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Abstract

We establish Gaussian-type upper bounds on the heat kernel for a continuous-time ran-
dom walk on a graph with unbounded weights under an integrability assumption. For
the proof we use Davies’ perturbation method, where we show a maximal inequality
for the perturbed heat kernel via Moser iteration.
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1 Introduction

A well known theorem by Delmotte [12] states that Gaussian bounds on the heat
kernel hold for random walks on locally finite graphs, provided the jump rates are
uniformly elliptic, that is the transition probabilities are uniformly bounded and bounded
away from zero. In a recent work [15], Folz showed Gaussian upper bounds for the heat
kernel of continuous-time, elliptic random walks with arbitrary speed measure under
the assumption that on-diagonal upper bounds for the heat kernel at two points are
given and the speed measure is uniformly bounded from below. In the present paper
we relax the uniform ellipticity condition and show a Gaussian-type upper bound for
constant-speed and variable-speed random walks with unbounded jump rates satisfying
a certain integrability condition.

1.1 Setting and result

Let G = (V, E) be an infinite, connected, locally finite graph with vertex set V and
(non-oriented) edge set E. We will write z ~ y if {x,y} € E. The graph G is endowed with
the counting measure, i.e. the measure of A C V is simply the number | 4| of elements in
A. Further, we denote by B(z, ) the closed ball with center z and radius r with respect
to the natural graph distance d, that is B(z,r) :={y € V | d(z,y) < r}.
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Heat kernel estimates for random walks with degenerate weights

For a given set B C V, we define the relative internal boundary of A C B by
A = {zx € A|3ye B\ A sth. {z,y} € E}

and we simply write 0 A instead of dyy A. Throughout the paper we will make the following
assumption on G.

Assumption 1.1. The graph G satisfies the following conditions:

(i) volume regularity of order d for large balls: there exists d > 2 and C\cg € (0, 00)
such that for all € V there exists N1(z) < oo with

C;cénd < |B(z,n)| < Cregn®  ¥n > Ni(x). (1.1)

(ii) local Sobolev inequality (S},) for large balls: there exists d’ > d and Cs, € (0, 00)

such that for all x € V the following holds. There exists Na(x) < oo such that for
alln Z NQ (l‘),

’

( > |u<y>|w“”l> < Con'™7 > uly) —u(z)] (1.2)

yEeB(z,n) yVzEeB(x,n)
{y,2}eE

for all u: V — R with suppu C B(z,n).

Remark 1.2. The Euclidean lattice, (Z%, E,), satisfies the Assumption 1.1 with d' = d
and N1($> = NQ(JJ) =1.

Remark 1.3. It was recently shown in [18], that the infinite cluster of a supercritical
Bernoulli percolation satisfies the Assumption 1.1 for some d’' > d.

Remark 1.4. The following strong isoperimetric inequality for large balls is sufficient
for the local Sobolev inequality (S;,) to hold. That is, for all n large enough,

|0A| > Cio |A|4"V/9 YA C B(z,n) s.th. |4] > n?, (1.3)

where 0 = (d' — d)/(d’ — 1), see [13].

Consider a family of positive weights w = {w(e) € (0,00) : e € E}. With an abuse
of notation we also denote the conductance matrix by w, that is for z,y € V we set
w(z,y) =w(y,z) =w({z,y}) if {z,y} € E and w(x,y) = 0 otherwise. We also refer to w(e)
as the conductance of the edge e. Let us further define measures p“ and v* on V by

u’(x) = Z w(z,y) and vY(x) = Z w(; i

y~z y~z

For any fixed w we consider a continuous time Markov chain, Y = {Y;: ¢t > 0}, on V with

generator £ = L{, acting on bounded functions f: V — R as
1
(LN = S el (F) = f@). (1.4)
Yy~

Let us stress the fact that the Markov chain, Y, is reversible with respect to the measure
u?. Setting p“(z,y) := w(z,y)/u”(x), this stochastic process waits at « an exponential
time with mean 1 and chooses its next position y with probability p“(z,y). Since the law
of the waiting times does not depend on the location, Y is also called the constant speed
random walk (CSRW).
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Another natural choice for a random walk that jumps from x to y with probability
p“(x,y) is the variable speed random walk (VSRW) X = {X;:t > 0}, which waits at « an
exponential time with mean 1/u(z), with generator given by

(LG )(x) = D wla,y) (fy) — f@) = n(x) (L) ().
Yy~zT
We recall that the VSRW X is reversible with respect to the counting measure and that
the CSRW and the VSRW are time-changes of each other. More precisely, Y; = X,,
for t > 0, where a; := inf{s > 0 : A; > t} denotes the right continuous inverse of the
functional

¢
A = / w?(Xs)ds, t>0.
0

We denote by P the law of the process X or Y, respectively, starting at the vertex z € V.
For z,y € V and ¢t > 0 let ¢* (¢, z,y) and p“ (¢, z,y) be the transition densities of Y and X
with respect to the reversible measures (or the heat kernels associated with £ and LY)),
i.e.

Py Y; =y

w0 Phe) = PriXe=)

@ (t,z,y) =

For any non-empty, finite A C V and p € [1, o), we introduce space-averaged (’-norms
on functions f: A — R by the usual formula

1/p
171, = (ﬁl > f<w>lp> and /]|, = max|f()]

z€A

Further, for any z € V we set

fip(x) = hmsupHMpr,B(ag,n) and  7y(7) = hmsupHVquAB(wm)'
T—00 n—00 :

For our main results we need to make the following assumption on the integrability of
the conductances.

Assumption 1.5. There exist p,q € (1, 00] with

+ - < (1.5)

D=
Q| =
SEN)

such that

fp = sup fi(z) < co and 7y = supv(zr) < oo.
zeV zeV

In particular, for every « € V there exists N(x) = N(z,w) such that

sup ||'uw||p,B(w,n) < 2fp(z) and sup Hl/qu’B < 20,4(x).

n>N(z) n>N(z) (@mn)

Our aim is to continue the program initiated in [2, 3]. In [2] we showed a quenched
invariance principle for the random walks X and Y on the integer lattice Z¢ under
ergodic, degenerate random conductances satisfying a certain moment condition so that
Assumption 1.5 is fulfilled (cf. Remark 1.8 below). In [3] we established elliptic and
parabolic Harnack inequalities for the generators, from which a local limit theorem for
the heat kernel were deduced. In this paper we prove Gaussian-type upper bound on the
heat kernels. Let us first consider the CSRW.
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Theorem 1.6. Suppose that Assumption 1.5 holds. Then, there exist constants c¢; =
ci(d,p, q, fip, v;) such that for any given t and x with v/t > N(x) V 2(N1(x) V Nao(x)) and
all y € V the following hold.

(i) Ifd(z,y) < cit then
¢ (t,z,y) < ¢ t—d4/2 exp( - 03d($,y)2/t).
(i) Ifd(z,y) > c1t then
¢“(t.a,y) < cat™Zexp( = cad(, y)(1V log(d(w,y)/1))).

Remark 1.7. Note that the moment condition on v* can be improved by imposing a
moment condition on v* for some weight @ provided the corresponding Dirichlet forms
are comparable, that is

3 alay) (F@) — fW)° < D wizy) (fl@) - f)™ (1.6)

z,yecV z,yeV

In particular, notice that for any ¢t > 0 and

Bey) = @ E TG or By = 1) (0 e)

the inequality (1.6) holds true. Hence, it suffices that a moment condition on the heat
kernel is satisfied, cf. [3, Section 6].

One well-established model which naturally fulfills our assumptions is the random
conductance model on Z¢.

Remark 1.8. Consider the d-dimensional Euclidean lattice Z%, d > 2, and let E, be the
set of all non-oriented nearest neighbour bonds, i.e. E; := {{z,y}: 2,y € Z%, |v —y| = 1}.
Then, (Zd, E,) satisfies the Assumption 1.1 as pointed out in Remark 1.2. Further, let P
be a probability measure on the measurable space (2, F) = (R, B(R4)® F4) and write
E for the expectation with respect to IP. The space shift by z € Z¢ is the map 7.: Q —
defined by (T.w)(x,y) := w(z + 2,y + 2) for all {z,y} € E;. Now assume that PP satisfies
the following conditions.

(i) P is ergodic with respect to translations of 7%, ie. P OT;1 =P forall z € Z% and
P[A] € {0,1} for any A € F such that 7,(A) = A for all x € Z<.

(ii) There exist p,q € (1, 00| satisfying 1/p + 1/¢q < 2/d such that
Elw(e)’] < oo and Efw(e) ] < oo (1.7)
for any e € F,.

Then, the spatial ergodic theorem gives that for P-a.e. w,

Jim. HMUJHZ,B(n) = E[u*(0)"] < oo and Jim. HVWHZ,B(n) = E[1*(0)] < oco.
In particular, Assumption 1.5 is fulfilled in this case and therefore for IP-a.e. w the upper
estimates on ¢}’ (z,y) in Theorem 1.6 hold. Unfortunately, we cannot provide any control
on the size of {N¥(z) : € V} in the context of general ergodic environments, as we
would need some information on the speed of convergence in the ergodic theorem, which
is not available in this general framework unless we make additional mixing assumptions.
It has been been shown in [3, Theorem 5.4] that the moment condition in (1.7) is
optimal for a local limit theorem to hold. In particular, this moment condition is also
necessary for both upper and lower Gaussian near-diagonal bounds to be satisfied.
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Next we state the upper bounds on the heat kernel p“ (¢, z, y) of the VSRW. For that
purpose we need to introduce the so called chemical distance d,, defined by

Iy—1
dUJ(I7y) = H’}f{ Z 1/\(-0(27;,21‘4_1)1/2},

i=0

where the infimum is taken over all paths v = (2o, ..., 2, ) connecting = and y. Note that
d,, is a metric which is adapted to the transition rates of the random walk.

We denote by B(z,r) the closed ball with center z and radius  with respect to d,,,
that is B(z,r) := {y € V | d,(z,y) < r}. Notice that d,(z,y) < d(x,y) for all z,y € V and
therefore B(z,r) C B(z,r) for all z € V and r > 0. Moreover, for any = € V we define

fip(x) = lmsup |[p=]| 5, and Z() = lmsup [V 5
n— 00 ’ n—00

For the VSRW we impose the following assumption on the conductances that is similar
to Assumption 1.5 in the CSRW case.

Assumption 1.9. There exist p,q € (1, co] with

+ - < (1.8)

D=
Q| =
SEN)

such that

fp = sup fi(z) < oo and 7, = supr(zr) < oo.
zeV zeV

In particular, for every x € V there exists N(z) = N(z,w) such that

qu ’|/”Lw’|pé('r,n) < 2/:Lp(x)’ and qu Hyqu,B(ac,n) < 217q(1')
n>N(z) : n>N(z)
Theorem 1.10. Suppose that Assumption 1.9 holds. Then, there exist constants ¢; =
ci(d, p, q, fip, 7;) such that for any given t and x with v/t > N(x) V 2(N1(x) V Nao(x)) and
all y € V the following hold.

(i) Ifd,(x,y) < cst then
p?(t,z,y) < cg /2 exp( - C7dw(:z:,y)2/t).
(i) Ifd,(xz,y) > cst then
p“(tx,y) < cg t—d/2 exp( — cgdy (x,y)(1 V log(d,(x, y)/t)))

As already mentioned in the beginning, for random walks on weighted graphs Gaus-
sian type estimates on the heat kernel have been proven by Delmotte [12] in the case,
where the conductances are uniformly elliptic, i.e. ¢! < w(e) <c¢, e € FE, for some ¢ > 1.
However, Gaussian bounds do not hold in general as under i.i.d. conductances with fat
tails at zero the heat kernel decay may be sub-diffusive due to a trapping phenomenon -
see [7, 8].

On the other hand, in the symmetric setting it is well known that on-diagonal estimates
are equivalent to a Nash inequality of the type

142/d’ 4/d’
(Z |f(x)|2> < oNash< 3 wlay) (f(ar)—f(y))2> (Z f(x)l> ,

zeV r,ycV eV
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see [9, Theorem 2.1]. In particular, such a Nash inequality holds on 7% with d' = d
and thus for the conductance model with conductances that are uniformly bounded
away from zero. However, in the general unbounded case no such Nash inequality is
available. Recently, an anchored version of the Nash inequality has been introduced
by Mourrat and Otto in [17] for a random conductance model on Z? with conductances
unbounded from below but bounded from above. In particular, they obtain on-diagonal
upper bounds under a suitable moment condition that are very similar to the one stated
in Assumption 1.5. Remarkably, their results extend to degenerate time-dependent
conductances.

For the VSRW with conductances that are only uniformly bounded away from zero,
Gaussian off-diagonal bounds have been proven in [6, Theorems 2.19 and 3.3]. In this
setting, upper bounds have also been obtained in [16, Theorem 10.1]. However, the
distance function that appears in the upper estimates for the VSRW in [6, 15, 16] and
in Theorem 1.10 above is the chemical distance which can be quite different from the
graph metric as the following example shows.

Example 1.11. Let {Z; : k € Z} be a collection of i.i.d. random variables on a probability
space (2, F, P), taking values in [1, co) with tail behaviour P [Z; > u] ~ u™* as u — oo
for o > 1. We fix a constant ¢z > 0 and ug > 0 such that P [Z; > u] = (czu)~ for all
u > ug. As underlying graph we take the two-dimensional Euclidean lattice Z>. Let e;,
es be the canonical basis vectors of R? and for any « € Z? we write z¢, i = 1,2, for its
coordinates. Consider an ergodic environment of random conductances defined by

(2.7) 1, ifx —y=+eo,
w(x,y) =
Y L2, ifr —y==e;.

That is, all edges in vertical direction (meaning e, direction) have conductance 1, while
the conductances on edges in horizontal direction are random, constant along each
line, but independent between different lines. Note that this example can be easily
generalised to arbitrary dimensions d > 2.

In this example the chemical distance becomes much smaller than the Euclidean
distance as stated in the following lemma whose proof will be given in Appendix A.

Lemma 1.12. For § € (0,1) and PP-a.e. w there exists 0 < c¢z(«,d) < Cz(w,d) < oo and
Lo = Lo(w) < oo such that for all L > Ly,

cy (1nL)—(1+5)/(2a+1) LQa/(2a+l) S dw(O,Lel) S CZ(IHL)J/QQ L20¢/(20¢+1). (19)

On the other hand, it is shown in [6] that in the case of i.i.d. conductances the
chemical distance d,(x,y) can be compared with the graph distance d(x,y) provided
that d(z,y) is large enough.

Remark 1.13. In view of Theorem 1.10 (i) for the choice ¢t = L one would get an upper
bound given by

P(0,ter) < Cexp(—ct(2am179)/(Zatl))

for any ¢ > 0 and L > Lo(w). However, this estimate is not optimal and does not match
with a lower bound. The correct order is of the form

cexp(—ctBom1H/Bat) < p(0,tey) < Cexp(—ct®rm1me)/Gatl))

which will be proven in an upcoming paper by the second author and R. Fukushima.

Clearly, one would also like to establish corresponding lower bounds. It is well
known that Gaussian lower and upper bounds on the heat kernel are equivalent to a
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parabolic Harnack inequality in many situations, for instance in the case of uniformly
elliptic conductances, see [12]. Recently, this equivalence has also been established on
locally irregular graphs in [5]. In our context such a parabolic Harnack inequality has
been recently proven in [3]. Unfortunately, due to the special structure of the Harnack
constant in [3], in particular its dependence on |||, B(z,n) @and ||V, B(z,n), We cannot
directly deduce off-diagonal Gaussian lower bounds from it. More precisely, in order to
get effective Gaussian off-diagonal bounds using the established chaining argument (see
e.g. [4]), one needs to apply the Harnack inequality on a number of balls with radius n
having a distance of order n?. In general, the ergodic theorem does not give the required
uniform control on the convergence of space-averages of stationary random variables
over such balls (see [1]).

Moreover, in the setting of VSRW with conductances unbounded from above but
uniformly bounded from below the chaining technique would yield off-diagonal Gaussian
lower bound with respect to the usual graph metric d instead of the chemical distance d,,,.
Therefore, the problem to find matching upper and lower off-diagonal Gaussian bounds
for general random conductance models remains open.

1.2 The method

A technique that turned out to perform quite well in order to prove the Gaussian
upper bound in Theorem 1.6, is known as Davies’ method in the literature (see e.g.
[10, 11, 9]). In contrast to the chaining argument mentioned above the main advantage
of Davies’ technique is that we only need to apply the ergodic theorem (or Assumption 1.5,
respectively) on balls with one fixed center point z.

We now briefly sketch the idea of Davies’ method. Instead of studying the original
semigroup {P, : t > 0} which is generating the random walk Y, that is

(Pf) (@) = > u() ¢ (t,z,y) f(),

yev
Davies suggests to consider the semigroup {th :t > 0} given by

(P/f) (@) = @ (P ) (@),

with generator

(LYf) (@) = @ (LY f)) (=),

for a suitable class of test functions . Clearly, this semigroup has a kernel which is
given by e?¥®) ¥ (t, z,y)e~*¥) and satisfies the heat equation d,v — L¥v = 0. Note that
PZ/’ is symmetric with respect to the measure e 2% %,

In the classical setting of symmetric Markov semigroups whose generator is a sec-
ond order elliptic operator, the Nash inequality and equivalently Gaussian on-diagonal
estimates do hold. Then, Davies used the classical Leibniz rule to derive a bound on the
kernel of {P}” : t > 0}, which can be rewritten as

q(t,z,y) < ct™¥? bW —v@)HIW)

where I' denotes the carré du champ operator. Finally, by varying over 1) Gaussian upper
bounds can be obtained. For further details we refer to [9]. The method has also been
used to obtain the Gaussian upper bounds in [12].

In our setting, where the conductances are unbounded from below, we do not have
a Nash inequality available. Therefore, we follow an approach used by Zhikov in [19],
where some upper bounds for the solution kernel of certain degenerate Cauchy problems
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on RY are obtained. More precisely, we use Moser’s iteration technique to show a
maximal inequality for solution of 9;v — LYv = 0 and combine it with Davies’ method.
Similarly to [9], where Davies’ method has been carried out for processes generated by
non-local Dirichlet forms, one difficulty is the absence of a Leibniz rule in the discrete
setting of a graph. In [3] we already established a Moser iteration scheme and a maximal
inequality for solutions of the original heat equation d;u — £“u = 0, so we adapt here the
arguments in [3] to deal with the perturbed semigroup {th 1t >0},

The rest of the paper is organised as follows. In Section 2 we prove Theorem 1.6
and in Section 3 we explain how the proof of Theorem 1.6 needs to be modified in order
to obtain Theorem 1.10. The appendix contains the proof of Lemma 1.12 as well as a
collection of some elementary estimates needed in the proofs. Throughout the paper we
write c to denote a positive constant which may change on each appearance. Constants
denoted C; will be the same through each argument.

2 Gaussian upper bounds for the CSRW

This section is devoted to the proof of Theorem 1.6. It is convenient to introduce
a potential theoretic setup. First of all, for f: V — R and F: E — R we define the
operators Vf: E — R and V*F:V — R by

Vi) == fle)~fe), and  V'F@) = Y Fle) - Y Flo),

where for each non-oriented edge e € E we specify one of its two endpoints as its
initial vertex e™ and the other one as its terminal vertex e~. Nothing of what will follow
depend on the particular choice. Since for all f € ¢*(V) and F € (*(E) it holds that
(Vf, F>€2(E) ={f, V*F>€2(V), V* can be seen as the adjoint of V. For f: V — R and
F: E — R we also define the products f - F' and F - f by

(f F)e) = f(e)Fe) and  (F-f)(e) = f(e*)F(e).
Then, the discrete analog of the product rule can be written as
V(fg) = (9-Vf) + (Vg f) = av(f)Vg + av(g)V], (2.1)

where av(f)(e) := 3(f(e™)+ f(e™)). On the weighted Hilbert space ¢*(V, u*) the Dirichlet
form or energy associated to £ is given by

E(f,9) = <f7*£wg>g2(v7lf) = <vf7wv9>g2(E) = <1,dF“’(f,g)>€2(E), (2.2)

where dT'“(f,g) := wV fVg and we set E¥(f) := E“(f, f). For a given function : B C
V — R, we denote by £ (u) the Dirichlet form where w(e) is replaced by av(n?) w(e) for
ecE.

2.1 A-priori estimate for the perturbed Cauchy problem

We consider now the Cauchy problem
Ou— LY = 0,
(2.3)

U(t:O’) = fv

and for any positive function ¢ on V such that ¢, ¢~! € £>°(V) we define the operator Ly
acting on bounded functions g: V — R as

(L5 9)(x) = p(x) (LG g)(x).
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Lemma 2.1. Suppose that f € (?(V, u) and u solves the corresponding Cauchy problem
(2.3). Further, set v(t,z) := ¢(x)u(t, z) for a positive function ¢ on V such that ¢,¢~1 €
£>(V). Then

H”(tv ’)He”(m;f) < MO H‘bef(v,;ﬂ)7 (2.4)

where

L (et e
ho) = e <¢<e> e 2)'

Proof. We start by observing that the function v, defined above, solves the Cauchy
problem ;v — L v = 0 with initial condition v(0,-) = ¢f. As a first step, we show that
forall g € (2(V, uv),

(9, _£g9>e2(v,,ﬂ) z _h(ﬁb)”gHj"’(VWy (2.5)

But, an application of the product rule (2.1) yields

(9.—L3 9>z2(v,;ﬂ) = <V(¢9),WV(¢719)>42(E)
(av(g) av(¢™), dT*(g,9)) 2y + (av(9)*, (6,67 1)) 2y
+ (av(g), av(9)dl*(g,¢7") + av(e™)dI*(¢,9))2 p)
> (av(9)*,dl*(6,¢7) 2y (2.6)
where we exploit the fact that, for any e € F,

1 <¢(6+) ¢le”)

av(¢™1)(e)(Vo)(e) = 5

> — —av($)(e)(Vé1)(e),

2 \plem)  oeh) (2.7)
s om0 = 3 (S + S +2) 21

Note that dI'“(¢, ¢~') < 0. Then, since max.cp |(V¢)(e)(Vo~1)(e)| = h(¢) and av(g)* <
av(g?) by Jensen’s inequality, the claim (2.5) follows. Thus, setting v;(z) = v(t, z), we
have for any ¢ > 0,

2 w 2.5) 2
atHUtHE?(V,p‘”) = 2<“t=£¢“t>52(v,,ﬂ) < 2h(¢)’|vt”zz(v,uw)'

Solving this differential inequality gives immediately (2.4). O

2.2 Maximal inequality for the perturbed Cauchy problem

Our next aim is to derive a maximal inequality for the function v. For that purpose
we will adapt the arguments given in [3, Section 4] and set up a Moser iteration scheme.
For any non-empty, finite B C V and p € [1,c0), we introduce a space-averaged norm on
functions f: B — R by

1/p
171, 50 = <|;| wanf(x)p) .

zEB

Lemma 2.2. Suppose that Q = I x B, where I = [s1, s3] C R is an interval and B C V is
finite and connected, and consider a function n on V with

suppn C B, 0<n<1 and n=0 on 0B.
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Heat kernel estimates for random walks with degenerate weights

For a given ¢ > 0 with ¢,¢~! € £°(V), let v; > 0 be a solution of Oyv — L3v <0 onQ.
Then, there exists C; < oo such that for all a > 1,
Epa(vf)

d
Gl 5 e + =g < QL@ AP (L4 |Vl ) I s 28)

where A(¢) := max.cp av(¢)(e) av(d 1) (e).
Proof. Since O;v — ﬁj;;v < 0on @ we have foreveryt € I and a > 1,

1 d a2
%0 dt || (v )He?(v,,ﬂ)

IA

<772Ut2a71’ Eg”t>e2(v,;ﬂ)
= —(V?¢ i), 0V (67 0)) 2 - (2.9)
By applying the product rule (2.1), we obtain
(Ve Ufa_l)vwv(ﬂrlvt»ﬁw)
= (av(r?), AL (G0 67 0)) e ) + (av(G0P ), AT (2,67 o)) 2 iy

= Tl + TQ.
First, we derive a lower bound for 73. Recall that dI'“(¢, qu) < 0. In view of (2.7), an
expansion of dT'*(¢v2*~*, $~'v;) by means of the product rule (2.1) yields
w 2c—1 —1 2a—1 Wi, o 2 w —1
dI'*(¢v; Qv > o2 dI'* (v, vf") + av(vp®) dI™ (¢, ¢ )
20 —1 _
- % av(u2) av() [dT¥ (u2, 671, (2.10)

where we used the fact that for any o > 1/2,

B.1) 20 — 1
dF“’(vfo‘fl,vt) > @

dl"UJ « «
o (CARUR

and that by Hélder’s inequality, av(vi'") av(ve?) < av(vf*t*?) for any ay,as > 0. More-
over, we used that

| av(vt)(e)Vv?afl(e) — av(v?afl)(e)Vvt(eﬂ

= e ) — o) L 2O gy 0) v )
for all e € E. In view of (2.7) note that
1< A@G) and  h(9)AW) = ;h(e) < A < AP 211)

Thus, an application of Young’s inequality, that reads |ab| < 1 (a%/e+¢b?), withe = 4(a—1)
to the last term in (2.10) results in
20— 1 1 w o 9 all2
T > (aQ - 404) 5172(Ut ) — 4a A(¢)”|B] Hvt HZ,B,;L“"

Next we consider the term 7,. Since av(¢v?* ') < 2av(¢)av(vi® '), we obtain by
expanding dI'¥(n?, ¢~ 'v;) by means of the product rule (2.1) that

av(pup™ ) AT (n, ¢~ ) > —8av(e)av(p™!) av(n) av(vy) |[dI*(n, vy
— 2av(v*®) av(¢) av(n) [dl“(n, ¢ 1), (2.12)
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Heat kernel estimates for random walks with degenerate weights

where we used the fact that for any o > 1/2,

av (o)A (0| S 4 av(uf) AT (o)

Thus, by applying Young’s inequality with ¢ = 16« to the first term on the right-hand side
of (2.12) we obtain that for any o > 1,

» 2 B (0% 2
T > I é‘n (vf) — (64aA(¢)2 H C77”[""(1@) 2A(0) || ;nHZOO(E)) | ‘Hvt H2,B,u”
> —4—8772(%) — 650 A(g)? (1 + anHg (E)) | Bl Hvt Hz,B,u“”

where we used that av(¢) [V¢~1| < \/A(¢)h(4). Hence, there exists a constant ¢ < oo
such that

1 w «@ [e% c 2 2 all?
T+Ty > o= Ea(fof) = S a AP (14 [Vl ) 1Bl el 5 e 213)
In view of (2.9) the assertion follows. O

As an easy consequence we obtain now the analogue to [3, Lemma 4.1].

Corollary 2.3. Under the assumptions of Lemma 2.2 consider a function (: R — R
satisfying supp¢ C I, 0 < ¢ < land((s;) = 0. Then, foralla > 1,

[0 T < 0t a2 (L 19l gy + 1) [ 108 e
(2.14)

and

max (C(1) [[(nv)?]), 5 ,0)
2 «
< Cia? AP (14 |Vl + [ n) [ 02t @15)

Proof. By multiplying both sides of (2.8) with ((¢) and integrating the resulting inequality
over [s1, s| for any s € I, we get

Mo + ot 2

sa&m¢oﬂmm@ﬁmmu)/W|wuw .16

Thus, by neglecting the first term on the left-hand side of (2.16), (2.14) is immediate,
whereas (2.15) follows once we neglect the second term on the left-hand side of (2.16).
O

Forany zo € V, 6 € (0,1) and n > 1, we write Q(x¢,n) = [0,0n?] x B(zg,n). Further,
we consider a family of intervals {1, : o € [0,1]}, i.e.

I, = [(1 —o)s,(1-0)s" + Jf)nﬂ
interpolating between the intervals [0, #n?] and [s’, s”], where s’ = n? and s” = (1—¢)0n?

for any fixed € € (0,1/4). Moreover, set Q(xg,on) := I, x B(xg,on). (This corresponds to
the notation in [3, Section 4] with the choice to = 0, but with an additional parameter 6.)
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In addition, for any sets I and B as in Lemma 2.2 let us introduce a LP-norm on functions
u: R xV — R by

1
il = (77 [ ol e )
where u; = u(t,.), t € R. From now on we consider a function ¢ of the form
p(z) = @, zeV, (2.17)
for some function 1) satisfying 1,1 ~! € ¢>°(V) and V¢ € (>°(E) to be chosen later. Set
A= |[V¥||g(g). Then, in view of (2.7) above note that
Ag) = %Hcosh(vw) +1flc < cosh(A). (2.18)

The Moser iteration can now be carried out as in [3, Proposition 4.2].

Proposition 2.4. For a given ¢ as in (2.17) let v > 0 be such that 0;v — ﬁ;v < 0 on
Q(zg,n) forn > 2(Ny(xo) V Na2(zo)). Then, for any p,q € (1, 00| with

1.1 _2
P q T

there exists Cy = Cs(d, q,¢) such that forall > 1 and forall 1/2 <o’ <o <1,

My (n) F(n,1,0)
HUHQﬂ,Q(mO,J'n),#“’ < 02 < : (O’— O'/)2 > |‘U||2,Q(zo,an),uw’ (219)
where
1 (p—1)/p w w
ko= 5 2/d/ _ (pfl + q71>’ mﬂv’/(n) = (1 v ||/J' ||p,B(a)0,n)) (1 v ||V ||q,B(wo,n))7

F(n,\,0) := cosh?(\) (n®+67").

Proof. We proceed as in the proof of [3, Proposition 4.2], which is based on the Sobolev
inequality in [2, Proposition 3.5]. In order to lighten notation, we set B(n) = B(xg,n).
Consider a sequence {B(oyn)} of balls with radius oxn centered at =, where

op =0 +2%o—-0¢') and 7 =2%Yo-0), k=0,1,...

and a sequence {7}, of cut-off functions in space such that suppn, C B(ogn), np = 1
on B(oi1n), n. = 0 on 0B(o,n) and HVnkH[oo(E) < 1/mgn. Further, let {(;}x be a
sequence of cut-off functions in time, i.e. ( € C*(R), supp(x C Iy, ¢x = 1l on I,
(1 = o1)s') = 0 and ||<1/CHL°°([0A9712]) < 8/7:0n?. Finally set ay = (1 + (p — p.)/p)* with
p = qd/(q(d —2) + d’) from the Sobolev inequality in [2]. Since 1/p+ 1/q < 2/d’ we have
p > p. and therefore oy, > 1 for every k € INy. Now with these choices the equations
(2.14) and (2.15) become

£4,(05) :
i Ak 20,

it S g < e (22 Frnore K &t
/I Blown)] & = € (Tk’rl) (A, )/I [l S

k41 7k
and
(677 2
200
tg?i)il H(UU?)2H1,B(01¢H),M” S (Tkn> F(n.2.6) /okHvt%HLB(UW)w“ dt,

where we also used (2.18) and 73, < 1. The claim follows now line by line from the Moser

iteration in the proof of [3, Proposition 4.2]. Note that we may start the iteration at k = 1
1 oo

as o < 2, so we can choose k = 5> /", 1/ay. O
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Finally, we deduce the maximal inequality for v (cf. [3, Corollary 4.3 (ii)]).
Corollary 2.5. Suppose that the assumptions of the Proposition 2.4 are satisfied. In

addition, assume that v > 0 solves v — Lgv = 0 on Q(zo,n). Then, there exists
Cs3 = C3(d, q,¢) such that

r+1
o(t,z) < Cs (mﬂ(”)) F(n,\,0 (2.20)

(o0 —a')?
Proof. We shall show that for 5’ large enough there exists ¢ < oo which is independent
of n such that

(t,x)erg?;fj,a/7z) )H ||vH2,Q(aCo,0n),/L“'

max

1V ||v¥
o(t,z) < c( HV Hl,B(mo,n)
(t,x)€Q(zo0,0'n)

(0 —0’)? ) H/UHQB/,Q(IO’&n)’Mw, (2.21)

where ¢ = (¢/ + 0)/2. Then Proposition 2.4 will immediately give the claim. First note
that for any (¢,z) € Q(zo,n),

dw(t, ) = (Lyo(t, ) (@) = é(x) (L6 (t, ) (z) > —u(t,2),

which implies that v(ts,z) > e~ (2= y(t;, z) for every t,t, € I, with t; < t, and
x € B(on). Now, choose (t.,z.) € Q(xo,0'n) in such a way that
V(ts, Ty) = max v(t,x).
( ) (t,2)€Q(z0,0'n) (t,2)
Then for every t € I’ := [t., (1 —5)s"” +30n?] C I, we have that v(t,z,) > e~ ("t y(t,, ).
This implies
1 , 1—e B ,
) vt,x*ﬁdtzcivt*,x*ﬁ
e () BB m] ")
Recall that s’ = 6n?/8. Hence, |I'| > %5(0 — 0')0n?. Thus, for all n large enough,
we have that 1 — e #'1I'l > 1/2. Choosing ' = |B(xo,n)| - n?, an application of the
Cauchy-Schwarz inequality yields

/8/
, _dt > ——
B',B(z0,0n) - |B(330, 6'Tl)| I’

1
“lIs7s
1,B(xg,on)

[ Io]

||UH2,8',Q(10,67L),;1,“’ B’,Q(z0,5n)

1
> c(oc—0d)¥ ma v(t,x
Z (cr 0) (t7$)€Q(£§7U,n) ( ) )

for some ¢ € (0, 00). Here, we used that [|1/u<||, Blag.om) = Hule_B(mo »ny- This completes
the proof of (2.21). 7 ’ / 7 O

Corollary 2.6. Under the assumptions of Corollary 2.5 there exists Cy = Cy(d, q,¢) such
that

K41 —k _2h(¢)(1—e)0n? ,_ —d/2
(t,m)e%?ﬁ,n/z)v(t’m) S Camyy (W67 e T HWHZ%VM)'

Proof. Choosing ¢/ =1/2 and ¢ = 1 we combine Corollary 2.5 with the a-priori estimate
in (2.4) to obtain

K1 Kk _h(p)0n?  —d/2
) @B V6 3) S ey (n) T E (0 O 0T 6 1y

Recall that F(n, A, 0) = cosh®(\) (n? + 0~1). Further, by exploiting the definition of h(¢)
we get that i(¢) = 2 || cosh(Ve)) — 1][4e gy = 2cosh(A) — 2. Hence,

2

(0 F(n,\,0))" e”0720h(@00" < ¢ ¥n>1,1>0,0¢€(0,1),

and the claim follows. O
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2.3 Heat kernel bounds
We now return to the Cauchy problem (2.3).

Proposition 2.7. Suppose that Assumption 1.5 holds and let x¢o € V be fixed. Then, for
any given x € V and t with v/t > N(xq) V 2(Ny(xg) V Na(z)) the solution u of the Cauchy
problem in (2.3) satisfies

u(t, )| < Cst=2 Y (1 + d(f%m)y (1 + d(foﬁ’ty))wew(y)‘w(“)+2h(w fy) u°(y)
yev

with v := 2k — d/2 and C5 = C5(d, p, q, fip, 7g).

Proof. We will mainly follow the proof of Theorem 1.1 in [19]. Recall that ¢ € (0,1/4) is
arbitrary, so we choose now for instance ¢ := 1/8. By Assumption 1.5 we have

my(n) <41V ia,)(1Vi,)  foralln > N(z).

Next, for any given « € V and ¢ as in the statement we choose n and 6 in such a way that
(t,x) € Q(xg,n/2) (for this purpose we need the additional parameter ). We