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1 Review of Probability Theory

1.1 Introduction

This guide takes a look under the hood of widely used methods in econometrics and
beyond. It focuses on Ordinary Least Squares, Maximum Likelihood, Generalized Method
of Moments. It shows when and why these methods work with simple examples. This
guide also provides an overview of the most important fundamentals of Probability Theory
and Distribution Theory on which these methods are based and how to analyze them with

the Frisch-Waugh-Lovell decomposition and with Monte Carlo Simulation.

1.2 Probability fundamentals

Discrete and continuous random variables

Discrete Random Variable

15

A random variable X is discrete if the set

P{¥=x)

of outcomes x is either finite or countably

infinite.
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Continuous Random Variable

The random variable X is continuous if the
set of outcomes x is infinitely divisible and, ®

hence, not countable.




Discrete probabilities

For values x of a discrete random variable X, the probability mass function (pmf)
f(z) = Prob(X = z).
The axioms of probability require

0 < Prob(X =x) <1,
Y fla)=1.

Discrete cumulative probabilities

For values = of a discrete random variable X, the cumulative distribution function

F(z) =Y f(z) = Prob(X < z),

X<z

where

f(zi) = F(z:) — F(zi-1).

Roll of a six-sided die

x  f(x) F(X < =)

1 f)=1/6 F(X<1)=1/6
2 f(2)=1/6 F(X<2)=2/6
3 f(3)=1/6 F(X<3)=3/6
4 f(4)=1/6 F(X <4)=4/6
5 f(5)=1/6 F(X<5)=5/6
6 f(6)=1/6 F(X<6)=06/6

What’s the probability that you roll a 5 or higher?
F(X>5)=1-F(X<4)=1-2/3=1/3.




Continuous probabilities

For values x of a continuous random variable X, the probability is zero but the area under

f(z) > 0 in the range form a to b is the probability density function (pdf)
b
Prob(a < x <b) = Probla <z <b)= / f(z)dz > 0.

The axioms of probability require

+o0o
f(z)dx = 1.
f(z) = 0 outside the range of z.

The cumulative distribution function (cdf) is

Py = [ s,
oy =

Cumulative distribution function

For continuous and discrete variables, F'(z) satisfies

Properties of cdf

e 0<F(z)<1

o If x >y, then F(z) > F(y)

o F(+o00)=1
e F(—o0)=0
and

Prob(a < x <b) = F(b) — F(a).

Symmetric distributions

For symmetric distributions

flp—2)=f(p+x)

and
1 - F(x) = F(—x).



blel=dl-e]

1.3 Mean and variance

Mean of a random variable (Discrete)

The mean, or expected value, of a discrete random variable is

p=E[z] =) zf(z)

x

Roll of a six-sided die

z fl@)=1/n F(X<z)=(r—a+1)/n
a=1 f(1)=1/6 F(X<1)=1/6
2 f2)=1/6 F(X<2)=2/6
3 f(3)=1/6 F(X <3)=3/6
4 FfA)=1/6 F(X <4)=4/6
5 f(5)=1/6 F(X <5)=5/6
b=6 f(6)=1/6 F(X <6)=6/6

What’s the expected value from rolling the dice?
Elz] =1/6+2/6+3/6+4/6+5/6+6/6 =3.5.
This is the mean (and the median) of a uniform distribution (n+1)/2 = (a+0)/2 = 3.5.




Mean of a random variable (Continuous)

For a continuous random variable z, the expected value is

Elz] = / o f(x)da.

The continuous uniform distribution is 1/(b — a) for a < x < b and 0 otherwise.

b 1 b
E[x]:/ bfadx:b—a/ xdx.

Antiderivative of z is 22/2

Ble) = (/2 - ajg) = Sopon 222

The mean (and the median) is again (a + b)/2 = 3.5.

For a function g(x) of z, the expected value is E[g(x)] = > g(z)Prob(X = x) or
Elg(x)] = [ g(z)f(x)dx. If g(x) = a+bx for constants a and b, then E[a+bz] = a+bE|[z].

Variance of a random variable

The variance of a random variable o2 > 0 is

Y@ —w?if(x) if xis discrete,
o? =Var[z] = E[(x — p)?) =

[ (@ —p)?f(x)de if xis continuous.

Roll of a six-sided die. What'’s the variance V[z| from rolling the dice?
The probability of observing x, Pr(X = x) = 1/n, is discretely uniformly distributed




(n+1)2n+1)

6

(n+1)(2n+1)
6

Viz] = = (62

due to the sequence sum of squares.

= E[z*] - (E[z])”.

—1)/12 ~ 2.92.

Chebychev inequality

For any random variable x and any positive constant

Pr(p—ko <z < p+ ko)

S

k>1,

2

Share outside k standard deviations.
If x is normally distributed, the bound is 1 — (2®(k) —

1).

1

:1.96 4.47

B 8

Share of values drawn outside k
4

standard deviations away from the mean

2

0

95% of the observations are within 1.96 standard deviations for normally distributed




x. If x is not normal, 95% are at most within 4.47 standard deviations.

Normal coverage

S
o

0.3

0.2

34.1%| 34.1%

0.0 0.1

1.4 Moments of a random variable

Central moments of a random variable

The central moments are
Hr = E[(IC - :u)r]'

Moments: Two measures often used to describe a probability distribution are
e expectation = E[(x — p)?]
e variance = E[(x — p)?]
o skewness = E[(z — u)?]
e kurtosis = E[(z — p)*]

The skewness is zero for symmetric distributions.

10



Higher order moments

0.5 0.6
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0.4
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0.3
02F
0.2
A 0.1
0.0 T T T T T T T 1 0.0 T T T T T T T 1
-4 -3 2 -1 0 1 2 3 4 -4 3 2 -1 0 1 2 3 +
(a) Skewness = 0, kurtosis = 3 (b) Skewness = 0, kurtosis = 20
0.5 1.0
A1 o
0.4 0.8
0.7
03 0.6+
05
0.2F 0.4
03
01F 0.2F
0.1
0.0 T T T T T T T 1 0.0 T T T T T T T 1
-4 -3 2 - 0 1 2 3 ) —4 3 -2 -1 0 1 2 9 4
(c) Skewness = —0.1, kurtosis = 5 (d) Skewness = 0.6, kurtosis = 5

Moment generating function

For the random variable X, with probability density function f(z), if the function

exists, then it is the moment generating function(MGF).

e Often simpler alternative to working directly with probability density functions or

cumulative distribution functions

e Not all random variables have moment-generating functions
The nth moment is the nth derivative of the moment-generating function, evaluated at

11



The MGF for the standard normal distribution with 4= 0,0 =1 is

Mz(t) — e‘ut+a2t2/2 — 6t2/2.

If = and y are independent, then the MGF of z + y is M, (t)M,(1).

For x ~ N(u,0?) for some p, 0 > 0 with moment generating function

1
M, (t) = exp(ut + 502752), the first moment generating function of z is

El(e — )] = M/(t) = (4 + %) oxp (Mt ; 302#) .

Bl( - )] = M,/ (t) = d{exp (“td: %"ZR)}

1 1
d [ut + 502152} d[exp (,ut + 502152)}

1
& (it + 50°t%)

1
= (u+ o*t)exp (,ut + 502t2> :

If z ~ N(0,1),
e the skewness is F[(z — u)?] = 0 and

e the kurtosis is E[(x — pu)!] = 3.

12



1
El(z—p)'] = M,/ (t) = (u+0?t) exp <,ut—|—§<72t2> with p=0,0=1,t=0: Efz] =p=10

El(z — p)? =M@t = (02 + (p+ 0275)2) exp (/,Lt + %02152)

with u=0,0 =1,t=0: E[(z —p)?}] =0 =1

E[(z — p)®] = M, (t) = (302(u +0%t) + (u+ 0215)3) exp (ut + %02252)

with u =0,0 =1,t =0: E[(x — p)*] =0

1
El(z — p)Y = MW () = (304 +60%(u+ o) + (p + azt)4> exp (,ut + 502152)

with u = 0,0 =1,t =0: E[(x — u)*] = 3.

Approximating mean and variance

For any two functions g;(z) and go(x),

Elg1(x) + g2(2)] = Elg1(2)] + Elga()].

For the general case of a possibly nonlinear g(z),

and

Varlg(z)] = / (4(z) — Elg(@)? f(z)dz.

T

Elg(z)] and Var[g(z)] can be approximated by a first order linear Taylor series:

First order linear Taylor series

13



Taylor approximation Order 1

|

=
I

[

A natural choice for the expansion point is 2° = y = E(z). Inserting this value in Eq.

(1) gives
9(x) = [g(p) — g (Wl + ¢' (1),
s0 that
Elg(x)] =~ g(n),
and

14



Isoelastic utility. cy,q = 10.00 Euro; cgeoq = 100.00 Euro; probability good outcome
50%

p=FElc] =1/2 X cpaa + 1/2 X €go0a =55.00 Euro

u(c) = c*/?

u(j) = 7.42 approximates Flu(c)] = 1/2 x 10%/2 +1/2 x 100'/? = 6.58

Isoelastic utility.
Cpad = 10.00 Euro; cyo0q = 100.00 Euro; probability good outcome 50%; p = 55.00 Euro

u(c) = In(c)

Elufc)]=1/2ulc,. ]+ 1/2ule )

u(p) = 4.01 approx.
Elu(c)] =1/2 x In(10) + 1/2 x In(100)
= 3.45 ™

ufc)=In(c)

Jensen’s inequality:
Elg(z)] < g(E[z])] if g"(z) < 0. N 0 T 0 06" 10

Vu(c)] = (1/55)%((10 — 55)% + (100 — 55)?) = 1.34
Viu(e)] = (In(10) — Efu(c)])? + (In(100) — Efu(c)])? = 2.65

1.5 Useful rules
o Var[z] = E[z?] — u?

o F[2?] = 0%+ u?

If @ and b constants, Var[a + bz] = b*Var[z]

e Varfa]| =0

If g(x) = a + bx and a and b are constants, E[a + bx] = a + bE[z]

15



Coverage Pr(|X — pu| > ko) < 5
Skewness = E[(z — )]

Kurtosis = E[(z — p)?

For symmetric distributions f(u —z) = f(p+ x); 1 — F(z)

16
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Specific Distributions

P(X =z)

Bernoulli Distribution

Standard Normal Distribution

0.5

0.5
0
T
1 1
w
0.5 - 5 Bl iy, _
R :
Q : :
L 0 1 3 o 1
T T

17
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Discrete distributions

Bernoulli distribution

The Bernoulli distribution for a single binomial outcome (trial) is

Prob(z =1) = p,
Prob(x =0) = 1—p,
where 0 < p <1 is the probability of success.
e E[z] =p and

o V[z] = E[2*] — E[z]* =p — p* = p(1 — p).

n! _l,
P’I"Ob(X:l'):mpw(l—p)n 3’):0,1,...

The mean and variance of x are

e Elx] =np and

o Viz] = np(1l —p).

The distribution for x successes in n trials is the binomial distribution,

, M.

Example of a binomial [n = 15,p = 0.5] distribution:

15
1-F(n/2-X)=F(n/2+x)

.05

18

T
10




Poisson distribution

The limiting form of the binomial distribution, n — oo, is the Poisson distribution,

)\)\z
Prob(X =z) = ‘

z!

The mean and variance of x are
o [:)3] = )\ and

o Viz] =\

\

Example of a Poisson [3] distribution:

=\ ke

s(k)

19



2.1 Normal distribution

The normal distribution

Random variable z ~ N|u, 0?] is distributed according to the normal distribution with

mean p and standard deviation o obtained as

1 -
faln, o) = —=e3F,

o\ 21

The density is denoted ¢(z) and the cumulative distribution function is denoted ®(x)
for the standard normal. Example of a standard normal, (z ~ NJ[0,1]), and a normal

with mean 0.5 and standard deviation 1.3:

20



2.2 Method of transformations

Transformation of random variables

Continuous variable x may be transformed to a discrete variable y. Calculate the mean

of variable x in the respective interval:

Prob(Y =) = P(—o0 < X <a),
Prob(Y = uy) = Pla<X <b),
Prob(Y = pu3) = Pb< X < ).

Method of transformations N

If z is a continuous random variable with pdf f,(z) and if y = g¢(x) is a continuous

monotonic function of x, then the density of y is obtained by

b
Probly < b) = / folg @)lg ™" @) dy.

With f,(y) = fo(97 (v))lg~"](y)|dy, this equation can be written as

Prob(y <b) = /_ fy(y)dy.

If 2 ~ N[u, 0], then the distribution of y = g(z) = ==~ is found as follows:

g y)=z=0y+u

dz
—17 - = _
Therefore Wlth fx(gj> = U\}ge_%[(gil(y)_ﬂ)Q/oa]|g—1/(y)|
£(y) = ;e—[(ay+m—u]2/2a2|g| _ 1 e
v \ 2o V2m

21



Properties of the normal distribution

e Preservation under linear transformation:
If x ~ N|u,0?], then (a + bx) ~ Nla + bu, b*c?).

e Convenient transformation ¢ = —u/o and b = 1/o:

(

The resulting variable z = w%“) has the standard normal distribution with density

o) = e %

o If v ~ N[u,0?], then f(z) = %Qb[u]

(e

e Prob(a <z <b)= Prob(“k < £ < 1)

g

o ¢(—z)=1—¢(z) and &(—z) =1 — ®(z) because of symmetry

If 2 ~ NJ0,1], then 2? ~ x?[1] with pdf \/Q;Tye_y/z.

y=g(r) =2°

g '(y) = x = £,/y there are two solutions to g1, ga.

dx
—1r — 7 :tl 2 —1/2
g (y) a0 /2y

Fo@) = Falgr " @)lgr " W) + folgz " @))1gz "' (v)]

Fo) = fo(V)IL 252 + fa(—/)] — 1/2y~ 7

Fol) = st + e 1

2/2my V2my V2Ty

@

(SIS
Wk
SIS

(\V]

Distributions derived from the normal
o If 2 ~ NJ0,1], then 22 ~ x?[1] with E[2?] =1 and V[2?] = 2.

o If zy,...,z, are n independent x?[1] variables, then

Z z; ~ x*[n).
i=1

22



Normal

Parameters peR, oeRy

Support relR

PDF 6 (54) = Lo =)’
CDF @ () = 1+ e (24)]
Mean W

Median 1

Mode 1

Variance o?

Skewness 0

Ex. Kurtosis 0

MGF exp(ut + o?t?/2)

PDF denotes probability density function, CDF cumulative distribution function,
MGF moment-generating function.

p mean (location), o, s (scale).
Excess Kurtosis is defined as Kurtosis minus 3.

The Gauss error function is erf z = \% fOZ et dt.

If z;,i = 1,...,n, are independent N0, 1] variables, then

> 2~ X n).

=1

If z;,i = 1,...,n, are independent N[0, 0?] variables, then

i (%)2 ~ x*[n].

i=1
If 7, and x, are independent y? variables with n; and n, degrees of freedom, then

T+ To ~ X2[n1 + n2].

23



2.3 The Y? distribution

The y? distribution

Random variable z ~ x?[n] is distributed according to the chi-squared distribution

with n degrees of freedom
221 p—2/2

f(zln) = W,

where T is the Gamma-distribution (more below).
e Elz] =n

o Viz] =2n

Example of a x?[3] distribution:

2 3 4
L

x:(n) densities

1

0

T
10

n=2
n=4
n=9

T
15

(n) cum. densities

2
X

1

.8
L

.6

4
L

2
L

0
|

T
10

n=1

n=6

n=2
n=4
n=9

T
15

Approximating a >

For degrees of freedom greater than 30 the distribution of the chi-squared variable z is

approx.
2= (22)? — (2n — 1)V/2,

which is approximately standard normally distributed. Thus,

Prob(x*[n] < a) = ®[(2a)/? — (2n — 1)V/2].

24



xr[n) approx. density

X

— X [30]
— O[(2%%)"(2*30-1)"]

2

X
Parameters n € Ny
Support reRyy ifn=1,

else z € R

PDF sy 8 e
coF i 7 (3 8)

Mean n

Median No simple closed form
Mode max(n — 2,0)
Variance 2n

Skewness 8/n

Ex. Kurtosis 12

MGF (1—2t)™2fort <}

e n,ny,ny known as degrees of freedom.

e Regularized incomplete beta function I(x,a,b) = ng;ﬁg;’) with B(z, a,b) =
Syt (1 =)ttt

25



2.4 The F-distribution

The F-distribution

If 1 and x5 are two independent chi-squared variables with degrees of freedom parameters

ny and ne, respectively, then the ratio

xl/nl

F[nl,nz] B 562/?”62

has the F distribution with n; and ny degrees of freedom.

2
L

F(ny,n,) densities
15

1
L
F(n,,n,) cum. densities

0 1 2 3 0 1 2 3
X X
(n1,n2)=(1,1) (n1,n2)=(2,1) (n1,n2)=(1,1) (n1,n2)=(2,1)
(n2,n2)=(5,2) (n2,n2)=(10,1) (n2,n2)=(5,2) (n2,n2)=(10,1)
(n1,nz)=(100,100) (ny,n;)=(100,100)

26



F

Parameters

Support

PDF

CDF
Mean
Median
Mode
Variance

Skewness

ni, n2 € Nyg
$€R>O ifnlzl,

else z € R>g

n%n% F(m-gnz) P,
T\ 72 T
! 2 F(T)F(T) (n1x+n2)nl2n2

I nix n; n2
nix+ng’? 27 2

n2
— for ny > 2

No simple closed form

ni—2 ng
el for ny > 2

2n2 (n1+n2—2)
—n1(52*;)2(22*4) for ny > 4
(2n1 +TL272)\/ 8(71274)

f, > 6
(nz—ﬁ)\/ﬂq (n1+n2—2) or T2

Ex. Kurtosis 12"1“”3;(22Tgﬁjj}@ﬁ’ﬁ;“lg?*2)2 for ny > 8
MGF does not exist
e n,n1,ny known as degrees of freedom.
e Regularized incomplete beta function I(z,a,b) = Béﬁ%’)b) with B(z, a,b) =

Syt —o)tdt.

27



2.5 The student t-distribution

The student t-distribution

If z; is an N[0, 1] variable, often denoted by z, and x5 is x?[ns] and is independent of z1,

then the ratio
T

\/.%2/”2.

has the t distribution with n, degrees of freedom.

t[na] =

Example for the ¢ distributions with 3 and 10 degrees of freedom with the standard

normal distribution.

» S N

i

student-t(n) densities
[
student-t(n) cum. densities

o

n=5
n=30 n=e === standard normal

n=2 n=5
n=30 n== === standard normal

Comparing (2.4) with n; = 1 and (2.5), if ¢ ~ t[n], then t* ~ F[1,n].
The ¢[30] approx. the standard normal

4

student-t(n) densities

X

n=1 n=2 n=5
n=30 n=we === standard normal

28



Parameters n € Ry

Support reR
) ( 2 )—"‘2“
PDF N ES) 1+ =
CDF %+:UF(";1)><
A, g s -
()
Mean 0 for n>1
Median 0
Mode 0
Variance - for n > 2,

oo forl<n<2
Skewness 0 forn >3
Ex. Kurtosis —%; forn > 4,00 for 2 <n <4

MGF does not exist

e n denote degrees of freedom.

e oFy(+,+;+;+) is a particular instance of the hypergeometric function.

29



2.6 The lognormal distribution

The lognormal distribution

The lognormal distribution, denoted LN[u,0?], has been particularly useful in mod-

eling the size distributions.

]_ 1 2
_ —sl(na—p)/g]
) = e 2 , x>0
f( ) \V2rox

A lognormal variable x has

o Elz] = ert*/2 and

2

o Var[z] = e+ (e7* — 1).

If y ~ LN[u,0?], then Iny ~ N[u, o?].

24 1
g g 89
= 1.549 2
2 2
g 3 ]
) "o
ESRh S
5 5
8 S .29
0 0 i i
0 5 1 15 2 25 0 1 2 3
X X
— Wo')=0.025 — wo)=0025
— (uo)005 — WoF005
— o0 — (oFo1

30



Log-normal

Parameters p R, o0& Ry

Support x € Ryg

PDF 1 exp (— (no—y )2>

CDF S [ erf (L)
a(i

Mean exp <u + "—;)

Median exp(f)

Mode exp (u — o?)

Variance lexp(0?) — 1] exp (2u + 02)

Skewness [exp (02) + 2] \/exp(c?) — 1

Ex. Kurtosis 1exp (40?) + 2exp (302) + 3exp (20%) — 6

MGF not determined by its moments
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2.7 The gamma distribution

The gamma distribution \

The general form of the gamma distribution is

B s as
g T > et g .
f(x) F(a)e x4, r>0,=1/0>0,aa=k>0

Many familiar distributions are special cases, including the exponential distribution(a =
1) and chi-squared(5 = 1/2,a = n/2). The Erlang distribution results if « is a posi-
tive integer. The mean is a/3, and the variance is /3% The inverse gamma distribution

is the distribution of 1/x, where x has the gamma distribution.

5 1
44 \ 8
i
g (k0)=1,2 2 — (kP12
% ad — (kB)F2.2 5 6] — (k822
g — (k9)=3,2 £ — (k©)=3.2
= (k8)=5,1 E (kB)=5,1
3 N —— (k89,5 B N —— (kB)F9,5
g — (kB)=75,1 £ —— (k8751
= (k,8)=0.5,1 ) (k,0)=0.5.1
=
1 2
¥
0 04
| :
0 5 10 15 20 0 5 10 15 20
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r

r

Parameters k>0 € R (shape),

8 >0 € R scale

Support x € R(0, 00)
PDF flz) = Wl)eka:k_le_x/e
CDF F(z) = v (K, §)
Mean k6
Median No simple closed form
Mode (k—1)0for k>1,0for k<1
Variance k6>
2
Skewness 7
6

Ex. Kurtosis

MGF

N

1—0t)*fort < 5

a >0 € R (shape),
>0 € R (rate)
z € R(0, 00)

™I

No simple closed form

O‘T_lfora21,0f0ra<1

6
(1—%>_a fort < f

e I'(2) = fooo t*~le~t dt,

e lower incomplete gamma function is (s, x)

R(z) > 0, for complex numbers with a positive real part.

with a positive real part.

33
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2.8 The beta distribution

The beta distribution

For a variable constrained between 0 and ¢ > 0, the beta distribution has proved useful.

Its density is

= (707 osesn

It is symmetric if o = 3, asymmetric otherwise. The mean is ca/(a+ ), and the variance

is af/[(a+ B+ 1)(a+ B)2.

B(a,B) densities
~
B(a,p) cum. densities
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B

Parameters a, B e€Ryg
Support z € 0,1 or z € (0,1)
xa_l(lfx)ﬁ_l
PDF —Baph
CDF I(z, o, B)
Mean aaT,B 1
Median ][1_1](@,5) ~ a_§2 for a, 8 > 1
2 a+B-3
Mode *
. Olﬁ
Variance [ EeETry)
2(B—a)VotB+1
Skewness (a1 512)vaB
: 6[(a=pB)2(a+B+1)—aB(a+B+2)]
Ex. Kurtosis oot A1) (ath13)
o0 k‘—l a—+r k
MGF 1 + Zk:l <Hr:0 a+;+r> ?c_'
e B(a,f) = % and I" is the Gamma function.
o I'(z) = [ 7 et dt, R(z) > 0, for complex numbers with a positive real part.
e Regularized incomplete beta function I(z, a,b) = Béﬁab’;’) with B(z, a,b) =

Jot (1=t tat

. *a‘j‘_giQ fora, 3 > 1;any value in(0,1)for a, 3 = 1;{0,1} (bimodal)for o, <

1;0for a <1,8>1;1for a>1,6< 1.
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2.9 The logistic distribution

The logistic distribution

The logistic distribution is an alternative if the normal cannot model the mass in the

tails; the cdf for a logistic random variable with © =0,s =1 is

The density is f(z) = A(z)[1 — A(x)]. The mean and variance of this random variable are

zero and o2 = 72/3.

Standard Normal
Logistic (m=0, s=1))
Rescaled Logit (m=0,5=0.61)

8
!

b
1

with sd

exp(-(x-m)/s)/(s[L+exp(-(x-m)/s)]’
s/vV3
4

A(m,s)
2
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Logistic

Parameters peR,seRy

Support relR

PDF A (1) = ﬁ
CDF A(5H) = et
Mean W

Median 1

Mode 14

Variance 52;2

Skewness 0

Ex. Kurtosis 6/5

MGF e B(1 — st, 1+ st)

fort € (—1/s,1/s)

2.10 The Wishart distribution

The Wishart distribution

The Wishart distribution describes the distribution of a random matrix obtained as

n

FW) = (@i — (@i — p).
i=1
where x; is the ith of nK element random vectors from the multivariate normal distribu-
tion with mean vector, p, and covariance matrix, . The density of the Wishart random

matrix is .
_exp [—3trace(STW)] |W|~2(n=K-1)

= 2nK/2|Z|K/27TK(K—1)/4 Hj; T (n+;—j) .

fW)

The mean matrix is nY. For the individual pairs of elements in W,
CO'U[’LUZ'J', ’LUTS] = Tl(O'irO'js + Uisajr)-

The Wishart distribution is a multivariate extension of x? distribution. If W ~ W (n, 0?),
then W /o2 ~ x2[n].
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3 Review of Distribution Theory

3.1 Joint and marginal bivariate distributions

Bivariate distributions

For observations of two discrete variables y € {1,2} and = € {1, 2,3}, we can calculate

e the frequencies n, ,,

freq. ng, y=1 y=2 f(x)=n,/N
x=1 1 2 3/10
v =2 1 2 3/10
x=3 0 4 4/10
fy) =n,/N 2/10 8/10 1

the frequencies ng ,,
conditional distributions f(y|x) and f(z|y),
joint distributions f(z,y), and

marginal distributions f,(y) and f,(x).

freq. n., y=1 y=2  f(z)=ny/N cond. distr. f(yl|z) y=1 y =2 D
=1 1 2 3/10 f(ylz = 1/3 2/3 1
z=2 1 2 3/10 f(ylz = 2) 1/3 2/3 1
r=3 0 4 4/10 flylz =3) 0 1 1
fy)=n,/N  2/10 8/10 flyle=1,2=2,2=23) 1/5 4/5 1
cond. distr. joint distr. marginal pr.
flzly) flaly=1) f(zly=2) f(zly=1y=2) f(z,y) flaey=1) flz,y=2) fu(@)
z=1 1/2 1/4 3/10 f(z =1,y) 1/10 2/10 3/10
x=2 1/2 1/4 3/10 f(z =2,y) 1/10 2/10 3/10
z=3 0 1/2 4/10 f(z =3,y) 0 4/10 4/10
S, 1 1 1 marginal pr. f,(y) 2/10 8/10 1
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3.2 The joint density function

The joint density function

Two random variables X and Y have joint density function

e if x and y are discrete

f(z,y) = Prob(a <z <bc<y<d)= Z Z f(z,y)

a<z<b c<y<d

e if x and y are continuous

b rd
f(x,y):Prob(agxgb,cgygd)://f(:v,y)dxdy

With a =1,b=2,¢=2,d =2 and the following f(z,y)

joint distr.

f(z,y) fy=1) flz,y=2)

flz=1,y) 1/10 2/10
flz=2y) 1/10 2/10
flz=3,y) 0 4/10

For values x and y of two discrete random variable X and Y, the probability dis-
tribution
f(x,y) = Prob(X =z,Y =y).

The axioms of probability require
flz,y) =0,

ZZf(xjy):l'

39



If X and Y are continuous,

/x/yf(x,y)dxdy _1

bivariate normal distribution

The bivariate normal distribution is the joint distribution of two normally distributed

variables. The density is

1 . 2
flay) = o120+ ~2peaey)/ (17,
27T0_$0-y\/1—7p2
where €, = £ and ¢, = L,
v )

Blxy)

PDF bivariate normal: ¢(x v)

T r T ‘
4 2 0 2 4

3.3 The joint cumulative density function

The joint cumulative density function.

The probability of a joint event of X and Y have joint cumulative density function

e if x and y are discrete

Fz,y)=Prob(X <,V <y)=> > f(xy)

X<z Y<y

e if x and y are continuous

F(z,y) = Prob(X <uz,Y <vy) = /w /y f(t, s)dsdt
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With = 2,y = 2 and the following f(z,y)

flry)  flay=1) flz,y=2) )
flz=1,y) 1/10 2/10 . (2.9)
flz =2,y) 1/10 2/10 * : .
flz =3,y) 0 4/10 ) ) .
Prob(X <2,Y <2)=flzx=1,y=1)+ o« e * o (z1,05)
fle=2y=1)+flz=1Ly=2)+ f(z = . o | .
2,y =2)=3/5.

Cumulative probability distribution

For values z and y of two discrete random variable X and Y, the cumulative probability
distribution
F(z,y) = Prob(X <uz,Y <uy).

The axioms of probability require

0<F(z,y) <1,
F(o0,0) =1,
F(_Oo7y) = 07
F(z,—o00) =0.

The marginal probabilities can be found from the joint cdf

fo(x) = P(X <) =Prob(X <z,Y < o0) = F(zx,00).
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3.4 The marginal probability density

The marginal probability density

To obtain the marginal distributions f,(z) and f,(y) from the joint density f(x,y), it is

necessary to sum or integrate out the other variable. For example,
e if z and y are discrete

fo(z) = Zf(m7y)7

e if z and y are continuous

ﬁ@waéﬂm@@.

flz=1y) 1/10 2/10

flz=2y) 1/10 2/10  3/10
flz =3,y) 0 4/10  4/10
£,() 2/10 8/10 1

folz=1)=flzx=1Ly=1)+ f(z =1,y = 2) = 3/10.

fy=2)=fle=1y=2)+fle=2y=2)+ flx =3,y =2) =4/5.
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The bivariate normal distribution

Why do we care about marginal distributions?

Means, variances, and higher moments of the variables in a joint distribution are defined

with respect to the marginal distributions.

e Expectations

If x and y are discrete

Bl = S ahle) = Y [z e y>] )

x T y

If x and y are continuous

Blel = [efi(o) = [ / of (. y)dydz.

e Variances

Varle] = 3" (@ = Blal?fufe) = 32 37 (@ — Bla] /(2. 1).

T
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3.5 Covariance and correlation

For any function g(z,v),

Y2y 9@, y) f(z,y) in the discrete case,
Elg(x,y)] =

I S, 9@z y) f 2, 2)dydz in the continuous case.

The covariance of x and y is a special case:

Cov[z,y] = El(x — p)(y — )]
= Elzy] — papty = 0zy

If z and y are independent, then f(z,y) = f.(x)f,(y) and
Oy = > L@ () (@ = pa)(y — i)
= Z(z = pa) fo(2) Z(y — ty) fy(y) = Elz — o] Ely — p,] = 0.

T Y

Ozy
OOy

e correlation p,, =

e 0,, = 0 does not imply independence (except for bivariate normal).

Independence: Pdf and cdf from marginal densities

e Two random variables are statistically independent if and only if their joint density

is the product of the marginal densities:

f(z,y) = fo(2) f,(y) © = and y are independent.

e If (and only if) x and y are independent, then the marginal cdfs factors the cdf as

well:

F(z,y) = Fy(2)Fy(y) = Prob(X < z,Y <y) = Prob(X < z)Prob(Y <y).
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f(z,y) fley=1) flz,y=2) fo(z) Flz,y) Flz,y=1) F(z,y=2)
flz=1,y) 1/6 1/6 1/3 F(z=1,y) 1/6 2/6
flz=29) 1/6 1/6 1/3 F(z=2,y) 2/6 4/6
flz=3,y) 1/6 1/3 F(z=3,9) 3/6 1
fo(W) 1/2 1/2 1

Pz <2)P(y <2)

folz =3) % f,(y=2) =1/3x 1/2 = 1/6. =[fle=2y=1+flz=2y=2)
x[flx=1y=2)+ f(z =2,y =2)]
— [1/6 + 1/6][1/6 + 1/6] = 4/36 = 2/18.

3.6 The conditional density function

The conditional density function

The conditional distribution over y for each value of = (and vice versa) has conditional

f(z,y)
fa()

densities

f(x,y)
fy(y) .

flylz) = f(zly) =

The marginal distribution of x averages the probability of x given y over the distri-
bution of all values of y f.(z) = E[f(x|y)f(y)]. If x and y are independent, knowing the

value of y does not provide any information about z, so f.(x) = f(z|y).

cond. distr. joint distr. marginal pr.
flzly)  flaly=1) flzly=2) flzly=1,y=2) f(z,y) fly=1) flz,y=2) fx(2)
r=1 1/2 1/4 3/10 f(z=1,y) 1/10 2/10 3/10
=2 1/2 1/4 3/10 f(z =2,y) 1/10 2/10 3/10
r= 0 /2 4/10 f(x =3,y) 0 4/10 4/10
S, 1 1 1 marginal pr. f,(y)  2/10 8/10 1
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fo=aly =2 = L2

fiz=2)=Ef(z=2y)fW)] =flz=2y=1fly=1) + flz =2y =2)f(y =2)
—=1/2x2/10+1/4 x 8/10 = 1/10 + 2/10 = 3/10.

= 4/10 x 10/8 = 1/2.

3.7 Conditional mean aka regression

A random variable may always be written as

y = Elylz]+ (v — Elylz])
= FEly|lz] + e

The regression of y on x is obtained from the conditional mean

>, yf(ylz) if yis discrete,
Elyla] =

fy yf(ylz)dy if yis continuous.

Predict y at values of x:

S yflyle=1)=1x1/3+2x2/3=5/3.

Y
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I I )
1 2 3
X
Data OoLS
B Conditional Expectation 80% Confidence from Conditional Variance

Conditional variance

A conditional variance is the variance of the conditional distribution:

S, (= Elyla))* f(ylr)  if yis discrete,
Varly|z] =

fy (y — Elyl2])? fy|x)dy,  if y is continuous.
The computation can be simplified by using

Varlylz] = Ely?|z] - (Elylz])” > 0.

Decomposition of variance Var|y| = E.[Var[y|z]] + Var.[Ely|z]]

When we condition on z, the variance of y reduces on average. Varly] > E,[Var|y|z]]

E.[Var[y|z]] is the average of variances within each z

Var,[E[y|z]] is variance between y averages in each x.

Ely|lz = 1] = 1.67, Efy|lxr = 2] = 1.67, and E[y|z = 3] =2

Viylr =1] =0.22, V[y|lz = 2] = 0.22, and V[y|z =3] =0
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fylz) y=1 y=2 f(z,y) fley=1) flz,y=2) [fu(z)
flyle=1) 1/3 2/3 1 flz=1,y) 1/10 2/10  3/10
flye=2) 1/3 2/3 1 flz =2,y) 1/10 2/10  3/10
flylz = 3) 0 11 flz=3,y) 0 4/10  4/10

£ () 2/10 8/10 1

Elylzr =1 =1/3x14+2/3x2 =5/3

Viyle = 1] =17 x 1/3+ 2% x 2/3 — (5/3)> = 2/9
Viyle =2] =1% x 1/3+ 2 x 2/3 - (5/3)* = 2/9
Eyle =3]=0x1+1x2=2 Vllz=3]=1"x0+2°"x1-2"=0

Elylzr =2 =1/3x142/3x2=5/3

alternatively (requiring more differences)

Viylz = 1] = (1-5/3)*x1/3+(2—5/3)*x2/3 = 2/9

Average of variances within each x, E[V[y|z]] is less or equal total variance V[y].

e Use the conditional mean to calculate E[y]:
Ely] = E,[Elylz]] = Elylz =1]f(z = 1) + Elylz = 2]f(z = 2) + Ely|e = 3] f(z = 3)

=5/3 % 3/10+5/3 x 3/10 + 2 x 4/10 = 9/5.

Ely] =) fuly) =1x2/10+2x 8/10 = 9/5.

e Variation in y, V]ylz = 1] = 0.22, V[y|z = 2] = 0.22, and V[y|x = 3] = 0 due to
variation in x, is on average
E[V]y|z]] =3/10 x 2/9+3/10 x 2/94+4/10 x 0 = 2/15.

e For cach conditional mean Efy|lx = 1] =5/3, Ely|x = 2| = 5/3, and Ely|z = 3| = 2,
y varies with
VIE[y|z] = E[(Elyl])’] - (E[yl=])* = 3/10x (5/3)*+3/10 x (5/3)* +4/10 x (2)* —
(9/5)? = 2/75.

48




o E[V]ylz]] + V[E[ylz]] = V]y] = 2/75 + 2/15 = 4/25.
With degree of freedom correction (n — 1) (as reported in software):
E[V]ylz]] + V[E[y|z] = V[y] = 2/75/(10 — 1) x 10 + 2/15/(10 — 1) x 10 = 8/45.

3.8 The bivariate normal
Properties of the bivariate normal

Recall bivariate normal distribution is the joint distribution of two normally distributed

variables. The density is

f,y) = ! AR 2peney) (1))

20,04/ 1 — p?

where €, = = and ¢, =

Ox

Y—Hy
oy

The covariance is 0, = pg,0,0,, Where
e —1 < p,y < 1is the correlation between x and y

® iy, Oz, by, 0y are means and standard deviations of the marginal distributions of x

or vy
If 2 and y are bivariately normally distributed (z,y) ~ Na[tie, fty, 02, 07, Pay)
e the marginal distributions are normal
fo(z) = Nlpa, 03]
fy(y) = N[/"’yaafj]
e the conditional distributions are normal
fylz) = Nla+ Bz, 05(1 — p?)]
.3 Ty
O‘::U/y_ﬁﬂzuﬁ—o__%

o f(z,y) = fu(z)fs(x) if pyy = 0: x and y are independent if and only if they are

uncorrelated
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3.9 Useful rules

Uzy
[ ] = —
Pzy OxOy

e Flax + by + | = aFE[x] + bE[y] + ¢

o Varlax + by + ¢ = a®*Varlx] + b*Varly] + 2abCov[z,y| = Varlax + by]

e Cov|ax + by, cx + dy] = acVar[z] + bdVar[y] + (ad + bc)Cov|z, y]

e If X and Y are uncorrelated, then Var[x + y| = Var[x — y| = Var|z] + Var[y].

e Linearity
Elax + by|z] = aE[x|z] + bE[y|z].

e Adam’s Law / Law of Iterated Expectation
Ely] = E,[E[y|x]]
e Adam’s general Law / Law of Iterated Expectation

Elylga(g1())] = E[E[y|g1()][g2(g1(2))]

e Independence

If x and y are independent, then

Elg1(2)g2(y)] = Elg1(2)] Elg2(v)]-

e Taking out what is known
Elgi(2)g2(y)|z] = g1(x) Elg(y) ]
e Projection of y by E[y|x], such that orthogonal to h(x)

El(y — Ely|z])h(z)] = 0.

e Keeping just what is needed (y predictable from z needed, not residual)

Elry] = ElzEly|z]].
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Eve’s Law (EVVE) / Law of Total Variance

Varly] = E.[Var[y|z]] + Var.[Ely|z]]

ECCE law / Law of Total Covariance

Covlz,y| = E,[Covly, z|z]] + Cov,[E[z|z], Ey|z]]

Covlz,y] = Covs[x, Elyla]] = [, (x — Efx]) Elyla] fo(z)da.

If E[y|x] = a + Bz, then o = E[y] — fE[x] and [ = CV?ZE«T:;Z]/]

Regression variance Var,[E[y|z]], because E[y|z] varies with x

Residual variance E,[Var[y|z]] = Var|y] — Var,[E[y|z]], because y varies around
the conditional mean
Decomposition of variance Var[y] = Var,[Ely|z]] + E.[Var[y|z]]

regression variance
total variance

Coefflicient of determination =

If Ely|z] = o+ px and if Var[y|x] is a constant, then

Varlylz] = Varly] (1 — Corr®[y,z]) = o) (1 — 02,)
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4 The Least Squares Estimator

4.1 What is the Relationship between Two Variables?
Political Connections and Firms

Firm profits increase with the degree of political connections

Political Connections and Profit Margin
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Learn how to represent relationships between two or more variables

How to quantify and predict effects of shocks and policy changes

Show properties of the OLS estimator in small & large samples

Apply Monte Carlo Simulations to assess properties of OLS
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4.2 The Econometric Model
Specification of a Linear Regression

e dependent variable y; = profits of firm ¢

e cxplanatory variables x;1,...,x;x kK = 1,... K political connections, other firm char-

acteristics
e 1,0 = 1 is a constant
e parameters to be estimated Sy, f1,..., Bk are K + 1

e 1, is called the error term

Political Connections and Profit Margin
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Political Connections (Lobbying Expenditure in Thousand Euro)

yi = (Bo=4) + (61 = 0)xi1 + ;.

e dependent variable y; = profits of firm ¢

e explanatory variables x;1,...,x;x k = 1, ... K political connections, other firm char-

acteristics
e 1,0 = 1 1s a constant

e parameters to be estimated [y, 01, ..., Ok are K + 1
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e 1, is called the error term

10

Profit Margin
(Income in Percent of Total Revenues)

Political Connections and Profit Margin

50 150 250 350 450

Political Connections (Lobbying Expenditure in Thousand Euro)

How Were the Data Generated?

The data generating process is fully described by a set of assumptions.

The

Five Assumptions of the Econometric Model

LRM1:

LRM2:

LRM3:

LRM4:

LRMb5:

Linearity

Simple random sampling
Exogeneity

Error variance

Identifiability
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Data Generating Process: Linearity

LRMI: Linearity

yi = Bo+ brxa + - .. + Brxix + u; and E(u;) = 0.

LRM1 assumes that the
e functional relationship is linear in parameters [y
e crror term wu; enters additively

e parameters [3; are constant across individual firms ¢ and j # i.

Anscombe’s Quartet

Figure 1: All four sets are identical when examined using linear statistics, but very
different when graphed. Correlation between x and y is 0.816. Linear Regression y = 3.00
+ 0.50x.
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X3 Xa
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Data Generating Process: Random Sampling

LRM2: Simple Random Sampling

{zqa, ...z, }Y, iid. (independent and identically distributed)

LLRM2 means that

e observation ¢ has no information content for observation j # ¢
e all observations ¢ come from the same distribution

This assumption is guaranteed by simple random sampling provided there is no systematic

non-response or truncation.
Density of Population and Truncated Sample

Figure 2: Distribution of a dependent variable and an independent variable truncated at
y* = 15.
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[T Truncated Distribution [ Truncated Distribution
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Data Generating Process: Exogeneity

\.

LRM3: Exogeneity

Ui’%l, ey Tig N(O,Uf)

LRM3a assumes that the error term is normally distributed conditional on the

explanatory variables.

w; L @y Yk (independent), pdf., . (wizi) = pdfu(uw;)pdfe ()

LRM3b means that the error term is independent of the explanatory variables.

3. E(u|zi, ..., xix) = E(u;) =0 (mean independent)
LRM3c states that the mean of the error term is independent of explanatory vari-
ables.

4. cov(zig,u;) =0 VEk (uncorrelated)

LRM3d means that the error term and the explanatory variables are uncorrelated.

LRM3a or LRM3b imply LRM3c and LRM3d. LRM3c implies LRM3d.

Figure 3: Distributions of the dependent variable conditional on values of an independent
variable.

Political Connections and Profit Margin
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Weaker exogeneity assumption if interest only in, say, z;:

Conditional Mean Independence F(u;|x;, T, ..., 2ix) = E(ui|xi, ..., Tix)

Given the control variables o, ..., x;x, the mean of u; does not depend on the variable

of interest z;;.
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Data Generating Process: Error Variance

LRM4: Error Variance

V(wil@i, . .., 2ix) = 0> < 0o (homoskedasticity)

LRM4a means that the variance of the error term is a constant.

V(uilwa, ... zix) = 07 = g(@q, ..., Ti) < oo (cond. heteroskedasticity)

LRM4b allows the variance of the error term to depend on a function ¢ of the

explanatory variables.

Heteroskedasticity

Figure 4: The simple regression model under homo- and heteroskedasticity.
Var(profits|lobbying, employees) increasing with lobbying.

f(profits|lobbying)

f(profits|lobbying)
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Data Generating Process: Identifiability

LRMb5: Identifiability

(20, i1, - - ., Tirg) are not linearly dependent

0<V(ry) <oo VE>0

LRM5 assumes that

e the regressors are not perfectly collinear, i.e. no variable is a linear combination of
the others

e all regressors (but the constant) have strictly positive variance both in expectations

and in the sample and not too many extreme values.

LRMb5 means that every explanatory variable adds additional information.
The Identifying Variation from z;;,

Figure 5: The number of red and blue dots is the same. Using which would you get a
more accurate regression line?
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4.3 Estimation with OLS

Ordinary least squares (OLS) minimizes the squared distances (SD) between the

observed and the predicted dependent variable y:

in SD
ﬂmlg (607 7ﬁK)7

where SD = Z [yz — (/BO + 51{131‘1 + ...+ 6[{1’#{)]2

=1

How to Describe the Relationship Best?
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Invention of OLS

Legendre to Jacobi (Paris, 30 Novem- Figure 6: Watercolor caricature of Legendre
ber 1827, Plackett, 1972): “...How can Mr. by Boilly (1820), the only existing portrait

Gauss have dared to tell you that the greater

part of your theorems were known to him...?

this is the same man ... who wanted
to appropriate in 1809 the method of least
squares published in 1805.

— Other examples will be found in other
places, but a man of honour should refrain

from imitating them.”

Invention of OLS

Legendre to Jacobi (Paris, 30 Novem-
ber 1827, Plackett, 1972): “...How can Mr.
Gauss have dared to tell you that the greater

part of your theorems were known to him...?

this is the same man ... who wanted
to appropriate in 1809 the method of least
squares published in 1805.

— Other examples will be found in other
places, but a man of honour should refrain

from imitating them.”

Estimation with OLS

known.

Figure T7:

(1840).

Portrait of Gauss by Jensen

For the bivariate regression model, the OLS estimators of 5y and ; are

Bozg—ﬁli’

b =

S (@~ D) —3) _

cov(,y)

N
Zz‘:l (a1 —

z)?

var(x)

Bl = cov(z,y)/(5:5:) = Rsy /Sy,
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where R = cov(x,y)/(sss,) is Pearson’s correlation coefficient with s, denoting the

standard deviation of z.

OLS estimator Measures Linear Correlation

Equivalently,

~

BN (an—1) SN (Ban - Blf).

R = S/ Sy A1 = N — - N _
ol Zi:l (yi — ) Zi:l (i — )

Squaring gives
N [~ - N .
R? — > it (B —9)° 1 Doim U

N o N o
> (Wi — ) >t (Wi — 9)?
R? as measure of the goodness of fit:
The fit improves with the fraction of the sample variation in y that is explained by the z.

The Case with K Explanatory Variables

The more general case with K explanatory variables is

/B — (XIX)—I X/
(K+1)x1  (K+1)x(K+1) (KFDXN Nx1

Given the OLS estimator, we can predict the
e dependent variable by y; = Bo + le“ + ...+ BleK
e the error term by u; = y; — ¥;.

u; is called the residual.

. 2 _ 1 _ _N-1 Zf\rzl f‘?
Adjusted R* =1 — -7 SN (wi-9)?
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Figure 8: Scatter cloud visualized with
GRAPH3D for Stata.

Profit Margin

3,295; 327; 3,295

0;327;0

0;327; 3,295

Figure 9: OLS surface visualized with
GRAPHS3D for Stata.

Politica| Connections

Profit Margin

3,295; 1,667; 3,295

0;1,667;0

0; 1,667; 3,295
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4.4 Properties of the OLS Estimator in the Small and in the
Large

Properties of the OLS Estimator

o Small sample properties ofﬁ’

— unbiased
— normally distributed

— efficient

e Large sample properties ofB

— consistent
— approx. normal

— asymptotically efficient
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Small Sample Properties

Figure 10: What is a small sample?
Familien-Duell
Light Entertainment.

We asked 100
persons: When is
a sample a small
sample?

Figure 11: What is a small sample? (Wooldridge, 2009, p. 755): “But large sample
approximations have been known to work well for sample sizes as small as N = 20.”
Source: Familien-Duell Grundy Light Entertainment.

change when
N gets small!

We asked 100
persons: When is

a sample a small
sample?
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Unbiasedness and Normality of Bk

Assuming LRM1, LRM2, LRM3a, LRM4, and LRM5,

the following properties can be established even for small samples.

e The OLS estimator of 3 is unbiased.

E(Bk|$1l> e ,flfNK) = B.

e The OLS estimator is (multivariate) normally distributed.

Brlxrn, - - xnk ~ N(Br, V(Br))-

e Under homoskedasticity (LRM4a)

the variance ‘A/(Bk|x11, ..., TNk ) can be unbiasedly estimated.

Variance of (3, and Efficiency

e For the bivariate regression model, it is estimated as

N &2 '
V = ~ with
Zi:l (25 — 7)?

N .
52 = Zi:l UZQ
N-K-1

e Gaufk-Markov-Theorem: under homoskedasticity (LRM4a)

Bk is the BLUE (best linear unbiased estimator, e.g., non-linear least squares bi-

ased).

A

o V(ﬁk) inflates with

— micronumerosity (small sample size)

— multicollinearity (high (but not perfect) correlation between two or more of

the independent variables).

Unbiasedness

e The OLS estimator of 3 is unbiased.

Plug y = X8+ u into the formula for B and then use the law of iterated expectation

to first take expectation with respect to u conditional on X and then take the

unconditional expectation:

E[A] = Ex.|(X'X) ' X/(X8 + )|
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= B+ Ex|[(X'X) ' X'
— B+ Ex [Eu|X [(X’X)‘IX’u|X”
— B+ Ex [(X’X)‘lX’Eu|X[u]X]]
=P,
where E[u|X] = 0 by assumptions of the model.

Variance

e The OLS estimator 3 has variance V (8|11, ..., zxk) = 02(X'X)"!
Let 02] denote the covariance matrix of u. Then,

E[(3 = A)(3 - 8)] = B[(X'X) " Xu)((X'X)" X"u)'|

E [(X’X)—lx’uu’X(X’X)—l}
—F [(X’X)*X’&X(X’X)—l}
—E [JQ(X’X)*X’X(X’X)ﬂ
— o2 (X'X)

where we used the fact that B— [ is just an affine transformation of u by the matrix
(X' X)X

Estimator for Variance

For a simple linear regression model, where 8 =[5y, 81]’ (Bo is the y-intercept and f is
the slope), one obtains

X' X)) =0 (Z xi:c;>_1
= o2 (Z(l,xi)’(l,xi»l
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Parameter Values for Simulations

Monte Carlo Simulations show the distribution of the estimate. Suppose the data

generating process is
yi = Bo + Brwa + ;.
® [y =2.00
o 31 =05
e u; ~ N(0.00,1.00) Try it yourself...

e N=3 N=5N =10,
N =25,N =100, N = 1000
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How to Establish Asymptotic Properties

Law of Large Numbers

As N increases, the distribution of Bk becomes

Density

Density

o 4

o

N

71

Density

Density

of (3,2

more tightly centered around [j.

-

(b) N=5
° 0 2 ;1 6 8 1
B+
(d) N=100




Central Limit Theorem
As N increases, the distribution of £, becomes normal (starting from a ¢-distribution).

Density
Density

Standardized Slope Coefficient Standardized Slope Coefficient

(a) N=3 (b) N=5
< |
<
™
o]
2 =
k3 K
f=4 c
o N4 o)
a a o
o T T T T T T T =] T T T T
-4 3 2 -1 0 1 2 3 4 -4 3 2 -1 0 1 2 3 4

Standardized Slope Coefficient Standardized Slope Coefficient

(c) N=10 (d) N=100

Consistency, Asymptotically Normality

Assuming LRM1, LRM2, LRM3d, LRM4a or LRM4b, and LRM5 the following properties

can be established using law of large numbers and central limit theorem for large samples.

e The OLS estimator is consistent:

plimBy = B

That is, for all € > 0
Jim Pr (|8x — Bl > €) = 0.

e The OLS estimator is asymptotically normally distributed

VN (B — i) % N(0, Avar(By) x N)
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(Avar means asymptotic variance)

e The OLS estimator is approximately normally distributed
B &N (ﬁk, AUCLT(Bk))

Efficiency and Asymptotic Variance

For the bivariate regression under LRM4a (homoskedasticity) it can be consistently

estimated as o

— o

Avar (1) = ST

with N
.9
52 — Zi:l Uy
N -2

Under LRMb (heteroskedasticity), Avar(f) can be consistently estimated as the

robust or Ficker-Huber-White estimator.

The robust variance estimator is calculated as

=4 SN a2 (xy — 1)

Avar(py) = ~ :
2 im (X — 7)?

Note: In practice we can almost never be sure that the errors are homoskedastic and

should therefore always use robust standard errors.

Sketch of Proof for Asymptotic Properties

e The OLS estimator of B is consistent and asymptotic normal
Estimator 3 can be written as: 3 = (%X’X)_l%X’y =06+ (%X’X)_l%X’u =
-1

We can use the law of large numbers to establish that : + SNzl D Blrgl] =

i

By Slutsky’s theorem and continuous mapping theorem these results can be com-
bined to establish consistency of estimator B: B L op+ Q.l-0=0

The central limit theorem tells us that: \/—% 2511 LU LN N(O, V), where V =

Varfzju;) = E[ufwie}] = E [ Bluf|z] wi)] = 0%

i
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Applying Slutsky’s theorem again we’ll have:

Niilzz \/Nizlzz o ’ N
= N(0,0°Q.2N)

OLS Properties in the Small and in the Large

Set of assumptions (1) (2 3) @ () (6)
LRM1: linearity ful filled
LRM2: simple random sampling f ul f 111 e d
LRMb5: identifiability ful filled

LRM4: error variance

- LRM4a: homoskedastic v v v X X X
- LRM4b: heteroskedastic X X X v v v
LRM3: exogeneity

- LRM3a: normality v X X v X X
- LRM3b: independent v v X X X X
- LRM3c: mean indep. v v v v v X
- LRM3d: uncorrelated v v v v v v
Small sample properties ofB

- unbiased v v v v v X
- normally distributed v X X v X X
- efficient v v v X X X
Large sample properties ofB

- consistent v o oov oV v v Y
- approx. normal v v v v v v
- asymptotically efficient v v v X X X

e Notes: v = fulfilled, x = violated
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Tests in Small Samples I

Assume LRM1, LRM2, LRM3a, LRM4a, and LRM5. A simple null hypotheses of the
form Hj : (8, = q is tested with the t-test.
If the null hypotheses is true, the t-statistic

= Bk —A q
se(fr)

~IN_K—1

follows a t-distribution with N — K — 1 degrees of freedom. The standard error is

Se(Br) = [V (Br)-

For example, to perform a two-sided test of Hy against the alternative hypotheses
Hy : By # q on the 5% significance level, we calculate the ¢-statistic and compare its
absolute value to the 0.975-quantile of the t-distribution. With N = 30 and K = 2, H is
rejected if [t| > 2.052.

Tests in Small Samples 11

A null hypotheses of the form Hy : ;181 +...+ 7k B8k = ¢;, in matrix notation Hy : R =
q, with J linear restrictions j = 1...J is jointly tested with the F-test.
If the null hypotheses is true, the F-statistic follows an F' distribution with J numer-

ator degrees of freedom and N — K — 1 denominator degrees of freedom:

GE 7) [RV<B|JX>R'] C(ri-q) e

For example, to perform a two-sided test of Hy against the alternative hypotheses
Hy :rjppy + ... +1jxfBx # g for all j at the 5% significance level, we calculate the
F-statistic and compare it to the 0.95-quantile of the F-distribution.

With N =30, K =2 and J = 2, Hy is rejected if F' > 3.35. We cannot perform two-sided
F-tests because the F' distribution has one tail.
Tests in Small Samples IT1

Only under homoskedasticity (LRM4a), the F-statistic can also be computed as

(R2 — R?estricted)/‘]

F: NF K-
(1-R)/(N—K—1) ~*Vrb

where RZ_ . ..q 18 estimated by restricted least squares which minimizes SD(3) s.t. 7101+
..+ 1rjxBr # q; for all j.
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Exclusionary restrictions of the form Hy : fx = 0,8,, = 0,... are a special case of
Hy :rjppi + ...+ 1jxfx = ¢; for all j. In this case, restricted least squares is simply
estimated as a regression were the explanatory variables k,m, ... are excluded, e.g. a

regression with a constant only.

If the F' distribution has degrees of freedom (df) 1 as the numerator df, and N — K — 1
as the denominator df, then it can be shown that * = F(1,N — K — 1).

Confidence Intervals in Small Samples

Assuming LRM1, LRM2, LRM3a, LRM4a, and LRMb5, we can construct confidence in-

tervals for a particular coefficient ;. The (1 — «) confidence interval is given by

(Bk — t(l—a/2),(N—K—1)5A€(Bk), Br + t(l—a/2)7(N—K—1)§\€(Bk)> ,

where t(1_q/2),(N—k-1) is the (1 — «/2) quantile of the ¢-distribution with (N — K — 1)
degrees of freedom. For example, the 95% confidence interval with N = 30 and K = 2 is
(Bk —2.0525¢(B), By + 2.052@(&)).

Recall: « is the maximum acceptable probability of a Type I error.

Null hypothesis (Hy) is valid (Innocent) is invalid (Guilty)
Reject H, Type I (o =0.05) error Correct outcome
I think he is guilty! False positive True positive
Convicted! Convicted!
Don’t reject Hy Correct outcome Type II (§) error
I think he is innocent! True negative False negative
Freed! Freed!

Asymptotic Tests

Assume LRM1, LRM2, LRM3d, LRM4a or LRM4b, and LRM5. A simple null hypotheses
of the form Hy : By = q is tested with the z-test. If the null hypotheses is true, the z-

statistic




~

follows approximately the standard normal distribution. The standard error is Se(f5x) =

Avar(By).

For example, to perform a two sided test of H, against the alternative hypotheses
H, : B # q on the 5% significance level, we calculate the z-statistic and compare its
absolute value to the 0.975-quantile of the standard normal distribution. Hj is rejected if

|z| > 1.96.

We talk about the Wald test later...

Confidence Intervals in Large Samples

Assuming LRM1, LRM2, LRM3d, LRMb5, and LRM4a or LRM4b, we can construct
confidence intervals for a particular coefficient . The (1 —«) confidence interval is given

by

(Bk — 2oy 5e(Br), Br + 2(1_(1/2)5%(316))

where 2(1_o/2) is the (1 — a/2) quantile of the standard normal distribution.

For example, the 95% confidence interval is (Bk — 1.96579(@), By, + 1.965\6(619)).
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OLS Properties in the Small and in the Large

Set of assumptions 1 2 B3 @ (B (6
LRM1: linearity f ul f i 11 e d
LRM2: simple random sampling ful filled
LRMb5: identifiability f ul filled

LRM4: error variance
- LRM4a: homoskedastic v v v X X X
- LRM4b: heteroskedastic X X X v v v
LRM3: exogeneity

- LRM3a: normality

- LRM3b: independent
- LRM3c: mean indep.
- LRM3d: uncorrelated

ANEENEENEEN
NEENRNE
N
\
<
X

Small sample properties ofB

- unbiased v v v v v X
- normally distributed v X X v X X
- efficient v v v X X X
t-test, F-test v X X X X X
Large sample properties ofB

- consistent v v v v v v
- approx. normal v v v v v v
- asymptotically efficient v v v X X X
z-test, Wald test v v v vt

e Notes: v/ — fulfilled, x — violated, * = corrected standard errors.
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4.5 Politically Connected Firms: Causality or Correlation?

Arguments For Causality of Effect

Political Connections and Profit Margin
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Political Connections (Lobbying Expenditure in Thousand Euro)

Econometric methods need to address concerns, including:
e Misspecification: Results robust to different functional forms
e Errors-in-variables: little concern with administrative data

e External validity: Similar effect found in independent studies.

Arguments Against Causality of Effect

e Omitted variable bias:
e.g., business acumen

— Panel data models

e Sample selection bias:
lobbying expenditures only observed if in transparency register.

— Selection correction models

e Simultaneous causality:
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— profits may be higher because of political connections

— firms may become connected because of their high profits

All of those concerns may be addressed with

—instrumental variable models. What would be a good instrument/experiment?
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5 Simplifying Linear Regressions using Frisch-Waugh-
Lovell

5.1 Frisch-Waugh-Lovell theorem in equation algebra
From the multivariate to the bivariate regression

Regress y; on two explanatory variables, where z? is the variable of interest and x} (or

further variables) are not of interest.

yi = Bo + 523712 + 51%1 + &;.

Surprising and useful result:

e We can obtain exactly the same coefficients and residuals from a regression of
two demeaned variables
i = Bo + B} + .

e We can obtain exactly the same coefficient and residuals from a regression of two
residualized variables
6? = 62512 + &;.
Why is the decomposition useful?

Allows breaking a multivariate model with K independent variables into K bivariate

models.

e Relationship between two variables from a multivariate model can be shown in a

two-dimensional scatter plot
e Absorbs fixed effects to reduce computation time (see reghdfe for Stata)

e Allows to separate variability between the regressors (multicollinearity) and between

the residualized variable 72 and the dependent variable y;.
e Understand biases in multivariate models tractably.

How to decompose y; and z??

2

i

Partial out z; from y; and from x

e Regress 2 on all z} and get residuals &2:
2 1, 2
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this implies Cov(z}, %) = 0,

1771

1

e Regress y; on all z; and get residuals £

Y; = (50 + 511'11 + Ely.

This implies Cov(z},?) = 0.
From the residuals and the constants vy and §y generate
o B=rote,
e J,=0p+el.
Finally,
i = Bo + P&} + & = Po + o} + &

Decomposition theorem

Decomposition theorem

For multivariate regressions and detrended regressions, e.g.,
yi = Bo + Pt} + brz; + €,

§i = Bo + 7 + &,
the same regression coefficients will be obtained with any non-empty subset of the ex-

planatory variables, such that

B = B, and also & = ¢;.

.

Examining either set of residuals will convey precisely the same information about the

properties of the unobservable stochastic disturbances.

Detrended variables

Show that

yi = Po+ Box? + B} + e (2)
= i = fo + P72 + &

Plug in the variables y; = dp + 012} + £/ and 27 = v9 + 112} + 7 in the equation (2)

yi = O+ + ef = Bo+ Ba(vo0 + N + )+ by + &
G = do+el =P+ Balro+e2)+ (Boyr — 61+ Bzt + e
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Because we partialled out =} using OLS, z} is mechanically uncorrelated to €7 and to ¥.
Therefore, the regression coefficient (8oy; — 01 + 31) of the partialled out variable z; is

zero. The equation simplifies with 72 = 5 + &2 to

g = do+el =Po+ Balro+el) +en

Regression anatomy: Only detrending z? and not ;. The regression constant, residu-

als, and the standard errors change but [y remains

yi =00+ 0x; +e! = (Bo+az') + Pa(yo +€]) + (6 + 6iz})
yi = K+ i+,

Residualized variables
Ji =0+l = Bo+ Balro+e?)+e
e/ = Bo— o+ Bayo+ Bec} + &

The same result of the FWL Theorem holds as well for a regression of the residualized

variables because 5y = dg — [270:
E? = 625? +&;.
5.2 Projection and residual maker matrices

Partition of y

Least squares partitions the vector y into two orthogonal parts

y:g+e:Xb+e:Py+My

n x 1 vector of data y
e n X n projection matrix P
e n X n residual maker matrix M

n x 1 vector of residuals e
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Projection matrix
Py = Xb=X(X'X)"'X'y

- P=X(X'X)"'X".

Projection matrix

Properties.
e symmetric such that P = P’, thus orthogonal
e idempotent such that P = P?, thus indeed a projection

e annihilator matrix PX = X

Example for projection matrix

Show PX = X (X'X)"1X'X = X.

1/2 0 1/2| [1 0 10

10 10
1 11 3 L /2 —-1/2
X=1]1 1]:;XX= 1 1| = XX = ;
010 11 -1/2 15
10 10
10 1/2 0 1/2
/2 —-1/2] |1 1 1
X(X'X)'X'= |11 =10 1 O
-1/2  3/2 010
1 1/2 0 1/2
1/2 0 1/2| |1 0O 10
PX=10 1 0 1 11 =11 1
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1 1/2 0 1/2
y=1|2|;Py=10 1 0
3 1/2 0 1/2

1 2
2 =9=|2
3 2

A~

Project y on the column space of X, i.e. regress y on  and predict Ey] = 3.

Residual maker matrix

My = e=y—-Xb=y- X(X'X)'X'y

My = (I-X(X'X)"'X")y

S M=I-X(X'X)"'X'=(I-P).

Residual maker matrix

Properties.
e symmetric such that M = M’
e idempotent such that M = M?
e annihilator matrix M X =0

e orthogonal to P: PM = MP = 0.

Example for residual maker matrix

1 00

0 01

Show MX = (I - X(X'X)" X)X =(I-P)X=X-X =0,

10

I=1(0 1 0:;:X=1|1 1};

10
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100 1/2 0 1/2 1/2 0 —1/2
M=(I-P)=|o010/-]0 1 0ofl=|0 0 o0
001 1/2 0 1/2 ~1/2 0 1/2
1/2 0 —1/2| |1 0 0 0
MX=|0 0 0 1 1/ =10 0
~1/2 0 1/2 | |1 0 0 0

Obtain residuals from a projection of y on the column space of X, i.e. regress y on x

and predict y — Ely| =y — 9.

1 1/2 0 —1/2| |1 -1
y=|(2|;My=| 0 0 0 20=y—9=10
3 -1/2 0 1/2 | |3 1

Column space of X is xy and x.

The closest point from the vector y' =

[1,2,3] onto the column space of X, is
¥ = Xb, here ¢’ = [2,2,2]. At this point,
we can draw a line orthogonal to the column

space of X.
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Decomposing the normal equations

The normal equations' in matrix form are X’Xb = X'y. If X is partitioned into an

interesting segment X, and an uninteresting X, normal equations are

X{Xl X{XQ b1 X{y

X5X: X5Xo| |by X5y

The multiplication of the two equations can be done separately

[X{Xl X{Xz} bl [X{y] (3)

b,

b,

[X;X1 ngz} = [ng} : (4)

2
How can we find an expression for b, that does not involve b;?

Solving for b,

Idea: Solve equation (3) for by in terms of bs, then substituting that solution into the

equation (4).

b

XX, X)X | | =[xy

X! X1by + X! Xoby = X'y
X! X1by = X!y — X! Xob,
b = (X!X) ' X!y — (X.X1) " X! X,by
= (X1X1) 7' X{(y — X2by)

Multiplying out equation (4) gives

b
X3X: XpX%| || =[x
Xélel + XéXQbQ = Xéy

Plugging in the solution for b, gives

X)X, ((X{Xl)lX{ (y — X2b2)) + X, X0by, = Xy

Tt is called a normal equation because y — X b is normal to the range of X.
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X5 X0 (X1X0) 7 X (y — Xobo) + X5 Xoby = X3y,

The middle part of the first term is X;(X]X;)"'X/. This is the projection matrix Pk,

from a regression of y on Xj.
XéPle — XéPXlXQbQ + XéXQbQ = Xéy
We can multiply by an identity matrix I without changing anything

X Py, y — X, Py, Xoby + X,IXby = X, 1y,
XTIy — X, Px,y = X,IX1by — X,Px, Xb,.
X5(I — Px,)y = X;5(I — Px,) Xob,.

Now (I — Px,) is the residual maker matrix My,
X\ My,y = X4My, Xobs.
Solving for b, gives

bg = (XéMXl.XQ)_lXéMle.

b, = (X,Myx, X)) ' X,;Myx,y.

The residualizer matrix is symmetric and idempotent, such that Mx, = Mx Mx, =
M My, .

by = (Xo3My, Mx, Xo)"' X;MYy, M,y

- ((Mxng)’(M)ng))_1(MX1X2)/(MX1y)

This is the OLS solution for by, with X, instead of X and y instead of y.
° Xz are residuals from a regression of X, on X
e y are residuals from a regression of y on X,

The solution of the regression coefficients by in a regression that includes other regres-

sors X is the same as first regressing all of X5, and y on X, then regressing the residuals
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from the y regression on the residuals from the X, regression.
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6 The Maximum Likelihood Estimator

6.1 From Probability to Likelihood
The Likelihood Principle

Suppose you have three credit cards. You forgot, which has money on it or not. Thus,
the number credit cards with money, call it 8, might be 0, 1, 2, or 3. You can try your

cards 4 times at random to check if you can make a payment.

The checks are random variables y1, ys, y3, and y4. They are

1, if the ¢th card has money on it,
Yi =
0, otherwise.

Since you chose y;’s uniformly, they are i.i.d. and y; ~ Bernoulli(6/3). After checking,

we find y; = 1,40 = 0,y3 = 1,y4, = 1. We observe 3 cards with money and 1 without.

The number credit cards with money could still be 0, 1, 2, or 3.
Which is most likely?

From Probability to Likelihood

You could test for the true 6y in many samples. Conversely, you can check each possible
value of 0 to find the probability of observing the sample (y; = 1,y0 = 0,y3 = 1,y4 = 1).
Since y; ~ Bernoulli(0/3), we have

0/3, for y =1,

Prob(y; = y) =
1-6/3, fory=0.

Since y;’s are independent, the joint PMF of 41, y2, y3, and y4 can be written as

Prob(yr =y, 42 = y,y3 =y, ya = y|0) =
Prob(y, ) Prob(ys) Prob(ys) Prob(y,).

This depends on 6, and is called likelihood function:
L<0’yl) = PTOb(yl = 17y2 = 07y3 = 1»y4 = 170) =

0/3(1—6/3)0/30/3 = (60/3)*(1 — 0/3).
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Trial 1 2 3 4

0 0 1 2 3
Prob(-) 0.0000 0.0247 0.0988 0.0000

Values of the Likelihood L(0|y;) for different 0
The probability of the observed sample for § = 0 and € = 3 is zero. This makes sense

because our sample included both cards with and without money. The observed data is
most likely to occur for 6§ = 2.

Likelihood principle: choose 6 that maximizes the likelihood of observing the actual

sample to get an estimator for 6.
The likelihood is the probability from

e probability mass function if discrete

e probability distribution function if continuous

From Likelihood to Log-Likelihood

0 | - 4.00e-147
-500 -3.00e-147
B
£ g
£ 10004 -2.00e-147 =
3 2
83 3
-
-1500 -1.00e-147
-2000 -0

0 N 2 3 4 5 .6 7 8 9 1
Probability of Success

—— Log-Likelihood = —— Efficient Score —— Likelihood

e The likelihood function Ly(6|y,X) is the joint probability mass function or
density f(y, X |0), viewed as a function of vector @ given the data (y, X).

e Maximizing Lx(0) is equivalent to maximizing the log-likelihood function Ly (0) =

In Ly(0). Because taking the logarithm is a monotonic transformation. A maximum
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Model Range of y  Density f(y) Common Parametrization

Bernoulli Oorl pY(1 —p)t—v '8

P= 1%
Poisson 0,1,2,... e AN\ /y! \=eXB
Exponential (0, 00) e A=ePor1/)=exP
Normal (—00,0) (2mo?) 1 2ew=w?/20% ) — @3 0% = o2

for L (0) corresponds with a maximum for Ly(0).

6.2 The Econometric Model

Specification of a Likelihood Function

The conditional likelihood Ly (0) = f(y, X |0)/f(X|0) = f(y|X,0) does not require the
specification of the marginal distribution of X.

For observations (y;, z;) independent over i and distributed with f(y|X, @),

e the joint density is
f(y|X7 0) = Hiilf<yl|w% 0)7

e the log-likelihood function divided by N is

_»CN 0) = Zlnf yz|mu

Maximum Likelihood Estimator

0 - 4.00e-147
-500 -3.00e-147
B
£ g
£ 1000 -2.00e-147 =
5 2
g =
|
-1500 -1.00e-147
-2000 -0

0 1 2 3 4 5 .6 7 .8 .9 1
Probability of Success

—— Log-Likelihood @ —— Efficient Score  —— Likelihood
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The maximum likelihood estimator (MLE) is the estimator that maximizes the (con-
ditional) log-likelihood function £y (6).

The MLE is the local maximum that solves the first-order conditions

a_

1 oln f yzlwz, 0)
v NZ =0.

- 4.00e-147
-500 -3.00e-147
B
£ g
£ 1000 -2.00e-147 =
5 2
83 3
|
-1500 -1.00e-147
-2000 1 -0

0 1 2 3 4 5 .6 7 .8 .9 1
Probability of Success

—— Log-Likelihood @ —— Efficient Score —— Likelihood

This estimator is an extremum estimator on based on the conditional density of y given
x. The gradient vector Ea—o@ is called the score vector, as it sums the first derivatives

of the log density, and when evaluated at 6 it is called the efficient score.

How Were the Data Generated?

Simple Random Sampling

{21, .. wix, i}y, iid. (independent and identically distributed)

This assumption means that
e observation ¢ has no information content for observation j # i
e all observations ¢ come from the same distribution

This assumption is guaranteed by simple random sampling provided there is no systematic
non-response or truncation.
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[.i.d. data simplify the maximization as the joint density of the two variables is simply

the product of the two marginal densities.
For example with a normal joint pdf with two observations

1 [(yl—#)2+(y2—u)2]
e 202

[y, 92) = v (1) fra (1) =

2mo?

With dependent observations we would have to maximize the following likelihood

function, where p is the correlation:

1 [(y1—u)2+(y2—#)2—(y1—#)(yz—u)]
6_ 202 (1-p2)

2wo2\/1 — p?
The Score has Expected Value Zero

Likelihood Equation:

W] _ /wﬂy‘m,e)d@,: 0.

ool =55 Z

g Pxample
/f(yw)dy = 1. %/f(y[@)dy = 0.

of(yl@) ,
/ 20 dy = 0.

dln f(y|6)/00 = [0f(y|6)/96]/[f(y|6)]

of(y|@) 0ln f(y|0)
T T f(yl0).

/8lnf(yl9)
06

f(y|@)dy = 0.

Fisher Information

The information matrix is the expectation of the outer product of the score vector,

Oln f(y|e, 6) OIn f(y|x, 6)

1=Ey 26 00’
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. . . . . . LN (O
The Fisher information Z is equals the variance of the score, since ge( ) has mean

Z€ero.

e Large values of Z mean that small changes in 6 lead to large changes in the log-
likelihood

— Ln(0) contains considerable information about 6,

e Small values of Z mean that the maximum is shallow and there are many nearby
values of @ with a similar log-likelihood.
Information Matrix Equality

The Fisher information Z is equals the expectation of the Hessian H:

9% In 0 0l 0)0ln 0
R e =

For vector moment function, e.g., m(y,0) =

dln f(y|6)
06

/my, f(y|@)dy = 0.

[ (2 rle) + min0) 02 Yy o.

[ (2752 11018) + (s, 00221 4100 )ty =

E{M] —_F [m@,, e)w} 0.

with E[m(y, 0)] =0,

00’ 00’

The Information Matrix in Practice

The variance of the sum of random score vector is:

Information matrix equality:

~ Varlg ()] =~/ [H 6)] = - | 35|

0000’

After taking the expected value, 0 is substituted for . Problem: Taking the expected

value of the second derivative matrix is frequently infeasible.
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There exist two alternatives which are asymptotically equivalent:

e Ignore the expected value operator:

N 2
Ope——
0006’
e Berndt-Hall-Hall-Hausman (BHHH) algorithm

Never take a second derivative and sum over the outer product of the scores: (first

derivatives per observation):

=1

6.3 Properties of the Maximum Likelihood Estimator

Properties of the MLE

o Small sample properties ofé

— may be biased
— may have unknown distribution

— variance may be biased, even towards zero
e Large sample properties of 6

— consistent

approx. normal

asymptotically efficient

— invariant
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Consistency

Law of Large Numbers

As N increases, the distribution of @ becomes more tightly centered around 6.

: Ly 0 i |-.008
1 1
| 1
I
: s !
5 H 1 -.006
3 i 3 |
£ | 3 £ | H
2 10 1 £ g | L.oo4 £
3 | . | g
ta S i}
g : g !
1 1
-154 1 1 r.002
1 F2 1
1 1
| |
1
20 ! Fo ! o
T T T T T T 1 T T T T T T T T T T + T T T T
0 A 2 3 4 5 6 7 8 9 1 0 A 2 3 4 5 6 7 8 9 1
Probability of Success Probability of Success
— Log-Likelihood ~—— Efficient Score —— Likelihood — Log-Likelhood ——— Efficient Score —— Likelihood
(a) N=3 (b) N=10
04
204 1.500e-07 -4.000e-29
40 -100 -3.000e-29
B r1.000e-07 B
o o
S 607 ] = 2009 2000620 5
2 i} 2 i}
- 5.000e-08 -
-804 -300+ 1.000e-29
-100 Fo -400 1 Fo
T T
0 1 2 3 4 5 6 N 8 9 1 0 A 2 3 4 5 6 7 8 9 1
Probability of Success Probability of Success
— Log-Likelihood =~ —— Efficient Score —— Likelihood —— Log-Likelihood =~ —— Efficient Score —— Likelihood
(c) N=25 (d) N=100

Likelihood Inequality
E[(1/N)In L(8)] > E[(1/N)In L(8)].

The expected value of the log-likelihood is maximized at the true value of the parameters.

Figure 15: é, Likelihood and Log-Likelihood as n — oco. True 6 = 0.6.

0+

.8
B
2 3 -5001
£ 67 £
3 E]
o i}
& >
T 4 S J
£ -1000
<]
z

24

-1500 T T T T T T T T T 1
04 0 A 2 3 4 5 6 7 8 9 1
A 2 3 4 5 6 7 8 9 1 Probability of Success
Probability of Success L3 L5 LL10
L3 L5 Lo B L2s L 100 LL25 [0 LL100 [ LL200

~

lim P(|6 — 8] >¢) =0. lim E[6] = 6.

n—oo n—oo
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Approximate Normality

Central Limit Theorem
- R2Ly(O)]\
o2 o (%59 ]) |

Figure 16: Sampling distribution of 6 drawn from Bernoulli distribution and normal
distribution at N = 100. True 8 = 0.6.

As N becomes large,

10
8 -
>
z
<)
(]
4
2 -
O T 1 T 1 1
0 2 4 6 8 1
p
Efficiency

The precision of the estimate 0 is limited by the Fisher information Z of the likelihood.

A 1
Var (8) > ——.
ar =210
For large samples, this is the so-called Cramér-Rao lower bound for the variance matrix

of consistent asymptotically normal estimators with convergence to normality of v N (é —

0y) uniform in compact intervals of ;.
Under the strong assumption of correct specification of the conditional density, the

MLE has the smallest asymptotic variance among root-N consistent estimators.
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Since the MLE is unbiased,
E [0 y ‘ 9] - / (é . 0) f(y:8) dy = 0 regardless of the value of 6.

This expression is zero independent of 0, so its partial derivative with respect to @ must

also be zero. By the product rule, this partial derivative is also equal to

0= [ (6-6) sw0yay= [(6-0) S ay— [ say

For each 6, the likelihood function is a probability density function, and therefore
[ fdy = 1. By using the chain rule on the partial derivative of In f and then divid-
ing and multiplying by f(y;0), one can verify that

of
00

Oln f

TR

Using these two facts, we get

Factoring the integrand gives [ ((é — 0) \/7) (Vf mnf) dy = 1.

Squaring the expression in the integral, the Cauchy-Schwarz inequality yields

= (oo [ %5 ) <[ oo sa] [ (%57) o]

The first factor is the expected mean-squared error (the variance) of the estimator é, the

second factor is the Fisher Information.

Invariance

~

The MLE of v = ¢(8) is 6 = ¢(8) if ¢(8) is a continuous and continuous differentiable

function.

e This simplifies the log-likelihood,

e This allows a function of 8 to serve as MLE if it is desired to analyze the function
of an MLE.
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Suppose that the normal log-likelihood is parameterized in terms of the precision param-
eter, 62 = 1/02. The log-likelihood becomes

9 N
2 2 0 2
InL(s1,0%) = —(N/2)n(2) + (N/2) 6 = =3 (31 — )

i=1

The MLE for p is Z. But the likelihood equation for 62 is now

dln L(u, 6> , )
TG =112 N = Yt | =,

which has solution 2 = N/ SN (y; — p)? = 1/62.

The MLE is also equivariant with respect to certain transformations of the data.
If y = ¢(x) where ¢ is one to one and does not depend on the parameters to be
estimated, then the density functions satisfy
fx(x)
fY(y) = T
/()]
and hence the likelihood functions for x and y differ only by a factor that does not

depend on the model parameters.

The MLE parameters of the log-normal distribution are the same as those of the normal
distribution fitted to the logarithm of the data.
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7 The Generalized Method of Moments

7.1 How to choose from too many restrictions?
Minimize the quadratic form

The overidentified GMM estimator éGM v (W,) for K parameters in 6 identified by L > K
moment conditions is a function of the weighting matrix W,, for a sample of i = 1,....n

observations:

éG]\/[M(Wn> = arg;ninqn(é’),

where the quadratic form g, () is the criterion function and is given as a function of

the sample moments m,,(6)
qn(0) = M (8) Wi, (6).

The sample moments are a function
N
M (0) = 1/n Yy " m(X;, Z;, 0)
i=1

of the model variables X;, the instruments Z;, and the true parameters 6.
What are the properties of the quadratic form

4 (0) = My, (0)' W m, (6).

1x1 ixL XLy

Quadratic form criterion function g¢,(#) > 0 is a scalar!

Weighting matrix W is symmetric (and positive definite that is @’Wax > 0 for all

non-zero r)!

7.2 Get the sampling error (at least approximately)
Get an approximate deviation from the true 6,

First order Taylor expansion of sample moments 1, (0caras) around m.,(6) at true pa-

rameters gives:

1n(Banin) = M (00) + G(8) Baninr — bo),
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where G, (0) = aﬁgé/(é) and 6 is a point between Ocarar and 6.

Check the dimensions

First order Taylor expansion of sample moments mn(éGMM) around m,(fy) at true pa-

rameters gives:

mn(éGMM) ~ my,(6p) + Gn(éxéGMM — b)),

Lx1 Lx1 LXK Kx1
o Omn (9) B R
where G, (0) = 8L9—X,1 and 6 is a point between Ogyras and 6y, because of the
I1x K

Mean value theorem...

Approximation introduced 4

...where G, () = 67?5;5,@ and 0 is a point between G and 6p.

Mean value theorem

=~ A mn(éGMM) - mn(‘%)

2 for (90 < é < éGMM-
GGMM - 60

— H_’Pn(éCMM) - mn(g()) ---------

Bemm — Bo T~

.
-
o
.
o
.
.
.
.
.
o
.
o
.
.
.
o
.
.
.

Mn(60) 2 m(6y) =0

)

Bcmm

Bo

Do the minimization

To minimize the quadratic form criterion, we take the first derivative of
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Express as much as possible asymptotically

aQn(éGMM>

X = QGn(éGM]VI)/ann(éGMM) =0,
00

Plug in the approximation from before
M (Ocirrnr) = M (00) + G (0) (Bcrrar — 0o)
to obtain
G(Ocring) Wit (00) + Gr(Ocain) WG (0) Ocarar — 6) ~ 0
which we rearrange to get the very useful

éGMM ~ 0y — (Gn(éGMM)/WnGn(é))_lén(éGMM)/ann(eﬂ)-

So the estimate Ogarar is approximately the true parameter 6y plus a sampling error that

depends on the sample moment m,(6y).

Quickly check dimensions

Useful approximation

Ocrin ~ 0y — (Gn(éGMM>,Wnén(0_)>_lén(éGM]M)/ann(‘90>‘

Kx1 Kx1 KXL LXL LxK KxL LxL Lx1

So the estimate Ogarar is approximately the true parameter 6y plus a sampling error that

depends on the sample moment m,(6y).
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7.3 The econometric model

Three assumptions: moment conditions

GMM1: Moment Conditions and Identification

m(@a) 7£ m(eo) = E[m(XZ, Zi, 90)] = 0.

Identification implies that the probability limit of the GMM criterion function is uniquely

minimized at the true parameters.

Three assumptions: law of large numbers

GMM2: Law of Large Numbers Applies

mn(0) = 1/n XN: m(X;, Zi,00) 2 E[m(Xi, Zi, 60)).

i=1
The data meets the conditions for a law of large numbers to apply, so that we may assume

that the empirical moments converge in probability to their expectation.

Three assumptions: central limit theorem

GMM3: Central Limit Theorem Applies

Vima(0) = vi/n Z m(X;, Zi,00) % N[0, ®)].

The empirical moments obey a central limit theorem. This assumes that the moments

have a finite asymptotic covariance matrix E[m(X;, Z;, 0p)m(X;, Z;,00)'] = ®.

7.4 Consistency

Recall the useful approximation of the estimator:

éGMM ~ 0y — (Gn(éGMM)/WnGn(é))_lén(éGMM)/ann(90)-
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Assumption GMM?2 implies that
N
i=1

That is, the sample moment equals the population moment in probability. Assumption
GMMT implies that
m(6p) = 0.

Then
mn(GO) £> m(eﬂ) = 07

such that
éG’M]W ﬁ) 90 for N — o0

That is, by GMM1 and GMM2 the GMM estimator is consistent.

7.5 Asymptotic normality

Recall the useful approximation of the estimator:

éGMM ~ 0y — (Gn(éG]V[M>/WnGn(é))_lén(éGN[M)/ann(OO)-
Rewrite to obtain

ViBanrns — 00) = —(Grn(Banins) WiaGr(0) 72 Co(Banrns) Won/nimn (o),

The right hand side has several parts for which we made assumptions on what happens
when N — oo. Under the central limit theorem (GMM3)

Viima(00) 2 N[0, ®]

plimW, =W

8m(XZ, Zz'7 60) 87’71(90)
06, { 0o (bo)

plimG, (Ocarnr) = plimGn(0) = plim
With plimW,, = W and

plimGo (Ocarar) = plimG,(0) = T(6,)
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the expression

VilOann — 00) = —(Gr(Ocring) WaGn(0) G (Ocrrnr) Win/nin, (6)
becomes
Vi(Oarin — 05) & —(T(00) WT(69)) "' T(6p) W v/mim,, (6)
from which we get the variance V. So
Vilann — b0) % N[0, V]

with
V = 1/n[l(06) W (0)] [T(0) WEW'T(00)][T (66) W (6)]

KxK

That is by GMM1, GMM2, and GMM3 the GMM estimator is asymptotic normal.

7.6 Asymptotic efficiency

Which weighting matrix W gives us the smallest possible asymptotic variance of the GMM
estimator éGMM.
The variance of the GMM estimator V' depends on the choice of W

V = 1/n[L(06)WT(60)] *[T(6) WOEW'T (6)][T(6p) WT'(6)]
So let us minimize V' to get the optimal weight matrix. Try from GMM3

plimW, =W = &1

Vartmoptimar = 1/n[L(66)' @ 'T'(60)] " [I'(6p)' @' @& ~""T'(6o)][L'(6)' @' T'(60)]
Which can be simplified to
VG]VIM,optimal = 1/n[r(90>,@_lr(90)]_1

VG]V[M,optimal = 1/n[r(90)/q)_1r((90)]_1

If @ is small, there is little variation of this specific sample moment around zero and the

moment condition is very informative about 6. So it is best to assign a high weight to it.
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m e
LD —
=+ -
] =
o 4 =T —— e
1 | | I | )
-4 -2 0 2 4 ]
First moment = @ ———-—- Second moment
— — — - Minimum Distance = --------- Efficient GMWM

VGMM,optimal = 1/n[F(90)/(I)71F(60>]71

If T is large, there is a large penalty from violating the moment condition by evaluating
at 6 # 6y. Then the moment condition is very informative about 6. V' is inversely related
to I'.
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Estimate the variance in practice
VGMM,optimal = 1/”[6_!71(@)/(1)7:16!”(@)]_1
Consistent estimator

®, = NV (im,(0))

_ . om(Xi, Z;,0
Gn(0) = ( Py )
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8 Conclusion

Congratulations! If you made it through this document, you are ready to read some econo-
metrics papers, program and develop new estimators, and analyze statistical properties.

If this caught your interest, check out non-parametric and Bayesian econometrics.
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