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Abstract. The results of Kashiwara and Vergne on the decomposition of the tensor products of the ‘Segal—
Shale-Weil representation’ are extended to the infinite dimensional case and give all unitary lowest weight
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1. The Representations of U(V, W)

If V and W are two separable Hilbert spaces, U(V, W) is defined to be subgroup of
GL(V & W), the group of all invertible bounded operators of the Hilbert space V & W,
which leaves the Hermitian form defined by the operator

(5 )

on V& W invariant.
Thus A€ U(V, W), if and only if JA*~'J~! = A. With respect to the decomposition
V@ W let A be expressed as

. (a b)
c d
Then 4 € U(V, W) if and only if
aa* —bb* =1 a*a—c*c=1,
dd* —cc*=1 d*d—b*b=1,
ac* —bd*=0 a*b—c*d=0.

In particular, a and d are invertible operators. Therefore, A can be expressed as a
product

a by (1 bd " N\/a—bd 'c 0 1 0
c d) \o 1 0 d\d ¢ 1)
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Let U, (V, W) be the subgroup of U(V, W) consisting of these elements

a b
c df
for which b: W— Vand c¢: V— Ware Hilbert—Schmidt operators. Since the Hilbert—
Schmidt operators form a two-sided ideal in the space of the bounded operators,
U,..(V, W) is a subgroup of U(V, W). Now
d7lec*d* ' =1—-d d* ' and d* 'b*bd '=1-d*"'d" '
Therefore, two inequalities must hold
ld ]| <1 and |bd~! < 1.
Consider two elements 4, and A4, of U, (V, W) and the third element A; = A, 4, with

a. b
A= ") i=1,23.
' (c,. d-') l

Thend;'d;d; ! = 1 + d[ 'c,b,d; ! is of the form 1 + traceclass, which guarantees the
determinant of d;'d;d;' to be defined. The inequalities |d;'c,| <1 and
|lbod; | < 1 show that det(d; !d;d; !) cannot be zero.

Then c(A,, 4,):= det~*(d; 'd;d; ) is a cocycle, which induces a central extension

0, (V, W)= {((“ s> z), with 2z = det(1 — d*‘lb*bd‘l)}

c

of U,.(V, W). Indeed by direct calculation one shows
c(Ay, A)c(A A, As) = c(Ay, A3A35)c(4;, A3)
for arbitrary elements A,, A,, 4; of U, (V, W).

1.1. Remark. If W is finite dimensional, the cocycle is induced by the function

a b -1
(C d)-»det )]

on U(V, W) and, therefore, is trivial. Due to the symmetry of U(V, W) in V and W the
same is true, if V is finite dimensional. So in these cases it is not necessary to consider
central extensions of U(V, W).

The subject of this section is the discussion of the unitary lowest weight
representations of U,.,(V, W), namely the irreducible components of the k-fold tensor
product of the so called ‘Segal-Shale—Weil representations’ [1]. In the finite
dimensional case, all results are known, however, not with those algebraic methods
which will be used in this note.

In the infinite dimensional case, we first define a representation of the correspond-
ing Lie algebra and then we show that this representation may be lifted to a
representation of the group.
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For any Hilbert space H let L(H) denote the Lie algebra of bounded operators of H
and C(H) the subaigebra of all compact operators of H. Let L,.(V, W) denote the
subalgebra of L{V @ W), which consists of elements of the form

(“ b), b: WV, c: Vo W,
¢ d

b and ¢ being Hilbert—Schmidt operators. Let A, and A, be two elements of
L..(V, W), written again as

a; by a, by
A, = , A, = .
! <C1 dl) z (Cz dz)
The cocycle y(A,, 4,):= tr(c,b, — ¢,;b,) induces a central extension I‘:ns(V, W) of
LICS(I/’ W)'

1.2. Remark. On the Lie algebra level it is obvious, that if either V or W are finite
dimensional then the cocycle 7 is a boundary and therefore trivial. Indeed, if V is finite
dimensional, it is the boundary of the functional

a b
(c d) — tr(a)

and if W is finite dimensional, it is the boundary of the functional

a b
(%) o

because tr(b;c, — b,¢;) = —tr(c,b, ~ ¢,b,) holds and the trace of a commutant is
Z€r0.

The ‘Segal-Shale—Weil representation’ is in some sense the transformation of the
canonical representation of the Lie algebra L(H) for some Hilbert space H on the
vector space of the symmetric algebra over this Hilbert space. So let us first consider
this representation.

Let H be a separable Hilbert space. Let $*(H) denote the Hilbert space completion
of the vector space of n-powers of the symmetric algebra of H with the Hermitian
form:

h
Chihy by Byl B =3 [ Kby, D,

e i=1

where the sum is over all permutations ¢ of (1, 2, ..., n).

Define S(H):= @,nS"H) endowed with the final topology defined by the
inclusions i,: $"(H) > S(H). Let S(H) be the Hilbert space completion of 5(H). Let S(H)
be I1, S"(H) with the initial topology defined by the projections p,: S(H) — S"(H). S(H)
and S(H) are the antilinear dual spaces of each other and 5(H) = S(H) = S(H) with
continuous and dense inclusions.
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For any he H let a*(h): S(H) — S(H) denote the continuous operator of multiplica-
tion with h. This operator is, of course, also a continuous operator on S(H). So the
adjoint of this operator a(h) is a continuous operator on both S(H) and S(H). It is well
known that they obey the following commutation relations

[a*(h), a*(h)] = O = [a(h), a(h)]

[a(h), a*(H)] = <h, K')1.
The operators a*(h) and a(h) can be used to construct the canonical representation of
L(H) on S(H). Let {h;};cn be any orthonormal basis of H. For any operator ae L(H)
set

dl(a):= Y a*(h)a(h;)<h;, ah;).

t.J

This sum converges only pointwise. dI'(a) does not depend on the choice of the
orthonormal basis, because a*(h) is linear in # and a(h) is antilinear in h. dI'(a) maps
S"(H) into S"(H) and the norm of this map is smaller than n|a|. Therefore, dI'(a) is
continuous on S(H) and S(H).

Let us now construct the representation of L_(V, W). We denote by W the
corresponding antilinear Hilbert space of W and for all we W by w the corresponding
element of W. Choose two orthonormal basis {v;};en and {w;}ien of V and W
respectively. Now a representation di* of L,..(V, W) on S(V @ W) and S(V @ W)
respectively is defined by

(D
= L a*odalo) <o, any—
—izj; a*(wia(w)w;, dw;) +
+iz;! a¥(w)a*()<v;, bw;) —

=Y a)a(w)w;, vy +z 1.

ij

This sum converges only pointwise. a and d are bounded operators, hence
~{fa O
(& 2))
is continuous. b and ¢ are Hilbert—Schmidt operators, hence
~ ({0 b
r
o(0 )

is continuous. Because of the linearity of a*(v) and a(w) and the antilinearity of a(v) and
a*(w) in v and w, respectively, dI" does not depend on the choice of the orthonormal
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basis. For all Hilbert-Schmidt operators b: W— V we will also denote the element
2, ;0@ w;{v;, bw;)> of SY(V)® S'(W) by b. Then

(s o)

is represented by the operator of multiplication with b and

(5D

is represented by the adjoint operator of multiplication with —c* The diagonal
elements

(s

are represented by the canonical representation of @ minus the canonical represen-
tation of d' plus z times the identity. If b and ¢ are finite rank operators direct
calculation shows di" to be a representation. By continuity, it follows that di" is a
representation of L (V, W) (see A. Carey and S. Ruijsenaars [2]).

1.3. Remark. This representation could be thought of as the transformed canonical
representation of L ..(V, W) on S(V@® W). However, the transformation:

a*(w)—> —a(w) and a(w) - a*(w)

is not defined on elements of the form

00

0 d
of L,.(V, W), if d is not of trace-class. Thus renormalisation makes it necessary to
consider the central extension L, (V, W) of L,..(V, W).

We will prove now that di" can be lifted to a representation of U, (V, W). The
elements of this group can be thought of as linear symmetries of the free Boson fields
over V@ W. Under this point of view, the question arises which symmetries can be
implemented into a given representation of the canonical commutation relations
(CCR) corresponding to this free Boson fields. There is an extensive literature on this
question (see, for example, [3-5]). For all bounded operators

(a b)
on Ve W,
c d

whose component d is invertible and for all ze U(C), the product decomposition

1 bd "\fa—bd 'c 0 1 0
0 1 0 d)\d ¢ 1
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determines completely the representation map

r((¢ )
mon(ar (5 %4 ) o) (a0 <enler((C o))

The middle component is defined to be the canonical representation of a — bd !¢
times the canonical representation of d'~! times z.

A(BHY

is a continuous operator on S(V@® W), which intertwines with dl" by
~({{1 0O ~(({ad b
F '
(¢ D) (e 7))
~(({1 O\fa b\ 1 0\ , ({1 O
(e ol D) (D))

Note that

~{fa 0

r

(6 5))
is a continuous operator on both 5(V@® W) and S(V® W), which intertwines with di’
by

~({a © (@ b\ |

(D)

~({a O\(a b\a'® 0\ N={(a O
s () V9 PV B L (RS

(6 o)

is a continuous operator on §(V@® W), which intertwines with di” by
~((1 b ~f(({a b\
(o e )
~((1 b\(a b\/1 -b\ , ) a=f(1 b
=dr((0 1)( d,)(o 1),z+tr(cb)) dr<(0 1), 1).

Here
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1.4. LEMMA

olo(39)

is a continuous operator from S(V@® W) into S(V® W) if ||b|| < 1.

ol )

is a continuous operator from S(V@® W) into S(V® W), if |lc|| < 1.
Proof. Let xe SP(V) ® SYW) and x' € §7 (V) ® §7(W) be two elements of S(V® W).
By definition of the Hermitian product it follows that

xx', xxy < (p _; pl><q ta ) {x, xH{x, X",

For all Hilbert—Schmidt operators b: W—V let b also denote the element
T, ;0; @ w;<v;, bw;> of S(V® W). The inequality above implies

bx, x> < (” :")(‘1 o ) Cx, XKH", b7,

Let p,(b*D) be the sum of the nth powers of the eigenvalues of b*b, p,(b*b) = tr((b*b)")
and for each partition 4 p,(b*b), the corresponding polynomial in such power sums
(see Macdonald [6]). By a combinatorial calculation (1/n!)>¢b", b is equal to

Y. 21 'pa(b*b) = h,(b*b),

[4l=n

the nth complete symmetric function in the eigenvalues of b*b. Set f for

1 *
TE tr(b*b).

Then the inequality p,(b*b) < B||b||*" is obvious. This implies
h(6*b) < (ﬁ * ") Ibi>"

and, finally,
Cexp(byx, exp(b)x) < (” * ")(“ M ")(’3 +") 1b112¢x, x)

<p+q)<p+q +ﬂ> z(p+ g+ B+ n) 1b]2"Cx, x>

p p+q

<N i)
p p+q N1=b X

A
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This shows the first part of the lemma. The operators of the second part are just the
adjoint operators of the operators in the first part. This completes the proof. O

Now in the product decomposition of I the first factor can either be an operator of
S(V@® W) or an operator from S(V&® W) into S(V® W), the second factor can be an
operator of S(V@® W) or an operator of S(V@® W), and the third factor can be an
operator from S(V@® W) into S(V@® W) or an operator of S(V¥® W). Thus, the image
of T consists either of continuous operators from S(V@® W) into S(V@® W) or
continuous operators from S(V@ W) into S(v@ W) or, of course, of continuous
operators from S(V&@® W) into S(v@ W). In the following, the actual intended
meaning should be clear from the context.

1.5. LEMMA. The composition of two such operators is compatible with the group
multiplication in U, (V, W).

Proof. Due to the intertwining property with dI” by definition I" is a representation
of the operators of the form

((“ 0), z> on S(Ve W)
c d

and a representation of the operators of the form

a b - -
((0 d)’ z), on S(V@ W).

With regard to the product decomposition in the definition of d’, it remains to show
that

~ ({1 0\ \af[1 b ~((1 b .
(¢ e o Lo

if |cll < 1 and ||b|| < 1. To do this it suffices to show that
- 0 = ({1 tb ~ 1 0

1
(DR DLI(ER)

1 —tbe th 1
<< —tche 1+ tcb)’ det™{1 + th))’

if [¢]| < 1 and ||tb|| < 1. The left side is equal to

~ —tbc th
exp (dF ((—tcbc tcb)’ —tr(tcb))).

Each factor in the product decomposition of I satisfies

—

o]

< Pio) = afewg ™ OF o)
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Combined with the intertwining property of df" and T this implies

d o (({l—thc tb 1
dt r (( —tche 1+ tcb)’ det™ (1 + th))

~((—bc b ~ ((1—thc tb 1
=dI ((—cbc cb>’ —tr(cb)) r (( Ctebe 14 tcb)’ det™ (1 + tcb)).

As continuous operators from S(V@® W) into S(V@® W) for each n and m, both sides
are bounded operators from S"(V® W) into S™(V® W). Both sides are, moreover,
holomorphic in ¢t and have the same derivatives at the point ¢t = 0, so they must be
equal. O

1.6. THEOREM. The representation dI’ of i,es(V, W) can be lifted to a unitary
representation of U..(V, W) on S(V@® W).
Proof. Define 0: L (V, W)= L. (V, W),

()0 6 o6 )

to be the involution of L .,(V, W), whose fixpoints are elements of the Lie algebra of
U, (V, W). The two meanings of d"—on one side the image is an operator of
S(V@® W) and on the other side an operator of S(V@® W) and conversely—are related
by

dL(6(— A)) = (dI(A)*

for all AeL, . (V, W). Let © be the corresponding group involution:
a b
(€ a)
_’<<1 0)<a* c*>‘1<1 0)'1 det(1 — d*_lb*a*‘lc*))
0 —1/\b* d* 0 -1/’ z '
Then

o(((c )
(G e )

So each factor in the product decomposition of [ obeys T(®UA~Y) = (1~"(A))*, if on
one side I represents operators of the adjoint spaces of the other side. This implies

4 = [T)*

gives

fc~>r all AeU . (V, W). Combined with the preceding lemmas this guarantees that
U,..(V, W) is represented by isometric embeddings of S(V® W) into S(¥&® W). Such
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isometric operators extend uniquely to isometric operators of S(V® W). The
preceding lemma shows the composition of two such continuous operators to be
compatible with the group multiplication on the dense subspace S(V@® W) and,
therefore, on the whole space S(V@® W). This concludes the proof of the theorem.

O

The closure in §(V@ W) of any invariant subspace of S(V@® W) is an invariant
subspace of §(V€t—) W) with respect to the action of f.,es(V, W).

To determine the minimal weights, which occur in the k-fold tensor product of this
representation, let us first define what we mean by minimal weight representation. Fix
two orthonormal basis {v;};en resp. {w;}ien Of Vresp. W. All the definitions, we give
now with respect to V carry over to the corresponding situation for W, For all ne N let
V, be the subspace of ¥, which is spanned by the vectors vy, ..., v,. Let b7 (V) be the
subalgebra of L(V), which maps V, into V, for all ne N. b*(V) is the adjoint subalgebra
of L(V). n™ (V) is defined to be the subalgebra of L(V), which maps V| into 0 and V.,
into V, for all ne N. n* (V) is the adjoint subalgebra. Let b~,;s(I/, W) be the subalgebra of
L,.(V, W), whose elements are of the form

((‘C‘ 2), z), aeb=(V), deb*(W), zeC.

Let ii_,(V, W) be the subalgebra of L ,(V, W), whose elements are of the form

a 0 _ .
((c d)’ 0), aen (V),den™ (W)

Let k., (V, W) be the maximal Abelian subalgebra of L, (¥, W), whose elements are of
the form

(!

with a being diagonal with respect to {v;}icn and d being diagonal with respect to
{w:}ien. A weight is an equivalence class of irreducible representations of b (V, W),
and a weight of a representation is the equivalence class of an irreducible subrepresen-
tation of f,.,(V, W). All irreducible integrable unitary representations of (¥, W) are
classified by integers {m,}icn, {";}ien and n.. m; describes the action on v;, n; describes
the action on w; and n, is the central charge. Only a finite number of the m;’s and the
n;’s are different from zero. Otherwise, the action would not be defined on all elements
of h,..(V, W). The subalgebra 7 (V, W) of L...(V, W) induces an order on the unitary
weights of i, ..(V, W):

({mi}iEN, {ni}iENa nc) < 0

if and only if m; > m; and n; < n;, whenever i < j.
A minimal weight vector of a representation, is a weight vector, which is annihilated
by all elements of 7 (V, W).
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To describe the k-fold tensor product of S(V@® W), we will use the following
isomorphisms:

SVeW)® - @S(Ve W) ~S(Ve W) CH ~S(Vve C@ We CY.
Set
=SV C*® W® T and SP4=SA(V® CYH® S(W® CH.

St = @ ,+4-+5P%is a finite sum. So the Fréchet spaces S,:=11,8 and I, Si are
canonically isomorphic.
There are canonical embeddings of Lie algebras:

glik, C) - L, (V® C*, W® C¥ and
L(V), LW) = L (V, W) > L (Vv® C*, W® C".

We identify image and preimage of this embeddings and of the corresponding group
embeddings. Let ey, ..., ¢, be the canonical orthonormal basis of C*. Set

v, ®e - v, ®e,
A, (v):= det : : , O<spu<k,
v, ®e; v v, Qe
W Q& iy 0 W B g
A, (W):= det : : , 0<vgk,
W8 i1 - W, Q¢

such that both A,(v) and A (W) are in §,. Now
AT () - - - AHV)AL(W) - - ABw), p+ v <k, o, BeNy

are minimal weight vectors of S,. The corresponding weight is

mi=z Oy ni=~z Bv and nc=k.

uzi v2i

This leads to the following lemma.

1.7. LEMMA. For all weights ({m;}icn, {ni}ien, n;) <0, with
n. 2 minfi|m; =0 for all j > i} + min{i|n; = 0 for all j > i},

there is a minimal weight vector in S, _.

Kashiwara and Vergne [ 7] showed, that if Vand W are finite dimensional, these are
all minimal weight vectors and the representation of U(V, W) is completely reducible.
We want to extend these results to the infinite dimensional case.

Now let X be the set of all equivalence classes of irreducible unitary representations
of U(k, C), and for all A€ X let V, be a representative. With respect to the maximal toral
subalgebra of gl(k, C) of all diagonal matrices, the weights of gl(k, C) can be described
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by k numbers n,, ..., n,. The Borel subalgebra b~ of all upper-triangular matrices
induces an order on the weight space: (n,,...,n) < Oifand onlyifn, = n, > --- 2 n,.
The equivalence classes of irreducible unitary representations of U(k, C) are isomor-
phic to the equivalence classes of all unitary lowest weight representations, and these
classes are isomorphic to all integral weights, which are smaller than zero. So Z can be
identified with this set.

For a unitary representation H of U(k,C) let L,(H) be the Hilbert space of
HOMuyy,¢)(V;, H) with the Hermitian form {a, b) := tr(a*b). In case the vector space
H is only a locally convex vector space, let L,(H) be the corresponding locally convex
vector space.

Let H, be the kernel of all operators

(¢ o)

with ¢: V- W an arbitrary Hilbert—Schmidt operator. Set c; ;: ¥— W for the finite
rank operator, which maps v; onto w; and is zero otherwise. Set

H,=H,nS, and HP*=H,NSp.

The subspace H, := H, n 5, is dense in H,, because H, is an invariant closed subspace
with respect to

rea((y )
o-((} 2}

U(k,C) and U, (V, W) commute as subgroups of U,.(V® C*, W® C*. Hence
L,(S,) is a unitary representation of U,.,(V, W) and L,(S,) is a representation of
L...(V, W). Moreover, L,(H,) is a unitary representation of U(V) x U(W).

Let e, ,, 1 < p, v < k be the canonical basis of glk, C). Set

{"R%)

and

t

Pll,v = Z a*(vi ® eu)a(vi ® ev) = di:‘ ((1 ®Oeﬂ,v 8)’ 0)

and

- - vy 2)=dl O 0
Q= =3 a*(; @ 2)ali; @ 2,) = dF ((o 1®eu,v>’ 0>

for all 1 < p, v < k. From the definition of dI it follows, that the P,,and Q, , satisfy
the relations

di'e,,)=P,,+Q,,, P:,=P,, and Q¥ =0,,.
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1.8. LEMMA. For all ieX set p(A):=Z,son, and q(4):=—Z, <on,. Then
L(HPY =0 if p# pA) or q # q(A). L,(HE™¥®) is an irreducible representation of
(V) x C(W).

Proof.

Y a*v; ® e Ja¥(w; @ e,) dif (( 0 0), O)
i ¢; O

ij

=Y a*v;® ealv; ® e)a*(W; ® &,)a(W; ® &,)

i,j,v
k
= Z Pu‘va,u'
v=1

From the definition it follows, that H}*? must be a subset of the kernel of the operators
_,P,,0,,forall 1 <p< k. Now let v be a minimal weight vector with respect to
the action of gl(k, C). Then (P, , + Q,,)v =0 for all 1 <v < pu<k. It follows that
—P%v=0Q, v Ifvis an element of H}? it therefore has to obey

k
<_P1,1Q1,1 + Zz Pl,vP’f,v) v=0.

Now P,  is a positive operator and Q, ; a negative operator. So P; ;Q, ;v must be
zero. Now it follows, that for all veV, we Wa(v ® e,)a(w ® &,)v = 0. Using this
methods for the other operators P, iteratively (u=1, ..., k) one finally gets
P,,Q.,v=0foral u=1,..., k Now (P,, + Q, v must be equal to n,v. On the
other hand, the P, , are positive operators and the Q, , are negative operators. This
gives

P,,.v=mn.p, Wt =0, ifn, =0,
pP,.v=0, Q..v=no, ifn, <O

"

This implies

Xk: p(Ay and — Ek: Q.0 = q(4),
= s’

which is equivalent to ve H®4® and the first part of the lemma is proved.

Let C% and C* be the span of all e,, such that n, > 0 and n, < 0, respectively. To
prove the second part, it suffices to show that the subspace of HZ*4* of all minimal
weight vectors with weight A is irreducible with respect to the action of C(V) x C(W).
The proof of the first part of the lemma shows, that this space is a subspace of
SP(V® C*) ® SI™(W® C* ), which is, of course, an irreducible representation of
C(V) x C(W) x gl(C% ) x gl(C*.). Thus, the minimal weight vectors are irreducible with
respect to C(V) x C(W). This concludes the proof of the lemma. O

1.9. PROPOSITION. L,(S,) is an irreducible representation of L .V, W). Li(S,) is an
irreducible unitary representation of U, (V, W).
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Proof. Set

e 5) 0= )9

Each closed subspace of S,, which is invariant with respect to P and Q contains its
orthogonal components in SP%. So every invariant subspace of L,(S,) meets
L,(H,) = L,(HI"4%) because all operators of the form

(¢ 69

reduce p and g by one. Due to the preceeding lemma it then must contain this space.
By the unitarity of the representation of U, (V, W) on L,(S,) now it follows, that L,(S,)
is an irreducible representation of L_(V, W).

1.10. THEOREM. S, is completely reducible into unitary lowest weight represen-
tations of UV, W). The decomposition is explicitly given by Sy = @ ;s (Vi ® Ly(S))
{completion of the infinite sum). The LS,) are all distinct.

Proof. It remains to show, that the L;(S,) are lowest weight representations and are
all distinct. Now let

Di = ny, qi‘:O, ifn;?O,
=0, g=-n, ifn<0.

Now A2 "Pp)AL27 P3(y) - - - AP{w)A]~%-Y(w)A%- 1~ %-2(w) - - - Af{(W) is a minimal
weight vector with respect to the action of both L (¥, W) and gl(k, C). The map

A=o(pts. -3 P 0, ) (=G> - -+ s —q1, 0,.. ), k)
from X into the weights of LV, W) is injective. So all L,(S,) are distinct. O

1.11. Remark. In [8] and in [9, 10] it was shown that all unitary lowest weight
representations of U(V, W) are contained in §, for some k, if ¥ and W are finite
dimensional. If V or W is not finite dimensional in all weights ({m;}ien, {B}ien, ),
only a finite number of the m;s and the n;s are different from zero. The embeddings of
finite dimensional groups U(V’, W) into UV, W) then guarantee that all unitary
lowest weight representations of U, .(V, W) are contained in some S,.

2. The Representations of Sp(V)

In this part we determine the decomposition of the tensor products of the ‘Segal-
Shale—Weil representation’ of the metaplectic group. Let us first recall the definition
of the symplectic group of some Hilbert space V. This definition is due to Shale [3],
who found the corresponding representation, but our point of view is more inspired
by the work of G. Segal [1].

Let V be a complex Hilbert space and Vg the corresponding real Hilbert space.
Then the complexification of Vg is canonically isomorphic to ¥@® ¥. Hence, all real
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linear operators of Vi can be thought of as complex linear operators of V@ ¥, which
commute with the complex conjugation induced by Vg. Let : V— Vand 1: V— V be
the canonical antilinear isomorphisms. Then complex conjugation is expressed as

0 A*
=0 %)

The symplectic group is defined to be the subgroup of GL(Vg), which leaves the
antisymmetric nondegenerated form induced by the multiplication with i in V
invariant. The operator of multiplication with i in ¥ induces of course the operator

i 0 _
(0 ~i> on V@ V.

Hence Sp(V) is the commutant of A in U(V, V).

Set Sp,e(V):= Sp(V) N U,(V, ¥). In the definition of the cocycle c(4;, A,) of the
central extension of U,V V) it was shown that d;'d,d;' is of the form
1 +dy e bydyt. di'ebyd; ! is a trace class operator with norm smaller than 1.
Hence the cocycle ¢'(A4;, A,):= det™ V2(d; 1d;d; 1) is well defined. Let

Sp,eV)i= {((Z— Z) z), with zz = det!/3(1 — ar')?ba—l)}
be the central extension of Sp,.(V) induced by this cocycle.

2.1. Remark. If V is finite dimensional this central extension is trivial over a double
covering group of Sp(V), the metaplectic group of V (see e.g. Segal [1] and Kashiwara
and Vergne [7]).

Set A, (V) for the corresponding subalgebra of L, (¥, V). It consists of all elements

a b ,
C d b >
which satisfy
O—A*ab*O—A*“_ a b
A0 Ne aJ\4 0 o \e df
This is equivalent to b = b, ¢ = ¢/, d = —d". The following map
(e %))
¢ —a
=Y, a*()a()<v;, av;) +
i

1
+5 2. a*(v)a*(v)<v;, bo;) —

1 _ z
3 g a(v)a(v;)<v;, cv;> + 3 1
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from A,.(V) into the continuous operators of S(V) defines a representation of A, (V).
This sum converges only pointwise. Because of the linearity of a*(v) and the
antilinearity of a(v) in v, dT" does not depend on the choice of the orthonormal basis
{v;}icn. The arguments for di" being a representation of L, (¥, W) carry over to the
Lie algebra A, (V) showing again dI" to be a representation.

All bounded operators

a b _
(C d) of V@ Vv

which satisfy

0 —a*\(a b\*/0 —i*\"' (a b\7!

A 0 Ne dJ\2 0 “\c d
are elements of the complexification of Sp(V). If d is invertible there exists a product
decomposition

1 bd\fa—bd 'c O/ 1 O
0 1 0 df\d" ¢ 1

inside the complexification of Sp(V). Indeed by straightforward calculation one gets
that bd ! and d !¢ are symmetric and that a — bd ~!c is equal to d¢™*. If d is invertible
this product decomposition, hence determines completely the representation map on
the complexification of Sp,.,(V)

(%
e G () L (D K L (ROHD)

The middle side is defined to be the canonical representation of d*™* (which is equal to
a — bd ™ c) times z. The intertwining properties of I" and dI" are the same as in the
chapter before.

2.2. LEMMA

ofir(s )9)

is a continuous operator from S(V) into S(V) if

o<vone(( o)

is a continuous operator from S(V) into St V), if ||l < 1.
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The proof is analogous to the proof of Lemma 1.4 after changing p,(b*b) into
itr((b*b)") and B into 1/2||b||2)tr(b*b). For all x € SP(V) this yields the estimate

+8
Cexplb)x, exp(b)x> < (” +8 )( ! ),, (x, %),

p J\1—|bl

The preceding lemma shows again that the image of T consists either of continuous
operators from S(V) into S(V) or of continuous operators from S(V) into §(V) or, of
course, of continuous operators from §( Ve W) into §(V® W). The actual intended
meaning should be clear from the context.

2.3. LEMMA. The composition of two such operators is compatible with the group
multiplication in Sp,.(V).

This lemma and the following theorem are given without proof, because the
arguments are analogous of those of Lemma 1.5 and Theorem 1.6.

24. THEOREM. The representation di" of K,ES(V) can be lifted to a unitary
representation of Sp,.(V) on S(V).

2.5. Remark. Consider

1
5
\/ﬁ i —i
as an element of U(V'@ V). Let U also denote the canonical representation of U on
S(V® V). The intertwining relations

Ua*w)U~! = a*(Uv), veV,
Uaw)U ! = a(U* 1), veV
lead to the following relation between the representation dI'z,_y 7 of the subalgebra

K,es(V) of L.(V,V) on S(V@® V) and the 2-fold tensor product di" %m(y) of the
representation of A, (V) on S(V® V):

Udl's, U™t =dl 0.

So these representations are unitarily equivalent.

To determine the minimal weights which occur in the k-fold tensor product of this
representation, let us first define what we mean by minimal weight representation of
Sp,.(V). Fix an orthonormal basis {vi}ien Of V. Let fi (V) be the subalgebra of
A,(V), whose elements are of the form

0
((: _a,>, 0), aen(V).
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Let f,.(V) be the maximal Abelian subalgebra of A, (V), whose elements are of the

form
a 0
0 _ at > Z 5

with a diagonal with respect to {v;};cn. A weight is an equivalence class of irreducible
representations of h_.(V), and a weight of a representation is the equivalence class of
an irreducible subrepresentation of /1, (V). All irreducible integrable unitary represen-
tations of h, (V) are classified by integers {m;} e~ and n.. m; describes the action on v;
and n,/2 is the central charge. Only a finite number of the m;’s are different from zero.
Otherwise, the action would again not be defined on all elements of k. (V). The
subalgebra i (V) of A,.(V) induce an order on the unitary weights of R (V)

({m:}ien. n) <0 if and only if m; > m; whenever i <.

A minimal weight vector of a representation is a weight vector which is annihilated by
all elements of i (V).

To describe the k-fold tensor product of S(V) we will use the following
isomorphisms

SN ®--®8(V)~ (Ve Cch

Set Sh:= S"(V® C).
The complexification of the Lie algebra of O(k, R) is so(k, C). There are canonical
embeddings of Lie algebras:

so(k, ©) = A,;(V® CY and L(V) > A,..(V) > A, (V® CH.

We identify image and preimage of this embeddings and of the corresponding group
embeddings.

Now let X be the set of all equivalence classes of irreducible unitary representations
of O(k,R) and for all AeX let again V, denote a representative, For a unitary
representation H of O(k, R) let L,(H) be the Hilbert space of HOM oy, ry(V;, H) with
the Hermitian form {q, b):= tr(a*b). In case the vector space H is only a locally
convex vector space, let L,(H) be the corresponding locally convex vector space.

Let H, be the kernel of all operators

(¢ 69

with ¢: V- Van arbitrary Hilbert—Schmidt operator. Let c; ; be the sum of the finite
rank operators from V to ¥, which maps v; onto v; and v; onto ¥;, respectively and
which are zero otherwise. Set H,=H,nS, and H?=H,nS!. The subspace
H,:= H,n 3§, is dense in H,, because H, is an invariant closed subspace of S, with
respect to the action of

(9
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The subgroups O(k, R) and §p,es(V) of §pm(v ® C* commute. Hence, LA(SA,‘) is a
representation of A..(V) and L(S,) a unitary representation of §pm(V). Moreover,
L,(H,} is a representation of L(V) and L,(H,) a unitary representation of U(V).

In order to investigate these representations, we follow the discussion of Kashiwara
and Vergne [7]. In the case k = 21 + 1, O(k, R) is the direct product of SO(k, R) and Z,
and an element of X is determined by two irreducible representations of these groups.
We will use the decomposition C* = C'@® C' @ C in order to express the elements of
gl(k, €) and so{k, C).

Set J:=

[ =)
[
-0 O

and

O(k, €)= {geGL(k ©)|¢Jg = J},
SOk, €):= {ge Ok, C)| det(g) = 1},
so(k, €©):= {xesl(k, C)|xJ + Jx = 0}.

By definition the elements of so(k, C) are of the form

a b e
¢c —a f
—ff = 0
with b and ¢ being skew symmetric. We consider the Borel subalgebra
a b e
b,:=4¢|0 —d 0}, aupper triangular
0 —-¢ 0

and the Cartan subalgebra

a 0 0
hy:= 4|10 —a' 0], adiagonal .
0 0 0

Then the irreducible representations of SO(k, R) are parametrized by the lowest
weight (m,, ..., m), with m, > m, = ---m; > 0. Thus, X is parametrized by 4 = (m,,

., my, ). e€ Z, describes the representation of Z,.

Letxy,...,%; ¥q,..., Vi, t be the canonical basis of C*. The transformation from the
natural bilinear form of C* to J can be chosen to be unitary and this basis becomes
orthonormal. Thus, the commutation relations of the creation and annihilation
operators are obvious. In this notation the representation di- of A (V) on §,
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transforms to

()

Z ( *v; ® ta(v; ® 1)+ z a*(v; ® x,)a(v; ® x,)+a*(v; ® y,)a(v; ® y,))(v,, av;)
Y,

iJ

+
iLJ

Z ( a(v; ® alv; ® 1) + i a(vi®xu)a(vj®y,‘)><ﬁj, e +§ 1

< a*(v; ® Ha*(v; ® t) + il a*(v; ® x,)a*(v; ® y,))(v 5 by —

Let e, ,1 < u, v < I be the canonical basis of gl(/, C). df" is a representation of so(k, C)
as a subalgebra of A, ,(V® C*). Let dI" denote the canonical representation of glik, C)
on S, which is an extension of the first representation.

Set
e,, 0 0 0 e, O
A,,=dr [lo o o||, B,,=dr[lo o of],
0 0 0 0 0 0
0 00 0 0 0
C‘”=dl"(e,‘v 0 0|, D,,:=dI (0 e.v 0}l
0 00 0 0 0
0 0 x, 00 0
E;:=dl'[|0 O 0), F,=dI'| {0 0 y,][,
00 0 0 0 0
and
0 00
H:=dl'{|0 0 0
0 01

By definition, the following relations are valid:

Ay, =A,,, Dy,=D,,, Bf,=C,,, H = H*.
Set
0 ®x; v ®x,)
A (x):= det : : , 1lgu<g]
v, ®x;, " Vv, ®X,

v ®x, U3 @ X1, Uy @ Yyey V1 ®y, v, Rt
A (x, y, t):= det S C
Ve @ X " 0, X, 0, @Y1 T U Oy, Dt
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oOspu<l
AP(x) - - - Ax) and  AfY(x) - - AP(X)A(x, y, 1)
are minimal weight vectors of S,. Their weights are ({m}ien, n,), with
= {Ejziaj and 1 + 5,0, respectively, if i< p,
0, ifi>p
and n. = k.

In the case k = 2I, we choose the decomposition C* = C' @ C' in order to express
the elements of gl(k, C) and so(k, C). With

. 01
“\1 of
the elements of so(k, C) are of the form

a b .
( t), b, ¢ skew symmetric.
c —a

We take a Borel subalgebra

b, = a b upper triangular
so * 0 a; , a pP l'lg

and a Cartan subalgebra

hy,:= {(g —Oa’>’ adiagona]}.

an irreducible representation of SO(k, R) is parametrized by its lowest weight with
respect to b, i.e. (my, ..., m) withm; = --- = m;_, > |m,. In this case, O(k, R) is the
semi-direct product of SO(k,R) and Z,. In case m, #0 the representations
m; = + —|m,| of SO(k, R) induces only one irreducible representation of O(k, R).
Otherwise it extends to two irreducible representations. Hence, X is parametrized by

my,...,m,¢e, mz-2m=z20,eeZ, and (my,...,m, H=(my,...,my, —1)
if m #0.
Let xy,...,X;, Y- . ., ¥, be the canonical basis of C¥, which is again orthonormal. In
this notation the representation dI' of A, (V) on .§k transforms to

1
=2, ( Z a*(v; ® x,)alv; ® x,) + a*(v; ® yJav; ® y;;)) v, avyy +
+ ( zl: a*(v; ® x,)a*(v; ® y,.)) vj, boy —
iJ \k=1

i a(v ® x“)a(v ® yu)) <UP CU> +
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Let dI” denote the canonical representation of gl(k, C) on §, which is an extension of
the first representation. Set

- eﬂ-" 0 — 0 eu,v
oma(( ) neman(l )
0 0 0 0
i (o R ()

By definition the following relations are valid:

Ar,=A,,, DI, =D, Bi=C,,
Set
1y®x; vy ®x,
A,(x):= det : : , Ispu<l],
1, ®x; " v, ®X,
1y ®x; U @ X, 01 @ Yys1 0@
A, (x, y):= det : Do R P
Uy ®xy - vk—u®xb Uy @ Yurr V- ®
O<u<l

The elements A%'(x)---A(x) and Af'(x)---A(x)A,(x,y) are minimal weight
vectors of S,. Their weights are ({m;}ien, n,), with

o Zjzia;and 1 4+ X;5;a, respectively, if i < g,
0, ifi>p,
and n, = k. This leads to the following,

2.6. LEMMA. For all weights ({m;}ien, n) < 0, with n, > min{i|n; = 0 for all j > i}
and n/2 > min{i|n; = 0, 1 for all j > i} there is a minimal weight vector in §nc.

Kashiwara and Vergne [7] showed for finite dimensional V that these are all
minimal weight vectors and the representation of Sp(¥) is completely reducible. Again
we want to extend these results to the infinite dimensional case.

Let b, be the Borel algebra of gl(k, C) of the form

a b e
0 d 0}, a upper triangular, d downer triangular
0 f* g

and

{(g Z), a upper triangular, d downer triangular},

when k is odd and even, respectively.
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2.7. LEMMA. All minimal weight vectors v with respect to by, in H,, which corresponds
to one L€ X are also minimal weight vectors with respect to by .

Proof. 1 only give the proof for k odd and leave it to the reader to carry over the
proof to the case k even. Forall p=1,...,1

_Z a*(vi ® xv)a*(vj ® yu) df (( 0 0)’ 0)
ij ¢; 0

=Z a*(v; ® ya(v; ® a*(v; ® x Jalv; ® 1)+

+ Y a*; ® yalv; ® y,)a*(v; ® x,)a(v; ® x,)+

ij.wv

+ Z a*(vj ® yu)a(vj ® x,)a*(v; ® xu)a(vi ® y,)—

i

~ 2. a*v;® ylalv; @ x,), a*(v; @ x,)]a(v; ® y.)

ij,v
=FuBy = Dyy+ 521 Dy + CusBys.

By definition, H, has to be a subset of the kernel of all these operators. Now let v be a
minimal weight with respect to b, with weight (m,, ..., m;). This implies

(E,— F¥)=0 forallpu=1,...,]

(Ayy— D, Jv=0 foralll <p<v<l

(B,,— B, Jv=0 forall uv
and

(A — D, v =mp.
Hence, v must be in the kernel of

D, (A, — 1)+ FF{+Bf B, + z’:Z D, DY, + B¥B, ;.
This implies <v, D, y(4, ; — 1)v)> < 0. If m, > 1 this condition implies 4, ;0 = m,v,
because 4, ; and D, , are positive. If m; = 0 there are two possibilities:

A,,v=0 and D,,;v=0 or A;,wv=v and D, v=vV.
This implies

Dy (A, — D=0 and E,v=Ffr=0,

A,w=D,,v=0 forv>1 and B, v=B,,v=0.
Using this methods iteratively for y =1, ..., [, one finally gets

D, (A, —1w=0, Eup=Ft=0,

A,w=D,v=0 forallp<v, and B,,w=0 forallpv.
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This implies that v is the sum of minimal weight vectors with respect to b; . Now let v
be such a minimal weight vector with weight (a;, ..., a, d,, ..., d,, h).
These nonnegative integers must obey the following inequalities:
a2 zaq=2h>d>-->d, >0, since they represent a minimal weight of a
unitary representation of U(k, C). Now we have

=Y. a*(0; ® a*(v; ® )dT” ((: g), o)

ij

=Z a*(v; ® taly; ® t)a*(vj ® t)a(uj ®t)—
=3 a*(0,® O[a(s; ® 1), a*(0; @ Olale; ® )+

+2 Z a*(v; ® t)a(v; ® x,)a*(v; ® ta(v; ® y,)

L.y

1
=HH-1)+2 Y EXF:

g=1
So v lies also in the kernel of this operator and there are only two cases
(1) h=0:This implies d, =0 and a, = m,.
(2} h=1: Then d,(a, — 1) = O implies
P 0, ifm>1 m,, ifm, =1
v= . » a, = .
1, ifm,=0 1, ifm,=0
In case k is even, the second case only occurs if m; = 0. These two minimal weights
corresponds to different representations of O(k, R), because —1eO(k,R) is repre-
sented differently. This concludes the proof. |

2.8. COROLLARY. For all A€Z, there is at most one neN such that L,(H}) # 0.
LH y) is an irreducible representation of C(V).

Proof. The preceding lemma implies the first statement. S} is of course an
irreducible representation of gl(k C) x C(V). Hence, the preceding lemma implies also
the second statement. d0

2.9. PROPOSITION. L,(S,) is an irreducible representation of A, (V). Li(S,) is an
irreducible unitary representation of Sp,..(V).
Proof. Set

(s 99

Each closed subspace of S, which is invariant with respect to N contains its
orthogonal components in S;. So every invariant subspace of L,(S,) meets L,(H,),
because all operators of the form

(2 o)
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reduce n by two. Due to the preceding lemma it then must contain this space. By the
unitarity of the representation of Sp...(V) on L AS)) it now follows that L(S,) is an
irreducible representation of A, (V). O

2.10. THEOREM. S, is completely reducible in unitary lowest weight representations
of 8p,..(V). The decomposition is explicitly given by

S, =@ (V,®L,(S,) (completion of the infinite sum).
A€l

The L,(S,) are all distinct.

Proof. 1t remains to show that the L,(S,) are lowest weight representations and are
all distinct. If A = (m,, ..., m;, (—1)Z™) the vector AT' ™ ™(x)AT>~™(x)--- A"(x) is a
minimal weight vector with respect to b, and b,,(V) which corresponds to A. The
corresponding weight is (m, ..., m;, 0, ...), k).

IfA=(my,...,m,(—1)'**™) let u be the greatest integer, such that m, # 0. Then

AT M)A () - AT (x)A(x, ¥)
and
AT AT AR (A, (x, , ),

respectively, are minimal weight vectors with respect to by, and b..(V), which
corresponds to A. The corresponding weight of A (V) is

res

(my .. my 1,0 ,1,0,...) k.

k~j -

2.11. Remark. Enright and Parthasarathy [9] et al. [11-10] showed that all
unitary lowest weight representations of Sp(V) are contained in S, for some &, if V is
finite dimensional. If V is not finite dimensional in all weights ({m;};cn,n,), only a
finite number of the m;’s are different from zero. The embeddings of finite dimensional
groups Sp(V’) into Sp,..(V) then guarantee that all unitary lowest weight represen-
tations of Sp,..(V) are contained in some S,.
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