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Abstract

A paper of the first author and Zilke proposed seven combinatorial problems around
formulas for the characteristic polynomial and the exponents of an isolated quasihomo-
geneous singularity. The most important of them was a conjecture on the characteristic
polynomial. Here, the conjecture is proved, and some of the other problems are solved,
too. In the cases where also an old conjecture of Orlik on the integral monodromy
holds, this has implications on the automorphism group of the Milnor lattice. The
combinatorics used in the proof of the conjecture consists of tuples of orders on sets
{0, 1, ..., n} with special properties and may be of independent interest.
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1 Introduction

The paper [10] proposed seven combinatorial problems around formulas for the char-
acteristic polynomial and the exponents of an isolated quasihomogeneous singularity.
Problem 6 was a conjecture on the characteristic polynomial. It was an amendment to
an old conjecture of Orlik on the integral monodromy (which is recalled below). Here
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the conjecture on the characteristic polynomial is proved, and also some of the other
combinatorial problems are solved.

The combinatorics which is used in the proof of the conjecture was found in [9]
and was used there for a partial proof of Orlik’s conjecture. It is described in detail in
Sect. 2. It may be of independent interest.

In this introduction the conjecture and some background are explained. This con-
tains problem 6 in [10]. Problem 7 in [10] is treated in Sect. 3. Section 4 sets some
notations and notions. Section 5 solves problem 1. Section 6 discuss the combinatorics
of the weight systems and of the characteristic polynomial of an isolated quasihomo-
geneous singularity. It solves problem 4 and discusses the problems 2, 3 and 5.

We start with the notion of an Orlik block and a result on its automorphisms. Then,
we introduce isolated quasihomogenous singularities. Finally, we give Theorem 1.5,
which solves problem 6 in [10], and Orlik’s conjecture.

Definition 1.1 Let M C IN = {1, 2, 3, ...} be a finite nonempty subset. Its Orlik block
is apair (Hys, hyy) with Hyy a Z-lattice of rank ZmeM o(m)and hy : Hy — Hpy an
automorphism with characteristic polynomial [ [, cps @ (@), is the m-th cyclotomic
polynomial) and with a cyclic generator e¢; € M, i.e.,

rkM .
Hy =7 ) (). (1.1)
j=1

The pair (Hyps, hp) is unique up to isomorphism. Autgi (Hys, hp) denotes the group
of all automorphisms of Hy; which commute with /,; and which have all eigenvalues
inS'.

Remark 1.2 Consider an Orlik block (Hy, h ).

(i) Each endomorphism of (Hjs, hjr) (so each endomorphism of Hjs which com-
mutes with %) is of the form c(hys) with c(t) € Z][t] because of the cyclic
structure. Consider such an endomorphism c(%,s), and consider an eigenspace in
Hy.¢c := Hy ®z C of hy with eigenvalue A with ord (A\) € M (this eigenspace
is one-dimensional). c(h ) acts on it as c(A) - id. If c(hpy) € Autgi(Hpy, hy), then
c(h) € ZIM N S' = (£1* |k € Z). Therefore, each element of Autgi (Hyy, hpr) is of
finite order, and the group Autgi (Hys, hyy) is finite.

(i1) Theorem 1.4 states when Autgi (Hy, hy) = {:I:h’jw |k € Z}. In general, this
does not hold. Here is one example. Other examples are in [5, Examples 1.4 (iv) and
(v)]. Consider M := {3, 5}. Then, in fact (see e.g., Lemma 6.1 in [5])

(Hyp, hy) = (Hgy, hzy) @ (Hisy, hisy)
Autgi (Hpy, hpy) = Autg (H{3y, h{g}) x Autgi (Hysy, hys))

=~ {j:h]{‘3} [k €{0,1,2}} x {:thl{‘s} |k €{0,1,2,3,4}} (60 elements)
2 {:I:hll“,l |k €{0,1,...,14}} (30 elements).
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Definition 1.3 A finite set M C IN is enriched as follows to a directed graph
(M, E(M)) with set of vertices M and set of oriented edges E(M) C M x M.
An edge goes fromm| € M tomy € M if % is a power of a prime number p. Then,
it is called a p-edge.

The main result in [5] is as follows.

Theorem 1.4 [5, Theorem 1.2] Let (Hyy, hyr) be the Orlik block of a finite nonempty
subset M C IN. Then, Autgi (Hy, hy) = {:I:hljw |k € Z} if and only if condition (I)
or condition (II) in Definition 2.8 (c) and (d) are satisfied. They are conditions on the
graph (M, E(M)).

The conditions (I) and (IT) in Definition 2.8 (c) and (d) are quite technical. After Def-
inition 2.8, it is discussed why they are both not satisfied in the example in Remark 1.2
(ii), and examples where condition (I) is satisfied are given.

Aweightsystemw = (wy, ..., wy,; 1) withw; € Q09N (0, 1) equips any monomial
x) = x{'...x;" with a weighted degree deg,, xJ := >""_, w; ji. A polynomial f €
Clx1, ..., x,] is an isolated quasihomogeneous singularity if for some weight system
w each monomial in f has weighted degree 1 and if the functions %, ey % vanish
simultaneously only at 0 € C". Then, the Milnor lattice Hyi; := H,—_1(f~' (1), Z)
(resp. the reduced homology in the case n = 1) is a Z-lattice of some rank © € IN
[14], which is called Milnor number. It comes equipped with a natural automorphism
hyir © Hyip — Hyggp of finite order, the monodromy. Its characteristic polynomial

has the shape

Pehipn = 11 oy

melN

for a function ¥ : IN — INg with finite support M := {n € IN| ¥ (n) # 0}. Denote
ly :=max(yy(m)|m e N)andfor j =1,...,1y

Mj = {m e N|ym) = j).

The tuple (M1, ..., My,) is called standard covering of . It satisfies (and is deter-
mined by this)

MyDMyD--- DMy, #0, Yym)=1{j e{l,....Ily}Ime M}

The most important result in this paper is Theorem 1.5.

Theorem 1.5 Consider an isolated quasihomogeneous singularity f as above and the

sets My, ..., le as above.

(a) Each set M satisfies condition () in Definition 2.8 (c).
(b) Autgi(Hpy;, hy,) = {:i:h’jwj |k € 7).
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Proof Part (b) follows from part (a) and Theorem 1.4. Part (a) follows from
Lemma 2.10 and Theorem 6.7. Lemma 2.10 says that a finite set M C IN which
is compatible with a tuple of excellent orders (Definition 2.5 (d)) satisfies condition
(I). Theorem 6.7 says that in the case of an isolated quasihomogeneous hypersur-
face singularity each set M is compatible with a certain tuple of excellent orders. It
was proved in [9]. There it is Theorem 12.1. Its proof uses two classical results on
isolated quasihomogeneous singularities, Theorems 6.1 and 6.4 (a). Kouchnirenko’s
Theorem 6.1 characterizes combinatorially those weight systems w for which generic
polynomials of weighted degree 1 have an isolated singularity. Theorem 6.4 (a) of Mil-
nor and Orlik gives in this case a formula for the characteristic polynomial pcp p,,;, of
the monodromy in terms of the weight system w. More on the proof of Theorem 6.7
is said directly before Theorem 6.7. O

Problem 6 in [10] asked precisely about part (a) of Theorem 1.5. The notion of an
excellent order and the notion of compatibility of a finite set M C IN with a tuple of
excellent orders were first used in [9, Sect. 9]. We found them when we searched for
a partial proof of Orlik’s conjecture. They are recalled in Sect. 2.

Theorem 1.5 is independent of Orlik’s conjecture. But it is useful only in the cases
where Orlik’s conjecture holds. O

Conjecture 1.6 (Orlik’s conjecture, [16, conjecture 3.1]) For any isolated quasihomo-
geneous singularity, there is an isomorphism

ly
(Huit, hwin) = ED(Hu, b))
j=1

A direct sum of Orlik blocks (HM_/, h M.i) with sets M; which satisfy M} D --- D
M, is called a standard decomposition into Orlik blocks [9, Definition 1.1(e)]. Orlik’s
conjecture says that the pair (Hyy;;, h i) of anisolated quasihomogeneous singularity
allows a standard decomposition into Orlik blocks.

The papers [8] and [9] give partial positive results. They are cited in Theorem 1.7.
They surpass all known cases.

Theorem 1.7 [9, Theorem 1.3] (a) Orlik’s conjecture holds for the chain-type singu-
larities.

(b) (Also [8, Theorem 1.3]) Orlik’s conjecture holds for the cycle-type singularities.

(©) Let f = f(x1,... ,x,,f) and g = g(x,,er], R xnf+ng) be two isolated quasi-
homogeneous singularities in different variables, which both satisfy Orlik’s conjecture.
Then, also f + g satisfies Orlik’s conjecture.

(d) Orlik’s conjecture holds for all iterated Thom—Sebastiani sums of chain-type
singularities and cycle-type singularities.

The notions chain-type singularity and cycle-type singularity are explained for
example in [7, ch. 3] [10, ch. 4] [9, ch. 10+11]. The notion Thom—Sebastiani sum is
discussed in Sect. 3. The iterated Thom—Sebastiani sums of chain-type singularities
and cycle-type singularities form a large and important family of isolated quasihomo-
geneous singularities, but by far not all.
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In those isolated quasihomogeneous singularities, where Orlik’s conjecture holds,
(Hwmit, hmir) decomposes (not uniquely in general) into Orlik blocks (Hyy;, hy;), and
Theorem 1.5 says that the group of automorphisms with eigenvalues in S' of each of
these blocks is the smallest possible, it is {:I:h/juj | k € Z}. This is very helpful also in
determining the group of all automorphisms of the triple (Hysir, hair, L) where
Lgir » Hyrig x Hyip — 7 is the Seifert form. This group is important for period maps
and Torelli conjectures for singularities (e.g., [4]).

Problem 7 in [10] is a strengthening of problem 6 and is also solved by Lemma 2.10
and the results in [9, Sect. 9]. This is explained in Sect. 3. The other problems 1-5 in
[10] are discussed in Sects. 5 and 6.

Notations 1.8 IN = {1, 2,3, ..}, No = {0, 1,2, ..}. Always m € IN and n € IN. For
I C R, Z; :=7nN 1. The support of a map ¢ : IN — Q is the set supp (¢) := {m €
IN | ¢ (m) # 0}. We will consider only maps ¢ : IN — @ with finite support. Most
often, ¥ will be amap ¢ : N — INg with finite support.

The set of all prime numbers is &2 C IN. For p € &2 and m € IN, v,(m) € INg is
the unique number with m =[] ge? g™ Also the projection

7, :IN—{nelN|p [n}, mi>m-p i,

will be used.

2 Compatibility of a finite set of natural numbers with a tuple of
excellent orders

This section proposes and discusses a condition for a finite set M C IN of natural
numbers and a condition for a map ¥ : IN — IN( with finite support. They are given
in Definition 2.5 (d) and (e). They have a number of good properties, which are given
in Lemma 2.6, Lemma 2.10, and Theorems 3.2 and 3.6. This is prepared by several
definitions. Definitions 2.1, 2.3 and 2.5, Lemma 2.6, and Theorems 3.2 and 3.6 are
recalled from [9, Sect. 9]. Definition 2.8 is recalled from [5]. Lemma 2.10 is new. It
connects the condition in Definition 2.5 (d) for a finite set M C IN with condition (I)
(in Theorem 1.4 and Definition 2.8 (c)).

Definition 2.1 [9, 9.1] (a) An excellent order > on a set Zjg s~ for some bound
s(>) € Ny is a strict order (so transitive and for all a, b € Zg g(-)) either a = b or
a > b or b > a) which is determined by the set

S(>) = {k S Z[O’S(>_)] |k > 0} (2.1)
in the following way:
> equals > on S(>) U {0}, 2.2)
> equals < on Zg s(~)] — SC>). ’
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(S(>) = @ is allowed.) The maximal element of Zo 4(.)) with respect to > is called
sT(>), sosT(>) > k for any other element k € Zg (>))-

(b) The trivial excellent order is >¢ with s(>¢) := 0, so it is the empty order on
Z0,5(~¢)] = {0} (and, of course S(>¢) = ).

(c) The tensor product of two excellent orders > and >, is the excellent order
>1 ® >, with

s(>1 ® >2) := max(s(>1), s(>2)) and 2.3)
SC1® =2) == (SC-1) US(=2)) — (SC=1) N S(>2))- 2.4

Example 2.2 [9,9.2] (i) The excellent order > with s(>~1) = 7 and S(>) = {6, 4, 1}
is given by

S+(>1)=6>14>11>10>—12>13>—15>—1 7.
(i1) The excellent order >, with s(>2) = 6 and S(>2) = {6, 5, 2, 1} is given by
S+(>-2)=6>25>22>-2 1>50>53>4.

(iii) The excellent order >=3:= (>; ® >3) for > and >, in (i) and (ii) satisfies
s(>3) =7, 8(=3) = {5,4, 2} and is given by

5>34>32>30>31>33>36>7.

(iv) For any excellent order >, the tensor product with the trivial excellent order is >
itself, > ® >o=>.

Definition 2.3 [9, 9.3] (a) A path in a finite directed graph (V, E) (so V is a finite
non-empty set and £ C V x V) is a tuple (vy, ..., v;) for some I € Zj ) with
v; € Vand (vj,vj41) € E for j € Zpy;—17. It is a path from v; to v, so with source
v1 and target v;.

(b) A finite directed graph (V, E) has a center vy € V if it has no path from any
vertex to itself and if it has at least one path from vy to any other vertex v € V. (The
center is unique, which justifies the notation vy .)

(c) Consider a tuple (> ) pep of excellent orders for a finite set P C & of prime
numbers. It defines a finite directed graph (V, Ey) with center vy as follows. Its set
V = V((>p)pep) of vertices is the quadrant in IN

V= 1_[ pk” |kp € Z[o’s(>p)] . (2.5)
peP
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Its set of edges Ey = E((>p)pep) is the set

Ey = U EV,p with
peP

Ey p = {(mg,mp) € VXV |mw,(mg) = 7wp(mp), vp(mg) >p vp(mp)}. (2.6)

The edges in Ey ) are called p-edges. So, the underlying undirected graph coincides
with the undirected graph which underlies the directed graph (V, E(V)) in Defini-
tion 1.3. But the directions of edges may have changed. The graph (V, Ey ) is obviously
centered with center

oy =[] p 7. @7
peP

Example 2.4 Consider the tuple (>3, >5) of excellent orders with s(>3) = s(>5) = 2
and S(>3) = {2}, S(>5) = {1},s02 =3 0 =3 land 1 >5 O >5 2. Here P =
(3,5}and V = {3757 |i, j € {0,1,2}} = {1, 3,9, 5, 15,45, 25, 75, 225}. The graphs
(V, E(V)) from Definition 1.3 and (V, Ey) from Definition 2.3 (c) are as follows:

(V. E(V)) (V, Ey)
m /—\
25 <—75<—-1225 25 ——=T75<—-1225
5 15 45 5 15 45
l<—-3<~——9 |1 =Y—=3<—"9

The underlying undirected graphs coincide. The center of (V, Ey) is vy = 45.

Definition 2.5 [9, 9.4] (a) Let > be an excellent order on the set Zg s(~)]. A set
K C Ny is subset compatible with > if a bound kg € Zp 5(»)] With

K = {k S Z[O’S(>)] |k > k[(} (2.8)

exists or if K = Zj,s(~)]. (The bound kg = sT(>) gives K = ), which is allowed.)
(b) For a finite non-empty set M C IN, let

P M) :={peP|M#*m,(M)}
= {pe Z|Ime M with v,(m) > 0} 2.9)

be the set of prime numbers which turn up as factors of some numbers in M.
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(c) For a finite non-empty set M C IN, a prime number p € &, and a number
mo € 1,(M), define the finite set Ky, p my C INg by

(pla) ™" (mo) = tmo - p* |k € Kt p.mo)- (2.10)

(d) A finite non-empty set M C IN is compatible with a tuple (> ) ,c p of excellent
orders for a finite set P D (M) of prime numbers if

M C V((p)pep) 2.11)

and if for any prime number p € & (M) and any mo € 7,(M) the set Ky p m, is
subset compatible with > ,. (So, here the excellent orders >, for p € &2 — Z(M)
are irrelevant. But considering P D (M) instead of P = (M) will be useful.)

(e) Amap ¢ : N — INg with finite support supp () C N is compatible with a
tuple (> ) pe p of excellent orders for a finite set P O &7 (supp (¥)) of prime numbers
if

supp () C V((>p)pep) (2.12)

and if for any edge (m,, mp) € Ey
Y(ma) = ¥ (mp). (2.13)

(f) A covering of amap ¥ : IN — INg with finite support is a tuple (M1, ..., M;)
(I € INp) of finite non-empty sets M; C IN with

Y(m) = |{j €{l,...,1}|m e M;}| forany m € IN. (2.14)

Here, obviously / > max(y(m) |[m € INg) =: [y In the case supp (¥) = ¥, we have
! = 0 and an empty tuple. The standard covering of 1 is the tuple (Ml(”), ceey Ml(;t))
with

M = {m € supp () | ¥ (m) = j} for j € {1,....1y). (2.15)

It is the unique covering with M; D --- D M, and it satisfies M l(st) = supp (¥).

(g) Let ¢ : IN — INg have finite support, let P O Z2(supp (¥/)) be a finite set of
prime numbers, and let (> ) pe p be a tuple of excellent orders with (2.12). A covering
(My, ..., M) of ¥ is called compatible with (> ) pcp if each set M; is compatible

With (>[7)[7€P .
The following lemma expresses the compatibility conditions in Definition 2.5 (d)

and (e) in a different way, and it shows their relationship. The proof is not difficult. It
is given in [9].
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Lemma 2.6 [9,9.5](a) Let M C IN be afinite non-empty set, let P O (M) be a finite
set of prime numbers, and let (=) pe p be a tuple of excellent orders with (2.11). (Recall
the definition of (V, Evy, vy) in Definition 2.3 (c).) The following three conditions are
equivalent:

(i) M is compatible with () pep.

(i) (M, Ey N M x M) is a directed graph with center vy (so vy € M), and if M

contains the target of a path in (V, Evy), it contains all vertices in this path.

(iii) If mp € M and (mg, mp) € Ey, thenmg € M.

(b) Let ¢ : N — IN( be a map with finite support, let P O Z(supp (¥)) be a finite
set of prime numbers, and let (>- ) ,c p be a tuple of excellent orders with (2.12). The
following three conditions are equivalent.

(i) ¥ is compatible with (> ) pep.
(ii) v has a covering (M1, ..., M;) which is compatible with (> ) pep.
(iii) The standard covering of v is compatible with (> ) pep.

Example 2.7 The graph (V, Ey) in Example 2.4 can also be shown as in the following
left picture. The middle picture shows the set V, and the right picture is a graphical
description of V. A subset M C V is described in a similar way, with bullet points for
its elements and small circles for the elements of V — M.

(V,Evy) Vv
L T~ 15| 5|45 ole|e
1I5<——5<—-451(3|1| 9 | ~ |o|e|e
l l 75(25(225
3 1 9

l |

75 <—25<—-225

The following 19 pictures describe the subsets M C V which are compatible with the
tuple (>3, >5) of excellent orders. One sees Definition 2.5 (d) and the characterizations
in Lemma 2.6 (a).

1515145

25225
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Lemma 2.6 (a) allows to prove in Lemma 2.10 that any finite non-empty set M C IN
which is compatible with a tuple (> ) e p of excellent orders satisfies condition (I) in
Definition 2.8 (¢) and in Theorem 1.4. Before, we recall some necessary definitions
from [5].

Definition 2.8 [5, Definition 1.1 and Theorem 1.2] Let M C IN be a finite non-empty
set. Recall the definition of the graph (M, E(M)) in Definition 1.3.

(a) For any prime number p, the components of the graph (M, E(M) — E,(M))
are called the p-planes of the graph. A p-plane is called a highest p-plane if no p-edge
ends at a vertex of the p-plane. A p-edge fromm| € M tom, € M is called a highest
p-edge if no p-edge ends at m.

(b) Two properties (1) and (S,) are defined for any prime number p:

(Tp) : The graph (M, E(M)) has only one highest p-plane. (2.16)
(Sp) : The graph (M, E(M) — {highest p-edges})
has only 1 or 2 components. (2.17)

(c) Condition (I) says: The graph (M, E(M)) is connected. It satisfies (S57). It
satisfies (T}) for any prime number p > 3.

(d) Condition (II) says: The graph (M, E(M)) has two components M| and M>.
They are 2-planes. They satisfy (7)) for any prime number p > 3. Furthermore,

ged(Iem (M), lem(My)) € {1, 2}, (2.18)
vo(Icm(M3)) > vo(Iem(My)) € {0; 1}. (2.19)

Lemma 2.10 is new. Part (b) is used in the proof of Theorem 1.5.

Example 2.9 (i) In Remark 1.2 (ii), for M = {3, 5}, it was stated Autgi (Ha, hyr) 2
{:I:h'l‘v[ |k € Z}}. By Theorem 1.4, this means that the graph (M, E(M)) satisfies
neither condition (I) nor condition (II). This is true, indeed. The graph (M, E(M))
consists of the two vertices 3 and 5 and no edges. Therefore, it is is not connected, so
it does not satisfy condition (I). It has the two components {3} and {5}. They satisty
T, for each prime number p > 3, and also ged(3, 5) = 1. But v2(3) = v2(5) =0, so
the graph (M, E(M)) does not satisfy condition (II).

(i1) The following example is related to the isolated quasihomogeneous singularity
f= xl(xf + x26). This will be shown in Example 6.5. Consider M| = {1, 3, 5, 15}
and M = {1,3,15} € My,so ¢ : My — Ny with (1) = v(3) = ¥ (15) = 2,
¥ (5) = 1. Here (M) = {3, 5}. The tuple (>3, >5) of excellent orders with s(>3
) =s(>s5) =1land 1 >3 0,0 >5 1, is compatible with ¥, so with M| and M;. Here
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are the graphs (M1, Ey,), (M2, Epm,), (M1, E(My)) and (M2, E(M>)):

(M, Eyy) (M2, Epy) (M, E(My)) (M>, E(M>))
5<3 15 15 5<3 15 15
IR I I A R

1< 3 1< 3 1< 3 1< 3

The graph (M1, E(M7)) has the highest 3-plane {3, 15} and the highest 5-plane {5, 15}.
The graph (M3, E(M>)) has the highest 3-plane {3, 15} and the highest 5-plane {15}.
Both graphs are connected. Both satisfy 75 and 75. Both satisfy trivially S,, because
both have no 2-edges and are connected. Therefore, both satisfy condition (I).

Lemma 2.10 Let M C IN be a finite non-empty set.
(@) (Sp) = (T)p) for any prime number p if the graph (M, E(M)) is connected.
(b) Let (>p) pep be a tuple of excellent orders with which M is compatible. Then,
the graph (M, E(M)) is connected. M satisfies (S)) for any prime number p. M
satisfies condition (I).

Proof (a) Suppose that the graph (M, E(M)) is connected and satisfies (S,), but
has at least two highest p-planes. Any highest p-plane is a component of the graph
(M, E(M) — {highest p-edges}). Therefore, this graph consists of exactly two high-
est p-planes. But then the graph (M, E(M)) has no p-edges and has the same two
components, so it is not connected, a contradiction.

(b) By Lemma 2.6 (a), (M, Ey N M x M) is a directed subgraph of (V, Ey)
with center vy. Therefore, it is connected. As the underlying undirected graphs of
(V,E(V))and (V, Ey) coincide, also the graph (M, E(M)) is connected.

Fix a prime number p. We will prove () in the next three paragraphs. Letm; € M
be arbitrary. There is a path in (V, Ey) from 7, (vy) - p”P(””) to m1 which consists
completely of edges which are not p-edges. Because of Lemma 2.6 (a) (i)=>(ii), it is a
pathin (M, Ey N M x M). Therefore, the set {m € M |v,(m) = v,(m1)} is a single
p-plane in the graph (M, E(M)). Furthermore, the set {np(vv)-pk |k € KM,p,np(vv)}
intersects each p-plane in one element.

In particular, there is only one highest p-plane, and it intersects the set above in
vy =1, (vy) - pk(ma’” where k(@) .= max(vy(m) |m € M). This highest p-plane
is one component of the graph (M, E(M) — {highest p-edges}).

The edges in E(M) with both vertices in the set {7, (vy) - prlke Ky, p,zpov) —
{kma)1} are all p-edges, but not highest p-edges. Therefore, the second component
(if M does not consist only of one p-plane) is the union of all other p-planes. The
property (S)) holds.

Because (M, E(M)) is connected and because of part (a), (M, E(M)) satisfies
condition (I). O
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3 Tensor product and Thom-Sebastiani sum

The following is a reformulation of Problem 7 in [10]:

(a) Find a natural condition for a map ¥ : N — INg with finite support which
implies that each set M ‘;-’ C N in the standard covering of { satisfies condition (I)
and which is stable under tensor product.

(b) Prove that in the case of an isolated quasihomogeneous singularity the map \r :
IN — Ny satisfies this condition, where pep pyy = ]_[m N @,g(m) is the characteristic
polynomial of the monodromy.

Problem 7 is motivated by the facts (which are discussed in [10]) that condition
(D is not stable under tensor product and that it is too difficult to prove Theorem 1.5
directly.

Here, we propose as solution the natural condition that a tuple of excellent orders
exists, with which 1 is compatible (Definition 2.5 (e)). The first half of part (a) is
true because of Lemmas 2.10 (b) and 2.6 (b). Part (b) is true because of Theorem 6.7,
which is [9, Theorem 12.1]. The second half of part (a) is also true. It follows from
Theorem 3.2, which is a main result of [9]. Before, Definition 3.1 explains what is
meant here by tensor product.

Definition 3.1 (a) Let f (1) = [[/_,(t — ;) € C[t] and g(¢) = ]_['/."zl(t —Aj) € C[t]
be unitary polynomials of degrees n, m > 1. Their tensor product is the unitary
polynomial

(fe® =[]]]¢ -« el 3.1)

i=1j=1

of degree nm.

(b) Let ¥r; : N — INg and ¢» : IN — INp be two maps with finite supports M =
supp (¥1) and N = supp (¥2). Their tensor product is the map ¥; ® ¥» : N — INg
with

(1_[ (pnq/;l(m)) ® <1_[ @:{fz(n)) — l—[ q>l<w1®wz>(1)_ (3.2)
meM nenN

lelN

It has also finite support.

The beginning of Sect. 7 in [9] (namely Definition 7.1, Lemma 7.2 and Definition
7.3) gives more information on ¥/; ® ¥». Theorem 3.2 is a main result of [9]. The long
and difficult proof is built up from several intermediate results in Sects. 7-9 in [9]. Its
part (a) solves the second half of part (a) of Problem 7.

Theorem 3.2 [9, Theorem 9.10] Let 1 : N — INg and v : N — INg be two maps

with finite supports M = supp (Y1) and N = supp (¥2). Write ¥3 = ¥ ® V.
Denote L := supp (Y3). It satisfies P (L) C P (M) U Z(N).
Let P D P (M) U P(N) be a finite set of prime numbers. Let (>2”)p€p and

(>g)p5p be two tuples of excellent orders such that V| is compatible with (>PM)p€p
and yrp is compatible with (>g)pep. Write >IL,:= (>pM ® >g)f0r any p € P.
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(a) Y3 is compatible with the tuple (>1L7) pep of excellent orders.
(b)Let (M), ..., M,(;”), (NSO NZ(;;)) and (L7, ..., L[(j/?) be the standard
1 3
coverings of Y1, Yo and Yr3. Then,

Ly, Ly, Ly,
(EB Or(Ml.(”))> ® (@ Or(N](.m)) = Porry, (3.3)
i=1 j=1 k=1

so the tensor product of the sums of Orlik blocks on the left hand side admits a standard
decomposition into Orlik blocks.

Example 3.3 Here, two examples are given, where the hypotheses and the conclusions
in Theorem 3.2 are not satisfied. In the examples, we write H); instead of the pair
(Hm, hm).

(i) Consider M = {3} and N = {2, 3}. Then, the following is shown in [9, Exam-
ple 7.7. (iii)].

Hizy ® Hp 3y = Hp iy @ Hie,1y 2 His 3,1y © Hyy. (3.4)

So, here the tensor product Hzy ® Hj 3 is isomorphic to a direct sum of Orlik blocks,
but not to a standard decomposition into Orlik blocks. The set M = {3} is compatible
with the excellent order >§” on the set {0, 1} with 1 >§’1 0. But there is no tuple
(>§V , >§V ) of excellent orders on {0, 1} which is compatible with the set N = {2, 3}:
Else by Lemma 2.10, the graph (N, E(N)) would be connected which it is not.

(i1) Similarly to the example in (iii), one can show
Hyy @ (Hia1y © Hypy) = Higp1y © Hp1y © Hygy 2 Hia 21y © Han1y. (3.5)

So, also here the tensor product is isomorphic to a direct sum of Orlik blocks, but not
to a standard decomposition into Orlik blocks. Here,

M ={4}, ynd =1, N={1L4} ¥2(1) =2, y2(4) =1,
L={1,2,4}, y3(1) = y3(2) = ¥3(4) = 2. (3.6)

The set M = {4} is compatible with the excellent order >§’I on the set {0, 1, 2} with
2 >§’1 1 >§’[ 0. But the map v, is not compatible with any excellent order >§V on the
set {0, 1, 2}: Because the set N = {1, 4} and the set {1} must be compatible with >év,
we must have 0 >§’ 2. Now the compatibility of N with >£V requires 0 >év 2 >/2V L.
But this is not an excellent order on {0, 1, 2}.

Thom and Sebastiani proved a result which specializes to the case of isolated
quasihomogeneous singularities as follows.

Theorem 3.4 [21] Let f = f(x1,....%n,) and § = g(Xn 41, .- -+ Xn 4n,) be two
isolated quasihomogeneous singularities in different variables. Then, their Thom—
Sebastiani sum f + g is an isolated quasihomogeneous singularity, and there is a
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canonical isomorphism

(Hyit, hmi)(f + 8) = (Huyiz, hit) (f) @ (Humit, hmin) (8)- 3.7

This theorem, Theorem 6.7 and part (b) of Theorem 3.2, implies part (c) of Theo-
rem 1.7. This is the way how Theorem 1.7 (c) is proved in [9].

Remark 3.5 The search for Theorem 3.2 led us in the following way to the excel-
lent orders and the compatibility of a finite set M C IN with a tuple of excellent
orders. We found a condition sdiOb-sufficient [9, Definition 7.3 (d)] (short for stan-
dard decomposition into Orlik blocks) for a pair (M, N) of finite subsets M, N C IN
which implies (and probably is equivalent to) the property that the tensor product
(Hp, hpr) @ (Hy, hy) of two Orlik blocks allows a standard decomposition into
Orlik blocks [9, Theorem 7.4]. Lemma 9.12 in [9] says especially that the following
conditions (i) and (ii) are equivalent. Here, M C IN is a finite non-empty set.

(i) For any ny € N, the pair (M, {n € IN | n|ny}) is sdiOb-sufficient.
(i) A tuple (>p)pe22(m) Of excellent orders exists such that M is compatible with it.

Another interesting result from [9] which complements Theorem 3.2 (and which,
in fact, is used in its proof) is the following.

Theorem 3.6 [9, Theorem 9.6] Let (>~ ) pe p be at tuple of excellent orders for a finite
set P of prime numbers, and let v : IN — INo be a map with finite support which
is compatible with (>p)pep. Let (Ml(l), R Ml(ll))) and (Ml(z), e, Ml(zz)) be two
coverings of ¥ which are both compatible with () pep. Then, the corresponding
sums of Orlik blocks are isomorphic,

I5)

I3
P orV) = @Or(M](.z)), (3.8)
i=1 Jj

i1

and Iy = Iy = Ly, (:= max(y (m) | m € IN)).

4 Maps on the group ring generated by unit roots

This section collects notations and classical formulas which will be needed in the later
sections.

Notations 4.1 (a)Denote by (C) C S the group of all unit roots. Denote by Q[ (C)]
and Z[n(C)] the group rings of elements le:l b;[¢;] where ¢; € u(C) and where
b; € Qrespectively Z, with multiplication [£1][£2] = [£1£2]. The unit element is [1].
The trace and the degree of an element b = lezl bil¢i] € Qu(C)] are

! I
tr(b) := ijg“j € C, deg(b) := ij € Q.

j=1 j=1
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The trace map tr : Q[u(C)] — C and the degree map deg : Q[u(C)] — Q are
ring homomorphisms. For k € INg, the k-th Lefschetz number Ly (b) of an element

b=y bjlg;lis
l
Li(b) =Y bjck =t | > bjief1] e C. 4.1
j=1 j=1

(b) The divisor of a unitary polynomial f = []'_,(r — k;) with k; € u(C) is

div f == lii] € ZIu(©O)].

i=1

The divisor of the constant polynomial 1 is div1 = 0.
(¢) The order ord (¢) € IN of a unit root ¢ € w(C) is the minimal number m € IN
with ¢ = 1. For m € IN, the m-th cyclotomic polynomial is

= [[ «-0.

¢rord (§)=m
Define
Ay i=div(™ = 1), ¥, :=divd,,. 4.2)
Then, A1 = ¥; = [1]. The M&bius function (tpzpep 1S [1]

Wnoep - IN — {0, 1, —1},

(=" ifm=py-...-p,withpy,..., pr
m different prime numbers,
0 else

(here r = 0 is allowed, SO U prpep(1) = 1).
The next lemma collects well-known facts.
Lemma4.2 (a)Let f =[['_,(t —«;) and g = H?;l:l (t — &) be unitary polynomials

with ki and j € u(C). The tensor product (f ® g)(1) = []i; ]_[;”:l(t — KiAj) in
(3.1) satisfies

div(f ® g) = (div f) - (div g).
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(b) The cyclotomic polynomial ®@,,, is in Z.[t], it has degree ¢ (m), and itis irreducible
in Z[t] and Q[t].

M1 = H(Dm(t), Ay = Z @, (4.3)
m|n min
m m
O = [Ta" =m0y =Y g (%) - Ane @)
min nim

The traces of Ay, and W, are

1 iftm=1
whm = {0 itm > 2, 43)
tr, = UpMoeh(M). (4.6)
The product Ay, Ay is
A Ay = ged(m, n) - Aiemon,n)- 4.7
For the product ¥,, ¥, see [10, (2.19)-(2.21)] or [9, Lemma 7.2].
(¢) Let v : IN — Q be a map with finite support, and consider the element
bi= )" Y(m) ¥ € QuC)l. (4.8)
melN
There is a unique map x : IN — Q with finite support and
b= x(n)- Ay 4.9)

nelN

The four data r, b, x and (Li(b))kel, determine one another, by (4.8)—(4.9) and

Y = Y X, xm= 3 v e (=), @10
n:min m:n|m

Le®) = Y nx). nx =Y Le®)-poes (7). @11
n:nlk kln

Denote d,, :=lcm(n | n € supp (x)). The Lefschetz numbers L (b) are rational. They
are determined by the values Ly (b) for k € IN with k|d,, because of the (extended)

periodicity property
Li(b) = Lgcd(k.d,)(b)  forany k € IN. (4.12)
Proof (a) Trivial. (b) The statements on ®,, are classical. The formulas (4.4) follow

from the formulas (4.3) by Moebius inversion [1]. The trace of A,, is obvious, the
trace of ¥, follows with (4.4). The product A,, A, is obvious.
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(c) Formula (4.10) is a consequence of (4.3) and (4.4). The first formula in (4.11)
can be seen as follows:

n—1
Lk(An) =tr <Z[62niak/n])

a=0

if n|k,
=1r (ng(k, n)An/ng(k’n)) = {8 1fZ|/{/k

Li(b) = Y x() - Li(Ay) = Y nx(n).

nelN n:nlk

The first formula in (4.11) gives the second formula in (4.11) by Moebius inversion
[1]. It also implies L (b) € Q and the periodicity property (4.12). O

5 Basic properties of weight systems and induced objects

In this section, problem 1 in [10] will be solved as part of Lemma 5.4. It is elementary.
Before, notations from [10, Sect. 3] are recalled. In this section, we fix a number
n € IN and denote N := {1,2,...,n}.

Definition 5.1 (a) A weight system is a tuple (vy, ..., v,; d) € (Q-0)"+! withv; < d.
Another weight system is equivalent, if the second one has the form g - (v1, ..., v,; d)
for some g € Q~¢. A weight system is integer if (vq, ..., v,;d) € IN"tL Ttis reduced
if it is integer and gcd(vy, ..., vy, d) = 1. Itis normalized if d = 1.

Any equivalence class contains a unique reduced weight system and a unique nor-
malized weight system. From now on, the letters (vy, ..., v,; d) will be reserved
for an integer weight system, and the letters (w1, ..., w,; 1) will be the equivalent
normalized weight system, i.e., w; = v;/d.

(b) Let (v1, ..., vy; d) be an integer weight system (not necessarily reduced). For
J C N and k € IN( define

(Zj)k = {O[EZ"|0(,~ =0fori ¢ J, Zai :k},

iel
Nk == INg N (Z ). (5.1)
(c) Two conditions for an integer weight system (vy, ..., v,; d) (or, equivalently,
for the equivalent normalized weight system ( %, ceey %; 1)) are defined as follows:

(C2): YJCNwithJ #¢ 3K C N with |K| = |/
and such that V k € K we have (Zj)d_vk £ 0.
(C2): YVJCNwithJ #0 3K C N with |[K| = |J]|
and such that ¥ k € K we have (INJ)g—y, # 9.
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Remark 5.2 (i) Often for a given set J, the set {k € N | (]N({ )d—v, 7 ¥} has more
elements than J. Then, the set K in (C2) is not unique. If for at least one J, this set
has less elements than J, then (C2) does not hold. The same is true for condition (C2).

(i1) Of course (C2) implies (C2). Lemma 2.1 in [7] gives four conditions (C1),
(C1)’, (C2) and (C3) which are equivalent to (C2). They all have versions (€D,
(C1),(C2) and (C3), which are equivalent to (C2). Theorem 6.1 shows the relevance
of (C2).

(iii) Let (vq, . .., vy; d) be an integer weight system. For / C N with J # (J define
the semigroup

SG(J) ==Y WNy-v; C N,
jeJ

and observe Y ;c; Z-v; = Z - ged(vj | j € J). Therefore,

Nk #9 = ke SG(J), (5.2)
(Z)) # 0 = ged(vj|j e J)lk. (5.3)

(C?2) is equivalent to the condition

(GCD) YJ CN ged(vj|j € J) divides at least | J |
of the numbers d — v; fork € N.

Definition 5.3 Let (v,d) = (vy,...,v,,d) € IN"*! be an integer weight system.
(a) Define unique numbers s, ..., s,, t, ..., € N by
v;i )
Y% and ged(si, 1) = 1. (5.4)
d t;
They depend only on the normalized weight systemw = (w1, ... w,) = (3, ..., 7).
Define
dyw :=lcm(tj | j € N). (5.5

Of course dy|d. If (v, d) is reduced and gcd(vy, . .., v,)|d (Which holds for example
if (C2) holds), then ged(vy, ..., v,) = 1 and then dyy, = d.
(b) For k € N define

M) == {j € N | 1;]k}. (5.6)
and p(k) = l_[ (L - 1) = l_[ 4 v € Q-0 (5.7
jemay N jemay Vi

(By definition, the empty product has value 1).
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(c) Define a quotient of polynomials

n tdfvj -1
Piv.d)(t) = Uit 1_[ T € Q1) (5.8)
j=1
and an element of Q[ (C)]
=1
Dw =] (;Azj - Al) € QIu@)] (5.9)
j=1 "

Lemma 5.4 ([10, Lemma 3.7] for (a)—(c)) Let (v;d) = (v1,...,v,;d) € IN"*H pe an
integer weight system.

(a) Then, M (k) = M(gcd(k, dy)) and (k) = p(ged(k, dy)).

(b) The Lefschetz numbers Li(Dy) are

Li(Dy) = (=1)"M®l k) (5.10)
= Lgcd(k,dw)(Dw)- (5'11)

(¢) (v; d) satisfies (C2) <= p.a) € Z[1].
(d) Suppose that (v; d) satisfies (C2). Write

Pvid) = Z o (@) 1t

aed~ 1INy

with a unique map o : d~'INog — Z with finite support. Then,

Dy = Z o (@) - [e¥T1]. (5.12)
aed—'INg

and n(k) € IN.

Proof (a) All t; divide dy. Therefore, t;|k <= ;| gcd(k, dy).
(b) For completeness sake, the calculation in [10] is copied.

n
cd(k, 1)
Li(Dyw) = tr H <gs—'//\zj/gcd(k,zj) - Al)
j=1 !

" d(k, t;
_ l_[ <M - tr (Atj/gcd(k,tj)) - 1)

=1
lj
- ). —1
T (2-1) T en
jeM@E) JEMK)

= (="M k.
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Formula (5.11) follows from part (a).

(c) The conditions (C2) and (GC D) in Remark 5.2 (iii) are equivalent. Condition
(GCD) says that any cyclotomic polynomial in the denominator of p(y.q) turns up
with at least the same multiplicity in the numerator. Therefore, (GC D) is equivalent
to P(v:d) € Z[t].

(d) The formulas (5.10) and (5.12) imply @(k) € IN. For (5.12), it is because of
Lemma 4.2 (¢) sufficient to show

Li(Dy) = Ly Z o) - [e2™ ]| forall k € IN. (5.13)
OtEd’l]N()

The right-hand side of (5.13) is

tr Z U((X) . [eZHikol] — Z O'(C() . eZnika = P(vd) (eZHik/d)

aed—'INy aed—'INy
d v d vj
. td — Vi 14 — Vi
= lim | | - . | | -
s e2mik/d \ i —1 Vi —1
jeM(k) JEM (k)

d—v; _ _
=| TT 2] o = M0l = LiDy).
jeM@y

Here, we used j ¢ M (k) <= §vj ¢ 7 — (e2Tik/dyvj £ 1, o

Remark 5.5 Problem I in [10] asked whether (5.12) holds. In [10], the first author had
missed the calculation in the proof of part (d).

6 Isolated quasihomogeneous singularities

Finally, we come to the discussion of weight systems which allow isolated quasihomo-
geneous singularities and of associated objects. The following Theorems 6.1 and 6.4
are crucial. Asin Sect. 5,n € Nand N = {1, ..., n} are fixed.

Theorem 6.1 (Kouchnirenko [11, Remarque 1.13 (ii)]) Let (v;d) = (vi, ..., vy; d)
be an integer weight system. The following conditions are equivalent.

(IS3): There exists a quasihomogeneous polynomial f with weight system (v; d)
and an isolated singularity at 0.

(IS3)’: A generic quasihomogeneous polynomial with weight system (v; d) has an
isolated singularity at 0.

(C2): The weight system (v; d) satisfies condition (C2).

Remark 6.2 (i) The reference [11, Remarque 1.13 (ii)] does not give a detailed proof,
but the reference [12] (in russian) does. The theorem was rediscovered and reproved
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several times, in [13, 17] and [3]. More general results are given in [22] (without
proof) and [25] (with proof). The paper [7] discussed the history of Theorem 6.1, but
it missed the reference [3].

(i1) Lemma 2.1 in [7] shows combinatorially the equivalence of (C2) with several
other conditions (C1), (C1)’, (C2)’ and (C3). Some of the references above prove the
equivalence of (IS3) with some other of these conditions.

(iii) The implication (IS3)=(C1) is already shown in [18].

Remark 6.3 The paper [7] made good use of the part of condition (C2) which concerns
subsets J C N with |J| = 1. Problem 3 in [10] asked about making good use of the
conditions in (C2) for sets J C N with |J| > 2. Of course, the proofs of Theorem 6.1
in the references in Remark 6.2 (i) make such good use, as they need the full condition
(C2). We do not have other solutions of problem 3 in [10].

Theorem 6.4 Let (v;d) = (vy, ..., Uy; d) be an integer weight system which satisfies
condition (C2), and let w = (”d—l, e, %; 1) be the equivalent normalized weight
system.

(a) (Milnor and Orlik [15]) Dy is the divisor of the characteristic polynomial of the
monodromy on the Milnor lattice of an isolated quasihomogeneous singularity with
weight system (v; d). In particular, Dy, € No[u(C)].

(b) (Many people, e.g., [2]) t 7' =" py.q) is the generating function of the
weighted degrees of the Jacobi algebra

L af)

ax1’ 7 Axy,

C[xl,...,x,,]/(

of an isolated quasihomogeneous singularity f with weight system (v; d). Especially
pv.a) € Nolt].

Example 6.5 The polynomial f(x1, xg) = x| (xit + xg) is an isolated quasihomoge-
neous singularity with normalized weight system w = (w1, wa; 1) = (%, %; 1). In
particular, (s1, t1, 52, 1) = (1, 5, 2, 15). The divisor of the characteristic polynomial
of its monodromy is

1
Dy, = (As — Al)(EAIS — Ay)

=2A15— As+ A =2W5 + W5 + 2W3 4 2Y,

s0 here pon it = [Leps, Pm ' With M1 = {1,3,5,15} and ¥(15) = ¥ (3) =
(1) = 2, ¥(5) = 1. The standard covering (Definition 2.5 (f)) of ¥ consists of
Mj and M> = {1, 3, 15} C M. Theorem 6.7 shows here that y» and M| and M, are
compatible with the tuple (Y, >¥), where s(~Y) = 1 =s(>¥)and 1 >3 0,0 >¥ 1.
We had observed this already in Example 2.9.

Remark 6.6 (i) By Lemma 5.4 (d), p(v;q) and Dy are related by

Pvid) = Z o(a) - td.a’ Dy = Z o(a) - [eZm'a]’ 6.1)

aed~ Ny aed~'INy
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where o : d~'INg — INp has finite support.

(ii) If we write p.q) = Z“ ltd'“" for suitable o; € @, then these numbers
(a1, ..., ay) are the exponents of the singularity, and e2mian
values of the monodromy.

(iii) Problem 2 in [10] asked for a combinatorial proof of the fact p(y.q4) € INo[?]
for a weight system (v; d) with condition (C2). (The other two parts of Problem 2 in
[10] would follow from this and from Lemma 5.4 (d).) Theorem 6.4 (b), which was
rediscovered by many people, contams thls statement. The classical proof uses that
the tuple of partial derivatives ( TR a 0 ) is a regular sequence. We do not know
a proof which does not use the J acobl algebra and this regular sequence. So we do not
have a solution of problem 2 in [10].

, 2% gre the eigen-

The following theorem is proved in [9]. It is one ingredient of the proof in [9] of
Theorem 1.7 (c). It is also an ingredient in the proof of Theorem 1.5. Its proof in [9]
uses Theorems 6.1 and 6.4 (a) and especially that certain subsystems w(”) of w (for
certain prime numbers p) also satisfy condition (C2) and thus that D € INg[(C)]
holds.

Theorem 6.7 Consider a normalized weight system w = (wi, ..., wy; 1) which
satisfies condition (C2), and consider the numbers s;,t; € N with w; = ;—’ and
gcd(si, t;) = 1. Write Dy, = ZmeMw Yw(m) - Wy, where the map Yy : My — Ny
has finite support My C IN. The map ry is compatible with the tuple (>;,V),,€gz(Mw)

of excellent orders which is defined as follows:

s(>‘;) = max(vp(m) |m € My), (6.2)
SC-3) =tk € Zp s, {j € N Pk|fj}| is odd.} (6.3)

Finally, we solve problem 4 in [10] in Remark 6.9 and discuss problem 5 in [10] in
Remark 6.10.

Remark 6.8 An isolated quasihomogeneous singularity f € Clxy, ..., x,] has mul-
tiplicity > 3 if all monomials in it have degree > 3 (the standard degree, not the
weighted degree). A result in [18] says first that the weight system w of any isolated
quasihomogeneous singularity with multiplicity > 3 is unique and satisfies w; € (0, %)
for all i, and second that any quasihomogeneous singularity can be transformed by a
coordinate change to a Thom—Sebastiani sum f(xq, ..., xx) + x,f gt T+ x,% of an
isolated quasihomogeneous singularity f of multiplicity > 3 and the A-singularity
x,% Tt x,zl. Because of Theorem 3.4, one can often restrict to (isolated quasiho-
mogeneous) singularities of multiplicity > 3.

Remark 6.9 Let f be an isolated quasihomogeneous singularity of multiplicity > 3
with weight system w = (wy, ..., wy; 1). If n < 3, (C2) <= (C2). This was first
provedin [19, Theorem 3]. A short combinatorial proofis given in [7, Lemma 2.5]. For
n > 4,(C2)is stronger than (C2). Though only one weight system w with n = 4 which
satisfies (C2), but not (C2), is published, the weight system (58, 33, 24, 1; 265). It is
due to Ivlev [2]. It is also discussed in [10, Example 5.1]. There problem 4 is posed.
It asks for other weight systems w with n = 4 which satisfy (C2), but not (C2).
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Table 1 All reduced weight systems (vy, vo, v3, vg; d) with d < 200, % > vl > vy > v3 > vy, and
condition (C2), but not condition (C2)

(v1, v2,v3, v4) d Iz L la1, a2, a3, a4, as, ag]
(27,16, 10, 1) 81 4615 22,598 [2,2,4,1,4,4]
(29, 14,12, 3) 87 1825 26,464 [2,2,4,1,4,2]
(31,18, 10, 3) 93 2075 31,738 [2,2,4,1,2,4]
(35,26,8,1) 105 7663 42,215 [2,2,4,1,4,4]
(41, 30, 8, 3) 123 3565 61,217 [2,2,4,1,2,4]
(43,34,8,1) 137 14,523 78,151 [2,3,4,1,4,4]
(49,22,15,12) 147 1125 92,880 [2,2,2,3,1,2]
(43,20, 14,9) 149 2385 94,336 [3,2,4,1,3,4]
(51,28, 13, 10) 153 1375 100,171 [2,2,2,3,1,4]
(49, 38, 8, 3) 155 6201 102,969 [2,3,4,1,4,4]
(53,26,12,3) 159 6517 108,079 [2,2,4,1,4,2]
(43,32,10, 1) 161 26,727 112,336 [3,2,4,1,4,4]
(55,21, 18, 16) 165 1043 117,928 [2,2,2,2,3,1]
(59,42,9,8) 177 2535 138,768 2,2,2,2,1,4]
(57,36,10, 1) 181 26,970 149,200 [2,3,4,1,4,4]
49, 36, 10, 3) 183 11,591 151,842 [3,2,4,1,2,4]
(61, 20, 18, 3) 183 8965 152,011 [2,2,4,1,4,2]
(61,22,16,7) 183 3841 152,019 [2,2,2,1,4,4]
(57,26, 14, 3) 185 10,176 154,800 [2,3,2,1,4,4]
(61, 38, 10, 3) 193 10,230 169,630 [2,3,4,1,4,4]
(65,46, 11,8) 195 2533 172,715 [2,2,2,3,1,4]
(59,22,18, 1) 199 38,010 180,617 [3,2,4,1,4,4]
(61,23,22,16) 199 1593 180,630 [3,2,3,4,4,1]

We used the software PARI/GP [23] in order to check all reduced integer weight
systems (v;d) = (vi, v2, v3, v4; d) with % > v > vy > v3 > vg and d < 360
(reduced means gcd(vy, v2, v3, v4,d) = 1). We found 654077 such weight systems
which satisfy (C2). Only 103 of them do not satisfy (C2). Up to d = 200, there are
185,013 weight systems as above with (C2), and only 23 of them do not satisfy (C2).
Table 1 lists these 23 weight systems (vy, v2, v3, v4; d) in the lexicographic ordering
with respect to (d, v1, v2, v3, v4). It also gives the Milnor number p, the number L of
the weight system in the lexicographic ordering with respect to (d, vy, v2, v3, v4) of
all weight systems as above which satisfy (C2), and a tuple [a1, a2, a3, aa, as, ag] €
{0,1,2,3, 4}6 which says the following. Write

(1, J2, I3, Ja, J5. Jo) = ({1, 2}, {1, 3}, {1, 4}, {2, 3}, {2, 4}, {3, 4}).

Then, a; = |{k € N | (H\T({i)d_vk # P}]. That (C2) is not satisfied implies that for at
leastone i € {1, 2, 3, 4, 5, 6} the number a; is < 1.
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The table does not contain Ivlev’s example (58, 33, 24, 1; 265) because 265 > 200.
Ivlev’s example has Milnor number 66516. All examples in Table 1 have smaller
Milnor numbers. We checked also with PARI/GP for all 103 reduced weight systems
withd < 360 and (C2), but not (C2), that p(y.4) € INo[#] holds. It is not clear whether
there are weight systems with larger d which satisfy (C2) and Pwv:d) € Z[t] — INo[1].

Arnold [2] associated with each reduced weight system (v1, ..., v,; d) which sat-
isfies (C2) one type or several fypes in the following way. A fype is a conjugacy
class with respect to the symmetric group S, of a (not necessarily bijective) map
o : N — N. Here, o is a map which satisfies v;|(d — vs(j) for j € N. For each
Jj € N such a o(j) exists because of condition (C2) for sets / C N with |J| = 1.
The number of types is 3 forn = 2, 7 forn = 3 [2], 19 forn = 4 [24], 47 forn =5
and 128 for n = 6 [7, Examples 3.2]. In [24], the types for n = 4 are numbered
I,11,...,XIX. (This is reproduced in [7, Example 3.2 (iii)].) At most 9 of the 19
types allow weight systems which satisfy (C2), but not (C2), the weight systems
V,VIII, XI, XI11,XI11,XV,XVI, XVII and XIX. The other ten types allow
only weight systems of Thom—Sebastiani sums of cycle-type singularities and chain-
type singularities. The 23 weight systems in Table 1 realize seven of the nine types,
and they do not realize X771 and X1X.

Remark 6.10 (i) K. Saito conjectured [20, (3.13) and (4.2)] that the weight system

w = (wq, ..., wy,; 1) of an isolated quasihomogeneous singularity with multiplicity
> 3 satisfies Yw(dw) > 0. Here, d = dy, for the equivalent reduced integer weight
system (v, ..., vy; d), because condition (C2) for the set J/ = N implies v |d for any

Jj. Counter-examples with n = 4 to this conjecture are given in [ 10, Examples 5.5]. The
tables in [6] show that for n = 4 and v < 500, the only counter-examples are those in
[10, Examples 5.5]. Problem 5 (b) asked for an answer to the question whether in the
case n = 4 and p > 501, the only counter-examples are those in [10, Examples 5.5].
We did not settle this.

(i) With the software PARI/GP [23], we checked that for n = 5 and d < 200,
only ten counter-examples to the conjecture in part (i) exist. They are all obvious
generalizations of the examples in [10, Examples 5.5]. They are given in the following
table. They are Thom—Sebastiani sums of singularities of type Ay, Dy (with odd k),
and/or a chain-type singularity with one of the three normalized weight systems

1 3 17 1 3 25 1 5 13
Kl : (_9_7_;1)1 K2: <_5_7_;]>7 K3: (_9_7_;]>'
420 40 420 56 6 18 36

(See [10, ch. 4 and 5] for formulas around the singularities Ay, Dy and the chain-type
singularities.) The number L has the same meaning as in Remark 6.9. We calculated
with PARI/GP also the number of all reduced weight systems (v, v2, v3, v4, Vs5; d)
with (C2) andd < 200 and 4 > vy > --- > vs. Itis 1176435.

(iii) K. Saito posed also the weaker conjecture [20, (3.13) and (4.2)] that the weight
system w of any isolated quasihomogeneous singularity satisfies Y¥ryw(dw) > 0 or
Yw(dw/2) > 0. Problem 5 (a) in [10] rephrases this conjecture. If the only counter-
examples to the stronger conjecture in part (i) are the obvious generalizations of the
examples 5.5 in [10], the weaker conjecture is true. But this is not clear.
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Table 2 All reduced weight systems (v, va, v3, v4, v5; d) with d < 200, % >vp >
(C2), and Yy (dw) =0

> vs, condition

Thom-Sebastiani sum (vy, v2, V3, V4, Vs) d n L

D13 ® K| (55,51, 30, 18, 10) 120 299 305,495
D13 ® Dy ® A3 (57, 55, 30, 10, 6) 120 819 307,654
Di3 ® Kp (77,75,42, 18, 14) 168 403 740,415
D11 ® Dy ® A3 (81,77,42, 14, 6) 168 1131 744,420
Dy ® K3 (81, 65, 50, 30, 18) 180 253 903,983
D11 ® D19 ® As (85,81, 30, 18, 10) 180 1045 907,794
D11 ® D19 ® Aj (85, 81, 60, 18, 10) 180 418 907,798
D31 ® K3 (87, 65, 50, 30, 6) 180 713 909,833
D19 ® D31 ® As (87, 85, 30, 10, 6) 180 2945 909,911
D19 ® D31 ® A (87, 85, 60, 10, 6) 180 1178 909,915

Acknowledgements We would like to thank an anonymous referee for good questions and suggestions.
Funding Open Access funding enabled and organized by Projekt DEAL.

Data availability The datasets generated during and/or analyzed during the current study are available from
the corresponding author on reasonable request.

OpenAccess Thisarticleis licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Aigner, M.: Combinatorial Theory. Grundlehren der math. Wiss. 234. Springer, Berlin (1979)

2. Arnold, VI., Gusein-Zade, S.M., Varchenko, A.N.: Singularities of Differentiable Maps, vol. L.
Birkhéuser, Boston, Basel, Stuttgart (1985)

3. Fletcher, A.R.: Working with weighted complete intersections. In: Corti, A., Reid, M. (eds.) Explicit
Birational Geometry of 3-Folds, London Mathematical Society Lecture Note Series 281, pp. 101-174.
Cambridge University Press, Cambridge (2000)

4. Hertling, C.: u-constant monodromy groups and marked singularities. Ann. Inst. Fourier (Grenoble)
61(7), 2643-2680 (2011)

5. Hertling, C.: Automorphisms with eigenvales in § Lof a Z-lattice with cyclic finite monodromy. Acta
Arith. 192(1), 1-30 (2020)

6. Hertling C., Kurbel R.: Tables of weight systems of quasihomogeneous singularities. 15 Aug 2011 On
the homepage: https://hilbert.math.uni-mannheim.de/CQS-homepage/index.html

7. Hertling, C., Kurbel, R.: On the classification of quasihomogeneous singularities. J. Singul. 4, 131-153
(2012)

8. Hertling C., Mase M.: The integral monodromy of cycle type singularities. J. Singul. (Accepted for
publication). Preprint. arXiv:2009.07533v1. 16 Sept 2020

@ Springer


http://creativecommons.org/licenses/by/4.0/
https://hilbert.math.uni-mannheim.de/CQS-homepage/index.html
http://arxiv.org/abs/2009.07533v1

954

Journal of Algebraic Combinatorics (2022) 56:929-954

11.
12.

13.

14.

16.
17.
18.
19.

20.
21.
22.

23.
24.

25.

. Hertling C., Mase M.: The integral monodromy of isolated quasihomogeneous singularities. Algebra

Number Theory (Accepted for publication). Preprint version arXiv:2009.08053v1. 17 Sept 2020

. Hertling, C., Zilke, Ph.: Seven combinatorial problems around isolated quasihomogeneous singulari-

ties. J. Algebraic Combin. 50, 447482 (2019)

Kouchnirenko, A.G.: Polyedres de Newton et nombres de Milnor. Invent. Math. 32, 1-31 (1976)
Kouchnirenko, A.G.: Criteria for the existence of a non-degenerate quasihomogeneous function with
given weights. Uspekhi Mat. Nauk 32(3), 169-170 (1977). (In Russian)

Kreuzer, M., Skarke, H.: On the classification of quasihomogeneous functions. Comm. Math. Phys.
150, 137-147 (1992)

Milnor, J.: Singular Points of Complex Hypersurfaces. Annals of Mathematics Studies, vol. 61. Prince-
ton University Press, Princeton (1968)

. Milnor, J., Orlik, P.: Isolated singularities defined by weighted homogeneous polynomials. Topology

9, 385-393 (1970)

Orlik, P.: On the homology of weighted homogeneous manifolds. In: Lecture Notes in Mathematics,
vol. 298, pp. 260-269. Springer, Berlin (1972)

Orlik, P., Randell, R.: The classification and monodromy of weighted homogeneous singularities.
Preprint (1976 or 1977)

Saito, K.: Quasihomogene isolierte Singularititen von Hyperflachen. Invent. Math. 14, 123-142 (1971)
Saito, K.: Regular systems of weights and their associated singularities. In: Suwa, T., Wagreich, P.
(eds.) Complex Analytic Singularities. Advanced Studies in Pure Mathematics, vol. 8, pp. 479-526.
Kinokuniya & North Holland, Tokyo (1987)

Saito, K.: On the existence of exponents prime to the Coxeter number. J. Algebra 114, 333-356 (1988)
Sebastiani, M., Thom, R.: Un résultat sur la monodromie. Invent. Math. 13, 90-96 (1971)
Shcherbak, O.P.: Conditions for the existence of a non-degenerate mapping with a given support. Funct.
Anal. Appl. 13, 154-155 (1979)

The PARI Group, PARI/GP version 2. 11 . 2, Univ. Bordeaux. http://pari.math.u-bordeaux.fr/ (2019)
Yoshinaga, E., Suzuki, M.: Normal forms of nondegenerate quasihomogeneous functions with inner
modality < 4. Invent. Math. 55, 185-206 (1979)

Wall, C.T.C.: Weighted homogeneous complete intersections. In: Algebraic Geometry and Singularities
(La Rébida, 1991). Progress in Mathematics, vol. 134, pp. 277-300. Birkhiduser, Basel (1996)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer


http://arxiv.org/abs/2009.08053v1
http://pari.math.u-bordeaux.fr/

	The combinatorics of weight systems and characteristic polynomials of isolated quasihomogeneous singularities
	Abstract
	1 Introduction
	2 Compatibility of a finite set of natural numbers with a tuple of excellent orders
	3 Tensor product and Thom–Sebastiani sum
	4 Maps on the group ring generated by unit roots
	5 Basic properties of weight systems and induced objects
	6 Isolated quasihomogeneous singularities
	Acknowledgements
	References




