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Abstract

In this thesis we consider two classical problems in the theory of Markov processes for
the special case of a Lévy process: Conditioning the process to avoid a Borel set B and
conditioning the process to hit a Borel set B continuously from the outside. The aim
in both settings is to characterise the conditioned process as a Doob-h-transform of the
process killed on entering the set B.

In the first setting we use an invariant function to transform the killed process to a non-
killed process whose state space is the complement of B. Moreover, this transformed
process is connected to the process conditioned to avoid B and the long-time behaviour
of the transformed process is analysed. We tackle this problem when B is an interval for
two classes of Lévy processes. The first one consists of Lévy processes with finite variance
and the second one consists of stable processes. Different techniques are needed to handle
both cases.

The second problem is kind of a counterpart of the first one. Here, the aim is to transform
the process killed on hitting B to a process which hits the boundary of B continuously
before hitting the inner of B. For this we use a harmonic function and show that the un-
derlying h-transformed process indeed hits the boundary of B continuously. Furthermore,
we connect the h-transformed process to the process conditioned to be absorbed by B in
a meaningful way. This problem is tackled when B is an interval and the Lévy process is
a stable process.

Zusammenfassung

In dieser Arbeit betrachten wir zwei klassische Probleme der Markov-Prozess-Theorie fiir
den Spezialfall eines Lévy-Prozesses: Einerseits soll der Prozess darauf bedingt werden,
eine Borelmenge B zu vermeiden und andererseits soll er darauf bedingt werden, eine
Borelmenge B stetig von auflerhalb zu treffen. Das Ziel in beiden Situationen ist es, den
bedingten Prozess als eine Doob-h-Transformation des Prozesses, getotet bei Eintritt in
B, darzustellen.

In der ersten Situation nutzen wir eine invariante Funktion, um den getoteten Prozess
in einen nicht-getoteten Prozess, dessen Zustandsraum das Komplement von B ist, zu
transformieren. Auflerdem wird dieser transformierte Prozess mit dem Prozess bedingt
B zu vermeiden verbunden und das Langzeitverhalten des transformierten Prozesses wird
analysiert. Wir gehen das Problem im Fall wenn B ein Intervall ist fiir zwei Klassen
von Lévy-Prozessen an: Die erste besteht aus Lévy-Prozessen mit endlicher Varianz und
die zweite besteht aus stabilen Prozessen. Um beide Klassen zu behandeln, werden ver-
schiedene Techniken benétigt.

Das zweite Problem ist eine Art Gegenstiick des ersten Problems. Hier ist das Ziel, den
Prozess getotet in B zu einem anderen Prozess zu transformieren, der den Rand von B
stetig trifft bevor er das Innere von B trifft. Dazu nutzen wir eine harmonische Funktion
und zeigen, dass der zugehorige h-transformierte Prozess den Rand von B stetig trifft.
AuBlerdem verbinden wir den h-transformierten Prozess zum Prozess bedingt von B ab-
sorbiert zu werden in einer aussagekréftigen Art und Weise. Dieses Problem wird fiir die
Situation angegangen, falls B ein Intervall ist und der Lévy-Prozess ein stabiler Prozess
ist.
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1 Introduction

1.1 Markov processes conditioned to avoid a set

Conditioning Markov processes to avoid sets is a classical problem and has been studied
in many settings. Suppose (P?),cr is a family of Markov probabilities on the state space
R, and that

Tp :=inf{t > 0:& € B}

is the first hitting time of a fixed Borel set B C R. When Tp is infinite with positive
probability the conditioning is trivial since one can just condition on the event {15 = oo}.
In the case that Ty is almost surely finite, it is non-trivial to construct and characterise
the conditioned process through the natural limiting procedure

lim P*(A|s+t<Tg) (1.1)
S$— 00
or the randomized version
Im P* (At <eqleq < Th), (1.2)
q—0

for A € F; and x € R\ B. Here, (F;):>0 denotes the natural filtration of the underlying
Markov process and e, are independent exponentially distributed random variables with
parameter ¢ > 0. The limiting procedures translates to conditioning the process not
to hit B until time s 4+ ¢ and then s tends to co and translates to conditioning the
process not to hit B until some exponential distributed time and then its parameter tends
to 0.

The classical aim concerning these limits is to show that they lead to a so-called Doob-h-
transform of the process killed on entering B using some invariant function. This yields
on the one hand that the process conditioned to avoid B in the sense of or is
again a (strong) Markov process. On the other hand the invariant function sometimes has
analytic or probabilistic properties which can be used to analyse the conditioned process
concerning questions like recurrence and transience or the long-time behaviour.

A classical example is Brownian motion conditioned to avoid the negative half-line. In
this case, the limits and lead to the Doob-A-transform of the Brownian motion
killed on entering the negative half-line, by the positive invariant function h(z) = x on
(0,00). This Doob-h-transform turns out (see e.g. [47] or Chapter VI.3 of [50]) to be
the Bessel process of dimension 3, which is transient. This example is typical, in that a
conditioning procedure leads to a new process which is transient where the original process
was recurrent.

Extensions of this result have been obtained to condition Lévy processes to stay positive,
see Chaumont and Doney [16]. In that case, the associated invariant function that plays
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the role of A in the Brownian example above is given by the potential function of the
dual ladder height process. In a similar spirit Bertoin and Doney [5] have shown how
to condition random walks conditioned to stay non-negative. Other examples of Markov
processes conditioned to avoid domains via a limiting procedure, and thus characterised as
a Doob-h-transform of the original process killed on exiting the specified domain, include
random walks conditioned to stay in cones (Denisov and Wachtel [20]), random walks
with finite second moments conditioned to avoid an interval (Vysotsky [57]), spectrally
negative Lévy processes conditioned to stay in an interval (Lambert [43]), subordinators
conditioned to stay in an interval (Kyprianou et al. [39]), Lévy processes conditioned to
avoid the origin (Panti [45] and Yano [58]), self-similar Markov processes conditioned to
avoid the origin (Kyprianou et al. [37]) or stable processes conditioned to stay in cones
(Kyprianou et al. [42]) .

The purpose of a part of this work is to take advantage of the path discontinuities of a
Lévy process to condition it to avoid a bounded interval. In contrast to Brownian motion
it is possible that a Lévy process reaches the area above and below the interval without
hitting it. Hence, the process conditioned to avoid the interval in the spirit of or
is not just the process conditioned to stay below the interval when the initial value
is below the interval and above the interval when the initial value is above the interval
whereas for the Brownian motion exactly this is the case.

Typically, there are two ingredients needed to connect an h-transformed process with the
process conditioned to avoid B in the sense of ([1.1)) or (1.2)):

(i) An invariant function h for the process killed on entering B.

(ii) Tail asymptotics for the distribution of Tz of the form

lim f(s)P*(s < Tp) = h(x)

5—00

or in the randomized version

lim f(q)P*(eq < TB) = h(x).

q—0

If one can solve these two problems, it is usually a standard procedure to reach our aim.

1.2 Markov processes conditioned to be absorbed by a set

The contrary problem of conditioning a Markov process to avoid a set is to condition a
process to hit a Borel set B C R continuously in finite time or more precisely, condition
it to hit the boundary of a set continuously without hitting the inner of the set. Similar
to the problem before the interesting case is when Typ is infinite almost surely. We define
Bs = (Uyesp Ds(x)) \ B where Ds(x) is the open d-ball around x. The usual aim for our
problem is to characterise the limit

ligg)IP’f”(A,t<TBu35|TB€ <Tg), AeF,xrcR\B (1.3)
€

as the h-transform using a harmonic function for the process killed on entering B. The
benefit of a harmonic function is that the h-transformed process leaves all compact subsets

of R\ B before it is killed. Sometimes this can be used to show that the h-transformed
process is killed in finite time and has indeed a limit at its killing time which is in dB.
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A classical example is a one-dimensional Lévy process conditioned to be absorbed by 0
from above, i.e. without hitting the negative half-line (Chaumont [I5], Silverstein [55]).
Silverstein showed that for a Lévy process which does not drift to —oo and fulfils some
mild assumptions under which the potential of the dual ladder height process has a density
u_, this density is harmonic for the process killed on entering (—oo,0]. The limit in
this setting translates to

il{{l}] P (A, t< T(foo,é) |T(075) < T(foo,O})v Ae Fi,z >0

and Chaumont identified it as the h-transformed process using the harmonic function
found by Silverstein. Furthermore, Chaumont used the harmonicity of u_ to show that
the conditioned process is indeed absorbed by 0 in finite time without hitting the negative
half-line.

More recent is the one-dimensional stable process with self-similarity index o < 1 condi-
tioned to be absorbed by 0 (Kyprianou et al. [37]). In this setting the harmonic function
is u(—x) where u is the potential density which is known to be

sin(map)z®? ite>0
u(x) =4 | A L ) .
sin(rap)|z|*~ itz <0
The limiting procedure ([1.3]) translates to

;i\r‘%Px(A,t < T(_(;’(;) |T(_€7€) < OO), Ae F,z#0.

Moreover, the authors showed again that the conditioned process hits 0 continuously in
finite time.

Similarly to Section [1.1] parts of this work consider the described problem of conditioning
a Markov process to be absorbed by a Borel set B when the Markov process is a one-
dimensional Lévy process and B is a bounded interval. Usually these problems splits up
in two subproblems, too. Namely, we need the following

(i) A harmonic function h for the process killed on entering B.

(ii) Asymptotics for the probability of Tz, being finite of the form

lim f(e)P*(Tp. < TB) = h(x).
e\0
Similarly to the problem of Section |1.1| the achievement of (i) and (ii) leads to the aim.

1.3 Outline

Chapter

We start this work by introducing the main tools we need in the later chapters. We
insert the topics of Lévy processes, their special class of stable processes, self-similar
Markov processes, excessive functions, Doob-h-transforms and some applications of Doob-
h-transforms to Lévy processes in the spirit of our upcoming results.
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Chapter

Chapter [3] is a warm up to become familiar with overshoots of one-dimensional Lévy
processes which play a crucial role in Chapter [d An overshoot over the level a € R is the
value fT[MO) —a. A classical question is if the overshoot distribution converges weakly when
the starting value of the Lévy process tends to —oo. This was already answered with a
sufficient and necessary condition. We change the perspective of this limiting distribution
and consider it as an invariant measure for the Markov process (fT[a,oo) —a)q>0. We prove
that there exists an invariant measure for this Markov process also in the case when the
weak limit from above does not exist and give an explicit form of this measure.

Chapter

In Chapter [4] we consider the problem of Section for one-dimensional Lévy processes
which have finite variance when B = [a,b] is an interval. The limit is split up in
the sense that the event we condition on is separated by &, > b and &, < a. We prove
that both limits correspond to an h-transform using two different invariant functions.
Furthermore, we show that a particular linear combination of these two invariant functions
corresponds to the process conditioned to avoid [a,b] in the sense of . Finally, we
analyse all of these conditioned processes concerning the questions of transience and long-
time behaviour. For that the presented form of the invariant function is used.

The analogous problem was considered by Vysotsky [57] for random walks and it turns
out that the invariant function we extract is the analogous one to Vysotsky’s one. But the
techniques of proving invariance are different and are rather based on ideas of Chaumont
and Doney [16].

This chapter is based on joint work with Leif Doring and Alexander R. Watson. The
corresponding paper Lévy processes with finite variance conditioned to avoid an interval
forms [28].

Chapter

Here, we consider again the problem of conditioning a one-dimensional Lévy process to
avoid an interval. But this time the role of the Lévy process is played by an a-stable
process, a € (0,2) which is not included in the class of Lévy process with finite variance.
Thanks to the scaling property we can reduce our analysis to the interval [—1,1]. The
methods of extracting the right invariant function for the conditioning are based
on the deep factorisation of the stable process (see Kyprianou [35] and Kyprianou et al.
[39]). Moreover, the methods differ for « < 1, @ = 1 and o > 1. For the first range
of o the conditioning is trivial since the process is transient. We use recent results to
calculate the probability of Tj_; ;) being infinite which then forms an invariant function.
For @ = 1 we use the Lamperti-Kiu transform to reduce the problem to conditioning a
Markov additive process (MAP) to stay positive. The third case when a > 1 is the most
involved one. First, we condition the process to avoid the origin via an hA-transform for
the process killed on hitting 0. Then we condition this h-transformed process to avoid
an interval via an h-transform using an invariant function for the h-transformed process
killed on entering the interval.

The tail-asymptotics for the distribution of 7j_; ;j which are needed to connect the h-
transform to the conditioning are based on classical works of Blumenthal et al. [10]
and Port [48].
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This chapter is based on joint work with Leif Déring and Andreas E. Kyprianou and
contains the results of the paper Stable processes conditioned to avoid an interval which
forms [27].

Chapter |§|

In this chapter we focus on the problem described in Section when the Markov process
is again a one-dimensional stable Lévy process and B is the interval [—1,1]. Roughly
speaking an h-transform of a Markov process using a harmonic function which has a pole
corresponds to the process conditioned to be absorbed by this pole. Here, the role of the
Markov process is played by the stable process killed on entering [—1,1]. To pursue our
goal we would like to find a harmonic function for this killed process which has a pole in
+1. Recent work of Profeta and Simon [49] establishes explicit formulas for the potential
densities of the killed process (so-called Green’s functions). From these it can be seen
that the potential densities can have poles in the initial value. Moreover, classic theory of
Kunita and Watanabe [33] states that these potential densities are harmonic functions. As
a consequence our approach to extract harmonic functions is to send the initial value of the
(scaled) potential densities to the boundary points of the interval. For the two different
boundary points we get two harmonic functions which belong to generalised versions of
the conditioned process .

The asymptotic probabilities of T(_y_. 14,y < Tj_yq) for € N\ 0 which are needed for the
connection between the h-transformed process and the conditioned process are based on
the deep factorisation of the stable process.

This chapter is based on joint work with Leif Doring and forms the paper Stable processes
conditioned to hit an interval continuously from the outside [26].



2 Preliminaries

To be prepared for tackling the actual issues of this work we introduce the tools used in
the later chapters. The main topics which are touched here are Lévy processes, especially
fluctuation theory and Lévy processes from the Markov process point of view, a detailed
view on their subclass of stable processes, self-similar Markov processes and their relations
to Lévy processes. We end this section by considering some applications which we will
need in the remaining parts of this work.

2.1 Definitions and basic results on Lévy processes

The first part contains definitions and elementary properties of Lévy processes. For more
details see e.g. Applebaum [2], Bertoin [4], Kyprianou [34] and Sato [53]. Roughly speaking
a Lévy process is a generalisation of a Brownian motion and a Poisson process, i.e. it has
just the properties which are fulfilled by both of these classes of processes.

Definition 2.1.1. An R-valued stochastic process X = (X¢)i>0 on a probability space
(Q, A, P) is called a (one-dimensional) Lévy process if the following holds:

(i) Xo =0 almost surely.

(i) For all t > s > 0 the random variable X;_s has the same distribution as X; — X
(stationary increments).

(iii) For allt > s > 0 the random variable X;_g is independent of (Xy,u < s) (indepen-
dent increments).

(iv) The map t — Xy is almost surely cadlag (right-continuous with existing left-limits).

A few of the most common examples are linear Brownian motions, Poisson processes and
compound Poisson processes. Later we will introduce the class of stable Lévy processes
which are Lévy processes whose marginals have stable distributions.

Let us fix a Lévy process X = (X¢)¢>0. By the stationary and independent increments
it is not hard to show that X; has an infinitely divisible distribution for all ¢ > 0 in the
sense that for all n € N there are independent and identically distributed random variables
Xt(l’n), e ,Xt(n’n) such that

d = i,n
Xt (:) ZX7§(7 )a
i=1

d .
where @ stands for equality in distribution. One just has to choose Xt(l’") = Xu —
Xu-1e for ¢ = 1,...,n. Hence, one can apply the Lévy-Khintchine formula for infinitely

n
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divisible distributions to X;. To speak about the Lévy-Khintchine formula we define the
characteristic exponent of X4,

U, (0) := —log E [exp(i6X;)], 0 €R,

which uniquely determines the distribution of X; by classic results on the characteristic
function. One can use the stationary and independent increments and the right-continuity
of the paths to show that W; = tWq, i.e. for all ¢ > 0 the characteristic exponent of X,
is characterised by the characteristic exponent of X;. In other words for all t > 0 the
distribution of X; is uniquely determined by the distribution of X;. As a consequence let
¥ := W, and consider from now on just ¥ which is called the characteristic exponent of
the Lévy process X.

Now we state the classic Lévy-Khintchine formula for infinitely divisible distributions.

Theorem 2.1.2. (Lévy-Khintchine formula)

Let Z be a R-valued random variable which has an infinitely divisible distribution. Then
there exists a unique triple (vy,02%,11), where v € R, 0> > 0 and Il is a measure on
(R, B(R)) satisfying II({0}) = 0 and [ min(1,|z|*) I(dz) < oo such that the corresponding
characteristic exponent Uz has the following form:

1
U, (0) =i0y + 50202 + / (1 — exp(iz) + 10214 <1y) I(dz), 6 €R.
R

In this case (v, 02, 11) is called the characteristic triplet of Z.

Since X; has an infinitely divisible distribution we obtain that ¥ has the form given in
the Lévy-Khintchine formula as well. With our explanations above we obtain that a Lévy
process is uniquely determined by the corresponding characteristic triplet of X; which we
call from now on the characteristic triplet of the Lévy process X. We should give the
characteristic triplet in the mentioned examples:

(i) If X is a linear Brownian motion, i.e. X; = vt + 0B with 7,0 € R and a Brownian
motion B, then the characteristic triplet is (—v, a2, 0).

(ii) If X is a Poisson process with rate A > 0, then the characteristic triplet is (0,0, A\d1)
where 7 is the dirac measure in 1.

(iii) If X is a compound Poisson process with rate A > 0 and jump distribution F', then
the characteristic triplet is (—\ f(_l \{0} x F(dz),0,\F).

We also note that the sum of (finitely many) independent Lévy processes is again a Lévy
process and the new characteristic exponent is just the sum of the original characteristic
exponents as well as the new triplet consists just of the componentwise sum of the original
triplets.

The natural question concerning this theorem is if there is a converse to the Lévy-
Khintchine formula in some sense, i.e. given a triplet (v, o2, II) satisfying the conditions in
Theorem is there a Lévy process X with characteristic triple (v, 02, II). The answer
can be obtained by the following.

Theorem 2.1.3. (Lévy-Ité decomposition)

Let v € R, 02 > 0 and 11 a measure on (R,B(R)) which satisfies TI({0}) = 0 and
Jemin(1,|z|?)dz < oo. Then there exist three independent Lévy processes X1, X(2)
and X®) on a common probability space (Q, A, P) such that:
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(i) XU is a linear Brownian motion with drift —y and volatility 2.

(ii) X is a compound Poisson process with rate II({z € R : |z| > 1}) and jump measure

Ljz)>1311(dz)
O{z eR:|z| >1})

(iii) X () is a square integrable martingale which almost surely makes a countable number
of jumps in every finite interval and all jumps have values in {x € R : |z| < 1}.
Moreover, X3 has characteristic exponent

o)) = / (1 — exp(ifz) +i0z) II(dz), 6 € R.

(71’1)

By our examples it holds that X(!) has characteristic exponent U() = i + %9026’ and
X @ has characteristic exponent ¥(2) = f{meR:|m|>1} (1 — exp(ifz)) II(dz). Hence the sum

X =XO 4 X® 4 xO) ig a Lévy process with characteristic exponent

1
\11(9) =ifvy + 5920'2 + / (1 - exp(iQ:L‘) + i@a:]l{|x|<1}) H(dx), 0 eR,
R

i.e. the Lévy process X has characteristic triplet (y,02 II). To sum up, the Lévy-
Khintchine formula and the Lévy-Itd decomposition tell us that there is a one-to-one
connection between Lévy processes and triplets (7,02, II) which fulfil the conditions of
Theorem As a last remark of this section we introduce ¥(6) = —W¥(—if) =
log E[exp(0X1)] which is called Laplace exponent if it exists. Sometimes it is more prac-
ticable to work with the Laplace exponent instead of the characteristic exponent.

2.2 Lévy processes as Markov processes

Very often it is useful to consider a Lévy process as a so-called universal Markov process
(also called right-continuous realisation of a Markov process), that is roughly speaking
a collection of probability measures (P*),cr on the space of cadlag paths such that the
canonical process is a Markov process and starts from x almost surely under P* for all
x € R. Furthermore, we will model killing the Lévy process when it enters a given Borel
set B C R. As a last part of this section we introduce excessive functions for killed Lévy
processes which we can use to transform the killed Lévy process via a so-called Doob-h-
transform.

For general theory on universal Markov processes, see e.g. Blumenthal and Getoor [9],
Chung and Walsh [18], Dellacherie and Meyer [19], Doob [24], Kallenberg [31], Rogers and
Williams [51] or Sharpe [54]. We will focus on the case when the Markov process is a Lévy
process apart from the definition of sub-Markov semigroups.

The path measure

To introduce the mentioned measures P* we fix a Lévy process X = (X¢);>0 on a proba-
bility space (€2,.A,P) and we assume that A is complete with respect to null-sets, i.e

A=0c(AUN),
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where N := {S C Q|3N € 0(Xs,s €[0,00)) : S C N,P(N) = 0}. Furthermore, we define
A; = 0(0(Xs, s < t) UN) which is known to be right-continuous, i.e. Ay = (Voo Atte-
The filtration (A¢)¢>0 is called the natural enlargement of the filtration induced by X.

It is well known that one can use the stationary and independent increments of X to prove
that X is a (A¢)¢>0-Markov process, in the sense that

P(B|A) =P(B|X;) :=P(B|o(Xy)), (2.1)

for all B € o(Xy,u € [t,00)). There are lots of equivalent characterisations of a Markov
process. One of them which is important for us leads us to Markov semigroups which will
be defined now.

Definition 2.2.1. Let (E,&) be a measurable space. A family (pi)i>o0 of functions p; :
E x & —[0,1] is called sub-Markov semigroup on (E, &) if the following is satisfied:

(i) For allt > 0,x € E the map A — pi(z, A) is a measure on (E,E).
(ii) For allt>0,A € & the map x — p(z, A) is measurable.
(i1i) For all s,t >0,z € E, A € & it holds

pesi(e, 4) = [ pu(y Al dy). (22)
E
If for allt > 0,z € E it holds pi(z, E) = 1, we call (pt)i>0 a Markov semigroup.

Usually (2.2) is called Chapman-Kolmogorov equation. With a Markov semigroup we
associate a family of operators on b€ := {f : E — R, f is measurable and bounded} for a
measurable space (F,€) via

pef () = / f@) (e, dy), @€ Byt >0,
E

From the Chapman-Kolmogorov equation we get

pe(psf) (@) = prtsf (),

for all s, > 0 and x € E. This leads to the semigroup property of a family of operators in
the functional analysis view which is the reason why (p:)¢>0 is called Markov semigroup.
We remark that one can define p;f in the same way also for non-bounded measurable
functions f : E — R but in this case it is not clear if p; f(z) exists.
For the fixed Lévy process X it is possible to show by stationary and independent incre-
ments that

p(x,dy) =P(Xy+zedy), z,yeRt>0,

defines a Markov semigroup on (R, B(R)). With this one can show that
E [f(Xt-‘rs) |~A8] = ptf(Xs)a (23)

for all s,t > 0 and f € bB(R). One says that (p;)i>0 is a Markov semigroup for the
process X. A nice consequence of the Chapman-Kolmogorov equation is that the finite
dimensional distributions of X can be characterised via

P(th € dxq, ...,th S d$n)
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= DPtp—tn_1 ('Infla d'xn) cos Dta—ty (xly dl’g) DPt1 (Oa dl’l), (24)

fort, > ... >t >0and x1,...,z, € R. Finally we characterise the Lévy process X via
a universal Markov process. For this fix the following:

(i) Some point A ¢ R.
(ii) The path space
D={w:[0,00) > RU{A} |3(w) € [0,00] : w is cadlag on [0, {(w)),
wr € R for t < ((w),wr = A fort > ((w)},
and & : D — R, &(w) = wy for ¢ > 0 (the canonical process).

(iii) The o-algebra F on D induced by the Skorohod topology (see e.g. Billingsley [8] or
Jacod and Shiryaev [30]) and the natural completion of the filtration induced by &
which we denote by (F#)t>0 (see e.g. Sato [53], Section 40 for this notion).

(iv) For all t > 0 the mapping 0, : D — D,w + (s +— wyys). We remark that it holds
Orobls =0iys and & obs = Epys,
for all s > 0.

Classic theory on Markov processes implies that for all € R there is a probability measure
P* on (D, F) such that P*(§y = x) =1 and

PE(f (&t45) | Fs) = pef(€s),

for all s,¢ > 0, f € bB(R). This is known to be equivalent to £ being an (F;):>o-Markov
process under P* and the finite dimensional distributions can again be characterised by

]P)x(gtl € dxy, "‘7§tn S dl‘n)
= Dttt (Tn—1,dTn) ... pty—t, (21, d22) pry (2, A1), (2.5)
fort, >...>t; > 0and z,z1,...,z, € R. In particular it holds
X _ — : X — 3 —
PH(C = 00) = lim P*(& € R) = lim py(a,R) =1,
for x € R. Furthermore, the Markov property can be translated to

E”[f(&ers) | Fr) = B [£(&5)], (2.6)

for f € bB(R) or more general to
E*[Y 00 | F] = I Y], (2.7)

for non-negative, Foo := |J;~o Fi-measurable Y. By and one obtains that for
all z € R the processes (X + x,P) and (£,P%) are equivalent, i.e. these processes have
the same finite dimensional distributions. Hence, one could interpret the process (£, P%)
as (X, P) shifted by z. In particular (&,P) := (&,PY) is a Lévy process, too. For this
reason we will usually work with the so-called universal Markov process (also called right-
continuous realisation) (£, (P*),er) corresponding to a Lévy process (X, P) instead of the
Lévy process itself. Sometimes we will also call (£, (P*),cr) a Lévy process.

10



2.2 Lévy processes as Markov processes

It is also well-known that Lévy processes are strong Markov processes in the sense that
(2.6) and (2.7) extend to (Ft):>o-stopping times 7', i.e. it holds

]l{T<oo}E:C [f(gT-I-S) |]:T] = ]l{T<oo}E£T [f(gs)], (28)
for f € bB(R) and
Lircoy B [Y 0 07 | Fr] = Lip )BT [Y], (2.9)

for non-negative, F,-measurable Y.

Killed Lévy processes

Next, we model killing the process (£, (P*),cr) when it enters an open or closed set B C R.
For this let
Tp:=inf{t >0:¢& € B},

which is known to be a (F;);>0 stopping time. Further, we set
pB(x,dy) =P%(& € dy,t < Tg), x,y €R\ B. (2.10)

It it not hard to show that (pP);>¢ defines a sub-Markov semigroup on the space (R \
B,B(R\ B)) and one can extend it to a Markov semigroup on ((R\ B)U{A}, B((R\ B)U

{A})) via

DB (A)) = {Px(tzTB) ifz €R\B

fz=A

To speak about open sets which are needed for the Borel o-algebra B((R\ B) U{A}), the
topology on (R\ B) U{A} is extended in the usual way. We see immediately that

PP f(z) = / £ () pilr, dy) = / F(9) P (& € dy,t < Ts) = E* [Lieryy ()],

R\B R\B

for t >0, z € R\ B and measurable f : R\ B — R.

Markov theory implies that there are probability measures (P*5) »cR\ B On the space (D, F)
under which the canonical process £ is a Markov process corresponding to the Markov
semigroup (pP)i0, i-e.

E"P[f(&rs) | Fo] = PP (&) = B [£(€) Lprarsy ],
fort,s >0,z € R\ B and f € bB(R\ B), and as a consequence

P%B(gtl € dyl? ce a{tn € dynatn < C)
=0y (Wn—1,dyn) - po_y (1, dyo) pF (2, dy1),

fort, >...>t; >0and 2,91 ...,y, € R\ B. In particular it holds P*5(¢ € B) = 0 and

—~

(e w0, P*P) D (€L gparyy)iz0, P7),

for all z € R\ B. Hence, we can interpret (¢, P*5) as the process (&,P?) killed when it
enters B.

11
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Excessive functions and Doob-h-transform

We fix a Lévy process (&, (P%).cr), a Borel set B and the Markov semigroup (pf):>0
corresponding to the Lévy process killed when it enters B.

Definition 2.2.2. A function h: R\ B — [0,00) is called excessive for (pP)i>o if
PER(x) < h(2), (2.11)

and limp o pPh(x) = h(x) for all x € R\ B. An excessive function is called invariant if
pPh(z) = h(z) for allz € R\ B.

Note that (2.11)) is equivalent to
E* [1erpyh(&)] < h(x), 2€R\B, (2.12)

and invariance is equivalent to the inequality replaced by an equality. A nice feature is
that a function is invariant (fulfils (2.12)) if and only if the process (Lycr,1h(&))iz0 is a
(super-) martingale with respect to (F¢)¢>0 under P* for all x € R\ B. Indeed, suppose
that h fulfils (2.12)) and t > s, then thanks to the Markov property,

E* [ yerpy (&) | Fo] = B8 (L serpyh(€e—s)] < Lgsarpyh(&s).

If on the other hand 1 {t<TB}h(§t) is a supermartingale, its expectation is monotone de-
creasing in ¢, in particular

E* [y h(€e)] < E* [Ty h(€0)] = h(x),

which is (2.12)). The equivalence of invariance and (1y;<7,3h(&))i>0 being a martingale
can be shown analogously.

Let us now assume that h: R\ B — [0,00) is an excessive function for (pP);>o.

Definition 2.2.3. The sub-Markov semigroup (pf’h)tzo defined by

B [ pP(ady)  if h(z) >0
pt (.’IJ, dy) - . 9
0 if h(x) =0

for x,y € R\ B is called Doob-h-transform (or just h-transform) of (pP)i>o.

That (ptB’h)tZO is a sub-Markov semigroup on (R\ B, B(R\ B)) is not hard to show. Note
that if A is strictly positive on R \ B and invariant, it holds p’"(z, R \ B) = 1 for all

x € R\ B. If h is not invariant, we follow the same procedure as for the killed sub-Markov
semigroup and extend it to the space ((R\ B) U{A},B((R\ B) U{A})) via

B,h .
1—p R\ B if R\ B
B.h py " (z,R\ B) z€R\
M, {AY) = .

PP (A)) {1 BN
A natural question is if we can construct probability measures on the path space (D, F)
in the spirit we constructed the probability measures (P%? )zcr\B- The answer is given
for example by Chung and Walsh [I8], Chapter 11. The authors show that there exist
probability measures (P}),cr\p on (D, F) such that P}(§o = x) = 1 and that (£, P})

12



2.2 Lévy processes as Markov processes

is a strong Markov process with sub-Markov semigroup (pf’h)tzo for all z € R\ B. In
particular the finite dimensional distributions are

]P)%L(ftl S dyla v 7£tn S dynvtn < C)

(2.13)
=} o (Yn1,dyn) - Py, (y1,dyo)pl (z, dyr),

for0 <ty <...<t,and z,y1,...,yn € R\ B.

Note that with pf'(z,R\ B) = 1 for all z € R\ B if h is strictly positive on R\ B and
invariant we obtain P} (§ € R\ B) =1 for all z € R\ B and t > 0 and as a consequence
P*({ = oo0) = 1. This means we transformed a Markov process which (possibly) hits A
with positive probability to another Markov process which does not hit A almost surely.
Including the step of killing the process when it enters B, we can even say that an R-valued
process which hits B with positive probability was transformed to an R-valued process
which does not hit B (by first killing and then h-transforming). This is one of the most
crucial methods which we will use in this work.

For an excessive function h we call the process (&, P7) also the h-transformed process of
(¢,P®B) and sometimes we also call P? the h-transform of the Lévy process killed on

entering B. The for us most important properties of the h-transformed process are the
characterisation of the finite-dimensional distributions via (2.13)) and

1

Py (AT < () = e

E” [Lirersyh(ér)], A€ Fr, (2.14)

for all (F;)i>o-stopping times 7. From Chung and Walsh [I§] it is further known that
the h-transformed process (§,PP}) is a strong Markov process in the sense that for all
(Ft)t>o0-stopping times T, i.e. it holds

VreyBR[f(Erts) | Fr] = Lire BT [£(55)], (2.15)
for f € bB(R) and
LireER [Y 0 07 | Fr] = Lire B [Y], (2.16)

for non-negative, Fo, := Ut>0 JFi-measurable Y.

Next to invariant functions there is another special class of excessive functions. We already
have seen easily that a function h: R\ B — [0, 00) is excessive for (p?);>o if and only if

E* [1grpyh(&)] < h(z), 2z€R\B,t>0. (2.17)

With this characterisation we define the further subclass of excessive functions for killed
Lévy processes.

Definition 2.2.4. Let (pP)i>0 the sub-Markov semigroup corresponding to a Lévy process
killed on entering B € B(R). An excessive function h : R\ B — [0, 00) is called harmonic

if
E* (L7, o<rpyhlér,c)] = h(z), = €R\B, (2.18)

for all sets K which are compact in R\ B.

13
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The crucial of a harmonic function is that the h-transformed process using a harmonic
function leaves all subsets of R\ B which are compact in R\ B. Indeed,

1 T
@Ew [1 {TKC<TB}h(5TKc)] = (xi =1, (2.19)

)
—~

Ph(Tge < () =

>

where we used the harmonicity of h in the second equation.

Remark 2.2.5. In many articles (including [27] and [28]) the authors use the notion of
a harmonic function for a function which is invariant in the sense of Definition[2.2.2. In
this work we will exclusively use the notions which we introduced in this section.

2.3 Fluctuation theory for Lévy processes

We fix a realisation (&, (P%),cr) of a Lévy process and start by defining the resolvent
measures of it,

Ul(x,dy) = ]E@”[ / e Mygeqndt|, z,y€R,q>0.
[0,00)

The measure U := U" is called the potential of ¢ and we see that U(x, A) for a Borel set
A represents the expected time the process started in « € R spends in A.

Subordinators at first passage

Let us consider a 1-dimensional Lévy process (£,P) = (£,P°) and denote its Lévy triple
by (7,02, II). We call this Lévy process a subordinator if it is non-decreasing which forces

—(v+ / zTI(dz)) > 0, 0> = 0, II(—o0,0) = 0 and / min(1, z) II(dz) < oo.
(0,1) (0,00)
In this case it follows that T}, ) is finite almost surely and a classic question is if there

is an explicit expression for the distribution of ET[a,ooy The more general answer is the
following: First we define U(dy) = U(0,dy) and with this it holds:

P*(&n, o) - € 42,813, ) € dy) = U(dz — z) I(dy — 2), (2.20)

forx € Rand z < 2 < a < y and Pz(fT[a,oo)— < a= §T[a,oo)) = 0 for a > z. The
remaining choices of the variables can be obtained by P?® (fT[a,oo) =zx)=1if 2z > a. The
value fT[a,oo> —a > 0 is called overshoot over the level a and a — §T[a,oo)— > 0 is called the
undershoot.

By integration over z we get the following overshoot distribution:

P*(¢r, ., € dy) = / II(dy — 2)U(dz — x). (2.21)

z€[x,al
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2.3 Fluctuation theory for Lévy processes

Duality

It should be clear that if (£,P*) is a Lévy process then (—¢,P*) is so, too. We call
—& the dual Lévy process. Let us denote the semigroup corresponding to (=&,P*) b
(Pt)t>0 which can be used to construct probability measures (P*),cr on (D, F) such that

(=&, P7) @ (¢,P,). The naming dual process comes from the fact that (p)e>o and (p¢)i>0
are dual with respect to the Lebesgue measure, i.e.

/ptf dw—/f z)prg(x

R

for all t > 0 and all non-negative, measurable functions f, g : R — [0,00). One can even go
further and denote the sub-Markov semigroups which are obtained by killing the process
and its dual on hitting a given open or closed Borel set B by (p?)i>0 and (pP);>0. These
semigroups are dual with respect to the Lebesgue measure as well, i.e.

[ Es@g@de= [ f@pft

R\B R\B

for all t > 0 and all non-negative, measurable functions f,g: R\ B — [0, c0).

Local time at the maximum and ladder height process

It is classic that (supg<; &s — &t )i>0 is a Markov process. Furthermore, it possesses a local
time at 0. We call it (Et)tzo and refer the reader to Chapter 6 of [34] for more details. We
just remark that it is a certain measure for the time the process (sup,<; &s — &t )¢>0 spends
close to 0. It is also called local time of (&);>0 at the maximum. -

Next we define the so called right-continuous inverse of L = (L¢)¢>0 via

1. inf{s >0:Ls >t} ift < Lo
b o otherwise ’

for t > 0. We can interpret this process as the collected times which £ spends at the
maximum. Motivated by this we define H = (H;)i>0 via

= §Lt—1 1f15<LOO7
00 otherwise

for ¢ > 0, which we interpret as the process which collects the values when £ is at its
maximum. It is well-known that (L, L Hi)i>0 is a bivariate subordinator, that is a two-
dimensional Lévy process whose components are non-decreasing. In particular both com-
ponents are one-dimensional subordinators. We denote by p4 and v4 the Lévy measure
and the drift of (H,P°) and we define

U (dz) :E[/[O )]1{Ht€dm} at|,

for ¢ > 0 and = > 0. We see that U, := UR is just the potential of (H,P). The function
Uy(z) := U4([0,2]) is called the potential function of (H,P). We denote by u—, v—,
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U?,q > 0 and U_ the analogous expressions for the process (£ ,I@)O). It is known that we
can write gy in terms of II and U_ in the following way:

peldp) = [ T+ U)o (2.22)

[0,00)

From the Wiener-Hopf factorisation (see e.g. [34], Chapter 6) it is known that the char-
acteristic exponent of ¢ can be uniquely written as

() = T, (0)T_(—0), 0€cR, (2.23)

where W, and W_ are characteristic exponents of two subordinators. Further, they can be
identified as the characteristic exponent of the ladder height process and the dual ladder
height process. For this reason we denote by ¥ (6) and 14 (0) (resp. ¥_(6) and ¢_(0)) for
0 € R the characteristic exponent and the Laplace exponent of the ladder height process
(the dual ladder height process respectively). If the Laplace exponents exist, one can
translate to the Laplace exponents of the corresponding Lévy processes. Moreover,
the Laplace exponent of L~! will be useful, too. We denote it by x(q) = — logE[e_qul]
for ¢ > 0 and by & we denote its counterpart for the dual process.

Long-time behaviour

Here, we present results on the long-time behaviour of the Lévy process (£,P). We say that
a Lévy process (£, P) of dimension 1 drifts to 400 (—o0) if limy—ye0 & = +00 (limyy00 & =
—o0) almost surely. We say that it oscillates if limsup,_,. & = —liminf; ,o & = +oo.
There is the following integral test which shows on the one hand that (£, P) either drifts
to oo or oscillates and on the other hand we can say which of these possibilities holds.

(i) (& P) drifts to +oo if [, 1P(& < 0)dt < oc.
(ii) (& P) drifts to —oo if [, 1P(& > 0) dt < oc.
(iii) (&,P) oscillates if it does not drift to foo.

Next, we turn to recurrence and transience. We call a Lévy process transient if

]P’( / Lijg)<ay dt < oo) =1 foralla>0 (2.24)
[0,00)
and recurrent if
P( / 1y dt = 00) =1 for all a > 0. (2.25)
[0,00)

It is classic that a Lévy process is either transient or recurrent. Further, the process £ is
transient if and only if lim;_, || = co. In particular drifting to +o0o implies transience
but not the other way around because a transient Lévy process can also oscillate (we will
later see an example). Moreover, a recurrent Lévy process oscillates.
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General Lévy processes at first passage and stationary overshoots

Assume that £ does not drift to —oo, in particular we have that T}, ) is finite almost
surely. A nice application of Section [2.3|is that when £ jumps over a level a for the first
time it is at the maximum. Hence, the overshoot distribution of & over the level a is the
same like the analogous for the ladder height process. Since the ladder height process is a
subordinator we can apply to deduce the overshoot distribution of &:

P*(€r, o) € dy) =P, _, o) €dy — )
= P(HTH (S dy — .%')
fa=e.00) (2.26)
= / p+(dy — 2)Us(dz — a),
z€[x,al

where Tﬁ o) = inf{t > 0: H; € [a,00)}. For the common distribution of overshoot and
undershoot this leading back to the ladder height process is not possible. But there is a
general result of Doney and Kyprianou [23], called quintuple law which is the common
distribution of five values concerning the overshoot and the overshoot time, including
the overshoot itself and the undershoot. Since we are just interested in the overshoot-
undershoot law we just state this distribution which can be extracted via integrating out
the other three variables. The result is the following;:

P? (61, 00— € d2,8m;, ) € dy) (2.27)
= / Tz} Il(dy — 2) U-(a —v —dz) Uy (a — x — dv),
u€[0,a—x]

for # < a and z < a < y. Furthermore, Bertoin and Savov [6] showed that if v = 0 it
holds Px(gT[a’m)_ =q = gT[wo)) = 0. If v+ > 0, then U} has a continuous density w4
which is continuous and strictly positive everywhere with u(0) = 1/v4 and it holds

]P)r(é-T[a@O)i =a= fT[a,OO)) = Y+ U+ (CL - LIT)

An interesting question is if this overshoot-undershoot distribution converges in
some sense for x — —oo, i.e. we let the initial position tend to —oo and ask ourself how
the process then jumps over the level a. The answer is that this distribution converges
weakly to a probability measure if the ladder height process has finite mean and in this
case the limiting distribution is

puldz dy) = g (e d2)0u(dy) + Loy U—fa = ) Mdy =) dz). (229
One says that £ has stationary overshoots and undershoots. This result in its full generality
was obtained from Bertoin and Savov, [6]. But before some special cases were proven, for
example the second marginal in the case of a subordinator, see Bertoin et al. [7]. Since we
will use it later we give the second marginal of p, which we call the stationary overshoot
distribution which can be obtained by integrating over z:

pa (dy) = E[IHI] (V40a(dy) + Liysayfie (y — a)dy), (2.29)

where for a general measure v on (R, B(R)) we denote by v its right-tail.
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Killed potentials

At the beginning of this section the potential of a Lévy process was defined as the expected
time which it stays in a given set. Here the so called killed potential will be defined as the
expected time the process stays in a certain set before hitting a given open or closed set
B C R. More concrete:

Up(e,dy) : = E7| / Lgeaydt|, oy eR\B. (2.30)
[OvTB)

For the special B = (—00,0] there is the following formula from Bertoin [4], Theorem
VI.20 if € is not a compound Poisson process:

U—oo0)(z,dy) = k / Ui(dy+2z—2)U_(dz), z,y >0, (2.31)

[(z—y)t,2]

for some constant k£ which depends on the normalisation of the local time at the maximum.
Later we will see that for the case of a stable process there is even an explicit formula for
the case B = [—1,1].

2.4 Stable processes

Here, we introduce a special class of Lévy processes, called stable processes. It is based
on Section 1.2.6 of [34], Section 7 of [4] and the review article [36]. As one can guess from
the naming a stable process is (a realisation of) a Lévy process (&, (P¥),er) such that &
has a stable distribution for all ¢ > 0. A random variable Z is called stable if for all n € N
there exists a,, > 0 and b,, € R such that

(@)

ZW 4+ 2720 2 4, Z + b, (2.32)

where ZW ..., Z(" are independent copies of Z. It is known that a, = ne for some
a € (0,2]. Further, we call Z strictly stable if b, = 0. From we see that all stable
random variables Z have an infinitely often divisible distribution and hence, there exists
a Lévy process (& )¢>0 such that

d
fl(Z)Z-

In this case we call £ a stable Lévy process and if b, = 0 we call £ a strictly stable process.
It turns out that the difference between a stable process and a strictly stable process is
just that in the stable case there could appear an additional drift which can not happen
in the strictly stable case. Thus, we just consider the strictly stable case and henceforth
we call it also stable.

Let us now fix a stable process & = (&)i>0 with a € (0,2]. In the case a € (0,2] it is
known that
c|0|*(1 —iB tan(75*) sgn(6)) ifae (0,1)U(1,2)
() = < clf] + iv¥ ifo=1 , (2.33)

2 .
c% ifa=2
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for some 3 € [~1,1], ¢ > 0 and v € R. Here sgn(z) = Lyz~01 — L{z<0p- We see that
for a = 2 the stable process is a linear Brownian motion with zero drift. In particular
the drift and the Lévy measure in the Lévy-Khintchine formula are zero. For @ = 1 the
process is the symmetric Cauchy process with an additional drift v. Moreover, one can
obtain by for @ € (0,1) U (1,2) that 0 = 0 and the Lévy measure has the following

form:
II(dx) = c+x_(1+°‘)]l{$>0}dx +c_ ]x\_(1+°‘)]1{$<0}dx, (2.34)

where c;,c_ > 0 with ¢4 + c— > 0 such that

Cy —C—

cy +c’
By (2.33)) one can show that stable processes own the following scaling property:

(et P) L (6,P), >0, (2.35)
We obtain with this scaling property that p := P°(& > 0) does not depend on t > 0. If

a=1landy=0or a=2it holds p=1/2. If « € (0,1) U (1,2), we can calculate p in
terms of 5:

1 1 O
P=3 + — arctan (3 tan(7)).
We see that for a € (0,1) it follows p € [0,1] and p = 0 (p = 1) appears if and only if
c— =0 (cy = 0), i.e. the stable process does not make negative (positive) jumps. By

p =0 (p=1) it follows that ¢ is (the negative of) a subordinator. For « € (1,2) it follows
pel— é, é] and again the boundary points belong to the cases c- = 0 and ¢y = 0. For
accordance with the literature we will henceforth use the particular choices of c_ and c
such that
r 1
II(dz) = [+l ( sin(ﬂap)x_<1+°‘)]l{x>0}dx + sin(ﬂaﬁ)|:U|_(1+O‘)ll{x<0}d:x>, (2.36)
T

where p =1 — p.

We should consider the results of Section [2.3] for the special case of a stable process. First
it is known that (H,P) is a stable subordinator with scaling index ap and (H,P) is a stable
subordinator with scaling index ap. Furthermore, it holds

1
Uy(dz) = mxap_l dz.

With the counterpart result for U_ one can obtain an explicit formula for the killed
potential U _ o via . There is also a result for the case of killing in an interval
by Profeta and Simon [49] which was also discovered by Kyprianou et al. [38] for some
special cases. To abbreviate let

Yap(x) = (x — l)aﬁ_l(x + l)o‘p_l, |z| > 1,

and the analogous for p replaced by p and vice versa by 1,,. Moreover, we set ¢, =
272 /(T(ap)T'(ap)) and z(x,y) = |1 — zy|/|z — y|. The potential U_; qj(z,dy) has the
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2 Preliminaries

density
z(z,y)
weae) == [ dap(o)do
a—l/d}ap dv/ Yap(v dv, 1<z <y,
,y)
s = otz =0 [ v
a—l/wap dv/ wap , l<y<uz,
) = ca T (et [T

sin(map

(2.37)

Yl

—(a—1) Yap(v) dv /x Yap(v) dv), y<-—-1,1<ux,
1 1
i 2(@,y)
up_1(.y) = m“mm«y@a{z Yaplv) do

51n(7rap
||

(a—1) / wap dv dJQﬁ(U)dv), r<—1,1<y.
1

In the cases z,y < —1 we can apply duality to deduce u_y 1)(z,y) = t_1,1)(—=, —y) where
t[_1,1) has the same form as uj_y ;) with p and p switched.

Now we turn to transience and recurrence of stable processes. A (one-dimensional) stable
process with index o < 1 is transient, a stable process with o > 1 is recurrent. For o > 1
the process even hit points almost surely, i.e. it holds that 7, is almost surely finite for
all z € R. Furthermore, a stable process oscillates as long as p € (0,1) in the case o # 1
and v = 0 in the case a = 1. This can be seen via the integral tests of Section

2.5 Self-similar Markov processes and Lamperti-Kiu trans-
form

One-dimensional stable processes do not just belong to the class of Lévy processes but also
to the class of self-similar Markov processes. Lamperti [44] developed a pathwise one-to-
one correspondence between positive self-similar Markov processes and Lévy processes via
a time-change. In the last ten years this result was generalised to a one-to-one correspon-
dence between real self-similar Markov processes and Markov additive processes (MAPs).
Many works used the stable process as a self-similar Markov process and analysed it via
the underlying MAP. We will do so as well and introduce the basic definitions.

Self-similar Markov processes and MAPs

A realisation of a Markov process £ = (& )¢>0 is called a self-similar Markov process (ssMp)
if W
d
((c€c—ap)iz0,P*) = ((§¢)e=0,P%),
for all ¢ > 0 and all z € R, where « is the index of self-similarlity. A Markov additive
process (MAP) with respect to a filtration (G¢)¢>0 is a Rx E-valued cadlag process (M, J) =
(M, Ji)i>0, where E is a finite space, J is a Markov chain in E and the following holds
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2.5 Self-similar Markov processes and Lamperti-Kiu transform

for all i € F and s,t > 0: given {J; =i}, the pair (M5 — My, Jiys) is independent of Gy
and has the same distribution as (M — My, Js) given {Jp = i¢}. Asmussen [3] provides the
following alternative characterisation of MAPs in terms of Lévy processes, which helps us
to get a clear image of the behavior of MAPs. The pair (M, J) is a MAP if and only if for
all i € E there is an iid sequence (M™%),cn of Lévy processes and for all 4,7 € E there
is an iid sequence of random variables (U T’Lj)neN, independent of J such that for the jump

1
times (op,)nen of J and the convention og = 0 it holds that

7JUn
My = ]1{n21}§0n— + Uj]lgnf,Jo—n + Mtn—an ) te [UN7UN+1)7 n = 0.

In words, this characterisation shows that the dynamics of a MAP are governed by a set of
Lévy processes with different characteristics and the choice of the Lévy process is governed
by an underlying Markov chain.

The Lamperti-Kiu transform

A classic work of Lamperti, [44] provides a pathwise one-to-one connection between posi-
tive self-similar Markov processes and Lévy processes. This was generalised to the following
result, proved by Chaumont et al. [I7]. Given a self-similar Markov process £ which starts
from x € R\ {0}, there exists a MAP (M, J) on Rx{£1} which starts from (log |z|, sgn(x))
such that

&:Jwt eXp(Mapt)a 0<t<Ty,

where ¢, = inf{s > 0 : [ exp(aM,)du > t} and Ty = inf {t > 0: & = 0}. The transfor-
mation offers the opportunity to obtain results for ssMps from the reservoir of proved and
potentially provable results for MAPs as long as the time-change can be controlled. As an
example, the 0-1 law for the longtime behaviour of a MAP readily implies a 0-1 law for
the extinction of a ssMp. That is:

(i) To = +o0 a.s. if and only if the underlying MAP (M, J) oscillates or drifts to +oc.
(ii) To < +oo a.s. if and only if the underlying MAP (M, J) drifts to —oo or is killed.

To analyse self-similar Markov processes via the Lamperti-Kiu transform is a recent ap-
proach which was followed in the last decay for example by Caballero and Chaumont [14]
and Dereich et al. [21] to start (positive) self-similar Markov processes from the origin.

Stable processes as self-similar Markov processes

In Section we introduced stable processes as Lévy process which fulfil the scaling
property (2.35). Since Lévy processes are Markov processes, stable processes are self-
similar Markov processes. So a nearby approach to analyse stable process is to analyse
the underlying MAPs. Kyprianou [35] and Kyprianou et al. [41] followed this approach
and explored many useful results (For higher dimensions there are also results in Kyprianou
et al. [40]). We do not state results of these articles here but we will give references at the
points we will use them. Moreover, some killed stable processes (e.g. the stable process
killed on hitting (—o0,0]) and transformations of killed Lévy processes (e.g. the stable
process conditioned to stay positive) are self-similar Markov processes. Recent works on
the analysis of the underlying MAP (Lévy process respectively because the self-similar
Markov process in these cases is positive) are Caballero and Chaumont [I3] or Caballero
et al. [12].
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2 Preliminaries

2.6 Exemplary applications

In the last section of this chapter we review some examples mentioned in Chapter|[1]in more
detail, i.e. we present some known applications of Section on killed Lévy processes.
More concrete, we use (pf);>0 from Section [2.2| for some particular choices of the Borel set
B, give one (or more) excessive functions and state the connection of the corresponding
h-transformed process to the process conditioned to avoid B (resp. conditioned to hit B
continuously from the outside).

Lévy processes conditioned to stay positive

We start with a Lévy process (£, P*) which is not a compound Poisson process and does
not drift to —oco. From Chaumont and Doney [16] it is known that the dual potential
function U_ is an invariant function for the process killed on the negative half-line, i.e. it
is invariant for the sub-Markov semigroup

pg—oo,O] (z,dy) =P"(& € dy, t < T(—oog), 2,y >0,

in the sense of Definition in the case B = (—00,0]. We denote the corresponding
h-transformed probability measures by (P{)s>0, i.e. it holds

U—(fT)}
U_(z) 1

PY(A, T < o0) = E* []1 Ayrer_ o) x>0, (2.38)
for A € Fr and any (F;)¢>o-stopping time 7". The authors showed that the h-transformed
process coincides with the process conditioned to stay positive in the usual sense

PE(A) = éj\I%PI(A,t <egleg <Ti—oog)), >0,

for A € F;, t > 0. As an application they also showed that this process drifts to 400 in
the sense that lim; o & = 400 almost surely under IP’% .

Lévy processes conditioned to hit 0 continuously from above

This part is based on Chaumont [I5] and Silverstein [55] and again we consider the sub-
Markov semigroup
ngioop] (ﬂi,dy) = Pm(ft € dyut < T(foo,(]])7 T,y > O’

where (£, P?) is a Lévy process which does not drift to —oo such that the unkilled semigroup
is absolutely continuous with respect to the Lebesgue measure and 0 is regular for (—oo, 0),
in the sense that }P’O(T(_OQO) = 0) = 1. It is known that in this case U_ has a density
with respect to the Lebesgue measure which we denote by u_. Silverstein [55] showed
that this density is a harmonic function for (p(foo’o])tzo in the sense of Definition
Furthermore, Chaumont [15] used the harmonicity of u_ to show that under P% the killing
time ( is finite almost surely and that the canonical process (& ):>0 has a left limit at the
killing time {¢— = 0, in particular T(q, < ¢ for all n > 0. Moreover, the author connected
the corresponding h-transformed process to the following conditioned Lévy process:

Pi_ (At < Tog) = W PP (At < T | <e), AeF, (2.39)

T(—o0,00-
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2.6 Exemplary applications

for all p > 0, z > 0 and ¢ > 0 where {, = lréf; &s. This means that (£, P% ) is the process
- S

conditioned to hit all upper neighbourhoods?)f 0 before the negative half-line. The process
(&, (P )z>0) is also called the Lévy process conditioned to hit 0 continuously.

Stable processes conditioned to avoid 0

For a stable process with scaling index « € (0,2) it is possible to show that the function
e:R\ {0} — (0,00) defined via

sin(rap)r® ! ifx>0
e(x = . 1 . )
sin(rap)|x|“” ifx<0

is an excessive function for the process killed on hitting 0, Kyprianou et. al [37]. Applica-
tions of the underlying h-transformed process have been found for instance in the study of
entrance and exit at infinity of stochastic differential equations driven by stable processes,
see Doring and Kyprianou [25].

For o« > 1 it is even possible to show that e is invariant and the corresponding h-
transformed process (, (P%),er\{0}) coincides with the process conditioned to avoid {0}
in a similar sense like (2.38]), namely it holds

PE(A) = lim P*(A|t+s < Typ), A€ Fpyt>0, (2.40)

see Panti [45] or Yano [58].

For all values of a € (0,2) there is a very helpful transformation between (&, (P3),er\{0})
and the dual process of the stable process. For symmetric stable process this was discovered
by Bogdan and Zak [I1], for general stable processes by Kyprianou [35] and for general
self-similar Markov processes by Alili et al. [I]. We will call the statement the Riesz-
Bogdan—Zak transform.

Theorem 2.6.1 (Riesz-Bogdan-Zak transform). Let (&, (P%)cr) be a stable process with
a € (0,2) and two-sided jumps and

n; = inf {5 >0: /0 \furza]l{quo} du > t}7 t< /0 \fu\da]l{udb} du.

Then, for all x # 0, it holds that
1 s (@) %
<(£m)t20’]P) ) = (&F3).

The Riesz-Bogdan-Zak transformation tells that (£, P?) has the same distribution as the
spatial inverse of the dual process including a certain time-change.
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3 Invariant measures for overshoots of Lévy
processes

To warm up we take a closer look at overshoots and undershoots of Lévy processes since
they will play a crucial role in Chapter[d The pairs of over- and undershoots are considered
as Markov process where the level of the overshoot models the time parameter. Here, the
point of interest are stationary distributions for this Markov process. There are necessary
and sufficient conditions on the Lévy process for the existence of a stationary distribution
which in this case is known explicitly. We weaken the sufficient conditions and show
that there is an invariant measure which is a generalisation of a stationary distribution.
Moreover, this invariant measure is given explicitly.

3.1 Main results
Let (£,P*) be a Lévy process which does not drift to —oo, in particular it holds Ta,00) < 00
almost surely. With the strong Markov property it follows that (Y;)s>0 with

Ya = €T[a,oo) —a,

defines a Markov process under P* with state space [0,00) with respect to the filtration
(]:T[a,oo>)a20- Indeed, if we define

pa(.%',dy> = ]P)x(Y(l € dy)7 a,x,y Z 07

we can show the Chapman-Kolmogorov equation. Let a,b > 0, then it holds

]/ pa@ady>paw,dz>=:‘/'Eﬂ(@qmw>—-ae:dy>wﬂ<éq@m>—-be:dz>

[0,00) [0,00)
= / ]P’Z_b(é“T[a,oo) —a € dy)P*(&r, ., € d2)
[b,00)
_ / P(er, .y — (a+) € dy) P (¢, € d2)
[b,00)

=P ({110 400y — (@ +b) € dy) = payp(z,dy),
where we used the strong Markov property of £ in the last equality.

Our interest lies in stationary distributions for this Markov process, i.e. probability mea-
sures p4 on [0,00) such that

mmwzwwne@wz/ﬁwne@mgwx (3.1)
[0,00)
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3.1 Main results

for all @ > 0. In the case E [H;] < 400 it is known (see e.g. [6]) that
p+(dy) = w-lim P*(Ery, ) € dy)

exists. Since ¢ is not a compound Poisson process the map z +— IP’Z(ET[W) € A is
continuous for all open sets A € B([a,o0)). So it follows with the strong Markov property
forall 0 <a <y:

PPt (n,.., € A) = lim [ PU(éq, ., € AP(Ex, ., € du)
[0,00)
= lim B [Poe) (g, ) € A)
Z—r—00 ’ (32)
= lim P*(ry, ) € 4)
= lim Pen, €4 -0
= P+ (A - a’)u

which shows (3.1]), i.e. p4 is a stationary distribution for (Yg)e>0. In this case one says
that the Lévy process has stationary overshoots.

A recent application in this area are positive self-similar Markov processes (pssMp) started
from the origin. A pssMp is a non-negative self-similar Markov process in the sense of
Section i.e. a Markov process which is absorbed by 0 and has the following scaling
property for some « > 0:

—
=

((CXc*at)tZl)va) = ((Xt)tZOv]Pcz)v z,c> 0.

The Lamperti transform (see e.g. [34], Chapter 13) tells that for any pssMp started from
x € (0,00) there is a Lévy process started from log « such that

X = exp(€,) (3.3)

where ¢; = inf {s > 0: [J exp(a&,)du > t}. A natural question is if can be used
to start a pssMp from 0, or in other words if (X, P*) converges weakly for = N\, 0. This
question is answered by Caballero and Chaumont [14] and their result goes back exactly
to our field of interest: A pssMp can be started from 0 if and only if the underlying Lévy
process has stationary overshoots. For generalisations of this result see for example [21]
where even real self-similar Markov process are started from the origin.

We come back to our setting. Very often one is not just interested in the overshoots but
in the pair formed by the overshoots and undershoots, that is

YY) = (a— EMaroey—1 &My — @)y @ >0,

and consider the questions of stationary distributions for this pair. To modulate this we
define a slightly different path space:

D :={w:{0-}U0,00) = R : w cadlag on [0,00)}.

Further, ]P’f’"’ct, 27,2t € R are defined as the probability measure on D equipped with
the o-algebra F generated by the Skorohod-topology such that pr et (o = —x7,& =
xt) =1 and

P (G ey G € dyt) = P (g e dy, & € dyT),
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3 Invariant measures for overshoots of Lévy processes

fort > 0and all 2~ 2" € R, where P*" is the usual probability measure on (D, F) such that
the canonical process ¢ is a Lévy process started from x™. Before we consider stationary
distributions we should verify that (Y, ,Y,"),>0 is a Markov process with state space
[0,00)2 under P* " for all (z~,z") € R2. We define
pa((z™,27), (dy~,dy")) =P (Y, €dy™,Y,f edy®), a2t,27,yty" >0,
and check the Chapman-Kolmogorov equality: We have to show
pa((z_v Z+)7 (dy_v dy+))pb((x_7 {L'+), (d'z_v dz+))
[0,00)2 (3.4)
= paer((xi? 1‘+), (dy77 dy+))7

for all a,b> 0,27, z7y~,y" > 0. For ™ > b this is simple since we then have
po((27,27),(dz7,dz")) = 6, p+)(b— dz™,dz™ +b).
So we restrict to T < b. Note that in this case we can write
B (Y1) € (de7,deh) = BT ((Y,,51) € (deT,deT)),
since T} o) > 0 almost surely under pe et Hence, we have
[ ml s @ ay ) e, (@ d)
[0,00)2

= / P (Y, YT € (dy ™, dy ™) B ((Y, L Y1) € (dem,deT))
[0,00)2

= / P (Y, YD) € (dy ™, dy ™) PP (Y, Y1) € (de,dz )

[0,00) X [a,00)

+o [P € Wy ) BT € (@, d))
[0,00)x[0,a)

We care about both integrals separately and start with the first one. Since here z* > a it
holds Tj, o) = 0 under P= =", So we get

/ ]P)Z_yz+((Ya77Ya+) c (dyfjder))IPx“'((}/b_’}/b-‘r) c (dzf,dz+))

[0,00) x[a,00)

= [ e s -0 € W ) BT Y € (@, de)

[0,00) X [a,00)

o _
= / ]1{(—2*,z*)e(a—dy*,dyJF—zz)}]P> ((YE; 7Y;)+) € (dz ,d2+))

[0,00) X [a,00)
= IP’er(YI; €edy” —aY," €dy” —a,Y;" €[a,0))
= ]P)JU+ (b - fT[b,oo)* S dy_ —a, fT[b,oo) - b S dy+ —a, gT[b,oo) € [CL + b’ OO))
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3.1 Main results

=P (b—&p, .- €dy” —a.bn,  —bEdyT —a, Ty o) = Tatpoo)
=P (a+b—Enyyy- €AY 0y, — (@) € dy™, Ty ooy = Thasi o)
=P’ (Yo, €dy™, Y, € dy™, T o) = Tlatb,o0))-
For the second integral we use the strong Markov property. Note that 7, ) > 0 a.s.

under P7 *" and we can ignore again the left-limit of the initial value, i.e.

/ P (Y, YD) € (dy T dy D) PT((Y, L Y € (deTLde )

[0,00)%[0,a)

— / B (YY) € (dy™, dy ) B (Y, V) € (de,det))
[0,00) x[0,a)

+ — _
=P" (Y, edy Y, € dy™, Ty o) < Tlatbion))-

In the last step we used the spatial homogeneity for Lévy processes and the strong Markov
property. Adding both terms leads to (3.4)).

In [6] the authors showed that if E [H;] < oo the distribution
PZ(_fT[O’OO)— c dy_véT[oyoo) € dy+) (35)

converges weakly for z — —oo to a probability measure p(dy~,dy™) on [0,00)? (Note
that py is just the second marginal of p). Similar to (3.2]) one can use the strong Markov
property of Lévy processes to show that p is a stationary distribution for (Y, , Y, )a>0.

Now we consider the general case, i.e. E[H;]| can be infinite. In this setting it is possi-
ble that does not converge for z — —oo. Our aim is to find an invariant measure
v(dy~,dy™) on [0,00)? for (Y, , Y, )s>0. That is a generalisation of a stationary distribu-
tion in the sense that it holds

PY(Y, edy Y,  edy™) =v(dy~,dy"), v ,y" >0,

as well, but v does not have to be a probability measure but just o-finite. It will turn out
that we can extract such an invariant measure by the results on stationary distribution in
the case E [H1] < +oo from [6]. But it is not possible to apply the strong Markov property
like in since there is no interpretation as a limit of a sequence of probability measures.
Hence, the proof does not work like in the case E [H;] < +oo. The crucial instead is that
the stationary distribution p was calculated explicitely in [6] and has the following form:

p(dy~,dy*) = E (1]

[Y+00(dy™)do(dy™) + 1y oy U-(y ) I(y~ +dy™) dy~|,

for y=,y" > 0, where 7, is the drift of (H,P), U_ is the potential function of (H, I@)) and
IT is the Lévy measure of £&. We see that the only problem is that this measure is a zero
measure (or is not defined) if E[H;] = +00. So we just ignore the constant and define

v(dy™,dy™) = y4:00(dy7)do(dy™) + Ly_y- <y U-(y ) Ty~ +dy™) dy~, (3.6)

for y~,y™ > 0 to present the main results.
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3 Invariant measures for overshoots of Lévy processes

Theorem 3.1.1. Assume that & is not a compound Poisson process and does not drift to

—o0. Then v is an invariant measure for (Y, , Ya+)a€[0,oo)'

Because overshoots are also considered without the corresponding undershoots we also

give an invariant measure for the second marginal of (Y,”, Y, )acp0,00)- Denote vy (dy) :=

v([0,00),dy) and with the help of Theorem 7.8 of [34], which tells

e (y) = / fiy +2)U_(d2), y>0,
[0,00)

it follows vy (dy) := v4+00(y) + L0,00)(¥) i+ (y) dy. As a consequence of Theorem an
invariant measure for the Markov process just formed by the overshoots of £ is presented.

Corollary 3.1.2. Assume that £ is not a compound Poisson process and does not drift to
—oo. Then vy is an invariant measure for (Y,")ac(0,00)-

3.2 Proofs

Before we start with the proof we need a helping Lemma. We remind the reader of the
definition of the killed potentials,

o0

Ul—oo,0)(z,dy) = E” [/ﬂ{gtedy} dt]7 z,y >0,
0

and

U(foo,O] (:U’a dy) = / U(foo,O] (.73, dy) /J,(dﬂj), y >0,
(0,00)

for a measure p on ([0, 00),B([0,00))). Further, we use the same notations for the dual
process —¢ by adding a hat on the top.

Lemma 3.2.1. Denote \o(dy) = Lyy<qv4(a —dy). Then it holds

Ul—co0/(Aar dy) = U—(y) dy — Ly 00)(y)U-(y —a)dy, y >0,
for all ¢ > 0.

Proof. From [4] Theorem VI.20 (the constant there we normalized to 1) it is known that

U ooy, dy) = / U_(dy+z—2)Us(dz), a,y>0.

z€[(z—y) T 2]
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3.2 Proofs

Now fix y > 0. Plugging in the measure A, it follows:

A~

U—oo,0)(Aas dy) = / Ul—co0)(%,dY) (74+0(q)(d2) + it (a — z) dz)

z€(—00,a)
= 11U (—o00)(a, dy) + / U—oo0) (2, dy)ix (a — z) dz
z€[0,c)
—n [ Uy @U@
z€[(a—y)T,a
€lla—y)T,q] (3.7)
+ [ e =) U s de) dy
z€[0,a)
=7+ / U-(dy + 2z — a) Uy (dz)
z€[(a—y)*,a]

+ / ( / fiv(a—2)Us(do+ 2 —y)) U-(d2) dy.
z€[(y—a)t,y] =z€[0,a)
In the third equality we used duality of £ killed on entering (—oo, 0] and é killed on entering
(—00,0], see Theorem IL5 of [4]. We treat both summands of (3.7)) seperately and start
with the first one. If v, = 0, the term disappears (we will come back to this case at
the end of the proof). If v4 > 0 it is known from Lemma 1 of [6] that U} has a density
u4 (w.r.t. the Lebesgue measure). We plug in, make some manipulations on the integral

and use the duality between the ladder height H and its negative —H, i.e. in particular
dzU_(dy — z) = U_(y — dz) dy:

Y+ / U_(dy+z—a)Us(dz) =74+ / uy(2)U—(dy+ 2z —a) dz
Ze[(a_y)+7a] ZE[((I—y)‘hd}
=7+ / uy(a+z—y)U-_(dz)dy.
z€[(y—a)*y]
Now we use Theorem IIL.5 of [4] which says that

IP)(I_IT[H ) = x) = ’)/+U+($), x 20,

where T[f 00) should denote the overshoot time of H. So the first term in the last line of

(13.7) equals
T+ / uy(a+z—y)U_(dz)dy
z€[(y—a)t,y]
= / IP’(HT[H+ ,=a +2z—y)U_(dz)dy.
a+z—y,00
ZE[(y_a)+1y}

Now we treat the second term and make at first some manipulations:

[ (] me-ov@erz-n) @)y

z€[(y—a)ty] z€[0,a)

29



3 Invariant measures for overshoots of Lévy processes

- [ (] meoyraUian) U@

z€[(y—a)ty]  z€[(y—2)T,a—y+2)
= / ( / fr(a—x—y+2) U+(dx)> U_(dz)dy.
2€[(y—a)Ty] =z€[0,a—y+2)

From Proposition I11.2(i) of [4] we get

fis(a—y+2 — o) Us(de) = B(Hypn

la—y+z,00) "

€[0,a—y+2)).

z€[0,a—y+z)

So the second term in the last line of (3.7 equals

/ P(HT[H oy € [0,a —y+2))U_(dz) dy.
a—y+z,00

z€ [(y_a‘)+ 7y}

Now we add both terms and conclude with (3.7)),

Ot = [ Bl | =atz-yU-d2)dy
z€[(y—a)*y]
+ / P(HT[H I [0,a —y+2))U_(dz) dy.
a—y+z,00

z€ [(y_a)+ 7y]

But now Proposition I11.2(ii) of [4] gives us

]P)(HT[I(;I*erz,oo)_ < HT[?%’Z*?J,OO) =a+tz— y) =0.
So the sum of the two probabilities in the integral is just 1. If v, = 0, the first term
vanishes as explained before. But in this case it holds I[D(HT[H+ , =@ +z—-y)=0
a+z—y,00
(Theorem II1.4 of [4]). Because the sum of the two probabilities is always 1 we have also
in the case v4 = 0 that P(Hpx _€[0,a—y+2)) =1. So we can conclude in all
cases faryae)
U(-00/(Aar dy) = / U_(dz)dy =U_(y) dy — Ljg,00)(y)U-(y — a) dy.
z€[(y—a)T .y
O

Proof of Theorem[3.1.1] The strategy is to use the form of v given in and the ex-
plicitly known undershoot-overshoot distribution by the quintuple law for overshoots and
undershoots of Lévy processes from Doney and Kyprianou [23]. We plug this in and
calculate

PY(a —ép, - €Ay~ ér, , —a€dy®), y ,yt,a>0,

using fluctuation identities for Lévy processes. We have to show that this expression equals
v(dy~,dy") for all a > 0 and y—,y* > 0. For a = 0 this is obvious because in this case it
holds 7}, o) = 0 a.s. under P”. So we fix from now on a > 0. First we note

P'(a— &, .- € dy™,Er,  —a € dy")
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3.2 Proofs

= / P* %" (q — Moy~ €Y &1, o) —QE dyT)v(dz—,dzt)
[0,00)2

= / P " (@ =&, - €Ay 81,0y — A€ dy™)v(dz—,dz")

[0,00) X [a,00)

+ / IP’Z_’Z+(a — fT[u,oo)* IS dyf,fT[ayoo) —a € dy+) l/(dzf,der).
[0,00)x[0,a)

We start with the first summand and use that for z* > a it holds Tla,00) = 0 a.s. under
P= =", So we have

/ IP)Z_’Z+(CL — §T[a’oo), € dy_va[a,o@ —a € dy+) v(dz", dz"')

[0,00) X [a,00)

= / IP’Z_’Z+(6L — ¢ edy & —acdyt)v(dz,dzT)

[0,00) X [a,00)

= / ]l{a+z‘edy—}]l{z+—a€dy+} V(dz_’ dz+) (3.8)

[0,00) X [a,00)

N / Lo cay—a L+ eayt +ay v(d27, d27)

[0,00) X [a,00)
=1y->qv(dy™ —a, dy™ +a).
Now we treat the second integral an note this time that for z* < a it holds Tla,00) > 0 as.
under P? ", Using this we get
— ot _ —
P** (a—¢én, - €Ay .ém, ) —aE dyt)v(dz",dz")

[0,00) x[0,a)

— / IP)Z+(a — fT[a,Do), € dy_,fT[a,oo) —a € dy+) V(dZ_,dZ+)
[0,00) x[0,a)

= / Pz (a— éT[a,oo)* S dy_,fT[a’oo) —a € dy+) V+(dz+),
[0,a)

where v (dz1) := v([0,00),dz") denotes the second marginal of v. To go on we have to
separate the cases that & creeps over the level a and that £ jumps over a:

P (a—&n, - €dy " &n, ., —a €dyt)vy(de?)
[0,a)

+ _
= / P* (a—¢rn, - €dy ¢, ) —a € dy+,§T[W)_ = &1, = @) vy (dz™T)
[0,a)

+ / ]P)Z+ (a’ - é.T[a,oo)_ € dy_') gT[a,oo) —ac dy+7 fT[ayo@— < §T[a,oo)) V+(dz+)
[0,a)

31



3 Invariant measures for overshoots of Lévy processes

Again we consider both terms separately. For the first one we need Lemma 1 of [6] which
says that this term only appears if 74 > 0 and in this case U4 has a density w.r.t. the
Lebesgue measure which fulfils
+
P* (gT[a,oo)— = é.T[aYOO) = a) = ")/+U+<CL — Z+).

So we see (also in the case v4 = 0):

+ —
/ P* (a—&r, - €Ay ém, o) —a €Ay b, - = Em, ) = @) v (d2T)

[0,a)
= ol )oo(dy) [ o= ) (ds)
[0,a)
= 80(dy ooy (@) + [ wala = 2 ) (3.9)
(0,a)
= 0a(dy oo(dy ) (B, =)+ [ pa()Usla - a"))

(0,a)
= y+00(dy)do(dy ™) (B(Hpn, = a) +P(Hpu, € (0,a)))
= 74+00(dy™)do(dy™).

The second last equation is Proposition II1.2 of [4] and

P(HTH[G = Cl) —+ P(HTH[a,oo)* c (0, a)) = 1,

,00)

because P(HTH[G - < a=Hru, oo)) = 0. For the second term we use the mentioned
quintuple law of [23] (in the second equation) to see

+ _
]P)Z (a - é.,T[a,oo)_ S dy 7£T[a,oo) —ac dy+7 é.,T[a,oo)_ < é-,T[a,oo)>
= ]P)(a B Z+ B é'T‘[afz*”oo)_ € dy_’ é'1—‘[(7,7z+,o<>) o (a B Z+) € dy—‘r’ gT[a7z+7oo)_ < é',I‘[

)

a—z1,00)

= / Lozt —y <yt i(a—zt)y LAyT +y7) U (dy~ —u) Us(a — 27 — du)
u€l0,(a—zT)Vy~]

= / 1y <y M dy" +y ) U_(dy~ —u) Uy(a— 2" — du)
u€l0,(a—zT)Vy~]

_ / Ly ey Ty +y7) U_(dy™ +u— (a— ) Us(du)
u€f(a—zt—y~)4,(a—2")]

=1y yry W(dy" + 47 ) Uiinog(a — 27, dy7).

Now we plug-in an get:

+ —
/ P* (a - €T[a7w)— € d?/ 7£T[a700) —ac dy+7 €T[a,oo)_ < €T[a,oo)) l/+(dZ+)
[0,a)

=Ty oy Mdy™ +y7) / Ucoo(a— 2" dy™)vy(dzh)
[0,a)
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3.2 Proofs

= ]l{fy_<y+} H(dy+ +y7) / U(—OO,O}(Z—'—: dy) v4(a— dZ+)7
[0,a)

where U (—o0,0] 18 the potential of the dual process killed on the negative half-line. We used
Theorem VI.20 of [4]. Now we apply Lemma which tells us:

Ucoo)(zF,dy ") vi(a —dzh)
[0,a)

=U_(y )dy” —Ljgoy(y )U-(y" —a)dy™.

Thus, we have

P* (CL - gT[ayow— € dy_aé.T[a’o@ —ac dy+7§T[ayoo>— < ET[a,oo)) V+(dz+)

[0,a)
=1y ey My +y7) (U-(y7)dy™ — Lgy>aU-(y~ —a)dy”) (3.10)
=1y yry Iy +y)U-(y ) dy™ — Ly oy lyy->ar(dy” —a,dy” +a)
=T1_ycyty H(dy* +y )U_(y ) dy™ — Liy->qv(dy” —a, dy™ + a).
We conclude the proof by adding (3.8)), (3.9) and (3.10)):
]P)V(a - gT[a,oo)_ S dy—7 gT[a,oo) —ac dy+)
= lgy->q(dy™ —a,dy™ +a) +v80(dy~)do(dy™)
+ Ly yty H(dyt +y )U_(y )dy™ — Liy->qv(dy” —a, dy™ +a)
= 7100 (dy " )do(dy™) + Ly <y I(dy™ +y7)U-(y ") dy~
=v(a—dy ,dy" —a).
]

Proof of Corollary[3.1.3. We just integrate v with respect to y~ and note that according
to [56] it holds

py(dz) = / I(z +dz)U_(dz), z>0.
[0,00)
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4 Lévy processes with finite variance con-
ditioned to avoid an interval

In this chapter the object of interest is a Lévy process & which has finite variance. Our
purpose is to find invariant functions for the Markov semigroup

P, dy) = PP(& € dy,t < Thay), > 0,2,y ¢ [a,b)],

formed by the Lévy process killed on entering an interval [a, b] with a < b. It will turn out
that we can show invariance for even two functions and hence for all linear combination
of them. In particular we will show that the corresponding h-transformed process for one
particular choice of coefficients equals the process conditioned to avoid an interval in the
spirit of . Moreover, we use the invariant functions to analyse the long-time behaviour
of the h-transformed processes.

To state the conditions on the Lévy process for this chapter precisely we introduce the
following assumption:

(A) £ has zero mean and finite variance, and is not a compound Poisson process.
For certain auxiliary results, we will need to distinguish two cases:
(B) II(b — a,00) > 0, i.e., upward jumps avoiding [a, b] are possible
and
(B) II(—o0,a — b) > 0, i.e., downward jumps avoiding [a, b] are possible.

We will refer to these assumptions in the results of this chapter. Moreover, we will use
that (A) implies that £ is recurrent and in particular oscillating (Sato [53], Theorem 36.7).

4.1 Main results

Before stating the main results, some more notation is needed to define our invariant
functions. We first define inductively the sequence of successive stopping times at which
the process jumps crossing a or b:

70 := 0,
Tt = Inf{t > 7 : &— > 0,& < b} ANinf{t > 7 : §- < a,& > a}.

Second, let KT :=inf{k > 1:7, = Tiap} be the index indicating the time at which the
process hits the given interval, let

vi(dy) = P*(&, € dy, 7, < 00,k < K1), x,y € R\ [a,D]
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4.1 Main results

be the distribution of the position of £ after its k-th jump across the interval, for £ > 0.

It is important to note that each v can be expressed explicitly in terms of the Lévy
measures and potential measures of the ladder height processes. Indeed, v{ is nothing
but an overshoot distribution, for which a formula is given by , using that the
overshoot of £ has the same distribution as the overshoot of the corresponding ladder
height subordinator H. Applying the strong Markov property successively yields explicit
expressions for all other vf.

Theorem 4.1.1. If Assumptions (A) and (B) hold, then the function

S U (y-bvi(dy)  ifz>b
hy(x):= F=0(b,00)

> J U(y=bvg, (dy) fr<a
k=0 (b,00)

is a positive invariant function for & killed on entering [a,b], i.e.

Ez |:]l{t<T[a’b]}h+(£t)j| = h+('1")’ t Z 07‘/'E E R\ [a’ b]

If Assumption (B) is not satisfied, then A is still invariant, but may not be positive. To
be precise, when (B) fails, hy is positive on (b, 00) but zero on (—o0,a).
Similarly, under (A) and (B), the function

(&)

1920( J )U+(a—y)l/2mk+1(dy) ifz>0b
ho(z):={ o & "
kX_JO( J )U+(a—y)l/§k(dy) if v <a

is positive invariant as well. As above, when (B) fails, h_ remains invariant, but is positive
only on (—o0, a) and zero on (b, 00).

An important corollary of this discussion is the existence of positive invariant functions
under the Assumption (A) only:

Corollary 4.1.2. If Assumption (A) holds, then all linear combinations of hy and h_
with strictly positive coefficients are positive invariant functions.

The invariant functions hy and h_ typically do not have a simple closed form (but Section
below for an example where they do). This would appear to reduce their applicability;
however, we can use our definition to prove results on conditioning. We will show that
the conditioning in the sense of works and, as a consequence of general h-transform
theory, that the conditioned process is strong Markov. Additionally, it turns out that the
invariant functions are explicit enough to explain the limiting behaviour of trajectories
under the conditioned law.

Remark 4.1.3. Vysotsky [57] considered the analogous problem for a centred random
walk S = (Sp)nen with finite variance. He derived an invariant function V. which is the
discrete analogue of some linear combination of hy and h_. Proving invariance in the
discrete-time situation is less involved for the following reason. It is enough to show that
V(S) is a discrete-time martingale for which it is enough to derive the martingale property
for one time-step. Since, in discrete-time, 1 < Tj,y) for x ¢ [a,b] the computation is direct.
The continuous-time situation of Lévy processes is much more delicate as t < T,y does
not hold almost surely for any t > 0.
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4 Lévy processes with finite variance conditioned to avoid an interval

With the invariant functions hy, h_ and their positive linear combinations it is now pos-
sible to h-transform the killed process as in Definition We denote the corresponding
probability measures on the path space introduced in section with the positive invari-
ant functions hy (resp. h_) by P, (resp. P_). We will show how to condition the Lévy
process in order to obtain h-transforms with A4 and h_, and then derive the correct linear
combination of hy and h_ corresponding to conditioning the Lévy process to avoid the
interval in the sense of .

The next proposition gives a probabilistic representation of P% by conditioning to avoid
[a,b] and staying above b at late times. The analogous conditioning under (A) and (B)
below the interval results in the hA-transform P*.

Proposition 4.1.4. Assume (A) and (B). Then

P (A) = éi{%P‘E(A,t <egleg <Tap,&e, >0), ¢ la,b],

for A e Fi, t > 0.

To understand the Lévy process to avoid the interval without additional condition on the
late values a natural guess is an A-transform using a linear combination of hy and h_.
Possible asymmetry of the Lévy process implies that different weights must be chosen for
hy and h_. It emerges that the right invariant function is

himhy+Ch_, where C —lim 29 (4.1)

N0 #(q)
Note that, if £ oscillates and has finite variance, then C' € (0, 00) exists; see, for instance,
Patie and Savov [46], Remark 2.21. From Corollary it follows that h is a positive
invariant function if we assume only (A). The h-transform of ¢ killed in [a,b] with h
from will be denoted by IP’:’E . Our main result can now be formulated. Conditioning
to avoid an interval is always possible for Lévy processes with second moments and the
conditioned law corresponds to the h-transform with A from .

Theorem 4.1.5. Assume (A). Then,

1(A) = éi{‘r%]Px(A,t <eqleg <Tiap), ¢ la,b],

forAe F, t > 0.

Typically the first property analysed for a conditioned process is the long-time behaviour.
It is often the case that the conditioning turns a recurrent process into a transient process.
Nonetheless, the limit behaviour under P4, and in particular IP’%, is a priori unclear.
Processes might be oscillating, diverge to +00 or —oo, or might even diverge to both
infinities with positive probability. The next proposition covers the case P%:

Proposition 4.1.6. Assume (A) and (B). Then Pﬁ(tlim & = 4o00) =1 for all x ¢ [a,b].
— 00

Analogously, assuming (A) and (B) one can show that £ drifts to —oo almost surely under

P*. It remains to consider the behaviour of (£ ,ng ). Our final theorem shows that Lévy

processes with second moments conditioned to avoid an interval drift to either +oo or

—00, each with (explicit) positive probabilities:
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4.2 An explicit example

Theorem 4.1.7. Assume (A). Then, P¥ is transient in the sense that

IE%[ / ]l{&eK}dt]<oo, z ¢ [a,b],
[0.00)

for all bounded K C R\ [a,b]. More precisely,

_ he ()
h(x)

]P)%(tliglo & = +00) and Pf(tlgélo & =—o0) = ,  x ¢ a,b],

so that, in particular, ]P’%—almost surely trajectories do not oscillate.

In chapter [5] we will consider the analogous problem for the case of a stable Lévy process.
Since stable processes have infinite second moments, Theorem does not apply, and
it remains unclear if trajectories oscillate or diverge to +00 and —oo with positive prob-
abilities. This is not merely a technical issue with our proof: for a stable process, the
functions h and h_, as defined above, are actually infinite at every point of R\ [a, b]; this
can be shown directly using explicit formulas for the potential functions and overshoot
distributions (see, e.g., Rogozin [52]).

4.2 An explicit example

When € is a Lévy process with no drift and two-sided exponential jumps, it is possible to
compute the invariant functions hy, h— and h explicitly. Let

Nt
& =0Bi+» Y, t>0, (4.2)

i=1

where o > 0, (Bt)¢>0 is a standard Brownian motion, and ZZN;l Y; is a compound Poisson
process with rate A > 0 and absolutely continuous jump distribution with density

1 _ 1 _
fr(y) = e Tl gysop + 37e 77(

_y)]l{y<0}'
For definiteness, let ¢ = /2 and A = 1. The Laplace exponent 1 of &, given by E[e™%] =
e () can be expressed, for 6 € (—n,n), by

2 02 _0(B+6) (=0)(B-10)

L TR U R A 3

where 8 = \/n? + 1 > n. Note that £ oscillates and has finite variance, so (A) holds, (B)

~

and (B) both hold as well. Let

0O =0 0) = "D o g [T e e 05,

which is the Laplace exponent of a subordinator with unit drift, jump rate g — n and
exponential jumps of parameter 7. Since

P(0) = P4 () (-0),
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4 Lévy processes with finite variance conditioned to avoid an interval

the uniqueness of the Wiener—Hopf factorisation (2.23) implies that 14 and t_ are in-
deed the Laplace exponents of the ascending and descending ladder height subordinators,
respectively.

Since

/ e U _(dz) = / e U, (dz) = w+1(9) = 9(7754:1'99) (4.4)

[0,00) [0,00)

by [34], equation (5.23) we can identify the potential measures

U_(dz) = U (dz) = (% + Bg"e—ﬁx) da.

and the potential functions

U_(z) = Up(z) = %x + 56_2"(1 —e Py 2 >0. (4.5)

To find Ay in closed form we first need to find the measures v} explicitly. This can in
principle be done using the expressions we have just found for Uy and the Lévy measures

of the ladder height subordinators, but in fact the overshoot distributions have already
been found in Kou and Wang [32], Corollary 3.1, where

]P)z(gT[a,oo) = dy) = W(l — e—ﬁ(a—z))e—ﬁ(y—a)’ r<a< v,
and
]P)m(gT(—oo,b] cdy) = 77(66_77)(1 _ e—,é’(frf—b))e—n(b—y)7 z>b>vy,
are proven. We now claim that
V2zk+1(dy) = CQkV%(dy)v r<ay> ba (46)
and
VQIk—l-Z(dy) = C2kV§3(dy)7 T,y > b7 (47)

hold for all k > 0, where ¢ = e~"*=%)(3 — ) /(8 + ). For proving this, note that

/ (1 — e=Bl=b))e=n(z=0) g, / (1 — e~ Pla=2))e—n(6-2) g,
(b,00) (—c0,a)

b-a) P
n(B +n)

For k = 0 the claims are clearly correct. Next, note that for = > b:

Vi (dy) = / P*(ér,, ., € dy) Po(er__, € d2)

(7007(1)

_ (n(ﬁﬁ— 77)>2 (1 — e~ Pa—b))nlu-a) / (1 — e=Bla=2))e=n—2)q,

(70070')
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4.2 An explicit example

(B =mN? . _Ba—b) . —n(y—a) —n(b—a) P
= (F) @meememim et

_ 677(56— 77) (1 o e—B(I—b))e—n(y—a).

Now, let us assume the claims are correct for k — 1, £ > 1. Then, for z < a,b < y,

Va1 (dy) = / vae(dy) P*(ém, ., € d2)

(b,00)
_ 2k / vi(dy) P* (&g, .., € dz)
(b,00)
= C2k-26<77(/35_77)>2(1 — e M) nlvma) / e
(b,00)
N2 B
B C%_l M e_n(b_a)i 1-— e_ﬂ(a—x) e—n(y—a)
( 3 ) n(B + 77)( |
_ ok (//g:z)en(ba)w(&p[am) € dy)
= i (dy),

which is (4.6). Similarly we get, for z,y > b,

VB so(dy) = / Vi (dy) P(Er_, € d2)

(70070‘)

_ 2k / vi(dy) P*(€r_, ) € d2)

(700,6!)

— 2k / Vi (dy) v (dz)

(7007(1)

= v (dy)

which is (4.7)).
Having formulas for U_ and all v we can proceed to compute hy. Combining (4.5)), (4.6))
and (4.7) standard integration shows, for k > 1,

/ U_(y — b) vy (dy) = 2 / U_(y — b) i (dy)

(b,00) (b,00)
2c
_ 2k Bla—z)
=c 1—e
5 ( )
202k+1
= 1 — eﬁ(a’_‘z)
5 ( )

for x < a and

[ v-tv-vssa@n = [ U=

(b,00) (b,00)
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4 Lévy processes with finite variance conditioned to avoid an interval

) 2
_ 621@%(1 _e—,B(:v—b))
9,:2k+2 e
= 3 (1—e B( b))
for x > b. Hence, substituting in the definition of h; gives
> 2c
2k+1 ﬁ(afz) _ _ —Bla—z)
(ZC ) )= sa—ayt-e )

k=0

for z < a and

8- Bla - 2  B(o—
ho(z) = %(:p—b) ﬂ;](l—e Bla—b)y 4 (kgoc%”)ﬁu—e Bla=b))
N BN pe) 2 )
5(35 b) + 7 (I1—e )+ﬁ(1702)(1 e )
Vg g (P 2 o Blab)
50+ (O g0
for z > b. Analogously we obtain
(1 — e Ble=b)) itz>b

o) = T L
g(a—x)—i—(%—i-m%ig))(l—e*ﬁ(“ﬁ)) ifr<a

and, finally,
B0+ (2 2520 (o) it s
h(z) = B B2 B(l—cz)
Ba—o)+ (5 + SEF) 0 -0 e <a

using that by symmetry x = & and consequently C' = lim\ o k(q)/k(q) =

4.3 Proofs

Before going into the proofs let us discuss the form of the measures v}, defined before.
We assume in the theorems that ¢ oscillates, hence, all appearing first hitting times are
almost surely finite. Keeping in mind that on the event {KT > k} the time 7, is the time
of the k' jump across the interval. By the strong Markov property and v&(dy) = d,(dy),
we find the relations

Vs (dy) = / P*(6r,_ ., € dy) v (dz) = / Vi (dy) v, (d2),

(b,00) (b,00)
V8 (dy) = / P*(¢r, ., € dy) v_y(d2) = / v (dy) v (d2),
(—o0,a) (—o00,a)

for x > b, and

Vs (dy) = / P*(6r,, € dy) v (d2) = / Vi (dy) v, (d2),

(—o0,a) (—o00,a)
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4.3 Proofs

V8 (dy) = / PE(r_, € dy) vy (d2) = / Vi (dy) v+ (d),
(b,00) (b,00)

for © < a. More generally, the strong Markov property also implies the relation
[ v =g and [ )50 = (@

(b,00) (—o0,a)
(4.8)

for x > b and k,I € N and the analogous identities hold for x < a. It is important to
note that (see e.g. Bertoin [4], Proposition III.2) analytic formulas exist for the overshoot
distributions:

Bty €)= [ naldy—w)Uidu—2), z<a<y, (4.9)
[z,a]
and, analogously,
P&y €dy) = / p—(u—dy)U_(z —du), z>b>uy. (4.10)
[b,2]

Hence, analytic expressions for the v exist in the oscillating case even though these become
more involved for big k due to the recursive definition. As an example, for x > b, we have

vy (dy) = / P*(én, .., € dY) P*(éq ., € d2)
(—o0,a)
= / { / ( / py (dy —u) Uy (du — a:)) p—(w — dz)] U_(z — dw).
(—o0,a) [ba] [z.a]
4.3.1 Finiteness of the invariant function

Since hy and h_ are defined by infinite series finiteness has to be proved. Along the way
we deduce upper bounds that are needed in the sections below.

Note that Assumption (A) implies that E [H;] and E[H;] are finite (see e.g. Doney [22],
page 31, Corollary 4) and this will be crucial for the technical steps which are necessary
to prove the following.

Proposition 4.3.1. Assume (A), then there are constants c1,ca,c3 > 0 such that
hi(2) < aU-(z = b)Liuspy + c2Us(a — 2)Lipcay + 3, & [a,b)],
in particular hy(x) is finite for all x € R\ [a, b).

Before we start with the proof, we need a lemma which is intuitively clear, but needs a
certain argumentation:

Lemma 4.3.2. Let & be a Lévy process which is not the negative of a subordinator. Then,
for all y,z > 0,
P(T{-c0,—y) > Tiz00)) > 0.

41



4 Lévy processes with finite variance conditioned to avoid an interval

Proof. Assume P(T(_ _y] < T}, o)) = 1. Then it follows of course that P*(T{_ 5y <
T[zm)) =1 for all z < 0. With the Markov property we get, for s > 0,

P(T}. ) < 8) = B[P0 (), ) < 5)]
SPY(Ti,00) < 5)
=BV [P (T ) < 5)]
< ]P’*Qy(T[Z’OO) < s).
Inductively we get P(T, o) < s) < P™™(1}, ) < s) for all n € N and hence

P(T[Zvoo) < S) < lim ]P)_ny(T[z,oo) < S) = 0.

n—o0

With this we see

]P)(T[z,oo) < +OO> = Sli)rgo IP>(T[z,c><>) < 3) < Sliglo nh—>nolo IP>_ny(7‘[z,oo) < 3) = 07
but this cannot happen unless £ is the negative of a subordinator. This concludes the
proof. O

To prove Proposition [4.3.1]| we will combine two statements. The discrete analogous state-
ments were also used (with different arguments) by Vysotsky [57] to show finiteness of the
invariant function in the discrete case.

Lemma 4.3.3. Suppose that E[H;] < oo, then

Pt = SUPPx(leam) > b, Tjg,00) < 00) < 1.
rx<a

Proof. If € is the negative of a subordinator, it holds ¢ = 0. So assume that & is not the
negative of a subordinator, in particular we can apply Lemma [4.3.2

We separate three regions of the range of . First we consider very small z, i.e. we consider
the limit of z tending to —oo, then we consider the values of & which are close to a and
last we treat the remaining values.

We begin with z close to —oo. If £ drifts to —oo, then P*(T}, o] < 00) = 0 as x \ —o0,
and in particular P*(¢r, ) > b, T o0) < 00) — 0 also. Therefore there exist a K' < a and
a 1 < 1 such that Pz(fT[a,oo) > b, Tjg,00) < 00) < 1 when z < K.

If ¢ oscillates or drifts to oo, the bound for = close to —oo is more involved. Because
E [H1] < 00, { has stationary overshoots in the sense that the weak limit of P*(¢7, . € dy)
for x N\, —oo exists. It can be expressed as

1
-lim P* e dy) = =———(7404(d i — a)dy), 4.11
yelim (€10, € ) = ] (V+0a(dy) + A4 (y — a)dy) (4.11)
where 7, is the drift of (H,P) and p4 its Lévy measure with the right-tail i, see (2.29)).
Since weak convergence is equivalent to the pointwise convergence of the distribution
function at continuity points, due to the explicit formula in (4.11]) it holds that, for b > a,

Jim P&, ) > b) = E[H)] / fir(y — a)dy

(b,00)
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4.3 Proofs

Hence, also in this case there exist a K < a and a ¢; < 1 such that

Px(é.T[,Loo) > b) < Y1

for all z < K. Now we have to treat the case x € (K, a). Therefore we separate two cases.

Case 1: The process € is regular upwards. First, we consider the limit for x — a. Since &
is regular upwards it holds

lim Px(fT[a’oo) > b,T[apo) < OO) <1

T—ra

and hence, there is some § > 0 such that

p2:= sup P7({p > b, Tig00) < 00) < 1.

z€(a—d,a)

a,00)

It remains to consider = € (K, a — §]. First note that
Px(gT[a,oo) > b, T[a,oo) < OO)
= Pr(é-T[a,oo) > va(—oo,K] < T[a,oo) < OO) + Px(gT[a,oo) > b, T(—oo,K] > Ty[a,oo))'

For the first term we use the Markov property to get

]IDIE(&T[(LOO) > b, T(,oo’K} < T[a’oo) < 00) =E* ]l{T(_oo,K]<T[a,oo)<oo}P§T(_°°’K] (gT[a,oo) >b)
< (Plpw(T(—oo,K] < T[a,oo) < 00)
< Qplpm(T(—oo,K] < T[a,oo))'

Together we have for all z € (K,a — d]:

PQE(&T[Q,OO) > b, Tg,00) < o) < sup ([Pﬂ’(gT[a’oo) > b, T(—o0,k] < Tja,00) < o0)
z€(K,a—0d)
P (0, ) > 0 T oek) > Tiaso)))

< sup (@1P" (T —oo,k) < Tjaroo)) + PP (T —o0,i] > Tia,o0)))
z€(K,a—0]

= ¥3.
With Lemma we get

Sup P$(T(—OO,K] > T[a,oo)) = ]P)a_5(T(—oo,K] > T[a,oo)) <1
z€(K,a—9)

or, equivalently,

inf  PY(T)_oo 1 < Tiyn)) > 0.
xe(}?afts) ( (—o0.K] la, ))
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4 Lévy processes with finite variance conditioned to avoid an interval

Because of this it follows that

3 < sup  (P"(T(oo k] < Tlao0)) + P (T(oo.k] > Tlaoo))) = 1.
z€(K,a—96)

Case 2: The process £ is not regular upwards. In this case it holds

sup Pm(T[apo) < T(—oo,K]) <1
z€(K,a)

or equivalently

inf P7(T_o g1 < Tigoy) > 0. 4.12
stk (T(-o0,k] < Tla,00)) (4.12)

We split up again
PI(&T[&OO) > b, T[a,oo) < OO)
= ]P)m(gT[a,o@ > b,T(,OO’K] < T[a,oo) < 00) + ]P"T(fT[a’OO) > b, T(—oo,K} > T[apo)).
For the first term we use the Markov property to get
3
P€T 00y > b T(—00,K] < Tja,00) < 00) = EY []l{T<,w,K]<T[W><OO}1P’ Tt (€ ey > b>]
< SOlPJ:(T(—oo,K} < T[a,oo) < OO)
< PP (L oo k) < Ta,o0)):

Together we have for all z € (K, a):

P*(€q, o) > b Tg,00) < 00) < up (px(&[m > 0, T(o.k] < Ttan0) < 00)
ze(K,a

+PI(€T[a,oo) > b, T(—oo,K} > T[apo)))
< sup (1P (T(ook] < Tia,0)) + PP (T —o0,6] > Tlae0)))

z€(K,a)
=:@3.
From (4.12)) follows that
w3 < S(lg) ) (]P)x(T(—oo,K] < T[a,oo)) + IP):IE(T’(—OO,K] > T[a,oo))) =1
xe(I,a

For the general case (both, regular upwards and not) set ¢4 := max(p1, @2, ¢3) < 1. O
Analogously to the lemma before it holds

Y= ililsz(&(’“’b] <, T(—oop) < 0) <1,

provided that IE[H 1] < 00. The second Lemma which we need to prove Proposition m
is the following:

Lemma 4.3.4. Assume & oscillates and E[Hl] < oo. For all X € (0,1) there exists a
constant C(X) > 0 such that

E”|Us(a = €r ) Ver___, <ay| < AU-(z =) + C1()

for all x > b.
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4.3 Proofs

Proof. We start to show that

/ Ut (y) p—(dy) < +o0
(K.00)

for all K > 0. For that we estimate U, (y) for y > K with Proposition III.1 of Bertoin [4]
which says that there are constants ci, ca > 0 such that

Uy(@) < &1 <<1> (;))4 and  ®(z) > cor (1 (i) + %)

for all z > 0, where ®(\) = ]E[f[o 00) e Mt dt] and I(z) = f(o 2 i+ (y) dy. We combine
these two statements as follows:

-1 T 1

Ui (@) <o) 1) =St < St o

for all x > K, where cx = 621‘37(1@ Hence, by assumption,
[ v <en [ yuey) < ekl < o
(K,00) (K,00)
for all K > 0. The second inequality can be seen from E [H;] = | yp—(dy)+~- because

(0,00)
H is a subordinator. Now, for fixed A € (0, 1), choose K = K(\) > 0 such that

Ut (y) p—(dy) <A (4.13)
(K 00)

To prove the claim let us first split as
E*[Us(a— o) lier,__, <o)
=B [UJF(G ~ & )1{5T<—oo,b]e[“‘K7“)}} +E° [U+(a = e Uer_, pye(-o0a-K))

and estimate the first summand, using monotonicity of Uy, as

E® [U+(a — gT(—ooyb])ﬂ{gT(_oo,b]E[a_Kv“)}} < U4 (K).

Applying the overshoot formula (4.10]) the second summand can be treated in the following
way:

E* {U+(a - fT(,oo,b])]l{gTHoyb] E(foo,afK)}}

— / Uy(a—y)P*(Ex__, € dy)
(—o0,a—K)

- [( [ vie-utw-ap)v@-du

bz]  (—o0,a—K)
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4 Lévy processes with finite variance conditioned to avoid an interval

- [( ] v-wran@)v@-d

bz] (K4+w—a,00)

< [( [ vitwn-@p) v du

bx] (K,00)
< ANU_(x —b).

Defining C'y (\) := U4 (K) we proved
E* [U-‘r(a - gT(,oo’b] )]l{gT(—oo,b] <a}] < AU- (LC - b) + C+()\>
for all x > b. O

Analogously to the lemma above one can show in the case that £ oscillates and E [H;] < oo
that for all A € (0,1) there exists a constant C_(\) > 0 such that

E°[U_ (€T ne) — b)ﬂ{gT[a,oon}] <ANi(a—2x)+C_(N), z<a.

Now we are ready to combine Lemmas |4.3.3| and |4.3.4] to show finiteness of hi(z). The
idea how to combine them was also used by Vysotsky [57].

Proof of Proposition[{.3.1, Let A € (0,1) be arbitrary. In the first step we use the finite-
ness of E[H;] and E [H;]| combined with Lemmas and to find an upper bound

for
U-(y = b)va(dy), x>0
(b,00)
Set ¢ = max(p4, p_) and note by Lemma that for £ > b and k > 1:

Vo 1(—o00,a) = / P (&r, ., < ) v _(dy)
(b,00)
S (pVZkaZ(bv OO)
—o(Lpoy + Lz [ P, > D)
(—oo,a)

< o (Lgpmr) + 12y ira(—00,0) ).

Inductively we get
2k—1
Vap—1(—00,a) < ¢

for z > b and k > 1. Analogously for k£ > 1 we can show
V%k(ba OO) < (ka

for x > b and

vg,_1(b,00) < p** 1 and v (—o0,a) < 1

for x < a. Now set C'(A) = max(C_(\),C4+(A\)) and use Lemma for £ > 1 to find

[vw-vman= [ ([ vw-9Pe,., )o@

(b,00) (—o0,a)  (b,00)
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4.3 Proofs

< / AU (a — )01 (dv) + C(N) vy (—00, a)
(70070‘)

<A [ Uia= 0@+
(700704)

We estimate the first term in the same way by

22 / U_(b— y)&,_o(dy) + COIAG®?
(b,00)

and hence,

/ U_(y — b) v (dy) < X2 / U_(b— ) v _(dy) + CN) (™1 + Ap™2),
(b,00) (b,00)

Going on with this procedure until v§ we see

2k—1
U_(y — b) v&,(dy) < U_(z — b)A*F + C(A Z T e
(b,00)
2k—1

= U_(z — b2 £ CONEL Y (%)
1=0

Now note St A 2k . .
\2k—1 Z (%)’ — )\2k-1 (X2 Il _® —i
i=0 X v
and hence

[ U= 0 vglan) < U - o S -
(b,00)

for k > 1 (for k = 0 we get obviously U_(z — b) as upper bound). In the same way we get
for z < a:

i (A
| Um0 @) < Usta— gt o S ket ey
(b,00)

for k > 0 (here we get an upper bound dependent on U, because the number of steps is
odd). All together we get

hy(x)

o\ 2k — 2ktl . C) =, & &

< oo (@)U—(x =) Y NF + 1 a)(@)Us(a =) Y N4 =203 (o0 = AF)

p—A
k=0 k=0 k=0
1 A o, 1 1
- 1_ )\QU_($ - b)]l(b,oo)(x) + 1— )\2U+(a - ‘T)]l(foo,a)(x) + o — )\(1 — - 1 )\)
which finishes the proof of Proposition O
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4 Lévy processes with finite variance conditioned to avoid an interval

4.3.2 Invariance of h, and h_

In this section we give the proof of Theorem Define, for ¢ > 0 and = ¢ [a, b, the

auxiliary functions

E | Ul(y—b)vg (dy) ifzx>0b
he (z) := (b0
5] U@ i<
I;O E* |:Uz (§TQk - b)]l{KTZQk’,TQk<OO}:| if x>0
’;OE$ |:Ug(£7-2k+l - b)]l{KTZ2k+LTQk+1<OO}:| lf r<a

where U?(dz) := ]E[f[(],oo) e‘qt]l{Htedva;koo} dt] is the g-potential of the dual ladder
height process. It follows immediately that h%(z) < hy(z) for all ¢ [a,b] and by
monotone convergence that h‘i converges pointwise to hy for ¢ \, 0.

Proposition 4.3.5. Assume (A) and let e; be independent exponentially distributed ran-
dom wvariables with parameter ¢ > 0. Then, for x ¢ |a,b],

1
@Px (eq < Tiap) Eeq > b) <hi(z), ¢>0, (4.14)
and
1
lim ——P* T . =h . 4.1
ql\I‘I(I) /%(q) (eq < [a,b]v& q > b) +(:E) ( 5)

To prove this crucial proposition we need a small lemma which is basically just the strong
Markov property:

Lemma 4.3.6. Let be s > 0 and k > 0. Then it holds

/ PY(s <T(_cop)) Var(dy) =P* (3 < Topg1 — o, KT > 2k + 1)
(b,00)

and
/ PY(s < Tja,00)) Va1 (dy) = P° (3 < Topt2 — Topr1, KT > 2k + 2)

(_Oo’a)

for x > b and

/ PY(s < Tja,00)) Var(dy) = P* (8 < Toka1 — o, KT > 2k + 1)

(—OO,G,)

and
PY(s < T(—oop)) Vag41(dy) = P* (s < Topgo — Topg1, KT > 2k + 2)
(b,00)

for x < a.
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4.3 Proofs

Proof. We focus on the case x > b and prove the first equality. We use the strong Markov
property (2.9) in the version including the shift-operator. Here, we set T = 795 and
Y=1 {(5<T ooy} It is clear that Y is non-negative and that Y is F.-measurable can be

seen as follows:
{s < Toop)} = {T(coop) < 5}° € Fs € Foo.

With (2.9) we obtain for our choice of Y
Pf‘rzk (8 < T(—oo,b]) = [E* []1{S<T(—oo,b]} o 97.% ‘ fT%] .
Using this we get
PY(s < Ti—oo)) Var(dy)
(b,00)
=E” |1, s tsam P (s < T o b])]

- Ex |:]1{ET2k>b KT>2]€}E []1{S<T( b]} o HTQk ‘fTQk]:|
=E* |:]]'{7—2k<T[a b]}P (s + 7ok < Top41 “FTQk):|
[P

(Tor < T[ab § < Tok41 — T2k |]:7'2k)]
= P*(ror < Tjap), § < Tokt1 — T2k)
= IP’”C(K']L >2k+1,8 < Topr1 — Tok)-

We used that {&r,, > b} € Fry, and {7ox < Tjop)} € Fry, N Fligy S Frpy, which can be

seen by Theorem 1.3.6 of [18]. The remaining claims follow analogously. O
Now we continue the proof of Proposition [4.3.5] for which we use the identity

AU (x) =PP(eq < T(—oop)), *>0,q0>0, (4.16)
proved by Kyprianou [34], Section 13.2.1 for a general Lévy process.

Proof of Proposition[{.3.5. We only consider the case > b and start to prove the bounds

Mo 1

. 4.17
~ Peg < Tap)y e, > 0) T PP(eq = Tiay) 0

To derive the lower bound we define 7, = min(Tk,T[a,b}). It follows, in particular, that
7 =71, on KT > k and Tgr1 — Tk =0 on K t < k. For the next chain of equalities we use

(4.16)), Lemma and the lack of memory property of e,:

o) [ VM- 05ldn) = [ Prey < T o) vy
(b,00) (b,00)
= P®(Topp1 — Tox > eq, KT > 2k + 1)
= P*(Tors1 — Tor > €q)
= P*(Tokr1 > eqleqg > Tox)
_ P(eq € [Tok, Tok41))
Pz (eq > Tor)
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4 Lévy processes with finite variance conditioned to avoid an interval

Furthermore, it holds that
IP)m(eq > %Qk) > Px(eq > T[a,b])

because Top, < Tjgp). So we obtain

o . N P (e, € [Fop, 7

B(eq € s ransn) < il0) [ U2 —0) () < et ERERE) ()
P (eq > T[a,b])
(b,00)
Before proving the bounds of (4.17]) we note that
P*(eq < Tlap) Seq > b) =P¥(eq < lim %k,geq > b)

=P U{eq [P F1)s ey > b))

] (4.19)
= (U{eq 7'2k77'2k+1)}>

p"qg

P*(eq € [Tok, Tok+1))-

B
Il

0

The first equality follows from the definition of 74 and the facts that Tj,; < oo almost
surely (because ¢ is recurrent under Assumption (A)) and that 73, diverges to +oo almost
surely. The third one is due to the fact that for = > b the process remains above b only in

the intervals [Tog, Tog+1). With (4.19)), summing (4.18)) over k yields

-3k / — b) v (dy)

(b,00)

O

Pm(eq < T[a,b]7§eq > b)}

€ [P*(en < Toan e > ¥ — e S5

which is (4.17)). Since § is recurrent P*(eq > Tj, ) converges to 1 for g N\ 0, hence, (4.17)
implies the claim. ]

The key for the proof of Theorem are the relations in Proposition We use
them in a similar way Chaumont and Doney [16] proved invariance of a certain function
for the Lévy process killed on the negative half-line.

Proof of Theorem[{.1.1]. First note that (B) guarantees that h(z) is strictly positive for
all z € R\ [a, b], which is not the case for z < a when (B) fails. From now on Assumption
(B) won’t be used anymore. For x € R\ [a,b] and ¢ > 0 we have to show

E* [Lgier, ,yh+ (&)] = hy(@).

First we show that the left-hand side is smaller or equal to the right-hand side. This can
be done applying Proposition [£.3.5]in the first step and Fatou’s Lemma in the second one:

1
E* []l{t<T[a7b]}h+(ft)] —[E* |:1{t<T[a,b]} qlrl\I‘% A )P&(eq < T p)s ey > b)
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4.3 Proofs

. | R
< lim = [ty P (€0 < Tiagys ey > )] (4.20)
: q —qSTx
= (}{1{‘1(1] Q) / e PE []l{t<T[a7b]}P&(3 < Tiqp),&s > b)} ds
(0,00)
= (%1{% A(qq) / e PP (s +t < Tjgp), §s+t > b)ds
(0,00)
= éi\r‘% A edt / e PP (s < Tjqp), &s > ) ds
(t,00)
= éi\r‘% ) edt / e PP (s < Tjqp), &s > ) ds
(0,00)
- lim ﬁeqt / e~ SP¥ (s < Ty, & > b)ds
(0,4]
- 51{% ) P (eg < Tiap)s ey > D)
- éi{% /%E]q) et / e PP (s < Tigp), &s > b) ds
(0,4]
. q t —qsT
= hy(z) — lim ——e / e PP (s < Tjqp), &s > ) ds
a\O k(g '
(9) o

The last equality follows because, according to Kyprianou [34], Section 13.2.1, it holds
that limg\ o % = 0 if £ oscillates. To show the equality it remains to show that we

can replace the inequality in (4.20)) by an equality. To apply the dominated convergence
theorem, we use Proposition which says also that

1
#(q)
for all ¢ > 0. Furthermore, we have just seen that

E” [1{t<T[a,b]}h+(ft)] < hy(r) < oo.

So we can apply dominated convergence to switch the limit and the integral. O

P*(eq < Tiap)s e, > ) < RL(&) < by (&)

4.3.3 Conditioning and A-transforms

The aim of this section is to prove Proposition and Theorem 4.1.5

Proof of Proposition[{.1.4 Integrating out eq, using Proposition and the Markov
property, gives
51{% PP(At <eqleq < Tap)s e, > b)
1

lim
0 B ey < Tiag) Eey > D)

/ qge” TP (A,s < Tiap)s s > b) ds

t,00)
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4 Lévy processes with finite variance conditioned to avoid an interval

1 et
= lim — e PP (A, s+t <Tiup,Esut > b) ds
ho(z q\ﬁ()/q ( la,b]> Es+t )
(0,00)
1 1
_ - 3
_h ( éin /%( ) / qe TRE” |:]lA]l{t<T[a’b]}]P) t(s < T[a,b]7§s > b)] ds
(0,00)
R S
= []lAﬂ{t<T[a’b]}P§t (eq < T[a7b]7£€q > b)] .

b (2) 0 A(9)

From Proposition [4.3.5| we also know —=P% (e, < Ti, 41, e, > b) < hy (&) for all ¢ > 0 and
#(q) q [a,b]> Seq

1p1 {t<T[a,b]}h+ (&) is integrable since hy is invariant. So we can use dominated convergence
to conclude

lim P*(A, ¢ T e b
ql\I‘% ( ) <6q|€q< [a,b]7£q> )

1
—— B Iyl or, ) lim

ho (@)
_pa hy (&)
= b (o)

2\0 K,( ) (eq<T[ab geq >b)

]lA]]-{t<T[a’b]}

)

where we used again Proposition [£.3.5]in the final equality. Hence, conditioning is possible
and coincides with the h-transform with h which confirms Proposition O

For the proof of Theorem [4.1.5] we will use a corollary of Proposition [£.3.5

Corollary 4.3.7. Assume (A) and let eq be an independent exponentially distributed ran-
dom variable with parameter ¢ > 0. Then, for x ¢ [a,b], we have

P*(eq < Tiap) < R(Q)h%(2) + k(@)L (2), ¢>0, (4.21)
and
1
lim =B (e < Tiu) = ho(x) + Oh_(x), (4.22)

where C' = limg o %.

Proof. Let be x ¢ [a,b]. With Proposition and its counterpart for h_ we have
P¥(eq < Tlap), ey > b) < B(@)h%(x)  and  P%(eq < Tigp), e, < a) < K(q)h ()

from which the first claim follows. Furthermore, we have again with Proposition [4.3.5)

I B
31{‘1[1) @P (eg < Tap)s&ey > 1) = hy(x)

and

1
lim ——P%(e, < Tigpl, e, < @) = h_(x).
2N\0 K(Q) ( q [a,b] é.q ) ( )
With this we get

1
él\r‘% H( )]P) (eq < 11[(1,12])
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4.3 Proofs

1 k(q) 1
= li P*(eq < Trop), &e, > b) + lim ——P(eq < Tigp)s&e, <
I\I‘%H(> (eq [a,b] £q ) 1\‘0 H(q> /i(Q) (eq [7b]§ CL)

— h(z) + Ch_(x)
and the proof is complete. O

Proof of Theorem [{.1.5. We follow a similar strategy as in the proof of Proposition
First note that since limg\ o k(q)/A(q) exists, the ratio is bounded for ¢ € (0,1) by some
B > 0. Hence, with Corollary we get

e < Toa) <L) + ggg;hq (4) < ha(y) + Bh_(y)

for all y ¢ [a,b]. So we use dominated convergence and the second part of Corollary
to get

lim P* (A, t T
q{% (At < egleg < [a,b])

1
= 1 . —qSIP)LE A, < T d
50 PP (e < Tiay) / qe BT (Ays < Tioy) ds
(t,00)
]. 1 e_qt q ]P) A T d
= 1 —qspT t
hi(z) + Ch_(z) q0 A(q) /qe (A, s+t < Tpap) ds
(0,00)
]. e_qt
= 1 _QSEI ]1 ]1 P& T d
hi(z)+ Ch_(z) ql\rf(l] #(q) /qe [A {t<Tiap} (s < [a,b])} s
(0,00)
1 1
= 3 x ét T
hi(z) + Ch_(z) él\% ,g(q)E [1A]1{t<Tab]}P (g < [a,b])]
1
 he() +Ch,(x)E {]IA]I{KTMH\O Q) (eg < T[ab])]
1

- h+(£13) + Ch_ (Ji) B []lA]l{t<T[a,b]} (h+ (‘ft) + Ch- (ét))} .

4.3.4 Long-time behaviour

Finally, we analyse the transience behaviour of the conditioned processes constructed in
the previous section.

Proof of Proposition[{.1.6. Step 1: We show that ¢ under P% is almost surely bounded
from below. First note that, for z < a,

E* |:]1{T[a,oo)<T[a,b]}h+<€T[a,oo)):| = / hy(y) vi(dy)

- Z / / (2 — b) vy, (dz) vy (dy)

boo ) (b,00)
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4 Lévy processes with finite variance conditioned to avoid an interval

= Z / b) V3 41(dz)

(boo

For the first equality we used v{(dy) = P*(¢{n, ) € Y, Tjao0) < Tjay)) for © < a, in the
second we plugged-in the definition of h (y) for y > b and used Fubini’s theorem, in the
third we used and for the final equality we used the definition of hy(x) for z < a.
Since {r,__,, < a for ¢ < a it follows, for all z € R\ [a,b], that

P2 (T(—o0, < 00 for all ¢ < a)
= lim P (T(_o, < 00)

c——00

lim }Em _H{T(_oo7c]<T[a,b]}h+ (gT(_oo,c] ):|

hy (@) e=—o0
1 . [ T
" hy (@) B Lr <y BT [1{T[a,w><T[a,b1}h+(5T[a,oo>)}}
1 :
- hy () cgﬁnooEx IL{T( o T B [(]I{T[a,ow<T[a,b1}h+(§T[a,oo))) O 0T oo ‘]:Twoo,dﬂ’

where we used ([2.14)) in the second equality and again the strong Markov property ([2.16))
with Y =1 {(Tacy<Tha b]}h+(fT[am)) in the final equality. According to Theorem 1.3.6 of
Chung and Walsh [18] it holds that

{T(_OQC] < T[a,b}} e fT(foo,c] N ]:T[a,b] - ]'—T(,OO’C]-
So we continue for all z € R\ [a, b] with
E* []l{T(_oo,C]<T[a7b]}Ex [(ﬂ{T[a,ooKT[a’b]}th(5T[a,oo>)) 001 _, |]:T(_oo,c]]]
=E” [Ew (U7 <Tiaigy VT sy < T g et (€130 1)) 0 O | F m]ﬂ
=E* []I{T<—oo,c]<T[a,b1} ((]l{T[a,oo><T[a,b]}h+(5T[a,oo>)) ° 9T<7oo,c1)] '
Now consider just < a and observe

Ex |:]1{T(7<>o,c]<T[a,b]} ((]I{T[a,oo)<T[a,b]}h+ (éT[a,oo) )) ° HT(foo,c] )i|

- Z E* _]l{T(*oo,C]e[%ka%Qk-H)} ((]l{T[a,oo><T[a,b]}h+(§T[a,oo))) © QT(*"O'C])}

- Z E* _]l{T(—oo,c] €lfon Fors )} L {Fornn <Tq,b) g (g )]

[e.9]

= E* _]1 {T(co,c] ElT2k o)} Hranin <Ta,b] yhet (S )] J
k=0

where 7, = min(7g, Tjp) as in the proof of Proposition m Combining the above
computations gives

P2 (T(—o0,g < 00 for all ¢ < a) (4.23)
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4.3 Proofs

1

oo
- hy (z) CEI_HOO Z E* []]'{T(—oo,c]€[T2k77_2k+1)}]l{TQk+1<T[a,b]}h+(£T2k+1)i|
k=0

for £ < a. Our aim is to switch the limit and the sum. In order to justify the dominated
convergence theorem it is enough to verify

ZEI []1{72k+1<T[a,b]}h+(€7—2k+1):| < 0.
k=0

With Proposition we have
E* |:]l{7'2k+1 <T[a,b]}h+ (€T2k+1 )]
< E” []1{T2k+1<T[a,b]}U_ (fTQk+1 — b)} + c3P* (TQkJrl < T[a,b])
< E” []l{KT22k+1}U— (5m+1 - b)} + 03V§k+1((b7 0))
< aE” []I{KTZQIC+1}U— (£7'2k+1 - b):| + C3(P2k

where c1, c3 and ¢ are the constants from Proposition and its proof. It follows that

Z E® []I{T%H <T[a,b]}h+ (S )]

k=0
50 o0
< Z E* []l{KTZ%—H}U* (Erapn — b)} +c3 Z SDQk
prd k=0
Cc3
= arhy () + - oz S

So we can switch the limit and the integral in (4.23)). With the same upper bound for
every summand for itself we can even move the limit inside the expectation. Hence,

P2 (T(—o0, < 00 for all ¢ < a)

R ,
- hy(x) kZ_OEI I:CEI;HOO]I{T(oo,c]6[72k77'2k+1)}]1{7'2k+1<T[a,b]}h+(§T2k+1)

Since & oscillates (which implies 73, < oo P¥-almost surely) we obtain that L
converges to 0 almost surely under P* for ¢ — —oo. Hence,

1E[Tok Tak+1)}

PL (T —oo,) <00 for all c < a) =0
for x < a. For x > b it is proved analogously that

PL (T —o0,q) < 00 for all ¢ < a)

1 . .
- hy(x) cgr—noo Z E []I{T(foo,c] 6[T2k+177'2k+2)}]1{7'2k+2<T[a,b]}h+ (£72k+2 ))]
k=0

and, with the above argumentation, we also find that P% (T(_ o < oo for all c < a) =0
for x > b. This finishes the arguments for Step 1.
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4 Lévy processes with finite variance conditioned to avoid an interval

Step 2: In the second step we show that § is transient under P%, i.e. only spends finite
time in sets of the form [d,a) U (b, ¢] for d < a and ¢ > b. Actually, we even show that the
expected occupation is finite:

Eﬁ[ / e, e(d,a)u,ydt

[0,00)
~ [ Baclaudar
[0,00)
4.24
- {&€ld,a)U(b,c]} M {t<T{q 5 } h(z)
[0,00)
1

<

E* |1 1 .
P (®) yeda b h+(y)[0/ ) [ et {t<T[“vbJ}} d

Recalling Proposition SUPyc(d,a)u(b,d P+ (y) is finite and it remains to show finiteness
of

/ E* [ﬂ{&e[d,a>u(b7c1}]1{t<T[a,b]}} dt
[0,00)

which is just the potential of [d,a) U (b,c] of the process killed on entering [a,b]. To
abbreviate we denote the potential of (¢, P*) killed on entering a Borel set B by UP(z, dy).
It follows

Uz, [d,a) U (b,d) = > (U ool w5y, (b)) + U (15,44, [d, a>>) :
k=0

To compute the righthand side we apply (2.31) (resp. Proposition VI.20 of Bertoin [4])
for y > b:

U2ty (b,¢]) = Uy — b, (0,c — b))

_ / / U (du+ v — (y — b)) U_(dv)
(0,c=b] [(y—b—u)*,y—b]

= [ ([t Ui -5 0) V(@)

[Ovy_b] (070_17]
= / Us(c+v—y)U_(dv)
[Ovy_b]

< Us(e=b)U-(y = ).

It holds analogously that Ul*»>)(y, [d,a)) < U_(a — d)Uy(a — y) for y > a. So we have

o0

Uiy, dy @) U (b, ) < Us (c— ) S / U_(y - b) v,(dy)
k:()(b,oo)

U (-d)Y / Uy (a — ) vy (dy)
F=0(—o0,a)

—00,a
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4.3 Proofs

=Ui(c—b)hy(z)+U_(a—d))h_(z) < .

It follows in particular that the time the process (&,[P7) spends in sets of the form [d, a) U
(b, c] is finite almost surely. Together with the first result that the process is bounded
below almost surely and that the process is conservative it follows that lim; .. & = +o0
almost surely under P . O

Proof of Theorem[{.1.7, The proof strategy is similar to the one above. Transience of
the conditioned process is verified again by computing the occupation measure using the
representation of the conditioned process as h-transform. The computation is in analogy

to , using that h = hy + Ch_ is bounded by Proposition m
Next, recall from the counterpart of Proposition for P* that under (B),

Pi(T(_OO’C} <o0)=1, c¢<a
for all z € R\ [a,b]. Since (2.14) implies

PZ (T(—o0,g < 00) = E* [1{T<—oo,c1<T[a,b]}h—(gT(foo»d)

1
h_(x)
we deduce

o ]l{T(_oo,C]<T[a,b]}h—(ET(,OO,C])} —h_(z), c<a (4.25)

for all z € R\ [a, b] under (B). If (B) fails, we know

h(z) 0 ifz>b
_(z) = .
Us(a—x) ifr<a

Let us check if holds in this case, too. If z > b, the left-hand side of is 0
(because there are no jumps bigger than b — a), as well as the right-hand side. For z < a
the measure P* corresponds to the process conditioned to stay below a which is known to
drift to —oo (see Chaumont and Doney [16]). In particular it holds

Pai(T(_OQC] < OO) =1, c<a

from which we can deduce (4.25)) in the same way as before. So (4.25) holds for all
x € R\ [a, b] just under (A).

Again using (2.14]) yields
PH(T(—o0,e) < 00)

1 xT xT
) (E [ {T— 0o, <Ta, b]}th(gT( o c])] +E [H{T(foo,c]<T[a,b]}Ch7 (gT(—oo,c])]>

h(ac
_ 1 Ch_(x)

h(z )Egc []I{T(foo,c]<T[a,b]}h+(£T(—oo,c])] + h(z)

In the proof of Proposition we have already seen that E* []I{T(foo 4<Tia b]}h+(£T(—oo,c] )]
vanishes for ¢ — —oo, hence,

P¥(¢ is unbounded below) = P{(T( o, < 00 for all ¢ < a) =
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4 Lévy processes with finite variance conditioned to avoid an interval

So we get
e L Ch@ b
P% (¢ is bounded below) = 1 W@~ h)

and, because of transience,

h+ (.I) _ DT : DT/ 1: _
o) P7(¢ is bounded below) = P{ (tlg& & = 00).
Analogously one derives ]P’f(limtﬁoo & =00) = CZ(;()QC) and the proof is complete. O

4.4 Extension to transient Lévy processes

When conditioning a process to avoid an interval, the most interesting case is when the
process is recurrent; if it is transient, it may avoid the interval with positive probability,
and things become simpler. On the other hand, the conditionings in Proposition
to avoid the interval while finishing above (or below) it, may still be non-trivial. In this
section, we drop Assumption (A), and require only that £ is not a compound Poisson
process and does not oscillate. In particular, we do not assume that £ has finite second
moments; only for the study of h_ do we need further conditions.

Without loss of generality, we assume from now on that & drifts to +o00, and indicate which
of our results still hold and which need modification. Under this assumption, the function
h defined by (4.1) simplifies to hy. This can be seen from the fact that x(0) = 0 < £(0),

. . . T k(q)
which implies C' = limp\ o wg = V-

4.4.1 Study of h =h

For the study of h (which is now equal to hy) we need to distinguish two cases based on
whether or not condition (B) is satisfied.

Condition (B) holds

Since the Lévy process is transient, the event {7j,; = oo} has positive probability for
every starting point. The conditioning simplifies dramatically and our results are still
valid, as we now demonstrate. Let £(x) := P*(T], 4 = oo) for z ¢ [a,b]. This is easily seen
to be invariant using the strong Markov property:

E* []]'{t<T[a,b]}€(§t)} =E* |:]l{t<T[a,b]}]P>£t (T[a,b] = OO)]
= lim E* []l{t<Ta7b]}P£t (T[a,b} > 5)]

5500 [ (4.26)
= lim P*(Tjp) >t + )

S$—00
= P*(Tfop) = 00).

Transience ensures that £ is a positive invariant function. We next show that £ is indeed a
multiple of h = hy. To do so we will use the identity #(q)U? (z) = P*(eq < T(_o0,0)), Where
eq is an independent exponentially distributed random variable with parameter ¢ > 0 (see
Kyprianou [34], Section 13.2.1 for a general Lévy process). Since £ drifts to +o00, we have
£(0) > 0, and hence

RO)U_(z) = P*(T(—o00) = ), x> 0.
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4.4 Extension to transient Lévy processes

The idea is to separate the two-sided entrance problem in infinitely many one-sided en-
trance problems and use the strong Markov property to combine them. For x > b, using
the strong Markov property, we find

Pw(ﬂa,b} = OO)
=P (T(—oo,b] = OO) + IP)I(T[a,b] = 00, T(—oo,b] < OO)

z z €T _ oo _
=P (T(*oo,b} =o0)+E |:]1{T(_oo,b]<OO:§T(7OO’b]<a}P foo (T[a,b] - OO)]
N z 13 3
= H(O)U_ (.7}‘ — b) +E |:]1{T(—°°vb]<oo’£T(,ooyb]<a}E T(—o00,b] []l{fT[a,oo)>b}P Tla,00) (Cr[a,b} = OO)]]

ROV =8+ [ P(Tloy = o) v5(cy).
(b,00)

Now we split up PY(7j, 5 = 00) in the same manner, i.e.,

BY(Tjasy = o0) = KO-y~ D)+ [ B*(Tiay = oc) 3 (d).

(b,00)
Using [ v4(dy)vd(dz) = v§(dy) from yields
(b,00)
P* (ﬂa,b] = OO)
—RO(U-@ -ty [ U= uan) + [ BT =) i),
(b,00) (b,00)

By induction the following series representation is obtained:

P(Tjopy = 00) = (0) 3 / U_(y — b) v&(dy).
=O(b,00)

For x < a a similar computation can be carried out, and we obtain

E [ U_(y—b)v3 (dy) ife>0b
() = P*(Tjq) = 00) = o ) ,
Z [ U-(y—>b)vy_ (dy) ifr<a
0(b,00)

= &(0)hs (2) = A(0)h(z).

Theorem This is a consequence of the discussion above.

Theorem Since we condition here on a positive probability event, the h-transform
and the conditioning are related in a standard way, using the strong Markov property and
integrating out eg:

£(&) 1 . " B
E |:]1A]l{t<T b]}g(x)] - ]P)x(z‘v[aqb} — OO)E |:ﬂA1{t<T[a,b]}IP (]—Y[ayb} = OO):|
1
J— 1 - €
= gl\r‘r(l) P* (e, < T[a,b])Ez []IA]l{t<T[a7b]}P tleg < T[a,b])}
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4 Lévy processes with finite variance conditioned to avoid an interval

. PEAt+eq < Tjay)
= lim
N0 PP(eg < Top))
. ethx(A, t<eg < T[a b])
= lim :
g \0 Px(eq < T[a,b])

=1lmP*(At <eqleq < Tiapl)s
NG ( q| q [,b])

for A € F, t > 0.

Proposition The conditioning of Proposition [4.1.4]is equivalent to the conditioning
of Theorem since the additional condition to stay above the interval at late time
vanishes in the limit due to the transience towards +oo. Since h = hy the result of
Proposition follows.

Proposition and Theorem Since the conditioned measure is a restriction
of the original one, the long-time behaviour of the conditioned process is identical to that
of the original process. Hence, the statements of Proposition and Theorem
hold.

Condition (B) fails

The definition of Ay in this case simplifies to

U_(x—b) ifz>b
h = .
+@) {0 ife<a

This function is plainly not positive everywhere. It is nonetheless invariant for the process
killed on entering [a,b]. The conditionings in Theorem and Proposition can
still be carried out but, as we now prove, the results are somewhat different.

Let hy @ (b,00) — [0, 00) be given by hq(x) = U_(x —b), the restriction of h4 to (b,00). As
shown by Chaumont and Doney [16], this function is invariant for the process £ killed on
entering (—oo, b], and the h-transform of this process using hy is the process { conditioned
to avoid (—o0,b]. We will write (P{);e(p,00) for the probabilities associated with this
Markov process.

Consider now the conditioning of Proposition When z > b the process cannot cross
below the set [a,b] and return above it without hitting the set. Therefore, we have that

lim P*(A, t T v & > b) = lim P¥(A, ¢ T ) = PE(A),
lim (At <eqleq <Tigp) ey >b) lim (At <eq|eq <Ti_op)) =PE(A)

the last equality being due to Chaumont and Doney [16]. For x < a, P*(eq < T4, &e, >
b) = 0 for every ¢ > 0, so the conditioning does not have any sense. In total, the
conditioning of Proposition reduces to conditioning & to avoid (—oo, b).

We turn next to the conditioning in Theorem[4.1.5] Let us define h : (=00, a) — [0, 00) by
hy(x) = Uy (a—x), which is a positive invariant function for the process killed on entering
[a, 00) resulting in the process conditioned to avoid [a,c0) when h-transformed with h;.
As before, we write (P{),e(—co,q) for the probabilities associated with the conditioned
process, which is killed at its lifetime (. By the same reasoning in the case where (B)
holds, limg\ o P*(Tl,p > eq) = &(0)hy(x) = &(0)ht(x) when x > b; and, when z < a,
using the asymptotics of T}, o) which we have already seen, we obtain P*(Tj,; > eq) =
P?(Tiq,00) > €q) ~ K(q)Us(a — x) as ¢ \( 0, since § cannot jump over [a, b] from below. If
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4.4 Extension to transient Lévy processes

x > b, and A € F;, the same technique as in the proof of Theorem gives rise to the
calculation

Im P*(A t <eq|e, < T
N0 ( q’ q [,b])

1
= E*[1,1 lim P T
RO Lt [ P € < Tios)
1 . .
= WEQC [HA]I{KT[Q,Z,]} é{%(]l{t<T(,oo7b]}"5(O)hT(§t) + ]1{t>T(,Oo7b]}/‘G(Q)U+(a - ft))]
— 1 T _ i
= WE [ (E) Ul 3] = PE(A).
Similarly, if # < a, we obtain limg\ o P*(A,t < eq [ eg < Tjap)) = P{(A,t < ().
This shows that the conditioning from Theorem leads not to a single Doob-h-
transform of a killed Lévy process, but rather to a Markov process which behaves entirely
differently depending on whether it is started above or below the interval. The long-
time behaviour can be deduced from Chaumont and Doney [16]: the conditioned process

approaches +oo when started above b, and is killed when started below a.

4.4.2 Study of h_

This section is kept informal; the claims can be proved by an adaptation of arguments
developed in Section

In order to study h_ we need to assume that E[H;] < oo and E[H;] < co. Note that
here the descending ladder height subordinator has finite lifetime {, so we understand

E[H,] = E[H 11<¢]. The function h_ is merely excessive, in the sense that

B[ er, , ho(€)] < ho(z), @€ R\ [a,b].
We may still define the excessive transform

h_
Pi(A,t<C):Ex ]lA]l{t<T[a,b]}& , :cG]R\[a,b],

h_(z)
but the transformed process is now a killed Markov process, with lifetime (.
The dual version of the conditioning of Proposition is then given by

P* (At < () = I%Pﬂc(/\,t <egleq <Tap)ée, <a), w€R\]a,bl, (4.27)
q

and gives rise to a killed strong Markov process. This is a generalization of the subordinator
conditioned to stay below a level as studied in Kyprianou et al. [39].
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5 Stable processes conditioned to avoid an
interval

Here, we consider the same problem as in Chapter 4] but for a stable Lévy process. This
means we focus on two main problems: On the one hand we would like to find an invariant
function for £ killed on entering an interval and on the other hand we would like to connect
the h-transformed process to the process conditioned to avoid the interval in the spirit of
. The techniques are different from the ones in Chapter 4| since stable processes do
not have finite variance which was one of the main assumptions. Instead we use the deep
factorisation of the stable process (Kyprianou [35] and Kyprianou et al. [39]) which is the
analysis of the stable process using the underlying MAP via the Lamperti-Kiu transform.

5.1 Main results

We fix an a-stable Lévy process (&, (P¥),ecr) with scaling index a € (0,2) which is not
(the negative of) a subordinator (in the case a € (1,2)) and has both sided jumps. This
forces p := P(& > 0) to be in (0,1) when @ < 1 and to be in (1 — 1/a,1/a) when a > 1.
In the case @ = 1 we assume the drift a to be 0, and hence p = 1/2. Before stating the
main results of this chapter, note that we can easily reduce our analysis for the interval
[a, b] to the interval [—1,1]. Indeed, suppose that h is a invariant function for (pg_l’”)tzo.
Then the function

2 m_b—i—a
b—a b—a

hias (@) = h( ) z € R\[a, b],

is invariant for (pl[ta7b])t20- With the help of stationary independent increments and the
scaling property for stable processes we have

EF []I{KT[%’)J}h(bEagt a ZJ—FZH =EF [H{Kﬂaﬁbl}h(bﬁ (& - b;a))}
=5 [t sy (570
:Ebfa(a:fb%“)[ - 11]}h(§(b2 : at)]
_h(biam_ Zi_a>
As a consequence we will focus for the rest of the chapter on the case [a,b] = [—1,1]. As

a prelude to our first theorem, let us introduce the function

Yap(2) = (2 — l)aﬁ_l(z + 1)04,3—1’ z>1,
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5.1 Main results

and the analogous expression ), for which p is replaced with p := 1 — p. The first result
identifies positive invariant functions for the stable processes killed on entering [—1, 1].

Theorem 5.1.1. Let & be a two-side stable process with « € (0,2), then

L=ap) Jap(z)dz  if x> 1
1

T(ap)
h(z) = ) || )
F(ap)p {waﬁ(z) dz ifz < -1
is a invariant function for (pl[fl’l})tzg.

In the case a = 1 we can write the above invariant function in explicit detail:

|| 1 1
h(z) = /1 (22 —1)"2dz =log <|x] + (2 — 1)§> , |z| > 1. (5.1)

The next result addresses our main motivation, namely to give a precise meaning to
conditioning the stable processes to avoid an interval and to characterise the resulting
process. Combining the invariant functions with classical results of Blumenthal et al. [10]
and Port [48] we can prove that the usual conditioning procedure works and at the same
time identify the conditioned processes as h-transforms of the killed processes with the
invariant functions from Theorem B.1.11

Theorem 5.1.2. Let & be a two-side stable process with « € (0,2), then

h(&)

sll{glo ]P)x(A | t+s < T[—l,l]) = ]P%(A) =" ﬂA]l{t<T[,1,1]} h(.jU)

fort >0,z ¢[—1,1] and A € F;.

The reader will note that conditioning to avoid an interval is much simpler when a < 1
thanks to transience of the stable process. Indeed, the conditioning is a conditioning
on a positive probability event. Moreover, the probability is exactly proportional to the
invariant function h from Theorem B.1.11

As part of our characterisation of the conditioned process we show that it is transient.

This is in analogy to Lévy processes conditioned to be positive which almost surely drift
to infinity, see Chaumont and Doney [16].

Theorem 5.1.3. Let £ be stable process with both positive and negative jumps with o €
(0,2), then the conditioned process is transient in the sense that

IP)%(/O e cry dt < +oo> =1, |z >1,

for all compact subsets K of R\[—1,1].

Another question which we answered in Chapter {4 for Lévy processes with finite variance
was the question of drifting and oscillating. In the case of a stable processes with self-
similarity index o < 1 we can answer this question. The conditioned process oscillates, in
the sense that

limsup & = —liminf & = oo
t—o0 t—o0
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5 Stable processes conditioned to avoid an interval

almost surely under ]P’% . This can be seen in the proofs because when a < 1 the condi-
tioning procedure is just a conditioning on a positive probability event, i.e. we restrict
the probability measure to the paths which do not hit the interval. Since a stable process
oscillates also the paths on which we restricted oscillate and hence, the conditioned process
oscillates.

5.2 Sketch of proofs

The methods to prove our two main theorems differ for the three parameter regimes
a € (0,1), a=1and «a € (1,2), where different background machinery will be employed.

Techniques for a € (0,1): Transience for a < 1 implies that {7]_; ;) = +oo} has strictly
positive probability, irrespective of the point of issue. We apply a recent formula from
Kyprianou et al. [41], which gives the the law of the point of closest reach of 0 of the stable
process. From the law of the point of closest reach we can precisely compute h which, up
to a multiplicative constant, is equal to P*(T}_; ;) = +00), z € R\[-1,1]. Since here we
condition on a positive probability event the limit theorem is simple.

Techniques for a = 1: We employ the fact that stable processes are self-similar Markov
processes and self-similar Markov processes can be represented as time-space transfor-
mation of Markov additive processes (MAPs) via the Lamperti-Kiu representation, see

Section 2.5

In the appendix of Dereich et al. [2I] the authors analysed questions on fluctuation theory
for MAPs. In particular, analogously to Lévy processes, it was proved that the potential
function U~ of the ascending ladder height process (see Section below) of the so-
called dual process to the MAP is invariant for the MAP killed on entering the negative
half-line when it oscillates or drifts to +o0o. This is the generalisation of the Lévy process
conditioned to stay positive, see Section [2.6

Since stable processes are ssMps, the Lamperti-Kiu transform is applicable to the stable
process . The underlying MAP was characterised in Kyprianou [35] and Kyprianou et al.
[41]. For o =1 it holds that Ty = +o0o almost surely (which is a consequence of the fact
that all points are polar for the Cauchy process), hence, the underlying MAP oscillates or
drifts to +oo (in fact the former is the case). In [4I] the authors were able to calculate
explicit densities for the aforementioned invariant function of the MAP underlying the
Cauchy process. Since the Lamperti-Kiu transform tells us that killing the MAP on the
negative half-line is equivalent to killing the stable process in [—1, 1], an appropriate spatial
transform of this MAP turns out to be the the key to prove Theorem in the Cauchy
setting.

Techniques for a € (1,2): For a > 1 the stable process visits points almost surely,
irrespective of its point of issue. We consider the stable process killed on hitting 0. From
Section [2.6] we know that

( sin(rap) [z|*7t if x>0
e(x) :=
sin(rap) [z|*71 ifz <0

is invariant for the stable process killed on hitting 0. Moreover, its corresponding Doob-
h-transform with e(x), = # 0, corresponds to the stable process conditioned to avoid 0 in
a sense that also conforms to the general notion highlighted in (1.1). We will show that
he(z) := e(x)"th(z),|x| > 1, with h defined in Theorem is invariant for the stable
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process conditioned to avoid the origin and killed on entering [—1,1]. In that case, by
the compounding effect of Doob-h-transforms, it must be the case that h(x) = e(x)h°(x)
is invariant for £ killed on entering [—1,1]. The tool we use to show invariance of h°(x)
for the stable process conditioned to avoid 0 and killed on entering [—1,1] is the Riesz—
Bogdan-Zak transform (Theorem [2.6.1)). Let therefore

x T e(Xt)
IPO (A) =FE |:]1A]1{t<T{0}}W:|7 A S ft7t 2 07

be the law of the stable process conditioned to avoid 0. We will use the Riesz-Bogdan-Zak-
transform to show that Pg(7]_; ;) = +00) > 0 and to calculate this probability explicitly
using a very recent formula for the distribution of the point of furthest reach of a stable
process prior to hitting the origin.

5.3 Proofs

5.3.1 Invariance of h

The proofs for the cases a € (0,1), a = 1 and a € (1,2) are completely different in
nature but all rely on recent new explicit formulas for stable processes obtained through
the Lamperti-Kiu representation.

The case a € (0,1)
Since ¢ is transient, P*(7j_; ;) = 00) > 0 for all z ¢ [~1,1] and the function
g(l‘) = ]P)x(T[fl,l] = 00)7 T € ]R\[_]-a 1]7

is strictly positive. The following standard argument shows that ¢ is a invariant function
for the process killed on entering [—1, 1]:

E* []l{t<T[_1,1]}g(£t)] =E” []l{t<T[_171]}]P)£t (T[—l,l] = OO)]
= lim E* []]-{t<T[_1’1]}]P)€t (T[_L” > S)]

S5$—00
= SILI'EO ]P’Z(T[_LH > s+ t)
= IP)5(71[—1,1] = 0)
= g(z),

where we used dominated convergence in the second equation and the Markov property in
the third. It remains to show that h(z) equals P*(7j_; ;) = 0o) up to some multiplicative
constant. Proposition 1.1 of Kyprianou et al. [41] gives us the distribution of the point of
closest reach to 0 of the stable process from which the probability of missing [—1, 1] can
be computed readily. Define m as the time such that || > || for all ¢ > 0 and let x > 1,
then using the aforesaid result in [41],

IP)I(T[—l,l] =00) =P¥({m > 1) + P?({n < —1)

_ F(l_ap) xx_*—zl,_zo/flx Zafl P
= e ([, e e
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5 Stable processes conditioned to avoid an interval

* / ; (f;; (@ + 2)*(z — ) dz)

- mra—aten®), 2G-)7 G+)" e

_ 27T (1 - ap) Iu_ a1 (4 111 du
_F(l—a)F(aﬁ/l( D )™ d

T —a)l(ap) J, Verlwdu
21704

where in the third equality we have substituted v = x/z. If z < —1, we apply duality to
deduce

P*(Ti_1 1) = 00) = P™*(T{_1 1) = o0),

from which an analogous calculation for z < —1 yields the claim.

The case a =1

Let (P:E’i)meR’ie{:tl} be the family of probability measures on the space of R x {£1}-
valued cadlag paths under which the canonical process (M, J) has the distribution of the
Markov additive process (MAP) which underlies the stable process (seen as an ssMp) via
the Lamperti-Kiu transform. More precisely, this means that, under Pglzlsen(@) the
transformation (J,, exp(My,))i>0 is a ssMp with law P*, i.e. the stable process.

We will need to introduce some terminology from Dereich et al. [2I] in order to talk
about the ladder height processes of (M, J). To this end, let Y; = M; — M,, t > 0, where
M, = infs<; M. Following ideas that are well known from the theory of Lévy processes,
it is straightforward to show that, as a pair, the process (Y, J) is a strong Markov process.
It was shown in the Appendix of Dereich et al. [2I] that there exists a local time of
(Y,J) in the set {0} x {—1,1}, say L := (L¢)s>0. Moreover, the process (L™Y, H=,J7) :=
(LY H, J7 )0 is a (possibly killed) Markov additive bivariate subordinator (meaning
that it is a possibly killed MAP for which the components (L; ')i>o and (H; );>0 are
increasing), where

Hy := M1 and Ji o= Jp -, if L;! < oo,

and H, := A and J; := A otherwise, for some cemetery state A.
The process (H~,J7) is called the descending ladder MAP. Next define

= oil [7
U, (@) = E%| /0 Ut <oy
which we call potential function of (H~,J~) and
Ui (z) :=U;_(z) + U, (2) = E%! [/ Lig-cn dt]
0 b

In the case a = 1 the stable process £ does not hit points, i.e. Ty = +oo almost surely. It
follows from the Lamperti-Kiu transfrom that the underlying MAP oscillates or drifts to
400 and in this case the function

(z,1) = U (2)
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is invariant for the MAP killed on entering the negative half-line, i.e.

B [ Lper ) UM = U7 (@)

for all z > 0, where 7(_ ) := inf {t > 0 : M; < 0} (see Theorem 29 of Dereich et al. [21]).
Using this we see

B []l {t<Ti1 0} Us;n(gt) (log & )}

_ polog o]sen(a) -
= E [ﬂ{wt«(,m,m}Usgnuw exp(M.,)) (108 r exp (Mo, D]

lo ,sgn(x —
_ ploglolsen(a) [n{wtq%o]}Usgn(Jw)(M%)} .

Denote the natural enlargement of the filtration induced by (M, J) by (Gt)t>0. An im-
portant fact that we will need is that for all ¢ > 0 the time-change ¢; is a stopping-time
with respect to (G,)y>0 which is almost surely finite with respect to P2, for all x € R
and i € {—1,1}. To prove that we first need the following lemma.

Lemma 5.3.1. With the notation above and t > 0 the following holds with a N b =
min{a, b}:

(i) {cpt < 7'(_00,0]} = {gpt < T(_OO’O}} N{pt ANt =p}.
(it) {pe Nt < T(foo,O]} ={¢: < T(foo,O}} N{es ANt =i}.

Proof. For t = 0 the claims are trivial, so we focus on t > 0. Before we start to prove the
two claims note that ¢ < 7(_ o) implies

t t
/ exp(alMy,) du > / exp(0) du = t.
0 0
Hence, by the definition of ¢; as an inverse function we find

{t <700} S {or < t}. (5.2)

(i) Of course it is sufficient to show {¢; < 7'(_0070]} C {¢: <t} because {p; <t} =
{ot Nt = ¢ }. Using (5.2)) this follows from

{(Pt < T(foo,O]} = {SOt < T(—o0,0] S t} U {SDt < T(—o0,0)5 < T(foo,O}}
e <t} U{t <7 oo}
C{gs <t}
(ii) The right-hand side is a subset of the left-hand side since
{or < 7o} S{oe Nt <T oo}
To show the other direction we decompose the left-hand side as follows
{oent <7o} = {0t <o} U{t <Tcoog}

and show that both parts of this union are subsets of {gpt < T(_Oom} N{p: ANt =i} The
first part is just (i). With (5.2)) we see furthermore that

{t < Tcoo} = {t < T(—oo01} N {wr <t}
C{pr < Tcoog f N{pr <t}

which shows that the second part is a subset of {got < T(_oo,o]} N{pt ANt = ¢}, too. O
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5 Stable processes conditioned to avoid an interval

Taking account of Lemma [5.3.1] we can work with the strong Markov property to show
the following.

Lemma 5.3.2. For allt > 0 the time-change ¢y is a stopping-time with respect to (Gy)y>0-

Proof. Reminding the definition of ¢; and using that all paths are cadlag, it holds that

{pe <wv} = {Els <w: /Osexp(Mu)du > t}

= {Els €10,0]NQ: /Os exp (M) du > t} (5.3)

Moreover, the integral can be approximated by fos exp(My,) du = limy, 00 57 2 2161 exp(M sk ).
277,
With this we can obtain that

W (/08 exp(Mu(w))du,Js)

is Gs-measurable as a pointwise limit of Gs-measurable functions. Combining with (5.3))
implies {¢; < v} € G,. O

Now we go on with the proof of Theorem Applying Lemma [5.3.1] it follows that
log ||,sgn () =
Brem []1{%<T(7o0701}UJw (M‘Pt)]

_ yolog|z|,sgn(z _
= Elsleen []l{%@'(—oo,o]}m{tptAt:sOt}UJw (Msot)}

log ||, 7
= EE el {]l{wtc(—oo,o]}”{w/\t=s0t}UJwt(M“"Mtﬂ

_ 1l ,sgn —

=E og |x|,sgn(x) []l{wt/\t<T(7oo,O]}UJﬂptAt (M@t/\t)i| .

Thanks to the Markov property, we have that invariance of (x,7) — U, (x) for the MAP
killed on entering (—oo, 0] is equivalent to (]l{t<r(, O]}U;t<Mt))t20 being a Plos |zl sen(@)_
martingale with respect to (Gt)r>0. Applying the optional stopping theorem to the bounded
stopping times ¢; A t we deduce that the last expression equals U_ (x)(log |z|). Hence,

B sgn
Usgn(x)
1, 1].

To finish the proof of Theorem we have to show that

(log |x|), |x| > 1, is a invariant function for the stable process killed on entering

h([E) = Us;n(x)(log ‘xDv T e R\[_la 1]7

up to a multiplicative constant, where h is the explicit function from Theorem [5.1.1
Kyprianou et al. [41], Corollary 1.6, found explicit densities for U; (dz). Using these
results we have, for x > 1, that

[ SIS

log x
Usgn(a (108 2]) = / (l—e ) 2(1+e )2+ (1—e?)2(l+e %) 2dz
0

log x L 1
- /o C—e U H (4 e + (- o))
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loga: 1
2/ e %? ) 2dz
xr
J =
2/ u?
1

2h(x).

[e=]

Il
[\
N\»ﬂ

(1—2" 2dz
- 1"

du

By symmetry the claim for z < —1 follows analogously.

The case a € (1,2)

The idea of the argument is as follows. The multiplication of invariant functions cor-
responding to the concatenation of A-transforms gives a new invariant function. In our
setting, recall from Section [5.2] that

sin(map) |z|*~t if x>0
e(z) =19 . . :
sin(rap) [z|*7t ifz <0
is invariant for the process killed on hitting the origin and the h-transformed process
delivers the Markov probabilities P%,  # 0. We will show that h°(z) := e(z)"'h(z),
x € R\[-1,1], with h defined in Theorem is the probability of avoiding [—1, 1] for
P? (P? is transient) and as a consequence is invariant for PZ killed in [—1, 1]:

killing at 0, h-transform with |z|®~! killing in [-1,1], h-transform with |z|'~%h(z)
P P Py
o Ol

From this idea it turns out that h(z) = e(z)h°(z) is invariant for P* killed on entering
[—1,1]. Later we will prove that conditioning P* to avoid [—1, 1] is nothing but conditioning
P* to avoid zero and then to condition PZ to avoid [—1, 1].

Remark 5.3.3. Our argument resonates with the work of Hirano [29] who looked at
the conditioning of a Lévy process to stay positive. Under the assumption of a positive
Cramér number, Hirano conditioned a Lévy process that drifts to —oo to stay positive by
first Esscher transforming, which is equivalent to conditioning to ‘drift towards +o0’, and
then conditioning the Esscher transform to stay positive.

In the following lemma the Riesz-Bogdan—Zak transform is used to identify the invariant
function for P? killed in [—1,1].

Lemma 5.3.4. Define h°(z) = e(x) " *h(x), then
(i) PUTi_1,1) = +00) = poedieti—ay () for all w ¢ [~1,1],

o,[—1,1]

(ii) the function h° is invariant for (p, )t>0, where

py ) = B [Lper ) F(&)).

Proof. (i) Let m be the [0, 00)-valued time such that [£,| < |&] for all ¢ > 0 (point of
closest reach) and 7 the time such that |{m| > €| for all ¢ < Ty (point of furthest reach).
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5 Stable processes conditioned to avoid an interval

Then we see for = ¢ [—1, 1] using the Riesz-Bogdan-Zak transform in the second equation:

Po(Ti—1,1) = +o0) = P5(|€m| > 1)

(g1 >1)

(|&ml < 1)
(gﬁe [|xl|,1)) +1@>%(§me (—1,—|$1|}>.

8=

P

8|~

P

8|~

P

(5.4)

Now we use Proposition 1.2 of Kyprianou et al. [41] which gives an explicit expression

for the distribution of & under P=. We consider only the case x > 1, the case x < —1 is
similar with p replaced by p and x replaced by |z|. We start to compute the first summand

in (5.4) as
Pt (gme [2,1))
el R (SRR K e / w%“”)d”} v
S [ G DG B e [t
:a;1/11"2_&{(“1)&,,(2_1)a,s—1_(a_1)/1 Yap(v) dv] d

a—1

= [ [t Vet = @ =1 [ gty du,

where for the third equality we have have made the change variable z = u/x.
similarly compute the second summand in (5.4) as

ST

_1

We can

R e et
S [ GG e [aad
_a ; 1 /13” —a [(z — 1) (z 4+ 1) — (a — 1)/1 Yap(v) dv} dz

a—1

= [ D — (0= 1) [ vyl ]

and, adding the two terms together, it follows that

BT = +00) = (@ = 1) [ [ () = (= D2 [ u(w) ]

Integration by parts yields

/j [za/:%p(v)dv] dz = [1_

o /12 Pap(v) dv} j:l a /136 1 i aZkawap(z) @

1 [ T
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hence,
Pg(T[—l,l} = +OO) Oé - 1 / ¢ap

for z > 1. On the other hand we have for x > 1

ho(x) = e(x) th(z) = sin(7lra/3) i - ap / Yap(v) dv
= %F(a,ﬁ)f‘(l — oapA)FAxla/ Yap(v) dv

1
=Tl -ap)l'(1—-ap)x / wap

™

Hence we have

m(a—1)

-1
T = ap)T(1 —ap) &) 1)

P3(Ti—1,1) = +o0) =

For x < —1 we can show analogously

P (Ti—1,1) = +o0) = (a — l)ml_o‘ Yap(v) do,

and,
||

(@) = efe)~h@) = 200 = apT(1 = ap)a'™ [ voplo)do

which yields to the claim for x < —1.

(i) Usmg (i) the argument is classical and essentially the same as the one given in Section
For the sake of brevity we leave the details to the reader. O

With Lemma in hand, it is now straight forward to verify the invariance of h using
the definition of P? as a change of measure. Indeed, we note that

B [Ljper_, ,ph(&)] = E* []1{t<T[ L (€)e(Xy)]
= e(x)E [Lyer_, ,3h°(&)]
e(x)

he ()
= ()

for all x € R\ [—1, 1]. Hence, h is invariant for the killed process.

5.3.2 Conditioning and h-transforms

To identify the conditioned processes as h-transforms we follow a classical argument based
on the Markov property. The argument needs two ingredients. First is the existence of an
asymptotic tail distribution of the kind

lim f(s)P*(s < Tj_y,1)) = h(z). (5.5)
S5—00

Second is the invariance h.

For a < 1 the argument is straightforward with f = 1 and the explicit formula for

h(z) = P*(T{_1 1) = oo) already derived in Section Much more interesting are the
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5 Stable processes conditioned to avoid an interval

cases « = 1 and o > 1. In both cases, the asymptotic tail distributions are given in classical
fluctuation theory results due to Blumenthal et al. [I0] and Port [48]. Unfortunately, in
both cases it is unclear if the limit is invariant (the limiting expression only implies h is
excessive). To justify invariance we use the results from the previous section: for o = 1
the asymptotic tail distribution of Blumenthal et al. is precisely given by which we
proved to be invariant using the Lamperti-Kiu representation. For o > 1 the limit has
a particular form that we can identify (using a recent result of Profeta and Simon [49]
already given in Section as our invariant function h from the previous section.

To summarize the approach, our results only give the invariance whereas the known fluc-
tuation theory only gives the needed tail asymptotics. Combining both the limiting pro-
cedure from Theorem [5.1.2| can be performed and the limit is identified as h-transform
with A from Theorem (.11l

The case a € (0,1)

We start with the simplest case a € (0,1) where we condition on a positive probability
event. As seen in the proof of Theorem the probability of this event is the invariant
function up to a multiplicative constant. That is to say, with h defined as in Theorem
b.1.1] we have

'l —«)

h(z) = = P (T =), f2[ > 1.

It follows immediately that h is bounded. Hence, for A € F;, we get with the Markov
property and dominated convergence

o BT [IaT e, VPO (T > 5)]
sll{glo]P) (A ’ bts< T[_l’l]) - sllglo ]P)x(T[—l,l] >t+ S)
E* []lAﬂ{t<T[71Y1]}P£t (T[—l,l] = OO)]
P?(Tj_1,1) = o0)

h
— E* |:]1A]]_{t<T[_1,1]}h((§jt))i|

= P (A).

The case a =1

According to Blumenthal et al. [10], Corollary 3, the tail asymptotics of first hitting times
are

lim P*(s < Tj_y q7) log(s) = h(x) (5.6)

5—00

with A from (5.1)). In the previous section we proved that h is invariant.

Using Fatou’s Lemma in the second equality and the strong Markov property in the third
equality we get, for A € F,

1 :
P%(A) = T@;)W [ILA]I{t<T[,1,1]} Slggo log(S)PEt(S < T[—1,1])]

< lim inf log(s)
5—00 (x)

E* []IA]l{t<T[7l’1]}IP’Et (s < T[_l,l])]
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|
= lim inf 08(s)

S—00 (x)

PE(A t+ s < Tjoqq)

- log(s)
= limin
s=oo log(t + 8)P*(t + s < Ti_11])

5—00 ’

PEAt+s < Tpogq)

Since A® € F; and we can apply the same calculation for A€ we also get

P{(A®) <liminfP*(AY [t +5 < Ti_1)) = 1 — limsup P*(A |t + s < T_y 7).

S§—00 5—00

At this point in the argument, it is important that we have already proved invariance of
h, i.e. that IP’% is a probability measure. Hence, we can write IP% (A®) =1 — IP’% (A). This
leads us to

1(A) = limsup P*(A [t + 5 < Ty 1))

§—00

and combining both inequalities the claim follows.

The case a € (1,2)
According to Port [48] the tail asymptotics of first hitting times are

5—00

: 1o .
lim s'"aP%(s < Ti_11]) = Cap yhﬁn;o u—111(7,y), (5.7)

for some constant cn, > 0 and u;_y1)(z,y) is the density of the potential of the stable
process killed on entering [—1,1]. Profeta and Simon [49] derived the already in Section
mentioned explicit formulas for u_; yj(x,y), namely

wanen) = ealy 2 ([ by
~@=0=0" [Cvao)do [Cdep)dw),  68)

l<x<yand

_, sin(map) /m,y) A
up () = gty =)™ (0 dap(v)do

(a—1)(y - o) / Y fap(v) dw 1

||

Yap(v) dv), (5.9)

x < —1,1 < y. In the formulas we used the abbreviations z(z,y) = |xy — 1|/|y — x| and
ca = 2179/ (D(ap)D(ap)).

In order to combine Port’s asymptotic formula with our Theorem we need to
send y to infinity in Profeta’s and Simon’s formula .

Lemma 5.3.5. If h is defined as in Theorem then

lim U[,Ll](l‘,y) = Kaph(m)v T ¢ [_1) 1]7

Y—0o0

where K, = W lfi/faﬁ(v)ﬁ dv.
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5 Stable processes conditioned to avoid an interval

Proof. We start with x > 1. First note that

z(z,y) 3
lim Yap(v) dv—/ Pap(v) dv.
1

Y—00 1

On the other hand we see with I’Hopital’s rule

y
. 1— . 2
i (o= D=0 [ boplo)do = lim (5 - 0 vuply) = L
Hence, uj_ 1j(7,y) is a product of two functions, one tending to +oo, the other tending
to 0. Applying I’'Hopital’s rule again to the whole term we get

y@ggbc up-11)(z,y)
1 1—22

X%—w)“[@ x) ,
~(@=1) [ tuyl0) dv((l —a)(y -2 / Yap(0) v + g0y — 1))

= jim G Rt [ o) [ st do 4 vty — ).

y—=oo (1 —a)(y

= lim
y—oo (1 — «

5 Vap(2(2,9))

The first summand converges to 0 since z(z,y) converges to x and o < 2. So it remains
to show that

bop)(y — ) — (@ — 1) / " fap(v) dv

converges to some positive constant which is independent of x. It is clear that both terms
tend to +oo with order o — 1. We rewrite the term in the following way:

e}y —2) = (@ = 1) [ vagl) do
— ap0) = 1)~ Yap)e — ) = @ =) [ baplo)do
1
Of course 145(y)(x — 1) converges to 0. So it remains to show that
e}l =) = (@ = 1) [ vopl) o

converges. Note that we can write

Uy (W) = Yap) [(ap = D(v = )7 4 (ep — D) (v+ 1) 7',

and with this we see that
bop@)y — 1) — (0 — 1) / " () dv
Y Yy
~ [ 0= 1+ ) o= (@ =) [ gt} aw

— [ "o ((ap =1+ (@p - DI +1- (@ - 1) do
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— 21— ap) /1  baplv)

Since ¥a;(v)/(v 4 1) behaves like (v — 1)1 for v \, 0 and like v~ for v — +oo0, it
follows that [~ ¥as(v)/(v + 1) dv € (0,00) because ap € (0,1) and a — 3 < —1. Now it
follows that

lim w12, ) = ca(1 - ap) / Yaplv) — dv / ()

Y—00
20a( ['(ap)
= o d h
rr ) [ ap(o) g dvh(a)
= Koph(z).
For x < —1 we can use (5.9)) to do a similar calculation which yields to
. sm(wap ||
1 R
yggo U[—1,1] ($7 y) sm(wap / ¢ap dU ¢ap(v) dv
51n(7rap)F( /
= Ca (1— o :
“@sin(rap)D(1 — ap) | Vap(v)i7 7 dvhiz)
sin(rap)l(ap) _ _T'(ap)

Since ) it follows

lim uj_y 3)(7,y) = Kaph()

Yy—00

sin(rap)l(1—ap) — T'(1—ap

also if z < —1. O]
The proof of Theorem [5.1. 2 in this regime of o can now be copled from Section [5.3.2

replacing log(s) by sI=% in (5-6). The desired invariance of lim s' an(s <Ti_1y)),as a

S—00
function of z, comes from Lemma, |5.3.5| combined with Theorem [5.1.1

5.3.3 Transience

Since h is invariant and hence, the h-transformed process is conservative it is sufficient to
show that the potential of the h-transformed process

E%[ /0 eeraay dt}

is finite for all d > 0. To prove this note that

Ez[ /0 ﬂ{ste[—d,dl}dt} = /0 E [ﬂ{ste[—d,d}}]l{xﬂ,l,”} h(sg)} dt

h 1,1
S swp (y§ B /0 L efaa |
)

yel—dd\[-1,1] "
h(y

= sup —2L U1 11(z, [—d, d]),
vel-dd\[-1,1] P(2) 1) (| )

where Uj_q (a:,dy) is the potential of the stable process killed on entering [—1,1]. The
explicit form of h implies

sup h(y) = max(h(—d), h(d)) < oco.
y€[—d,d]\[-1,1]

Hence, it is sufficient to show finiteness of the potentials Uj_; 1;(w, [~d, d]).
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5 Stable processes conditioned to avoid an interval

The case a € (0,1)

The unkilled process is transient, i.e. tlim |€:] = 400 a.s. under P*. According to Theorem
—00

.19 of Bertoin [4] this implies that the unkilled potential is finite, hence,

[e.e]

Ti—1,1
U[—l,l] (.’L‘, [—d, d]) =[E* [/0 ]l{EtE[—d,d]} dt] < E* [/0 ]l{&e[—d,d]} dt} < 4o0.

The case a =1

We use the explicit formula for the killed potential density u_; 1)(z,y) from Profeta and
Simon [49], see Section [5.3.2}

z(z,y) L

wergen) = [ uy)do = clog (s(a,p) + (L) - DF).
1

zy—1

=y

loss of generality that x < d (if x > d the last summand of the following term vanishes).

We have

where z(z,y) = ‘ ‘ and c is some positive constant. Let x > 1 and assume without

Uy (@, [=d,d]) = Uy y(z, [=d, =1)) + U gy (2, (1, 2]) + Uy g (2, (2, d)).

In the following we estimate separately the three summands. The first summand is

-1

U[*l,ﬂ ('r? [_d7 _1)) = C/d 10g (Z(Jj,y) + (Z(x7y)2 - 1)%)dy‘

Since = > 1, the function y — z(z,y) is bounded on [—d, —1) and, hence,

y — log (2(z,y) + (2(z,)> — 1)?)

is bounded on [—d, —1), too. For the second summand we compute with the explicit
formula:

Uisao (L) = ¢ [ 1og (s(0.) + (o000 = 1)) dy
e [ tos2sta. ) dy

“oe (2@y—1)
c/1 log< p—y )dy

<c(z—1)log (2(z* — 1)) + c/xlog (

1 r—=y

IN

)dy<oo.

It remains to show finiteness of the third summand:

d 1
Uiy, (2, d]) = ¢ / log (2(z,y) + (=(z, )% — 1)}) dy

T

d
< c/ log(2z(z,y)) dy

o[ (2 )
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5.3 Proofs

d
1
< c(d—x)log(2(xzd — 1)) + c/ log <H> dy < oo,
as above. These estimates show that U}_; 1] (z,[—d,d]) is finite if z > 1. If z < —1, we get
from the symmetry of § that U_; 1)(, [ ,d]) = U[ 1,1](=m, [~d,d]) and the claim follows
from the arguments given for x > 1.

The case a € (1,2)

As for a = 1 we use the formula of Profeta and Simon [49] stated in Section[2.4] For z < —1
it holds that u_ 3(7,y) = 41 1)(—z, —y) where @_; 1j is the analogue expression for the
dual process.

We start with the case > 1. From the explicit formula we see that y — wu_q (x,y)
is continuous on (—oo, —1) U (1,2) U (x,00). Since we have limy_,+; z(x,y) = 1, it holds
limy 41—y 1)(z,y) = 0. Hence, to show finiteness of U_y j)(, [~d, d]) it is sufficient to
show that the limits of uj_; 1)(z,y) for y \, ¥ and y  z exist. For the existence of the
limit for y N\ z it suffices to show that

z(z,y)
fim(y )" [ dngle)do
1

YN\

exists. The first factor converges obviously to 0 and the second to +oco. Applying
I’Hopital’s rule gives

_ . z(z,y)
lim(y — z)® / Yap(v) dv
1

Y\
= (o(e.)
e (1 —a)(y —z)~

: €= — a—2

—;1\1‘1; o1 W) Wap(2(2,y))

_etod lim (y — 2)*2(2(z,y) — D (2(2,y) + 1)*7!
a—1 PNz

= P Dy — 1= (y— ) gy — 1+ (y — )
a—1 yN\z

_ ($2 1)a—1

S a-1

hence, li{n u[—y11](w,y) exists. To show existence of the limit for y  x it is sufficient to
Y\

show that

z(x,y)
fim (o~ )" [ waple) o
y/ T 1

exists. But this follows from an analogous calculation. For z < —1 we use u|_y 1)(z,y) =
tij_1,1)(=z, —y) and apply the result for z > 1.
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6 Stable processes conditioned to hit an
interval continuously

Here, we tackle the problem of Section when £ is a stable process and B is the interval
[—1,1]. In Chapter [5|we already found a positive invariant function for the stable processes
killed on entering [—1,1], i.e. a function h: R\ [-1,1] — (0, 00) such that

E*[Ler_, pM(&)] = h(z), = ¢[-1,1],t>0. (6.1)

The invariant function was used to condition the stable processes to avoid the interval and
to relate the conditioned processes to their hA-transformed path measure:

z h(&:) o
E ]IA]I{KTFMJ}W;) = lim P*"(A|s+t<Tj_yy), z¢[-1,1],t>0,

§—00

for A € F;. As for other processes conditioned to avoid sets the conditioned stable pro-
cesses are transient. As a counterpart, the present chapter studies the question if stable
processes can also be conditioned to hit the interval continuously in finite time.

We follow the strategy introduced in Section First, we find harmonic functions for the
stable process killed on entering an interval, i.e. excessive functions v : R\ [—1, 1] — (0, o0)
which fulfil

B (1 cen, )0 Enee)| = v(@), @ ¢ [-1,1], (6.2)

for all compact K C R\ [—1,1]. From these harmonic functions we define h-transformed
measures which we then identify as the limiting measures of suitable conditionings that
force the process to be absorbed at the boundary of the interval. The different possible
cases of absorption at the top or the bottom of the interval will be reflected in the existence
of different harmonic functions and their linear combinations.

6.1 Main results

As mentioned the main results of this chapter are two-fold. We first identify new harmonic
functions and then connect the underlying h-transformed processes to some conditioned
processes.
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6.1 Main results

6.1.1 Harmonic functions

In this first section we identify two (minimal) harmonic functions. Let us define two
functions v, vy : R\ [-1,1] — (0, 00) by

sin(map) {(m + Dthap(x) — (0 — 1)+ fwap(u) du} ifx>1
vi(z) = |z| )
sin(rap) (2] = Dio(lel) = (@ = Dy [Yapl)du]  ifw < -1

and

sin(ra)[(z — Db (x) — (@ — 1) f%p(u) dul o> 1
voq(z) := 2] .
sin(rap) (o] + Diip(lel) = (@ = Dy [Yaplw)du| — ifz < 1

The appearing auxiliary functions
Yap(z) = (- 1)0"371(33 + 1)0"’71, x>1,

already played a crucial rule to condition the stable processes to avoid an interval in
Chapter For the function v, the positivity parameter p is replaced by p, and vice
versa.

Here is the main result of this section:

Theorem 6.1.1. Let £ be a stable process with index o € (0,2) which has jumps in both
directions. Then vi and v_1 are harmonic functions for & killed on first hitting the interval
[—1,1].

A harmonic function is in particular excessive, hence, a new measure can be defined as an
h-transform with the harmonic function. In what follows we will denote the h-transforms
with vy, v—_; and v :=v; +v_1 by P? | P and PZ.

v1? V-1

6.1.2 Stable processes absorbed from above (or below)

The purpose of this section is to analyse the h-transformed process (£, Py ). Since all
results for ({,Pj_ ) are analogous (replacing p and p) without loss of generality we only
discuss (£, Py, ). Two questions will be our main concern:

e Is the process killed in finite time and, if so, what is the limiting behavior at the
killing time?

e How to characterize PPy through a limiting conditioning of P*?

The first question can be answered for all « simultaneously using properties of the explicit
form of vy:

Proposition 6.1.2. Let £ be an a-stable process with o € (0,2) and both sided jumps,
then

PP ((<o0,§-=1)=1, x¢[-1,1]
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6 Stable processes conditioned to hit an interval continuously

To answer the second question we need to distinguish the recurrent and the transient
cases:

The case a < 1: The probability that & never hits the interval [—1, 1] is positive because
the stable process is transient. To condition ¢ to be absorbed by [—1,1] from above
without hitting the interval we first condition on {7}_; ;) = oo} and then on some event
which describes the absorption from above. The most plausible event is T{; 14.) being
finite for small € > 0. Another possibility refers to the so-called point of closest reach. Let
therefore m be the time such that |€,,| < |&/| for all ¢ > 0. Then &, is called the point of
closest reach of 0. The polarity of points for a < 1 implies §,,, # 0 almost surely under P*
for all starting points z # 0. With these definitions one could also think of conditioning
on the event {£,, € (1,1 + ¢)} which is contained in {Tj_; 3} = 00,T(1,14¢) < o0} and,
indeed, this is the right choice.

The case o > 1: The first hitting time T]_; yj is finite almost surely, hence, a different
conditioning is needed. Since T(_i_. 4. is finite as well the good conditioning is to
condition {r,_,__,,., to be in (1,1+¢) and then let € tend to 0.

The techniques we use for the conditioning center around the recent results on the so-called
deep factorisation of stable processes, see e.g. Kyprianou [35] and Kyprianou et al. [41] and
hitting distributions of stable processes, see Kyprianou et al. [38]. In particular, results
on the distribution of the point of closest reach in the case a < 1 and the distribution of
the first hitting time of the interval (—1,1) in the case a > 1 are the keys to prove our
results.

We come to the first characterisation of the h-transform Py, as the process conditioned to
be absorbed by [—1, 1] from above in a meaningful way.

Theorem 6.1.3. Let £ be an a-stable process with « € (0,1) and both sided jumps. Then
it holds, for all x ¢ [—1,1] and A € F;, that

Py (At <()= %%i{%lp’x(f\yt < T(—(146),1+6) | ém € (1,1 4 €)).

In fact, we prove a slightly more general statement which has precisely the form of a
self-similar Markov process conditioned to be absorbed at the origin in Kyprianou et al.
[37] and a Lévy process conditioned to be absorbed at the origin from above in Chaumont
[15]:

Py (At < T(_(146),146) = i{% PP(At <T(_(116)146) |ém € (1, 14+¢))  (6.3)

for all 4 > 0.

In the case a > 1 the h-transform belongs to a different conditioned process.

Theorem 6.1.4. Let & be an a-stable process with o € [1,2) and both sided jumps. Then
it holds, for all x ¢ [—1,1] and A € F;, that

]P)il (Aat < C) = %l\r"% 21{‘% ]P):E(A,t < T(,(1+5)’1+5) ’€T<,(1+6)71+€) € (17 1+ 6))

With this result we can interpret the h-transformed process as the original process condi-
tioned to approach the interval [—1, 1] continuously from above.

For a > 1 we can even find a second characterisation of Py, as conditioned process. We
need to introduce the stable process conditioned to avoid 0 (see e.g. Panti [45] or Yano
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6.1 Main results

[58] for general Lévy processes or Section [2.6). As a reminder define e : R\ {0} — (0, 00)
via
sin(rap)ze1 ifx>0
e(r) =4 : ,
sin(rap) |z if <0

which is known to be a positive invariant function for the process killed on hitting 0 when
a > 1. Denote the underlying h-transform by PZ, i.e.

e
Pg(A) =E* |:]]'{t<T{0}}@:|7 z 7& 07A € fta

e(x)
which can be shown to correspond to conditioning the stable process to avoid the origin.
We can use P? to give a conditioning analogously to the case o < 1 also in the case
a > 1. But here the conditioning does not refer to the original process but to the process
conditioned to avoid 0.

Theorem 6.1.5. Let  be an a-stable process with a € (1,2) and both sided jumps. Then
it holds, for all x ¢ [—1,1] and A € F, that

Py, (At <) = %%i%Pg(A,t <T(148).148) [ €m € (L, 1 +€)).

It is quite remarkable to compare Theorem and Theorem Since conditioning
to avoid a point has no effect for a < 1 both theorems coincide. First condition to avoid
the origin (trivial for o < 1) then condition to approach 1 from above yields P, . The
case o = 1 differs from « # 1 in this respect because 0 is polar and the conditioning to
approach the interval from above is not well-defined because &,, = 0 almost surely.

6.1.3 Stable processes absorbed without restrictions

In this section we want to analyse the h-transforms (§,P%) with v = v; + v_;. The two
main aspects are the same as in Section [6.1.2] First we want to analyse the behaviour
of the paths of ({,P%) at the killing time if it is finite. Second we give characterisations
of the h-transformed process as the original process conditioned on similar events as in
Section

In the case v < 1 this works as one would expect, namely the h-transform using v corre-
sponds to the process conditioned on {|¢,,| € (1,1 +¢)} for e tending to 0. For av > 1 we
won’t find a representation (£, P¥) as a conditioned process. Nonetheless we can show that
the process conditioned to be absorbed by [—1,1] without any restrictions on the side of
the interval of which it is absorbed, equals (£, ) or (§,IP; ) depending on some relation
on p. This means that the process conditioned to be absorbed without any restrictions
coincides with one of the processes conditioned to be absorbed from one side.

Here is the result on the behaviour at the killing time:

Proposition 6.1.6. Let £ be an «a-stable process with o € (0,2) and both sided jumps,
then
Py (¢ < o0, ’64*‘:1):17 xg—f [_171]'

As before we want to connect the h-transformed process to some conditioned process.
Again we have to separate the cases & < 1 and a > 1 and for o > 1 we give an alternative
conditioned process. The event we condition on is bigger than in Section [6.1.2]in all cases.
We start with the asymptotic in the case @ < 1 and the characterisation of (¢,P?) as
conditioned process as one would expect with the knowledge of Theorem [6.1.3
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6 Stable processes conditioned to hit an interval continuously

Theorem 6.1.7. Let £ be an a-stable process with o € (0,1) and both sided jumps. Then

it holds, for all x ¢ [—1,1] and A € Fy, that
PﬂAJ<C):ggggP%mt<ﬂ4H@&m\@ﬂE(L1+d)

As we already mentioned, in the case o > 1 the process conditioned to be absorbed by the

interval without restriction on the side of absorption is the same as the process conditioned
to be absorbed from one side, the side depending on p.

Theorem 6.1.8. Let & be an a-stable process with o € [1,2) and both sided jumps. Then
it holds, for all x ¢ [—1,1] and A € F;, that

Jm ii{‘T[l)]P’w(A,t < T (148)148) €710y 140y E [ 1 1])

_ {%(A,KC) ifp<

N[ N[

Py (At <) if p >

We conclude with the alternative characterisation for the h-transform for a > 1. Again the
conditioning refers to the stable process conditioned to avoid 0 and the event we condition
on is the same as in the case a < 1.

Theorem 6.1.9. Let £ be an a-stable process with o € (1,2) and both sided jumps. Then
it holds, for all x ¢ [—1,1] and A € F, that

Pg(/\,t < C) = %l\l"%il\rgpg(/\,t < T(—(1+5),1+5) ‘ lgm‘ € (17 1+ 5))

6.2 Proofs

6.2.1 Harmonic functions

In this section we prove Theorem First we give an idea how to extract the right
harmonic functions. The potential measure of ¢ killed when it enters [—1, 1] is defined as

1,1
Uiy (z,dy) :==E*

]]-{&Gdy} dt] N T,y §é [—1, 1]
0

It is known that the potential measure has a density with respect to the Lebesgue measure
(also known as Green’s function), i.e.

U[fl,l}(fca dy) = U—-1,1] (z,y) dy,

where uj_y ) : (R\ [-1, 1])?2 — [0, 00) is explicitely known from Profeta and Simon [49].
Moreover, Kunita and Watanabe [33] showed that 2 — u;_; 1)(2,¥) is harmonic for all y ¢
[—1, 1] and, heuristically speaking, the corresponding h-transform should be the process
conditioned to be absorbed by y. Since our aim is to condition the process to be absorbed
from 1 we will consider the limit when y tends to 1. But from the formulas of [49] we
see immediately that ui_q (x,y) converges to 0 for y tending to 1. So there are two
difficulties. The first one is that we need to renormalise u_; j)(z,y) such that it converges
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6.2 Proofs

pointwise for y N\, 1 to some function in z and second we need to argue why in this case
the limit of the (scaled) harmonic function is harmonic again.

To abbreviate we denote

rapl(ap) ,mapl(ap)

= 2% d 5 =200 ———— =
and cqp T = ap)

The first auxiliary result establishes a pointwise connection between vy and the potential
density w_y,;; which will be very important for the proof of harmonicity of v;. From
Profeta and Simon [49] we know that y +— u_y 1j(z,y) has a pole in x (for a < 1) but is
also integrable at z. Hence, defining uj_; ;)(z,2) := 0 does not change anything for the
potential of the process killed on entering [—1, 1].

Lemma 6.2.1. Whenever x >y > 1 orxz < —1,y > 1, it holds that

e u—1,1](33,y)
vi(z) = 2% e, SELRS )
(@) " 9(y)

- (sin(ﬂaﬁ)]l{x>1} + sin(ﬂap)]l{x<,1})
(1-aple -yt
—ap)lr —y / a ap—2
X u—1)(u+1)*"*du
o) (u—=1)*(u+1)

||

+ (@ = D (sin(rap) Ly [ voplu)du+ sin(rap) L 1y [ v du)
1 1

X (;5)1/%;3(”) du — 1),

where g(y) = (y — 1)*(y + 1)*77! = (y — D)as(y).

Proof. We use the explicit expression for u[_q j (z,y) from Profeta and Simon [49], where

the expression
2y — 1]

appears frequently. Before we start we note that

z,y g—f [_1a1]71‘7£y7

(z+1)(y=1) ifz >
Z(w,y)—lz{(lrll)y(yl) if v <—1,y>1

yf"E
and (z—1)(y+1)
% ife>y>1
Z(fv,y)+1:{(lxﬂ)y(y+1) ifr<—1,y>1
y—x ’

Furthermore, with integration by parts we get

z(z,y)
/ Yap(u) du
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6 Stable processes conditioned to hit an interval continuously

2(z,y)
(u— 1)L (u+1)*~1 du

1

2(z,y)
_ i _1\ap ap—1 (@) _ ap — 1 / _1\ap ap—2
_aﬁ[(u 1) (u + 1) L - (u— 1) (u + 1)* 2 du
1
) ) 2(z,y)
— -1 ap 1 ap—1 —ap / 1 ap 1 ap—2d
25 (@) = () + 1)) 4 [ oy
and analogously
z(z,y)
/ ¢aﬁ(u) du
1
) ) _2(zy)
- —_ 1) 1 ap—1 —ap / _1)er 1 ap—2 ]
o () = )l y) + 1)) 4 = [ oy

We use the explicit form for u_ 3j(x,y) given in [49] and plug in to see, for z >y > 1,
P(ap)T(ap)
217,041%71,1] (7,y)
z(z,y) Yy z

— = [ daplu)du— (@~ 1)s [ aplu) du [ daplu)du
1

1 1

T — a—1 R
— I afay) - 1 el + 11
. ) a1 z(z,y)
+ ( - Oép)éi_ y) / (u - 1)ap<u + 1>aﬁ—2 du

1
—(a—1)y / op () du / ap () du
1 1

- alp«x +1)(y — 1))°°(( — 1)(y + 1))

z(z,y)

I (1 — Oéﬁ)éxp_ y)a—l / (u o 1)ap(u + 1)04;372 du

1
—(a—1) / () du / oy () du
1 1

ap sin(map)

= = D D () (@ s [ () du)
1
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z(z,y)
_ A o a—1 R
" (1 Oép)éxp y) / (’LL . l)ap(u + 1)ap—2 du

— (o= 1)+/y¢aﬁ(u) du/xwap(U) du
1 1

Solving the equation with respect to v; and using sin(wap) = m yields the claim
forx >y > 1. For x < —1,y > 1 we get similarly:

sin(rap) (ap)D(ap)

sin(rap) 21—« U-1,1)(, )
2(z,y) |z
:(y—x) / wap( )du— Ct—l /wap du/wap
1
— ) 1 .
= W ey - 1 ey + 10
ap
. . aop F@w
+ ( —ozp)(y—x) / (u_l)ap(u_i_l)aﬁdeu
ap
||
a— 1 /wap dU/¢ap
1 « ap—
= ij((lﬂfl =Dy = 1)*((|=] + 1)(y + 1)
. . aq 2E@)
+ ( —Ozp)(y—x) / (u_l)ap(u+1)aﬁ—2du
ap
||
(—1) /@Z’ap du/d)ap
. . ||
—  (q—1)P ap—1 _ 1
” (y—=1)*(y+1) (Sm(mp) (a /%p du
) . a1 @)
+ ( —ap)(ac—y) / (u_l)ap(u+1)aﬁ—2du
ap
||
Oz* 1 /’(/)ap du/wocp
Again, solving with respect to vy (z) leads to the claim. O

Corollary 6.2.2. It holds that

V1(x) = Cap lim w

lim = wERN L
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6 Stable processes conditioned to hit an interval continuously

Proof. We consider the expression from Lemma and let y tend to 1 from above. It
is sufficient to show that

- (Sin(ﬂaﬁ)ﬂ{ml} + Sin(ﬂap)ﬂ{x<—1}>

2(z,y)

—ap)|r —y|*t 5
X (1 p;’(y) yl / (u— 1) (u+1)*"2du

1

||

+ (o= 1)+ (sin(rap) i g / tap () du + sin(rap) L g1 / Yap(u) du)
1 1

y
X (;Z)/wa,;(u) du — 1)
1

converges to 0 for y N\, 1. For that it is of course sufficient to show that
. z(z,y) . ap Yy
) / (u—1)*u+1)*"*du and g(y)/waﬁ(u) du —1

1 1
converge to 0 for y N\, 1. Both claims can be seen readily with I’'Hopital’s rule. O
Now we prove harmonicity of v;.
Proof of Theorem [6.1.1] To show excessiveness we define the measure

n(dz) :=vi(x)de on R\ [-1,1].

We will show that 7 is an excessive measure for the dual process killed on entering the
intervall, i.e. 7 is o-finite and it holds that

P*(& € A,t < Tj_y 1)) n(dz) < n(A),
R\[Z1,1]

for all A € B(R\ [-1,1]) and ¢t > 0. From Theorem XII.71 of Dellacherie and Meyer [19]
it is known that if an excessive measure has a density with respect to the duality measure
(which is the Lebesgue measure also for killed Lévy processes, see Bertoin [4], Theorem
I1.5), then this density is an excessive function for the dual process killed on hitting [—1, 1].
Hence, by showing that 7 is an excessive measure for the dual process killed on hitting
[—1, 1], it follows that v; is an excessive function for the original process killed on entering
the interval.

To show that 7 is excessive for the dual process, first note that 7 is o-finite because v is
continuous on R\ [—1, 1]. Next, for the dual process, we note that

U[—l,l](yﬁdx) = U[-1,1] (.CE, y) dz, z,y€ R\ [_17 1]7

where U (—1,1] is the potential of the dual process killed on entering [—1, 1] (see Theorem
XII.72 of Dellacherie and Meyer [19] for a general Markov process). Let A € B(R\ [-1,1])
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be compact, use Corollary in the first equation and Fatou’s Lemma in the second
one:

1 .
P / P*(& € At < Ty 1y) n(dx)
(1)
L . U1 (z,9)
- Br(g, € At < Ti_qqp) lim 27 g
/ (& [ 1,1])11\1 (y— 1)
R\[-1,1]
1 o
<liminf ————— P& e At < Ty )uj—q 1(x,y) dx
<tmint — [ Pl )
R\[-1,1]
1 N N
< liminf —— P& € At < T 1)Uy pi(y,dz
=R (= Der / (& [ 1,1}) [ 1,1](9 )
R\[-1,1]
= 1iminf¥ / ( / ﬁﬂ(ft €At <T 1])]@?/(53 €dr,s <1, 1})) ds
N1 (y— 1) ’ ’ ’ ’
0 R\(C1,1)
1 OOA
e L Y
h;n\}{lf 1" O/}P’ (§t+s € At + 5 <T_yq))ds
liminf — ?W@eA <Ti_yq)d
= liminf ———— s )8 _ s
yN\d (y — 1) / =11
< . . - - Ay
< h;n\l?f 1) O/P ((s € A,s <Tj_yq))ds

1
< hminf(y_l)ap/a[—l,l](yax) dx

N\l
A
< liminf/WdSU
(y — 1)

Y\l
A

From Corollary we know that (ui_j (7, 9))/((y — 1)) converges for y 1 for all
r € R\[~1, 1], in particular the function y — (uj_y,1)(z,y))/((y—1)*") is bounded on (1,¢)
with e <inf AN (1, 00) for all z € A. But since A is compact (ui_1 (7, y))/((y — 1)*) is
uniformly bounded for z € A. Hence, we can apply dominated convergence to deduce:

1 ~ . u[fll](q%y)
—_ P c A)n(d </1 ——— "7 d
| e v < [ 1m o
R\[—1,1] A
1
= — v1(z) dx
con Ja 1()
1
=~ p(A).
Capn( )

Hence, we proved that 7 is an excessive measure and as mentioned above it follows with
Theorem XII.71 of [19] that v; is an excessive function.
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6 Stable processes conditioned to hit an interval continuously

Now we show the characterising property of harmonicity, i.e.
E* []I{TKC<T[71,1]}UI (fTKC )] =1 (1‘), reR \ [—1, 1},

for all K C R\ [~1,1] which are compact in R\ [~1,1]. If x € K¢ = (R\ [-1,1]) \ K,
the claim is clear. So we assume x € K. The idea is to use the connection between vy
and u[_y q] from Lemma and Proposition 6.2 (ii) of Kunita and Watanabe [33]. The
second tells us that x — u_; 1)(z,y) is harmonic on (R\[-1,1])\{y} for all y € R\ [-1,1],
ie.

E* []l{TKC<T[_171]}U[—1,1} (ETKCJJ)] =u1(z,y), xyeR\[-11,z#vy,

for all K C R\ [—1,1] which are compact in R\ [—1,1] \ {y}.

Let us fix ¢ [—1,1] and since y tends to 1 we can assume x # y and y ¢ K. We use
monotone convergence twice and plug in the result of Lemma [6.2.1}

E® []I{TKC <Ti_14}V1 (ETKC )]

= lim E* []l{fTKc >1+e or ér, o <—1}V1 (€7 )]

e\0
= il\r‘% ;I\Hi E* []l{ﬁTKc >y+e orér, o <-1}V1 (gTKc )]
L 2% e,
= lim lim =SB [y, syve or er, o <1311 (0 V)]
~ lim lim E* [( sn(map) Ligy  >yrey +sin(rap)lig. < 1}) (6.4)
2(€r, oY)

(1 —ap)lér,c —yl*!

9(y)

/ (1 — 1) (u 4 1)%P2 du}

gTKC ‘5TKC |

x E* [Sin(ﬂaﬁ)ﬂ{&Kc Sy+e} / Yap(u) du + Sin(ﬂap)]l{gTKc <—1) / Yap(u) du}
1 1

We care about these three summands separately. We start with the last one which just
appears if a > 1. From the proof of Corollary we already know that

)
ap s(u) du —
g(y)l/wapmd 1

converges to 0 for y \ 0. Furthermore, we get with monotone convergence:

&, ¢ &7 o |

ii\r‘% 11/1\% E* [sjn(waﬁ)]l{sTKc Sy+e} / Yap(u) du + sin(ﬁap)]l{gTKc <1} / Yhap(u) du]
1 1

gTKC ‘gTKC |

= B [sin(map)lie, 1) / Yop() du - sin(rap)Lie, < / Yap(u) du]
1 1
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6.2 Proofs

™ xX
= T ap Ty (Mt hEne)|

where h is the invariant function which appears in Chapter 5} But since the h-transformed
process with this invariant function is transient with infinite lifetime (see Theorem 1.3 in
that article) it leaves all compact sets almost surely. Hence, we have

. h(ér,.c) .
- ]l{TKc<T[_1,1]} h(;{)c } =Py(Tge < ()

= 1’

thus, E” []l{TKc <1y (Ere )] = h(z) < oo. It follows that the third term of 1D is 0.
So it remains to consider the first and the second summand of (6.4). With Proposition
6.2 (ii) of Kunita and Watanabe [33] and Corollary we see for the first term:

ap—1
lim lim w *
SNoyN1 g(y)
2aﬁ—1
= lim ———*
N1 g9(y)
ap—1
— lim lim M *
SN0yt g(y)
20p=le
= lim =—*Pu_q q1(x,
sl g(y) [ 1,1]( Y)
2aﬁ—1
— lim lim
NOoyNd - g(y)
2aﬁ—1
=v1(x) — lim lim

SO0yt g(y)

[]I{TKC <Ti_11 }]l{fTKC >y+te or &y, <—1}U[-1,1] (gTKC ) y)}

Cop g
PE” Lz, o<ri_y 3 U-1.1] (ETpo 0 ¥)]

(L ety Her, g eyt ti-10) (€7 9)]

Cap
CEB [, o <miay Uer, o e(eyU-10) (§7c )]

Cap
P [, o <niay Her, o ereyU-10) (§7c )]

Hence, to prove harmonicity of vy it suffices to show

z(fTKC 7y)
|£T c y‘a—l 5—9
. z K « ap—
gl\lniE 1{TKC<T[*1,1]7|£TKC *y|>s}T / (u—1)*"(u+1)* du} =0
1
(6.5)
for all e > 0 and
TR G, -
?{% ;I\Hi @E [H{TKC<T[,171]}]1{§TKCe(l,y—&-a)}u[—lﬂ] (r,cr )] = 0. (6.6)
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6 Stable processes conditioned to hit an interval continuously

We start with (6.5). First we note that

z(fTKC \Y) Z(ETKC )
/ (u — 1)ap(u + 1)(1/372 du < (Z(gTKcuy) i 1)ap / (u + 1)04;372 du
1 1

S Cl(z(gTKcay) - l)aP
(7, 1) (y—1)o°
. €1 K|§T c—yler
e (ler, o [~ D)0 (y-1)0
&1, —yl*?
(1€ c| +1)*P(y — 1)

’ETKC - y‘ap

(6.7)

iffTKC >y+e

if fTKC < -1

>~ U1

o0

where C1 = [(u+1)*~2du < co. With that we get on {lé1,.c —yl > e} (without loss of
1

generality we assume y < 2):

1 Z(&TKC 7y)
—|€TKC —ui™ / (u — 1) (u+ 1)*~2 du
9(y)
< o Jre = 9P (ol + 101y ~ 1)
- 9(y) §Tc — I

= Cilére =yl (erel + Dy + 1)1 77
< Cilér o =yl ér e — Y1 + (+ DY)y + 1)
=Cily+ D" (ér e —yl* " + e =y y + 1))
< 01317 (271 4 3argar—l)
< Cp3rrTeP (Tl p e =
Hence, we can use dominated convergence to switch the y-limit and the expectation in

(6.5). The following calculation on {|{7, . —y| > €} shows that the integrand converges
pointwise to 0 which shows (6.5):

z(&r, oY)
‘fTKC - y‘ail / (u— 1) (u+ 1)043—2 du
9(y) /
s o lér o —yl*! e
< Qep—2XKC 7 o) / (u—1)*du

20h=2 |ép o —y|*!
B ap+1 ch(y) (Z<ETKcvy) - 1)ap+1

2002 ‘gTKc - y‘ail (|§TKC‘ + 1)ap+1 (y - l)ap+1

S ~

ap+1(y =10y + 0T fer o~y

20 p—2 1 -
B W(KTKC - y|ap7 (|€TKC‘ + 1)ap+ (y — 1)(y + 1) —ap
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6.2 Proofs

)

where we used the same estimate for z(fTKC ,y) — Lasin (6.7). This shows (6.5).
Now we show (6.6). We define a = min(inf(K N (1,00), —sup(K N (—oo, —1)). Sinc y
tends to 1 and € to 0 we can assume a > y + €. It follows that gTKC € (1,y +¢) is just
possible if Tgc =T(_4q). So we have

B (147, o<ty Her, o e(ute)yb-1,1) (§7c U]

S ]EI []l{gT(_a’a) G(l,y+€),T<,a’a)<oo}u[71,l] (gT(,a‘a) ) y)] .
Further, §T(7M) = y happens with zero probability and with this follows
EJ} [1 {§T(7a,a) E(l,y‘f‘é‘),T(,aﬂ) <oo}u[_1,1] (&.T(—a,a) ) y)]

= Ex [ﬂ{gT(_a’a) E(l,y),T(7a7a><OO}u[—l,1} (gT(*a:‘w ’ y)]

+ Ew []]-{gT(fa,a) e(y7€)7T(—a,a)<oo}u[71»1] (gT(fn.,a) ? y)] :
With the formulas for uj_; j of Profeta and Simon [49] we get for {r_, ,, € (1,9):

Z(&T(_a’a) 7y)

y— gT(,aya))ail / (U o 1)Oéﬁ*1(u + 1)01P*1 du
1

-«

U—1,1) (fT(,a’a) ) < W(

27 0P )
S aTap)Tap) ¥~ een) T Cnnnv) = 1D
2_—0[[3 . a—1 <£T(,a7a) - 1)(y + 1) ap
< artantan ¥~ e (552 2 )
1 ap— s
= aiapas) ¥ ™ feaw)™ Erun — DY
1 ap—1 ap
S A (ap)T(ap) ¥~ Teaw) ™ W =D

It follows for > a with Theorem 1.1 of Kyprianou et al. [38] and the scaling property:

x
E5 1 {gT(—a,a) E(l,y),T<,a7a)<oo}u[_171] (é-T(—a,a) ) y):|

1 apme ap—
< T(ap)T(ap) (y — 1)*E ]l{gT(_a’a)e(l,y),T(fa,a><oo}(y — &1 00)™ 1}
sin(map) ot 21— )Py 1)0P (y — u)@r—1 §
S e @+ @ = 9% 1) p(l /) T
Y
asin(mrap) (x4 a)®(x — a)*P e oLy
< Tap o] ot Tta— e gy~ U [ =

(Ly)

_ asin(rap) (z + a)*(z — a)*? s
= mapD(pl(0f) (a+ o(a— g -y 0~ 0T
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6 Stable processes conditioned to hit an interval continuously

With this estimate we see immediately

yN\d
for > 1. For x < —1 we use Theorem 1.1 of Kyprianou et al. [38] in a similar way
to deduce the analogous claim. Similarly we get for ETHM) € (y,y + ) (without loss of
generality y + ¢ < 2):

: 1 @
lim e Mer e U101 (€0 0 9)] =0

Z(ETKC 7y)
21—& B - Ai
U[fl,l](gT(,a,(I)ay) < W(é-T(—a,a) _ y)a 1 / (u _ 1)01;) 1(u + 1)ap 1 du
1
2 a—1 ap
S ()T (ap) Fen — 9" e ¥) = 1)
— &(6 _ )aﬁfl(é + 1)ap( o 1)ap
~ apl(ap)T(ap) Twa) — Y T(—a,a) Y
9—apgap )
< _ -1 ap _ ap—l'
~ apl(ap)T(ap) (Y = D*(Er e —Y)
Define Co := —2"23°" __ and we get again with Theorem 1.1 of [38] for > 1

apl(ap)l'(ap)

EI [ﬂ{éT(_a’a) e(y:y‘i’s):T(fa,a)<Oo}u[7171] (é.T(fa,a) ? y)]

< Cy(y — 1)*PE” []l{fT(_a,a)€(y7y+€)7T(7a,a><oo} (ér oy — y)a’;_l}

Chasin(map) . / (u — y)oP~1
< =~ 7 Ap (e \COP(y, _ 1\OP ]
< - (z+ a)*(z —a)*(y — 1) T 07— 0 — ) du

(y,y+e)

Caasin(rap) (z+a)*(z — a)a[’(y —1)or / -
= 5 u—y)*P  du
> T (a + y)ap(a — (y + 5))0@(3: _ (y 4 5)) ( y)

(y,y+e)
B Caa Sin(waﬁ) (_x + a)ap(x — a)aﬁ (y _ 1)ap€aﬁ
™ (a+y)*r(a— (y+e)(x— (y+¢)) ap

So we have:

N 1 x
il\I}é ,}/1{% (y _ 1)ap]E |:]1{TK0<T[—1,1]}]].{£TKCG(l,y“'f)}u[il’l] (gTKC ) y)]

Cysin(map) .. .. (z + a)*(x — a)*? ob
< | e

=0.

The claim for x < —1 follows again similarly. This shows and hence, we have
harmonicity of v. O

Remark 6.2.3. If a < 1, another (maybe more elegant) way of proving harmonicity
of v1 is to prove that the renewal densities of the MAP which corresponds to the stable
process via the Lamperti-Kiu transform (for explicit expressions see Corollary 1.6 of [{1|])
are harmonic functions for the MAP killed on entering the negative half-line. This claim
should be true since Silverstein [55] proved the analogous claim for a Lévy process which
does not drift to —oco. One can show that vi and v—1 are just these renewal densities (the
argument replaced by the logarithm). Via the Lamperti-Kiu transform one could obtain
harmonicity of vi and v_y for the stable process killed in [—1,1].
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6.2 Proofs

6.2.2 Behaviour at the killing time

Before we start with the proofs we should discuss more elementary properties of v; and
v_1. First, it can be seen immediately that v; has a pole in 1 and v_; has a pole in —1 and
hence v := v; +v_; has poles in 1 and —1. Further, v; is bounded on (—oo, —1) U (K, 00)
for all K > 1. For a < 1 this is obvious and for a > 1 this can be seen via showing that
v1 converges for z — +oo (a similar convergence was shown in [27] in the proof of Lemma
3.3). Similarly v_; is bounded on (—oo, —K) U (1,00) for all K > 1. It follows obviously
that v is bounded on (—o0, —K7) U (K3, 00) for all Ky, Ko > 1.

For the first results we need to define the potential of the h-transformed process via

¢

Unn(osdy) = B3, [ [ 1iecan ], oy g [-1.1),
0

which is the expected time the process (£, Py, ) stays in dy until it is killed. With a Fubini
flip we obtain

Ui, (. dy) = 18{; Uiy (. dy) = %u[_l,u () dy.

The following result shows on the one hand that the h-transformed process is almost
surely bounded and second that the expected time the process stays in a set of the form
[—b,—1) U (1, D] is finite.

Lemma 6.2.4. Let & be an a-stable process with a € (0,2) and both sided jumps. Then
it holds for x ¢ [—1,1]:

(i) ]P)gl (T(—oo,—d]u[d,oo) <(Vd>1)=0.
(ii) Uy, (x,[—b,—1) U (1,b]) < oo for all b > 1.

Proof. (i) We already noticed that v; is bounded on (—oo, —K) U (K, c0) for all K > 1.
So we obtain, applying dominated convergence in the last equality,

Pil (T(—oo,—d]u[d,oo) < (Vd > 1) = dILI{:O Pil (T(—oo,—d}u[d,oo) < C)

v1 (T, )
_ . x (—o00,—d]U[d,00)
= lim E |:1{T(700,7d]u[d,oo)<T[71,1]} }

d—o0 vl(w)
V1 (&7 )
o (—o0,—d]U[d,o0)
=E [dlljﬁ.lo]l{n_oo,_d]u[d,oo)<T[—171J} v1 () ]

In the case v < 1 we use that v1(y) converges to 0 for y — +oo. If @ > 1, we see that
ﬂ{T(,oo U <Tj_1.4)} CODVerges to 0 almost surely since (£,P*) is recurrent. This shows

(i)-
(ii) It holds

U1 (3/)“[—1,1} (z,y)dy.
[—b,—l)U(l,b]

Since v; is bounded and uj_y y (x,-) is integrable on all compact intervals, the only points
where this integral could be infinite, are the boundary points 1 and —1. From the explicit
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6 Stable processes conditioned to hit an interval continuously

formulas of [49] we see that u_y ;j(z,y) converges to 0 for y — £1. Further, v1(y) behaves
as (y — 1)~ ! for y \, 1 and as (Jy| — 1) for y ~ —1. Since ap,ap € (0,1) these
arguments shows U, (x, [—b, —1) U (1,b]) < oo. O

Combining the two statements of Lemma [6.2.4] we can show Proposition [6.1.2

Proof of Proposition[6.1.4 We show that Py (¢ < co) =1 and P§ ({— = 1) = 1 and start
with the first equality. From Lemma (i) we know

¢

]P’gl (/]l{fte[b,l)u(l,b]} dt < oo) =1
0

for all b > 1. By the continuity of probability measures we see

¢

L (/]l{gte[—b,—nu(l,b]} dt < coVb > 1)
0
¢
- bliglo ]P)f'l </1{£t€[b,1)u(1,b}} dt < oo) =1
0

On the other hand Lemma (i) yields
Py (3d>1: T aquideo) = ¢) = 1.

Since the intersection of two events with probability 1 has again probability 1 it follows:

¢
Py, (¢ < o0) =Py, ( / Hger\ -1y dt < OO)
0
¢
> ]P)gl </]1{§te[—b,—1)u(1,b]} dt <ocoVb>1,dd>1: T(—oo,—d]u[d,oo) > C)
0

=1.

To prove Py ({c— = 1) = 1 we use a procedure which is inspired by Chaumont [15]. Using
that vy is harmonic (Theorem [6.1.1]) we see for = ¢ [—1, 1] and

M,p = (—00,—b)U(—a,—-1)U(1,14+¢) U (b, 00)
with 1 < a < b and € > 0 (obviously the complement of M, is compact in R\ [—1, 1]):
Ex []I{TMa’b<T[,1’1]}fU1 (fTMQ’b)] =1 (:E)

It follows that

P’fl (TMa,b < C) = E* []l{TMa,b<T[—l,1]}vl(gTMa,b)] =1

vy (z)
From Lemma [6.2.4l we know on the one hand

Pgl (T(—oo,—b)u(b,oo) <(Vb> 1) =0. (68)
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6.2 Proofs

On the other hand we see, applying dominated convergence using that v is bounded on
(_007 _1)7
Py (T(—q-1) <CVa>1)= }LI\H} Py, (T(—a,—1) <€)

. 1 .
= Clll\rri v (@E [1{T(7a,71)<T[71,1]}U1 (ST(fa,fn)]

1

= v (2) & [}ll\ni ]l{T(_a,_1)<T[_1,1]}Ul (€T<7a,71> )]

=0.

(6.9)

In the last step we used that v;(y) converges to 0 for y  —1. Note that this argument
does not work if (—a, —1) is replaced by (1, a) because v has a pole in 1. Now we plug in

and to obtain for all € > 0:
Py, (Th,14) < Q)
=Py, ({T,14¢) < CEU{T(—a—1) < CVa > 1FU{T (oo, —b)ubo0) < (Vb > 1})

= blggo }Ll\mlp {Ta4e) < CHU{T(—a-1) < ¢ U{T (oo —b)uibioo) < ¢})

= lim lim Py (T, , <)

b—o0 a1

=1.
With this in hand we show the final claim that {_ = 1 almost surely under Py . By
(1,14 6)° we mean as usual R\ [~1,1]\ (1,1 + ).
Py, (€ =1) =Py, (V6 >03e € (0,0] : & € (1,1 4+6)Vt € [T(1,142),())
= lim lim Py, (& € (1,1 +0)Vt € [T(1,142),¢))

N0 e\0
— lim lim B, [F5°9 (6 € (1.1+8) V¢ € [0.0))]
— %{% ;I\I‘% E? [Pif(l,us) (T 145¢ =€) (6.10)
= 1l By B [P (e < )
=1- h\“r% ES [ii\%Pﬁ(LHE) (Ta 450 < 0]
=1-lmE; [il\r‘np “(Taarse <))

In the second equality we used that T(; 1,.) < ¢ almost surely and in the third equality
we used the strong Markov property of (§,Py ). Let us consider the e-limit inside the
expectation. Using the definition of Py, we see:

1
1+ —
]Pvl E(T(l,l-‘r(s) < C) - ’Ul(l + E) E” []]-{T(I,H—&)C <T[,1’1]},U1 (éT(l’leé)C )] :

Since for fixed § > 0 the function v; is bounded on (—oo, —1)U(1+4, 00) and lim.\ o v1 (1+
g) = oo it follows that

ilinp (Taas) <¢) =0

and with (6.10)) we conclude P} (§— =1) = 1.
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6 Stable processes conditioned to hit an interval continuously

Proposition [6.1.6] can be proved similarly to Proposition [6.1.2| using the following lemma:

Lemma 6.2.5. Let & be an a-stable process with a € (0,2) and both sided jumps. Then
it holds:

(i) Py(T(—oo,—dufd,00) < (Vd > 1) = 0.
(i) Uy(z,[—b,—1) U (1,b]) < oo for all b > 1.
Proof. The proof is analogous to the one of Lemma O

The proof of Proposition [6.1.6] consists of combining these two statements as in the proof
of Proposition [6.1.2]

6.2.3 Conditioning and h-transform

To connect the hA-transform with the conditioned process we need some connection between
the harmonic function and the asymptotic probability of the event we condition on. We
have to separate the cases @ < 1 and a > 1.

The case aa < 1

Proposition 6.2.6. Let & be an a-stable process with o € (0,1) and both sided jumps.
Then it holds:

FF(lg_a?(pl)F_(L)_ °7) vi) = lim éﬁ”z(ém €(1,1+¢), zeR\[-11],  (6.11)
and
Wr(lg_cz?ﬁ)r_(;)_ 208 = lim éP”“’(I&mI €(l,1+e), zeR\[-1,1.  (6.12)

Proof. The proof is based on Proposition 1.1 of [41] where we find an explicit expression
for the distribution of &,,. For x > 1 this gives

A (1+€)
27T(1 — N
(L—ap) / 27z — 2) Ha + 2)* dz

P*(&m € (1,14¢)) = T = a)T(ap)

A (1+4€)
27T(1 — ap)

- 271 T yap-1,T ap 5
T T(1 - a)l(ap) 1/ (z D (z +1)7d

_ 27T —ap) Tz wh .

T -a)T(ap) / 2, DY E )
xzA(1+€)

= M / 1 z)dz

CT(1—a)T(ap) / (1+ Z)T/)ap( )dz.

V1+5
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6.2 Proofs

Applying 'Hopital’s rule to the first calculation we obtain:

T(1—a)l(ap) . 1. Y
mil\%gp (£me(1,1+s))_;1<%6/(1+2)¢ap(z)dz

14
T 1+e¢ x
=lim ——(1+ — ), (——
g%(1+5)2( T )Y p(1+s)

= (& + 1)thap()
1
 sin(map) oL()-
Since sin(wap) = 7/(I'(ap)T'(1 — ap)) this shows (6.11)) for = > 1. For x < —1 we first use
duality to deduce:

P*(én € (1,1 4¢€)) =P (¢m € (-1 —&,-1))

_ 2T —ap) L
- T(1-a)l(ap) / (1 Z)¢Oép( )dz,

—
1\/—1+6

where the second equality is verified using a similar calculation as above. Hence, it follows,
for x < —1, that

—x

SO i, T e (114 e)) = lim [ (1 Dp(a)

2—0‘F(1 — aﬁ) eNo € eNo € J
) —x 1+e¢ -z
=l e (U e ()
= (_‘T - 1)¢aﬁ(_x)
_ 1
= mvl(ﬂf).

Again we use sin(rap) = m to obtain (6.11)) for x < —1.

Similarly, (6.12)) can be deduced as follows. Analogously to the proof of the first equation
we can show

ﬂr(l;[rag)r_(ié)_ Oéﬁ) U_l(I) — 21{(% %Pz(gm c (_(1 +€)), _1))’ re R\ [_1’ 1]

Since we defined v(x) = vi(x) + v_1(z) this shows (6.12]). O

Now we are ready to prove the connection between the h-transform and the conditioned
process.

Proof of Theorems|6.1.5 and|6.1.]. We start with x > 1. First note for > ¢ > 0:

]P)m(A,t < T(,(1+5)71+5),§m € (1, 1+ 8))
=P*(At < T(_(148),110)t <m, & € (1,1 +€)).
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6 Stable processes conditioned to hit an interval continuously

With the tower property of the conditional expectation and the Markov property in the
version including the shift-operator (see (2.7))) it holds:

PP(A,t < T(_(146),146), t <M, Em € (1,1 4¢))
=E ]lAEm []l{t<T( (1+6), 1+5)}]l{€m€(1,1+s)} |]'—tH
=E ]lAE [H{KT( (146),1+3) }(ﬂ{ﬁme(l 1+¢)} © 6) ‘]‘—tH
=E _]lA]l{f<T<—<1+a),1+a>}E (e, e114e)} © 0| ]:t]]

= B [ 1T (rem_y 0y P (G € (1,1 + s))} .

Hence, we have

P*(A,t < T(—(1+6),1+5)7§m €(l,1+¢))
_E® []IAII{KT(?(H&)JHSP& (€ € (1,1 + 5))], 2| > 8 > <.

With the help of this application of the Markov property we obtain

PY(At < T—(146),140) | €m € (1,1 +¢))
_ ]P)x(A,t < T(_(1+5)71+5),§m S (1, 1 +6))
Pz(&, € (1,1 4¢))
IaL g }P& Cne1te)
i pr(e € (1,14+¢)) 1

_E[

Now we would like to replace the ratio inside the expectation by v;(&;)/v1(x) with Propo-
sition [6.2.6] when ¢ tends to 0. For that we need to argue why we can move the e-limit
inside the integral. Without loss of generality we assume |x| > 14 > 1 + . Note that
for y > 1+ ¢ we have again with Proposition 1.1 of [41]:

o, 270T( 1—ap
PY(Jul € (1,1+2)) = 20—t /%p

Now let € be so small that ﬁg >1+3 9 and define

Cs = sup v(u),
u[>1+2

which is finite because of the properties of v. So we can estimate on the event {t <
Tioi46,6 > 146}

Tl —ap)

,p&(g €(l,1+¢) < I _a)F(aﬁ)sin(waﬁ)U(lié)
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6.2 Proofs

27°T(1 — ap)
S T = o) (ap) sin(map) °

On {t <T—a+46)140), 6 < —(1+ 6)} an analogous argumentation shows

27T (1 — ap)
I'(1 — a)T'(ap) sin(rap)

TP e (11+9)) <

So we can use dominated convergence as follows:
lim P(A, £ < Ti—(145),140) [ém € (1,1 +¢))

L £ g
"I g e 1 oy LB (<o)

Pét (& € (1,1 —1—5))]

P (g

3

(
= li ° E” 1,1 I
“ 0P (€ € (L1 te) [ AT 10} g

v1(£t)]
vi(z) )
=Py (At < T(_(146),145))-

(
€(1,1+¢))
=)

=E* []1/\]1{15<T(_(1+5),1+6)}

In the last step we used Proposition [6.2.6, This proves Theorem [6.1.3

The proof of Theorem [6.1.7]is similar. Applying the Markov property in the shift-operator-
version we get

PP(At <T(_(116)146) | €ml € (1,1 +€))
~PPAE < T (146),146): [€m| € (1,1 +€))
P(ém| € (1,1 +¢€))
z P (|m| € (1,1 +¢))
=k []1/\]1{??<T(7(1+5),1+5)} P (€| € (1,1 +€))]‘

In the proof of Theorem [6.1.3] we already found an integrable dominating function for
P&t (€] € (1,1 +€))/e. So we can use dominated convergence as follows:

;i\I‘%Pm(A,t <T—(1+8),1+8) | [ém| € (1,1 +€))

s € . z
= Be(fEnl € (L1 )t RRSITSTR

Pe (€ € (1,1 + 8))}
9

: 3 . P (jen] € (1,1 +¢))
- il\r‘% Px(’gﬂ‘ c (17 1+ 5))E |:]1A]l{t<T(—(1+6),1+5)} il\rj(l) c }

U(&)}.

=[E* ]lA]l{t<T<7<1+§>,1+5)} v(z)

=Py (At < T(—(145),144))>

where we used Proposition [6.2.6]in the last equality. O

The case o« > 1

The strategy for a > 1 is as in the case a < 1. First we need a relation between v; and
the asymptotic probability we want to condition on. This event looks a bit different from
the one in the case a < 1.
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6 Stable processes conditioned to hit an interval continuously

Proposition 6.2.7. Let & be an «-stable process with o € [1,2) and both sided jumps,
then

l—«o . 1
Poi(@) = im ——P" (¢, .10 € (L1+2), zeR\[-1,1].

Proof. Using the scaling property and Theorem 1.1 of [38] we get for z > 1 + &:

™

m z(fT(—(urs),u-E) €(l,1+¢))
T x 1
- 7}}”@( e (-1 1 )
sin(mwap) §T 1) (1+€ )

—y) ' dy (6.13)

1+¢

1
= (C ) ) [ )

1+4e€

T

1+e 1

~(a=1) [ vapwdu [ @y -y

With I'Hopital’s rule and the integration rule of Leibnitz we see:

1

—ab X -1
(1+y)~( ap —y)  d
aymlwu/ ) —Y) Q+s v) dy

G 1 apyy 1 apm—1,
ggl—aﬁﬂ+6PU+i+f) - "G (6.14)

5 1
o R T

li 1+ Pl—y)  ¥—-a-=-d
+lim - ap/k D =) s dy

eNo 1 —
1+4e¢
2-op
= —(z — 1) 1
1—ap
and further,
1
_aﬁd
E\O 51 v / ) Y
1+£
ap 1 1 1 - (6.15)
— lim —— (1+-—) 1)
N0 1—ap(l+e)? 1+e¢ 1+e¢
2-op
S l-ap

Now we plug in (6.14]) and (6.15]) in (6.13) and get

™

il\r_‘% 1—ap PHEr oy aie € (L1+€))

2~ 0P

=1 o _sin(rap) | (z + 1) (xz — 1)z - 1) = (a — 1) /z/)ap(u) du}
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6.2 Proofs

2~ 0P

=71= aﬁvl(x).

For x < —1 we note that
P*(E1_1sopnse) € (L1 4€)) = ]fp‘x|(§T<,<1+e),1+a) € (—(1+¢),-1)),

use again Theorem 1.1 of [38] and do a similar calculation as above to deduce

T
mpx(fir(*(:PFE),l#»s) € (1,1+¢))
| ’ ‘ | 71~1r€ | |
T ap x ap . . " .
(1+5+ ) (1+5 ) /( +y> ( y) (1+€ y) y
—1
| 1
14e 1+¢

—(a—=1) / VYap(u) du / (1+y) (1 —y) 2 dy.
1

-1

A substitution on the integrals and the same limiting arguments as in the case x > 1 show

ii\r,‘% mpx(gTHHe),Hs) €(1,1+¢)
- 2
— o sin(map)[(le] + D% (Jal = 1)l + )7 = (@ = 1) [ vupl)
1
2-op
=1 —v1(x).

O]

Proof of Theorems|6.1.4] and|6.1.8 First we note by a similar application of the Markov
property as in the proof of Theorem |6.1.3

PP(At < T (146),146): §T1_1400140) € (L1 +€))

= '3
=FE* []IA]I{t<T(*(1+6),1+§)}P t(fT(,(HE),HE) e(1,1+ 5))}
and hence,

Pm(Aat < T(—(1+6),1+6) ‘é-T(—(l-&-s),l-Fe) € (1’ L+ 6))

11 P&t (€T (1aeynse € (1,1 —i—s))]
AR {t<T_ :
etcom s B en ), € (L1+)

:Em[

Again we want to move the e-limit inside the integral and use Proposition First we
use (6.13):

™

Y
Sin(ﬂ'aﬁ)P (éT(f(1+s),1+s) €(l,1+¢))

o Yy ap Y o Nap
_(1+€+1) (1+€ 1>

(1+u) (1 — U)_aﬁ(li—ykg — u)fl du

H\H

14e¢
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6 Stable processes conditioned to hit an interval continuously

Y
14¢

1
—(a—1) | Yap(w)dw [ (14+u)"*(1 —u)~* du
[t |

14¢

14¢

<[ 07 -0 e [ vaw)du] [0 -0 d

14¢ €
1 1
1+4+¢

1
1 Y _ s
= 1 ar(1 — P du.
sin(ﬂa,ﬁ)vl(l—i—a) /( +u) ™ u) Y

1

14¢

Further,

1 1
gop=1 / (14+u)~*(1 - u) " du < g1 / (1-— u)_o‘ﬁ du
1

14e 1+e
506.0—1 € 1—ap
S 1l—ap (1 + 5)
1
< -
“1l—ap

Let be € so small that % >1+ % and define

Cs = sup wvi(u).
Jul>1+3

Then it follows

T o 1 Yy Cs
51—aﬁP Esanig € (L1+) < I—ap '\Tte =1o ap

Similarly, we get for y < —(1 + ¢):

T 1 )
PYET oase € (L14€)) < ( )

gl—aﬁ 1_@/301 1+6
< G .
“l—-ap

So we can apply dominated convergence to deduce

li\I“n PP(At < T(—(146),146) €T, (140y140) € (1,1 +6))

e\0
= lim el
e\0 Pz(gT(7(1+5),1+5) €(l,1+¢))
PE(Er, omnsn € (1,146)
1+6),1+6)} gl—a,é

Iim E* (1,1
Xal\rf(l] A {t<T(,(

1—ap

9
= lim
e\,0 Px(fT(,(1+s>’1+£) S (1, 1+ 6))
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6.2 Proofs

P (¢ €(1,1+¢))
. (=(+e),14¢) ’
X Ex |:1A]l{t<T(7(1+5>11+5>} ;I\I% gl—aﬁ

Ul(&)}
v1 ()
= Pgl (A7t < T(—(1+5),1+5))7

=E* |:]1A]1{t<T(7(1+5),1+5)}

where we used Proposition [6.2.7] in the second last equality. This finishes the proof of

Theorem [6.1.4]

To prove Theorem [6.1.8| we first not that one can show analogously to the proof of Propo-

sition [6.2.7]

1—ap
2007

lim e P (Ep_ (14, € (—(146),—1)) =

e\0 U*l(aj)a x ¢ [—1,1].

We assume without loss of generality p < p (i.e. p < 1/2) and in particular it holds that

gi{% Eaﬁ_lPx(&T(—(He),Hs) € (=(1+¢),-1))

_ ;{% 5a(ﬁ—P)5ap—1Pac(gT(_(HE)’HE) €(—(1+¢),-1))

=0.
It follows that

. PEIET (1 aprie | € (L1 +6))
o0 Pr(ler o, le@1+e)
PR € (L) P (e, € ((1 ), 1))
N0 PE(Er s € (LTHE) +P(Er_ 404 € (—(1+2),—1))
eI (Er,_ 1y iyayey € (L1 +E)) + P P (Er_ (010 € (—(1+2),—1))
(€T 1peyasey € (L1 +6)) + P P2 (Er_ 1y € (—(14¢), 1))

(€1 (4110 € (1, 14¢)

€(1,1+¢9)

= 111m =
N0 eoP—1Pe

goh—1pé

Ei\I‘no cap—1pz (
_ vi(&)

vi(z)’

§T<—<1+e>,1+s>

For p > 1/2, following the same argument, the first summands vanish instead of the
second. To finish the proof of Theorem the dominated convergence argument can be
transferred from the proof of Theorem [6.1.4] O

The alternative characterisation for o > 1

As before we start with the needed asymptotic probability of the event we want to condition
on which is, as already mentioned, the same as in the case @ < 1 but under the law of the
process conditioned to avoid 0.

Proposition 6.2.8. Let £ be an a-stable process with o € (1,2) and both sided jumps,
then
a—1 e(x)

2 Ul(x):il\r‘% €

Pi(m e (1,1+¢)), z=¢[-1,1], (6.16)
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6 Stable processes conditioned to hit an interval continuously

and

“ o) =t el € (L1 +2), g 1) (6.17)

Proof. We use the so-called point of furthest reach before hitting 0. Let m be the time such
that |&] < |&m| for all + < Tp. The Riesz-Bogdan-Zak (Theorem tells us that the
process conditioned to avoid 0 is the spatial inverse of the original (i.e. not h-transformed)
dual process including a certain time-change. Since the time change does not play any
role for the value & we can extract the distribution of the point of closest reach of the
process conditioned to avoid 0 from the distribution of the point of furthest reach of the
original dual process, i.e.

Pi(én € (1,1 +2) =P (g € (leg ).

Combining this with Proposition 1.2 of Kyprianou et al. [41] where one can find an explicit
expression for the distribution of the point of furthest reach before hitting 0, we get for
x> 1

2
2 Pi(ew e (1,1 42)
1 uT
1.a 1\ ap— —a
= / u*a[(u + 5) p(u — 5) p—1 _ (a — 1)x1 /wap(w) dw} du
%vlj—s 1
_ ’ 1 rxNaT,u 1apu 104[3*1 1fozu
= / p <;> {(; +) - —(e-1)z /%p(’w) dW} du
v 1is 1
= / u {(u +1)%(u— 1)t — (e —1) /@Dap( )dw} du
v 1
_ / u= (Dt () — (0 1) / Yap(w) dw]
1v11iE 1
1 o
:78111(7704[)) / u” “vp(u) du.
1v 115
With I'Hopital’s rule we get
. 2 1, B 1 ) x T o\~ x
i S o Pem € (L1+2)) = s lim [(1 te)? (1 ¥ e> ”1<1 ¥ 5)]
_ ; l—«a
a Sin(ﬂ'aﬁ)x vi()
_ u(z)

oea)
This shows (6.16)) for 2 > 1. For x < —1 the equality (6.16|) follows similarly.
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6.2 Proofs

To show the second claim we use

a—1

o) =l Oty € (- 40, -1), w2 -11)

which follows from a computation similar to (6.16). Using that v = v + v_1 the second
claim follows. O

Proof of Theorems|6.1.5 and|6.1.9 Since the process conditioned to avoid 0 is a strong
Markov process (this follows by general theory on h-transforms, see e.g. Chung and Walsh
[18]) we can use arguments analogous to the case aw < 1 to obtain, for all z ¢ [—1,1],

PS(At <T(_(116)146) |§m € (1,1 +¢))

—E 1.1 P (¢m € (1,1+2))
o | AR E<T_(148),146) } Pz(&m € (1,1 +¢))

In the proof of Proposition [6.2.8] we have already seen that

y

a—1

PY 1,1
olém € (1, 14¢)) = 2sin(rap) 7rap /
for y > 1 4+ &. Analogously we can show
) Yy
a —
PY —(1 —1
ftw & (0270 = 5y / du

for y > 1 4 ¢ and hence, we have

PY(Jtml € (1,1 +)) = =0T /

2sin(rap) 7rap

for y > 14+ ¢e. Now we fix § > 0 and assume that ¢ is so small that 1+5 >1 —|— . We define
again Cs := supy, -, ¢ v(u) which is finite. Note that, for y > 1+ 5 “we have
)

a—1

\tz

BY(el € (1,1 +2)) = 5o

1+5

a—1 Ye Yy o\
< (152)  sw o)
2sin(map) 1 +e\1+¢ uelL 00)

< C(;(Oz—l) €

yl—a
~ 2sin(wap) (1 +¢)l-@
06(04 -1 -1, 1—
< 144)° e,
= 2sin(rap) s1+0)"y

So we can estimate on {t < T|_(144)144],& > 1}:

PS (6 € (1,149) _ Cola—1)

1 § a—l¢l—a
5 - QSin(ﬂaﬁ)( +9) ¢
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6 Stable processes conditioned to hit an interval continuously

On {t < Ti_(146),1+46), 6t < —1} an analogous argument shows

P&t (& € (1,14 €)) < Cs(a—1) (14 6)2-1]g, 1o

€ ~ 2sin(wap)
Further, it holds that
1 Em[]l 1 gl—a] _ 1 ]Ea: |:]l 1 é-a—l 1—04]
sin(rap) ° AT - ) 140 60> 1358 " e(w) AMHE<TI_(145),140)€e>1358 St

< 1

~ e(x)
and, analogously,

1 1— 1

o (0%
WEO [1A]l{t<T[*(1+5),1+6],§t<—1}‘ft’ | < @)

So we can use dominated convergence and the Markov property as follows:
lim PE(At < Ti—(146),146) | &m € (1,1 +¢))

(3
=i
NOPL(Em € (1,11 2))

P8 (6m € (1,1 +¢))
. €T — ’
X gl\r{% Eo |:]1A1{t<T[7(1+6),1+5]} € i|

g
=1
SO PE(E € (L1 +2))

x . Pgt(fm € (1’ 1+ 6))
x EZ []lAﬂ{t<T[7(1+5),1+5]} ilﬂ% T ]
. e(x)v1(&)
=EZ []IA]I{KTHH@,H&]}W}
v1(§t)}

v1(z) 1

= E* |:1A]1{t<T[7(1+6),1+5]}

In the second last second step we used Proposition [6.2.8, Theorem can be proven
similarly using the same dominating function. O
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