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Abstract

This thesis provides a construction of solutions to Markovian integral equations. By
introducing path-dependent diffusion processes, this yields a general existence and
uniqueness result for mild solutions to semilinear parabolic path-dependent partial
differential equations (PPDEs). In this connection, we verify that mild solutions are
also solutions in a viscosity sense.

In the first part of the thesis, we analyze multidimensional Markovian integral
equations that are formulated with an underlying time-inhomogeneous progressive
Markov process that has Borel measurable transition probabilities. For this purpose,
regularity conditions with respect to Borel measures are presented, and relevant
facts on Markov processes and additive maps are reviewed. Our goal is to establish
uniqueness, stability, existence, and non-extendibility of solutions among a certain
class of mappings. By requiring the Feller property of the Markov process, we give
weak conditions under which solutions become continuous. Moreover, we prove a
multidimensional Feynman-Kac formula and a one-dimensional global existence and
uniqueness result.

In the second part, we deal with semilinear parabolic PPDEs that are based on
horizontal and vertical derivatives of non-anticipative functionals on path spaces.
Within this infinite-dimensional framework, measurable structures and topologies
are discussed, and the time and space differential operators are recalled. Then we
consider path-dependent diffusion processes, which may fail to be Markov, but whose
path processes can be turned into diffusions. We thereby infer that solutions to the
associated Markovian integral equations lead to mild solutions to PPDEs. At last,
various notions of viscosity solutions are compared and the evidence that every mild
solution can indeed be regarded as a viscosity solution is provided under a weak
continuity assumption.



iv
Zusammenfassung

Diese Dissertation stellt eine Konstruktion von Losungen zu Markovschen Inte-
gralgleichungen bereit. Indem pfadabhéangige Diffusionsprozesse eingefithrt werden,
ergibt dies ein allgemeines Existenz- und Eindeutigkeitsresultat fiir milde Losun-
gen zu semilinearen parabolischen pfadabhangigen partiellen Differentialgleichungen
(PPDGLen). In diesem Zusammenhang weisen wir nach, dass milde Losungen auch
Losungen in einem Viskositatssinne sind.

In dem ersten Teil der Dissertation analysieren wir mehrdimensionale Markovsche
Integralgleichungen, die mit einem zugrunde liegenden zeitlich inhomogenen pro-
gressiven Markovschen Prozess, der Borel-messbare Ubergangswahrscheinlichkeiten
besitzt, formuliert werden. Fiir diesen Zweck werden Regularitédtsbedingungen be-
ziglich Borel-Mafle vorgestellt und relevante Tatsachen tiber Markovsche Prozesse
und additive Abbildungen nachgeprift. Unser Ziel ist es, Eindeutigkeit, Stabilitét
und Nicht-Erweiterbarkeit von Losungen innerhalb einer Klasse von Abbildungen
festzustellen. Indem man die Feller-Eigenschaft des Markov-Prozesses fordert, ge-
ben wir schwache Bedingungen an, unter denen Losungen stetig sind. Auflerdem
beweisen wir eine mehrdimensionale Feynman-Kac Formel und ein eindimensionales
globales Existenz- und Eindeutigkeitsresultat.

Im zweiten Teil befassen wir uns mit semilinearen parabolischen PPDGLen, die
auf den horizontalen und vertikalen Ableitungen nicht-antizipativer Funktionale auf
Pfadrdumen beruhen. Unter diesen unendlich-dimensionalen Rahmenbedingungen
werden messbare Strukturen und Topologien diskutiert, und die Zeit- und Raum-
Differentialoperatoren abgerufen. Dann betrachten wir pfadabhéngie Diffusionspro-
zesse, flur die die Markov-Eigenschaft fehlschlagen kann, deren Pfadprozesse jedoch
zu Diffusionen gemacht werden konnen. Damit folgern wir, dass Losungen zu den
verbundenen Markovschen Integralgleichungen zu milden Losungen zu PPDGLen
fithren. Schlielich werden vielféltige Begriffe von Viskositétslosungen verglichen und
der Nachweis, dass jede milde Losung tatsdchlich als Viskositatslosung angesehen
werden kann, unter einer schwachen Stetigkeitsannahme erbracht.
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Chapter 1

Introduction

1.1 Markovian integral equations

Markovian integral equations arise when dealing with diffusion processes and mild
solutions to semilinear parabolic partial differential equations (PDEs). This fact was
utilized by Dynkin [13]/14] to give probabilistic formulas for mild solutions via the
Laplace functionals of superprocesses. In this context, Schied [32] used Markovian
integral equations to solve problems of optimal stochastic control in mathematical
finance. As we will verify, the connection of Markovian equations to PDEs can also
be extended to path-dependent partial differential equations (PPDEs). Inspired by
the applications of one-dimensional Markovian equations, the aim of this thesis is
to construct solutions in a multidimensional framework.

Let S be a Polish space and 7" > 0. Suppose that 2 = (X, (F)icpo,r), P)
is a consistent progressive Markov process on some measurable space (€2,.%) with
state space S that has Borel measurable transition probabilities. We will consider
the following multidimensional Markovian integral equation coupled with a terminal
value condition:

E,  Ju(t,Xy)] = u(r,x) + E, , [/Tt f(s, Xs,u(s, Xs)) k(ds)|,

u(T', x) = g(x)

for all r,t € [0,T] with » <t and each z € S. Here, we implicitly assume that k € N
and k is an [—oo, co]*-valued map on Q x %([0,T]) whose coordinate functions
RKi,..., kg are continuous additive functionals of 2". It is required that |r;|([r,t])
< cu([r,t]) for all i € {1,...,k}, each r,t € [0,T] with r < ¢, some ¢ > 0, and some
Borel measure g on [0, T] with p({t}) = 0 for all t € [0, T]. In addition, D € Z(R*)
has non-empty interior, f is an R*-valued measurable map on [0,T] x S x D, and g
is a D-valued Borel measurable bounded map on S.

We first remark that for D = R¥ a Picard iteration and Banach’s fixed-point
theorem produce existence of solutions to locally in time. This can be found,
for example, in Pazy 26| Theorem 6.1.4] when 2" is a diffusion process. Regarding
existence, we will more generally suppose that D is convex. By modifying analytical

(1.1)
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2 CHAPTER 1. INTRODUCTION

methods from the classical theory of ordinary differential equations (ODEs), we will
derive unique non-extendible solutions to that are admissible in an appropriate
topological sense. Moreover, weak conditions ensuring the continuity of the derived
solutions will be provided. In the particular case when D = R* and f is an affine
map in the third variable z € R* we will prove a representation for solutions to
. This gives a multidimensional generalization to the Feynman-Kac formula in
Dynkin |15, Theorem 4.1.1].

Let us also emphasize that non-negative solutions to one-dimensional Markovian
integral equations are well-studied. Namely, for £ = 1 and D = R, solutions to
have been deduced by a Picard iteration approach. For instance, the classical
references are Watanabe [35, Proposition 2.2|, Fitzsimmons |17, Proposition 2.3],
and Iscoe |21, Theorem A]. In these works, the existence of solutions to is used
for the construction of superprocesses. Dynkin |11}12//15] establishes superprocesses
with probabilistic methods by means of branching particle systems, which in turn
yields another existence result to our Markovian integral equations.

These treatments of in one dimension require that the function f admits
a representation that is related to measure-valued branching processes. To give one
of the main examples, the following case is included in [11}/12,[15]:

f(t,x,z) =b(t,x)z* (1.2)

for every (t,z,z) € [0,T] x S x R, with some Borel measurable bounded function
b:[0,7] x S — R, and some « € [1,2]. Here, the bound «a < 2 is strict. However,
this thesis intends to derive solutions without imposing a specific form of f. Rather,
as in the multidimensional case, we will introduce regularity conditions for f with
respect to the Borel measure p like local Lipschitz p-continuity. This will allow for
a more general treatment of . In particular, our approach includes the case

f(t,z, 2) = a(t,x) + b(t,z)p(z)

for all (¢,z,2) € [0,T] xS xR,, some Borel measurable bounded a : [0,7] x S — R,
and some locally Lipschitz continuous ¢ : Ry — R, such that a < 0 and ¢(0) = 0.
Hence, is also feasible for a > 2. Note that we will not restrict our attention
to the case D = R,. In fact, the one-dimensional global existence and uniqueness
result, we will establish, is applicable provided D is a non-degenerate interval, that
is, an interval with non-empty interior. In this connection, the same weak conditions
as before grant the continuity of solutions to .

1.2 Path-dependent partial differential equations

Recently, Dupire [10] and Cont and Fournié [6] introduced horizontal and vertical
derivatives of non-anticipative functionals on path spaces and proved the functional
[t6 formula, the path-dependent generalization of the well-known I[t6 formula. These
concepts led to the exciting class of path-dependent partial differential equations.
In relevant publications such as Peng [27,28], Peng and Wang [29], Ji and Yang [22],
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Ekren, Keller, Touzi, and Zhang [16], and Henri-Labordere, Tan, and Touzi [19],
the most common approach to construct classical or viscosity solutions to PPDEs
is to utilize backward stochastic differential equations (BSDEs). In this thesis we
instead rely on Markovian integral equations to derive mild solutions to semilinear
parabolic PPDEs. The corresponding terminal value problem reads

w(T,z) = g(x) for z € C([0,T],R%). (1.3)

{ @+ L)) (t2) = f(tau(t,a) for (ta) € [0,T) x C([0,T],RY),
Here, T' > 0 and d € N. We also tacitly suppose that 0; denotes the horizontal
derivative, a is an S%-valued non-anticipative bounded map on [0, T x C([0, T], R%),
b is an R%-valued non-anticipative bounded map on [0, 7] x C([0, T],R?), and .& is
a second-order linear differential operator of the form

Z(p)(t,x) = ;tr(a(t,w)axzw(t, z)) + (b(t, ), Oep(t, 7)) (1.4)

for all ¢ € Cy*([0,T) x C([0,T],R%), a certain space of bounded continuous test
functions that are once horizontally and twice vertically differentiable. We use 0,
and 0., for the first- and second-order vertical derivative, respectively. Finally, D is
a non-degenerate interval in R, the inhomogeneity f is a real-valued non-anticipative
measurable function on [0, 7] x C([0,T],R?) x D, and the terminal value condition
g is a Borel measurable bounded function on C([0, T, R%).

We choose C([0,T],R?) as state space S and let 2~ be an Z-diffusion process
on some measurable space (£2,.%), which we define to be a triple (X, (F)icio,r, P)
consisting of a continuous process X : [0,7] x Q — R?, a filtration (%)) of
Z to which X is adapted, and a set P = {P, .| (r,z) € [0,T] x S} of probability
measures on (Q, .#) with P,, = P, . for all (r,z) € [0, T] xS such that for the path
process of X given by X, = X" for all ¢ € [0, T] the triple

,%A” = (X, (yt)tE[O,TbP)

is a diffusion process with state space S satisfying the -Z-martingale property, which
will be explained accurately. Here, as usually, X* denotes the process X stopped at
time ¢t € [0,7]. For example, if a = I; and b = 0, then % is a historical Brownian
motion that was studied by Dawson and Perkins [7] and Dynkin [12] in connection
with historical superprocesses. An .Z-diffusion process allows us to determine mild
solutions to (1.3]) as solutions to the Markovian terminal value problem (|1.1)) when
X is replaced by its path process X. This finding entails a general existence and
uniqueness result for mild solutions to semilinear parabolic PPDEs.

Furthermore, we compare various notions of viscosity solutions by studying a
couple of test function spaces. Under a weak continuity condition on a, b, and f, we
then establish that bounded continuous mild solutions can also be seen as viscosity
solutions. For this reason, an existence result for viscosity solutions follows, which

finishes our treatment of (|1.3]).
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1.3 Structure of the thesis

In Chapter [2| we introduce a variety of regularity conditions for multidimensional
measurable mappings relative to an underlying Borel measure. Namely, we make
use of local integrability to define dominance with respect to the Borel measure,
and combine this concept with notions of boundedness, Lipschitz continuity, and
differentiability. Additionally, we justify that the integral functions that show up in
the probabilistic construction of superprocesses in Dynkin [11},/12,/15] are within the
scope of this theory.

Chapter [3| reviews relevant facts on Markov processes and additive maps in a
pseudometric topological setting that allows for path spaces and path-dependent
diffusion processes. In this time-space framework, maps that are right-continuous in
time and continuous in space are examined. We further give an adjusted definition of
a consistent Markov process that is in line with the classical literature. By proving a
continuity result for progressive Markov processes that have the (right-hand) Feller
property, we get sufficient conditions for the (right-)continuity of solutions to ([1.1]).
In the end, we extend the Markovian Gronwall inequality given in Dynkin [11] that
has proven to be useful for estimating solutions.

Chapter (] analyzes multidimensional Markovian integral equations and includes
the main content of the arXiv preprint [23]. At first, we introduce the Markovian
terminal value problem , by defining and describing (approximate) solutions.
Then a comparison, a stability result, and a growth estimation follow. Via regularity
conditions with respect to a continuous additive functional, we construct solutions
locally in time. This allows us to derive solutions that are unique and non-extendible
in time among a particular class of maps. In this context, a boundary and growth
criterion determines whether the deduced solutions remain non-extendible or become
global. Moreover, this criterion yields a Picard iteration result, which in turn leads
us to a multidimensional Feynman-Kac representation for global solutions to affine
Markovian equations. In one dimension, after studying the boundary and growth
behavior of solutions, a global existence and uniqueness result follows from a uniform
approximation approach.

Chapter [5| treats semilinear parabolic PPDEs and partially includes the arXiv
preprint [24]. We discuss Borel measurable structures and topologies with respect
to cylindrical o-fields, separability, and pseudometrics. In addition, path processes
are briefly considered. Then we summarize several facts on horizontal and vertical
derivatives, which may be viewed as relaxed time and space differential operators on
path spaces. Afterwards, the parabolic terminal value problem is presented. By
using path-dependent diffusion processes that satisfy a martingale property relative
to , we identify mild solutions as global solutions to the accompanied Markovian
integral equations. From this fact we infer a general existence and uniqueness result
for bounded mild solutions to semilinear parabolic PPDEs. At last, we prove that
bounded right-continuous mild solutions are actually solutions in a viscosity sense.
This concludes the thesis.



Chapter 2

Regularity with respect to Borel
Measures

In this chapter we present regularity conditions for multidimensional measurable
maps with respect to a given Borel measure. This leads us to the class of mappings
that will appear in the analysis of Markovian integral equations in Chapter [ In
Section 2.1/ we define the concepts of (local) dominance and consistent boundedness,
and introduce maps that are affine bounded or locally bounded relative to a Borel
measure. In one dimension, functions that are affine bounded from below or from
above in this sense are considered as well. In Section 2.2 we familiarize ourselves
with the notion of (local) Lipschitz continuity with respect to a Borel measure.
In this connection, we show that locally bounded maps that are locally Lipschitz
continuous must be Lipschitz continuous on compact sets.

In Section we give a meaning to (uniform) differentiability relative to a Borel
measure. Under two reasonable topological conditions and a convexity assumption,
we prove that uniform differentiability implies Lipschitz continuity in our sense.
From this we infer that every map that is differentiable relative to a Borel measure
is locally Lipschitz continuous relative to the same measure. Finally, in Section
we study some of the developed conditions for measurable maps that admit an
integral representation. Here, the Bochner integral in finite dimension, provided in
Section of the appendix, applies. This shows that the integral functions that
arise in Dynkin [11}/12,/15] are included in our theory.

2.1 Dominance and boundedness

In the sequel, let J C R, be a non-degenerate closed interval, (.5, .%) be a measurable
space, and p denote a Borel measure on J. We recall that a real-valued Borel
measurable function @ on an interval I C J is locally u-integrable if and only if

[ @@l uar) < oo

for each compact set K in I. We fix k € N and let | - | denote the Euclidean norm
on R*. For simplicity, | - | is also used for the Frobenius norm on R¥*¥,

>
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2.1 Definition. Let I C J be a non-degenerate interval, E be a separable Banach
space with complete norm || - ||, and a : I x S — E be Z(I) ® ./-measurable.

(i) The map a is called (locally) p-dominated if there is a (locally) p-integrable
function @ € B(I,R,) such that [ja(-,y)|| <@ for all y € S p-a.s. on [I.

(ii) We say that a is p-consistently bounded if for each r,t € I with r <t there is
a pnull set N € %(J) such that sup e venp)xs [la(s; )| < oo,

(iii) We call a consistently bounded if it is locally bounded in s € I, uniformly in
y € S. That is, sup(s \eprixs lla(s, y)|| < oo for all 7t € I with r <+¢.

By using the notation in the above definition, we immediately see that the set
of all E-valued #(I) ® .#-measurable locally p-dominated maps on I x S is a linear
space that contains every F-valued %(I) ® .#-measurable p-consistently bounded
map on [ x S, since pu is Borel.

2.2 Examples. (i) Suppose that b: J x S — R*¥* and ¢ : J x S — R* are two
A(J) ® .#-measurable maps such that ¢ is bounded, and let a : J x S — R¥ be
defined via

a(t,x) = b(t,z)c(t, x),

then a is (locally) u-dominated if b shares this property. This follows from the
consistency of the Frobenius and the Euclidean norm, since |a(t, x)| < |b(t, z)||c(t, x)|
for each (t,x) € J x S.

(ii) Let J = [0,1] and p be the Lebesgue measure on [0, 1]. Assume that || - || is a
norm on S and . is the Borel o-field with respect to || - ||. Then a:[0,1] x S - R
given by
log(t
a(t,z) == L(), ift >0, and a(t,x):=0, ift=0,
L[|z

is p-dominated, where a > 0. Due to the preceding example, this follows from the
Lebesgue-integrability of the logarithm function on (0, 1], which is readily inferred
from

1 1
/ [ log(t)|u(dt) = —lim / log(#)dt = 1~ lim&(1 — log()) = 1
0 € £ £
However, as limyq |a(t, z)| = oo for each x € S, the function a is unbounded.

From now on, let S be Polish and .¥ be its Borel o-field. We equip J x S with
a topology that is coarser than the product topology and let #(J x S) denote the
corresponding Borel o-field, which is included in the product o-field £(J) @ .7,
because J is closed and S is Polish. This choice takes the pseudometric setting for
path spaces in Section [3.1] into account.

Moreover, we assume that E is a separable Banach space with complete norm ||- ||
and Borel o-field #. Let D € # be non-empty and J x S x D be endowed with the
o-field B(J x S)®@(DNPAB). For each map f: JxSxD —RF (t,z,2) — f(t,z,2)
that is measurable with respect to this o-field, we introduce boundedness conditions
relative to p.
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2.3 Definition. Let f:J x S x D — R* be Z(J x S) ®@ (D N %)-measurable.

(i) We call f affine p-bounded if there exist two locally u-dominated functions
a,b € B(J x S,Ry) such that |f(¢t,z,2)] < a(t,z) + b(t,z)]z| for every
(t,z,z) € J x S x D. If one can take b = 0, then f is called p-bounded.

(i) We say that f is locally p-bounded at 2 € D if there is a neighborhood W of
2 in D for which f|(J x S x (W N D)) is u-bounded. The map f is called
locally p-bounded on a set C in D if it is locally p-bounded at each 2 € C.
For C'= D, we simply say that f is locally u-bounded.

(iii) Let k = 1. Then f is said to be affine u-bounded from below (resp. from above)
if f(t,x,z) > —a(t,z) —b(t, x)||z|| (resp. f(t,x,2) < a(t,z)+b(t, x)|z|) for all
(t,z,2z) € J xS x D and some locally u-dominated a,b € B(J x S,R,). If
b = 0 is possible, then f is called p-bounded from below (resp. from above).

Whenever a mapping f : J x S x D — R* that is measurable with respect to
B(J x S)®(DNA) is affine p-bounded, then it is locally pu-bounded on D. Suppose
instead that f is merely locally p-bounded, then the Borel measurable map

JxS—=RF (tx)— f(t,z 2)

is locally u-dominated for each 2 € D. Of course, for k = 1 the function f is (affine)
p-bounded if and only if it is (affine) p-bounded from below and from above.

2.4 Examples. (i) Let a € B(J x S,R*) and b € B(J x S,R¥*) be both locally
p-dominated. Assume that ¢ € B(D,R¥) fulfills

f(t,z,2) = a(t,x) + b(t, z)p(z)
for all (t,z,2) € J x S x D. Then f is (affine) pu-bounded whenever ¢ is (affine)
bounded. If instead ¢ is locally bounded, then f is locally pu-bounded. For k£ =1
and b > 0, it follows that f is (affine) p-bounded from below (resp. from above) if
¢ is (affine) bounded from below (resp. from above).
(ii) Suppose that a € B(J x S, R¥) is locally g-dominated, ¢ : J x S x D — R, is
B(J x S)® (DN PB)-measurable, and A € S* is positive semidefinite such that

flt,z, 2) = e_‘o(t’x’z)Aa(t, x)

for all (t,z,z) € JxSxD. Then f is u-bounded, as we now check. By diagonalizing
A, we get a diagonal matrix D € R¥* with non-negative entries and an orthogonal
matrix O € R¥** such that A = ODO". This yields

o P(tr,2)A _ Oe—@(t,x,z)b0t7

which implies that e~#®®24 is symmetric and each of its eigenvalues is of the form

e ¢t for some A € 0(A), where (t,7,2) € J x S x D. Hence, as the Frobenius
norm satisfies | B> = Y. (p) A? for all B € S¥, we get that

‘e_W(t,x,Z)A‘Q _ Z 6—2<p(t,a:,z))\ < k
A€o (A)

for all (¢,z,2) € J x S x D. This clarifies the p-boundedness of f.
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In the end, we relate local p-boundedness with p-boundedness on compact sets.

2.5 Lemma. Let f: J xS x D — R¥ be B(J x S) ® (DN %B)-measurable and
locally p-bounded on a Borel set C' in D. Then for each compact set K in C there
is a neighborhood W of K in C' such that f|(J x S x (W N D)) is p-bounded.

Proof. By hypothesis, for each z € K there are a neighborhood W, of z in D and a
locally p-dominated function a, € B(J x S,R) such that

|f(t,z,2")| <a.(t,x) forall (t,z,2') e J xS x (W,ND).

Since K is compact, there are n € N and zy,...,%, € K such that J;_, W,, is a
neighborhood of K in D. So, W := U, (W,, N C) must be a neighborhood of K in
a is locally p-dominated and |f(t, z, 2)| < a(t, x) for all (¢, x, 2) € J xS x (WnD,).
This shows the claim. ]

2.2 Lipschitz continuity

We intend to combine the property of a measurable map being (locally) Lipschitz
continuous with local y-dominance. As before, assume that F is a separable Banach
space with complete norm || - || and Borel o-field &, and D € £ is non-empty.

2.6 Definition. Let f:.J xS x D — R* be Z(J x S) ® (D N %)-measurable.

(i) We say that f is Lipschitz p-continuous if there exists a locally p-dominated
function A € B(J x S,Ry) satisfying |f(t,z,2) — f(t,z,2")] < A(t,z)||z — 2|
for all (¢,2) € J x S and each z,2' € D.

(ii) We call f locally Lipschitz u-continuous at 2 € D if there is a neighborhood
W of 2 in D such that f|(J x S x (W N D)) is Lipschitz u-continuous. The
map f is locally Lipschitz p-continuous if it is locally Lipschitz p-continuous
at every 2 € D.

The set of all RF-valued Z(J x S) @ (D N %)-measurable maps on J x S x D
that are locally pu-bounded and locally Lipschitz p-continuous is denoted by

BC!~(J x S x D,RF), (2.1)

which constitutes a linear space. To simplify notation, we also let BC’}L_(J X S'x D)
represent BC’}L*(J x S x D,R). Clearly, whenever f : J x S x D — R¥ is some
PB(J xS)®(DNA)-measurable map that is Lipschitz p-continuous, then it is locally
Lipschitz p-continuous. Furthermore, we see that f is Lipschitz u-continuous if and
only if the map

f(t,z,)): D = RF 2 f(t,x,2)

is Lipschitz continuous with Lipschitz constant A(¢,z) for all (t,z) € J x S such
that the resulting function A is Borel measurable and locally p-dominated.
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To clarify local Lipschitz u-continuity, we recall that each neighborhood V' in
D can be written in the form V = W N D for some neighborhood W in D and
vice versa. Thus, f is locally Lipschitz p-continuous at 2 € D if and only if there
is a neighborhood V of 2 in D such that f|(J x S x V) is Lipschitz u-continuous.
Suppose for the moment that D C D and decompose D in the form

D=DU((@DND® with DN(@DND") =0.

Then local Lipschitz p-continuity of f at 2 € 9D N D¢ yields a neighborhood W of
2in D such that |f(t,z,2) — f(t,z,2")| < X(t,z)||z — /|| for all (t,z) € J x S, each
z,2" € WN D, and some locally py-dominated A\ € B(J x S;R). Hence, it follows
from Proposition that the limit lim,,; f(¢, z, 2) exists for each (t,z) € J x S.
Consequently, let f be the extension of f to J x S x (DU {2}) defined by

f(t,z, 2) .= lim f(t,x, 2),

z2—Z

then f is locally Lipschitz p-continuous at 2 in the sense discussed before, as 2
belongs to the domain DU {2} of f(t,z,-) for all (t,2) € J x S. To facilitate access
to this continuity concept, we consider the two examples of the previous section.

2.7 Examples. (i) Let a € B(J x S,R¥), b € B(J x S,R¥*) and ¢ € B(D,R¥)
be such that b is locally p-dominated. Suppose that

f(t,z, 2) = a(t,x) + b(t, z)p(z)

for all (¢,x,z) € Jx S x D, then from the (local) Lipschitz continuity of ¢ the (local)
Lipschitz p-continuity of f follows. Due to Examples[2.4] if a is locally y-dominated
and ¢ is locally Lipschitz continuous, then f € BC';’(J x S x D,RF).

(ii) Let a € By(J x S,R¥), ¢ : Jx Sx D — R, be B(J x S)® (DN AB)-measurable,
and A € S* be positive semidefinite. Assume that f is of the form

f(t,x,z) = e ?boD A (¢ 1)

for each (t,z,2) € J x S x D. We show that if ¢ is (locally) Lipschitz u-continuous,
then so is f. From Examples we infer that f is bounded. Let D € RF**
be a diagonal matrix with non-negative entries and O € R*** be an orthogonal
matrix such that A = ODO?!. Then exp(—o(t, z, 2)A) = O exp(—p(t, z, z) D)O! and
consequently,

‘6—@(t,x,z)A . 6—¢(t,x,z’)A 2 _ Z ‘e—go(t,:c,z))\ _ e—go(t,x,z’))\‘Q
A€o (A)
2 ANV
< k(gj&)k Nelt,z,2) = plt,z, 2)]

for every (t,z) € J x S and all z,2’ € D. Here, we have used that the function
R, — (0,1], x — e~* is Lipschitz continuous with Lipschitz constant 1.
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We state some standard properties of (locally) Lipschitz p-continuous maps.
Notice that the proof of the third claim is mainly inferred from Proposition 6.4 in
Amann [1].

2.8 Proposition. Let f:J x S x D — RF be B(J x S) @ (D N B)-measurable.

(i) Assume that f is locally Lipschitz u-continuous and the map J x S — R¥,
(t,z) — f(t,z,2) is locally p-dominated for every 2 € D. Then f is locally
u-bounded.

(ii) If f is Lipschitz p-continuous and the map J x S — R, (t,x) — f(t,x, 2) is
locally p-dominated just for some Z2 € D, then f is affine p-bounded.

(iii) Let f € BCL™(J x S x D,R*) and K be a compact set in D. Then there is a
neighborhood W of K in D for which f|(J xS x W) is Lipschitz u-continuous.

Proof. (i) For each 2 € D there are some neighborhood W of 2 in D and a locally
p-dominated A € B(J x S,R.) such that |f(t,x, z) — f(t,z,2")| < A(t,z)||z—2'|| for
all (t,x) € J x S and each z,2' € W. Let 6 > 0 and define a € B(J x S,R,) by

a(t,z) = |f(t,x,2)| + A(¢t, z)0,

then W’ := Bs(2) N W is another neighborhood of 2 in D and it follows immediately
that | f(t,z,2)| < |f(t,x, 2)|+ A(t, z)||z — 2|| < a(t,x) for each (t,x,z) € J xS x W'
Since a is locally p-dominated, the assertion is shown.

(ii) Let us choose some locally p-dominated b € B(J x S,Ry) that satisfies
|f(t,x,2)— f(t,z,2")| < b(t,x)||z— 7| for every (t,x) € J x S and all 2,2’ € D. We
define a € B(J x S,R,) via

a(t,z) == |f(t, z, 2)[ + b(t, 2)[|2],

then we get that |f(¢,z,2)| < |f(t,x, 2)| + b(t,x)||z — 2|| < a(t,z) + b(t,z)||z|| for
each (t,z,2) € J x S x D. Because a is locally p-dominated, this justifies that f is
affine p-bounded.

(iii) For each z € K there are 0, > 0 and a locally y-dominated A, € B(JxS,R,)
such that |f(¢,z,2") — f(t,x,2")| < A\.(t,x)]|z — 2"| for all (t,x) € J x S and each
2, 2" € Bs () N D. Since {B;s_2(2) |2z € K} is an open covering of K, there are
n € Nand z,...,2, € K so that W := U?:1(Bézi/2(2’i) N D) is a neighborhood of K
in D. We now show that

diam(f(t,z,W)) = sup |f(t,x,2) — f(t,z,2")| < a(t,z) (2.2)
z,2'eW
for each (t,x) € J x S and some locally p-dominated a € B(J x S,Ry). For this
purpose, let (t,x) € J x S and z,2’ € W, then there are i,5 € {1,...,n} with
|2 — 2| < 0.,/2 and ||2" — 2j]| < d.,/2. Hence,

\f(t,z,2) — f(t,x,2)| <|f(t, @, 2) — f(t,x,z)| + | f(t, 2, 2) — [t x,25)]

+ ‘f(t,.’ll',Zj) - f(t,iL‘7Z/)‘
<AL ()0 2+ [ f(E w, ) — [t 2, 25) + A (E, )6, /2.
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Thus, we set a(t, z) := max;eq
for all (¢,2) € J x S. Then a is readily checked to be Borel measurable and locally
p-dominated, and (2.2 holds.

.....

,,,,,

(t,z) € J x S and 2,2/ € W. Assume initially that ||z — 2/|| < 0, then there is
ie{l,...,n} with ||z — z]|| < d,,/2, which gives

12" =zl < 12" = 2l + Iz — 2l <.

Therefore, |f(t,z,2) — f(t,z,2")] < A, (tx)||z — 2| < A(t,x)||z — 2/||. If instead
|z —2'|| > 6, then |f(t,z,2)— f(t,z,2")| < a(t,x) < A(t,z)||z— 7|, which concludes
the proof. O

2.3 Differentiability

In this section we let the separable Banach space E be finite-dimensional and define
differentiability with respect to u. To this end, let 2 (E,R*) denote the linear space
of all R¥-valued linear continuous maps on £. We use the notation

gl = max_ lg(z)|| for each g € L (E,R¥)
zen:||z||l=

and notice that .Z(E, R¥) equipped with || - || is another finite-dimensional Banach
space. Moreover, we assume that the set D € # has non-empty interior.

2.9 Definition. Let f:J xS x D — R* be Z(J x S) ® (D N %)-measurable.

(i) We call f uniformly p-differentiable if the map D — R* 2z — f(t,z,2) is
differentiable in D° for all (¢, x) € J xS such that there is a locally y-dominated
a € B(J x S,Ry) with | D, f(t,z,2)| < a(t,z) for each (¢t,z,2) € J x S x D°.

ii emap f is said to be u-differentiable around 2 € D if there is a neighborhoo

ii) Th is said to be p-di jabl d Z € D if therei ighborhood
W of 2 in D for which f|(J xS x W) is uniformly u-differentiable. Additionally,
f is p-differentiable if it is p-differentiable around each 2 € D.

Clearly, if a B(J x S)®(DN%)-measurable map f : J xS x D — RF is uniformly
p-differentiable, then it is u-differentiable. We further see that f is p-differentiable
around Z € D if and only if there is a neighborhood W of 2 in D such that f(¢,z,-)
is differentiable in WW°, and

|D.f(t,z,2)|| <a(t,z) forall (t,z,2) € J xS xW°

and some locally p-dominated function a € B(J x S,Ry). Because W° =W N D°,
the set W° contains no boundary point of D. This justifies that we only consider
differentiability at interior points of D.
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Although we do not assume that D is an open set, we impose two topological
conditions until the end of this section. The first is that D and its interior share the
same boundary. That is,

oD = 0(D°).
For instance, this is true if D is open. By decomposing D and (D°) in their respective
interior and boundary, it follows that D and its interior have the same boundary if
and only if the closures of D and its interior coincide. Next, we require that

each 2 € 0D N D has a convex neighborhood in D. (2.3)

This requirement becomes redundant if D is open or convex. In the one-dimensional
case I/ = R, we notice that both conditions are met provided D is a non-degenerate
interval. In the following, let

BC!(J x S x D,R*) (2.4)

denote the linear space of all R¥-valued %(J x S) ® (D N %)-measurable locally
p-bounded and p-differentiable maps f on J x S x D such that f(t,z,-) € C(D,R¥)
for every (t,z) € J x S. We abbreviate BC|(.J x S x D) := BC,(J x S x D,R) and
study our familiar examples.

2.10 Examples. (i) Let a € B(J x S,RF) and b € B(J x S,R**) be so that b is
locally p-dominated. Suppose that ¢ € C(D,R*) is differentiable in D° and

ft,x,2) = a(t,z) + b(t, z)p(2)

for all (t,x,z) € J xS x D. If Dy is bounded, then f is uniformly p-differentiable.
Assume instead that Dy is locally bounded on D, that is, D¢ is locally bounded
and to each 2 € DN D there is a neighborhood W of 2 in D such that ||Dy(z)]] < ¢
for all z € W° and some ¢ > 0. Then f is p-differentiable. Moreover, if a is locally
pi-dominated and Dy is locally bounded on D, then f € BC)(J x S x D,RF).

(i) Suppose that F = RF and ||| = |-|. Let a € By(J x S,R¥), p: Ix Sx D — R,
be B(J x S) @ (D N B(R¥))-measurable, and A € S¥ be positive semidefinite such
that

f(t,z,z) = e ?EmD A (¢ 1)

for all (t,z,z) € J x S x D. Then the (uniform) p-differentiability of ¢ entails
that of f. Indeed, let us write A in the form A = ODO! with a diagonal matrix
D € R¥** that has non-negative entries and an orthogonal matrix O € RF**. We
let A € R¥ be given by \; = D;; for all i € {1,...,k}. Then exp(—p(t,z,2)A)
— O exp(—p(t, z, 2)D)O" and for this reason,

D.f(t,z,z) = —OAD,p(t, z, z)te_“"(t’x’z)DOta(t x)
= —OMXD.p(t,z,2)'O' f(t,z,2),
which in turn gives | D, f(t,z, 2)| < Vkc|OAD,p(t,z, 2)'0 = Vke|A||D.p(t, z, 2)|

for every (t,x,z) € J x S x D°, since |\| = |A|. Here, ¢ > 0 is chosen such that
la(t,z)| < cfor all (t,x) € J x S. This justifies the claim.
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The next proposition ensures that BC}(J x S x D,R*) € BC}~(J x S x D,R¥).

2.11 Proposition. Let f : J x S x D — R be B(J x S) ® (D N %B)-measurable
and f(t,z,-) € C(D,R¥) for all (t,x) € J x S.

(i) If [ is u-differentiable and K is a compact set in D, then there exists some
neighborhood W of K in D so that f|(J xS x W) is uniformly p-differentiable.

(7i) Suppose that W is a convex neighborhood in D such that f|(J x S x W) is
uniformly p-differentiable, then f|(J x S x W) is Lipschitz u-continuous.

(iii) Whenever f is p-differentiable, then it is locally Lipschitz p-continuous.

Proof. (i) From the preceding discussion we infer that f(t,z,-) is differentiable in
De for all (¢t,z) € J x S such that the Z(J x S) ® (D° N HB)-measurable function

IDfll: T x SxD* =Ry, (tz,z) = ||D:f(t xz)|

is locally p-bounded on D. According to Lemma there is a neighborhood W
of K in D for which the restriction of ||D,f|| to J x S x (W N D°) is p-bounded.
Since W° = W N D°, this is equivalent to the requirement that f|(J x S x W) is
uniformly p-differentiable.

(ii) By hypothesis, f(t,x,-) is differentiable in W° for all (¢,2) € J x S and there
exists some locally p-dominated function A € B(J x S,R) such that

|D.f(t,x,2)|| < A(t,xz) for every (t,z,2) € J xS x W°.

We pick (t,z) € J x S and 2,2/ € W. Then, since 0D = 0(D°), there are two
sequences (2, )nen and (2),)nen in W° with lim,1 2, = 2z and lim,y 2, = 2. By
Lemmal[A.5] the convexity of W ensures that of W°. Hence, the mean value theorem
yields for each n € N some s,, € (0,1) such that

ft,x,z0) — f(t,x,2)) = D f(t, 2, $pzn + (1 — 8,)20) (20 — 21,)-

This gives us that |f(¢,z,2,) — f(t,z,2))| < At,2)|z, — 2,|| for all n € N. By
taking the limit n 1 oo, we obtain that | f (¢, x, z) — f(t, x, 2')| < (¢, z)||z—2'||, since
f(t,z,+) is continuous.

(iii) Let 2 € D, then there is a neighborhood W in D such that f|(J x S x W)
is uniformly p-differentiable. Hence, if we can find a convex neighborhood W' of 2
in D with W’ C W, then (ii) yields that f|(J x S x W’) is Lipschitz p-continuous,
which is exactly the local Lipschitz u-continuity of f at 2.

If 2 € D°, then there is some 6 > 0 such that Bs(2) C W. Thus, here we set
W’ := Bs(2). If instead 2 € 9D N D, then, by hypothesis (2.3)), there is a convex
neighborhood W” of 2 in D. In this case, we choose § > 0 such that Bs(2)ND C W,
then W' := W" N Bs(2) gives the correct result. O
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2.4 Integral maps

We draw our attention to measurable maps that admit an integral representation.
Once again, let E be finite-dimensional, the set D € % have non-empty interior,
and £ (E,R*) denote the Banach space of all R*-valued linear continuous maps on
E. We let (U,% ) be a measurable space and

n:JxXSxuU —[0,0], (tz, B)+— n(tz, B)

be a kernel from J x S to (U, % ), where, as usually, J x S is equipped with the Borel
o-field Z(J x S). We choose some % @(DN%)-measurable map ¢ : Ux D — R¥ such
that the % -measurable map o(-,2) : U — R* u — ¢(u, 2) is n(t,z,-)-integrable
for all (¢,x,2z) € J x S x D. In what follows, we are concerned with the mapping
f:J xS x D — RF defined via

flt,z, 2) ::/Ugo(u, 2)n(t, z,du). (2.5)

One may question whether the integral map f is indeed measurable. This is answered
affirmatively.

2.12 Lemma. The map f is measurable with respect to B(J x S) @ (D N AB).

Proof. By Lemma [A.19] it suffices to show that the i-coordinate function f; of f
is measurable for each ¢ € {1,...,k}. We notice that the n(t, z, -)-integrability of
©(+, z) entails that of its i-th coordinate function ¢;(-, z) and

filt,z, 2) :/Ugoi(u,z)n(t,x,du)

for all (t,z,z) € J x S x D. Thus, to show that f; is measurable, we may assume
that ¢; is bounded. In the general case, Corollary yields a sequence (¢y,)nen of
real-valued % ® (D N %)-measurable bounded functions on U x D that converges
pointwise to ¢; such that sup,,cy [¢n(u, 2)| < |@i(u, 2)| for each (u, z) € U x D. Then

hTm/ on(u, 2)n(t, z, du) :/ wi(u, z)n(t, z,du) = fi(t,z, 2)
ntoo JU U

for all (¢,z,2) € J x S x D, by dominated convergence. This in turn shows that f;
is measurable. Finally, the set of all real-valued % ® (D N %)-measurable bounded
functions ¢ on U x D for which the function

JxSxD—R, (t,m,z)H/@D(u,z)n(t,w,du)
U

is measurable is a monotone class on U x D, as introduced in Section of the
appendix. If B € % and C € DNZ, then [; L1gxc(u, 2) n(t, x,du) = n(t,z, B)1a(2)
for every (t,z,z) € J xS x D. Since n is a kernel and % x (D N %) is an N-stable
generator of Z @ (DN %), the Functional Monotone Class Theorem concludes

our verification. O]
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Let us check under which assumptions f is locally bounded with respect to . We
let Z € D and assume temporarily that there are a neighborhood W of 2 in D and
some 7% -measurable a : U — [0, 0o] such that |¢(u, 2)| < a(u) for all (u,z) € UxW.
Then

txz]</ n(t,z,du) forall (t,x,z) € J xS x W,

by Proposition [A.32] Hence, if the Borel measurable function [, a(u)n(-,-, du) is
finite and locally u-dominated, then f becomes locally p-bounded at 2. Let us also
study the continuity of f(t¢,x,-) for each (t,z) € J x S. To this end, we generalize
Lemma 16.1 in Bauer [2], from which the proof ideas originate.

2.13 Lemma. Let 2 € D and p(u,-) be continuous at 2 for all u € U. Suppose that
there is a neighborhood W of 2 in D and an % -measurable o : U — [0, 00| with

lo(u, 2)| < a(u)  forall (u,z) € U x W

such that [;; a(u) n(t, z,du) < oo for each (t,z) € JxS. Then f(t,x,-) is continuous
at Z for every (t,x) € J x S.

Proof. Let (z,)nen be a sequence in D with lim,1 2, = 2. Then continuity of ¢(u, -)
at 2 yields that lim, o ©(u, 2,) = @(u, 2) for all u € U. We choose ny € N such
that z, € W for all n € N with n > ng, then sup,cy. ,>n, |€(%, 20)| < a(u) for each
uw € U. This entails that

lim f(t,x,2,) = lim | @(u, z,)n(t,z,du) = /Ugo(u, 2)yn(t,x,du) = f(t,x,2)

nfoo ntoo JU
for each (t,x) € J x S, by the Dominated Convergence Theorem |A.33] O

Under the conditions stated below, the differentiability of f(¢,z,:) in an open
set W C D follows for all (¢,x) € J x.S. We also consider the case when £ = R and
W is a non-degenerate interval in D that fails to be open. Here, we extend Lemma
16.2 and Corollary 16.3 in Bauer [2].

2.14 Lemma. Let W C D and suppose that either W is open or instead E = R
and W is a non-degenerate interval that fails to be open. Moreover, let p(u,-) be
differentiable in W for each uw € U and assume that

|D.p(u, 2)|| < a(u) forall (u,z) e U x W

and some % -measurable a : U — [0, 00| such that [;; a(u) n(t, x,du) < oo for every
(t,z) € J x S. Then f(t,x,-) is differentiable in W and

D.f(t,x,z)(z /chpuz)()(txdu)

for each (t,z,z) € J x S x W and every 2’ € E.
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Proof. Let z € W, then in either case there is a convex neighborhood V' of z in W.
We choose a sequence (z,)nen in D° with lim,1o 2, = 2, then there is ny € N such
that z, € V for all n € N with n > ny. By the mean value theorem,

|o(u; 2n) —p(u, 2)] < sup 1D2p(u; s2n 4 (1 = 8)z)|[l|2n — 2[| < alu)|zn — 2|
s€|0,

for each uw € U and every n € N with n > ng. Additionally, |D.¢(u, z)(z, — 2)|
< ||D,o(u, 2)|||lzn — z|| < a(u)l|z, — z|| for every u € U and each n € N with n > ny.
In consequence,

flt,x, zn) — f(t,z,2) — [y Doo(u, 2) (2, — 2) n(t, z, du)

lim
ntoo |20 — 2|
n) ) - DZ ) n -
iy [ £l ) Dl =)y
ntoo JU lzn — 2|

for all (¢,x) € J x S, by the Dominated Convergence Theorem since ¢(u,-) is
differentiable at z for each u € U. ]

Now sufficient conditions for the differentiability of f relative to u can be given
without difficulty. Suppose for the time being that ¢(u, -) is differentiable in D° for
every u € U and let 2 € D. Assume that there exists a neighborhood W of Z in D
such that

|D.p(u, 2)|| < a(u) for each (u,z) € U x W°

and some % -measurable o : U — [0, 00| for which [;; a(u)n(-,-, du) is finite. Then
Lemma and Proposition imply that f(¢,z,-) is differentiable in W° and

ID-f (k. 2) < [ I1Dee (w2 nftz,du) < [ au)n(t,, du)

for all (t,z,2) € J x S x W°. Thus, if we further suppose that [; a(u)n(-,-, du) is
locally p-dominated, then f becomes p-differentiable around 2. This has been the
final thought regarding regularity with respect to pu. Next, to give an example of
an integral map that comes up in the construction of superprocesses, we make the
following preparations.

2.15 Lemma. Let ¥ : Ry — Ry be a twice differentiable function with ¥(0) = 0,
Y'(z) >0, and " (z) <0 for all z > 0. Then ¢ € B((0,00) x R, R,) given by

d(u,z) == e ") — 1 4 wip(2)

is both increasing and twice differentiable in z € Ry. Furthermore, for each r > 0
there is ¢ > 0 such that

0 < max {¢(u,z), Zf(u,z)} < cumin{l,u}

for allu > 0 and each z € [0, r].
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Proof. Since v is twice differentiable, it is continuous. For this reason, ¢ is Borel
measurable and also twice differentiable in z € R,. Standard calculations yield

gz;f(u’z) _ UQﬁN(Z) (1 i e—uw(z)> + u2¢/(z)26_“w(z) < u21/1/(2)2

for each u > 0 and every z > 0. This justifies that ¢ is increasing in z € R, . Next,
by Taylor’s formula, for each u > 0 and all z > 0 there are £, € (0, z) such that

o,2) = 000, 0) + 22w 0)z + 500,022 < Lo

2
20 2) = 22(w,0) + T )z < Wy (0)

because ¢(u,0) = 8¢(u 0) =0, and ¢/’ is non-negative and decreasing. For r > 0 we
set ¢ := max{¢(r),¥'(0),v’'(0)* max{1,r}*}, then we obtain that

2
%1&’(0)222} < cumin{l,u},

(u, 2) < min{uy’(2),u*y'(0)*2} < cumin{1,u}

é(u, 2) < min {urp(2),
¢
0z

for all u > 0 and every z € [0, r]|. This clarifies the lemma. O

We also need some computations.

2.16 Lemma. Choose o € (1,2) and let I' denote the Gamma function. That is,
L(z) = [Ce " v* tdv for all z > 0. Then [¢°min{l,u}u=*du < 0o and

-1
?g_a;/o (e —14wuz)u " *du=2* forall 2> 0.

Proof. Regarding the first claim,

/wmin{l,u}u’adu—/ - adu—i—/
0
1

By the substitution rule,
/ (e7 —14uz)u " “du = za/ (e’ —1+v)w " *dv
0 0

for each z > 0. Integration by parts yields that

/ (e —1+vp ' dv = —/ (1—e o %dv = M,
0 a Jo ala—1)
because from L’Hopital’s rule it follows that

1 1 1—ev v 1. 1—e"
limiﬂ):—hm ¢ =0 and limﬁz—hm ¢ =0.
vToo Ve Qo vToo Uo‘_l vl0 Ve o vl0 ’UO‘_l

Hence, the lemma is verified. n
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We conclude with the announced example.

2.17 Example. Let E =R, D =R, k =1, U = (0,00), and % be the Borel
o-field of (0, 00). Suppose that

/ umin{l, u} n(t, z,du) < oo
0

for all (t,2) € J x S and ¥ : Ry — Ry is twice differentiable such that ¢ (0) = 0,
Y'(z) > 0, and ¢¥"(z) < 0 for every z > 0. In addition, let ¢ be of the form
o(u, z) = e — 1 4 up(2) for all (u,z) € (0,00) x R,. Then (2.5) becomes

f(t2,2) = [ (€O =14 up(2) n(t, v, du) (2.6)
0

for each (t,z,z) € J x S x R;. For instance, if n € N, ay,...,a, € (1,2), and

dy,...,d, € B(J x S,R,), then Lemma m shows that n could be of the form

" Oéi(Oéi — 1) s
to B) =S dilt, 7/ 1-ai g
e, B) = it ) T S [t
for all (¢,z) € J x S and each Borel set B in (0,00), where, as before, I' is the
Gamma function. Moreover, the lemma also implies that

n

f(tv*ra Z) - Zdi(t7 ‘T)w(z)ai

=1

for every (t,z,z) € J x S x Ry. In the general case (2.6), we readily infer from

Lemmas [2.13}, 2.14] and that f(t,z,-) € C'(R,) with

0 0o

ajzc(t,x, z) = /0 uw/(z)(l - e_“w(z)) n(t, x,du)

for each (t,z,2) € J x S x R;. Moreover, if the function [;°umin{l,u}n(-,-, du)
is locally p-dominated, then f € BC’;(J x S x Ry). This follows directly from our
discussions to local u-boundedness and p-differentiability.



Chapter 3

Markov Processes

This chapter provides an exposition of time-inhomogeneous Markov processes and
additive maps in a pseudometric topological setting that allows for path spaces
and path-dependent diffusion processes. Throughout, standard notation and basic
results from stochastic calculus, summarized in Section of the appendix, are
used. In Section [3.1] we define a specific pseudometric and set up the topological and
measurable structure on a time-space Cartesian product. The concept of consistency
is introduced and maps that are right-continuous in time and continuous in space
are studied. In Section we give an adjusted definition of a consistent Markov
process that is in accordance with the classical notion. In Section we discuss
the strong Markov property that requires a progressive Markov process with Borel
measurable transition probabilities, and the (right-hand) Feller property, which in
combination with continuous paths leads to a diffusion process.

Moreover, in both these sections we enhance the measurability properties of the
transition probabilities and the (strong) Markov property, by using monotone class
theorems and the Bochner integral in finite dimension, given in Sections[A.5]and[A.6]
respectively. In Section we compile several basic properties of additive maps,
which are multidimensional maps for which all coordinate functions are additive
functionals. Further, we prove a continuity result for progressive Markov processes
that possess the (right-hand) Feller property, by using local dominance with respect
to a continuous additive functional. As will be shown, this yields conditions that
guarantee the continuity of solutions to Markovian integral equations. Eventually,
in Section two integration by parts formulas are deduced to obtain a general
Markovian Gronwall inequality.

3.1 Cartesian products in time and space

In the following, let J C R, be a non-degenerate closed interval, S be at first
a completely metrizable topological space with Borel o-field ., and p denote a
complete metric that induces the topology of S. We suppose that

O:JxS—=S8, (t,x)— Dyx)

19
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is a process with cadlag paths. In other words, ®; : S — S,  +— ®;(x) is Borel
measurable for all t € J and ®(z) : J — S, t — O4(z) is cadlag for each z € S. For
some results, ® has to be Lipschitz continuous in z € S, locally uniformly in t € J.
That is, for each compact interval I in J there is L > 0 such that

p(®i(x), :(y)) < Lp(w,y) (3.1)

for all t € I and each x,y € S. However, it is required that ®; o &, = ®,,, for all
s,t € J. We let (% )ies denote the natural filtration of ® and equip J x S with the
pseudometric dg defined via

ds((r, ), (s,y)) = [r = s[ + p(®,(z), 5(y)), (PM)

then J x S becomes a pseudometric space. For instance, if ®; is the identity map
on S for all ¢t € J, then .%; coincides with the Borel o-field .# of S for each t € J
and dg reduces to the metric d defined by

d((?”, .I‘), (57 y)) = ‘7’ - 3‘ + ,O(iL‘,y),

which induces the product topology of J x S. We also notice that dg is a metric if
and only if @, is injective for each ¢t € J. Finally, by #(J x S) we denote the Borel
o-field of J x S with respect to the topology induced by dg.

Let us point out that in Chapter [5| we will consider path spaces that fit into this
general setting. More precisely, let temporarily 7' > 0, d € N, and | - | denote the
Euclidean norm on R?. The main case we will work with is

J=1[0,T] and S=C([0,T],R%).

We will assume that p induces the same topology as the maximum norm and p(x, y)
< Lmaxgep,r) |z(t) — y(t)] for all 2,y € C([0,T], R?) and some L > 0. Moreover, we
will make the choice
P, (x) = 2

for each (t,z) € [0,T] x C([0,T],RY), where zt : [0,T] — R%, 2l(s) := z(s A t) is
the map = stopped at time ¢. Then (#).cjo,r] becomes the natural filtration of the
canonical process & : [0,7] x C([0,T],R?) — R4, &(x) := z(t) and ¥ agrees with
<. With this specific case in mind, we return to our general setting.

3.1 Proposition. Let S be separable, and ® satisfy (3.1)) and have continuous paths,
then the following three assertions hold:

(i) The topology induced by dg is coarser than the product topology of J x S and
B(JIxS)CABJ) L.

(ii) The set So of all (t,x) € J x S with v = ®y(x) is closed with respect to the
product topology, S € B(J) @ .7, and Se N B(J x S) = Se N (B(J)® .L).

(iii) J x S equipped with dg is a separable complete pseudometric space.
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Proof. (i) To show the first assertion, assume that O C J x S is open with respect
to dg and let (r,x) € O. Then there is € > 0 such that for all (s,y) € J x S with
ds((s,y), (r,x)) < e it follows that (s,y) € O. Since ® is Lipschitz continuous in
y € S, locally uniformly in s € J, there are > 0 and L > 1 such that

p(Ps(2'), @(y)) < Lp(a',y)

for all s € (r —d,r+90)NJ and every 2/, y € S. As ®(x) is continuous, there exists
v > 0 such that p(®s(x), () < /2 for each s € (r —~,r+v)NJ. We set
n = min{y,d,e/(2L)}, then

ds((s,y), (r,z)) < |s —r|+ p(Ps(y), ©s(z)) + p(Ps(2), P, (2))
<|s—=r|+ Lp(y,x)+e/2 < Ld((s,y), (r,z)) +&/2 < ¢

for all (s,y) € J x S with d((s,y), (r,z)) < n, which yields (s,y) € O. Thus, O
is open with respect to d, as claimed. Since J is closed and S equipped with p is
Polish, the Borel o-field of J x S with respect to d coincides with the product o-field
AB(J) @ .. Hence, B(J x S) C A(J) ® ., by what we have just shown.

(ii) We first check that Sg is closed with respect to d, which directly implies that
Se € B(J)®.7. Let (ry, Ty )nen be a sequence in S for which there is (r,z) € J xS
such that limpjee d((7, ), (1, 2)) = 0. As x, = ®,, (z,,), we get that

p(e, @ (x)) < p(z, 2n) + p(Pr, (1), Pr,(2)) + p(Pr,, (2), Py ()

for every n € N. Because ® is Lipschitz continuous in y € S, locally uniformly
in s € J, and ®(x) is continuous, we may take the limit n T oo to obtain that
p(z,®,(x)) = 0. That is, (r,z) € S¢. Finally, we observe that

ds((r, ), (8,9)) = |r — s[ + p(,y) = d((r, ), (s,y))

for all (r,z), (s,y) € Se. In other words, dg and the product metric d coincide on
Se X Se. This proves the last assertion.

(iii) To verify completeness, let (7, Z,)nen be a Cauchy sequence in J x S with
respect to dg. By the definition of dg, we see that (r,).en and (@, (z,))nen are
Cauchy sequences in J and S, respectively. As J is closed and S is complete, there
is (r,z) € J x S such that

i d((r, @, (7)), (r, 7)) = 0.
By assumption, ®, o ®, = ®, and hence, (r,, P, (x,)) € Sp for all n € N. So,
(ii) implies that (r,x) € Sg. From ds((rn, z,), (r,2)) = d((rn, Dy, (x4)), (r,x)) for
all n € N the convergence of (7, )nen to (7, z) with respect to dg follows.

We turn to the separability of J x S with respect to dg. At first, as J is closed
and S is Polish, J x S equipped with d instead of dg is another Polish space. Due to
(ii), Se is closed in J x S with respect to d, which in turn implies that S endowed
with either dg or d is Polish as well, because dg = d on Sg X Sg. Let F' be a countable
dense set in Sg. We choose (r,z) € J x S and let € > 0, then, as (r, ®,.(z)) € S,
there is (s,y) € F with ds((s,y), (r,z)) = d((s,y), (r, ®,(x))) < €, as desired. O
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If F is a topological space and [ is a non-degenerate interval in J, then we will
call a map u : I x S — FE consistent if it satisfies u(t,z) = u(t, ®,(z)) for each
(t,x) e I xS.

3.2 Lemma. Suppose that S is separable, E is a topological space with Borel o-field
A, I is a non-degenerate interval in J, and u: [ x S — E. Then the following two
assertions hold:

(1) Whenever u is consistent and B(1)Q.7 -measurable, then it is Borel measurable
and progressively measurable.

(ii) Let E be a finite-dimensional Banach space. If u is progressively measurable,
then it is consistent and B(I) @ S -measurable.

Proof. (i) First of all, from it follows immediately that the time-space process
J xS — JxS, (t,x) — (t,P:(x)) is a uniformly continuous map provided the
domain is equipped with dg and the image is equipped with d. In particular, Borel
measurability follows. That is,

{(t,x) e I x S|(t,P4(x)) € F} € B(J x S) forall Fe B(J)®.7.

Hence, u™'(B) = {(t,z) € I x S| (t,P4(z)) € u ' (B)} € B(I x S) for each B € A,
since u is consistent and u~!(B) € Z(I) ® .. Thus, u is Borel measurable.

Moreover, because ® has right-continuous paths, Proposition entails that
® is progressively measurable with respect to its natural filtration (.#;)c;. For this
reason, the time-space process

Jx S —JxS8, (t,x)— (t,D(x))

is (-7 )ies-progressively measurable provided the image is equipped with the product
o-field A(J) ® #. Thus, the (% )wer-progressive measurability of u follows from
u(t, ) = u(t, ®y(x)) for all (t,z) € I x S.

(ii) We note that, as ;0 &, = &, for all s,t € J with s < ¢, we directly get
that o(®;) C o(®P;) and hence, .7, = o(P;). Since u is necessarily (%) -adapted,
Corollary provides for each t € I a map ¢, € B(S, E) such that

u(t,z) = ¢y (Py(x)) for each z € S.

By using that @, is idempotent for each ¢t € I, we conclude that u is consistent. As
the fact that u is #(I) ® .”-measurable follows readily from the assumption that u
is progressive measurable, the proof is complete. O

Next, let (E, g) be a metric space and I be a non-degenerate interval in J. We
call amap u : I x S — E right-continuous at a point (r,x) € I x S if for every ¢ > 0
there is 0 > 0 such that

o(u(s, y),u(r,z)) <e
for each (s,y) € I x S with s > r and ds((s,y),(r,z)) < d. We notice that if u
is right-continuous, that is, it is right-continuous at each (r,xz) € I x S, then it
is automatically consistent. This follows directly from dg((t, z), (¢, ®:(x))) = 0 for
each (t,x) € I x S.
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3.3 Proposition. Let (3.1) hold, (E, ) be a metric space, I be a non-degenerate
interval in J, and u : I x S — E. Then the following three assertions are valid:

(i) Let u be right-continuous, then the map I — E, t — u(t,x) is right-continuous
for each x € S. Moreover, if u is actually continuous, then u(-,x) is cidlag
and left-continuous at each continuity point of ®(z).

(i) Whenever u is right-continuous at a point (t,z) € I X S, then the map S — E,
y — u(t,y) is continuous at x. In particular, if u is right-continuous and S is
separable, then u is progressively measurable.

(7ii) Suppose that ® has continuous paths, I is compact, and u is continuous. Then
u s continuous in x € S, uniformly int € I.

Proof. (i) We fix x € S, and let r € I with r < supl and € > 0. Then there
is 6 > 0 such that o(u(t,y),u(r,z)) < e for all (t,y) € I xS with t > r and
ds((t,y), (r,x)) < d. Since ®(z) is right-continuous, there is v > 0 such that

p(Pi(x), Br(2)) < 0/2

for all t € [r,r + )N J. We set n := vy A (§/2), then o(u(t,z),u(r,z)) < e for all
t € [r,r+n)NI, because ds((t,z), (r,x)) < /2 + p(Ps(z), P,.(z)) < 0.

Next, assume that u is continuous and let ¢ € I with ¢ > infI. We prove
that limg u(s,z) = u(t,2), where & € S denotes the left-hand limit limyy ®4(x).
Since ®;(Ps(x)) = Dy(z) for all s € J with s < ¢ and &, is Lipschitz continuous,
we see that ®4(2) = limgy ®5(x) = 2. Let ¢ > 0, then there is § > 0 such that
o(u(s,y),u(t,z)) < e for all (s,y) € I xS with ds((s,y),(t,Z)) < 0. Moreover,
choose v > 0 such that

p(Ps(z),2) < 6/2

for all s € (t —~,t)NJ. We define n := v A (6/2), then o(u(s,x),u(t,z)) < € for
every s € (t —n,t) NI, since dg((s,x), (t, %)) < 0/2+ p(Ps(x),Z) < §. This in fact
concludes the proof, because & = ®,(x) whenever ®(x) is continuous at ¢.

(ii) Initially, let u be right-continuous at a point (¢,z) € I x S and € > 0. Then
there is ¢ > 0 such that o(u(s,y), (u(t,z)) < € for each (s,y) € I x S with s > r
and dg((s,y), (t,z)) < . We let L > 0 denote a Lipschitz constant of ®; and set
n := /L, then we obtain that o(u(t,y), u(t,x)) < e for every y € S with p(y, x) < n,
since dg((t,y), (t,z)) = p(P:(y), P+(z)) < 6.

Now let u be right-continuous. To infer that u is progressive measurable, we first
recall that u(t,z) = u(t, ®¢(x)) for all (t,z) € I x S, since u is consistent. By what
we have just verified, u(t, -) is continuous and thus, Borel measurable for each t € I.
Hence, u is (-#})icr-adapted. For this reason, (i) and Proposition yield that u
is in fact progressively measurable with respect to (.%)e;-

(iii) Let ¢ > 0 and x € S. We have to show that there is 7 > 0 such that
o(u(t,y),u(t,x)) < e for all t € I and each y € S with p(y,x) <n. For each t € I,
as u is continuous at (t,z), there is ¢; > 0 such that

o(u(s, y),u(t,z)) < /2
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for all (s,y) € I x S with dg((s,y), (t,x)) < &. In addition, the uniform continuity
of the map I — S, t — ®,(x) gives for each t € I some v, € (0,d;/3] such that

p(Pr(x), Py(x)) < 04/3

for all r,s € I with |r —s| < . Since {(t —y,t+ )|t € I} is an open covering of
I, there are n € N and tq,...,t, € [ with I C U (t; — ,,t; +74,). Because @ is
Lipschitz continuous in y € S, uniformly in s € I, there is L > 0 such that

p(®(2"), D(y)) < Lp(2',y)

for all ¢ € I and each z/,y € S. We choose t € [ and y € S with p(y,z) < 7,
then o(u(t,y), u(t,x)) < olult,y), u(t,,z)) + ofu(ts,x),u(t,z)) < e Indeed, from
|t — ;| <y, we get that p(®i(x), Py, (x)) < d,/3, which in turn yields that

ds((t,y), (i, 2)) < |t = ti] + p(Pu(y), ©u(2)) + p(Pu(2), Py, (7))
<y, + Lp(y,z) + 6, /3 <26, /3 4+ Ln < oy,

and consequently, ds((t, z), (t;, z)) = |[t—t;|+p(P(z), s, (z)) < d;,. This establishes
the proposition. O

3.2 Consistent stochastic Markov families

In the sequel, we are concerned with time-inhomogeneous Markov processes that
are introduced within the pseudometric setting of the previous section. As classical
literature, we mainly use Dynkin [11},/12]. Thus, suppose that S is separable, and ®
fulfills and has continuous paths, then the assertions of Proposition hold.
Moreover, for each non-degenerate interval I in J and every topological space F,
it follows from #A(J x S) C #A(J) ® .7 that a consistent map v : I x S — E is
Borel measurable if and only if it is measurable with respect to the product o-field
AB(l) @ ., as Lemma (3.2 asserts.

Let (2,.#) be a measurable space. We associate with a consistent stochastic
family a triple 2" = (X, (%#)tes, P) that is composed of a process X : J x Q2 — S, a
filtration (%;)ies of F to which X is adapted, and a set P = {P, .| (r,z) € J x S}
of probability measures on (£2,.%) such that P., = P, () and

Q. (X,) =, (v) Psias. (3.2)

for all r, s € J with r < s and each x € S. If we want to emphasize the measurable
structures, we will refer to a consistent stochastic family on (2, .%#) with state space

S. Additionally, we call P the transition probabilities of 2 . Note that (3.2)) gives
ds((?’, Xr)v (Ta :L')) =0 Ps,z—a.s.

while X, = x P, ;-a.s. may fail for each r,s € J with » < s and every € S. Hence,
if ®, is the identity map for each t € J, then we will simply call 2" a stochastic
family.
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3.4 Definition. A consistent Markov process (on (§2,.%) with state space S) is a
consistent stochastic family 2~ satisfying the following two properties:

(i) The function S — [0, 1], z — P, .(X; € B) is Borel measurable for all s,t € J
with s < ¢ and each B € .¥.

(ii) P..(X: € B|.%) = Psx.(X; € B) P,-as. for all r,s,t € J with r < s <1,
each z € S, and every B € .7.

In this case, we also say that 2" is Markov.

If a consistent stochastic family 2~ fulfills (i), then (ii) is known as the Markov
property of 2. Clearly, from the Monotone Class Theorem we infer that .2~
is Markov if there is an N-stable generator & of the Borel o-field . for which the
function S — [0, 1], x — P; . (X; € O) is Borel measurable and

P (X, € O|%) =P, x, (X, € O) P, -as.

forall r;s,t € J withr < s <t eachx € S, and every O € €. Since the topology of
S is such a generator, we obtain two sufficient conditions for 2" to be Markov. For
example, see Chung |4, Section 1.1] in case S is locally compact. These conditions
are also necessary, as Proposition shows in the end of this section.

3.5 Lemma. A consistent stochastic family 2" is Markov if the function S — [0, 1],
y — Es,[o(Xt)] is Borel measurable and

Epo[o(X0)|Z] = Eox,[p(Xy)] Pro-as.

for all r;s,t € J withr < s < t, each x € S, and every Lipschitz continuous
pE Cb(S, [07 ]-D

Proof. Let s,t € J satisfy s < ¢t and O be an open set in S. Then Lemma
gives an increasing sequence (¢, )nen of [0, 1]-valued Lipschitz continuous functions
on S with lim,1 ¢, (y) = Lo(y) for each y € S. By monotone convergence,
7111%10 Esylon(Xt)] = Psy(Xy € O) forally e S.

Hence, as pointwise limit of a sequence of Borel measurable [0, 1]-valued functions
on S, the function S — [0, 1], y — Ps,(X; € O) is Borel measurable. Therefore, the
measurability property (i) of Definition [3.4] holds.

To check the Markov property of 27, let r € J with r < s and = € S. Then the
assumptions give E, ,[pn(X1)|Zs] = Es x.[pn(Xt)] Prai-a.s. for each n € N. Thus,
monotone convergence for conditional expectations entails that

Pra(X; € O|7,) = lim By [ipu(X))| 7]

= hTm ES,XS [Son(Xt)] = PS,XS (Xt € O) Pr,x'a-s-7

because limpjoo s x,(w)[@n(Xt)] = Psx,w) (X € O) for each w € Q, by standard
monotone convergence. The claim follows. O]
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For a consistent stochastic family 2", we let (32 ")ses denote the natural backward
filtration of X. That is, .#! = o(X; : t € J with t > s) for each fixed s € J. In
addition, let %7 be the system of all sets C' C Q for which there are n € N,
t,...,tp € Jwith s <t; <---<t,, and By,..., B, € % such that

Cl = {th € Bl,...7th € Bn}

Then € is an N-stable generator of f/i{ In fact, since {X; € B} € €, for all B € .,
we get that o(X;) C €. for each t € J with t > s. Hence, .#! C o(%"). Because
¢! C #! follows from the definition of €7, this clarifies that o(%.) = Z#..

s

3.6 Lemma. Assume that Z is a consistent Markov process. Then the subsequent
two conditions are valid:

(i) The function S — [0,1], x — Ps,(A") is Borel measurable for all s € J and
each A" € F..

(it) P, .(A'Z,) = Psx,(A") P.y-a.s. for allr,s € J with r < s, each x € S, and
every A" € F..

Proof. Since %! is an N-stable generator of 3‘1’ for each s € J, the Monotone Class
Theorem entails that (i) follows once we have shown that the function

S—>[0,1], x'_>Ps,3v<Xt1 EBl,...,thEBn)

is Borel measurable for all n € N, each tq,...,t, € J with s < t; < -+ < t,,
and every By, ..., B, € .. We prove this by induction over n € N. As the initial
induction step n = 1 is valid by definition, we may assume that the claim holds for
some n € N. We let t1,...,t,41 € J with s <t; < --- < t,,1 and define 57 to be
the set of all ¢ € By,(S™) for which the function

S—>R, X +— Es’z[SO(th,...,th)]

is Borel measurable. Then ¢ is a monotone class on S™ and 1pg,«..xp, € J for
all By,...,B, € ., by induction hypothesis. Since .#" is an N-stable generator of
the product o-field ®7_,.#, the Functional Monotone Class Theorem implies
that 22 = By(S™). Thus, let By,..., B,i1 € &, then from the Markov property of
Z we get that

Ps,w(Xh E Bl, e ,th+1 E Bn+1) — Es,x[Ps,x(th E Bl, e ,th+1 E Bn+1|ﬁtn)]
Z1,)]

-----

This calculation completes the induction proof, because the function S™ — [0, 1],
(1,...,20) = 1 xexn, (T1, -, Zn) Pry oo (Xt € Bny1) is a member of the linear
space By(S™). Hence, (i) is proven.
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To show (ii), we also choose r € J with r < s and z € S. By the Monotone
Class Theorem [A.28] we merely have to check that

Pro(Xy € Bi,...,X,, € Bu|F) =Py x.(Xy, € By,...,X,, € B,) Pa-as.

forall n € N, each tq,...,t, € Jwiths <t; <.--<t,, and every By,...,B, € .7.
This is done by induction over n € N. The initial induction step n = 1 is just
the Markov property of Z". Therefore, we suppose that the claim is true for some
n € N and pick t1,...,t,01 € J with s < ¢, < --- < t,11. Then the set JZ of all
© € By(S™) satisfying

ET,:C [@(th, P ,th)|y5] = IES,‘X5 [@(th, . ,th)] Pr,x—a.s.

is a monotone class on S™. The induction hypothesis ensures that 15,x..xp, €
for every By,...,B, € .. Hence, the Functional Monotone Class Theorem
gives = B(S™). Now, for each By,..., B, € . we infer from the Markov
property of 2" that

P..(Xy, € By,...,. Xy, € Bu1| %)

= Es,Xs[l{theBl theBn}Ptn,th (th+1 € Bn—i—l)] Pr,x'a-s-

-----

In the last step, we used the previously mentioned fact that the function S™ — [0, 1],
(1, 20) = IpisexB, (1, -, Tn) Pry 2, (X4, € Bng1) belongs to B,(S™). The
Markov property of 2" also implies that

- S,Xs(w)(th € Bla CIE ath+1 € Bn+1)

for all w € €). By combining these two identities, we conclude the induction proof.
Thus, the lemma is established. O

Let us further enhance the properties of a consistent Markov process. To this
end, we fix £ € N and let | - | be the Euclidean norm on R¥. For simplicity, we also
use | - | for the Frobenius norm on R¥**. Note that the following one-dimensional
assertions are given as statement 0.1.B in Dynkin [11, Appendix].

3.7 Proposition. Let 2" be a consistent Markov process. Then the following two
assertions hold:

(i) Let s € J and Y : Q — R¥ be F!-measurable. If E . [|Y]] < oo forallz €S,
then the map S — R*, x + E, ,[Y] is Borel measurable.

(ii) Letr,.s € J withr < s,z €S, andY : Q — R* be ﬁs’—measumble such that
E, . |Y|] and E,[|Y|] are finite for ally € S. Then

Er,x [ES,XS[

Y[l <oo and E..[pY] = Ero[BEx,[Y]]

for each Z,-measurable bounded map B : Q — RF*F,
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Proof. (i) It suffices to consider the case k& = 1. This causes no loss of generality,
since once the claim holds in one dimension, then the fact that E ,[|Yi|] < Es.[|Y]]
for all x € S implies that the i-th coordinate function S — R, x — E,[Y;] of the
map S — RF, x +— E,,[Y] is Borel measurable for each i € {1,...,k}. Then from
Lemma [A.T9] the assertion follows.

We may also suppose that Y is bounded. In the general case, Corollary [A.24]
provides a sequence (Y;,)nen of real-valued .%/-measurable bounded functions on )
that converges pointwise to Y with sup,,cy |Y,| < |Y|. Then dominated convergence
yields

liTm E, .Y, = Es Y] foralzels,

which in turn shows the Borel measurability of the function S — R, z +— E;.[Y].
Next, the set of all real-valued ﬁs’—measurable bounded functions Z on 2 for which
the function S — R, x — E; ,[Z] is Borel measurable constitutes a monotone class
on ). From Lemma [3.6| we know that this linear space contains every indicator
function 1, with A € f; Hence, the Functional Monotone Class Theorem
completes the verification of (i).

(ii) As before, we may let k& = 1. Indeed, suppose for the moment that the
assertion is true in one dimension. To establish the general assertion, we first prove
that

Er,ac [Z|ﬁs] = ES,XS[Z] Pr,m_a-s' (33)
for each .Z, J-measurable Z : Q@ — R, . It is enough to show this when Z is bounded.
In the unbounded case, Corollary gives us an increasing sequence (Z,)nen of
R, -valued ﬁ;—measurable bounded functions on €2 that converges pointwise to Z.
Then monotone convergence for conditional expectations entails that

E, .| Z|Fs] = liTm E, .| Z,|Fs] = liTm Esx,[Z,) = Es x,[Z] Pra-as.,

since limytoo Es x, (@) [Zn] = s x,w)[Z] for all w € Q, by monotone convergence. We
notice that the set of all real-valued .%/-measurable bounded functions Z on Q with
E, . [Z]ﬂs} = ES’XS[Z] P, ,-a.s. is a monotone class on 2. Thus, is implied by
Lemma and the Functional Monotone Class Theorem [A.29]

Now, to infer the multidimensional case, we make use of to obtain that
E. | Esx. [|Y|]] = E-2[|Y]] < oo, which yields the P, ,-integrability of Ej x [|Y]].
Let us suppose that 3 : Q — R*** is an .Z,-measurable bounded map, then the i-th
coordinates of E, .[fY] and E, .[8E;x,[Y]] fulfill

k k
Er,x[ﬁy]z - Z Er,x[ﬁi,jifj] - Z Er,m [ﬁi,jEs,Xs [Y;]] - Er,x [BES,XS [Y]]z
s =1
for each i € {1,...,k}. For these reasons, it suffices to prove the claim for k = 1.
In one dimension, by writing Y in the form Y =Y — Y~ we get from (3.3)) that
Er,x[ﬂy] = Er,x[ﬁEr,x[YJr’ys]] - Er,x[ﬂEr,x[Yiyys]]

= Er,z[ﬁ(ES,Xs [Y] — E, x, [Y_])] =E [BES,XS [Y]]a

which completes the proof. O
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3.3 The strong Markov and the Feller property

Let us proceed with the study of Markov processes by considering the progressive
measurability of the underlying process, the measurability and (right-)continuity
properties of the transition probabilities, and the strong Markov property. We refer
to Dynkin [11,[12] for definitions that we adjust. In what follows, for each ¢t € J let
Ji be the set of all s € J with s <t and (Q2,.%#) be a measurable space.

3.8 Definition. Suppose that 2" is a consistent stochastic family.

(i) We call 2" progressive if the process X is progressively measurable with respect
to both its natural filtration and its natural backward filtration.

(ii)) We say that 2" has Borel measurable transition probabilities if the consistent
function J; x S — [0,1], (s,2) — Ps.(X; € B) is Borel measurable for all
t € J and each B € .7.

(iii) 2 is called strongly Markov if it is progressive and has Borel measurable
transition probabilities, and the strong Markov property holds:

P.(X, € B|#,) = P.x.(X, € B) P, as. (3.4)

for all r,t € J with r < ¢, each finite (.F)s¢)ry-stopping time 7, every z € S,
and each B € .¥.

For a consistent stochastic family 2", we set .%,, := o(X, : s € [r,t]) for each
r,t € J with » < t. These o-fields allow for an equivalent description for 2 to be
progressive.

3.9 Lemma. A consistent stochastic family 2 is progressive if and only if the

A

restriction of X to [r,t] x Q is B([r,t]) ® F,-measurable for all r,t € J with r < t.

Proof. In the sequel, we denote the natural filtration of X by (192‘3)8e J- Let initially
2 be progressive and choose r,t € J with » < ¢. Since set of all D C J; x € with
DN ([rt] x Q) € #B(r,t]) @ Z is a d-system in J, x Q that includes the N-stable
generator {J,|s € J;} x %, of B(J,) ® F;, we get that

F(r,t] xQ) e B(rt]) @ % foreach F e B(J,) @ %,

by the Monotone Class Theorem |A.28] This gives {(s,w) € [r,t] x Q| Xs(w) € B}
={(s,w) € ; xQ| Xs(w) € B}N([r,t] x Q) € LB([r,t]) ® F; for each chosen B € .¥.
To abbreviate notation, let .J| be the set of all s € J with s > r. Then

A

FO(lrdxQ) e B(rt]) ® 2

r

for every F € B(J)) ® ﬁ;a

due to the Monotone Class Theorem [A.28] Hence, {(s,w) € [r,t] x Q| X (w) € B}
= {(s,w) € J'x Q| X,(w) € BYn([r, 1] x Q) € B([r,1]) ®.Z . Finally, from the fact
that B([r,t]) ® %, is the intersection of 2([r,t]) ® %! and B([r,1]) ® .%,, the only
if direction is proven.
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For if we define ry := minJ and T := supJ. First of all, let t € J and B € .,
then {(s,w) € [ro,t] x Q| X (w) € B} € B([ro,t]) @ Fp,s. Because J, = [ro,1]
and 32} = ﬁm,t, this shows that X is progressively measurable with respect to
its natural filtration. Next, let » € J and suppose initially that 7' € J, then
{(s,w) € [r,T] x Q| X,(w) € B} € B([r,T)) ® F.r. If instead T ¢ J, then we let
(tn)nen be a sequence in J! with lim,so £, = 7. This entails that

{(s,w) € J.x Q| X,(w) € B} = |J{(5,0) € [, 1) x Q| X,(w) € B} € B(J) @ F,

neN

since {(s,w) € [, t,] X Q| X(w) € B} € B([r,tn]) @ Frs, and Z,,, C F! for each
n € N. Hence, in either case, X is also progressively measurable with respect to its
natural backward filtration. O]

By the Monotone Class Theorem[A.28] a consistent stochastic family 2" is Borel,
that is, it has Borel measurable transition probabilities, if there is some N-stable
generator ¢ of . such that the function J; x S — [0,1], (s,z) — Ps.(X; € O) is
Borel measurable for all ¢ € J and each O € &. Moreover, let 2" be progressive
and Borel, then it is strongly Markov if

P’r,a:(Xt € O|ﬁ7—) = PT,XT (Xt € O) Pmc—a.s.

for all r,t € J with r < ¢, every finite (.F;)scprg-stopping time 7, all z € S, and each
O € 0. Hence, we can give sufficient conditions for 2 to be Borel and strongly
Markov. The necessity is implied by Proposition |3.13

3.10 Lemma. Assume that 2" is a consistent stochastic family. Then the following
two assertions are valid:

(i) X is Borel if the function J, x S — [0,1], (s,x) — Es.[¢(Xt)] is Borel
measurable for each t € J and every Lipschitz continuous ¢ € Cy(S, [0, 1]).

(ii) Let Z" be progressive and Borel. Then Z is strongly Markov if
ETJC[%O(Xt)‘yT] = ET7XT [§0<Xt)] Pr,x'a~5~

for allr,t € J with r <t, every finite (F;)scpq-stopping time 7, each x € S,
and every Lipschitz continuous ¢ € Cy(S, [0, 1]).

Proof. (i) We proceed similarly as in Lemma [3.5l Let ¢ € J and O be an open
set in S. Then Lemma yields an increasing sequence (@, )nen of [0, 1]-valued
Lipschitz continuous functions on S that converges pointwise to 1. By monotone
convergence,

’}LlTrOllO Es,z[gon(Xt)] = Ps,x(Xt € O)

for all (s,z) € J; x S. Hence, as pointwise limit of a sequence of [0, 1]-valued Borel
measurable functions on J; x S, the function J; x S — [0, 1], (s,2) — Ps.(X: € O)
is Borel measurable as well.
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(ii) Let r,t € J with » < t, 7 be a finite (F)s¢c}ry-stopping time, and z € S.
We once again choose an open set O in S and some increasing sequence (¢, )nen of
[0, 1]-valued Lipschitz continuous functions on S that converges pointwise to 1o, then
E. lon(Xi)|Z:] = Erx.[pn(X:)] Pro-as. for each n € N. Monotone convergence
for conditional expectations guarantees that

Pro(Xi € O1F) = lim Er[pn(X0)|.7]

- hTm Er x. [Spn(Xt)} = P x, (X; €0) P, -as.,

since iMoo Er(w), X, () [0 (Xt)] = Prw)x, () (X: € O) for allw € €, due to standard
monotone convergence. Therefore, the claim is proven. O

For a consistent stochastic family 2  and each ¢ € J, let us use the N-stable
generator €, of %/, which has been defined to be the system of all sets ' C
of the form C' = {X;, € By,...,X;, € B,} for some n € N, t,...,t, € J with
t<t; <o <1y, andBl,...,BnEY.

3.11 Lemma. For every consistent Markov process 2 that is Borel the following
two assertions hold:

(i) The function Jy x S — [0,1], (s,x) > Ps.(A") is Borel measurable for each
teJand all A € F].

(ii) Assume that Z" is strongly Markov, then P, ,(A'|.%,) = P; x,(A') P..-a.s. for
all vt € J with r < t, every finite (Fs)scpq-stopping time 7, all x € S, and
cach A' € F.

Proof. (i) Because the system % is an N-stable generator of .%/ for every t € J, it
follows from the Monotone Class Theorem that we only need to verify that the
function

JtXS—>[0,1], (S,SL’)HPS’I(XH EBl,...,th EBn)

is Borel measurable for each n € N, all ¢4,...,t, € J with t <¢; < --- < t,, and
every Bi,...,B, € .. We show this inductively over n € N. Since the initial
induction step n = 1 is true by definition, we suppose that the claim holds for
some n € N. Let ty,...,t,01 € J witht <t < --- < t,41, then the set of all
@ € By(S™) for which the function J; x S — R, (s,2) — Eg [o(Xyy,. .., Xe,)] is
Borel measurable is a monotone class on S™. Hence, it coincides with B,(S™), by
the Functional Monotone Class Theorem Let By,...,B,1 € ., then the
Markov property of 2" yields that
Poo(Xy, € By, Xy, € Buia) = Eaullix, ey, X0, €0} Proxi, (Xt ) € Bnyr)]

.....

for all (s,z) € J; x S. This finishes the induction proof, because, as noted before,
the function S™ — [0,1], (z1,...,2n) = 1g,x.xB, (T1, - - Tn) Pry o (Xt € Brt1)
is a member of By(S™).



32 CHAPTER 3. MARKOV PROCESSES

(ii) Let r,t € J with » < t, 7 be a finite (F)s¢c}ryg-stopping time, and z € S.
Due to the Monotone Class Theorem [A.28] it suffices to show that

Pra(Xy, € By,..., Xy, € By|F;) = Prx.(X,, € By,...,X,, € B)) P,,-as.

foreach n e N, all t1,...,t, € Jwitht <t <--- <t,, and every By,...,B, € ..
This is carried out inductively over n € N. Since 2" is strongly Markov, the initial
induction step n = 1 holds. We assume that the claim is valid for some n € N. Let
ti, ..y tper € Jwitht <t <--- <t,11, then the set of all ¢ € B,(S™) such that

E . lp(Xeyy o, Xe )| F] = Erx Jo(Xeyy .o, X4,)] Pra-ass.

is a monotone class on S™. For this reason, it equals B,(S™), by the Functional
Monotone Class Theorem [A.29] Let By, ..., B,i1 € ., then the Markov property
of Z leads us to

P..(Xy, € By,....Xy,,, € Bop1|F)
= Er2lix, en,..x0, B2} Pru.xi, (Xt 0y € Bnya)| ]

== 7, Xr [H{th EBl,...,thGBn}Ptn,th (th+1 S Bn—i—l)] P’I“,a?_a“s'

The Markov property of 2™ also implies that

Er ) x, @) Lixy, eBr.Xin e By Pon X0, (Xt 1 € Brya))]
= Prw) x. ) (X, € Br,.. o, X4,y € Bot)

for all w € 2. By putting these two equations together, we complete the induction
proof. O]

3.12 Remark. Assume that 2" is strongly Markov. Let r,t € J withr <t, z € S,
and A" € .7/, then every (F;)se -stopping time 7 with 7 > r satisfies

P..(A|%,.) = P.x (A") P.,-as. on{r <t}
Indeed, P, .(A'|.Z;) = P, .(A'|Zirr) Pri-a.s. on {1 < t}, because
Er’m[Pr’w<A/‘gT)HBQ{TSt}] = PT:JB(AI nBN {T < t}) = Er,z [PT,I(A/|gtAT)HBﬁ{TSt}]

for each B € .%,. Furthermore, P, ,(A'|Zirr) = Pirr.x,0, (A') P, o-a.s., since 2 is
strongly Markov. This gives the result.

Let 2 be a consistent stochastic family and I be a non-degenerate interval in J.
For each t € I we denote by I; the set of all s € [ with s < ¢, then the reconstructible
o-field on I is the o-field generated by the system of all sets F' in I x Q) of the form
F =1, x A for some u € I and some A’ € .Z!, as considered in Section .

If E is a topological space, then a map Y : I x Q — E that is measurable with
respect to this o-field will be called reconstructible. Note that if Y is (.#])se-adapted
and has right-continuous paths, then it is reconstructible, due to Proposition [A.40}
We now strengthen the measurability properties and the strong Markov property
(see statements 0.4 and 0.6.C in [11, Appendix] for the one-dimensional case).
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3.13 Proposition. For every consistent Markov process 2 with Borel measurable
transition probabilities the subsequent two assertions are valid:

(i) LetY : I xQ — R¥ be reconstructible with E, .[|Y;|] < oo for all (r,x) € I xS,
then the map I xS — R*, (r,z) — E,.[Y;] is consistent and Borel measurable.

(i) Suppose that 2 is strongly Markov. Let (r,z) € I x S, T be some finite
(F,)ser-stopping time with T > 7, and Y : I x Q — RF be reconstructible such
that E, ;[|Yz|] and E; ,[|Ys|] are finite for every (s,y) € I xS with s > r. Then

/E o) | Yol] Pra(dw) < 0o and

rz ﬁY / B T(w ), X+ (w) [YT(w)] an(dw)

for every Z.-measurable bounded map 3 : Q — RF**,

Proof. (i) We may let £ = 1. In fact, assume that the assertion is true in one
dimension, then it follows from E, .[|Y,?|] < E,,[|Y,|] for all (r,x) € I x S that the
function I x S — R, (r,x) — E,,[Y,(V] is Borel measurable for each i € {1,...,k}.
As consistency is a direct consequence of the requirement that P., = P.s,(» for all
(r,x) € J x S, this yields the claim, by Lemma
We may also assume that Y is bounded. In the general case, Corollary[A.24]yields
a sequence (Y (™), oy of real-valued reconstructible bounded processes on I x  with
limatoo Y;™ = Y; and sup, .y |V | < |Yi| for every ¢ € I. Dominated convergence
entails that
lim E,,[Y,"] = B[V,

for each (r,z) € I x S. This clarifies that the function I x S = R, (r,z) — E, ,[Y;]
must then be Borel measurable. Moreover, the set of all reconstructible bounded
processes Z : I x € — R for which the function I x S — R, (r,z) — E, .[Z,] is Borel
measurable is a monotone class in I x Q. By Lemma [3.11] the process I x Q — [0, 1]
(t,w) — 1, (t)1 4 (w) belongs to this lincar space for cach u € I and every A’ € .Z..
Hence, the Functional Monotone Class Theorem [A.29|leads to the claim.

(ii) It is enough to deduce the assertion for £ = 1. To infer the multidimensional
case, we utilize the fact that

Er,ac[ZT|gTKW) = ET(w),XT(w) [ZT(W)] for Pm—a.e. w € (35)

for each reconstructible Z : I x  — R,. Indeed, for justifying this, we merely need
to consider the case when Z is bounded. In the unbounded case, Corollary[A.24] gives
an increasing sequence (Z™),en of R -valued reconstructible bounded processes on
I'xQ with limp;e Zt(n) = Z, for all t € I. Then monotone convergence for conditional
expectations implies that

E, 2| 7] (w) = lim Er,x[Z(n)|ﬂT] (w) = TlllTIOIé Erw), x- () [Zi?o)J)] = Erw),x: ) Zrw)]

ntoo T
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for Pm—a.e. w € (), since hmmoo ET(w),X-,-(w) [Zj—?&)] = ET(w),XT(w) [ZT(U_,)] follows from
standard monotone convergence for every w € €). Now, the set of all reconstructible
bounded processes Z : I x {2 — R such that

Er 22| Z (W) = Erw) xo () Zriw))  for Pra-ace. w € Q

is a monotone class in I x . We fix u € [ and A’ € .Z, and let Z : I x Q — [0,1]
be given by Z;(w) := 1y, (t)1 4/(w). Then Remark shows that

E, o[ 2| T (w) = ﬂ{rgu}(w)Pr,x(A/|327)(w) = T r<uy (W) Prw) x. () (A7)
= Frw) X, () Lr<uwy (W) 1 ar] = Erw),x, @) [ Zr(w)]

for P, ,-a.e. w € Q. In consequence, the Functional Monotone Class Theorem
establishes the validity of (3.5). This in turn implies that

| Brtrxo[¥rl] Pra(d) = Epa[|Y]] < o0

which shows that the function Q — Ry, w = E ) x, (w)[|Yrw)|] is Pre-integrable.
Next, we let 3 : Q — R*** be some .%.-measurable bounded map, then the i-th
coordinates of E, ,[8Y;] and [ B(w)Erw),x, @) [Yr(w)] Pre(dw) satisfy

E,.[8Y:); ZEM@J E,.[Y9| %] /5” vy xo @[V )] Pra(dw)

- / 6 T (w), X+ (w) [Y (w)] Pr,x<dw>i

for all ¢ € {1,...,k}. Therefore, restricting the proof to k¥ = 1 leads to no loss of
generality. In one dimension, we conclude from Y =Y — Y~ and (3.5)) that

Er,x[ﬁy] = TCIE[BET‘CC[Y—FLQ H - Er,x[ﬂET’,x[Y_LgZTH
- / ﬂ w), X+ (w) [Y:r(w)] Pr,m(dw)'

]

In what follows, we call a consistent stochastic family 2 a diffusion process if it
is strongly Markov and the process X is continuous. Moreover, 2" is said to have
the (right-hand) Feller property if the function

Jyx S =R, (r,z)— E..[o(X)] (3.6)

is (right-)continuous for all ¢ € J and every ¢ € C(S). We make two observations.
First, if 2 is (right-hand) Feller, that is, it has the (right-hand) Feller property, then
(3.6) is Borel measurable for each ¢t € J and every ¢ € Cy(S), by Proposition
and Lemma [3.2] This in turn implies that 2" is Borel, as Lemma |3.10| shows.
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Secondly, the strong Markov property holds provided 2  is Markov and the
finite (F;)scprg-stopping time 7 appearing in (3.4)) takes finitely many values. More
precisely, let r,t € J withr <t, x € S, and B € ., then

Poo(X, € Bl.Z,) = Prx.(X, € B) P,,-as.

for each finite (F)scpry-stopping time 7 taking finitely many values. To see this,
let n € Nand sy,...,s, € [r,t] be the pairwise distinct values of 7. Then we obtain
that P x (X; € B) = i, P, x,, (Xt € B)l;=,y. Thus, P;x (X; € B) is actually
Z,-measurable. Furthermore,

Pr,x({Xt S B} N A) - Z Er,x[Psi,Xsi (Xt S B)]lAﬂ{T:si}] - Er,x[PT,XT (Xt S B):H-A]
i=1
for all A € .7, which yields the assertion. These considerations lead to the following
conclusion.

3.14 Lemma. A consistent Markov process Z that is right-hand Feller and for
which X has right-continuous paths is strongly Markov. In particular, if X has
continuous paths, then Z is a diffusion process.

Proof. Since X is adapted to its natural filtration and its natural backward filtration,
Propositions and imply that X is progressively measurable with respect
to both filtrations. Thus, 2" is progressive and Borel. By Lemma [3.10] to show the
strong Markov property, we merely have to prove that

E.  [p(X)| % = Er x. [p(Xy)]  Pra-as.

for all 7,t € J with r < t, each finite (.%;)c[q-stopping time 7, all z € S, and every
@ € Cp(S). To this end, Proposition @ gives us a decreasing sequence (7, )nen
of finite (F,)scprq-stopping times, each taking only finite many values, such that
inf,,en 7, = 7. Due to the preceding discussion,

Er,w[‘P(Xt”ﬁTn] = ETn,XTn [@(Xt)] P -as.

for each n € N. Since X has right-continuous paths, we get lim,;o X, = X,, which
entails that lim,jo ds((7, X5, ), (7, X)) = 0. For this reason, the right-hand Feller
property of 2 implies that

rllerglo Er, x,, [p(Xe)] = Er x, [p(X1)]-

Because 7 < 7,, we must have %, C %, for each n € N. Thus, we obtain that
Erolo(Xe)|F:] = ErulBralo(X)|F )| 0] = EralEr, x,, [0(X)]|F] Bra-as. for
all n € N. By dominated convergence for conditional expectations,

E. . [@(Xt”ﬁT] = }nglo Er,x[ETn,Xm [@(Xt)HﬁT] =FE: x, [@(Xt)] P -as.

This justifies the claim. O
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3.4 Multidimensional additive maps

In this section we are concerned with multidimensional additive maps and several of
its properties. Let 2" be a consistent progressive Markov process on a measurable
space (€,.%7) with state space S. We utilize the natural backward filtration (%),
of X and the o-fields .%,; = o(X, : s € [r,1]) for all 7, € J with r < t. As before,

k €N, and | - | is the Euclidean norm on R* and the Frobenius norm on R¥*.

3.15 Definition. A k-dimensional additive map (of Z7) is given through a map
k:Qx B(J)— [—00,00]%, (w, B) — k(B)(w) with the following two properties:

(i) ki()(w) : B(J) = [—00,0], B+ k;(B)(w) is a signed Borel measure for all
ie{l,...,k} and each w € Q.

(ii) The map s([r,1]) : @ = R* w — k([r,1])(w) is Z,+measurable for every
r,t € J with r <t.

If in addition x; > 0 for all i € {1,...,k}, then we call kK non-negative. Moreover, a
k-dimensional additive map x with x({t}) = 0 for all ¢ € .J is said to be continuous.

In alignment with the literature, we call every one-dimensional additive map an
additive functional (cf. Dynkin [11, Appendix|, [12 Section 1.1]). From Lemma[A.19|
we easily draw the conclusion that an [—oo, oo]*-valued map x on  x %(J) is a
k-dimensional additive map if and only if all its coordinate functions ki, ..., Ky
are additive functionals. In this case, x is non-negative (resp. continuous) if and
only if ky,..., K are. Let us prove a multidimensional analogue to statement 0.2.E
in |12, Appendix].

3.16 Lemma. Assume that K is a non-negative k-dimensional additive map of Z .
Let § € B(J x S,R%) be such that the function J — Ry, s + 6;(s, X,(w)) is
locally ki(-)(w)-integrable for every i € {1,...,k} and each w € Q. Then the map
v:Qx B(J)—[0,00]F given by

v(B)(w) = [ 05, X.(w)) nlds) )
s another non-negative k-dimensional additive map that is continuous if K is.

Proof. From above remarks we infer that it suffices to show the claim for £ = 1.
Because 2 is progressive and 6 is Borel measurable, the process

IXxQ =Ry, (s,w)—0(s, X(w))

must be #(J) ® F-measurable. Hence, the function J — Ry, s — 0(s, Xs(w)) is
2A(J)-measurable and, by hypothesis, locally x(-)(w)-integrable for each w € Q. For
this reason, v(-)(w) is a Borel measure on J.

It remains to verify that v([r,t]) is .%,,-measurable for all r,¢t € J with r < t.
Here, we may suppose that 6 is bounded. In the general case, Corollary yields
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an increasing sequence (60,,)nen in By(J x S, R, ) that converges pointwise to #. By
monotone convergence,
t

lim [ 6,(s, Xs(w)) k(ds)(w) = /TtQ(S,XS(w)) k(ds)(w) = v([r,t])(w)

ntoo Jr

for all w € Q. Thus, as pointwise limit of a sequence of R -valued gz‘m—measurable
functions on €, it follows that v([r,t]) is .#,;-measurable. This justifies that the
boundedness assumption on 6 leads to no loss of generality. Now, the set J#; of all

A

B([r,t]) ® #,,-measurable bounded processes Z : [r,t] x Q@ — R for which
t A
/ Z, k(ds) is %, ;-measurable

is a monotone class on [r,t] x 2. For each s € [r,t] and all A € ﬁ}t, the process
[r,t] x Q@ = [0,1], (", w) = L gxa(r’,w) is a member of J7;, since

[ palr, ) sl ) = i, se)1a(w)

for all w € Q). Consequently, the Functional Monotone Class Theorem implies
that ., is the linear space of all real-valued %([r,t]) ® %, -measurable bounded
processes on [r,t] x . As 2 is progressive and 6 is assumed to be bounded, the
process [r,t] x Q2 — Ry, (s,w) — 6(s, Xs(w)) belongs to 7., by Lemma 3.9 Hence,
v is a non-negative additive functional.

Lastly, from the definition of v we conclude that v(-)(w) is absolutely continuous
with respect to k(-)(w) for all w € . This in turn entails that if x is continuous,
then {t} is not only a k(-)(w)-null set, but also a v(-)(w)-null set for each ¢ € J and
every w € (). This proves the assertion. O

Let temporarily p be a signed Borel measure on J. Then the positive part u*
and negative part p~ of u are given by ut(B) = sup{u(A)|A € B(J): A C B}
and p~(B) = sup{—u(A)| A € B(J): A C B} for each B € #(J), which are two
Borel measures that satisfy the Jordan decomposition

po=pt—p
The variation of p is another Borel measure given by |u| = p™ + p~ that fulfills

lu(B)| < |u|(B) for all B € A(J) (see for instance Cohn [5, Section 4.1]). In what
follows, let I be a non-degenerate interval in J.

3.17 Lemma. Suppose that k is a continuous k-dimensional additive map of Z .
Let Y : I x Q — R be an (F]).er-progressively measurable process and t € I such
that

/Tt YO ()] 3] (ds) (w) < o0 (3.7)

for alli € {1,... k} and each (r,w) € I; x Q. Then the map Z : I; x Q — Rk
defined via

Zw) = [ Vi) r(ds) ()

is a reconstructible continuous process.
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Proof. As'Y is (ﬁs’)se r-progressively measurable, its restriction to [r,t] x  must
be B([r,t]) ® Z!-measurable for all r € I,. Hence, from we deduce that Z is
well-defined. Moreover, since an [—o0, oo]*-valued map on Q x %(J) is a continuous
k-dimensional additive map if and only if all its coordinate functions are continuous
additive functionals, it is enough to show the assertion for k = 1.

Let us prove that Z(w) is continuous for each w € . To this end, let r € I,
and (7,)nen be a sequence in [; with lim,qoo 7, = 7. Then it is readily checked that
iMoo L, 41(5) = Lpg(s) for all s € I with s # r. Because s({r})(w) = 0, we
obtain from dominated convergence that

lim Z,, (@) = i [ 1, g()Ya() m(ds)(@) = [ Tpg(s)¥a(e) wlds) () = Z,().
In consequence, if we can verify that Z is adapted to (J )ser,, then Propos1t10n
implies that Z is reconstructible, which concludes the proof.

For this purpose, we may suppose that Y is bounded. Indeed, once the claim is
true in this case, then Lemma and Corollary - give us a sequence (Y ™), cx
of real-valued (#)scr,- progresswely measurable bounded processes on [; x {2 with
lim, e Y™ =Y, and sup, oy | Y| < |Ys| for all s € I;. Then

t
lim Y () k(ds) (w) = / Yy (w) k(ds)(w) = Z,(w)
for each (r,w) € [t x 2, by dominated convergence. As pointwise limit of a sequence
of real-valued (.#!)scs,-adapted bounded processes on I; x €2, the process Z must
also be (#!)ser,-adapted. ThlS explains the simplification. At last, let » € I;, then
the set 7 of all B([r,t]) ® Z/-measurable bounded processes V" : [7“, t] x Q2 — R for
which

/ Y, k(ds) is .7!-measurable

is a monotone class in [r,t] x Q. For every s € [r,t] and each A’ € %/, the process
[r,t] x Q@ = [0,1], (r',w) = L gxa(r’,w) is a member of J7.. So, the Functional
Monotone Class Theorem entails that 7. coincides with the linear space of
all real-valued 2(|r,t]) ® .Z!-measurable bounded processes on [r,t] x Q. Because
the restriction of Y to [r,#] x Q is Z(|r,t]) ® .Z/-measurable and r € I, has been
arbitrarily chosen, the claim follows. O

Until the end of this section, we suppose that p is a Borel measure on J with
p({t}) = 0 for all t € J and € € B(J x S,R,) is consistently bounded. Then
Lemma guarantees that the function v : Q x Z(J) — [0, oo] defined by

V(B)w) = [ (s X.(w)) p(ds)

is a non-negative continuous additive functional of 2. By using standard properties
of conditional expectations, we show the following integral identity that is used in
the upcoming section and in Chapter 4 In one dimension, this is a special case of
Theorem 57 in Dellacherie and Meyer [9, Section 6.2].
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3.18 Proposition. Suppose that Z has Borel measurable transition probabilities.
Let b € B(I x S,R¥*¥) be locally p-dominated and Y : I x Q — RF be reconstructible
and consistently bounded. Then

E,. [ [ vl X, v(ds)] — B, [ [ bl X B Y] vlds) (3.8)

forallr,t € I withr <t and each x € S.

Proof. Because 2 is progressive, b is Borel measurable, and Y is reconstructible, it
follows from Lemma [3.9] and Proposition [3.13] that the processes

Ix Q=R (s,w) — b(s, X (w))Ys(w)

and I x Q — R¥ (s,w) — b(s, Xs(w))E; x,()[Ys] must be (Z]) e r-progressively
measurable. Let b € B(I,R) be a locally p-integrable function with |b(-,y)| < b
for all y € S p-a.s. on I. For each r,t € I with r <, let ¢,;, > 0 and gm >0 be
such that |Y(w)| < ¢, and |0(s,y)| < 6, for all s € [r,t], each w € Q, and every

y € S. Then

Vo) w(ds) < cre [ Bs) 1005, X.)] lds)

_ t_
S Cr,ter,t b(S) lu(ds) <0

t
(s XNVl v B |

for each r,t € I with » < t. Hence, Lemma [3.17] implies that for fixed ¢ € I the
processes

LxQ R (s.w)e [ "bs, X (w))Ya(w) v(ds) ()

and I, x Q = R¥, (s,w) — [Ib(s, Xs(w))Es x,(w)[Ys] v(ds)(w) are reconstructible,
consistently bounded, and continuous. This also justifies that the two expectations
appearing in are well-defined for all » € I; and each x € S.

Let us show that these two expectations coincide. We pick a p-null set N € A(J)
such that |b(s,y)| < b(s) for all (s,y) € (N°NI) xS, then from Proposition [3.7 and
the standard properties of conditional expectations we infer that

Epalbij(s, X)Y0(s, X,)] = Eyalbi (s, Xo) Epa[ VO Z,]6(s, X))
= Eﬁx [biJ (57 XS)ES,XS [Y;(])]Q(S, Xs)]

for each s € N°N[r,t] and every i,5 € {1,...,k}. In combination with Fubini’s
theorem, this gives

t . .
E[ [ bt Xy u<ds>] = [y Eralbigs. XY0(5. X))
T Nenfr,t

= By albi (s, X,) Es x, [Y910(s, X,)] u(ds)

Nen[r,t]

t .
= B [ s XB Yl
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for each i,7 € {1,...,k}. Consequently, we compute that

. k
E, . /b(s,X Yl/ds] Z m[/ b (s, Xs)Y, I/(ds)]
N
-3 E x[/ bi (s, Xs)Es x.[YY )]V(ds)]
j=1
t
- E,, [ [ b5, X)) Box. Y] u(ds)]
for all i € {1,...,k}. Hence, the proof is complete. ]

We conclude with a (right-)continuity result for consistent progressive Markov
processes that are (right-hand) Feller. The idea to use dominated convergence comes
from Professor Dr. Schied.

3.19 Proposition. Assume that 2 is (right-hand) Feller. Let ¢ € B(I x S,R*) be
locally p-dominated and t € I. If there is a p-null set N € B(J) such that 0 and ¢
are right-continuous at each point of (N° N 1;) x S, then the map

VxS SR, Y(na) = B, [ [ o5, u(dsﬂ

is consistently bounded and (right-)continuous.

Proof. Since ¢ is Borel measurable, the process I x Q — R*, (s,w) — ¢(s, X, (w))
is (F!)ser-progressively measurable. Let @ € B(I,R,) be some locally p-integrable
function with |o(-,y)| <@ for all y € S p-a.s. on I, and for each r € I, choose 6, > 0
such that |0(s,y)| < 0, for every (s,y) € [r,t] x S. Then

/\gosX)]l/ds /](st)HG(sX)W(ds <9/ u(ds) <

for each r € I;. These considerations in combination with Lemma [3.17 imply that
the process I; x Q — R, (r,w) — [F (s, Xs(w)) v(ds)(w) is in fact reconstructible,
consistently bounded, and continuous. So, we have clarified that 1 is well-defined
and consistently bounded.

To show that 1 is (right-)continuous, let (r,z) € I, x S and (r,,Z,)nen be a
sequence in Iy x S (with r, > r for all n € N) that converges to (r,z). First, we
consider the case r = t, then ¢ (¢, z) = 0, since pu({t}) = 0. Let ¢ € I; be such that
q <r, for almost all n € N. Then

_ t
[0 (r, )| < B, / als) u(ds

for almost each n € N. By dominated convergence, limptoo [0 @(s) p(ds) = 0, which
gives limy o0 ¥ (10, T0) = (¢, ).
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Let now r < t and choose a p-null set L € %B(J) such that |¢(s,y)| < a(s) for
all (s,y) € (LN 1) x S. For each n € N we define the map ¢, : I; — R* through

On(8) = Ep, 2. [¢(s, Xs)0(s, Xs)], if se€ LN [ry,t],

and ¢, (s) := 0, otherwise. In a similar way, we let ¢ : I, — R¥ be defined through
o(s) == E,zlp(s, Xs)0(s, Xs)], if s € LN [r,t], and ¢(s) := 0, otherwise. Then
Fubini’s theorem entails that

Uz = [ Erlele X005, X)) uds) = [ 6,() (),

vira)= [ Bualels, X)0(s, X)) uds) = [ 6(s) u(ds)

for all n € N. Let s € NN L¢ N (r, ], then the map S — R¥, 2 — o(s,2)0(s, )
belongs to Cy(S, R¥), by Proposition . Hence, the (right-hand) Feller property of
2 entails that the map

I, x S —RF (1 2)) — Euwlo(s, Xs)0(s, Xs)]

is (right-)continuous. We pick ny € N such that r,, < s for every n € N with n > ng
and set (r®), 29)) 1= (rping, Tning) for all n € N, then (r(®) 2(9)), oy is a sequence
in I, x S that converges to (r,z). Thus,

lin 60(5) = lim B o[l X,)0(s, X,)) = B, X605, X,)] = 6(s).
For s € I with s < r it follows that ¢,,(s) = 0 for almost each n € N. As p({r}) =0,
we have shown that lim, 1o ¢n(s) = ¢(s) for p-a.e. s € I;. Let us choose ¢ € [
and ng € N such that ¢ < r, for all n € N with n > ng. This in turn gives

SUD,en: nong [P0 (8)| < Lig(s)a(s)f, for p-a.e. s € I,. For this reason, the Dominated
Convergence Theorem yields that

Hn (7, 2n) = lim [ 6n(s) plds) = | 6(s) p(ds) = ¥(r, ).

ntoo ntoo

This proves the proposition. ]

3.5 A Markovian Gronwall inequality

By using the concepts of consistent boundedness and local dominance, we aim to
give a general Markovian Gronwall inequality. A well-known result in this direction
is provided by Dynkin |11, Lemma 3.2]. First, two integration by parts formulas are
derived on a non-degenerate interval [ in J with 7" :=sup I € I. We initially let v
be a Borel measure on J with v({t}) =0 for all t € J.
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3.20 Lemma. Let a € C(I) be locally of bounded variation, b € B(I) be locally
v-integrable, and ¢ € C*(R). Then

[ @’( [ b9 V(ds))b(t)a(t) () = go( [ ) V(ds))a(T)
—eatr) - [ 90< [ bs) u(ds>) ()

for each r € 1.
Proof. Clearly, the function B : [r,7] — R defined via B(t) := ['b(s)v(ds) is
continuous and of bounded variation. For this reason, the Fundamental Theorem

of Calculus for Lebesgue-Stieltjes integrals entails that C' : [r,T] — R given by
C(t) :== ¢(B(t)) is also continuous and of bounded variation, and satisfies

C(t) = Cr) = [ (B(s)) Blds) = [ ¢/ (B(s))bls) w(ds)

for all ¢ € [r, T]. Moreover, the integration by parts formula for Lebesgue-Stieltjes
integrals yields that

[ BbIa) ) = [ o) Ctar)
= C(T)a(T) = C(r)alr) - | " () ala).
By inserting the definition of B and C', we obtain the claim. m
In the context of the lemma, there are two cases for the function a that we are

mainly interested in. First, suppose that a(r) = [ a(t) v(dt) for every r € I and
some locally v-integrable @ € B(I). Then we infer that

/TT w’(/: b(s)v(ds))b(t) /tTa(t’)u(dt’) v(dt)
e <¢< g V(ds)) _ @(0))@(2&) V()

for each r € I. Secondly, let a(t) = 1 for all t € I. Then the assertion of the lemma

reduces to
/r ' so’( / "b(s) I/(dS))b(t) v(dt) = gp( / b(s) u(ds)) — (0)

for every r € I. After having considered these specific cases, let us prove another
integration by parts formula.



3.5. A MARKOVIAN GRONWALL INEQUALITY 43

3.21 Lemma. Let a € B(I) be locally bounded, b € B(I) be locally v-integrable,
and ¢ € C*(R). Then

/TTb(S) /ST 90’</: b(s') y(dS’)>a(t)u(dt) v(ds)

— /TT <¢</: b(s)y(ds)) — QO(O))a(t)V(dt)

forallr e I.

Proof. From Fubini’s theorem and the fact that Ljs 71(t) = 1p.4(s) for all s,¢ € [r,T]
we get that

/TT b(s) LT@, ( /St b(s) y(ds’)) a(t) v(dt) v(ds)
— /TT /:b(s)SO’(/: b(s) V(dS’)) v(ds)a(t) v(dt).

Let t € [r,T)], then B : [r,t] — R defined by B(s) := [/ b(s')v(ds') is continuous
and of bounded variation. Therefore, the Fundamental Theorem of Calculus for
Lebesgue-Stieltjes integrals implies that

t t
P(B(1) = ¢(B(r) = [ ¢'(B(s)) B(ds) = — [ &/(B(s))b(s) v(ds).
Together with the last equation, this yields the correct result. O]

Under the hypotheses of the lemma, let us make the choice p(z) = 2" /(n+1)!
for all x € R and some n € Ny, then

/TT b(s) /ST (/:b(sl) V(ds’))nag) v(dt) v(ds)
- [ ( [ v6s) V<ds>)"“ (n“f)l)! v (di)

for each r € I. This is the main case that is of our interest. From now on we suppose
more generally that v is a non-negative continuous additive functional of 2" that is
of the form

v(B)(w) = [ 05, X,(w) plds)

for all (w, B) € Q x %B(J), some consistently bounded 6 € B(J x S,R,), and some
Borel measure p on J with p({t}) =0 for all ¢t € J.

3.22 Proposition. Let a: I x ) — R, be reconstructible and consistently bounded,
be B(I x S,Ry) be locally pu-dominated, and ¢ € By(I,R,). Suppose that (uy)nen,
is a sequence of p-consistently bounded functions in B(I x S,R,) subject to

un(ryz) < B, [an] + c(r)E, . [/TT b(s, Xs)un—1(s, Xs) v(ds)
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for each n € N and every (r,x) € I x S. Then

un(r,z) < B, [o]

r)gEr,mUTutb( v(ds )lb atudt)]

reti [ [ ols Xt <ds>)n Bt o, x0) )|

for alln € N with n > 2 and each (r,x) € I x S.

Proof. Let us prove the assertion by induction over n € N with n > 2. To abbreviate
notation, we set y(r,x) := b(r,z)c(r) for all (r,z) € I x S. In the initial induction
step n = 2 Proposition yields that
T
us(r,z) < Ep o] + c(r)Er s [/ b(s, Xs)a V(ds)]
T T
el [ .20 [0 ue, X0 (a0 (a9

for each (r,z) € I x S. For the last expectation Lemma [3.21] gives us that
T T
B [0 [0 e ) wtat) i)
T [t
= | [ ([ x0t@9)) 0-wte xgwtan|

This concludes the initial induction step. Let us now suppose that the claim is valid

for some n € N with n > 2 and fix (r,z) € I x S. Then Proposition implies
that

Up+1(r, ) < B, glog] +e(r) B, [/TT b(s, Xs)as I/(ds)]

:ij/rTv(s,Xs)/sT</: )

+c(r)Er,xUTT7<s,XS>/ST(/tfy(s,xs,) (ds)) 1((2_1;!(@)(75) (dt)y(ds)].

r,x

Oth (dt) (ds)]

S

Consequently, we deduce from Lemma [3.2]] that

Uns1(r, ) < By o] +c(r)Er [/TT b(s, Xs)a V(ds)]

S E [ ([ xuan) )
+ c(r)Er,m[/rT (/Tt’y(s,Xs)y(dS)>n(b - 1'10)(15,Xt)y(dt)].

n.

Hence, the assertion follows. n
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By using the estimate in Amann |1, Lemma 6.1], the announced inequality can
be proven inductively.

3.23 Markovian Gronwall Inequality. Let o : I x 2 — R, be reconstructible
and consistently bounded, b € B(I x S, R, ) be locally y-dominated, and in addition
ce€ By(I,Ry). If ue B(I x S,R,) is p-consistently bounded and satisfies

u(r,z) < B o] +c(r)E, [/TT b(s, X,)u(s, X,) V(ds)]
for each (r,z) € I x S, then
u(r,z) < B la.] +c(r)E, [/TT exp (/rt b(s, Xs)c(s) V(ds)> b(t, Xy)oy I/(dt)]

for every (r,z) € I x S.
Proof. Proposition implies that
u(r,z) < E, .[a]

+e(r) 21 E.. [ / ' ( [ bls, X)els) V(dS))ib(t’,Xt)ozt y(dt)}

T Z!

—f—c(r)Em[ / ' ( / t b(s,Xs)c(s)y(ds)> (b-u) (t,Xt)y(dt)]

n!

for every (r,z) € I x S and each n € N. Monotone convergence entails that

lim nz: o [ / T( / “b(s, X,)e(s) u(ds))ib(t’i !X'f)at V(dt)]

nroo .,
Too 12

_ B, [ / " exp ( [ bls. X)e(s) y(ds))b(t, X))oy u(dt)} |

r

Moreover, since u is p-consistently bounded, dominated convergence gives

lim E, [ / ! ( / “b(s, X,)e(s) I/(ds)>n(b7;!u) (t, X,) y(dt)] —0.

ntoo
This establishes the claim. ]

We make another estimation that rests on Amann |1, Corollary 6.2].

3.24 Corollary. Let o : I x 2 — R, be reconstructible and consistently bounded,
and a,b € B(I x S,R.) be locally p-dominated. Suppose that ¢ € By(I,R,), and
u € B(I x S,R,) is p-consistently bounded and fulfills

T
u(r,x) < Epla,] +c(r)E, [/ a(s, Xs) + b(s, Xy)u(s, X;) y(ds)]
for all (r,x) € I x S. If a has decreasing paths and c is decreasing, then
T T ot
u(r,z) < B, e J. b(S’XS)”(dS)aT] +c(r)E . [/ el bleXa)els)vlds) (4 X)) V(dt)l

for each (r,x) € I x S.
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Proof. First, n: 1 x Q — Ry given by n.(w) := ap(w) +¢(r) [T a(s, Xy(w)) v(ds)(w)
is a reconstructible consistently bounded process, as Lemma [3.17] asserts. Hence,
the Markovian Gronwall Inequality in combination with Lemma yield

T t
u(r,x) < B, ] +c(r)Er, [/ <) A b(s,Xs)V(ds)b(t’ X,) ,/(dt)arl

r

+c(r)E, [/T el s Xe)els) @) p(t, X, )e(t) /T a(t', Xy ) v(dt') I/(dt)]

r t

r

_ Er . [ec(r) fTT b(s,Xs) V(ds)aT] 4 C(T)Erx l/T ef: b(s,Xs)c(s) ”(ds)a(t, Xt) V(dt)‘|

for all (r,x) € I x S, since, by assumption, a;(w) < a,(w) and ¢(t) < ¢(r) for each
(t,w) € [r,T] x Q. O



Chapter 4

Markovian Integral Equations

This chapter contains an analysis of multidimensional Markovian integral equations
that are formulated with a consistent progressive Markov process that has Borel
measurable transition probabilities. In Section we first give a precise meaning to
Markovian terminal value problems by defining (approximate) solutions. Under the
hypothesis that the strong Markov property holds, we prove a characterization of
solutions that turns out to be useful for mild solutions to PPDEs in Chapter 3 In
Sectionwe compare (approximate) solutions, prove their stability, and investigate
their growth behavior. In Section [4.3| we construct solutions locally in time via local
boundedness and local Lipschitz continuity with respect to a certain non-negative
continuous additive functional.

In Section we are concerned with the derivation of a solution that is unique
and non-extendible in time among a certain class of maps. In this connection, a
boundary and growth criterion decides whether the non-extendible solution turns
into a global solution. By requiring the (right-hand) Feller property of the underlying
Markov process, we give weak conditions under which the derived solution becomes
continuous. Furthermore, a Picard iteration result ensures global solutions to affine
Markovian equations, the type of integral equations we treat in Section [4.5 There,
we verify the absolute convergence of an intrinsic matrix series. This produces a
matrix-valued operator that leads us to a multidimensional Feynman-Kac formula.
The aim of Section is to establish a global existence and uniqueness result for
one-dimensional Markovian equations. To this end, we represent the difference of
two solutions via the Feynman-Kac formula, deduce one-sided bounds for solutions,
and study the boundary behavior of solutions.

4.1 The Markovian terminal value problem

In what follows, we use the pseudometric topological setting of Section for the
choice J = [0,7] with T" > 0. More precisely, let S be a Polish space with Borel
o-field . and p be a complete metric that induces the topology of S. We require
that

O:[0,T] xS =S5, (tz)r— Dix)

47
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is a continuous process such that ® is Lipschitz continuous in x € S, uniformly in
t €10,7], and &, 0 &, = Py, for all s, ¢ € [0,T]. We let $p(x) = x for all x € S
and endow [0,77] x S with the pseudometric dg given by (PM]). Then [0,7] x S is a
separable complete pseudometric space whose Borel o-field Z([0, T x S) is included
in ([0, 7)) @ .7

We also assume that 2" = (X, (%)ico,r), P) is a consistent progressive Markov
process on a measurable space (2,.%) with state space S that is Borel. Let k € N,
and | - | denote both the Euclidean norm on R* and the Frobenius norm on R¥*¥,
Moreover, let k be a continuous k-dimensional additive map of 2~ for which there
are a right-continuous 6 € B,([0,7] x S,R,) and a Borel measure p on [0, 7] with
p({t}) =0 for all t € [0,T] such that

() < [ 605, X, lds) (1.1

for all ¢ € {1,...,k} and each r,t € [0,7] with r < t. Eventually, we note that
v:Qx A(0,T]) — [0,00] defined via v(B)(w) := [50(s, Xs(w)) pu(ds) is itself a
non-negative continuous additive functional, by Lemma [3.16] Hence, let us call k of
standard form if k; = v for each i € {1,... k}.

We let D € Z(R*) have non-empty interior and f : [0,7] x S x D — R* be
measurable with respect to Z([0,7] x S) ® (D N A(R*)). The mapping f is called
right-continuous if for each (r,z,z) € [0,7] x S x D and every £ > 0 there is § > 0
such that

|f(S,y,Z,) - f(’l",l‘, Z)| <é€
for all (s,y,2') € [r,T] x S x D with ds((s,y), (r,x)) + |2’ — z| < . Clearly, if this
is the case, then f is consistent in the sense that f(r,z,z2) = f(r, ®.(z), 2) for all
(r,x,z) € [0,T] x S x D. After these preparations, let us introduce the Markovian
integral equation

Eldu(t, X,)] = E[f(t, X, u(t, X,)) x(dt)] for t € [0, T]. (4.2)

Namely, for each ¢ € B([0,T] x S,R,) for which [” e(s, X,)v(ds) is finite and
P, ,-integrable for all (r,x) € [0,7] x S, we introduce the notion of e-approximate
solutions.

4.1 Definition. An e-approzimate solution to (4.2]) on a non-degenerate interval [
in [0,77] is a consistent map u € B(I x S, D) such that

.....

is a finite P, ,-integrable function and

T

Bl X0 - ulr0)~ Eu | [ 706, Xovuto X)) | < B, | [0 vl

for all r,t € I with r < t and each x € S. Every 0O-approximate solution to (4.2)
on [ is called a solution to (4.2]) on I. If in addition I = [0, 7], then we will speak
about a global solution.
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Let us discuss several facts on approximate solutions. We temporarily let I be
a non-degenerate interval in [0,7] and v € B(I x S, D). Then the .%, ;-measurable

-----

if and only if the Borel measurable function
I =R, s fils, Xs(w),u(s, Xs(w)))

is locally |k;|(-)(w)-integrable for every i € {1,...,k} and each w € €. In this case,
it follows readily that

/tf(s,Xs,u(s,Xs))/i(ds) -y /tfi(s,Xs,u(s,Xs))mi(ds)
' P ,  (43)
<3| [ Uil X uls, Xl al(ds)

.....

is finite and P, ,-integrable, then [* f(s, X, u(s, X)) x(ds) is well-defined and also
P, ;-integrable.

Assume now that u is an e-approximate solution to on I. Then for each
non-degenerate interval H in I, the restriction of u to H x S is an c-approximate

solution to (4.2) on H. Furthermore,

E,  u(t, X:)] — Erzlu(s, Xs)] — Eyz [/st f(s', Xo,u(s', Xy)) /{(dsl)] ‘

S E?“,J? l

Eyx.[ult, X)) — u(s, X,) — Es x. [ / " H( X uls, X)) K;(dsf)] H

s

t t
<E. lE&XS [/ e(s', Xy) y(ds')” =FE,. [/ e(s', Xy) z/(ds’)]
for all r,s,t € I with r < s <t and each x € S, by Propositions and In
particular, if u is a solution to (4.2)), then this shows us that

s

E. . [u(t, Xy)] = E, z[u(s, Xs)| + Erp [/t f(s', Xo,u(s', Xy)) /i(dsl)l

for each r,s,t € I with r < s <t and every x € S. Finally, under an integrability
condition, the concatenation of two approximate solutions in time yields another
approximate solution.

4.2 Lemma. Let u and v be two e-approzimate solutions to (4.2)) on non-degenerate
intervals H and I in [0,T), respectively, with sg := sup H € H and so = infI € I.
Assume that u(sg, ) = v(sg,-) and

.....

is a finite P, -integrable function for all r;t € HUI withr < so < t and each
r €S, Thenw: (HUI)x S — D given by w(r,z) := u(r,z) for r < sy and
w(r,z) == v(r,x) forr > sy is another e-approzimate solution to (4.2) on H U I.
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Proof. First, since u € B(H x S,D) and v € B(I x S, D), we directly obtain that
w € B(HUI) x S, D), and the consistency of w is easily seen. Let r,t € HU I
with » <t. If either t < sy or r > sg, then the definition of w implies that

t
w(t, X1)] +i€f{111?{?<k}/r |fils, Xs, w(s, X))l |mil(ds) (4.4)

is a finite P, ,-integrable function and

< B [/l X vta)

E,. [w(t, X) - wlr, %) - | " Fls, X w(s, X)) #(ds)

for each © € S, as u and v are two e-approximate solutions to (4.2) on H and I,
respectively. Now, let r < sg < t, then the splitting

15, Xt Kol sdas) = [ X, X)) sl

T

+ / [fills, X, 0(s, X)) |ril (ds)

for all ¢ € {1,...,k} in combination with the assumptions of the lemma show that
(4.4)) is once again a finite P, ,-integrable function. By Proposition ,

Eyalw(t, X))] — w(r,2) — By, l/t (s, X w(s, X)) K(ds)] |

<

T

By alu(so, Xo)] — ulr,z) — By, [ / P X u(r, X)) K(dw)l |

+ 1B, [v(t, X3)] = Era[v(so, Xsy)] — Ere l/t f(s, X5, v(s, Xy)) K(dS)H

50

IN

E,. [ " ets X u(ds)] +E., [EX l / "e(s, X,) V(ds)H

=FE,, l/rta(S,Xs) V(dS)]a SU

because u(sg, ) = v(sp, +). This completes the proof. O

On a non-degenerate interval [ in [0, 7], we introduce notions of admissibility of
amap u € B(I x S, D). We call u (weakly) p-admissible if for each r,t € I with
r <t there is a p-null set N € H([0,T]) such that

u((N°N [r,t]) x S) is relatively compact in D (resp. D).

We say that w is (weakly) admissible if u([r,t] x S) is relatively compact in D°
(resp. D) for all r;t € I with r < ¢. For example, let for the moment f be locally
p-bounded and u be weakly p-admissible. Then for each r,t € I with r <t there is
a compact set K in D such that

u(,y) € K forallye S p-as. on [rt].
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By Lemma 2.5 we can choose a y-dominated function a € B([0,T] x S,R.) so that
|f(t,z,2)| <a(t,x) for all (t,z,2) € [0,T] x S x K. Then from (4.1)) we get

ie?llﬁ%k} /Tt | fi(s, Xs, u(s, Xy))| |ki](ds) < /Tt a(s, X,)v(ds).
This implies that the left-hand expression is finite and P, ,-integrable. Hence, u is
an e-approximate solution if and only if it is consistent and the inequality appearing
in Definition E.1] holds.

Let us add a terminal value condition to our Markovian integral equation. We
choose a map g € B(S, D) for which E, .[|g(X7)|] is finite for all (r,z) € [0,7] x S,
and introduce the Markovian terminal value problem

Eldu(t, X;)] = E[f(t, Xy, u(t, X;)) 6(dt)] for t € [0,T], w(T,-)=g. (M)

To this end, we define a non-degenerate interval I in [0, 7] to be admissible whenever
max [ = T'. In other words, I is admissible if it is of the form I = (¢,T] or [ = [¢, T
for some t € [0, 7). By an e-approzimate solution to on an admissible interval
I, we mean an e-approximate solution u to on [ that satisfies

u(T,x) =g(x) forallzeS.

Correspondingly, every 0-approximate solution to on [ is a solution to on
I, and we refer to a global solution provided I = [0,T]. Additionally, an admissible
solution u to (M) on [ is said to be extendible if there is an admissible solution v to
on another admissible interval J such that

ICJ and wu=wv onlxS.

Otherwise, we say that u is non-extendible and I is called a maximal interval of
existence. In Section [£.4] we derive a non-extendible admissible solution such that
the maximal interval of existence is open in [0,7]. To this end, a characterization
of solutions is required.

4.3 Lemma. Let I be an admissible interval. Then a mapping v € B(I x S, D)

.....

P, ,-integrable function such that

E,.lg(X7)] = u(r,z) + El /TT F(s, X, u(s, X,)) w(ds)

for each (r,x) € I x S.

Proof. The only if direction is covered by the definition of a solution to on I,
because u(T, x) = g(x) for each € S. For if we first notice that u is automatically
consistent, as P, = P, for all (r,z) € [0,T] x S. Let r,t € I with r < ¢ and
x € S, then

t
7 7X37 7X5 i d
z'e?ll?i(k}/r |fils u(s DIRGAIGE)
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is clearly finite and P, ,-integrable. From Propositions and [3.7]in combination
with (4.3)) we get that

Ergllut, Xo)l] < Era[Erx, [lg(Xr)]]]

T
+VEE,, [Et’xt [ I{Illan}/ |fi(t, Xy, u(t', Xy)) ]/ﬁi](dt/)H
(IS t

,,,,,

= Erollg(Xr)] + VRE,, Ler{lllax /tT £t Xor, u(t', X)) !Hi!(dt’)]
and the last term is finite. Another application of Proposition yields that
B, u(t, X:)] = E,2[Erx,[9(X7)]] — Ery [Et,xt [ /t ' Ft, Xy ult', X)) m(dt’)H
= BlaX)] ~ B [0 X0l X0 )

= u(r,x) + B, [ / t f(s, X, u(s, Xs)) m(ds)] :

as desired. Now, the claim follows. O

In the end, we give an equivalent description of solutions to Markovian integral
equations under the hypothesis that 2 is strongly Markov.

4.4 Lemma. Suppose that 2 is strongly Markov and let I be a non-degenerate
interval in [0,T]. Then a map u € B(I x S, D) solves (4.2)) on I if and only if

tAT
|U(t AT, Xt/\fr)l + 'GI{Illan}/ |fi<57 XS? U(S, XS))| |’%7J|<d8)

is a finite P, -integrable function and
tAT
B, [u(t AT, Xinr)] = u(r,z) + B, [/ f(s, Xs,u(s, Xy)) x(ds)

forallr,t € I withr <t, each (F)ser-stopping time T with T > r, and every x € S.

Proof. By choosing 7 = oo, we immediately see that the stated conditions are
sufficient. To show the necessity, let ¢t € I, then from Lemma [3.17] we learn that the
process Y : I, x Q — R* defined through

V() = ult, X)) = [ (s Xo(w), uls, X)) w(ds) @)

is reconstructible and continuous. Here, as usually, I; denotes the set of all s € [
with s < t. We let (r,z) € I, x S and fix an (%)se/-stopping time with 7 with

T >r. By (4.3),

/St f(s', Xy u(s', Xo)) r(ds”)

-----
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for all s € [r,t]. Hence, E, ,[|Yir-|] and E,[|Ys]] are finite for every (s,y) € [r, ] x S.
In consequence, Proposition implies that u(t A 7, Xiar) is P, ,-integrable and
E,  Ju(t N7, Xinr)] = Er2[Yins]. Thus,

E, Jut N7, Xinr)] = Erp[u(t, Xe)] — Er s [/t; f(s, Xs,u(s, Xs)) /-i(ds)]

tAT

r

— )+ B | [ 5 Xl X)) ()|

This proves the assertion. O

4.2 Comparison, stability, and growth behavior

We first intend to compare (approximate) solutions, which yields an uniqueness
result for weakly p-admissible solutions. Afterwards a stability result is proven that
is used to construct solutions in Sections and Furthermore, we deduce a
growth estimate that plays a major role in the proof of Proposition .17, where we
show the uniform convergence of Picard iterations. We recall that D € %(R*) and
f:00,T]xSx D — RFis ([0, T] x S)® (DN A(RF))-measurable. Let in addition
g € By(S, D) and note that

/T "a(s, X.) r(ds)| < / "a(s, X2 v(ds) (4.5)

for each admissible interval I, every locally pu-dominated map a € B(I x S, R¥), and
all r,t € I with » < ¢, by Proposition and (4.1). We use this fact in what
follows.

4.5 Proposition. Assume that f[([0,T] x S x W) is Lipschitz p-continuous for
some set W C D. That is, there is a pu-dominated X € B([0,T] x S,Ry) such that

lf(t,x,2) — f(t,z,2)| < At ,x)|z — 2| forall (t,x) €]0,T] x S
and each z,z' € W. Let 6, € B([0,T] x S,R,) be u-dominated, h € By(S, D), and

I be an admissible interval. Then every d-approximate solution u to on I and
each e-approximate solution v to on I, where g is replaced by h, satisfy

fuol(ra) < B o [ 26X wla9))(la=n16) + [ 64905 X wta) )|

for all (r,x) € I xS provided u, v are p-consistently bounded and u(-,y),v(-,y) € W
for eachy € S p-a.s. on I.
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Proof. Let N € ([0,T]) be some p-null set such that u(s,y),v(s,y) € W for every
(s,y) € (N°N 1) x S. Then the triangle inequality and (4.5)) yield

u—vl(r,2) < B [ [ 6495, X) u(ds>] +1Brallg = B)(X1)

+

B (X5, = 5. o ) ()|
< Brallg — Bl(X7)] + Epa MT((S +e)(s, X.) y(ds)]

B [ A X = ol (5. ) v

for all (r, z) € I'x 5, since | f(s,y,u(s,y)) — f(s,9,0(s,y))| < As,y)u—v[(s,y) for
each (s,y) € (N°N[r,T]) x S. By Lemma [3.17, the process o : I x Q@ — R defined
by

(@) 1= lg — FI(r(@)) + [ (54 £)(s, X)) v(ds) ()

is reconstructible and consistently bounded, and has decreasing continuous paths.
Hence, Corollary leads us to the asserted estimate. O

From the comparison we get an uniqueness result, by using the linear space (2.1).
Note that the procedure of the proof originates from Theorem 6.7 in Amann [1].

4.6 Corollary. Assume that f € BC,”([0,T] x S x D,R¥). Then there is at most
a unique weakly p-admissible solution to on every admissible interval I.

Proof. Suppose that v and v are two weakly p-admissible solutions to on I and
let » € I. Then there is a compact set K in D such that u(-,y), v(-,y) € K for
all y € S p-a.s. on [r, T]. Proposition yields a neighborhood W of K in D such
that f[([0,T] x S x W) is Lipschitz u-continuous. Hence, w = v on [r,T] x S, by
Proposition [4.5] The assertion follows. m

Now, we consider stability.

4.7 Proposition. Let f € BC,~ ([0, T]x S x D,R¥) and I be an admissible interval.
For alln € N let ¢, € B(]0,T] x S,Ry) be u-dominated, g, € By(S, D), and u,
be an e,-approximate solution to (M) on I with g replaced by g,. Assume that the
following two conditions hold:

(i) The sequences (gn)nen and (fOT enlt, Xy) V(dt)) y converge uniformly to g and

ne
0, respectively.

(ii) For each r € I there is a compact set K in D with U,ey un([r, T] x S) C K.

Then (up)nen converges locally uniformly in t € I and uniformly in x € S to the
unique weakly admissible solution to on I.
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Proof. As uniqueness is covered by Corollary [4.6] we directly turn to the existence
claim. Let r € I and K be a compact set in D such that w,([r,T] x §) C K for
all n € N. By Proposition there exist some neighborhood W of K in D and a
p-dominated A € B([r,T] x S,Ry) with |f(¢,z,2) — f(t,z,2")| < A(t, x)|z — 2| for
all (t,x) € [r,T] x S and each z, 2" € W. Thus, Proposition 4.5 ensures that

T T
i = ) < B 20 (1, = 06 + [ e 20103 v )|

for all m,n € Nand every (s, z) € [r,T|xS. Since (¢gn)nen is uniformly convergent, it
is a uniformly Cauchy sequence. That is, lim, 1o SUD,,en. imsn SUPLes |Gm —gnl(z) = 0.
As iMoo SUP,cq fy En(t, Xi(w)) v(dt)(w) = 0, it follows that

lim  sup sup  |um — upl(s,z) = 0.

nTo0 meN: m>n (s,z)€[r,T]x S
In other words, (uy,)nen is a uniformly Cauchy sequence on [r, 7] x S. As r € I has
been arbitrarily chosen, this shows that (u,),en converges locally uniformly in ¢ € 1
and uniformly in 2 € S to some consistently bounded u € B(I x S, R¥).

We now check that u is a weakly admissible solution to on I. To this end, let

r € I and K be a compact set in D fulfilling u,,([r, T]x.S) C K for alln € N, which in
turn gives u([r,T]x.S) C K. Let us also pick some pu-dominated A € B([r, T xS, R )
such that |f(t,z,2) — f(t,z,2)| < A(t,z)|z — 2/| for all (¢,x) € [r, T] x S and every
2,7 € K. Then

un(s:2) = Bnclgoe)] — o [ 10t 260 )|

< Eullgn — 106+ B [ MK = (00 + (0. X0) 1)

for all n € N and each (s,z) € [r,T] x S. This entails that (u,)nen also converges
locally uniformly in ¢t € I and uniformly in x € S to the map

IxS =R (r,2) = B.lg(Xr)] — Era [/T F(5, X, u(s, X3)) /{(ds)].

This proves the proposition. O
We conclude with a growth estimate.

4.8 Proposition. Assume that f is affine p-bounded. In other words, there are
two p-dominated a,b € B([0,T] x S,Ry) with |f(t,x, 2)| < a(t,x) + b(t, x)|z| for all
(t,z,2z) € [0,T] x S x D. Let e € B([0,T] x S,R) be u-dominated and I be an
admissible interval, then

lu(r,z)| < E, [exp (/T b(s, X) y(ds)) <|g(XT)| + /TT(a +e)(s, Xy) V(ds)ﬂ

T

for every p-consistently bounded e-approximate solution u to on I and each
(r,x) € I x S. In particular, u is bounded.
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Proof. From the triangle inequality and (4.5) we get that
T
ulr:0)| < B [ o5, v(a5) |+ a6

+

E,. [/T F(s, Xo u(s, X.)) H(dS)H
< Bl + B [ (042105, X0 1)

VB, l / (s, X)luls, X,)| y(ds)]

for every (r,z) € I x S, as |f(s, Xs,u(s, Xs))| < a(s, Xs) + b(s, Xs)|u(s, X,)| for all
s € [r,T]. From Lemma we know that the process a : I x QQ — R, defined by

() = loCr@))] + [ (a-+ )5, X)) (ds) @)

is reconstructible and consistently bounded, and has decreasing continuous paths.
In consequence, Corollary gives the claimed estimate. To justify that w is
actually bounded, let @,b,2 € B([0,T],R,) be three p-integrable functions such
that a(-,y) <@, b(-,y) < b, and (-, y) <€ for all y € S p-a.s. Then

utr: )| < xp (8 [ 569 s ) (s o+ " a(s) + 2(6) (05

for every (r,z) € I x S with 6 := sup(, ,yco.19xs5 0(5, ). O

4.3 Local existence in time

We aim to construct an approximate solution locally in time as concatenation of
approximate solutions. Once this is achieved, we apply the stability result of the
previous section to deduce a solution locally in time as uniform limit of a sequence of
approximate solutions. This is a common approach in the classical theory of ODEs
(see for instance Amann [l Section 7]). Furthermore, we are concerned with the
continuity of the deduced solution. For every mapping g € By(.S, D) and each 5 > 0,
we define Ny 5(g) to be the set of all 2 € R¥ such that

|2 = Eralg(Xo)]| < B

for some (r,z) € [0,7] x S. Because we are dealing with transition probabilities PP,
convexity of D should be required, as the lemma below indicates. Here, we use the
notation dist(z, C') = inf,cc |z — 2/ for all z € R¥ and each C' C R*, as introduced
in Section of the appendix.

4.9 Lemma. Let D be convex and g € By(S, D) be bounded away from 0D, that
means, there is € > 0 such that dist(g(z),0D) > ¢ for all x € S. Then there exists
B > 0 such that

Ny 5(g) is relatively compact in D°. (4.6)
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Proof. Since ¢ is bounded away from 0D, Lemma entails that the image of
g is relatively compact in D°. So, let K be a compact set in D° with g(S) C K.
Recall that for each C' C R*, the convex hull of C, denoted by conv(C), is the set
of all convex combinations of points of C, as considered in Section [A.1] Because K
is compact, Proposition implies that

/Sg(a;) P(dz) € conv(K) (4.7)

for each probability measure P on (S,.%). Since D is convex, Lemma ensures
that its interior is convex as well. In consequence, from K C D° we obtain that
conv(K) C conv(D°) = D°. By Corollary [A.4] along with K the convex hull of K
is compact.

Next, we recall that for each C' C R* and every 8 > 0, the set U,cc Bp(2) is the
B-neighborhood of C', as introduced in Section . Due to our considerations,
in combination with Lemma give some 3 > 0 such that

inf  dist(E,.[g(Xp)].0D) > 8.

il dist(Eralg(XT)),0D) > 3
Since Ny g(g) is simply the S-neighborhood of {E, .[g(X7)]|(r,x) € [0,T] x S},
Corollary ensures the validity of (4.6). O

Until the end of this section, let D be convex, f be locally p-bounded, and
g € By(S, D) be a map that is bounded away from dD. Due to the lemma, we can
choose 8 > 0 satisfying (4.6). Let a € B([0,T] x S,R.) be p-dominated such that
|f(t,z,2)| < a(t,z) for all (¢,2) € [0,T] x S and each z € Ny 5(g), the closure of
Ny 5(g). Then there exists a € (0,T] such that

E, . [/TT a(s, Xs)v(ds)| < (4.8)

for all (r,z) € [T — o, T] x S. Indeed, we can pick a u-integrable a € B([0,7],R)
with a(-,y) < @ for each y € S p-a.s., then limp [T @(s) u(ds) = 0, by dominated
convergence, which yields the result. The choices of § and « such that and
hold, respectively, are used to construct a solution to on [T — «, T] with
values in N 4 5(g).

4.10 Proposition. Suppose that e € B(|[T —«, T x S,R,) is p-dominated and there
is 0 > 0 such that |f(t,x,z) — f(t,x,2")| <e(t,x) for all (t,x) € [T —a,T] x S and
each z,2" € Ny p(g) with |z — 2| < 8. Then there is an e-approzimate solution u
to (M) on [T — «, T such that

u([T — a,T] x S) C Ny 5(9).

In addition, whenever 2 has the (right-hand) Feller property, k is of standard form,
f is right-continuous, and g € Cy(S,R¥), then u is (right-)continuous.
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Proof. At first, the function [T — o, T] = Ry, s — [T @(t) pu(dt) must be uniformly
continuous. Hence, we let 6 := sup, ,cjo7ixs 0(5,9), then there exists n € (0,q]
such that

E,. l / "a(s, X.) y(ds)} <7 “a(s) plds) < & (4.9)

for all 7t € [T'— a,T] with r <t < r+n and each z € S. Given 7, we choose
n € N and ty,...,t, € [T'— «,T] such that T — o = ¢, < --- < tp = T and
maxe(1,..n}(tic1 — ti) < 1.

77777

by letting for each i € {0,...,n — 1} the map w1 : [tiv1,6] X S — Nao5(g) be
defined via

i () = Eyalus(t, X0 )] = En [ / " fls, X, B [us(ts, X,)) ﬁ(ds)]. (4.10)

We verify by induction over i € {1,...,n} that u; is indeed a well-defined consistent
Borel measurable map taking all its values in N o 5(g) such that

B, i (t, X,)] — wo(r, 2)| < B [ /t "t X y(dt’)] (4.11)

and
Eyaus(t, X)) = w(r, 2)] < Er l / "a(s, X.) y(ds)] (4.12)

for all vt € [t;,t;_1] with » <t and each = € S. In the initial induction step i = 1
it follows from Proposition |3.7| that E,[uo(to, X4,)] = uo(s,y) € Na s(g) for every
(s,y) € [t1,t0] X S. Due to Lemma and ([4.5)), the process [t;,to] x Q — RF,

(1) = 9(X ) = [ £ Xo(e), ol X)) m(ds) )

T

is reconstructible, bounded, and continuous. Thus, from Proposition [3.13]it follows
that u; is well-defined, consistent, and Borel measurable. In addition, we infer from
Proposition [3.7] that

Eyalun(t, X)) = uo(r, ) — Eys l / R X ot X)) m(dt’)]

for all r,t € [t1,to] with r <t and each x € S, which in turn yields (4.11)) and (4.12)).
This concludes the initial induction step. We now assume that the claim holds for

some i € {1,...,n — 1}, then (4.11) and (4.8)) entail that

to
Bt Xl = o) < By | [l Xe) )

7

<p

for all (s,y) € [tit1,t;] x S, which gives us that Es,[u;(t;, Xy,)] € Na s(g). For this
reason, we infer from Lemma and ({4.5)) that the process [t;i1,t;] x Q — RF,

(1) = s, Xe, () = [ (5, X(), Box ot X)) (ds) )
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is reconstructible, bounded, and continuous. According to Proposition [3.13] w1 is
a well-defined consistent Borel measurable map. By Proposition [3.7]

By puia(t, Xe)] = Eralui(ts, X)) — B [/tt [ X, By x,, [ui(ti, X,)]) “(dt/)]

for all r,t € [t;y1,t;] with r < ¢ and every x € S, which immediately entails that
(4.12)) is valid with w;1 instead of w;. We observe that (4.11)) guarantees

to
t) = wlts )| < By | [ att X ot

for each y € S. Eventually, by using that uo(r, z) = E, ;[uo(t;, X¢,)], we obtain from
Proposition [3.7] that

’Er,x[uiJrl <t7 Xt)] - 'LL()(T’, ill')| S ‘Er,x [uiJrl(t; Xt)] - Er,x[ui<ti) th)”

B, [ [t x0) y(dt’)]

for each r,t € [t;y1,t;] with r < ¢ and every x € S, which shows that holds
when wu; is replaced by wu;.1. Hence, the induction proof is complete.

The crucial outcome of this construction is that u; is an e-approximate solution
to on [t;, t;_1] for each i € {1,...,n}. To see this, note that

|Er,x[ui(t,xt)] —wi(r,z) — B, l / " F(s X ui(s, X)) /f(ds)] |
= |Er,x [/:(f(& Xsa ES,XS [ui—l(ti—la Xtifl)]> - f(‘S?Xsa ui<37Xs))) H<ds)‘| |

< | [ <t 1)

for all r,t € [t;, t;_1] with r < ¢ and each = € S, since u;_1(t;_1,-) = u;(t;_1,-) and
from ¢;_y — t; < n in combination with (4.12)) and (4.9) we infer that

ti—1

rEs,y[u@-mhxtil)]—ui(s,yns&,y[ [l Xy wias| <o

for all (s,y) € [ti, t;i_1] x S. As a result, if we define u : [T — «,T] x S = Ny 5(g)
by u(r,x) = u;(r,x) with i € {1,...,n} such that r € [¢;,¢;_1], then Lemma
ensures that u is an e-approximate solution to on [T'— «,T]. Hence, the first
assertion follows.

Let us now suppose that 2" is (right-hand) Feller, x is of standard form, f is
right-continuous, and g € Cy(S, R¥). Then we easily see that for each non-degenerate
interval [ in [0,7] and every right-continuous v € B(I x S, D), the map

IxS =R (rz)— f(r,z,v(rz))
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is right-continuous. By using this fact, we justify inductively over i € {1,...,n}
that u; is (right-)continuous. As soon as this is shown, the (right-)continuity of
u follows, because u;i1(t;,-) = w;(t;,-) for each i € {0,...,n — 1}. In the initial

induction step ¢ = 1 the (right-hand) Feller property of 2" directly implies that w
is (right-)continuous. From Proposition and the representation

(1) = () = By | [ 75 X5, X)) )

for every (r,z) € [t1,1o] x S we infer that u; is (right-)continuous, which completes
the initial induction step. Next, let us assume that u; is (right-)continuous for some
i € {l,...,n —1}. Then u(t;,-) € Cy(S,R¥), by Proposition Therefore, the
(right-hand) Feller property of 2" makes sure that the map

[ti-i-lati] xS — Rkv (Tv ZL’) = ET’,»T[U(ti’ th)]

is (right-)continuous. Finally, from (4.10]), which is just the definition of u;yq, and
Proposition it follows that u;,; is (right-)continuous. Thus, the induction proof
is complete. O

By constructing a suitable sequence of approximate solutions, a local existence
result can be derived.

4.11 Proposition. Let f € BC,([0,T] x S x D,R¥), then there exists a unique
admissible solution u to (M]) on [T'— o, T, which only takes its values in N o 5(g).
Moreover, if 2" is (right-hand) Feller, k is of standard form, f is right-continuous,
and g € Cy(S,R¥), then u is (right-)continuous.

Proof. The uniqueness assertion follows directly from Corollary To establish
existence, we note that, as N 5 5(g) is compact, Propositionyields a p-dominated
A€ B([T —a,T] x S;R,) such that

[ty 2) = f(t 2, 2)] < At )|z = 2]

for all (t,2) € [T — «,T] x S and each 2,2’ € Ny g(g). Thus, for each n € N
Proposition provides some (\/n)-approximate solution u, to on [T —a,T]
with
U ([T — a,T] x S) C Na 5(9g).

Additionally, if 2 is (right-hand) Feller,  is of standard form, f is right-continuous,
and g € Cy(S, R¥), then u, must be (right-)continuous for every n € N. Because \
is pu-dominated,

m Ssup [ A(s, Xo(w)) v(ds)(w) = 0.

ntoo N weQ JT—a
Hence, Proposition entails that (u,),en converges uniformly to a solution u to
(M) on [T — «, T] that merely takes all its values in N 4 5(g). This proves the first
claim. Since Lemma implies that the uniform limit of a sequence of R¥-valued
(right-)continuous maps on [T — «, T] x S is again (right-)continuous, the second
assertion follows directly from what we have just shown. m
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Now, we prove a fixed-point result, which we need later on.

4.12 Proposition. Suppose that I is a compact admissible interval, 7€ is a closed
set in By(I x S,RF), and VU : 2 — 3 a map for which there is a p-dominated
A€ B(I x S,R,) such that

|V (u) — ¥(v)|(r,z) < E,, [/TT A(s, Xo)|lu —v|(s, Xs) v(ds) (4.13)

for all u,v € S and each (r,z) € I x S. Then for every uy € S the sequence
(Un )neny, recursively given by u, = ¥(u,_1) for all n € N, converges uniformly to
the unique fized-point of V.

Proof. Because the uniqueness assertion can be readily inferred from Corollary [3.24]
we just show that (u,)nen, converges uniformly to some fixed-point of W. To this
end, note that

[uns1 — upl(r,z) < E, l/T (8, Xo)|up — un_1](s, Xs) V(ds)]

r

for all n € N and every (r,x) € I x S. By Proposition [3.22]

st o) < B [ ([ A0 X0wta)) 0 Ay )]

for all n € N and each (r,x) € I x S, where A := |¥(ug) — up|. From the triangle
inequality we get that |u, — u,| < 37 ! |ui1 — w;|, which in combination with
Lemma [3.20] gives

At, Xy)

|um—un|(r,$)§é EWUTT</:A(S,XS)V(dS)> T

T i
<> i'ET’ZK/ )\(S,XS)I/(dS)) ] sup  A(s,y)
- . r (s,y)€[r,T|xS

for all m,n € N with m > n and each (r,z) € I x S. This in turn shows that
(tn)nen, is a uniformly Cauchy sequence. Since 5 is closed in By(I x S,RF), it
converges uniformly to some u € JZ. In the end, as

i—1

A(t, X)) u(dt)]

(U (u) — tupir|(r, ) < Epy [/T A(s, Xs)|u — uy(s, Xs) V(ds)]

r

for all n € Ny and each (r,z) € I x S, the sequence (u+1)nen, converges uniformly
to W(u). Hence, we conclude that u = W(u). O

4.13 Remark. The sequence (uy,)nen, fulfills the following error estimate:

o=l < 3B 1 [ xvan) T ) var)

for each n € N and every (r,z) € I x S with A = |¥(ug) — up|. This follows directly
by taking the limit m 1 oo in the estimate for |u,, — u,|, appearing in above proof.
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Let us indicate another local existence approach.

4.14 Remark. Since N - 5(g) is compact, the set S := By([T—a, T]| xS, N 5 5(g))
is closed in By([T — a, T] x S,R¥). Furthermore, (4.8)) guarantees that the mapping
U : 7 — B([T —a,T] x S,RF) defined via

V() (r0) = Bralo ()] = B [ 5 Xl X)) ()

maps 7 into itself. So, let f be locally Lipschitz u-continuous, then Proposition [2.8
gives some p-dominated A € B([T — a,T] x S,Ry) such that holds for all
u,v € # and each (r,z) € [T'—«a,T] x S. For this reason, Proposition [4.12) implies
that ¥ has a unique fixed-point, which is exactly the unique admissible solution to
(M) on [T — a, T] that takes all its values in N 4 5(g).

4.4 Non-extendibility and global existence

After having constructed solutions locally in time, we derive a unique non-extendible
admissible solution and provide conditions ensuring its continuity. As it turns out, a
boundary and growth criterion determines whether the derived solution is actually
global. In this regard, the proof of Theorem 7.6 in Amann [1] has been a good
source for ideas. In second part of this section, we approximate solutions uniformly
by Picard iterations for D = R¥.

4.15 Non-Extendibility Theorem. Let f € BC. ([0,T] x S x D,R¥), D be
convex, and g € By(S, D) be bounded away from dD. Then there exists a unique
non-extendible admissible solution u4 to on a maximal interval of existence I,
that is open in [0, T]. With t; := inf [, either I, = [0,7] or

1
lim inf min { dist(u, (¢, z),0D), ——— ¢ = 0. B

i i min 002, 9D) T )
Moreover, suppose that 2" has the (right-hand) Feller property, x is of standard
form, f is right-continuous, and g € Cy(S,R¥), then u, is (right-)continuous.

Proof. We begin with the first claim and define I, to be the set consisting of {7’}
and of all t € [0,T) for which admits an admissible solution on [t,T]. By
Proposition , we have {T'} C I, and hence, t; = infI, < T. Let t € (t,,T],
then there is s € I, with s < ¢, which means that there is an admissible solution u
to on [s,T]. As the restriction u|([t,T] x S) is an admissible solution to on
[t,T], we get that ¢ € I;,. Thus, I, is an admissible interval.

To verify that I, is open in [0,7], we have to show that if I, # [0,7], then
t; & I,. On the contrary, assume that I, # [0,T] but ¢, € I;. Then t; > 0 and
there is an admissible solution u to on [t , T]. Since u(t,,-) belongs to By (S, D)
and is bounded away from 0D, Proposition [4.11]entails that the Markovian terminal
value problem

Eldv(s, X,)] = E[f(s, Xs,v(s, X,)) s(ds)]  for s € [0,t,], w(t,,-) =ult,,)
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has an admissible solution v on [t — a,t,] for some o € (0,t;]. Consequently,
the map w : [t

; — T xS — D°given by w(r,r) = u(r,z), if r > ¢, and
w(r,z) = v(r,r), if r < t;, is another solution to on [t; —a,T], by Lemma 4.2,
From the fact that w is admissible, we conclude that ¢, — a € I, which contradicts
the definition of ¢,

Let us now introduce the unique non-extendible admissible solution. We recall
that if r,t € I, satisfy » < t, and u, v are two admissible solutions to on [r,T]
and [t,T], respectively, then u = v on [¢,T] x S, due to Corollary 1.6] So, we can

mark for each r € I, the unique admissible solution to on [r,T] by u,. Then
ug Iy xS = D°  uy(r,z) = u,(r,x)

is well-defined and the unique non-extendible admissible solution to . In fact, if
ty € Iy, which occurs if and only if ¢; = 0 and I, = [0, 77, then uy(r,z) = u,-(r, x)
for all (r,xz) € [0,7] x S. This in turn implies that u, is well-defined and a global
admissible solution to (M]). Now, let instead t, ¢ I, then I, = (¢,,T]. We pick a
strictly decreasing sequence (t,)nen in I, with limpoo t, = ¢, then

u, (B) = |J v (B) € B(I, x 5)

neN

for all B € DNA(RF), since u, ' (B)N([tn, T]x S) = u;,' (B) € B([tn, T]x S) for each
n € N. Thus, u, is Borel measurable. The representation wu,|([r,7] x S) = u, for
each r € I, entails that u, is an admissible solution to on /,. Finally, suppose
that J is an admissible interval with I, C J and v is an admissible solution to (M)
on J, then there is t € J with ¢ <#_. Since the restriction of v to [t,T] x S is an
admissible solution to on [t,T], we obtain that ¢ € I,, which is a contradiction
to I, = (t,,T]. This justifies that u, is non-extendible.

We turn to the second claim. By way of contradiction, assume that I, # [0, T
but fails. Then I, = (¢;,T] and there exist ¢ € (0,1/v/2) and some sequence
(tn)nen in Iy with lim,pe t, = t, such that

1
. : 1 T (1 N >
iggmm{dlst(ug(tml’),@l?), 11 |ug(tmx)|} =

for every n € N. As the intersection of two convex sets in R¥ is convex, it follows
from Lemma that D, := {z € D|dist(z,0D) > n and |2| < 1/n} is a convex
compact set in D° for each n € (0, 2¢]|. Hence, Proposition guarantees that

Er,m[ug(tm th)] € Do, (4.14)

for all n € N and each (r,z) € [0,t,] x S. Since f is locally u-bounded, Lemma
yields a p-dominated a € B([t;,T] x S,Ry) fulfilling |f(t, 7, z)| < a(t,z) for every
(t,z,2) € [t;,T] x S x D.. In addition, there exists 6 € (0,7 —t] such that

<e (4.15)

zesS T

sup E, » l/t a(s, X,)v(ds)
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for all r,t € [t;,T] with r <t <r+ . This entails that

g

ug(t, S) is relatively compact in D? (4.16)

for every n € N and each t € (t, — 0,,t,], where 6, := 6 A (t, —t; ). Indeed, suppose
this is false, then there is n € N for which uy(¢, S) fails to be relatively compact in
D? for at least one t € (t, — 0p, t,]. We set

Sp = sup{t € (t, — dn, tn] | uy(t, S) is not relatively compact in DZ}.

Let us show that u,(s,,S) is not relatively compact in D?, which implies s,, < t,,
since Dy, C D? and gives uy(t,,S) C Dy.. On the contrary, suppose that
Uy (sn, S) is relatively compact in D2. As the restriction f := f[([0,T] x S x D?)
belongs to BC,~([0,T] x S x D?), Proposition ensures that the Markovian
terminal value problem

Eldv(s, X,)] = E[f(s, X5, v(s, X)) 6(ds)]  for s € [0,s,], v(sp,) = uy(sn,")

admits a solution v to on [s, — a, s,] for some a € (0,s, —t;) such that the
image of v is relatively compact in D?. From Corollary we get that u, = v on
[sn — @, s,] xS, which contradicts the definition of s,,. Hence, u,(s,,S) cannot be
relatively compact in D?. In particular, s, < ¢, and wu,(t, S) is relatively compact
in D? for each t € (s, t,]. These considerations imply that

|Esn,a:[ug(tn»th)] - Ug(snvxﬂ =

B [ 60Xy, )|

tn
< ESM[/ a(s, Xs)v(ds)| <e

for every x € S, since v({s,}) =0 and ¢, — s, < §,, < . From (4.14]) and & < 1/2
it follows that |uy(s,, x)| < |Es, z[tg(tn, Xi,)]| +e <1/(2e) +e < 1/cforallz € S.

Moreover, by Lemma [A.T3]

dist(ug(Sn, x),0D) > dist(Es,, »[uy(tn, Xt,)], 0D) — |Es,, 2[tg(tn, Xi,)] — tg(Sn, )|
> 28 — |E, o[y (tn, Xi,)] — ug(sn, z)| > €

for all z € S. In consequence, due to (4.15)), it follows that u,(s,,S) is relatively
compact in D2, which is a contradiction. Therefore, condition (4.16)) is valid.

Next, since limypoo ¢, = ty, there is ng € N such that ¢, — ty < 0 and hence,
tn — 0, =t for all n € N with n > ng. Thus, (4.16) leads us to

By olug(r, Xo)] = By L lug(t, Xo)l| =

s g (s, X0) s>\
E,. [/ X X d] -
< €

<E-, l/: a(s, X)v(ds)
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for every r,t € (t;,tn,] with r < ¢ and each x € S. For this reason, the map
(ty, TI xS = D°, (t,2) = E [ug(t, Xy)] is uniformly continuous in ¢ € (¢, 7],
uniformly in x € S. By Proposition there exists a unique map 2 € B(S, D,)
such that
11?_1 E,- lug(t, X¢)] = 2(x), uniformly in z € 5. (4.18)
g
At the same time, it follows from together with the Dominated Convergence
Theorem [A.33] that

T
lim B, l / (s, Xo, (s, X,)) n(ds)]
rity g7 r

(4.19)
_ Etl /(M f(s,Xs,ug(s,Xs))/@(ds)]

for every = € S. Furthermore, from (4.17) we see that the map (¢,,7] x S — R,

(r,@) = E-, l / " (s, Xy uy (s, X)) /f(ds)]

is uniformly continuous in r € (t;, T], uniformly in # € S. So, another application
of Proposition implies that the limit holds uniformly in x € S.

Thus, we define v : [t,T] x S — D° by v(t,z) = uy(t,z), if t > ¢, and
v(t,x) == 2(z), if t = t;, then v is an admissible solution to on [t ,T]. In
fact, from (4.18)) we infer that v is consistent, and its Borel measurability is readily
checked. Since u,((t,,T] x S) and 2(S) are relatively compact in D°, we see that v
is admissible. Finally, let (t,7) € (t;,T] x S, then

Etg,x[v(t7 Xt)] = Et;,x[v(rﬁ XT‘)] + Et;,x [Kt f(sa Xsa U(Sv Xs)) /ﬁj(dS)]

for every r € (t,T] with r <t. By taking the limit r | ¢, we obtain from (4.18])

and (4.19) that

g

B lo(t, X)) = v(t, .0) + B, l / " f(s X 0(s, X)) l{(ds)] .

This is the last piece of information to conclude that v solves on [t,, T]. Hence,
t, € Iy, which contradicts that I, is open in [0,7]. This concludes the verification
of the second claim.

At last, let us assume that 2 is (right-hand) Feller, « is of standard form, f is
right-continuous, and g € Cy(S,R¥). We define I, to be the set consisting of {7}
and of all ¢ € [0,T") for which admits an admissible (right-)continuous solution
on [t,T]. We set ; := inf I,, then Proposition [4.11| makes sure that {T'} C I, and

thus, fg_ < T. Using similar arguments as before, it follows that fg is an admissible
interval that is open in [0, 7.
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By Corollary , the proof is complete, once we have shown that fg_ =t,. Since
t, >t,, let us suppose that t; > t_. Then I, # [0,7] and hence, IgA: (t,,T]. As
the restriction of u, to [t,T] x S is (right-)continuous for each t € I,, we see that
ug|(Iy x S) is (right-)continuous. Because ({f, }) = 0 and

(1) = Brala )] B | [ 705 Koy X)) ()

for all (r,x) € [fg_, T|x S, the (right-hand) Feller property of 2" and Propositionm
imply that u, is (right-)continuous on [f,;,T] x S. For this reason, we must face the
contradiction that fg_ € fg. This completes the proof. O

4.16 Remarks. (i) Assume that u, is bounded away from 0D. That is, there is
e > 0 such that dist(u,(t,x),0D) > ¢ for all (t,z) € I, x S. Let I, # [0,T], then
from it follows that
lim sup |u,(t, z)| = oo. (4.20)
tity; zeS

In fact, for each 7 > 0 with 1/(14+7) < e there must be some ¢ € (0, T—t;) such that
inf,es min{dist(u,y(t, 2),0D), 1/(1 + |uy(t, z)|)} < 1/(1+n) for all t € (¢, ,t; + ).
Thus, sup,eg |ug(t, z)| > n for each t € (t,,t, + ), which shows ([4.20).
(ii) Let us instead assume that u, is bounded. For instance, this occurs whenever
f is affine p-bounded, by Proposition [£.8] Then the preceding theorem states that
either u, is a global solution or

lim inf dist(uy(¢,2),0D) = 0. (4.21)

thty €S
This follows readily from the fact that if ¢ > 0 satisfies |uy(t,z)| < ¢ for every
(t,x) € I, x S, then inf e 1/(1 + |u,(t,x)|) > 1/(1 +¢) for all t € I,,.
(iii) In particular, suppose that u, is not only bounded, but also its image is relatively
compact in D°; then

I, =10,T].

To clarify this, note that u,(f, x ) is included in a compact set in D° if and only
if uy is both bounded and bounded away from 9D, by Lemma [A.13] Hence, the
assertion follows from (i) and (ii), because neither lim, 1z SUPges |ug(t, z)| = oo nor
lim, - infyeg dist(uy(t, ), 0D) = 0.

In the special case D = RF, we combine these considerations with a Picard
iteration to obtain the following approximation result.

4.17 Proposition. Let D = R*, f € BC)~([0,T] x S xR*,R), and g € B,(S,R¥).
Assume that f is affine p-bounded, then I, = [0,T] and the sequence (Uy)nen, in
By([0,T] x S,R¥), recursively defined by uo(r,z) := E,.[g(X7)] and

up(r,z) == uo(r,z) — B, [/TT f(s, Xs, upn_1(s, Xs)) k(ds)

for alln € N, converges uniformly to u,, the unique global bounded solution to (M)).
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Proof. To establish the claim, we invoke Proposition 4.12| First, since f is affine
pu-bounded, Proposition implies that uy is bounded. As cannot hold, we
get from Remarks that I, = [0,T]. We also notice that a solution to on an
admissible interval is admissible if and only if it is consistently bounded. Hence, u,
is the unique global bounded solution to , by the preceding theorem.

We choose two pi-dominated functions a, b € B([0,7]x S, R, ) such that |f(¢, z, 2)|
< a(t,z) + b(t,z)|z| for all (t,z,2) € [0,T] x S x R¥ and let # be the set of all
u € B([0,T] x S,RF) satisfying the estimate in Proposition |4.§ for ¢ = 0, which
amounts to

T T
(i) < B, oo [ X wta9) (1o + [ als, X vlas) )
for all (r,z) € [0,7] x S. Then S is closed in By([0,7] x S,R*) and ug, u, € .
Let us be more specific about the fact that every u € 5 is bounded. We pick two
p-integrable @, b € B([0,T],R,) with a(-,y) <@ and b(-,y) < b for all y € S p-a.s.,
and set

e enp (9 [ 506) () ) (supla)] +7 [ o) uta)),

where, as usually, 6 denotes SUD (s )ef0,7)xs 0(5,¥). Then each map u € S satisfies
|u(r,xz)| < ¢ for each (r,z) € [0,7] x S. In addition, we introduce the mapping
U 7 — By([0,T] x S,R¥) defined via

U(u)(r,x) == uo(r, ) — By l/rTf(s,Xs,u(s,Xs)) /i(ds)],

then a map u € J€ is a global solution to (M]) if and only if it coincides with w,, the
unique fixed-point of W. Furthermore, ¥ maps 7 into itself. Indeed, let u € 7,
then Proposition [3.1§ and Lemma [3.20] yield

|V (u)(r,z)| < E, Kl + /TT b(s,XS)efsT b(t,X¢) v(dt) y(ds)> ’g(XT)’]
# 8| (14 [ 6 Xl 180005 [ ats, X wta)
=FE,, [eXp (/TT b(s, Xs) V(ds)) <!9(XT)| + /TT a(s, X;) VMS))}

for all (r,z) € [0,7] x S. Hence, ¥(u) € 5, which justifies that ¥(#) C .. By
Proposition [2.8] there exists some p-dominated function A € B([0,T] x S,Ry) such
that

\f(t,z,2) — f(t,z,2")| < A, x)|z — 2|

for every (t,z) € [0,T] x S and each z, 2’ € R* with |2| V |2/] < c¢. This guarantees
that (4.13)) is valid for all u,v € S and each (r,z) € [0,7] x S. As this was the
last condition we had to check, the claim follows from Proposition [£.12] O
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4.18 Remark. The sequence (u,)nen, is subject to the following growth estimate:
T i

[ X wias) )l

futro)l < 3B 5
+Y B [/T ;(/t b(s, X.) y(ds))

for all n € N and each (r,z) € [0,7] x S. Certainly, « : [0,7] x Q — R, defined
via o, (w) == [g(Xp(w))| + [T a(s, Xs(w)) v(ds)(w) is a reconstructible consistently
bounded continuous process, due to Lemma [3.17. Hence,

lun(r, )| < Byolcw] + nfE [ / ! ( / "b(s, X,) V(ds)>ib(t1Xt)at V(dt)}

i=0 T 7!
Tt "ht, X
+Eea| [ [ 05 X0 0(as) 00 (2, ) ()
' T r (n — 1)'
for all n € N with n > 2 and every (r,z) € [0,T] x S, by Proposition [3.22| Thus,
(4.22) follows from Proposition and Lemma [3.20]

(4.22)

%

a(t, X,) y(dt)]

4.5 Affine Markovian equations

We now focus on Markovian integral equations that are affine or actually linear. By
constructing a matrix-valued operator, which reduces to a matrix exponential under
a commutation condition, we inductively derive a multidimensional Feynman-Kac
formula. Let D = R* and assume that there are two maps a : [0,7] x S — R* and
b:[0,T] x S — R*** such that f is of the form

f(t,x,2) = a(t,z) +b(t,z)z forall (t,z,2) €[0,T] x S x R,

Note that a and b are necessarily Borel measurable, since the map [0, 7] x S — R*,
(t,z) — f(t,z,2) is Borel measurable for all z € R*¥. Then every Markovian integral
equation (4.2) is called affine and it can be written in the form

E[du(t, X;)] = Ela(t, X;) + b(t, X, )u(t, X,) s(dt)] for t € [0,T]. (4.23)

For a = 0 we call homogeneous. Otherwise, it is said to be non-homogeneous.
Throughout the section, we assume that a and b are py-dominated. Then f is affine
p-bounded and uniformly p-differentiable, as discussed in Examples 2.4 and In
particular, f € BC}([0,T] x S x R* RF), which can be recalled from (2.4)). Hence,
Proposition m implies that for each g € By (S, R¥) there is a unique global bounded
solution u, to the corresponding Markovian terminal value problem

Eldu(t, X;)] = Ela(t, X;) + b(t, X3)u(t, X;) k(dt)] for t € [0,T],
U(T7 ) =g

After these preliminaries, we begin with the homogeneous case. It is treated similarly
as in the theory of ODEs (cf. Theorem 11.2 in Amann [1]).

(AM)
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4.19 Lemma. Let a = 0. Then for each non-degenerate interval I in [0,T) the set
Vi of all admissible solutions to (4.23) on I is a linear space. Moreover, the map
By (S, RF) — Vio,r), 9 > ug is an isomorphism.

Proof. Let a, 8 € R and assume that u, v are two admissible solutions to on
a non-degenerate interval I in [0,7]. Then au + Sv is admissible, because the set
of all R*-valued Borel measurable consistently bounded maps on I x S is a linear
space. Moreover, linearity of f in the third variable z € R¥ gives

E, . l(cu+ po)(t, Xy)] = au(r,z) + aE,, [/Tt b(s, Xs)u(s, Xs) /s(ds)]

+ Bo(r,z) + BE,. l / "b(s, X.)u(s, X.) /i(ds)]

r

— (au+ Bv)(r,7) + Eva [ / "b(s, X,) (o + Bo)(s, X,) m(ds>]

T

for all r,t € I with r <t and each x € S. Thus, au + fv is another admissible
solution to on I. In other words, au + fv € V.

Now, let g, h € By(S,R¥), then auy + Suy, € Viorp, by what we have just shown.
In addition, (au, + Sup)(T,z) = (ag + Bh)(z) = Uag+pn(T,x) for every z € S.
So, auy + Puy is a global bounded solution to . Corollary entails that
aug + Bup = Uagign. Hence, the map By(S,R¥) — Vio 1y, g — uy is linear. It is also
injective, because if u, = 0 for some g € By(S, R¥), then

g(x) =uy(T,2) =0 forallzeS.
Finally, let u € Vjor. Then, since u(T,-) € By(S,R¥), Corollary yields that
U = Uy(T,)- S0, every u € Vo is of the form u = u, for some g € By(S, R¥). This

o

shows that the map By(S,R*) — Vjo.7], g — u, is onto as well. O

We turn to the non-homogeneous case.

4.20 Lemma. For every non-degenerate interval I in [0, T] the set of all admissible
solutions to (4.23)) on I is given by the affine space v + Vi, where v is an arbitrary
admissible solution to (4.23) on I.

Proof. As before, we suppose that v and v are two admissible solutions to (4.23]) on
a non-degenerate interval [ in [0,7], then u — v is admissible. Since f is affine in
z € R*, we get that

E. . [(u—0)(t, X)) =ulr,z) + E, [/: a(s, Xs) + b(s, Xs)u(s, X;) m(ds)]
—o(r,x) — B, [/Tt a(s, Xs) + b(s, Xs)v(s, Xy) /i(ds)]

— (u—v)(r,2) + Evy Ut b(s, X.) (1 — v)(s, X) ﬁ-(ds)]

for each r;t € I with r <t and all x € S. Thus, u — v is an admissible solution to
(4.23)) on I for a = 0. Put differently, v —v € V. O
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We next consider an integral sequence of R¥**-valued maps. To this end, we use
the conventions that [r,t] := [t, 7],

/ "B(s) w(ds) = — [ 5s) (),

and jm = fm for all r,t € [0,T] with t < r, each d € N, and every p-integrable
map b € B([0,T], R¥*%),

4.21 Lemma. Let the sequence (X, )nen, of R¥**-valued maps on [0,T] x [0,T] x
be recursively given by Yo(r,t)(w) := 1 and

t
Sa(r, (@) = [ bls, Xo(@)) S (5, 6)(w) w(ds) (@)
for alln € N. Then %,(r,t) is j},t-measumble and bounded, and satisfies
VE (|t "
IS0 (r,1)] < m( / |b(s,Xs)]z/(ds)> (4.24)

for alln € Ny and each r,t € [0,T]. Moreover, 3,(-,-)(w) € C([0,T] x [0, T], RF*¥)
for every n € Ny and each w € Q.

Proof. We prove the lemma by induction over n € Ny. In the initial induction step
n = 0 the assignment 3y = I gives all results, since |I;| = VEk. Therefore, let us
suppose that the claims are true for some n € Ny and pick r,¢ € [0,7]. Then, since
2 is progressive and b is Borel measurable, Lemma ensures that the map

[rt] x Q@ = RMF - (5,w) = b(s, Xy(w))Zn(s,1)(w)

is B([r,])®.%,;-measurable. As the Frobenius norm on R¥** is submultiplicative in
the sense that |AB| < |A||B] for all A, B € R¥¥_it follows from (#.24)), Lemma[3.20]
and the Fundamental Theorem of Calculus for Lebesgue-Stieltjes integrals that

( D wlds) )n v(ds)
T (n+1)! (

/\bsX ))H.

Thus, X,,41(r, t) is well-defined and - holds when n is replaced by n + 1, which
implies that X,.(r,t) is also bounded. In addition, an application of Fubini’s
theorem to each coordinate ensures that ¥, (7, t) is gz’m—measurable.

To show that ¥,.1(+,)(w) is continuous for all w € Q, let (r,t) € [0,T] x [0,T]
and (7, tm)men be a sequence in [0, T x [0, T] that converges to (r,t). Then (4.24))
and the Dominated Convergence Theorem give us

lim X1 (r ) (@) = lim / L ] ()50, Xy (0)) S (5, ) () () (w)

mToo

- /0 i) (8)b(5, X)) a5, 1)) v(ds)(@) = S (1) ),

as X (-, -)(w) is continuous and from p({r,t}) = 0 it follows that lim e Lir,, 4,,](5)
= 1py(s) for pae. s € [0,7]. O

(s,t)|v(ds)
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The recursive definition of (X, ),en, allows for an explicit formula. Namely, for
every n € N and each r,t € [0,T] with r < ¢, we define C,,(r,t) to be the set of all
(S1,...,8p) € [r,t|” with s; <--- <'s,, then

S (r ) = /C oy P Xe) bl X ) A 1,50 (4.25)

Here, v"(-)(w) denotes the product measure ®7_,v(-)(w) for all w € Q. Let us check
the formula inductively. For n = 1 its validity follows immediately from > = I,. If
(4.25]) also holds for some n € N, then Fubini’s theorem yields that

t
S t) = [ s, X)) a(or,t) v(dsy)
t
= / / o b(s1, Xs,) - b(Snt1, Xop ) ) AV (S2, ..., Spy1) v(ds1)
n{S1,
= / (rt b(sla Xs1) e b(sn—i-la Xanrl) an+1(817 BRI Sn+1>
n+1(T

for all r,t € [0, T] with r < ¢. This concludes the induction proof. We continue with
an absolute convergence result for an intrinsic matrix series.

4.22 Proposition. The series map o2 ((—1)"%, converges absolutely, uniformly
in (r,t,w) € [0,T] x [0,T] x Q, and the limit map ¥ := >0 o(—1)"%,, satisfies the
following three properties:

(i) 2(r,t) is F,-measurable and bounded, and fulfills

1S(r, t)] < \/Eexp< S| v(ds)

) (4.26)

forallr,t € [0,T]. Moreover, X(-,-)(w) € C([0, T] x [0, T],R***) for allw € .

(i) X(r,r) = Tx, X(r,s)%(s,t) = 3(r,t), and X(r,t)(w) is an invertible matrix
such that X(r,t)(w)™! = X(¢,r)(w) for allr,s,t € [0,T] and every w € .

(1i7) If b(r, x)b(s,y) = b(s,y)b(r,x) for each (r,z),(s,y) € [0,T] x S, then
Y(r,t) = exp < — /Tt b(s, Xs) V(ds)) for all r,t € [0,T].

Proof. From (4.24]) we immediately get that

Z| 1), ( rt)|<\/%exp<

/ 1b(s, X,)| v(ds)

) (127

for each r,t € [0,7]. Because b is p-dominated, there is a p-integrable function
b e B([0,T],R,) such that |b(-,y)| < b for all y € S p-a.s. Hence,

o0

sup S (= 1)" 8 (r, 1) (w)] < VEexp (9 /0 "B(s) u(d@), (4.28)

(r,t,w)€[0,T]X[0,T]X2 =0
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where 0 := SUD (s )ej0.7)xs 0(8,4). This justifies the first assertion. From we
infer that X(r,t) satisfies and hence, is bounded for each r,t € [0,7]. The
%, ;-measurability of X(r, t) for each r,¢ € [0,T] and the continuity of %(-,-)(w) for
all w € Q follow from Lemma and the first claim. This is because gives

lim sup zn:(—l)iEi(r, t)(w) — X(r,t)(w)| = 0.

190 (r,t,w)€[0,T]x[0,T]x 2 | =0

Hence, ¥ fulfills (i). Let us verify that (i) holds as well. From Xy(r,r) = I and
Y, (r,r) =0 for all n € N we get that X(r,r) = I for each r € [0, T]. To verify that
X(r,s)X(s,t) = X(r,t) for all r, s,t € [0,T], it is enough to show that

Yi(ry8)2n_i(s,t) = X, (r,t) (4.29)

n
1=0

for all n € Ny. Indeed, we first note that R*** equipped with the Frobenius norm
|-| is a Banach algebra. Consequently, once (4.29) is established, it follows from the
Cauchy product for absolutely convergent matrix series that

9206.0) = { 2180090 ) S -15050)

= i)(—l)n<é&(r,s)2ni(s,t)> = i(_l)nzn(r’ t) = X(r,t)

for every r,s,t € [0,T]. Thus, let us justify (4.29) by induction over n € Ny. In the
initial induction step n = 0 we directly obtain the assertion from ¥y = ;. So, let
us assume that (4.29) is true for some n € Ny. Then

n+1 n
Z Zi(?“, S)Zn—l-l—i(S? t) =g (7”, S)En—H (S’ t) + Z Zi—&-l(ru S)ZTL—i(Sv t)
=0 =0
=Sanals ) +X [ b, X, )i 8) o dr) S5, 1)
i=0""

_ / B, Xy )En (s ) v(ds') + / b, X ) () v(dr)
_ / b X VS (5 ) 1(ds') = S (r )

for every r,s,t € [0,T]. This completes the induction proof. Furthermore, from
Y(r,t)%(t,r) = X(r,r) = Iy we draw the conclusion that the matrix X(r, t)(w) is
invertible and (7, t)(w)™ = X(t,7)(w) for all r,t € [0,T] and each w € .

Regarding (iii), assume that b fulfills b(r,z)b(s,y) = b(s,y)b(r,z) for every
(r,z),(s,y) € [0,7] x S. Then the proposition follows as soon as we have proven
that

n!

() = 1( / “b(s, X,) V(ds)>n (4.30)
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for every n € N and each r,t € [0,T] with r < t. In fact, the definition of ¥ would
then yield

X(r,t) = i (_nll)n (/rtb(s,Xs) u(ds)) = exp < - /:b(s,Xs) V(dS))

n=0

for all r,t € [0, T] with r < ¢, which together with X (¢, r)(w) = X(r, t)(w) ! for each
w € Q) would give the complete result. Hence, we let n € N and and write .5,, for the
set of all permutations of {1,...,n}. For each o € S,, we define ¢, : [0,T]" — [0, T]"
by
©o(S15--55n) = (So(1), - - So(n))

and set CJ(r,t) == {(s1,...,5n) € [ t]"|Se1) < -+ < So(m)} for each r,t € [0, 7]
with r < t. Then ¢, is a homeomorphism such that ¢! = p,-1 and ¢,(CI(r,t))
= C,(r,t) for each o € S,,. Let v(-)(w) denote the image measure of v"(-)(w) under
¢y, that is, v"(B)(w) := v"(¢;(B))(w) for all w € 2 and each B € ([0, T|").
Then

V:(Bl X oo X Bn) = V(Bofl(l)) s V(Ba-fl(n))

=v(By)---v(B,) =v"(By X+ X By)

for all By,..., B, € #([0,T]). Therefore, v}(B) = v™(B) for each B € %([0,T]"),
by the Monotone Class Theorem [A.28] From the measure transformation formula
and the representation (4.25) we now obtain that

/ b(s1, Xs,) -~ b(sn, Xs. ) d1"(s1, . .., 5n)
Ca(rt)
- Cg(nt) b<80(1)’ Xso(l)) T b(sg(n)’ Xsa(n)) dyn(‘Sl? e )Sn)

= Jenon b(s1, Xs,) - b(sn, Xs,) dv2(s1, .., 8n) = 2p(r, 1).
Cn(rt

In the end, we use that [r,t]" = U,cs, C7(r,t). Since the continuity of v yields that
v (Co(r,t) N Cr(r,t)) = 0 for all 0,7 € S,, with o # 7, Fubini’s theorem leads to

n

(/Tt b(s, Xs) I/(dS)) = /[r,t]” b(s1, Xs,) - b(sn, Xy, ) dv™ (51, .-, Sn)

- Z/ b(s1, Xa,) -+ b(5n, Xs. ) d™(s1, - .., 5)
Cg(ryt)

UGSn
=n!¥,(rt).
That is, (4.30) is justified and the claim follows. H

Let us now prove a multidimensional Feynman-Kac representation.

4.23 Proposition. Let k be of standard form and g € By(S,R¥). Then the unique
global bounded solution u, to (AM) is of the form

ug(r,z) = E,,[3(r,T)g(Xr)] — Er s [/TT S(r, t)a(t, Xy) v(dt)

for all (r,z) € [0,T] x S.
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Proof. Let us denote the unique global bounded solution to (AM)]) for a = 0 by
vy. Then Proposition entails that the sequence (vy,)nen, in By([0,T] x S, RF),
recursively given by vy(r, x) := E, .[¢g(X7)] and

vp(r,x) == v(r,x) — B,y l/rT b(s, Xs)vn_1(s, Xs) v(ds)

for every n € N, converges uniformly to v,. We show by induction that v, is of the

form
n

On(r,x) =Y (=1)'E, . [S(r, T)g(Xr)]

=0

for each n € Ny and all (r,z) € [0,7] x S. The initial induction step n = 0 is valid
due to ¥y = I,. We assume that the claim is true for some n € Ny. By Lemma |4.21
and Proposition [A.40} the process [0, 7] x Q — R¥, (r,w) — Zi(r, T)(w)g(Xr(w))
is reconstructible, bounded, and continuous for all 2 € Ny. Hence, Proposition
entails that

Upy1(r, ) = vo(r, ) — Z(_l)iET,a: [/TT b(s, X5)%i(s, T)g(X7) v(ds)

= Em[Eo(r T XT +Z +1Erx H—l(rv T)g(XT)]

n+1

= Z (_1)iEr,a: [Ei(rv T)g(XT)]

=0

for each (r,x) € [0,T] x S. This concludes the induction proof. Moreover, another
application of Proposition yields that the sequence (wy, )nen, in By([0, T]x S, R¥),
recursively given via wq(r, z) := 0 and

wp(r,x) == —FE,, [/TT a(s, Xs) + b(s, Xs)w,_1(s, Xs) I/(ds)]

for each n € N, converges uniformly to ug, the unique global bounded solution to
(AM]) when g = 0. We prove inductively that w, can be written in the form

n—1

wy(r,x) = — Z(_l)iEm [/TT Xi(r, t)a(t, Xy) V(dt)l

=0

for all n € N and each (r,x) € [0,T]xS. The initial induction step n = 1 is certainly
true, since wy = 0. So, let us assume that the formula holds for some n € N. Then
it is readily seen that the process [0,T] x Q — R¥,

(r,w r—>/ alt, X(w)) v(de) ()

is reconstructible, bounded, and continuous for each i € Ny. For this reason, from
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Proposition [3.18 and Fubini’s theorem it follows that

rear) = B [l X i)

n—1

+ Z(—l)iEm [/TT b(s, X,) /ST (s, t)a(t, X;) v(dt) V(ds)]

1=0

r

=—FE., [/T Yo(r, t)a(t, Xt) V(dt>1
' fZ:(—wEr,x UT [ b XS5, 0y vlds)alt. X,) ”“”)1
_ Zn:(_l)z‘Em [/T Si(r, talt, X,) V(dt)]

T

for each (r,z) € [0,7] x S. This completes the induction proof. Now the decisive
observation comes from Lemmas and [4.20 Namely, the unique global bounded
solution u, to (AM)) is of the form u, = v, + uy. Moreover,

) = i B (1) 1))o060)| = EralS 119080

ntoo

)

and

up(r,x) = —lim £, , l/rT (nz_:(—l)iﬁi(r, t))a(t, Xy) V(dt)]

ntoo i=0
= —E,, [ / ' S (r, t)a(t, X,) v(dt)]

for every (r,z) € [0,T] x S, by Proposition and the Dominated Convergence
Theorem [A.33] The asserted representation follows. O

We note that if there are a u-dominated ¢ € B([0,T] x S) and a matrix B € R***
such that b is of the form b(r,x) = c(r,z)B for each (r,x) € [0,7] x S, then the
commutation condition in Proposition holds. More precisely,

b(r, 2)b(s,y) = c(r,x)c(s,y)B* = b(s, y)b(r, z)

for all (r,x), (s,y) € [0,T] x S. Let us further suppose that B is diagonalizable, that
is, there are a diagonal matrix D € R*** and an invertible matrix U € R¥** such

that B = UDU~'. Then

Y(r,t) = exp ( — /t c(s, Xy) I/(dS)B)
' (4.31)

= Uexp < - /rt c(s, Xs) V(dS)ﬁ) Ut

for every r,t € [0, T] with r < t, because (a«B)"” = o*UD"U~" for each n € N and all
a € R. Hence, we may consider an example that involves trigonometric functions.



76 CHAPTER 4. MARKOVIAN INTEGRAL EQUATIONS

4.24 Example. Let £ = 2, a = 0, and & be of standard form. Suppose that there
are some p-dominated function ¢ € B([0,7] x S) and d,e € R\{0} such that

b(r, z) = c(r,2) (2 g) for all (r,z) € [0,T] x 5. (4.32)

We set p := 1 for 6 > 0 and p := i € C for ¢ < 0. Then for every g € B, (S, RF)
the unique global bounded solution u, to (AM)) is of the form

(r2) = B st (= T [t )0 )
P ot 5 [ e, 05 )|

<ug>2<r,x>=p@ ot = 5] [ el 005 ) )
VB, [cosh ( — p\/J5¢| / o(s, X,) V(ds)> g2(XT)]

for each (r,x) € [0,T] x S. In particular, for 6 = —1, ¢ = 1, and go = 0 we recover
from the trigonometric formulas cosh(iz) = cos(z) and sinh(iz) = isin(z), where
z € C, that

(agh(re0) = B cos = [ e, 0005 )6
(u(r2) = By sin = [ X109 ) n )|

for all (r,z) € [0,T] x S. To see this, note that the two distinct eigenvalues of the
matrix appearing in (4.32)) are py/|de| and —py/|de| with respective eigenvectors

1 0 1 J
— and — .
V2 \py/|0¢| V2 \ —py/|o¢]
Hence, this matrix is diagonalizable and it admits the representation
1 1
(0 5)_1 6 0 pyloel 0\ 1 (o L/
= 0) =B\l piedl) o o)) VR )

For this reason, the solution formulas follow from Proposition and (4.31]) after
standard computations.

4.6 Global existence in one dimension

We restrict our attention to one-dimensional Markovian equations and prove global
existence and uniqueness in a general setting. Conditions granting the continuity
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of the derived solution are also given. Let k& = 1, k be of standard form, and
g € By(S, D). First, we use the Feynman-Kac formula to represent the difference of
two solutions. This idea is essentially based on Proposition 3.1 in Schied [32].

4.25 Lemma. Let f € BC,~([0,T] xS x D), ¢ :[0,T] x S x D — R be measurable
with respect to AB([0,T] x S)@(DNAB(R)) and locally p-bounded, h € By(S, D), and
I be some admissible interval. Suppose that u is a weakly p-admissible solution to
(M) on I and v is a weakly p-admissible solution to (M) on I with f and g replaced
by 1 and h, respectively. Define 6,e € B(I x S) by 6(r,z) := (f — ) (r,z,v(r,x))

and
f(T,I,U,(T‘, {L’)) - f(T‘,l’,U(T, LL')) .
(u - ’U)(T, LL’) ) qu(r7 I) % U(T, I‘)?

and e(r,xz) =0, if u(r,x) = v(r,z). Then 0,& are locally p-dominated and

(u - v)(r,2) = B, [exp ( . /TT e(s, X,) y(ds)) (g — h)(XT)l

e(r,x) ==

B, [ / " exp ( -/ "o(s, X) u(ds)) 5t X)) y(dt)]

for each (r,x) € I x S. In particular, if f <1 and g > h, then u > v.

Proof. The second claim is a direct consequence of the first, since 6 < 0 whenever
f <. Thus, we merely have to prove the first assertion. The fact that § and € are
Borel measurable follows from the Z([0,7] x S) ® (D N A(R))-measurability of f
and . To check that o and ¢ are locally pu-dominated, it suffices to show that for
each r € I there is a p-dominated v € B([r,T] x S,R;) such that

0CYI Vet y)l <q(hy) forallye S p-as. on [r,T].

Let K be a compact set in D such that u(-,y),v(-,y) € K for each y € S p-a.s. on
[r, T]. According to Lemma and Proposition , there exist two p-dominated
a,\ € B([r,T] x S,R) such that

\f(t,z, 2)| V|t x, 2)| <alt,z) and |f(t,z,2)— f(t,z,2")| < ANt x)|z — 2|

for all (¢,z) € [r,T] x S and each z,2’ € K. This in turn gives |d(-,y)| < 2a(-,y)
and |e(-,y)| < A(-,y) for every y € S pra.s. on [r,T]. Hence, all that remains is to
set v := (2a) V . Next, we note that

S(t,z)+e(t,z)(u—0v)(t,z) = f(t,x,u(t,x)) — P(t, z,v(t, x)) (4.33)

for each (t,x) € IxS. Let r € I and define d,, ¢, € B([0,T]xS) by 6,.(t, x) := (¢, x),
ift > r, and d,(t,z) := 0, otherwise, and e, (t, z) := e(t,z), if t > r, and e,(¢,z) := 0,
otherwise. Then the function [0,7] x S x R = R, (¢,z,2) — 0,.(t,z) + &.(t,x)z
belongs to BC}([0,T] x S x R). By (4.33), the restriction of u — v to [r,T] x S is a
p-admissible solution to the linear Markovian terminal value problem

Eldw(t, X¢)] = E[d,(t, X)) +e.(t, Xp)w(t, Xy) v(dt)] fort e€[0,T], w(T,-)=g—h.

Thus, from Proposition [£.23] Corollary [4.6, and the arbitrariness of r € I we infer
the assertion. O
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As the only convex sets in R are intervals, we suppose in the sequel that D is an
interval. Additionally, we set d := inf D and d := sup D, then 0D = {d,d} N R.

4.26 Lemma. Let d > —oo (resp. d < o0) and f be affine p-bounded from below
(resp. from above). That is, there are two p-dominated a,b € B([0,T] x S,R,) with

ft,z,2) > —a(t,x) — b(t,x)|z| (resp. f(t,x,2) < al(t,z)+b(t,z)|z])

for every (t,x,z) € [0,T] x S x D. Then every u-consistently bounded solution u to
(M) on an admissible interval I fulfills either

T T
u(r,z) —d < —|d| + E,, leﬁ b(s,Xa) v(ds) <g(XT) +2d + / a(s, X,) y(ds)ﬂ
for all (r,x) € I x S or
— _ T _ T
d—u(r,z) < —|d| + E, . [efr b(s,Xs) v(ds) <2<1l+ — g(X7) + / a(s, Xs) V(ds))]

for each (r,x) € I x S, respectively.

Proof. First of all, it is enough to show the assertion in the first case. In fact, suppose
temporarily that d < oo and write —D for the set {—2|z € D}. Then —d = inf —D
and —d = sup —D. In addition, the function ¢ : [0,7] x S x (—D) — R defined
via Y(t,x, z) == —f(t,x,—z) is B([0,T] x S) ® (D N A(R))-measurable and affine
p-bounded from below.

We also observe that if I is an admissible interval, then a map v € B(I x S, D)
solves if and only if the map I x S — —D, (r,z) — —u(r,z) solves (M]) when
f and g are replaced by ¢ and —g, respectively. Thus, an application of the lemma
in the case inf —D > —o0 to 1 yields the asserted estimate in the case sup D < oo
for f. For this reason, let d > —oco and suppose that u is a p-consistently bounded
solution to (M]) on an admissible interval I. Then

) = 0 % Bralg(Xr) — L+ By | [ (0ot ) 5,0 05)

4B [ / (s, X (uls, X,) — d) u(ds)}

for each (r,z) € I x S, because |u(s, X,)| < (u(s, Xs) —d) +|d| for all s € [r,T]. By
Corollary [3.24] we obtain that

U(T, l’) - d < Er,x [efTT oo Xs) vids) (g(XT> - d)]

T t
+Epo [ / el VXDV (g 1 pld)) (1, X,) y(dt)]

for all (r,z) € IxS. Because |d|—d = 2d ", the asserted estimate follows immediately
from Lemma [3.201 O
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4.27 Remark. Let d > —oo and f be affine py-bounded from below. Then there is
¢ > d such that every p-consistently bounded solution u to on an admissible
interval I satisfies

u(lI x S) C[d,cJnD.

In fact, let @, b € B([0,T],R,) be two p-integrable functions with a(-,y) < @ and
b(-,y) <bforall y € S p-a.s. Then

_ T _ _ T
c:=exp (0/ b(s) u(ds)) (sup g(y) +2d” + 0/ a(s) p(ds))
0 yes 0
with 6 := sup, ,)cjo71xs 0(5,y) clarifies the claim. Of course, a similar remark holds

when d < oo and f is affine y-bounded from above.

Next, we study the boundary behavior of solutions in comparison to the terminal
value condition.

4.28 Proposition. Let f € BC,™([0,T] x S x D) and d > —oco (resp. d < 0.
Suppose that f is both locally p-bounded and locally Lipschitz p-continuous at d
(resp. d) with lim, g f(-,x,2) < 0 (resp. lim_g f(-,z,2) > 0) for all x € S p-a.s.
Morever, let one of the following two conditions hold:

(i) f is p-bounded from above (resp. from below).

(ii) d = oo (resp. d = —oc) and f is affine p-bounded from below (resp. from
above).

Then there is ¢ € (0,1] such that each weakly p-admissible solution u to on an
admissible interval I is subject to

u(r, ) —d > (B, [g(Xr)] = d)  (resp. d —u(r,z) > e(d — B, [9(Xr)]))
for all (r,x) € I x S.

Proof. Once again, it suffices to prove the claim in the case d > —oo. Indeed,
assume for the moment that d < oo and let ¢» € BC ([0, T] x S x (=D)) be given
by ¥(t,x, z) := —f(t,x,—z). Then v is both locally u-bounded and locally Lipschitz
p-continuous at —d with lim, z9(,z,2) <0 forall z € S p-as. In addition, if
I is an admissible interval, then a map v € B(I x S, D) solves (M) exactly if the
map I xS — —D, (r,x) — —u(r, x) is a solution to when f and g are replaced
by ¢ and —g, respectively. Hence, an application of the proposition in the case
inf —D > —oo to 1 establishes the claim in the case sup D < oo for f.

Thus, let d > —oco. Whenever d ¢ D, then we define the extension f of fto
[0,T] x S x (DuU{d}) through f(t,z,d) := lim, 4 f(¢,x,z). Otherwise, we simply set
f:= f. This gives f € BC,~([0,T] x S x (DU{d})). Furthermore, we see that the
constant function [0,7] x S — {d}, (r,z) — d is a global weakly admissible solution
to the Markovian terminal value problem

Eldv(t, X;)] = E[(f(t, X, v(t, Xy)) — f(t, Xi, d)) v(dt)] fort € [0,T], o(T,-)=d.
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Now, let u be a weakly p-admissible solution to on an admissible interval I.
Then, as u is D-valued, it is also a weakly p-admissible solution to (M) when f is
replaced by f. Hence, Lemma implies that ¢, € B(I x S) given by

T(rv €, U(T, ZL“)) — ?(’I", l‘,d)
d

u(r,x) —

eu(r,z) == , ifu(r,z) > d,

and e, (r, z) := 0, otherwise, is locally py-dominated and satisfies

a(ryz) —d > E,, lexp ( ~ [ el X V(d5)> (9(X1) - d)]

for each (r,z) € I x S, since f(t, X;,d) < 0 for p-a.e. t € [r,T]. We derive some
p~-dominated n € B([0,T] x S,R,) such that every weakly p-admissible solution u
to on an admissible interval I satisfies ,(r, z) < n(r,z) for each (r,z) € I x S.
Once this is shown, the assertion follows. Indeed, the only remaining task is to
choose a p-integrable m € B([0, 7], R, ) such that n(-,y) <7 forall y € S p-a.s. and
set

¢ = exp<—9/0Tn<s)u(ds)> with  := sup O(s,y).

(s,)€[0,T]xS

So, let us at first assume that (i) holds. Then there exists some u-dominated
a € B([0,T] x S,Ry) with f(t,z,z) < a(t,z) for each (t,x,2) € [0,T] x S x D.
Since f is locally Lipschitz u-continuous at d, there are § > 0 and a pu-dominated
A € B([0,T] x S,Ry) fulfilling |f(t,x,2) — f(t,x,2")| < N, )|z — 2/| for every
(t,x) € [0,T] x S and all z,2" € [d,d+0) N D. Hence, for every weakly p-admissible
solution u to on an admissible interval I we obtain that

a(r, x) —(sf(T,x,d) Lgrso0) (u(r, 2)) < n(r,z)

5u(fr7 x) < )‘<T7 x)ﬂ[dvd-iﬂ) (u(r, I)) +
for all (r,z) € I x S with n(r,z) := max{\(r,z), (a(r,z) — f(r,z,d))/d} for each
(r,x) € [0,T] x S. Note that the function [0,7] x S — R, (t,x) — f(t,z,d) is
p-dominated, as f is locally p-bounded at d. For this reason, n is py-dominated, as
desired.

In place of assuming that f is u-bounded from above, let (ii) be true. That is,
d = oo and f is affine y-bounded from below. Then Remark yields ¢ > d such
that

u(l xS)C[d,c]nD

for each weakly p-admissible solution u to on an admissible interval /. Because
[d, ] is compact, there is a p-dominated function A € B([0,7] x S,R) such that
|f(t,z,2)— f(t,z,2")| < A(t,z)|2— 2| for all (t,z) € [0,T] x S and each z, 2’ € [d, c].
Hence, each weakly p-admissible solution u to (M]) on an admissible interval [ fulfills
lew(r, )| < n(r,x) for every (r,z) € I x S with n := . O

Eventually, we are ready to establish the main result of this section. Namely,
the one-dimensional global existence and uniqueness theorem.



4.6. GLOBAL EXISTENCE IN ONE DIMENSION 81

4.29 Theorem. Let f € BC&‘([O,T] x S x D) and suppose that the following two
conditions hold:

(i) If d > —oo (resp. d < 0o), then f is both locally u-bounded and locally Lipschitz
p-continuous at d (resp. d) with lim. 4 f(-, 2, 2) <0 (resp. lim 5 f(-,x,2) > 0)
forallz € S p-a.s.

(ii) If d = —oo (resp. d = 00), then f is affine p-bounded from above (resp. from
below).

Then there ezists a unique global bounded solution U, to that coincides with u,
if g is bounded away from {d,d} NR. Moreover, if X is (right-hand) Feller, f is
right-continuous, and g € Cy(S), then u, is (right-)continuous.

Proof. Let us verify the first claim. We begin with the case d > —oo and d < 0.
Proposition and Remarks yield that I, = [0,T] for each h € By(S, (d,d))
that is bounded away from {d, d}. Thus, for all n € N we define

gn =gV (d+ (d—d)27™)A(d— (d—d)27™), (4.34)

then g, € By(S,(d,d)) and dist(g,,{d,d}) > (d — d)27", which guarantees that
I,, = [0,T]. Because |g, — g| < (d —d)27" for all n € N, the sequence (gn)nen
converges uniformly to g. If D C [d, d], then we let f denote the unique extension

of fto [0,T] x S x [d,d] such that

feBC,([0,T] x S x [d,d]).

Otherwise, we just set f := f. According to Proposition , the sequence (ug, )nen
converges uniformly to the unique global bounded solution to (M) with f instead
of f, which we denote by %,. By uniqueness, @, = u, whenever g is bounded away
from {d,d}. Since Proposition also shows that @, does not attain the value
d (resp. d) if the same is true for g, the function wu, is D-valued. Hence, 1, is the
unique global bounded solution to (M)).

Let us turn to the case d > —oo and d = co. Lemma and Proposition m
entail that I, = [0, 7] for every h € By(S, (d,>0)) that is bounded away from d. For
each n € N we set

gn =gV (d+27"), (4.35)

then g, € By(S5, (d,0)) and dist(g,,d) > 27", which implies that I,, = [0,7]. In
addition, |g, — g| < 27" and g,(z) — d < (g(z) — d) V (1/2) for all n € N and
each z € S. We can now infer from Remark and Proposition that (ug, )nen
converges uniformly to the unique global bounded solution to , which we denote
by %,4. Of course, uniqueness forces @, = u, if g is bounded away from d. From
Proposition we see that u, cannot attain the value d if g(z) > d for all z € S.
For this reason, 1, is D-valued, which concludes the case d > —oo and d = oo. The
case d = —oo and d < oo is a consequence of the last case by using the transformed
function ¢ € BC,~([0,T] x S x (=D)) defined through ¢(t,z,2) := —f(t,z, —2),
as the considerations in the beginning of the proof of Proposition [4.2§ show.
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In the end, we note that for each n € N the function g, given either by
or , depending on which case occurs, is continuous if g € Cy(S). Hence,
because Lemma guarantees that the uniform limit of a sequence of real-valued
(right-)continuous functions on [0, 7] x S is (right-)continuous, the Non-Extendibility
Theorem implies the second assertion. ]

In the case that f(t,z,2) = a(t,x) + b(t,z)z for all (t,x,z) € [0,T] x S x D and
some a,b € B([0,T] x 5), we get a one-dimensional Feynman-Kac formula, which
for D =R, a =0, and b > 0 can also be inferred from Theorem 4.1.1 in Dynkin [15].

4.30 Corollary. Suppose that there are two p-dominated a,b € B([0,T] x S) with
f(t,z,2z) = a(t,z) + b(t,z)z for all (t,x,z) € [0,T] x S x D such that if d > —o0
(resp. d < 00), then

a(,x) +b(,2)d <0 (resp. a(-,z) + b(-,x)d > 0) (4.36)

for each x € S p-a.s. Then the unique global bounded solution u, to admits the
representation

T T t
Hg(’l”, .flf) _ Er,x e~ fr b(s,XS)V(ds)g(XT)] _ Er,a: [/ e~ fr b(S,Xs)u(ds)CL(t,Xt) I/(dt)

T

for all (r,z) € [0,T] x S. Furthermore, if & is (right-hand) Feller, a and b are
right-continuous, and g € Cy(S), then u, is (right-)continuous.

Proof. Clearly, f is affine u-bounded and uniformly p-differentiable. In particular,
f € BCL([0,T] xS x D). Condition (4.36)) translates to requirement that if d > —oo
(resp. d < 00), then

lim f(-,x,2) <0 (resp. lim f(-,z,2) > 0)
zld ztd

for each x € S p-a.s. We observe that f is right-continuous provided a and b are
right-continuous. Hence, Theorem entails that admits the unique global
bounded solution %,, which is (right-)continuous if 2" is (right-hand) Feller, a and
b are right-continuous, and g € Cy(S). Let us set

ft,z,2) :=a(t,z) +b(t,z)z forall (t,x,2) € [0,T] x S x R,

then Proposition implies that the unique global bounded solution v, to (M)
with f replaced by f admits the required representation

T T t
Ug(T', ZE) _ Er,ac e~ fr b(s,Xs)I/(ds)g(XT)‘| . Er,z [/ e~ fr b(s,Xs)V(ds)a(t’Xt> l/(dt)

T

for every (r,z) € [0,7] x S. However, as %, is D-valued, it is also a global bounded
solution to with f replaced by f. Uniqueness, manifested in Corollary , gives
U, = vy, which concludes the proof. n
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In the specific case D = R, global bounded solutions to can be represented
via the log-Laplace functionals of superprocesses.

4.31 Example. Let D = R, and a,b,c € B([0,7] x S,R.) be p-dominated. We let
©Pas Pbs Y : Ry — R be locally Lipschitz continuous and n be a kernel from [0, 7] x S
to (0,00) such that

/ umin{1,u} n(-, -, du)
0
is finite and p-dominated. In addition, let ¢, : R, — R, be twice differentiable

with ¢4(0) = 0, ¢,(2) > 0, and ¢/j(z) < 0 for all z > 0. Assume that f is of the
form

ft,2,2) = alt, x)pa(2) + b(t, )pp(2) + et ©)pe(2)

+ /Ooo(e_u%z(z) — 1+ UQOd(Z)) n(t, z, du) (4.37)

for all (t,z,2) € [0,T7]x SxR,. Then f € BC,([0,T] xS xR,), by Example 2.17|
Moreover, if we had @a, s, ¢ € C*(Ry), then f € BCL([0,T] x S x R;) would
follow. We suppose that ¢,(2) > —cqa, vp(2) > —cplz], and p.(z) > 0 for all z > 0

and some ¢4, ¢, > 0. Then f is affine p-bounded from below, because
f(t,x,2) > —a(t,x)c, — b(t, z)cpl2|

for every (t,x,z) € [0,T] x S x Ry. Let in addition ¢,(0) < 0, ¢,(0) < 0, and
©:(0) = 0, then f(t,z,0) < 0 for each (t,z) € [0,7] x S. Hence, under these
conditions, Theorem yields a unique global bounded solution to .

Let us now specifically suppose that a = 0 and that the functions b, ¢, and
0, 7] x S — Ry, (t,z) — [o° umin{l,u}n(t,x,du) are bounded. Furthermore, let
op(2) = @a(2) = 2z and @.(z) = 22 for all z > 0. Then becomes

f(t,z,2) =b(t,x)z + c(t,r)2* + /Ooo(e_“z — 1+ uz)n(t, z,du)

for every (t,x,2z) € [0,T] x S x Ry and f € BC([0,T] x S x Ry). In this case,
by Theorem 1.1 in Dynkin [12] there exists an (£, v, f)-superprocess, which is a
progressive Markov process 2 = (Z, (%, )icjo,r), Q) with state space .#;(S), the set of
all finite Borel measures on S, such that for each ¢ € (0,7 and every h € By(S, R ),
the function

0,t] x S = Ry, (r,z)— —log <E§dw [eXp ( - /Sh(l‘) dZt(I))D

is Borel measurable and a global solution to when T" and ¢ are replaced by ¢
and h, respectively. Here, Q is of the form Q = {Q,. | (r,A) € [0,T] x .#;(S)} and
EQ, denotes the expectation with respect to @y, for all (r,z) € [0,7] x S. Thus,

erer))

for each (r,z) € [0,7] x S, due to Theorem [4.29]

Uy(r,z) = —log (Ef?éz




Chapter 5

Path-Dependent PDEs

In the final chapter we deal with semilinear parabolic PPDEs that rest on horizontal
and vertical derivatives of non-anticipative functionals on path spaces. In Section[5.]]
we set up our notation, discuss measurable structures and topologies, and recover
the familiar pseudometric topological setting. A short overview of path processes is
given as well. In Section [5.2| the definitions of horizontal and vertical derivatives of
non-anticipative maps on path spaces are recalled. Furthermore, we compile some
facts on these relaxed time and space differential operators. Section introduces
the parabolic terminal value problem that is formulated with a linear differential
operator and an inhomogeneity that depends on the solution.

By making use of path-dependent diffusion processes that fulfill a martingale
property, we relate classical solutions to mild solutions and conclude that the latter
are in fact global solutions to the associated Markovian integral equations. After
this, we compare various notions of viscosity solutions in Section [5.4f To this end,
we study several test function spaces and discuss the relations between them. The
goal of Section is to provide the evidence that each bounded right-continuous
mild solution may also be viewed as a viscosity solution. In the case that the PPDE
is affine, we can show that right-continuity is redundant. Moreover, we verify that
the right-hand semicontinuous envelopes of a bounded mild solution, introduced in
Section [A.2] fulfill a right-hand viscosity property. This concludes our work.

5.1 Path spaces and path processes

Throughout the chapter, assume that T > 0, d € N, and | - [ is the Euclidean norm
on R%. Let S denote the linear space of all R%-valued cadlag maps on [0, 7] and set
S := C([0,T],RY). We work with the canonical process

£:00,T]x S = RY  &(x) = z(t)
and its restriction £ to [0,7] x S. By (%)te[O,T] we denote the natural filtration of
€and set .%, = SN.% forall t € [0, 7], which in turn gives the natural filtration

(L ieo.r) of & To keep notation simple, we set .7 := S and . = SN.7. Next,

84
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for each t € [0,7] and all z € S, we define ||z|| := SUPsco 7y |2(s)| and let ' € S
be the map x stopped at time ¢. That is, 2'(s) = x(s A t) for every s € [0,T]. Of
course, S equipped with || - || becomes a Banach space, which, however, fails to be

separable, and S is a separable closed set in S.

Due to the non-separability of S under the supremum norm and the fact that the
Borel o-field of S with respect to || - || is strictly larger than the cylindrical o-field
Y we equip S with a complete metric p that induces the Skorohod topology and
which satisfies

pla,y) < Lilz -yl (5.1)
for all z,y € S and some L > 0. Then S endowed with p turns into a Polish space

and the Borel o-field of S with respect to p is exactly .. Moreover, p and || - |
induce the same topology on S.

5.1 Example. In Billingsley [3, Section 12] such a metric is defined for T" = 1,
which can be generalized to arbitrarily 7" > 0. Namely, let A be the set of all
strictly increasing homeomorphisms from [0, 1] onto [0, 1] and set

A(t) = A
Al ;== sup [log <w>| for all A € A,

s,tel0,1]: s<t

then |A|y = 0 if and only if A is the identity map on [0,7]. The metric p on S is
then defined via p(x,y) := infyea(|A|a V ||z — y o A||). Billingsley verifies that p is
a complete metric that is equivalent to another metric which induces the Skorohod
topology. Moreover, p(z,y) < ||z — y|| for all z,y € S,

We intend to use the pseudometric topological setting introduced in Section
for the choice J = [0,7] and ® : [0,7] x S — S, ®(x) = 2*. Then (z*)" = z*"* for
all s,t € [0,T] and cach = € S, which entails that o(®,) = .7, for each t € [0, T].
Let us also verify that ®, regarded as a process, has cadlag paths.

5.2 Lemma. For each © € S the map 0,7] — S, t — 2t is cadlag and also
left-continuous at each continuity point of x.

Proof. Initially, we show that the map [0,7] — S, r + 2" is right-continuous.
Let r € [0,7T), then there is § € (0,7 — r) such that |z(s) — z(r)| < ¢/L for all
s € [r,r + ), since z is right-continuous. By (5.1),
p(a',a") < Lfja* —a"|| = L sup |a(s) —x(r)| <e
s€rt]

for all t € [r,r + ). Now let ¢t € (0,7] and denote the left-hand limit limgy, z(s)
by xz(t—). We define z, € S via z4(s) := x(s)Lj4(s) + x(t—)1p1(s), then z, = 2*
whenever z is continuous at t. Hence, the proof is complete, once we have shown
that

ligl p(a”, xy) = 0.

We pick 6 € (0,t) such that |z(s) — z(t—)| < ¢/(2L) for each s € (t — d,t), then
p(a" ) < Llla" — af] < Llx(r) — x(t=)| + Lsupgep,. |2(t—) — 2(s)| < € for every
re(t—4,t). O
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We recall that if (F, ) is a metric space and I is a non-degenerate interval in
0,77, then a map u : I x S — E is called non-anticipative if u(t, z) = u(t, ') for all
(t,z) € I x 5. This coincides with our notion of consistency and also works if the
domain of u is merely I x S. Following Cont and Fournié [6], and using the Cartesian
setting in Ekren, Keller, Touzi, and Zhang [16], we consider the pseudometric dy,
on [0,7] x S given by

doo((r, ), (5,9)) := |r — s[ + [|l2" = y”]|

Then dyo((r, x), (s,y)) = 0 exactly if r = s and 2" = y" for all r, s € [0,7] and each
x,y € S, Thus, if v is continuous with respect to d.,, then it is non-anticipative.
However, there is no reason that u is (%)te r-progressively measurable or at least
B(I)® .#-measurable. To circumvent this difficulty, we endow 0,7] x S with the

pseudometric dg defined via

ds((r, ), (s,y)) = |r — s[ + p(a",y").

From (|5.1f) we infer that if u is continuous with respect to dg, then continuity relative
to d, follows. The same is true for right-continuity, in which case u is progressively
measurable. Indeed, u(-,z) is right-continuous for each x € S, by Proposition ,
and non-anticipation yields that wu(t,-) is ¥,-measurable for every t € I. Thus,
Proposition applies. Finally, a combination of Lemma [3.2] with Proposition [3.3]
summarizes two more facts.

5.3 Corollary. Let (E, ) be a metric space, I be a non-degenerate interval in [0,T7,
and u: I x S — E. Then the following two assertions hold:

(i) If u is non-anticipative and B(I) @ /-measurable, then it is progressively
measurable. Then converse is true provided E is a finite-dimensional linear
space and o is induced by a norm.

(7i) Let u be right-continuous with respect to dy, then u(-,x) is right-continuous
for each x € S and u(t,-) is continuous relative to || - || for all t € I. Further,
if w is actually continuous, then u(-,x) is cadlag and left-continuous at each
continuity point of x.

From Section [5.3] onwards, when mild and viscosity solutions to path-dependent
PDEs are considered, we work with S rather than S. Certainly, Proposition
ensures that [0, T]x.S equipped with the corresponding restriction of dg is a separable
complete pseudometric space and its Borel o-field fulfills

B(0,T] x S)  B([0,T]) ® ..

In addition, for each non-degenerate interval I in [0, T] and every topological space
E, a non-anticipative map u : I x S — FE is Borel measurable if and only if it is
measurable with respect to #(I) ®.%. We conclude the introduction to path spaces
with a continuity statement that follows from Proposition [3.3]



5.2. DIFFERENTIAL CALCULUS ON PATH SPACES 87

5.4 Corollary. Let (F, o) be a metric space, I be a non-degenerate interval in [0, T},
and u: I x S — E. Then the subsequent two assertions are valid:

(i) Whenever u is (right-)continuous, then it is progressively measurable, u(-,x)
is (right-)continuous for each x € S, and u(t,-) is continuous for allt € I.

(7i) Suppose that I is compact and u is continuous. Then u is continuous in x € S,
uniformly int € I.

We now give a concise overview to path processes that are used in Section for
presenting path-dependent diffusion processes. Let (£2,.%#) be a measurable space
and assume that X : [0, 7] x Q — R? is a continuous process whose natural filtration
we denote by (ﬁt)te[o;p}. By the path process of X, we mean the process

X:[0,T]xQ—= 58, Xi(w):=X"(w).

For instance, whenever (2,.%) = (5,.) and X = &, then ft(w) = a! for every
(t,z) € [0,T] x S. The natural filtration of X is easily identified. Let ¢ e [0,T],
then {X, € £;'(B)} = {X,n € B} for all s € [0,T] and each B € Z(R%). On the
one hand, this implies that o(X,) C o(X;) for all s € [0,#]. On the other hand, as
{&-Y(B)|s € [0,T], B € B(R%)} is a generator of .#, this shows that X, is in fact
ZF-measurable. For this reason,

o(X;) =% and o(X,) Co(X,) forallsel0t]. (5.2)

Consequently, X is adapted to a filtration of .Z if and only if X is. Regarding the
natural backward filtration of X, we simply note that o(X, : v € [¢t,T]) = Fr for
every t € [0,T]. Moreover,

| X, — X;|| = max | X7 — X!| = max | X, — X,|

se[O,T} SE[T,t}

for each r,t € [0,T] with r < ¢. Thus, X has continuous paths. In conclusion, for
each continuous process X : [0, 7] x © — R, the path process X : [0,7] x Q — S
is another continuous process that fulfills (5.2)) for each t € [0, T].

5.2 Differential calculus on path spaces

Let us review several of the standard facts on horizontal and vertical derivatives of
non-anticipative maps on path spaces that were introduced by Dupire [10] and Cont
and Fournié [6]. Again, the Cartesian setting in [16] is used. We fix r € [0,7") and
k €N, and let {e, ..., e} denote the standard basis of R

5.5 Definition. A non-anticipative map u : [r, T') x S — R¥ is said to be horizontally
differentiable at (t,z) € [r,T) x S if the map

0,7 —t) = R*  hs u(t+ h,2")
is differentiable at 0. Its derivative at 0 is called the the horizontal derivative of

u at (t,r) and is denoted by dyu(t, z). We call u horizontally differentiable if it is
horizontally differentiable at each (¢,x) € [r,T) x S.
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Suppose that u : [r,T) x S — R* is non-anticipative and (t,z) € [r,T) x S.
Clearly, u(t + h, (z*)") = u(t + h, ") for all h € [0, T — t). Thus, if u is horizontally
differentiable at (¢,z), then it is also horizontally differentiable at (¢, z) and

u(t + h,a') — u(t, x)

— T _ t
Owu(t,z) = l}ggl . = Quu(t, z").

In particular, whenever u is horizontally differentiable, then its horizontal derivative
O - [r,T) x S — R¥ is automatically non-anticipative.

5.6 Definition. Let u : [r,T) x S — R¥ be non-anticipative.
(i) We call u vertically differentiable at (t,z) € [r,T) x S if the map
R = R*, ks u(t,z + hlyg)

is differentiable at 0. Its derivative at 0, called the vertical derivative of u at
(t,x), is represented by d,u(t, ).

(ii) Leti € {1,...,d}. Then u is said to be partially vertically differentiable in the
i-th direction at (t,x) € [r,T) x S if the map

R— R hwu(t,z+ helym)

is differentiable at 0. Its derivative at 0, called the i-th partial vertical derivative
of u at (¢, x), is denoted by 0,,u(t, z).

(iii) We say that u is partially vertically differentiable at (t,z) € [r,T) x S if it is
partially vertically differentiable in every direction at this point.

By saying that u is vertically differentiable or partially vertically differentiable (in the
i-th direction for some i € {1,...,d}), we demand that u fulfills the corresponding
property at each (t,z) € [r,T) x S.

Let u : [r,T)x S — R¥ be non-anticipative, i € {1,...,d}, and (t,z) € [r,T)x S,
then z'(s) + he;Lr(s) = x(s) + he;Lyr(s) for all s € [r,t] and each h € R. So, if
u is partially vertically differentiable in the i-th direction at (¢, z), then the same is
true at (¢,z") and

t, 2t 4+ heilyr) — u(t,
Op,u(t, v) = lim ult, @' + heilyr) — u(l, x)

_ t
lim A = Og,u(t,z").

Hence, if u is partially vertically differentiable in the i-th direction, then its i-th
partial vertical derivative 0,,u : [r,T) x S — R" is non-anticipative. Let us assume
that u is vertically differentiable at (¢, z). Then the i-th column of d,u(t, z) € R¥*4,
which is exactly 0, u(t, x)e;, satisfies

u(t, x4+ he; L) — u(t, x)

}LILI(I) Y = O, u(t, x)e;.
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This forces u to be partially vertically differentiable in the i-th direction at (t,z)
and Oy, u(t,z) = dyu(t,z)e;. Asi € {1,...,d} has been arbitrarily chosen, u must
be partially vertically differentiable at (¢, x) and

Opu(t,z) = (Opu(t, ), ..., 0pu(t,z)) € R¥,

For this reason, if u is vertically differentiable, then O,u is non-anticipative. Next,
let 7,5 € {1,...,d} and suppose that u is partially vertically differentiable in the
i-th direction such that 0,,u is partially vertically differentiable in the j-th direction
at (t,x), then we set

aa:jxiu(tv ZL') = aﬂﬂj (aﬂﬁzu)(tv I)

For k = 1 the function u is said to be twice vertically differentiable at (¢, x) if its
vertical derivative 0,u is vertically differentiable there. In this case, we define

Opztu(t, ) 1= 0, (0pu) (t, x).

At last, we call u twice vertically differentiable if it is twice vertically differentiable
at each (¢t,z) € [r,T) x S. From Schwarz’s lemma, we obtain a rule for interchanging
the order of partial vertical derivatives.

5.7 Lemma. Let u : [r,T) X S = R be non-anticipative and partially vertically
differentiable in the i-th and in the j-th direction for some i,j € {1,...,d} with
i # j. If Oy,u is partially vertically differentiable in the j-th direction and Oy;q,u is
right-continuous with respect to du, then 0y, u is partially vertically differentiable in
the i-th direction and

Oy U = O, U

Proof. We choose (t,z) € [r,T) x S and set z,; = = + (ae; + bej) Ly 7 for all
a,b € R. Let ¢ : R x R — R be defined via ¢(a,b) := u(t, z,). Then ¢ is partially
differentiable with

Op D

—(a,b) = 0y, u(t, z, d —

“2(a,) = Byult vag) and
for every a,b € R, because Zonp = Tayp + hejly ) and Tapen = Tap + he;ly ) for
each h € R. Moreover, g—i is partially differentiable in the second direction and

(a,b) = Op,u(t, Tap)

D
a,b) = 0y u(t, Tayp).
abaa ( ) a4 ( 7b)
Due to Corollary right-continuity of 9, ,,u with respect to d., implies continuity
of Op,z,u(t,-) relative to || - ||. For this reason, % is continuous. By Schwarz’s
lemma, %‘g is partially differentiable in the first direction and
D2 D2

m(a, b) = (%8@(61, b) for all a,b € R.

Hence, 0,,u is partially vertically differentiable in the i-th direction at (t,z,4) with
Oy, u(t, Tap) = %(a, b) for all a,b € R. This yields that 0,,,,u(t,z) = g;gb(0,0)
= 2%2(0,0) = Op,0,ult, ). 0
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As a matter of fact, the lemma entails that for every non-anticipative twice
vertically differentiable function w : [r,7) x S — R whose second-order vertical
derivative 0,,u is right-continuous with respect to d.,

Opa,t = Ogeyu forall i, j € {1,...,d}.

Put differentlg/, in this case, Oyu is S%valued. In what follows, let~ us define
Cr2([r,T) x S) to be the linear space of all functions u € Cy([r,T) x S) that are
once horizontally differentiable and twice vertically differentiable such that

Oty Op,ty O, u € Cy([r, T') X S) foralli,je{l,...,d}.

Moreover, let Cy([r,T) x S) denote the linear space of all u : [r,T) x S — R for
which there is @ € Cp%([r, T) x S) satisfying u = @ on [r, T) x S. The motivation of
the latter space comes from the following fact. Let u € CL*([r,T) x S) and suppose
that & € CL2([r,T) x S) is an extension of u to [r,T) x S. Then it follows from
Theorem 2.3 in Fournié [18] and the functional It6 formula in Cont and Fournié [6]

that the definitions
Ou = Oy, Opu:= 0,0, and Oyu:= 0w on [r,T) xS

are independent of the choice of the extension @. This has already been noted in
Ekren, Keller, Touzi, and Zhang [16, Theorem 2.4]. Moreover, we let Cp([r, T) x RY)
denote the set of all v € Cy([r,T) x R?) that are once differentiable in the time
variable and twice differentiable in the space variable such that

ov v %

— —, — ay - f, 14, 7 1,... )
9 Ow;’ Db, € Cy([r,T) xR?) foralli,je{l,...,d}

To conclude this section, we investigate three examples of a non-anticipative function
w:[r,T) x S — R with respect to horizontal and vertical differentiability.

5.8 Examples. (i) Suppose that there is a function v : [r, T) x R? — R such that
u is of the form
ult, z) = v(t, 2(t))

for all (t,z) € [r, T)x S. If uis horizontally differentiable at a point (¢, z) € [r, T)x S,
then the right-hand time derivative of v at (¢,z(t)) exists and vice versa. In this

case,
1 U(t—f—h,.fl}(t)) —U(t,l’<t>> _ v

Moreover, u(t,z + hlyz) = v(t, z(t) + h) for each h € R%. Thus, u is vertically

differentiable at (¢, z) if and only if the space derivative of v at (¢, x(t)) exists. In

this case,

Ou(t,z) = Dyou(t,x(t)) and Oy u(t,x) = ;Z(t,x(t))

for all i € {1,...,d}. Therefore, if v € C*([r, T) x R?), then u € Cp*([r, T) x S).
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(ii) Let o, 8 € C([0,7T]) and assume that there is a locally Lebesgue-integrable
function ¢ € B(R?) such that

u(t,7) = [ a(s) + Bs)p((s)) ds

for every (t,z) € [r,T) x S. Then u is horizontally differentiable at every point
(t,z) € [r,T) x S and

Oru(t, z) = a(t) + B(t)e(z(t)).
This follows immediately from u(t + h, zt) = u(t, z) + [/ a(s) + B(s)p(z(t)) ds for
all h € [0,T —t). In addition, u is twice vertically differentiable with

Opu(t,z) =0 and Opu(t,z) =0

for each (t,z) € [r,T) x S, since u(t,z + hlyq) = u(t,z) for every h € R%. Thus,
if we also suppose that ¢ € Cy(R%), then u € C*([r,T) x S).

(iii) Assume that ¢ € C(RY) fails to be differentiable at some point 7 € R? such
that (T + h) > () for all h € RY\{0} and let v admit the representation

u(t,x) = sup p(x(s))
s€|[r,t]
for all (¢,x) € [r,T) x S. For instance, we could take (%) = || for all 7 € R?, then
¢ is not differentiable at 0 and ¢(h) > 0 for each h € R?\{0}. We readily see that
u is horizontally differentiable with

Oyu(t,x) =0

for all (t,z) € [r,T) x S. However, u fails to be vertically differentiable at each
(t,z) € [r,T) x S with x(s) =T for all s € [r,t], because u(t,r + hlyr) = ©(T+ h)
for all h € R%. In consequence, u ¢ Cy*([r,T) x S).

5.3 The parabolic terminal value problem

In the sequel, we assume that a € B,([0,T] x S,S%) and b € B,([0,T] x S,R?)
are non-anticipative. Here, S‘i represents the set of all positive definite matrices in
S¢. To the mappings @ and b we always associate the linear differential operator
Z:C([0,T) x S) — By([0,T) x S) defined via

ZL(p)(t,z) = ;tr(a(t, 2)Oprp(t, ) + (b(t, x), Opp(t, T)). (L)

Let D C R be a non-degenerate interval, f : [0,7] x S x D — R be non-anticipative
and A([0,T] x S) ® (D N AB(R))-measurable, and g € B,(S, D). In what follows,
we analyze the following semilinear parabolic path-dependent PDE combined with a
terminal value condition:

0+ L) (u)(t,z) = f(t,z,u(t,z)) for (t,x) €[0,T) x S, (P)
w(T,z) = g(x) for x € S.
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Initially, we recall those classical solutions which together with their horizontal
derivatives and their first- and second-order vertical derivatives are bounded. That
is, a classical subsolution (resp. supersolution) to in C,([0,T) x S) is a function
ue CP*([0,T) x )N C([0,T] x S, D) such that

0+ Z)(p)(t,x) = (vesp. <) f(t, z,u(t,x)) and  w(T,z) < (resp. =) g(z)

for each (t,z) € [0,T) x S. Hence, a classical solution to in Cy%([0,T) x S)
is a function u € Cy*([0,T) x S) N C([0,T] x S, D) that is a classical sub- and
supersolution to in the same space. For existence and uniqueness results for
classical solutions, the reader may consult Peng and Wang [29] and Ji and Yang [22].
We intend to utilize classical solutions only to introduce mild solutions.

In this regard, we require the notion of an Z-diffusion process that is based on
path-dependency. At first, a path-dependent diffusion process on some measurable
space (€2, #) is a triple 2" = (X, (F)icjo,1], P) that consists of a continuous process
X :[0,T] x Q — R, a filtration ()i of F to which X is adapted, and a set
P={P.|(r,x) € [0,T] x S} of probability measures on (£2,.#) such that for the
path process of X given by X, = X for all ¢ € [0, T] the triple

A

2 = (X, (F)teio): P)

is a non-anticipative diffusion process on (£2,.%) with state space S, as introduced in
Section . Since X has continuous paths, this results in the additional requirement
that 2 is a non-anticipative stochastic family that is Borel and satisfies the strong
Markov property. That means, the subsequent three conditions hold:

(i) P.x = P, and X, =a P, ,-a.s. for each (r,z) € [0,T] x S.

(ii) The function [0,] x S — [0,1], (s,y) = P,,(X, € B) is Borel measurable for
all t € [0,T] and each B € ..

(iii) Pr,x(f(t € B|Z,) = PTXT()AQ € B) P, ,-as. for all r,t € [0,T] with r < ¢, each
finite (Fs)scprg-stopping time 7, every x € S, and all B € .&7.

This notion includes in particular the class of path or historical processes used by
Dawson and Perkins [7] and Dynkin [12] for constructing historical superprocesses.
Furthermore, an .Z-diffusion process is a path-dependent diffusion process 2" such
that the following additional condition holds: the process [r,T) x Q@ — R,

(t.9) = (1, X)) = [0+ L)) (5, X () ds

must be an (F)icpy,r)-martingale under P,, for each (r,z) € [0,T) x S and every
Y E C’;’Q([O, T) x S). This is what we call the .Z-martingale property of 2. The
following example explains how standard diffusion processes fit into our framework
of Z-diffusion processes.
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5.9 Example. Assume that there are two mappings a@ € By([0,7] x R%,S%) and
b € By([0,T] x R4 RY) such that a(t,z) = a(t,x(t)) and b(t,x) = b(t, z(t)) for every
(t,z) € [0,T] x S. Then with @ and b we can link the linear differential operator
Z:C%(0,T) x RY) = By([0,T) x RY) given by

Z(p)(t,7) == ;tr(a(t,I)Diw(t,x)) +(b(t,7), Datp(t, 7).

Suppose that there is a set P = {P,z | (r, ) € [0,T] x R} of probability measures
on (S,.7) for which (&, (:)ie(o,7), P) becomes a canonical Z-diffusion process in the
standard sense. In other words, it is a diffusion process on (S,.%’) with state space
R? for which the .Z-martingale property holds, that is, the process [r,T) x S — R,

e sttot) = [ 542 ) @)oo as

is always an (-#})sc[r)-martingale under P, for each (r,T) € [0,T) x R? and every
¢ € Cp*([0,T) x RY). Then for each (r,x) € [0,T] x S, we let P,, denote the unique
probability measure on (.5, .%) with {" = 2" P, ;-a.s. such that the law of £ restricted
to [r,T] x S under P, ,(, remains the same under P, (cf. Lemma 6.1.1 in Stroock
and Varadhan [33]). By setting

P:={P.|(r) € [0.T] x S},

it follows that (&, ()wco,1),P) is a path-dependent diffusion process on (S,.7).
This procedure appears for instance in the construction of historical superprocesses
(see [7), [11], and [12]). Next, since @ is S?-valued, there is 7 € B, ([0, T| x R R)
such that @ (¢, ) is an invertible matrix and

a(t,z) =o(t,7)o(t,T)"

for every (¢,7) € [0, T]x R4 We choose (r,z) € [0,T)x .S and let W : [r, T]x S — R4
be an (%)te[rﬂ—adapted right-continuous process with P, ,-a.s. continuous paths
such that

t t 3
W, = / a(s, &) des — / 7(s,&)70(s, &) ds forallt € [, T] P, ,-as.,

then W becomes a standard d-dimensional (.#})sc[r)-Brownian motion under P,
(cf. Theorem 4.5.1 in [33]). This simply amounts to W, =0 P, ;-a.s., and W — W
is independent of .%; and .4 (0, (t — s)I;)-distributed under P, , for each s,t € [r, T
with s <t. Moreover, we obtain that

t t
& = a(r) + / b(s,€,) ds + / o(s,£)dW, forallt € [r,T] P-as.

Consequently, it follows from the functional It6 formula in Cont and Fournié |6] that
(&, (A)tepo,n, P) is an Z-diffusion process on (S,.7).
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From now on, we suppose that 2" is an Z-diffusion process on some measurable
space (£2, .#). Then we can accomplish the following. Let u be a classical subsolution
(resp. supersolution) to (P) in C;*([0,T) x S), then

Bralut A7 X)) = utr0) = B [0+ 20006,

> (resp. <) Em[/tAT f((s’XS’u(s,XS))dS]

for all 7,t € [0,T) with r < ¢, every (F)scprr)-stopping time 7, and each x € S, due
to the Z-martingale property of 2 and optional sampling. Hence, if 7 is finite,
then we may take the limit ¢ T 7" to obtain that

B, Ju(r, XT)] —u(r,z) > (resp. <) E, , [/TT f(s, X%, u(s, X%)) ds],

by dominated convergence. This motivates notions of mild sub- and supersolutions
as well as mild solutions to .

5.10 Definition. A mild subsolution (resp. supersolution) to the parabolic terminal
value problem is a non-anticipative function u € B([0,T] x S, D) for which

lu(r, X7)] + / £ (s, X°, u(s, X*))| ds

is finite and P, ,-integrable such that
B, [u(t, X7)] —u(r,z) > (resp. <) E, , [/ f(s, X% u(s, X%))ds

for all (r,z) € [0,7] x S and each finite (#).c}rm-stopping time 7. In addition,
we require that u(T,z) < (resp. >) g(z) for all x € S. A mild solution to is a
function u € B([0,T] x S, D) that is a mild sub- and supersolution to ([P)).

Because 2 is a non-anticipative diffusion process on (£2,.%#) with state space S,
it follows immediately from Lemmas |4.3|and [4.4] that a function v € B([0,T]x S, D)
is a mild solution to if and only if it is a global solution to the Markovian terminal
value problem

Eldu(t, X,)] = E[f(t, Xy, u(t, X)) df] fort €(0,T), u(T,")=g.
Put differently, u is a mild solution to if and only if [T |f(s, X* u(s, X*))|ds is

a finite P, ,-integrable function and

w(r,z) = By o[g(XT)] — Eya l / " s X7 u(s, X)) ds

for all (r,z) € [0,7] x S. In addition, u is automatically non-anticipative as soon as
these two conditions hold. We also get a representation for mild solutions.
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5.11 Lemma. Let u be a mild solution to , then ¢ : [0,T] x S — R defined via

o(r,x) == g(x) — /TT f(s, 2% u(s, x*)) ds

is B(]0,T)) ® L -measurable and the function [0,T] — R, r — ¢(r, x) is continuous
for each x € S. Moreover, E, .[|¢(r, X)|] < co and

u(r,z) = E..[o(r, X)]  for all (r,z) € [0,T] x S.

Proof. Let x € S, then, since X =z Ppg-a.s., there is at least one w € {2 such that
X (w) = x. By the characterization of a mild solution,

/T (s, 2% uls, 2°)) ds = /T [/ (s, X5 (W), u(s, X*(w)))[ ds < o0

7 7

for each r € [0, 7). Thus, ¢ is well-defined and the function [0,7] — R, 7+ ¢(r, z)
is continuous for all x € S, according to dominated convergence. As the function

0,T]x S =R, (s,2)— f(s,x,u(s,x))

is in particular #([0, T]) ®.%-measurable, Fubini’s theorem implies that the function
S — R, z +— ¢(r,x) is Borel measurable for every r € [0,T]. Consequently, ¢ must
be #A([0,T]) ® .#-measurable, by Proposition [A.38 Finally, the facts that

E, . llo(r,X)|]] <oo and wu(r,z) = E,.[¢(r, X)]

for all (r,z) € [0,7] x S also follow from the characterization of a mild solution,
which concludes the proof. O

We let A\ be the Lebesgue measure on [0,T], and set d := inf D and d := sup D,
then Theorem directly entails an existence and uniqueness result for bounded
mild solutions.

5.12 Corollary. Let f € BC, ([0,T] x S x D) and suppose that the following two
conditions hold:

(i) Ifd > —oo (resp. d < oo), then f is both locally A-bounded and locally Lipschitz
A-continuous at d (resp. d) with lim, 4 f(-,x,2) <0 (resp. lim g f(-,7,2) > 0)
for all x € S A-a.s.

(ii) If d = —oo (resp. d = 00), then f is affine \-bounded from above (resp. from
below).

Then there is a unique bounded mild solution u to . Moreover, whenever Z has
the (right-hand) Feller property, f is right-continuous, and g € Cy(S), then u must
be (right-)continuous.

At last, Corollary [4.30] yields a Feynman-Kac formula for bounded mild solutions.
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5.13 Corollary. Suppose that there are two \-dominated «, 5 € B([0,T] x S) with
ft,x,2) = a(t,x) + B(t,x)z for all (t,x,z) € [0,T] X S x D such that if d > —o0
(resp. d < 00), then

a('ax) + B(’ 93)7 <0 (T’@Sp. oz(-,x) + B(’ x)a > 0)

for each x € S A-a.s. Then the unique bounded mild solution u to admits the
representation

t S T t S
u(r,z) = By e ): ‘“S’X‘)C’Sg(XT)] ~ By U e P X b, X1 dt

r

for each (r,xz) € [0,T] x S. Furthermore, if 2 is (right-hand) Feller, a and 3 are
right-continuous, and g € Cy(S), then u is (right-)continuous.

5.4 Notions of viscosity solutions

Since we intend to compare a variety of notions of viscosity solutions, we present
several test function spaces. Let .7 denote the set of all (F;);c(o,17-stopping times
7 for which there exists a lower semicontinuous function ¢ : S — [0, 7] such that

T(w) = (X (w)) forall w e Q. (5.3)

It follows from the lemma below that if 2" is canonical, that is, (Q2,.%) = (5, %),
X =¢, and %, = . for all t € [0,T], then our definition of .7 reduces to that in
Ekren, Keller, Touzi, and Zhang [16]. Let use here X7 instead of X, which should
make clear that {X; € B} = {w € Q| X (w) € B} for all B € ..

5.14 Lemma. A finite (F;)icio,r-stopping time T is a member of 7 if and only if
for each t € [0,T) there is an open set O, in S such that {T >t} = {Xr € O,}.

Proof. Suppose first that 7 € .7, then 7(w) = ¢(Xr(w)) for each w € Q and some
lower semicontinuous function ¢ : .S — [0,7]. We choose t € [0,T) and see that
{r >t} = {Xp € O} with Oy := ¢~((t,T]). Since (¢, T] is open in [0, T, it follows
from Lemma that O, is open in S.

Conversely, assume that for each ¢ € [0,7T") there is an open set O, in S with
{r >t} = {X; € O;}. Then 7 is measurable with respect to the o-field o(Xr).
Hence, Corollary provides a function ¢ € B(S,[0,T]) satisfying (5.3)). Clearly,
for each x € S there is at least one w € €2 such that XT(w) = x, since Xy = x
Pr,-a.s. Thus, the mapping Xr:Q — S is onto and therefore,

o7 (1, T)) = Xe({r > 1}) = Xp({Xr € O:}) = O,
for all ¢ € [0,T), which entails the lower semicontinuity of ¢, by Lemma [A.11] [

Our main example of a stopping time in .7 is a hitting time. Therefore, some
considerations with respect to lower semicontinuity have to be made.
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5.15 Lemma. Letr € [0,T], u € C([r,T]xS), and I be a closed interval in R. Then
the function ¢ : S — [r,T]| U {0} defined via ¢(x) := inf{t € [r,T]|u(t,z*) € I} is
lower semicontinuous.

Proof. Let x € S and € > 0. For ¢(z) = r it holds that ¢(y) > r > ¢(z) — € for
all y € S. Suppose instead that r < ¢(z) < oco. If € > ¢(x) — r, then ¢(y) > r
> ¢(z) — ¢ for each y € S. Hence, let ¢ < ¢(z) — r. By Corollary [5.4, the function
[r,¢(z) — ] = R, t — u(t, ") is continuous and so,

K = {u(t,2") |t € [r,¢(x) — &]}

is a compact set in I¢. A combination of Lemma with Corollary gives
n > 0 such that the n-neighborhood N, (K) of K is relatively compact in the open
set 1. Now, Corollary [5.4] also yields ¢ > 0 such that

|u<t7 yt) - U(t, xt)l <n

for all t € [r,¢(x) — €] and each y € S with p(y,z) < 0. So, we choose y € S with
p(y,x) < 0, then u(t,y") € N,(K) for all t € [r, p(z) —¢]. As ¢(y) = ¢(x) — e would
yield a contradiction, we get that ¢(y) > ¢(x) — e.

Eventually, let ¢(x) = oo, then u(t,a") ¢ I for all t € [r,T]. Similarly as before,
because K := {u(t,z") |t € [r,T]} is a compact set in ¢, there is n > 0 such that
N, (K) is relatively compact in I°. We let 6 > 0 be such that |u(t, y") —u(t, z")| <7
for all ¢ € [r,T] and each y € S with p(y,x) < §. Then ¢(y) = ¢(x) = oo for all
y € S with p(y,x) < 0. This verifies the lemma. O

5.16 Example. Let r,t € [0,7] with r < ¢, uw € C([r,T] x S), and I be a closed
interval in R. Then

T:=inf{s € [r,T]|u(s,X*) e[} Nt € T.

In fact, as the process [r,T] x Q — R, (s,w) — u(s, X*(w)) is (F)sepr,r-adapted
and continuous, Proposition entails that 7 is a finite ()., 17-stopping time.
Hence, the assertion follows from Lemmas [5.15] and [A.T1]

For every (r,z) € [0,T) xS and each non-anticipative function v € By([0,T) x.S),
we define .22 u(r, ) to be the set of all ¢ € C;*([0,T) x S) for which there is an
(F1)iepr,r-stopping time 7 with P, (7 > r) > 0 such that

(u—@)(r,a) > B, [(u— )7 AT, X))

for every 7 € . with 7 € [r,r + J) and some § € (0,7 — r). In addition, we set

FPu(r,z) = —SP (—u)(r,x). Let P u(r,z) be the set of all ¢ € C*([0,T) x S)

such that u — ¢ has a right-hand local maximum at (r,z) in the sense that
(u=@)(r,z) = (u=¢)(s,9)

for all (s,y) € [r,T) xS with ds((s,y), (r,z)) < § and some ¢ € (0,7 —r). Moreover,
we set Zu(r,x) := —P(—u)(r, x).
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5.17 Definition. Let u € By(]|0,7] x S, D) be non-anticipative.

(i) We call u a stochastic viscosity subsolution (resp. supersolution) to (P)) if for
every (r,z) € [0,T) x S and each ¢ € L2 u(r,z) (resp. p € S P u(r,x)),

(0r + Z)(@)(r,x) > (resp. <) f(r,x,u(r,z)) and u(T,z) < (resp. >) g(x).

Moreover, u is said to be a stochastic viscosity solution to ([P)) if it is a stochastic
viscosity sub- and supersolution to (P)).

(ii) We say that u is a right-hand viscosity subsolution (resp. supersolution) to
if for all (r,z) € [0,T) x S and each ¢ € Zu(r,x) (resp. ¢ € P u(r,x)),

(Or + L) (@) (r,x) > (resp. <) f(r,z,u(r,x)) and u(T,z) < (resp. >) g(x).

Furthermore, u is a right-hand viscosity solution to if it is a right-hand
viscosity sub- and supersolution to ([PJ).

As we will show, each stochastic viscosity subsolution (resp. supersolution) is
a right-hand viscosity subsolution (resp. supersolution). To discuss the relations
between the notion of a viscosity solution in [16] and the above definition, we fix
(r,z) € [0,T)xS and L > 0, and let %" denote the set of all (%) 1}-progressively
measurable processes 3 : [r,T] x © — R? for which each coordinate function is
bounded by L.

For every 8 € %F*, we choose an (%)) r-progressively measurable process
M"™8 2 [r,T] x Q — (0,00) that has right-continuous and P, ,-a.s. continuous paths
such that

t t 1 ot
MpP :exp(/ BodX,— [ (b5, X*), By ds — 5 [ <Bs,a(5,Xs)ﬁs>ds>
forallt € [r,T] P, ,-a.s., then M"" becomes an (Z1)tepr,r-martingale under P, , with
E,.[M7’] = 1, due to Itd’s formula. For each non-anticipative u € By([0,T) x S),
we let &/ u(r, z) represent the set of all ¢ € C}*([0,T) x S) for which there are
d€ (0,7 —r)and 7 € J with 7 > r P, ,-a.s. such that

(= @) (r,2) > B o[ MypP (u— @) (7 AT, X))

for cach 7 € 7 with 7 € [r,7+6) and all 8 € ZL. Let o u(r, z) == —/*(—u)(r, z),
as before. This translates the concepts and spaces of test functions used for the
definition of a viscosity solution in [16] to our current setting. So, a non-anticipative
u € By([0,T] x S, D) is a viscosity subsolution (resp. supersolution) to in the
sense of |16] if there is L > 0 such that

(O + L) (@) (r,x) > (resp. <) f(r,z,u(r,x)) and u(T,x) < (resp. >) g(x)

for all (r,z) € [0,T) xS and each ¢ € & u(r,z) (resp. € gLu(r, x)). Accordingly,
u is a viscosity solution to in the sense of the paper if it is a viscosity sub- and
supersolution to in the same sense.
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In comparison to [16], where d is used and only continuous functions u are
considered, the choice of dg should have a negligible effect on the sizes of the test
functions spaces that we use for our Definition of viscosity solutions. Finally,
the lemma below concludes our discussion on the notions of viscosity solutions.
Note that the second assertion remains true if solution is either replaced by sub- or
supersolution.

5.18 Lemma. Let (r,z) € [0,T) x S, u € By([0,T) x S) be non-anticipative, and
L >0, then Zu(r,x) C & u(r,z) C LPu(r,z). In particular, each stochastic
viscosity solution to @ is a wviscosity solution in the sense of [16] and every such
solution is a right-hand viscosity solution.

Proof. As the second assertion is an immediate consequence of the first, we only
show the first claim. The inclusion &° u(r, z) C .£2 u(r, z) follows from M7’ = 1
P, ,-a.s. We notice that if L’ > 0 is such that L' < L, then %TL/ C %F, which in
turn gives us that &% u(r, z) € &% u(r, z). Hence,

gl u(r,z) ¢ Z%u(r,x) C SPu(r,x).

It remains to verify that Zu(r,z) C & u(r,x). Thus, let p € L u(r,z). Then
(u—p)(r,z) > (u—p)(s,y) for all (s,y) € [r,T) x S with ds((s,y), (r,z)) < ¢ and
some 0 € (0,7 —r). We define 7 := inf{t € [r, T ||| X" — 2"|| > §/3} A (r +§/2),
then 7 € J and 7 > r P, ;-a.s., by Example[5.16] Let 7 € 7 with 7 > r, then

ds((T A T, X;AT), (ryx)) <ds((m, X7), (r,z)) <0/24 || XT —2"|| <6

on {X" = z"}. Hence, (u — @)(r,x) > (u — ¢)(F A7, X7 on the same set. Let
B € UL, then, as M is positive and E, ,[M}:"] = 1, we get that

(u—p)(r,z) = ET',a:[M,;’ﬂ(u —)(r,z)] > E,, [M;’ﬂ(u — Q) FAT, X
This justifies that ¢ € /" u(r, z), which completes the proof. 0

5.5 Relation between mild and viscosity solutions

Here, we prove that if the maps a and b, and the function f are right-continuous,
then every bounded mild solution to that is right-continuous on [0,7") x S is a
stochastic viscosity solution. In this connection, we look more closely at the case
that
ft,z,z) = at,x) + B(t,z)z

for all (t,z,2) € [0,T] x S x D and some right-continuous «, 3 € B([0,T] x S)
such that «a(-,z) and S(-,z) are Lebesgue-integrable for all x € S. In this specific
case, each bounded mild solution is a stochastic viscosity solution regardless of
whether it is right-continuous on [0,7) x S. If additionally D is closed and 2
satisfies a reasonable topological condition, we can identify the upper and lower
right-hand semicontinuous envelope of a bounded mild solution to as right-hand
viscosity sub- and supersolution, respectively. Thus, let us begin with a crucial limit
inequality.
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5.19 Lemma. Let (r,x) € [0,T) xS and 7 be an (F)icp11-stopping time. Assume
that ¢ € B([r,T) x S) is non-anticipative and the following two conditions hold:

(i) f,f/\T lo(s, X®)|ds is finite and P, ,-integrable for all t € [r,T).

(i) There are ¢ € (0,T—r) and ¢ > 0 so that |p(s, X?®)| < ¢ foralls € [r, (r+{)AT]
P, ,-a.s.

If  is upper right-hand semicontinuous at (r,x), then

tAT X5
limsup F, [ / M
t\Lr ’ r t - T

Proof. Let € > 0 and w € {X" = 2"} N {7 > r}. Then there exists 6 > 0 such that
o(s,y) < @(r,z) + ¢ for every (s,y) € [r,T) x S with dg((s,y), (r,x)) < J. Since
X (w) is right-continuous, there is v € (0,7 — r) such that || X*(w) — 2"|| < 6/2 for
each s € [r,7 + ). We define n := v A (0/2) A (7(w) — ), then

ds

< p(r,x)P, (T >71).

/tmw)wdsgw(r,x)—ira

t—

for every t € (r,r + 1), because we can use that ¢t < 7(w) and dg((s, X*(w)), (r,z))
=(s—7r)+ || X%(w) —2"|| < ¢ for all s € [r,¢]. Thus, we have shown that

tAT XS
lim sup 790(8’ )

ds < p(r,x) P, ,-a.s. on{r>r}.
tir r t - T

Because [ |¢(s, X*)|ds < ¢(t —r) for each t € [r,r +(] P, -a.s., the claim follows
from Fatou’s lemma. O

This produces our first announced result.

5.20 Theorem. Suppose that a, b, and f are right-continuous. Then every bounded
mild subsolution (resp. supersolution) u to (P)) that is right-continuous on [0,T) x S
is a stochastic viscosity subsolution (resp. supersolution) to ([P).

Proof. We consider the case that  is a mild subsolution. Let (r,z) € [0,7") x S and
¢ € SPu(r,x). Then there are 6 € (0,7 —r) and some (%)}, r)-stopping time 7
with P, (7 > r) > 0 such that

(u—@)(r,a) > B [(u— )7 AT, X)) (5.4)

for each 7 € .7 with 7 € [r,r + 0). We note that, as the function [r,7) x S — R,
(s,y) — f(s,y°,u(s,y®)) is right-continuous, it must be right-hand locally bounded
at (r,x). That is, there are ¢ > 0 and v € (0, 6] such that |f(s,y,u(s,y))| < ¢ for
each (s,y) € [r,T) x S with dg((s,y), (r,x)) <. Then

=inf{t € [r,T)| | X" —2"|| > v/2} AT € 7,



5.5. RELATION BETWEEN MILD AND VISCOSITY SOLUTIONS 101

by Example [5.16] and dg((s, X*(w)), (r,z)) < v for all w € {X" = 2"} and each
s€[r,(r+~/3) ANT(w)]. We set 7 :=7 A7, then the Z-martingale property of 2~
and optional sampling entail that the stopped process [r,T) x Q — R,

(1) = ol A7 X @) = [0+ L)) X)) ds

is an (#)icfrr-martingale under P, ,. Moreover, because u is a mild subsolution to
(P)), it follows that

Brallu = )02 X (0 )+ B | [ 105, s X

tAF
~E., [ [0+ 2))s,X7) ds]
for all ¢ € [r,T). Hence, we obtain from (/5.4) that

1El / "0, + .2)(0)(s, X7 ds| > t_lrEl / " s, X (s, XS))ds]

t—r

for each t € (r,7+7v/3). Since the Borel measurable bounded function [r, T) xS — R,
(s,y) — (0s + Z)(p)(s,y®) is right-continuous and |f(s, X*, u(s, X®))| < ¢ for all
s € [r,(r+~v/3) N7] P.,-a.s., Lemma allows us to take the limit ¢ | r, which
establishes that
Or + 2) () (r,z) = f(r,x, ulr, x)).

Thus, u is a stochastic viscosity subsolution to (P)). Eventually, if w is a mild
supersolution, then similar arguments yield that it is also a stochastic viscosity
supersolution. O

A combination of Theorem [5.20] with Corollary [5.12] gives an existence result for
stochastic viscosity solutions. Here, as usually, A is the Lebesgue measure on [0, 7.

5.21 Corollary. Assume that Z has the (right-hand) Feller property, and a, b, and
f are right-continuous. Let f € BC;™([0,T] x S x D) and g € Cy(S), and suppose
that the following two conditions hold:

(i) If d > —oo (resp. d < 00), then f is both locally A-bounded and locally Lipschitz
A-continuous at d (resp. d) with lim,q f(-,x,2) <0 (resp. lim_,5 f(-,z,2) >0)
forallx € S X-a.s.

(ii) If d = —oo (resp. d = 00), then f is affine \-bounded from above (resp. from
below).
Then there is a bounded (right-)continuous stochastic viscosity solution to (P).

From now on, we let o, 8 € B([0,7T] x S) be two non-anticipative functions such
that a(-,z) and 5(-, x) are Lebesgue-integrable for each z € S and f is of the form

f(t,z,2z) = at,x) + B(t,r)z forall (t,x,z) € [0,T] x S x D.

Then we can verify another limit equality without assuming right-continuity of the
mild solution in question.
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5.22 Lemma. Let (r,xz) € [0,T) x S and T be an (F)icp,11-stopping time. Suppose
that B is right-continuous at (r,x), and there are ¢ € (0,7 —r) and ¢ > 0 such that
1B(s, X*)| < c forall s € [r,(r+ () AT] P.z-a.s. Then each mild solution u to

fulfills

lirP E, . l/tm ﬁgf’ Xs)u(s, X?) ds] = B(r,z)u(r,x) P (7 > r).

Proof. By Lemma [5.11] the 2([0,T]) ® .-measurable function ¢ : [0,7] x S — R
defined by
T
Olsy) = g(y) — [ alt,y!) + Bty )ult,y") db

satisfies Es,[|¢(s, X)|] < oo and u(s,y) = Es,[¢(s, X)] for each (s,y) € [0,T] x S.
In addition, the function [0,7] — R, s +— ¢(s,y) is continuous for all y € S. For
this reason, the Borel measurable function [0,7] — R, s — (s, X*(w))¢(s, X(w))
is Lebesgue-integrable for each w € 2. Moreover,

/Tt/\T 18(s, X*)p(s, X)|ds < e(t — 7“)|g(XT)|

, (5.5

bt — r)/ la(s, X°) + B(s, X*)u(s, X°)| ds
for all t € [r,7+(] P, ,-a.s. As the right-hand expression is finite and P, ,-integrable,
and E, ,[|¢(s, X)|] < oo for every s € [r,T], it follows from Fubini’s theorem and
Proposition [3.7] that

E[ 1B X Eesellos, X)) ds] = [ BeallBls X190, X) L) ds

< 00

_ B, l/rw 18(s, X*) (s, X)| ds

for each t € [r,r+(]. Because |u(s, X*®)| < E, x:[|¢(s, X)|] for all s € [r,T], another
application of Fubini’s theorem and Proposition yield that

E[ / " B(s, X*Yuls, X°) ds} -/ “E,B(s, X*)p(s, X)1gye] ds
=FE,., l/:M B(s, X*)b(s, X) dS]

for every t € [r,r + (]. The next step of the proof is to choose some P, ,-null set
N € % such that |5(s, X*(w))| < ¢ for all w € N¢ and each s € [r, (r + () A 7(w)].
We let ¢ > 0 and w € N°N{X" = 2"} N {7 > r}. Then the right-continuity of
B at (r,z) yields some § > 0 such that |¢(r, X (w))||5(s,y) — B(r,z)| < €/2 for all
(s,y) € [r,T) xS with ds((s,y), (r,z)) < . Since X (w) and the function [0, 7] — R,
s — ¢(s, X (w)) are right-continuous, we get v € (0,7 — r) such that

[X*(w) —a"l| <0/2 and  clg(s, X (w)) — o(r, X (w))] < /2
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for each s € [r,r + ). Consequently, |5(s, X*(w))o(s, X (w)) — B(r,z)p(r, X (w))|
< co(s, X(w)) = ¢(r, X (W) + |o(r, X (w))[|B(s, X*(w)) = B(r, )| < e for every
s € [r,r +n), where n :=~v A (0/2) A A (T(w) — 7). If in addition we use that

st x(w) = [T 22

r t—r

o(r, X (w)) ds
for each t € (r,7 + ), then our considerations show that

/W(“) s, X*(w))

t—r

¢<S7X(W)) ds — 6<T’ I)QS(T’X(M)) <é

for all t € (r,r +n). Therefore, we have proven that

tAT X3
ltlfl ﬁ(:’)gzﬁ(s, X)ds = p(r,x)¢(r,X) P,gas. on{T >r}
r Jr - T
Because E,,[¢(r, X)Lirsry] = Ero[Era[o(r, X)|F | Lirsm] = u(r,x) P (1 > 1) and
(5.5) holds, the claim follows from dominated convergence. m

We are now in a position to drop the right-continuity assumption for bounded
mild solutions to become stochastic viscosity solutions.

5.23 Proposition. Suppose that a, b, o, and [ are right-continuous. Then each
bounded mild solution u to is a stochastic viscosity solution to ([P)).

Proof. We proceed similarly as in the proof of Theorem Let (r,xz) € [0,T) x S
and ¢ € SPu(r,x). Then there exist § € (0,7 —r) and an (F)scp,r1-stopping
time 7 with P, (7 > r) > 0 such that

(u—@)(r,2) > Epa(u— )7 AT, X))

for every 7 € 7 with 7 € [r,r + J). Let us choose ¢ > 0 and v € (0, ] such that
la(s,y)| V [5(s,y)| < ¢ forall (s,y) € [r,T) x S with ds((s,y), (r,x)) < ~v. We set
7= inf{t € [r,T]|||X* —2"|| > v/2} AT and 7 := 7 A 7, then, as 2 fulfills the
Z-martingale property and w is a mild subsolution to (P)), it follows that

1
t—r

Bl [0+ 206 x| > L] [T et
+ LEME [/:M B(s, X*)u(s, X*) ds}

t—r
for each t € (r,7 4+ v/3). Due to Lemmas and [5.22] regardless of whether u is
right-continuous on [0,7") x S, we may take the limit ¢ |  to obtain that
(87’ + j)((,@)(?“, :L‘) Z Oé(’l“, I) + 5(7"7 [L’)U(T’, ZE),

since |a(s, X*®)| V |B(s, X*)| < cfor all s € [r, (r+v/3) A7] P, -a.s. For this reason,
u is a stochastic viscosity subsolution to . The fact that u is also a stochastic
viscosity supersolution can be proven with similar reasoning. O]
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We turn to the final aim of this section. Notice that, according to Lemma [A.10]
the upper and lower right-hand semicontinuous envelopes of a right-hand locally
bounded function w : [0,7] x S — R are given by

u (r,z) = limsup wu(s,y) and wu.(r,z)= liminf (s, y)
(s,y)—(r,x): s>r (s;y)—=(r@):s>r
for all (r,z) € [0,T] x S, respectively. Indeed, u* (resp. u. ) is of this form as soon
as u is merely right-hand locally bounded from above (resp. from below). We are
now concerned with another decisive limit inequality.

5.24 Lemma. Let (r,x) € [0,T) x S and p € B([r,T) x S) be non-anticipative.
Suppose that (1, Tp)nen @5 a sequence in [1,T) X S, (tp)nen s a sequence in [r,T),
and (Tp)nen s a sequence of (Fy)eio,r)-stopping times such that the following three
conditions hold:

(i) 7. > rn Proa4,-0.S., Tn > Ty, and r, < t, for each n € N. In addition,
limy o0 ds (70, 22), (r,2)) = 0 and limypeo ty, = 7.

(it) [7"™ (s, X*)|ds is finite for all n € N and there exists ¢ > 0 such that
lo(s, X®)| < ¢ forall s € [rp,t, ANTy) Py, 2,-0.5. for every n € N.

(i) limyteo Pr, 2 (T < tn) = 0 and limypoo Py, o, (| X — 207|| > ) = 0 for each
v > 0.

If ¢ is upper right-hand semicontinuous at (r,x), then

tn\Tn X5
limsup £, ;. l/ ('0(877) ds

ntoo n tn —Tn

< p(r, z).

Proof. Let € > 0, then there is some § > 0 such that ¢(s,y) < ¢(r,x)+¢/4 for each
(s,y) € [r,T) x S with ds((s,y), (r,z)) < d. By (i), we can choose ny € N such that

(tn —1rn) +ds((rn, xn), (r,x)) < 06/2

for all n € N with n > ng. Moreover, for eachn € Nwelet Y™ : [r,, T]xQ — R, be
given by Y™ (w) := || X*(w) — 2™ || and set o, := inf{t € [r,, T]| | Xt — 2| > 6/2},
then Y™ is an (Z+4)ter, m-adapted process with increasing continuous paths and o,
is an (%) iefr, 7)-stopping time with o, > 7, Py, ,.-a.s. and {0, > s} = {V.") < §/2}
for all s € [r,, T]. This yields that

tnA\Tn XS
E . / pls, X°) s
’ n th — Tn {Y;"><5/2}

p(r,z)
tn —Tn

< E. o [tn ATy Aoy — 1)) + /4

for every n € N with n > ng, because dg((s, X*(w)), (r,x)) < (s —r,) + Y™ (W)
+ds((rn, zn), (r,x)) < dforallw € {X™ = 2!} and each s € [ry,, t, AT, (w) Aoy, (w)].
We observe that

1

tiETmﬂﬁn[(tn — 1l ATy A Un)] <P, (7w < tn) + P n (Ytin) > 5/2)
n—Tn
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for each n € N, since it holds that (t, — t, A7 A 0y) = (tn — T A 0n) Lirnon<tn}
< (tn = ) Lirnon<ta}- At the same time it follows from (ii) that

tnATn XS
By, [/ (s, X } ds

P (n)
< >
n tn — T {Ys(")26/2 < B e (V2 20/2)

n

for all n € N. For ¢ := ¢V |¢(r, z)| there is ny € N such that ¢'P,, , (1, <t,) <e/4
and P, ., (Yti”) > §/2) < /4 for all n € N with n > ny, due to (iii). Hence, we
set ny := ng V ny, then we obtain that

tnATn X3
ETn,IIJn [/ M dS] S QO(T, CL’) + t

n tn_rn

/

B a |t =ty AT N0y +€/2

n n

<p(rx)+e
for each n € N with n > ny. This entails the assertion. O

To clarify the way we proceed, note that for every function u : [0,7] x S — R
that is right-hand locally bounded from above and each (r,z) € [0,7) x S, there
exists a sequence (7, Ty )nen in [r,T) x S with limpje ds((7, ), (r,2)) = 0 and
limy o0 U(rn, Tn) = u™ (r,x), by Lemma This technique is well-known in the
literature of viscosity solutions (see for example Pham [30, Section 4.3]).

5.25 Lemma. Let (r,z) € [0,T) x S, B be right-continuous at (r,z), and u be
a right-hand locally bounded mild solution to . Suppose that (T, Tp)nen S a
sequence in [r,T) X S, (ty)nen @s a sequence in [r,T), and (T,)nen @S Some sequence
of (jt)te[(),T] -stopping times such that the following three conditions hold:

(i) 7, > ry P, 4,-a.5., T, > 1y, and 1, < t, for every n € N. Furthermore,
iMoo ds (79, T), (1, 2)) = 0, iMoo w(rn, 2n) = u™(r,x), and limpyeo t,, = 7.

(ii) There is ¢ > 0 such that |a(s, X®)| V |5(s, X?®)| V |u(s, X®)| < ¢ for each
S € [Fnytn A Tp) Pr, 2, -a.5. for every n € N.

i11) liMptoe P, 2 (Th < t,) = 0 and limyree Py, o, (|| X — 2™ || > ~) = 0 for all
0 n,Tn 0 nsTn n
v > 0.

Then . .
lim E,, .. [/ e MU(S,XS) ds] = B(r,x)u" (r,x).

Proof. Since u is a mild solution to , it holds that

By [u(tn A 7oy X)) = u(ry, 2,)
tnA\Th
+ By, o, [/ a(s, X°) + B(s, X*)u(s, X*) ds

for all n € N. Together with (ii), this gives |E,, ., [u(ty, A 7o, X7"™)] — w(ry, 2,)|
< (14 ¢)(t, —ry) for each n € N. Hence,

lim B, ., [u(t, A 7o, X)) = lim u(rp, z,) = u* (r, z). (5.6)

ntoo ntoo
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We note that, because the function [0,7] x S — Ry, (s,y) — |B(s,y) — B(r,z)| is
right-continuous at (r, z), Lemma implies that

[/tn/wn ‘ﬁ(sts) — 6(7",33)‘

n tn_rn

ds| = 0.

lim E, ..
nToo

So, from the hypothesis that |u(t, AT, X""™)| < ¢ P, . -a.s. for all n € N and the

fact that -
B(r,z) = / v Bl z) ds + bir,z) (tn —tn A Ty)

Tn tn_rn n—Tn

for each n € N, we readily infer from ([5.6]) that

n tn _T’I’L

tnN\Tn XS
liTm E. l/ Bls, )u(tn A Ty, XY ds| = B(r, x)u™ (r, z).

Here, similarly as in the proof of Lemma [5.24] we can utilize that

1
lim

ntoo ,, — 1 E’r’n,xn[(tn —ty A\ Tn)] = qlq,lj*g Prn,xn (Tn < tn) - Oa

since (t, =t ATn) = (tn —Tn) Lir <t} < (tn—7n)Lir, <ty for all n € N. Consequently,
the claim follows once we have shown that

nfoo n tn —Tn

tnATn X3
lim E,, .. [/ Bls, >(u(tn A Ty, XY — (s, X)) ds] = 0. (5.7)

To this end, we let n € N and set 7,5 := 7, V s for each s € [r,, t,], then 7, 5 is an
(F1)1e(s)-stopping time. As u is a mild solution to (P]), we get that

Egyu(ty A T, X)) = uls, y)

tn/N\Tn,s / / /
—|—E5,y[/ a(s, X))+ p(s', X° )u(s’,Xs)ds']

for each (s,y) € [ryn,ta] x S. Hence, Fubini’s theorem and Propositions [3.7,
yield that

tnATh XS
E, .. [/ M(u(tn A Ty XA — (s, X*)) ds]

n tn_rn

tn XS
= / E. . V(s’)(ES,Xs [w(tn A gy, X)) — (s, XS))]l{Tn>S}] ds

tn_rn

t X5 AT , / ,
/ Er, 2. V(S’)/ a(s', X))+ B(s', X u(s', X*) ds’]l{mx}} ds

tn_rn

tn
S C(l + C) / E?"»,L,Zn[

B(s, Xs)|]l{7-n>s}] ds < 02(1 +¢)(tn —Tn),

since 7,, = T, s on {7, > s} for all s € [r,,,t,]. As n € N has been arbitrarily chosen,
we may take the limit n 1 oo to obtain ([5.7]), which proves the assertion. H
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We recall that, as 2 isin particular a non-anticipative Markov process, it follows
for each v > 0 and every (r,z) € [0,7) x S that

lim Pra(|X7 = 27 2 7) =0,

However, let us now require that for all v > 0, every (r,x) € [0,7) x S, and each
sequence (ry, Ty, ty)nen in [r,T) x S x [r,T) such that ¢, > r, for all n € N and
limy o0 (ty, — 1) + ds((79, ), (7, 2)) = 0 it holds that

liTm P o (| X =2l > ) = 0. (5.8)

This slightly stronger condition leads us to our final result, which establishes the
relation between the upper and lower right-hand semicontinuous envelopes of a mild
solution and right-hand viscosity sub- and supersolutions.

5.26 Proposition. Suppose that 2" satisfies (5.8]), D is closed, and a, b, o,  are
right-continuous. If u is a bounded mild solution to (P)), then u™ (resp. u.) must
be a right-hand viscosity subsolution (resp. supersolution) to

Proof. To verify that u* is a right-hand viscosity subsolution, let (r,x) € [0,T) x S
and ¢ € Zu* (r,x). Then there is 6 € (0,7 — r) such that

(™ =) (rz) = (u™ = ¢)(s,y) (5.9)

for each (s,y) € [r,T) x S fulfilling ds((s,y), (r,x)) < d. Due to Lemma [A.7] there
exists a sequence (7, Tp)nen in [1,T) x S such that lim,yeo ds((7n, zn), (r,2)) = 0
and lim, 4o w(7y, T,) = v (r,z). We set

M = (u% - 90)<T7 fﬂ) - (u - @)(men) for all n € N.

Then, since lim, 1o 77, = 0, there is a sequence (t,)nen in [r,T) such that r, < ¢,
for each n € N, limyo0 t,, = 7, and limy1o0 7,/ (¢, — 1) = 0. For instance, we could
have set ¢,, :=r, + (1/2) min {\/|'r]7|+ 1/n, T — rn} for each n € N.

As v and [ are right-continuous at (r, x), there are ¢ > 0 and v € (0, §] satisfying
la(s,y)| V |B(s,y)| < cforall (s,y) € [r,T) xS with ds((s,y), (r,x)) < . We set

7o 1= inf{t € [r,, T]| || X" — 2'"|| > v/2} for each n € N,

then 7, is an (gz})te[,.n,ﬂ—stopping time with 7, > r, P,, ,,-a.s. In addition, let
no € N be such that (¢, —r,) + ds((rn, xn), (r,x)) < /2 for all n € N with n > ny.
Then from (5.9) and u* > u we infer that

(W = @)(r.2) 2 Er, . [(u = @) (tn A 7, X))

for every n € N such that n > ng, because it holds that dg((t, A 7,,, X""™), (r, x))
< ds((tn ATy XY (1, 20)) + ds (T, 20), (r,2)) < vy on {X™ = a}. Moreover,
since u is a mild subsolution to and the stopped process [r,, T) x Q — R,

() = (A ), X7 () = [0+ 2) ) X
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is an (%)icpr,, m-martingale under P, .., it follows that

B zn[(u =) (tn A T, th/\Tn)] > (u— ) (rn, T5)

tnATh
+E,, [/ a(s, X*) + B(s, X*)u(s, X?) ds]

B [ 0 200 8

for each n € N with n > ngy. By recalling the definition of 7,, this implies that

n 1 tnA\Tn
b B [T 0 2R

tn_rn tn_rn

1
>
_tn_rn

tnATh
B | [ (6.0 4 806,05, ) )

for all n € N with n > ny. Hence, Lemmas and ensure that we may take
the limit n 1 oo, which yields that

(O + L) (o) (r,x) > a(r,z) + B(r,z)u™(r, ).

Here, we have used that the function [r,T) xS = R, (s,y) — (0s+-2L)(¢)(s,y*) and
«a, f3 are right-continuous. Moreover, the fact that {7, < ¢,} = {|| X" —a™| > ~v/2}
for all n € N and the hypothesis that 2" fulfills (5.8) ensure that

lim P, o, (1, < t,) = TlllTrglo Prn,zn(Hth -

ntoo

>7/2) = 0.

This shows that © is a right-hand viscosity subsolution to (]ED Since the verification
that u. is a right-hand viscosity supersolution can be handled in much the same
way, the claim is proven. O

In conclusion, in the first part of the thesis, we derived unique non-extendible
admissible solutions to multidimensional Markovian integral equations that involve a
progressive Markov process with Polish state space and Borel measurable transition
probabilities. Then a boundary and growth analysis led us to unique global bounded
solutions to one-dimensional Markovian integral equations. In the second part, by
using path-dependent diffusion processes, we were able to identify mild solutions to
semilinear parabolic PPDEs as global solutions to the associated Markovian integral
equations. Consequently, existence and uniqueness for bounded mild solutions were
inferred. In the end, under weak continuity conditions, we verified that bounded
right-continuous mild solutions are also solutions in a viscosity sense, which in turn
yielded existence for bounded (right-)continuous viscosity solutions.



Appendix

A.1 Convex sets

Here, we review some standard facts on convex sets and consider Carathéodory’s
Convex Hull Theorem. To this end, we follow [31, Section 2.1] mainly. Let E be a
linear space, then a set D C F is convex if az + (1 — «)z’ € D for all 2,2’ € D and
each o € (0,1). A point z € F is said to be a convex combination of points of D if
there are n € N, z1,...,2, € D, and ay, ..., a, € [0,1] such that

z=o1z1+ - -+ayz, and a3 +---+a, =1.

A.1 Lemma. Fvery convex set D C E contains all convex combinations of its
points. That is, ayz1++ -+ auz, € D for alln € N withn > 2, each z1,...,2, € D,
and every ay, ..., a, € [0,1] with oy + -+ + «,, = 1.

Proof. We verify the claim by induction over n € N with n > 2. In the initial
induction step n = 2, the claim reduces to the convexity of D. Thus, we may
assume that the claim holds for some n € N with n > 2. Let z,...,2,,1 € D and
aq,...,any1 € [0,1] be such that ag +- -+ a1 = 1. For ;.1 = 1 there is nothing
to show. So, let a,, 11 < 1, then the induction hypothesis entails that

zi=o1/(1 —aps1)z1 + -+ /(1 — apy1)z, € D,

since a1 /(1 — apy1) + -+ an /(1 —apy1) = (a1 + -+ @) /(1 — apyq) = 1. For
this reason, a2y + -+ - + @p12n41 = (1 — @pi1)2 + @pa12n41 € D, which completes
the induction proof. O

Note that if D is a family of convex sets in £, then the intersection Npep D is
another convex set in E. Indeed, for all z, 2 € Npep D and each a € (0, 1) we have
that az + (1 — «)z’ € D for every D € D, which directly yields that

az+(1—a) € ([ D.
DeD
So, for a set D C E, the convex hull of D, denoted by conv(D), is defined to be
the smallest convex set in E including D in the sense that conv(D) is a convex set
in E that includes D and which is included in every convex set in E including D.
Clearly, the convex hull of D must be unique. Regarding existence, let D be the
family of all convex sets in E which include D, then conv(D) = Nprep D'. This is
because D C Nprep D' and Nprep D' € D” for each D" € D.

109
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A.2 Lemma. Let D C E, then conv(D) is the set of all convex combinations of
points of D.

Proof. We have to check that the set of all convex combinations of points of D is
convex and included in each convex set in F which includes D. Thus, let 2,2’ € E
be convex combinations of points of D and v € (0,1). Then

/ !/ /
z=omz1+ -+ pz, and 2= [z 4+ Buz,

forsome m,n € N, 21,...,2,,21,...,2, € E;and oy, ..., apm, b1, .. ., Bn € [0, 1] with
ar+ -+, =01+ -+ [, =1. The representation

vz+ (1 =7)2 =~varz1+ -+ v0mzm + (1 =) 5121 + -+ (1 —7) Bz,

shows that vz 4+ (1 — )z’ is also a convex combination of points of D, because
yag+- @+ (1=7)B1 4+ -+ (1—7)5, = 1. Finally, let D" be a convex set in F
which includes D. Then the set of all convex combinations of points of D is included
in the set of all convex combinations of points of D’. As D’ is convex, Lemma
yields that D" agrees with the latter set, which is the desired conclusion. O]

If E is finite-dimensional, then we can bound the number of points of a set D in
E that are needed to represent a point in conv(D).

A.3 Carathéodory’s Convex Hull Theorem. Let d := dim(F) < coand D C FE.
Then each point z € conv(D) is a convex combination of at most d + 1 points of E.
That means, z can be written in the form

Z =121+ -+ Qg112d+1

for some 21,...,2411 € D and ay, ..., g1 € [0,1] with a; + -+ + ag = 1.

Proof. By Lemma [A.2] it suffices to show that if n € N is such that n > d + 1 and
z is a convex combination of n points of D, say z = pi1z1 + -+ + [B,2, for some
21y...,2n € D and some fy,...,5, € [0,1] with $; 4+ --- 4+ 8, = 1, then n can be
reduced by one in the sense that there are a, ..., a, € [0,1] such that

z=oz1+ - +ayz, and a3+ -+ a, =1,

but «; = 0 for at least one i € {1,...,n}. If §; = 0 for some i € {1,...,n}, then
this is certainly true. Thus, let us assume that f3i,..., [, are positive. We notice
that 2y — z,,, ..., 2,1 — 2, are linearly dependent, since n > d+ 1. Hence, there are
Y1y- -5 Yno1 € R such that

’71(2:1 - Zn) + -+ 771—1(271—1 - Zn) =0

and ~; # 0 for at least one ¢ € {1,...,n—1}. By setting v, := —y1 — -+ — Y1, We
obtain that v12y + -+ + Y2, = 0 and v, 4+ --- + 7, = 0. For the second equation
to be valid, we must have ; > 0 for at least one ¢ € {1,...,n}. This entails
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that 7 := min{3;/v;|i € {1,...,n} : 7 > 0} is well-defined and positive. We set
a; = [; — 17, then o; > 0 for each ¢ € {1,...,n}. In addition,

a121+"'+anzn:/6121+"'+5nzn_T(’Vlzl+"'+’7nzn)
:Blzl‘i_"'"’_ﬁnznzz

and g+ +a, =1+ -+ =71+ +7,) = 1. Eventually, let i € {1,...,n}
be such that v; > 0 and 7 = §;/;, then o; = ; — 77; = 0. This shows the claim. [

Until the end of this section, we require that E is equipped with a norm || - ||.

A.4 Corollary. Assume that d = dim(F) < oo, then the convexr hull of each
compact set D C E must be compact.

Proof. Let K be set of all (ay,...,aq41) € [0,1]4" with a; + -+ + gy = 1. As
the function [0, 1]4*1 — [0,1], (a1, ..., aqs1) = a1 + - -+ + agy1 is continuous, K is
closed in the compact set [0,1]¢*!. Therefore, K is compact. This in turn ensures
that K x D% is compact as well. The map ¢ : R¥*! x F4+l — F defined via

O(ar, .y a1, 215+ o5 2d41) = Q21 + o0+ Qa1 Zan

is readily seen to be continuous and Carathéodory’s Convex Hull Theorem[A.3]yields
the representation conv(D) = p(K x D41). This establishes the claim. O

Let us note at this point that the union of each increasing sequence (D,,),en of
convex sets in F is convex. Indeed, let z, 2" € U,y Dy and a € (0, 1), then there is
m € N with z, 2’ € D,,. Since D,, is convex, az + (1 — «)z’ € D,,, which shows the
convexity of U, eny Dy. We conclude with topological properties for convex sets.

A.5 Lemma. Let D C E be convex, then D° :={z € D|B.(z) C D} is convex for
each € > 0. Moreover, the interior D° and the closure D of D are convex.

Proof. At first, let € > 0, 2,2’ € D, and a € (0,1). We fix 2 € B.(az + (1 — o))
and show that Z € D, which then yields the first claim. To this end, let us set

=z+2—az—(1—a)2 and zy:=72+2—az—(1—a)?,

then ||zo — z|| = ||z0 — 2] = |2 —az — (1 — @)2|| < e. Thus, 2z, € B.(z) and
2y € B.(2'). Furthermore, zy = (1 — a)(z — 2’) + 2 and 2 = —a(z — 2) + 2, which
entails that 2 = azy + (1 — «)z| € D, as desired.

Next, we observe that D° C D? for all §,¢ > 0 with § < e. Therefore, (DY/"),en
is an increasing sequence of convex sets in F. From the preceding remark and
fact that D° = {J,cy D'/™, we obtain the convexity of D°. To show the convexity
of D, let 2,2/ € D and a € (0,1). Then there exist two sequences (z,)nen and
(2] Jnen in D such that limpae 2, = 2z and limpyee 2/, = 2'. Because D is convex,
az, + (1 — )z, € D for all n € N. From lim, 1 az, + (1 — @)z, = az + (1 — a)2’
we infer that az + (1 — a)z’ € D. Hence, the lemma is proven. O]
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A.2 Right-hand semicontinuity

The purpose of this section is to present the notion of right-hand semicontinuity and
verify a representation for right-hand semicontinuous envelopes. In the end, some
basic results on semicontinuity and uniform continuity are provided as well.

We suppose that J C R is a non-degenerate interval, S is a non-empty set, and
dg is a pseudometric on J x .S. Let J xS be endowed with the topology induced by dg
and for each (r,z) € J xS we define % (r, z) to be the system of all neighborhoods of
(ryx)in J x S. If in addition § > 0, then Bs(r, z) denotes the set of all (s,y) € J xS
with ds((s,y), (r,z)) < 0.

Let FF C J x S be non-empty, then a function u : F' — [—00, 0] is said to be
right-hand locally bounded from above (resp. from below) at a point (r,x) € F if
there is U € % (r, x) such that

su u(s,y) < oo (resp. inf u(s,y) > —oo).
(s,y)EUﬂpF:sZr ( y> ( P (s,y)eUNF:s>r ( y) )

We call u right-hand locally bounded at (r,x) if it is right-hand locally bounded from
above and from below there. At last, u is right-hand locally bounded (from above
or from below) if it fulfills the corresponding property at all (r,z) € F.

Whenever u is right-hand locally bounded from above at a point (r,z) € F, then
the right-hand limit superior of u at (r,x) is given by

limsup u(s,y):= inf sup  u(s,y).
(s.9)= (rw): 527 Ue(ra) (s y)eUnF: s2r

In a similar way, if u is right-hand locally bounded from below at (r,z), then the
right-hand limit inferior of u at (r,x) is defined by

liminf wu(s,y):= su inf u(s,y).
(8,y)—=(ryz): s>r ( y) Ue%({i@(&g)éUﬂF:sEr ( y)

In what follows, to each fact on right-hand local boundedness from above there is a
dual fact on right-hand local boundedness from below. So, we omit the former.

A.6 Lemma. Suppose that u : F' — [—00,00) is right-hand locally bounded from
above at a point (r,z) € F, then the right-hand limit superior of u at (r,z) coincides
with infse A SUP (s e By (ra)nF: s U(S, Y) for every set A in (0, 00) with inf A = 0.

Proof. Let us first assume that there is U € % (r, z) such that sup, , cpnp. s> (S, Y)
< infsea SUD(s y)e By (r2)nF: s U(S; y). As U is open, there is € > 0 with B.(r,z) C U.
Since inf A = 0, there is v € A with v < e. Thus,

sup u(s,y) < inf sup u(s,y),
(s,y)€B~(r,x)NF: s>r 6cA (s,y)EBs(r,x)NEF: s>

a contradiction. In combination with the fact that Bs(r,z) € % (r,x) for every
0 > 0, this gives the claim. m
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Let u : F — [—o00,00] and (r,z) € F. If there is z € R such that for each
e > 0 there is U € % (r,z) with |u(s,y) — z| < ¢ for all (s,y) € UN F with
s > r, then we say that z is the right-hand limit of w at (r,z) and denote it by

hm(s,y)%(r,x): s>r U(S, y) .

A.7 Lemma. Let u: F — [—00,00) be right-hand locally bounded from above at a
point (r,x) € F. Then the following three assertions hold:

(i) Every sequence (ry, Tn)nen in F that converges to (r,x) with r, > 1 for almost
all n € N satisfies im sup, o0 (7, Tn) < HMSUP (g ) (0. 550 (S, Y)-

(ii) There exists a sequence (T, Tp)nen n F that converges to (r,x) with r, > r
for allmn € N and limyoo u(rp, ) = HBMSUP g ) (0. 5 U(8, Y)-

(7ii) Let u be right-hand locally bounded from below at (r,z). Then the right-hand
limit im (s y)— (r.0): s> (S, y) exists if and only if

liminf wu(s,y) = limsup wu(s,y). (A1)

(s,y)—=(rx):s>r (s,y)—(r,x): s>r
In this case, it coincides with the common value.

Proof. (i) Suppose that there is a sequence (r,,, T, )nen in F' that converges to (r, z)
such that r, > r for almost all n € N and for which the asserted inequality fails.
Then there is U € % (r, z) such that

sup  u(rn, tn) > sup (s, y)
neN:n>ng (s,y)EUNF: s>r

for each ng € N. Since (7, ,)nen converges to (r,z), there is some n; € N such
that (r,,z,) € UNF and r, > r for each n € N with n > n;. This implies that
SUDyen: nony W(Tny Tn) < SUD(s y)evnr: s>+ U(S; y), Which is a contradiction.

(ii) First of all, we choose a strictly decreasing sequence (o, )nen in R such that
iMoo tp = BMSUD (5 1) (). 55 U(S,Y) € [—00,00). By Lemma for each n € N
there is v,, € N with v,, > n such that

sup u(s,y) < ag. (A.2)
(8,Y)€By1 vy, (rx)NF:s2>7

Moreover, for every n € N there exists some (ry,,z,) € By, (r,z) N F with r, > r
and Sup(, e, (ra)nF:ser u(s,y) < u(rn,x,) + 1/n. From lim,. v, = oo and
(A.2)) we infer that the resulting sequence (r,,, x,),en converges to (r, z) and satisfies
iMoo (T, Tn) = HMSUD (g ) (1. 53 U(S5 Y)-

(iii) To show the only if direction, suppose that (A.1)) fails. By (ii), there are
two sequences (r,,, Z,)neny and (7, Ty )nen in F' that converge to (r,z) such that
r, N7, > r for all n € N and

limu(r,,z,) = liminf w(s,y) < limsup u(s,y) = limu(7,,T,),
ntoo (s,y)—=(r,x): s>r (s,9)—(r,z): s>7 ntoo
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which is a contradiction. For the converse direction, let (r,, x,)n,en be a sequence in
F' that converges to (r,x) with r, > r for all n € N, then (i) ensures that

liminf (s, y) < liminfu(r,,z,) < limsupu(r,, z,) < limsup u(s,y).
(s,y)—(r.z):s>r ntoo ntoo (s,y)—(r,x)

Thus, (u(rp,Zn))nen converges to the common value of liminf( ) (r2):s>r u(s, y)
and Hm sup, ), (r.2): s> (8, 4). This in turn concludes the proof. O

Now, a function u : F — [—00, 00| is called upper right-hand semicontinuous at
a point (r,z) € F if u(r,z) < oo and for each € > 0 there is U € % (r, x) such that

u(r,x) +e, ifu(r,z) > —o0,

u(s,y) < {

—€, if u(r,z) = —o0,

for all (s,y) € UNF with s > r. We say that u is lower right-hand semicontinuous at
(r, ) if —u is upper right-hand semicontinuous there. Hence, u is upper (resp. lower)
right-hand semicontinuous if it is upper (resp. lower) right-hand semicontinuous at
each (r,x) € F. As before, to each fact on upper right-hand semicontinuity there is
a dual fact on lower right-hand semicontinuity.

A.8 Lemma. A function u: F — [—o00,00) is upper right-hand semicontinuous at
a point (r,x) € F if and only if one of the following three equivalent conditions hold:

(i) For each a € R with u(r,x) < « there is U € % (r,x) such that u(s,y) < «
for all (s,y) e UNF with s > r.

(i) lim SUD (5,) s (r,2): 537 u(s,y) < u(r,x).

(iii) For every sequence (Ty,Tn)nen i F' that converges to (r,x) with r, > r for
almost all n € N it holds that lim sup, ., w(ry, 7,) < u(r, v).

Proof. We at first show that if w is upper right-hand semicontinuous at (r,z), then
(i) holds. Let o € R satisfy u(r,z) < a. If u(r,z) > —oo, then for ¢ := o — u(r, z)
there is U € % (r,z) such that u(s,y) < u(r,x) + ¢ = «a for all (s,y) € UN F with
s > r. Otherwise, there exists some U € % (r,z) with u(s,y) < —|a| < « for every
(s,y) € UNF with s > r, as desired.

(i) = (ii): Suppose the claimed inequality fails. Then we can pick o € R with
u(r,r) < a < Hmsup(g .0 sor 4(5,y). According to (i), there is U € % (r, )
such that u(s,y) < « for all (s,y) € U N F with s > r. However, this is in conflict
with SUP(sy)eUNF: s>r U<S, y) > lim SUDP (5,y)— (r,z): s>7 U(S, y)

(ii) = (iii): Let (ry,, zn)nen be a sequence in F' that converges to (7, x) and fulfills
rn 2> 1 for almost all n € N. Then lim sup,,4 U(rn, Zn) < HMSUP 51 (. 550 U(S; Y)
< u(r,z), by Lemma [A.7 which is the correct conclusion.

Finally, assume that (iii) holds but u fails to be upper right-hand semicontinuous
at (r,x). We first let u(r,x) > —oo. Then there exists ¢ > 0 such that for every
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n € N there is (1, 2,) € By (r, x) N F with 7, > r and u(r,, z,) > u(r,z) +¢. The
resulting sequence (7, T, )nen converges to (r,z) and satisfies

lim sup u(ry, z,) > u(r,x) + ¢,
ntoo
which is a contradiction to (iii). Suppose now that u(r,z) = —oo, then there is some
e > 0 such that for each n € N there is (r,,2,) € Bi/n(r,z) N F with r, > r and
u(rn, n) > —¢. Thus, (r,, 2,)nen converges to (r, z) and limsup,,o w(ry, 7,) > —¢,
which is impossible. This shows the lemma. O

Let us denote the set of all [—o00, 00)-valued upper right-hand semicontinuous
functions on F' by USC* (F') and the set of all (—o0, cc]-valued lower right-hand
semicontinuous functions on F' by LSC. (F). Then we can state two crucial facts.
The proof of the first one is based on Theorem 7.22 in [20].

A.9 Lemma. The following two assertions hold:

(i) If 7 C USC* (F) is non-empty, then the function v : F — [—00,00) defined
via v(r, x) := inf,e 5 u(r, ) belongs to USC (F).

(ii) Let (un)nen be a sequence of real-valued functions in USC* (F) that converges
locally uniformly to some function uw: F' — R, then u € USC* (F).

Proof. (i) Let (r,z) € F and a € R with v(r,z) < a. Then the definition of v
yields u € 2 with v(r,z) < u(r,z) < a. As w is upper right-hand semicontinuous,
Lemma gives U € % (r,x) such that u(s,y) < « for all (s,y) € UN F with
s > r. Thus, v(s,y) < u(s,y) < « for each (s,y) € UN F with s > r, which shows
the upper right-hand semicontinuity of v.

(ii) Let (r,z) € F and € > 0, then there is U € % (r,x) such that (u,)nen
converges uniformly to v on U N F'. We choose ng € N fulfilling

|un(s,y) —u(s, y)| <e/3

for every (s,y) € UN F and each n € N with n > ny. We let n € N satisfy
n > ngp, then the upper right-hand semicontinuity of w, yields V' € % (r,z) such
that u,(s,y) < un(r,z) +¢/3 for all (s,y) € VN F with s > r. Thus,

2
u(s,y) < up(s,y)+ g < up(r,z) + ; <u(r,x)+e

for all (s,y) e UNV N F with s > r. This concludes the proof. O

Our considerations motivate right-hand semicontinuous envelopes. So, let us fix
a function u : F — [—00, 00]. First, if u is right-hand locally bounded from above,
then the function

u" F = [—00,00), u"(r,z):=inf{v(r,z)|ve USCT(F):u<v}
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is called the upper right-hand semicontinuous envelope of u. Similarly, whenever u
is right-hand locally bounded from below, then

U 2 F— (—o0,00|, u(r,z):=sup{v(r,z)|ve LSC_(F):u> v}

is the lower right-hand semicontinuous envelope of u. Let us emphasize that there
cannot exist v € USC* (F') with u < v as soon as u fails to be right-hand locally
bounded from above. Indeed, in this case, there is (r,x) € F such that for each
n € N there is v, € N with v, > n and

sup u(s,y) > n.
(5,9)EB1 /y,, (T@)NF: 5>

For each n € N we choose (ry,,) € By, (r,z) N F with 7, > r and u(ry,, x,) > n,
then the resulting sequence (7, T, )nen converges to (r, x) and limy oo w(ry, T,) = 00.
Therefore, if there was v € USC* (F) with v < v, then

v(r,x) > limsup v(ry, x,) > limsup u(r,, z,) = 0o,
ntoo ntoo
due to Lemma [A.§ which is a contradiction. A similar remark holds for the lower
right-hand semicontinuous envelope.

A.10 Lemma. Let u : F — [—00,00) be right-hand locally bounded from above.
Then u™ € USC* (F) and the representation

uT(r,x) = limsup u(s,y)
(s,y)—=(rx): s>r

holds for every (r,z) € F. In particular, u is upper right-hand semicontinuous at a
point (r,x) € F if and only if u(r,z) = u* (r, x).

Proof. Let us first of all prove that the function w : F — [—00,00) defined via
w(r,z) = Hmsup ). 5 4(s,y) is upper right-hand semicontinuous. We fix
(r,xz) € F and o € R with w(r,z) < a. Then there is U € % (r, z) fulfilling

sup u(s,y) < a.
(s,y)eUNF:s>r

We see that for each (s,y) € U it holds that U € % (s,y). Thus, the definition of
w gives w(s,y) < SUP(y yevnr s> WS, Y") < a for each (s,y) € U with s > r. By

Lemma [A 8] the upper right-hand semicontinuity of w is verified. Let us now choose
a function v € USC* (F) with v < v. Then we obtain

w(r,z) = limsup wu(s,y) < limsup o(s,y) < v(r,x)
(8,y)—(r,x): s>r (s,y)—(r,x): s>r

from Lemma because v is upper right-hand semicontinuous at (r,z). Hence, as
u(r,xz) <w(r,z) and (r,x) € F has been arbitrarily chosen, both claims follow. [
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Let us now suppose that p is a metric on S and for each x € S let % (x) be the
system of all neighborhoods of x in S. We let R C S be non-empty and recall that
a function u : R — [—00, 00| is upper semicontinuous if u < oo and for each x € R
and every € > 0 there is U € % (x) such that

u(z) +e, ifu(x) > —oo,
uly) < {—6, if u(z) = —o0,

for all y € U. Moreover, u is lower semicontinuous if —u is upper semicontinuous
(cf. Definition 7.20 in [20]).

A.11 Lemma. Let u: R — [—00,00), then the following three assertions hold:

(i) u is upper semicontinuous if and only if u='([—o0,a)) is open in R for all
ac R.

(i) Whenever u is upper semicontinuous, then it attains its mazimum on every
compact set K in R.

(iii) Let D C R be a non-degenerate interval, u(R) C D, and ® : D — R be
increasing and right-continuous. If u is upper semicontinuous, then so is ®owu.

Proof. (i) For the only if direction let o € R and x € u™!([—00, ). If u(x) > —oo0,
then for ¢ := o — u(x) there is U € % (z) such that u(y) < u(z) + e = «a for all
y € UN R. If instead u(z) = —oo, then there is U € % (z) with u(y) < —|a| < «
for each y € U N R. In either case, U C u™'([—o0, a)), as desired.

For if pick x € R and ¢ > 0. If u(x) = —oo, then, as z € u™'([—o0, —¢)),
there is U € % (x) with u(y) < —e for all y € U N R. Otherwise, we see from
r € u ' ([—oo,u(x) + €)) that there is U € % (z) with u(y) < u(z) + € for every
y € UN R, which concludes the proof of (i).

(ii) Let us suppose the contrary. That is, u(x) < sup,cx u(y) for each z € K.
According to (i), for all x € K we can pick a, € R and U, € % (z) such that

u(y) < az < sup u(y')
y'eK

for each y € U, N R. As {U, |z € K} is an open covering of K, there are n € N and
x1,...,2T, € K such that K C U, U,,. Let y € K, then thereisi € {1,...,n} with
Therefore, there is z € K with u(x) = sup,¢x u(y), which is the claim.

(iii) Let z € R and a € R be such that ®(u(x)) < a. If &(z) < « for every
z € D, then ®(u(y)) < a for each y € R. Otherwise, there is at least one 2’ € D
with ®(z') > a. We set ¢, := sup{z € D|®(z) < a}, then u(z) < ¢, < 7/, as ®
is increasing. This also shows that ¢, € D, since D is an interval. Right-continuity
of & at ¢, gives ®(q,) > a. Hence, u(z) < ¢, and there is U € % (x) such that
u(y) < qq for all y € U N R. Because for each y € U N R there is 2 € D with
®(2) < aand u(y) < 2 < qa, the proof is complete. O
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Finally, we change the setting, and suppose more generally that J is merely a
metric space and S is a non-empty set. We denote the underlying metric on J by p
and let D be a non-empty closed set in a Banach space E with complete norm || - ||.

A.12 Proposition. Let I be a dense set in J and v : I x S — D be uniformly
continuous in r € I, uniformly in x € S. Then there is a unique extension u of u
to J x S such that u(-,x) is continuous for each x € S. Moreover, u(J x S) C D,

lig% u(r,z) =u(t,z), wuniformly inx €S, (A.3)
for each t € J, and u is actually uniformly continuous int € J, uniformly in x € S.

Proof. To verify uniqueness, assume that v and w are two extensions of u to J x .S
such that v(-,z) and w(-,x) are continuous for all x € S. Let ¢t € J, then there
is a sequence (7, )nen in I such that lim,; 7, = t. We also choose x € S, then
v(rp, ) = u(rp, ) = w(r,,z) for all n € N. By taking the limit n 1 oo, we obtain
that v(t, z) = limypeo V(7n, ) = liMyreo w(ry, ) = w(t, x). Hence, v = w.

Let us establish the existence of w. We first note that if (r,)nen is a Cauchy
sequence in I, then (u(7y,))nen is a uniformly Cauchy sequence. Indeed, for each
e > 0 there is 0 > 0 such that ||u(q, z) —u(r,z)|| < e for all ¢,r € I with p(q,r) <6
and each x € S. Thus, if ng € N is such that p(r,,,r,) < d for all m,n € N with
m An > ng, then ||u(ry,,x) — u(r,, )| < e for each m,n € N with m An > ny and
every x € S, as claimed.

Welet t € J and (r,,)nen be a sequence in [ with lim,1o 7, = ¢, then (u(ry,, -))nen
converges uniformly to some map z : S — D, since D is closed and E is complete.
If we can show that for each sequence (g )nen in I with lim,1o g, = ¢ it follows that
(u(qn, *))nen also converges uniformly to z, then, by defining u(t, z) := z(z) for each
x € S, the existence of u and follow. So, let € > 0, then there is 6 > 0 such
that ||u(q,z) — u(r,z)|| < e/2 for all ¢,r € I with p(q,r) < § and every z € S. We
choose ny € N such that

(G, )V p(rp,t) < d6/2 and ||u(r,, z) — z(x)] < &/2

for all n € N with n > ny and each = € S. Then p(g,,m,) < ¢, which gives
|u(qn, ) — 2(2)|| < ||u(gn, ) — u(rp, )| + ||u(r,, ) — 2(x)|| < € for each n € N with
n > ng and every x € S. Thus, (u(gyn, ))nen converges uniformly to z as well.

Finally, let us show that w is uniformly continuous in ¢ € J, uniformly in x € S.
We pick € > 0, then there is some § > 0 such that ||u(q, z) — u(r,z)|| < /3 for all
q,r € I with p(q,7) < ¢ and each z € S. We choose s,t € J with p(s,t) < d/3, then
(A.3) gives d; > 0 and d; > 0 such that

|lu(q, x) —u(s,x)|| <e/3 and ||u(r,z) —u(t,z)|| <e/3

for all g,r € I with p(q,s) < és and p(r,t) < é; and every x € S. We pick ¢, €
such that p(q,s) < (6/3) A ds and p(r,t) < (6/3) A 0y, then we conclude that

[als, z) —a(t, z)|| < |[u(s, ) — u(g, 2)|
+ llulg, 2) — u(r, )| + [lu(r, z) —a(t, )| <e,
because p(q,7) < p(q,s) + p(s,t) + p(t,r) < 9. O
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A.3 Distance functions

The purpose of this section is to summarize relevant facts on distance functions and
neighborhoods of sets. Furthermore, we approximate open sets in a metric space
pointwise by a sequence of Lipschitz continuous functions.

Let (E, o) be a metric space. For 2 € F and D C E we recall that the number
dist(2, D) := inf,cp o(2, 2) is called the distance from 2z to D. If in addition C' C E,
then dist(C, D) := inf (. .necoxp 0(2, 2') is said to be the distance from C' to D. We
first state several standard properties of distance functions (cf. Exercises 6.86 and
6.87 in [20]).

A.13 Lemma. Let C. D C E, then the following four assertions hold:
(i) D ={z € E|dist(z,D) = 0} and dist(C, D) = dist(C, D).

(i) The function dist(-, D) : E'— Ry, z + dist(z, D) is Lipschitz continuous with
Lipschitz constant 1.

(iii) If D is relatively compact, then there is 2 € D with dist(C, D) = dist(C, 2).

(iv) Let C C D. If dist(C,0D) > 0, then C C D°. Conwversely, if C or dD is
relatively compact and C C D°, then dist(C,0D) > 0.

Proof. (i) Let 2 € E, then, by definition, dist(2, D) = 0 if and only if for each
e > 0 there exists some z € D such that o(z,2) < e, which is equivalent to 2 € D.
Thus, D = {z € F|dist(z, D) = 0}. Next, from D C D we directly obtain that
dist(C, D) > dist(C, D). Contrary to the claim, assume that

dist(C, D) > dist(C, D).

Then there is (z,2') € C x D with dist(C, D) > o(z,2'). Since 2’ is a limit point
of D, there is 2” € D such that o(2',2") < dist(C, D) — o(z, 2'). This gives us that
o(z,2") < o(z,7) + o, 2") < dist(C, D), a contradiction.

(ii) As p is symmetric, that is, o(z,2') = o(2/,2) for all z,2" € E, it is enough
to show that dist(z, D) — dist(z’, D) < o(z,2’) for each z, 2’ € E. By contradiction,
suppose that there are z, 2’ € F for which this inequality fails. Then there is z” € D
such that o(2’, 2") < dist(z, D) — o(z, 2’). Consequently, o(z, z") < o(z, 2') +0(2', 2")
< dist(z, D), which is impossible.

(iii) We note that dist(C,D) = inf,cpdist(C, z), even if D is not relatively
compact. By (ii) and Lemma[A.11] the function dist(C,-) : E — R4, z — dist(C, 2)
attains a minimum over D, say at 2. In consequence, from (i) we conclude that
dist(C, D) = dist(C, D) = min, 5 dist(C, z) = dist(C, 2).

(iv) If there exists 2 € CNAD, then (i) gives us that dist(C, D) = dist(C,dD)
< 0(%2,0D) = 0, a contradiction. Conversely, let C' or 9D be relatively compact and
suppose that dist(C, D) = 0. If C is relatively compact, then (iii) yields 2 € C with
dist(2,0D) = 0. But then (i) implies that 2 € 0D, since 9D is closed. Similarly,
if 0D is relatively compact, then there is some 2 € 9D with dist(C, 2) = 0, which
entails that 2 € C. In either case, a contradiction follows. n
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A.14 Example. Let £ = R? C = {(z,y) € (0,00)*|y > 1/x}, and D = R3.
Then C' and 9D are unbounded and C C D°. However, dist(C,0D) = 0, because
limgyoo 1/ = 0.

We notice that for each D C E the interior of D¢ is exactly (D). More precisely,
D is closed and hence, (D)€ is an open set included in D¢. Moreover,

D\(D)*=D°ND = D°NaD.

But if 2 € D°NAD, then for each € > 0 there is z € D with o(z, ) < e. So, £ cannot

be an interior point of D¢ and (D¢)° = (D) follows. Next, we recall that for each
z,2 € E a path from z to 2 is a map v € C([0, 1], £) with v(0) = z and (1) = 2.

A.15 Lemma. Let D C E and z € D°. If for Z € E there is a path v from z to 2
such that o(z,7v(t)) < dist(z,0D) for allt € [0,1], then 2 € D°.

Proof. 1f 2 € 0D, then o(z,7v(1)) = o(z, 2) > dist(z,dD), which is impossible. Thus,

since F is the union of the disjoint sets D°, D and (D)°, we either have 2 € D° or
2 € (D). Contrary to our assertion, let us assume that 2 € (D). By hypothesis,
¥(0) = 2 € D and (1) = 2 € (D)°. Therefore, v~}(D) is not empty and included
in [0,1).

In addition, since z and Z are interior points of D and D¢, respectively, there
is € > 0 with B.(z) C D and B.(2) C D¢ As ~ is right-continuous at 0 and

left-continuous at 1, there is 6 € (0,1/2] with
[0,6) €y (Be(2)) and  (1-0,1] €y ' (B:(2)).

Hence, v(t) € D for all t € [0,0) and ~(t) € D¢ for all t € (1 — 9, 1]. Consequently,
t* := supy (D) is subject to 0 < § < t* < 1—§ < 1. Eventually, we verify that
~(t*) € 9D, which contradicts o(z,v(t*)) < dist(z,0D).

For this purpose, let 7 > 0, then the continuity of v at t* yields " € (0, t*A(1—t*))
such that y(t) € B,(y(t")) for all t € (t* — ¢, t* + ). At the same time the
definition of t* gives s € [0,t*] with v(s) € D and t* < s+ ¢, which implies that
v(s) € B,(y(t*)). However, the definition of ¢, also entails that v(¢) € D¢ for all
t € (t,1]. That is, B, (v(t*))ND and B, (y(t*)) N D are not empty. Hence, asn > 0
has been arbitrarily chosen, ~(t*) € 90D. O

As we know, for D C F and € > 0, the set N.(D) := U,cp B-(2) is called the
e-neighborhood of D. Since the union of arbitrarily many open sets is open, N.(D)
is open. Moreover,

N.(D) ={z € E|dist(z, D) < €}.
Indeed, z € E belongs to N.(D) if and only if there is 2 € D with o(z,2) < ¢,
which is equivalent to dist(z, D) < e. By Lemma dist(z, D) = dist(z, D) for
all z € E. This implies that

N.(D) = {z € E|dist(z,D) < e} = N.(D).

From D C N.(D) we also get that D C N.(D). Finally, to keep notation simple, we
denote the closure of N.(D) by N (D).
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A.16 Corollary. Suppose that E is a linear space and ¢ is induced by a norm || - ||.
That is, o(z,2') = ||z = 2'|| for all z,72 € E. In addition, let D C E.

(i) Let C C D be such that dist(C,0D) > 0. Then N.(C) C D° for every
e € (0,dist(C, 9D)].

(it) If D is convex, then D. := {z € D|dist(z,0D) > e} is convex for each ¢ > 0.

Proof. (i) By the preceding discussion, N.(C') = {z € E|dist(z,C) < €}. Thus, let

z2 € N.(C), then there exists z € C' with ||z — Z|| < e. Now, the map v:[0,1] — E,
v(t) :=tZ+ (1 — t)z is a path from z to 2 and it holds that

o(z7(8) =tllz -2 <z - 2] <&

for all t € [0,1]. We notice that z € D°, by Lemma Since ¢ < dist(C,0D)
< dist(z,0D), we conclude from Lemma that 2 € D°.

(ii) To show the claim, it suffices to verify that D. = {z € D|B.(z) C D}, by
Lemma, Let z € D, then z € D°, since dist(z,0D) > 0. Moreover,

|z — 2] < e <dist(z,0D) for all 2 € B.(2).

For this reason, Lemma shows that B.(z) C D°. For the converse inclusion, let
z € D fulfill B.(z) C D, then, as B.(z) is an open set included in D, we must have
B.(z) C D°. Suppose that dist(z,0D) < ¢, then there is 2 € 0D with ||z — Z|| <&,
which yields the contradiction B.(z) N 9D # ). Thus, the claim is verified. O

We conclude this section with the pointwise approximation of indicator functions
of open sets in E.

A.17 Lemma. For each open set O in E there is an increasing sequence (@ )nen
of [0, 1]-valued Lipschitz continuous functions on E that converges pointwise to 1g.

Proof. Let us choose an increasing Lipschitz continuous function ¢ : Ry — [0, 1]
with ¢(0) = 0 and lim,4o ¢(x) = 1. For instance, p(z) = 1 — e * for all x > 0.
Indeed, lim,qoo ™ = 0 and the Lipschitz continuity follows from the mean value
theorem, which gives |p(z) — ¢(y)] < maxyepye 17|z — y| < |z — y| for each
x,y > 0. We define a sequence (¢, )nen of [0, 1]-valued functions on E through

©n(2) == p(ndist(z,0°)) for all n € N.

Then ¢, (2) < pn11(2) for every n € N and each z € E, because ¢ is increasing. Let
L > 0 be a Lipschitz constant of ¢, then Lemma yields that

lon(2) — @n(2")] < Ln|dist(z, 0°) — dist(z", 0°)| < Lno(z, 2")

for all n € N and every z, 2’ € E, which entails that ¢, has Lipschitz constant Ln.
Since O is open, we know from Lemma that each z € E fulfills dist(z,0°) > 0
if and only if z € O. Hence, lim,1 ¢,(2) = 1 for all z € O. As p,(2) = p(0) =0
for all n € N and each z € O°, the claim is proven. O
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A.4 Approximation of measurable maps

The main content of this section is the pointwise approximation of a measurable
map taking values in a finite-dimensional Banach space by a suitable sequence of
simple maps. As we will see, in one dimension, this reduces to the classical result
that every non-negative measurable function is the pointwise limit of an increasing
sequence of non-negative simple functions (see for instance Theorem 11.6 in [2]).

We start with a measurable space (2,.%#) and a metric space (E, p). The Borel
o-field of FE is denoted by Z. In our setting, a map [ : Q — E is .#-measurable if
f~YB) € .Z for all B € #. Since the set of all B € % such that f~}(B) € .Z is a
o-field in E and the topology of E generates 4, it follows that f is .#-measurable
if and only if f~1(O) € .Z for each open set O in E. Let us consider two results
on measurability, stated as Lemma 8.1.9 and Proposition 8.1.10 in [5]. First, f is
Z-measurable if and only if

@ o fis F-measurable for all p € C(E,R,).

Since every R -valued continuous function on £ is Borel measurable, we only have
to check the if direction. To this end, let O be an open set in £. Then Lemma [A.T3]
yields that ¢ : E'— R, defined by ¢(z) := dist(z,O°) is Lipschitz continuous and
satisfies O = {z € F|p(z) > 0} = ¢71((0,00)). Hence, f~1(0) = f~1(p71((0,0)))
= (po f)71((0,00)) € Z, as desired. The second result deals with pointwise limits
of sequences of measurable maps.

A.18 Lemma. Let (f,)nen be a sequence of E-valued F -measurable maps on
that converges pointwise to some map f:Q — E, then f is % -measurable.

Proof. By the preceding discussion, it is enough to show that po f is .%#-measurable
for each ¢ € C(E,Ry). As f, is #-measurable, so is o f,, for all n € N. Continuity
of ¢ entails that the sequence (p o f,,)nen of R -valued .#-measurable functions on
2 converges pointwise to ¢ o f. Hence, ¢ o f is .#-measurable. m

From here on, let E be a finite-dimensional linear space and p be induced by
a complete norm || - || on E. That is, o(z,2') = ||z — 2/|| for each z,2’ € E. We
set k := dim(FE), then there is an isomorphism ¢ : £ — RF, which is necessarily
bimeausurable in the sense that ¢ and its inverse ¢! are Borel measurable.

A.19 Lemma. A map f: Q) — E is % -measurable if and only if the i-th coordinate
function ¢; o f of the map ¢ o f: Q — RF is F-measurable for alli € {1,... k}.

Proof. The only if direction is valid, since the composition of two measurable maps
is measurable. For if it suffices to show that ¢ o f is .#-measurable, because from
f=0¢"to(¢o f) the F-measurability of f follows. We note that

(o f)"H(B)=(¢r0of) (Bi)N-N(rof) (Br) € F

for each B € #(R*) of the form B = By x --- x By, for some By, ..., B, € #B(R).
Since the set of all B € #(R*) with (¢ o f)"1(B) € .F is a o-field in R* and
xk_ B(R) generates ZB(R¥), the assertion follows. O
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We recall that a map f : Q — F is Z#-simple if it is .#-measurable and takes

finitely many values. In this case, there exists m € N such that zq,..., 2z, € E are
the pairwise distinct values of f. The sets A1 := {f = z1},..., An = {f = zn}
belong to .% and form a decomposition of 2. That means, Ay, ..., A,, are pairwise

disjoint and ", A; = ). Furthermore,

m
i=1
Conversely, assume that m € N, z1,...,2,, € E, and Ay, ..., A,, € % are such that

above representation holds. Then f is .%#-measurable and takes at most m pairwise
distinct values. Hence, f is .%-simple if and only if is valid for some m € N,
21,...,2m € B, and Aq,..., A, € %#. Every representation for f in which
the sets Aq,..., A, form a decomposition of €2 is called normal. As we wish to
approximate every E-valued .%#-measurable map on 2 by an appropriate sequence
of F-valued .#-simple maps on €2, we introduce set partitions.

A.20 Definition. Let C, D € % be non-empty with C' C D and (C,),en be an
increasing sequence in & with C # 0.

(i) A set partition of C' is a countable system T of bounded and pairwise disjoint
Borel sets in C' with Uger B = C. If C'is compact, then we also require that
T has finitely many elements.

(ii) Let T be a set partition of C. Then |T| := suppgcr diam(B) is called the mesh
of T.

(iii) Let S and T be two set partitions of C' and D, respectively. We say that
T refines S if for each B € S there are n € N and pairwise distinct sets
By,...,B, € T such that ' ; B; = B.

(iv) A refining sequence of set partitions of (Cy)nen is a sequence (T, )nen, where
T, is a set partition of C), for all n € N, such that T, refines T, for each
n € N and lim,te |T,| = 0.

We justify the existence of set partitions and refining sequences of set partitions.

A.21 Lemma. Let C' € B be non-empty and § > 0, then there is a set partition
T of C with |T| < § that has finitely many elements if C' is bounded. Moreover,
for each increasing sequence (Cy,)nen in B with Cy # 0 there is a refining sequence
(T,)nen of set partitions of (Cy)nen-

Proof. Let first assume that C'is bounded. Since C'is compact and {Bs/»(2) | z € C'}
is an open covering of C, there are n € N and pairwise distinct z1,...,2, € C such
that U}, Bs/2(z) includes C while

U Bs2(zi,) fails to include C

J=1
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for each m € {1,...,n — 1} and every iy,...,i, € {1,...,n} with i1 < -+ < ip,.
We let By := Bsj2(21) N C and define recursively B; := (Bj/2(2z;) N C)\B;_1 for all
i €{2,...,n}. Then By, ..., B, are non-empty and pairwise disjoint Borel sets in C
with Ui, B; = UL (Bs2(z:) N C) = C. Thus, T := {B,..., B,} is a set partition
of C and |T| < sup;eqy .,y diam(Bsy2(z:)) = 0.

Now, let C' be unbounded. We define a sequence (v,)nen in N recursively by
vy := 0 and v, := min{m € N|m > v,_1, m — 1 < ||z|| < m for some z € C} for
each n € N, then (v,),en is strictly increasing. Moreover, we set

Cn:i={2€Clv,—1<|z|| <wv,} forallneN.

Then (C,,)nen is a sequence of non-empty, bounded, and pairwise disjoint Borel sets
in C' with U,,ey €, = C. By what we have shown, for each n € N there exists a set
partition T,, of C,, with finitely many elements such that |T,| < d. Consequently,

T := U T,
neN

is a set partition of C'. Clearly, T must be countable. In addition, for each A, B € T
there are m,n € N such that A € T,, and B € T,,. If m = n, then AN B = 0,
as T, is a set partition of C,. Otherwise, it follows from A C C,,, B C C,, and
C,NC, =10 that AN B = (). Moreover,

Ua=U U B=UGC.=C

AeT neN BeT, neN
In the same manner, |T| = sup,,cySuppger, diam(B) = sup,, oy |Tr| < 6. Hence, the
first assertion is proven.

We turn to the second claim. Let (C),),en be an increasing sequence in % with

C1 # (). We use the first assertion to construct a sequence of set partitions (T,,)nen
of (Cp)nen recursively as follows:

(i) Let Ty be a set partition of C; with |T,| < 1.

(ii) For n € N suppose that T, is a set partition of C), with |T,| < 1/n. For each
B € T,, we choose a set partition T of B with |Tg| < 1/(n+ 1) and let S, 41
be a set partition of C,,1\C,, with |S,41| < 1/(n+ 1) provided C, 1\C,, # 0,
otherwise let S,;1 := (). Finally, we set T, := (UBeTn TB) USni1.

This yields the correct result. To see this, let n € N, then T, ; contains only
bounded and pairwise disjoint Borel sets in C),,1, by construction. This system
must be countable, and has finitely many elements whenever C,,;; is bounded. We
also observe that

U =U ( U A)U(Cn+1\0n)zcn+1-

BeTn4+1 BeT,, A€eTp

Finally, let B € T, and write Tg = {Ay,..., A} for some m € N and some
bounded and pairwise disjoint Borel sets Ay, ..., A, in B, then B =", A;. Since
Ay, ..., A, € T,, this shows that T, refines T,. Hence, we set || := 0, then
from |T,41| = max{supper, [Tl [Sn+1]} < 1/(n+ 1) we infer the claim. O
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A.22 Example. Let F = R and || - || be the Euclidean norm |- |, then 2 = %(RF).
We set C,, := [-n,n)* for each n € N, which gives an increasing sequence (C,,)nen
of bounded sets in Z(R*) with U,cny C, = R¥, and for each compact set K in R”
there is n € N with K C C,,. We readily see that

max |z = Vkn = min |z| forall n € N.
zeCly 2€Cn+1\Cg
Furthermore, for each n € N we define T,, to be the system of all sets B C C,

that can be written in the form B = 27"([i1,4; + 1) X -+ X [ig, i + 1)) for some
iy ip € {—n2", —n2" 4+ 1,...,n2" — 1}, then T, is a set partition of C,, with

diam(B) = Vk2™™ for each B € T,.

The definition entails that T, C T, for all n € N. Hence, (T,),en is a refining
sequence of set partitions of (C,)nen-

Set partitions allow for a local uniform approximation of the identity map on a
closed set by a suitable sequence.

A.23 Proposition. Let D be a non-empty closed set in E. Then there is a sequence
(pn)nen of E-valued ZB-simple maps on E with ¢,(D) C D for all n € N that
converges locally uniformly to the identity map E — E, z+ z on D such that

len (2l < llnt1 ()]l < Nle(2)ll - for alln € N and each z € D.

Proof. We choose an increasing sequence (C,,),en of bounded Borel sets in D with
C # () satisfying the following two properties:

(i) Upen Cn = D and for each compact set K in D there is n € N with K C C,,.
(i) max, .z, [|2]| < min 5 \co 2] for all n € N.

For instance, we could choose ¢ > 0 such that ||z|]] < ¢ for at least one z € D
and let C,, = {z € D||z|| < en} for each n € N. By Lemma [A.21] there is a
refining sequence of set partitions (T, ),en of (Cp)nen. For each n € N we choose
zn € Oy such that ||z,|| = max_ & [|z]| and for each B € T, we let zp € B satisfy
|zp|| = min, g ||2||. Then ¢, : £ — E defined by

on(2) == z 2plp(2) + znlce (2)

is #-simple and fulfills ¢, (D) C D. In fact, each set B € T,, is Borel and C¢ € 4,
which implies that ¢, is #-simple. Next, let z € D. If z € C,,, then there is a
unique B € T, with z € B, which gives ¢,(2) = 25 € B. If instead z € C¢, then
¢on(z) = 2z, € C,. Hence, from the fact that B C C,, C D for all B € T,, we get
that ¢,(z) € D for all z € D, as desired.
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Now, let K be a compact set in D. Then (i) gives ng € N such that K C C,, for
all n € N with n > ng. We choose such an n € N, then for each z € K there is a
unique set B € T,, with z € B, which entails that

len(2) = 2]l = |25 — 2| < diam(B) = diam(B) < |T,|.
S0, limy1o0 SUP,c ¢ |90 (2) — 2] = 0. As E is locally compact, this shows that (¢,,)nen
converges locally uniformly to the identity map F — FE, z — z on D.

Let us prove that ||, (2)|| < ||¢nt1(2)|| for all n € N and each z € D. Assume
initially that z € C),, then there is a unique B € T,, with z € B. Since T, refines
T, there are a unique m € N and unique pairwise distinct sets By, ..., By, € Ty
with B = ", B;. We choose the unique ¢ € {1,...,m} such that z € B;, then

len(2) = llzpll = min [']] < min |7]] = [lz, ]| = [ensr(2)]
z

z'eb;
For z € C,,41\C,, there is a unique B € T, 1 with B C C,,11\C, and z € B, because
T,.1\T, is a set partition of C,,11\C,. Thus, (ii) yields that

len(2)ll = llznll = max [|2'| < _min [|2'| < min ||| = [|z5] = [len1(2)]]
2'eChp nt+1\C5 z’eB
In the last case z ¢ C,41, we have that ||©.(2)] = |lzall < llzns1ll = lons1(2)]]-
Hence, the claim is established. O

This gives the main result of this section.

A.24 Corollary. Let D be a non-empty closed set in E. Then to each % -measurable
map f: Q — D there is a sequence (f,)nen of D-valued F -simple maps on Q that
converges pointwise to f such that

[fn@) < [ fnsa(@) < Nf W) for alln € N and every w € Q.

Moreover, if f is bounded, then the convergence is uniform.

Proof. Proposition yields a sequence (¢, )neny of E-valued %-simple maps on
E with ¢,(D) C D for all n € N that converges locally uniformly to the identity
map £ — E, z — z on D such that

lon(2)] < llensr(2)]| < |l(2)|| for all n € N and each z € D.

We set f,, := @, o f for all n € N. Then f,, is a D-valued .#-simple map on 2, since
f(©) € D. We also see that lim oo frn(w) = limyteo 00 (f(w)) = f(w) and

[Fn () = lln(fWDI] < llenia (F = [[frsr(@)]]

for all n € N and each w € Q. To justify the second claim, let f be bounded. Then
there is ¢ > 0 with || f(w)]| < ¢ for each w € §2. Since K := {z € D|||z|| < ¢} is a
compact set in D and

sup | fu(2) = )| < sup ()

for each n € N, we obtain that lim,jo sup,,cq || fn(w) — f(w)|| = 0, which completes
the proof. n
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The pointwise approximation of measurable maps by simple maps leads us to a
classical statement (cf. Theorem 18 in [8, Section 1.2]).

A.25 Corollary. Let (2',.7") be another measurable space and h : Q — Q' be a
F-F'-measurable map. Then a % -measurable map f : Q — E is measurable with
respect to o(h) if and only if there is a F'-measurable map g : Q) — E such that

f(w)=g(h(w)) forallwe Q.

Proof. As the composition of two measurable maps is measurable, the condition is
clearly sufficient. To prove its necessity, we first assume that f is .#-simple. Then
there are m € N and pairwise distinct zy,...,2, € E with f(Q) = {z1,..., 2}
The sets Ay :={f = z1},...,Am := {f = 2z} belong to .#, form a decomposition
of 2, and satisfy

f = ZZiﬂAi'
i=1

Because o(h) = {h"}(A)|A € F'} C Z and f is o(h)-measurable, there must
exist A,..., Al € F such that A, = {h € A} for all i € {1,...,m}. Hence, the
map
9= zla
i=1

is Z’-simple and satisfies f(w) = g(h(w)) for each w € €, which follows directly
from 14 (h(w)) = 1a,(w) for all i € {1,...,m}. We turn to the general case. The
preceding corollary provides a sequence (f,,)nen of E-valued o(h)-simple maps on €2
that converges pointwise to f and fulfills || f,(w)|| < [[for1i(W)| < ||f(w)|| for each
n € N and all w € 2. By what we have shown, for each n € N there is a .#’-simple
map g, : £ — E such that

fn(w) = gu(h(w)) for all w € Q.

Let A’ be the set of all w’ € Q' for which the sequence (g,(w’))nen converges, then
A" e F" and h(Q2) C A'. For this reason, we can conclude that g : ' — E defined
by g(w') = limyte0 gn(w'), if W' € A’ and g(w') := 0, if W’ ¢ A, is the demanded
map. O

A.5 Monotone class theorems

In this section, we recall the standard and the functional monotone class theorem.
For this purpose, |2, Section 2| and [5, Section 1.6] are used as references. Let Q
be a non-empty set, then a system Z of sets in Q with Q € Z is a d-system (in 2)
if it satisfies D\C' € Z for all C,D € & with C C D and U,ey Dn € Z for each
increasing sequence (D,,),en in 2. We also make use of another characterization of
d-systems.
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A.26 Lemma. A system & of sets in Q with Q € P is a d-system if and only if
the following two properties hold:

(i) D° € P forall D € 9.
(77) Upen Dn € D for each sequence (Dy)nen of pairwise disjoint sets in 9.

Proof. Assume that Z is a d-system, then D¢ = Q\D € Z for all D € 2, since
2 € 2. Hence, (i) is valid. Now let (D,)nen be a sequence of pairwise disjoint sets
in . We set

C, = UDZ- for all n € N.

Then €y = Dy € Z and Cpyy = C, U Dy = (D5 \Cy,)¢ with C,, C Dy, for all
n € N. Thus, it follows inductively from (i) that (C},),en is an increasing sequence
in 2. We conclude from U,cy Dn = Upen Cn € Z that (ii) holds as well.

Conversely, suppose that & fulfills the stated properties. Let C,D € % with
C C D, then C and D¢ are disjoint, which yields that DU C € 2. So,

D\C=DNC*=(D°UC) € 2.

Next, let (D,)nen be an increasing sequence in &. By using the property of &
that we have just shown, we define a sequence (C,,),en of pairwise disjoint sets in
2 through C; := Dy and C, 41 := D, 1\D, for all n € N. Hence, the fact that
Unen Dn = Upen Cn € 2 shows the lemma. O

As verified below, d-systems are plainly related to o-fields.

A.27 Lemma. A system % of sets in Q) is a o-field if and only if it is an N-stable
d-system.

Proof. Since every o-field is o-N-stable, the only if direction follows directly from
Lemma [A.26] For the converse implication, it suffices to show that .% is o-U-stable.
First, let A, B € %, then A, B¢ € .% and hence, AU B = A°N B¢ € .%, which
shows that .# is U-stable. Now let (A,),en be a sequence in .#. We set

B,:=|JA4; foralneN.
=1

Then (B,,)nen is an increasing sequence in .%. Thus, U,ey An = Upen Bn € . O

We note that if D is a family of d-systems, then the intersection Nyep Z is
another a d-system. Clearly, let D € Ngep Z, then D¢ € & for all Z € D, and
whenever (D,,)nen is a sequence of pairwise disjoint sets in Ngep Z, then

U Dn€2 foreach Z €D.

neN

Thus, for a system % of sets in 2, the d-system generated by %, denoted by d(%), is
defined to be the smallest d-system including % in the sense that d(%) is a d-system
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that includes ¥ and which is included in every d-system including %’. This directly
implies that the d-system generated by % is necessarily unique. To verify existence,
let E be the family of all d-systems which include %, then d(%) = Nger Z. This is
due to € C Nger Z and Ngeg Z C 2’ for each 2’ € E.

A.28 Monotone Class Theorem. Let ¥ be an N-stable system of sets in €2, then
d(€) = o(%). In particular, if Z is a d-system that includes ¢, then o(%) C 2.

Proof. We merely have to show the first assertion, since the second follows directly
from the definition of d(%). By Lemma , every o-field is a d-system. Thus,
d(€) C o(€). To justify the converse inclusion, it is enough to check that d(%) is
N-stable. Let D € d(%), then

Ip ={C CQ|CNDed¥)}

is a d-system. Indeed, Q) € p, and if B, C € Zp satisfy B C C, then BND C CND,
which gives (C\B)ND = (CND)\(BND) e d(¥). So, C\B € Zp. If (Cy)nen is
an increasing sequence in Zp whose union is C, then (C,, N D),ey is an increasing
sequence in d(%). Hence, C N D = U,en(Cr, N D) € d(F).

We notice that Zp includes & for each D € €, because % is N-stable. Hence,
d(€¢) C Zp for every D € €. This yields that C N D € d(%) for all C' € d(¥) and
each D € €. But then Zp is a d-system including ¥ for every D € d(%), which
entails that d(%) is N-stable. O

We recall that a linear space .77 of real-valued bounded functions on 2 is a
monotone class if it contains the constant function 1g and if it fulfills sup,,cy by, € 7
for each R, -valued increasing bounded sequence (hy,)nen in J2.

A.29 Functional Monotone Class Theorem. Let 77 be a monotone class and
% be an N-stable system of sets in Q. If 1o € S for all C € €, then J contains
all real-valued o(%)-measurable bounded functions on 2.

Proof. First, we show that 14 €  forall A € 0(%). Let 2 :={D C Q|1p € H#},
then Z is a d-system including €. Clearly, Q2 € 2, and for each C, D € % such that
C C D, 1pc =1p—1¢ € H. If (Dy)nen is an increasing sequence in 2 whose
union is D, then (1p,)nen i a non-negative increasing bounded sequence in 7.
Thus, 1p = sup,ey Ip, € . Consequently, the Monotone Class Theorem
implies that o(%) C 2.

The next step of the proof is to check that if 4 : Q@ — R is 0(%)-measurable and
bounded, then h € 5. By Corollary [A.24] there is an increasing sequence (hy)nen
of Ry-valued o(%)-simple functions on Q with sup,,cy by, = h. Since 14 € JZ for
all A € 0(%¢) and S is a linear space, h, € J for all n € N. This in turn gives
h € . 1f more generally h is real-valued, then h™ and h~ belong to #. For this
reason, h = h* — h™ € 7, which completes the proof. O
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A.6 The Bochner integral in finite dimension

This section contains a concise introduction of the Bochner integral in a Banach
space of finite dimension. The presentation is mainly based on [5, Appendix EJ.
Additionally, under the hypothesis that the underlying measure is a probability
measure, we verify that if a measurable integrable map takes all its values in a
closed convex set, then so does its integral.

Let (2,.%, 1) be a measure space and E be a finite-dimensional Banach space
with complete norm || - || and Borel o-field . A .%-measurable map f : Q — FE
is said to be p-integrable if || f|| is p-integrable in the usual sense. First, let f be
Z-simple, as introduced in Section [A.4] If f is p-integrable, then the set {f # 0}

has finite pg-measure. In fact, let m € N, z1,..., 2, € E, and A;,..., A, € ¥ form
a decomposition of €2 such that f =37, 2;14,. Then
H(A) < p(f = 2) < I = i) < o [ 1At <

for each i € {1,...,m} with z; # 0. From {f # 0} = UZ,., 4 Ai we see that
p(f #0) = 32, n(A;) < oo. For this reason, the (Bochner) p-integral of f
(over §2) can be defined by

m

| fenaw) = 3 (4,

i=1: Z5 ;é()
This definition does not dependent on the choice of the normal representation for f.
To see this, let n € N, 2|,... 2/ € E, and By,..., B, € % form a decomposition of

Q such that f=37_, 2 1p,. Then
p(Ai) = > uw(AinBy) and  p(Bj) =Y u(A N B;)

=1 =1
for all i € {1,...,m} and each j € {1 ...,n} with z; # 0 and 2} # 0. We observe
that whenever ¢ € {1,...,m} and j € {1,...,n} are such that A; N B; # (), which
in particular follows from p(A; N B;) > 0, then z; = 2. Consequently,

S mp(d) = > D zp(A N By)
i=1:2;7%0 i=1:2;70 j=1
=2 > HulAinBy)= 3  zubB))
=1 j=1:2;7#0 j=1:2{7#0

which is the correct result. In the sequel, we let S(£2,.#) denote the linear space
of all E-valued .%-simple p-integrable maps on 2. Then the basic properties of the
p-integral of each f € S(€,.%) can be summarized as follows.

A.30 Lemma. The map S(2,.%) = E, f+— [o f(w) pu(dw) is linear and satisfies

/QleA(w)u(dw)zzu(A) and H/Qf(w)u(dw S/Qllf(W)HM(dW)

for all A € F with u(A) < oo, each z € E, and every f € S(Q2, F).
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Proof. Let « € R and f € S(,.%#). Then there are m € N, zy,...,2,, € E, and
Ay, ... A, € F that form a decomposition of €2 such that f = >, z;14,. By

definition,
m

o [ f@plde) = Y azp(A) = | af@)p(ds).
Q i=1: 20
Let moreover g € S(£2,.#). We choose n € N, zi, ...,z € E and By,...,B, € ¥
forming a decomposition of 2 such that g =377, J]l B;- Then it follows that
/(f+g =) Z (2 + 25)u(A; N By)
=1 =
zZ 750
i=1: 2,0 j=1 i=1 j=1:2/#0

= [ f)nlde) + | glw) p(dw).

This shows the linearity of the map S(2,.#) — E, f — [, f(w) u(dw). Now let
A € F with u(A) < oo and z € E. Then A, A° form a decomposition of {2 and
214 =214+ 01 4c. Thus,

[ #1aw) pld) = zp(4).

Eventually, the triangle inequality and the standard definition of the p-integral of
|| |l imply that

m

Z w

This proves the lemma. O]

m

> Nallu(A) = [ 1@ ().

i=1: 2,70

For a .%-measurable p-integrable map f : £ — FE that may not be .%#-simple,
Corollary yields a sequence (f,,)nen in S(€2, . #) that converges pointwise to f
such that the function Q — [0, 00|, w +— sup,cy || fn(w)]|| is p-integrable. Because
(fn(w))nen is a Cauchy sequence,

lim sup ||fi(w)— fa(w)|| =0 forallw e Q.

nTo0 meN: m>n

It is clear that SUp,cySUP,crg o (@) — fa@)l] < 25up,cy [l fa(w)l] for each
w € ). Hence, from dominated convergence it follows readily that
lim  sup | |fm(w) = ful(w)| u(dw) = 0.

110 meN: m>n

Due to Lemma [A.30] this implies that ([, fn(w) p(dw))nen is a Cauchy sequence.
Since E is complete, it must converge. The (Bochner) p-integral of f (over Q) is
defined to be this limit, that is,

| Fle) ) = lim [ fufe
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This definition is independent of the choice of the sequence ( f,)nen. More precisely,
suppose that (g,)nen is another sequence in S(€2,.%) that converges pointwise to f
such that the function Q — [0, 00|, w +— sup,,cy ||gn(w)]| is p-integrable. Then from
lim, 400 || fr(w) — gn(w)|| = 0 for all w € Q2 we infer that

tim [ 1fuw) = gafe)]| () = 0,

ntoo

by dominated convergence. In view of Lemma [A.30] this gives us that

i ) () = i [ 1)
lim | gn(w) p(dw) = lim | f

which is the desired conclusion. Clearly, the extended p-integral remains linear, as
we shortly verify.

A.31 Lemma. Let o, € R and f,g be two E-valued .F -measurable p-integrable
maps on 2. Then af + Bg is p-integrable and

[ (@f + o)) udw) = a [ fw) () + 8 [ gle) (o)

Proof. Let (fu)nen and (g, )nen be two sequences of E-valued .#-simple maps on
Q) that converge to f and g, respectively, such that the functions Q@ — [0, o0],
W > Sup,ey || fo(w)]| and Q@ — [0,00], w — sup,cy ||gn(w)|| are p-integrable. In
Lemma we have shown that af, + Bg, is a .#-simple u-integrable map that
satisfies

(@t Bg) @) lder) = a [ fulw) pldes) + 8 | gule) (o)

for every n € N. Clearly, lim, 1 (fn, + Bgn)(w) = (af + 5g)(w) and ||af, + Bgn||(w)
< |a||lfn(@)|l + |8]||gn(w)]|| for all n € N and each w € §2. For this reason,

[ (@f + Bo)w) pldw) = im [ (ecf+ Bgn) () (o)
= alim/ fr(w) p(dw) —i—ﬁhm/ gn(w) p(dw)

ntoo

—a/f dw—l—ﬁ/ dw).

The norm inequality for the p-integral in Lemma remains valid as well.

A.32 Proposition. Let f: Q — E be a % -measurable p-integrable map, then

< [IF@)l pde).
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Proof. By Corollary [A.24] we can choose a sequence (f,,)nen of E-valued .%-simple
maps on {2 such that lim,jo fr(w) = f(w) and sup,ey || fu(w)] < ||f(w)] for each
w € Q. According to Lemma [A.30]

| [ e

for all n € N. Hence,

< [ M@l (o) < [ 1£6)] (e

= lim
ntoo

| fa)n

< [ 7)) ().

Finally, we derive the multidimensional version of dominated convergence.

A.33 Dominated Convergence Theorem. Let (f,,).en be a sequence of E-valued
Z-measurable maps on  and f : 0 — E be .#-measurable. Suppose that

lim f,(w) = f(w) and ing)an(w)HSg(w)

nfoo

for pra.e. w € Q and some Z#-measurable p-integrable function g : Q — [0, 00].
Then f,, and f are u-integrable for all n € N and

i [ () ) = [ F() plde

Proof. Since || f(w)]| = limyteo || fr (W) < g(w) for pra.e. w € Q, it follows that || f,||
and || f|| are u-integrable for each n € N. Furthermore,

lim [|fa(w) = f(W)[[ =0 and i‘ég”fn(w) —fW)l <29(w)

for p-a.e. w € ). By standard dominated convergence,

i [ fulw) = £ p(de) = 0.
Hence, from Proposition the claim follows. O

After this introduction to multidimensional integration theory, we suppose that
i is a probability measure. In the one-dimensional case ' = R,

| fw)n(dw) € D

for each non-degenerate closed interval D in R and every .%-measurable p-integrable
function f : 0 — D. Let us prove the multidimensional generalization.

A.34 Proposition. Let p be a probability measure and D be a non-empty closed
convex set in E. Then every % -measurable p-integrable map f : 0 — D satisfies

Jo f(w) p(dw) € D.
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Proof. At first, we assume that f is .#-simple. Thus, let m € N, z,...,2, € D,
and Ai,..., A, € F form a decomposition of 2 such that f = >, 2,14,. Then
from Lemma [A.]] we obtain that

[, 7)) =3 ) € D,

since (A1), ..., pu(Ay) € [0,1] and >, u(A;) = 1. In other words, [, f(w) pu(dw)
is a convex combination of points of D. Next, Corollary provides a sequence
(fa)nen of D-valued .Z-simple maps on 2 such that lim, o fo(w) = f(w) and
sup,en || fu(@)|| < [|f(w)] for all w € Q. By what we have just shown,

/an(w) p(dw) € D for all n € N,

Since D is closed, we conclude that

/Qf(w),u(dw) = }Liglo/ﬂfn(w)u(dw) eD.

A.7 Stochastic processes and stopping times

Here, we summarize the relevant material on adapted and progressively measurable
stochastic processes and on stopping times. In particular, we look more closely at
hitting times. To this end, [25, Sections 1.1 and 1.2] and [33, Section 1.5] are mainly
used as references. Reconstructibility that originates from the classical theory of
Markov processes is also studied (cf. |11, Appendix]).

Let J be a non-degenerate interval in Ry and (€,.%), (S5,.7) be two measurable
spaces. We assume that (%) is a family of sub-o-fields of .%#. In our context, a
process is a map

X:JxQ—=85 (tw)— Xi(w)

such that the map X; : @ — S, w — X;(w) is .#-measurable for each t € J.
The map J — 5, t — X;(w) is called a path of X for each w € Q. In case there
is no reason of ambiguity, we say that X is (right-)continuous if all its paths are
(right-)continuous. Next, if X; is .#-measurable for all ¢ € J, then X is said to be
(Z1)ie-adapted.

Let us further suppose that (%) is a filtration of ., that is, #, C .%, for all
s,t € J with s < t. To abbreviate notation, we set J; := {s € J|s < t} for each
t € J. Then X is called (%#;);c -progressively measurable if the map

Jex Q=95 (s,w)— Xs(w)

is B(J,)®.F;-measurable for all t € J. Put differently, X is progressively measurable
with respect to (F)es if {(s,w) € J, x Q| Xs(w) € B} € B(J;) @ F for all t € J
and each B € .%.



A.7. STOCHASTIC PROCESSES AND STOPPING TIMES 135

Let us now consider a backward filtration of %, which is a family (%) of
sub-o-fields of .# with %/ C %/ for each s,t € J with s < t. For convenience, we
write J] :={u € J|u >t} forall t € J. Then X is said to be (.#/)icj-progressively
measurable if the map

JixQ—=S (u,w)— X,(w)

is B(J])®.%/-measurable for all t € J. In other words, X is progressively measurable
with respect to (F))ies if {(u,w) € J} x Q| X, (w) € B} € B(J]) @ F/ forallt € J
and every B € .¥.

A.35 Example. Suppose that (%;);c; and (.F) )i are of the form
Fr=0Xs:s€ ;) and F/ =o0(X,:uelJ) forallteJ

Then (#;)ics and (F])ics are called the natural filtration and the natural backward
filtration of X, respectively.

We say that a set F'in J x  is (%) -progressively measurable if the indicator
function 1 : J x Q — {0,1}, (t,w) — 1p(t,w) is (F)ies-progressively measurable.
This leads us to a characterization of progressive measurability of processes (see
Exercise 1.5.11 in [33]).

A.36 Lemma. The system of all (F;)iecs-progressively measurable sets in J X € is
a o-field. Moreover, a process X : J x Q — S is (F;)es-progressively measurable if
and only if it is measurable with respect to this o-field.

Proof. Tt is readily seen that a set F'in J x Q is (%) j-progressively measurable if
and only if the set {(s,w) € J; x Q| 1p(s,w) = 1}, which coincides with F'N(J; xQ),
is a member of A(J;) @ %, for all t € J.

Since (J x Q)N (Jy x Q) = Jy x Q € B(J;) ® F; for each t € J, the set J x Q
is (#;)ies-progressively measurable. Let F' be an (.%;)cj-progressively measurable
set in J x  and choose t € J, then

Fen(Je x Q) ={(s,w) € Jy x Q]| (s,w) ¢ F'}.

Thus, F°N (J; x Q) is the complement of F'N (J; x ) in J; x Q, which implies that
Fen(Jy x Q) € B(J) ®@.F. So, F€ is another (#;);e -progressively measurable set
in J x Q. If (F,)nen is a sequence of (%, );cj-progressively measurable sets in J x €2,
then its union F' := U,y F, satisfies F N (J; X Q) = Upen(Fn N (Jp x Q)). For this
reason, F'is (%) -progressively measurable. This clarifies the first claim.

Now, let X : J x Q — S be a process and B € .. Then X 1(B) N (J; x Q)
agrees with {(s,w) € J; x Q| X,(w) € B} for all t € J. Consequently, X~ *(B) is
(Z1)ies-progressively measurable if and only if {(s,w) € J; x Q| Xs(w) € B} belongs
to B(J;) ® %, for each t € J. The lemma is established. O

The o-field of all (%) j-progressively measurable sets in J x € is called the
(F1)ieg-progressive o-field. Of course, if F#;, = % for every t € J, then it reduces to
the product o-field Z(J) ® .%. At this place, we recall partitions, which are used
to approximate right-continuous processes and stopping times.
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A.37 Definition. Let H,I C R be two non-degenerate intervals with H C I and
(In)nen be an increasing sequence of non-degenerate intervals in R.

(i) A partition of I is a countable set T C I so that inf I € T, if inf I € I, and
supl € T, if supl € I. Moreover, if I is compact, then T is required to be
finite.

(ii) Let T be a partition of I. The successor of a point ¢t € T with respect to T is
defined by t' := min{u € T |u > t}, if t <supl, and t' ;= ¢, if t = sup . In
addition, |T| := sup,ep(t’ — t) is called the mesh of T.

(iii) Let S and T be two partitions of H and I, respectively. We say that T refines
SifScCT.

(iv) A refining sequence of partitions of (I,)nen is a sequence (T,,)nen, where T, is
a partition of I,, for all n € N, such that T, refines T, for each n € N and
lim, o0 |Ty| = 0. If I = I, for all n € N, then we will speak about a refining
sequence of partitions of I.

We now relate (%) j-adapted and (.%;)c j-progressively measurable processes,
which partially extends Proposition 1.13 in [25].

A .38 Proposition. Assume that p is some metric on S for which . is the Borel
o-field of S with respect to p. Then every (%) -adapted right-continuous process
X 1 J xQ — S is (F)ies-progressively measurable.

Proof. Let t € J and (T,),en be a refining sequence of partitions of .J;. Then
for all » € J with r < t and each n € N there is a unique s € T, such that
r € [s,s'). So, for each n € N we may define an A(J;) ® F,-measurable process
XM, x Q= S by XM(w) := Xg(w), if r < t and with s € T, satisfying
r € [s,8), and XM (w) := X,(w), if r = t. The B(J,) ® .F-measurability of X™ is
easily checked. Let B € ., then

{(r,w) € J; x Q| X" (w) € B} = ( U [s,¢) x {Xy € B}) U ({t} x {X; € B}),
seTy

as Jy is the union of User [, s') and {t}. From [s,s") € #(J;) and {Xy € B} € %

we conclude that [s, s')x{Xy € B} € B(J;)®.%; forall s € T,,. Since {t} x{X; € B}

also belongs to #A(J;) ® Z#; and T,, is countable, the Z(J;) ® .#;-measurability of

X™ is clarified.

We now show that (X™),,cy converges pointwise to the restriction of X to .J; x Q,
which then completes the proof, by Lemma Let (r,w) € J; x Q and € > 0. If
r =t, then X" (w) = X¢(w) for all n € N. Otherwise, the right-continuity of X (w)
gives § > 0 with

p(Xs(w), Xp(w)) <€
for all s € [r,r + )N J. We choose ng € N such that |T,| < ¢ for all n € N with
n > ng. Then p(X™(w), X, (w)) < € for every such n € N, since X (w) = Xy (w)
and 0 < s’ —r < |T,| < § with s € T, fulfilling r € [s, s). O
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Similarly, we define a set F'in J x € to be (.%/)icj-progressively measurable if
the indicator function 1p shares this property. By proceeding as in Lemma [A.30]
we readily see that the system of all (%)) -progressively measurable sets in J x 2
is a o-field and we call it the (%) -progressive o-field. As before, if .#/ = .% for
all t € J, then it is simply the product o-field #(J) ® .#. Furthermore, a process
X 1 JxQ — Sis (F)es-progressively measurable if and only if it is measurable
with respect to this o-field.

Let us also introduce the reconstructible o-field as the o-field generated by the
system of all sets F' in J x Q of the form F' = J, x A’ for some u € J and some
A" e #]. Correspondingly, a process X : J x Q — S is called reconstructible if it is
measurable with respect to the reconstructible o-field.

A.39 Lemma. The (F])ics-progressive o-field includes the reconstructible o-field.
In particular, every reconstructible process X : J x Q@ — S is (F])ie -progressively
measurable.

Proof. For the first claim, it suffices to show that J, x A’ is (.#)e -progressively
measurable for all u € J and each A’ € .%]. We readily see that (J, x A") N (J] x Q)
= [t,u] x A", if t <w,and (J, x A)N(J] x Q) =0, if t > u, for all t € J. Hence,
(Jux A)YN(J] x Q) € B(J])) @ F forallt € J, as desired.

The check the second claim, let X : J x  — S be a reconstructible process. By
what we have shown, X must be measurable with respect to the (.%#/);c j-progressive
o-field. For this reason, the preceding discussion concludes the proof. O

We also relate (.#/)ics-adapted and reconstructible processes.

A.40 Proposition. Suppose that p is some metric on S for which . is the Borel
o-field of S with respect to p. Then every (F))ics-adapted right-continuous process
X 1 J xQ — S is reconstructible and (F])icj-progressively measurable.

Proof. Let (T,)nen be a refining sequence of partitions of J. We set T' := sup J,
then for all ¢ € J with ¢t < T and each n € N there is a unique u € T, such
that ¢ € [u,u’). Thus, for each n € N we may define a reconstructible process
XM JxQ = 8 by X(w) = Xu(w), if t < T and with v € T, fulfilling
t € [u,u’), and xm (w) := Xp(w), if t = T. To justify that X™ is reconstructible,
we let B € .. For T' ¢ J it holds that

{(t,w) e J x QXM (w) e By = | [u, ) x {Xu € B},

ueTy

because J = Uyer, [u, v'). Suppose instead that T" € J, then

{(t,w) e Jx Q| X" (w) e B} = ( U [u,u') x { Xy € B}) U({T} x {X7 € B}).

uETn

Since {X,, € B} € #/, the set [u,u') x {X,» € B} belongs to the reconstructible
o-field for each u € T,,. If T € J, then {T'} x {Xr € B} is also a member of the
reconstructible o-field. Hence, as T,, is countable, X ™ is reconstructible.
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Finally, we verify that (X(™),cy converges pointwise to X, which then estab-
lishes that X is reconstructible, by Lemma [A.T8] Once this is shown, Lemma [A.39
completes the proof. Let (t,w) € J x Qand ¢ > 0. If t =T, then X;n) (w) = Xp(w)
for all n € N. Otherwise, the right-continuity of X (w) gives § > 0 such that

p(Xu(w), Xi(w)) <e

for all u € [t,t +0) N J. We choose ng € N satistying |T,| < ¢ for all n € N with
n > ng. Then p(Xt(n) (w), Xy(w)) < e for every such n € N, since xm (W) = Xy (w)
and 0 < v’ —t < |T,| < ¢ with u € T, such that t € [u, ). O

Let es return to the filtration (%#;)ies of F#. We recall that an (.%;)cs-optional
time is a function 7 : Q — J U {oo} such that {r < t} € % forallt € J. If in
addition 7(€2) C J, then 7 is called finite. An (%) -stopping time is a function
7:Q — JU{oo} such that {7 <t} € % forallt € J.

Let 7 be an (%;)ics-stopping time. Since {7 < t} = Upen{7 <t —1/n} € %
for all t € J, it is clear that 7 must be an (%#,);c -optional time. Moreover, with
T we associate the system .7, == {A e F|AN{r <t} € # forallt € J, which
constitutes a sub-o-field of .%#. Of course, if 7 =t for some ¢t € J, then %, = %;.
Let X : J x Q — S be a process, then the stopped process of X with respect to 7 is
given by

XTI xQ—=95, X{(w):= Xirr(w)(w).
Suppose temporarily that 7 is finite, then the map X, : Q@ — S is defined via
X;(w) = X;w)(w). We notice that if X is #(J) ® F-measurable, then X, is
Z-measurable. Indeed, let ® : Q — J x Q be given by ®(w) := (7(w),w), then

X, =Xo® and {X,e€B}={2ecX (B)}e.F forall Be.7,

because X 1(B) € B(J)®.F and ®1(J; x A)={r <t}NAe€ F foreach t € J
and every A € .%. We verify two basic facts on these concepts for stopping times
(cf. Exercise 1.5.12 in [33]).

A.41 Lemma. Let X : J x Q — S be an (Fy)iey-progressively measurable process
and 7 be an (F;)es-stopping time. Then the following two assertions hold:

(i) The stopped process X7 is (Fy)ies-progressively measurable.
(it) If T is finite, then the map X, is F,-measurable.

Proof. (i) Let ® : J x Q — J x Q be defined by ®(¢t,w) := (t A 7(w),w). Then
X7 = X o ® and it holds that

{(r,w) e J; x Q| X7 (w) € B} = {(r,w) € J; x Q| ®(r,w) € X 1(B)}
={(r,w) € J; x Q| ®(r,w) € X Y(B)N(J;, x Q)}

for all B € . and each t € J. Hence, if we can show that

{(7"7&]) S Jt X Q | (I)(T,w) & C} S %(Jt) X 9}
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for each C' € #(J;) ® #;, then the claim follows. According to the Monotone Class
Theorem [A.28] we may assume that C is of the form C' = J; x A for some s € J;
and some A € .%;. In this case, we conclude that

{(r,w) € Jy x Q| ®(r,w) € C} ={(r,w) € Jy x A|r A7(w) < s}
= (Js x A)U((s,t] x (An{r <s})) € B(J);) @ F.

(ii) We observe that, since X7 is (%) j-progressively measurable, it must be
AB(J) @ F-measurable and (F;)ic-adapted. In consequence, X, is .%-measurable
and we obtain that {X, € B} N{r <t} ={X] e B}n{r <t} e F forallt e J
and each B € .. This shows the lemma. m

We now provide a standard result on hitting times, which generalizes Problems
2.6 and 2.7 in [25]. Note that the proof of the fourth assertion is mainly concluded
from the solution in this book. For convenience, we set 1y := inf J and T := sup J.

A.42 Proposition. Suppose that ro € J and p is a metric on S for which . is the
Borel o-field of S with respect to p. Let X : J x Q — S be an (F;)iey-progressively
measurable process, B € .7, and T := inf{t € J| X, € B}. Then the following four
assertions hold:

(i) Xs & B on {1 > s} forallse€ J, and X, € B on {Tr =T} provided T € J.

(ii) Let X be right-continuous, then X, € B on {1 < oo}. Assume in addition
that X is left-continuous, then X, € 0B on {ro < 7 < co}.

(iii) If B is open and X is right-continuous, then T is an (F)e -optional time.
(iv) If B is closed and X is continuous, then T is an (F)ie -stopping time.

Proof. (i) If we had X,(w) € B for some (s,w) € J x Q with 7(w) > s, then we
would get that s > inf{t € J| X;(w) € B} = 7(w), a contradiction. Let 7" € J and
suppose that w € {r = T} fulfills X, (w) ¢ B. Then, by what we have just shown,
{t € J| Xi(w) € B} = 0. Hence, 7(w) = oo, which is impossible.

(ii) f T'€ J and w € {r = T}, then (i) already gives X,(w) € B. Thus, let
us suppose that w € {7 < T’} satisfies X, (w) ¢ B. Then, as (B)¢ is open, there is
e > 0 with B.(X,(w)) C (B)¢. By the right-continuity of X (w), there is § > 0 such
that

Xs(w) € B-(X;(w)) forall s € [r(w),7(w)+d)NJ.

However, the definition of 7(w) yields s € [7(w), T(w) + ) N J with X (w) € B, a
contradiction. Now, let X be left-continuous. We suppose that w € {ro < 7 < oo}
fulfills X, (w) ¢ OB. Since X, (w) € (B)¢ cannot occur, we must have X, (w) € B°.
As B° is open, there is ¢ > 0 with B.(X,(w)) C B°. Left-continuity of X (w) gives

d € (0, 7(w) — ro) such that

X,(w) € B.(X,(w)) for each s € (1(w) — 4§, 7(w)].
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Thus, we obtain the contradiction that 7(w) — /2 € {t € J|X;(w) € B} while
T(w) — /2 < 7(w) = inf{t € J | X;(w) € B}.

(iii) Let t € J, then for each w € {7 < t} there exists s € J with X(w) € B
and 7(w) < s < t. If instead w € {X; € B} for some s € J with s < ¢, then
s > inf{t € J| Xi(w) € B} = 7(w). Hence, {7 <t} = U,y sct{Xs € B}. If we can
show that

N {X,eB}= [\ {X,eBY,
seJ:s<t seJNQ: s<t
then, as the rational numbers QQ are countable, we get that {7 > t} € .%;, which
proves the claim. Let w € Nyejng.s<:{Xs € B°} and s € J with s < t. Since [s,1)NQ
is dense in [s, t), there is a sequence (s, )nen in [s,1) NQ such that lim,1o 5, = 5. As
X, (w) € B for all n € N and B¢ is closed, we conclude from the right-continuity
of X (w) that X;(w) = limy4e X, (w) € B

(iv) We set B, := {z € S|dist(z, B) < 1/n} and 7, := inf{t € J | X; € B,} for
all n € N, where we use the notation dist(z,C) = inf cc p(x,y) for all x € S and
each C' C S. Then B, is the (1/n)-neighborhood of B, as introduced in Section [A.3]
and for this reason, it is open. Hence, (iii) implies that 7, is an (.%,;);c -optional
time. From B C B,,.; C B,, we infer that

Tn < Tpe1 <7 forallneN.

As B is closed, B = N,en Bn. In fact, if x € § satisfies dist(z, B) < 1/n for all
n € N, then dist(z, B) = 0, which is equivalent to € B, by Lemma |[A.13, The

next step of the proof is to show the following two conditions:
(a) 7, = 1o for eachn € Non {7 = r¢} and 7,, > r( for almost all n € Non {7 > r}.
(b) 70 < Tp < Tpy1 < 7 for almost each n € N on {ry < 7 < oo}.

Clearly, from 7, < 7 we obtain that 7, = ro on {7 = 1o} for every n € N. We let
w € {7 > ro} and suppose that 7,(w) = 7 for infinitely many n € N. Then there
exists a strictly increasing sequence (v, )nen in N and a sequence (¢,,)nen in J with
dist(X:, (w), B) < 1/v, for each n € N and lim,yoo t,, = 7. Lemma and the
right-continuity of X (w) yield that

dist(X,, (w), B) = 7111%10 dist(X3, (w), B) = 0.

Hence, X,,(w) € B, which gives the contradiction 7(w) = r¢. This verifies (a). Next,
let w € {rg < 7 < 0o} and assume that ry < 7,(w) = 741 (w) for some n € N. Then
(ii) implies that X, (w) € 0B, N dB,1, which is impossible, as dB,, N IB,,1 = 0.
Simlarly, if 7,,(w) = 7(w) for some n € N, then X, (w) € 0B,NOB, which is another
contradiction, since 9B, NdB = (. So, (b) holds.

We now check that o := sup,cy 7, agrees with 7 on {7 < oo}. Since ¢ < 7,
we merely have to prove that ¢ > 7 on {0 < oo} N{ry < 7 < oo}. Let us
choose w € {0 < oo} N{ry < 7 < oo}. From (b) and (ii) we get ny € N such
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dist(X,, (w),B) = 1/n for all n € N with n > ng, since Lemma entails that
0B, = {x € S|dist(z, B) = 1/n}. Hence, left-continuity of X (w) implies that

dist(Xy(w), B) = liTm dist(X, (w), B) =0,
which shows that X,(w) € B. Thus, o(w) > inf{t € J| X;(w) € B} = 7(w). So,
SUD,en T = T o1 {7 < oco}. Finally, (b) entails that {7 <t} = N,en{m < t} € F
for all t € J with t > rg. Since {7 = ro} = {X,, € B} € #,,, the proposition is

70

established. N

We are interested in a certain construction of stopping times taking finitely many
values. As before, we use partitions and let rq = inf J.

A.43 Lemma. Let rg € J and 7 be an (F)ieg-stopping time. Then for each t € J
and every partition T of [ro,t], the function 11 : Q — (ro,t] defined by

thqy(w) = Z 3/]1{S§T<s’}(w) + tﬂ{TZt}(w)
seT

is an (Fy)eg-stopping time that takes finitely many values such that 0 < 7,p—1 < |T|
on {1t <t} and 7,7 =7 on {T =t}.

Proof. From 7, p(2) = T\{ro} we see that 7, (2) is finite. For s € T with s’ < ¢ it
holds that {nr =5} ={s <7<} ={r <} N{r <s}° € .Fy. In addition,

{nr=t}={s<7<tju{r >t} ={r>s} e %

with the unique s € T\{¢} satisfying s' = ¢. Consequently, 7,1 is an (% );e -stopping
time. We choose w € {7 <t}. If 7(w) = t, then 7, r(w) = t. Otherwise, there is a
unique s € T with s < 7(w) < §'. In this case, i.r(w) = s’ and 7, 7(w) — 7(w) < |T.
This verifies the lemma. O

We conclude with the pointwise approximation of a stopping time by a decreasing
sequence of stopping times that take only finitely many values.

A.44 Proposition. Let ro € J and T be an (%) -stopping time 7. Then there
is a decreasing sequence (Ty)nen Of (Fi)ies-stopping times, each taking only finitely
many values, that converges pointwise to T. Moreover, if T <t for somet € J, then
(Tn)nen can be chosen such that the convergence is uniform and sup,,cy 7, < t.

Proof. First, let r,t € J with r <t, S be a partition of [rg,r|, and T be a partition
of [ro, t] that refines S. Using the notation of the preceding lemma, we seek to show
that

Trs > Ter on {7 <r}. (A.5)

Let w € {7 < r}, then there is a unique ¢ € S such that ¢ < 7(w) < ¢’. Here, ¢
denotes the successor of g with respect to S, that is, ¢ = min{s € S|s > ¢}. Since T
refines S, there are n € Nand sq,...,8, € Twithn>2andg¢g=5s,<---<s,=¢.
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We choose the unique ¢ € {1,...,n — 1} with s; < 7(w) < $;41, then we draw the
conclusion that 7,.s(w) = ¢’ > s;11 = Te1(w). Thus, holds.

Now we can justify the first assertion. Let initially 7" € J, then J = [ry, T] and
{r <0} = {7 <T}. We choose a refining sequence (T,,),en of partitions of [rg, T
and for each n € N we define 7,, : Q — [ro,T] U {o0} by

To(w) == 7rr, (W) forwe {r <oco} and 7,(w): =00 forw e {T=o00}.

Then 7, is an (%), r)-stopping time taking finitely many values such that 7, > 7,
as 7o, > 7on {7 < oo} and {7, <t} = {rrr, <t} N{r <t} foral t € [ry,T].
From and the fact that 7rp, = T on {7 = T} for all n € N we infer that
(Tn)nen is decreasing. If w € {7 = oo}, then 7,(w) = 7(w) for each n € N. Suppose
instead that w € {7 < oo}, then 0 < 7,(w) — 7(w) < |T,| for all n € N, which gives
lim 00 7 (w) = 7(w), as claimed.

Now assume that T ¢ J, then J = [ro,T'). Let (£,)nen be an increasing sequence
in [ro,T") such that lim,4o t, = T and (T, ),en be a refining sequence of partitions
of ([ro, tn])nen. For each n € N we let 7, : Q — [rg,T) U {oo} be defined by

Tn(w) =1, 1, (w) forwe{r<t,} and 7,(w):=00 forwe{r>t,}.

Then once again 7, is an (%) cpr,,r)-stopping time taking finitely many values such
that 7,, > 7, since 7,1, > 7 on {7 < t,} and {7, <t} = {1, < t}N{r <t}
for all ¢t € [ro,t,]. Next, we pick n € N. For w € {r < t,} we infer from and
{r <t,} C{r <t 41} that

Tn(w) = TtnyTn (w) Z 7—1577,-‘—17’]I‘n+1 (w) = Tn"l‘l (w)

For w € {7 > t,} we have that 7,(w) = 00 > T,41(w). Thus, (7,)nen is decreasing.
Suppose that w € {r < T}, then 7,,(w) — 7(w) = 7, 1, (W) — T(w) < |T,| for almost
all n € N. Hence, limjo 7, (w) = 7(w). Since {7 > T} = {7 = oo}, we get that
Tn(w) = T(w) = oo on {7 > T} for every n € N. This completes the verification of
the first claim.

To prove the second assertion, let ¢ € J be such that 7(w) < ¢ for all w € Q. We
choose a refining sequence (T},),en of partitions of [rg, t] and set 7, := 7 1, for each
n € N. Then (7,)nen is decreasing and 7,,(€2) C [ro,t] as well as 0 < 7, — 7 < |T,,|
for all n € N, since {7 <t} = Q. This concludes the proof. O]
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List of Symbols

Here, the main symbols used in the thesis are described. We choose d,k € N, a
metric space D, and a pseudometric space S. Moreover, F' is a non-empty set in
some Banach space E, and (Q, %), (V, . #') are two measurable spaces.

Sets and elements

N set of all natural numbers

Q field of all rational numbers

14 indicator function of a set A € .#

R real line

R, semiring of all non-negative real numbers

C complex plane

R? d-dimensional Euclidean space

RExd linear space of all real k x d matrices

Iy identity matrix in R¥*¢

Se linear space of all symmetric matrices in R%*¢
St linear space of all positive definite matrices in S¢

Bs(z) open ball in S with center x € S and radius > 0

Number operations

T Ay minimum of two real numbers z and y
zVy maximum of x and y

" positive part of x

x” negative part of x

|| absolute value of z
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Vector and matrix operations

(T, 7) dot product of two vectors T and 7 in R?
|z| Euclidean norm of
At transpose of a matrix A € R¥**

tr(B) trace of a matrix B € R*4

|B| Frobenius norm of B

o(B) set of all complex eigenvalues of B
B! inverse of B provided B is invertible
Map spaces

B(S,D) set of all D-valued Borel measurable maps on S and B(S) := B(S,R)
By(S, F) set of all bounded maps in B(S, F') and By(S) := B(S,R)

C(S,D) set of all D-valued continuous maps on S and C(S) := C(S,R)

Cy(S, F) set of all bounded maps in C(S, F') and Cy(5) := Cy(S,R)

System of sets operations
o(€) o-field generated by a system of sets @ in Q2
o(X) o-field generated by a .%-.%’-measurable map X : Q —

AB(9) Borel o-field of S

Topological set operations

D° interior of D
oD boundary of D
D closure of D

diam(D) diameter of D
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