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Introduction

This dissertation contains three chapters on macroeconomics and monetary economics with a

particular focus on how subjective beliefs and behavioral biases matter for the conduct of monetary

policy.

In the �rst chapter, which is joint work with Fabian Seyrich, we develop a new framework

for business-cycle and policy analysis. The model features a New Keynesian core and we allow

for household heterogeneity and incomplete markets as well as bounded rationality in the form

of cognitive discounting. Under cognitive discounting, households' expectations underreact to

macroeconomic news, consistent with what we �nd in the data. The model accounts for recent

empirical �ndings on the transmission mechanisms of monetary policy. In particular, monetary

policy a�ects household consumption to a large extent through indirect e�ects which tends to

amplify the e�ects of conventional monetary policy on consumption as the incomes of house-

holds that exhibit higher marginal propensities to consume are more exposed to aggregate income

�uctuations induced by monetary policy. Announcements of future monetary policy changes, in

contrast, have relatively weak e�ects on current economic activity, and the economy remains stable

at the e�ective lower bound. In contrast to existing models, we account for these facts simulta-

neously without having to rely on a speci�c monetary or �scal policy. When abstracting from

either household heterogeneity or bounded rationality the model fails to do so. Accounting for

these facts simultaneously has important implications for monetary and �scal policy. We uncover

a novel ampli�cation of negative productivity shocks through household heterogeneity, cognitive

discounting and the interaction of the two, such that in�ation increases substantially more than

in existing models. Thus, to stabilize in�ation after such a shock, the monetary authority needs

to respond more aggressively which fuels inequality and leads to a large increase in government

debt.

In the second chapter, which is joint work with Klaus Adam and Timo Reinelt, we document

several deviations of U.S. households' housing price expectations from rational expectations. In

particular, expectations are updated on average too sluggishly; following housing price changes,

expectations initially underreact but subsequently overreact; and households are overly optimistic

about capital gains when the price-to-rent ratio is high. We show that weak forms of capital gain

extrapolation allow to simultaneously replicate the behavior of housing prices and the deviations

from rational expectations as an equilibrium outcome. We embed capital gain extrapolation into
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a sticky price model featuring a lower-bound constraint on nominal interest rates and show that

subjective beliefs about housing prices lead to a misallocation of resources. If households become

optimistic about future housing prices they invest an ine�ciently high amount into the housing

sector rather than into non-durable consumption. This misallocation a�ects the natural rate of

interest and we show that lower levels of natural rates increase the volatility of housing prices and

thereby the volatility of the natural rate of interest. This channel exacerbates the relevance of the

lower bound constraint and causes the optimal in�ation target to increase strongly as the natural

rate falls.

In the third chapter, I propose a new approach to quantifyattention to in�ation in the data.

The approach is based on a model of optimal attention choice subject to information acquisition

costs. The result is a law of motion for in�ation expectations in which attention governs how

strongly agents update their expectations following an in�ation surprise. Using micro survey

data of professional forecasters and consumers in the U.S., I then use this approach to estimate

attention to in�ation in the data and show that attention was very low after the 1980s. In the

1970s and 1980s, on the other hand, attention to in�ation was substantially higher. Consistent

with the underlying model, times of higher in�ation volatility and persistence are characterized

by higher attention to in�ation. This decline in attention has important implications for optimal

monetary policy. On the one hand, lower attention helps to stabilize in�ation expectations and

actual in�ation. On the other hand, lower attention renders managing in�ation expectations more

di�cult which can lead to prolonged periods of a binding lower bound and low in�ation due

to slowly-adjusting in�ation expectations. To mitigate this loss of control, the optimal in�ation

target substantially increases as attention falls. Allowing for permanently higher in�ation rates,

however, is costly in terms of welfare. Thus, welfare decreases as attention declines whereas it

would increase when abstracting from the lower bound constraint.
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Chapter 1

A Behavioral Heterogeneous Agent New

Keynesian Model

Joint with Fabian Seyrich

1.1 Introduction
Recent empirical evidence has led to a rethinking of how monetary policy is transmitted to the

economy: (i) monetary policy a�ects household consumption to a large extent through changing

people's incomes rather than directly through changes in the real interest rate. Theseindirect

e�ects tend to amplify the e�ects of conventional monetary policy on consumption as (ii) the

incomes of households that exhibit higher marginal propensities to consume are found to be

more exposed to aggregate income �uctuations induced by monetary policy; (iii) announcements

of future monetary policy changes, in contrast, have relatively weak e�ects on current economic

activity; and (iv) advanced economies have not experienced large instabilities in times the nominal

interest rate has e�ectively been pegged to the lower bound.1

In this paper, we propose a new framework that accounts for these four factssimultaneously:

the behavioral Heterogeneous Agent New Keynesian model�orbehavioral HANK model, for short.

The model features a standard New Keynesian core, but we allow for household heterogeneity

and bounded rationality in the form of cognitive discounting. The presence of both�household

heterogeneity and bounded rationality�is key to account for the four facts jointly. In contrast

to existing models, our model accounts for the four facts without having to rely on a speci�c

monetary or �scal policy.
1See, e.g., Ampudia et al. (2018), Slacalek et al. (2020) and Holm et al. (2021) for the empirical relevance of

indirect channels in the transmission of monetary policy, Auclert (2019), Patterson (2022) and Slacalek et al. (2020)
for evidence on households' income exposure and their marginal propensities to consume, and see, for example,
Del Negro et al. (2012), D'Acunto et al. (2022), and Roth et al. (2023) for empirical evidence on the (in-)e�ectiveness
of monetary policy announcements about its future actions, and Debortoli et al. (2020) and Cochrane (2018) on
the stability at the lower bound.
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We �rst focus on a limited-heterogeneity setup which enables us to derive all results in closed

form. The model is kept deliberately stylized and illustrates how cognitive discounting interacts

with household heterogeneity. Households that exhibit higher marginal propensities to consume

are more exposed to monetary policy which is crucial to account for the fact that monetary policy

is ampli�ed through indirect general equilibrium e�ects. Under cognitive discounting, households'

expectations underreact to aggregate news which dampens the e�ects of announced future mone-

tary policy changes and ensures that the model remains determinate under an interest-rate peg.

We then replace the limited-heterogeneity setup with a standard quantitative incomplete markets

setup with full heterogeneity and show that our results carry over to this more quantitative model.

Our model suggests that accounting for these four facts simultaneously has important implica-

tions for policy. We �nd a strong trade-o� for monetary policy between price stability on the one

side and �scal and distributional consequences on the other side after an in�ationary supply shock.

To fully stabilize in�ation, monetary policy needs to increase interest rates by more than under

rational expectations, which pushes up the government debt level and inequality more strongly.

In contrast, when monetary policy follows a standard Taylor rule it mitigates the �scal conse-

quences and decreases inequality. But now in�ation increases more strongly than in the rational

model through a novel ampli�cation channel induced by cognitive discounting, the underlying

heterogeneity and the interaction of the two.

To arrive at the tractable version of our model, we consider a setup with two groups of house-

holds. One group is �unconstrained�, in the sense that they participate in �nancial markets and are

on their Euler equation. The other group consists of �hand-to-mouth� households who consume

all their disposable income. They exhibit high marginal propensities to consume (MPCs) and are

more exposed to monetary policy in line with the data. To introduce a precautionary-savings

motive, households face an idiosyncratic risk of switching type.

Households anchor their expectations about future macroeconomic variables to the steady state

and cognitively discount expected future deviations as in Gabaix (2020). As a result, expectations

then underreact to aggregate news, as we show to be the case empirically across all income groups

and consistent with �ndings in D'Acunto et al. (2022) or Roth et al. (2023).2

Like the textbook Representative Agent New Keynesian (RANK) model, our tractable model

can be represented in just three equations. The key novelty arising from bounded rationality and

household heterogeneity is a new aggregate IS equation. In contrast to the textbook model, our IS

equation features a lower sensitivity of current output to changes in expected future output due

to households' cognitive discounting and a stronger sensitivity of current output to changes in the

2We show how to microfound cognitive discounting as a noisy-signal extraction problem of otherwise rational
agents. Angeletos and Lian (2023) show how other forms of bounded rationality or lack of common knowledge
can be observationally equivalent. For further evidence on underreaction of expectations or general patterns of
inattention, see, e.g., Coibion and Gorodnichenko (2015a), Coibion et al. (2022a) or Angeletos et al. (2021). Born
et al. (2022) and Ku£inskas and Peters (2022) show that even when agents overreact to micro news, they underreact
to macro news, which is what we focus on in this paper.
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real interest rate as households with higher MPCs are more exposed to monetary policy.

As a result of the lower sensitivity of current output to future expected output, announced

policies that increase future output, such as announced future interest rate cuts, are less e�ective

in stimulating current output. After such an announced future interest rate cut, unconstrained

households want to consume more already today as they want to smooth their consumption in-

tertemporally. Additionally, their precautionary savings motive decreases as they would be better

o� in case they become hand-to-mouth in the future because hand-to-mouth households bene-

�t more from the future boom. Cognitive discounting weakensboth of these channels and thus,

explains the lower sensitivity of current output to future expected output. The farther away in

the future the announced interest rate cut takes place, the smaller its e�ect on today's output.

Hence, the model does not su�er from theforward guidance puzzle,which describes the paradox-

ical �nding in many models that announced future interest-rate changes are at least as e�ective

in stimulating current output as contemporaneous interest-rate changes (Del Negro et al. (2012),

McKay et al. (2016)). In addition, our model remains determinate under an interest-rate peg and

remains stable at the e�ective lower bound (ELB).

The second deviation from the textbook IS equation�the stronger sensitivity of current output

to changes in the real interest rate�arises because households with higher MPCs are more exposed

to monetary policy. An expansionary monetary policy shock increases the income of the hand-

to-mouth households more than one-for-one. As these households consume all their disposable

income, this leads to a stronger response of aggregate consumption than if all households would

be exposed equally to monetary policy. Thus, the model features ampli�cation of conventional

monetary policy shocks due to indirect general equilibrium e�ects. A decomposition into direct

and indirect e�ects shows that indeed the major share of the monetary policy transmission works

through indirect e�ects.

That our model simultaneously generates ampli�cation of conventional monetary policy through

indirect e�ects and rules out the forward-guidance puzzle is in stark contrast to rational mod-

els. Rational HANK models that generate ampli�cation through indirect e�ects exacerbate the

forward-guidance puzzle. Rational models that resolve the forward-guidance puzzle, on the other

hand, cannot simultaneously generate ampli�cation of monetary policy through indirect e�ects

(see Werning (2015), Acharya and Dogra (2020), and Bilbiie (2021)).

We extend our tractable framework along several dimensions to show the model's compatibility

with additional empirical patterns. We �rst analytically derive the intertemporal MPCs (iMPCs)

and show they match empirical estimates�a key statistic in HANK models (Auclert et al. (2018),

Kaplan and Violante (2022)). Second, we consider sticky wages and show how the model gen-

erates hump-shaped responses of macroeconomic variables in response to aggregate shocks, and

expectations that initially underreact followed by a delayed overshooting (both consistent with

the data, Auclert et al. (2020), Angeletos et al. (2021) and Adam et al. (2022)). Both �ndings are

not present when abstracting from heterogeneity, bounded rationality or both.
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We then replace the limited-heterogeneity assumptions and build on a standard incomplete-

markets setup. We relax many of the strong assumptions we imposed in the tractable framework.

In particular, we now consider ex-ante identical households that face uninsurable idiosyncratic

productivity risk, incomplete markets and borrowing constraints that are endogenously binding.

We further allow for heterogeneity in the degree of cognitive discounting.3 We show numerically

that the full model also accounts for facts (i)-(iv) simultaneously.

We use the model to revisit the monetary and �scal policy implications of in�ationary supply

shocks. Many advanced economies have recently experienced a dramatic surge in in�ation which

is partly attributed to disruptions in production (see di Giovanni et al. (2022)). We analyze these

supply disruptions by considering a negative productivity shock.

We �rst consider a monetary policy that fully stabilizes in�ation and �nd that this policy

closes the output gap independent of the presence of cognitive discounting. The required interest-

rate response to fully stabilize in�ation, however, needs to be much stronger when accounting

for cognitive discounting. The reason is that households expect interest rates to remain elevated

for some time due to the persistence of the shock and the higher expected interest rates help to

stabilize current in�ation. This expectation channel is dampened under cognitive discounting.

Hence, the monetary authority needs to increase interest rates more forcefully.

These stronger interest-rate hikes create side e�ects. In particular, they have strong �scal impli-

cations as they increase the cost of government debt, which leads to a larger increase in government

debt. Furthermore, consumption inequality increases more strongly as wealthy households bene�t

more from higher interest rates than asset-poor households.

We then assume that monetary policy follows a standard Taylor rule and show that in this case,

in�ation and the output gap increase considerably due to a novel ampli�cation channel. Both�

the underlying heterogeneity and bounded rationality�amplify the in�ationary pressure from the

supply shock and the two mutually reinforce each other: the positive output gap especially bene�ts

households with higher MPCs increasing the output gap further and, thus, calls for higher interest

rates in each period. As households cognitively discount these higher (future) interest rates,

this further increases the output gap amplifying the redistribution to high MPCs households and

therefore the increase in the output gap until the economy ends up in an equilibrium with a higher

output gap and higher in�ation. Yet, consumption inequality now decreases as poorer households

tend to bene�t more from the higher output gap.

We also consider cost-push shocks as an alternative explanation for high in�ationary pressure

and �nd similar implications for monetary and �scal policy. In sum, our model predicts that it

is more di�cult for monetary policy to stabilize the economy after an in�ationary supply side

shock and that monetary policy faces a severe trade-o� between aggregate stabilization and price

stability on the one hand, and �scal and distributional consequences on the other hand.

3As in the tractable model, households cognitively discount expected deviations from the stationary equilibrium
after an aggregate shock but are fully rational with respect to their idiosyncratic risk.
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Related literature. The literature treats the facts (i)-(iv) mostly independent from each other.

The heterogeneous-household literature has highlighted the transmission of monetary policy through

indirect, general equilibrium e�ects (Kaplan et al. (2018), Auclert (2019), Auclert et al. (2020),

Bilbiie (2020), Luetticke (2021)), and proposed potential resolutions of the forward guidance puz-

zle (McKay et al. (2016, 2017), Hagedorn et al. (2019), McKay and Wieland (2022)). Werning

(2015) and Bilbiie (2021) combine the themes of policy ampli�cation and forward guidance puzzle

in HANK and establish a trade-o� inherent in models with household heterogeneity: if HANK

models amplify contemporaneous monetary (and �scal) policy through redistribution towards high

MPC households, they dampen precautionary savings desires after a forward guidance shock which

aggravates the forward guidance puzzle.

Few resolutions of this trade-o��what Bilbiie (2021) calls the Catch-22�have been put for-

ward. In contrast to our model, they all rely on a speci�c design for either monetary or �scal

policy. Bilbiie (2021) shows that if monetary policy follows a Wicksellian price level targeting rule

or �scal policy follows a nominal bond rule, his tractable HANK model can simultaneously account

for facts (i)-(iv). 4 Hagedorn et al. (2019) shows how introducing nominal government bonds and

coupling it with a particular nominal bond supply rule can resolve the forward guidance puzzle in

a quantitative HANK model (following the theoretical arguments in Hagedorn et al. (2021) and

Hagedorn (2018)). In contrast, we account for the four facts even in the case in which monetary

policy follows a standard Taylor rule and absent any nominal bonds or speci�c �scal rules.

Farhi and Werning (2019) also combine household heterogeneity with some form of bounded

rationality, but focus entirely on resolving the forward-guidance puzzle. Our model generates a

number of additional desirable features, such as ampli�cation of monetary policy through indirect

e�ects in a setting with unequal exposure of households to monetary policy. We also consider a

di�erent form of bounded rationality, cognitive discounting, while Farhi and Werning (2019) focus

on level-k thinking. Our setup is consistent with the empirical �ndings in Roth et al. (2023) who

show that households adjust their interest-rate expectations only by about half of what the Fed

announces, even when being told the Fed's intended interest-rate path.5 Furthermore, we are the

�rst ones to consider supply shocks and show that the interaction of household heterogeneity and

bounded rationality has very di�erent implications for supply shocks than for forward guidance

shocks.

Few other papers share the combination of nominal rigidities, household heterogeneity and

some deviation from full information rational expectations (FIRE). Laibson et al. (2021) introduces

present biasin a model of household heterogeneity but the model is set in partial equilibrium and

they do not consider how the power of forward guidance or the stability at the lower bound are

4Bilbiie (2021) proposes an additional resolution: a pure risk channel which can, in theory, break the co-
movement of income risk and inequality. However, it requires a calibration which is at odds with the data.

5In an extension, we consider the case in which some households (�nancial markets, for example) fully incor-
porate the announced interest-rate paths into their expectations (see Section 1.4.2 where we discuss heterogeneous
degrees of cognitive discounting) and show that our results remain robust in that scenario.
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a�ected by the presence of the two frictions. Auclert et al. (2020) incorporate sticky information

into a HANK model to generate hump-shaped responses of macroeconomic variables to aggregate

shocks while simultaneously matching iMPCs. We obtain similar results in our extension of the

tractable model with sticky wages. Their paper, however, does not discuss the implications of the

deviation from FIRE and heterogeneity for forward guidance or stability at the lower bound.6

Outline. The rest of the paper is structured as follows. We present our tractable behavioral

HANK model in Section 1.2 and our analytical results in Section 1.3. In Section 1.4, we develop

the quantitative behavioral HANK model, show how it can account for the facts simultaneously

and discuss the role of heterogeneity in the behavioral bias. We use the quantitative model to

study the policy implications of an in�ationary supply-side shock in Section 1.5. We discuss three

extensions of the tractable model in Section 1.6 and Section 1.7 concludes.

1.2 A Tractable Behavioral HANK Model
In this section, we present our tractable New Keynesian model featuring household heterogeneity

and bounded rationality before we then turn to the full-blown incomplete-markets setup later

on. To ensure closed-form solutions, we make a number of assumptions that are typical in the

analytical HANK literature (e.g., McKay et al. (2017), Bilbiie (2021)).

1.2.1 Structure of the Model

Households. Time is discrete and denoted byt = 0; 1; 2; ::. The economy is populated by a

unit mass of households, indexed byi 2 [0; 1]. Households obtain utility from (non-durable)

consumption, C i
t , and dis-utility from working N i

t . Households discount future utility at rate

� 2 [0; 1]. We assume a standard CRRA utility function

U(C i
t ; N i

t ) �

8
<

:

(C i
t )1� 


1� 
 � (N i
t )1+ '

1+ ' ; if 
 6= 1;

log (C i
t ) � (N i

t )1+ '

1+ ' ; if 
 = 1;
(1.1)

where ' denotes the inverse Frisch elasticity and
 the relative risk aversion.

Households can save in government bondsB i
t+1 , paying nominal interest i t , and face an ex-

ogenous borrowing constraint which we set to zero. Households participate in �nancial markets

infrequently. When they do participate, they can freely trade bonds. Otherwise, they simply

receive the payo� from their previously acquired bonds. For now, asset-market participation is

exogenous and can be interpreted, for example, as a shock to the household's taste or patience.

We denote households participating in �nancial markets byU as, in equilibrium, they will be

6Wiederholt (2015), Angeletos and Lian (2018), Andrade et al. (2006.12019), Gabaix (2020) consider deviations
from FIRE and Michaillat and Saez (2021) introduce wealth in the utility function (all in non-HANK setups) and
show how to resolve the forward guidance puzzle.
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Unconstrained in the sense that they are on their Euler equation. We denote the non-participants

by H as they neither save nor borrow and are thus,H and-to-mouth. An unconstrained household

remains unconstrained with probability s and becomes hand-to-mouth with probability1 � s.

Hand-to-mouth households remain hand-to-mouth with probabilityh and switch to being un-

constrained with probability 1 � h. In what follows, we focus on stationary equilibria where

� � 1� s
2� s� h denotes the constant share of hand-to-mouth households. Unconstrained households

receive a share1 � � D of the intermediate �rm pro�ts, D t , and hand-to-mouth households the

remaining share� D .

Households belong to a family whose intertemporal welfare is maximized by its utilitarian

family head. The head can only provide insurance within types but not across types, i.e., the

head pools all the resources within types. Thus, in equilibrium everyU household will consume

and work the same amount and everyH household will consume and work the same amount

but the H households' consumption and labor supply is not necessarily the same as that ofU

households. When households switch from being unconstrained to being hand-to-mouth, they

keep their government bonds.

We allow for the possibility that the family head is boundedly rational in the way we describe

in the following.7 The program of the family head is

V
�
B U

t

�
= max

f CU
t ;C H

t ;B U
t +1 ;N U

t ;N H
t g

�
(1 � � )U

�
CU

t ; N U
t

�
+ � U

�
CH

t ; N H
t

�
�

+ � EBR
t V

�
B U

t+1

�

subject to the �ow budget constraints of unconstrained households

CU
t + B U

t+1 = WtN U
t +

1 � � D

1 � �
D t + s

1 + i t � 1

1 + � t
B U

t ; (1.2)

and the hand-to-mouth households

CH
t = WtN H

t +
� D

�
D t + (1 � s)

1 + i t � 1

1 + � t

1 � �
�

B U
t ; (1.3)

as well as the borrowing constraintB U
t+1 � 0; whereWt is the real wage. The budget constraints

re�ect our assumptions that onlyU households can save in government bonds, but that households

keep their acquired government bonds when switching their type as well as the assumption of full-

insurance within type, as the bonds are equally shared within types.

The optimality conditions are given by the Euler equation of unconstrained households

�
CU

t

� � 

� � EBR

t

h
Rt

�
s

�
CU

t+1

� � 

+ (1 � s)

�
CH

t+1

� � 

�i

; (1.4)

7We show in Appendix A.1.9 how the family head's expectation can be understood as an average expectation
over all households' expectations within the family where each household receives a noisy signal about the future
state.
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whereRt � 1+ i t
1+ � t +1

denotes the real interest rate, and the respective labor-leisure equations of both

types are given by:

�
N i

t

� '
= Wt

�
C i

t

� � 

:

Importantly, the Euler equation of the unconstrained households features a self-insurance motive

as unconstrained households demand bonds to self-insure their idiosyncratic risk of becoming

hand-to-mouth.

We focus on the zero liquidity equilibrium (i.e., bond supplyB G
t is equal to zero for allt) to

keep our model tractable (as in Krusell et al. (2011), McKay et al. (2017), Ravn and Sterk (2017),

and Bilbiie (2021)).

Bounded rationality. We follow Gabaix (2020) and model bounded rationality in the form of

cognitive discounting.8 Let X t be a random variable (or vector of variables) and let us de�neX d
t

as some default value the agent may have in mind and let~X t+1 � X t+1 � X d
t denote the deviation

from this default value.9 The behavioral agent's expectation aboutX t+1 is then de�ned as

EBR
t [X t+1 ] = EBR

t

h
X d

t + ~X t+1

i
� X d

t + �mEt

h
~X t+1

i
; (1.5)

whereEt [�] is the rational expectations operator and�m 2 [0; 1] is the behavioral parameter cap-

turing the degree of rationality. A higher �m denotes a smaller deviation from rational expectations

and rational expectations are captured by�m = 1. Intuitively, the behavioral agent anchors her

expectations to the default value and cognitively discounts expected future deviations from this

default value. We focus on the steady state as the default value but we discuss an alternative

assumption in Section 1.6.3. Note, that absent aggregate shocks the agents are fully rational as

they know their idiosyncratic risk.

While we present a way how to microfound cognitive discounting as a noisy-signal extrac-

tion problem in Appendix A.1.9, note, that the exact microfoundation or underlying behavioral

friction is not crucial for the rest of our analysis. Angeletos and Lian (2023) show how other

forms of bounded rationality or lack of common knowledge can lead to observationally-equivalent

expectations.

Log-linearizing equation (1.5) around the steady state yields

EBR
t [bx t+1 ] = (1 � �m)bxd

t + �mEt [bx t+1 ] (1.6)

8While Gabaix (2020) embeds bounded rationality in a NK model the basic idea of behavioral inattention (or
sparsity) has been proposed by Gabaix earlier already (see Gabaix (2014, 2016)) and a handbook treatment of
behavioral inattention is given in Gabaix (2019). Benchimol and Bounader (2019) and Bonciani and Oh (2022)
study optimal monetary policy in a RANK and TANK model, respectively, with this kind of behavioral frictions.

9Gabaix (2020) focuses on the case in whichX t denotes the state of the economy. He shows (Lemma 1 in
Gabaix (2020)) that this form of cognitive discounting also applies to all other variables. Appendix A.1.8 derives
our results following the approach in Gabaix (2020). The results remain exactly the same.
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and when X d
t is the steady state value, we obtainEBR

t [bx t+1 ] = �mEt [bx t+1 ]. Given �m < 1, ex-

pectations underreact to aggregate news about the future, consistent with �ndings in D'Acunto

et al. (2022) or Roth et al. (2023). In Appendix A.2, we estimate�m for di�erent household groups

based on their income and we �nd that households of all income groups underreact to macroeco-

nomic news. We also discuss other empirical evidence on�m and how we can map recent evidence

in Coibion and Gorodnichenko (2015a) and Angeletos et al. (2021) to�m. As a benchmark, we

follow Gabaix (2020) and set�m to 0.85, which is a rather conservative deviation from rational

expectations, given that the empirical evidence points towards a�m between 0.6 and 0.85.

Firms. We assume a standard New Keynesian �rm side with sticky prices. All households

consume the same aggregate basket of individual goods,j 2 [0; 1], Ct =
� R1

0 Ct (j )
� � 1

� dj
� �

� � 1
,

where� > 1 is the elasticity of substitution between the individual goods. Each �rm faces demand

Ct (j ) =
�

Pt (j )
Pt

� � �
Ct ; where Pt (j )=Pt denotes the individual price relative to the aggregate price

index, P1� �
t =

R1
0 Pt (j )1� � dj; and produces with the linear technologyYt (j ) = N t (j ): The real

marginal cost is given byWt . We assume that the government pays a constant subsidy� S on

revenues to induce marginal cost pricing in the steady state. The subsidy is �nanced by a lump-

sum tax on �rms TF
t . Hence, the pro�t function is D t (j ) = (1+ � S)[Pt (j )=Pt ]Yt (j ) � WtN t (j ) � TF

t :

Total pro�ts are then D t = Yt � WtN t and are zero in steady state. Zero steady-state pro�ts imply

full insurance in steady state, as households only di�er in their pro�t income, i.e., in the steady

state we haveCH = CU = C. In the log-linear dynamics around this steady state, pro�ts vary

inversely with the real wage,bdt = � bwt , where variables with a hat on top denote log-deviations

from steady state. We allow for steady state inequality in Appendix A.4 and show that our results

are not driven by this assumption and are in fact barely a�ected even by substantial inequality in

the steady state.

Government. Fiscal policy induces the optimal steady state subsidy �nanced by lump-sum

taxation of �rms. We introduce taxes and government bonds in our quantitative model in Section

1.4.

In most of the analysis, we assume that monetary policy follows a standard (log-linearized)

Taylor rule
bi t = �� t + � MP

t ; (1.7)

with � MP
t being a monetary policy shock (Appendix A.1 discusses more general Taylor rules). For

now, monetary policy shocks are the only source of aggregate uncertainty.

Market clearing. Market clearing requires that the goods market clearsYt = Ct = �C H
t + (1 �

� )CU
t and the labor market clearsN t = �N H

t + (1 � � )N U
t : Bond market clearing impliesB U

t+1 = 0

at all t.
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1.2.2 Log-Linearized Dynamics

We now focus on the log-linearized dynamics around the full-insurance, zero-liquidity steady state.

First, we can write consumption of the hand-to-mouth households as

bcH
t = � byt ; (1.8)

with

� � 1 + '
�

1 �
� D

�

�
(1.9)

measuring the cyclicality of theH household's consumption (see appendix A.1.1). Patterson

(2022) documents that households with higher MPCs tend to be more exposed to aggregate income

�uctuations induced by monetary policy or other demand shocks�fact (ii) in the introduction. We

can account for fact (ii) by setting � > 1. Similarly, Auclert (2019) �nds that poorer households

tend to exhibit higher MPCs. Together with the �nding in Coibion et al. (2017) and Hintermaier

and Koeniger (2019) that poorer households' income is on average more exposed to monetary

policy shocks, this also implies� > 1. For given ' , this requires� D < � .

Why does � D < � imply that the consumption of hand-to-mouth households moves more

than one-to-one with aggregate output after a monetary policy shock? Consider an expansionary

monetary policy shock, i.e., an unexpected decrease in the nominal interest rate. Unconstrained

households want to consume more and save less, leading to an increase in demand. Firms then

increase their labor demand, leading to an increase in wages. Due to the assumption of sticky

prices and �exible wages, pro�ts in the New Keynesian model decrease. In the representative

agent model, the representative agent both incurs the increase in wages and the decrease in pro�ts

coming from �rms. With household heterogeneity, this is not necessarily the case. If the hand-

to-mouth households receive less of the pro�ts than their share in the population (� D < � ) the

increase in the real wage is fully transmitted to their income whereas the decrease in pro�ts is

not. Thus, the income ofH households increases more than aggregate output increases. The

unconstrained households whose pro�t share is disproportionally large, on the other hand, work

more to make up for the income loss due to lower pro�t income. It is thus mainly the unconstrained

households who produce the additional output.

Combining equation (1.8) with the goods market clearing condition yields

bcU
t =

1 � ��
1 � �

byt ; (1.10)
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which implies that consumption inequality is given by:10

bcU
t � bcH

t =
1 � �
1 � �

byt : (1.11)

Thus, if � > 1, inequality is countercyclical as it varies negatively with total output, i.e., inequal-

ity increases in recessions and decreases in booms. In line with the empirical evidence on the

covariance between MPCs and income exposure the data also points towards� > 1 when looking

at the cyclicality of inequality, conditional on monetary policy: Coibion et al. (2017), Mumtaz

and Theophilopoulou (2017), Ampudia et al. (2018) and Samarina and Nguyen (2023) all provide

evidence of countercyclical inequality conditional on monetary policy shocks.

The second key equilibrium equation is the log-linearized bond Euler equation ofU households:

bcU
t = sEBR

t

�
bcU

t+1

�
+ (1 � s)EBR

t

�
bcH

t+1

�
�

1



�
bi t � EBR

t � t+1

�
: (1.12)

For the case without type-switching, i.e., fors = 1, equation (1.12) boils down to a standard Euler

equation. Fors 2 [0; 1), however, the agent takes into account that she might switch her type and

self-insures against becoming hand-to-mouth next period. How strongly this precautionary-saving

motive a�ects the household's consumption away from the stationary equilibrium will depend

on the household's degree of bounded rationality. We will, following the assumption in Gabaix

(2020), often focus on the case in which households are rational with respect to the real rate, i.e.,

we replaceEBR
t � t+1 with Et � t+1 in equation (1.12). We show in Appendix A.4 that our results go

through with boundedly-rational real-rate expectations.

Supply side. For simplicity and to get a clear understanding of the mechanisms driving our

results, we focus on a static Phillips curve for now:

� t = � byt ; (1.13)

where � � 0 captures the slope of the Phillips curve. Such a static Phillips curve arises if we

assume that �rms are either completely myopic or if they face Rotemberg-style price adjustment

costs relative to yesterday's market average price index, instead of their own price (see Bilbiie

(2021)). In Appendix A.4 we show that a forward-looking Phillips Curve (rational or behavioral)

does not qualitatively a�ect our results.

Discussion of assumptions. Throughout this section, we have imposed several assumptions

that allow us in the following section to analytically characterize our results as well as to generate

analytical insights into how household heterogeneity and bounded rationality interact. In particu-

10We denote the case in which unconstrained households consume relatively more than hand-to-mouth house-
holds as higher inequality, even though they consume the same amount in steady state. As we move away from the
tractable model in Sections 1.4 and 1.5, households' consumption levels will di�er in the stationary equilibrium.
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lar, we assume full insurance within types, exogenous type switching, a zero-liquidity equilibrium,

no inequality in the steady state, a static Phillips Curve and homogeneous degrees of bounded

rationality. We relax all these assumptions in Section 1.4 and show that our results presented in

the following do not depend on these assumptions.

1.3 Results
In this section, we derive the three-equation representation of the tractable behavioral HANK

model and show that the model is consistent with facts (i)-(iv). We also show that the model

nests a wide spectrum of existing models�none of which can account for all the empirical facts

simultaneously.

1.3.1 The Three-Equation Representation

The behavioral HANK model can be summarized by three equations: a Phillips curve, representing

the aggregate supply side captured by equation (1.13), a rule for monetary policy (equation (1.7)),

which together with the aggregate IS equation determines aggregate demand. To obtain the

aggregate IS equation, we combine the hand-to-mouth households' consumption (1.8) with the

consumption of unconstrained households (1.10) and their consumption Euler equation (1.12) (see

appendix A.1 for all the derivations).

Proposition 1. The aggregate IS equation is given by

byt =  f Et byt+1 �  c
1



�
bi t � Et � t+1

�
; (1.14)

where

 f � �m� = �m
�
1 + ( � � 1)

1 � s
1 � ��

�
and  c �

1 � �
1 � ��

:

Compared to RANK, two new coe�cients show up:  c and  f .  c governs the sensitivity of

today's output with respect to the contemporaneous real interest rate. c is shaped by household

heterogeneity, in particular by the share ofH households� and their income exposure� . As the

H households' incomes are more exposed to the aggregate income (� > 1),  c > 1 which makes

current output more sensitive to changes in the contemporaneous real interest rate due to general

equilibrium forces, as we show later.

The second new coe�cient in the behavioral HANK IS equation (1.14), f , captures the sen-

sitivity of today's output with respect to changes in expected future output.  f is shaped by

household heterogeneity and the behavioral friction as it depends on the precautionary-savings

motive, captured by � , and the degree of bounded rationality of households as well as the inter-

action of these two. Given that� > 1, unconstrained households take into account that they will
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be more exposed to aggregate income �uctuations in case they become hand-to-mouth. Thus,

income risk is countercyclical, which manifests itself in� > 1. Countercyclical risk induces com-

pounding in the Euler equation and, thus, competes with the empirically observed underreaction

of aggregate expectations (�m < 1) which induces discounting in the Euler equation. We see in

the following sections that even for a small degree of bounded rationality�much smaller than

the empirics suggest�the discounting through bounded rationality dominates the compounding

through countercyclical income risk. Hence, in the behavioral HANK model it holds that f < 1

which makes the economy less sensitive to expectations and news about the future which is key to

resolve the forward guidance puzzle as well as to obtain a determinate, locally unique equilibrium.

Equation (1.14) nests a wide range of existing IS equations: the IS equation in the standard

rational-expectations RANK model by setting f =  c = 1, RANK models deviating from FIRE

by � =  c = 1, Two-Agent NK (TANK) models by setting �m =  f = 1, and rational HANK

models by �m = 1.

Calibration. We set the share ofH agents to one third,� = 0:33, and � D such that  c = 1:2,

consistent with the empirical �ndings in Patterson (2022). This implies� = 1:35and thus, implies

that high-MPC households' incomes are relatively more sensitive to aggregate �uctuations induced

by monetary policy, in line with the �ndings in Coibion et al. (2017) and Auclert (2019). We set

the probability of a U household to become hand-to-mouth next period to5:4%, i.e., s = 0:946

(this corresponds tos = 0:8 in annual terms). We focus on log utility, 
 = 1, set � = 0:99, and

the slope of the Phillips Curve to� = 0:02, as in Bilbiie et al. (2022). The cognitive discounting

parameter, �m is set to 0.85, as explained in Section 1.2. Details on the calibration and a discussion

of the robustness of our �ndings for di�erent calibrations are presented in Appendix A.2. Note,

that even when we vary certain parameters, we keep� < � � 1.

1.3.2 Monetary Policy

We now show how the behavioral HANK model generates ampli�cation of contemporaneous mon-

etary policy through indirect e�ects while resolving the forward guidance puzzle at the same time.

Additionally, we discuss determinacy conditions and show that the model remains stable at the

e�ective lower bound.

To derive these results, it is sometimes convenient to combine the IS equation (1.14) with the

static Phillips Curve (1.13) and the Taylor rule (1.7) so that we can represent the model in a single

�rst-order di�erence equation:

byt =
 f +  c

�



1 +  c� �



Et byt+1 �
 c

1



1 +  c� �



"MP
t : (1.15)

General equilibrium ampli�cation and forward guidance. We start by showing how the

behavioral HANK model generates ampli�cation of current monetary policy through indirect gen-
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eral equilibrium e�ects while simultaneously ruling out the forward guidance puzzle. The forward

guidance puzzle states that announcements about future changes in the interest rate a�ect output

today as strong (or even stronger) than contemporaneous changes in the interest rate.11 Such

strong e�ects of future interest rate changes, however, seem puzzling and are not supported by

the data (Del Negro et al. (2012), Roth et al. (2023)).

Let us consider two di�erent monetary policy experiments: (i) a contemporaneous monetary

policy shock, i.e., a surprise decrease in the interest rate today, and (ii) a forward guidance shock,

i.e., a news shock today about a decrease in the interest ratek periods in the future. In both

cases, we focus oni:i:d . shocks and� = 0.12

Proposition 2. In the behavioral HANK model, there is ampli�cation of contemporaneous mon-

etary policy relative to RANK if and only if

 c > 1 , � > 1; (1.16)

and the forward guidance puzzle is ruled out if

 f +
�



 c < 1: (1.17)

The behavioral HANK model generates ampli�cation of contemporaneous monetary policy

with respect to RANK whenever � > 1, that is, when high-MPC households' consumption is

relatively more sensitive to aggregate income �uctuations. As discussed in Section 1.2.2, this is

the case empirically.

After a decrease in the interest rate, wages increase and pro�ts decline. AsH agents receive

a relatively smaller share of pro�ts but fully bene�t from the increase in wages, their income

increases more than one-to-one with aggregate income. As they consume their income immediately,

the initial e�ect on total output increases. The unconstrained households, on the other hand,

experience a smaller increase in their income due to the fall in their pro�t income. To make up

for this, they supply more labor and hence, produce the extra output. As a result, c > 1 and the

increase in output is ampli�ed through general equilibrium e�ects. To see the importance of GE

or indirect e�ects, the following Lemma disentangles the direct and indirect e�ects.

Lemma 1. The consumption function in the behavioral HANK model is given by

bct = [1 � � (1 � �� )] byt �
(1 � � )�



br t + � �m� (1 � �� )Etbct+1 : (1.18)

11Detailed analyses of the forward guidance puzzle in RANK are provided by McKay et al. (2016) and Del Negro
et al. (2012).

12If we instead impose� > 0, contemporaneous ampli�cation in the following proposition is not a�ected but the
condition to rule out the forward guidance puzzle is further relaxed. Similarly, assuming completely �xed prices
(� = 0 ), as for example in Farhi and Werning (2019), or modelling forward guidance as changes in thereal interest
rate, as for example in McKay et al. (2016), would also leave the ampli�cation condition unaltered but relaxes the
condition to rule out the forward guidance puzzle.
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Let � denote the exogenous persistence and de�ne the indirect e�ects as the change in total con-

sumption due to the change in total income but for �xed real rates. The share of indirect e�ects,

� GE , out of the total e�ect is then given by

� GE =
1 � � (1 � �� )

1 � � �m�� (1 � �� )
:

Given our calibration and assuming an AR(1) monetary policy shock with a persistence of 0.6,

indirect e�ects account for about 63%, consistent with larger quantitative models as for example

in Kaplan et al. (2018) and thus, the model accounts for fact (i). Holm et al. (2021) state that

the overall importance of indirect e�ects they �nd in the data is comparable to those in Kaplan

et al. (2018), with the di�erence that these e�ects unfold after some time, whereas direct e�ects

are more important on impact. Because in our stylized model the response to a monetary policy

shock peaks on impact indirect e�ects are important right away. Slacalek et al. (2020) provide

further evidence that indirect e�ects are strong drivers of aggregate consumption in response to

monetary policy shocks.

For comparison, the representative agent model generates an indirect share of

� GE =
1 � �

1 � � �m�
;

which, given our calibration, amounts to about2%.

Note, that in the case of an i.i.d. shock the behavioral friction leaves the relative importance

of direct vs. indirect e�ects�i.e., ampli�cation of contemporaneous monetary policy�unaltered,

as ampli�cation of a contemporaneous i.i.d. shock is solely determined by the static redistribution

towards the high MPC households. It is through these indirect general equilibrium e�ects that

monetary policy gets ampli�ed as theH households do not directly respond to interest rate changes

because they do not participate in asset markets.

Turning to forward guidance, note, that the forward guidance puzzle is ruled out if the term
 f +  c

�



1+  c � �



in front of Et byt+1 in the �rst-order di�erence equation (1.15) is smaller than 1. Given that

we consider� = 0, this boils down to the condition stated in Proposition 2.

What determines whether condition (1.17) holds or not? First, note that as in the discussion

of contemporaneous monetary policy, with� > 1 the income ofH agents moves more than one

for one with aggregate income. In this case, unconstrained households who self-insure against

becoming hand-to-mouth in the future want less insurance when they expect a decrease in the

interest rate since if they become hand-to-mouth they would bene�t more from the increase in

aggregate income. Hence, after a forward guidance shock, unconstrained households decrease

their precautionary savings which compounds the increase in output today (� > 1). Yet, as

households are boundedly rational, they cognitively discount these e�ects taking place in the

future. Importantly, unconstrained households cognitively discount both the usual consumption-
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smoothing response due to the future increase in consumption as well as the general equilibrium

implications for their precautionary savings, thereby decreasing the e�ects of the forward guidance

shock on today's consumption. Thus, the model not only accounts for facts (i) and (ii) but

simultaneously accounts for fact (iii).

This last part clearly illustrates the main interaction of bounded rationality and household

heterogeneity that enables the behavioral HANK model to resolve the forward guidance puzzle

while simultaneously generating ampli�cation through indirect e�ects. Households fully under-

stand their idiosyncratic risk of switching their type as well as the implications of switching type

in case there are no aggregate shocks, i.e., in the steady state. If the monetary authority makes an

unexpected announcement about its future policy, however, behavioral households do not fully in-

corporate the e�ects of this policy on their own income risk and thus, their precautionary savings.

Already a small underreaction of the behavioral households is enough to resolve the forward guid-

ance puzzle. Given our calibration there is no forward guidance puzzle in the behavioral HANK

model as long as�m < 0:94 which is above the upper bounds for empirical estimates (see Section

1.2).13 Figure A.1 in Appendix A.2 shows that the solution of the forward guidance in our model

is very robust with respect to changes in the heterogeneity parameters.

We now compare the behavioral HANK model to its rational counterpart to show how the

behavioral HANK model overcomes a shortcoming inherent in the rational HANK model � the

Catch-22 (Bilbiie (2021); see also Werning (2015)). The Catch-22 describes the tension that the

rational HANK model can either generate ampli�cation of contemporaneous monetary policyor

solve the forward guidance puzzle. To see this, note that with�m = 1 the forward guidance puzzle

is resolved when

� +
1



1 � �
1 � ��

� < 1

which requires � < 1; as otherwise� > 1. Assuming � < 1, however, leads todampening of

contemporaneous monetary policy instead of ampli�cation. We graphically illustrate the Catch-

22 of the rational model and its resolution in the behavioral HANK model in Appendix A.3. Note

that also rational TANK models (thus, turning o� type switching) or the behavioral RANK model

would not deliver ampli�cation and resolve the forward guidance puzzle simultaneously. TANK

models would face the same issues as the rational RANK model in the sense that they cannot

solve the forward guidance puzzle while bounded rationality in a RANK model does not deliver

initial ampli�cation.

13A related paradox in the rational model is that as the persistence of the shock increases, the e�ects become
unboundedly large and as the persistence approaches unity, an exogenous increase in the nominal interest rate
becomes expansionary. The behavioral HANK model, on the other hand, does not su�er from this. We elaborate
these points in more detail in Appendix A.4.3.
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Stability at the E�ective Lower Bound

In this section, we revisit the determinacy conditions in the behavioral HANK model and discuss

the implications for the stability at the e�ective lower bound constraint on nominal interest rates.

According to the Taylor principle, monetary policy needs to respond su�ciently strongly to

in�ation in order to guarantee a determinate equilibrium. In the rational RANK model the Taylor

principle is given by� > 1, where� is the in�ation-response coe�cient in the Taylor rule (1.7). We

now derive a similar determinacy condition in the behavioral HANK model and show that both

household heterogeneity and bounded rationality a�ect this condition. The following proposition

provides the behavioral HANK Taylor principle.14

Proposition 3. The behavioral HANK model has a determinate, locally unique equilibrium if and

only if:

� > � � = 1 +
�m� � 1
�



1� �
1� ��

: (1.19)

We obtain Proposition 3 directly from the di�erence equation (1.15). For determinacy, we

need that the coe�cient in front of Et byt+1 is smaller than 1 (the eigenvalues associated with any

exogenous variables are assumed to be� < 1, and are thus stable). Solving this condition for�

yields Propositon 3. Appendix A.1.4 outlines the details and extends the result to more general

Taylor rules.

To understand the condition in Proposition 3, consider �rst �m = 1 and, thus, focus solely on

the role of household heterogeneity. With� > 1, it follows that � � > 1 and, hence, the threshold

is higher than the RANK Taylor principle states. This insu�ciency of the Taylor principle in

the rational HANK model has been shown by Bilbiie (2021) and in a similar way by Ravn and

Sterk (2021) and Acharya and Dogra (2020). As a future aggregate sunspot increases the income

of households in stateH disproportionately, unconstrained households cut back on precautionary

savings today which further increases output today. This calls for a stronger response of the

central bank to not let the sunspot become self-ful�lling.

On the other hand, bounded rationality �m < 1 relaxes the condition as unconstrained house-

holds now cognitively discount both the future aggregate sunspot as well as its implications for

their idiosyncratic risk. A smaller response of the central bank is needed in order to prevent the

sunspot to become self-ful�lling. Given our calibration the cuto� value for �m to restore the RANK

Taylor principle in the behavioral HANK model is 0.966. What is more, given our baseline choice

of �m = 0:85, we obtain � � = � 4. Thus, in the behavioral HANK model it is not necessary that

monetary policy responds to in�ation at all as the economy features a stable unique equilibrium

even under an interest rate peg.

Stability at the e�ective lower bound. Related to the indeterminacy issues under a peg the

traditional New Keynesian model struggles to explain how the economy can remain stable when
14We focus on local determinacy and bounded equilibria.
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the e�ective lower bound (ELB) on nominal interest rates is binding for an extended period of time,

as observed in many advanced economies over recent decades (see, e.g., Debortoli et al. (2020) and

Cochrane (2018)). If the ELB binds for a su�ciently long time, RANK predicts unreasonably large

recessions and, in the limit case in which the ELB binds forever, even indeterminacy.15 Similar to

the forward guidance puzzle, this is even more severe in rational HANK models.

We now show that the behavioral HANK model resolves these issues and thus accounts for

fact (iv). To this end, let us add anatural rate shock(i.e., a demand shock)br n
t to the IS equation:

byt =  f Et byt+1 �  c

�
bi t � Et � t+1 � br n

t

�
:

We assume that in periodt the natural rate decreases to a valueer n that is su�ciently negative

such that the natural rate in levels is below the ELB. The natural rate stays ater n for k � 0 periods

and after k periods the economy returns immediately back to steady state. Agents correctly

anticipate the length of the binding ELB. Iterating the IS equation forward, it follows that output

in period t is given by

byt = �
1



 c

�
biELB � er n

�

| {z }
> 0

kX

j =0

�
 f +

�



 c

� j

; (1.20)

where the term
�
biELB � er n

�
> 0 captures the shortfall of the policy response due to the binding

ELB. Under rational expectations, we have that f > 1, meaning that output implodes ask ! 1 .

The same is true in the rational RANK model which is captured by f =  c = 1. In the behavioral

HANK model, however, this is not the case. As long as f + �

  c < 1 the output response int

is bounded even ask ! 1 . It follows that �m < 0:94 is enough to rule out unboundedly-severe

recessions at the ELB even if the ELB is expected to persist forever. We graphically illustrate in

Appendix A.3 that the behavioral HANK model remains stable also for long spells of the ELB in

which output in the rational models collapses.

Fiscal multipliers. In Appendix A.4, we derive analytically the �scal multiplier in the behav-

ioral HANK model and show that it generates consumption responses that are consistent with

empirical evidence (Dupor et al. (2022)). As for monetary policy, the exposure of high-MPC

households to aggregate income changes leads to positive �scal multipliers in the benchmark case

of constant real rates and cognitive discounting ensures that the multiplier remains �nite, even for

highly-persistent government spending shocks.

15A forever binding ELB basically implies that the Taylor coe�cient is equal to zero and, thus, the nominal
rate is pegged at the lower bound, thereby violating the Taylor principle. Note, that this statement also extends
to models featuring more elaborate monetary policy rules including Taylor rules responding to output or also the
Wicksellian price-level targeting rule, as they all collapse to a constant nominal rate in a world of an ever-binding
ELB.
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Nesting existing models. The behavioral HANK model nests three classes of models in the

literature: the representative-agent rational expectations (RANK) model for� = 0 and �m = 1

(see Galí (2015), Woodford (2003)), representative agent models without FIRE for� = 0 and

�m 2 [0; 1) as, for example, in Gabaix (2019), Angeletos and Lian (2018), and Woodford (2019);

and TANK and tractable HANK models as e.g. in Bilbiie (2008), Bilbiie (2021), McKay et al.

(2017), or Debortoli and Galí (2018) for �m = 1. In contrast to these classes of models, the

behavioral HANK model combines the indirect general equilibrium ampli�cation of monetary

policy with a resolution of the forward guidance puzzle and stability at the ELB. In representative

agent models monetary policy mainly works through direct intertemporal substitution channels

and these models do not feature c 6= 1, rational HANK models on the other hand do not feature

 f < 1 and  c > 1 simultaneously as discussed in Section 1.3.2. Hence, if we abstract from either

bounded rationality or household heterogeneity (or both), the models fails in accounting for the

four facts about the transmission mechanisms and e�ectiveness of monetary policy.

1.4 The Full Behavioral HANK Model
In this section, we move from the limited-heterogeneity setup described in Section 1.2 to an incom-

plete markets setup as in Bewley (1986), Huggett (1993), and Aiyagari (1994) which is standard

in the quantitative HANK literature. There is a continuum of ex-ante identical households all sub-

ject to idiosyncratic productivity risk, incomplete markets, and exogenous borrowing constraints.

Households self-insure against their idiosyncratic risk by accumulating government bonds. Bonds

are now in positive net supply as the �scal authority issues real government debt,B G
t . To �nance

its interest payments, the �scal authority collects tax payments from households. Given these

assumptions, households di�er ex-post in their productivity level,e, and their wealth B . The

households' utility function is the same as in the tractable model (equation (1.1)).

Householdi faces the budget constraint

Ci;t +
B i;t +1

Rt
= B i;t + Wtei;t N i;t + D td(eit ) � � t (eit )

and the borrowing constraintB i;t +1 � B ; whereB denotes an exogenous borrowing limit. House-

holds receive a share of the dividends,D td(eit ), conditional on their productivity, and pay taxes

also conditional on their productivity, � t (eit ). Note that this way, taxes are non-distortionary in

the sense that they do not show up in the household's �rst-order conditions. In line with McKay

et al. (2016), we assume that only the households with the highest productivity pay taxes.

We introduce bounded rationality in the same way as in our tractable model. Households are

fully rational with respect to their idiosyncratic risk, but they cognitively discount the e�ects of

aggregate shocks. Let�Ci;t = C(ei;t ; B i;t ; �Z ) denote consumption of householdi in period t with

idiosyncratic productivity ei;t and asset holdingsB i;t when all aggregate variables are in steady
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state, indicated by �Z . Here,Z potentially denotes a whole matrix of aggregate variables, including,

for example, news shocks (i.e., forward guidance shocks). In other words,�Ci;t denotes consumption

of householdi with productivity ei;t and asset holdingsB i;t in the stationary equilibrium. In case

of an aggregate shock,Z t 6= �Z , consumption is denoted byCi;t = C(ei;t ; B i;t ; Zt ). Assuming as

in the tractable model that the household anchors her expectations to the stationary equilibrium

implies the following Euler equation

C � 

i;t � �R tEBR

t

�
C � 


i;t +1

�

= �R tEBR
t

� �C � 

i;t +1 +

�
C � 


i;t +1 � �C � 

i;t +1

��

= �R tEt
� �C � 


i;t +1 + �m
�
C � 


i;t +1 � �C � 

i;t +1

��
; (1.21)

where the rational expectations operatorEt [�] denotes the expectations that a fully rational house-

hold would have in the behavioral economy. Equation (1.21) illustrates that when households form

expectations about their marginal utility in the next period, their expectations about the marginal

utilities associated with each possible individual state are anchored to the marginal utilities as-

sociated with these states in stationary equilibrium.16 As usual, the Euler equation holds with

equality for non-constrained households while it holds with strict inequality for households whose

borrowing constraint binds. The labor-leisure condition is identical to the one in the tractable

model and holds for every household. With rational expectations (�m = 1), the model collapses to

a standard rational one-asset HANK model, similar to McKay et al. (2016) or Debortoli and Galí

(2018).

Calibration. Most of the calibration is standard in the literature. As in the tractable model,

we set the cognitive discounting parameter to�m = 0:85. We set the dividend shares in order to

match the fact that households with higher MPCs (which is highly correlated with lower produc-

tivity states) tend to be more exposed to aggregate income changes induced by monetary policy

(Patterson (2022)). Consistent with the data and the tractable model, this results in a calibra-

tion in which households with higher productivity receive a larger share of the dividends than

households with a lower productivity. Our calibration implies a correlation between the individual

MPC and the change in gross incomes after a monetary policy shock of0:36. We set the amount

of government debt to match the aggregate MPC of 0.16 out of an income windfall of 500$, as

in Kaplan et al. (2018). This results in a government debt-to-annual-GDP level of 50%. Further

details and the rest of the calibration are relegated to Appendix A.5.

16Note, that this assumption about the anchor value has the desirable property that to �rst order the individual
endogenous state variable,B i;t , is not cognitively discounted, re�ecting the fact that the household knows her asset
holdings.
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1.4.1 Monetary Policy

We now consider two monetary policy experiments. First, a one-time conventional expansionary

monetary policy shock and second, a forward guidance shock that is announced today to take

placek periods in the future. In particular, we assume that the monetary authority announces in

period 0 to decrease the nominal interest rate by 10 basis points in periodk and keeps the nominal

rate at its steady state value in all other periods. Following Farhi and Werning (2019), we focus

on the case with fully rigid prices such that the change in the nominal rate translates one for one

to changes in the real rate and is thus also consistent with the exercise in McKay et al. (2016). In

addition, we also follow Farhi and Werning (2019) and McKay et al. (2016) in assuming that the

government debt level remains constant,B G
t = �B G.

Figure 1.1: Monetary Policy and Forward Guidance

Note: This �gure shows the response of total output in period 0 to anticipated one-time monetary policy shocks
occurring at di�erent horizons k, relative to the response in the representative agent model under rational expecta-
tions (normalized to 1). The blue-dashed line shows the results for the behavioral HANK model, the orange-dotted
line for the rational HANK model with countercyclical inequality and the black-dashed-dotted line for the rational
HANK model with procyclical inequality.

Figure 1.1 shows on the vertical axis the response of output in period 0,dY0, to an announced

real rate change implemented in periodk (horizontal axis). The white horizontal line represents

the response in the rational RANK model (normalized to 1). The constant response in RANK is

a consequence of the assumption that forward guidance is implemented through changes in the

real rate.

The blue-dashed line shows the results for the behavioral HANK model. We see that contem-

poraneous monetary policy has stronger e�ects than in RANK. As estimated by Patterson (2022),

we obtain an ampli�cation of 20% compared to the case in which all households are equally ex-

posed. The intuition is the same as in the tractable model: as households with higher MPCs tend

to be more exposed to aggregate income changes, monetary policy is ampli�ed through indirect
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general equilibrium e�ects. Turning again to an AR(1)-process with a persistence of 0.6, we �nd

that indirect e�ects account for 53% of the total e�ect in the quantitative behavioral HANK con-

sistent with our tractable model. At the same time, the behavioral HANK model does not su�er

from the forward guidance puzzle, as shown by the decline in the blue-dashed line. Interest rate

changes announced to take place in the future have relatively weaker e�ects on contemporaneous

output and the e�ects decrease with the horizon.17

In contrast, the orange-dotted and the black-dashed-dotted lines highlight the tension in ra-

tional HANK models. When households with high MPCs tend to be more exposed to aggregate

income �uctuations�which corresponds to � > 1 in the tractable model and which we refer to

as the countercyclical HANK model�contemporaneous monetary policy is as strong as in the

behavioral model. But with rational expectations the ampli�cation through indirect e�ects ex-

tends intertemporally and results in an aggravation of the forward guidance puzzle. Indeed, we see

from the orange-dotted line that the farther away the announced interest rate change takes place,

the stronger the response of output today. A change that is announced to take place in twenty

quarters leads to a response of today's output that is about 50% stronger than a contemporaneous

monetary policy shock.

When, in contrast to the data, households with higher MPCs tend to be less exposed to aggre-

gate income �uctuations� � < 1 in the tractable model and which we refer to as theprocyclical

HANK model�the rational HANK model resolves the forward guidance puzzle (see McKay et al.

(2016)). But the procyclical HANK model is unable to generate ampli�cation of contemporaneous

monetary policy (see black-dashed-dotted line) and will have quite di�erent policy implications,

as we will see in Section 1.5.

Sticky wages. So far, we have assumed that prices are sticky and wages are fully �exible. We

show in Appendix A.5.1 that our results remain robust if instead we allow prices to be fully �exible

but wages to be sticky.

Stronger ampli�cation. In our baseline calibration, contemporaneous monetary policy shocks

are 20% more e�ective compared to the representative agent model. In Appendix A.5.2, we show

that cognitive discounting still resolves the forward guidance puzzle even when doubling the initial

ampli�cation to 40%. While the forward guidance puzzle gets substantially exacerbated in the

rational model, the behavioral HANK model still resolves the puzzle and thus, our results remain

robust.

Stability at the e�ective lower bound. To test the stability of the model at the e�ective

lower bound�fact (iv)�we consider a shock to the discount factor that pushes the economy to

the ELB for twelve periods, in the behavioral and the rational model. After that the shock jumps

17We �nd that for our baseline calibration the behavioral HANK model resolves the forward guidance puzzle as
long as �m < 0:96.
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back to its steady state value. Consistent with the tractable model, the recession in the rational

model is substantially more severe. While output drops on impact by 5% in the behavioral model,

it drops by 10% in the rational model (see Appendix A.5 for details).

Fiscal multipliers. We furthermore show that the quantitative behavioral HANK model gener-

ates positive consumption responses to a �scal spending shock under a constant real rate. To this

end, we consider a temporary increase in government consumption �nanced by lump-sum trans-

fers. To such a �scal policy shock private consumption increases independently of the persistence

of the �scal shock (see Appendix A.5 for details).

Overall, we conclude that our main insights of the tractable behavioral HANK model carry over

to the quantitative behavioral HANK model and that also the quantitative model simultaneously

accounts for the facts (i)-(iv) outlined in the introduction.

1.4.2 Heterogeneous Cognitive Discounting

So far, we have assumed that all households exhibit the same degree of rationality. In reality,

however, there might be heterogeneity with respect to the degree of cognitive discounting. Indeed,

as we show in Appendix A.2.1, while underreaction is found across all income groups, the data

suggests that higher income households deviate somewhat less from rational expectations. To

model this, we assume that a household's rationality is a function of her productivity levele:

�m(e = eL ) = 0 :8, �m(e = eM ) = 0 :85 and �m(e = eH ) = 0 :9.

This parameterization serves three purposes: �rst, the lowest-productivity households exhibit

the largest deviation from rational expectations and the degree of rationality increases monotoni-

cally with productivity. Second, the average degree of bounded rationality remains0:85 such that

we can isolate the e�ect of heterogeneity in bounded rationality from its overall level. And third,

this is a rather conservative parameterization�both in terms of the degree of heterogeneity and

in the level of rationality�compared to the results in the data which points more towards lower

levels of rationality across all households and less dispersion. We discuss alternative calibrations�

including one in which a subgroup of households is fully rational�in Appendix A.5.

Figure 1.2 compares the model with heterogeneous degrees of bounded rationality (black-

dashed-dotted line) to our baseline quantitative behavioral HANK model (blue-dashed line) for

the same monetary policy experiments as above. The e�ect of a contemporaneous monetary policy

shock is practically identical across the two scenarios consistent with the insight that ampli�cation

of a contemporaneous monetary policy shock is barely a�ected by the degree of rationality. At

longer horizons, however, monetary policy is more e�ective in the economy in which households

di�er in their degrees of rationality.

There are two competing e�ects: �rst, high productivity households are now more rational such

that they react stronger to announced future changes in the interest rate compared to the baseline

which increases the e�ectiveness of forward guidance. Second, low productivity households are
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Figure 1.2: Heterogeneous�m and Monetary Policy

Note: This �gure shows the response of total output in period 0 to anticipated i.i.d. monetary policy shocks
occurring at di�erent horizons k for the baseline calibration with �m = 0 :85 for all households (blue-dashed line)
and for the model in which households di�er in their levels of cognitive discounting (black-dashed-dotted line).

less rational which tends to dampen the e�ectiveness of forward guidance. Yet, a large share of

low productivity households are at their borrowing constraint and, thus, do not directly react to

future changes in the interest rate anyway while most of the high productivity households are

unconstrained. Hence, the �rst e�ect dominates and forward guidance is more e�ective compared

to the baseline model. Overall, however, the di�erences across the two calibrations are rather

small. As we show in Appendix A.2.1, even when the highest productivity households are fully

rational the forward guidance puzzle is resolved and the e�ects of forward guidance vanish quite

quickly with the horizon.

1.5 Policy Implications: In�ationary Supply Shocks
Having established that the behavioral HANK model is consistent with recent facts about the

transmission and e�ectiveness of monetary policy, we now use it to revisit the policy implications

of in�ationary supply shocks. Many advanced economies have recently experienced a dramatic

surge in in�ation and at least part of this is attributed to disruptions in production, such as supply-

chain �bottlenecks� (see, e.g., di Giovanni et al. (2022)). We model these disruptions as a negative

total factor productivity (TFP) shock and analyze how monetary policy has to be implemented

after such a shock in order to stabilize in�ation.

Production of intermediate-goods �rm j is now given byYt (j ) = A tN t (j ), where A t is total

factor productivity following an AR(1)-process,A t = (1 � � A ) �A + � A A t � 1 + "A
t ; and "A

t is an i.i.d.

shock, �A the steady-state level of TFP and� A the persistence ofA t which we set to� A = 0:9.

Each �rm can adjust its price with probability 0.15 in a given quarter and we assume that �rms

have rational expectations to fully focus on the role of bounded rationality on the household side.
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Government debt is time-varying and total tax payments,Tt , follow a standard debt feedback

rule, Tt � �T = # B t +1 � �B
�Y , where we set# = 0:05. We consider two di�erent monetary policy regimes:

in the �rst one, monetary policy follows a strict in�ation-targeting rule and implements a zero

in�ation rate in all periods. In the second one, monetary policy follows a standard Taylor rule.

The size of the shock is such that output in the model with fully-�exible prices, complete

markets and rational expectations�what we from now on call potential output�decreases by 1%

in terms of deviations from its steady state. We normalize the leisure parameter in the complete

markets, �exible price model such that it has the same steady state output as our behavioral HANK

model. Theoutput gapis then de�ned as the di�erence between actual output and potential output

divided by steady state output.

Figure 1.3 shows the impulse-response functions of output, the output gap, in�ation, nominal

interest rates, government debt and the consumption Gini index as a measure of inequality after

the negative supply shock when monetary policy fully stabilizes in�ation. The blue-dashed lines

show the responses in the behavioral HANK model and the orange-dotted lines in the rational

HANK model. The output responses are almost indistinguishable across the two models and

practically identical to the fall in potential output such that the output gap is essentially zero.

Yet, the reaction of monetary policy di�ers signi�cantly across the two models. The nominal

interest rate in the behavioral HANK model increases twice as much on impact as in the rational

HANK model. The reason is that behavioral households cognitively discount the future higher

interest rates that they expect due to the persistence of the shock. Hence, these expected higher

future rates are less e�ective in stabilizing in�ation today. Thus, to induce zero in�ation in every

period, monetary policy needs to increase interest rates by more than in the rational HANK model,

in which the expected future interest rate hikes are very powerful. As this line of reasoning applies

in each period, the interest rate in the behavioral HANK model remains above the interest rate

in the rational model.

Raising interest rates increases the cost of debt for the government which it �nances in the short

run by issuing additional debt. The bottom-middle panel in Figure 1.3 shows that government debt

in the behavioral model increases by more than twice as much as in the rational model. Thus, the

�scal implications of monetary policy are larger due to the stronger response of monetary policy.

On top of the stronger increase in government debt and interest rates, consumption inequality

increases more strongly in the behavioral model compared to the rational model. The reason is that

along the wealth distribution, increases in the real interest rate redistribute to wealthier households

and, hence, to households who already have a higher consumption level. As the increases in the

real interest rate are higher in the behavioral HANK model, these redistribution e�ects are more

pronounced. Because monetary policy fully stabilizes in�ation and the output gap, dividends and

wages fall by the same relative amount after the productivity shock, such that each household's

labor and dividend income falls by the same amount. Hence, the redistribution channels present

in Sections 1.3 and 1.4 after policy shocks are muted here.
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Figure 1.3: In�ationary supply shock: strict in�ation-targeting

Note: This �gure shows the impulse responses after a TFP shock that decreases potential output by 1% in the
in�ation-stabilizing monetary policy regime. Output and the output gap are shown as percentage deviations from
steady state output, the nominal interest rate and in�ation as annualized percentage points and the government
debt level as percentage point deviations of the debt-per-annual GDP level. The lower-right �gure shows the change
in the consumption Gini index as a percentage deviation from the stationary equilibrium.

In Appendix A.6.6, we show that both the increase in consumption inequality and the impli-

cations for �scal policy are even more evident when initial debt levels are high, especially in the

behavioral HANK model.

How do these results change when monetary policy follows a standard Taylor rule? Figure 1.4

shows the case when monetary policy follows a simple Taylor rule (1.7) with a feedback coe�cient

of 1.5. In�ation and the output gap increase by substantially more in the behavioral HANK than in

its rational counterpart even though the (nominal and real) interest rate increases by more as well.

The reason is a novel ampli�cation channel arising because of household heterogeneity, cognitive

discounting and the interaction of the two: the positive output gap increases wages and decreases

pro�ts relative to the in�ation stabilizing regime in the same way as expansionary policy shocks
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Figure 1.4: In�ationary supply shock: Taylor rule

Note: This �gure shows the impulse responses after a productivity shock for the case that monetary policy follows
a Taylor rule. Output and the output gap are shown as percentage deviations from steady state output, the
nominal interest rate and in�ation as annualized percentage points and the government debt level as percentage
point deviations of the debt-per annual-GDP level. The lower-right �gure shows the change in the consumption
Gini index as a percentage deviation from the stationary equilibrium.

in Sections 1.3 and 1.4 do. This redistributes on average towards lower income and higher MPC

households which further increases the output gap and in�ation. In addition, the higher expected

real interest rates in response to the negative supply shock lead to a negative deviation of expected

consumption from stationary equilibrium. In the behavioral HANK model, households cognitively

discount these negative deviations of expected consumption from stationary equilibrium and hence,

they decrease today's consumption by less compared to fully rational households. This further

increases the output gap which ampli�es the redistribution to high MPCs households which again

ampli�es the increase in the output gap until the economy ends up in an equilibrium with a higher

output gap and higher in�ation.18

18Note that the fact that both the underlying heterogeneity and bounded rationality amplify persistent supply
shocks is in stark contrast to a persistent demand shock like a monetary policy shock in which case heterogeneity
would amplify and cognitive discounting dampen the e�ect. For example, a monetary shock of 1 percentage point
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Thus, while in�ation and the output gap increase substantially when monetary policy follows

a Taylor rule, consumption inequality is now decreasing instead of increasing both in the rational

as well as in the behavioral HANK model and it decreases even more in the behavioral model

(see lower-right panel in Figure 1.4). While higher interest rates still redistribute to relative

consumption-rich households, this e�ect on consumption inequality is now dominated by the in-

crease in the output gap which redistributes to relatively consumption-poor households. Finally,

the government debt level also increases more than in the rational HANK model, but both increase

by less than when monetary policy fully stabilizes in�ation.

Decomposition of the ampli�cation channel. In the behavioral HANK model in�ation

increases substantially more than in RANK (in�ation in RANK increases by 1 percentage point

on impact, see Appendix A.6.3). How much of the additional in�ation increase in the behavioral

HANK model is due to the underlying heterogeneity, cognitive discounting and the interaction

of the two? Figure 1.5 decomposes the ampli�cation channel into these three components. It

shows the additional in�ation increase in the behavioral HANK model compared to the in�ation

increase in the RANK benchmark, that is� � BHANK
t � � BHANK

t � � RANK
t , depicted by the

black-solid line. The �gure further shows the additional in�ation increase in the rational HANK

model � � HANK
t � � HANK

t � � RANK
t (orange-dotted line) and the sum of the additional in�ation

increases in the rational HANK model and the behavioral RANK model,� � HANK
t + � � BRANK

t ,

with � � BRANK
t � � BRANK

t � � RANK
t , which is depicted by the blue-dashed line.

� � HANK
t shows how much of the ampli�cation compared to RANK is caused solely by house-

hold heterogeneity (indicated by the orange area).� � BRANK
t (which corresponds to the blue area)

can be interpreted as the ampli�cation coming from cognitive discounting alone. Correspondingly,

� � HANK
t + � � BRANK

t captures the ampli�cation that would arise if cognitive discounting and

household heterogeneity are both present, but would not interact with each other. Thus, the dif-

ference between between� � BHANK
t and � � HANK

t + � � BRANK
t (the gray area) depicts the extra

ampli�cation coming from the complementarity of heterogeneity and cognitive discounting.

Under our baseline calibration, this complementarity amounts to about 10% on impact of the

in�ation response in RANK (the in�ation response in RANK is 1 percentage point on impact). As

the additional increase in the behavioral HANK,� � BHANK
t , is about 1.2 percentage points, the

complementarity explains about 8.5% of theadditional increase. Under a more extreme calibration,

i.e., a cognitive discounting parameter of 0.6 instead of 0.85 and an unequal exposure of households

that implies an ampli�cation of 30% instead of 20% of conventional monetary policy, implies that

the complementarity amounts to more than 70% of the impact in�ation response in RANK (or

about 25% of theadditional increase in that case). As we show in Figure A.11 in Appendix

A.6.1, the in�ation increase that is due to the interaction becomes even larger than the one due

with persistence of 0.6 increases in�ation on impact by1:44 annualized percentage points in the rational HANK
model, by 1:24 in the behavioral HANK and by 1:03 in RANK.
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to household heterogeneity under this alternative calibration.

Figure 1.5: Decomposition of the Additional In�ation Increase

Note: This �gure shows the additional in�ation increase in the rational HANK model compared to the rational
RANK model (orange-dotted line), the sum of the additional increase in the rational HANK and the behavioral
RANK compared to the rational RANK model (blue-dashed line) and the additional increase in behavioral HANK
model compared to the rational RANK model (black-solid line).

Given the larger sensitivity of in�ation to supply shocks due to this novel ampli�cation channel,

our model may hence o�er a (partial) explanation for why many advanced economies have seen

large in�ation increases following the Covid-19 pandemic.

Comparison to the procyclical HANK model. One of the reasons why the behavioral

HANK model ampli�es supply shocks is that it is less responsive to expected future interest rates.

A natural question is then: how do its policy implications compare to those derived in rational

HANK models that are calibrated to resolve the forward guidance puzzle? As shown in Section

1.4, when all households receive an equal share of the dividends, the rational model can resolve

the forward guidance puzzle (McKay et al. (2016)). This implies that households with high MPCs

bene�t less from income increases induced by monetary policy, thereby violating fact (ii).

Figure A.13 in the appendix shows that this "procyclical" rational HANK model predicts a

much weaker response of in�ation to the same supply shock in the case of a standard Taylor rule.

The reason is that now the positive output gap redistributes on average to high-income and low

MPC households which further dampens aggregate demand. In other words, this model features

a dampening channel compared to RANK after supply shocks instead of an ampli�cation channel

as in the behavioral HANK model.19

The two models also di�er in terms of their cross-sectional implications: in the procyclical

19Another take-away is that for a given persistent demand shock, the behavioral HANK model and a recalibrated
version of the procyclical HANK model could be observationally equivalent in terms of the output and in�ation
response. Yet, these two models di�er drastically after supply shock.
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HANK model, consumption inequality increases strongly whereas it decreases in the behavioral

HANK model.

If monetary policy fully stabilizes in�ation, the procyclical HANK model becomes observation-

ally equivalent with the countercyclical HANK model (our baseline rational HANK model that

accounts for fact (ii))�both in terms of aggregates and in the cross-section�but not with the

behavioral HANK model. The reason is that now the output gap is closed which switches o� the

channels that weaken the e�ects of expected future interest rate changes in the forward guidance

experiment. Households still fully incorporate the whole path of future interest rates, inconsistent

with the large empirical evidence on households' inattention and underreaction to monetary policy

(Coibion and Gorodnichenko (2015a), Coibion et al. (2022a), D'Acunto et al. (2022) or Roth et al.

(2023)). In the behavioral HANK model, however, the resolution of the forward guidance puzzle is

due to a weakening of the expectations channel more generally, even when the output gap is kept

at zero. Thus, the underlying reason for the resolution of the forward guidance puzzle matters

when it comes to the monetary implications of supply shocks.

The role of the tax system. As the monetary authority raises interest rates more strongly in

the behavioral model after in�ationary supply shocks, the spillovers to �scal policy become larger.

Therefore, the tax system or the design of �scal policy becomes more important. We highlight this

by considering a di�erent tax system, in particular, a less-progressive one. While in the baseline

case only the high productivity households pay taxes, now all households pay taxes proportional

to their productivity (see Appendix A.6.5 for details).

We �nd that the increase in inequality in the full-in�ation-stabilization case is much more

pronounced in the behavioral model when taxes are less progressive. Furthermore, the increase

in inequality is much more persistent. The reason is that more productive households tend to

be less borrowing constrained and thus, adjust their consumption on impact in expectation of

higher future taxes. Households at the borrowing constraint, however, reduce their consumption

once taxes actually increase. As these households tend to consume relatively little, consumption

inequality increases over time as taxes increase. Appendix A.6.5 shows these results graphically.

Heterogeneous �m. When we incorporate heterogeneous�m along the lines described in Section

1.4.2, we �nd that the trade-o� is slightly weaker compared to our baseline while still signif-

icantly stronger than in the rational HANK model (see Appendix A.6.4). The reason is that

high-productivity households tend to be more likely to directly respond to monetary policy and as

these households are now closer to rational expectations, they respond more strongly to expected

future higher interest rates. Therefore, monetary policy has to react slightly less than in the case

with homogeneous degrees of cognitive discounting. In the case of a Taylor rule, the ampli�ca-

tion channel is also slightly less strong. Quantitatively, however, the di�erences are tiny and the

trade-o� that arises due to households' cognitive discounting remains substantial.
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Furthermore, heterogeneity in cognitive discounting a�ects the role of the �scal regime. In

particular, as more productive households are less behavioral, the future expected increase in

taxes is almost fully accounted for by them. Less productive households, on the other hand,

cognitively discount these future expected tax increases more strongly and thus, respond less to

them on impact. Under a more progressive tax system, the �rst channel is more important and

hence, the initial e�ect on inequality is smaller in the case when monetary policy fully stabilizes

in�ation and taxes are progressive. The reason is that more productive households�who tend to

consume more�decrease their consumption more strongly on impact as they expect future higher

taxes.

Behavioral �rms. In Appendix A.6.7, we discuss the case in which �rms cognitively discount

the future in the same way as households. The increase in in�ation when monetary policy follows

a Taylor rule is somewhat muted whereas the increase in the output gap is ampli�ed compared to

the case in which �rms are rational. The reason is that �rms discount the increase in their future

marginal costs and thus increase their prices not as strongly. According to the Taylor rule this

then leads to a smaller increase in interest rates so that households consume more, leading to an

increase in demand and thus, the output gap.

Cost-push shocks. So far, we have focused on the in�ationary pressure coming from negative

TFP shocks. We show in Appendix A.6.8 that if the in�ationary pressure comes from a cost-

push shock instead, the monetary and �scal implications are very similar: the central bank needs

to raise interest rates much more strongly in the behavioral HANK model than in the rational

HANK model to fully stabilize in�ation. This pushes up the government debt level, especially

in the behavioral HANK model. If monetary policy instead follows a Taylor rule, again in�ation

is much more sensitive to the supply shock in the behavioral HANK model than in the rational

HANK model.

1.6 Model Extensions
We now extend the tractable model along three dimensions to show how the interaction of house-

hold heterogeneity and bounded rationality helps to match further empirical facts. First, we show

that the behavioral HANK model matches the empirical estimates of intertemporal marginal

propensities to consume (iMPCs) and how they depend on bounded rationality, heterogeneity

and the interaction of the two. Second, we allow for sticky wages and show how the interplay of

sticky wages, household heterogeneity and bounded rationality leads to hump-shaped responses of

macroeconomic variables in response to aggregate shocks as well as forecast-error dynamics consis-

tent with recent �ndings from survey data. Third, we derive an equivalence result between HANK

models with bounded rationality and HANK models with incomplete information and learning.
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1.6.1 Intertemporal MPCs

The HANK literature shows that intertemporal marginal propensities to consume are a key statistic

for conducting policy analysis (see, e.g., Auclert et al. (2018), Auclert et al. (2020), and Kaplan and

Violante (2022)).20 We follow the tractable HANK literature and de�ne the aggregate iMPCs as

the partial derivative of aggregate consumption at timek, bck , with respect to aggregate disposable

income, ~y0, keeping everything else �xed (see Bilbiie (2021), Cantore and Freund (2021)). The

following Proposition characterizes the iMPCs in the behavioral HANK model (see Appendix A.7

for the derivation).

Proposition 4. The intertemporal MPCs in the behavioral HANK model, i.e., the aggregate con-

sumption response in periodk to a one-time change in aggregate disposable income in period 0,

are given by

MPC0 �
dbc0

dey0
= 1 �

1 � ��
s �m

� � 1
2

MPCk �
dbck

dey0
=

1 � ��
s �m

� � 1
2

�
� � 1 � � 1

�
� k� 1

1 ; for k > 0;

where the parameters� 1 and � 2 depend on the underlying parameters, including�m and � and are

explicitly spelled out in Appendix A.7.

We calibrate the model annually as most of the empirical evidence on iMPCs is annual (see

Fagereng et al. (2021) and Auclert et al. (2018)). We sets = 0:8 and � = 0:95, and keep the rest

of the calibration as in Section 1.3. Figure 1.6 graphically depicts how the interplay of bounded

rationality �m and household heterogeneity� determines the size of the aggregate iMPCs. The

left panel depicts the aggregate MPCs within the �rst year (in period0) and the right panel the

aggregate MPCs within the second year (in period1). Darker colors represent higher MPCs. First,

note that with our baseline calibration� � = 1:35 and �m = 0:85 as shown by the black dots�the

behavioral HANK model generates iMPCs within the �rst year of0:52 and within the second year

of 0:15. These values lie within the estimated bounds for the iMPCs in the data (Auclert et al.

(2018)) which are between0:42� 0:6 for the �rst and 0:14� 0:16 for the second year (see dashed

lines). Away from our baseline calibration, an increase in� increases the MPCs in the �rst year

but decreases them in the second year. In contrast, an increase in�m increases the aggregate MPC

in the �rst year and in the second year.

Let us �rst turn to the role of � for the iMPCs. Recall, the higher� the more sensitive is the

income of theH households to a change in aggregate income. Thus, with higher� , H households

gain weight in relative terms for the aggregate iMPCs while unconstrained households loose weight

in relative terms. This pushes up the aggregate MPC within the �rst year as theH households

spend all of their income windfall, but pushes down the aggregate MPC within the second year
20See, e.g., Lian (2023) or Boutros (2022) for MPC analyses in models deviating from FIRE.
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Figure 1.6: Intertemporal MPCs, Bounded Rationality and Household Heterogeneity

Note: This �gure shows the aggregate intertemporal MPCs in our tractable model, i.e., the aggregate consumption
response in year0 (left) and year 1 (right) to a change in aggregate disposable income in year0 for di�erent �
(horizontal axis) and �m (vertical axis). The dashed lines show the range of empirically-estimated iMPCs and the
black dot shows the model estimate given our baseline calibration. Darker colors represent higher MPCs (see the
colorbars on the right side of the �gures).

as households that were hand-to-mouth in the period of the income windfall have a MPC of0 in

the second year.

Bounded rationality, captured by �m, a�ects only the MPCs of the initially-unconstrained

households as these are the only households who intertemporarily optimize. Their Euler equation

dictates that the decrease in today's marginal utility of consumption�due to the increase in

consumption�is equalized by a decrease in tomorrow's expected marginal utility. For behavioral

households, however, the decrease in tomorrow's marginal utility needs to be more substantial

as they cognitively discount it. Hence, behavioral households save relatively more out of the

income windfall. This pushes down the aggregate MPCs int = 0. The same is true for the

aggregate MPC int = 1, in which there are now two opposing forces at work: on the one hand,

unconstrained households again cognitively discount the expectations about the future decrease

in their marginal utility which depresses their consumption. On the other hand, unconstrained

households have accumulated more wealth from periodt = 0 which tends to increase consumption.

Given our calibration, the former dominates int = 1. Figure A.25 in Appendix A.7 shows that,

beginning ink = 3, the latter e�ect starts to dominate. For a higher idiosyncratic risk of becoming

hand-to-mouth, i.e., an increase in the transition probability1 � s, the aggregate MPC is already

higher in t = 1 for lower �m. The reason is that a smaller fraction of initially-unconstrained

households remains unconstrained which pushes consumption upwards ink = 1 (see Figure A.26

in Appendix A.7).
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The e�ects of a change in�m are more pronounced at lower levels of� . This follows directly

from our discussion about the role of� and �m: the lower � , the higher is the relative importance

of unconstrained households for the aggregate iMPCs and, in turn, the stronger is the e�ect of�m

on the aggregate iMPCs. These interaction e�ects are quite substantial: at� = 1:35, a decrease

of �m from 1 to 0.65 decreases theMPC0 by 8% and the MPC1 by more than 11%.

1.6.2 Sticky Wages

Recent HANK models have relaxed the assumption of fully-�exible wages and rather assume wages

to be sticky, bringing these models closer to the data (see, e.g., Auclert et al. (2020) or Broer et al.

(2020)). To introduce sticky wages, we follow Colciago (2011) and assume a centralized labor

market in which a labor union allocates the hours of households to �rms and makes sure thatU

and H households work the same amount. The labor union faces the typical Calvo (1983) friction,

such that it can re-optimize the wage within a given period only with a certain probability, giving

rise to a wage Phillips Curve. We assume that the labor union sets wages based on rational

expectations to focus on the e�ects of bounded rationality solely on the household side.

The wage Phillips curve is given by

� w
t = � Et � w

t+1 + � w b� w
t ;

where� w
t denotes wage in�ation,� w the slope of the wage Phillips curve andb� w

t is a time-varying

wage markup, given byb� w
t = 
 bct + ' bnt � bwt : We set � w = 0:075as in Bilbiie et al. (2022).

We follow Auclert et al. (2020) and introduce interest-rate smoothing in the Taylor rule:bi t =

� ibi t � 1 + (1 � � i )�� t + "MP
t with � i = 0:89 and � = 1:5 as estimated by Auclert et al. (2020)

and assume the shocks"MP
t to be completely transitory. Similar to the wage setters, we assume

price-setting �rm managers to be fully rational, giving rise to the standard New Keynesian Phillips

curve

� t = � Et � t+1 + � � cmct ;

where cmct denotes the time-varying price markup. The rest of the model is as above. We relegate

the details and the parameterization to Appendix A.8.

Hump-shaped responses to monetary policy shocks. Figure 1.7 shows the impulse-response

functions of output, real wages and consumption of the two household types to a monetary policy

shock for the behavioral HANK model with sticky wages (blue-dashed lines). Importantly, the

�gure shows that the output response to a monetary policy shock is hump-shaped in the behavioral

HANK model but neither in its rational counterpart (orange-dotted lines) nor in its representative-

agent counterpart (black-solid lines show the rational RANK results and the black-dashed-dotted

lines the results for the behavioral RANK model).

Wage rigidity leads to a hump-shaped response in real wages, which is the case in all four
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models. Since wages determine theH households' income in the rational and the behavioral

HANK, their consumption also follows a hump-shape (see lower right �gure). Crucial for the

overall response, however, is not only the response ofH households but also the response of

unconstrained households.

Figure 1.7: Monetary Policy Shock with Sticky Wages

Note: This �gure shows the impulse-response functions of output, real wages and consumption of the two household
types to a monetary policy shock in the tractable behavioral HANK model, the rational and the behavioral RANK
model and the rational HANK model with sticky wages. The shock size is normalized such that output in the
rational HANK model increases by 1pp on impact.

Under rational expectations, unconstrained households perfectly understand how the consump-

tion of H agents will respond in the future and what this implies for their idiosyncratic risk induced

by type switching. In particular, they understand already on impact that their self-insurance mo-

tive will be relaxed for some periods. Thus, unconstrained households immediately cut back on

precautionary savings and, thus, their consumption responds strongly on impact. Under bounded

rationality, however, unconstrained households cognitively discount the future and underreact to

the expected increase in wages and, thus, the relaxation of their idiosyncratic risk. Hence, on im-

pact, they do not cut back on precautionary savings as strong as a rational household would. Going

forward, they learn that their self-insurance motive is still (or even more) relaxed. As a conse-

quence, their consumption decreases more slowly inducing a �atter consumption pro�le compared

to a rational unconstrained household. It is the combination of the �atter consumption pro�le of

unconstrained households and the hump-shaped consumption pro�le of the hand-to-mouth that

generates the hump-shaped response of consumption in the aggregate.
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The model with a representative (rational or behavioral) agent does not generate the hump-

shaped response. The reason is that without hand-to-mouth agents, the wage pro�le does not

translate into hump-shaped consumption of (a sub population of) households to begin with. It

is thus indeed theinteraction of household heterogeneity and bounded rationality that produces

these hump-shaped responses.

Auclert et al. (2020) argue that many macroeconomic models fail to generate themicro jumps

and macro humpsthat we observe in the data, i.e., iMPCs that respond strongly on impact and

hump-shaped responses of macroeconomic variables to aggregate shocks. Our results on iMPCs in

Section 1.6.1 as well as the results presented in Figure 1.7 show how the behavioral HANK model

o�ers a tractable analogue to the full-blown HANK model presented in Auclert et al. (2020).

Forecast-error dynamics. We now show that the sticky-wage behavioral HANK model gen-

erates dynamic forecast errors as observed in survey data. In particular, households' expectations

initially underreact followed by delayed overreaction as recently documented empirically in An-

geletos et al. (2021) for unemployment and in�ation and in Adam et al. (2022) for housing prices.

Consistent with the empirical exercise in Angeletos et al. (2021), we focus on three-quarter ahead

forecasts. For a variablebx, the three-period ahead forecast error is de�ned as

FE bx
t+ h+3 jt+ h � bx t+ h+3 � �m3Et+ h [bx t+ h+3 ] ;

such that a positive forecast error means the forecast was lower than the actual outcome.

Figure 1.8 shows the forecast errors of output, the real wage and consumption of the two

household types starting in the �rst period in which the expectations start to change which in this

case corresponds to the fourth period after the shock. For completeness, the orange-dashed lines

at zero show that under rational expectations, i.e.,�m = 1, forecast errors are equal to 0. In the

behavioral HANK model, however, this is not the case. In fact, forecast errors are positive in the

�rst few quarters after the shock, illustrating the underreaction of the agents' expectations to the

shock.

After about 10-15 quarters, however, forecast errors turn negative. Put di�erently, the behav-

ioral agents' expectations show patterns of delayed overreaction. In contrast to Angeletos et al.

(2021) or Adam et al. (2022), the behavioral HANK model with sticky wages generates these

dynamic patterns of forecast errors even though the behavioral agents' expectations are purely

forward looking.

Where does the delayed overshooting come from? As �gure 1.7 shows, output falls below its

steady-state level after some periods in the HANK models. The reason is that with sticky wages,

wages increase very persistently. In HANK, this makes the consumption of theH households

very persistent which, ceteris paribus, makes the increase in aggregate demand more persistent.

Monetary policy reacts to this by increasing the nominal interest rate more strongly and more

38



Figure 1.8: Forecast Errors with Sticky Wages in Response to a Monetary Policy Shock

Note: This �gure shows the forecast error dynamics of output, the real wage, consumption of unconstrained
households and of hand-to-mouth households after an expansionary monetary policy shock in the tractable model.

persistently. Due to inertia in the Taylor rule, however, the interest rate stays high even as

aggregate demand returns to its steady state level, generating a mild recession after about 15

quarters (consistent with larger HANK models, see, for example, Auclert et al. (2020)). The

behavioral agents then not only underestimate the boom after the monetary policy shock in the

short-run, but also underestimate the mild recession in the medium-run, which causes the delayed

overshooting in their expectations.

Note that the behavioral RANK model (black-solid lines) does not generate these delayed

overreactions. Only when allowing for both�household heterogeneity and bounded rationality�

the model is able to generate hump-shaped responses of macroeconomic aggregates and forecast

error dynamics that are consistent with recent evidence from household survey expectations.

1.6.3 Bounded Rationality and Incomplete Information with Learning:

An Equivalence Result

In this section, we derive an equivalence result of heterogeneous-household models featuring

bounded rationality and those featuring incomplete information with learning. In particular,

we show how a change in the default value in the behavioral setup leads to an observationally

equivalent IS equation as in models with incomplete information and learning (see Angeletos and
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Huo (2021) and Gallegos (2023)). To this end, we now assume that behavioral agents anchor

their expectations to their last observationinstead of the steady state values which induces a

backward-looking component in the expectations as well as in the IS equation:

Proposition 5. Set the boundedly-rational agents' default value to the variable's past valueX d
t =

X t � 1: In this case, the boundedly-rational agent's expectations ofX t+1 becomes

EBR
t [X t+1 ] = (1 � �m)X t � 1 + �mEt [X t+1 ] (1.22)

and the behavioral HANK IS equation is then given by

byt =  f Et byt+1 �  c
1



�
bi t � Et � t+1

�
+(1 � �m)� byt � 1: (1.23)

Proposition 5 shows that the change in the agents' default value does not change the existing

behavioral and heterogeneity coe�cients f and  c. Yet, anchoring to past realizations introduces

an additional backward-looking term in the IS equation, similar to models relying on habit persis-

tence. The IS equation thus featuresmyopia and anchoring as in Angeletos and Huo (2021) and

Gallegos (2023) who derive an IS equation with the same reduced form. Their setup, however, is

based on incomplete-information and learning. We complement their �ndings by showing how we

can generate the equivalent outcome based on abehavioral relaxation of FIRE.

1.7 Conclusion
In this paper, we develop a new framework for business-cycle and policy analysis: the behavioral

HANK model. To arrive at this framework, we introduce bounded rationality in the form of

cognitive discounting and household heterogeneity into a sticky price model. The model can

account for recent empirical �ndings on the transmission mechanisms of monetary policy. In

particular, households with higher marginal propensities to consume tend to be more exposed to

changes in aggregate income that are induced by monetary policy, leading to an ampli�cation

of conventional monetary policy through indirect e�ects. Simultaneously, the model rules out

the forward guidance puzzle and remains stable at the e�ective lower bound. The model thus

overcomes a tension in existing models with household heterogeneity: when accounting for the

underlying heterogeneity, these models tend to aggravate the forward guidance puzzle and the

instability issues at the lower bound. Both, bounded rationality and household heterogeneity, are

crucial to arrive at our results.

The behavioral HANK model predicts that central banks that want to stabilize in�ation after

an in�ationary supply shock need to hike the nominal interest rate much more strongly than un-

der rational expectations�even in rational models that do not su�er from the forward guidance

puzzle. Hiking interest rates, however, leads to a more pronounced increase in public debt and
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inequality, especially when initial debt levels are already high. Finally, we uncover a novel ampli�-

cation channel in response to negative supply shocks: when monetary policy follows a Taylor rule,

household heterogeneity and cognitive discounting both generate a larger increase in in�ation and

the output gap and the two mutually reinforce each other.

Given its consistency with empirical facts about the transmission of monetary policy, the

behavioral HANK model provides a natural laboratory for both business-cycle and policy analysis.

Our framework can also easily be extended along many dimensions, some of which we have explored

in the paper, whereas others are left for future work.
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Appendix A

Appendix to Chapter 1

A.1 Model Details and Derivations

A.1.1 Derivation of �

In Section 1.2, we stated that

bcH
t = � byt ; (A.1)

where� � 1+ '
�

1 � � D

�

�
is the crucial statistic coming from the limited heterogeneity setup. We

now show how we arrive at equation (A.1) from theH -households' budget constraint, optimality

conditions and market clearing.

The labor-leisure condition of theH households is given by

(N H
t ) ' = Wt (CH

t )� 
 ; (A.2)

and similarly for the U households. As we focus on the steady state with no inequality, we have

that in steady state C = CH = CU and N = N U = N H and market clearing and the production

function imply Y = C = N , which we normalize to 1.

Log-linearizing the labor-leisure conditions yields

' bnH
t = bwt � 
 bcH

t

' bnU
t = bwt � 
 bcU

t :

Since both households work for the same wage, we obtain

' bnH
t + 
 bcH

t = ' bnU
t + 
 bcU

t (A.3)
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Log-linearizing the market clearing conditions yields

bnt = � bnH
t + (1 � � )bnU

t

bct = � bcH
t + (1 � � )bcU

t ;

which can be re-arranged as (usingbyt = bct = bnt )

bnU
t =

1
1 � �

�
byt � � bnH

t

�

bcU
t =

1
1 � �

�
byt � � bcH

t

�
:

ReplacingbnU
t and bcU

t in equation (A.3) then gives

' bnH
t + 
 bcH

t = ( ' + 
 )byt : (A.4)

The budget constraint of H households (accounting for the fact that bond holdings are zero in

equilibrium) is given by

CH
t = WtN H

t +
� D

�
D t : (A.5)

In log-linearized terms, we get

bcH
t = bwt + bnH

t +
� D

�
bdt ; (A.6)

and using that bwt = � bdt = ' bnH
t + 
 bcH

t , we get

bcH
t =

�
' bnH

t + 
 bcH
t

�
�

1 �
� D

�

�
+ bnH

t : (A.7)

Using (A.4) to solve forbnH
t and plugging it into (A.7) yields

bcH
t = bcH

t 

�

1 �
� D

�

�
+ �

�
' + 


'
byt �



'

bcH
t

�
:

Grouping terms, we obtain

bcH
t = � byt ;

with � � 1 + '
�

1 � � D

�

�
, as stated above.
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A.1.2 Derivation of Proposition 1.

Combining equations (1.8) and (1.10) with the bounded-rationality setup in equation (1.6) for

bxd
t = 0 as X d

t is given by the steady state, we have

EBR
t

�
bcH

t+1

�
= �mEt

�
bcH

t+1

�
= �m� Et [byt+1 ]

EBR
t

�
bcU

t+1

�
= �mEt

�
bcU

t+1

�
= �m

1 � ��
1 � �

Et [byt+1 ] :

Plugging these two equations as well as equation (1.10) into the Euler equation of unconstrained

households (1.12) yields

1 � ��
1 � �

byt = s �m
1 � ��
1 � �

Et [byt+1 ] + (1 � s) �m� Et [byt+1 ] �
1



�
bi t � Et � t+1

�
:

Combining the Et [byt+1 ] terms and dividing by 1� ��
1� � yields the following coe�cient in front of

Et [byt+1 ]:

 f � �m
�
s + (1 � s)�

1 � �
1 � ��

�

= �m
�
1 � 1 + s + (1 � s)�

1 � �
1 � ��

�

= �m
�
1 �

1 � ��
1 � ��

+ s + (1 � s)�
1 � �

1 � ��

�

= �m
�
1 �

1 � ��
1 � ��

+
(1 � �� )s

1 � ��
+ (1 � s)�

1 � �
1 � ��

�

= �m
�
1 + ( � � 1)

1 � s
1 � ��

�
:

De�ning  c � 1� �
1� �� yields the behavioral HANK IS equation in Proposition 1:

byt =  f Et byt+1 �  c
1



�
bi t � Et � t+1

�
:

A.1.3 Derivation of Proposition 2.

The �rst part comes from the fact that ampli�cation is obtained when

 c =
1 � �

1 � ��
> 1;

which requires� > 1, given that we assume throughout�� < 1.

For the second part, recall how we de�ne the forward guidance experiment (following Bilbiie

(2021)). We assume a Taylor coe�cient of 0, i.e.,� = 0, such that the nominal interest rate
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is given bybi t = "MP
t . Replacing in�ation using the Phillips curve (1.13), i.e.,� t = � byt , we can

re-write the behavioral HANK IS equation from Proposition 1 as

byt =  f Et byt+1 �  c
1



�
"MP

t � � Et byt+1
�

=
�

 f +  c
1



�
�

Et byt+1 �  c
1



"MP
t

The forward guidance puzzle is ruled out if and only if

�
 f +  c

1



�
�

< 1;

which is the same as the condition stated in Proposition 2:

�m� +
1



1 � �
1 � ��

� < 1:

Solving this for �m yields

�m <
1 � 1� �


 (1� �� ) �

�
;

which completes Proposition 2.

A.1.4 Derivation of Proposition 3.

Replacingbi t by �� t = �� byt and Et � t+1 = � Et byt+1 in the IS equation (1.14), we get

byt =  f Et byt+1 �  c
1



(�� byt � � Et byt+1 ) ;

which can be re-written as

byt

�
1 +  c

1



��
�

= Et byt+1

�
 f +  c

1



�
�

:

Dividing by
�

1 +  c
1

 ��

�
and plugging in for  f and  c yields

byt =
�m� + (1� � )�


 (1� �� )

1 + �� 1



(1� � )
1� ��

Et byt+1 :

To obtain determinacy, the term in front of Et byt+1 has to be smaller than 1. Solving this for�

yields

� > � � = 1 +
�m� � 1
�



1� �
1� ��

; (A.8)
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which is the condition in Proposition 3. This illustrates how bounded rationality raises the like-

lihood that the Taylor principle ( � � = 1) is su�cient for determinacy, as the Taylor principle can

only hold if

�m� � 1:

In the rational model, this boils down to� � 1. However, the Taylor principle can be su�cient un-

der bounded rationality, i.e., �m < 1, even when� > 1, thus, even when allowing for ampli�cation.

Note that we could also express condition (A.8) as

� > � � = 1 +
 f � 1

�

  c

:

Proposition 3 can be extended to allow for Taylor rules of the form

bi t = � � � t + � ybyt

and in which the behavioral agents do not have rational expectations about the real interest rate

but rather perceive the real interest rate to be equal to

br BR
t � bi t � �mr Et � t+1 ;

where �mr can be equal to �m or can potentially di�er from it (if it equals 1, we are back to the

case in which the behavioral agent is rational with respect to real interest rates).

Combining the static Phillips Curve with the generalized Taylor rule and the behavioral HANK

IS equation, it follows that

byt =
 f + �


  c �mr

1 +  c

 (�� � + � y)

Et byt+1 : (A.9)

From equation (A.9), it follows that we need

� � > �mr � � y +
 f � 1

 c
�



= �mr � � y +
�m� � 1

1� �
1� ��

�



(A.10)

for the model to feature a determinate, locally unique equilibrium. Condition (A.10) shows that

both, �mr < 1 and � y > 0, weaken the condition in Proposition 3. Put di�erently, bounded

rationality with respect to the real rate or a Taylor rule that responds to changes in output, both

relax the condition on� � to yield determinacy.
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A.1.5 IS Curve with Government Spending

Government spending is �nanced by uniform taxes,� H
t = � U

t = Gt , householdH 's net income is:

bcH
t = bwt + bnH

t +
� D

�
bdt � gt ; (A.11)

wheregt = log(Gt=Y).

We �rst derive householdsH consumption as a function of total incomebyt . The good markets

clearing condition is now

byt = � bcH
t + (1 � � )bcU

t + gt : (A.12)

Plugging this and the labor market clearing condition into (A.3), yields:

' bnH
t + 
 bcH

t = ( ' + 
 )byt � 
g t : (A.13)

Replacing wages and the dividends in the households' budget constraint yields:

bcH
t =

�
' bnH

t + 
 bcH
t

�
�

1 �
� D

�

�
+ bnH

t � gt : (A.14)

and using (A.13) yields:

bcH
t =

�
' bnH

t + 
 bcH
t

�
�

1 �
� D

�

�
+ bnH

t � gt : (A.15)

Finally, consumption of H is given by:

bcH
t = � byt �

"
� � 1
1 + '




+ 1

#

gt (A.16)

which is

bcH
t = � (byt � gt ) +

"
� � 1
1 + 


'

#

gt : (A.17)

The consumption of unconstrained households is then given by (using the market clearing

condition):

bcU
t =

1 � ��
1 � �

(byt � gt ) �
�

1 � �
� � 1
1 + 


'

gt : (A.18)

The IS curve in terms of aggregate consumption is then obtained by plugging the consumption

of the hand-to-mouth and of unconstrained households into the Euler equation of unconstrained

households and usingbct = ( byt � gt ).
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1 � ��
1 � �

bct �
�

1 � �
� � 1
1 + 


'

gt = sEBR
t

"
1 � ��
1 � �

bct+1 �
�

1 � �
� � 1
1 + 


'

gt+1

#

+(1 � s)EBR
t

"

� bct+1 +

"
� � 1
1 + 


'

#

gt+1

#

�
1



Et (bi t � � t+1 );

which can be re-written as (using similar derivations as in Appendix A.1.2)

bct =  f Etbct+1 �
1



 cEt (bi t � � t+1 ) +
�

1 + 

'

� � 1
1 � ��

gt

�

"

s
�

1 � ��
� � 1
1 + 


'

+ (1 � s)
� � 1
1 + 


'

1 � �
1 � ��

#

EBR
t gt+1

=  f Etbct+1 �
1



 cEt (bi t � � t+1 ) + �

"
� (� � 1)
1 � ��

(gt � �mEtgt+1 ) + ( � � 1) �mEtgt+1

#

with � = 1
1+ 


'
. Replacing the expectations and taking the derivative with respect togt yields the

consumption multiplier.

A.1.6 Derivation of Lemma 1

Let us �rst state a few auxiliary results that will prove helpful later. First, in log-linearized terms,

the stochastic discount factor is given by

1



EBR
t bqU

t;t +1 = bcU
t � s �mEtbcU

t+1 � (1 � s) �mEtbcH
t+1

and for i periods ahead:

1



EBR
t bqU

t;t + i = bcU
t � s �mi EtbcU

t+ i � (1 � s) �mi EtbcH
t+ i :

Furthermore, we have:

1



EBR
t bqU

t+1 ;t+2 = EBR
t

�
bcU

t+1 � sbcU
t+2 � (1 � s)bcH

t+2

�

= �mEtbcU
t+1 � s �m2EtbcU

t+2 � (1 � s) �m2EtbcH
t+2

and the stochastic discount factor has the property

EBR
t

�
bqU

t;t + i

�
= EBR

t

�
bqU

t;t +1 + bqU
t+1 ;t+2 + ::: + bqU

t+ i � 1;t+ i

�
:
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Using these results,EBR
t

�
bqU

t;t + i

�
can be written as

1



EBR
t bqU

t;t + i = bcU
t + (1 � s) �mEt

�
bcU

t+1 � bcH
t+1

�

+ (1 � s) �m2Et
�
bcU

t+2 � bcH
t+2

�
+ :::+

+ (1 � s) �mi Et
�
bcU

t+ i � bcH
t+1

�
� �mi EtbcU

t+ i ;

or put di�erently

1



EBR
t bqU

t;t + i + �mi EtbcU
t+ i = bcU

t + (1 � s)Et

iX

k=1

�mk
�
bcU

t+ k � bcH
t+ k

�
: (A.19)

The (linearized) budget constraint can be written as

EBR
t

1X

i =0

� i

�
1



bqU
t;t + i + bcU

t+ i

�
= EBR

t

1X

i =0

� i

�
1



bqU
t;t + i + byU

t+ i

�

, EBR
t

1X

i =0

� i

�
1



bqU
t;t + i

�
+ Et

1X

i =0

(� �m) i bcU
t+ i = EBR

t

1X

i =0

� i

�
1



bqU
t;t + i

�
+ Et

1X

i =0

(� �m) i byU
t+ i :

Now, focus on the left-hand side and notice that the sumEt

1P

i =0
(� �m) i bcU

t+ i cancels with the

�mi EtbcU
t+ i terms in equation (A.19) when summing them up. The left-hand side of the budget

constraint can thus be written as

Et

1X

i =0

� i

 

bcU
t + (1 � s)

iX

k=1

�mk
�
bcU

t+ k � bcH
t+ k

�
!

=
1

1 � �
bcU

t + (1 � s)Et

1X

i =0

� i
iX

k=1

�mk
�
bcU

t+ k � bcH
t+ k

�

=
1

1 � �
bcU

t +
1 � s
1 � �

Et

1X

i =1

(� �m) i �
bcU

t+ i � bcH
t+ i

�
:

Note, from the Euler equation of the unconstrained households, we obtain the real interest rate

�
1



br t = bcU
t � sEBR

t bcU
t+1 � (1 � s)EBR

t bcH
t+1

=
1



EBR
t bqU

t;t +1 ;

and similarly,

�
1



�mi Et br t+ i =
1



EBR
t bqU

t+ i;t + i +1 ;
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wherebr t is the (linearized) real interest rate.

Combining these results, we see that

EBR
t

1X

i =0

� i 1



bqU
t;t + i = �

1
1 � �

1



� Et

1X

i =0

(� �m) i br t+ i :

Plugging this into the right-hand side of the budget constraint and multiplying both sides by1� �

yields

bcU
t = �

1



� br t + (1 � � )byU
t � (1 � s)Et

1X

i =1

(� �m) i �
bcU

t+ i � bcH
t+ i

�

�
1



� Et

1X

i =1

(� �m) i br t+ i + (1 � � )Et

1X

i =1

(� �m) i byU
t+ i ;

or written recursively

bcU
t = �

1



� br t + (1 � � )byU
t + � �msEtbcU

t+1 + � �m(1 � s)EtbcH
t+1 :

Now, aggregating, i.e., multiplying the expression forbcU
t by (1 � � ), adding � bcH

t and using

bcH
t = � byt as well asbyU

t = 1� ��
1� � byt , yields the consumption function

bct = [1 � � (1 � �� )] byt �
(1 � � )�



br t + � �m� (1 � �� )Etbct+1 ; (A.20)

as stated in the main text.

To obtain the share of indirect e�ects, note that the model does not feature any endogenous

state variables and hence, endogenous variables inherit the persistence of the exogenous variables,

� . Thus, Etbct+1 = � bct . Plugging this into the consumption function (A.20), we get

bct =
1 � � (1 � �� )

1 � � �m�� (1 � �� )
byt �

(1 � � )�

 (1 � � �m�� (1 � �� ))

br t :

The term in front of byt is the share of indirect e�ects.

A.1.7 Derivation of Proposition 5

To prove Proposition 5, we start from the Euler equation (1.12). Plugging in forbcU
t , bcU

t+1 and bcH
t+1

from equations (1.8) and (1.10), we get

byt = sEBR
t [byt+1 ] + (1 � s)

1 � �
1 � ��

EBR
t [byt+1 ] �  c

�
bi t � Et � t+1

�
;
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which can be re-written as

byt = � EBR
t [byt+1 ] �  c

�
bi t � Et � t+1

�
:

Now, using the expectations setup from Proposition 5, we get� EBR
t [byt+1 ] = (1 � �m)� byt � 1 +

�m� Et [byt+1 ] which proves Proposition 5.

A.1.8 Cognitive Discounting of the State Vector

In Section 1.2, we assume that cognitive discounting applies to all variables, which di�ers slightly

from the assumption in Gabaix (2020) who assumes that cognitive discounting applies to thestate

of the economy (exogenous shocks as well as announced monetary and �scal policies). He then

proves (Lemma 1 in Gabaix (2020)) how cognitive discounting applies as a result (instead of as an

assumption) to all future variables, including future consumption choices. For completeness, we

show in this section how our results are una�ected when following the approach in Gabaix (2020).

Let X t denote the (de-meaned) state vector which evolves as

X t+1 = GX (X t ; " t+1 ) ; (A.21)

where GX denotes the transition function ofX in equilibrium and " are zero-mean innovations.

Linearizing equation (A.21) yields

X t+1 = � X t + " t+1 ; (A.22)

where" t+1 might have been renormalized. The assumption in Gabaix (2020) is that the behavioral

agent perceives the state vector to follow

X t+1 = �mGX (X t ; " t+1 ); (A.23)

or in linearized terms

X t+1 = �m (� X t + " t+1 ) : (A.24)

The expectation of the boundedly-rational agent ofX t+1 is thus EBR
t [X t+1 ] = �mEt [X t+1 ] = �m� X t .

Iterating forward, it follows that EBR
t [X t+ k ] = �mkEt [X t+ k ] = �mk � kX t .

Now, consider any variablez(X t ) with z(0) = 0 (e.g., demeaned consumption of unconstrained

householdsCU (X t )). Linearizing z(X ), we obtain z(X ) = bz
X X for somebz

X and thus

EBR
t [z(X t+ k)] = EBR

t [bz
X X t+ k ]

= bz
X EBR

t [X t+ k ]

= bz
X �mkEt [X t+ k ]

= �mkEt [bz
X X t+ k ]
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= �mkEt [z(X t+ k)] :

For example, expected consumption of unconstrained households tomorrow (in linearized terms)

is given by

EBR
t

�
bcU (X t+1 )

�
= �mEt

�
bcU (X t+1 )

�
; (A.25)

which we denote in the main text as

EBR
t

�
bcU

t+1

�
= �mEt

�
bcU

t+1

�
: (A.26)

Now, take the linearized Euler equation (1.12) of unconstrained households:

bcU
t = sEBR

t

�
bcU

t+1

�
+ (1 � s)EBR

t

�
bcH

t+1

�
�

1



br t ; (A.27)

wherebr t � bi t � Et � t+1 .

Using the notation in Gabaix (2020), we can write the Euler equation as

bcU (X t ) = sEBR
t

�
bcU (X t+1 )

�
+ (1 � s)EBR

t

�
bcH (X t+1 )

�
�

1



br (X t ): (A.28)

Now, applying the results above, we obtain

bcU (X t ) = s �mEt
�
bcU (X t+1 )

�
+ (1 � s) �mEt

�
bcH (X t+1 )

�
�

1



br (X t ); (A.29)

which after writing bcU (X t ), bcU (X t+1 ) and bcH (X t+1 ) in terms of total output yields exactly the IS

equation in Proposition 1.

A.1.9 Microfounding �m

Gabaix (2020) shows how to microfound�m from a noisy signal extraction problem in the case of a

representative agent. Following these lines, we show how this signal-extraction problem generates

a setup in which the family head behaves as if she was boundedly rational.

The (linearized) law of motion of the state variable,X t , is given by X t+1 = � X t + " t+1 (a

similar reasoning extends to the non-linearized case), whereX has been demeaned. Now assume

that every agent j within the family of unconstrained households (the expectations of the hand-

to-mouth agents are irrelevant) receives a noisy signal ofX t+1 , Sj
t+1 , given by

Sj
t+1 =

8
<

:
X t+1 with probability p

X 0
t+1 with probability 1 � p

whereX 0
t+1 is an i.i.d. draw from the unconditional distribution ofX t+1 , which has an unconditional
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mean of zero. In words, with probabilityp the agent j receives perfectly precise information and

with probability 1 � p agent j receives a signal realization that is completely uninformative. A

fully-informed rational agent would havep = 1.

The conditional mean ofX t+1 , given the signalSj
t+1 , is given by

X e
t+1 � E

�
X t+1 jSt+1 = sj

t+1

�
= p � sj

t+1 :

To see this, note that the joint distribution of (X t+1 ; Sj
t+1 ) is

f (x t+1 ; sj
t+1 ) = pg(sj

t+1 )� sj
t +1

(x t+1 ) + (1 � p)g(sj
t+1 )g(x t+1 );

where g(X t+1 ) denotes the distribution of X t+1 and � is the Dirac function. Given that the

unconditional mean ofX t+1 is 0, i.e.,
R

x t+1 g(x t+1 )dxt+1 = 0, it follows that

Et
�
X t+1 jSj

t+1 = sj
t+1

�
=

R
x t+1 f (x t+1 ; sj

t+1 )dxt+1R
f (x t+1 ; sj

t+1 )dxt+1

=
pg(sj

t+1 )sj
t+1 + (1 � p)g(sj

t+1 )
R

x t+1 g(x t+1 )dxt+1

g(sj
t+1 )

= psj
t+1 :

The intuition is that the signal distribution is such that the agent either receives a perfectly precise

signal or a completely uninformative signal. As the perfectly-precise signal arrives with probability

p and the unconditional mean is zero, it follows that the agent puts a weightp on the signal.

Furthermore, we have

E [St+1 jX t+1 ] = pX t+1 + (1 � p)E
�
X 0

t+1

�
= pX t+1 :

So, it follows that the averageexpectation ofX t+1 within the family is given by

E
�
X e

t+1 (St+1 )jX t+1
�

= E [p � St+1 jX t+1 ]

= p � E [St+1 jX t+1 ]

= p2X t+1 :

De�ning �m � p2 and sinceX t+1 = � X t + " t+1 , we have that the family head perceives the law of

motion of X to equal

X t+1 = �m (� X t + " t+1 ) ; (A.30)

as imposed in equation (A.24). The boundedly-rational expectation ofX t+1 is then given by

EBR
t [X t+1 ] = �mEt [X t+1 ] :
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A.2 Calibration
Our baseline calibration is summarized in Table A.1. The values for
 and � are directly taken from

Bilbiie (2021, 2020) and are quite standard in the literature. Gabaix (2020), however, sets� = 0:11

and 
 = 5. Even though these coe�cients di�er quite substantially from our baseline calibration,

note that our results would barely be a�ected by this. To see this, note thatampli�cation is only

determined by � and � , both independent of� and 
 . The determinacy condition on the other

hand depends on both,� and 
 , but what ultimately matters is the fraction �

 (see Proposition 3).

As � and 
 are both approximately �ve times larger in Gabaix (2020) compared to Bilbiie (2021)

and our baseline calibration, the fraction is approximately the same and thus, the determinacy

region under an interest-rate peg remains unchanged.

Table A.1: Tractable Model: Baseline Calibration

Parameter Description Value

 Risk Aversion 1
� Slope of NKPC 0:02
� Business-Cycle Exposure ofH 1:35
� Share ofH 0:33
s Type-Switching Probability 0:81=4

� Time Discount Factor 0.99
�m Cognitive Discounting Parameter 0:85

The household heterogeneity parameters,� , � and s are also standard in the analytical HANK

literature (see Bilbiie (2020)). The most important assumption for our qualitative results in Section

1.3 is � > 1. With � = 0:33, a � of 1.35 implies an ampli�cation of conventional monetary policy

shocks of 20% compared to RANK, as estimated by Patterson (2022).

For �gure 1.6, i.e., to compute the iMPCs we choose a yearly calibration withs = 0:8 and

� = 0:95.

The cognitive discounting parameter �m. The cognitive discounting parameter�m is set to

0.85, as in Gabaix (2020) and Benchimol and Bounader (2019). Fuhrer and Rudebusch (2004),

for example, estimate an IS equation and �nd that f � 0:65, which together with � > 1, would

imply a �m much lower than 0.85 and especially our determinacy results would be even stronger

under such a calibration.

Another way to calibrate �m (as pointed out in Gabaix (2020)) is to interpret the estimates

in Coibion and Gorodnichenko (2015a) through the �cognitive-discounting lens�. They regress

forecast errors on forecast revisions

x t+ h � Ftx t+ h = c + bCG (Ftx t+ h � Ft � 1x t+ h) + ut ;
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whereFtx t+ h denotes the forecast at timet of variable x, h periods ahead. Focusing on in�ation,

they �nd that bCG > 0 in consensus forecasts, pointing tounderreaction (similar results are, for

example, found in Angeletos et al. (2021) and Adam et al. (2022) for other variables).

In the model, the law of motion ofx is x t+1 = � ( x t + " t+1 ) whereas the behavioral agents

perceive it to be x t+1 = �m� ( x t + " t+1 ). It follows that Ftx t+ h = ( �m�) h x t and thus, forecast

revisions are equal to

Ftx t+ h � Ft � 1x t+ h = ( �m�) h x t � ( �m�) h+1 x t � 1

= ( �m�) h �(1 � �m)x t � 1 + ( �m�) h " t :

The forecast error is given by

x t+ h � Ftx t+ h = � h(1 � �mh)� x t � 1 + � h(1 � �mh)" t +
h� 1X

j =0

� j " t+ h� j ;

where
h� 1P

j =0
� j " t+ h� j is the rational expectations forecast error. Gabaix (2020) shows thatbCG is

bounded belowbCG � 1� �mh

�mh , showing that �m < 1 yields bCG > 0, as found empirically. When

replacing the weak inequality with an equality, we get

�mh =
1

1 + bCG
:

Angeletos et al. (2021) estimatebCG (focusing on a horizonh = 3) to lie betweenbCG 2 [0:74; 0:81]

for unemployment forecasts andbCG 2 [0:3; 1:53] for in�ation, depending on the considered period

(see their Table 1). These estimates imply�m 2 [0:82; 0:83] for unemployment and �m 2 [0:73; 0:92]

for in�ation, and are thus close to our preferred value of 0.85. Note, however, that these estimates

pertain to professional forecasters and should therefore be seen as upper bounds on�m. We now

turn to direct evidence on �m for households (of di�erent income groups). We �nd that households

are less rational than professional forecasters.

A.2.1 Estimating �m for di�erent Household Groups

To test for heterogeneity in the degree of cognitive discounting, we follow Coibion and Gorod-

nichenko (2015a) and regress forecast errors on forecast revisions as follows

x t+4 � Ee;BR
t x t+4 = ce + be;CG

�
Ee;BR

t x t+4 � Ee;BR
t� 1 x t+4

�
+ � e

t ; (A.31)

to estimate be;CG for di�erent groups of households, indexed bye. As shown above,be;CG > 0 is

consistent with underreaction and the corresponding cognitive discounting parameter is approxi-
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mately given by

�me =
�

1
1 + be;CG

� 1=4

: (A.32)

Ideally, we would use actual data and expectations data about future marginal utilities of

consumption which, however, are not available. Instead, we focus on expectations about future

unemployment. The Survey of Consumers from the University of Michigan provides 1-year ahead

unemployment expectations and we use the unemployment rate from the FRED database as our

measure of actual unemployment. Consistent with the model, we split the households into three

groups based on their income. The bottom and top income groups each contain the25%households

with the lowest and highest income, respectively, and the remaining50%are assigned to the middle

income group.

The Michigan Survey asks households whether they expect unemployment to increase, de-

crease or to remain about the same over the next twelve months. We follow Carlson and Parkin

(1975), Mankiw (2000) and Bhandari et al. (2022) to translate these categorical unemployment

expectations into numerical expectations.

Focus on groupe 2 f L; M; H g and let qe;D
t , qe;S

t and qe;U
t denote the shares within income

group e reported at time t that think unemployment will go down, stay roughly the same, or go

up over the next year, respectively. We assume that these shares are drawn from a cross-sectional

distribution of responses that are normally distributed according toN (� e
t ; (� e

t )2) and a threshold

a such that when a household expects unemployment to remain within the range[� a; a] over the

next year, she responds that unemployment will remaine "about the same". We thus have

qe;D
t = �

�
� a � � e

t

� e
t

�
qe;U

t = 1 � �
�

a � � e
t

� e
t

�
;

which after some rearranging yields

� e
t =

2a

� � 1
�

1 � qe;U
t

�
� � � 1

�
qe;D

t

�

� e
t = a � � e

t � � 1
�

1 � qe;U
t

�
:

This leaves us with one degree of freedom, namelya. We make two assumptions. First,a is

independent of the income group. The second assumption is that we seta = 0:5 which means

that if a household expects the change in unemployment to be less than half a percentage point

(in absolute terms), she reports that she expects unemployment to be about the same as it is at

the time of the survey. Settinga = 0:1, for example, barely a�ects our results.

As the question in the survey is about the expected change in unemployment, we add the actual

unemployment rate at the time of the survey to� e
t to construct a time-series of unemployment

expectations, as in Bhandari et al. (2022). That said, we will also report the case of expected
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unemploymentchanges.

Given the so-constructed expectations, we can compute forecast revisions as

� e
t � � e

t � 1

and four-quarter-ahead forecast errors using the actual unemployment rateut obtained from FRED

as

ut+4 � � e
t : (A.33)

For the case of expected unemployment changes, we replaceut+4 with (ut+4 � ut ) in equation

(A.33).

Following Coibion and Gorodnichenko (2015a), we then regress forecast errors on forecast

revisions

ut+4 � � e
t = ce + be;CG

�
� e

t � � e
t � 1

�
+ � e

t ; (A.34)

to estimate be;CG for each income groupe. Note, however, that the expectations in the forecast

revisions are about unemployment at di�erent points in time. To account for this, we instrument

forecast revisions by themain business cycle shockobtained from Angeletos et al. (2020).

Table A.2: Regression Results of Equation (A.31)

IV Regression OLS

Bottom 25% Middle 50% Top 25% Bottom 25% Middle 50% Top 25%
bbe;CG 0:85 0:75 0:63 1:22 1:10 0:90
s.e. (0.471) (0.453) (0.401) (0.264) (0.282) (0.247)
F -stat. 24.76 18.74 17.86 - - -

N 152 152 152 157 157 157

Note: This table provides the estimatedbbe;CG from regression (A.31) for di�erent income groups. The �rst three
columns show the results when the right-hand side in equation (A.31) is instrumented using themain business
cycle shockfrom Angeletos et al. (2020) and the last three columns using OLS. Standard errors are robust with
respect to heteroskedasticity and are reported in parentheses. The row �F -stat.� reports the �rst-stage F -statistic
for the IV regressions.

Table A.2 shows the results. The �rst three columns report the estimatedbe;CG from the IV

regressions and the last three columns the same coe�cients estimated via OLS. Standard errors

are robust with respect to heteroskedasticity and are reported in parentheses. The row �F -stat.�

reports the �rst-stage F -statistic for the IV regressions. We see that in all casesbbe;CG is positive,

suggesting that households of all income groups tend to underreact, consistent with our assumption

of �m < 1.

Using equation (A.32) we obtain �me equal to 0:86, 0:87 and 0:88 for the bottom 25%, the

middle 50% and the top 25%, respectively for the estimates from the IV regressions and0:82,

0:83 and 0:85 for the OLS estimates. When estimating�me using expected unemploymentchanges
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instead of the level, the estimated�me equal 0:57, 0:59 and 0:64 for the IV regressions and0:77,

0:80 and 0:86 for the OLS regressions.

There are two main take-aways from this empirical exercise: �rst, it further con�rms that

�m = 0:85 is a reasonable (but rather conservative) deviation from rational expectations. Second,

the data suggests that there is heterogeneity in the degree of rationality conditional on households

income. In particular, households with higher income tend to exhibit higher degrees of rationality.1

If we consider in�ation expectations instead of unemployment expectations, we obtain esti-

mated cognitive discounting parameters of0:70, 0:75 and 0:78 for the bottom 25%, the middle

50%and the top 25%, respectively. Thus, somewhat lower than for unemployment and the di�er-

ences across income groups are larger. In particular, higher-income households tend to be more

rational (they discount less) than lower-income households. The di�erences, however, are overall

rather small.

A.2.2 Robustness of Forward Guidance Puzzle Solution

In our baseline calibration, we set� such that we obtain an ampli�cation of conventional monetary

policy shocks of 20% compared to the case in which all households are equally exposed to monetary

policy (i.e.,  c = 1:2) for a given share of hand-to-mouth,� . In particular, we set � = 0:33. This

results in � = 1:35. But directly calibrating � is di�cult, as it is hard to measure in the data.

Instead, we indirectly calibrate it in order to obtain some desired c. However, c depends on�

and � , and both matter for whether the model resolves the forward guidance puzzle or not.

We therefore show in Figure A.1 for di�erent  c (on the horizontal axis) the highest �m (on

the vertical axis) that still resolves the forward-guidance puzzle. The blue-dashed line shows this

for � = 0:33 and the orange-dotted line for� = 0:147which is the share of borrowing-constrained

households in Farhi and Werning (2019).

We see that a �m of 0.85 (as indicated by the black-solid line) rules out the forward-guidance

puzzle in almost all cases. Only at the relatively low� of 0.147 and a high c > 1:48, we would

require a �m of about 0.84 instead of 0.85 to rule out the forward-guidance puzzle. Given that

the empirical estimates point towards values of�m 2 [0:6; 0:85], we conclude the resolution of the

forward guidance puzzle in the behavioral HANK model with countercyclical income risk is quite

robust.

1This is consistent with other empirical �ndings on heterogeneous deviations from FIRE. Broer et al. (2021a),
for example, document that wealthier households tend to have more accurate beliefs, as measured by forecast errors.
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Figure A.1: Robustness of FG Puzzle Solution

Note: This �gures show for di�erent  c (horizontal axis) the required �m to resolve the forward-guidance puzzle on
the vertical axis. The blue-dashed line shows this for our benchmark calibration of� = 0 :33 and the orange-dotted
line for � = 0 :147.
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A.3 Figures to Section 1.3

A.3.1 Resolving the Catch-22

We graphically illustrate the Catch-22 (Bilbiie (2021)) of the rational model and the resolution

of it in the behavioral HANK model in Figure A.2. The �gure shows on the vertical axis the

response of contemporaneous output relative to the initial response in the RANK model with

rational expectations for anticipated i.i.d. monetary policy shocks occurring at di�erent timesk

on the horizontal axis.2

The orange-dotted line represents the baseline calibration of the rational HANK model. We

see that this model is able to generate contemporaneous ampli�cation of monetary policy shocks,

that is, an output response that is relatively stronger than in RANK. Put di�erently the GE e�ects

amplify the e�ects of monetary policy shocks. Yet, at the same time, it exacerbates the forward

guidance puzzle as shocks occurring in the future have even stronger e�ects on today's output

than contemporaneous shocks.

The black-dashed-dotted line shows how the forward guidance puzzle can be resolved by al-

lowing for � < 1. Yet, this comes at the cost that the model is unable to generate ampli�cation

of contemporaneous monetary policy shocks. Recent empirical �ndings, however, document that

GE e�ects indeed amplify monetary policy changes (Patterson (2022), Auclert (2019)).

Figure A.2: Resolving the Catch-22

Note: This �gure shows the response of total output in period 0 to anticipated i.i.d. monetary policy shocks
occurring at di�erent horizons k (horizontal axis), relative to the initial response in the RANK model under
rational expectations (equal to 1).

The blue-dashed line shows that the behavioral HANK model, on the other hand, generates
2Under fully-rigid prices (i.e., � = 0 ) the RANK model would deliver a constant response for allk. The same

is true for two-agent NK models (TANK), i.e., tractable HANK models without type switching. Whether the
constant response would lie above or below its RANK counterpart depends on� 7 1 in the same way the initial
response depends on� 7 1.
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Figure A.3: The E�ective Lower Bound Problem

Note: This �gure shows the contemporaneous output response for di�erent lengths of a binding ELBk (horizontal
axis) and compares the responses across di�erent models.

both: ampli�cation of contemporaneous monetary policy and a resolution of the forward guidance

puzzle, both consistent with the empirical facts.

A.3.2 Stability at the E�ective Lower Bound

We illustrate the stability of the behavioral HANK model at the lower bound graphically in Figure

A.3. The �gure shows the output response in RANK, the rational HANK and the behavioral

HANK to di�erent lengths of a binding ELB (depicted on the horizontal axis). The shortcoming

of monetary policy due to the ELB, i.e., the gap
�
biELB � er n

�
> 0, is set to a relatively small

value of 0:25% (1% annually), and we set �m = 0:85.3 Figure A.3 shows the implosion of output

in the rational RANK (back-solid line) and even more so in the rational HANK model (orange-

dotted line): an ELB that is expected to bind for 40 quarters would decrease today's output in

the rational RANK by 15% and in the rational HANK model by 45%. On the other hand�and

consistent with recent experiences in advanced economies�output in the behavioral HANK model

remains quite stable and drops by a mere3%, as illustrated by the blue-dashed line.

3Note, that the size of the gap,
�
bi ELB � er n

�
> 0, does not matter qualitatively for the results.
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A.4 Further Extensions

A.4.1 Fiscal Policy

We now show that the su�cient statistic for ampli�cation of contemporaneous monetary policy is

also a su�cient statistic to generate positive consumption multipliers of �scal policy under con-

stant real rates, as estimated empirically. Dupor et al. (2022) and Galí et al. (2007), for example,

provide empirical evidence for positive e�ects of government spending on private consumption.

Furthermore, Nakamura and Steinsson (2014) and Chodorow-Reich (2019) document �scal mul-

tipliers above 1, which through the lens of our model is equivalent to saying that consumption

responds positively to government spending.

To characterize �scal multipliers, we assume government spendinggt to follow an AR(1) with

persistence� g � 0, and to be 0 in steady state. The government taxes all agents uniformly to

�nance gt .

The behavioral HANK IS equation with government spending is given by:

bct =  f Etbct+1 �  c
1



�
bi t � Et � t+1

�
+ �

�
� (� � 1)
1 � ��

(gt � �mEtgt+1 ) + (  f � �m)Etgt+1

�
;

where � � '

 (1+ '


 ) (see appendix A.1.5). The static Phillips Curve in this setting is given by

� t = �c t + ��g t . The following Proposition characterizes the �scal multiplier in the behavioral

HANK model.

Proposition 6. The �scal multiplier in the behavioral HANK model is given by

@bct

@gt
=

1
1 � �� g

�
1 + 1


  c��

�
� � 1

1 � ��
[� (1 � �m� g) + �m� g(1 � s)] � �

1



 c (� � � g)
�

;

where� �
 f + � 1


  c

1+ 1

  c ��

:

To make the argument as clear as possible, we assume prices to be fully rigid,� = 0 which,

given our Taylor rule, implies that the real interest rate is held constant after the government

spending shock. This is a useful benchmark as in this case the consumption response in RANK is

0 (see Bilbiie (2011) and Woodford (2011)).4

From Proposition 6, we derive the constant-real-rate multiplier in the behavioral HANK model:

@bct

@gt
=

1
1 � �� g

�
�

� � 1
1 � ��

[� (1 � �m� g) + �m� g(1 � s)]
�

:

As � > 1 the �scal multiplier is bounded from below by 0 irrespective of the persistence� g. In

other words, the constant-real-rate multiplier in the behavioral HANK model is strictly positive.
4Auclert et al. (2018) also use a constant real interest rate case to show that their HANK model can generate

(output) �scal multipliers larger than one.
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With � > 1 the high MPC households bene�t disproportionately more from the extra income out

of the increase in government spending which increases the �scal multiplier through a Keynesian

type argument.

Figure A.4 illustrates the e�ect of bounded rationality on the �scal multiplier by plotting the

�scal multiplier in the behavioral HANK model for varying degrees of �m (blue-solid line) and

compares it to the multiplier in the rational HANK model and RANK. For this exercise, we set

the persistence parameter to an intermediate value� g = 0:6. It shows that the �scal multiplier

decreases with decreasing�m. Yet, even for the extreme case of�m = 0, in which households

fully discount all future increases in government spending the �scal multiplier is still substantially

above zero even though it is somewhat weaker than under rational expectations. The results are

consistent�although somewhat lower�with recent empirical estimates in Dupor et al. (2022) who

estimate the non-durable consumption response to lie between 0.2 and 0.29.

Figure A.4: Consumption Response to Government Spending

Note: This �gure shows the consumption multipliers (the consumption response to government spending) for
di�erent degrees of bounded rationality (blue-dashed line). The orange-dotted line plots the multiplier in the
rational version of the model and the black-solid line shows the zero-multiplier in the RANK model.

The behavioral HANK model does not rely on a speci�c �nancing type to achieve positive

consumption responses to �scal spending. This is in contrast to the behavioral RANK model

in Gabaix (2020). In the behavioral RANK model, bounded rationality can also increase the

multiplier but only if the government delays taxing the agents to �nance the contemporaneous

spending as boundedly-rational agents will then discount the future increases in taxes. In HANK

models, on the other hand, the �scal multiplier can in principle be larger than one with� � 1 if

the hand-to-mouth households pay relatively less of the �scal spending's cost than unconstrained

households (see Bilbiie (2020) or Ferriere and Navarro (2022)). Both of these channels would also

push up the multiplier in the behavioral HANK model, yet it does not depend on any of these two

to achieve �scal multipliers larger than 0.
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A corollary of Propositon 6 is that with persistent government spending,� g > 0, and with

� > 1, more bounded rationality, i.e., a lower �m, leads to a lower �scal multiplier.5 Bounded

rationality decreases the �scal multiplier as boundedly-rational agents discount the fact that an

increase in government spending today has a positive e�ect on future spending as well. In the

case of an i.i.d. spending shock the �scal multiplier is independent of�m. Furthermore, the �scal

multiplier is bounded from above in the behavioral HANK model as�� g < 1 even for highly

persistent shocks. In the rational model, on the other hand, this is not the case. The �scal

multiplier approaches in�nity as �� g ! 1, which can occur because in the rational HANK model

� > 1. As �� g > 1 the multiplier even becomes negative. The behavioral HANK model, on the

other hand, rules out these undesirable model implications.

A.4.2 Allowing for Steady State Inequality

So far, we have assumed that there is no steady state inequality, i.e.,CH = CU . In the following,

we relax this assumption and denote steady state inequality by
 � CU

CH . Recall the Euler equation

of unconstrained households

�
CU

t

� � 

= �R tEBR

t

h
s

�
CU

t

� � 

+ (1 � s)

�
CH

t

� � 

i

;

from which we can derive the steady state real rate

R =
1

� (s + (1 � s)
 
 )
:

Log-linearizing the Euler equation yields

bcU
t = �R �m

�
sEtbcU

t+1 + (1 � s)
 
 EtbcH
t+1

�
�

1



�
bi t � Et � t+1

�
:

Combining this with the consumption functions and the steady state real rate yields the IS equation

byt = �m~� Et byt+1 �
1



1 � �
1 � ��

�
bi t � Et � t+1

�
; (A.35)

with
~� � 1 + ( � � 1)

(1 � s)
 


s + (1 � s)
 


1
1 � ��

:

From a qualitative perspective, the whole analysis in Section 1.3 could be carried out with~�

instead of � . Quantitatively the di�erences are small as well. For example, if we set
 = 1 :5, we

get ~� = 1:05 instead of � = 1:034. Thus, we need�m < 0:93 instead of �m < 0:94 for determinacy

under a peg.

5We focus on the case in which�� g < 1, which holds in the behavioral HANK model even for � g = 1 , and we
assume1 � s � � < 0, which holds under all reasonable parameterizations.
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A.4.3 Persistent Monetary Policy Shocks

In the main text in Section 1.3, we illustrated the resolution of the Catch-22 by considering i.i.d.

monetary policy shocks (following Bilbiie (2021)). The behavioral HANK model delivers initial

ampli�cation of these monetary shocks but the e�ects decrease with the horizon of the shock, i.e.,

the behavioral HANK model resolves the forward guidance puzzle. Another way to see this is by

considering persistent shocks.

Figure A.5 illustrates this. The �gure shows the response of output in periodt to a shock

in period t for di�erent degrees of persistence (x-axis). The black-solid line shows the output

response in RANK and the blue-dashed line in the behavioral HANK. The forward guidance

puzzle in RANK manifests itself in the sense that highly persistent shocks have stronger e�ects in

RANK than in the behavioral HANK. Persistent shocks are basically a form of forward guidance

and thus, with high enough persistence in the shocks, the RANK model predicts stronger e�ects

than the behavioral HANK model.

Figure A.5: Initial Output Response for Varying Degrees of the Persistence

Note: This �gure shows the initial output response to monetary policy shocks with di�erent degrees of persistence.

As the persistence of the monetary policy shock approaches unity, the rational model leads

to the paradoxical �nding that an exogenous increase in the nominal interest rate leads to an

expansion in output. To see this, note that we can write output as

byt = �
 c



1 +  c

 �� �

�
 f +  c

�



�
�

"MP
t : (A.36)

Given our baseline calibration and a Taylor coe�cient of� = 1, the rational model would produce

these paradoxical �ndings for� > 0:967. The behavioral HANK model, on the other hand, does

not su�er from this as the denominator is always positive, even when� = 0 and � = 1.
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A.4.4 Forward-Looking NKPC and Real Interest Rates

In the tractable model, we made the assumption that agents are rational with respect to real

interest rates (as in Gabaix (2020)) and assumed a static Phillips Curve for simplicity. We now

show that the results are barely a�ected when considering a forward-looking New Keynesian

Phillips Curve (NKPC) and that agents are also boundedly rational with respect to real rates.

Gabaix (2020) derives the NKPC under bounded rationality and shows that it takes the form:

� t = �M f Et � t+1 + � byt ;

with

M f � �m
�

� +
1 � ��

1 � �� �m
(1 � � )

�
;

where1 � � captures the Calvo probability of price adjustment.

Taking everything together (including the bounded rationality with respect to real interest

rates), the model can be summarized by the following three equations:

byt =  f Et byt+1 �  c
1



�
bi t � �mEt � t+1

�

� t = �M f Et � t+1 + � byt

bi t = �� t :

Plugging the Taylor rule into the IS equation, we can write everything in matrix form:

 
Et � t+1

Et byt+1

!

=

 
1

�M f � �
�M f

 c

 f

�
� � �m

�M f

�
1

 f

�
1 +  c �m�


�M f

�
!

| {z }
� A

 
� t

byt

!

: (A.37)

For determinacy, we need

det(A) > 1; det(A) � tr (A) > � 1; det(A) + tr (A) > � 1:

The last condition is always satis�ed. The �rst two conditions are satis�ed if and only if

� > max

(
��M f �m � 1

�



1� �
1� ��

; �m +
(� �m � 1)(1 � �M f )

�



1� �
1� ��

)

:

In the case of a static Phillips curve but bounded rationality with respect to the real rate, the

second condition is the crucial one. To capture the static Phillips curve, we can simply setM f = 0.

We can see that bounded rationality with respect to the real rate relaxes the determinacy condition

whereas a forward-looking NKPC tightens it. But even in the case of a forward-looking NKPC
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(rational or behavioral), cognitive discounting relaxes the determinacy condition and thus, all our

results from the static Phillips curve are qualitatively unchanged. Under our baseline calibration

and � = 0:375 as in Gabaix (2020), the model still features determinacy under a peg, even when

real interest rate expectations are rational (and therefore, also when they are behavioral).
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A.5 Quantitative Behavioral HANK Model
Table A.3 shows how we calibrate the quantitative model introduced in Section 1.4. The calibration

is quite standard in the literature. As in McKay et al. (2016), we assume that high productivity

households pay all the taxes. In Section 1.5, we discuss less-progressive tax systems as well.

Patterson (2022) estimates that the unequal incidence�high-MPC households' incomes are

more sensitive to aggregate income changes�leads to an ampli�cation of 20% compared to the

equal-incidence case. We target this moment by calibrating the dividend distribution accordingly.

This implies that the highest productivity households receive 60% of the dividends, the middle-

productivity households 40% and the low-productivity households 0. The fact that wealthier

households (which tend to be the more productive households) receive a larger share of dividend

income is consistent with the empirical �ndings in Kuhn et al. (2020).

We set the government debt level to match the quarterly MPCs of 0.16, as in Kaplan et al.

(2018). This results in a debt-to-annual-GDP ratio of 50%. The rest of the calibration is as in

McKay et al. (2016).

Table A.3: Baseline Calibration Of Quantitative HANK Model

Parameter Description Value
R Steady State Real Rate (annualized) 2%

 Risk aversion 2
' Inverse of Frisch elasticity 2
� Markup 1.2
� Calvo Price Stickiness 0.15
� e Autocorrelation of idiosyncratic risk 0.966
� 2

e Variance of idiosyncratic risk 0.033
� (e) Tax shares [0, 0, 1]
d(e) Dividend shares [0,0:4

0:5 , 0:6
0:25]

B G

4Y Government debt 0.5
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A.5.1 Sticky Wages

In our baseline model, we assume that prices are sticky and wages fully �exible. We now show

that our results are robust if we instead introduce sticky wages and keep prices fully �exible.6

Given that prices are fully �exible, we also abstract from monopolistic competition of �rms, that

is, prices are set to marginal costs.

Labor hours N it are determined by union labor demand. Each worker providesN ikt hours

of work to a continuum of unions indexed byk. Each union aggregates e�cient units of work

into a union-speci�c task. A competitive labor packer then packages these tasks into aggregate

employment services according to a CES technology and sells these services to �nal goods �rms at

price Wt . We assume that there are quadratic utility costs of adjusting the nominal wageWkt . A

union sets a common wageWkt per e�cient unit for each of its members. In doing so, the union

trades-o� the marginal disutility of working given average hours against the marginal utility of

consumption given average consumption. The union then calls upon its members to supply hours

according to a speci�c allocation rule: in stationary equilibrium all households' supply the same

amount of hours. Outside stationary equilibrium, we assume that each households labor supply is

a linear feedback function of changes in aggregate hours according to her productivity:

N it = � (e)(N t � �N ) + �N: (A.38)

We assume that� (e1) = 3 ; � (e2) = 1 ; � (e3) = 0 :5. This implies that the labor supply of households

with lower idiosyncratic productivity are more exposed to the business cycle. Given that dividends

are zero, this also implies fact (ii), namely, that the income of households with higher MPCs are

more exposed to changes in aggregate income induced by monetary policy.

All in all, our setup leads to a wage Philips curve given by:

� W
t = �

�
v0(N t ) � (� n � 1)=�n (1 � � t )

Wt

Pt
u0(Ct )

�
+ �� W

t+1 ; (A.39)

where � n = 11 is the elasticity of substitution between di�erentiated labor supply and� = 0:1 is

the slope of the wage Philips Curve.

Figure A.6 shows our main results in our sticky-wage behavioral HANK model. We see that our

results are robust. The behavioral HANK model rules out the forward guidance puzzle whereas

it is aggravated in the rational HANK model compared to the representative agent model.

6Auclert et al. (2021) and Broer et al. (2020) argue in favor of using sticky wages rather than sticky prices in
HANK models.
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Figure A.6: Sticky Wages

Note: This �gure shows the response of total output in period 0 to anticipated i.i.d. monetary policy shocks
occurring at di�erent horizons k for the case in which prices are �exible and wages are sticky.
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A.5.2 Robustness of Calibration

In our baseline calibration, the unequal dividend shares imply an ampli�cation of contemporaneous

monetary policy shocks of 20% compared to the representative agent model. If, instead, we

assume a dividend distribution that is even more tilted towards high-productivity households

(instead of distributing 40% of dividends to the medium-productivity households and 60% to the

high-productivity households, we now assign 20% to the medium and 80% to high-productivity

households) we obtain an ampli�cation of 40%. Figure A.7 shows that in this case, the forward

guidance puzzle is substantially exacerbated in the rational HANK model while it is still ruled out

in the behavioral HANK model.

Figure A.7: Robustness of Calibration

Note: This �gure shows the response of total output in period 0 to anticipated i.i.d. monetary policy shocks
occurring at di�erent horizons k for the case in which the unequal dividend shares imply an ampli�cation of 40%
compared to the representative agent model.
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A.5.3 Stability at the ELB and Fiscal Multipliers

Figure A.8 shows the output and nominal interest rate response after a shock to the discount

factor in the quantitative behavioral HANK model and in its rational counterpart. In particular,

the discount factor jumps on impact by0:8% for 12 quarters before it returns to steady state.

Figure A.8: ELB recession in the quantitative behavioral HANK model

Note: This �gure shows the impulse responses of total output and of the nominal interest rate after a discount

factor shock that brings the economy to the ELB for 12 quarters.

We see that while the interest-rate path is quite similar across the two models, the output drop

in the rational model is about twice as deep as in the behavioral HANK model. The intuition is as

in the tractable model (Section 1.3). The binding ELB acts like a contractionary monetary policy

shock because the nominal interest rate cannot keep up with the drop in the natural rate due to

the ELB. Under rational expectations, households fully account for this and thus, cut back their

consumption quite strongly on impact. Thus, the ELB leads to a large recession. Under cognitive

discounting, on the other hand, households discount these future shocks and hence, decrease their

consumption by less, leading to a milder recession.

Fiscal multiplier. To verify that the quantitative behavioral HANK model generates a positive

consumption multiplier under a constant real rate, we redo the experiments from Section A.4.1:

the government exogeneously increases government consumption (which is assumed to be zero

in steady state), which follows an AR(1)-process. The increase in government consumption is

immediately �nanced by lump-sum taxes and households are taxed uniformly. Figure A.9 shows

the impact multiplier on consumption for various degrees of persistence,� G. It shows that while

the multiplier increases in persistence, it is bounded from below by zero. In other words, also the

quantitative behavioral HANK model generates positive consumption multipliers, as documented

empirically (Dupor et al. (2022)).
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Figure A.9: Consumption multiplier in the quantitative behavioral HANK

Note: This �gure shows the impact consumption multiplier after an exogenous increase in government consumption

which is �nanced by lump-sum taxes for various degrees of persistence.

A.5.4 Heterogeneous �m: Alternative Scenarios

The estimated di�erences in households' underreaction across di�erent income groups are rather

small. Nevertheless, one might argue that some agents (�nancial markets, for example) closely

track what the central bank is doing and that they are usually well informed about its actions.

To mirror this, we assume that the highest-productivity households are fully rational, i.e., their

�m is equal to 1. To keep the average�m at 0.85, we then assume that the lowest-productivity

households have a�m of 0.7 and the middle-productivity households of 0.85.

The black-dashed-dotted line in Figure A.10 shows the time zero output response (vertical

axis) to an announced monetary policy shock taking place at di�erent horizons (horizontal axis).

We see that forward guidance is more powerful than in the baseline calibration as the agents

that tend to be more forward looking because they are not at their borrowing constraint are also

more rational. Overall, however, our results remain robust. Even when the high-productivity

households are fully rational and the other households have a cognitive discounting parameter of

�m = 0:85 (such that the average�m is above 0.85), the model resolves the forward guidance puzzle

(not shown). Thus, even when a subpopulation of all households is fully rational, the behavioral

HANK model can simultaneously generate ampli�cation of conventional monetary policy through

indirect e�ects and rule out the forward guidance puzzle.
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Figure A.10: Heterogeneous�m and Monetary Policy

Note: This �gure shows the response of total output in period 0 to anticipated i.i.d. monetary policy shocks
occurring at di�erent horizons k for the baseline calibration with �m = 0 :85 for all households (blue-dashed line),
and for the model in which high productivity households have �m = 1 , medium-level productivity households have
�m = 0 :85 and low-productivity households have �m = 0 :7 (black-dashed-dotted line).
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A.6 Additional Results and Figures to Section 1.5

A.6.1 Decomposition of Ampli�cation Channel: Alternative Calibra-

tion

As shown in Section 1.5, household heterogeneity and cognitive discounting interact in such a way

that productivity shocks get ampli�ed through both features as well as their interaction. Given our

baseline calibration, the interaction accounts for about 10% of the additional increase compared to

RANK. We now consider an alternative calibration. We set the cognitive discounting parameter�m

to 0.6 instead of 0.85. Thus, somewhat closer to the lower bound of empirical estimates (see Section

1.2). Furthermore, we set the dividend shares in such a way that conventional, completely transi-

tory, monetary policy shocks are ampli�ed by 30% compared to the equal-incidence case, whereas

our baseline calibration implies an ampli�cation of 20%. This implies a dividend distribution

where the lowest-productivity households do not receive any dividends, the medium-productivity

households receive 30% and the high-productivity households 70% of the dividends. Figure A.11

shows the decomposition of the additional ampli�cation of negative productivity shocks under this

alternative calibration.

Two things stand out. First, the overall additional increase is more than twice as large. Given

our discussion in Section 1.5, this is no surprise. Both�the underlying heterogeneity and cognitive

discounting�induce a larger increase in in�ation after a negative productivity shock. Given that

they now both di�er more from their counterparts in RANK, ampli�cation becomes stronger.

Second, the interaction becomes more important. In fact, the interaction alone accounts for more

than the underlying heterogeneity itself. It amounts to more than 70% of the impact in�ation

response in RANK (1 percentage point) or about 25% of theadditional increase.
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Figure A.11: Decomposition of the Additional In�ation Increase: Alternative Calibration

Note: This �gure shows the additional in�ation increase in the rational HANK model compared to the rational
RANK model (orange-dotted line), the sum of the additional increase in the rational HANK and the behavioral
RANK compared to the rational RANK model (blue-dashed line) and the additional increase in behavioral HANK
model compared to the rational RANK model (black-solid line).
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A.6.2 Procyclical Inequality

In response to a negative productivity shock, monetary policy has to increase nominal interest rates

much more strongly according to the behavioral HANK model compared to the rational one. The

reason is that future expected interest-rate hikes are less e�ective. The resolution of the forward

guidance puzzle in the behavioral model illustrated this already in Section 1.4. However, also the

rational HANK model can resolve the forward guidance puzzle when (counterfactually) higher-

MPC households are on averagelessexposed to changes in aggregate income induced by monetary

policy. The reason is that in expectation of a future nominal rate change, households increase

their precautionary savings because if they would experience a decrease in their idiosyncratic

productivity, they would bene�t less from the overall increase in output. So, one might expect

that the policy implications should be quite similar than in the behavioral model. This, however,

is not the case.

Figures A.12 and A.13 illustrate this. The blue-dashed lines show the results from the be-

havioral HANK model (with countercyclical inequality, conditional on monetary policy) and the

orange-dotted lines the results for the rational HANK model with procyclical inequality. From

�gure A.12, we see that the cyclicality of inequality barely matters in the rational model when

monetary policy fully stabilizes in�ation (compare the orange-dotted lines with the ones in Figure

1.3). The reason is that by stabilizing in�ation, the monetary authority closes the output gap and

hence, shuts down the distributional e�ects explained above.

Furthermore, when monetary policy follows a Taylor rule and the economy overheats after a

negative productivity shock, inequality increases strongly in the model with procyclical inequality

(see Figure A.13). The reason is that the positive output gap redistributes mainly to higher-

productivity households, thus, increasing inequality. Put di�erently, the monetary authority does

not really face a trade-o� in that scenario, as by fully stabilizing in�ation (and thus, closing

the output gap) it also keeps inequality relatively low. This illustrates that accounting for the

underlying heterogeneity matters for the policy prescriptions and it mattershow we solve the

forward guidance puzzle.
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Figure A.12: Procyclical inequality, strict in�ation-targeting

Note: This �gure shows the impulse responses after a TFP shock that decreases potential output by 1% in the
in�ation-stabilizing monetary policy regime for the behavioral HANK model (blue-dashed lines) and for the rational
HANK model with procyclical inequality (orange-dotted lines). Output and the output gap are shown as percentage
deviations from steady state output, the nominal interest rate and in�ation as annualized percentage points and
the government debt level as percentage point deviations of the debt-per-annual GDP level. The lower-right �gure
shows the change in the consumption Gini index as a percentage deviation from the stationary equilibrium.
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Figure A.13: Procyclical inequality, Taylor rule

Note: This �gure shows the impulse responses after a TFP shock that decreases potential output by 1% when
monetary policy follows a Taylor rule for the behavioral HANK model (blue-dashed lines) and for the rational
HANK model with procyclical inequality (orange-dotted lines). Output and the output gap are shown as percentage
deviations from steady state output, the nominal interest rate and in�ation as annualized percentage points and
the government debt level as percentage point deviations of the debt-per-annual GDP level. The lower-right �gure
shows the change in the consumption Gini index as a percentage deviation from the stationary equilibrium.
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A.6.3 Representative Household Models

In this section, we show the results for the same policy experiments when abstracting from house-

hold heterogeneity. The behavioral RANK model is exactly the same as in Gabaix (2020), but

calibrated to be consistent with the behavioral HANK model. In particular, risk aversion and the

inverse labor elasticity are set to 2, the Calvo probability of a price adjustment is set to 0.15, the

steady state real interest rate is2% (annualized), the shock persistence is 0.9 and the shock size

is set in order to decrease potential output by1% on impact.

Figures A.14 and A.15 show the results for the case in which monetary policy fully stabilizes

in�ation and in which case it follows a simple Taylor rule, respectively. We see that the policy

implications di�er from the behavioral HANK model. First of all, there is no trade-o� between

price stability and inequality, as there is no inequality in models with a representative household.

Second, when monetary policy follows the same Taylor rule in these models, the spike in in�ation

is less pronounced than in the behavioral HANK model. The reason is that both features in our

model�the underlying heterogeneity and cognitive discounting�amplify the overheating of the

economy following a negative supply shock with a standard Taylor rule. Due to the heterogeneous

exposure of households, higher-MPC households bene�t relatively more from the overheating of

the economy, which further reinforces the increase in in�ation. Cognitive discounting dampens the

response of the economy to the monetary-policy reaction, further fueling the in�ation increase.

Figure A.14: Representative Household, strict in�ation targeting

Note: This �gure shows the impulse responses after a TFP shock that decreases potential output by 1% in the
in�ation-stabilizing monetary policy regime for the behavioral RANK model (blue-dashed lines) and for the rational
RANK model (orange-dotted lines). Output and the output gap are shown as percentage deviations from steady
state output, the nominal interest rate and in�ation as annualized percentage points.
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Figure A.15: Representative Household, Taylor rule

Note: This �gure shows the impulse responses after a TFP shock that decreases potential output by 1% when
monetary policy follows a Taylor rule for the behavioral RANK model (blue-dashed lines) and for the rational
RANK model (orange-dotted lines). Output and the output gap are shown as percentage deviations from steady
state output, the nominal interest rate and in�ation as annualized percentage points.
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A.6.4 Heterogeneous �m

In the main text, we consider the case of homogeneous cognitive discounting. As discussed in

Section 1.4.2, the data however suggests that richer households tend to exhibit a somewhat smaller

behavioral bias. If we incorporate heterogeneous�m along the lines described in Section 1.4.2, we

�nd that the trade-o� between price stability and distributional considerations is slightly weaker.

Figures A.16 and A.17 show this graphically. The black-dashed-dotted lines show the impulse-

response functions for the case with heterogenous�m. We see that inequality, at least on impact,

rises less with heterogeneous�m in the regime in which monetary policy fully stabilizes in�ation

compared to the homogeneous�m case.

The reason is that high-productivity households tend to be more likely to be away from the

borrowing constraint and as these households are now closer to rational expectations, they respond

more strongly to expected future higher interest rates. Therefore, monetary policy has to react

slightly less than in the case with homogeneous degrees of cognitive discounting. Overall, however,

the di�erences are small and the trade-o� that arises due to households' cognitive discounting

remains substantial.

Figure A.16: Heterogeneous�m, strict in�ation-targeting

Note: This �gure shows the impulse responses after a TFP shock that decreases potential output by 1% in the
in�ation-stabilizing monetary policy regime and heterogeneous �m (black-dashed-dotted lines). Output and the
output gap are shown as percentage deviations from steady state output, the nominal interest rate and in�ation as
annualized percentage points and the government debt level as percentage point deviations of the debt-per-annual
GDP level. The lower-right �gure shows the change in the consumption Gini index as a percentage deviation from
the stationary equilibrium.
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Figure A.17: Heterogeneous�m, Taylor rule

Note: This �gure shows the impulse responses after a TFP shock that decreases potential output by 1% when
monetary policy follows a Taylor rule and heterogeneous�m (black-dashed-dotted lines).. Output and the output gap
are shown as percentage deviations from steady state output, the nominal interest rate and in�ation as annualized
percentage points and government debt level as percentage point deviations of the debt-per-annual GDP level. The
lower-right �gure shows the change in the consumption Gini index as a percentage deviation from the stationary
equilibrium.
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A.6.5 Di�erent Tax Systems

In the main text, we have assumed that only the most productive households pay taxes. We

now examine how the predictions from Section 1.5 change if, instead, all households pay taxes,

according to their productivity. Recall the budget constraint of a household with idiosyncratic

productivity e:

Ci;t +
B i;t +1

Rt
= B i;t + Wtei;t N i;t + D td(e) � � t (e):

In the baseline calibration, we assume that� t (e) = Tt
0:25 if e = ehigh and 0 otherwise (0.25 denotes

the share of high-productivity households that actually pay taxes). To modelless progressive

taxes, we assume that� t (e) = et
Tt
�e .

Figures A.18 and A.19 show the impulse-response functions in that scenario for the case in

which monetary policy fully stabilizes in�ation and in which it follows a simple Taylor rule, respec-

tively. The blue-dashed lines show the results for the behavioral HANK model, the orange-dotted

lines for the rational HANK model and the black-dashed-dotted lines for the behavioral model

with heterogeneous�m.

We see that qualitatively the results remain unchanged: there is a strong trade-o� in the

behavioral model between price stability and aggregate e�ciency on the one hand and �scal

sustainability and inequality on the other hand. The implications for inequality, however, are

even stronger than in the baseline �scal regime. As the monetary authority raises interest rates

more strongly in the behavioral model, the spillovers to �scal policy are larger. Therefore, the tax

system or the design of �scal policy becomes more important.

Therefore, the increase in inequality in the full-in�ation-stabilization case is much more pro-

nounced in the behavioral model when taxes are less progressive. Furthermore, inequality keeps

increasing for quite some time. The reason is that more productive households tend be less bor-

rowing constrained and thus, adjust their consumption on impact in expectation of higher future

taxes. Households at the borrowing constraint, however, reduce their consumption once taxes

actually increase. As these households tend to consume relatively little, consumption inequality

increases over time as taxes increase. With heterogeneous degrees of cognitive discounting, these

e�ects become even more pronounced.
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Figure A.18: Heterogeneous�m, strict in�ation-targeting and less progressive taxes

Note: This �gure shows the impulse responses after a TFP shock that decreases potential output by 1% in the
in�ation-stabilizing monetary policy regime with a less-progressive tax system than in the baseline calibration.
Output and the output gap are shown as percentage deviations from steady state output, the nominal interest rate
and in�ation as annualized percentage points and the government debt level as percentage point deviations of the
debt-per-annual GDP level. The lower-right �gure shows the change in the consumption Gini index as a percentage
deviation from the stationary equilibrium.
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Figure A.19: Heterogeneous�m, Taylor rule and less progressive taxes

Note: This �gure shows the impulse responses after a TFP shock that decreases potential output by 1% when
monetary policy follows a Taylor rule with a less-progressive tax system than in the baseline calibration. Output
and the output gap are shown as percentage deviations from steady state output, the nominal interest rate and
in�ation as annualized percentage points and the government debt level as percentage point deviations of the debt-
per-annual GDP level. The lower-right �gure shows the change in the consumption Gini index as a percentage
deviation from the stationary equilibrium.
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A.6.6 Productivity Shock with High Initial Debt Levels

Figure A.20 shows the impulse responses after a negative productivity shock when monetary policy

fully stabilizes in�ation when the initial debt level is 90% of annual GDP instead of 50%.

Compared to Figure 1.3, we see that government debt increases more strongly when initial

debt levels are higher. The increase in the real interest rate is more costly for the government

which is �nanced by an additional increase in debt. Consumption inequality also increases more

than at lower levels of government debt, even tough the di�erences are rather small.

Overall, higher government debt levels exacerbate the trade-o� the monetary authority faces

as the �scal implications of �ghting in�ation become more severe at higher debt levels.

Figure A.20: In�ationary productivity shock with high debt: strict in�ation targeting

Note: This �gure shows the impulse responses after a TFP shock that decreases potential output by 1% in the

in�ation-stabilizing monetary policy regime when the initial debt level is 90% instead of 50% of annual GDP.

Output and the output gap are shown as percentage deviations from steady state output, the nominal interest rate

and in�ation as annualized percentage points and the government debt level as percentage point deviations of the

debt-per-annual GDP level. The lower-right �gure shows the change in the consumption Gini index as a percentage

deviation from the stationary equilibrium.
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Figure A.21: In�ationary productivity shock with high debt: Taylor rule

Note: This �gure shows the impulse responses after a TFP shock that decreases potential output by 1% in the

in�ation-stabilizing monetary policy regime when the initial debt level is 90% instead of 50% of annual GDP.

Output and the output gap are shown as percentage deviations from steady state output, the nominal interest rate

and in�ation as annualized percentage points and the government debt level as percentage point deviations of the

debt-per-annual GDP level. The lower-right �gure shows the change in the consumption Gini index as a percentage

deviation from the stationary equilibrium.
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A.6.7 Behavioral Firms

Figure A.22 shows the impulse-response functions after a negative productivity shock when mon-

etary policy follows a Taylor rule and in which �rms are behavioral (with a cognitive discounting

factor of 0.85). We see that the increase in in�ation when monetary policy follows a Taylor rule

is somewhat muted whereas the increase in the output gap is ampli�ed compared to the case in

which �rms are rational. The reason is that �rms discount the increase in their future marginal

costs and thus increase their prices not as strongly. According to the Taylor rule this then leads

to a smaller increase in interest rates so that households consume more, leading to an increase in

demand and thus, the output gap.

Figure A.22: In�ationary supply shock: behavioral �rms

Note: This �gure shows the impulse responses after a productivity shock for the case that monetary policy follows
a Taylor rule and �rms cognitively discount the future with a cognitive discounting parameter of 0:85. Output
and the output gap are shown as percentage deviations from steady state output, the nominal interest rate and
in�ation as annualized percentage points and the government debt level as percentage point deviations of the debt-
per annual-GDP level. The lower-right �gure shows the change in the consumption Gini index as a percentage
deviation from the stationary equilibrium.
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A.6.8 Cost-Push Shocks

We now show that the �scal and monetary implications are very similar for an in�ationary cost-

push shock. To introduce cost-push shocks, we assume that the desired mark-up of �rms,� t follows

an AR(1)-process,� t = (1 � � � )�� + � � � t � 1 + " �
t ; where " �

t is an i.i.d. shock, �� the steady-state

level of the desired markup and� � the persistence of the shock process which we set to� � = 0:9.

The rest of the model is as in Section 1.5. Note, that we assume that the shock also applies to the

model under �exible prices, thus moves potential output as well.

Figure A.23 shows the impulse-response functions of output, the output gap, in�ation, nominal

interest rates, government debt and the consumption Gini index as a measure of consumption in-

equality following an in�ationary cost-push shock. The blue-dashed lines and black-dashed-dotted

lines show the responses in the behavioral HANK model with homogeneous and heterogeneous

�m, respectively, and the orange-dotted lines in the rational HANK model. In all cases, monetary

policy fully stabilizes in�ation by assumption. Output drops, with the responses being practically

identical across the two models. Again, the output gap is practically closed in all models. The

required response of the nominal interest rate, however, di�ers substantially across the behavioral

and the rational models, as was the case after a negative productivity shock, discussed in Sec-

tion 1.5. In the behavioral HANK the monetary authority increases the nominal rate much more

strongly and more persistently. The reason for this strong response is that households cognitively

discount future (expected) interest rate hikes making them less e�ective for stabilizing in�ation

today. Thus, in order to achieve the same stabilization outcome in every period, the interest rate

needs to increase by more.
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Figure A.23: In�ationary cost-push shock: strict in�ation targeting

Note: This �gure shows the impulse responses after a cost-push shock that decreases potential output by 1% in the

in�ation-stabilizing monetary policy regime. Output and the output gap are shown as percentage deviations from

steady state output, the nominal interest rate and in�ation as annualized percentage points and the government

debt level as percentage point deviations of the debt-per-annual GDP level. The lower-right �gure shows the change

in the consumption Gini index as a percentage deviation from the stationary equilibrium.

Increasing the interest rates increases the cost of debt for the government which it �nances in

the short run by issuing more debt. The middle panel on the bottom line in Figure A.23 shows

that government debt in the behavioral model increases more than three times as much as in

the rational model. Furthermore, consumption inequality increases in both models, somewhat

stronger in the rational model. There are two channels: �rst and most important, the cost-push

shock increases dividends and decreases wages which redistributes from low to high productivity

households thereby pushing up consumption inequality. Second, the increase in the real interest

rate redistributes towards high wealth households but it is the high productivity households who

eventually pay the tax burden. This slightly decreases the consumption of high productivity

households and increases the consumption of middle productivity households who hold some assets

but do not face tax increases. Thus, the second channel slightly dampens the increase in inequality

and, as real interest rates increase by more, this channel is stronger in the behavioral HANK model.

Figure A.24 shows the impulse-response functions of output, the output gap, in�ation, nominal

interest rates, government debt (as a share of annual GDP) and consumption inequality for the

same cost-push shock but for the case in which monetary policy follows a simple Taylor rule with

a response coe�cient of 1.5.

As in the case where monetary policy fully stabilizes in�ation, the nominal interest rate in-
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creases more strongly in the behavioral HANK model than in its rational version. The di�erence

across the two models, however, is somewhat smaller compared to the case in which in�ation is

completely stable. In�ation, however, increases more strongly in the behavioral model and also

government debt increases more substantially.

Consumption inequality increases less strongly than with fully stabilizing in�ation. The over-

heating economy�re�ected in the positive output gap and increase in in�ation�increases wages

and decreases pro�ts (relative to the in�ation stabilizing regime) in the same way as expansionary

policy shocks in Sections 1.3 and 1.4 do, thereby redistributing towards lower income households

which dampens the increase in consumption inequality.

Figure A.24: In�ationary cost-push shock: Taylor rule

Note: This �gure shows the impulse responses after a cost-push shock that decreases potential output by 1% in the

Taylor rule monetary policy regime. Output and the output gap are shown as percentage deviations from steady

state output, the nominal interest rate and in�ation as annualized percentage points and the government debt level

as percentage point deviations of the debt-per-annual GDP level. The lower-right �gure shows the change in the

consumption Gini index as a percentage deviation from the stationary equilibrium.
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A.7 Details on Intertemporal MPCs

In this section, we derive the iMPCs discussed in Section 1.6.1. De�ningY j
t as typej 's disposable

income, we can write the households' budget constraints as

CH
t = Y H

t +
1 � s

�
RtB t

CU
t +

1
1 � �

B t+1 = Y U
t +

s
1 � �

RtB t ;

where Rt denotes the real interest rate andB t real bonds. Log-linearizing the two budget con-

straints around the zero-liquidity steady state andR = � � 1 yields

bcH
t = byH

t +
1 � s

�
� � 1bt (A.40)

bcU
t +

1
1 � �

bt+1 = byU
t +

s
1 � �

� � 1bt ; (A.41)

where bt denotes real bonds in shares of steady state output. Aggregating (A.40) and (A.41)

delivers

bct = ~yt + � � 1bt � bt+1 ; (A.42)

where ~yt denotes aggregate disposable income.

By plugging equations (A.40) and (A.41) into the Euler equation of unconstrained households

(1.12), we can derive the dynamics of liquid assetsbt (ignoring changes in the real rate as this is

a partial equilibrium exercise):

Etbt+2 � bt+1

�
1

s �m
+ � � 1s +

(1 � s)2� � 1(1 � � )
s�

�
+

� � 1

�m
bt =

(1 � � )Et byU
t+1 +

1 � s
s

(1 � � )Et byH
t+1 �

1 � �
s �m

byU
t : (A.43)

Note that a change in total disposable income by one changes the hand-to-mouth households'

disposable income by� and the disposable income of unconstrained households by1� ��
1� � .

Let us denote the right-hand side of equation (A.43) by� Et bzt . Factorizing the left-hand side

and letting F denote the forward-operator, it follows that

(F � � 1)(F � � 2)Etbt = � Et bzt ; (A.44)

where� 1 and � 2 denote the roots of the characteristic equation

Etbt+2 � � 1bt+1 � � 2bt = 0; (A.45)
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where

� 1 �
�

1
s �m

+ � � 1s +
(1 � s)2� � 1(1 � � )

s�

�
(A.46)

and

� 2 � �
� � 1

�m
: (A.47)

Thus, the roots are given by

� 1;2 =
� 1 �

p
� 2

1 + 4� 2

2
: (A.48)

It follows that

bt+1 = � 1bt � (F � � 2)� 1Et bzt

= � 1bt +
� � 1

2

1 � F � � 1
2

Et bzt :

Note that Et bzt can be written as1� ��
s

�
� Et byt+1 � 1

�m byt
�
. Without loss of generality, we let� 2 > � 1

and we have� 2 > 1. We have(1 � F � � 1
2 )� 1 =

P 1
l=0 � � l

2 F l . Thus, we end up with

bt+1 = � 1bt +
1 � ��

s

1X

l=0

� � ( l+1)
2 Et

�
1
�m

byt+ l � � byt+1+ l

�
: (A.49)

Plugging this in equation (A.42) and taking derivatives with respect tobyt+ k yields Proposition 4.

iMPCs for more than two periods. Figure A.25 plots the MPCs for the year of the income

windfall as well as the �ve consecutive years for di�erent degrees of rationality. As discussed

in section 1.6.1, under our benchmark calibration, the rational model predicts somewhat larger

initial MPCs as behavioral, unconstrained households save relatively more. Over time, however,

the MPCs in the behavioral model lie above their rational counterparts due to the fact that more

and more of the initial unconstrained households become hand-to-mouth and start consuming

their (higher) savings. As Figure A.26 shows, the probability of type switching,1 � s, matters

for when exactly the behavioral model starts to generate larger MPCs compared to the rational

model.

iMPCs and the role of idiosyncratic risk. In Figure A.26, we plot he MPCs in the year of

the income windfall (left panel) and the �rst year after the windfall (right panel) for a relatively

high idiosyncratic risk of 1 � s = 0:5. The high probability of becoming hand-to-mouth �ips

the role of �m for the MPC1 compared to our baseline calibration as discussed in Section 1.6.1.

The reason being that the behavioral, unconstrained households save a relatively large amount of

the received income windfall in period 0 as they cognitively discount the decrease in their future

marginal utility. Thus, they end up with relatively more disposable income in year 1. Now, given

the relatively high probability of type switching, there are many unconstrained households who
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Figure A.25: Intertemporal MPCs

Note: This �gure shows the aggregate intertemporal MPCs, i.e., the aggregate consumption response in yeark to
a change in aggregate disposable income in year0 for di�erent �m.

end up being hand-to-mouth in year 1 after the income windfall. As they are hand-to-mouth, they

consume their previously-accumulated savings which increases theMPC1. The more behavioral

unconstrained households are, i.e., the lower�m is, the more pronounced this e�ect and hence, a

lower �m increases theMPC1 in the case of a relatively high1 � s.
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Figure A.26: Intertemporal MPCs, Bounded Rationality and Household Heterogeneity

Note: This �gure shows the aggregate intertemporal MPCs, i.e., the aggregate consumption response in year0 (left)
and year 1 (right) to a change in aggregate disposable income in year0 for a transition probability 1 � s = 0 :5.
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A.8 Sticky Wages
In this section, we provide details on the sticky-wage extension presented in Section 1.6.2 as well

as the calibration used to produce Figures 1.7 and 1.8. The way we introduce sticky wages follows

Colciago (2011) and recently adopted by Bilbiie et al. (2022).7

In the household block, the only di�erence to our benchmark model is that we assume that there

is a labor union pooling labor and setting wages on behalf of households. This leads to a condition

similar to the labor-leisure conditions in Section 1.2. But instead of individual conditions, the

condition is the same for every household:

' bnt = bwt � 
 bct ;

and bnt = bnU
t = bnH

t :

The labor union, however, is subject to wage rigidities. The nominal wage can only be re-

optimized with a constant probability, which leads to a time-varying wage markup

b� w
t = ' bnt � bwt + 
 bct ;

and a wage Phillips Curve

� w
t = � Et � w

t+1 + � w b� w
t :

Wage in�ation is given by

� w
t = bwt � bwt � 1 + � t :

The �rm side is exactly the same as in the main text but we focus on the case with rational

�rms, which gives rise to a standard Phillips Curve:

� t = � Et � t+1 + � � cmct ;

where cmct is a time-varying price markup. Table A.4 summarizes all equilibrium equations.

The calibration of this extended model is presented in Table A.5. The parameters
 , ' , s, �

and �m are as in our baseline calibration. The parameters of the Taylor rule,� i and � , are set as

estimated in Auclert et al. (2020).

The slope of the wage Phillips curve,� w , is set as in Bilbiie et al. (2022) and we focus on the

no-redistribution case� D = 0. Note, that this leads to impact responses of consumption of the

two household types that are very close to the ones in our baseline model:bcH
t increases by about

1.4, whereas output increases by 1. The baseline calibration of� = 1:35 would predict that in

the model without sticky wages,bcH
t increases by 1.35 when output increases by 1. We focus on a

7See also Erceg et al. (2000). Broer et al. (2020) and Broer et al. (2021b) discuss the role of sticky wages in
(rational) TANK models for the analysis of monetary and �scal policy, respectively.
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Table A.4: Sticky Wages, Equilibrium Equations

Name Equation
Wage Markup b� w

t = 
 bct + ' bnt � bwt

Wage Phillips Curve � w
t = � Et � w

t+1 + � w b� w
t

Wage In�ation � w
t = bwt � bwt � 1 + � t

Bond Euler bcU
t = s �mEtbcU

t+1 + (1 � s) �mEtbcH
t+1 � 1


 (bi t � Et � t+1 )
H Budget Constraint bcH

t = bwt + bnt + btH
t

H Transfer btH
t = � D

� D t

Pro�ts bdt = byt � ( bwt + bnt )
Labor Demand bwt = cmct + byt � bnt

Phillips Curve � t = � Et � t+1 + � � cmct

Production byt = bnt

Consumption bct = � bcH
t + (1 � � )bcU

t
Resource Constraint byt = bct

Taylor Rule bi t = � ibi t � 1 + (1 � � i )�� t + "MP
t

Table A.5: Sticky Wage Model Calibration

Parameter 
 � � � s ' � D � w � � i �

Value 1 0.01 0.37 0:81=4 1 0 0.075 0.99 0.89 1.5

relatively stable in�ation and set � � to 0.01.

The only parameter that we change with respect to our baseline calibration is� which we set

to 0.37 instead of 0.33. A value of 0.37 is still in the range of often used values (see, for example

Bilbiie (2020)). We increase� somewhat compared to our baseline calibration in order to increase

the role of hand-to-mouth households in the response to monetary policy shocks and thus, allows

the model to generate the pronounced hump-shaped responses. Setting� = 0:33 still produces

hump-shaped responses but those are somewhat less pronounced.
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Chapter 2

Subjective Housing Price Expectations,

Falling Natural Rates and the Optimal

In�ation Target

Joint with Klaus Adam and Timo Reinelt

2.1 Introduction
The large and sustained booms and busts in housing prices in advanced economies are often

attributed to households holding excessively optimistic or pessimistic beliefs about future housing

prices (Piazzesi and Schneider (2006), Kaplan et al. (2020)). This view is supported by a nascent

literature that documents puzzling facts about the behavior of housing price expectations. Survey

measures of expected future housing prices have been found to be in�uenced by past housing price

changes, but appear to underreact to these changes, and they also miss the tendency of housing

prices to mean revert over time (Kuchler and Zafar (2019), Case et al. (2012), Ma (2020) and

Armona et al. (2019)).

Documenting in which ways households' housing price expectations deviate from the ratio-

nal expectations benchmark is an important task but remains in itself uninformative about how

important the observed deviations are for economic outcomes in housing markets and for the con-

duct of monetary policy. Understanding these features requires a structural equilibrium model

that quantitatively replicates how households' expectations deviate from rational expectations.

Constructing such an equilibrium model, calibrating it to the behavior of household beliefs in

survey data, and understanding its implications for the optimal design of monetary policy is the

main objective of the present paper. To the best of our knowledge, it is the �rst paper pursuing

this task.

We begin our analysis by comprehensively quantifying the dimensions along which households'
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housing price expectations deviate from the full-information rational expectations benchmark. To

this end, we consider the Michigan Survey of Consumers, which provides the longest available

time series of quantitative housing price expectations for the United States, covering the years

2007-2021.

We document three dimensions along which household expectations deviate from rational ex-

pectations. First, expectations about future housing prices are revised too sluggishly over time,

a feature that housing price expectations share with other household expectations (Coibion and

Gorodnichenko (2015a)). Second, households' capital gain expectations covary positively with

market valuation, i.e., the price-to-rent ratio, while actual future capital gains covary negatively

with market valuation. We show that the di�erence is striking, highly statistically signi�cant,

and in line with �ndings on investor expectations in stock markets (Adam et al. (2017)).1 Third,

in a dynamic sense, households' capital gain expectations initially underreact to observed capital

gains, i.e., households are too pessimistic in the �rst few quarters following a positive capital

gain, but later on overreact, i.e., households hold too optimistic expectations after about twelve

quarters. The pattern of initial underreaction and subsequent overreaction is similarly present in

other macroeconomic expectations, see Angeletos et al. (2021).

While the �rst and third deviation from rational housing price expectations have been doc-

umented before using di�erent data sets, see Armona et al. (2019), the second deviation from

rational expectations is new to the housing literature. We quantify here all three deviations using

a single data set, so as to obtain a coherent set of quantitative targets for our structural equilibrium

model with subjective housing expectations.

Equipped with these facts, we construct �rst a simple housing model with optimizing house-

holds that hold subjective beliefs about housing price behavior. Bayesian belief updating implies

that households weakly extrapolate past capital gains into the future. The model reproduces � as

an equilibrium outcome � important patterns of the behavior of U.S. housing prices, in particular,

the large and protracted swings in the price-to-rent ratio over time, as well as the three dimen-

sions mentioned above along which household expectations deviate from the rational expectations

benchmark. The quantitative �t is surprisingly good, despite the simplicity of the model.

The simple model generates two important insights. First, it shows that the standard deviation

for the price-to-rent ratio would be much lower in the presence of rational housing expectations.

This suggests that the observed volatility of housing prices is to a signi�cant extent due to the

presence of subjective beliefs. This lends credence to the view that the observed deviations from

rational expectations substantially contribute to booms and busts in housing markets.

Second, the simple model connects the secular decline in natural rates of interest with higher

volatility of housing prices. Speci�cally, the model predicts that lower real interest rates imply

larger e�ects of belief �uctuations on equilibrium housing prices. This prediction does not emerge

1For stock markets, Adam et al. (2021) show that this cannot be explained by investors reporting risk-adjusted
expectations.
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in the presence of rational housing price expectations, but is consistent with the data. We show

that in a number of advanced economies, including the United States, the volatility of housing

prices has increased considerably at the same time as the level of the natural rate of interest has

fallen.

The most important objective of paper is to understand the monetary policy implications

generated by a setting where households (weakly) extrapolate capital gains into the future. We

are particularly interested in the optimal policy response to increased housing price volatility that

is induced by falling natural rates of interest in a setting where policy rates cannot move into

negative territory. To this end, we introduce capital gain extrapolation into an otherwise standard

New Keynesian model featuring a housing sector and a lower bound constraint on nominal interest

rates.

The sticky price model has a number of attractive features. First, it shares the implications for

housing price behavior and household beliefs with the simpler model considered before and thus

quantitatively replicates the patterns of belief deviations and housing prices. Second, it is immune

to the critique by Barsky et al. (2007) regarding the behavior of sticky price models featuring

durable goods. In line with the data, the model implies that housing demand reacts more strongly

to monetary disturbances than non-housing demand, despite the fact that housing prices are fully

�exible. Third, the model introduces subjective housing beliefs in a way that monetary policy

is unable to manipulate household beliefs to its own advantage. This allows for a meaningful

discussion of Ramsey optimal monetary policy in the presence of subjective beliefs. Finally, the

model makes a minimal departure from rational expectations: expectations about non-housing

related variables are rational and all agents maximize given their (subjective) beliefs about the

future.

To gain analytic insights, we derive a linear-quadratic approximation to the optimal policy

problem and show how it is a�ected by the presence of subjective housing beliefs. We �nd that

housing price gaps, i.e., deviations of housing prices from their e�cient level, a�ect the economy

via two channels. First, ine�ciently high housing prices, driven by capital gain optimism, give rise

to negative cost-push terms in the Phillips curve.2 This feature allows the model to potentially

generate a non-in�ationary housing boom. Yet, a second channel is more important: rising housing

price volatility increases the volatility of the natural rate of interest. Since increased housing price

volatility is itself triggered by a fall in the average level of the natural rate, this dramatically

exacerbates the lower-bound problem for a monetary policy authority confronted with falling

natural rates.

The natural rate is a�ected by housing prices, because higher housing prices make it optimal

to allocate more resources to housing investment. This exerts positive pressure on the output gap

and counteracting these � so as to keep the output gap stable � requires policy to increase the

real interest rate. Under rational expectations, housing prices never deviate from their e�cient
2Conversely, ine�ciently low housing prices, driven by capital gain pessimism, cause positive cost-push terms.
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value, so that policy never has to work against ine�cient investment pressures. With rational

expectations, the volatility of the natural rate is thus independent of the average level of the

natural rate.

These contrasting predictions of the model under rational and subjective housing beliefs also

lead to rather di�erent policy messages on how the optimal in�ation target, i.e., the average

in�ation rate implied by optimal monetary policy, should respond to a fall in the natural rate

of interest. Under rational expectations, the optimal in�ation target is nearly invariant to the

average level of the natural rate.

In the presence of capital gain extrapolation, the optimal in�ation target increases considerably

in response to a fall in the average natural rate. This is due to the increased volatility in the

natural rate and cost-push shocks, which causes the lower bound on the nominal rate to become

more restrictive. A more restrictive lower bound forces monetary policy to rely more strongly

on promising future in�ation in order to lower the real interest rate. This increases the average

in�ation rate under optimal policy. For our calibrated model, we �nd that the optimal in�ation

target should increase approximately by one third of a percent in response to a one percent fall in

the natural rate with the increase becoming non-linear for very low levels of the natural rate.

We also investigate the optimal policy response to housing demand shocks. While in�ation and

the output gap do not respond to these shocks under rational expectations, capital gains induced by

housing demand shocks get ampli�ed by capital gain extrapolation and thereby generate persistent

housing price gaps to which monetary policy optimally responds. Housing price gaps, however,

generate opposing e�ects. On the one hand, ine�ciently high housing prices generate negative

cost-push pressures, which calls for a decrease in the policy rate; on the other hand, ine�ciently

high housing prices trigger a housing investment boom, which puts upward pressure on the output

gap. Counteracting this second e�ect requires hiking policy rates.

In our calibrated model, the second e�ect quantitatively dominates. Optimal monetary policy

thus `leans against' housing price movements, but the optimal strength of the reaction depends

on the direction of the shock. Following a positive housing preference shock, the increase in the

interest rate (nominal and real) is more pronounced than the interest rate decrease following a

negative housing demand shock. The presence of the lower-bound constraint thus attenuates the

degree to which monetary policy leans against negative housing demand shocks.

We also consider whether macroprudential policies could address the housing market ine�cien-

cies generated by capital gain extrapolation. We do so by considering housing taxes that might

be levied on households in order to insulate monetary policymakers from the �uctuations in the

housing price gap. We �nd that the required taxes would have to be large and very volatile. For

our calibrated model, taxes must often exceed 20% of the rental value of housing per period and

also often require equally sized or even larger housing subsidies. It appears somewhat unlikely

that any of the existing macroprudential tools are capable of generating e�ects of such magnitude.

And to the best of our knowledge, none of the available macroprudential tools allows subsidizing
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private sector behavior. Less aggressive tax policies turn out to be considerably less e�ective in

bringing down the volatility of the housing price gap. This suggests that macroprudential policies

are unable to substantially reduce the monetary policy trade-o�s arising from subjective housing

price expectations.

Related literature. This paper is related to work by Andrade et al. (2019, 2021) who study

how the optimal in�ation target depends on the natural rate of interest in a setting with a lower

bound constraint. In line with our �ndings, they show that an increase in the in�ation target is a

promising approach to deal with the lower-bound problem. While their work considers optimized

Taylor rules in a medium-scale sticky price model without a housing sector and rational expecta-

tions, the present paper studies Ramsey optimal policy in a model featuring a housing sector and

subjective housing expectations.

A number of papers consider Ramsey optimal policy in the presence of a lower-bound con-

straint, but also abstract from housing markets and the presence of subjective beliefs (Eggertsson

and Woodford (2003), Adam and Billi (2006a), Coibion et al. (2012)). This literature �nds that

lower bound episodes tend to be short and infrequent under optimal policy, so that average in�a-

tion is very close to zero under optimal policy. The present paper shows that this conclusion is

substantially altered in the presence of subjective housing price expectations.

Optimal monetary policy with subjective beliefs has previously been analyzed in Caines and

Winkler (2021) and Adam and Woodford (2021). These papers abstract from the lower-bound

constraint and consider di�erent belief setups that are not calibrated to replicate patterns of

deviations from rational housing price expectations as observed in survey data.3 We show that

taking into account the existence of a lower-bound constraint on nominal rates is quantitatively

important for understanding how the optimal in�ation target responds to lower natural rates.

Outline. The rest of the paper is structured as follows. Section 2.2 documents how survey ex-

pectations about future housing prices deviate from rational expectations. Section 2.3 presents

a simple housing model in which households extrapolate capital gains. It shows how this simple

model can jointly replicate in equilibrium the behavior of housing prices and the pattern of de-

viations from rational expectations. Section 2.4 then presents the full housing model with sticky

prices, subjective housing beliefs, and a lower-bound constraint on nominal rates. Section 2.5

derives a quadratic approximation to the monetary policy problem, which allows obtaining impor-

tant analytic insights into the new economic forces arising from the presence of subjective housing

price beliefs. We calibrate the model in Section 2.6 and present quantitative results about the

optimal in�ation target and the optimal policy response to housing shocks in Section 2.7. Section

2.8 discusses macroprudential policies and Section 2.9 concludes.

3Adam and Woodford (2021) consider `worst-case' belief distortions, while Caines and Winkler (2021) consider
a setting with `conditionally model-consistent beliefs'. Both setups generate deviations from rational expectations
for variables other than housing prices.
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2.2 Cyclical Properties of Housing Price Expectations
This section documents that households' housing price expectations deviate in systematic ways

from the full-information rational expectations (RE) benchmark. We consider three rationality

tests that have recently been proposed in the literature (Coibion and Gorodnichenko (2015a),

Adam et al. (2017) and Angeletos et al. (2021)). These tests cover di�erent dimensions along

which subjective expectations deviate from RE.

We measure housing prices using the S&P/Case-Shiller U.S. National Home Price Index and

let qt denote the quarterly average of the monthly housing price index. We consider both nominal

and real housing prices with real housing prices being obtained by de�ating nominal housing prices

with the CPI. 45

Expectations about housing capital gains are taken from the Michigan household survey. The

survey provides subjective expectations about nominal four-quarter-ahead housing price growth,

E P
t [qt+4 =qt ]; for the period 2007-2021. The survey also provides housing price growth expectations

over the next �ve years. We focus on the shorter horizon because these expectations determine

housing prices according to our model. The shorter horizon also allows performing a dynamic

decomposition of forecast errors over time in response to realized capital gains.6

We consider both mean and median household expectations.7 When considering real housing

price expectations, we de�ate the nominal mean (median) capital gain expectations with the mean

(median) in�ation expectation over the same period, as obtained from the Michigan survey.8

Sluggish Updating About the Expected Housing Price Level. We start by docu-

menting that the mean/median household expectation about the future level of housing prices is

updated too sluggishly. This can be tested following the approach of Coibion and Gorodnichenko

(2015a), which involves considering regressions of the form

qt+4 � E P
t [qt+4 ] = aCG + bCG �

�
E P

t [qt+4 ] � E P
t� 1 [qt+3 ]

�
+ " t : (2.1)

4The simpli�ed model in the next section makes predictions about real housing prices only, while the survey
data contains information about nominal capital gain expectations. This leads us to consider nominal and real
housing prices.

5We use the �Consumer Price Index for All Urban Consumers: All Items in U.S. City Average�obtained from
FRED.

6Data limitations make such a decomposition di�cult for �ve-year-ahead forecasts: with only 15 years of data,
the dynamic decompositions become largely insigni�cant. Appendix B.1.1 shows, however, that all other patterns
documented below are equally present in �ve-year-ahead expectations.

7Analyzing the dynamics of individual expectations over time is di�cult because households in the Michigan
survey are sampled at most twice. In general, cross-sectional disagreement between households might partly re�ect
heterogeneous information on the part of households, see Kohlhas and Walther (2021).

8As is well-known, these in�ation expectations feature an upward bias relative to actual in�ation outcomes.
This, however, will not be the source of rejection of the RE hypothesis: all our tests focus on the cyclical properties
of capital gain expectations and eliminate mean di�erences between forecasts and realizations using appropriate
regression constants that will not be used in our rationality tests.
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Table 2.1: Sluggish adjustment of housing price expectations

Mean Expectations Median Expectations
Nominal Housing Prices
bbCG 2:22��� 2:85���

(0.507) (0.513)
Real Housing Prices
bbCG 2:00��� 2:47���

(0.332) (0.366)

Notes: This �gure shows the empirical estimates of regression (2.1) for nominal and real housings price and considers
mean and median expectations. The reported standard errors are robust with respect to heteroskedasticity and
serial correlation (Newey-West with four lags). Signi�cance levels: ��� p < 0:01, �� p < 0:05, � p < 0:1.

The regression projects forecast errors about the future housing price level on past forecast re-

visions. Under the RE hypothesis, information that is contained in agents' information set, i.e.,

past forecasts and their revisions, should not predict future forecast errors (H0 : bCG = 0).

We estimate equation (2.1) for nominal and real capital gains, using mean and median expec-

tations, respectively. Expectations of the future house price level are computed asE P
t [qt+4 ] =

E P
t [qt+4 =qt ] qt , whereE P

t [qt+4 =qt ] denotes the capital gain expectations from the Michigan survey

and qt the S&P/Case-Shiller Index.9

Table 2.1 reports the estimatedbCG from regression (2.1). We �nd that bbCG > 0, which

is inconsistent with the RE hypothesis. The regression coe�cient is positive and statistically

signi�cant at the 1% level in all considered speci�cations. This implies that the mean/median

agent updates beliefs too sluggishly: future realizations move (on average) by more than what is

suggested by past forecast revisions. The magnitude of the estimates is also large in economic

terms: a coe�cient estimate of two suggests that forecast revisions should approximately be three

times as strong than they actually are.

Overall, sluggish belief updating is consistent with previous �ndings on the behavior of survey

expectations about output, in�ation and unemployment (Coibion and Gorodnichenko (2015a),

Angeletos et al. (2021), Kohlhas and Walther (2021)). Furthermore, Bordalo et al. (2020) provide

evidence of sluggish belief adjustment in consensus forecasts for other housing variables, such as

residential investment and new housing starts.

Appendix B.1.2 shows that our �ndings are robust to using an instrumental-variable approach

for estimating regression (2.1), in which forecast revisions are instrumented with monetary pol-

icy shocks obtained via high-frequency identi�cation. Appendix B.1.3 shows that similar results

emerge when using capital gains and expected capital gains in equation 2.1 instead of the level

and expected level of the housing price.

9When considering real housing prices, nominal capital gain expectations from the Michigan survey are de�ated
using the subjective (mean or median) in�ation expectations from the Michigan survey.
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Table 2.2: Cyclicality of expected vs. actual capital gains

bias (in %) p-value
ĉ (in %) ĉ (in %) � E(ĉ � ĉ) H0 : c = c

Nominal Housing Prices
Mean Expectations 0.033 -0.102 0.006 0.000

(0.008) (0.007)
Median Expectations 0.014 -0.102 0.009 0.000

(0.001) (0.007)

Real Housing Prices
Mean Expectations 0.030 -0.113 -0.003 0.000

(0.017) (0.009)
Median Expectations 0.010 -0.113 0.006 0.000

(0.004) (0.009)

Notes: bc is the estimate of c in equation (2.2) and bc the estimate of c in equation (2.3). The Stambaugh (1999)
small sample bias correction is reported in the second-to-last column and the last column reports thep-values for
the null hypothesis c = c. Newey-West standard errors using four lags are in parentheses.

Opposing Cyclicality of Actual and Expected Capital Gains. Our second test docu-

ments the di�erent cyclicality of actual and expected capital gains in housing markets. Di�erences

between the cyclicality of actual and expected capital gains have previously been documented for

stock markets, where actual and expected stock market capital gains covary di�erently with the

price-to-dividend ratio (Greenwood and Shleifer (2014), Adam et al. (2017)). We consider here

the cyclicality of expected and actual capital gains in the housing market with the price-to-rent

ratio PR:

E P
t

�
qt+4

qt

�
= a + c � PRt � 1 + ut (2.2)

qt+4

qt
= a + c � PRt � 1 + u t : (2.3)

The rational expectations hypothesis impliesH0 : c = c, whenever the agents' information set

contains the past price-to-rent ratio as an observable.10 Since the predictor variable used on the

right-hand side of the preceding regressions equations is highly persistent, we correct for small

sample bias in the coe�cient estimates (Stambaugh (1999)).11

Table 2.2 reports the regression results. It shows that expected capital gains are positively

associated with the PR-ratio, while realized capital gains are negatively associated. Expected

capital gains are pro-cyclical, i.e., are high when market valuation is high, while realized capital

10In the regressions, we use the lagged PR-ratio,PRt � 1, instead of the current value, because the PR-ratio is
computed using the average price over a quarter. In Adam et al. (2017) the price-to-dividend ratio was computed
using the beginning of quarter stock price, which allowed using the current value in the regression.

11The small sample bias correction in Table 2.2 follows the same approach as the one in Table 1A in Adam et al.
(2017).
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gains are counter-cyclical, i.e., are low when market valuation is high. This pattern of is akin to

the one documented in stock markets.

Quantitatively, the results imply that a two standard deviation increase of the PR-ratio by

15.5 units increases the mean household expectations about four-quarter-ahead real capital gains

by around 0.5%. Actual four-quarter ahead capital gains, however, fall by around 1.5%, so that

the forecast error is approximately 2%.

The last column in Table 2.2 performs a test of the rational expectations hypothesis that the

cyclicality of actual and expected returns are equal (H0 : c = c). The test corrects for small

sample bias, which is reported in the second to last column. We �nd that the di�erence in

the cyclicality of actual and expected capital gains is highly statistically signi�cant in all cases.

Appendix B.1.4 shows that similar results are obtained when �rst subtracting equation (2.2) from

(2.3) and estimating the resulting equation with forecast errors on the left-hand side, as in Kohlhas

and Walther (2021) who do not consider housing related variables.

Initial under- and subsequent over-reaction of housing price expectations. While

the results in Table 2.1 show that households adjust short-term housing price beliefs on average

too sluggishly, the results in Table 2.2 indicate over-optimism (over-pessimism) in housing price

expectations when the current market valuation is high (low), which points to some form of over-

reaction to past housing price increases. It turns out that both patterns can be jointly understood

by considering the dynamic response of actual and expected capital gains to housing price changes.

Following the approach in Angeletos et al. (2021), who analyze forecast errors about unem-

ployment and in�ation, we investigate how capital gains and forecast errors about these capital

gains evolve over time in response to realized capital gains.12 Provided households observe realized

capital gains, the RE hypothesis implies that it should not be possible to predict future forecast

errors with current capital gains.

We estimate the dynamic responses using local projections (Jorda (2005)) of the form

X t+ h = ah + bh qt � 1

qt � 2
+ uh

t ; (2.4)

where the left-hand side variableX t+ h is either the cumulative capital gain (qt+ h+4 =qt ), or the

forecast error about the four-quarter-ahead capital gain (qt+ h+4 =qt+ h � E P
t+ h[qt+ h+4 =qt+ h]); and

uh
t a serially correlated and heteroskedastic error term. Note that forecast errors are positive

when households are overly pessimistic about capital gains and negative if households are overly

optimistic.

Figure 2.1 reports the estimated coe�cientsbh from local projection (2.4). Panel (a) depicts the

response of cumulative capital gains. It shows that the initial capital gains is not only persistent,

but increases further over time, reaching a plateau after around twelve quarters. Given the high
12These dynamic responses are well-de�ned in econometric terms, even if they cannot be given a structural

interpretation, because past capital gains are likely driven by a combination of past shocks.

107



Figure 2.1: Dynamic responses to a realized capital gain

(a) Cumulative Capital Gains (b) Capital Gain Forecast Errors

Notes: Panel (a) shows the dynamic response of cumulative real capital gains at horizonh to a one standard
deviation innovation in the housing capital gain. Panel (b) reports the dynamic response of housing-price forecast
errors at horizon h of one-year ahead expectations to a one standard deviation innovation in the housing capital
gain. Positive (negative) values indicate that realized capital gains exceed (fall short of) expected capital gains.
The shaded area shows the90%-con�dence intervals, standard errors are robust with respect to serial correlation
and heteroskedasticity (Newey-West with h + 1 lags).

serial correlation displayed by capital gains in housing markets, this feature is perhaps not too

surprising.

Panel (b) depicts the dynamic response of forecast errors. Forecast errors are initially positive

but later on � once cumulative capital gains reach their plateau � become negative before eventually

disappearing. The positive values in initial periods indicates that agents' expectations react too

sluggishly: realized capital gains are persistently larger than the expected gains. This also implies

an underreaction in terms of the expected level of housing prices. Subsequently, when all actual

capital gains have materialized and housing prices start to slightly mean revert, agents are too

optimistic about future capital gains. This aligns well with the prior observation that capital

gain expectations display the wrong cyclicality with housing market valuation.13 It also implies

that households entirely miss the mean-reversion in capital gains: forecast errors turn negative

once housing prices level o� and start to slightly mean-revert. This pattern is consistent with the

experimental evidence provided in Armona et al. (2019).

In Appendix B.1.5, we show that the nominal forecast error responses look very similar. Like-

wise, using median expectations instead of mean expectations makes no noticeable di�erence of

the results. In Appendix B.1.6, we show all our results obtained thus far are robust to excluding

the Corona Virus period, i.e., to letting the sample period end in the last quarter of 2019.

13Since rents move only very slowly over time, changes in housing prices capture changes in the price-to-rent
ratio rather well.
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Analysis Using Regional Data. As is well known, housing prices often display considerable

regional variation across the United States. We thus check whether the three deviations from RE

documented above are also present in regional housing prices and housing price beliefs. Appendix

B.1.7 uses regional housing price indices and exploits local information contained in the Michigan

survey that allows grouping survey respondents into four di�erent U.S. regions (North East, North

Central/Midwest, South, and West). Repeating the above analyses at the regional level, it shows

that one obtains quantitatively similar results. The next section presents a simple housing model

that can quantitatively replicate the forecast error deviations documented in this section.

2.3 Simple Model with Capital Gain Extrapolation
This section presents a bare-bones housing model in which households (weakly) extrapolate past

capital gains. The model makes equilibrium predictions for the joint dynamics of housing prices

and housing price beliefs. Housing prices in the model depend on households' housing price

beliefs, with the latter being in�uenced by past housing price behavior. We show that equilibrium

dynamics of housing prices and housing price beliefs quantitatively replicate key features of housing

price behavior in the U.S., as well as the deviations from rational expectations documented in the

previous section. The simple model also predicts that low levels of the natural rate of interest

give rise to increased housing price volatility. As we show, this prediction is consistent with the

evolution of natural rates and housing prices in advanced economies over the past decades.

The full model in Section 2.4 additionally features nominal rigidities, a lower bound constraint

on nominal rates, generalized preferences, and endogenous production of consumption goods and

housing. The present section abstracts from these features, but nevertheless shares its implications

for housing price behavior and housing price beliefs with the full model.

The Household Problem. There is a measure one of identical households.14 Households

are internally rational, as in Adam and Marcet (2011), i.e., maximize utility holding potentially

subjective beliefs about variables beyond their control. The representative household chooses

consumptionCt , housing units to ownD t , and housing units to rentD R
t , to maximize

max
f Ct � 0;D t 2 [0;D max ];D R

t � 0g1

t =0

E P
t

1X

t=0

� t
�
Ct + � d

t

�
D t + D R

t

��

s.t. : Ct + ( D t � (1 � � )D t � 1) qt + RtD R
t = Yt for all t � 0;

whereYt is an exogenous (and su�ciently large) endowment,qt the real price of housing,Rt the

real rental price and� > 0 the housing depreciation rate. Rental units and housing units owned

are perfect substitutes and� d
t � 0 denotes a housing preference shock. The household's subjective

probability measureP allows for subjective housing price beliefs. For simplicity, we assume beliefs

14The fact that households are identical is not common knowledge among households.
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about other variables beyond the household's control,f Yt ; � d
t ; Rtg1

t=1 , to be rational. The latter

assumption is not important for the results derived in this section.

Housing choices are subject to a short-selling constraintD t � 0, which is standard, and to

a long constraint D t � D max . The latter insures existence of optimal plans in the presence of

distorted housing beliefs. The long constraint is chosen such that it will never bind in equilibrium,

i.e., D max > D , whereD denotes the exogenously �xed housing supply. Without loss of generality,

rental units are assumed to be in zero net supply.

The household �rst-order conditions imply that rents are given by

Rt = � d
t (2.5)

and that equilibrium housing prices satisfy15

qt = � d
t + � (1 � � )E P

t qt+1 : (2.6)

Capital Gain Extrapolation. We now introduce subjective price beliefs that give rise to

capital gain extrapolation, using the setup in Adam et al. (2016). Importantly, the precise details

generating capital gain extrapolation are not essential for the results in this section and we could

have used alternative belief assumptions, e.g., learning from life-time experience as in Nagel and

Xu (2022) and Malmendier and Nagel (2011, 2015), or could have directly assumed extrapolative

behavior as in Barberis et al. (2015).

Households perceive capital gains to evolve according to

qt

qt � 1
= bt + " t ; (2.7)

where " t � iiN (0; � 2
" ) is a transitory component of capital gains andbt a persistent component,

which itself evolves according tobt = bt � 1 + � t ; with � t � iiN (0; � 2
� ).16 Households observe the

realized capital gains (qt=qt � 1) and use Bayesian belief updating to decompose observed capital

gains into their persistent and transitory components. With conjugate prior beliefs, the subjective

conditional one-step-ahead capital gain expectations

� t � E P
t (qt+1 =qt ) (2.8)

15This holds true in equilibrium because0 < D < D max . For the household, however, �rst-order conditions may
hold only with inequality under the subjectively optimal plans, due to the presence of short and long constraints.
The latter explains why rational households can hold price expectations that di�er from the discounted sum of
future rents, see Adam and Marcet (2011) for details and Adam and Nagel (2022) for related arguments.

16In the full model in Section 2.4, we will assume the same beliefs for risk-adjusted house price growth. With
risk neutrality, the two coincide.
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Figure 2.2: Capital gain surprises and revisions

Notes: This �gure plots the capital gain surprises against capital gain revisions in the Michigan survey (2007-2021),
along with a linear regression line.

evolve according to

� t = min
�

� t � 1 +
1
�

�
qt � 1

qt � 2
� � t � 1

�
; � U

�
; (2.9)

where 1=� is the Kalman gain determining how strongly households' capital gain expectations

respond to past capital gain surprises.17 The Kalman gain thus captures the degree to which past

capital gain surprises are extrapolated into the future. The upper bound� U on the beliefs in

equation (2.9) is there to insure that capital gain optimism is bounded from above, so as to keep

subjectively expected utility �nite. 18

Figure 2.2 illustrates the relationship between belief revisions and forecast errors implied by

equation (2.9) using the Michigan survey data. The �gure plots on the vertical axis a measure of the

quarterly revision in capital gain expectations,
�
E P

t (qt+4 =qt )
� 1

4 �
�
E P

t� 1 (qt+3 =qt � 1)
� 1

4 , and on the

horizontal axis a measure of the forecast error in quarterly capital gains,qt
qt � 1

�
�
E P

t� 1 (qt+3 =qt � 1)
� 1

4 ,

for all quarters in the Michigan survey. Consistent with equation (2.9), there is a clear positive and

approximately linear relationship between capital gain surprises and belief revisions in Figure 2.2.

The most notable deviations from the regression line are the ones around the Great Recession

(2008Q3 and 2009Q2) and the Covid Recession (2020Q2 and 2020Q3).

Equilibrium Dynamics of Housing Prices and Capital Gain Expectations. From

equation (2.6) and the de�nition of subjective beliefs� t it follows that the equilibrium housing

17The (steady-state) Kalman gain depends on the subjectively perceived values for(� 2
" ; � 2

� ).
18The bound can be interpreted as a short-cut for a truncated prior support or bt . The bounding function in

(2.9) is a special case of the bounding function used in Adam et al. (2016), obtained by setting� L = � U .
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price is given by

qt =
1

1 � � (1 � � )� t
� d

t ; (2.10)

where � t evolves according to (2.9). Equations (2.9) and (2.10) thus jointly characterize the

equilibrium dynamics of housing prices and subjective beliefs. From equations (2.5) and (2.10)

follows that the equilibrium price-to-rent ratio is given by

PRt �
qt

Rt
=

1
1 � � (1 � � )� t

: (2.11)

Calibration. The simple model just described can generate empirically plausible housing

price behavior and the resulting housing price beliefs quantitatively match the deviations from

rational expectations presented in the previous section. The calibration in this section is identical

to the one for the full model, with the exception for the standard deviation of the innovations to

housing preferences.19 We consider housing preference shocks evolving according to

log� d
t = (1 � � � ) log � d + � � log� d

t � 1 + "d
t ; (2.12)

where "d
t � iiN satis�es E[e" d

t ] = 1. Following Adam and Woodford (2021), we set� � = 0:99

and � = 0:03=4. The standard deviation of"d
t is set to 0.0067, so that the model replicates the

empirical standard deviation of the price-to-rent ratio, expressed in percent deviation from its

mean, over the period for which we have survey data on housing expectations (2007-2021). The

average value of the housing preference� d > 0 is irrelevant, as we are only concerned with moments

characterizing cyclical properties (deviations from average values).

For the subjective belief process, we completely tie our hands and set1=� = 0:007, which is

the value estimated in Adam et al. (2016) using stock market expectations. The low value for

the Kalman gain implies that agents extrapolate only weakly, as they believe most of the realized

capital gains being due to transitory components. The value for the upper belief bound� U is

set as in the full model, where it matches the maximum observed deviation of the price-to-rent

ratio from its mean. Finally, the quarterly discount factor � is set such that the real interest rate

is equal to 0.75%, which is the average value of the estimated U.S. natural rate over the period

2007-2021, according to estimates using the approach of Holston et al. (2017).

Housing Price Behavior. Table 2.3 illustrates that the subjective belief model replicates

surprisingly well the empirical behavior of the price-to-rent ratio and of capital gains. While

the standard deviation of the price-to-rent ratio is a targeted moment, all other moments are

untargeted. The model matches very well the high quarterly autocorrelation of the price-to-rent

ratio and the fairly high quarterly autocorrelation of capital gains. It undershoots somewhat
19This is so because the present section matches moments for a di�erent time period than the full model, i.e.,

the period for which we have subjective expectations data (2007-2021).
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Table 2.3: Housing price moments: data versus model

Data Subjective Belief Model RE Model
std (PRt ) 8.6 8.6 2.69
corr(PRt ; PRt � 1) 0.99 0.99 0.99
std(qt=qt � 1) 0.06 0.04 0.003
corr(qt=qt � 1; qt � 1=qt � 2) 0.97 0.94 -0.01

Notes: The table reports the standard deviation and �rst-order autocorrelation of price-to-rent ratios and capital
gains in the data, for the model under subjective housing beliefs and the model under rational expectations.

Table 2.4: Patterns of deviations from rational expectations: data versus model

Subjective Belief Model Data
Mean Expectations Median Expectations

bCG from (2.1) 2.09 1.68 2.12
(0.355) (0.394)

c (in %) from (2.2) 0.03 0.030 0.010
(0.172) (0.043)

c (in %) from (2.3) -0.063 -0.113 -0.113
(0.009) (0.009)

Notes: This table shows the model-implied regression coe�cients of regressions (2.1), (2.2) and (2.3) for a natural
rate of 0:75% (annualized) in the �rst column and the empirical results (for real housing prices) in the second and
third column.

the standard deviation of quarterly capital gains, illustrating that it features perhaps too little

high-frequency variation in prices.20

Table 2.3 also reports the rational expectations (RE) outcome using the same calibration as for

the subjective belief model. It shows that about 70% of the �uctuations in the price-dividend ratio

in the subjective belief model is due to capital gain extrapolation. Adam et al. (2016) explain how

capital gain extrapolation generates momentum and mean reversion in prices and thus contributes

to asset price volatility.

While the ability of capital gain extrapolation to increase the price volatility is well-known, we

now turn to the new question of whether the model with capital gain extrapolation matches the

structure of forecast errors documented in Section 2.2.

Belief revisions and forecast errors. The simple model quantitatively matches the three

deviations from rational housing price expectations documented in Section 2.2.

Table 2.4 reports the outcomes of population regressions of equations (2.1), (2.2) and (2.3) for

the calibrated subjective belief model. The results shows the model matches sluggish updating

about expected housing prices (bCG > 0) and the opposing cyclicality of actual and expected capital
20This could easily be remedied by adding some iid shocks, say iid shocks to the discount factor� .
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Figure 2.3: Dynamic forecast error response: data versus model

Notes: The �gure shows impulse-response functions of housing-price forecast errors of one-year ahead expectations
to a one standard deviation innovation in the housing capital gain from the model and the data. The shaded area
shows the 90%-con�dence intervals of the empirical estimates, standard errors are robust with respect to serial
correlation and heteroskedasticity (Newey-West with h + 1 lags).

gains (c > 0 and c < 0). For better comparison, Table 2.4 also reports also the empirical estimates

of the corresponding coe�cients from Tables 2.1 and 2.2. The magnitude of the coe�cients

generated by the model closely match the ones obtained using survey data, with the exception

that the model underpredicts the counter-cyclicality of actual capital gains.

Figure 2.3 shows that the simple model is able to match the dynamic response of forecast errors

documented empirically in Figure 2.1(b). We compute model-implied forecast errors asFE model
t+ h =

qt +4+ h

qt + h
� (� t+ h)4 and compute the population local projections (2.4). Consistent with the data,

the model generates initial underprediction of capital gains (over-pessimism) and subsequently

overprediction (over-optimism).

Appendix B.2.1 reports the dynamic forecast error responses for the model and in the data

about the expected housing price level (rather than the expected capital gain). It shows that the

model matches equally well the patterns of forecasts errors about the future housing price level.

Falling Natural Rates and Rising Housing Price Volatility. The simple housing model

also predicts that falling natural rates of interest will give rise to higher volatility for housing

prices. Such a relationship between natural rates and housing volatility is present in the data. It

can be seen by considering regressions of the form

Std(PRt � h
2
; :::; PRt+ h

2
) = a�

h � b�
h � r �

t + ut;h ; (2.13)

wherer �
t denotes the natural rate of interest from Holston et al. (2017) andStd(PRt � h

2
; :::; PRt+ h

2
)

the standard deviation of the price rent ratio using a window ofh + 1 quarters centered around

period t. Under the standard assumption that the natural rate of interest is only a function of
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Figure 2.4: The natural rate and housing price �uctuations

(a) Relationship between lower U.S. natural (b) Changes in the natural rate & housing price
rates & housing price volatility (b�

h) volatility in advanced economies

Notes: Panel (a) reports the regression coe�cient b�
h from equation (2.13) together with 68% Newey-West error

bands usingh lags. Panel (b) plots the pre-/post-1990 changes in the average natural rate against the changes in
the volatility of the price-to-rent ratio for di�erent advanced economies. The volatilities of the price-to-rent ratios
in the pre-/post-1990 periods are the standard deviations relative to the period-speci�c mean values.

exogenous fundamentals, the regression coe�cientsb�
h can be interpreted as capturing a causal

relationship.

Panel (a) in Figure 2.4 reports the coe�cientsb�
h for the United States using various estimation

bandwidths h. While narrow bandwidths generate insigni�cant outcomes, most likely due to the

di�culty associated with reliably estimating the standard deviation of the PR-ratio, the coe�cient

becomes positive and signi�cant for larger bandwidth and is quite large when using a bandwidth

of 48 quarters (+/- 2 years). We can thus conclude that the standard deviation of U.S. housing

prices is rising as the natural rate falls.

Panel (b) in Figure 2.4 shows that this relationship is also present in other countries: it plots

the change in the average level of the natural rate from the period before 1990 to the period after

1990 for the U.S., Canada, France, Germany, and the United Kingdom, against the change in the

standard deviation of the price-to-rent ratio over the same periods. To take possible shifts in the

mean of the PR-ratio over time into account, e.g., due to falling real interest rates, the standard

deviation of the PR-ratio is computed in each of the two sub-periods for thepercent deviation

of the PR-ratio from its period-speci�c mean.21 In all six advanced economies, the PR-ratio has

become more volatile as the average level of the natural rate has declined.

Equations (2.9) and (2.10) reveal how housing prices in our simple model are a�ected by the

level of the natural rate of interest. The natural rate of interest is given byr � = 1=� � 1 and only

depends on the discount factor� 2 (0; 1). A discount factor closer to one thus lowers the natural

21The empirical results become even stronger if one considers instead the absolute standard deviation of the
PR-ratio.
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Figure 2.5: Model-implied housing price response for di�erent natural rates

rate of interest.

Figure 2.5 illustrates that the model in fact generates a negative relationship between the level

of the natural rate and housing price volatility.22 It presents the impulse response of real housing

prices to a positive housing preference shock� d
t , which is the only shock driving housing prices in

the model. It considers this response for the calibrated level of the natural rate of 0.75% and for

a lower natural rate level equal to 0.25%.23 The key message of Figure 2.5 is that housing prices

respond stronger to housing demand shocks when natural rates are lower: the same shock gives

rise to an approximately 75% stronger housing price response when the natural rate is at its lower

level.

This surprising model outcome can be explained as follows. The capital gain increase triggered

by the fundamental shock in the initial period leads to an upward revision of capital gain expecta-

tions. Equation (2.10) implies, however, that these higher capital gain expectations produce larger

realized capital gains, the higher is the value for� , i.e., the lower is the natural rate of interest.

Higher realized capital gains produce stronger upward revisions in beliefs in the future and thus

feed stronger capital gains in the subsequent period. Through this feedback loop, low natural

rates generate more momentum in housing price changes following fundamental shocks, allowing

the model to replicate the relationship between natural rates and the volatility of housing prices.

2.4 Full Model with Capital Gain Extrapolation
This section studies the monetary policy implications of falling natural rates of interest and rising

housing price volatility. To this end, we embed capital gain extrapolation into a sticky price model

with a housing sector. The model features endogenous production of consumption goods and
22The full model presented later on will also be able to quantiatively replicate this relationship, see section 2.6.
23To account for the higher housing price levels associated with lower natural rates, we show impulse responses in

terms of percent deviations from their respective steady state values. The model-implied response for the PR-ratio
to a housing preference shock looks very similar and is shown in Appendix B.2.2.

116



housing and generalizes the setup in Adam and Woodford (2021) by allowing for belief distortions

that are not absolutely continuous with respect to the beliefs held by the policymaker. This

permits analyzing the subjective housing beliefs as in equation (2.7), which give rise to capital

gain extrapolation and deviations from rational expectations matching patterns in the survey

data. In addition, we consider a lower-bound constraint on nominal rates, which we show to be

quantitatively important for understanding how the optimal in�ation target responds to lower

natural rates in the presence of subjective housing beliefs.

We consider an economy populated by internally rational decision makers (Adam and Marcet

(2011)): households maximize utility and �rms maximize pro�ts, but both do so using a potentially

subjective probability measureP, which assigns probabilities to all external variables, i.e., to all

variables that are beyond agents' control. These variables include fundamental shocks, as well

as competitive market prices (wages, goods prices, housing prices and rents). The setup delivers

rational expectations in the special case whereP is the objective probability measure.

The economy is made up of identical in�nitely-lived households, each of which maximizes the

following objective function24

U � E P
0

1X

t=0

� t

�
~u(Ct ; � t ) �

Z 1

0
~v(H t (j ); � t )dj + ~! (D t + D R

t ; � t )
�

; (2.14)

subject to the sequence of �ow budget constraints

Ct + B t + ( D t � (1 � � )D t � 1)
qu

t

~uC (Ct ; � t )
+ kt + RtD R

t =

~d(kt ; � t )
qu

t

~uC (Ct ; � t )
+

Z 1

0
wt (j )H t (j )dj +

B t � 1

� t
(1 + i t � 1) +

� t

Pt
+

Tt

Pt
; (2.15)

where Ct is an aggregate consumption good; H t (j ) is the quantity supplied of labor of type j

and wt (j ) the associated real wage,D t the stock of owned houses,D R
t the units of rented houses,

� 2 [0; 1] the housing depreciation rate, andqu
t the real price of houses in marginal utility units,

de�ned as

qu
t � qt ~uC (Ct ; � t );

whereqt is the real house price in units of consumption.25 The variable qu
t provides a measure of

whether housing is currently expensive or inexpensive, in units that are particularly relevant for

determining housing demand. The variablekt denotes investment in new houses and~d(kt ; � t ) the

resulting production of new houses.26 B t � eB t=Pt denotes the real value of nominal government

24It cannot be common knowledge to households that they are representative wheneverP deviates from the
rational measure.

25In Section 2.3,qu
t and qt coincide due to risk-neutrality.

26We consolidate housing production into the household budget constraint. It would be equivalent to have
instead a separate housing production sector that is owned by households.
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bond holdings eB t and Pt the nominal price of consumption.� t = Pt=Pt � 1 is the in�ation rate, i t

the nominal interest rate,Rt the real rental rate for housing units, and� t is a vector of exogenous

disturbances, which may induce random shifts in the functions~u, ~v, ~! and ~d. Tt denotes nominal

lump sum transfers (taxes if negative) from the government and� t nominal pro�ts accruing to

households from the ownership of �rms.

Households discount future payo�s at the rate� 2 (0; 1). Since our model is formulated

in terms of growth-detrended variables, the discount rate� jointly captures the time preference

rate e� 2 (0; 1) and the steady-state growth rate of marginal utility. Letting gc � 0 denote the

steady-state growth rate of consumption in non-detrended terms, we have

� � e�
~uC (C(1 + gc); � )

~uC (C; � )
; (2.16)

where � denotes the steady state value of the disturbance� t . When the growth rate gc of the

economy falls, the discount rate� increases because marginal utility falls less strongly. We can

thus capture a fall in the trend growth rate of the economy simply via an increase in the time

discount rate � . Declining trend growth causes the steady-state real interest rate and thus the

average natural rate of interest to fall, which is in line with the estimates provided in Holston

et al. (2017) (see Appendix B.7).

The aggregate consumption good is a Dixit-Stiglitz aggregate of each of a continuum of di�er-

entiated goods,

Ct �
� Z 1

0
ct (i )

� � 1
� di

� �
� � 1

; (2.17)

with an elasticity of substitution � > 1. We further assume isoelastic functional forms

~u(Ct ; � t ) �
C1� ~� � 1

t
�C~� � 1

t

1 � ~� � 1
;

~v(H t (j ); � t ) �
�

1 + �
(H t (j ))1+ � �H � �

t ;

~! (D t + D R
t ; � t ) � � d

t

�
D t + D R

t

�
; (2.18)

~d(kt ; � t ) �
Ad

t

~�
k~�

t ;

where ~�; � > 0; ~� 2 (0; 1) and f �Ct ; �H t ; � d
t ; Ad

t g are bounded, exogenous and positive disturbance

processes which are among the exogenous disturbances included in the vector� t .

Our speci�cation includes two housing-related disturbances, namely� d
t , which captures shocks

to housing preferences, andAd
t , which captures shocks to the productivity in the construction of

new houses. We impose linearity in the utility function (2.18), because it greatly facilitates the

characterization of optimal policy, with rented and owned housing units being perfect substitutes.

Introducing a weight on rental units relative to housing units would allow us to perfectly match
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the average price-to-rent ratio we observe in the data. However, since this does not change any

other results, we abstract from such a scaling parameter and assign equal weight to housing and

renting in the utility.

Each di�erentiated good is supplied by a single monopolistically competitive producer; there

is a common technology for the production of all goods, in which (industry-speci�c) labor is the

only variable input,

yt (i ) = A t f (ht (i )) = A tht (i )1=� ; (2.19)

whereA t is an exogenously varying technology factor, and� > 1. The Dixit-Stiglitz preferences

(2.17) imply that the quantity demanded of each individual goodi will equal27

yt (i ) = Yt

�
pt (i )
Pt

� � �

; (2.20)

where Yt is the total demand for the composite good de�ned in (2.17),pt (i ) is the price of the

individual good, andPt is the price index,

Pt �
� Z 1

0
pt (i )1� � di

� 1
1� �

; (2.21)

corresponding to the minimum cost for which a unit of the composite good can be purchased in

period t. Total demand is given by

Yt = Ct + kt + gtYt ; (2.22)

wheregt is the share of the total amount of composite goods purchased by the government, treated

here as an exogenous disturbance process.

2.4.1 Household Optimality Conditions

Internally rational households choose state-contingent sequences for the choice variables
�

Ct ; H t (j ); D t ; DR
t ; kt ; B t

	
so as to maximize (2.14), subject to the budget constraints (2.15),

taking as given their beliefs about the processesf Pt ; wt (j ); qu
t ; Rt ; i t ; � t=Pt ; Tt=Ptg; as determined

by the (subjective) measureP.

We shall be particularly interested in the policy implications generated by subjective housing

price beliefs. To insure that an optimum exists in the presence of potentially distorted beliefs about

the housing pricequ
t , we require housing choices to lie in some compact choice setD t 2 [0; Dmax ],

as discussed in Section 2.3, where the upper bound can be arbitrarily large.

27In addition to assuming that household utility depends only on the quantity obtained of Ct ; we assume that
the government also cares only about the quantity obtained of the composite good de�ned by (2.17), and that it
seeks to obtain this good through a minimum-cost combination of purchases of individual goods.

119



The �rst order conditions give rise to an optimal labor supply relation

wt (j ) =
~vH (H t (j ); � t )

~uC (Ct ; � t )
; (2.23)

a consumption Euler equation

~uC (Ct ; � t ) = �E P
t

�
~uC (Ct+1 ; � t+1 )

1 + i t

Pt+1 =Pt

�
; (2.24)

an equation characterizing optimal investment in new houses

kt =

 

Ad
t qu

t
C~� � 1

t
�C~� � 1

t

! 1
1� ~�

; (2.25)

an optimality condition for rental units

� d
t = Rt ~uC (Ct ; � t ); (2.26)

and a set of conditions determining the optimal housing demandD t :

qu
t < � d

t + � (1 � � )E P
t qu

t+1 if D t = D max

qu
t = � d

t + � (1 � � )E P
t qu

t+1 if D t 2 (0; Dmax )

qu
t > � d

t + � (1 � � )E P
t qu

t+1 if D t = 0:

(2.27)

With rational expectations, the upper and lower holding bounds never bind.28 Since we are

interested in how the presence of belief distortions about future housing values a�ect equilibrium

outcomes, the bounds in equation (2.27) can potentially bind under thesubjectivelyoptimal plans.

This explains why an internally rational household can hold subjective housing price expectations,

even if she holds rational expectations about the preference shocks� d
t in equation (2.27).

Forward-iterating on equation (2.24), which holds with equality under all belief-speci�cations,

delivers a present-value formulation of the consumption Euler equation

~uC (Ct ; � t ) = lim
T !1

E P
t

"

~uC (CT ; � T )� T
T � tY

k=0

1 + i t+ k

Pt+ k+1 =Pt+ k

#

; (2.28)

which will be convenient to work with, especially under subjective belief speci�cations. Household

choices must also satisfy the transversality constraint

lim
T !1

� T E P
t [~uC (CT ; � T )BT + DT qu

T ] = 0: (2.29)

28The upper bound D max has been chosen su�ciently large for this to be true. The lower bound is never reached
because the housing production function satis�es Inada conditions.
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Optimal household behavior under potentially distorted beliefs is jointly characterized by equations

(2.23) and (2.25)-(2.29).

2.4.2 Optimal Price Setting by Firms

The producers in each industry �x the prices of their goods in monetary units for a random

interval of time, as in the model of staggered pricing introduced by Calvo (1983) and Yun (1996).

Producers use the representative households' subjectively optimal consumption plans to discount

pro�ts and are assumed to know the product demand function (2.20). They need to formulate

beliefs about the future price levelsPT , industry-speci�c wageswT (j ), aggregate demandYT , and

productivity AT .

Let 0 � � < 1 be the fraction of prices that remain unchanged in any period. A supplieri in

industry j that changes its price in periodt chooses its new pricept (i ) to maximize

E P
t

1X

T = t

� T � tQt;T � ( pt (i ); PT ; wT (j ); YT ; AT ) ; (2.30)

where E P
t denotes the expectations of price setters conditional on timet information, which are

identical to the expectations held by consumers. Firms discount random nominal income in period

T using households' subjective stochastic discount factorQt;T , which is given by

Qt;T = � T � t ~uC (CT ; � T )
~uC (Ct ; � t )

Pt

PT
:

The term � T � t in equation (2.30) captures the probability that a price chosen in periodt will not

have been revised by periodT, and the function � ( pt (i ); :::) indicates the nominal pro�ts of the

�rm in period t, as discussed next.

Pro�ts are equal to after-tax sales revenues net of the wage bill. Sales revenues are determined

by the demand function (2.20), so that (nominal) after-tax revenue equals

(1 � � t ) pt (i )Yt

�
pt (i )
Pt

� � �

:

Here � t is a proportional tax on sales revenues in periodt, f � tg is treated as an exogenous distur-

bance process, taken as given by the monetary policymaker. We assume that� t �uctuates over

a small interval around a non-zero steady state level� . We allow for exogenous variations in the

tax rate in order to include the possibility of �pure cost-push shocks� that a�ect the equilibrium

pricing behavior while implying no change in the e�cient allocation of resources.
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The labor demand of �rm i at a given industry-speci�c wagewt (j ) can be written as

ht (i ) =
�

Yt

A t

� �

pt (i )� �� P ��
t ; (2.31)

which follows from (2.19) and (2.20). Using this, the nominal wage bill is given by

Ptwt (j )ht (i ) = Ptwt (j )
�

Yt

A t

� �

pt (i )� �� P ��
t :

Subtracting the nominal wage bill from the above expression for nominal after tax revenue, we

obtain the function � ( pt (i ); PT ; wT (j ); YT ; AT ) used in (2.30).

Each of the suppliers that revise their prices in periodt chooses the same new pricep�
t , that

maximizes (2.30). The �rst-order condition with respect topt (i ) is given by29

E P
t

1X

T = t

� T � tQt;T � 1 (pt (i ); PT ; wT (j ); YT ; AT ) = 0 :

The equilibrium choicep�
t , which is the same for each �rmi in industry j , is the solution to this

equation. Letting pj
t denote the price charged by �rms in industryj at time t, we havepj

t = p�
t in

periods in which industry j resets its prices andpj
t = pj

t � 1 otherwise.

Under the assumed isoelastic functional forms, the optimal choice has a closed-form solution

�
p�

t

Pt

� 1+ � (� � 1)

=
E P

t

P 1
T = t � T � tQt;T

�
� � 1 �w T (j )

�
YT
A T

� � �
PT
Pt

� �� +1

E P
t

P 1
T = t � T � tQt;T (1 � � T )YT

�
PT
Pt

� � : (2.32)

The price index evolves according to a law of motion

Pt =
�
(1 � � ) p� 1� �

t + �P 1� �
t � 1

� 1
1� � ; (2.33)

as a consequence of (2.21). The equilibrium in�ation in any period is characterized by

�
Pt

Pt � 1

� � � 1

=
1 � (1 � � )

�
p�

t
Pt

� 1� �

�
: (2.34)

The welfare loss from price adjustment frictions can be captured by price dispersion, which is

29Note that supplier i 's pro�ts in (2.30) are a concave function of the quantity sold yt (i ), since revenues are

proportional to yt (i )
� � 1

� and hence concave inyt (i ), while costs are convex inyt (i ). Moreover, since yt (i ) is
proportional to pt (i ) � � , the pro�t function is also concave in pt (i ) � � . The �rst-order condition for the optimal
choice of the pricept (i ) is the same as the one with respect topt (i ) � � ; hence the �rst-order condition with respect
to pt (i ) is both necessary and su�cient for an optimum.
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de�ned as

� t �
Z 1

0

 
pj

t

Pt

! � � (1+ ! )

dj � 1; (2.35)

where

! � � (1 + � ) � 1 > 0

is the elasticity of real marginal cost in an industry with respect to industry output.

Using equation (2.33) together with the fact that the relative prices of the industries that do

not change their prices in periodt remain the same, one can derive a law of motion for the price

dispersion term� t of the form

� t = h(� t � 1; Pt=Pt � 1); (2.36)

with

h(� t ; Pt=Pt � 1) � � � t

�
Pt

Pt � 1

� � (1+ ! )

+ (1 � � )

0

B
@

1 � �
�

Pt
Pt � 1

� � � 1

1 � �

1

C
A

� (1+ ! )
� � 1

:

As is commonly done, we assume that the initial degree of price dispersion is small (� � 1 � O(2)).

Equations (2.32), (2.34), and (2.36) jointly de�ne a short-run aggregate supply relation between

in�ation, output and house prices (via the aggregate demand equation (2.22) and (2.25)), given

the current disturbances� t , and expectations regarding future wages, prices, output, consumption

and disturbances. Equation (2.36) describes the evolution of the costs of price dispersion over

time.

For future reference, we remark that all �rms together make total pro�ts equal to

� t

Pt
= (1 � � t )Yt � wtH t ; (2.37)

wherewtH t =
R1

0 wt (j )H t (j )dj .

2.4.3 Government Budget Constraint and Market Clearing Conditions

The government consumes goodsgtYt , imposes a sales tax� t , issues nominal bondseB t � PtB t ,

and pays lump sum transfersTt to households. The government budget constraint is given by

B t = B t � 1
1 + i t � 1

Pt=Pt � 1
+

Tt

Pt
+ ( gt � � t ) Yt :

For simplicity, we assume that lump sum transfers (taxes if negative) are set such that they keep

real government debt constant at some initial levelB � 1. This implies that government transfers

are given by
Tt

Pt
= � (gt � � t )Yt + B t � 1

�
1 �

1 + i t � 1

Pt=Pt � 1

�
: (2.38)
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Using (2.22) and (2.25), one can express the market clearing condition for the consump-

tion/investment good as

Yt =
Ct + 
 tC

~� � 1

1� ~�
t

1 � gt
; (2.39)

where


 t �
�

Ad
t

�C � ~� � 1

t qu
t

� 1
1� ~�

> 0 (2.40)

is a term that depends on exogenous shocks and belief distortions in the housing market only, see

equation (2.27). The previous two equations implicitly de�ne a function

Ct = C(Yt ; qu
t ; � t ); (2.41)

which delivers the market clearing consumption level, for a given output levelYt , given housing

pricesqu
t and given exogenous disturbances� t .

The market clearing condition for housing is

D t = (1 � � )D t � 1 + ~d(kt ; � t ); (2.42)

and rental market clearing requires

D R
t = 0: (2.43)

Labor market clearing requires that the supply of labor of typej in (2.23) is equal to labor demand

of industry j , which is given by (2.31), as all �rms in the industry charge the same price. This

delivers

wt (j ) =
~vH (H t (j ); � t )

~uC (Ct ; � t )
=

� (H t (j )) � �H � �
t

C � ~� � 1

t
�C~� � 1

t

= �
�H � �

t
�C~� � 1

t

�
Yt

A t

� ��

C~� � 1

t

 
pj

t

Pt

! � ���

; (2.44)

wherepj
t = p�

t in periods where industryj can adjust prices andpj
t = pj

t � 1 otherwise.

2.4.4 Equilibrium and Ramsey Problem with Subjective Beliefs

We now de�ne the equilibrium in the presence of subjective beliefs, as well as the nonlinear

Ramsey problem characterizing the monetary policymaker's optimization problem in the presence

of subjective beliefs.

We start by de�ning an Internally Rational Expectations Equilibrium (IREE), which is a gen-

eralization of the notion of a Rational Expectations Equilibrium (REE) to settings with subjective

private sector beliefs:

An internally rational expectations equilibrium (IREE) is a bounded stochastic process for

f Yt ; Ct ; kt ; D t ; f wt (j )g; p�
t ; Pt ; � t ; qu

t ; i tg
1
t=0 satisfying the aggregate supply equations (2.32), and
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(2.34), the law of motion for the evolution of price distortions (2.36), the household optimality

conditions (2.25), (2.27), (2.28), and the market clearing conditions (2.39), (2.42) and (2.44) for

all j .

The equilibrium features ten variables (counting the continuum of wages as a single variable)

that must satisfy nine conditions, leaving one degree of freedom to be determined by monetary pol-

icy.30 In the special case with rational beliefs (E P
t [�] = E t [�]), the IREE is a Rational Expectations

Equilibrium (REE).

Given the equilibrium outcome, the remaining model variables can be determined as follows.

Equilibrium pro�ts are given by equation (2.37) and equilibrium taxes by equation (2.38). Equi-

librium labor supply H t (j ) follows from equation (2.23) for each labor typej . Equilibrium bond

holdings satisfyB t = B � 1 and equilibrium in�ation is � t � Pt=Pt � 1. Equilibrium rental units are

given by equation (2.43) and equilibrium rental prices by equation (2.26).

The Ramsey problem allows the policymaker to choose the sequence of policy rates, prices and

allocations to maximize household utility, subject to the constraint that prices and allocations

constitute an IREE. The policymaker thereby maximizes household utility under rational expec-

tations, i.e., under a probability measure that is di�erent from the one entertained by households,

whenever the latter hold distorted beliefs. Benigno and Paciello (2014) refer to such a policymaker

as a `paternalistic' policymaker. The non-linear Ramsey problem is spelled out in Appendix B.3.

To gain economic insights into the forces shaping the policy problem, the next section considers a

quadratic approximation to the nonlinear problem.

2.5 The Monetary Policy Problem: Analytic Insights
This section derives analytic insights into the monetary policy problem. In particular, it presents a

quadratic approximation to the policymaker's Ramsey problem that highlights the new economic

forces arising from the presence of capital gain extrapolation.31 It shows how subjective capital

gain expectations shift the Phillips curve and a�ect the natural rate of interest in the IS equation.

The quadratic approximation derived below is valid for two alternative belief settings.32 The

�rst setting is standard and assumes rational expectations. While constituting a useful benchmark,

the assumption of rational housing price expectations is strongly rejected by the survey evidence

in Section 2.2.
30The transversality condition (2.29) must also be satis�ed in equilibrium, but is not imposed as an equilibrium

condition, as it will hold for all belief speci�cations considered below.
31The nonlinear problem can be found in Appendix B.3. The quadratic approximation delivers a valid second-

order approximation to the problem, whenever (i) the steady-state Lagrange multipliers associated with the non-

linear constraints are of orderO(1), which is the case when the steady state output distortion� � log
�

�
� � 1

1� g
1� �

�

is of order O(1), and (ii) the gap between the steady-state interest rate and the lower bound, i.e.,1� � 1, is also of
O(1), i.e., when steady state real interest rates/natural rates are low.

32Recall from our earlier discussion that �rms must hold beliefs about future values ofPt , wt (j ), Yt and that
households must hold beliefs about future values of(Pt ; wt (j ); qu

t ; Rt ; i t ; � t =Pt ; Tt =Pt ). Both actors must addition-
ally hold beliefs about the fundamental shocks entering their decision problem.
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The second setting considers subjective housing beliefs. In particular, it considers capital gain

extrapolation according to equations (2.7)-(2.9) introduced in the simple model in Section 2.3, but

with the variable qt being replaced byqu
t . The latter implies that households extrapolate capital

gains in units of marginal utility rather than in units of consumption. Specifying subjective beliefs

in units of marginal utility leaves the ability of the learning rule to replicate the survey evidence

unchanged, but has three advantages.33

First, the dynamics of housing prices in units of marginal utility is una�ected by monetary

policy, even if housing prices in units of consumption do depend on policy. As a result, the object

about which agents learn does not depend on policy. The policymaker thus cannot `manipulate'

households' subjective housing price beliefs in a way to achieve outcomes that are potentially better

than under rational expectations.34 In addition, it allows side-stepping the otherwise thorny issue

of how the learning rule should respond to the conduct of monetary policy.

Second, the belief setup allows replicating the fact that housing demand/investment responds

more strongly to monetary policy disturbances than non-housing demand, thereby avoiding the

pitfalls described in Barsky et al. (2007). Appendix B.4 shows that in response to an exogenous

shift in the path of nominal interest ratesi , the change in housing investment and consumption

satis�es at all times
d logkt

di
=

1
1 � ~�

1
~�

�
d logCt

di
; (2.45)

where 1=(1 � ~� ) is the price elasticity of housing supply and1=~� the coe�cient of relative risk

aversion in consumption. The calibrated model considered later on features1=((1 � ~� )~� ) > 1.35

Third, the belief speci�cation greatly simpli�es the algebra involved in deriving the second-

order approximation to the Ramsey problem, because it allows for a relatively straightforward

determination of the equilibrium path of subjectively optimal consumption choices.

Overall, we wish to consider a minimal deviation from rational expectations, therefore keep

expectations about all other variables rational to the extent possible.36 Finally, to insure that

households' subjectively optimal plans satisfy the transversality condition, we assume that house-

holds hold rational capital gain expectations in the very long run, i.e., after some arbitrarily large

but �nite period �T < 1 .37 We then consider the policy problem with subjective beliefs in periods

33This is so because we consider log consumption preferences which imply that contributions from �uctuations
in marginal utility are orders of magnitude smaller than those generated by subjective beliefs.

34This is a key distinction to the setups analyzed in Molnar and Santoro (2014), Mele et al. (2020), and Caines
and Winkler (2021).

35The calibration use log utility in consumption ( 1=~� = 1) and a supply elasticity of 1=(1 � ~� ) = 5 .
36In particular, household continue to hold rational expectations about all other prices, i.e., aboutf Pt ; wt (j ); i t g

and �rms hold rational expectations about f Pt ; wt (j ); Yt g. Furthermore, all actors continue to hold rational expec-
tations about the exogenous fundamentals. Beliefs about pro�ts and lump sum taxes,f � t =Pt ; Tt =Pt g continue to
be determined by equations (2.37) and (2.38), evaluated with rational output expectations and the state-contingent
optimal choices for f H t ; kt ; B t g. Rental price expectations, however, cannot be kept rational: they need to satisfy
equation (2.26), which shows that they are in�uenced by the subjectively optimal consumption plans implied by
equation (2.28).

37Appendix B.5 shows that this is su�cient to insure that subjectively optimal plans satisfy the transversality
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t � T.

For the two belief settings just described, the quadratic approximation of the Ramsey problem

is given by38

max
f � t ;ygap

t ;bqu
t ;i t � i g

� E0

1X

t=0

� t 1
2

�
� � � 2

t + � y (ygap
t )2 + � q (bqu

t � bqu�
t )2

�
(2.46)

s.t.:

� t = �E t � t+1 + � yygap
t + � q (bqu

t � bqu�
t ) + ut for t � 0 (2.47)

ygap
t = lim

T !1
E ty

gap
T � 'E t

1X

k=0

�
i t+ k � � t+1+ k � r � ;RE

t+ k

�
�

Cq

CY
(bqu

t � bqu�
t ) (2.48)

as well as equations determining(bqu
t � bqu�

t ) and initial pre-commitments,

where � t = log � t denotes in�ation and ygap
t the output gap, which is de�ned asygap

t = log Yt �

logY �
t , with Y �

t denoting the e�cient level of output, as de�ned in equation (B.15) in appendix

B.6. The housing price gapbqu
t � bqu�

t is the di�erence between the housing pricebqu
t = log qu

t and

its e�cient welfare-maximizing level bqu�
t , which is given by39

qu�
t = �

d
t ; (2.49)

where�
d
t �

P 1
T = t E t [(1 � � )T � t � T � t � d

T ].

The policymaker's objective (2.46) involves the standard terms of squared in�ation and the

squared output gap, but also depends on the squared housing price gap. The latter arises because

any deviation of housing prices from their e�cient level distorts � for a given level of the output

gap � housing investment, as we explain below. The equilibrium value of the housing price gap

will depend on the belief speci�cation and will be discussed in detail in the next two sections.

Constraint (2.47) is the New Keynesian Phillips Curve and depends on the housing price gap.

The coe�cients � q < 0 and � y > 0 are de�ned in Appendix B.6.3 and imply that positive housing

price gaps exertnegativecost-push e�ects: high housing prices increase housing investment and �

for a given output gap � decrease non-housing consumption. The latter raises the marginal utility

of non-housing consumption and thereby depresses wages and marginal costs. This allows the

model to potentially produce a non-in�ationary boom in housing prices and housing investment.

The mark-up disturbanceut is a function of exogenous disturbances only.

Constraint (2.48) is the linearized and forward-iterated IS equation. A key new insight here

is that the IS equation also depends on the housing price gap. This implies that the housing

constraint (2.29).
38See Appendix B.6 for a derivation.
39See the derivation in Appendix B.8.4. All variables in the approximation are expressed in terms of log deviations

from the e�cient steady state.
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price gap a�ects the natural rate of interest, as discussed in detail below. The coe�cientsCq < 0

and CY > 0 are the derivatives of the functionC(�) de�ned in (2.41) with respect to qu and Y,

respectively, evaluated at the e�cient steady state. The variabler � ;RE
t in equation (2.48) denotes

the natural interest rate under RE and is a function of exogenous disturbances only.40 The long-

run output gap expectationslimT E ty
gap
T in equation (2.48) are the ones associated with a setting

in which agents hold rational housing expectations.41

Note, that the policymaker's choice of the nominal interest ratei t is subject to an e�ective lower

bound i t � i , where the boundi < 0 is expressed in terms of deviations from the interest rate in a

zero-in�ation steady state. For the special case with a zero lower bound, we havei = � (1 � � )=� .

In the absence of a lower bound constraint or when economic shocks never cause the bound to

become binding, the IS equation (2.48) can be dropped from the policy problem.

Interestingly, the expectations showing up in the monetary policy problem (2.46)-(2.48) are

all rational. The way subjective housing price expectations a�ect the monetary policy problem

are thus fully captured through their e�ects on the housing price gap. The next two sections

determine the housing price gaps under rational and subjective beliefs and what they imply for

optimal policy.

2.5.1 Rational Housing Price Expectations

With fully rational expectations we have

bqu;RE
t = bqu�

t ; (2.50)

which shows that the housing pricegap is zero at all times, independently of monetary policy

and independently of the economic disturbances hitting the economy.42 Under RE, the Ramsey

problem with a lower bound constraint (2.46) is thus isomorphic to the Ramsey problem in a

standard New Keynesian model without a housing sector, as considered for instance in Adam and

Billi (2006a). This result may appear surprising because monetary policy decisions do a�ect the

housing price in units of consumptionbqt . Yet, as the policy problem (2.46) makes clear, it is

only the housing price gap in units of marginal utility, bqu
t � bqu�

t , that is relevant from a welfare

perspective. Under RE, the presence of a housing sector thus generates no fundamentally new

economic insights into the monetary policy problem.43

The RE setup also has di�culties in making a connection between the average natural rate of

40More precisely, r � ;RE
t is the real interest rate consistent with the optimal consumption level in a setting with

�exible prices and fully rational expectations, see Appendix B.6.4 for details.
41Recall that housing expectations are assumed rational in the long-run in both belief settings.
42See Appendix B.8.1 for proofs on the results about housing prices and the price-rent ratio presented in this

section.
43The inclusion of a housing sector only a�ects the de�nition of the output gap, which now also depends on

housing sector disturbances.
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interest and the volatility of the price-to-rent (PR) ratio. Under RE, the equilibrium PR-ratio is

PRRE
t =

qu
t

� d
t

; (2.51)

which to a �rst-order approximation is given by

dPR
RE

t = Z � b� d
t ; (2.52)

with Z � � (1 � � ) ( � � � 1) =(1 � � (1 � � )� � ). Equation (2.52) shows that the PR-ratio displays

persistent variation under RE, if and only if housing demand shocksb� d
t are persistent. In fact,

replicating the high quarterly auto-correlation of the PR-ratio in Table 2.3 requires choosing a

shock persistence� � very close to one. Yet, in the limit � � ! 1, the derivative @Z=@�uniformly

converges to zero for all� 2 [0; 1]. This implies that the volatility of the PR ratio will be largely

independent of the natural rate of interest when housing demand shocks are su�ciently persistent.

Under RE, there is thus no quantitatively important relationship between the average natural rate

of interest and the volatility of the PR ratio, unlike in the case with capital gain extrapolation.

Given equation (2.50), the IS equation (2.48) implies that setting

i t � E t � t+1 = r � ;RE
t for all t � 0 (2.53)

is consistent with a constant output gap, i.e.,

ygap
t = lim

T
E ty

gap
T for all t � 0:

This justi�es our interpretation of r � ;RE
t as the natural rate of interest under RE.44 It also shows

that the volatility of the natural rate of interest is independent of the average value of the natural

rate under RE. This will cease to be the case under subjective housing beliefs.

2.5.2 Subjective Housing Price Expectations

This section discusses three new economic forces showing up in the monetary policy problem in

the presence of subjective housing price beliefs. It shows (i) how housing price �uctuations are

a�ected by the average level of the natural rate of interest, (ii) how these �uctuations a�ect the

volatility of the natural rate of interest, and (iii) how these �uctuations distort the allocation of

output.

Housing prices under subjective beliefs are jointly determined by equations (2.9) and (2.10),

where qt should again be replaced byqu
t . Since these equations do not depend on policy, the

44In the presence of a lower bound constraint on nominal rates, it might not be feasible to implement (2.53) at
all times.
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policymaker can treat the housing price gap as exogenous, as is the case with RE.45 Yet, the

housing price gap will now generally di�er from zero, as the housing price gap can become positive

or negative depending on the degree of capital gain optimism/pessimism.

The average natural rate and housing price volatility. With subjective housing price

expectations, the equilibrium housing price is given by46

qu;P
t =

1
1 � � (1 � � )� t

� d
t (2.54)

and the price-to-rent ratio by

PRP
t =

qu;P
t

� d
t

: (2.55)

For the limit with persistent housing demand shocks (� � ! 1), we can derive the �rst-order

approximation

bqu;P
t = bqu;RE

t + ( � t � 1)
� (1 � � )

1 � � (1 � � )� t

�
1 + b� d

t

�
; (2.56)

which decomposes the equilibrium housing price into its RE value plus a contribution coming from

the presence of subjective beliefs. We then also have

E P
t

h
bqu;P

t+1

i
= E t

h
bqu;RE

t+1

i
+ ( � t � 1)

�
1 +

� (1 � � )
1 � � (1 � � )� t

�
1 + b� d

t

� �
; (2.57)

which shows that subjective housing price expectations are equal to their RE equilibrium value

whenever expected capital gains are equal to one (� t = 1). Capital gain extrapolation, however,

will induce �uctuations of � t around one and thus drive a wedge between the housing price under

learning and RE.47

As explained for the simple model in Section 2.3, lower values for the average natural rate

(discount factors � closer to one), will induce stronger �uctuations in capital gain expectations

(� t ), because housing prices are more sensitive to belief revisions, see equation (2.54). Lower

average values for the natural rates will thus be associated with increased �uctuations in housing

prices and the PR-ratio, in line with empirical evidence presented in Section 2.3.

Housing price �uctuations and the natural rate of interest. The presence of non-zero

housing price gaps also a�ects the natural rate of interest. This can be seen by considering a

policy that sets real interest rates equal to the RE natural real rate (r � ;RE
t ). Such a policy now

ceases to deliver a constant output gap, instead implies
45This does not imply that the housing price qt is invariant to monetary policy: monetary can determine how

variations in qu
t get split up into variations of the housing price qt and variations in marginal utility euC (Ct ; � t ):

46See Appendix B.8.1 for a derivation of this and subsequent results, including the generalized expressions for
the case with � � < 1.

47In the limit where the Kalman gain ( 1=� ) in the updating equation (2.9) approaches zero, the model with
capital gain extrapolation converges to the RE model.
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ygap
t = lim

T
E ty

gap
T �

Cq

CY
(bqu

t � bqu�
t ) : (2.58)

Since Cq=CY < 0, a positive (negative) housing price gap is then associated with a positive

(negative) output gap: high housing prices stimulate housing investment and thereby output.

Since the output expansion is ine�cient, the policymaker might �nd it optimal to lean against

housing prices. The extent to which this is optimal will be explored quantitatively in Section 2.7

below.

The following lemma derives the natural rater � ;P
t for our setting with subjective housing price

beliefs:48

Lemma 2. Let the natural rate of interest under subjective beliefs be given by

r � ;P
t � r � ;RE

t �
1
'

Cq

CY

�
(bqu

t � bqu�
t ) � E t

�
bqu

t+1 � bqu�
t+1

��
for all t: (2.59)

When real interest rates are equal tor � ;P
t for all t � 0, then the IS equation (2.48) is consistent

with

ygap
t = lim

T
E ty

gap
T for all t: (2.60)

The proof can be found in Appendix B.8.1. Equation (2.59) generalizes the natural interest

rate de�nition under RE to a setting with potentially subjective beliefs. In the special case with a

constant housing price gap, we haver � ;P
t = r � ;RE

t , even when the constant housing price gap di�ers

from zero. This shows that the natural rate under subjective beliefs di�ers from its RE value if

and only if the housing price gap is expected to go up or down. SinceCq=CY < 0, the natural

rate will exceed (fall short of) its RE level, when the current housing price gap is higher (lower)

than tomorrow's (expected) gap.

Since �uctuations in housing prices become larger when the average natural rate falls, the

expected changes in the housing price gap will also become more volatile. A lower average level of

the natural rate is thus not only associated with more volatile housing prices but also with more

volatile natural rates of interest.

Figure 2.6 shows that this model prediction is consistent with the data. The �gure plots the

changes in the average level of the natural rate from the period before 1990 to the period after

1990 on the horizontal axis and the corresponding change in the natural ratevolatility on the

vertical axis. The volatilities of the natural rates in the pre-/post-1990 periods are the standard

deviations of the linearly detrended series. The �gure is again based on the estimates in Holston

et al. (2017). While the level of the natural rate decreased, the volatility of it increased in four

out of the �ve advanced economies. Appendix B.7 discusses the robustness of these results.

48As is the case with RE, it will generally not be optimal (or not even feasible) to set interest rates equal to the
natural rate at all times due to the presence of a lower bound constraint on nominal rates
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Figure 2.6: Changes in the average natural rate vs. changes in the volatility of the natural rate

Notes: This �gure plots the pre-/post-1990 changes in the average natural rates against the changes in the natural
rate volatility for several advanced economies. The volatilities of the natural rates in the pre-/post-1990 periods
are the standard deviations of the linearly detrended series.

Housing price �uctuations and the misallocation of output. We now show that �uc-

tuations in the housing price gap distort the allocation of output between its alternative uses, i.e.,

between housing investment and non-housing consumption. The housing investment gap, i.e., the

di�erence between actual investmentbkt and its e�cient level bk�
t , is � to a �rst-order approximation

� given by

bkt � bk�
t =

~� � 1CY

1 � ~�
ygap

t +
1 + ~� � 1Cq

1 � ~�
(bqu

t � bqu�
t ) : (2.61)

Under rational expectations, the housing price gap is zero and the investment gap is only distorted

to the extent that the output gap is not closed. Additional output then gets allocated in constant

proportions to housing investment and non-housing consumption, as(~� � 1CY )=(1 � ~� ) > 0. In

the presence of subjective beliefs, however, an additional distortion arises: the housing investment

gap is then also driven by the housing price gap. Given the calibration considered later on, we

have (1 + ~� � 1Cq)=(1 � ~� ) > 0, so that a positive housing price gap (bqu
t � bqu�

t > 0) reinforces

the investment distortions generated by a positive output gap.49 This explains why the squared

housing price gap shows up in the policymaker's objective function (2.46). While monetary policy

cannot a�ect the housing price gap within our belief setup, it is the case that larger housing price

gap �uctuations, as induced by lower natural rates, contribute to increased welfare losses.

2.6 Model Calibration
To explore the quantitative implications for monetary policy arising from the presence of capital

gain extrapolation, we consider a calibrated model. The calibration strategy consists of choosing

49This distortion in the allocation of output between housing investment and non-housing consumption is present
independently of other frictions such as sticky prices or the lower-bound constraint on nominal interest rates.
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a set of standard parameter values previously considered in the literature and of matching salient

features of the behavior of natural interest rates and housing prices in the United States in the

pre-1990 period. We then test the model by considering its predictions for the lower natural rate

levels observed in the post-1990 period up to 2021. We compare across long time spans of 30 years

each to obtain more reliable estimates of housing price volatility, which is di�cult to estimate

given the high degree of serial correlation of housing prices.

Table 2.5: Model calibration

Parameter Value Source/Target
Preferences and technology
� 0.9917 Average U.S. natural rate pre 1990
' 1 Adam and Billi (2006a)
� y 0:057 Adam and Billi (2006a)
� y

� �
0.007 Adam and Billi (2006a)

� q � 0:0023 Adam and Woodford (2021)
Cq

CY
� 0:29633 Adam and Woodford (2021)

� 0:03=4 Adam and Woodford (2021)
Exogenous shock processes
� r � 0.8 Adam and Billi (2006a)
� r � 0.2940% (RE) Adam and Billi (2006a)

0.1394% (subj. beliefs)
� � 0.99 Quarterly autocorrel. of the PR-ratio of 0.99
� � d 0.0233 (RE) Std. dev. of price-to-rent ratio pre 1990

0.0165 (subj. beliefs)
Subjective belief parameters
� 1/0.007 Adam et al. (2016)
� U 1.0031 Max. percentage deviation of PR-ratio from mean

Calibration to the pre-1990 period. Table 3.4 summarizes the model parameterization.

The quarterly discount factor � is chosen such that the steady-state natural rate equals the pre-

1990 average of the U.S. natural rate of 3.34%, as estimated by Holston et al. (2017). The interest

rate elasticity of output ' , the slope of the Phillips curve� y, and the welfare weight� y

� �
are taken

from Table 2 in Adam and Billi (2006a). The Phillips Curve coe�cient � q and the ratio Cq=Cy

are set as in Adam and Woodford (2021).50

We now discuss the parameterization of the exogenous shock processes. The persistence of the

housing preference shock� � is set such that the RE model captures the high serial autocorrelation

of the PR ratio in the data. The standard deviation of the innovations to the housing preferences

50The calibration target for the ratio Cq=Cy is the ratio of residential �xed investment over the sum of nonresi-
dential �xed investment and personal consumption expenditure, which is on average approximately equal to6:3%
in the US. This and the remaining parameters then imply � q = � 0:0023, see Appendix B.8.8 for details.
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Figure 2.7: Standard deviation of price-to-rent ratio and natural rate

(a) Standard deviation of price-to-rent ratio (b) Standard deviation of the natural rate
(relative to corresponding mean) relative to case withr � ;RE = 3:34%

Notes: This �gure plots, for di�erent steady state levels of the natural rate, the standard deviation of the price-to-
rent ratio (relative to its mean) and the standard deviation of the natural rate.

� � are set such that the rational expectations and subjective belief models both replicate the

pre-1990 standard deviation of the PR-ratio. For the subjective belief model, this is achieved by

simulating equations (2.9) and (2.11), which requires specifying the belief updating parameters

� and � U . We set � = 1=0:007 following Adam et al. (2016) and determine� � d and � U jointly

such that (i) we match the volatility of the price-to-rent ratio and (ii) the simulated data matches

the maximum deviation of the price-to-rent ratio in the data from its sample mean. The latter

statistic identi�es � u. This procedure yields� U = 1:0031 and � � d = 0:0165. Housing demand

disturbances are less volatile than under RE because �uctuations in subjective beliefs contribute

to the �uctuations in housing prices. In fact, the calibration implies that about 50% of housing

price �uctuations are due to subjective beliefs.

We consider the natural rate process

r � ;RE
t = � r � r � ;RE

t � 1 + " r
t ; (2.62)

where " r
t � iiN (0; � 2

r � ). For the RE model, we set� r � and � r � equal to the values in Adam and

Billi (2006a). For the subjective believe model, we use the same value for� r � but choose� r � such

that the generalized natural rate for the subjective belief model, de�ned in equation (2.59), has

the same volatility as the natural rate in the RE model. This yields� r � ;RE = 0:1393%, which

is lower than under RE, because �uctuations in the housing price gap contribute to �uctuations

in the natural rate in the presence of subjective beliefs. To economize on the number of state

variables in the policy problem, we abstract from the presence of mark-up shocks.51

51Adam and Billi (2006a) show that mark-up shocks are too small and display too little persistence to cause the

134



Evaluation of the model in the post-1990 period. Figure 2.7 illustrates the predictions

of the RE model (dashed line) and subjective belief model (solid line) for the standard deviation

of the price-to-rent ratio (panel a) and the standard deviation of the natural rate of interest

(panel b). The panels depict these outcomes, which are independent of monetary policy, on the

vertical axis for various levels of the steady-state natural rate on the horizontal axis. Variations

in the steady-state level of the natural rate are achieved via appropriate variations in the discount

factor.52 The dots in Figure 2.7 report the average values for the pre- and post-1990 U.S. sample

periods, where the average natural rate was equal to 3.34% and 1.91%, respectively.53

Since the model has been calibrated to the pre-1990 period, the RE and subjective belief model

both match the pre-1990 data points in Figure 2.7. The subjective belief model also performs quite

well in matching the post-1990 outcomes, despite the fact that these outcomes are not calibration

targets. In particular, the standard deviation of the price-to-rent ratio and the standard deviation

of the natural rate endogenously increase as the natural rate falls, with the magnitudes roughly

matching the increase observed in the data. In contrast, the RE model produces no increase in the

volatility of the natural rate and only a weak increase in the volatility of the price-to-rent ratio,

for reasons discussed in Section 2.5.1. Matching the increase in housing price volatility under RE

requires increasing the volatility of housing demand shocks. Since such an increase is irrelevant

for monetary policy under RE, we leave the volatility of housing preference shocks unchanged.

Similarly, matching the increase in the natural rate volatility under RE would require increasing

� r � . We will consider such increases when discussing our quantitative results.

2.7 Quantitative Implications for Monetary Policy
This section illustrates the quantitative implications of falling natural rates and rising housing price

volatility for the conduct of optimal monetary policy. It starts by determining the implications of

falling natural rates for the optimal in�ation target, i.e., for the average in�ation rate implied by

optimal monetary policy. It then illustrates the dramatically di�erent optimal response to housing

demand shocks under subjective and objective housing beliefs. Details of the nonlinear numerical

solution procedure underlying the results in this section can be found in Appendix B.8.6.

2.7.1 The Optimal In�ation Target

Figure 2.8 depicts the optimal in�ation target for di�erent steady-state levels of the natural rate of

interest, i.e., the average in�ation rate implied by optimal monetary policy. It shows the optimal

target for the setup with subjective housing beliefs (upper line), for the case with rational housing

lower-bound constraint to become binding.
52As discussed before, variations in the discount factor may be driven by variations in the long-term growth rate

and/or by variations in time-preferences.
53The reported increase in the standard deviation of the natural rate is again based on the estimates in Holston

et al. (2017).
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Figure 2.8: Average in�ation under optimal monetary policy

Notes: The �gure reports the optimal in�ation target for di�erent average levels of the natural rate in the presence
of a zero lower bound constraint. The red line depicts the optimal target for the case with rational housing price
beliefs and the blue line the one with subjective housing price beliefs. The yellow line shows the optimal average
in�ation under RE where the exogenous volatility of the natural rate is adjusted such that it matches the endogenous
volatility increase under subjective beliefs.

price beliefs (lower line), and for a third case that we discuss below.

We �nd that the optimal target is close to zero, whenever housing expectations are rational.

This holds quite independently of the average level of the natural rate, con�rming earlier �ndings

in Adam and Billi (2006a) who considered the value for the average natural rate at the upper

end of the range shown in Figure 2.8. This may appear surprising given that it is optimal for

monetary policy to promise future in�ation, so as to lower real interest rates, whenever adverse

natural rate shocks cause the lower-bound constraint on nominal rates to bind. While the lower

bound is reached more often when the average natural rate is low, in�ation promises still have to

be made relatively infrequently and can be quite modest. Hence, they do not signi�cantly a�ect

the average rate of in�ation.

This result di�ers quite substantially from the ones reported in Andrade et al. (2019), who �nd

that the optimal target should move up approximately one-to-one with a fall in the natural rate

under rational expectations. Besides that Andrade et al. (2019) consider a medium-scale sticky

price model without housing, the main di�erence to our approach is that they study Taylor rules

with optimized intercepts rather than optimal monetary policy. As shown in Coibion et al. (2012)

it makes a big di�erence for the optimal in�ation target whether the monetary policy maker follows

a Taylor rule or Ramsey optimal policy.

While lower natural rates trigger (slightly) larger housing price �uctuations under rational

expectations, increased volatility is fully e�cient and does not a�ect the natural rate of inter-

est. Under rational expectations, the optimal in�ation target is thus una�ected by housing price

�uctuations, including for very low levels of the natural rate.
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The upper line in Figure 2.8 shows that the situation is quite di�erent with subjective housing

beliefs. The optimal in�ation target is overall substantially higher and also reacts more strongly

to a fall in the average natural rate of interest. In fact, a fall in the steady-state natural rate from

its pre-1990 average (3.34%) to its post-1990 average (1.9%) causes the optimal in�ation target

to increase by almost 0.5%. The corresponding increase under rational expectations is less than

0.05%. This di�erence is due to the fact that the endogenous volatility component of the natural

rate increases once the natural rate drops. This reinforces the stringency of the zero lower bound,

but is an e�ect that is absent under RE. It requires that the central bank engages more often in

in�ation promises, as it faces the lower bound constraint.

The optimal in�ation target with subjective housing beliefs is substantially higher than the

optimal target with RE, even at the pre-1990 average level of the natural rate. This is the case

although the volatility of the natural rate is calibrated at this point to be equal across both models.

This is due to two reasons: First, �uctuations in the housing price gap also generate cost-push

term in the Phillips curve. Second, belief �uctuations induce more persistent variations in the

natural rate than the exogenous natural rate shocks. This puts further upward pressure on the

optimal in�ation rate, as it requires larger and more persistent in�ation promises by the central

bank.

To illustrate this last point, the middle line in Figure 2.8 depicts the optimal in�ation rate

under rational expectations, when we set the volatility of the (exogenous) natural rate in the RE

model such that it matches the volatility of the natural rate in the subjective belief model, for

each considered level of the natural rate. While the optimal in�ation rate increases relative to the

benchmark RE setting, the level of the optimal in�ation target still falls short of the one implied

by subjective beliefs.

2.7.2 Leaning Against Housing Demand Shocks

We now examine the optimal monetary policy response to housing demand shocks. Under RE,

housing demand shocks a�ect the housing price and the e�cient housing price identically, so that

the housing price gap remains at zero. As a result, neither the output gap nor in�ation respond to

housing demand shocks. In contrast, it becomes optimal to �lean against� housing demand shocks

in the presence of subjective beliefs. Yet, due to the lower bound constraint, the optimal response

to positive and negative housing demand shocks displays considerable asymmetry.

The top row in Figure 2.9 shows the response of housing-related variables to a persistent

positive/negative housing demand shock of 5%.54 On impact, the shock triggers capital gains of

an equal amount, which then trigger belief revisions that fuel further upward movements of the

housing price in the same direction. The positive shock, for instance, pushes housing prices up

54We initialize the economy at its ergodic mean and then hit the economy with a one-time shock of three
standard deviations. We then average the subsequent response over the possible future shock realizations. We
assume a steady-state natural rate equal to its post-1990 mean (1.91%).
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Figure 2.9: Impulse responses to a housing preference shock

Notes: The �gure reports the average impulse responses of the economy under subjective beliefs (atr � = 1 :91%)
after a three-standard-deviation housing demand shock. The blue lines show the responses after a positive shock
and the red lines after a negative shock.

by about 5% on impact, with belief momentum generating approximately another 5% in the �rst

six quarters after the shock. This causes the housing price gap to become signi�cantly positive

(not shown in the �gure). Once actual housing price increases start to fall short of the expected

housing price increases, the housing boom reverts direction.

Higher housing prices push up housing investment, which causes upward pressure on the output

gap. Optimal monetary policy leans strongly against the housing price and increases nominal and

real interest rates. It does so despite the fact that the natural rate of interest falls in response to

the shock. The policy response causes a fall in in�ation, which is ampli�ed by the fact that the

increase in housing prices and investment increases the marginal utility of consumption, hence,

dampens wages and marginal costs. A positive housing demand shock thus results � in the presence

of subjective housing beliefs � in a disin�ationary housing boom episode under optimal monetary

policy.

The policy response to a positive housing demand shock is much stronger than that to a
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negative housing demand shock. In particular, nominal and real interest rates fall considerably

less following a negative shock realization. This is so because a negative housing price gap is

in�ationary and in�ation is already high to start with. Negative housing demand shocks thus

move in�ation further away from its optimal level of zero.55 Yet, policy still �leans against� the

housing price decrease: real interest rates fall despite the fact that the natural rate increases.

The fact that leaning against housing prices can be optimal in the presence of capital gain

extrapolation is in line with results in Caines and Winkler (2021), who consider a setting with

`conditionally model consistent beliefs' in which expectations di�er for many variables from rational

expectations, and with results in Adam and Woodford (2021), who consider a setting where the

policymaker fears `worst-case' belief distortions about in�ation and housing price expectations.

As none of these papers consider a lower-bound constraint, the policy response to positive and

negative shocks is symmetric in their settings.

2.8 The Role of Macroprudential Policy
It is often argued that macroprudential policies can be used to stabilize �nancial markets and

that this would allow monetary policy to ignore disturbances coming from the housing sector,

see Svensson (2018) for a prominent exposition of this view. In this section, we evaluate the

quantitative plausibility of this view within our setup with subjective housing beliefs.

We show below that fully eliminating �uctuations in the housing price gap requires imposing

large and volatile macroprudential taxes. None of the macroprudential instruments thus far avail-

able in advanced economies appear suited to achieve economic e�ects anywhere near the required

size. In addition, it is often necessary for macroprudential policy to pay substantial subsidies. To

the best of our knowledge, none of the available macroprudential instruments acts in a way that

subsidizes actions by economic actors. Less aggressive policies, that aim at only partly eliminating

the housing price gap, still require considerable tax volatility, because �uctuations in subjective

beliefs turn out not to be independent of tax policy pursued.

We analyze the issue by considering a setup in which the policymaker can tax or subsidize

the ownership of housing. While actual macroprudential policies often operate via constraints

imposed on the banking sector, their ultimate e�ect is to make housing more or less expensive to

households. For this reason, we consider taxes and subsidies at the household level.

Speci�cally, we analyze a proportional and time-varying tax� D
t that is applied to the rental

value of housing in every periodt. A household owningD t units of houses, then has to pay taxes

of

� D
t D tRt (2.63)

55While the output gap is moved closer to its optimal level, the weight on the output gap in the welfare function
is two orders so magnitude smaller than that on in�ation, see Table 3.4.
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units of consumption.56 We �nd this speci�cation more plausible than a policy that taxes the

market value of housing, as it is di�cult to determine market values in real time. A setup that

taxes the physical housing units, i.e., where taxes are equal to� D
t D t , delivers very similar results,

but is analytically more cumbersome. Furthermore, the tax setup in equation (2.63) is equivalent

to a setup where taxes directly a�ect household utility, i.e., where the utility contribution from

owning houses would instead be given by� d
t

�
1 � � D

t

�
D t and no monetary taxes would have to be

paid. We prefer the formulation in equation (2.63) because it allows expressing taxes in monetary

units.

In the presence of these taxes, housing prices under subjective beliefs are given by

qu
t =

�
1 � � D

t

�
� d

t

1 � � (1 � � )� t
; (2.64)

and the housing-pricegap in percentage deviations from the steady state (where� D = 0) is

bqu
t � bqu�

t =
(1 � � (1 � � ))

�
1 � � D

t

� b� d
t

1 � � (1 � � )� t
+

� (1 � � )( � t � 1)
1 � � (1 � � )� t

�
1 � � (1 � � )

1 � � (1 � � )� t
� D

t �
1 � � (1 � � )

1 � � (1 � � )� �

b� d
t :

The previous equation shows that macroprudential policy must eliminate housing price gap �uc-

tuations that are due to housing demand shocks (b� d
t ) and due to �uctuations in subjective capital

gain expectations (� t ). Doing so requires setting the tax according to

� D �
t =

� (1 � � )

1 + b� d
t

�
(� t � � � )

1 � � (1 � � )� �

b� d
t +

1
1 � � (1 � � )

(� t � 1)
�

: (2.65)

To understand what the preceding equation implies for the behavior of taxes, one has to take

into account that the �uctuations in subjective beliefs (� t ) depend themselves on the tax: the

tax in�uences housing prices, see equation (2.64), and thus � via capital gain extrapolation � the

evolution of subjective beliefs.

To analyze the behavior of taxes, we consider the calibrated subjective belief model from

Section 2.6 for the case where the average natural rate is equal to its post-1990 average (1.9%).

We consider also intermediate forms of taxation that do not aim at fully eliminating the housing

gap, by specifying taxes as

� D
t = � D � D �

t ;

where� D 2 [0; 1] is a sensitivity parameter. Our prior setup assumed� D = 0, while fully eliminat-

ing the housing price gap using macroprudential policy requires setting� D = 1. We then simulate

the dynamics of housing prices, beliefs and taxes for alternative values of� D .

Table 2.6 reports the main outcomes. It shows that a higher tax sensitivity (� D ) steadily

56To keep the rest of the model unchanged, the household also needs to expect lump sum tax rebates that are
equal to the amount of subjectively expected tax payments.
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Table 2.6: Taxes and housing price gap �uctuations for alternative tax sensitivities� D

Tax sensitivity � D Housing Price Gapbqu
t � bqu�

t Housing Taxes� D
t

Value Std. dev. Std. dev. Maximum Minimum

0.0 14.2% 0.0% 0.0% 0.0%
0.2 9.8% 2.4% 7.0% -12.1%
0.4 6.4% 4.2% 13.8% -21.7%
0.6 3.7% 5.7% 18.0% -30.0%
0.8 1.7% 7.0% 21.3% -36.2%
1.0 0.0% 8.0% 23.9% -41.8%

Notes: The table reports the standard deviation of the housing gap,bqu
t � bqu�

t , as well as the standard deviation,
minimum value and maximum value of the macroprudential tax � D , for di�erent tax sensitivities � D .

reduces the standard deviation of the housing price gap (second column). However, the standard

deviation of taxes has to steadily increase. For a policy that fully eliminates the housing price gap

(� D = 1), the standard deviation of taxes is a staggering 8% of the rental value of housing. Taxes

reach maximum values up to 24% and minimum values deeply in negative territory, with subsidies

above 40% of the rental value. These taxes fully stabilize the housing price gap but still induce

substantial variation in subjective beliefs. The latter explains why taxes have to remain rather

volatile. Intermediate policies, say ones that set� D = 0:4, substantially reduce the volatility of

the housing gap, but still require rather volatile taxes and often very large subsidies.

Given the outcomes in Table 2.6, we conclude that the currently available macroprudential

instruments will unlikely be able to insulate the monetary authority from disturbances in the

housing sector arising from capital gain extrapolation.

2.9 Conclusion
This paper documents systematic deviations from rational housing price expectations and con-

structs a structural equilibrium model that jointly replicates the behavior of housing prices and

the patterns of deviations from rational expectations. The model shows that subjective housing

price beliefs signi�cantly contribute to housing price �uctuations and that lower natural rates of

interest generate increased volatility for housing prices and the natural rate.

Optimal monetary policy responds to falling and more volatile natural rates by implementing

higher average rates of in�ation. Monetary policy should also lean against housing price �uctu-

ations induced by housing demand shocks, with reactions to housing price increases being more

forceful than the reaction to housing price downturns. None of these features is optimal if house-

holds hold rational housing price expectations. This highlights the importance of basing policy

advice on economic models featuring empirically plausible speci�cations for household beliefs.
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Appendix B

Appendix to Chapter 2

B.1 Additional Results for Section 2.2

B.1.1 Five-Year-Ahead Capital Gain Expectations

While for our baseline results in Section 2.2 we focus on short-term housing price expectations,

our �ndings equally hold for medium-term �ve-year-ahead expectations. We estimate the �ve-year

analogue of regression (2.1) as follows:

qt+20 � E P
t [qt+20 ] = aCG + bCG �

�
E P

t [qt+20 ] � E P
t� 1 [qt+19 ]

�
+ " t : (B.1)

Table B.1 reports the estimates ofbCG showing that �ve-year expectations are updated sluggishly.

Table B.1: Sluggish adjustment of �ve-year-ahead housing price expectations

Mean Expectations Median Expectations
bbCG 6:95��� 6:89���

(1.703) (1.680)

Notes: This table reports the empirical estimates of regression (B.1) using nominal housing-price expectations.
The reported standard errors are robust with respect to heteroskedasticity and serial correlation (Newey-West with
four lags). Signi�cance levels: ��� p < 0:01, �� p < 0:05, � p < 0:1

We also run �ve-year-ahead versions of the regressions (2.2) and (2.3):

E P
t

�
qt+20

qt

�
= a + c � PRt � 1 + ut (B.2)

qt+20

qt
= a + c � PRt � 1 + u t : (B.3)

Table B.2 shows that �ve-year-ahead capital gain expectations covary positively with the price-

to-rent ratio, whereas actual capital gains covary negatively.
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Table B.2: Expected vs. actual capital gains using �ve-year-ahead housing price expectations

bias (in %) p-value
ĉ (in %) ĉ (in %) � E(ĉ � ĉ) H0 : c = c

Mean Expectations 0.045 -1.889 0.0159 0.000
(0.0001) (0.01997)

Median Expectations 0.044 -1.889 0.0155 0.000
(0.00024) (0.01997)

Notes: bc is the estimate of c in equation (B.2) and bc the estimate of c in equation (B.3). The Stambaugh (1999)
small sample bias correction is reported in the second-to-last column and the last column reports thep-values for
the null hypothesis c = c. Newey-West standard errors using four lags in parentheses.
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B.1.2 IV Estimation of Sluggish Belief Updating

To insure that the results obtained from regression (2.1) in Section 2.2 are not driven by forecast

revisions being correlated with the error term, we follow Coibion and Gorodnichenko (2015a) by

adopting an Instrumental Variable approach. Speci�cally, we consider monetary policy shocks as

an instrument for forecast revisions. We identify daily monetary policy shocks as changes of the

current-month federal funds future in a 30-minute window around scheduled FOMC announce-

ments (following the approach in Gürkaynak et al. (2005) and Gorodnichenko and Weber (2016)).

We then aggregate shocks to quarterly frequency by assigning daily shocks partly to the current

quarter and partly to the consecutive quarter, based on the number of remaining days in the

current quarter. Table B.3 reports the results of the IV regression. The coe�cients are positive

and statistically signi�cant, with point estimates that are even larger than the ones reported in

Section 2.2.

Table B.3: Instrumental variable regression

Mean Expectations Median Expectations
Nominal Housing Prices
bbCG 2:85�� 3:84���

(1.259) (1.497)
First-stage F -statistic 21.88 17.78

Real Housing Prices
bbCG 2:62��� 3:45���

(0.745) (0.649)
First-stage F -statistic 44.49 34.13

Notes: bbCG report the results from regression (2.1), instrumenting forecast revisions using monetary policy shocks,
obtained via high-frequency identi�cation. Signi�cance levels: ��� p < 0:01, �� p < 0:05, � p < 0:1
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B.1.3 Sluggish Adjustment of Capital Gain Expectations

Regression (2.1) in Section 2.2 studies sluggish adjustment of expectations about the housing

price level. Similar results can be obtained when considering expectations about capital gains.

Speci�cation 1 in Table B.4 reports the regression coe�cient when one replaces actual and expected

housing price levels on the left-hand side of equation (2.1) with actual and expected capital gains.

The coe�cient estimates remain positive and highly statistically signi�cant. Speci�cation 2 in

Table B.4 reports results when replacing expectations about housing price levels with expectations

about capital gains on the right-hand side of equation (2.1) andSpeci�cation 3 reports results

when replacing levels by (actual and expected) capital gains on both sides of equation (2.1). The

coe�cient estimates remain positive, but the signi�cance levels are lower for Speci�cations 2 and

3.
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Table B.4: Sluggish adjustment of housing price growth expectations

Mean Expectations Median Expectations

Speci�cation 1

Nominal Housing Prices
bbCG 0:023��� 0:030���

(0.005) (0.005)
Real Housing Prices
bbCG 0:024��� 0:031���

(0.004) (0.004)

Speci�cation 2

Nominal Housing Prices
bbCG 492� 182

(279) (210)
Real Housing Prices
bbCG 302� 158

(164) (168)

Speci�cation 3

Nominal Housing Prices
bbCG 5:20� 2:16

(2.896) (2.06)
Real Housing Prices
bbCG 3:23� 2:06

(1.678) (1.835)

Notes: This table shows the results of regression (2.1) in terms of house-price growth rates instead of house-price
levels. Speci�cation 1 denotes the case in which we replace housing-price levels with capital gains on the left-hand
side of regression (2.1),Speci�cation 2 the case in which we replace the right-hand side andSpeci�cation 3 denotes
the case in which we replace levels with capital gains on both sides of regression (2.1). The reported standard
errors are robust with respect to heteroskedasticity and serial correlation (Newey-West with four lags). Signi�cance
levels: ��� p < 0:01, �� p < 0:05, � p < 0:1
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B.1.4 Cyclicality of Housing Price Forecast Errors

A similar version of the test from Adam et al. (2017) presented in Section 2.2, which considers the

cyclicality of expected gains, is proposed by Kohlhas and Walther (2021). In this case, we regress

forecast errors about housing prices on the price-to-rent ratio. Formally, we estimate

qt+4

qt
� E P

t

�
qt+4

qt

�
= � + 
 � PRt � 1 + " t : (B.4)

Table B.5 shows the results. We �nd a negative and statistically signi�cant coe�cient in all

cases. Thus, consumers tend to become too optimistic (pessimistic) when they observe high (low)

housing valuations, inconsistent with rational expectations.

Table B.5: Forecast errors and price-to-rent ratios

Mean Expectations Median Expectations
Nominal Housing Prices

b
 � 0:5��� � 0:5���

(0.09) (0.10)
Real Housing Prices

b
 � 0:5��� � 0:5���

(0.08) (0.10)

Notes: This table shows the results of regression (B.4), whereas the estimated regression coe�cients (and standard
errors) are multiplied by one hundred for better readability. The reported standard errors are robust with respect to
heteroskedasticity and serial correlation (Newey-West with four lags). Signi�cance levels:��� p < 0:01, �� p < 0:05,
� p < 0:1
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B.1.5 Dynamics of forecast errors with median and nominal housing

price expectations

Figure B.1 shows alternative speci�cations of the dynamic forecast error responses presented in

Section 2.2. Panel (a) presents the response of forecast errors for nominal housing prices. Panel

(b) shows the response of forecast errors for real housing prices (as in Section 2.2) but consid-

ering median expectations. The �gure shows that these responses are very close to the baseline

speci�cation shown in Section 2.2.

Figure B.1: Dynamic Forecast error response to realized capital gains

(a) Nominal (Mean) Capital Gain Expectations (b) Median (Real) Capital Gain Expectations

Notes: Panel (a) shows impulse-response functions of nominal capital gain forecast errors to a one standard
deviation innovation in the housing capital gain. Panel (b) shows the impulse-response functions of median (real)
capital gain forecast errors of one-year ahead expectations to a one standard deviation innovation in the housing
capital gain. The shaded area shows the90%-con�dence intervals, standard errors are robust with respect to serial
correlation and heteroskedasticity (Newey-West with h + 1 lags).
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B.1.6 Results when Excluding the Corona Virus Period

The empirical results reported in Section 2.2 are based on the entire period for which household-

survey expectations are available, i.e., 2007-2021. This section reports results obtained when

ending the sample in 2019, thereby excluding the recent Corona Virus crisis period. This is

motivated by the fact that the two largest outliers in Figure 2.2 fall into the period after 2019.

Tables B.6 and B.7 show, however, that our results are qualitatively and quantitatively robust to

excluding observations from the years 2020 and 2021.

Table B.6: Sluggish adjustment of housing price expectations: excluding coronavirus crisis

Mean Expectations Median Expectations
Nominal Housing Prices
bbCG 2:18��� 2:80���

(0.503) (0.502)
Real Housing Prices
bbCG 1:97��� 2:43���

(0.332) (0.360)

Notes: This table shows the results of regression (2.1) excluding the coronavirus crisis, i.e., we exclude the years
2020 and 2021. The reported standard errors are robust with respect to heteroskedasticity and serial correlation
(Newey-West with four lags). Signi�cance levels: ��� p < 0:01, �� p < 0:05, � p < 0:1

Table B.7: Expected vs. actual capital gains: excluding coronavirus crisis

bias (in %) p-value
ĉ (in %) ĉ (in %) � E(ĉ � ĉ) H0 : c = c

Nominal Housing Prices
Mean Expectations 0.058 -0.065 0.0036 0.000

(0.0066) (0.0126)
Median Expectations 0.018 -0.065 0.0118 0.042

(0.0010) (0.0126)

Real Housing Prices
Mean Expectations 0.0614 -0.0483 -0.0009 0.000

(0.0136) (0.0090)
Median Expectations 0.196 -0.483 0.076 0.017

(0.0034) (0.0090)

Notes: This table shows the results of regressions (2.2) and (2.3) excluding the coronavirus period, i.e., we exclude
the years 2020 and 2021.bc is the estimate of c in equation (2.2) and bc the estimate of c in equation (2.3). The
small sample bias correction is reported in the second to last column and the last column reports thep-values for
the null hypothesis c = c in the �fth column. Newey-West standard errors using four lags in parentheses.
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B.1.7 Regional Housing Prices and Expectations

This appendix considers regional variation in housing prices and housing price expectations. This

is possible because the Michigan Survey reports the location of respondents using four di�erent

regions: West, North East, North Central (or Midwest) and South. While the Case-Shiller Price

Index is not available at this level of regional disaggregation, we can construct a regional housing

price index using the Case-Shiller Index that is available for twenty large U.S. cities. Following the

de�nition of the regions in the Michigan Survey, we assign the twenty cities to the four regions and

then aggregate city price indices to a regional index using two alternative approaches. The �rst

approach weighs cities by population (as of 2019) within each region, while the second approach

uses equal weights for all cities within a region.

Table B.8 lists all twenty cities, the region to which we allocate them and their regional

population weights.1 As in our baseline approach using aggregate data, we de�ate nominal housing

price indices by the aggregate CPI to obtain a real housing price index. We obtain real housing

price expectations by de�ating nominal (mean) expectations with region-speci�c (mean) in�ation

expectations.

Table B.8: Regions, cities and their weights

City Region Weight City Region Weight

Denver West 0:705
10:595 Chicago North Central 2:71

4:189

Las Vegas West 0:634
10:595 Cleveland North Central 0:385

4:189

Los Angeles West 3:97
10:595 Detroit North Central 0:674

4:189

Phoenix West 1:633
10:595 Minneapolis North Central 0:42

4:189

Portland West 0:645
10:595 Atlanta South 0:488

4:209

San Diego West 1:41
10:595 Charlotte South 0:857

4:209

San Francisco West 0:874
10:595 Dallas South 1:331

4:209

Seattle West 0:724
10:595 Miami South 0:454

4:209

Boston North East 0:68
9:1 Tampa South 0:387

4:209

New York North East 8:42
9:1 Washington DC South 0:692

4:209

Notes: This table lists the twenty cities for which the Case-Shiller Home Price Index is available, the region to
which the cities are allocated based on the Michigan Survey and their respective weights within region.

Table B.9 reports the region-speci�c estimates ofbCG in regression equation (2.1). All point

estimates are positive with magnitudes that are broadly in line with the estimates at the national

level. Furthermore, all regional estimates are signi�cant at the 1% level. This shows that house-

holds update expectations sluggishly in all regions, consistent with the �ndings reported for the

national level reported in the main text.

1The weights are calculated as the ratio of the population in the considered city, divided by the sum of
populations in all cities in the respective region.
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Table B.9: Sluggish adjustment of housing price expectations across regions

Weighted Unweighted
bbCG;W 2:00��� 1:95���

(0.411) (0.374)
bbCG;NE 1:24��� 1:15���

(0.385) (0.441)
bbCG;NC 1:97��� 1:95���

(0.461) (0.459)
bbCG;S 1:74��� 1:94���

(0.385) (0.393)

Notes: This table shows the results of regression (2.1) using regional housing prices and expectations. The su-
perscripts W , NE , NC and S denote the regions West, North East, North Central (or Midwest) and South,
respectively. The reported standard errors are robust with respect to heteroskedasticity and serial correlation
(Newey-West with four lags). Signi�cance levels: ��� p < 0:01, �� p < 0:05, � p < 0:1

Table B.10 reports the region-speci�c estimates ofc and c from regressions (2.2) and (2.3).

Since regional price-to-rent ratios are not available, the regression uses real housing prices on the

right-hand side. In line with our �ndings at the aggregate level, we �ndc > 0 and c < 0 in all the

regions with the di�erences being largely highly statistically signi�cant.

Figure B.2 shows the dynamic forecast errors responses to a one standard deviation innovation

in the real housing capital gain in each of the four regions. Figure B.3 shows the results for the

case in which the cities within regions are equally weighted. In line with the �ndings reported

in the main text, households' housing capital gain expectations initially underreact but overshoot

after some time.
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Table B.10: Expected vs. actual capital gains across regions

bias (in %) p-value
ĉ (in %) ĉ (in %) � E(ĉ � ĉ) H0 : c = c

West
Population-weighted 0.109 -0.216 0.090 0.083

(0.0036) (0.1360)
Equally weighted 0.132 -0132 0.137 0.183

(0.0034) (0.1197)

North Central
Population-weighted 0.045 -0.544 0.008 0.000

(0.0089) (0.0256)
Equally weighted 0.088 -0.458 0.0191 0.000

(0.0118) (0.0769)
North East
Population-weighted 0.013 -0.474 0.001 0.000

(0.0089) (0.0072)
Equally weighted 0.126 -0.315 0.023 0.000

(0.0187) (0.0838)

South
Population-weighted 0.210 -0.008 0.137 0.144

(0.0023) (0.1067)
Equally weighted 0.163 -0.238 0.055 0.014

(0.0044) (0.1250)

Notes: This table shows the results of regressions (2.2) and (2.3) for di�erent regions.bc is the estimate of c in
equation (2.2) and bc the estimate of c in equation (2.3). The small sample bias correction is reported in the
second to last column and the last column reports thep-values for the null hypothesisc = c in the �fth column.
Newey-West standard errors using four lags in parentheses.
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Figure B.2: Regional dynamic forecast error responses to realized capital gains (population-
weighted city housing price index)

(a) West (b) North Central

(a) South (b) North East

Notes: The �gure shows the dynamic response of real capital gain forecast errors across the four di�erent regions
(in which cities' housing indices are weighted by their population share) to a one standard deviation innovation
in the housing capital gain. The shaded area shows the90%-con�dence intervals, standard errors are robust with
respect to serial correlation and heteroskedasticity (Newey-West withh + 1 lags).
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Figure B.3: Regional dynamic forecast error response to realized capital gains (equal weights)

(a) West (b) North Central

(a) South (b) North East

Notes: The �gure shows the dynamic response of real capital gain forecast errors across the four di�erent regions
(in which cities are equally weighted) to a one standard deviation innovation in the housing capital gain. The
shaded area shows the90%-con�dence intervals, standard errors are robust with respect to serial correlation and
heteroskedasticity (Newey-West with h + 1 lags).
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B.2 Additional Results for Section 2.3

B.2.1 Dynamic Forecast Error Responses: Housing Price Level

Figure B.4 shows that the simple housing model also not only matches the empirical dynamic

forecast error response about capital gains well, but also does a good job in matching the forecast

errors about the level of future housing prices. The results are obtained by de�ning the forecast

error X t+ h in equation (2.4) as

X t+ h � qt+4+ h � E P
t+ h [qt+4+ h] (B.5)

and estimating the resulting local projections in the data and the population local projection for

the model. Figure B.4 shows that households' expectations about the future level of housing prices

initially undershoot and subsequently overshoot, as is the case with expected capital gains.

Figure B.4: Dynamic forecast error responses: housing price levels

Notes: The �gure shows impulse-response functions of housing-price level forecast errors of one-year ahead expec-
tations to a one standard deviation innovation in the housing capital gain from the data and in the data. The
shaded area shows the90%-con�dence intervals of the empirical estimates, standard errors are robust with respect
to serial correlation and heteroskedasticity (Newey-West withh + 1 lags).
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B.2.2 Model Response of the PR-Ratio to Housing Demand Shocks

Section 2.3 shows that real housing prices are more sensitive to housing demand shocks at lower

levels of the natural rate. Figure B.5 illustrates that the same holds true for the model-implied

price-to-rent ratio. The �gure depicts the structural impulse response of the price-to-rent ratio

(in percent deviations from steady state) to a one standard deviation housing-preference shock. It

shows the response for a natural rate of0:75%(blue line) and 0:25%(red line). The IRFs for the

price-to-rent ration look very similar to the ones for real housing prices, shown in Figure 2.4(a).

Figure B.5: Impulse response functions

Notes: This �gure shows the structural impulse response functions of the price-to-rent ratio (in percent deviations
from steady state) to a one standard deviation housing-preference shock for di�erent natural rates.
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B.3 The Nonlinear Optimal Policy Problem
We shall consider Ramsey optimal policies in which the policymaker chooses the sequence of policy

rates, prices, and allocations to maximize rationally expected household utility, subject to the

constraint that prices and allocations constitute an Internally Rational Expectations Equilibrium.

Note that the policymaker maximizes utility under a probability measure that is di�erent from the

one entertained by households, whenever the latter hold subjective beliefs. Benigno and Paciello

(2014) refer to such a policymaker as being `paternalistic'.

The objective of the policymaker is to maximize household utility. Using equation (2.20) to

express the relative quantities demanded of the di�erentiated goods each period as a function of

their relative prices and the linear dependence of utility on the stock of assets, we can write the

utility �ow to the representative household in the form

u(Yt ; qu
t ; � t ) � v(Yt ; � t )� t + �� d

t
Ad

t

~�
k~�

t ;

with

u(Yt ; qu
t ; � t ) � ~u(C(Yt ; qu

t ; � t ); � t )

v(yj
t ; � t ) � ~v(f � 1(yj

t =At ); � t );

where� t , de�ned in equation (2.35), captures the misallocations from price dispersion. The term

�� d
t �

1X

T = t

E t [(1 � � )T � t � T � t � d
T ]

captures the present value contribution from new housing investment. We can use (2.25) and

(2.41) to expresskt in terms of Yt , qu
t and exogenous shocks. Hence, we can express the policy

maker's objective of maximizing (2.14) under rational expectations, as maximizing

U = E0

1X

t=0

� tU(Yt ; � t ; qu
t ; � t );

where the �ow utility is given by

U(Yt ; � t ; qu
t ; � t ) �

�C~� � 1

t C(Yt ; qu
t ; � t )1� ~� � 1

1 � ~� � 1

�
�
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�
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; (B.6)
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which is a monotonically decreasing function of� given Y, qu and � , and where
( qu; � ) is the

function de�ned in (2.40). The only endogenous variables that are relevant for evaluating the

policymaker's objective function are thusYt , � t and qu
t .

The non-linear optimal monetary policy problem is then given by

max
f Yt ;qu

t ;p�
t ;wt (j );Pt ;� t ;i t � 0g

E0

1X

t=0

� tU(Yt ; � t ; qu
t ; � t ) (B.7)

subject to

�
p�

t

Pt

� 1+ � (� � 1)
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E P
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P 1
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� t = h(� t � 1; Pt=Pt � 1) (B.11)
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(B.12)

qu
t = � d

t + � (1 � � )E P
t qu

t+1 ; (B.13)

where the initial price levelP� 1 and initial price dispersion� � 1 are given. Equation (B.9) insures

that wages clear current labor markets. Similarly, by settingCt = C(Yt ; qu
t ; � t ) on the left-hand

side of the consumption Euler equation (B.12), we impose market clearing for output goods in

period t. Similarly, setting qu
t equal to the value de�ned in (B.13) insures market clearing in the

housing market.2 Firms' subjective expectations about future wages and households' subjectively

optimal consumption plans for the future, however, will generally not be consistent with labor

market or goods market clearing in the future in all subjectively perceived contingencies, when

beliefs deviate from rational ones.

To be able to analyze the policy problem further, it is necessary to be more speci�c about the

beliefsP entertained by households and �rms.

B.4 Derivation of Equation (2.45)
Recall the de�nition of qu

t which implies

logqu
t = log qt + log euc(Ct ; � t )

2This holds as long asD max is chosen su�ciently large, such that it never binds along the equilibrium path.
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Under the considered belief setup in which agents learn about risk-adjusted capital gains, the

dynamics of risk-adjusted capital gains and beliefs are independent of monetary policy. The

response oflogqu
t to a unexpected change in the path of nominal ratesi is thus d log qu

t
di = 0, so that

d logqt

di
= �

d logeuc(Ct ; � t )
di

= �
d logeuc(Ct ; � t )

d logCt

d logCt

di

= �
eucc(Ct ; � t )Ct

euc(Ct ; � t )
d logCt

di

=
1
e�

d logCt

di
(B.14)

The optimal housing supply equation (2.25) can be written as

logkt =
1

1 � ~�

�
logAd

t + log qt
�

:

Taking derivatives with respect toi in the previous equation and using (B.14) delivers (2.45).

B.5 Assumptions about Long-Run Beliefs
To insure that the subjectively optimal consumption plans satisfy the transversality condition

(2.29), we impose that equation (2.7) describes subjective housing price beliefs for an arbitrarily

long but �nite amount of time t < �T < 1 and that households hold rational expectations in the

long-run, i.e. for all periodst � T. Agents thus perceive

qu
t = qu�

t for all t � �T ;P almost surely,

wherequ�
t = �� d

t �
P 1

T = t E t [(1 � � )T � t � T � t � d
T ] is the rational expectations housing price. Appendix

B.8.3 shows that this assumption is su�cient to insure that the transversality condition is satis�ed.

The transversality condition may also hold under weaker conditions, but actually showing this

turns out to be di�cult. The fact that agents will eventually hold rational housing and rental

price expectations could be interpreted as agents learning to make rational predictions in the

long-run.

B.6 Quadratic Approximation of the Policy Problem
This appendix derives the linear-quadratic approximation to the nonlinear policy problem in Ap-

pendix B.3.
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B.6.1 Optimal Dynamics and the Housing Price Gap

It will be convenient to determine the welfare-maximizing level of output and the welfare-maximizing

housing price under �exible prices, so as to express output and housing prices in terms of gaps

relative to these maximizing values. We thus de�ne(Y �
t ; qu�

t ) as the values(Yt ; qu
t ) that maximize

U(Yt ; 1; qu
t ; � t ), which are implicitly de�ned by3

UY (Y �
t ; 1; qu�

t ; � t ) = Uqu (Y �
t ; 1; qu�

t ; � t ) = 0 :

In particular, we have

qu�
t = �

d
t ; (B.15)

as shown in Appendix B.8.4. We have

bqu;RE
t = bqu�

t ; (B.16)

which shows that housing price �uctuations are indeed e�cient under RE.

The output gap is de�ned as

ygap
t � log(Yt ) � log(Y �

t ) = byt � by�
t ; (B.17)

i.e. the log-di�erence of output from its dynamically optimal value.

Under subjective beliefs, it follows from equations (2.56) and the linearization of (B.15) (see

Appendix B.8.1 below) that

bqu;P
t � bqu�

t =
�

1 � � (1 � � )
1 � � (1 � � )� t

�
1 � � (1 � � )

1 � � (1 � � )� �

�
b� d
t +

� (1 � � )( � t � 1)
1 � � (1 � � )� t

: (B.18)

Again, for the case where� t = 1 and with persistent housing demand shocks (� � ! 1), the

housing price gap under subjective beliefs is equal to the housing price gap under RE. Belief

�uctuations, however, now contribute to �uctuations in the housing price gap.

For the real housing price gap,bqt � bq�
t , this implies

bqt � bq�
t =

�
1 + e� � 1Cq

�
(bqu

t � bqu�
t ) + e� � 1CY ygap

t : (B.19)

3The optimal path for f Y �
t ; qu�

t g can then be used to determine optimal dynamics for the remaining variables.
In particular, equation (2.41) determines C �

t , equation (2.25) determinesk�
t and thus D �

t , and equation (2.19)
determinesH �

t .
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B.6.2 Quadratically Approximated Welfare Objective

A second-order approximation to the utility function delivers

1
2

UbY bY (byt � by�
t )2 +

1
2

Ubqu bqu (bqu
t � bqu�

t )2 +
1
2


 � h22� 2
t + t:i:p:;

wheret:i:p: denotes terms independent of policy and
 � is the Lagrange multiplier associated with

equation (B.11) at the optimal steady state. See Appendix B.8.5 for a detailed derivation. The

dependence of the objective function on in�ation follows from a second-order approximation of

the constraint (B.11), which allows expressing the second-order utility losses associated with price

distortions � t as a function of squared in�ation terms.

Since the �uctuations in the housing price gap,bqu
t � bqu�

t , are either constant (with RE) or

determined independently of policy (under subjective beliefs, see Equation (B.18)), the endogenous

part of the loss function can be written as

1X

t=0

� t 1
2

�
� � � 2

t + � y (ygap
t )2

�
:

B.6.3 New Keynesian Phillips Curve

Linearizing Equations (B.8)-(B.10) delivers the linearized Phillips curve. The condition for the

equilibrium wage (B.9) in periodT in industry j in which �rms last updated their prices in period

t is given by

wT (j ) = ~wT (j )

 
pj

t

Pt

! � ��� �
PT

Pt

� ���

;

where

~wT (j ) � �
�H � �

T
�C~� � 1

T

�
YT

AT

� ��

C (YT ; qu
T ; � T )~� � 1

:

Since �rms' expectations aboutwT (j ) and PT are rational, their expectations about ~wT (j ) are

rational as well. Using the expression forwT (j ), noting that pt (i ) = pj
t = p�

t , and writing out Qt;T ,

it follows that

�
p�

t

Pt

�
=

0

B
@

E P
t

P 1
T = t (�� )T � t �

� � 1 � �C~� � 1

T C � ~� � 1

T ~wT (j )
�

YT
A T

� � �
PT
Pt

� � (1+ ! )

E P
t

P 1
T = t (�� )T � t �C~� � 1

T C � ~� � 1

T (1 � � T )YT

�
PT
Pt

� � � 1

1

C
A

1
1+ !�

: (B.20)
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Log-linearizing equation (B.20) delivers4

bp�
t � bPt =

1 � ��
1 + !�

(

b~wt (j )+ �
�

byt � bA t

�
� b� t � byt + ��E P

t

�
1 + !�
1 � ��

�
bp�

t+1 � bPt+1 + � t+1

� � )

: (B.21)

As the expectation in (B.21) is only about variables about which the private agents hold

rational expectations, we can replaceE P
t [�] with E t [�].5 Therefore, (B.10) can be used in periodt

and t + 1, which in its linearized form is given by

bp�
t � bPt =

�
1 � �

� t :

Substituting b~wt (j ) by the linearized version of the equilibrium condition (B.9) delivers the lin-

earized New Keynesian Phillips Curve:

� t = � yygap
t + � q (bqu

t � bqu�
t ) + �E t � t+1 + ut ; (B.22)

where the coe�cients � are given by

� y =
1 � �

�
1 � ��
1 + !�

(ky � f y) > 0

� q = �
1 � �

�
1 � ��
1 + !�

f q < 0;

with ky = @logk=@logy, f y = @logf=@logy, f q = @logf=@logqu, such that

ky � f y = ! + ~� � 1

�
1 � g

�
Y

C + ~� � 1

1� ~� k
= ! + ~� � 1CY > 0

f q = ~� � 1
k

1� ~�

C + ~� � 1

1� ~� k
= � ~� � 1Cq > 0;

whereCq � qu

C
@C
@qu andCY � Y

C
@C
@Y, and where the functionsf (Y; qu; � ) � (1 � � ) �Ce� � 1

Y C(Y; qu; � )� e� � 1

and k (y; � ) � �
� � 1 �� �H � �

A 1+ ! Y 1+ ! are the same as in Adam and Woodford (2021), for the current

period in which markets clear and the internally rational agents observe this.

4This follows from the the fact that in steady state, we have p� = P, so that

�
� � 1

� �C~� � 1
C � ~� � 1

~w(j )
�

Y
A

� �

= �C~� � 1
C � ~� � 1

(1 � � )Y:

The steady state value of the numerator in (B.20) is thus given by 1
1� ��

�
� � 1 � �C~� � 1

C � ~� � 1
~w(j )

�
Y
A

� �
and the steady

state value of the denominator by 1
1� ��

�C~� � 1
C � ~� � 1

(1 � � )Y .

5The subjective consumption plans showing up in the stochastic discount factor drop out at this order of
approximation.
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The cost-push shockut is given by

ut =
(1 � � ) (1 � �� )

� (1 + !� )
(� + b� t � bgt ) ;

where

b� t = � log
�

1 � � t

1 � �� t

�

bgt = � log
�

1 � gt

1 � �gt

�

de�ne deviations of � t and gt from their second-best steady state values.

As in the standard New Keynesian model, a linearization of (B.11) implies that the state vari-

able � t is zero to �rst order under the maintained assumption that initial price dispersion satis�es

� � 1 � O(2). This constraint, together with the assumption that the Lagrange multipliers are of

orderO(1), thus drops out of the quadratic formulation of the optimal policy problem. The second-

order approximation of (B.11) is, however, important to express the quadratic approximation of

utility in terms of in�ation.

B.6.4 Linearized IS Equation with Potentially Non-Rational Housing

Price Beliefs

We here linearize the constraint (B.12). One di�culty with this constraint is that it features

the limiting expectations of the subjectively optimal consumption plan on the right hand side.

Generally, this would require solving for the subjectively optimal consumption paths, which is

generally di�cult.

Under our beliefs speci�cations, housing prices beliefs are rational in the limit. This insures

that we do not have to solve for the subjectively optimal consumption plan, instead can derive

the IS equation directly in terms of the output gap.

We can now de�ne the natural rate of interest:

The natural rate r � ;RE
t is the one implied by the consumption Euler equation (2.24) or (B.12),

rational expectations, and the welfare-maximizing consumption levels under �exible pricesf C �
t g.

It satis�es

~uC (C �
t ; � t ) = �E t

h
uC (C �

t+1 ; � t )(1 + r � ;RE
t+ k )

i
: (B.23)

Using the previous de�nition, we obtain the linearized Euler equation under potentially sub-

jective housing prices beliefs:

Lemma 3. For the considered belief speci�cations, the log-linearized household optimality condition

(B.12) implies for all t
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ygap
t = lim

T
E ty

gap
T � E t

 
1X

k=0

'
�

i t+ k � � t+1+ k � r � ;RE
t+ k

�
!

�
Cq

CY
(bqu

t � bqu�
t ) ; (B.24)

wherelimT E ty
gap
T is the (rational) long-run expectation of the output gap, and' � � ~uc

~ucc C
1

CY
> 0.

The coe�cients Cq < 0 and CY > 0 are the ones de�ned in the derivation of the linearized Phillips

Curve.

The proof can be found in Appendix B.8.2

B.6.5 Lagrangian Formulation of the Approximated Ramsey Problem

Collecting results from the previous sections, we obtain the following Lagrangian formulation of

the Ramsey problem

max
f � t ;ygap

t ;i t � i g
min

f ' t ;� t g
(B.25)

E0

1X

t=0

� t

(

�
1
2

�
� � � 2

t + � y (ygap
t )2

�

+ ' t [� t � � yygap
t � � q (bqu

t � bqu�
t ) � ut � �E t � t+1 ] (B.26)

+ � t

"

ygap
t � lim

T
E ty

gap
T + 'E t

1X

k=0

�
i t+ k � � t+1+ k � r � ;RE

t+ k

�
+

Cq

CY
(bqu

t � bqu�
t )

#

(B.27)

� ' � 1� 0 � � � 1

�
'� 0 � ygap

0 �
Cq

CY
(bqu

0 � bqu�
0 )

� )

;

where the process for(bqu
t � bqu�

t ) can be treated as exogenous for the purpose of monetary policy

and where the initial Lagrange multipliers(' � 1; � � 1) capture initial pre-commitments. In order

to numerically solve the optimal policy problem in (B.25), we recursify the problem as proposed

in Marcet and Marimon (2019) and solve for the associated value functions and optimal policies.

Details of the recursive formulation can be found in Appendix B.8.6.
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B.7 The Volatility of PR-Ratio and of the Natural Rate
Figure B.6 shows the evolution of natural rates of interest and price-to-rent ratios the U.S., Canada,

France, Germany, and the United Kingdom, which we use in Section 2.2. The natural rates are

estimated by Holston et al. (2017) and Fujiwara et al. (2016). The price-to-rent ratios are taken

from the OECD. We convert the quarterly series of natural rates to annual series by taking

arithmetic averages and the quarterly series or PR-ratios to annual series by taking harmonic

averages.

Figure B.6: Natural rates and price-to-rent ratios

(a) Natural Rates of Interest (b) Price-to-rent ratios

Notes: This �gure shows the evolution of the natural rate of interest (left panel) and price-to-rent ratios (right
panel) for di�erent advanced economies over the period 1961-2020 and 1970-2019, respectively.

Figures 2.4(b) and 2.6 in the Section 2.2 document that the fall in the level of the natural rates

of interest across several advanced economies was accompanied by an increase in the volatility of

the price-to-rent ratio and in the volatility of natural rates. These trends are consistent with the

subjective belief model, outlined in Sections 2.3 and 2.4.

Figure B.7 plots the volatility of the price-to-rent ratio (left panel) and the standard deviation

of the natural rate (right panel), respectively before 1990 (blue bars) and after 1990 (red bars),

along with 90% con�dence bands. The reported volatilities of the price-to-rent ratios are the

standard deviations relative to the period-speci�c mean values, in line with the model. The

reported volatilities of the natural rates of interest are the standard deviations of the �uctuations

around a linear time trend, in order to isolate high-frequency volatility that can be related to

natural rate �uctuations in the model around a �xed steady state value of the natural rate.

Figure B.9 shows the volatility price-to-rent ratio using the same linear detrending approach.

The p-values below the respective bars are for the null hypothesis of no change in the volatility.

The increase in the volatility of the PR ratio and the natural rate were statistically signi�cant in
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most of the advanced economies. The evidence is not always statistically signi�cant due to the

high serial correlation of the price-to-rent ratio and the natural rate, which makes it di�cult to

estimate standard deviations precisely. Figure B.8 shows that the reported volatility increases are

not driven by the exact point where we split the data, instead looks often similar for other split

points.

Figure B.7: Volatility of the PR ratio and natural rates pre and post 1990.

(a) Standard Deviation of the (b) Standard Deviation of Natural Rate
Price-to-Rent Ratio Pre and Post 1990 Pre and Post 1990

Notes: The black lines denote the90%-con�dence bands. The p-value corresponds to the test whether or not
the values changed from pre to post 1990. The reported volatilities of the price-to-rent ratios are the standard
deviations relative to the period-speci�c mean values. The reported volatilities of the natural rates of interest are
the standard deviations of the �uctuations around a linear time trend.

Figure B.8: Robustness of housing and natural rate volatility increases with di�erent sample splits

(a) Volatility of the Price-to-Rent ratios (b) Volatility of natural rates

Notes: Panel (a) shows the standard deviation of the price-to-rent ratio, and panel (b) shows the standard deviation
of the natural rate for di�erent advanced economies, computed for varied subsamples. The blue lines show the
estimates for the pre-period, and the red lines for the post-period, when the sample is split at the year marked on
the horizontal axis. The whiskers denote90%-con�dence bands.

166



Figure B.9: Standard deviation of the detrended PR ratio pre and post 1990

Note: The black lines denote the90%-con�dence bands. Thep-value corresponds to the test whether or not the
values changed from pre to post 1990.
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B.8 Proofs

B.8.1 Results in Section 2.5

Proof of Results in Section 2.5.1.Result (2.50) follows from iterating forward on (2.27). Log lin-

earizing (2.50), we have

bqu
t = b�

d

t ;

and log-linearizing (2.12) delivers
b� d
t = � �

b� d
t � 1 + "d

t :

Since the steady-state value of�
d

is �
d

=
� d

1� � (1� � ) ; the log-linearization of �
d
t delivers

b�
d

t = (1 � � (1 � � ))
h
b� d
t + � (1 � � )E t

b� d
t+1 + :::

i

= (1 � � (1 � � ))
h
b� d
t + � (1 � � )� �

b� d
t + :::

i

= (1 � � (1 � � ))
1X

T = t

(� (1 � � ) � � )
T � t b� d

t

= b� d
t

1 � � (1 � � )
1 � � (1 � � )� �

:

The results for the price-to rent ration follow by noticing that equation (2.26) implies

PRt �
qt

Rt
=

qu
t

� d
t

: (B.28)

Proof of Results in Section 2.5.2.From equation (2.27), which has to hold with equality in equi-

librium, and equation (2.8) we get

qu;P
t =

1
1 � � (1 � � )� t

� d
t

The percent deviation of housing prices from the steady state, in which� t = 1 and � d
t = � d, is

then given by

bqu;P
t =

1
1� � (1� � )� t

� d
t � 1

1� � (1� � ) �
d

1
1� � (1� � ) �

d

=
1 � � (1 � � )

1 � � (1 � � )� t

� d
t

� d � 1

=
1 � � (1 � � )

1 � � (1 � � )� t

�
1 + b� d

t

�
� 1
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=
1 � � (1 � � )

1 � � (1 � � )� t

b� d
t +

� (1 � � )( � t � 1)
1 � � (1 � � )� t

(B.29)

Note, that we can decompose the housing price under subjective beliefs into the housing price

under RE and terms that are driven by beliefs:

bqu;P
t = bqu;RE

t +
� (1 � � ) ( � t � 1)
1 � � (1 � � )� t

+
(1 � � (1 � � )) ( � (1 � � ) ( � t � � � ))
(1 � � (1 � � )� t ) (1 � � (1 � � )� � )

b� d
t : (B.30)

Note, that

E P
t

h
qu;P

t+1

i
= � tq

u;P
t :

Therefore, a log-linear approximation around the optimal steady state, in which� = 1, yields

E P
t

h
bqu;P

t+1

i
= bqu;P

t + ( � t � 1) :

From this, we can add and subtract on the right-hand side

E t

h
bqu;RE

t+1

i
= � �

b� d
t

1 � � (1 � � )
1 � � (1 � � )� �

;

which, after plugging in the expression from (B.29), delivers

E P
t

h
bqu;P

t+1

i
= E t

h
bqu;RE

t+1

i
+ ( � t � 1)

�
1 +

� (1 � � )
1 � � (1 � � )� t

�

+ (1 � � (1 � � )� � � (1 � � (1 � � )� t ) � � )
(1 � � (1 � � ))

(1 � � (1 � � )� t ) (1 � � (1 � � )� � )
b� d
t :

In the limit � � ! 1, this boils down to

E P
t

h
bqu;P

t+1

i
= E t

h
bqu;RE

t+1

i
+ ( � t � 1)

�
1 +

� (1 � � )
1 � � (1 � � )� t

�
1 + b� d

t

� �

Log-linearizing equation (B.28), which holds true independent of the belief speci�cation, yields

dPR
P

t = bqu;P
t � b� d

t :
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Proof of Lemma 2. Under the proposed policy that setsi t � E t � t+1 equal to the natural rate

de�ned in equation (2.59), we have

ygap
t = lim

T
E ty

gap
T � E t

 
1X

k=0

'
�

i t+ k � � t+1+ k � r � ;RE
t+ k

�
!

�
Cq

CY
(bqu

t � bqu�
t )

= lim
T

E ty
gap
T � E t

 
1X

k=0

'
�

r � ;RE
t+ k �

1
'

Cq

CY

��
bqu

t+ k � bqu�
t+ k

�
� E t+ k

�
bqu

t+ k+1 � bqu�
t+ k+1

��
� r � ;RE

t+ k

� !

�
Cq

CY
(bqu

t � bqu�
t )

= lim
T

E ty
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T + E t

 
1X

k=0

�
Cq

CY

��
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t+ k � bqu�
t+ k

�
�

�
bqu

t+ k+1 � bqu�
t+ k+1

��
� !

�
Cq

CY
(bqu

t � bqu�
t )

= lim
T

E ty
gap
T + E t

�
Cq

CY

�
(bqu

t � bqu�
t ) � lim

k
E t

�
bqu

t+ k+1 � bqu�
t+ k+1

� � �
�

Cq

CY
(bqu

t � bqu�
t )

= lim
T

E ty
gap
T +

�
Cq

CY
(bqu

t � bqu�
t )

�
�

Cq

CY
(bqu

t � bqu�
t )

= lim
T

E ty
gap
T ;

which proves that with this policy, the output gap is indeed constant, andr � ;P is the real rate

that implies a constant output gap.

B.8.2 Log-linearized Euler equation

Proof of Lemma 3. Log-linearizing equation (B.12) around the optimal steady state delivers

~uCC Cbct + ~uC� � b� t = E P
t

1X

k=0

~uC (i t+ k � � t+1+ k) + lim
T !1

E P
t

�
~uCC CbcT + ~uC� � b� T

�
;

and log-linearizing (B.23) gives

~uCC Cbc�
t + ~uC� � b� t = E t

1X

k=0

~uC r � ;RE
t+ k + lim

T !1
E t

�
~uCC Cbc�

T + ~uC� � b� T

�
:

Subtracting the previous equation from (B.31) delivers

bct � bc�
t = E P

t

1X

k=0

~uC

~uCC C

�
i t+ k � � t+1+ k � r � ;RE

t+ k

�
+ lim

T !1
E P

t

�
bcT +1 � bc�

T +1

�
; (B.31)

where we usedE P
t � T = E t � T and E P

t bc�
T +1 = E tbc�

T +1 , which hold because agents hold rational

expectations about fundamentals.

In all periods in which the subjectively optimal plan is consistent with market clearing in the
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goods sector, the plan satis�es equation (2.41). Log-linearizing equation (2.41) delivers

bct = CY byt + Cqbqu
t + C�

b� t ; (B.32)

where b� t is a vector of exogenous disturbances (involvingAd
t ; �Ct ; gt ). Evaluating this equation at

the optimal dynamics de�nes the optimal consumption gapbc�
t :

bc�
t � CY by�

t + Cqbqu�
t + C�

b� t .

Subtracting the previous equation from (B.32) delivers

bct � bc�
t = CY (byt � by�

t ) + Cq (bqu
t � bqu�

t )

= CY ygap
t + Cq (bqu

t � bqu�
t ) (B.33)

Since the current consumption market in periodt clears, equation (B.33) holds in periodt and

can be used to substitute the consumption gap on the left-hand side of equation (B.31). Similarly,

since housing price expectations are rational in the limit, the consumption market also clears in

the limit under the subjectively optimal plans, i.e., equation (2.41) holds fort � T0. We can

thus use equation (B.33) also to substitute the consumption gap on the r.h.s. of equation (B.31).

Using the fact that housing price expectations are rational in the limit (limT E P
t (bqu

t � bqu�
t ) = 0 ),

we obtain

ygap
t = lim

T
E P

t ygap
T � E t

 
1X

k=0

'
�

i t+ k � � t+1+ k � r � ;RE
t+ k

�
!

�
Cq

CY
(bqu

t � bqu�
t ) :

Since we assumed that agents' beliefs about pro�ts and taxes are given by equations (2.37) and

(2.38), respectively, evaluated using rational income expectations, the household holds rational

expectations about total income. This can be seen by substituting (2.37) and (2.38) into the

budget constraint (2.15). We thus havelimT E P
t ygap

T = lim T E ty
gap
T in the previous equation,

which delivers (B.24).

B.8.3 Transversality Condition Satis�ed with Subjective Housing Price

Beliefs

This appendix shows that under the considered subjective belief speci�cations, the optimal plans

satisfy the transversality constraint (2.29). SinceD t 2 [0; Dmax ] and E P
t qu

T = E t �
d
T for T � T0,

we havelimT !1 � T E P
t (DT qu

T ) = 0 . We thus only need to show thatlimT !1 � T E P
t

�C ~� � 1
T

C ~� � 1
T

BT = 0.
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Combining the budget constraint (2.15) with (2.37) and (2.38) we obtain

Ct + B t +
�

D t � (1 � � )D t � 1 � ~d(kt ; � t )
�

qu
t

C~� � 1

t
�C~� � 1

t

+ kt = (1 � gt ) Yt + B t � 1:

For t � T0 the subjectively optimal plans satisfy market clearing in the housing market, i.e.,

D t � (1 � � )D t � 1 � ~d(kt ; � t ) = 0

so that the budget constraint implies

Ct + B t + kt = (1 � gt ) Yt + B t � 1: (B.34)

Furthermore, for t � T0 subjectively optimal plans also satisfy market clearing for consumption

goods, i.e.,

Ct + kt = (1 � gt ) Yt :

It thus follows that the subjectively optimal debt level B t in the budget constraint (B.34) is con-

stant under the subjectively optimal plan, after periodt � T0. Furthermore, the expectations

about Yt in the budget constraint (B.34) is rational under the assumed lump sum transfer expec-

tations, so that the household's subjective consumption expectations are the same as in a rational

expectations equilibrium. (The subjectively optimal investment decisionskt are driven by rational

housing price expectations). Since the limit expectations�C~� � 1

T =C~� � 1

T are bounded in the rational

expectations equilibrium, it follows that limT !1 � T E P
t

�C ~� � 1
T

C ~� � 1
T

BT = 0:

B.8.4 Optimal House Price Absent Price Rigidities

The following derivation closely follows Adam and Woodford (2021). We obtainUqu (Yt ; � t ; qu
t ; � t )

from di�erentiating equation (B.6) with respect to qu
t and set it equal to 0:

Uqu (Yt ; � t ; qu
t ; � t ) = �C~� � 1

t Cqu (Yt ; qu
t ; � t ) C (Yt ; qu

t ; � t )
� ~� � 1

+ Ad
t �

d
t
@
 ( qu

t ; � t )
@qut


 ( qu
t ; � t )

~� � 1 C (Yt ; qu
t ; � t )

~�
1� ~� ~� � 1

+
~�

1 � ~�
Ad

t �
d
t 
 ( qu

t ; � t )
~� C (Yt ; qu

t ; � t )
~�

1� ~� ~� � 1 � 1 Cqu (Yt ; qu
t ; � t ) = 0 ;

where
@
 ( qu

t ; � t )
@qut

=
1
qu

t

1
1 � ~�


 ( qu
t ; � t ) ;
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and when de�ning � � ~� � 1

1� ~� � 1, we get

Cqu (Yt ; qu
t ; � t ) �

@C(Yt ; qu
t ; � t )

@qu
=

� 1
qu

t

1
1� e� 
( qu

t ; � t )C(Yt ; qu
t ; � t )� +1

1 + (1 + � ) 
( qu
t ; � t )C(Yt ; qu

t ; � t )�
:

Taking everything together, we get

Uqu (Yt ; � t ; qu
t ; � t ) =

1
qu

t

1
1� e� 
( qu

t ; � t )C(Yt ; qu
t ; � t )� +1

1 + (1 + � ) 
( qu
t ; � t )C(Yt ; qu

t ; � t )�
�C~� � 1

t

 
�

d
t

qu
t

� 1

!

:

In order for Uqu to be zero, we need to have that

qu�
t = �

d
t ;

as stated in equation (B.15).

B.8.5 Quadratically Approximated Welfare Objective

This derivation follows Adam and Woodford (2021). In the optimal steady state, we haveUY =

Uqu = UY qu = 0, as well asU� + 
 (�h 1 � 1) = 0. Given the assumption� � 1 � O(2), it follows

� t � O(2) for all t � 0. Additionally, we have h2 � @h(� ;�)
@� = 0 at the optimal steady state.

Therefore, a second-order approximation of the contribution of the variables(Yt ; � t ; qu
t ; � t ; � t ) to

the utility of the household yields

1
2

UbY bY (byt � by�
t ) +

1
2

Ubqu bqu (bqu
t � bqu�

t ) +
1
2


 � h22� 2
t + t:i:p:;

where t:i:p: contains all terms independent of policy. Under rational expectations, we have that

(bqu
t � bqu�

t ) = 0 and is thus constant and independent of (monetary) policy. Under subjective beliefs,

(bqu
t � bqu�

t ) is purely driven by beliefs� t and housing demand shocks� d
t , see equation (B.18), both

independent of policy. Therefore, we include12Ubqu bqu (bqu
t � bqu�

t ) in t:i:p: .

The term UbY bY is given by UbY bY � Y @
@Y

�
UbY

�
� Y @

@Y(Y UY ) = Y � UY + ( Y � )2 UY Y . At the

optimal steady state, we have

� � = �
1
2


 � h22 > 0

� y = �
1
2

(Y � )2 UY Y > 0;

where

UY Y = � ~� � 1
�
1 � g

� �C~� � 1

C
�
Y; qu; �

� � ~� � 1 � 1
CY

Y �

C
�
Y; qu; �

�
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�
�

1 + �
(1 + ! ) !

�H � �

A1+ ! Y ! � 1 < 0

h22 =
�� (1 + ! ) (1 + !� )

1 � �
> 0


 � =
U�

1 � ��
< 0;

with

U� = �
Y �

�
1 � g

�

1 + !

 
�C~� � 1

C
�
Y � ; qu� ; �

�

! ~� � 1

< 0:

B.8.6 Recursi�ed Optimal Policy Problem with Lower Bound

We numerically solve the quadratically approximated optimal policy problem with forward-looking

constraints (B.25). While it would be preferable to solve the fully nonlinear Ramsey problem, as

spelled out in Appendix B.3, this is computationally not feasible with su�cient degree of numerical

accuracy because the problem features 9 state variables and an occasionally binding constraint.

The quadratically approximated problem features 2 state variables less because price dispersion

� t is to �rst order independent of policy and because the Phillips curve reduces from a system

involving two forward-looking in�nite sums, see equation (B.20), to a system involving only a

single in�nite sum, see (B.21).

Eggertsson and Singh (2019) compare the exact solution of the standard New Keynesian model

with lower bound to the solution of the linear-quadratic approximation with lower bound and show

that the quantitative deviations are modest, even for extreme shocks of the size capturing the 2008

recession in the U.S..

To obtain a recursive problem, we apply the approach of Marcet and Marimon (2019) to the

problem with forward-looking constraints (B.25). We thereby assume that the Lagrangian de�ned

by problem (B.25) satis�es the usual duality properties that allow interchanging the order of

maximization and minimization, which we verify ex-post using the computed value function. We

set the terminal value function fort = T0 to its RE value function W RE (�). For t � T0 we have a

value function Wt (�) satisfying the following recursion:

Wt (' t � 1; � t � 1; ut ; r � ;RE
t ; � t ; � d

t ; qu
t � 1)

= max
(� t ;ygap

t ;i t � i)
min

( ' t ;� t )
�

1
2

�
� � � 2

t + � y (ygap
t )2

�

+ ( ' t � ' t � 1) � t � ' t (� yygap
t + � q (bqu

t � bqu�
t ) + ut )

+ � t

"

ygap
t � lim

T
E ty

gap
T + '

 

i t � E t

1X

k=0

r � ;RE
t+ k

!

+
Cq

CY
(bqu

t � bqu�
t )

#

+ � t � 1' (i t � � t ) + 
 t (i t � i )
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