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Abstract: In this paper, we introduce a non-local PDE-ODE traffic model devoted to the description of
a 1-to-1 junction with buffer. We present an existence result in the free flow case as well as a numerical
method to approximate weak solutions in the general case. In addition, we show a maximum principle,
which is uniform in the non-local interaction range. Further, we exploit the limit models as the support
of the kernel tends to zero and to infinity. We compare them with other already existing models for
traffic and production flow and presented numerical examples.
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1. Introduction

The aim of this paper is to study a non-local traffic flow model for 1-to-1 junctions. The term
‘non-local’ refers to the dependence of the flux function on a convolution term between a kernel
function and the velocity function depending on the conserved quantity. These types of conservation
laws are able to describe several phenomena arising in many fields of application, and for this reason
they have received growing attention in the recent years. The first macroscopic traffic flow model
based on fluid-dynamics equations has been introduced in the transport literature with the Lighthill,
Whitham and Richards (LWR) model [34, 35], which consists in one scalar equation expressing the
conservation of cars. Since then, several approaches have been developed during the last years,
addressing the need for more sophisticated models to better understand the nonlinear traffic dynamics.
‘Non-local’ versions of the LWR model have been recently proposed in [5, 11,25]. In this type of
model, the flux is assumed to depend on a weighted mean of the downstream traffic density or
velocity. These kinds of non-local traffic models are intended to describe the behavior of drivers that
adapt their velocity with respect to what happens in front of them. For this reason, the flux function
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depends on a ‘downstream’ convolution term between the density of vehicles or the velocity, and a
kernel function supported on the negative axis, such that drivers only look forward, not backward.
There are general existence and uniqueness results for non-local equations in [3, 11,25, 29] for scalar
equations in one-space dimension, in [18,31] for multi-dimensional scalar equations, and in [2] for
the multi-dimensional system case. There are mainly two different approaches to prove the existence
of solutions for these non-local models. One is providing suitable compactness estimates on a
sequence of approximate solutions constructed through finite volume schemes, as in [2,3]. Another
approach relies on the method of characteristics and fixed-point theorems, as proposed in [29, 31].
In [3], KruZkov-type entropy conditions are used to prove the L!-stability with respect to the initial
data through the doubling of the variable technique, while in [29, 31], the uniqueness of weak
solutions is obtained directly from the fixed-point theorem, without prescribing any kind of entropy
condition.

One key point that naturally arises in the non-local setting from a mathematical, but also modeling
point of view, is the model behavior for the two limits of the non-local interaction range. Considering an
infinite range, the non-local scalar traffic flow model tends to a linear transport equation [11]. Contrary,
if the range tends to zero, non-local scalar traffic flow models converge to the local LWR model under
specific assumptions, e.g., [6, 7, 14, 16, 22, 30] or [12] for the singular non-local-to-local limit for
weakly-coupled systems.

Some works about non-local traffic models deal with networks, for example, [8-10, 13,24,32,36].
In [8], the authors consider measure valued solutions for non-local transport equations and [32] deals
with non-local conservation laws on bounded domains, while [9,10,13,36] include 1-to-1 junctions. In
particular in [9, 10], the existence and well-posedness of solutions at a 1-to-1 junction is shown, where
the roads are allowed to differ in the speed limits and maximum road capacities. The limit of those
models for a non-local range tending to infinity is investigated in [24]. Here, the models still converge
to a linear transport equation, which includes a capacity constraint on the flux induced by the coupling
of the roads. In contrast, the limit to zero is only investigated numerically so far and the correct limit
model is still an open problem.

In this paper, we aim to model a 1-to-1 junction with a buffer, generalizing the ‘local’ model in [28]
to the non-local setting. Further, we want to exploit the limit models for the non-local range tending
to infinity and zero. The paper is organized as follows. In Section 2, we introduce a new non-local
model for 1-to-1 junctions with buffer. In Section 3, we investigate analytically the existence of weak
solutions in the free flow case, i.e., when the buffer is not active on the first road, by introducing the
characteristics of the modeling equations. In Section 4, we perform a numerical discretization of our
model using an upwind-type numerical scheme. In Section 5, the limit model as the length of the
support 1 of the kernel function goes to zero is exploited, and in Section 6 the opposite limit model as
the length of the support 17 of the kernel function goes to infinity is investigated. In Section 7, we give
a conclusion and mention open problems.

2. Modeling equations

As aforementioned, we consider a non-local traffic flow model for 1-to-1 junctions that includes a
buffer. Therefore, let us recall first the 1-to-1 junction model from [10]. This model does not consider
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a buffer so far, and the dynamics for the traffic density on each road are given by

al‘pl(t7 .X) + ax (pl(t’ X)Vl (t’ .X) + min{pl VZ(t’ X), prznaXVZ(t’ X)}) = 0’
ath(t, .X') + ax(pZ(t, x)VZ(t’ )C)) =0.

Here, V| and V, are the parts of the non-local velocity on each road segment defined by

(2.1

min{x+7, 0}
Vl(t,X) = f Vl(Pl(t,y))wn()’_x)dy,

min{x, 0}

max{x+n, 0}
Va(t, x) = f v2(02(t, y))wy(y — x) dy.

max{x, 0}

In particular, the junction point is placed at x = 0, p; and p, are the traffic densities, n > 0 is the
non-local range and support of the kernel function w,,, which will be detailed below, and v; and v, are
suitable velocity functions. The most important feature is the coupling between the two road segments,
which is simply induced by the minimum operator and the maximum capacity of the second road. The
latter one expresses the supply of the second road. At the junction itself, the second road can receive a
flux up to p2, V»(t,0). Due to non-locality, this capacity restriction must be considered already in the
interval [-7,0). From a microscopic point of view, this means that as soon as a driver is aware of an
intersection, she/he takes the associated (possible) restrictions into account.

We now extend this model by placing a buffer between the two roads. These buffers could, for
example, model a simplified version (by neglecting the exact geometry) of highway on-ramps or
roundabouts. A buffer has a maximum capacity g, i.e., the maximum rate at which cars can enter or
leave the buffer. Furthermore, the buffer is full at r,,,. This creates a specific supply that the buffer
can provide for the flow of the first road. Similar to the situation without a buffer, the supply must be
taken into account as soon as a driver sees the buffer. As in the situation without buffer, the second
road at the junction can take a maximum flow of p2 V(,0). This results in the following modeling
equations for the buffer r(¢) and the traffic densities:

atpl(t’ X) + ax (pl(t’ x)Vl(t7 X) + min{prZ(t’ X), SB(t’ X)}) = 0’
9,p2(t, x) + 0(p2(2, )V (1, X)) = 0, (2.2)
r' (1) = min{sp(,07), p1(2,07)V5(2,0)} — min{d(t), pry, Va(2, 0)},

where
max{x+n,0}
[T oy - 0 dy, F(£) € [0, Funa),

SB(t, x) - . 2 max{x+7,0}

min{p2,, Va(t, x), u |, wy(y = X)dyl,  1(0) = Finas

, (1) € (0, rmaxl,
dp(ty =" )

mln{pl(ta O )VZ(I’ O)a /’l}a r(t) = 0

Note that the model (2.2) is inspired by its local counterpart introduced in [28]. For a better readability
we postpone the detailed discussion of the local variant to Section 5.
To close the equations (2.2), we couple them with the initial data

p1(0,x) = p1o(x) € BV((=00,0)),  p2(0,x) = pr0(x) € BV((0, +0)), r(0) =ry 20, (2.3)
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where BV([a, b]) := {f € L'([a,b])| TV(f) < +oo}. For the well-posedness of the model, we assume
the following common assumptions, see e.g., [5, 10, 11,24,25]:

H1)  w, € CY([0,7];R*), n> 0, ], <0, [ w,(x)dx = 1;
(H2) v, :R" = R" is a smooth non-increasing function such that v,(0) = V2** > 0 and v,(p) = 0 for
p>ph. foree{l,2}.

Inspired by [21, Definition 2.1] and [20, Definition 4.1], solutions are intended in the following sense:

Definition 2.1. A couple of functions p, € C(R*, L';,.((a., b.))) with e € {1,2}, and a, = —c0,b; = 0,
and a; = 0, b, = +o0 is called a weak solution of (2.2) and (2.3) if

1. fore =1, p, is a weak solution on (—0,0) to

01p(t, x) + 0« (p(t, X)V1 (2, x) + min{p, Va(1, ), sp(t, )}) = 0;

2. fore =2, p, is a weak solution on (0, +0) to

atpe(t7 x) + 8x(pe(t7 x)VZ(t’ X)) = 0’

3. forallt > 0, it holds
pa(t, 09V, (t,0) = min{dp(t), p2., Va(t,0)};

4. fore €{1,2) p, € L=((0, T) X (ar, b,),
5. r(t) is a Caratheodory solution, i.e., for a.e. t € R™,

rt) = ro + f (min{ss(s,07), p1(s,07)Va(s, 0)} — min{dp(s), Py Va(s, 0)}) ds.
0

3. Existence of solutions for free flow

In this section, we exploit the existence of weak solutions in a particular case, i.e., the flow on the
first road is not influenced by the buffer and can pass onto the second road if the buffer is empty. In case
of a non-empty buffer, its size is decreasing over time. Even though this is a rather simple example, it
represents the case that in the past, the buffer filled due to congestion, but now the traffic jams on the
roads resolved to allow free flow such that the buffer gets empty.

We introduce the characteristic lines of our model; see [32, Definition 2.5 and Remark 2.6]. For a
given non-local term W, € L*((0, T); W' (—c0, 0)), the characteristics f‘l,vl for (¢, x) € (0,T) X (=00, 0)
are given by

&y, [, x1(7) = x + f ) Wi(s, &y, [1, x1(s))ds, T €[0,T]. (3.1)

Similar for a given non-local term W, € L®((0,T); W"*(0, o)), the characteristics f‘sz for (¢,x) €
(0,T) x (0, ) on the second road are given by

&t x1(1) = x + f ) Wa(s, &1, x1(s))ds, 7€ [0,T]. (3.2)
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For (#y, xp) € {(t,x) € (0,T) X (0,0) : x < 6%1’2 [0,0](»)} and x; € [0, xp] the time inverted characteristics
on the second road are defined as

&, [0, X0l (x1) = max{z € [0, 1] : &, [f0, X1(7) = x1},
and the non-local terms are

Wilpr p21(t, ) = {Vl(t’ D+ Va0, M OVAED < S50y 1) = Vit ).
Vi(t, x) else,

Note that V; and V, depend on p; and p,, respectively. Moreover, the non-local term on the first road
differs from the non-local quantity in Eq (2.2). In case the supply sp is present on the first road, this
term is independent of the density and does not influence the characteristic equation. Nevertheless, it
plays a source term role when the solution is written in terms of the characteristics. This is similar
to [32, equation (3.1)].

We can prove the following existence result in the free flow case.

Theorem 3.1. Let v,(p) = v¢,, (1 — p/pS.) fore € (1,2}, v2  <vl andu>pl V2. ..

X — “max’

1. Letp2.. > pl . then a weak solution in the sense of Definition 2.1 exists.
2. Let 2. < pl .. and ry € (0, rnyy), then the existence of a weak solution in the sense of Definition
2.1 is guaranteed as long as r(t) € (0, Fmax), €.g., fort € [0, T) with T = min{ry/ (02, Varax)» (Fmax —

rO)/(prlnaxvrznaX }

Furthermore, the weak solutions satisfy the following maximum principle:

0 <pi(t,x) <p.  fora.e. (t,x) € RY X (—0,0)
0 < pa(t,x) < pﬁm for a.e. (t,x) € R* x (0, 00).

Proof. The proof is based on existence results from [32] and [10].
We start with the first case, i.e., empty buffer ry = 0. The assumption u > pl 2 guarantees that
the buffer stays empty, since r'(t) = 0 holds for # > 0. Furthermore, due to the same assumption, the
supply function is not present in the flux of the first road. Hence, the model is given by Eq (2.1) and
the existence of a weak solution satisfying the maximum principle is given by [10, Theorem 1].

Now, let ry > 0. Here, the buffer size is decreasing until it is empty, since for r(z) > 0,

7 (1) = pi(t, 0-)Va(t, 0) — minfu, p2, Va(t,0)} < 0

holds. In particular, as long as the buffer is positive, the inflow on the second road is given by
min{u, pfnax Vi (t,0)}, independently of p;. Let T* be the time at which the buffer becomes empty. One
can view the whole problem as two separate problems on semi-infinite intervals. One initial boundary
value problem reads as

0,02(t, x) + 0, (0a2(t, x)Va(t, x)) = 0, (t,x) € (0, T%) x (0, 0), (3.3)
0200, x) = p2o(x), x € (0, 00),
Vo (t,0)py(1,0) = min{,u,p?naxvz(l, 0)}, te (0, 7T).
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Due to the linear velocity, this model is a specific choice of the modeling framework in [32]. Note
that due to the choice of the inflow, the boundary datum remains well-posed in the case V,(¢,0) = 0;
see [32, Remark 2.2].

Hence, existence of weak solutions and the maximum principle are guaranteed by [32, Corollary
5.4, 5.9 and Remark 5.6] for the problem (3.3). We can proceed similarly for the first road by choosing
the boundary data appropriately. Due to the non-locality we need to choose a function which depends
on p, and gives the same dynamics as model (2.2). We can choose the following surrogate model for
(t,x) € (0,T") X (—00,0):

e pl(t’y) y € (_OO’O) _
Or(1.) + O [pl(t’ gid (fx @y =) ({v[l(vz(pz(t, y)) else de)) =0

Here, we need the assumption v2, . < vl such that the inverse is well-defined and the boundary
data is nonnegative. Again, this fits into the framework of [32] such that the existence of solutions is
guaranteed for ¢ € (0, T™).

For t > T, the buffer is empty and we are back in the previous case (ry = 0) such that existence is
given by [10].

The proof of the second case is similar to the case ry > 0 and ¢ € (0,7") discussed above with
the slight modification that for r(f) = ry. or r(#) = 0, the dynamics changes. Hence, the given
time T = min{ro/ (02, V2u)s (Fmax — 70)/ (0L V2.)) is a simple lower bound on T* that guarantees

r(t) € (0, rmax) fort € [0, T). O
Let us shortly discuss how the results can be extended.

Remark 3.1 (Uniqueness). In Theorem 3.1, we only discussed the existence of solutions for the free
flow case. As long as r(t) € (0, rm.), we also obtain the uniqueness, thanks to [32]. In [10], only
the uniqueness of a weak entropy solution has been shown. Nevertheless, an extension of these results
to the uniqueness of weak solutions with similar techniques as in [22, 23, 32] can be expected, which
would provide uniqueness of weak solutions for the cases considered in Theorem 3.1.

Remark 3.2 (Nonlinear velocities). 7o obtain the above results for nonlinear velocity functions, the
uniqueness of weak solutions for the so-called non-local in velocity model [25] on a bounded domain

needs to be shown. This can be achieved by following the lines of [32] with similar modifications as
done in [22,23].

Remark 3.3 (General model). The existence and uniqueness for the complete model (2.2) can be
proven by exploiting the characteristics as in [32]. In particular, the solution on each interval can be
written in terms of the characteristics, which can be plugged into the non-local terms. This gives a
fixed-point problem with respect to the two non-local terms. The difficulty here and the main difference
with [32] is that we have to deal with two non-local terms, which are coupled. The non-local term on
the first road depends on the solution of the second road, and the solution on the second road depends
on the first one through the outflow of the buffer. This makes the analysis of [32] more complicated.

4. Numerical discretisation

In the previous section, we have seen that in specific cases we can guarantee the existence of
solutions and a maximum principle. The latter will be now extended to the general case. Therefore,
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we will approximate the solutions by using a numerical scheme. This scheme is based on the
numerical schemes introduced in [10,24-26].

ForjeZ,neN,ande € E :={1,2}, let x, j_1/» = jAx be the cell interfaces, x.; = (j + 1/2)Ax the
cells centers, corresponding to a space step Ax such that = N,Ax for some N, € N, and let 7, = nAt
be the time mesh. In particular, x = x,_;» = 0 is a cell interface. Note that we have j > 0 if e = 2, and
j < 0if e = 1. We aim at constructing a finite volume approximate solution p>* such that p2*(z, x) = P,
for (t,x) € [", ") x [Xe,j-1/25 Xe, j+1/2)- To this end, we approximate the initial datum p, with the cell
averages

1 Negrl/2 j<0, e=1
0 b b
Pej= 7 Peo(x) dx, ,
S Ax Yejipp j=0, e=2.
We consider the following numerical fluxes similar to [10, 24]
F". = {p:,jVZj +min {pzijg,j’ S%J} ’ e=1, 4.1)
eJ - no\/n _ :
pe’jVe’j, e =72,
with
min{-j-2, N;—1} Ny-1
Vi = Z YO ) Vo, = Z Yiev2(02, jier):
k=0 k=max{—j—1,0}
Np-1
,u Z 71(9 rl’l e [0’ rmax)a
noo_ k=—j-1 dn _ /J’ rn € (Oa rmax]a
Spj = Nyp-1 - : nooyn n =)
. 2 n n mln{pl’_l 2’_17 /’l}’ r-= .
min pmaXVZ,j, M Z Yie¢s U = I'maxs
k=—j-1
where y; = k(Ak:])Ax wy(x)dx, k =0,...,N, — 1, and r" is the approximation of the buffer computed by

an explicit Euler scheme. In this way, we define the following finite volume scheme:

PZ;’I :PZ,J' - 2_; (FZ,/‘ - FZ,j—l)’

U=+ Ar (min{s’g,o,p'f,ovzo} - min{dg,ﬁﬁlaxvzo}) ,

neN. (4.2)

We now show that the numerical scheme satisfies a reasonable maximum principle on each road.

Proposition 4.1. Under hypothesis (2.3) and the Courant—Friedrichs—Lewy (CFL) condition

At 1
— < , 4.3)
Ax = o lIHloll + 2 |Iv]

with [Vl = max{lvill, Iv2l}, IV = max{|[v;||. 3]}, and lloll = max{plu. pha)s the sequence

generated by the numerical scheme (4.1) and (4.2) satisfies the following maximum principle:
0< pZ,j < pfnax'
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Proof. Let us start by showing the positivity. We directly obtain

At At
n+l _ n n n n n
Pej = Pej— A_x (Fe,j - Fe,j_l) Zpe,j - A_x ||V||Pe,j >0,

with |[v|| = max{|[v{||, |[v2]l}, using min {ijng, S j} < ijng. For the upper bound, it is easy to see
that

'}’OVI(PTJ)7 J S _1’

n n n n O’ jS _1’
Vl,j—l - Vl,j S O’ j Z O’ V2,]—1 - V2,] S

Yova2(05 ) Jj=z0.

Using vi(p) ) = v2(p?,..) = 0 and the mean value theorem, we get

max

V? -Vt < Yo v,l (_'Drll,j+prlnax)’ ]S -1,
B ¢ j20
1% Vi< 0, j< -1,

2,j-1 7 V2, = , . '
: : Yo V2 (_pZ,j +p12nax)’ J > 0.

Considering the case j < —1, multiplying the first inequality by p. , and subtracting Vi Pl we get

V;l,j—lpllnax - V{l,jprll,j < (70 ||v,1|| ”pl” + Vﬁj) (_prll,j +pr1nax)' (44)
Similarly, writing
n n —HY-j-1 " € [0, Fmax),
SB,j—l - SB"]‘ = . 2 n Nﬂ_l . 2 " Nn—l S O’
mln{pmaxvz,j_] e Zk:—j 7k} - mln{pmaxVQ’ja/l Zk:—j—l yk} = Fmax»
because
Ny-1 Ny-1
min plznax ;l,j—l’ﬂ Z Yi(— min p?naxvg,j’# Z Yk
k= k=—j-1
N,-1 N,-1
<minipp Vi Z Yig —minipn, V3o Z Vi
k= k=—j—1
N,-1 N,-1 " N,-1 " Ny-1
M Zkzn_j Yi — H Zkl_j_l Yi — ‘prznaxvz,j —M Zk:]_j Vk' + Iprznaxvz,j —M Zki_.j_l Yk
B 2
N,—1 Ny—1 Np—1 Ny—1
X Zk:]_j Vi — M Zk;’_j_1 Yt ‘/J Zk:”_j Ye— M Zk;_j_1 yk'
< =
N 2
We get

. 1 .
min{p,,, V;,j—l’ Srll?,j—l} - mln{P’f,jV;,j’ SrllB,j}
. 1 .
< mln{pmaxvg,j’ S%,j} - mln{p?,jvg,j’ Srll?,j} (45)

1 n n
< (pmax _pl,j) 2,j°
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Adding the two inequalities (4.4) and (4.5), due to the CFL condition (4.3), we have p’{;l <pl .
For j > 0, we can write the following bound:

2 2
PraxVa 1 = 05, VA < o IV ol + VD02 — £,

which follows analogously to what has been done above. In particular, the bound holds for j = O.
Since for the inflow on road 2, we have

: n 2 n 2 n
min{dy, PV 1} < Prax Va1

Then, we get
n+l o on ﬂ 2 v —o" V)< 2
Py SP; T Ax Prax V2,j-1 = P2,;V2;) = Pmax-

This concludes the proof. m|

Remark 4.1. We point out that the maximum principle in Proposition 4.1 is uniform with respect to
n, and this allows us to say that if they exist, the limit solutions as n — 0 and n — +co satisfy the
maximum principle, too.

In the following, we are particularly interested in the model hierarchies induced by the non-local
range 7. Therefore, we will investigate the models for  — 0 and 7 — oo in the next sections.

5. Limit to zero

The singular local limit is a very interesting topic regarding non-local conservation laws. The
problem is defined as follows. In the scalar case, a parameter 1 > O related to the support of the kernel
is fixed and the rescaled kernel function is considered:

1
wy(x) = —w (f)
no\n
Owing to the assumption fR wy(x)dx = 1, when 7 — 07, the family w, converges weakly* in the sense
of measures to the Dirac delta and we formally obtain the corresponding local conservation law:

Non-local: {01+ Oxea o) x @) =0,y oy 10+ 0pve)) =0,
pﬂ(o’ X) = ﬁ(X), p(O’ X) = p(x)’

with v : R — R being a Lipschitz continuous vector-valued function. The above derivation is just
formal and has to be rigorously justified. The question is whether the solution p, of the non-local
Cauchy problem converges to the entropy admissible solution of the local Cauchy problem in some
suitable topology. The rigorous derivation of this limit with the convolution inside v, i.e., v(p, * wy),
was initially posed in [3] motivated by numerical evidence, later corroborated in [S]. The answer is
positive if we consider an even kernel function and a smooth compactly supported initial datum, as
proved in [37]. The solution of one-dimensional scalar non-local conservation laws with an
anisotropic kernel converges to the entropy solution of the corresponding local conservation laws,
also in the case of monotone initial data; see [22,30]. For an exponential-type kernel, see [7, 14, 22],
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or considering a positive initial datum and a convex kernel [16]. Nevertheless, in general, the solution
of the non-local Cauchy problem does not converge to the solution of the local one, and in [17], the
authors show three counterexamples in this sense, while in [15], the role of numerical viscosity in the
numerical investigation of such non-local-to-local limit is highlighted.

5.1. A local buffer model

A local buffer model, which strongly inspired the non-local model (2.2), is originally introduced
in [28]. For completeness, we recall the model of [28]. Note that this model is derived only for the
same flux function on each road, but an extension to different flux functions is straightforward. The
modeling equations are given by

0ip1(t, x) + 0, (p1 (2, x)v1(p1(2, X)) = 0,
0,p2(1, x) + 0,(02(t, X)v2(p2(1, x))) = 0.

Since we consider a local model, we only need to describe the fluxes at the intersection, which couples
the two equations. Following [28], this coupling is given by

(5.1)

g1(H) = min{s(), Dy(01(£,07)},  qa(r) = min{dp(t), S (pa(t,0%)
{ : if 7(£) € [0, Fmax)»
sp(t) = . )
min{S(oa(t, 09, 1}, if F(1) = Finas
) = { . _ i 7(0) € (0. ).
min{D(p,(t,07)),u}, 1ifr(r) =0.

Here, S; and D; with i € {1, 2} are the usual supply and demand functions [33] defined for a flux f; with
a single maximum at o by

filp), p<o, filo), p<o,
Di = Si =
v {fi(cf), p >0 v {fi(p), p>o.

Note that here, f;(0) := pv;(p) holds. Finally, the development of the buffer is described by

r' (1) = qi(t) — g2(1).

For a more detailed discussion of the model and an extension to more general junctions, we refer the
reader to [28].

Comparing the local model with Eq (2.2), we see that the non-local version adapts the structure of
the local model. Besides the non-local velocity, one of the main differences between the two models is
the definition of the supply and demand functions. Since the non-local model allows for a higher flow,
as the local density at x and the non-local velocity are not directly coupled, the flow is not allowed to
exceed p2. Va(t,0%) in contrast to S (0,(0", 1)) at the junction point. Moreover, extending this fact to
the whole interval [-7, 0) with similar ideas as in [10,24], we end up with the model (2.2).

Even though the local model (5.1) strongly inspired the non-local one, it is not a priori clear which
local solution will be obtained as 7 — 0. For example, the 1-to-1 model (2.1) without a buffer seems
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to converge to the vanishing viscosity solution of a discontinuous conservation law in certain cases;
see [10].

For the non-local model (2.2), it becomes apparent that the solutions might be different to the
solution of the local model (5.1). This is induced by the different definition of the supply and demand
functions mentioned above. Hence, when supply or demand in the model (5.1) are active differences
that can occur, in general,

Di(pi(t,07)) # p1(t,0)v2(pa(2,07) = }]i_{lgpl (1,07)V,(2,07),
S2pa(t,0") < Prgva(pa(t,01) = lim pr,, V(1. 0%).
T]—)
The fact that the model (2.2), in general, does not converge to solutions of Eq (5.1) is also shown by

the following example:

Example 5.1. Let us consider constant initial data p, and p, on each road with the same flux function
on both roads. Further, let S(p;) < D(p1) and S(p;) < u hold. In this case, we can exclude that the
solution of Eq (2.2) converges to the solution of the local model (5.1). Therefore, we show that the
buffer is different for the model (5.1) and (2.2). We start with the local case. Here, we have

q1(t) = min{y, D(p1)},  g2() = min{S (p2), u}.
Moreover, due to S (02) < D(p1) < u,

r'(0) = qi(1) — g2(1) > 0,

this means that the buffer is increasing. On the contrary, in the non-local case, we have
r/(t) = min{:u,pl(t, O_)VZ(I’ 0)} - min{,u,pl(t, 0_)V2(t’ 0)9pr2naxV2(t’ 0)}

Due to the choice of the same flux function and thanks to the maximum principle, we get

Pl(t, X) < prlnax = prznax’
and, hence,
r,(t) = min{/'l’pl(t’ O_)VZ(I’ O_)} - min{/’t’pl(ta O_)VZ(I’ O)} = 0

Therefore, the buffer does not increase for every n > 0, and this also holds in the limit n — 0. For this
reason, the solution of the non-local problem does not, in general, converge to the solution of the local
one.

Even though convergence to the model (5.1) can be excluded for certain initial data, there are still
cases where we can observe (numerically) a convergence.

5.2. Limit model

Since the local model (5.1) seems not to be the correct limit model of (2.2), let us formally derive a
potential candidate for the limit model of (2.2). The limit of w,, to the Dirac delta needs to be considered
in the non-local velocities and the supply function. Hence, the model (2.2) formally converges to

0p1(t, x) + 0 (p1(t, X)vi(p1(2, x))) = 0,
0ip2(t, x) + 0, (pa(2, X)v2(p2(t, x))) = 0, (5.2)
¥ (1) = min{sg(t,07), p1(t, 07)va(pa(t, 07} — min{dp(t), phuva(pa(t, 0V},
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where
o) < 1 F(t) € [0, Finay),
P I mingp2, va(oa(t. X)), i1l 1(E) = P
a1 ) r(1) € (0, ],
min{p; (1, 07)vy(pa(t, 04)), ), #(2) = 0.

Comparing the dynamics to (5.1), we see the outflow of the first road, the inflow to the second road,
and therefore the development of the buffer is different. The reason is similar as before that

Di(pi(t,07)) # p1(,0)va(p2(t,07) and  S1(0a2(2,0%) < p7. v2(02(2,01))

holds.

Note that we will not prove the well-posedness of Eq (5.2) or the limit from Eq (2.2) to Eq (5.2)
rigorously. Nevertheless, we investigate the limit and model (5.2) numerically in the following. In
particular, a numerical convergence to model (5.2) can be obtained.

5.3. Numerical examples

During this section, the space step size for all examples is chosen as Ax = 1073, and the time step
is chosen according to the CFL condition (4.3). We deal with the following example: vi(p) = 1 — p,
v2(p) = 1 —5p/3, and constant initial data of p; oy = 0.75 and p, o = 0.5 with r,x = co and ry = 0. If not
stated otherwise, we use u = 0.15. Both roads are in a congested state, but due to the lower maximum
density of the second road, the latter one is even more congested. This results in a backward moving
traffic jam on the first road and, depending on the capacity, in an increasing buffer.

Remark 5.1. We note that the obtained results are very similar in case of a limited buffer, i.e., 1., < .
As soon as the buffer gets full, an additional wave is induced moving backward on the first road. To
simplify the discussion and concentrate on the effects induced by the capacity, we stick to an infinite
buffer.

Before considering the limit process, we start with a comparison of the dynamics given by Eq (2.2)
for different kernels in the situation described above and n = 0.5. Here, we consider a constant kernel
wy(x) = 1/n, a linear decreasing kernel, i.e., w,(x) = 2(n — x) /n?, and a quadratic decreasing kernel,
i.e., wy(x) = 3(* — x*)/(2n*). The approximate solutions are shown in Figure 1. Since most of the
interactions take place on the first street, we have increased the visual representation of this road. Due
to the bottleneck situation between the two roads, the buffer and the congestion on the first road are
increasing. In particular, for all models, the flow on the first road is higher than the capacity u of
the buffer. As can be seen, the linear and quadratic kernels behave very similar and provide a rather
continuous increase of the density until drivers are aware of the junction around x =~ —0.5, which
results in a steeper increase. However, the constant kernel behaves differently. There are two effects
visible: First, there are additional increases depending on n = 0.5. This effect is also present without a
buffer model, i.e., in the model (2.1) and a constant kernel. The approximate solution without a buffer
can also be seen in Figure 1. The obtained behavior is a specific feature of the kernel, since drivers
become aware of the bottleneck at x = —0.5 and the traffic directly ahead, which results in a traffic
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jam. This traffic jam then resolves, but there is a point in front of the junction (x = —0.25) where the
current flow rate is influenced by the capacity of the buffer, which increases the density. This is the
second effect that can be obtained. Due to the non-locality this effects propagate backward. The effect
of the capacity on the flow can also be observed for the other two kernels, even though it is smoothed
out slightly.

0.9 ‘ ‘
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Figure 1. Approximate solution of the non-local buffer model with non-local range of n =
0.5 with different kernels and the approximate solution of Eq (2.1) with a constant kernel at
T = 1: approximate solutions of road 1, left, of road 2, top right and the evolution of the
buffer, bottom right.

Even though the effect of the increasing density for the constant kernel is explainable, we want to
consider less effects on the dynamics to better understand the behavior. Further, as the dynamics for the
linear and quadratic kernel are rather similar, we restrict ourselves to the linear kernel for the remaining
part of this section.

Next, we turn our attention to the numerical limit  — 0. For the local models (5.1) and (5.2)
we use a Godunov scheme, where the fluxes at the junction point are defined by the coupling. In the
abovementioned example, the capacity is active. This holds for the local case, too, such that the two
local models produce the same solution. Further, this results in the same outflow of the first road in
all models given by u. Hence, for a decreasing sequence of 7, the convergence can be numerically
obtained, as can be seen in Figure 2. Small differences can still be seen on road 2, as the inflow
on this road is still different for the models. We note that this difference may disappear in the limit.
Nevertheless, choosing an even smaller capacity, e.g., u = 0.05, gives the same dynamics for all
models.

In contrast, increasing u demonstrates the possible convergence to Eq (5.2) instead of Eq (5.1). In
Figure 3, the same example as before, but with 4 = 0.15, is considered. In the local model (5.1), the
outflow of the first road is higher than in the local model (5.2). This results in a lower density, but
fuller buffer. The decreasing sequence of  shows that Eq (5.2) might be the limit of the non-local
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buffer model (2.2).
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Figure 2. Approximate solutions of the non-local buffer model with different non-local
ranges and the approximate solutions of the local models (5.1) and (5.2) at 7 = 1 and a
capacity of u = 0.1 at T = 1: approximate solutions of road 1, left, of road 2, top right and
the evolution of the buffer, bottom right.
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Figure 3. Approximate solutions of the non-local buffer model with different non-local
ranges and the approximate solutions of the local models (5.1) and (5.2) at 7 = 1 and a
capacity of u = 0.15 at T = 1: approximate solutions of road 1, left, of road 2, top right and
the evolution of the buffer, bottom right.

Remark 5.2. We remark that even without a buffer, the non-local model does not necessarily converge
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to the solution which maximizes the flux through the junction. In particular, for a local 1-to-1 junction
without a buffer there a several possible Riemann solvers available at the interface; see, e.g., [1] and
the references therein. In [10], it has been already discovered that the non-local I-to-1 model without
a buffer seems to converge to the vanishing viscosity solution and not to the solution given by supply
and demand, which maximizes the flux through the junction. Hence, we cannot expect a convergence
to the model (5.1), which also maximizes the flux through the junction for every case, in particular, if
the buffer is not active.

6. An infinite non-local reach

Besides the limit  — 0 the case n — oo is also of great interest. This limit represents the situation
in which drivers have perfect knowledge about the downstream traffic. In [11], it has been proven
that on a single road, a non-local traffic flow model tends to the solution of a linear transport equation
with transport velocity V.. The limit for non-local traffic networks without buffers has been already
investigated in [24]. Here, the limit equations share similarities to a model, which is usually applied
in the context of supply chains [4]. The key characteristic is that cars travel with a constant velocity
until a certain capacity is reached. This is very similar to what happens when goods pass through a
processor, cf. the supply chain models introduced in [4, 19]. Therefore, we start by discussing the
solution concept of this model.

6.1. A supply chain model
Following [4, 19], two processors with one buffer in between can be described by:

O0p1 + 0, minfpv,u;} =
0ip2 + 0, min{pv, o} =0
}

r'(t) = min{pl(t, O_)V”u] _ dB(l) (61)
ds(t) = {min{pl(t, 07)v, p1, 2}, ?f r(t) = 0,
H2; if r(r) > 0.

Note that we consider an unlimited buffer for simplicity. Further, the buffer have different capacities,
but the same processing velocity. In the case u; = u, and ry = 0, we can view the problem as a single
processor, as the buffer will never fill up. For the initial data,

, x <0,
po(x) = 1! 6.2)
02, x>0,

The solution is

e a linear transport with velocity v, if p; < u;/vi € {1,2}, or
e ararefaction wave with intermediate state u, /v, if p; > u;/v and p, < uy/v.

In the latter case, the capacity of the buffer is not sufficient to handle the complete flux, such that the
flux decreases to the capacity. In [24], it is shown that this situation, i.e., Eq (6.1) with u; = u, and
ro = 0, is the limit of the 1-to-1 model (2.1) without a buffer.
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Now, we consider the more general case, u; # pu,. For simplicity, the buffer is initially empty
and we consider only the case p; < w;/v i € {1,2}, since this case is the most important one for our
upcoming limit cases. Explicit formulas for the solution in all cases can be found in [19, Eq (4.21)].
The solution now depends on the outgoing flux of the first processor. If it is small enough, all goods
can be transported, otherwise only up to the capacity w,. In fact, we have

e for p; < uy/v, alinear transport, and
e for p; > u,/v, a rarefaction wave with intermediate state /v

as a solution. In the latter case, the buffer starts to fill.

6.2. Limit models

Now, we derive the limit models of (2.2). Therefore, we assume that the initial data p, o and p, o are
of compact support. Note that due to the finite speed of propagation, the solutions p;(¢, -) and p,(z, -)
are also compactly supported. We can use the following result proven in [24, Lemma 4.1]: In the L, _
limit, the non-local velocities converge to

Vi(t,x) - 0 and V,(t, x) — v»(0) for n — oo. (6.3)
Using similar arguments, we can deduce
M I’(I) € [09 rmax),
sp(t, x) =
min{p2_ v,(0), u} r(t) = Fimaxs

dg(t) — {,u r(0) € (0. T ], for  — oco. (6.5)

min{p;(z,07)v2(0), u} r(t) =0,

and (6.4)

To discuss the limit models in detail, we distinguish two cases depending on the maximum flux on
each road. In the limit, the maximum flux of the first road is given by the capacity u and of the second
road by p2. v»(0).

Case 1: u < p2_ v»(0) In this case, the limit equations are given by

dp1(t, x) + 9, minfp; (2, x)v2(0), u} = 0
9,p2(1, X) + 0,21, X)r2(0) = 0,
where the inflow on road 2 is given by Eq (6.5) and, hence, depends on the buffer size. If we assign

an artificial capacity to the second road, which is greater or equal to the maximum flow, i.e., u, >
P2 v2(0), the dynamics are described by

9,p>(t, x) + 0, min{p,(t, x)v>(0), >} = 0.

Obviously, this does not change the dynamics on the second road, but now the similarities with the
model (6.1) become apparent. However, the inflow on road 2 and the capacity of the buffer given in
(6.5) do not match the ‘artificial’ capacity of the second road and are smaller, i.e., u < u,. Thus, the
model can be seen as an extension of the production model (6.1), which allows a smaller capacity of

Networks and Heterogeneous Media Volume 19, Issue 1, 405-429.



421

the buffer. Such models have been studied in [27]. Note that once () = 0 for some ¢* > 0 holds, the
buffer stays empty for # > ¢*. In this case, the complete limit dynamics coincide with (6.1). In contrast,
if v(¢) > 0, the buffer decreases.

Example 6.1. To get a better understanding of the dynamics of the limit model, we focus on a specific
initial condition with an empty initial buffer and infinite capacity of the buffer i.e.,

, ifx € [a,b],
pro(o) =7 / p20(0) =0, 7(0) = 0, Fy = 0. 6.6)
0, else

fora < b < 0. The buffer model has a capacity of u on the first road. This capacity is less than the
capacity on the second road. Hence, the second road can take all the flux coming from the first road
and the buffer does not increase. Further, due to the empty initial buffer, the buffer remains empty. The
solution depends on the value of p;:

1. u/v2(0) > py: Here, we have a linear transport.
2. p1 > u/v,(0): The solution of the buffer model is a rarefaction wave with constant state p/v,(0)
at b and a shock at a, which moves onto the second road. Both the shock at a and the rarefaction

wave move at the speed 1/p; < v,(0) on the first road. On the second road, the speed increases
to v,(0).

Case 2 u > p2_ v»(0) In this case, not only the inflow onto road 2 depends on the buffer size but the
flux on the first road, too. The model equations for the first road are given by

dip1 + 0, min{pv,(0), u} = 0, if 7(1) € [0, rmax)
A1 + 0, min{pv2(0), pZ. . v2(0)} = 0, if 7(f) = Fmax.

and the second road is the same as the previous case:
0ip2 + 0p2v2(0) = 0.
More importantly, the inflow onto road 2 is given by
{pﬁmvz(ox if () € (0, Finar],
min{p; (1, 0-)v2(0), P 2(O)},  if () = 0.
This results in the following development of the buffer in the limit:
minfg, p1(t, 0-)v2(0)} — min{p; (t,0-)v2(0), P, v2(0)},  if r(r) = 0,

}"/([) = min{,u, Pl(f» 0_)V2(O)} - Pim‘&(o), if I"(l’) € (0’ rmax)’
min{prznaxv2(0)a pl(ta 0—)V2(0)} - prznaxv2(0)7 if r(t) = Vmax-

As can be seen, the dynamics are more involved and strongly dependent on the buffer size.
Nevertheless, for r(¢) € [0, rmax), the limit equations can be viewed as the supply chain model (6.1) by
assigning the artificial capacity u, = p2, v»(0) to the second road. In particular, the capacity of the
buffer is given by p2 v>(0) and is equal to the capacity of the next processor as in (6.1). Note that the
dynamics change when r(f) = ry.x. Models with finite buffers are not studied in [4, 19].
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Example 6.2. Let us return to the setting Eq (6.6) for the second case. Now, the capacity of the
first road is higher than that of the second one. This allows for an increasing buffer and interesting
dynamics:

1. u/v2(0) > p2. > pi: Here, the density is low enough not to affect the buffer, so the solution is
simply the linear transport.

2. u/v2(0) > py > p?.. - The solution is first given by a linear transport equation. When the density
reaches the buffer at t* = —b/v,(0), the buffer starts to fill at the rate:

7' (t) = v2(0)(01 — Pla)-

The inflow on the second road is then p2,,, v2(0). This results in a density of .

3. p1 > u/va(0) > p2..: Instead of a linear transport, a rarefaction wave with intermediate state
u/v2(0) and a shock is generated. Again, after some time (i.e., when the rarefaction wave reaches
x = 0), the buffer begins to fill with

r(t) = 1 — va(0)ph -

On road 2, the density is p2,,, as before.

6.3. Numerical examples

In this subsection, we consider some numerical results for the different cases discussed before. For
the numerical tests, we use Ax = 0.01.

We start with an explicit example for the initial condition (6.6) and the parameters chosen such that
p1 > u/v2(0) > p2... holds. More precisely, we choose the initial conditions

1, if x € [-5,-1/3],
p1o(x) = P20(x) =0, r(0) =0, rmax = 0,
0, else

u =075 vi() =1-p,va(p) = 1 —2p, and, hence, p?, = 0.5. The explicit solution for the limit
model for n — oo is for ¢ < 1/3, given by:

0.75, if xe[-1/3,-1/3 +1],
pi(t,x) =41, if x e [-5+0.75t,-1/3], P20(x) =0, r(t) =0,
0, else

and for ¢t € [1/3,56/9) by

0.75, if x e [-1/3,0], )
) 0.5, ifxe[0,r—1/3],
p1(t,x) =11, if x € [-5+0.75¢,-1/3], P20(x) = ,
0, else
0, else

r(r) = 0.25(t - 1/3).

Note that the characteristics of the limit model, which emerge in the interval [-5, —1/3], have an infinite
slope, otherwise the slope is v,(0).
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We compare the exact limit solution with a numerical approximation of the non-local buffer model
computed with 7 = 2 for a constant and linear decreasing kernel. Figure 4 shows also the possible limit
model for n — 0, i.e., Eq (5.2). It can be seen that for the different models induced by 7, more mass
seems to be transported on the first road, into the buffer, and through the junction with increasing 7.
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Figure 4. Approximate solution of the non-local buffer model with a constant and linear
kernel for n = 2 with the limit models to zero and to infinity at 7 = 3: approximate solutions
of road 1, left, of road 2, top right and the evolution of the buffer, bottom right.
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Figure 5. Approximate solutions of the characteristics for the non-local model (2.2) with
n = 2: approximate solutions on road 1, left column, on road 2, right column with the
constant kernel, top row, and a linear decreasing kernel, bottom row.

The characteristics (3.1) and (3.2) for n = 2 are shown in Figure 5. They are approximated by an
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explicit Euler scheme and the numerical solutions of p; and p,. As it can be seen, the characteristics
are not crossing such that existence and uniqueness of weak solutions might be provable as discussed
in Remark 3.3. Moreover, some properties of the solutions can be observed, such as the increase in the
density at x = —5.
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Figure 6. Approximate solution of the non-local buffer model with increasing values of
at T = 3: approximate solutions of road 1, left, of road 2, top right and the evolution of the
buffer, bottom right.

In the following, we again restrict ourselves to a linear decreasing kernel. The limit for n — oo is
shown in Figure 6. It can be seen that, in particular, the approximation of the shock and the rarefaction
wave of the exact solution for 7 — oo requires rather large values of 1. Further, with increasing n, more
mass is transported on the first and second road.

Interestingly, convergence can also be obtained for the characteristics (3.1) and (3.2). Using Eqs
(6.3)—(6.5), they converge at least formally to

ds, &t,xl(t)=  x+(T-Hv(0).
0 else

Et, x](7) =x + f ’ {Vz(O) if py (1, £'[t, x]1(5))v2(0) <

This can be seen in Figure 7, too. In contrast to the local case, the characteristics do not seem to cross,
but they change their slope as soon as the shock reaches them. Note that this observation is different to
the limit  — 0O in which a convergence or even a similarity of the characteristics cannot be obtained
(as in the considered non-local model characteristics always have a positive slope in contrast to the
local models (5.1) abd (5.2)).
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Figure 7. Approximate solutions of the characteristics for the non-local model (2.2) with
n = 300.
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Figure 8. Approximate solution of the non-local buffer model at 7 = 2 with a finite and
infinite buffer: approximate solutions of road 1, left, of road 2, top right and the evolution of
the buffer, bottom right.

During the discussion of the limit models in Section 6.2, we also encountered specific cases of the
production model (6.1) that have not yet been studied in the literature. Therefore, we consider slight
modifications of the initial setup in Eq (6.6). In Figure 8, we consider the same situation as above, but
with an unlimited and a limited buffer of r,.x = 0.15 for n = 200 at 7 = 2. In the latter case, the buffer
increases until about 7 = 1. Before T ~ 1, the solution is the same as discussed above. Afterward the
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dynamics with a limited buffer change, which can be seen in the different speeds for the shock on the
first road. For a full buffer, the speed drops from 0.75 to 0.5. On the second road, the solutions for both
models coincide.

7. Conclusion

We presented a non-local buffer model for a 1-to-1 junction with a suitable numerical discretization.
We have proved that the numerical scheme preserves the maximum principle uniform in n. Further,
we investigated the model hierarchies induced by the non-local term. For n — 0, we can exclude
the convergence to the local model of [28], which originally inspired the non-local buffer model. We
proposed a different local model, which seems to be (numerically) the correct limit of the non-local
buffer model. Moreover, we investigated the limit of 7 — oco. Here, drivers drive with constant speed
up to a certain capacity. This shares similarities to supply chain models with two processors and
one buffer. Nevertheless, the obtained limit dynamics are more general than the supply chain models
studied in the literature so far. Again, the convergence can be obtained numerically.

Future work could include proofing the existence and uniqueness of weak solutions, as hinted in
Remark 3.3 for the complete model (2.2), rigorously proofing the limits of the non-local buffer model
and extending the junction model to more complex junctions and network structures.
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