain in the case (pp) the minimax rate of convergence n~2P/(20+2p+1) (see also
Chen and Reifs [2011]). Let us compare this rate when estimating ¢ at a point to € [0, 1] (¢f
Example 1.3.1). Here, we have s = 0 and hence, obtain the minimax rate of convergence
n~(2p=1)/(2a+2p) " Roughly speaking, one looses 1/2 of smoothness, which corresponds to
the loss of smoothness of Sobolev embeddings in Hélder spaces. For any representer h with
2s > (2a + 1)/(2a + 2p + 1), however; the rate of convergence for estimating ( () in the

case (pp) is faster than estimating ¢ as a whole. O

Example 1.3.1. Suppose we are interested in estimating the value ¢(to) of the struc-
tural function ¢ evaluated at a point to € [0,1]. Consider the representer given by h;, =
> 21 ej(to)ej. Let o € F,y. Since 35i-4 7{1 < oo (¢f Assumption 1.1) it holds h € F,
and hence the point evaluation functional in ty € [0, 1], L.e., £y, (¢) = ¢(to), is well defined.
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In this case, the estimator ?m introduced in (1.8) writes for all m > 1 as

~ { [e(to) il D) G)ms i [T]m i nonsingular and ||[T];'| < v/n,
Pm(to) = o -

0, otherwise

where @, is an estimator proposed by Johannes and Schwarz [2010]. Let p > 3/2 and
a > 0. Then the estimator @,,x (t9) attains within a constant the minimax optimal rate of
convergence R"o. Applying Proposition 1.3.6 gives

(pp) RZtO ~ n~(2p=1)/(2p+2a)

(ep) REO ~ 1L (logn)2e+D)/Cp), .

Example 1.3.2. We want to estimate the average value of the structural function ¢ over
a certain interval [0,b] with 0 < b < 1. The linear functional of interest is given by
lh(p) = fé’ ¢(t)dt with representer h := 1oy Its Fourier coefficients are given by [h]; =
b, [hl2; = (V2mj) tsin(2mjb), [hl2jr1 = —(v/2mj) L cos(2mjb) for j > 1 and, hence
[h]? ~ j72. Again we assume that p > 3/2 and a > 0. Then the mean squared error
of the estimator Zm;; = é’ @mz (t)dt is bounded up to a constant by the minimax rate of
convergence R". In the three cases the order of R is given by

n—(2p+1)/(2p+2a) ifa>1/2,

(rp) RE~< pt logn, ifa=1/2,

-1

no, otherwise,

(ep) R ~ (logn)~pt1)/(2a),

n~'(logn)@e=D/p)  ifa > 1/2,
(ep) RE~ ¢ nt log(logn), ifa=1/2,

-1

no, otherwise.

As in the direct regression model where the average value of the regression function can
be estimated with rate n~' we obtain the parametric rate in the case of (pp) and (ep) if
a<1/2. O

Example 1.3.3. Consider estimation of the weighted average derivative of the structural
function ¢ with weight function H, i.e., fol ¢ (t)H (t)dt. This functional is useful not only
for estimating scaled coefficients of an index model, but also to quantify the average slope of
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structural functions. Assume that the weight function H is continuously differentiable and
vanishes at the boundary of the support of Z, i.e., H(0) = H(1) = 0. Integration by parts
gives fol P (O)H(t)dt = — fol o(t)h(t)dt = —Ly(p) with representer h given by the derivative
of H. The weighted average derivative estimator Zm; = fo @ (L)h(t)dt is minimax
optimal. As an illustration consider the specific weight function H(t) = 1 — (2t — 1)? with
derivative h(t) = 4(1 — 2t) for 0 < t < 1. It is easily seen that the Fourier coefficients
of the representer h are [h]; = 0, [h]o; = 0, [hl2j4+1 = 4V2(wj)~! for j > 1 and, thus
[h]gj 41 ~ j~2 Thus, for the particular choice of the weight function H the estimator fm;
attains up to a constant the optimal rate R", which was already specified in Example 1.3.2.
O

1.4 Adaptive estimation

In this section, we derive an adaptive estimation procedure for the value of the linear
function ¢ (). This procedure is based on the estimator Z;ﬁ given in (1.8) with dimen-
sion parameter m selected as a minimizer of the data driven penalized contrast criterion
(1.2a-1.2b). The selection criterion (1.2a-1.2b) involves the random upper bound M,
and the random penalty sequence pen which we introduce below. We show that the esti-
mator Z% attains the minimax rate of convergence within a logarithmic term. Moreover,
we illustrate the cost due to adaption by considering classical smoothness assumptions.

In an intermediate step we do not consider the estimation of unknown quantities in
the penalty function. Let us therefore consider a deterministic upper bound M, and
a deterministic penalty sequence pen := (pen,,),>1, which is nondecreasing. These
quantities are constructed such that they can be easily estimated in a second step. As
an adaptive choice m of the dimension parameter m we propose the minimizer of a
penalized contrast criterion, that is,

m := arg min {V¥,, + pen,, } (1.14a)
1<m<M,

where the random sequence of contrast ¥ := (¥,,),,>1 is defined by

¥,, ;= max {|l7m/ — U2 = penm/}. (1.14b)

m<m/ <M,

The fundamental idea to establish an appropriate upper bound for the risk of Z;L is given
by the following reduction scheme. Let us denote m A m’ := min(m,m’). Due to the
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definition of ¥ and m we deduce for all 1 < m < M,

10 = n(@)* < 3{105 = Lanl® + B — bl + 1 = ()1}
< 3{\I'm + pen +W~ + pen,, 4—|Zm — Eh(ga)|2}

< 6{W,, + pen,,} + 3|l — ()|

where the right hand side does not depend on the adaptive choice m. Since the penalty
sequence pen is nondecreasing we obtain

~ 1
2 2
W, <6 max (1~ low) ~ gremy ) +3 max (o o)
where ()1 denotes the positive part of a function. Combining the last estimate with the
previous reduction scheme yields for all 1 < m < M,

~ ~ 1
[0~ —0,()|* < 7pen,, +78 bias,, +42 max (\Em/ — (o) ]2 — = penm/) (1.15)
+

m<m’< 6

where bias,, := sup,, s, [h(@m — o)?.
the order R} 1.,

with the help of Bernstein’s inequality.

We will prove below that pen,, + bias,, is of
)-1- Moreover, we will bound the right hand side term appropriately

Let us now introduce the upper bound M, and sequence of penalty pen,, used in
the penalized contrast criterion (1.14a-1.14b). In the following, assume without loss of
generality that [h]; # 0.

Definition 1.4.1. For all n > 1 let a, = n'~/1°8CGHoen) (1 4 Jogn)~! and M! :=
max{1 < m < [n'/%] : max [h]5 < n[h]}} then we define
JIsm

i b, 31—112 2 _
M, = m1n{2 <m < My m? [T, 12&2};@[71]] > an} 1
where we set M,, := M if the min runs over an empty set. Thus, M,, takes values between
1 and M}. Let 2, = T4(E[Y?] + maxi < <m || [T] 4 [9]m||?), then we define

pen,, :=24¢2 (1+1logn)n™' max ||[h]%, [T,/ (1.16)
1<m’<m - -

To apply Bernstein’s inequality we need another assumption regarding the error term

U. This is captured by the set «4>° for some o > 0, which contains all conditional

distributions Py such that E[U|W] = 0, E[U?*|W] < 02, and Cramer’s condition hold,
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ie.,
E[JUMW] < o*k!, k=34,....

Moreover, besides Assumption 1.3 we need the following Cramer condition which is in
particular satisfied if the basis { f;};>; are uniformly bounded.

Assumption 1.4. There exists n > 1 such that the distribution of W satisfies
sup; sen E (W) (W) = ELf;(W)A(W)]IF <0V kL k=3,4,....

We now present an upper bound for Z;ﬁ. As Goldenshluger and Pereverzev [2000] we
face a logarithmic loss due to the adaptation.

Theorem 1.4.1. Assume an iid. n-sample of (Y, Z, W) from the model (1.1a-1.1b) with
E[Y?] > 0. Let Assumptions 1.1-1.4 be satisfied. Suppose that (m;,)* maxi<jcms[h]; =
0(apvme ) as n — oo. Then we have for all n > 1

h

sup  sup  sup Bl — 04(9)P < CRE 1 1ogn) 1

Te,TulljD PU‘WEUUOO SOE}—'{;

for a constant C > 0 only depending on the classes F¥4, Tj'p, the constants o, 1 and the

representer h.

Remark 1.4.1. In all examples studied below the condition (ms;,)* maxi<j<ms [h]; = 0(anUms)
as n tends to infinity is satisfied if the structural function ¢ is sufficiently smooth. More
precisely, in case of (pp) it suffices to assume 3 < 2p + 2min(0, s). On the other hand, in

case of (pe) or (ep) this condition is automatically fulfilled. O

In the following definition we introduce empirical versions of the integer M, and
the penalty sequence pen. Thereby, we complete the data driven penalized contrast
criterion (1.2a-1.2b). This allows for a completely data driven selection method. For
this purpose, we construct an estimator for ¢2, by replacing the unknown quantities by
their empirical analog, that is,

n
G=Ta(n ' oV 4 max ([T )

With the nondecreasing sequence (<2,),,>1 at hand we only need to replace the matrix
[T],,, by its empirical counterpart (cf. Subsection 1.3.1).
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Definition 1.4.2. Let a,, and M be as in Definition 1.4.1 then for all n > 1 define

—~

i B 312 2
M, :=min {2 <m < M- m?||[T]5 Jmax (]} > an}—1
where we set ]\/Zn := M if the min runs over an empty set. Thus, ]\/In takes values between
1 and M. Then we introduce for all m > 1 an empirical analog of pen,, by

pen,, := 204¢% (1 +logn)n™! max H[h]tm/ [f]&ﬂf (1.17)

1<m/<m

Before we establish the next upper bound we introduce

M := min {2 <m < M o'm® max [R5 > 4Dan} -1 (1.18)
1<5<m

where M;" := M" if the min runs over an empty set. Thus, M takes values between 1

and M. As in the partial adaptive case we attain the minimax rate of convergence R

within a logarithmic term.

Theorem 1.4.2. Let the assumptions of Theorem 1.4.1 be satisfied. Additionally suppose
that (M, +1)*logn = o(nv+ ) as n — oo and sup;-, E|e;(Z)[*® < n*°. Then for all
n > 1 we have

n 2 h
sup  sup  sup K05 — 0,(0)]° < CRy(410gn)-1
TeTy b Pujw €U peFy)

for a constant C > 0 only depending on the classes F¥, T;'p, the constants o, n and the
representer h.

Remark 1.4.2. Note that below in all examples illustrating Theorem 1.4.2 the condition

(M, +1)%*logn = o(nv M 1) as n tends to infinity is automatically satisfied. O

As in the case of minimax optimal estimation we now present an upper bound uni-
formly over the class F, of representer. For this purpose define M := max{l < m <

[n!/*] : maxi<j<m(w; ) < n}. In the definition of the bounds M, M+, and M (cf. Ap-

pendix 1.4) we replace M/ and maXlgjgm[h]g by My and maxi<j<m wj’l, respectively.

Consequently, by employing ||A|3 Jy ST and R < 7RY for all h € F/, the next result
follows line by line the proof of Theorem 1.4.2 and hence its proof is omitted.

Corollary 1.4.3. Under the conditions of Theorem 1.4.2 we have for all n > 1

w

sup  sup sup Bl — lh(p)? < C Ry (1410gn)—1

TeTy p Puyw €US® pe FY, he F],
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where the constant C > 0 depends on the parameter spaces F£, F7, T;'p, and the constants

o, 1.

lllustration by classical smoothness assumptions. Let us illustrate the cost due to
adaption by considering classical smoothness assumptions as discussed in Subsection
1.3.4. In Theorem 1.4.2 and Corollary 1.4.3, respectively, we have seen that the adaptive
estimator l}@ attains within a constant the rates Rfjdapt and R, Let us now present
the orders of these rates by considering the example configurations of Remark 1.2.1.
The proof of the following result is omitted because of the analogy with the proof of
Proposition 1.3.6.

Proposition 1.4.4. Assume an iid. n-sample of (Y, Z, W) from the model (1.1a-1.1b)
with conditional expectation operator T' € T;'p, error term U such that Py € Ug°, and
E[Y?2] > 0. Then for the example configurations of Remark 1.2.1 we obtain

(pp) if in addition 3 < 2p + 2min(s, 0) that m;, ~ (n(1 + log n)_l)l/(2p+2a) and

(n~Y(1 4+ logn))@p+2s=1)/@p+20) - if 5 _ g < 1/2
) RZ(1+10gn)—l ~ 4n~ (1 +logn)?, ifs—a=1/2

n~1(1+ logn), ifs—a>1/2,
(i) Ry (1 41ogn)-1 ~ Max (n=Y(1 +logn))P+s)/(P+a) n=1(1 4 logn)).

(pe) mS, ~ log (n(1 + log n)—(a+p)/a)1/2a and
W Rz(l-‘rlogn)*l ~ (14 log n)—(2p+28—1)/(2a)1
1+ log n)*(p+8)/a_

(H) R;}(l—&—logn)*l ~ (

(ep) m2 ~ log (n(1 + logn)~(a+P)/P) 120 nd

n~1(1 + logn)2et2p=2s+1)/(p)  if 5 —q < 1/2
@ ’R’Z(l—&-logn)*l ~ {n~t(1 +logn)(loglogn), ifs—a=1/2

n~1(1+logn), ifs—a>1/2,
(i) Ry 1 410gm)-1 ~ Mmax (n~(logn)(@tP=3)/P n=1(1 4 logn)).

Let us revisit Examples 1.3.1 and 1.3.2. In the following, we apply the general theory
to adaptive pointwise estimation and adaptive estimation of averages of the structural

function .
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Example 1.4.1. Consider the point evaluation functional {p, () = ©(to), to € [0,1],
introduced in Example 1.3.1. In this case, the estimator Z?L with dimension parameter m
selected as a minimizer of criterion (1.2a-1.2b) writes as

t =1 o . -1
[e(to)]@[T]@ [9]7: U [T] is nonsingular and ||[T]@ | < /n,

0, otherwise

where @, is an estimator proposed by Johannes and Schwarz [2010]. Then ¢ (to) attains

within a constant the rate of convergence Rgégpt. Applying Proposition 1.4.4 gives

(p) R’Zt((i—i—logn)*l ~ (n1(1 +10gn))(2p—1)/(2p+2a))

(€P) R\ 1pgmy s ~ (1 -+ logm)~ (= 1/(20)

(ep) RZt(gHOgn)_l ~n~Y(1 + log n)2at2p+1)/(2p), 0

Example 1.4.2. Consider the linear functional ¢5(¢) = fob ©(t)dt with representer h :=

1o,y introduced in Example 1.3.2. The mean squared error of the estimator 2771 = Jo @5, (t)dt

h

is bounded up to a constant by R4,

Applying Proposition 1.4.4 gives

(n1(1 + logn))@ptD/C@r+2e) = if g > 1/2,
(PP) Ri(1105my+ ~ | n (1 +1logn)?, fa=1/2,

n~1(1 + logn), otherwise,

(ep) RZ(lJrlogn)—l ~ (1 + log n)*(2p+1)/(2a)’

n~1(1 4 logn)2et2e=1/Cp)  ifq > 1/2,
(ep) RZ(l_Hogn)—l ~ ¢ n Y1 +logn)(loglogn), ifa=1/2,

n~1(1+ logn), otherwise.

1.5 Monte Carlo experiments.

In this section, we examine the finite sample properties of our estimation procedure. We
study first the point evaluation functional and thereafter, an average of the structural
function. As in Subsection 1.3.4, we consider the case where Z and W are both scalar

and {e;};>1 and {f;};>1 coincide with the trigonometric basis. Moreover, we generate
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the joint density of (Z, W) by the multivariate function pzw (2, w) = Cyle(2)]%([I]x +
Ag) [VU],IC/ 2[ f(w)]x where C,, is a normalization constant, (v;);>1 is @ nondecreasing se-
quence which is specified below, and k£ = 100. Here, Ay is a randomly generated k x k
matrix with spectral norm 1/2. Due to the construction of the joint density pzy the link
condition 7" € 7 is satisfied for all ¢ € &;,. Note that if Aj equals the zero matrix then
this would correspond to the situation where the eigenfunctions of 7' coincide with the
bases {e;};>1 and {f;};>1. We generate samples of size n = 1000 using the relationship
Y = E[p(Z)|W] + V where V ~ N(0,0.01). The number of Monte Carlo replications is
1000.

In particular, we want to study the performance of our estimators in finite samples
when the dimension parameter m is chosen by our adaptive procedure given in (1.2a—
1.2b). The constants in the definition of the adaptive procedure, though suitable for the
theory, may be chosen much smaller in practice. Here, we replace in definition of pen
(given in (1.17)) and ¢2, the constants 204 and 74 by 5 and 1, respectively. In addition,
we adjust the upper bound M in the following way. We replace a,, (given in Definition
1.4.1) by 40 n(1 + logn)~L.

Point wise estimation Let us consider the problem of pointwise estimation of ¢(z) =
10 22 sin(7 z) for z € [0, 1] over an equidistantly spaced grid of length 50. We truncate its
infinite dimensional vector of coefficients at a sufficiently large integer, say 100. In Figure
1.1, we compare the performance of the estimators with optimal parameter m (in the
first column) and data driven parameter m (in the second column). More precisely,
at each point ¢y of the grid we choose m as the minimizer of the empirical mean of
[ Chy, () |2. The first row represents (pp) with v; = j~! while the second depicts (pe)
with v; = exp(—j). In case of (pp), the pointwise 95%—confidence bands are sufficiently
tight to make significant statements about the curvature of . Not surprisingly, in case of
(pe) the pointwise confidence bands are much wider. But also in this case the pointwise
median of the adaptive estimators is very close to .
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T T T T T T T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

T T T T T T T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

Figure 1.1: The green solid, black dashed, and blue dotted lines show ¢, point-wise
median of the estimators, and their 95% estimation band.

Estimation of averages We now consider the estimation of averages of the structural
function. In the following, let ¢(z) = 3;% (—1)7!j~2¢;(z). We consider the problem of
estimating the value of the linear functional f£'75 ¢(z)dz ~ 0.898. The empirical means

from a Monte Carlo simulation are displayed in Table 1.1. Here, we choose m} as the

minimizer if the empirical mean of |/,, — 00‘75 ¢(2)dz|?. From Table 1.1 we see that the
difference of the empirical means of |£,,,» — £5()|? and |(; — £1,(¢)|? are small.
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Model Sample Size Empirical mean of
Uj s — Ln ()2 |0 — lh(9)]?
g1 200 0.0218 0.0202
1000 0.0058 0.0070
j2 200 0.0784 0.0770
1000 0.0317 0.0300
53 200 0.1295 0.1404
1000 0.0931 0.1058
g4 200 0.1462 0.1533
1000 0.1288 0.1462
exp(—j) 200 0.0627 0.0619
1000 0.0214 0.0313
exp(—27) 200 0.1275 0.1479
1000 0.1080 0.1362
exp(—=34) 200 0.1521 0.1555
1000 0.1341 0.1538

Table 1.1: Results of Monte Carlo Simulations

Appendix

Proof of the lower bound given in Section 1.2.

. 1/2 m?
PROOF OF THEOREM 1.2.1. Let us define ¢, := (ngn[;l) > [h}jvj‘lej with ¢ :=
=1 iy

min(1/(2d), p). Since (v; 'v)j>1 is nonincreasing and by using the definition of x given

in (1.7) it follows that ¢, and in particular ¢y := 0y, for § € {—1,1} belong to F¥. Let
V be a Gaussian random variable with mean zero and variance one (V' ~ N (0, 1)) which
is independent of (Z, W). Consider Up := [T'0g|(W) — ¢o(Z) + V, then Py, iy belongs
to U, for all o* > (V3 +4pX ;51 7; 'n*)?, which can be realized as follows. Obviously,
we have E[Uy|W] = 0. Moreover, we have sup; E[e(Z)|W] < n* implies E[y3(Z)|W] <
(177 ) Ele(Z) W] < 00t (500 7;Y)? and thus, [[Tesl(W)]* < Elgd(2)[W] <
p*n* (32177 )% From the last two bounds we deduce E[Ug|W] < 16E[4(Z)|W] +
6 Var(pg(Z2)|W) +3 < (V3 +4pn?Y ;.1 7; )% Consequently, for each 6 iid. copies
(Y, Zi;,Wy), 1 <i<n,of (Y, Z,W)withY := py(Z)+ Uy form an n-sample of the model
(1.1a-1.1b) and we denote their joint distribution by Py and by E, the expectation with
respect to Py. In case of P the conditional distribution of Y given W is Gaussian with
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mean [T'py|(W) and variance 1. The log-likelihood of P; with respect to P_; is given by

n

log - ) = i 20% = [T ] (W) T (W) + 3 20[Te-) (W)

Since T' € T} the Kullback-Leibler divergence satisfies the inequality K'L(P;, P—;) <
Eq[log(dPy/dP-1)] = 2n|Te.|%, < 2nd||e.||?. It is well known that the Hellinger dis-
tance H(Py, P_,) satisfies H?(P;, P_1) < KL(P;, P_;) and thus, employing again the
definition of x we have

*

< (ral s [h]? Kl
H*(P1,P_y) < 2nd Y _[p.J5v; =2n 7"124:2@ — <2d(¢<1
=1 S ot i3 v n

(1.19)

Consider the Hellinger affinity p(P, P-1) = [+/dPidP_; then for any estimator 7 it
holds

7 — t( 7 — 0(
p(Py, P_1) </2|£ ’:fl |./dP dP_, + | Wh@ \/dPldP_l
h * h *

16— trpn)? o\ 12 |6 — tn(p-1)I? 12
U Tator )+ e ) 4o

Due to the identity p(Py, P-1) = 1 — $H?(P;, P_1) combining (1.19) with (1.20) yields

) ; 1
E 0= th(p0)]? +E—1 [0~ by(p-1)” 2 §|fh(90*)\2- (1.21)

Obviously, |0, (¢4)|? = (kal, i [h]?vj_l. From (1.21) together with the last identity we
j=1

conclude for any possible estimator ¢

sup  sup sup E|f—0y(0)2 > sup Eg |l — (o)

TG'T;?D PU|W€Z/IO— 4p€]—'p 96{—1,1}
1 o
> S{E 1 = b)) +E-1 1 = talp-1) P}
~ 9
K 1 M
. * 2. —1
> 1 mi <2d,p) a, ' [h]jvj . (1.22)

<
Il
N



40 Adaptive Estimation of Functionals

1/2

Consider now @, := (“2_1) > [h]ﬂj_lej, which belongs to F¥ since x < 1
El>m; Whe? J>mk

and ¢ < p. Moreover, since (’}/j_l'Uj) j>1 is nonincreasing and by using the definition of x

given in (1.7) we have

~ 12 CK/ [h]jQUj K
2nd Y [@u]5v; =2 — Y % < 2nd(——— <2d(¢< 1.

nd 5
j>ms Zl>m; [h]7 v jomr Vi Ymi Ui

Thereby, following line by line the proof of (1.22) we obtain for any possible estimator /

o 1 — K . 1 _
swp sup sup Bl (o) > 116a(B = § min (5.0) X
TeTy p Puyw €Us pe FY j>my

Combining, the last estimate and (1.22) implies the result of the theorem, which com-
pletes the proof. O

Proofs of Section 1.3.

We begin by defining and recalling notations to be used in the proofs of this section. For
m > 1recall o, = Y72 [m]je; With [on]m = [T],,'[g]lm keeping in mind that [T, is
nonsingular. Then the identities [T'(¢ — ¢m)]m = 0 and [pm — Em@lm = [T, [TELlm
hold true. We denote Q,, := [T, — [T]m and Vi, := [l — [T ]m[@m)m = ' 0, (Ui +
o(Z;) — om(Zi)) [ f (W;)]m, where obviously EV;,, = 0. Moreover, let us introduce the
events

Q= {71 | <V}, O = {V/ml|QmllI[T]1 ] < 1/2}
Q= {75 > vy and O, = {Vml|QulI[T]5'[| > 1/2}.

Observe that if /m||Qu||||[T];}]| < 1/2 then the identity [T],, = [T]m{l + [T];;'Qum}
implies by the usual Neumann series argument that H[JA“]EH < 2115 The;:by, if
vn = 2||[T];,}| we have U, C Q,,. These results will be used below without further ref-
erence. We ;flall prove at the end of this section four technical Lemmata (1.5.1 — 1.5.4)
which are used in the following proofs. Furthermore, we will denote by C' universal
numerical constants and by C(-) constants depending only on the arguments. In both
cases, the values of the constants may change from line to line.

Proof of the consistency.
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PROOF OF PROPOSITION 1.3.1. Consider for all m > 1 the decomposition

E [ — £h(9)]> = E [l — Lu(9)]? Loy, +00(0)2P(Q5,)
< 2E 0y — lr(om)|? Lo, +200(0m — )12 + [€n(0)|PP(QS,)  (1.23)

where we bound each term separately. Let U, := {||Qnl/||[T],;'|| < 1/2} and let o)
denote its complement. By employing ||[T],,)'| 15, <2[[T]'| and [T I,.% 1o, <nit
follows that

B tn(om) P Ly, < 2| [P [T) Vin| 4201 T1 @ Pl Vil 10, (15, + 150

< 2|k 71, Vi P20 (R, [T {41 ]m 1@ P IV + @Vl I }-

Thus, from estimate (1.27), (1.28), and (1.29) in Lemma 1.5.1 we infer

E [lm — tn(pm)* 10, < COIT R [T1R 1P (0 + llo = wmll3)

3
{1+ TP+t PYAD) L (124)

Let m = m,, satisfying m_! = o(1), m, = o(n), and condition (1.10). We have \/n >
2||[T),,L ]| and thus, QF, C ann for n sufficiently large. From Lemma 1.5.3 it follows
that rrTlQJD(ﬁC ) < 2exp { — my (320207 my 3| [T)L [12) 71 + 14logmy, } = O(1) as n —
oo since mp(4n = m}||[T], 1))~ < 4n’n for n sufficiently large. Thus, in particular

P9, ) = o(1). Consequently, as n — oo we obtain | ooy, —Ln (0m, )2 lg,,, = o(1) since
BlEy, [TIL |2 = o(n). Moreover, as n — oo it holds [¢4(¢m,) — n(@)I? < [IAll 4 lle -
©m., ||y = o(1) due to condition (1.9), and |¢;,()|*P(Q%, ) < ||l /4@l P(Q5,, ) = o(1).
This together with decomposition (1.23) proves the result. O

PROOF OF COROLLARY 1.3.2. The assertion follows directly from Proposition 1.3.1, it
only remains to check conditions (1.9) and (1.10). We make use of decomposition ||¢ —
Omlly < | E5@lly + || Em® — ©ml|+- As in the proof of Lemma 1.5.2 we conclude || E,,¢ —
eml2 < Bl sup,, supjgy, 1 [T FnTEL6ll, < Dd|[Egll,. By using Lebesgue’s
dominated convergence theorem we observe || E;; ||, = o(1) as m — oo and hence (1.9)

holds. Condition T € 7', implies ||[A]},[T],'II? < D72 [Al5v;~" and |[[T],']* <
—1 for all m > 1 since v is nonincreasing. Thereby, condition (1.12) implies condition
(1.10), which completes the proof. O

Proof of the upper bound.
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PROOF OF THEOREM 1.3.3. The proof is based on inequality (1.23). Applying estimate

(1.32) in Lemma 1.5.2 gives |(4(om—¢)[* < 20 {3 jumlh]?y; '+ Ddvmy,t S0 (B30

for all o € F£ and h € Fy,,. Since |(,(0)]* < ||¢|1? ||h||1/7 and [|¢]|2 < p we conclude

E ‘Zﬂ - Zh(‘P)|2 <2E ‘zm —ly ‘Pm)‘Q 1o,

+4p{ Y [h3y; Z vt} plbl P, (1.25)

j>m

By employing ||Qm[T],,! | 15, < m ™~ and ||[T],'[|* 1q,, < n it follows that

[ — Ea(om)* 19, < 2[R T15 Vinl® + 2m | [R) [T 171 Vi
+ 20| [R5 [T P Qual* Vel s, -

Dueto T € T and ¢ € F£ we have ||[2]5,[T],' > < D371 [h]3 /v and [l — o2 <
2p (14 Dd) (cf. (1.31) in Lemma 1.5.2), respectively. Thereby, similarly to the proof of
Proposition 1.3.1 we get

E|lm — th(pm)[? 10,, < C(7)D(0? + n?dDp)n" 3 [h3v; {14+ m? P(5,) /4.
7j=1
Combining the last estimate with (1.25) yields
E[fn—th(o) < C)D(o* +rPdDp) max {3 [yt masx (22, n71) Y [Afv; '}

i>m 1

=
x {1+ m* Py, >1/4}+p||h||w (). (1.26)

Consider now the optimal choice m = m} defined in (1.6), then we have

B[l — t()* < C(1)D{0? + p(n?dD + ||BIf3 ) JRE:
x {14 (mn) PG, ) Y + (RE) T P(95,,) }

and hence, the assertion follows by making use of Lemma 1.5.4. O]

Technical assertions.

The following paragraph gathers technical results used in the proofs of Section 1.3.
Below we consider the set S := {s € R™ : ||s]| = 1}.
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Lemma 1.5.1. Suppose that Py y € U, and that the joint distribution of (Z, W) satisfies
Assumption 1.3. If in addition € Ff with vy satisfying Assumption 1.1, then for all m > 1

we have
sup Es' Via[2 < 2071 (0% + C(3) 10 — oml ). (1.27)
sesSm
_ 2
E[[Vin|* < C(7) (n'mn?(0® + [l — omll2))”, (1.28)
E||Qm|® < C (ntm?n?)". (1.29)

PROOF. Proof of (1.27). Since ({U; + ¢(Z;) — om(Zi)} 3741 55f5(Wi)), 1 < i < n, are
iid. with mean zero we have E [s' V,,|* = n ' E{U + ©(Z) — om(Z)} X701 s5./;(W)]2.
Then (1.27) follows from E[U?|W] < (E[U*/W])!/? < ¢2 and from Assumption 1.3 (i),
i.e., sup,ey E[e2(Z)|W] < n?. Indeed, applying condition |j|*y; " = o(1) (cf. Assumption
1.1) gives - -y 7]71 < C(v) and thus,

E|{p(Z Zs]f] <l = eml2Y A Ele(2) Y sifi(W)?
=1 j=1
Cn?lle — som\lyzs =C()n’lle — eml2

Proof of (1.28). Observe that for each 1 < j < m, {U; + ©(Z;) — om(Z)} f;(W3)),
1 < i < n, are iid. with mean zero. It follows from Theorem 2.10 in Petrov [1995] that
E[[Vin[* < Cn2m? supen E{U+¢(Z) —@m(Z)} f;(W)|*. Thereby, (1.28) follows from
E[UYW] < o* and sup;ey E[f}(W)] < n* together with E [{x(Z) — 0m(2)}f;(W)|* <
C(7) n*lle — oml|3, which can be realized as follows. Since [T'(¢ — ¢m)]; = 0 we have
{o(Z2) = om(2)} [;(W) = Xizile — emli{ei(2) f;(W) = [T];,}. Furthermore, Assumption
1.3 (i), i.e., sup; e E|er(2) f;(W) — [T];,* < 4ln*, implies

E{¢(2) = eul D501 < I = ol S B[S 4 el 205, W) = (T30

>1

< CM)n'lle = eml-

Proof of (1.29). The random variables (e;(Z;) f;(W;) — [T1;1), 1 < i < n, are iid.
with mean zero for each 1 < j,I < m. Hence, Theorem 2.10 in Petrov [1995] implies
EQml® < Cn~*m?® sup; ey Elei(Z) f;(W) — [T1;,|® and thus, the assertion follows from
Assumption 1.3 (ii), which completes the proof. O
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Lemma 1.5.2. If T € T, and ¢ € F7, then for all m > 1 we have

|Eme — ¢mll2 < Ddp, (1.30)

lp — emll2 <2(1+ Dd) P, (1.31)

[(h, 0 — om)z* < 2p Z [ +2Ddpm 1l (1.32)
ji>m Tm j=1 Uj

PROOF. Consider (1.30). Since T’ € T, the identity [Ene — omlm = —[T1,. [T Eq¢ln
implies || By — g%, < DITE@|3 < Dd| Bl Consequenty,

| Eme — mll2 < D dyptomllell? (1.33)

because (v; 'v;);>1 is nonincreasing and thus, [|Epne — @ml2 < Ymvn! 1Ene — @ml|2-
By combination of the last estimate and (1.33) we obtain the assertion (1.30). By em-
ploying the decomposition [ — o2 < 2[l¢ — Engll2 + 2| Enge — ¢ml? the bound
(1.31) follows from (1.30) and [ — Eel2 < ng||% It remains to show (1.32). Ap-

plying the Cauchy-Schwarz 1nequa11ty glves [(h, 0 = Em@) 2] < lloll2 X jsmlh)2y; " and
[(hy Emp — om) 2> < Dd|lo|12 vmym* [h]? ~! by (1.33). Thereby (1.32) follows
from the inequality |(h, 0 — @) z|? < 2|< — En@) 7| + 2/(h, Ep — om) z|?, which
completes the proof. O

Lemma 1.5.3. Suppose that the joint distribution of (Z, W) satisfies Assumption 1.3. Then
foralln > 1and m > 1 we have

P(m™2n||Qm|*> > t) < 2exp (— +2logm) forall 0 <t < 4nn. (1.34)

82

Proof. Our proof starts with the observation that for all j,I € N the condition (ii) in
Assumption 1.3 implies for all ¢ > 0

P(!i{ej(Zi)fKW Ele;(Z) AW} > 1) < 2exp(‘t),

dnn? + 20t

which is just Bernstein’s inequality (cf. Bosq [1998]). This implies for all 0 < ¢ < 2nn

2

bupP|Z{€J Wi) = Ele;(2) il W)]} 2 t) < 2exp (—

7,leN 877

) (1.35)

It is well-known that m ! ||[A]n|| < maxi<ji<m |[A];j4| for any m x m matrix [A],,. Com-
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bining the last estimate and (1.35) we obtain for all 0 < ¢ < 2nn!/?

P(m™ 0| Qul| > 1) < Z P(I3 (e (Z) W) = Eles () HW))| > n'/2t)

2

< 2exp (— 8 ~— +2logm).
O
Lemma 1.5.4. Under the conditions of Theorem 1.3.3 we have for all n > 1
(m},) P (U5, ) < C(v,v,n,D) (1.36)
(Rp) ' P(,.) < C(y,v,m,h, D). (1.37)

PROOF. Proof of (1.36). Since ||[T],,'||* < Dv,,' dueto T € T it follows from Lemma
1.5.3 for all m,n > 1 that

¢ -2 2, Um ___Mm
P(U55,) < P(m ™| Qu? > 4Dm3) <2exp ( 3D 2logm)
since (4Dm3v;;1)~! < 1 < 4n? for all m > 1. Due to condition (1.13) there exists ng > 1
such that nv,: > 448D77 (my,)* log m;, for all n > ng. Consequently, (m},)"* P(U5,. ) < 2
for all n > ng, while trivially (m;;)'? P(U5,.) < (mj, )" for all n < no, which gives (1.36)

no

N WV

since ng and m;, depend on v, v, n and D only.

Consider (1.37). Let ng € N such that max{|log R%|, (log m;)} (m};)? < nvm: (96Dn?)~!
for all n > ng. Observe that U,,, C Q, if n > 4Dv,,'. Since (m}) >nvm,: > 96Dn?
for all n > ng it follows nu,,; > 4D for all n > ng and hence (R};)™'P(,.) <
(RIHY=1P( mz) < 2forall n > ng as in the proof of (1.36). Combining the last es-
timate and the elementary inequality (R};)~'P(,.) < (R};)~"! for all n < ng shows
(1.37) since ny depends on v, v, n, h and D only, which completes the proof. O

Proofs of Section 1.3.4

PROOF OF PROPOSITION 1.3.6. Proof of (pp). From the definition of m in (1.6) it fol-
lows m* ~ nl/(?p+29) " Consider case (i). The condition s — a < 1/2 implies that

—IZ ’j’2a 2s n_l(mea—28+l ~ n—(2p+2s—1)/(2p+2a) gpd moreover, we calcu-
late Y°. §I772 ~ pm@p+2s=1)/(2r+29) gince p + 5 > 1/2. If s —a = 1/2 then
n_lzﬁl 72272 ~ n~tlog(n'/P29) and Y., [j|7%#7% ~ n~!. In the case of

s —a > 1/2 it follows that E?fﬁ 7/**7%* is bounded whereas ), |77 < n~!
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and hence, R,}; ~ n~!. To prove (ii) we make use of Corollary 1.2.2. We observe that if
s —a > 0 the sequence wv is bounded from below, and hence R% ~ n~!. Otherwise, the
condition s — a < 0 implies RY ~ n~(P+s)/(p+a),

2a)  In order to

Proof of (pe). Note that m} satisfies m* ~ log(n(logn)=?/®)1/(
prove (i), we calculate that Y,.,,. [j|7#72 ~ (logn)(=?~25+1/(2%) and moreover,
n1 Z;”jl exp(]7129)|j]72* < (logn)(—2r=2s+1)/(2)  In case (ii) we immediately obtain
RY ~ (logn)~Pts)/e,

Proof of (ep). It holds true m* ~ log(n(logn)~%/?)Y/(2r) Consider case (i). If
s—a < 1/2 then n~! Z;”jl 712025 ~ n~1(logn)Re=2s+1)/2P) If s — a4 = 1/2 we con-
clude n~! Z;”jl 17]24=25 ~ n~11og(log(n)). On the other hand, the condition s —a > 1/2

|2a=2s is bounded and thus, we obtain the parametric rate n~!. More-

implies that >3 |;
o s . .1—9 .12 1M | :12a—2 ey s

over, it is easily seen that 3., [j|7* exp(—[j|*) < n™" 32,2 [j[**7*°. In case (i) if

s —a > 0 then the sequence wv is bounded from below as mentioned above and thus,

RY ~n~ ' If s — a < 0 then R ~ n~'(logn)(®=*)/P, which completes the proof. O

Proofs of Section 1.4

At the end of this section we shall prove six technical Lemmata (1.5.7 — 1.5.12) which are
used in the following proofs. Let us introduce a nondecreasing sequence A := (A;,)m>1
and its empirical analog A := (A )m>1 by Ay, 1= max ;< <m||[R)/[T]1]|? and Apy =
maxy < <ml|[RL, [T]T_n}||2, respectively. Similarly to M~ introduced in (1.18) we define

M, := min {2 <m < M 4Dv,'m? max [h)3 > an} -1 (1.38)
1<gsm
where we set M, := M] if the set is empty. Thus, M, takes values between 1 and

M. In the following C > 0 denotes a constant only depending on the classes FB, Tips
the constants o, n and the representer h. For ease of notation, the value of C > 0 may
change from line to line.

PROOF OF THEOREM 1.4.1. The proof of the theorem is based on inequality (1.15). Ob-
serve that by Lemma 1.5.10 we have M, < M, < M, . Further, due to condition
(my,)? maxi<jcms [h]5 = 0(anumg) there exists ng > 1 only depending on £, v, and v
such that for all n > ng it holds m{ < M, . We distinguish in the following the cases
n > ng and n < ng. First, consider n > ng. Applying Corollary 1.5.6 together with
estimate (1.15) implies

]E|l7;;l — (@) < C{ pen,,. + bias;e —i—n’l}.
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From the definition of pen,, we infer pen,, < 24(3p + 202)(1 + logn)n "D Y7 [h] v} !
since T € dip> U € U7, and ¢ € F¥ . Moreover, since ¢ € FF and h € Fy/,
estimate (1.32) in Lemma 1.5.2 implies for all 1 < m < M, the inquality bias,, <

. — 1 ’ _
Ny <ty 2p{ X jom [h]%’j '+ dDv ?Ll[h]?vj '}

Consequently,
B\l — tu()I* < C{max (37 (a7 0 Y et ) + 0.
j>ms, j=1

Consider now n < ng. Observe that forall 1 < m < MZ} it holds

[ = ta()[* < 2/ [T) Vil T2, +2(1n (2 — ) + 1n () 1035, )
< 20|l g IPIVage 1 + 2(1n(0m — )1 + ea(9)* 1ag,).  (1.39)

From the definition of M} we infer ||[2]||* < [h]? n®/*. Hence inequality (1.28) in
Lemma 1.5.1, inequality (1.31) in Lemma 1.5.2 and Lemma 1.5.12 yield for all ¢ € FP
and h € Fy/,

nE |0y — ()l < 2[R]F n®P|Vagall + 6p]|l3 ., (1 + Dd)n < C,

which proves the result. O

Lemma 1.5.5. Consider (pen,,, )m>1 with pen,,, := 24(24 E[U?]+96n2p m3~,,1) (1+1log n)n ™.
Then under the conditions of Theorem 1.4.1 we have for all n > 1

~ 1 _
sup sup E max <|€m — Lh(om))? — = penm) <Cnh
TeTyp, PujweUs®  mg<m<M;f 6 +

PROOF. Similarly to the proof of Theorem 1.3.3 we obtain the decomposition

[l — € (pm)[* < 2l [T) Vinl* + 2m ™ [T [T 12| Vil P+
20| [P [T Qo |21 Vi |1 s, +101 (0 )|? Lrg, -

Observe that ||[h]},[T],'|* < Ay, for all m > 1 and hence, we have for all m;, < m <
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AL [T]= 2 244,

ht T71Vm2 —
Nm> <2Am<[ ]m[ ]m ‘ penm)
+ +

1
6
V.l?  pen
(H ml® _ P ™) A+ 208 Q| Vin* T, +len(om)* L,
m

= Iyp+ 11, + 111, + IV,,.

Consider the first two right hand side terms. We calculate

Mt

n

E max (I,,+1[,)<4 max supRE (’Sth‘Q B penm) Z A,
+

m;’léméMn+ m%éméMﬁ{ sesSm 24Am m=1

From the definition of pen we infer for all s € S™ and m2 < m < M,F

nE (|s'V? fﬁmh <2E ((n 712 zn:Uist[f(Wi)] )2 — 12E[U%)(1 + 1ogn))+
m i=1

n

+2E (<n,1/2 > (0(Zi) — om(Z:)s' [f(Wi)lm)? — 487" pm®y,,' (1 + log n))+
=1

< C(o,n,7,p, D)n~?

where the last inequality follows from Lemma 1.5.7 and 1.5.8. Due to the definition of
M, and since A is nondecreasing we have

M

n! Ay < D(nvy,+ ) H(M,F)? max [h]? < 4D%.
m=1 "’ 1<G<My

Consequently, Emax, ..+ (Im + I1;) < Cn™'. Further, we obtain for ¢ € F¥ and
h S fl/’y

My
E - max  (I11n) <0l (B[1Qu: 1) E IVage [9Y2PY4( U 7)
m=1

me <m< M,
MF
< CH) (o + (1 + Dd)p)n™ Ay (M PPV 05,

m=1
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where the last inequality is due to Lemma 1.5.1 and

My
2 c
B mex (V) <l P( U 95
Now applying inequality n~' A,/ + (M,})* < 4D* and Lemma 1.5.9 gives the upper bound

E max III, + IV,,) < Cn~', which completes the proof. O

me <m< M, (

Corollary 1.5.6. Under the conditions of Theorem 1.4.1 we have for all n > 1

~ 1
sup sup E max <|€m —lp(om)]* — = penm) <Cnh
TeTy , Pujwelge  mg<m<M;f 6 n

Proof. Observe that m3y,,! = o(1) and ||¢ — ¢m|% = o(1) as m — oo due to Assumption
1.1 and T € 7 (cf. proof of Corollary 1.3.2), respectively. Thereby, there exists a
constant ng only depending on ~, p, and 7 such that for all n > ng and m > m;, we have

24 E[U?]4+96n°pm?y,," < T2( E[Y 2]+ |lom || 2+ lo—eml %) +960° pmPy,.t < 62, (1.40)

We distinguish in the following the cases n < ng and n > ng. First, consider n < ny.
Due to n~! Z%L A,, < 4D? and inequality (1.27) in Lemma 1.5.1 we calculate for all
sesS™

M MY
t 2 pen t 2 2/ 2 2 2y, —1
mzzlemEOs Vin| —24AZ)+<n§1AmE\S Vinl? < 8ngD*(0*+C (7)1 ng—gpmﬂ,y)n .

Therefore, following line by line the proof of Lemma 1.5.5 it is easily seen that it holds
nEmax, o (1 — €1 (om)2 — gpen,, ) < C. Consider now n > ng. Inequal-
ity (1.40) implies pen,, < pen,, and thus, (|fm — Gu(m)> — Lpen,,), < (|m —
Ch(om)|? — %ﬁeﬁm)Jr for all m < m < M, . Thus, from Lemma 1.5.5 we infer
nEmax, o .+ (10 — £h(om)|? — %penm)Jr < C, which completes the proof of the
corollary.

O

PROOF OF THEOREM 1.4.2. Similarly to the proof of Theorem 1.4.1 and since pen is a
nondecreasing sequence we have for all 1 < m < M,

. . . ~ 1__
[0~ — h(p)|* < pen,, + biasy, + max (\Em/ — (o) ]2 — = penm/>

m<m/ <My 6 +
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Let us introduce the set

n

A= {penmép/&lm<8penm, 1<m§M:}ﬂ{MJ < M, < M7},

then we conclude for all 1 < m < M,

~ -~ 1
[0~ — 0h(¢)]* 14 S pen,, +bias,, + max (\Em/ — ly(om))? — = penm/) :
m<m!/ <M~ 6 +
Thereby, similarly as in the proof of Theorem 1.4.1 we obtain for all ¢ € F# and
h € Fy,, the upper bound for all n > 1

Bl — h(0)]* 14 < CRE 4 10gm)1- (1.41)

Let us now evaluate the risk of the adaptive estimator an on A°. From the definition
of M} we infer |[[h]y]1* < [h]fn M. Consequently, inequality (1.39) together with
(1.28) in Lemma 1.5.1, (1.31) in Lemma 1.5.2 and Lemma 1.5.12 yields for all ¢ € FL
and h € Fy/,

E |05 — €n(0)]* Lac
< 2[F 0’ M(E||Vagy [4) 2 P(A)2 + 6p| |} (1 + Dd) P(A%) < Cn™ ",

The result follows by combining the last inequality with (1.41). O

Technical assertions.

The following paragraph gathers technical results used in the proofs of Section 1.4. In
the following we denote &s(w) := 377" s; fj(w) where s € S™ = {s € R™ : [|s]| = 1}.

Lemma 1.5.7. Let Assumptions 1.3 and 1.4 hold. Then foralln > 1and 1 < m < |n!/4|
we have

sup sup E K%‘ iUigs(Wi) g 12E[U?](1 + logn))J < C(o,m)nt.
i=1

PUlWEZ/{o‘OO seS™m

Proof. Let us denote § = 12E[U?](1 + logn). Since the error term U satisfies Cramer’s
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condition we may apply Bernstein’s inequality and since E[U?|W] < o2 we have

1 n
E[(n‘;mﬁs(w —6)+|W1,...,Wn}
/ ZU@S )=\l )W, W) de
00 — ) — )
é/g exp (8022n(t|;() TATE dt+/ exp 40maX1;SnTES)(WG)|)dt' (1.42)

Consider the first summand of (1.42). Let us introduce the set

. & logn
B:= {Vl <jl<m: |n 1;fj(Wi)fl(Wi) — b5l < 3\/5}

where §;; = 1if j = [ and zero otherwise. Applying Cauchy-Schwarz’s inequality twice
we observe on Bforalln > 1and 1 < m < M,

1

'Y & (WP = 1] 15 < Z zillzl[n ™ > Fi (W) flWi) — 65 18 < 5
=1 =1 i=1

[\)

since n~'/*logn < 3/2 for all n > 1. Thereby, it holds n=! 7, |€,(W;)|? 15 < 3/2 and
thus,

] [ o (g )i e] < 1202 s (g 135) < o0

(1.43)

On the complement of B observe that sup;; Var(f;(W) fy(W)) < n* due that Assumption
1.3 (i) and thus, Assumption 1.4 together with Bernstein’s inequality yields

P(B°) < Z (3] ij — 61| > \/ﬁlogn)
Jil=1
9 n(logn)? (logn)?
< 2m” exp ( — 36" +6n\/ﬁlogn) < 2exp (210gm— 1201 )

By Assumption 1.3 (i) it holds E |&,(W)[* < E [T, f7(W)[* < m*n*. Thereby

> 7”(75 + 5) e\ 1/2
nE [/O exp (o s |§S(Wi)|2)dt Lse | < 80Pn(E|&(W1)['P(5%) " < 12072
(1.44)
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for all n > exp(126n*) and 1 < m < |[n'/%]. Moreover, for n < exp(126n?) it holds

nE[|&(Wh)|? 1] < exp(126n*). Consider the second summand of (1.42). Since =

exp(—1/x), x > 0, is a concave function and E|£,(W)[* < m?p* we deduce for all

1 <m < [nl/4

0o - n(t+5) > — n(t+5)
<
E [/o eXP (40 maxi<i<n |§s(W¢)\)dt} = /o P <40EmaX1<i<n |58(Wi)|)dt

o —\/n(t+9) o0 —n! 4/t +0)
< dt < — Vo N\t
/o o (4a<nE\ss<W>r4>l/4) /0 x> (i)
—n!/*/5 4 1
< 8o my/m/nexp (W> (nl/ Vo + 4o n\/m) < C(o,m)n™. (1.45)
The assertion follows now by combining inequality (1.42) with (1.43), (1.44), and
(1.45). d

Lemma 1.5.8. Let Assumptions 1.1 and 1.3 hold. Then for all n > 1 and m > 1 we have

3
Tm

sup sup E [(%‘ Y (p—pm)(Zi)&s (W) 2—48n2pm(1+10gn))+] < C(n,v,p, D)n ",
=1

TeTy p seS™

Proof. Let us consider a sequence w := (w;);>1 with w; := j2. Since [T(¢ — ¢m)]m = 0
we conclude form > 1, s € S™, and k = 2,3, ... that

E|(¢(Z) = om(2))&(W)F = E| i[so — omli i sj(el(2) F;(W) = [T))|*
=1 j=1

o0

<o = omllE EIY w S (e(2) £;(W) — [T];0)%172
=1 j=1

< le = @mllEm*2(x/v/6)" sup E |e(Z) f;(W) — [T];/*

J,leN

where due to Assumption 1.3 (i) sup; ;e Var(e;(Z) f;(W)) < n* and due to Assumption
1.3 (ii) it holds sup; ey E |e;(2) f;(W) — [T];|" < k!n* for k > 3. Moreover, similarly
to the proof of (1.31) in Lemma 1.5.2 we conclude m*/2||p — ¢, |5 < (m3y,;1)*/2(2 +
2Dd)*/2pk/2, Let us denote p,, := n (1 + Dd)\/6pm3vyn'. Consequently, for all m > 1
we have E|(¢(Z) — ¢m(2))&(W)[? < pj, and

sup E|(9(Z) — om(Z)Es(W)F < pk k! for k= 3,4,.... (1.46)

seS™
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Now Bernstein’s inequality gives for all m > 1

sup E | — s(W; —872n1—|—lon
sup E[(5 \Z Z)EW)| = 8y (1 +1ogm) |
o0 —(t+9) /OO —/n(t +9)
< N S S
< 2/0 exp( S )dt—l—? A exp( e )dt
) 12 n(1+ logn) 7
< 164, exp(—logn)+16m,mn exp ( 5 )(4um+\/8num(1 +logn))
< C(n,7,p, D)n”"!
and thus, the assertion follows.
]
Lemma 1.5.9. Let T € . Then for all n > 1 it holds
My
P( | ©5) < C(h,v,n,D)n™", (1.47)
=1
My
Pl 95,) <C(h,v,n,D)n~". (1.48)
Proof. Proof of (1.47). Since T € T}, we have |[[T],,'||* < Duv,,' and thus, exploiting

Lemma 1.5.3 together with the deﬁnltlon of M, gives

n 1 nv
4p( Q Uﬁn) <2exp( B D(MAJ/“[) +3logM++4logn) < C(h,v,n, D).

Proof of (1.48). Due to the definition of M, there exists some ny > 1 such that n >
4Dv;41$ for all n > ng. Thereby, condition T € T}, implies max, .+ [T a7 <

Dv;} < n/4 for all n > ng. This gives [JV: 11 Q. C U 100 and inequality (1.48)

follows by making use of (1.47). If n < ng then nP( U " QC ¢) < ng and the assertion
follows since ng only depends on h, v and D. O

Lemma 1.5.10. Let T € T}/p. Then it holds M,; < M,, < M, foralln > 1

PrROOF. Consider Mn_ < M,. fM; =1or M, = M]} the result is trivial. If M,, = 1,
then clearly M, = 1. It remains to consider M, > 1 and M/ > M, > 1. Due to
T € T{p it holds ||[T }M wrill” ~2 > D~ 'uy, 41 and thus, by the definition of M,, and M,
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it is easily seen that

Uiy 4, +1

>
—\3 2 37
1<rjn<az\X/1—[h] (M) 1<32Ma§+1[h]] (M +1)

and thus, M,, + 1 > M ,i.e. M,, > M. Consider M,, < M} . If M,, = 1 or M; = M
the result is trivial, while otherwise since v,, < ||[T],'|* sup|s,.¢/j=1 | FnTEm¢l*> <
D||[T],;'||* due to condition T € 7 with d < D and by the definition of M, and M,} it
follows

UM, 4“M,j +1

> .
h12 M3 2 + 3
15121)\(471[ A 1<j?&§+1[h]j(Mn T

Thus, M," +1 > M,, i.e. M," > M,, which completes the proof. O

In the following, we make use of the notation o3 := E[Y?] and 5% := n~ ' 31, Y2
Further, let us introduce the events

Hi={IQulITIR <1/4 VI<m< (M +1)}, (1.49)
g:= { <26% < 3JY} (1.50)
7 = { TRVl < SO ol + 03) V1< m <7}, (51

Lemma 1.5.11. Let T € T;'p,. Then it holds HNGNJ C A.

Proof. For all 1 < m < M, observe that condition ||Q,,|/[|[T],'ll < 1/4 yields by the
usual Neumann series argument that |[([I], + Qm[T],,') ™" — [I]m|| < 1/3. Thus, using
the identity [T1,,! = [T1,' — [T]! ([)m + Qm[T]5") ! — [I]m) we conclude

m m

o1 1110 8 e RS 113 el
Similarly, we have 2|/[T],, Lol < 3”[?] Lomll < 4|[T7;, 1vm|| for all v,,, € R™. Thereby,
since [T],,!Vin = [T1'[9lm — [T [9]m We conclude

1T 9wl < (32/9)I[T) Vinl® + 21 [T)2 (6] 1,

T Bl < (32/9)N[T) Viul® + 20T (9] 1>

On 7 it holds ||[T],,'Viul|* < §(I[T]4 [9]m|/* + 0% ). Thereby, the last two inequalities
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imply

(5/9)(IIT) 9lw® + 0%) < 0% + 20T, (G,

T2 Blmll? < (22/9)[T)5 [9)mll® + (4/9)0%-

On G it holds 0% < 25% < 30% which gives

(5/9)(IT) [glwl* + 0%) < (3/2)5% + 2/[T]5 [GlmlI,
T Glmll? + 5% < (22/9)[T] [9)m]l® + (10/9)0%.

Combing the last two inequalities we conclude for all 1 < m < M,F

(5/18) (I[T)5 (9] 1* + 0%) < 1T]' 8 l® + 3 < (22/9) ([T ] (9 |* + 0%).

Consequently, we have

~

HNGNT C {40, <94, <164, and 5, <18 <44¢2 V1 <m < M}

and thus, HNGNJ C {pen,, < pen,, < 18pen,, V1 < m < M, }. Moreover, it holds
H c {M; < M, < M;"}, which can be seen as follows. Consider {M,, < M, }. In case
of M,, = M" or M;; = 1 clearly {M,, < M;;} = (). Otherwise by the definition of M, it
holds

M, —1
(M, < My} = |J {Ma=m}c{32<m< My m||[T]5* max [B]} > an }.

me1 1<g<m

By the definition of M, and the property ||[T],,'||* < Duv;,' there exists 2 < m < M,;
such that on {M,, < M, } it holds ||[T],,}|* > 4Dv;,! > 4]|[T];,;'||* and thereby,

(M, < M7} {32 <m < My T2 > 41715012} (1.52)
Consider {M,, > M;}. In case of and M, = M" or M, = 1 clearly {M, < M;} = 0.

Otherwise, condition T € 7 with d < D implies v,,! < D||[T],'||* as seen in the proof
of Lemma 1.5.9. Thereby, we conclude similarly as above

{32 > 2}y < (Il P = 01 - (153)
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Again applying the Neumann series argument we observe

Hc V1 <m< (M +1) 2T < 31T < 4T

which combined with (1.52) and (1.53) yields {M,; < ]T/[\n < M;L}C C H° and thus,
completes the proof. m

Lemma 1.5.12. Under the conditions of Theorem 1.4.2 we have for all n > 1

nt(MMAP(A%) < C.

Proof. Lemma 1.5.11 implies that n*(M)*P(A°) < n*(MM*{P(H) + P(T¢) + P(G)}.
Therefore, the assertion follows if the right hand side is bounded by a constant C, which
we prove in the following. Consider H. From condition T’ € 7;’;, and Lemma 1.5.3 we

infer

1 ™t
128Dn (M, + 1)

nt (MM P(H) < 2exp< 5 +3log(M,  +1)+5log n) < C(h,v,n,D)

(1.54)

where the last inequality is due to condition (M," + 1)%2logn = o(nv M+y1)- Consider
G. Due to condition m3y,,! = o(1) as m — oo and U € UX we observe E[Y*] <
2(E[e*(2)]+E[U]) < C(v, p, o) sup;-, E[eh(Z)]. Thus, assumption sup;; E[e3°(Z)] <
7% together with Theorem 2.10 in Petrov [1995] imply

n
n*(MMAP(G%) < n°P(|6% — 0| > 0% /2) < 10240, 0 E [n ™! ZYlQ - 032/|10
=1
< 10240, E|Y? — 0" < C(v,p,0,1). (1.55)

Consider J. For all m > 1 observe that the centered random variables (Y;—(Z;)) f;(W5),
1 < i < n, satisfy Cramer’s condition (1.46) with yu,, = 7 (1 + Dd)\/6pm3ymt <
C(n,v,p, D). From (1.31) in Lemma 1.5.2, ¢ € F£, and Py € U we infer |jop||% +
0y < 4(2 + Dd)p + 20*. Moreover, it holds ||[T],,'V;n[* < Dv,'[|Vi,|? by employing



condition T' € 7;’. Now Bernstein’s inequality yields for all 1 < m < M+

nCP (|71 Vin 2 > (11715 (9l + 03)/8)

<n®y P(‘ > (Vi = o(Z) f;(Wi) 2
j=1 =1

n2vpm,

8Dm

> = (loml% +03))

n2vmm ™ (om|% + oF) )

<2nm exp| —
( 32Dnu2, + 16anU}r{2m_1/2(H‘PmHQZ +oy)1/2

2

< 2e 71 —
Xp( 8T M Clom, 7,0, D)

Due to the definition of M, the last estimate implies n*(M)*P(7¢) < C, which com-
pletes the proof. O






2 Goodness-of-Fit Tests based on Series
Estimators in Nonparametric

Instrumental Regression

2.1 Introduction

While parametric instrumental variables estimators are widely used in econometrics,
its nonparametric extension has not been introduced until the last decade. The study
of nonparametric instrumental regression models was initiated by Florens [2003] and
Newey and Powell [2003]. In these models, given a scalar dependent variable Y, a
vector of regressors Z, and a vector of instrumental variables W, the structural function
 satisfies

Y =(Z)+U with E[UW]=0 2.1)

for an error term U. Here, Z contains potentially endogenous entries, that is, E[U|Z]
may not be zero. Model (2.1) does not involve the a priori assumption that the structural
function is known up to finitely many parameters. By considering this nonparametric
model, we minimize the likelihood of misspecification. On the other hand, implementing
the nonparametric instrumental regression model can be challenging.

Nonparametric instrumental regression models have attracted increasing attention in
the econometric literature. For example, Ai and Chen [2003], Blundell et al. [2007],
Chen and Reifd [2011], Newey and Powell [2003] or Johannes and Schwarz [2010]
consider sieve minimum distance estimators of ¢, while Darolles et al. [2002], Hall
and Horowitz [2005], Gagliardini and Scaillet [2012a] or Florens et al. [2011] study
penalized least squares estimators. When the methods of analysis are widened to include
nonparametric techniques, one must confront two mayor challenges. First, identification
in model (2.1) requires far stronger assumptions about the instrumental variables than
for the parametric case (cf. Newey and Powell [2003]). Second, the accuracy of any
estimator of ¢ can be low, even for large sample sizes. More precisely, Chen and Reil3
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[2011] showed that for a large class of joint distributions of (Z, W) only logarithmic
rates of convergence can be obtained. The reason for this slow convergence is that model
(2.1) leads to an inverse problem which is ill posed in general, that is, the solution does
not depend continuously on the data.

In light of the difficulties of estimating the nonparametric function ¢ in model (2.1),
the need for statistically justified model simplifications is paramount. We do not face
an ill posed inverse problem if a parametric structure of ¢ or exogeneity of Z can be
justified. If these model simplifications are not supported by the data, one might still
be interested in whether a smooth solution to model (2.1) exists and if some regressors
could be omitted from the structural function ¢. These model simplifications have im-
portant potential since they might increase the accuracy of estimators of ¢ or lower the
required conditions imposed on the instrumental variables to ensure identification.

In this work we present a new family of goodness-of-fit statistics which allows for sev-
eral restricted specification tests of the model (2.1). Our method can be used for testing
either a parametric or nonparametric specification. In addition, we perform a test of
exogeneity and of dimension reduction of the vector of regressors Z, that is, whether
certain regressors can be omitted from the structural function . By a withdrawal of re-
gressors which are independent of the instrument, identification in the restricted model
might be possible although ¢ is not identified in the original model (2.1).

There is a large literature concerning hypothesis testing of restricted specification of
regression. In the context of conditional moment equation, Donald et al. [2003] and
Tripathi and Kitamura [2003] make use of empirical likelihood methods to test para-
metric restrictions of the structural function. In addition, Santos [2012] allows for dif-
ferent hypothesis tests, such as a test of homogeneity. Based on kernel techniques,
Horowitz [2006], Blundell and Horowitz [2007], and Horowitz [2011b] propose test
statistics in which an additional smoothing step (on the exogenous entries of 7) is
carried out. Horowitz [2006] considers a parametric specification test. Blundell and
Horowitz [2007] establish a consistent test of exogeneity of the vector of regressors Z,
whereas Horowitz [2011b] tests whether the endogenous part of Z can be omitted from
. Gagliardini and Scaillet [2007] and Horowitz [2012] develop nonparametric speci-
fication tests in an instrumental regression model. We like to emphasize that their test
cannot be applied to model (2.1) where some entries of Z might be exogenous.

Our testing procedure is entirely based on series estimation and hence is easy to imple-
ment. We use approximating functions to estimate the conditional moment restriction
implied by the model (2.1) where ¢ is replaced by an estimator under each conjectured
hypothesis. It is worth noting that by our methodology we can omit some assumptions
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typically found in related literature, such as smoothness conditions on the joint distribu-
tion of (Z,W). In addition, a Monte Carlo indicates that the finite sample power of our
tests exceed that of existing tests.

Our method is also applicable when an additional smoothing step is carried out. It
is shown that the asymptotic behavior of our test relies crucially on the behavior of the
smoothing operator. In particular, by carrying out additional smoothing the power with
respect to local alternatives increases. On the other hand, the class of alternative models
over which uniform consistency can be obtained might shrink. In this paper, we give

heuristic arguments how to choose the smoothing operator.

2.2 A simple hypothesis test

In this section, we propose a goodness-of-fit statistic for testing the hypothesis Hy : ¢ =
g, Where ¢ is a known function, against the alternative ¢ # ¢y. We develop a test
statistic based on £? distance. As we will see in the following chapters, it is sufficient
to replace ¢y by an appropriate estimator to allow for tests of the general model against
other specifications. We first give basic assumptions, then obtain the asymptotic distribu-
tion of the proposed statistic, and further discuss its power and consistency properties.

2.2.1 Assumptions and notation.

The model revisited The nonparametric instrumental regression model (2.1) leads to
a linear operator equation. To be more precise, let us introduce the conditional expec-
tation operator T'¢ := E[¢(Z)|W] mapping L2 = {¢ : E|¢p(2)|*> < oo} to L3, = {¢ :
E[)(W)|? < oo}. Consequently, model (2.1) can be written as

g=Te (2.2)

where the function g := E[Y|W] belongs to £%,. Throughout the paper we assume that
an iid. n-sample of (Y, Z, W) from the model (2.1) is available.

Assumptions. Our test statistic based on a sequence of approximating functions { fj };>1
in £3,. Let W denote the support of W and the marginal density of W by py,. We assume
throughout the paper that { f;};>, are orthonormal on the support of W with respect to
the Lebesgue measure v, that is, [,,, fj(w) fi(w)v(dw) = 1 if j = | and zero otherwise.

Assumption 2.1. There exist constants 1,7, > 1such that (i) sup;>, (fw \fl(s)]41/(ds)) <
ny and (ii) sup,,cyy {pw (w)/v(w)} < np with v being strictly positive on W.
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Assumption 2.1 (i) restricts the magnitude of the approximating functions {f;};>1
which is necessary for our proof to determine the asymptotic behavior of our test statis-
tic. This assumption holds for sufficiently large 7, if the basis {f;};>1 is uniformly
bounded, such as trigonometric bases or B-splines that have been orthogonalized. More-
over, Assumption 2.1 (i) is satisfied by Hermite polynomials. Assumption 2.1 (ii) is
satisfied if, for instance, py /v is continuous and W is compact.

The results derived below involve assumptions on the conditional moments of the
random variables U given W gathered in the following assumption.

Assumption 2.2. There exists a constant o > 0 such that E[U*|W] < o*.

The conditional moment condition on the error term U helps to establish the asymp-
totic distribution of our test statistics. The following assumption ensures identification
of © in the model (2.2).

Assumption 2.3. The conditional expectation operator T is nonsingular.

Under Assumption 2.3, the hypothesis Hj is equivalent to g = T'py which is used
to construct our test statistic below. Note that the asymptotic results under each null
hypothesis considered below hold true even if 7 is singular. If Assumption 2.3 fails,
however, our test has no power against alternative models whose structural function
satisfies ¢ = g + 6 with § belonging to the null space of T'.

We will see below that the power of our test can be increased by carrying out an ad-
ditional smoothing step. Therefore, we introduce the smoothing operator L on £Z,. In
contrast to the unknown conditional expectation operator 7', which has to be estimated,
the operator L can be chosen by the econometrician. Let L have an eigenvalue decom-
position given by {le/ 2, fi}i=1. We allow in this paper for a wide range of smoothing
operators. In particular, L may be the identity operator, that is, no smoothing step is
carried out. We only require the following condition on the operator L determined by
the sequence of eigenvalues 7 = (7;)>1.

Assumption 2.4. The weighting sequence T is positive, nonincreasing, and satisfies 7, = 1.
Assumption 2.4 ensures that the operator L is nonsingular.

Remark 2.2.1. Horowitz [2006], Blundell and Horowitz [2007], and Horowitz [2011b]
consider as a smoothing operator a Fredholm integral operator; that is, Lo(s) = fol L(s,t)p(t)dt
for some function ¢ € £20,1] = {¢ : [, ¢*(s)ds < oo} and some kernel function ¢ :
[0, 1] — R. In order to ensure L¢ € L2[0,1] it is sufficient to assume fol fol [€(s,t)|?dsdt <
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oo. Let {le/ 2, fj}j=1 be the eigenvalue decomposition of L. By Parseval’s identity

1 41 1> >
|| s opasat= [7S i) Pds = 30,
0o Jo 0 j=1 j=1

where the right hand side is only finite if the sequence T decays sufficiently fast. In our case,
if we apply a smoothing operator L with } 22| 7; < oo then our test statistics converges also
to a weighted series of chi-squared random variables. In addition, we allow for a milder
degree of smoothing or no smoothing at all and show below that then asymptotic normality

of our test statistics can be obtained. O

Notation. For a matrix A we denote its transposed by A?, its inverse by A~!, and its
generalized inverse by A~. The euclidean norm is denoted by || - || which in case of a
matrix denotes the spectral norm, that is || A|| = (trace(A*A))'/2. The norms on L% and
L%, are denoted by ||§|% := E|¢(Z)|? for ¢ € L% and ||¢[|, = E [ (W)|? for ¢ € L.
The k x k identity matrix is denoted by [;. For a vector V' we write diag(V') for the
diagonal matrix with diagonal elements being the values of V. Moreover, ¢,,(Z) and
fm(W) denote random vectors with entries e;(Z) and f;(IV), 1 < j < m, respectively.
For any weighting sequence w we introduce vectors e (Z) and f* (W) with entries
e¥(Z) = Jwje;(Z) and f¥(W) = Jw; f;(W), 1 < j < m. We write a,, ~ b, when there
exist constants ¢, ¢’ > 0 such that cb,, < a,, < b, for all sufficiently large n.

2.2.2 The test statistic and its asymptotic distribution

Nonsingularity of the conditional expectation operator 7" and the smoothing operator L
implies that the null hypothesis H is equivalent to L(g — T'v9) = 0. Note that ||L(g —
To)|lw = 0if and only if [, |L(g—T¢o)(w)pW(w)/y(w)\QV(dw) = 0 since the Lebesgue
measure v is strictly positive on V. Moreover, since { f;};>1 is an orthonormal basis with
respect to v we obtain by Parseval’s identity

e}

| 1o = Teo)whpw (w)/v(w) Pr(dw) = 3 Ellg = Teo) W) (W @.3)

Jj=1

Now we truncate the infinite sum at some integer m,, which grows with the sample size
n. This ensures consistency of our testing procedure. Further, replacing the expectation



64 Testing in Instrumental Mean Regression

by sample mean we obtain our test statistic

My, n

S = 7iln ™ 3o (¥i — o Z0)) (W) 24)
j=1 i=1
We reject the hypothesis Hy if n.S,, becomes too large. When no additional smoothing
is carried out, that is, L is the identity operator, then 7; = 1 for all j > 1. To achieve
asymptotic normality we need to standardize our test statistic .S,, by appropriate mean
and variance, which we introduce in the following definition.

Definition 2.2.1. For all m > 1 let X, be the covariance matrix of the random vector
U f;, (W) with entries s; = E [U?f7(W)f](W)], 1 < j,1 < m. Then the trace and the
Frobenius norm of X, are respectively denoted by

1/2

m :iSjj and gm::<§:sl)

j=1 j, =1

Indeed the next result shows that n.S,, after standardization is asymptotically normally
distributed if m,, increases appropriately as the sample size n tends to infinity.

Theorem 2.2.1. Let Assumptions 2.1-2.4 hold true. If m,, satisfies

Mn

Gl =o) and (37) = oln) 2.5)

=1

then under Hy
(V2n,) ™ (0 S = pim,)) 5 N(0,1).

Remark 2.2.2. Since <2, < n,0* 37" 7; (¢f proof of Theorem 2.2.2) condition ,,! =

o(1) implies that 3" 7; tends to infinity as n increases. Moreover, from condition (2.5) we
see that by choosing a stronger decaying sequence T the parameter m,, may be chosen larger.
From the following theorem we see that if 377" 7j = O(1) only my, = o(1) is required. [

In the following result, we establish the asymptotic distribution of our test when the
sequence of weights 7 may have a stronger decay than in Theorem 2.2.1, that is, we
i 7 = O(1). This holds, for instance, if the
sequence 7 satisfies 7; ~ j —(1+¢) for any £ > 0. In this case, the asymptotic distribution

consider the case where 7 satisfies

changes and additional definitions have to be made. Let X' be the covariance matrix
of the infinite dimensional centered vector (U f7 (W))j>1. The ordered eigenvalues of
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Y are denoted by ()\;);>1. Below, we introduce a sequence {X%j}j}l of independent
random variables that are distributed as chi-square with one degree of freedom.

Theorem 2.2.2. Let Assumptions 2.1-2.4 hold true. If m,, satisfies
ZTJ' =0(1) and m, =o(1) (2.6)
j=1

then under Hy

o0
n Sy 53" N

j=1
Remark 2.2.3 (Estimation of Critical Values). The asymptotic results of Theorem 2.2.1
and 2.2.2 depend on unknown population quantities. As we see in the following, the critical
values can be easily estimated. Let W,,(7) denote a n x m matrix with entries f7(W;) for
1 <i<nand1<j<m. Moreover, U, = (Y1 —¢o(Z1),...,Yn—0(Z,))". In the setting
of Theorem 2.2.1, we replace X, by

S = W (1) diag(U,)? Wi (1)

Now the asymptotic result of Theorem 2.2.1 continues to hold if we replace s,,, by the
Frobenius norm of %,,, and g, by the trace of %,, .. In the setting of Theorem 2.2.2,
the asymptotic distribution is not pivotal and has to approximated. First, note that the
difference of critical values between > 32, )‘jX%j and the truncated sum Zé\il Aj X%j can
be made arbitrarily small by choosing the integer M > 0 sufficiently large (cf. Horowitz
[2006]). Second, replace (\;)i1<j<nm by (Xj)lgjg m Which are the ordered eigenvalues of
. Observe that maxi<jcnr [Aj — M| = |2 — ]l = O(n~1/2) almost surely and
hence the critical values of ij‘il Xj X%j converge in probability to the ones of the limiting
distribution of n Sy,. O

2.2.3 Limiting behavior under local alternatives.

Let us study the power of the test statistic S,,, that is, the probability to reject a false
hypothesis, against a sequence of linear local alternatives that tends to zero as n — oc.
It is shown that the power of our tests essentially relies on the choice of the weighting
sequence 7.

Let us start with the case ¢,,! = o(1). We consider the following sequence of linear
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local alternatives
Y = o(Z) +o)/*n125(2) + U 2.7)

for some function § € £} := {¢ : E|¢(Z)|* < oo}. The next result establishes asymptotic
normality for the standardized test statistic S,,. Let us denote §; := ,/7; E[5(Z) f;(W)].

Proposition 2.2.3. Given the conditions of Theorem 2.2.1 it holds under (2.7)
j=1

As we see below the test statistic S, has power advantages if >-7'", 7; = O(1). Let us
consider the sequence of linear local alternatives

Y = po(Z2) +n"Y25(2)+ U (2.8)

for some function § € L7. For the next result, the sequence {xi;(d;/);)};>1 denotes
independent random variables that are distributed as non-central chi-square with one
degree of freedom and non-centrality parameters §;/\;.

Proposition 2.2.4. Given the conditions of Theorem 2.2.2 it holds under (2.8)

nS, % Z/\j X%j(éj/)\j) as n — oo.
j=1

Remark 2.2.4. We see from Proposition 2.2.3 that our test can detect linear alternatives
at a rate 9%1/3 n~12. On the other hand, if >im 7 = O(1) then S,, can detect local linear

—1/2_ But still our test with L = Id can have better power

alternatives at the faster rate n
against certain smooth classes of alternatives as illustrated by Hong and White [1995]
and Horowitz and Spokoiny [2001]. Indeed, the next subsection shows that additional
smoothing changes the class of alternatives over which uniform consistency can be obtained.

O

2.2.4 Consistency

In this subsection, we establish consistency against a fixed alternative and uniform con-
sistency of our test over appropriate function classes. Let us first consider the case of
a fixed alternative. We assume that H; does not hold, that is, P(¢ = ¢¢) < 1. The



2.2 A simple hypothesis test 67

following proposition shows that our test has the ability to reject a false null hypothesis
with probability 1 as the sample size grows to infinity.

The consistency properties require the following additional assumption.

Assumption 2.5. (i) The function py /v is uniformly bounded away from zero. (ii) There
exists a constant o, > 0 such that E[U%|W] > o2.

Assumption 2.5 (i) implies that || LT (¢ — ¢o)||lw > 0 for any structural function ¢ in
the alternative. Further, Assumption 2.5 implies that > 72 = O(s7, ).

Proposition 2.2.5. Assume that Hy does not hold. Let E|Y — po(Z)|* < oo and let
Assumption 2.5 (i) hold true. Consider the sequence (au)n>1 satisfying oy, = o(ng,,!).
Under the conditions of Theorem 2.2.1 we have

P((V26m,) " (180 = tim,) > an) = 1+ o(1).
Under the conditions of Theorem 2.2.2 we have «,, = o(n) and
P(nS, > an) =1+ o(1).

In the following, we specify a class of functions over which our test S,, is uniformly
consistent. This essentially implies that there are no alternative functions in this class
over which our test has low power. We show that our test is consistent uniformly over
the class

G = {w € L5+ ILT(o = ¢o)lliv > pn~"6m, andsup (v — wo)(2)* < C}

where C > 0 is a finite constant. Clearly, if Hy is false then || LT (¢ — ¢0) |13, = pSm,n "

for all sufficiently large n and some p > 0. By Assumption 2.4 the sequence 7 is nonin-
creasing sequence with 7y = 1 and hence, | LT (¢ — o) |13, < IT(¢—0)llE < llo—¢oll%
by Jensen’s inequality. We conclude that G? contains all alternative functions whose
L%-distance to the structural function ¢y is at least n~1g,, within a constant. If the
coefficients E[(¢ — ¢0)(Z) f;(W)] fluctuate for large j then ¢ does not belong to G, if the
decay of 7 is too strong. On the other hand, if E[(¢ — ¢0)(Z) f;(W)] is sufficiently small
for j up to a finite constant then ¢ does not necessarily belong to G? with 7 having a
slow decay. For the next result let ¢;, and ¢,, denote the 1 — « quantile of N'(0,1) and
221 \j X3, respectively.
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Proposition 2.2.6. Let Assumption 2.5 be satisfied. For any ¢ > 0, any 0 < a < 1, and
any sufficiently large constant p > 0 we have under the conditions of Theorem 2.2.1 that

lim inf P((ﬁgmn)_l (nSp — fim,) > Cha) >1-—c¢,

n—oo goegﬁ,

while under the conditions of Theorem 2.2.2

lim inf P(nSn > qga) >1—¢c.

n—o0 @egz

2.3 A parametric specification test

In this section, we present a test whether the structural function ¢ is known up to a finite
dimensional parameter. Let © be a compact subspace of R* then we consider the null
hypothesis H), : there exists some ¥} € © such that p(-) = ¢(-,?) for a known function
¢. The alternative hypothesis is that there exists no 9 € © such that ¢(-) = ¢(-, ) holds
true.

2.3.1 The test statistic and its asymptotic distribution

Under Assumptions 2.3 and 2.4, the null hypothesis H, is equivalent to L(g—T'¢(-,?)) =
0 for some ¥ € ©. Thereby, to verify H, we make use of the test statistic .S, given in
(2.4) where ¢ is replaced by ¢(-,J,,) with 9,, being an estimator of ¥. Hence, our test
statistic for a parametric specification is given by

Mn n

SP= S min ST (Vi — (2, 9.)) (W)

j=1 i=1

If the test statistic Sh becomes too large then H}, has to be rejected. To obtain asymptotic
results for the statistic S}, we require smoothness conditions of the function ¢ with re-
spect to its second argument. Below we denote the vector of partial derivatives of ¢ with
respect to ¥ = (J1,...,9%)" by ¢y = (¢,)1<i<k and the matrix of second-order partial

derivatives by ¢yy = (¢9,9,)1<j1<k-

Assumption 2.6. (i) Let ¥,, be an estimator satisfying ||0,, — Uo|| = O,(n='/2) for some
Yo € int(O) with o(-) = ¢(-,9) if Hp holds true. (ii) The function ¢ is twice partial
differentiable with respect to its second argument. There exists some constant 7, > 1 such
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that

sup E|pg,(Z,90)|* <ny and sup supE |¢y,q9,(Z, 0)* < ng.
1<I<k 1<4,I<k 0€©
The following proposition establishes asymptotic normality of S}, after standardiza-

tion.

Theorem 2.3.1. Let Assumptions 2.1-2.4 and 2.6 hold true. If m,, satisfies (2.5), then
under Hp

(V2m,) (052 — i, ) 5 N(0,1).

In the following theorem, we state the asymptotic distribution of n.S; when 37" 7; =
O(1). In this case, we assume that J,, satisfies under H, b

V0, —90) = n 2" hy(Vi) + 0,(1) (2.9)
i=1

where V; := (Y}, Z;, W;, po) and hy(V;) = (h1(Vi), ..., he(Vi))" where hj, 1 < j < k,
are real valued functions. It is well known that this representation holds if U, is the
generalized method of moments estimator. In case of 37" 7; = O(1) we have to modify
the standardization of the statistic S, as follows. Let XP be the covariance matrix of
the infinite dimensional centered vector (U f7 (W) — E[f] (W )¢y (Z, ﬂo)t]hE(V))pl. The
ordered eigenvalues of XP are denoted by (/\g )jz1-

Theorem 2.3.2. Let Assumptions2.1-2.4 and 2.6 hold true. Assume that Hp holds true
and 9, satisfies condition (2.9) with Eh;j(V)=0and E|h;(V)|* < 00, 1 < j < k. Ifmy,
satisfies (2.6), then

oo
d p.2
nSP = E Aj X1j-
=1

Remark 2.3.1. [Estimation of Critical Values] For the estimation of critical values of Theo-
rem 2.3.1 and 2.3.2, let us define Uh = (Y1 — ¢(Z1, ﬁn), oo Yo —o(Zy, ﬁn))t. We estimate

the covariance matrix X, by
S =17t W (1) diag(UP)? W, ().

Now the asymptotic result of Theorem 2.3.1 continues to hold if we replace s,,, by the
Frobenius norm of f’mn and piy,, by the trace of f]mn. In the setting of Theorem 2.3.2,
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we replace XP by a finite dimensional matrix. Let Ay be a n x k matrix with entries
b9,(Zi,On) for 1 < i < m, 1 <1< kand hy(V) = (h(V1),...,he(Vy))'. Then define
V. := n~thy (V)AL Given a sufficiently large integer M > 0 we estimate XP by

S8, = n Wy (7)" (diag(UR) — V) (diag(UR) — Vi) W (7).

Hence, we approximate 5%, A;x3; by the finite sum 3%, X? X1; where (X?)KKM are the

ordered eigenvalues of £¥,. We have max < j<s |X§ — M =0,(n71?). O

2.3.2 Limiting behavior under local alternatives and consistency.

In the following, we study the power and consistency properties of the test statistic Sp.
For the next result, we follow Hardle and Mammen [1993] and consider a sequence of
linear local alternatives (2.7) or (2.8) with ¢y = ¢(Jy,-) where ¢ is orthogonal to the
class of parametric functions {¢(-,9) : Yo € O}.

Proposition 2.3.3. Let the conditions of Theorem 2.3.1 be satisfied. Then under (2.7) with
0 = 690, -) and Elgy (90, 2)5(Z)] = 0 it holds

(V26m,) (0SB = pm,) 5 N (271230 62,1).
j=1

Let the conditions of Theorem 2.3.2 be satisfied. Then under (2.8) with ¢y = ¢(Vy, ) and
Elpy (Yo, Z)6(Z)] = 0 it holds

oo
nSP A Z )\Ex%j(éj/)\?).
j=1
Remark 2.3.2. Under homoscedasticity, that is, E[U?|W] = 02, W ~ U[0,1], and L = Id
we see from Proposition 2.3.3 that our test has the same power properties as the test of Hong
and White [1995]. On the other hand, if Z}";l 7; = O(1) then our test can detect local
linear alternatives at a rate n~'/? as in Horowitz [2006], which decreases more quickly
than the rate obtained by Tripathi and Kitamura [2003]. O

The next proposition establishes consistency of our test against a fixed alternative
model. It is assumed that H, is false, that is, there exists no ¥ € © such that ¢(-) =
¢(+, 7). In this situation, 9y denotes the probability limit of the estimator 1§n.

Proposition 2.3.4. Assume that Hp, does not hold. Let E|Y — ¢(Z,90)|* < oo and As-
sumption 2.5 (i) hold true. Let (a,)n>1 as in Proposition 2.2.5. Under the conditions of
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Theorem 2.3.1 we have
P((V26m,) " (2SE = jim,) > o) = 1+ 0(1).
Given the conditions of Theorem 2.3.2 it holds

P(nSE > ay,) =1+ o(1).
In the following, we show that S}, is consistent uniformly over the function class

i = {0 € L8 LT (=60, 90))llly = p1~ o, andsup () —d(2,90)| < C}
zEe
for some constant C > 0 and 9y denotes the probability limit of 9,,. Similarly as in the
previous section, it can be seen that H% only contains functions whose £% distance to
#(-,99) is at least n~'g,,, within a constant. For the next result let ¢q;, and ¢o,, denote
the 1 —  quantile of N(0,1) and 3772, /\5 X%j: respectively.

Proposition 2.3.5. Let Assumption 2.5 be satisfied. For any ¢ > 0, any 0 < « < 1, and
any sufficiently large constant p > 0 we have under the conditions of Theorem 2.3.1 that

lim inf P((V26n,) " (0S8 = fim,) > q1a) > 16,

n—oo SDE’HZ

whereas under the conditions of Theorem 2.3.2 it holds

nhﬁngO @iergﬁp(n SP > qaq) 21 —e.

2.4 A nonparametric test of exogeneity

Endogeneity of regressors is a common problem in econometric applications. Falsely
assuming exogeneity of the regressors leads to inconsistent estimators. On the other
hand, treating exogenous regressors as if they were endogenous can lower the accuracy
of estimation dramatically. In this section, we propose a test whether the vector of
regressors Z is exogenous, that is, E[U|Z] = 0 or equivalently ¢(Z) = E[Y|Z]. In
this section, let ¢o(Z) = E[Y|Z] then the hypothesis under consideration is given by
He: ¢ = pp. The alternative hypothesis is that ¢ # ¢g.
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2.4.1 The test statistic and its asymptotic distribution

To establish a test of exogeneity, let us first introduce an estimator of the conditional
mean of Y given Z. This estimator is based on a sequence of approximating functions
{e;};>1 belonging to £%. Further, let Z; denote a n x k matrix with entries e;(Z;) for
1 <i<nandl < j < k. Moreover, let Y,, = (Y1,...,Y,)!. Then we define the
estimator

Bu(-) = ex(-)'Br, where By, = (ZLZy)” ZLY,. (2.10)

In contrast to the parametric case we need to allow for k tending to infinity as n — oo in
order to ensure consistency of the estimator @;. Under conditions given below Z; Zj,
will be nonsingular with probability approaching one and hence its generalized inverse
will be the standard inverse. Note that the asymptotic behavior of the estimator &, was
studied, for example, by Newey [1997].

Under Assumptions 2.3 and 2.4, the null hypothesis H, is equivalent to L(g — T'pg) =
0. Consequently, our test of exogeneity of Z is based on the goodness-of-fit statistic S,
introduced in (2.4) but where ¢ is replaced by the series estimator @;, . The proposed

test statistic for H, is now given by

5 =3 i S (Vi — B, (20)) (W)
j=1 i=1

where k,, and m,, tend to infinity as n — oo. The hypothesis of exogeneity of Z has to
be rejected if S becomes too large.

For controlling the bias of the estimator @, we specify in the following a rate of
approximation (cf. Newey [1997]). Let v = (;);>1 be a nondecreasing sequence with
~v1 = 1. We assume that ¢, belongs to

Fy o= {qb S EQZ : sug lp(z) — ekl(z)tﬁkn\Q = O(v,;nl) for some 3, € Rk”}.
ze

Here, the sequence of weights v measures the approximation error of ¢y with respect to
the functions {e;};>1.

Assumption 2.7. (i) Let ¢ € F., with nondecreasing sequence  satisfying j* = o(v;). (i)
There exists some constant 1. > 1 such that sup,¢z ||ex, ()1 < neky. (iii) The smallest
eigenvalue of Elex(Z)er(2)!] is bounded away from zero uniformly in k. (iv) E[U?Z] is
bounded.
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Assumption 2.7 (i) determines the required asymptotic behavior of the rate . For
splines and power series this assumption is satisfied if the number of continuous deriva-
tives of ¢ divided by the dimension of Z equals two. Assumption 2.7 (ii) and (i)
restrict the magnitude of the approximating functions {e;};>1 and impose nonsingular-
ity of their second moment matrix.

We are now in the position to proof the following asymptotic result for the stan-
dardized test statistic S5. Here, a key requirement is that k, = o(s,,,) implying that
k, = 0(22”2”1 7;) and, in particular, k,, = o(m,,) if the smoothing operator L is the iden-
tity.

Theorem 2.4.1. Let Assumptions 2.1-2.4 and 2.7 be satisfied. If

Mn

n = 0(Vk,Smn)s kn = 0(Gm, ), and (ZTj)3 = o(n) (2.11D)
j=1

then under He it holds
(V26m,) 1 (0SS = i) 5 N (0,1).

Example 2.4.1. Let Z be continuously distributed with dim(Z) = r and set L = Id.
Consider the polynomial case where ~; ~ 32T with p > 1 and let m,, ~ n” with 0 <
v < 1/3. Let Assumption 2.5 hold true then /m,, = O(sp, ). Hence, condition (2.11) is
satisfied if k,, ~ n" with

r(1—-v/2)/(2p) < kK <v/2. (2.12)

Note that condition (2.12) requires 2p > r (2/v —1). Hence, with a larger dimension r also
the smoothness of g has to increase, reflecting the curse of dimensionality. g

The next result states an asymptotic distribution result for the statistic S if >>7™ 7; =
O(1). Let X¢ be the covariance matrix of the infinite dimensional centered vector
(UUTW) =21 E[ij(W)el(Z)]el(Z)))j>1. The ordered eigenvalues of 3¢ are denoted
by (Af)j>1-

Theorem 2.4.2. Let Assumptions 2.1-2.4 and 2.7 be satisfied. If

iTj =0(), n=0(w,), k’z =o(n), and m, = o(1) (2.13)
j=1
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then under H, it holds

o0
nSe5STAeN

j=1
Example 2.4.2. Consider the setting of Example 2.4.1 but where the eigenvalues of L
satisfy T; ~ j~2. Condition (2.13) is satisfied if m,, ~ n” for some v > 0 and k,, ~ n" with
r/(2p) < k < 1/3. The estimator of ¢ is undersmoothed. This ensures that the bias of this
estimator in the statistic SS is asymptotically negligible. Here, the required smoothness of
o is p > 3r/2. O

Remark 2.4.1. In contrast to Blundell and Horowitz [2007] no smoothness assumptions on
the joint distribution of (Z, W) is required here. In addition, we do not need any assumption
that links the smoothness of the regression function g to the smoothness of the joint density
of (Z,W). O

Remark 2.4.2 (Estimation of Critical Values). For the estimation of critical values of The-
orem 2.4.1 and 2.4.2, let us define U, = (Y1 — @y, (Z1),...,Yy — @kn(Zn))t. For any
m > 1 we estimate the covariance matrix X, by

S =1 W, (1) diag(U¢)> W, ().

Now the asymptotic result of Theorem 2.4.1 continues to hold if we replace s,,, by the
Frobenius norm of ,,. and ju,, by the trace of ,, . This consistency is shown in Lemma
2.4.3. In the setting of Theorem 2.4.2, we replace Y€ by a finite dimensional matrix

S =07 Wy (r)! (L — n ™' 2, 24, ) diag(US)? (L, — n™ "2, Zh, )W (7)
where M > 0 is a sufficiently large integer. Let (X;)KKM denote the ordered eigen-
values of 2’54 Hence, we approximate » 72 /\;f’xfj by the finite sum ;Vil 5\5 X%j where

maxi<; <M |X]e = Af| = op(1). O

Lemma 2.4.3. Consider %, as defined in Remark 2.4.2. Under conditions of Theorem
2.4.1 or Theorem 2.4.2 the difference of its Frobenius norm to ¢,,, and its trace to pim,,
converge in probability to zero.

2.4.2 Limiting behavior under local alternatives and consistency.

Similar to the previous sections we study the power and consistency properties of our
test. To study the power of S against a sequence of local alternatives we proceed
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similarly as Ait-Sahalia et al. [2001]. More precisely, given a sequence of functions
([")>1 where o[ satisfies [|o" —@0[|% = O(v;, ", n~'ky,). Then we consider alternative
models Y = ¢(Z) + U with E[U|W] = 0 where the structural function ¢ satisfies

Visup p(z) — 0" (z) — Vs, 6(2)] = o(sm,) 2.14)

z2€Z
with § € £%,.
Proposition 2.4.4. Given the conditions of Theorem 2.4.1 and Assumption 2.5 (ii) it holds
under (2.14)
(V2n,) (55 = pm,) S N (271232 02,1).
j=1
Given the conditions of Theorem 2.4.2 it holds under (2.14) with ,,, replaced by 1 we have
d o0
nSE 5 AT (65/X5).
j=1

Let us now establish consistency of our tests when H. does not hold, that is, P(¢ =
QD()) < 1.

Proposition 2.4.5. Assume that H. does not hold. Let E|Y —po(Z)|* < co and Assumption
2.5 () hold true. Let (a)n>1 as in Proposition 2.2.5. Under the conditions of Theorem
2.4.1 we have

P((ﬁgmn)_l (nss - lu’mn) > an) =1 + 0(1)7
whereas in the setting of Theorem 2.4.2
P(n Sy > ay,) =1+ o(1).

In the following we show that our tests are consistent uniformly over the function
class

T ={¢ € L% ILT(p — wo)lliv > pn~"6n, andsup|(p - w0) ()] < C}
z

form some constant C' > 0. For the next result let ¢, and ¢, denote the 1 — o quantile
of N'(0,1) and 352, XS x7;, respectively.
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Proposition 2.4.6. Let Assumption 2.5 be satisfied. Under the conditions of Theorem 2.4.1
we have for any € > 0, any 0 < « < 1, and any sufficiently large constant p > 0 that

lim inf P((\/§§mn)_l(n S — tm,) > (J1a) >1-—e¢,

n—oo @eIZ

whereas under the conditions of Theorem 2.4.2 it holds

7}1_)11010 soiéllfﬁ P(n Sy > qu) =2 1—c.

2.5 A nonparametric specification test

A solution to the linear operator equation (2.2) only exists if g belongs to the range of T'.
This might be violated if, for instance, the instrument is not valid, that is, E[U|W] # 0.
We consider the hypothesis Hyp: there exists a solution ¢ to (2.2). The alternative
hypothesis is that there exists no solution to (2.2). In addition, we see in this section
that our results allow for a test of dimension reduction of the vector of regressors Z, that
is, whether some regressors can be omitted from the structural function .

2.5.1 Nonparametric estimation method

The nonparametric estimator. In the following, we derive an estimator of py under
the null hypothesis Hpp. For simplicity, assume that Z = )V and consider a sequence
{e;};>1 of approximating functions which are orthonormal on Z with respect to the
Lebesque measure v. Under conditions given below, ¢y has the expansion ¢o(-) =
Y21 [z wo(z)e(2)v(dz) e(-). Thereby, the conditional moment restriction under Hpp
leads to the following unconditional moment restrictions

E[Ye;(W)] = S Ele;(W)er(2)] /Z oo(2)ex(2)(d2) (2.15)
=1

for ;7 > 1. This motivates the following orthogonal series type estimator. Let Z; and Y,
be as in the previous section and let X, denote a n x k matrix with entries e;(W;) for
1 <7< nand1 < j< k. Then for each k > 1 we consider the estimator

Gr() = er()!By where By = (XLZy)” XLY,. (2.16)

Under conditions given below X}Zn Z, will be nonsingular with probability approaching
one and hence its generalized inverse will be the standard inverse. The nonparametric
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estimator @y given in (2.16) was studied by Johannes and Schwarz [2010], Horowitz
[2011b], and Horowitz [2012].

Additional assumptions. As noted by Horowitz [2012], uniformly consistent testing
of Hyp is only possible if the null is restricted that any solution to (2.2) is smooth.
Hence, in the following we assume that ¢, belongs to the ellipsoid F2 := {¢ € L%

1 E[¢(Z)e;(Z)]?> < p}. As in the previous section, v = (7;);>1 measures the
approximation error of o with respect to the basis {e;};>1.

Further, as usual in the context of nonparametric instrumental regression, we specify
some mapping properties of the conditional expectation operator 7. Denote by 7 the
set of all nonsingular operators on £%,. Given a sequence of weights v := (v;);>1 and
d > 1 we define the subset 7 of T by

T={TeT: /W (T6) (w)[2v(dw) < d Zvj(/qu(z)ej(z)u(dz))Q forall ¢ € £3}.
j=1

If p /v is bounded from above and pyy /v is uniformly bounded away from zero then the
conditional expectation operator 7" belongs to 7 with v; = 1, j > 1, due to Jensen’s
inequality. Notice that for all 7' € T} it follows that ||T¢;||%, < dn,v; and thereby, the
condition 7" € 7 links the operator 7 to the basis {e;};>:. In the following, we denote
[T = Elex(W)ex(Z)'] which is assumed to be a nonsingular matrix. In what follows,
we introduce a stronger condition on the basis {e;};>1. We denote by 7', for some
D > d the subset of 7 given by

Tip = {T € 74 : [T is nonsingular and ili}l)Hdiag(Ul, ) PTIMP < D}.
The class 7, only contains operators 7" whose off-diagonal elements of [T, * are suf-
ficiently small for all £ > 1. A similar diagonality restriction has been used by Hall
and Horowitz [2005]. Besides the mapping properties for the operator 7' we need a
stronger assumption for the basis under consideration. The following condition gathers
conditions on the sequences ~ and v.

Assumption 2.8. (i) Let ¢y € F£ with nondecreasing sequence vy satisfying 3% = o(v;).
(ii) The sequence {e;};>1 is an orthogonal basis on Z = WV with respect to v. (iii) There
exists some constant 1. > 1 such that sup;- sup,cz lej(2)| < ne. (iv) Let T € Ty’ with
v being a strictly positive sequences such that v and (vj/7;);>1 are nonincreasing. (v) The

density pz /v is bounded from above and py /v is uniformly bounded away from zero.
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Note that by Assumption 2.8 (7) the alternative hypothesis is that there exists no func-
tion in F¥ solving (2.2). Due to Assumption 2.8 (iv) the degree of additional smoothing
for our testing procedure must not be stronger than the degree of ill-posedness im-
plied by the conditional expectation operator 7. Under similar assumptions as above,
Johannes and Schwarz [2010] show that mean integrated squared error loss of @y,
attains the optimal rate of convergence R, := max (fyk_nl,ngl(nt)*l). Due to As-
sumption 2.8 (v) we do not require orthonormal bases with respect to the unknown
distribution (Z, W) (cf. Remark 1.3.2).

2.5.2 The test statistic and its asymptotic distribution

As in the previous sections, our test is based on the observation that the null hypothesis
H,yp is equivalent to L(g — T'¢g) = 0. Our goodness-of-fit statistic for testing nonpara-
metric specifications is given by S,, where ¢ is replaced by the nonparametric estimator
Pk, given in (2.16), that is,

ShP = i 7in 3" (Vi — B, (Z0) £ (W)
j=1 i=1

If S;,P becomes too large then there exists no function in F solving (2.2). The next result
establishes asymptotic normality of S, after standardization. Again, a key requirement
to obtain this asymptotic distribution is that &,, = o(s,,,,) implying that k,, = o(m,,) if the
smoothing operator L is the identity. This corresponds to the test of overidentification
in the parametric framework where more orthogonality restrictions than parameters are
required.

Theorem 2.5.1. Let Assumptions 2.1-2.4 and 2.8 be satisfied. If

Mn 9 Mn 3
Nk, = 0(Vk,Smn)s kn = 0(Sm,, ), kn(z Tj) = O(nvy,, ), and (Z Tj) =o(n) (2.17)
=1 =1

then it holds under Hpp
(V26m,) " (1S = i, ) 5 N0, 1).

Example 2.5.1. Consider the setting of Example 2.4.1. In the mildly ill posed case where
vj ~ j=24/" for some a > 0 condition (2.17) holds true if k, ~ n* with k < v/2 and

r(1—-v/2)/(2a+2p) < k <r(l —2v)/(2a +T).
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In the severely ill posed case, that is, v; ~ exp(—;j2*/") for some a > 0, condition (2.17) is
satisfied if, for example, m,, satisfies m,, = o(kL) and k,, = o(,/my,) where ky, ~ (logn —

log(mi/z))r/(%). O

The next result states an asymptotic distribution of our test if 37 7; = O(1). Let
X" be the covariance matrix of the infinite dimensional centered vector (U ( fTW) —

e7(W))) -, The ordered eigenvalues of X7 are denoted by (AP)jz1-

Theorem 2.5.2. Let Assumptions 2.1-2.4 and 2.8 be satisfied. If
ZTj =0(1), nu, =o(w,), ki=o(nu,), and m, = o(1) (2.18)
j=1

then it holds under Hpp

o0
n S 4N NP
j=1
Example 2.5.2. Consider the setting of Example 2.4.2. In the mildly ill posed case, that is,
vj ~ j=20/7 for some a > 0, condition (2.18) is satisfied if m,, ~ n” for some v > 0 and
k, ~ n® with

r/(2a+2p) < k <7r/(2a + 3r).

In the severely ill posed case, that is, vj; ~ exp(— §2e/™ for some a > 0, condition (2.18)
is satisfied if k, ~ (log(nHE))r/ (20) for any € > 0. In both cases, we observe that the
estimator @y, is undersmoothed. O

Remark 2.5.1. If the basis {e;};>1 coincides with {f;};>1 then n Sy’ is asymptotically
degenerate. To avoid this degeneracy problem we choose different bases functions and hence,
sample splitting as used by Horowitz [2012] is not necessary here. O

Remark 2.5.2. Let Z' be a vector containing only entries of Z with dim(Z’) < dim(Z). It
is easy to generalize our previous result for a test of H ,’w: there exists a solution g € F¥ to
(2.2) only depending on Z'. To be more precise consider the test statistic

n

S = S (Vi = P (ZD) f (W2
=1

where ¢y, is the estimator (2.16) based on an iid. sample (Y1, 2}, W1),...,(Yn, Z, W)
of (Y, Z',W). Under Hy, we consider the conditional expectation operator 1" : L%, — LY,
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with (T'¢)(W) := E[¢(Z")|W]. It is interesting to note that if T' is nonsingular then also
T’ is. Hence, for a test of H, 1’1P we may replace Assumption 2.3 by the weaker condition that
T" is nonsingular. Moreover, under Hp, the results of Theorem 2.5.1 and 2.5.2 still hold
true if we replace Z by Z'. O

In the mildly ill-posed case, the estimation precision suffers from the curse of dimen-
sionality. Hence, by the test of dimension reduction of Z we can increase the accuracy
of estimation of ¢y. On the other hand, in the severely ill-posed case the rate of conver-
gence is independent of the dimension of Z (cf. Chen and Rei® [2011]). As the next
example illustrates, a dimension reduction test can also weaken the required restrictions

on the instrument to obtain identification of ¢ in the restricted model

Example 2.5.3. Let Z = (Z1), Z(?)) where both, Z(\) and Z are endogenous vectors of
regressors. But only Z") satisfies a sufficiently strong relationship with the instrument W in
the sense that for all ¢ € L2, condition E[¢(Z () |W] = 0 implies ¢ = 0. In this example,
we do not assume that this completeness condition is fulfilled for the joint distribution of
(Z®,W). Thereby only the operator T : L2, — L}, with TW¢ := E[p(ZW))[W] is
nonsingular but T is singular. If our dimension reduction test of Z indicates that Z? can
be omitted from the structural function ¢ then we obtain identification in the restricted
model. O

Remark 2.5.3. [Estimation of Critical Values] For the estimation of critical values of Theo-
rem 2.5.1 and 2.5.2, let us define UrP = (Y1 — 3%, (Z1), ..., Yy — @kn(Zn))t. Forallm > 1,

we estimate the covariance matrix X,,, by
S =1~ W, (1) diag(U™)2 W, (7).

Now the asymptotic result of Theorem 2.5.1 continues to hold if we replace s,,, by the
Frobenius norm of X, and p,, by the trace of X, (this is easily seen from the proof
of Lemma 2.4.3 assuming that {f;};>1 is uniformly bounded). In the setting of Theorem
2.5.2, we replace X by a finite dimensional matrix. Let Vy := W (ZL W) 1Z! for
k > 1. Then for a sufficiently large integer M > 0 we estimate X"P by

~

S — 0T YW (1) (I — Vi, )" diag(U™)? (I, — Vi, )War (7).

Hence, we approximate 3.2 \;*x3; by the finite sum Oy X?p Xx1; where (X;-’p )i<j<m are
the ordered eigenvalues of £32 where maxi< ;< |X?p — APl = op(1). O
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2.5.3 Limiting behavior under local alternatives and consistency.

Similar to the previous sections we study the power and consistency properties of our
test. To study the power against local alternatives of the statistic S;,’ we consider al-
ternative functions which solve the operator equation (2.2) but do belong to F2. More
precisely, given a sequence of functions (¢[™),~; where " satisfies |l — |2 =
max (’yk_nl,Z?;l(nvj)*l). Then we consider alternative models Y = ¢(Z) + U with
E[U|W] = 0 where the structural function ¢ satisfies

visp () — @ (z) — Vi L 6(2)] = op(5m.) (2.19)
ze

for some 4 € £3,.

Proposition 2.5.3. Let Assumption 2.5 (ii) hold true. Given the conditions of Proposition
2.5.1 it holds under (2.7)

(\@gmn) (”Sp—,um ( 1/22 ) as n — oo.
Given the conditions of Proposition 2.5.2 it holds under (2.8)
nS“p—> Z/\npr] (0; /)\?p) as n — oo.
7j=1

In the next proposition, we establish consistency of our test when H,, does not hold,
that is, there exists no function in F¥ that solves (2.2) for any sequence v satisfying
Assumption 2.8 and any sufficiently large constant 0 < p < co.

Proposition 2.5.4. Assume that Hyp does not hold. Let E|Y — ¢o(Z)|* < oo and Assump-
tion 2.5 (1) hold true. Let (o, )n>1 as in Proposition 2.2.5. Under the conditions of Theorem
2.5.1 and 2.5.2, respectively, we have

P((V26m,) " (RSTP = pim,) > @) =1+ 0(1),

P(nSP > ay) =1+ o(1).

In the following we show that our tests are consistent uniformly over the function
class

T ={pecy: it LTG0 = eo)lfiv > o', andsup|(p = 20)(2) <C}
po€E 2€Z
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where C > 0 is a finite constant. For the next result let ¢;, and ¢, denote the 1 — «
quantile of A'(0,1) and 332, X}” x3;, respectively.

Proposition 2.5.5. Let Assumption 2.5 be satisfied. For any ¢ > 0, any 0 < « < 1, and
any sufficiently large constant p > 0 we have under the conditions of Theorem 2.5.1

lim inf }P’((\@gmn)*l(n SPP — i) > lha) >1-—c¢,

n—oo 306\77‘;

whereas under the conditions of Theorem 2.5.2 it holds

: 3 np >1—
nhﬁ\ngo solen\%lp(nsn > o) 21 —c.

2.6 Monte Carlo simulation

In this section, we study the finite-sample performance of our test by presenting the
results of Monte Carlo experiments. There are 1000 Monte Carlo replications in each
experiment. Results are presented for the nominal level 0.05. Realizations of Y were
generated from

Y =o(2) + cgU (2.20)

for some constant ¢y > 0 specified below. The structural function ¢ and the joint distri-
bution of (Z, W, U) varies in the experiments below. As basis {f;};>1 we choose cosine
basis functions given by f;(t) = v/2cos(mjt) for j = 1,2, ... throughout this simulation
study.

Parametric Specification Let us investigate the finite sample performance of our tests
in the case of parametric specifications. Realizations (Z, W) were generated by W ~
U,1), Z = (EW + (1 — €)e)? where ¢ = 0.8 and ¢ ~ N(0.5,0.1). Moreover, let
U = ke +V1—k2c with k = 0.3 and ¢ ~ N(0,1). Then realizations of Y where
generated by (2.20) with ¢y = 0.2 by an either linear function

p(z) = z, (2.21)
a polynomial of second degree

o(z) = 2 — 2%, (2.22)
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or a polynomial of third degree
o(z) =2z — 22+ 6323 (2.23)

Given (2.23) is the correct model, then 05 = 1.5 if (2.21) is the null model and 65 = 3
if (2.21) is the null model. In Table 2.1 we depict the empirical rejection probabilities
when using S with additional smoothing where either 7; = j~tor ; = j72, j > 1,
which we denote by SiP or S2P, respectively. When 7; = j~! then the number of basis

Sample  Null Alt. Empirical Rejection probability
Size  Model Model SLP G2p H(2006)’ test
250 (2.21) HP true 0.047 0.045 0.063
(2.22) HP true 0.049 0.050 0.059
(2.21) (2.22) 0.902 0.930 0.888
(2.21) (2.23) 0.730 0.732 0.653
(2.22) (2.23) 0.442 0.488 0.468
500 (2.21) HP true 0.055 0.044 0.053
(2.22) HP true 0.051 0.053 0.059
(2.21) (2.22) 0.989 0.998 0.988
(2.21) (2.23) 0.899 0.894 0.780
(2.22) (2.23) 0.709 0.728 0.652

Table 2.1: Empirical Rejection probabilities for parametric specification

functions used is m = 200 while in the case of 7; = j~2 a choice of m = 100 is sufficient.
The critical values are estimated as described in Remark 2.3.1 where M = 150 if 7; = j 1
and M = 100 if ; = j~2. This choice of M ensures that the estimated eigenvalues \;
are sufficiently close to zero for all j > M. We compare our test statistic with the test of
Horowitz [2006]. We follow his implementation using biweight kernels. The bandwidth
used to estimate the joint density of (Z, W) was also selected by cross validation. As
Table 2.1 illustrates, the results for SIP and S2P are quite similar. In both situations,
our test is more powerful than the test of Horowitz [2006] when testing (2.21) against
(2.23). In this simulation study, we observed that the estimated coefficients of 7'(¢ —
¢(Yo, -)) have a fast decay. Consequently, the test statistic S,, with no weighting has less
power, as we discussed in Subsection 2.4. In contrast, we will demonstrate by the end
of this section that using weights can be inappropriate.
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Testing Exogeneity We now turn to the test of exogeneity where the realizations
(Z,W) are generated by W ~ U[0,1] and Z = ¢W + /1 — £2¢ with ¢ = 0.7, and
e ~ U[0,1]. Moreover, let U = ke + V1 — k2e with ¢ ~ U[0,1]. Here, x measures
the degree of endogeneity of Z and is varied among the experiments. The null hy-
pothesis Hj holds true if k = 0 and is false otherwise. Now realizations of ¥ where
generated by (2.20) with ¢y = 1 and the nonparametric structural function ¢;(z) =
3521 (=1)7t! j=tsin(jmz). For computational reasons we truncate the infinite sum at
K = 100. The resulting function is displayed in Figure 2.1. We estimate the structural
relationship using Lagrange polynomials. Indeed, only a few basis functions are nec-
essary to accurately approximate the true function. If we choose k, too small or too
large then the estimator will be a poor approximate of the true structural function and
hence, the test statistic will reject Hpp. In this experiment we set k,, = 4 for n = 250 and
n = 500.

Sample Size &k Empirical Rejection probability using
Sle S2e BH(2007)’ test
250 0.0 0.038 0.030 0.030
0.15 0.209 0.314 0.153
0.2 0.369 0.513 0.293
0.25 0.591 0.716 0.504
500 0.0 0.043 0.043 0.052
0.15 0.476 0.543 0.416
0.2 0.749 0.809 0.693
0.25 0.922 0.957 0.885

Table 2.2: Empirical Rejection probabilities for testing exogeneity

In Table 2.2 we depict the empirical rejection probabilities when using S¢ with addi-
tional smoothing where either 7; = j~! or 7; = 572, j > 1, which we denote by S]¢
or S2¢, respectively. The critical values of these statistics are estimated as described in
Remark 2.4.2 with M = 50 in case of 7; = j~! and M = 40 in case of 7; = j~2. We
compare our results with the test of Blundell and Horowitz [2007]. We follow their
approach by choosing the bandwidth of the joint density of (Z, W) by cross validation.
The bandwidth of the marginal of Z is n'/5~7/24 times the cross-validation bandwidth.
As we see from Table 2.2, S} is slightly more powerful than the test of Blundell and
Horowitz [2007]. If we choose a stronger sequence, however, then our test statistic S2¢
becomes considerably more powerful.
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Nonparametric Specification Let us now study the finite sample of our test in the case
of nonparametric specification. We generate the pair (Z, W) as in the parametric case
described above. For the generation of the dependent variable Y we distinguish two
cases. Besides the structural function ¢1(z) = >32,(—1)/*!j ?sin(jmz) we also con-
sider the function @o(z) = 3252, ((—1)7*! 4 1)/4 j=2sin(jrz). Again, for computational
reasons we truncate the infinite sum at K = 100. The resulting functions are displayed
in Figure 2.1. Further, Y is generated by (2.20) either with ¢; and ¢y = 0.2 or ¢o
and ¢y = 0.8. In both cases, we estimate the structural relationship using Lagrange
polynomials with k,, = 4 for n = 500 and n = 1000.

If Hpp is false then E[U|W] # 0 and we let E[U|W] = E[p(Z)|W] where p is defined

below. Consequently, when Hp, is false we generate realizations of Y from
Y =w(Z)+pj(Z)+U

for ! = 1,2 and j > 1 where p;(2) = ¢;j(exp(2j2) 1z<1/2y +exp(2j(1 — 2)) Lzs1/2) —1)
and ¢; is a normalizing constant such that [ p;(z)dz = 0.5. The functions p; are con-
tinuous but not differentiable at 0.5. Roughly speaking, the degree of roughness of p; is
larger for larger j. In Table 2.3, we depict the empirical rejection probabilities when

1.0 12 14
0.4 05 0.6
I I

0:(2)
022)

0.3
I

0.2
I

0.0
0.0

Figure 2.1: Graph of ¢; and 9

using S»” with either no smoothing or additional smoothing 7; = 572, j > 1, which we
denote by S™ or 2", respectively. When no additional smoothing is applied then the
number of basis functions f; is given by m,, = 11 if n = 500 and m,, = 15 if n = 1000
and hence, the choice of m,, is slightly larger than n!/? as suggested by the theoretical
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Sample Size p Empirical Rejection probability using
i 2P H(2012)’ test
500 H"™ true 0.034 0.039 0.040
p1 0.099 0.382 0.258
02 0.309 0.765 0.536
P4 0.498 0.884 0.712
1000  H™ true 0.058 0.058 0.046
p1 0.405 0.672 0.427
02 0.768 0.899 0.704
P4 0.920 0.943 0.808

Table 2.3: Empirical Rejection prob. for Nonparametric Spec. for ¢; with ¢y = 0.2

results. The critical values of these statistics are estimated as described in Remark 2.5.3
where in the case of S2"’ we choose M = 100. We compare our results with the test of
Horowitz [2012]. We observe that the statistic Sy is less powerful than S2"P against
the alternatives p; and po.

In the following, we illustrate that using additional weighting can be inappropriate.
Table 2.4 illustrates the power of our tests when the structural function ¢ is considered
and realizations (Z, W) were generated by W ~ U[0,1], Z = (0.8 W + 0.3¢)? where
e ~ N(0.5,0.05). In this case, we generate Y using (2.20) where ¢y = 0.8. In this case,

Sample Size p Empirical Rejection probability using
P 2P H(2012) test
500 H" true 0.022 0.044 0.044
03 0.230 0.193 0.158
P4 0.400 0.319 0.245
05 0.543 0.463 0.370
1000 H"™ true 0.044 0.049 0.052
03 0.643 0.343 0.302
P4 0.836 0.579 0.518
05 0.924 0.792 0.722

Table 2.4: Empirical Rejection prob. for Nonparametric Spec. for p9 with ¢y = 0.8

the estimates of the generalized coefficients of T'(¢ — () are more fluctuating and using
weights is not appropriate here. Indeed, as we can see from Table 2.4, the test statistic
Sp™ with no smoothing is more powerful than S;™ were weighting 7; = j~2, j > 1, is
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used. In particular, S5 is much more powerful than the test of Horowitz [2012].

2.7 Conclusion

Based on the methodology of series estimation, we have developed in this paper a family
of goodness-of-fit statistics and derived their asymptotic properties. The implementation
of these statistics is straightforward. We have seen that the asymptotic results depend
crucially on the choice of the smoothing operator L. By choosing a stronger decaying
sequence T, our test becomes more powerful with respect to local alternatives but might
lose desirable consistency properties. We gave heuristic arguments how to choose the
weights in practice. In addition, in a Monte Carlo investigation our tests perform well in
finite samples.

Appendix

Throughout the Appendix, let C' > 0 denote a generic constant that may be different in
different uses. For ease of notation let 3>, = >, and 3, , = >r; %), Further, we
denote || Fyn, To|2 = S0 7 E[6(2) f;(W))? and [ To|2 = S5, 75 El6(2) f;(W)]? for
any ¢ € L%.

Proofs of Section 2.2

PROOF OF THEOREM 2.2.1. Under H, we have (Y; — goo(Zi))fé(Wi) = Uifé(Wi) for all
m > 1 and consequently we observe

B 1 mMn - 1 mMn . .
s (nSp — i, ) = p— SO (U f] (Wi)|? =sj;) +§7n SN UUs T (W) f] (W)

where the first summand tends in probability to zero as n — oc. Indeed, since E |U f;(W)|>—

gjj =0,7 > 1,itholds for all m > 1

1 . 2 1 2 _ 1 .
WMZZ\UUZ (Wi) s3] :WE’Z;\UJZ (W)P=sj;|” < WEHUfm(W)H4~
=

i j=1 m i— m
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By using Assumptions 2.1 and 2.2, i.e., sup;ey E|f;(W)[* < 557, and E[U4W] < o*
we conclude

m m 2
E|USW)I' < max B0 7) <ot () (2.24)

J=1 J=1

Let m = m,, satisfy condition (2.5) then E U, (W)||* = o(nc% ). Therefore, it is

Sm

sufficient to prove

V(o)™ 30 S U £ () f7 (W) 5 0, 1), (2.25)
i#i j=1
Since ¢, = o(1) this follows from Lemma 2.7.2 and thus, completes the proof. O

PROOF OF THEOREM 2.2.2. Similarly to the proof of Theorem 2.2.1 it is sufficient to
study the asympotic behavior of n ! Z}":”l iz UilUs f] (W) f7 (Wy). For any finite m >
1 we obtain

E’fZZUUfT ——ZZUUJ" ;W wi)|

J=1i# J=1i£d

E[E[UU3(W1, W) ( S W) ] <otn / £ (&) F7 (s)v(ds))’

ji>m Jl>m
4 2
S o Z Tj

j=m

which, since >° ;- 7']-2 = O(1), becomes sufficiently small (depending on m). Note that
(ﬁ S U (W), .. ﬁ S Uifh (Wh) 4 N(0, ). Hence, for any finite m > 1 we
have

UL
—= D Uiff (W)
R

2

m
2
DIV
Jj=1

with \j, 1 < j < m, being eigenvalues of X,,. Moreover, we conclude for m > 1

,ZZUUZ/f i(\;ﬁsz;(vv)

J=Li#i j=1

1
~ R ZIUH )
Z JX13 Sjj)-

Jj=1

It is easily seen that >-7 | (A;x7; —s;;) has expectation zero. Hence, following the lines of
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page 198-199 of Serfling [1981] we obtain that >° ., (\;x7; — 8j;) becomes sufficiently
small (depending on m) and thus, completes the proof. O

PROOF OF PROPOSITION 2.2.3. For ease of notation let 3,(-) = o/ 2n~1/25(-). Under
the sequence of alternatives (2.7) the following decomposition holds true

S = [n" D Ui, W + 200" S U7, (W) *125 ) I (W)

+ D 0n(Z) @(WUH =: I, + 211, + III,.
7

Due to Theorem 2.2.1 we have (v/26,, )~ (n I — jtm,) -5 N(0,1). Consider I1,. We
observe

Mp i .
RE L] < Y (B |US00)PE180(2) 00+ (| Y (76,0 5500 )
Jj=1 =
< UiTj(E 16,(2) £;(W)12) 2 + o/ T -
j=1

From the definition of ¢,, and condition (2.5) we infer that nE|II,| = o(sp, ). Con-
sider I11,. Employing again the definition of 4, it is easily seen that ng,,' 111, =
S 74[T6]2 4 0p(1). We conclude (v26p,) " 'nIIL, = 27Y2Y ., 62 4 0,(1), which
completes the proof. O

PROOF OF PROPOSITION 2.2.4. Let §,(-) := n~'/2§(-). Similarly to the proof of Theorem
2.2.2 it is straightforward to see that under the sequence of alternatives (2.8) it holds

*ZZ (Ui + 60(Z:)) Uit + 00(Zit)) ] (W3) f] (W)

(\IZUfJ )+ S

AU
i le 5 /)\
j=1

simillar to the lines of page 198-199 of Serfling [1981] and hence the assertion follows.
O

PROOF OF PROPOSITION 2.2.5. If H, fails we observe that | T(¢ — ¢o)||2 = fy, [LT (¢ —
©0)(w)pw (w) /v(w)|?v(dw) > C||LT(p — ¢o)||3, > 0 since py /v is uniformly bounded
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from zero and LT is nonsingular. Now since ¢, a;, + pim, = o(n) it is sufficient to show
Sp =T (¢ — ¢0)|? + 0p(1). We make use of the decomposition

Mn

S =3 7S (Vi — o(Z) £ (W3) — [T — wo)l;|°

7j=1 i
+2 Z 7 (07 (Vi 0(Z0)) £ (Wi) = [T (9= 20)])) [T (¢ = 0))j + 1 Em, T (0= 0) 7
=L, +I1,+1I11,.

Due to condition E |Y — ¢o(Z)|* < oo it is easily seen that I,, + I ], = 0,(1). On the other
hand 111, = ||T(¢ — ¢o)||? + o(1), which proves the result. O

PROOF OF PROPOSITION 2.2.6. We make use of the decomposition

P((\@an)_l(n Sn — ,Umn) > Q1foz>
> B(|[n™* Y (e(Z) = eol(Z)) @(W»HQ 02 3 Uik, W = b,
> V251 + 200! 3020 = 2ol Z)) F (W), 3 Uik, (W)
Uniformly over all ¢ € G it holds

(n™1 2 _(¢(Zi)—po(Z)) ZUfZM Op (max(v/n||LT (=0 [w: sm.,))-

Indeed, this is easily seen from

E|Y" 7 El(0(Z) - 0o 2) £, 0] S Ui (Wi)> < o nanE (D) FT V)2
j=1 i

and further, denoting v;; = (¢(Z;) — wo(Z:)) f;(W) — E[(¢(Z) — ¢0(2))f;(W)], 1 < j <
mp, 1 <1< n, from

im0 B (1051 B [U £;(W) (W)

- Z ZTJwﬂU 15 (W,
i#£1 j=1 7,7'=1
mn

<0 3 R[G5 0)] < O[S i) = 0(3omy).

J:3'=1 Jj=1 Jj=1
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Thereby, for all 0 < ¢ < 1 there exists some constant C' > 0 such that

P((V25m,) 7 (0 S = ftm,) > 1)
P12 (0(Z:) = 00(Z0) f, (W) + [ U W Woll* =t

i

> V2 G, @1—a + Cmax(val| LT (o = ¢o)lw,sm,)) — €

Note that ||n= Y2, U fr (W[ = ftan,, + Op(sm,.) due to Theorem 2.2.1. Moreover,

||n—1/22 Z)) £ WP = 1l| Fon, T(p — 00)I2

—2|( Z P(Zi) = p0(Zi)) f, Wi) =1 LT (9 = 0)lmns [LT (0= 0)|mn) = In+ 11

Consider II,. For 1 < j < my let s; = 75T (¢ — @o)li/ || Fm, T (¢ — ¢o)l||- then clearly

> i s7 = 1and thus E \ S5 8. (W)[? < nygmp. Further, since sup, z [¢(2) — ¢o(2)* <
C we calculate
EIL [ = nE| Y 75((0(2) — 0(2)£5(W) = [T — o) )T (0 — 0ol

Jj=1

<P, Tl — 20) I2E| Y 55(0(2) — po(2) £5(7)] = Ol LT (0 = o))
j=1

and hence I1,, = O,(y/n||LT(¢ — ¢o)|lw). Consider I,,. Note that || LT (¢ — ¢0)||3 < C
for all p € G# we have I,, > Cn||LT (¢ — ¢o)||%, for n sufficiently large. Since on G we
have n||[LT (¢ — o)l = psm, We obtain the result by choosing p sufficiently large. [

Proofs of Section 2.3

For ease of notation, we write in the following ¢(-) for ¢(-, ) and ¢y, (-) for ¢y, (-, Vo).

PROOF OF THEOREM 2.3.1. The proof is based on the decomposition under Hp

S8 = [ S Uif g (I 4 2 S Uaf 3 (W, ~ 3 (8(2) — 6(7, 00) Fy (W)

%

23 (6020) — 62 3) Fua W = I + 20T, + 11T, (2.26)

7
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Due to Theorem 2.2.1 it holds (v/2¢,,, )~  (nl, — fim,,) 4 N(0,1). Consider II1,,. Since
&(Zi) — ¢(Zi,0n) = do(Zi)! (90 — Un) + 0,(n~ ) observe

k mp k
nIIT, < 2nldo—i,? (ZZ [0, ZZ Zm )=[T64,,)°) +op(1).
I=1j=1 I=1j=
For each 1 <! < k we have
Sirol2 =3 ([ (Tou)wfiwpatw)dn)
j=1 j=1 "W

< / (Tho,) (w)pw(w) /v(w)Pv(dw) <y Tés,|Ify
w

< E oo, (Z,90)> < mpng (2.27)

by applying Jensen’s inequality. Moreover, we calculate

kE m
i km,, km,,
ZZE%Z% — [Té9)i)* < 2 sup E |6, (2) f;(W)? < 20
1=1j=1 n ji>1 n
(2.28)

These estimates together with |9 — 0, || = O,(n~/2) imply nIIl, = o0,(sm,). We are
left with the proof of nII,, = 0,(sm, ). We observe for each 1 <1 < k

E ‘ i T (n—1/2 Z Us f(Wi) (n™! Z bo,(Z:) F;(W3) — [Tqﬁﬁl]j))‘
<n”22 (B UL W)) (B 65,(2) F;(W)2) 2 = (‘”“’Z) o(m,)-

Now since n'/2(dy — U,,) = O,(1) we infer

Mmn

nIl, =n"/2(9y — 0 z i(suin I/QZUfJ E[6s(2) f;(W)]) + 0p(1)-

We observe foreach 1 <1 <k

Mn

gmn “'E ‘ ZTJ Z Ui f] Tgbﬂl] ’ < 97502771) Z[T¢ﬁz]] =X ngUQ 77127 ny
i j=1

which implies nII,, = o,(sm, ) and thus, in light of decomposition (3.23), completes the
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proof. O

PROOF OF THEOREM 2.3.2. For 1 < j < m, we make use of the following decomposi-

tion
R k
PRI D (Ui+0(Z0) =621, 9a)) = n=V2 37 (£,(W)Ui = [T il (V2))
i =1
-1 (W ~1/2
+ Z (n z fj (Wz)¢0l (Z [TQZWL ) ( Z hl )
=1 '
Z *1Zfz )00, (Zi)r1 + 0p(1) = Apj + Bpj 4+ Cnj + 0p(1)  (2.29)
=1
where 7, = (r1,...,7;)" is a stochastic vector satisfying r; = 0,(1). Consequently, under
H, we have

nSE = 1A% +2> 7jAni(Bnj + Cnj) + Y 7i(Bnj + Cnj)* + 0p(1).
j=1 j=1 J=1

Clearly, for all 1 < i < n the random variables U; f7(W;) + E [f7 (W )¢9 (Z)"|hp(Vi), 1 <
j < my, are centered with bounded second moment. Due to the proof of Theorem 2.2.2
it is easily seen that Y7, ;A2 A 3321 A x3;- Inequality (2.28) yields >0 B2, =

op(1). Since Y7 [Tyl < mpry we have I ELfm, (W)do(Z) Irel|* < Knpngllrell® =
op(1) and hence »°7" 02 = 0p(1). Finally, Cauchy Schwarz’s inequality implies that

i T Anj(Bnj + Cpj) = op(l), which completes the proof. O

PROOF OF PROPOSITION 2.3.3. Consider the case ¢,,! = o(1). Under the sequence of
alternatives (2.7) the following decomposition holds true

SP = S, +2( *12 Uity 2n=126(2:)) fr, (Wi *12 O(Zi,0n)) frn, (W)
- 2
+n~ Z $(Zi, 0n)) frn (W)
Due to Proposition 2.2.3 and the proof of Theorem 2.3.1 it is sufficient to show

(01 D0 0(Z0) i, (Wi, S0 Z0) = B(Zis 0n)) f, (Wi)) = 0p(/Gms). - (230

7
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Indeed, since 6; = ,/7; E[06(Z) f;(W)] we have

25 n—l/zz Z)—$(Zi, ) £5(W;) = \/ﬁ(ﬁo—ﬁn)fféj El¢s(2)f;(W)]+0p(1)
j=1

< p s Vil o — Ol D67 + 0,(1) = Op(1)
j=1
and hence (2.30) holds true.

Consider the case >.7'" 72 = O(1). We make use of decomposition (2.29) where U; is

Jj=1"J
replaced by U; + n ~1/25(Z;). Similarly to the proof of Proposition 2.2.4 it is easily seen
that 7™ 75 A2 LN 3221 A x1;(0;/X2). Thereby, due to the proof of Theorem 2.3.2, the

assertion follows. O

PROOF OF PROPOSITION 2.3.4. It is sufficient to prove S, = || T(p — &(-,90)) | + 0p(1).
Consider the case ¢;! = o(1). Since |n~!S,(6(Z:, 90) — 6(Zi, O ) fs Wi)|? = 0p(1)
(cf. proof of Theorem 2.3.1) and [|n =" 3;(Y;=$(Z;, 90)) £, (W)l = [T (o~ (-, 90)) |-+

op(1) (cf. proof of Proposition 2.2.5) the result follows. In case of > Tj = 0(1), we
infer similarly that S5 = 7 7;ln 1, (Y — 6(Zi,90)) £;(Wi)|? + 0p(1) and hence,

7j=1
Sh= T (e — o) + 0p(1). O

PROOF OF PROPOSITION 2.3.5. Consider the case g,,' = o(1). The basic inequality (a —
b)2 > a?/2 — b2, a,b € R, yields

P((VZ6m,) " (0S8 = pim,) > C.hfoz)

> B(1/20|n " Y2 (p(Zi) = 6(Zi, 90)) f 7, (W) U, VI = o
> V26, q1—a +2|(n }j S(Zi, ) fr (W, EIUﬁm
+Hn*l/22(¢(zi,19o)—¢(ZZ,19 Wi ) (2.31)

i

From the proof of Theorem 2.3.1 we infer ||n~'/2 32, (¢(Zi, ) — ¢(Zi, 190))f@(Wi)||2 =

0p(Sm,,) and

,12 (Zi, 0 ) S (W, ZUfmn
*Z 3(Zi,90)) frm ZUML )) + 0p(Smy,)-
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Thus, following line by line the proof of Proposition 2.2.6, the assertion follows. In case
of Y-i 72 = O(1) the assertion follows similarly. O

Proofs of Section 2.4.

In the following, we denote Q = Eley, (Z)ey, (Z)"] and Q = n~' I e, (Zi)en, (Z:)'
By Assumption 2.7, the eigenvalues of Q@ = E[ey,(Z)e,(Z)"] are bounded away from
zero and hence, it may be assumed that @ = I, (cf. Newey [1997], p. 161).

PROOF OF THEOREM 2.4.1. The proof is based on the decomposition (3.23) where the
estimator ¢(-, J,,) is replaced by Py, (+) given in (2.10). It holds nl 11, = 0y(Gm, ), which
can be seen as follows. We make use of

I11,/2 < ||*Z Era00(25) = %1, (20)) Fuy W) +||*Z(Ezilwo)(2i) Ul

7

=: A1 + Ao.

Consider A,,;. We observe

kn
< 2| T (B, 00—, )3 +2]| Ex, 00—y, I Z 7 > It Y el Zi) f(Wo) = [Tl
j=1 =1 7
=: 2Bp1 + 2Bp2. (2.32)
For B, we evaluate due to the relation [Q] =TI — [Q],;l([@] k. — Ik, that

<1 Brno — B, 1% < 2)|[ @k [0)k, — 1~ Zmnznl?

2

+2[[Qk, — I |* 1@ Qli, [eolk, — n 1ZY€kn Z)|"

Since the spectral norm of a matrix is bounded by its Frobenius norm it holds

E||[Qlk, — It |* <n”" Z Elef(Z)er(Z)] <nen” 'k,
=1
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and condition ¢ € F¥ together with Zf;l v, ' < 72/6 for n sufficiently large yields

E|[Q En [P0k, — T ZYek _1ZE|€g )Ey, 00(Z) — Ye;(Z)]?
<n'sup e, (2) P E | Bk, o(2)-Y|* < 4Tlen Yy (sup | B 0o (2)|+|pol|Z+E Y?)
ZEZ zEZ
= O(n ‘ky)

Moreover, since the difference of eigenvalues of [Q] k, and Iy, is bounded by || Q] b —
Ix, ||, the smallest eigenvalue of [Q];Ln converges in probability to one and thereby,
”[@]E:HQ =1+ 0,(1). Consequently,

n||Ey, 00 — @, Iz = Op(kn) (2.33)

and since k, = 0o(y,,,) we proved nB,; = op(sm,). In addition, applying inequality
(2.28) together with equation (2.33) yields nBy2 = 0p(sm,). Consequently, nA,; =
0(Sm,, )- Consider A,2. Similar to the derivation of (2.27) we obtain

mn
_ 2 _
Blln 5 (B o) (2o WP < 20l ol + 20 S B 1B oo(2) 50
7

j=1
We have
> HEIEL ) (2) W) = 0(vi1 > 1) = olom,) (2.34)
j=1 Jj=1

and nl|EiL ool|} = O(nv') = o(sm,). Hence, nIIl, = 0y(sn,). Consider I1,. We
calculate

nll, ‘ZT]ZUf] (p(]k — ( _1Z€kn E[ekl(Z)fj(W)]N

kn

+\ZTJZ (ol ~ [l (S U (W) (1))
Jj=1 =1 i

+\ TJ(ZUfJ D) (771D Bk 0o(Z0) £ (W3) = BLEE, ¢o(2) f;(W)])]
1 7

J
+\%T(2Ufy ) (B, 20(2) £5( \— Cn1 4 Cha + Cpz + Chy.  (2.35)
7=1
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Consider C,,;. Applying twice the Cauchy Schwarz inequality gives

< || B, 00— gpanZZT];ZUfJ (Z\n 1261 [ez<Z)fj(W)]lz)1/z.

From E |}, U; f;(W, |2 < nnfa relation (2.33), and inequality (2.28) we infer C),; =
0p(Sm,, ) due to condition (2.11). For C),» we evaluate

kn Mn

1/2
Crz < | Bruspo — 7, |2 (D2 |0 S Uy (W) [T)?)
=1 j=1 i
Now »77™ [T]?z = O(ky,) together with (2.33) yields Cp2 = 0,(1). Consider C,;3.

Since E[U 2]W] < o2 we conclude similarly as in inequality (2.34) that

Mp

ECps < z (E[U L)) P (EIEL 0o(2) f;W)2) 2 = (‘”22) 0(Sm,)-

Consider C,,4. We calculate

mMn

E|Cral* < nimpo® Y [TEg ¢oli < nipy o |TEg, wollfy = O(n;1) = ol<m,)-
j=1

Consequently, in light of decomposition (2.35) we obtain n/I,, = o(s;,, ), which com-
pletes the proof. O
PROOF OF THEOREM 2.4.2. Employing the equality [Q]_ = Iy, — [@];j([@}ki—lkn) we
obtain forall 1 < j < my, o

WSS 50V (Ui + o(Z) i, ()
= n_l/QZ (fj( )Ui + E[f;(W)ew, (Z)'lex, (Zi) (0o(Z:) — YZ))

i

Tl A>kwﬂ@@m@@—%ﬂﬂwdﬁ—“>

(42ﬁ E [£5(W)er, (2)']) Vi ([¢olk, — [Pk,
+MWZME)%ﬂﬁ%(Wﬂ)(ﬂﬁﬁX»z%ﬁ&ﬁ@ﬁmf
(2.36)

Due to Assumption 2.7 (ii) we may assume that {ej,...,e;} forms an orthonormal
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system in £% and hence Y} ; E[f;(W)e;(Z)]? is bounded uniformly in k. Thereby,
S i1 Elfi(W)e(Z)]ei(+) belongs to £% for all j > 1. Now following line by line the
proof of Theorem 2.2.2 we deduce

%T]A ZT E|n 71/2ZU<f] DY ELf(W)e(2)]er(Z:) )\ +op(1 fy e
J=1 j=1

>1

Moreover, we see similarly to the proof of Theorem 2.4.1 that 37" ~(B72U- + C,%j +
D,QU) = 0,(1), which completes the proof. O

PROOF OF LEMMA 2.4.3. Note that the squared Frobenius norm of %, — %,,, is given
by

S |n S (2P STV~
=1

<@k, — Erelz Z E [Jlex, (Z)I1* £7 (W) fT (W)]

jl=1
+ 3 E[EL wol2)2 (W) (WD) + 0,(1)
7,l=1
<1k, — Bl 20((5)%) +0(() o)) + 0n(1) = 0,(1)
J=1 j=1

by using relation (2.33). Consequently, the Frobenius norm of £, equals ¢, + op(1).
Consistency of the trace of %, is seen similarly. O

PROOF OF PROPOSITION 2.4.4. Consider the case g,,' = o(1). Due to condition (2.14)
and similarly to the proof of Theorem 2.4.1 we observe

S 02 S () — g (Z) T (W)

j=1 i

=SS (et - 1 Ls sz,
=1 M ;

Jj=1

Consequently, the result follows as in the proof of Theorem 2.4.1. For > 7" TJ = 0(1)
we conclude similarly. O

(Sma)
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PROOF OF PROPOSITION 2.4.5. Similar to the proof of Proposition 2.3.4. O

PROOF OF PROPOSITION 2.4.6. We make use of inequality (2.31) where qﬁ(-ﬁn) is re-
placed by @, . From the proof of Theorem 2.4.1 we conclude that [n—1/2 > (@, (Zs) —

vo(Zi)) @(Wz)||2 = 0p(Sm,,) and

*IZ — B (Z0)) F (W, ZUfmn
= n_lz o(Z;) — o mn ZUfZM )) + 0p(Sm,,)

uniformly over all ¢ € Z¢. Thus, following line by line the proof of Proposition 2.2.6,
the assertion follows. O

Proofs of Section 2.5.

Recall that [T, = E[eg(W)eg(Z)']. In the following, we introduce the function ¢y, (-) :=
e@(-)t[T];nl [9]k,, which belongs to L£%. For all k > 1 let us denote €2, := {||[f]£1\| < V/n}
and Uy, := {||Qk[l|I[T]; || < 1/2} where Q) = [T I'); — [T Note that Elg; =P(Q,) =
o(1) (cf. proof of Proposition 1.3.1) and, hence 1q, =1+ 0y(1).

PROOF OF THEOREM 2.5.1. For the proof we make use of decomposition (3.23) where
the estimator ¢(-, 9 ) is replaced by @y, given in (2.16). Consider I11,. Observe

111, < 2|07t ¢k, (Zi) = @r, (Z)) fr (W2

+2(n Y (or, (Zi) = 00(Z0)) Fry Wil = 2401 + 2452, (2.37)

Consider A,;. We evaluate by applying Cauchy Schwarz inequality

Mn kn

At < 2||T(pr, = B Iy + 200, = BrallZ D75 D v 0™t D ea(Za) (W) — [Tl
=1 I=1 i

[

The link condition T" € 7', yields || T(@, — k)13 < d||@k, — ¢k, ||>- From Theorem

15

2.6 of Johannes and Schwarz [2010] and condition (2.17) we infer n||@y, — @&, ||
Op(max(nvkn'y,;nl,kn)) = 0p(Sm,,). This together with estimate (2.28) implies nA,; =
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0p(Sm,,). Consider A,>. We observe

E Anz < 2||T(0r, = 90)lliy + 207 E |[(¢r,(Z) = ¢0(2)) £, W)

< 2d||on, — pollz + 207" P([er, )i — [pol: ZTJZZ *Elel(2) f; (W)
>1 =1 =1

< 8D2n( P o — ool + Cortlon — wol2F SN Y. (238
< o5, Ik, = olly + 51 ok, —olli =3 7). (2.38)

where we used Lemma A.2 of Johannes and Schwarz [2010], i.e., ||or, — wol? <
4Ddpwy,, vy, ! for a nondecreasing sequence w. Condition (2.17) together with the esti-
mate k2 < o* >ty 7 for n sufficiently large implies nA;2 = 0,(Gn,, ). Consequently, due
to (2.37) we have shown nl11l,, = 0,(<n, ). The proof of nll, = o,(sy,, ) is based on de-
composition (2.35) where 7, and Ekin o are replaced by ¢, and ¢y, — o, respectively.
Consider C,,;. We calculate

1 < || Pk, — ki, |0 ZTJ| ZUf] (Zvl -1 Zez(Zi)fj(Wi) - [T]jl|2>1/2

Since /n|| Pk, — ¢k, |lv = op(gﬁl/n) we obtain, similarly as in the proof of Theorem 2.4.1,

Cn1 = 0p(Sm,, ). Consider Cy,». Again similarly to the proof of Theorem 2.4.1 we observe

Mn kn
Cra = | S 73 S ITL((@ra) — [or ) (3 U5 (W)
j=1 =1 %
N an1/2 1 1/2
< (nl1Bk, — ora ) (o 350 S 2) 7+ 0p(1) = olsm,)
=1 j=1
by exploiting 37" [T]5 = [|Tellfy < dvi. Consider Cp3. Since E[U?|W] < o? we

conclude similarly as in inequality (2.34) using Lemma A.2 of Johannes and Schwarz
[2010]

mn k mn
EC,3<0o (E Z)—wo(Z -W21/2< 279 _%n - 7i = o($m. ).
3 ]; i (E (o, (2)=00(2)) f;(W)]7) n NV @ole_z_jl i = 0(Sm.,)

Consider Cy4. Again exploring the link condition T' € 7, and Lemma A.2 of Johannes



101

Appendix

and Schwarz [2010] we calculate

E |Cpal? nUZ (r, — 90)I7 < nol|T(r, — o)y
— ol = o(sm,)-

< nod|er, — ol <

n

Consequently, the estimates for Cy1, Cp2, Cp3, and Cpa imply nll, = op(sm, ), which
O

completes the proof.

~[9lk = 17 25 f (W) (00, (Z0) = Y5)

PROOF OF THEOREM 2.5.2. Observe [Ty, [, ]k,

and hence, forall1 < j < m,
X WALDICETHEARENER)
— 12 Z (/WU + B [f;(W)ex, (2)[T]g,) ex, (W) (o1, (Z0) = Vi) )

_1/QZE €kn le)

B [f;(W)en, (2)']) [Tl) (07> 3 ena (Wi (o, (1) -Y2))
(2.39)

(Z2) (T )y, Qua [Ty, er (W3 (21, (Z2) —

He s

+n —1/2 Z (QO()(ZZ‘) —
Consider A,;. The entries of the inverse of the matrix (E[f;(W)e;(Z)]);>1, which is
equivalent to (E[e;(W)e;(Z)]);>1, are denoted by ¢ for all j,i > 1. For each 1 < j <
my,, note that E [ f;(W)ex, (2)'] [T],;:ekl(d converges in probability to Y=, .~ [T jitier(-)

ko (Z:)) [;(W3) = Apj + Byj + Chj + Dy

e;(-). This proves

Mn Mn oo
> Al < X min 1/22U (517 = e5(W)[ +0p(1 RIS

2/|(77; "l and [|[T]; "> 10, < n for all

Consider B,;. By employing ||[f],;1\| 1y, <
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k > 1 it follows

Mn Mn
Z TjBij 1o, = Z TjBij 1q,, (]lz;kn + Iluzn)
j=1 j=1

< /B (Ve (20 VI (41T P10 P2 3 (V) o, (20 Y5) P

+ nl|Q, |12~ 1/22.&" Dk, (Z) = V)| 1o, )

As above we have || E f7, (I/V)eki(Z)’f[T]l;nlH2 = O(1). Moreover, n|Qy,, ||> = O,(k?) and
In=12 3 e, (Wi) (@, (Zi) = Yi)|* = Op(kn) due to Lemma 1.5.1. In addition, similarly
to the proof of Proposition 1.3.1, it can be seen that n||Q,, ||?[|n "2 3, ex,, (Wi) (¢n, (Zi)—
Y)|I? 155y = 0p(1). Consequently, Y7 73 B, = op(1) using 1q, =1 —i—iop(l). Similarly,
it is easily seen that Y', 7;,Cr; = 0,(1) and 37" 7D},

result. [

= o,(1), which proves the

PROOF OF PROPOSITION 2.5.3. Consider the case ¢,,! = o(1). Similar to the proof of
Proposition 2.3.3 it is sufficient to show

(™! D2 0(Zi) f, (W), n ™2 D2 (00(20) = o (20)) Fi, (W) = 0p(Vom,)- - (2:40)

i

Due to the link condition 7" € 7;’;, we obtain

Z T5yfz P (Zi) =P (Z0)) J5(Wi) < V| T 7|l ok, — P lo+0p(1) = 0p(Sim,)-

As in the proof of Theorem 2.5.1 it can be seen 37 7;[T'6]; 3=, (v0(Zi) — ¢k, (Z -))fj(M) =
op(v/nSm,,) and, hence equation (2.40) holds true. Consider the case >77' j = O(1).

We make use of decomposition (2.39) where U; is replaced by U; + n~'/26(Z;). Simi-
larly to the proof of Proposition 2.2.4 it is seen that 37" 7; A7, 4 S AT (65/A5F).

Thereby, due to the proof of Theorem 2.3.2, the assertion follows. O
PROOF OF PROPOSITION 2.5.4. Similar to the proof of Proposition 2.3.4. O

PROOF OF PROPOSITION 2.5.5. We make use of inequality (2.31) where ¢(-, 0, n) is re-
Pr

placed by @,. From the proof of Proposition 2.5.1 we infer ||n='/2%;(@k, (Zi) —
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00(Z0)) f7, W) |[* = 0p(Gm,,) and

*IZ = @ (Z0) fra (W, ZUfm
= (07 D _(#(Z) = P0(Zi)) Fiy ZUfZ,L,L )) + 0p(Sm,)

uniformly over all ¢ € JF. Consequently, following line by line the proof of Proposition
2.2.6, the assertion follows. O

Technical assertions.

Let us introduce Xy := v/2(sm,n) "' 7 UiUy f7(Wi) f7(Wy) and

(2.41)
0, fori=1and i > n.

Q _{ Z;;%Xlzv fOI"L'ZQ,..,”I’L,
nt «—

Then clearly

(V26m,,n) ZZUUf FT(Wir) = V2(6m,m ZZUUf 7 (W)

£t j=1 i<’ j=1

=D Xiw = Z Qni
i<i’
Let By, .= B((Z1,Y1,W1),...,(Z;,Yi,W;)), 1 < i< n,n > 1, be the s-algebra generated
by (Z1,Y1,W1),...,(Z;,Y;, W;). Since U; fT( i), 1 <
ables it follows that {(3°%_; Qui, Bni), i > 1} is a Martingale for each n > 1 and hence
{(Qni,Bni), i > 1} is a Martingale difference array for each n > 1. Moreover, it satisfies

1 < n, are centered random vari-

the conditions of Proposition 2.7.1 as shown in the following technical result.

Proposition 2.7.1. If {(Qni, Bni), @ > 1} is a Martingale difference array for each n > 1

satisfying conditions
o
ZE|QM|2 <1 foraln>1, (2.42)

ZQ =1+ 0,(1), (2.43)

sup |Qni| = 0p(1) (2.44)

121
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then 2| Qui % N(0,v).

Proof. See Awad [1981]. O

Note that this result has been also applied by Ghorai [1980] to establish asymptotic
normality of an orthogonal series type density estimator. Indeed, the following proof is
similar to the proof of Lemma 2 of Ghorai [1980].

Lemma 2.7.2. Let Q,; be defined as in (2.41). Let Assumptions 2.1-2.4 be satisfied and

assume (> Tj)3 = o(n). Then conditions (2.42)—(2.44) hold true.

j=1

Proof. Proof of (2.42). Observe that E[X;,X+] = 0 for i # ¢’ and thus, fori =2,...,n

we have

E|Qnil* =E |X1i ot Xi1P = (i — 1) E | Xqo|?
20i im1) Ba
=20 S U HUDIE iz 2 (B W) (W)
mn j=1 Mn 4.g'=1
2(i — 1)
by the definition of ¢,,,,. Thereby, we conclude

" 2 '« — 1 1
ZE|Qni|2 72 n(n—1) = 1—5 (2.45)
i=1 i=1

which proves (2.42).
Proof of (2.43). Using relation (2.45) we observe

n n
2
E[Y QL—1"=) EQn+2> EQrQuy—1+0(1) = I, + I, — 1+ o(1).
1=1 =1

1</

Consider I,,. Observe that

i—1
E|Qm’|4=E’ZXi’i| —E‘ V2 s ZTJUfJ ZU fi (W

mnj 1
rb‘liiln(zl; ) ZE|UfJ ((i—1)TjE|Ufj(W)|4+3(i_1)(i_2)gj2j>

where we used that E[U f;(W)] = 0. Since > ;" 3(i — 1)(i — 2) = n(n — 1)(n — 2) we
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conclude
4 Mn 3 _ 1 Mn Mn

< (305) (U S m @) a1 0-2) S BIU L0
ma - j=1 =1 =1

Therefore, applying max;>1 E U f;(W)[* < nyn,o* and Y7 75 = o(n'/?) yields I,, =
o(1). Consider II,,. We calculate for i < i’

—1 /1 —1 /1
Qi = ( ZZ Xlgz) (ZZ Xlgi/) + ( ZZ XI%Z) ( 12 in’Xk’i’)
k=1 k=1 k=1 e
+ ( S inXk’i> (SX;%) + ( § inXk’i) ( Zi in’Xk’i’)
kAR k=1 kK kAR

Consider A;;/. Exploiting relation (2.45) and using -,/ (i—1) = Y5 (i'—1)(i'=2) /2 =
n(n — 1)(n — 2)/6 and further >, (i — 1)(¢' —3) = > 0_, (/' = 3)(@' —2)({' —1)/2 =
n(n —1)(n —2)(n — 3)/8 we obtain

2 EAy =4EX}X55 ) (i—1)+2(EX75)*) (i — 1)@ —3) +o(1)

i<i! i< i<’
Sn(n — 1)(” — 2) — T T T T
= 3nich ( } % 1<jj'§zz'EU4fj W) (W) f, (W)fl’<W>)
n j7]/7 , I —
—D(n—-2)(n —
L e U BN
n
Moreover, applying Cauchy Schwarz’s inequality twice gives
> Sjj'Sll/EU4ij(W)ij/(W)flT(W)f17(W)
Gog! Ll =1
R 2 Lo (xR )2
< Dax E|Uf;(W) ( > \/TjTj’Sjj’> <nfnpo Cmn(ZTj) :
o 5 =1 i=1

Thereby, it holds 23, s E A;7 = 1+ o(1). Now consider B;;. Since {f;};>; forms an



orthonormal basis on the support of W we obtain

i'—1

E (gx,%) ( 3" Xpir Xpi ) —9 Z E X2 X Xy

kK k=1
Si-1) 3 B (U7 W) (W)U 7 (Wa) 5 (We) S f7 (W) f7 (W)

gmn jj’ 1 LI'=1

8(i—1 2,2 My 8'_16 3 mn 2
<MELTI (S m v ) < T (30

gmn 7,'=1 gmn 7j=1

This, together with relation (2.45), yields >, E B;» = o(1). Further, it is easily seen
that 3, _,, E C;» = o(1). Consider D;;;. Using twice the law of iterated expectation gives

i—1 i'—1 i—1
EDjy =B (Y XpiXuwi) (0 X Xpw) = 4 3 B Xpi Xpri Xpir X
£k k! k<k'
1—1
=4 Z E [Xk‘le’/l E[in/Xk’i’KYka Zk‘7 Wk))7 (Yk/; Zk’v Wk’)7 (}/Z’ Zia WZ)H
k<k'
8 i—1
= > B [B[Xki Xl (Y, Z Wi, (Yies Zio, W)
2,
Mn
x Y sipUef] (W) Up f7(Wi)|
J.j'=1
8047)2 )
- | S Sl T (W)U (W) (i = 1)(i = 2) < 2 (i — 1)(i — 2).
gm" J,5'=1 " gm“
Since ¢,,! = o(1) we obtain
204 2n(n—1)(n—2)(n—3
ZEDW\ Zz—l (i—2) i 2>( ) ):0(1)

362 n4
<3’ mn <’ S

and hence 2%, EQ2,Q2., =1+ o(1).
Proof of (2.44). Note that P(sup;>; |Qni| > ¢) < Yit P(Q2; > €?) and, hence the
assertion follows from the Markov inequality. O



3 Specification Testing in Nonparametric

Instrumental Quantile Regression

3.1 Introduction

Regression models that involve instrumental variables are widely used in economics to
overcome endogeneity problems. In these models, assuming additive separable struc-
tural disturbances can often not be justified by the data. This is why their nonseparable
extension has been studied extensively in the recent past. Under certain key conditions
the nonseparable model implies a conditional quantile restriction. This quantile rep-
resentation is used in the literature to obtain identification and estimation results. If
one of the key conditions is violated, however, the quantile regression representation is
potentially misspecified as we illustrate below. This paper contributes to the literature
a specification test in nonparametric instrumental quantile regression. In addition, we
develop several tests to justify model simplification.

We consider the nonseparable model
Y =h(Z,V) 3.1

where Y is a scalar dependent variable, Z a vector of regressors, and V' an unobserved
scalar variable. Here Z contains potentially endogenous entries in the sense that Z and
V' may not be independently distributed. Typically in the literature, one finds the follow-
ing key conditions: an instrumental variable 1/ is available being independent of V, the
function A is strictly monotonic in its second argument (wlog strictly monotonically in-
creasing), and V' is continuously distributed (wlog V' ~ U0, 1]). Given these conditions,
for any 0 < ¢ < 1 the quantile structural effect ¢(-) := h(-, q) satisfies

PEY <@(2)[W) =P(h(Z,V) < h(Z,q)|W) =P(V < ¢|W) =g,

and hence we obtain the following quantile regression representation (Horowitz and
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Lee [2007])
Y=pZ)+U with PU <0|W)=gq. (3.2)

Research on identification and estimation in nonparametric instrumental quantile re-
gression has been active in the last decade. Chesher [2003] investigated nonparametric
identification of derivatives of the unknown functions in a triangular array structure.
Chernozhukov and Hansen [2005] and Chernozhukov et al. [2007] give identification
conditions and develop a nonparametric minimum distance estimator. In that model,
Horowitz and Lee [2007] propose an estimator based on Tikhonov regularization. Chen
and Pouzo [2012] study penalized sieve minimum distance estimator. Dunker et al.
[2011] consider an iteratively regularized Gaul3-Newton method to solve nonlinear in-
verse problems involving instrumental variables. Gagliardini and Scaillet [2012b] study
the asymptotic distribution of a Tikhonov regularized estimator. All these papers assume
that a solution to the model equation exists.

Specification tests in instrumental variable models is a subject of considerable litera-
ture (the earliest work goes back to Sargan [1958] which together with Hansen [1982]
are known as the test of overidentifying restrictions). In the context of nonparamet-
ric instrumental mean regression, tests for correct specification have been proposed by
Gagliardini and Scaillet [2007], Horowitz [2012], and see also Chapter 2. On the other
hand, Horowitz and Lee [2009] established a test of parametric specification of ¢ in
model (3.2). But, as we far as we know, its nonparametric extension, that is whether a
function ¢ solving (3.2) exists, has not yet been addressed in the literature.

Indeed, there exist several sources for misspecification in model (3.2). Model (3.1)
need not to imply the quantile regression model (3.2) if the instrument W is not valid
(that is W is not independent of V'), h is not strictly monotonic in its second argument
or V is not continuously distributed. Under violation of one of the key conditions the
correct quantile structural representation is given by

Y =¢(Z)+U with PU <0|W) = q+&W) (3.3)

for some function £. If h is not strictly monotonic in its second argument we have
EW) =P(h(Z,V) < h(Z,q)|W) — q. If h satisfies the monotonicity condition but the
instrument W is not valid then {(W) = P(V < ¢|W)—¢q. Moreover, if 1 is monotonic and
W is a valid instrument but V' is not continuously distributed then £&(W) = P(V < q) —q.
Consequently, any estimator of ¢ in the misspecified model (3.2) does not account for
the additive term £(1/') and hence might not converge to the true structural quantile
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effect. The aim of this paper is to test whether model (3.2) is correctly specified, that is
£E=0.

We also provide extensions of our results concerning model simplification. We estab-
lish a test of exogeneity of the regressors Z in the quantile regression model (3.2), that is
whether P(U < 0|Z) = q¢. Falsely assuming exogeneity of the regressors leads to incon-
sistent estimators whereas treating exogenous regressors as if they were endogenous can
lower the accuracy of estimation dramatically. Moreover, we propose a test of dimension
reduction, that is whether certain regressors can be omitted from the quantile structural
effect ¢. A test of dimension reduction may reduce the complexity of the model and
help to increase the accuracy of estimators of the structural effect ¢. In particular, by
justifying a withdrawal of regressors that are only weakly correlated to the instrument
one might obtain identification in the restricted specification while ¢ is not identified in
the original model. Further, a test of additivity of the structural function is established.

Our test statistic is based on the £2 norm of the empirical conditional quantile restric-
tion. We establish the asymptotic distribution of our test statistic and its consistency
against fixed alternatives. Also uniform consistency over certain classes of functions can
be obtained. By Monte Carlo simulations we demonstrate the power properties of our
test in finite samples. As an empirical illustration, we study a nonparametric median
regression model of the effects of class size on test scores of 4th grade students in Israel.
We reject the hypothesis of exogeneity of class size at the 0.5—quantile but fail to reject
the hypothesis of correct specification of an instrumental median regression model.

3.2 The test statistic and its asymptotic properties

This section begins with the definition of the test statistic and states assumptions re-
quired to obtain its asymptotic distribution under the null hypothesis. Further, we show
that the penalized sieve estimator of Chen and Pouzo [2012] can be used to estimate
the structural effect . Moreover, we study power and consistency properties of our test.

3.2.1 Definition of the test statistic

The quantile regression model (1.1a) leads to a nonlinear operator equation, as we see
in the following. Let & be a Banach space and let us introduce the Hilbert space £, :=
{¢: |¥]lE == E[p(W)|?> < oo}. Then we define the nonlinear operator 7 : & — L3,
with

To=E[1{Y <é(2)} — q|W] (3.4)
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for any ¢ € ® where 1 denotes the indicator function. Thereby, model (1.1a) can be
rewritten as the operator equation 7 ¢ = 0. Throughout the paper, we assume that the
function ¢ defined by the operator equation is identified.

In many economic applications, for instance when estimating a demand function or
Engel curves, the structural function of interest may be assumed to be smooth. This a
priori knowledge is captured by a set B which we introduce below. Thereby, we consider
the null hypothesis

H : there exists a function ¢ € B such that 7y = 0. (3.5)

The alternative is that for any ¢ € B it holds T¢ = ¢ for some nonzero, bounded
function &.

To motivate the test statistic assume that the support of W is contained in [0, 1].
Let py denote the marginal density of W. By carrying out an additional smooth-
ing step one might obtain better power properties as we discuss below. Let L be a
nonsingular smoothing operator L acting on £3,. Then (T¢)(w) = 0 if and only if
(LT ¢)(w)pw(w) = 0 for all w in the support of W. Our test statistic is based on
a sample analog of [; |(LT)(w)pw (w)|?dw. Further, let us introduce approximating
functions {f;};>1 which are assumed to form an orthonormal basis £[2071]. In what fol-
lows, let {7}, f;};>1 be the eigenvalue decomposition of the smoothing operator L with
7 := (75)>1 being a positive nonincreasing sequence. Further, due to Parseval’s identity
the following representation holds true

[ 1T @) = S (1Y < o(2)) 17 .6
j=1

Throughout the paper, we assume that an independent and identically distributed n-
sample of (Y, Z, W) is available. Further, we truncate the infinite sum on the right hand
side of (3.6) and replace the expectation by sample mean. Our test statistic is then given
by

mMn n
_ ~ 2

Sne= D miin™ Y (1{Y; < @u(Z0)} — 0) f;(W)] 3.7)

j=1 i=1
where m,, tends to infinity as n — oo and @, is an estimator of ¢. Here, ©,, can be any
consistent estimator of ¢ satisfying a certain convergence condition which we specify
below. We will see that this condition is satisfied by the estimator of Chen and Pouzo
[2012]. We reject the hypothesis Hj if nS, becomes too large. Further note that if no
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additional smoothing is carried out, that is L is the identity, then 7; = 1 for all j > 1.

Remark 3.2.1 (Parametric Specification). Given some finite integer k assume that func-
tions ey, . .., ey are available such that o(-) = Y-¥_, 0,¢;(-) for some unknown coefficients
W, ...,0. To test the parametric specification T¢ = 0 one may proceed as in Horowitz
and Lee [2009] where the vector of coefficients is estimated via the instrumental quantile
regression estimator of Chernozhukov and Hansen [2006]. In the general case, however,
a finite dimensional approximation might be not accurate for consistently estimating the
structural function ¢. Therefore, we require the dimension parameter k to tend to infinity
as the sample size increases. O

3.2.2 Assumptions and notation.

To obtain asymptotic normality as m,, — oo we need to standardize our test statistic .S,
by appropriate mean and variance, which we introduce in the following definition.

Definition 3.2.1. For all m > 1 let X, denote a m x m matrix with the entries s;; =
VT E[fi(W)fi(W)], 1 < j,1 < m. Then the trace and the Frobenius norm of X, are
respectively denoted by

JTES f:sjj and ¢, = ( Z s§l>1/2.

=1 ji=1

In order to obtain our asymptotic result we state the following assumptions. Our first
assumption gathers conditions which we require for the basis {f;};>1 in £3,. In the
following, let { f;},;>1 form an orthonormal basis on the support W of W with respect to
the Lebesgue measure v (that is, [}, fj(w)fi(w)v(dw) = 1if j = [ and zero otherwise).

Assumption 3.1. There exists some constants 1,7, > 1 such that

Sup (/W fi(s)|'v(ds)) <y and sup pw (w) < 7lp:
Assumption 3.1 holds for sufficiently large 7 if the basis { f;};> is uniformly bounded,
such as trigonometric bases or B-splines that have been orthogonalized. Moreover, As-
sumption 3.1 holds in case of Hermite polynomials.
Our methodology requires conditions specifying the relation of the nonlinear operator
T to its linearization. In the following, we denote the Fréchet derivative of 7 at ¢ by

Té:= /Z Py 2w ((2), 2, W)o(2)d=
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where py, 7y denotes the density of (Y, Z) given W. Let Dy denote a distance on B.
Throughout the paper, we assume that Dj is bounded by the supremum norm. Let us
specify an upper bound on the Taylor remainder of 7.

Assumption 3.2. There exists some constant n > 0 such that for all functions ¢ € U-(p) =
{¢ € B: Dp(¢,p) < e} for some € > 0 it holds

1To—Te—T(6— o)ty <nllTe—Teliy

Assumption 3.2 is also known as the tangential cone condition and frequently used in
the analysis of nonlinear operator equations (for a further discussion and examples we
refer to Hanke et al. [1995]).

Assumption 3.3. Let B, := {¢ € B: Dp(¢p,¢) < Ry} then we assume that there exist
constants C' > 0 and « € (0, 1] such that

max E [ sup | 1{Y < ¢(2)} - 1{Y < o(2)}*[}(W)] < CRE. (3.8)
1<j<mn, oeB,

Assumption 3.3 states that the function ¢ — (1{Y < ¢(2)} —q)f;(W), 1 < j < my, is
locally uniformly £, continuous. This condition has also been exploited by Chen et al.
[2003] (Theorem 3), Chen [2007] (Lemma 4.2 (i)) or Chen and Pouzo [2012] (Remark
c.1).

Assumption 3.4. There exists an estimator ¢, € B of ¢ based on an iid. n-sample of
(Y, Z, W) from the model (1.1a) such that (i) Dg(%n, ) = 0p(Rp) With pim, Rf = 0(Sm,, )
where r is as in (3.8) and (i) n||T(Gn — )% = 0p(Sim,, )-

In Assumption 3.4, condition (7) requires to choose m,, such that the D-rate of con-
vergence of 3, has a stronger decay than ¢y, x1,,". Assumption 3.4 (ii) ensures that
the difference of ¢,, — ¢ in our test statistic is asymptotically negligible. As we see in
subsection 3.2.4, Assumption 3.4 (ii) is satisfied by the estimator of Chen and Pouzo
[2012].

In the following, we describe smoothness conditions imposed on the structural func-
tion ¢ which is captured by the set B. Let Z have support Z C R? and for any vector of
nonnegative integers k = (k1,. .., kq) define |k| = 339_, k; and D* = §I* /(624" ... 525%).
For some integer p > 0 we define the norms

1/
9lap = (3= [ ID"o(2)Pdz) ", [9lla.cc = mmax sup [ D*6(2)|

<
|k|<a+a0 | SCzeZ
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where « and « are positive integers. We denote the Sobolev spaces associated with the

norm || - [, by
WP :={¢p: Z = R: [|¢|lap < 0o} 3.9
For some constant p > 0, define 3 as the Sobolev ellipsoid of radius p given by

B:={p e WP ||¢]lap < p}. (3.10)

The following assumption gathers regularity conditions imposed on the structural
functions ¢ and the supports Z of Z and W of W.

Assumption 3.5. (i) Let ag > d/p and a > min(d/k,d/2) where the constant k > 0
satisfies equation (3.8). (ii) Z is bounded, convex and satisfies a uniform cone property.
(iii) W is bounded and the marginal density py is uniformly bounded away from zero on
W.

Assumption 3.5 (i) requires « to be large if (3.8) holds only for small x > 0 or the
dimension d is large. Assumption 3.5 (i) imposes a weak regularity condition on the
shape of Z. For the uniform cone property see, for instance, Paragraph 4.4 in Adams
and Fournier [2003]. This property was also used by Santos [2012].

Example 3.2.1. Let Fy |y denote the cumulative distribution function of Y given (Z, W)
and assume that it is Lipschitz continuous with constant C, > 0, ie., |Fyjzw(y) —
FyizwW)l < Crly — 4| for all (y,y'). Due Assumption 3.5 the Sobolev space WP
can be embedded in W (cf. Adams and Fournier [2003]). In particular, Dg(¢,p) =
|6 — ¢lloc = sup,cz |¢(2) — ¢(2)| is bounded on B and moreover, Assumption 3.3 holds
true. Indeed, by following Chen et al. [2003] (page 1599 — 1600) we observe for each
I<yg<my

E[sup | 1{Y < ¢(2)} — 1{Y < (2)} f2(W)]

dEB,,
<E[(1{Y

<@(Z)+ Ry} —1{Y
=E [(Fy|zw(¢(Z) + Rn) —

<
Fyzw(p(Z) — Rn) )f (W)] < CLR,

which implies Assumption 3.3 with k = 1/2. In addition, if L is the identity operator then
condition 3.4 (i) is equivalent to R,, = o(m;,1). O
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3.2.3 Asymptotic distribution under the null hypothesis

In this section, we establish asymptotic normality of our test statistic. The following
theorem establishes asymptotic normality of S,, after standardization by i, and ¢,,, .

Theorem 3.2.1. Let Assumptions 3.1-3.5 be satisfied. Further; if

Mn

Gl =o) and (37) =oln) (3.11)

Jj=1

then we have under H

(ﬁ@nn)_l (ﬁ Sn — Nmn> i N(Oa 1).

3.2.4 Estimating procedure

In the previous section, we derived the asymptotic distribution of our test statistic under
the condition n||T(3, — ¥)||; = 0p(sm, ). In this section, we present an estimation
method for the structural function ¢ that satisfies this condition. We discuss a penalized
sieve minimum distance estimator suggested by Chen and Pouzo [2012].

Chen and Pouzo [2012] propose a class of estimators, which are minimizers of a
penalized minimum distance criterion over a collection of sieve spaces. Given a sequence
of known basis functions {e; },>; the series least square estimator of 7 ¢ is given by

n _1.n

(T9)() = en, () (X ew, (Wer, Wi)')  D_(1{Y; < $(Z0)} — @)en, (Wi)  (3.12)

=1 =1

where the integer [,, grows slowly with the sample size n. Chen and Pouzo [2012]
consider the following penalized sieve minimum distance estimator, ,,, defined as

Qn(Pn) < it Qn(0) (3.13)
where
Qn(9) = n~ Y (TO) (W) (To)(Wi) + AP (). (3.14)
=1

Here By, is a closed sieve parameter space whose complexity (denoted as k,, := dim(Bj,, ))
grows with sample size n and becomes dense in the original function space B (B, C
Br+1 C B), A, > 01is a penalization parameter such that A\, — 0 as n — oo, and penalty
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function P : B — [0,00). One could also generalize the results to an empirical analog
of the penalty. Let Di be a norm on B and hence, we write Dg(¢,¢) = ||¢ — ¢||5 for
any ¢ € ¢. In the following, let Ej, ¢ € By, such that |E}, ¢ — ¢||g = o(1) and assume
IT Erollw = o(1).

Chen and Pouzo [2012] establish consistency of the estimator ¢,, given in (3.13) at a
certain convergence rate. In the following, we assume that ||, — ¢||g = 0p(R,) Where
tm,, Rn = 0(sn, ) which can be ensured by a moderate choice of m,,. Further, we restrict
the class of functions to the shrinking sets

Bo={¢p€B: [¢—¢ls <Rn, [6lls <C1, \iP(¢) < AnCo} and By, = Bo N By,

for some constants C', Co > 0. In the following, || - || denotes the euclidean norm.

Assumption 3.6. (i) B, and B, are convex; (ii) there is a constant C > 0 such that
SUD,, SUD(; w)e zxw Py|z,w (U, 2, w) < C; (iii) Z is compact with Lipschitz continuous bound-
ary, and the marginal density of Z is bounded and bounded away from zero over Z. (iv)
2

sup;-; Ele;j(Z)|* < n for some constant 1 > 0, the smallest eigenvalue of Elex(Z)er(Z)']

is bounded away from zero for all k > 1, and sup,¢ z He@(z:)ﬂ2 = o(n/ky).

Let us introduce a sequence (4, ),>1 satisfying 62 = max (n~1l,, b, ) where b, is the
order of the bias of the least square estimator 7. In the following result we show that the
estimator ¢,, given in (3.13) converges sufficiently fast to ¢ in the pseudo norm induced
by T'. Note that sufficient conditions for consistency of &,, are given in Section 3 of Chen
and Pouzo [2012].

Proposition 3.2.2. Consider the estimator ¢, given in (3.13) with ¢, — ¢||B = 0p(Rn).
Let ¢ € B, and Ey,, ¢ € B,k,, and let Assumptions 3.2 with 0 < n < 1 and 3.6 hold. If

nmax (67%7 Ans | T (B, 0 — @)HI%V) = 0(Smy,) (3.15)

then we have

nl|T(8n = )iy = 0p(smy,)-

Remark 3.2.2. Chen and Pouzo [2012] prove under mild regularity assumptions on the
joint joint distribution of (Y, Z, W) in Lemma C.2 that 62 = max (n~'l,,, 1% dim(W)) as
long as T ¢ belongs to a Hoélder space with Holder parameter (5. In this case, condition
n62 = o(n, ) is satisfied if L, = o(sm,) and n = o(gm, 127 ™W)) On the other hand,

Chen and Pouzo [2012] assume in the Hilbert space case the link condition |T(E}y, ¢ —
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% < vk, 1Bk, — ¢l|% for some positive nonincreasing sequence (v;);>1. Moreover,
with ¢ € W*? and the norm |||z = ( ¢2(z)dz)1/2 for all ¢ € B it is well known
that ||Ex,» — ¢l = O(kn o/ d) for splines, wavelets, power series, and Fourier series bases.

Hence’ nHT(Ek‘nSO - SD)H%/V = O(Cmn) hOldS true l:fnvk’n = O(Cmn ia/d) |:|

Below, we write a,, ~ b,, when there exist constants ¢, ¢ > 0 such that ¢b,, < a,, < b,

for sufficiently large n.

Example 3.2.2. Consider the Hilbert space setting of Remark 3.2.2 with no additional
smoothing, that is L = Id. Further, we have \/m;,, = O(cy,,) and let max {62, \,} = 62 =
kn/n within a constant. Further, let k,, ~ nX where x > 0 is specified in the following two

cases.

(1) Mildly ill-posed case: If vy, ~ k;%/d for some ¢ > 0 then in order for (3.15) to hold

we require my, ~ n* with 0 < ¢ < 1/3 and
d(1—1/2)/(2a+2¢) < x < ¢/2.

(ii) Severely ill-posed case: If vy, ~ exp (— %/ d) for some ¢ > 0 then condition (3.15)
is satisfied if, for example, m,, satisfies m,, = o(k%) and k2 = o(m,,) where k, ~

(logn — log(mi/g))d/(zo. O

3.2.5 Limiting behavior under local alternatives

As illustrated in the introduction, a violation of our key conditions leads to an additional
additive term in the conditional quantile restriction. In the following, we study the
power of the test, i.e., the probability to reject a false hypothesis, against a sequence of
linear local alternatives that tends to zero as n — oo. It is shown that the power of our
tests essentially relies on the choice of the weighting sequence 7.

We consider the following sequence of linear local alternatives

Y =¢(Z)+U where P(U <O0[W)=q+q/>n 1 2eW) (3.16)

for some bounded function ¢ which is strictly positive on WW. The null hypothesis Hy
occurs if the function ¢ vanishes. The next result establishes asymptotic normality for
the standardized test statistic S,. Let us denote §; := /75 E[§(W) f;(W)].

Proposition 3.2.3. Given the conditions of Theorem 3.2.1 it holds under (3.16)

(V26,) ! (ﬁ Sn — ) > N(2—1/2JZ::15§, 1).
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From Proposition 3.2.3 we see that our test can detect local linear alternatives at a

—-1/2

rate which becomes arbitrarily close to n as the degree of smoothing is increased.

3.2.6 Consistency against a fixed alternative

Let us first establish consistency when Hj does not hold, that is, there exists no solution
to (3.5) belonging to B. The following proposition shows that our test has the ability
to reject a false null hypothesis with probability 1 as the sample size grows to infinity.
Note that since pyy bounded away from zero over W we have ||L7¢||iw > 0 for any
alternative function ¢.

Proposition 3.2.4. Assume that Hy does not hold. Consider a sequence (7, )n>1 satisfying
Yn = o(ns,,}). Under the conditions of Theorem 3.2.1 we have

P((ﬁcmn)fl (ﬁ Sp — an) > 'yn) =1+o0(1).

3.2.7 Uniform consistency

In the following, we show that our test is consistent uniformly over some appropriate
class of functions. This implies that there are no alternative functions in this class over
which our test has low power. Let us introduce the class of functions

Gr = {¢ €d: ||ILTo||# > psm,n ' and ¢ is bounded on Z}.

Assume that the tangential cone condition (cf. Assumption 3.2 (i7)) holds and consider
the Hilbert space case, thatis ® = L%, then | T¢||%, < (1+n)||T(¢—)||Z < (1+n)||¢—
¢||% within a constant. We conclude that G? contains all functions whose L%-distance to
the structural function ¢ is at least n~'g,, within a constant. For the next result let g,
denote the 1 — « quantile of A/(0,1).

Proposition 3.2.5. Under the conditions of Theorem 3.2.1 we have for any ¢ > 0, any
0 < a < 1, and any sufficiently large constant p > 0 that

nh_)rglo WiélcipbIP’((\@gmn)*l (ﬁ Sn — an) > qa) >1—e.

3.3 Extensions

As we see in this section, our testing procedure can potentially be applied to a much
wider range of situations. We now discuss several corollaries that generalize the previous
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results in various ways.

3.3.1 Testing exogeneity

In this subsection, we propose a test whether the vector of regressors Z is exogenous at
a quantile 0 < ¢ < 1, thatis H§ : P(U < 0|Z) = ¢. The null hypothesis H§ holds true
if and only if there exists a function ¢° such that P(Y < ¢°(Z)|Z) = q or, equivalently,
¢ = ¢° where ¢ satisfies T = 0. Further, due to nonsingularity of the operator 7
hypothesis H§ is equivalent to

T =0. (3.17)

Let us now propose an estimator for the conditional quantile function ¢°. For each
k > 1let w(t) be a k—dimensional vector with entries e;(¢) for 1 < j < k. As basis {e;};>1
we use B-splines. Then our estimator of ¢ is given for all k£ > 1 by

~

P5() :=ep, (-)'By where J, =arg nllcmz 0s(Yi — (Z:)tB) (3.18)
BER? =1
where g,(u) = |u| — (2¢ — 1)u is the check function. This estimator was studied by He
and Shi [1994].

Assumption 3.7. (i) Assume that Z is scalar and continuously distributed with Z C [0, 1].
(ii) There exist constants C, ¢ > 0 such that ¢ < pz(z) < C for all z € [0,1]. (iii) Under
H§ the random variable U has a density function which is strictly positive at zero. (iv) For
some constant C > 0 it holds sup,, Sup. ,,czxw Py|zw (¥, 2, w) < C.

Our test statistic to validate the null hypothesis H§ is given by S, but where the
estimator ¢, is replaced by the estimator ¢} of the conditional quantile function. That
is

Mn n

Se=S nln 'S (1Y < 852D} — o) £;(W) [

j=1 i=1

We reject the hypothesis H if nSS becomes too large. The next result establishes asymp-
totic normality of our test statistic S5 under the null hypothesis.

Corollary 3.3.1. Let Assumptions 3.1-3.3, 3.5, and 3.7 hold true. Let m,, satisfy condition
(3.11) of Theorem 3.2.1. Consider the estimator o, given in (3.18) where k,, satisfies

kn =o0(Sm,)s  tm, = 0p(k, sm,) and n= op(k:?fgmn) (3.19)
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where r = a — 1/p. Then we have under H§

V26m) (= SE = i, ) S N(0,1).
( 7L) (q(]. _ q) n) ( )

Example 3.3.1. Let us illustrate when condition (3.19) holds true. We consider the case
when no additional smoothing is applied, that is L is the identity. Hence, we have \/m,, =
O(Sm,, ). Further, let m,, ~ n* with 0 < ¢ < 1/3. Then for (3.19) to hold let k,, ~ nX where
x > 0 satisfies

1- L/2 L
2r 7 2re

max( )<X<L/2

Hence we require r > 1/k which a slightly stronger restriction than Assumption 3.5 (i). In
addition r > 1/. — 1/2 is required. O
3.3.2 Testing dimension reduction

In applications one might want to reduce the complexity of the model by omitting certain
regressors from the structural function . In this sense, we propose a test of dimension
reduction: Let Z’ be a vector containing only entries of Z with dim(Z’) < dim(Z) then
the hypothesis under consideration is given by

HY, : there exists a function ¢ € B only depending on Z’ such that Ty = 0. (3.20)

The alternative is that there exists no function in B depending on Z’ and being root of
T = 0. In order to validate the null hypothesis H|, we consider the test statistic

=3 7Y (1{Yi < BulZD)) — ) ff (W)
j=1 i=1
where @, is an estimator of ¢ based on an iid. sample (Y7, Z], W1),..., Yy, Z),,W,,) of

(Y, Z',W). It is clear that by reducing the dimension of the regressor Z we can weaken
conditions on the instruments in order to obtain identification (cf. Example 2.5.3 in case
of mean regression). The next asymptotic normality result is a direct consequence of
Theorem 3.2.1 and hence its proof is omitted.

Corollary 3.3.2. Given the condition of Theorem 3.2.1 we have under H,,

(ﬂgmn)il(ﬁ S,:L — ,Umn) i N(O, 1)
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Let us now provide two examples which demonstrate the usefulness of our dimension
reduction test.

Example 3.3.2 (Test of exogeneity). Let Z = (Z',Z") where Z' is exogenous, that is
P(U < 0|Z') = q. Via a test of hypothesis H|, one may justify whether the potentially
endogenous part of Z can be omitted from the structural function . To be more precise, the
testing procedure is based on the test statistic S|, where @ could be the b-spline estimator
(3.18). O

Example 3.3.3 (Identification). Assume there exists some X\ € (0, 1) such that
Té— T =E[N(Z,W)(¢—v)(2)|W]

where h(Z, W) = py|zw (1 = NY(Z) + X\p(Z), Z,W) and py|zw denotes the density of
Y conditional on Z and W. Let Z = (Z',Z") where Z' is independent of Z" and Z" is
independent of W. Let ¢ and 1 only depend on Z". Assume that there exist non-negative
functions v, and v such that h(Z, W) = 11 (Z',W)va(Z") and vo(Z") = —ve(—Z") then

To— T = [1n(Z, W) E[na(2") (6 — 6)(2")|W, Z']|W]
= E [n(2', W) Ela(2")(¢ — 0)(2")]|W] = 0

for any distribution of Z" being symmetric to zero and any symmetric function ¢ — 1. We
conclude that ¢ is not identified in model (1.1a). Applying the test of dimension reduction
may justify a withdrawal of the regressor Z' and might lead to identification. O

3.3.3 Testing additivity

By assuming an additive structure of ¢ one might reduce the effect of dimensionality
of the regressors on the convergence rate of an estimator (cf. Chen and Pouzo [2012]
in case of instrumental quantile regression). Applying this structure leads, however, to
inconsistent estimators in general if the function ¢ does not obey an additive form. Our

aim in the following is to test whether

Hg% : there exist functions o1, wo € B such that P(Y < 1(Z') 4 p2(Z")|W) = q.
(3.21)
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Similarly as above we obtain the test statistic

n

Sadd Z|n712 :H.{Y Saln +§02n( )}_q)fj( )’

where the estimator (@1, P2,) of ¢ = (¢1,p2) is given by 3.13. The next asymptotic
normality result is a direct consequence of Theorem 3.2.1 and hence its proof is omitted.

Corollary 3.3.3. Given the conditions of Theorem 3.2.1 we have under Hg%

(V2m,) " (ﬁ e — i, ) 5 N0, 1).

3.4 Monte Carlo simulation

In this section, we study the finite-sample performance of our test by presenting the
results of a Monte Carlo simulation. The sample size is 1000 and there are 1000 Monte
Carlo replications in each experiment. Results are presented for the nominal levels 0.05.
Let ® denote the cumulative standard normal. Throughout this simulation study, re-
alizations (Z, W) were generated by Z = ®(Cw + (1 — ¢?)e) and W = &(w) where
w, e ~ N(0,1), Here, the constant ( > 0 measures the correlation of Z to W and is
varied in the experiments. Realizations of Y were generated from

Y = tp(Z) + cgU

where U = 9 + /1 — 92¢ with ¢ ~ N(0,1) and where the constants c;y > 0, 9 > 0
are varied in the experiments. As basis { f;};>1 we choose cosine basis functions given by

fi(t) = V2cos(mjt) forj=1,2,...

Testing Exogeneity The realizations (Y, Z, W) are generated as described above with

2, (=1)7*1 j=%sin(jnz). For computational

reasons we truncate the infinite sum at K = 100. The resulting function is displayed in

cy = 0.5 and structural effect ¢;(2) =

Figure 1. We estimate the structural relationship using Lagrange polynomials. Note that
1 measures the degree of endogeneity of Z and is varied among the experiments. The
null hypothesis Hy holds true if ¥ = 0 and is false otherwise.

In Table 2 we depict the empirical rejection probabilities when using either no smooth-

.25

ing or additional smoothing with 7; = j=% or 7; = j~° j > 1, which we denote

by S0, §U-25¢ or §U-3¢ respectively. In the simulation study we choose m,, such that
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¢ 9 Empirical Rejection probability using
Sge 52.256 Sg.5e

0.4 0.0 0.048 0.045 0.037
0.2 0.137 0.175 0.208
0.25 0.254 0.287 0.346
0.3 0.387 0.446 0.508
0.35 0.565 0.627 0.690

0.7 0.0 0.034 0.031 0.032
0.2 0.248 0.298 0.376
0.25 0.492 0.548 0.652
0.3 0.764 0.818 0.876
0.35 0.941 0.956 0.984

Table 3.1: Empirical Rejection probabilities for testing exogeneity

Y 7; ~ n'/3. Hence, without additional smoothing the number of basis functions
used is m, = 10 (= nt/ 3). On the other hand, with additional smoothing in case, of
7; = j—?° we have m,, = 20 whereas if 7; = j~° we let m,, = 100. We like to emphasize
that, especially in the case of additional smoothing, the results of our test statistic are
not sensitive to the choice of the number of basis functions. As we see from Table 2, our

test becomes slightly with additional smoothing.

Testing a Nonparametric Specification In case of nonparametric specification, we

consider the structural function @2(2) = 3272, j —4

cos(jmz). Again, for computational
reasons we truncate the infinite sum at X = 100. The resulting functions are displayed
in Figure 1. To estimate the structural function we apply the procedure of Chen and
Pouzo [2012] given in (3.12) with b-splines as approximation basis functions. That is,
for the sieve space By, we use b-splines of order 2 with 5 knots (hence k,, = 5) and for
T we use b-splines of order 6 with 11 knots (hence /,, = 15).

If Hy is false, then P(Y < o(2)|W) = ¢+ {(W) for some function £. In our exper-
iments, we consider {(W) = —P(p(Z) < Y < ¢(Z) + p(Z)|W) for some function p
which we specify below. The definition of £ implies P(Y < ¢(Z) + p(Z)|W) = g+ &{(W).
Consequently, when H) is false we generate realizations of Y from

Y =¢(Z)+¢jpj(Z)+U

for j = 1,2, 3,4, where
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Figure 3.1: Graph of ¢; and 9
p1(z) =1— (22 — 1),

p2(z)

21{z <1/2} + (1 —2)1{z > 1/2},
p3(z) = exp(22) 1{z < 1/2} + exp(2(1 — 2)) 1{z > 1/2} — 1,
pa(z) = exp(42) 1{z < 1/2} + exp(4(1 — 2)) 1{z > 1/2} — 1,

and ¢; > 0 is a normalizing constant such that fol pj(z)dz =0.5for j =1,2,3,4.

In Table 2, we depict the empirical rejection probabilities when using S,” with either
no smoothing or additional smoothing 7; = %25, j

j=1,or7;=j° j> 1, which we
denote by S3™, Sn?°™ or Sp°"P | respectively. The number of cosine basis functions f

to construct our test statistic is exactly the same as in the setting of the test of exogeneity
as described above.

The results of the experiments are shown in Table 2. We see that the empirical rejec-
tion probability increases as the function p becomes more and more irregular. Interest-
ingly, although p; is a smooth function we reject in this case the null hypothesis more
often than in every second Monte Carlo iteration. The reason is that adding p; on the

structural function ¢, increases the nonlinearity and hence the number of spline basis
function is not accurate anymore.
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Model Empirical Rejection probability
S0 50.25 505
Hy true | 0.041 0.052 0.056
1 0.664 0.657 0.699
02 0.789 0.805 0.847
03 0.829 0.839 0.879
on 0.871 0.885 0.909

Table 3.2: Empirical Rejection probabilities

3.5 An empirical application

To illustrate our testing procedure, we present an empirical application concerning es-
timation of the effects of class size on students’ performances on standardized tests.
Angrist and Lavy [1999] studied the effects of class size on test scores of 4th and 5th
grade students in Israel. In this empirical illustration, we focus on 4th grade reading
comprehension which was also considered by Horowitz [2011b].

In this empirical example we study the model
Y = SD(ZSC) + Vs + U, with ]P)(‘/s + Use < O|Wsc) =q (3.22)

where Y. is the average reading comprehension test score of 4th grade students in class
c of school s, Z,. is the number of students in class ¢ of school s, V, is an unobserved
school-specific random effect, and U, is an unobserved, independently over classes and
schools distributed random variable. We introduce the instrument W, below. In contrast
to an additively separable model, the quantile regression model permits for unobserved
heterogeneity among different classes. In this empirical illustration, we focus on the
median structural effect of class size on test scores and hence, let ¢ = 0.5.

The class size Z,. may be endogenous, for instance, due to the socioeconomic back-
ground of the students. To identify the causal effect of class size on scholar achievement
Angrist and Lavy [1999] use Maimonides’ rule as instruments. According to this admin-
istrative rule, maximum class size is given by 40 pupils and will be split if the number
of enrolled students exceeds this number. More precisely, assuming that cohorts are
divided into classes of equal size, Maimonides’ rule is described by

Wsc - ES/[l + (Es - 1)/40—|
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where E denotes enrollment in school s and [z]| denotes the largest integer less or
equal to z. In addition, information on the fraction of disadvantaged students in class
c of school s is available. In this empirical application, we restrict our sample to classes
where the fraction of disadvantaged students does not exceed 7%. In doing so, we have
a sample of n = 861 observations which is sufficient to provide significant nonparamet-
ric results, as we show below. Note that Horowitz [2011b] could show that a linear
relation between class size and scholar achievement as used by Angrist and Lavy [1999]
is misspecified.

(order, knots) | (2,6) (27) (28 | (34 (35 (36 |43 (‘44 (45

Value of S¢ \3.278 2.872 3.368\3.316 2.300 2.513\3.397 2.437 3.090

Table 3.3: Values of the statistic S¢ using weights 7; = j =925

In the following we want to test nonparametrically whether class size is endogenous
at the 0.5—quantile. The null hypothesis is that P(V; + Us. < 0/Zs.) = 0.5. We construct
our test statistic with additional smoothing as for the Monte Carlo experiments in the
previous section with 7; = ;%25 j > 1. That is, again the number of cosine basis
functions is round about n?/3 ~ 90. Table 3 depicts the results of our test statistic S¢
with the b-spline estimator given in (3.18) for different choices of orders and knots. As
we see from Table 3, our test statistic exceeds for each choice of b-spline basis functions
the 0.05-level critical value 1.960 of the standard normal distribution. Consequently,
we may conclude that class size does not satisfy the conditional quantile restriction
P(Vs + Use < 0|Zs.) = 0.5 and hence, the hypothesis of exogeneity fails.

We now perform a nonparametric specification test of model (3.22). To estimate the
structural effect in model (3.22) we proceed as in the previous section. That is we use
Chen and Pouzo [2012]’s method and the b-spline basis as approximating functions.
For the sieve space By, we use b-splines basis functions of order 3 with 5 knots (hence
k, = 6) and for the estimator T we use b-splines basis functions of order 2 with 17 knots
(hence I,, = 17).

degree of smoothing ‘ no smoothing 7; = —0.25 7j = —0.5
Value of S, | 0511 0.825 1.600

Table 3.4: Values of the statistic .S,, and critical values

The result of our test statistic for different degrees of weighting are depicted in Table
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4. We construct our test statistics as in the Monte Carlo investigation of the previous
section. As we see from Table 4, for each degree of weighting the null hypothesis of
correct specification of the quantile regression model (3.22) cannot be rejected. This is
not the case if k,, is chosen too small or too large and hence the specification test could
also be used to exclude inappropriate choices of the basis functions.

3.6 Conclusion

In this paper, we developed a nonparametric specification test for the quantile regression
model (1.1a). We established the asymptotic distribution of our test under the null
hypothesis. Our test is consistent against a fixed alternative and we study its power
properties by considering a sequence of local alternatives. We also illustrated several
extensions of our test theory. Thereby, we developed a test of exogeneity, a test of
dimension reduction, and finally a test for additivity. We demonstrated via a Monte
Carlo simulation study that our testing procedure performs well in finite samples. The
usefulness of our testing procedure is illustrated by an empirical example. Our testing
methodology fails to reject a median regression model of Angrist and Lavy [1999]’s data
for reading comprehension but reject exogeneity at the 0.5—quantile of the class size.

Appendix

Proofs of Section 3.2

In the appendix, f, ~denotes the m, dimensional vector with entries ,/7;f; for 1 <
j < M,. Moreover, || - || is the usual Euclidean norm. We further denote 7,,, := F,,, T
and T,,, := F,,T. For ease of notation, let X; = (V;,Z;,W;) for 1 < i < n with
realizations x = (y,z,w) € Y x Z x W. Let H be a class of measurable functions with
a measurable envelope function H. Then N (e, H, L% ) and Nyy(e, H, L%), respectively,
denote the covering and bracketing numbers for the set . In addition, let J;;(1,H, L%)
denote a bracketing integral of #, that is,

1
LA LE) = [ f1+ log Ny (e [ H Lx, 7, LR ).
0

Throughout the proofs, we will use C' > 0 to denote a generic finite constant that may

be different in different uses. Further, for ease of notation we write ), for ;' ;, and
i—1
Direi for 3L 3T
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PROOF OF THEOREM 3.2.1. The proof is based on the decomposition

Su= [ Y1 (U <0} - q)f@(Wi)H2

=2 Y (1 {U: < 0}=a) f,, ( 12 1{Yi < $n(Zi)}—1{Ui < 0}) £, (W2))
+In™t 30 (1{Yi < 8a(20)} = 1{U; <O} £, (W)l|* = L + 201 + I1T,.
(3.23)
Consider I,,. We calculate further
S (N = fm,,) = W XZ:JZ; (I(2{U: <0} = ) fT(Wo)|> — a(1 — q)s;)
1 = T T i
+q(1q)§mnn;;(1{U <0} = @)(1{Ur <0} —q) f7 (Wi) f] (Wy)

where the first summand tends in probability to zero as n — oo. Indeed, condition
P(U < 0|W) = qyields E |(1{U < 0} — q)!)"jT(W)|2 =q(1 —q)sj;, j > 1, and hence

E]—ZZ| 1{U; <0} = q) f7(W)* — (1 — q)sy|”

gm n i j 1

< O} (W) P—g(1—g)sys* < L2 "f””(Z ) -

§m " gmn

by using sup;cy E|f;(W)|* < nynp. Therefore, to establish (v/26,,,) ! (ndy — fim,,) A

N(0,1) it is sufficient to show

3 Z 1{U; <0} —q)(1 {Uy < 0}—q)fT(Wi) fT(Wir) 5 N(0,1). (3.24)

q( gm” £ j=1

Since ¢,,, = o(1) this follows from Lemma 2.7.2. Consider II1,. Let us define for
1<j<myand1<i<n

hi (X 6) = (1{Yi < o(Zi)} — {Yi < o(Zi)}) f5(W5)
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and the classes H;, = {h;(-,¢) : ¢ € B,} and H; = {h;(-,¢) : ¢ € B}. We observe

I, = Zg|n 1Zh Xi, @n)l

7j=1

Mn
N 2
< 2771)”7-%071_7—90”12/1/“‘2273’” Zh X, Pn) Ehj(Xa(pn>’
j=1
From the tangential cone condition together with Assumption 3.4 we infer n|7 @, —
Tol? < n(1 4+ DT (@n — ©)I3 = 0p(sm,). Recall the definition B, = {¢ € B :
Dg(¢,¢) < R, }. We observe for every ¢ € B,, that

|hj(Xz',¢)|2 < sup [(1{Y; < p(Z)} — 1{Y; < ¢(Zi)})fj(Wi)’2 =: H]Z(Xi)

OB,

and hence, H; is an envelope function of the class #;, and due to Assumption 3.3 we
have E[H f(X)] < CRE for n sufficiently large. Moreover, condition Dg($n, ¢) = 0p(Ry)
implies

(ZTJ}n 1/2211 Xi, Pn) Ehj(X,an)|2>s>

7j=1
g% 1IEsup ‘n 1/2Zh (Xi,0) —Eh;(X, qb)’ +0o(1)
j=1
< iTjsl(E;ué) ‘nil/ZZhj(Xzﬁ(ﬁ)_Ehj(X7¢)‘+(E‘Hj(X)P)lﬂ) +o(1)
J=1 €5n @

where the last inequality is due to Theorem 2.14.5 of van der Vaart and Wellner [2000].
We further conclude by applying the last display of Theorem 2.14.2 of van der Vaart and
Wellner [2000]

E sup [n 712 320X 0) — By (X, 0)] < Oy (1 My, L) (B (X)),
(SY62% 1

Now since maxi<j<m, E|H;(X)|? < CR" for n sufficiently large and ji,,, R = 0(sm,,)
it is sufficient to show that maxi<j<m, Jjj(1, Hjn, L%) < oc. Further, Lemma 4.2 (i) of
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Chen [2007] yields

Ny (e (B H;(X)2) ", Hyn, L) < Ny (=, (BIH; (X)) 2 150, Tk )
QNH(&/H]‘,L%()
2/k
<x((5)" .00
M) 511

where we used Dg(¢,¢) < ||¢ — ¢||s for any ¢ € B. Employing condition ag > d/p
and Theorem 6.2 Part II of Adams and Fournier [2003] yields that W& +20.? is compactly
embedded in W*°°. Thereby, B ¢ WP is totally bounded in W*° which implies
|¢]la,00 < C forall ¢ € B. Let W™ := {W* < C}. Now Theorem 2.7.1 of
van der Vaart and Wellner [2000] gives

log N (%", B, | - |lsc) <log N (2", W5r™, || - [|sc) < G20/

where C depends on the diameter of Z. Now due to Assumption 3.5 (i) it is straightfor-
ward to see that maxi<j<m, J](1, Hjn, L%) < co and hence, nII1, = op(sm,,).

Consider I1,,. We observe

Mn

nil, =Y 73 (1{Us <0} = q)f; (W (—1Zh X;,3n)) + 0plsm,)

7=1 %
Z Z H{U 0}*q fj ( _lzh za‘Pn Ehj(xa‘ﬁn))

(U < 0} — @) f; (W) E By (X, 80) + 0p(ms)
j=1 i

— Unl + Cn? + 0p<§mn)

Condition f,, R = 0(Sm,) yields nCp1 = 0p(sm,,) by applying the Cauchy Schwarz
inequality. Consider Cy. Define t; = E h;(X, §n) (272 (Ehy(X, @1))2)_1/2 for1 <j<

m,, then Y70 tf = 1 and hence

2 -~ 2 o 2
E|Cusl® < mpnl| Tén — Tolfy B| > 7ty (1{U < 0} = q)f;(W)|

j=1

2 2 - 2 2 2
<l Ten = Telly [ |3 mtify(w)| v(dw) < 2l Ton = Tl = ofsn,)
Jj=1
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which completes the proof. O

PROOF OF PROPOSITION 3.2.2. We first check whether the conditions of Lemma B.1 of
Chen and Pouzo [2012] are satisfied. The tangential cone condition (Assumption 3.2
(i) with 0 < n < 1 yields (1 — D)||T(6 — @)lw < |76 — Teolw < |Tollw for all
¢ € B and moreover, | T(E,¢)lw < |T(Ee,¢) - Tolw < (1 + )T (B¢ — o).
Consequently, Assumption 4.1 (ii) of Chen and Pouzo [2012] follows.

Due to Assumption 3.6 and since {f;};>1 forms an orthonormal basis in L}, we may
apply Lemma C.2 of Chen and Pouzo [2012] which implies that the least squares esti-
mator 7 of 7 given in (3.12) satisfies n = 3, |(T Ex, ) (Wi)|> < C| T Ex, ¢||3 + Op(62)
and moreover, n= ! 32, [(T¢)(Wi)[2 = C||T¢|% — O,(62) uniformly over By, for a finite
constant C' > 0. Thereby, Assumption 3.3 of Chen and Pouzo [2012] holds true. In addi-
tion, since Hojn = {h;(-,¢) : ¢ € Bop, } C H;jn (defined in the proof of Theorem 3.2.1)
we infer from the proof of Theorem 3.2.1 that maxi<j<m, J}j(1, Hojn, L) < C < o0
and hence, Assumption C.2 of Chen and Pouzo [2012] holds true.

Consequently, we may apply Lemma B.1 (ii) of Chen and Pouzo [2012] which yields
|T(&n—¢)lw = Op(rn) where r, = max (6,,, 0(v/An), | T(Ek, »—¢)|lw). Now condition
(3.15) yields n||T(%n — ©)|I3 = 0p(Sm,, ), which completes the proof. O

PROOF OF PROPOSITION 3.2.3. Since [|n~! 32, &(Wi) fr,, (Wi)[? = Op( 3552, €7) we see
that

(V26m,) "MV (1{U; < 0} — g — 12 2 (Wi)) £, (W)

= (VZan,) 02 30 (1{U; < 0} = @) £, (W)
+ (VZem) " 7 S (L {U; < 0} — q) f, (Wa), EEOW) f,(W)]) + 0, (30 €2)
i j=1
= I, +1I, +Op(§:£?)-
j=1

Further, since E|I1,[> < n*n~' Y22, &5 = o(1) the assertion follows similarly to the
proof of Theorem 3.2.1. O]

PROOF OF PROPOSITION 3.2.4. The null hypothesis fails if 7¢ = £ for some non zero
function ¢ € £3,. For the proof it is sufficient to show S,, = || L%, + o,(1). Since
In=t 32 (1 {Y: < Bn(Zi)} — 1{Y: < 9(Z)}) fr, (Wi)lI? = 0p(1) (cf. proof of Theorem
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3.2.1) and
w0 < A=) WP > [T @l (w) ) vl o, (1)
> O||LE|Iy + op(1)
which proves the result. O

PROOF OF PROPOSITION 3.2.5. Letusdenote 7,¢ :=n"'3;(1{Y; < ¢(Zi)}—q) fr,, (Wi)
and 7¢ := E(1{Y < ¢(Z)} — q) f,,(W) for all ¢ € &. The basic inequality (a — b)2 >
a%/2 — %, a,b € R, yields for all ¢ € G# and o with T = 0 that

P<§H7~n¢ - 77#7190”2 + nHTdn‘PHQ = Hmy, > ﬁgmnqa + 2“’<7~n¢n - 7n9077n90>\
+ 1l Ta@n = Tatll?)-

From the proof of Theorem 3.2.1 we see n(T ,Zn — T, T ) = 0p(Sm)s || TnBn —
Tnpl? = o(sm,) and n||Trel?, — pm, = Op(Sm, ). Moreover, we observe

n||Tné = Tuglliv = nllTo|* — 20[(Tné — Tup — T, Te)| = In — 211,

Note that [|[LT¢|%, < C for all ¢ € G- we have I,, > Cn|LT¢|} for n sufficiently
large. Consider II,. For 1 < j < my let s; = E[(To)(W)fI(W)]/|[T¢|l then clearly
>oi s7=1and thus E| 37" s]fj( )|? < ngnp. We evaluate

_ M 2
E[IL]? <nllToIPE| Y s (1{Y < &(2)}=1{Y < p(Z)N)fF(W)| <nngmpl LT 6|y

j=1

and hence I1,, = Op,(\/n||LT ¢|lw). Consequently, for all 0 < ¢ < 1 and n sufficiently
large we have

P((V2n,) 7 (S0 = im,) > da) = P(FILTSIR > VZn,a0) — <.

which proves the assertion. O

PROOF OF COROLLARY 3.3.1. It is sufficient to show that Assumption 3.4 is satisfied.
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Since sup,, sup )ezxw Py|zw (¥ 2, w) < C we have
IT(8F, — o)l = EIEpyizw(po(2), Z, W)(&F, — o) (Z)W]]* < ClIE, —wollZ-

Under the conditions of Assumption 3.7, He and Shi [1994] (proof of Theorem 2.1 equa-
tion (3.11) and (3.12)) establish that |3 — woll3, = Op(n~ 'k, + k,*"). Consequently,
n||T(@5, —po)llfy = Op(kn+nk;*") = 0p(sm,) and hence Assumption 3.4 holds true. [J
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