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ABSTRACT

This work addresses the convergence behaviour of first-order optimization methods in the
context of reinforcement learning. Specifically, we analyse the vanilla Policy Gradient (PG)
method under softmax parametrization. Initially, we focus on Markov Decision Processes (MDPs)
with finite-time horizons, demonstrating that the convergence rate of vanilla PG exhibits an
unfavorable and imprecisely determinable dependence on the time horizon. To resolve this issue,
we introduce a combination of dynamic programming and policy gradient called finite-time
dynamic policy gradient. The use of the dynamic approach much better exploits the structure of
the Markovian problem which is reflected in an improved, explicit dependence of the convergence
rate on all relevant model parameters.

In the second part of this thesis, we extend this concept to discounted MDPs with an infinite-time
horizon, where the convergence rate in vanilla PG cannot be explicitly determined with respect to
the effective horizon. For the transferred dynamic PG method, we once again establish improved
and explicit convergence guarantees.

In the third part of this thesis, we analyze the convergence of stochastic gradient methods
independently of reinforcement learning. Under the assumption of (weak) gradient domination,
we derive almost sure convergence rates in both the global and local settings. The new results
find applications in the optimization of analytical neural networks, as well as in the previously
discussed classical and dynamical PG methods under softmax parametrization.

ZUSAMMENFASSUNG

Diese Arbeit beschiftigt sich mit dem Konvergenzverhalten von Gradientenverfahren erster
Ordnung im Kontext von Reinforcement Learning. Dazu wird das klassische Policy-Gradient
(PG) Verfahren unter Softmax-Parametrisierung analysiert. Zunéchst betrachten wir Markov-
Entscheidungsprobleme (MDPs) mit endlichem Zeithorizont und zeigen, dass die Konvergenzrate
des PG-Verfahrens eine ungiinstige, nicht genau zu bestimmende Abhangigkeit vom Zeithorizont
aufweist. Zur Losung wird Dynamic Programming in das bestehende Verfahren integriert. Der
dynamische Ansatz nutz die Markovsche Struktur des MDPs aus und liefert eine verbesserte,
explizite Abhdngigkeit der Konvergenzrate von allen beteiligten Modellparametern.

Im zweiten Teil der Arbeit wird dieses Konzept auf MDPs mit unendlichem Zeithorizont iibertra-
gen. Statt des deterministischen Zeithorizonts spielt der erwartete Zeithorizont des unendlichen
Problems, abhingig vom Diskontierungsfaktor, eine analoge Rolle. Fiir das dynamische PG-
Verfahren werden erneut bessere und explizite Konvergenzgarantien bewiesen.

Im dritten Teil der Arbeit analysieren wir die Konvergenz stochastischer Gradientenmethoden
losgelost vom Reinforcement Learning. Unter der Annahme (schwach) dominierter Gradienten
werden fast sichere Konvergenzraten im globalen und lokalen Setting hergeleitet. Die neuen
Resultate finden Anwendung in der Optimierung analytischer neuronaler Netze sowie in den
zuvor diskutierten klassischen und dynamischen PG-Verfahren unter Softmax-Parametrisierung.
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INTRODUCTION

EINFORCEMENT learning is applied to so-called Markov decision processes (MDPs), which
mathematically formalize the interaction between a learning agent and its environment,

with the objective of maximizing observable rewards. Algorithms that train an agent (or a
policy) for an MDP are collectively referred to under the broader term of reinforcement learning
(RL). Although MDPs have been known since the 1950s, computer scientists only achieved a
breakthrough in the application of RL to video games in the past decade, garnering worldwide
attention. Motivated by this success, researchers across various fields began applying RL to
real-world problems. Virtually any control problem can be framed as an MDP and addressed
using RL.
In this work, we distinguish between two classes of MDPs. The first class includes discounted
infinite-time horizon MDPs, where decisions in the distant future become progressively less
significant due to discounting, as they are further removed from the present. The second
class includes finite-time horizon MDPs, which have a fixed, deterministic endpoint, where
discounting may be applied but is not necessarily required. Typical infinite-time horizon problems
are commonly found in robotics, video games, or scenarios where the endpoint is random and
uncertain. Conversely, typical finite-time horizon MDPs include supply chain problems or optimal
stopping problems in finance.
The ongoing Al hype and the increasing integration of RL into everyday applications have
amplified concerns regarding the safety and interpretability of these algorithms’ behavior. Still,
the theoretical guarantees are limited. In this dissertation, we focus on a specific class of RL
algorithms, namely the policy gradient (PG) algorithm. The goal is to analyze the convergence
and convergence rate of this method to develop a deeper understanding of the causes of potential
misbehavior. Our primary interest lies in the convergence towards the global optimum, ensuring
that no sub-optimal decisions are made. When analysing the classical PG methods, we obtain
limitations in the speed of convergence with respect to some model parameters and develop
dynamic approaches for PG in finite-time and infinite-time MDPs to overcome these dependencies.
Naturally, RL algorithms are divided into value-based or policy-based approaches. In value-
based methods, the optimal state-action function is learned, from which the optimal policy can
be derived. In policy-based methods, however, the goal is to directly search for the optimal
policy. PG belongs to the class of policy-based methods, and it trains a parameterized policy
by maximizing the value function using first-order optimization methods such as (stochastic)
gradient descent (GD/SGD).
Since the optimization problem of PG is non-convex, we quickly encounter limitations regarding
convergence. In order to perform a complete theoretical analysis, certain assumptions are
necessary. In this thesis, we will primarily assume that all policies are softmax-parameterized, an
assumption that has become increasingly common in recent years. This serves as a preliminary
step towards a full understanding of PG methods. In infinite-time horizon problems, vanilla soft-
max PG has already been analyzed by Mei et al. [Mei+20]]. For the softmax-parameterized value
function, a gradient domination property along the gradient ascent trajectory was demonstrated,
which guarantees convergence to the global optimum under the exact gradient assumption, and
a convergence rate for deterministic softmax PG was derived.
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However, in the finite-time setting, there have been no results on the convergence or convergence
rate of PG, even under the assumption of exact gradients and softmax parametrization. In
parts, this may be due to the fact that the finite-time case is more complex, in the sense that a
non-stationary optimal policy is required. Hence, the first research question we address in this
thesis is:

RQ1: Does softmax PG converge for finite-time MDPs, and if so, how quickly does it converge?

In the first project of this work, we initially demonstrate that the finite-time value function under
softmax parametrization also satisfies a gradient domination property along the gradient ascent
scheme, through which we derive a convergence rate under the exact gradient assumption.
While the proof structure and ideas are inspired by the result for infinite-time horizon PG, they
cannot be directly extended from the infinite-time case due to the non-stationary policy required
in the finite-time setting. The classical finite-time PG variant simultaneously trains the policies
for all time epochs at once, which is why we refer to this algorithm as finite-time simultaneous
policy gradient (FT-SimPG).

We observe that, although convergence can be guaranteed, an unknown model-dependent
constant appears in the convergence rate. An analogous constant was also found by [Mei+20]
in the infinite-time horizon case. This constant can become arbitrarily small and may depend
on factors such as the time horizon or the number of states in the MDP. This prevents us from
providing a satisfactory answer to the question of how quickly the algorithm converges. This
leads us to the second research question:

RQ2: Can we guarantee an explicit convergence rate for finite-time softmax PG?

We provide an answer to this question by introducing finite-time dynamic policy gradient (FT-
DynPG). The idea for this algorithm emerged as follows. PG is a gradient-based method aimed
at maximizing the value function, but it overlooks the inherent structure of an MDP which can
be leveraged to solve the problem more efficiently. Under perfect information, finite-time MDPs
are typically solved using backward induction. The optimal policy for the last time epoch is
determined first and then decisions are made progressively backward to the first epoch where
the future optimal actions are already known. This approach is referred to as finite-time dynamic
programming (DP). DP relies on the Markov property, a fundamental characteristic of MDPs
and in interpretive terms it means that today’s best action is independent of past decisions. By
combining DP with finite-time PG we introduce the FT-DynPG algorithm, a dynamic approach
to PG for solving finite-time MDPs. The non-stationary policy is parameterized such that each
time epoch has its own parameterized policy. These policies are then solved by policy gradient
backward in time, following the DP principle. Since we explicitly exploit the structure of the
problem, we are able to derive a convergence rate with all constants explicitly specified.

We observe that the constants, such as those related to the time horizon, are significantly more
favorable in FT-DynPG compared to FT-SimPG, even when ignoring the unknown constant in
FT-SimPG. It is important to note that, while the actual rate in terms of gradient steps is O(1/n)
for both algorithms, constants play a crucial role in the slow convergence rate.

Thus far, in our discussion of convergence, we have assumed that the gradient method can be
executed exactly—that is, we have assumed access to the true gradients of the value function
with respect to the policy parameters. However, in practice, this is not feasible, as the MDP is



typically a black box from which we can only generate samples. Given a state at a particular
time, an action is executed, and we observe a reward for that state-action pair. Using these
samples and the so-called Policy Gradient Theorem, the gradients of the value function can be
easily estimated. This makes the algorithm particularly appealing in practical applications. When
sampled (i.e. stochastic) gradients are used in PG, we refer to these algorithms as stochastic
policy gradient (SPG). This leads us to the third research question:

RQ3: Can we guarantee convergence for stochastic FI-SimPG and stochastic FI-DynPG under softmax
parametrization, and how fast is the convergence?

The answer to the first part of the question is yes. In both cases, convergence to the global
optimum can be guaranteed with high probability. A complexity analysis is derived, where we
obtain again that FT-DynPG has a favorable dependence on the problem parameters compared
to FT-SimPG. However, our proof technique (in both approaches) requires a very large batch size
during gradient sampling to ensure that the stochastic gradient trajectories remain close to the
deterministic ones. We want this to hold as the gradient domination property is only fulfilled
along the exact gradient path.

Since the required batch sizes in both cases depend unfavorably on parameters such as the time
horizon of the problem, we do not expect this result to yield practical insights. Nevertheless, we
demonstrate for the first time that an SPG Algorithm, without additional regularization, can
converge to the global optimum. In the final project of this thesis, we revisit the convergence
properties of SPG methods and obtain the convergence without large batch sizes is still possible.
For now, we conclude the section on convergence of PG in finite-time MDPs and move on to
discounted infinite-time horizon MDPs.

In the second project of this work we consider discounted infinite-time horizon MDPs. As
previously mentioned, Mei et al. [Mei+20] were the first to establish a convergence rate for
vanilla PG under softmax parametrization. We have also noted that, similar to FT-SimPG,
an unknown model-dependent constant appears in their analysis. By integrating dynamic
programming into finite-time PG, we effectively eliminated the unknown constant. On a higher
level, we have gained a new perspective on RL algorithms:

Rather than adhering to the traditional separation between value-based and policy-based methods,
we distinguish between algorithms that leverage the model’s structure and those that do not.

The first class exploits the dynamic programming principle, as seen in value iteration, policy
iteration, or Q-learning. These algorithms essentially optimize single-step problems, using a
single reward feedback in the update process and future payoffs are estimated through evaluation.
The second class approaches the entire multi-step problem at once and solves it using classical
optimization techniques, as seen in traditional PG methods.

Over time, hybrid approaches that integrate both methodologies, such as Actor-Critic (AC)
methods, have consistently demonstrated superior performance in practical applications even
though dynamic programming is rather indirectly used. In AC, the critic provides a baseline by
estimating either the value function or the action-value function. DP becomes crucial during
the critic’s update process, as it effectively reduces the variance in gradient estimation. The
essence of employing DP lies in the fact that parameter updates are not solely dependent on
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sampling new trajectories; rather, new information is bootstrapped. The collective efforts of a
broad research community have contributed to the remarkable success of AC-type algorithms
(such as Natural Policy Gradient (NPG), Trust Region Policy Optimization (TRPO), and Proximal
Policy Optimization (PPO) [KakO1;|Sch+15b; Sch+17]), although these methods have yet to be
sufficiently supported by a comprehensive theoretical understanding.

With FT-DynPG, we also developed a hybrid approach where dynamic programming (DP) is
directly, rather than indirectly, embedded within the algorithm. This integration led to an
improved convergence rate with explicit constants for finite-time MDPs. This brings us to the
following two research questions:

RQ4: To what extent can the Markovian property of an infinite-time MDP be exploited more directly
to improve the convergence behavior of PG methods?

RQ5: How much improvement is gained compared to vanilla PG?

To address these questions, we introduce the dynamic policy gradient (DynPG) algorithm. Similar
to FT-DynPG, dynamic programming (this time for infinite-time MDPs) is combined with vanilla
PG. DynPG can be viewed as a hybrid RL algorithm that utilizes policy gradient to optimize a
sequence of contextual bandits. In each iteration, the algorithm extends the horizon of the MDP
by adding an additional epoch at the beginning and shifting trained policies to the future. We
will see that adding a new epoch is analog to the application of the Bellman operator. A policy
for the newly added epoch at time step O is trained using policy gradient, while the already
trained policies are employed to determine the future actions. DynPG trains a (non-statioary)
sequence of policies, which would solve a corresponding finite-time MDP. Nevertheless, we
will see how finitely many steps are sufficient to result at the stationary optimal policy for
the infinite-time problem. Note that DynPG is not an AC method. The algorithm minimizes
the variance in the gradient estimation as much as possible by utilizing previously trained and
therefore fixed policies to generate trajectories. This results in stable Q-value estimates and
improved convergence behavior.

We first present a general error analysis for DynPG, which is theoretically compatible with any
optimization scheme capable of solving a contextual bandit problem. This includes not only PG,
but also NPG or Policy Mirror Descent (PMD). Following this, we focus on PG and the softmax
parametrization to derive an explicit convergence rate for DynPG. Compared to vanilla PG, this
approach eliminates the unknown constant and addresses a lower-bound example in which
vanilla PG exhibits an exponentially poor dependence on the discount factor.

The theoretical results for DynPG are all with respect to the exact gradient assumption. We
have briefly discussed that the convergence analysis for FI-DynPG is particularly challenging
with stochastic gradients due to the absence of a global gradient domination property. Since
the convergence rates obtained for FT-DynPG are not tight, we did not carry out the analogous
analysis for DynPG.

In the third and final project of this dissertation, we return to stochastic gradient methods where
the gradient can just be accessed though a first order oracle. We address the convergence of
gradient methods under weak gradient domination and also look into the case where gradient
domination is only locally fulfilled. We focus on almost sure convergence, the strongest type of



convergence for stochastic algorithms, where each individual run of the algorithm converges.
This project was motivated by improving the convergence rates known for SPG, but it can also
stand on its own as a contribution in the field of non-convex first order optimization.

In the first part, we consider the case where the weak gradient domination (WGD) is globally
satisfied.

RQ6: Is WGD sufficient to ensure almost sure convergence of stochastic gradient methods and can
we derive a rate of convergence?

We derive asymptotic convergence rates almost surely and in expectation for stochastic gradient
descent (SGD) and stochastic Heavy Ball (SHB). For SGD, the almost sure convergence rate we
obtain is arbitrarily close to the one obtained in expecation under WGD in [FBD21; Fat+22]]. For
SHB, convergence in expectation and almost sure convergence under WGD are new contributions.
In the second part, we relax the weak gradient domination property and assume that the gradient
domination property is only locally fulfilled.

RQ7: Can we still assure convergence of SGD when WGD is only locally fulfilled?

We distinguish between WGD locally around a stationary point or locally around the global
minimum. In both cases we prove that SGD, initialized in the local region, remains within the
gradient dominated region with high probability, given a small enough step size. Conditioned
on this event we provide converges rates almost surely and in expectation towards the local or
global minimum respectively with the same convergence speed as in the global case.

The local gradient domination around stationary points is applicable to the training of neural
networks (NNs) with supervised learning. All analytical functions, and thereby NNs with
analytical activation functions, satisfy this assumption.

The case of local gradient domination around the global minimum applies to stochastic softmax
policy gradient algorithms. In the case of infinite-time horizon MDPs, we show that the local
WGD is satisfied under softmax parametrization for both vanilla PG and entropy-regularized PG.
If the initialization is close to the global optimum, almost sure convergence is guaranteed. The
convergence holds without requiring a batch size, meaning only a simple gradient estimator is
needed, which represents a significant improvement over previous stochastic results. In finite-
time MDPs, we show similarly that each individual optimization step converges almost surely to
the global optimum under good initialization and sufficient small step size. In all cases, we can
theoretically characterize the local regions for initialization.

We cannot make a direct comparison between vanilla PG and DynPG or between FI-SimPG
and FT-DynPG, as the almost sure convergence rates are asymptotic and do not provide explicit
constants for comparison. It should be noted that the asymptotic convergence rates of the
respective algorithms are equivalent.

To conclude this introduction, we provide a brief overview of the outline. As three projects are
consolidated in this thesis we clarify which parts of the dissertation are the author’s original
contributions and which parts are contributed by co-authors.

1. The Chapters|2|and [3|are background chapters where we cover the basics on first order
gradient methods and introduce MDPs and the PG framework.
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2. In Chapter[4] we address the research questions RQ1-RQ3 regarding finite-time MDPs. The
results in this chapter are already published at ICLR 2024 under the title “Beyond Station-
arity: Convergence Analysis of Stochastic Softmax Policy Gradient Methods” [KWD24].
This project is joint work with Simon Weissmann and Leif Doring.

The project idea, as well as the theorems and proofs were carried out by the author of this
thesis and supervised by the co-authors.

3. Chapter [5] covers the research questions RQ4 and RQ5. This project is a preprint titled

“Structure Matters: Dynamic Policy Gradient” [Kle+24] and joint work with Xiangyuan
Zhang, Tamer Basar, Simon Weissmann and Leif Doring.
The project idea, as well as the theorems and proofs were carried out by the author of this
thesis and supervised by Leif Doring, Simon Weissmann and Tamer Basar. Figure and
the foundation of the Python code used in the example in Section [5.4.2|was established by
Xiangyuan Zhang.

4. In Chapter [, we discuss the research questions RQ6 and RQ7, concerning the almost sure

convergence of stochastic gradient methods. This project is also published as a preprint
titled “On Almost Sure Convergence Rates for Stochastic Gradient Methods under Gradient
Domination” [[Wei+24].
The project idea, as well as the proof concept for Lemma the example in Section 6.4} and
the application to neural networks in Section [6.6|were derived by Simon Weissmann. The idea
for the proof of Lemma[6.10|was contributed by Waiss Azizian. All other results and proofs in
this project, especially the idea to apply the results in RL, were carried out by the author of
this thesis.



PRELIMINARIES: FIRST ORDER OPTIMIZATION

N this chapter, we cover the basic convergence results of first order methods where we aim
to solve the problem
min f(x). (2.1)

xeRd

Throughout this chapter we assume that the objective function f : R? — R is bounded from
below by f* = inf _pa f(x) > —c0 and we denote by ||-|| the euclidean norm on R¢ induced by
the standard euclidean scalar product (x,y) = xTy.

2.1 GRADIENT DESCENT

As a first step, we recall the deterministic iterative update generated by gradient descent with
constant step size a > 0, i.e.

Xns1 = Xn —aVf(xn), Xxo€ RY. (GD)

before we cover the stochastic version in the final section of this chapter.
We are interested in the convergence behavior of the sequence (x;),en and specify the following
sets of interesting limit points:

e x € R? is called a stationary point if V f(x) = 0.

* x € RY is called a local minimum if there exists r > 0 such that f(x) < f(y) for all
yeUn(x) :={y e R |lx—yl| <r}.

» x € R? is called a global minimum if f(x) < f(y) for all y € RY.

¢ x € R s called a saddle point if x is a stationary point but neither a (local) minimum of f
nor a (local) minimum of —f.

All global minima are local minima and all local minima are stationary points. In order to
derive convergence of (x,),en towards stationary points, the objective f is assumed to satisfy
the classical smoothness assumption:

AssuMPTION 2.1. The objective function f : RY — R is differentiable and L-smooth, i.e the
corresponding gradient V f is assumed to be L-Lipschitz continuous:

IVF(x) = VFWIl < Llix = yll, forallx,y e R (2.2)

From L-smoothness, the descent lemma is deduced. It is a fundamental instrument to analyze
first order optimization methods.

LEMMA 2.2. [Bec17, Lem. 5.7] Let f : RY — R fulfill A.ssumption then for every x,y € RY we
have

F() < FOO+ (TG, =) + Zlly =2 23)
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Applying the descent lemma to the iteration scheme equation (GD) with y = x,41, x = x, and
step size 0 < a < % yields the following iterative descent property

[FOrue) = £1 2 [fG) = £1 = SIVF I, 24)

where f* is subtracted on both sides of the inequality.
Rearranging this inequality and summing over the the iterations results in the following upper
bound on the sum of the gradients

[f(x1) = f7].

RN

S 2
D NVFEIP < S ) = flov)] <
n=1

We deduce directly that lim,_,e ||V f(x,)||> — 0 for n — oo which proves the following theorem.

THEOREM 2.3. Let f : R — R fulfill Assumption Then, every accumulation point of the
gradient descent scheme (x,)nen defined in equation (GDJ]) with step size 0 < a < Lis a stationary

point of f.

Convergence towards stationary points is not what we originally aimed for. Instead we wish
to converge towards global minima of f. To derive such a result from the descent inequality,
equation (2.4), the term ||V f(x,)||? has to be controlled. In the following subsections we will
get to know two sufficient conditions to ensure convergence towards global minima of f.

2.1.1 Convergence of GD under strong convexity

The classical assumption to ensure that GD converges to a global minimum at a linear rate is the
strong convexity assumption:

DEFINITION 2.4. A differentiable function f : R¢ — R is strongly convex if there exists 1 > 0
such that for every x, y € RY it holds that

£() = F) + (VF(),y =0 + Ely = I (2.5)

Note here, that strong convexity implies a unique global minimum x* € R? such that f* = f(x*).
Minimizing equation (2.5) in y, we obtain that

£ 2 f) - %nwmuz.

Rearranging the terms reveals that strong convexity implies the so called Polyak-Lojasiewicz
(PL) inequality [Pol63]:

IVFGI? = 2u(f(x) = 7). (PL)

Remark 2.5. If a function f : R? — R is L-smooth and pu-strongly convex, then is has to hold
that L > p. Combining equation (2.2)) and equation (2.5) leads to

FO)+(VF0,y =) + S lly =%l 2 £0) 2 £+ (TFG, 5 =)+ Sy = xI?

which induces that L > p holds true.
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Applying this property in the descent inequality, equation (2.4)), results in the following conver-
gence theorem.

THEOREM 2.6. Let f : R — R fulfill Assumptionand be u-strongly-convex. Let (xp)nen be
the GD scheme from equation (GD) with step size 0 < a < min{%,% = 1. Then (xp)nen @nd
(f (xn))nen, respectively) converges towards the unique global minimum x* (f*, respectively), at a
linear rate. More precisely, it holds that

g”xn+1 —x'|2 < fln) = F(x) < (1—ap)"[f(x1) = f(x)].

Proof. Firstrecall that f(x*) = f* by the unique global minimum under strong convexity. The first
inequality follows directly from the fact that Vf(x*) = 0 and the definition of u-strong-convexity
in equation ([2.5)). We obtain

Elbus = X117 = (VG 001 =3 + Bl =3I < fltn) - F(x). (26)

Next, we apply equation (PL) to the descent inequality, equation (2.4)), which results in

[f Gner) = 71 < [f Gn) = 7] = aplf Gen) = £7]
=1 —am)[fxa) - f7].

We can iterate this inequality to deduce that

[f(ns1) = £71 < (L= ap)"[f(x1) = 7]
As (1 —ap) € (0, 1) we conclude that f(x,;,) — f* for n — oo at a linear rate. [

The proof demonstrates that strong convexity is only required to ensure the convergence of x;,
to x*. In contrast, the convergence of f(x,) is derived solely from the PL-inequality, which was
itself a consequence of strong convexity (see also [KNS16, Thm. 1]).

It is noteworthy that convexity, and particularly strong convexity, is often not satisfied in practical
applications. However, weaker gradient domination properties like the PL inequality are more
readily met and can be established in certain ML and RL contexts which will be evidenced
repeatedly throughout this thesis. Thus, in the subsequent section, we analyze the fundamental
convergence properties of gradient descent under the weaker assumption of gradient domination
and establish the convergence of f(x,) towards global optima.

2.1.2 Convergence of GD under Gradient Domination

In order to derive a convergence rate without assuming (strong) convexity of f one can use
dominating relations of the gradient V f(x) with respect to the optimality gap f(x) — f*.

DEFINITION 2.7. Let f : R? — R be continuously differentiable with f* = inf cga f(x) > —co.
We say that f satisfies the global gradient domination property with parameter 8 € [%, 1] if
there exists ¢ > 0 such that for all x € RY it holds true that

IV = c(f(x) = f5)P.
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When the exponent 8 = 1/2 we recover the PL-inequality from equation (PL). If = %, we will
call the gradient domination strong since it is implied by strong convexity. In contrast, we call
the gradient domination weak for 8 € (%, 1].

Remark 2.8. Note here, that gradient domination for some 8 € [%, 1] implies gradient domination
for any weaker g’ € [, 1].

In [Fat+22; Att+10; BST14;|ZWL18|] examples of functions are discussed that fulfill the (weak)
gradient domination property. For instance, one-dimensional monomials f(x) = |x|?, p > 2,
satisfy the weak global gradient domination property with 8 = ijl. We refer to [Fat+22, App.
A] for a longer list of globally gradient dominated functions including convex and non-convex
functions.

For B = % we already obtained linear convergence in Theorem In the following result, we
obtain sub-linear convergence under the weakest form of gradient domination with 8 = 1. Note,
that the same upper bound on the convergence rate holds also for any g € [%, 1] by Rernark
The convergence relies on the following auxiliary lemma, which demonstrates the convergence
of a deterministic sequence under the condition that a specific descent inequality is satisfied.

LEMMA 2.9. [KWD24, Lem. B.7] Let (d,)nen be a positive sequence, such that dn+1 < dp, — qd,zl for

1 . o 1 1
some q > 0, then d,, < (G If in addition d; < > then d, < o

Proof. We use an argument similar to Nesterov [Nes13, Thm. 2.1.14]. It holds

1 1 qdy, 1
> —+ > —+q,
dn+1 dn dn+l dn

where the first inequality is due to dividing by d,d,+1 and the second inequality follows by
monotonicity. Using a telescope-sum argument we obtain

1 1 N 1 1 S 1 +( 1)
- = _— > — n—
di &y Hden di  dy 1
Finally,
1 1
dn

and if d; < %, then

THEOREM 2.10. Let f : RY — R fulfill Assumption and the weak gradient domination property
with ¢ > 0 and B = 1. Let (xp)nen be the GD scheme from equation (GD)) with step size 0 < a < %
Then (f(xp))nen converges towards the global minimum f* at a sub-linear rate, i.e.

Foe) - F(x') < =

nac
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Proof. Applying the general gradient domination property for 8 = 1 in the recursive descent
property, equation (2.4) reads as

[£Cenr) = £ < [£Gen) = 11 = S [F (o) = £12.

We can apply Lemma 2.9 with d,, = f(x,) — f* and define q = %, to deduce that

FOtm) - f* < —.

nac
|

We formulate the following stronger version of the theorem where it is sufficient that the
gradient domination is fulfilled only along the gradient trajectory. We apply this result in the RL
applications in Chapter [4]

THEOREM 2.11. Let f : RY — R fulfill Assumption and denote by (xp)nen is the GD scheme
with step size 0 < a < 1. For x; € R? assume that f(x1) — f* < % and additionally the gradient
domination property ||V f(x)||> = b(f* — f(x,))? holds for every n € N. Then, for any n € N,

FOo) - f* < ==

abn’

Proof. We deduce from L-smoothness and the descent inequality in equation that
[£Cenn) = £ < [£Gen) = 171 = S IV G
Together with the gradient domination assumption we obtain
[f(tns1) = £7] < [f () = f] = ab[f(xn) = £°1%.
Applying Lemma with the initial condition f(x;) — f* < % results in the claim. [

2.2 STOCHASTIC GRADIENT DESCENT

In this section, we will drop the assumption of access to the exact gradient Vf. Instead we
consider access to a stochastic fist order oracle which provides us with unbiased samples of the
gradient in any point/[1|

2.2.1 Assumptions on the Stochastic First Order Oracle

Let (Q, J, P) be an underlying probability space. We assume that we can estimate the exact
gradient Vf(x) at any x € R? through a stochastic first order oracle V : R x M — R? defined
by

V(ix,m)=Vf(x)+Z(x,m), xeRY meM, 2.7)
where (M, M) is a measurable space, Z : RY x M — RY is a state dependent B(RY) ® M/B(R?)-
measurable mapping describing the error to the exact gradient Vf. The stochastic gradient
evaluation is then modelled through V(x, {), where the random variable { : O — M is indepen-
dent of the state x. We make the following unbiasedness and second moment assumption:

1Sectionis an extended version of [Wei+24, Sec. 2].
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ASSUMPTION 2.12. We assume that for each x € RY it holds that
E[2(x.0)] i= | 20x8(w))dP(@) =0
Q

and there exist non-negative constants A, B and C such that for all x € R? it holds that
ELIV(x, OIP] < A(f(x) = £) +BIVF()I* +C. (ABC)

It is worth noting that the assumption is a generalization of the bounded variance
assumption that appears for A = B = 0. It was introduced by Khaled and Richtarik [KR23] as
expected smoothness condition and shown to be the weakest assumption among many others.
We describe the stochastic gradient descent scheme as discrete time stochastic processes (X;,)
driven by noisy gradient evaluations in equation (2.7)). In each iteration, we assume that the
stochastic first order oracle is accessed through the evaluation of {,,; which is a copy of ¢
independent from the current state X,.

The stochastic gradient descent (SGD) scheme is given by the stochastic update

Xpr1 =Xn —ap V(Xn: §n+1) 5

where X is a R¢-valued random vector which denotes the initial state. To keep the notation
simple, we will introduce V,,41(X;,) := V(X,, {ns+1) suppressing the explicit noise representation
through ({,) in the following. The iterative update formula then reads as

Xn+1 = Xn — A Vel (Xn) (SGD)

Here, (a,) denotes a sequence of positive step sizes and we denote by (F,),cn the natural
filtration induced by the process (X )nen-

Example 2.13 (Expected risk minimization). In order to give more insights into the considered
setting we formulate a stochastic first order oracle based on expected risk minimization. In
expected risk minimization we are interested in minimizing an objective function of the form

£(x) = E[F(x, )] = L F(x, £ (@) dP(w)

where F : R x M — R is B(R?) ® M/B(R)-measurable. In our notation the stochastic first
order oracle then takes the form

V(x,8) = Vf(x) + (VxF(x,{) = Vf(x)) = ViF(x, )
and the iterative update of SGD reads as
Xn+1 = Xn — aanF(Xn» §n+1)

with a sequence of independent and identically distributed ({,,). Note that this scenario also
includes empirical risk minimization where the objective function takes a finite sum form

N
F0) = = D FGei) = EIF(x O,
i=1

with ¢ ~ U({1,...,N}).
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2.2.2 Types of Convergence

As in the deterministic scheme we are again interested in the convergence behaviour of the
stochastic processes (X;,)nen OF (f(Xy))nen. Thereby we distinguish between the following two
types of convergence:

 We say the stochastic process (X;),cn With values in R? convergences in expectation (or
in L%) towards a point x € R, if E[||X, — x||*)] — O for n — 0. Respectively, we say
(f (X)) nen convergence in expectation (or in L') against a level [ € Rif E[|f(X,)—1|]] — O
for n — oo.

* We say the stochastic process (X;)ncn With values in R? convergences almost surely towards
a point x € RY, if there exists A € F with P(A) = 1 and X, (w) — x for n — co and every
w € A. Respectively, we say (f(X,))nen convergence almost surely against a level [ € R if
there exists A € F with P(A) = 1 and f(X,(w)) — [ for n — oo and every w € A.

It is worth noting that are also other types of convergences, e.g. LP-convergence for p € (0, co]
or convergence with high probability, which will not be discussed in the scope of this work.
In the first part of this thesis we will mainly focus on convergence in expectation. In the final
chapter we move on to almost sure convergence, the strongest convergence type for stochastic
processes.

2.2.3 Typical Steps to Derive Convergence Results

We now outline the standard procedure for convergence analysis of stochastic gradient descent
(SGD) to establish convergence in expectation. The analysis begins by leveraging the smoothness
of the function f by applying the descent inequality in equation (2.3)) to the iterative scheme,

F 1) < FO) = (VFC), Xt = o) + 2 ot = Xl
2
= %) = @), Vot ($0)) + 22 Vo (5P

and subsequently taking conditional expectations,

La?
2n[E[”Vn+1(Xn)”2 | Fnl.

E[f(Xns1) | Fnl < f(Xn) — an”Vf(Xn)“z +

Next, f* is subtracted on both sides and the gradient domination variance term of the stochastic
gradient is controlled through the (ABC) assumption,

BLa?
2

. LAa? . LCa?

ELf () = £ 1 9] < (14752 () = ) = (a0 - 2 IVF G2+ =2 28)
Without further assumptions this inequality can now be used to show that the gradient Vf(X,)
converges to zero almost surely and in expectation. In order to obtain convergence towards
a global optimum additional assumptions, like convexity or gradient domination, are needed

(similar to the deterministic case). For instance, incorporating the global gradient domination
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property defined in Definition [2.7] yields an iterative inequality of the form

ELf (Xart) — £ | Fal
LAd; BLaj | LCa? (2.9)
) (£ ) = ) = (o = o 2) () - )% 4 2

<(1+

Now, taking the expectation on both sides of the inequality one can derive a sub-linear conver-
gence rate in expectation by working with recursive inequalities [Fat+22; FBD21]]. In Chapter [
we push the argument further. We combine smoothness and gradient domination with a variant
of the Robbins-Siegmund Theorem to derive almost sure convergence rates in the (weak) gradient
dominated case.

We will refrain from delving further into the details at this point and instead direct the reader to
Chapter [6] for an in-depth review of the relevant literature on the convergence properties of SGD.

2.3 VARIANTS OF ROBBINS-SIEGMUND THEOREM

In the following section, we provide two specific convergence theorems used to prove almost
sure convergence (Lemma as well as convergence in expectation (Lemma [2.16). The
former one is a direct consequence of the well-known Robbins-Siegmund theorem, provided
here for completeness?

THEOREM 2.14 (Theorem 1 in [RS71]). Let (Q,F, (Fp)nen, P) be a filtered probability space,
(Zw)nens (Ap)nen, (Bn)nen and (Cp)nen be non-negative and adapted stochastic processes with

iA”<OO and iB“<OO
n=1 n=1

almost surely. Suppose that for each n € N the recursion
E[Zp+1 | Fn]l < (1+An)Zy+ B, — Cy

is satisfied, then (i) there exists an almost surely finite random variable Z, such that Z,, — Z,
almost surely as n — oo and (i) )", Cy < oo almost surely.

LEMMA 2.15. Let (Q, F, (F,)nen, P) be a filtered probability space, (Yp)nen, (an)nen, (bn)nen and
(rn)nen be non-negative and adapted stochastic processes with

almost surely. Suppose that for each n € N the recursion
[E[rn+lYn+1 | ?n] < (1 - an)rnYn + bn

is satisfied, then we have r,,Y,, — 0 almost surely as n — oo.

2The results presented in this subsection are needed in Chapter@for the almost sure convergence analysis of
SGD under gradient domination and this section is part of the preprint Weissmann et al. [Wei+24, Appendix A.4.]
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Proof. We define Z,, :=r,Y,, B, := b, and C,, := a,r,Y, such that
[E[Zn+1 | EFn] <Zn- Cn + By,

for n € N. Using Theorem [2.14| we observe that there exists Z,, almost surely finite such that
Zn = 1Y, — Z almost surely as n — oo. Recall that all sequences are positive and suppose
that Z,, > 0 with positive probability. Then, for all w € Q with Z,, > 0 choose m € N such that
Zn(w) > € for all n > m such that

(0] [oe] 0]

Z anrYn(w) > Z anYp(w) > € Z a, = oo.

n=1 n=m n=m

This contradicts that

[s¢]

icn = ZanrnYn < 00

n=1 n=1

almost surely by Theorem (ii). We conclude that

lim r,Y, =0

n—oo
almost surely has to hold. u
The following Lemma will be applied to prove convergence in expectation.

LEMMA 2.16. Let (wy)qen be a non-negative sequence, such that wpy1 < (1 — a,)wy + by, where
(an)nen and (by)nen are non-negative sequences satisfying

(o] (o]
Zan:oo and an<oo.
n=1

n=1
Then, lim,_,c wy = 0.

Proof. W.l.o.g we assume that wp1 = (1 — a,)w, + b, otherwise we could just increase a, or
decrease b,, which would have no effect on the summation tests. We obtain

n—-1 n-1 n-1
—wy S Wy —wy = Z(wkﬂ —wg) = Z by — Zwkak-
k=1 k=1 k=1

Since w, —w is bounded below and };” ; bx < oo, we deduce that };_; wyay is bounded. Since
all summands are positive, the infinite sum converges. Thus, as a difference of two converging
series also (wn)nen converges. Finally, the convergence of }';° | wiay implies lim inf, e wy, =0
which, by the convergence of (w;),en, implies lim, w, = liminf, w, = 0. [ |






PRELIMINARIES: MARKOV DECISION PROCESSES AND PoLICY
GRADIENT

IN this chapter, we formally introduce Markov decision processes (MDPs) as a framework for
modeling reinforcement learning (RL) problems and provide the necessary preliminaries on
the policy gradient (PG) algorithm. We begin by focusing on discounted infinite-time horizon
MDPs and subsequently address the distinct challenges and differences encountered in finite-time
horizon problems. The definitions and results discussed here are well-established in standard
MDP literature and can be found, for example, in [Put05};|SB18].

3.1 DISCOUNTED INFINITE-TIME HORIZON MDPs

We denote by A(€E) the probability simplex over a finite set £ and for a function f : € - R ora
point x € RY, we denote its supremum norm by || f||cc = maxyee |f(x)| o [|x||c0 = Max;=1,.._q |xil,
respectively. Just ||-|| always denotes the euclidean norm in R¢ for d > 1.

DEFINITION 3.1 (Discounted Markov decision process). The quintet (8, s, y, p,r) given by
* the finite state space 8,
* the finite action space d,
* the discount factor y € [0, 1),
* the transition function p : § X s — A(sl) and
* the reward functionr : S X od —» R

is called (discounted) Markov decision process (MDP). We write p(s’|s, a) for the transition
probability of state s” € § given that we a currently in state s € 8§ and played action a € ¢l and
denote by r(s, a) the reward of playing action a € ¢l in state s € S.

A MDP is a mathematical framework to model the sequential decision making of an agent in an
(unknown) environment. This is to say, the transition probabilities p are in general unknown
to the agent. We model the agent through a so called policy, a function which determines the
probability distribution over the action space.

DEFINITION 3.2 (Policy). Let (8, s, y, p,r) be a MDP.

(i) A policy 7 : 8 — A(dl) is a mapping from a state s € 8 to a distribution over the action
space, i.e (-|s) € A(s). The set of all policies is denoted by I1.

(ii) A policy m € II is deterministic if for every s € S there exists a € gl such that m(als) = 1.
Otherwise we call a policy stochastic.

(iii) A sequence of policies is denoted by w = (ir;),>, in 1 and we call w a policy of an MDP.

17
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(iv) A sequence of policies w € I1* is stationary if 7, = « for all t > 0 and we write just x
instead of .

For the remainder of this section we assume an underlying discounted MDP (8, A, y, p, r) with
infinite-time horizon and y € [0, 1) and let w = (7);>, € I1* be a policy of the MDP.

The general goal in infinite-time horizon RL is to find a policy which maximizes the discounted
sum of expected rewards. The quantity of interest in this optimization problem is called value
function and defined in the following.

DEeFINITION 3.3 (Discounted value, state-action value and advantage function).

(i) We define the value function V™ : § — R under policy m in state s € S by

[o¢]

V() = EF| ) vr(siA))|, (3.1

t=0

where ET denotes the expectation regarding the probability measure PY induced by Sp = s,
At ~ T[t(lst) alld St+1 ~ P(lSt: At) for all t 2 O.

(ii) For an initial state distribution p over the state space § we define V*(p1) := Es.,[V*(S)].
We replace s with p in the underlying probability measure and write Py} instead of P.

(iii) The state-action value function (or Q-function) Q™ : 8§ X i — R under policy w in a
state-action pair (s,a) € 8 X o is defined by

Q"(s,a) = [E‘;‘Ea[i yfr(st,At)], (3.2)
t=0

where E, denotes the expectation regarding the probability measure P{, induced by
SO =S, AO =a, At ~ ﬂ't(‘|St) al‘ld St ~ p("Sl‘—].)At—l) for all t > 1.

(iv) We define the advantage function A™ : § X 91 — R under policy w in a state-action pair
(s,a) € S x ol by

A"(s,a) = Q™ (s,a) — V™(s).

Remark 3.4. Note that every discounted MDP with y = 0 indirectly implies a time horizon of
length 1 as all factors y* in the value function are equal 0 besides when t = 0. We refer to this
special case as contextual bandit problem, where the state s represents the context and the goal
is to take an optimal action (arm) for every possible context.

In addition, we obtain from the definition of the value function the necessity of the discount
factor y € [0,1). The finite state and action space ensures that the absolute values of the
reward function are bounded by some R™®* € R, due to finitely many values. Thus, the value,
state-action value and advantage function are well defined due to the discount factor y < 1 and
we have that

i RMax

VE(s) =EE| )y, a0 | < ROyt = —.
R4
t=0 t=0
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DEFINITION 3.5 (Optimal value and state-action value function and optimal policy).
(i) The optimal value function is defined by V*(s) = supycpe V*(s) for all s € 8.

(ii) The optimal state action value function is defined by Q*(s, a) = supycp~ Q™ (s, a) for all
s€8,aced.

(iii) Policies w € IT* which satisfy V™ (s) = V*(s) are called optimal policies and denoted by w*.
It is a well-established result that stationary policies are sufficient for solving discounted MDPs.

ProPOSITION 3.6. [PutO5, Thm. 6.2.7] Suppose a discounted MDP (8,4, y, p,r). Then it holds
that

V*(u) = sup V*(u) = sup V" (n).

mell® mell

As a consequence of this result, the problem of solving discounted MDPs is typically reduced to
identifying an optimal stationary policy 7* € I1. Accordingly, we use the superscript & in V7", Q"
or A" to denote the (state-action) value function under a stationary policy.

Remark 3.7. Note that optimal policies do not need to be unique. Moreover, it can be shown
that, due to the finite state and action space, at least one deterministic optimal policy exists
[Put05, Thm. 6.2.10].

Next, we define the state visitation measure induced by a policy 7, which quantifies the frequency
or likelihood of visiting different states under a particular policy.

DEFINITION 3.8 (State visitation measure and distribution).
(i) For an initial state distribution p the state visitation measure under policy & € IT is defined
by

pE(s) = D Y'PI(S =5).
t=0

(ii) The corresponding state visitation distribution is the defined by the induced probability
measure

d7(s) = (1= y)p(s).

The performance difference lemma is a useful identity to compare policies. It turns out to be
very useful to prove convergence of policy gradient methods [Aga+21].

LEMMA 3.9. [KLO2, Lem. 6.1 ] For any two policies m, " € I1 and any initial state distribution p it
holds that

V() = V) =

J
y [ESNdLr’,ANﬂ/(.|S) [A (S: A)]
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3.1.1 Dynamic programming principle

Finding the optimal solution to an MDP under prefect information, i.e. when the transition
functions are known, can be done using the dynamic programming (DP) principle.
Therefore we derive the following fix point relations for the value and state-action value function.

ProrosITION 3.10. For any policy m € I1 and s € § it holds that
V() = ) 2(@s)Q7(s,0) = Y w(als)(r(s, @) +y Y p(s'ls, V().
aed aed s'€S

And similar for the state action value function, for any policy 7 € Il and s € 8, a € d it holds that

Q@) =rsa)+y ), pEls (@), ).

s’e8,a’ed

Proof. First of all, note that by definition

Q"(s,a) = EL,[ ) ¥'r(St A)] =r(s,@) +y ) p(s'ls, EF[ D | y'r(Si, A0)].
t=0 t=0

s’e§

Moreover, we have
VT (s) = EZF[ ) y'r(Si, A
t=0

= E; [r(So, Ag) +y Z Yr(Ses1, Awi)]

t=0
= Y a@ls)(rs 0 +y Y p(sls, DT, [i yr(Se, Ayl
aed s’€S t=0
= > (als)Q" (s, a)
acd
= Z m(als) (r(s, a)+y Z p(s’]s, a)V”(s’)).
aed s’e§

On the other hand we obtain for Q that

Q"(s,a) =r(s,a) +y ) p(s'ls, OEL[ Y 'r(Se, A)]
0

s’es§ t=

=r(s,0) +y ) p(s'ls, V7 (5))

s’es
=r(s,@)+y ) p(s'ls,@) Y w(d[sHQ" (s, ).
s’eS a’ed

We define the Bellman operator and the Bellman optimality operator for the state value function
based on these equations:
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DeFINITION 3.11. For any function V : 8 — R we define

@) the Bellman operator T” : R8I — RISI by

T™(V)(s) = Z (als)(r(s, a) +y Z p(s'ls,a)V(s")), VseS. (3.3)

aed s’e8
(ii) the Bellman optimality operator T* : RISl — RIS by

T*(V)(s) = max {r(s, a)+y Z p(s’]s, a)V(s')}, Vs € 8. 3.4

s’e§

Remark 3.12. To define the Bellman operators we interpreted the functions V : § — R as vectors
in RI3!. We will interchangeably employ both interpretations throughout the thesis, depending
on convenience and context.

Both operators are y-contractions [PutO5, Thm 6.2.4], and that V" and V* are unique fixed
points of T" and T* respectively [Put05, Thm 6.2.5]. We deduce that a policy 7* is optimal if
and only if V¥ = T*V" [Put05, Thm. 6.2.6].

As V* is the unique fixed point of T*, the Banach fixed-point Theorem (see Banach [Ban22|, Thm.
6]) states that we can approximate V* by iteratively applying the operator T*. Thus, for any
function V : |§| — R it holds that [Put05, Thm. 6.2.3]

lim (T*)"(V) = V*.

n—oo
For completeness, we should mention that analogously Bellman operators for the Q-function
can be defined. As we will not need them throughout the thesis, they will not be introduced.
Remark 3.13. As V* is a unique fixed point of T* we deduce the relation

* _ ’ x0
Vi(s) = max {r(s, a)+y Z p(s’ls,a)V*(s )}, Vs € 8.
s'€8

Further, we already know that deterministic optimal policies exists, such that for all s € S,

V*(s) = sup V" (s)

= sup sup V(ﬂ-’t)tzo (S)

(me)e>1 7O

= sup sup Z JI()(als)Q(”f)f21 (s,a)

()21 70 Geg

= sup maxQ™=1(s, q)
(e )e=1 agd

= max sup Q(”f)f21(s, a)

acd ()1

=maxQ*(s,a).
aedl

From V*(s) = maxeq Q*(s, a) we can deduce an optimal deterministic policy from the optimal
Q-function. For every s € 8 the optimal action is given by a* = argmax,Q(s, a)j and we set
a*(a*|s) = 1 to identify an optimal stationary deterministic policy.

1When multiple actions are equally optimal, we select an arbitrary one among them.
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DEFINITION 3.14 (Greedy Policy). For V : § — R, a greedy policy " chooses the arbitrary
action that maximizes the Q-matrix:

QV(s,a) :=r(s,a) +y Z p(s’|s,a)V(s’), s€8, aedl.

s’e8

3.1.2 Policy Gradient

In practice, we do not have direct access to the Bellman operator, as the transition dynamics
p are unknown. Consequently, the MDP is treated as a black-box model: in a given state, an
action is taken, and a reward is observed from the underlying system. A reinforcement learning
algorithm seeks to learn an optimal policy using these state-action-reward samples. Algorithms
trained solely on such data are referred to as model-free as they make no assumptions about
the underlying system. A prominent model-free approach is the policy gradient (PG) algorithm
where the policy is parametrized by 7%, with 6 € R?. The indirectly parametrized value function
v™ is maximized via (stochastic) gradient ascent.

For any differential parametrization (7%)g g4, i.e. the mappings 8 — x%(s,a), 6 € R? are
differentiable for all (s, a) € 8§ x . We use the following notation for the objective function,

Jy R! SR, 6+ Ju(6) :V”Q(p).

We treat J;, as the objective f from Chapter and aim to maximize the function with gradient
ascent. All results regarding gradient descent also apply to gradient ascent by replacing the
objective f with —f. The optimum J;; := supy Jy;(0) is finite due to the finite rewards induced
by the finite state and action space.

Let us for now assume that we can access the exact gradient V.J,(0) for all & € R9. Then, the
gradient ascent algorithm for this problem is called (deterministic) vanilla policy gradient and
summarized in Algorithm

Algorithm 1: Deterministic Policy Gradient

Result: Approximation 7* on the optimal policy 7*.
Input: Initial state distribution u and class of policies (79)gcpa-
Initialize 0 € RY;
Choose step size @ > 0 and set n = 0;
while Convergence criterion not met do
Ons1 =0h + VJ/.I(G)’
n=n+1;
end
Set T = xo-1;

The original motivation for PG was to develop a data-driven algorithm capable of finding the
optimal policy. Thus, we need a stochastic first order oracle for the gradient and perform
stochastic gradient ascent instead. The policy gradient theorem, first derived in [Sut+99], forms
the foundation for constructing an effective gradient estimator.
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THEOREM 3.15 (Policy Gradient Theorem [Sut+99]). Let (n%)gcpe be a differential class of
policies. Then, it holds that

Viu(0) = ) Pl (5) ) Va'(als)Q™ (s, a) (3.5)
S€S aedl
=B’ | Yy Viog(a®(Als)Q™ (5, 40) |- (3.6)
t=0

Proof. The first equality is Theorem 1 in [[Sut+99].
The second equality follows from the definition of the state visitation measure in Definition (3.8
and the score function trick, i.e. Va?(als) = 7%(a|s)V log(7®(als)). [

Remark 3.16. It is noteworthy that due to this theorem, we can deduce the differentiability of
the objective function J,(6) from the differentiability of underlying policy parametrization.

The following variants of the PG Theorem can be derived:

VI,(0) = EX' | 3y Viog(n®(AdS0) ) y*r(se, Av) | 37
=0 k=0
=B’ 3y Viog(x®(Ads) ) y4r(Si )| (3.8)
- t=0 k=t
=B’ | 3 Viog(a®(Ads) 4 (5, 40 | (3.9)
=0

The typical approach to sample the gradient is to estimate one of the above expectations via a
Monte Carlo estimator. The simplest estimator is the REINFORCE estimator introduced in [Wil92],
where the infinite sum is truncated at a deterministic time: Let T € N and (sg, ag, $1, - - . , ST, AT)
be a trajectory of length T sampled from the MDP under the measure P,’fe. Then the REINFORCE
estimator for the gradient, V.J,(0), is given by

T T
GREINFORCE _ z(; V'V log (% (als,) ; Yer(se, ax), T eN. (3.10)
- -

As the infinite sums in equation are truncated by T € N, this estimator is biased and cannot
fulfill the first order oracle conditions discussed in Section Due to the bias, convergence
towards the global optimum using this estimator in PG cannot be guaranteed.

The authors in [Zha+20] introduced a simple trick where independent geometric random
variables are used to derive an unbiased estimator of the gradient. The trick is based on the
following observation.

Remark 3.17. A discounted MDP can be seen as an undiscounted MDP stopped at an independent
geometric random variable with mean (1 —y)~!. It follows that for T ~ Geom(1-y) independent
of the MDP it holds that

[s¢] [ee]

Pi(s) = ) V' PL(Sc=5) = > V'Eil1s=] = D P(t < T)Ej[15,=]
t=0

t=0 t=0
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© T
= IEZ[Z ltSTlsfzs] = IEZI:Z ]‘Sr:S]'
t=0 t=0

We deduce from the same trick that V™' (1) = EZ | 21, yr(S,, A0)].
Therefore, we call E[T] = ﬁ the effective or expected horizon of a discounted MDP.

In order to derive an unbiased estimator for the gradient, the trick can be applied twice in
equation (3.8). Let T ~ Geom(1 —y) and T’ ~ Geom(1 — y%) independent of each other and of
the MDP, then a trajectory of the MDP with length T + T’, (so, ao, s1, - - - , ST+77, A7477), Can be
used to define an unbiased estimator [[Zha+20, Thm. 3.4. ]

T+T’
1 -
GREINFORCE-UB _ — yVlOg(ﬂ'Q(aTlST) E yED 2 (s, a,). (3.11)
=T

This gradient estimator is unbiased and aligns with the framework introduced in Section [2.2.1]
However, the (ABC) condition in Assumption does not universally hold for all parametriza-
tions and the variance of the estimator must be controlled on a case-by-case basis. See for
example [Zha+20, Ass. 3.1 (ii)] for sufficient conditions on the parametrization class which
ensure almost surely bounded (estimated) gradients [Zha+20, Thm. 3.4]. To summarize we
state the stochastic policy gradient (SPG) in Algorithm

Algorithm 2: Stochastic Policy Gradient

Result: Approximation 7* on the optimal policy 7*.

Input: Initial state distribution 1 and class of policies (7%)gcpad-

Initialize 0y € RY;

Choose step size a > 0 and set n = 0;

while Convergence criterion not met do
Sample the gradient G, as in equation or equation under policy 7%;
9n+1 = en +a VGn:
n=n+1;

end

Set T = m%-1;

Tabular Softmax Policy. A policy for which we can guarantee both the (ABC) condition (even
with A=B=0) and a gradient domination property is the tabular softmax policy. We introduce
the logit function 6 : 8 X sl — R and the softmax policy parametrized by 6 € RI3II*l as

exp(0(s,a))
Yaean exp(0(s,a’))’

The tabular softmax policy can approximate any deterministic policy arbitrarily close and is
therefore suitable to converge to the optimal deterministic policy, whereas other parametrizations
such as neural networks may induce an approximation error. This error needs to be considered
in the convergence analysis for different parametrizations.

ﬂe(a|s) = s€8,ae€d. (3.12)
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Due to the policy gradient theorem we compute the derivative of the log-softmax policy for every
s € 8 and a € 9, with parameter 6 € RISI

3log(n®(als))

ae(a/, S’) = 1{5:5’}(1{020'} - ﬂe(a,ls,)),

and obtain the score-function,

Vlog(#®(als)) = (1{S=S,}(1{a=a,} - ne(a'ls’))) e RIS, (3.13)

s’e8,a’ed
Using equation (3.9) we arrive at the following form of the gradient.

LeEmMma 3.18. [Aga+21| Lem C.1] The gradient of the objective under the softmax policy parametriza-
tion has the form
8J,(0)
30(s,a)

= pﬁe (s)7% (s, a)A”e (s,a).

In Agarwal et al. [Aga+21]], the global asymptotic convergence of PG is demonstrated under
tabular softmax parametrization, and convergence rates are derived using log-barrier regulari-
sation and natural policy gradient. Building upon this work, Mei et al. [Mei+20]] showed the
first convergence rates for PG under softmax parametrization. The authors exploited that the
smoothness property is globally fulfilled and a weak gradient domination property holds along
the gradient ascent trajectory.

LEmMMA 3.19.

(i) [YGL22, Lem. E.1] The objective function J,(0) is L-smooth under the tabular softmax

. . . _ R—* _ L
parametrization with L = 75 (2= )

(i) [Mei+20, Lem. 8] Assume that u(s) > O for every s € 8. Under the tabular softmax
parametrization it holds that

dﬂ'
p

minges % (a*(s)]s)
VISI(1 -y)

where " is a fixed deterministic stationary optimal policy and a*(s) is the action under 7* in
state s.

IVJu (O =

[J = Ju(6),]

(iii) [Mei+20, Lem. 9] Using the gradient ascent scheme 6,41 = 0, +aVJ,(0)|g=6, with arbitrary
01 € R and tabular softmax parametrization. It holds that

¢y = inf min 7% (a*(s)|s) > 0.
n>1 se§

Thus, ||VJ,(0)] > }|—||Oo — J,u(0).

\/l?(l
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Remark 3.20. In Lemma (ii) a so-called non uniform gradient domination property
([Mei+21]) is shown for tabular softmax parametrization, where the factor minses 7 (a*(s)|s)

depends on the current parameter 6. The term ||%Hoo denotes the so-called distribution mis-
match coefficient introduced in [Aga+21]. In (iii), it is verified, that along the trajectory of
gradient ascent the function 8 +— mingcs 7% (a*(s)|s) stays strictly positive. This gives us a weak
gradient domination property with 8 = 1 as exploited in Theorem We can now use this
result to obtain convergence.

THEOREM 3.21. Assume that ji(s) > 0 for every s € 8. Let 0,41 = 0, +aVJ,(0)]o=0, be the gradient

_ )2
ascent scheme with arbitrary 61 € R84 and choose a = Rf(lz Y)l 7 Then,
El

Ji = Ju(6n) 2

G -yp)n plle
Proof. Proof is given by the application of Theorem [2.11|or can be obtained using the same proof
as in [Mei+20, Thm. 4], but with tighter smoothness constant from [YGL22, Lem. E.1]. [}

Remark 3.22. It is important to highlight that the constant ¢ appearing in the convergence
rate corresponds to the one from Lemma (iii). This constant is typically unknown and
may depend on y or other model parameters, making the interpretation of the convergence
rate challenging. In Chapter |5, we will explore the potential issues this presents and discuss a
modification of the PG algorithm to derive tighter upper bounds on the convergence rate.

So, SPG can be applied in the tabular setting where each state-action pair is considered separately.
Although the tabular setting is not used in practical applications, it is the most tractable setting
for a complete mathematical analysis and sheds light on general principles. We will mainly deal
with this parametrization throughout the thesis to ensure and compare convergence behaviour
of different algorithms.

Convergence of PG and related Literature. Due to their high flexibility and model-free nature
PG methods enjoy a great popularity in practice. But from the optimization perspective it is
natural to ask for convergence guarantees of the algorithm. Despite the far-reaching history of
PG [Wil92; Sut+99; KT99; Kak01], there were no proofs for the global convergence of these
algorithms for a long time. Nevertheless, they have been very successful in many applications,
which is why numerous variants have been developed in the last few decades, whose convergence
analysis, if available, was mostly limited to convergence to stationary points [PRB13}; Sch+15b;
Pap+18; |Cla+18}; |She+19; XGG20a; Hua+20; XGG20b; HGH22]]. In finite state and action
MDPs the smoothness property (Assumption can often be easily justified due to bounded
rewards, such that convergence (almost surely and in expectation) towards stationary points is
directly implied. For convergence towards global optima, properties like convexity or gradient
domination are required as discussed in Section We have seen in the previous paragraph
that such properties heavily depend on the choice of parametrization. Especially in deep learning
scenarios, where neural networks are used to parameterize the policy, the objective function
J;;1(0) is highly non-convex and does not fulfills such properties globally. Nevertheless, for specific
parametrizations a (weak) gradient domination property can be derived:

First, the authors in [Faz+18] exploited gradient domination in the case of linear quadratic
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regulator problems to derive convergence rates of (stochastic) PG methods in this specific reward
setting. Notably, [Aga+21] were the first to show global convergence of PG in the general MDP
setting under softmax parametrization but without relying on gradient domination. Their result
is therefore without a rate. Further, the authors analyze the log-barrier regularized softmax PG
with a gradient domination argument and for natural policy gradient (NPG) a convergence rate
is derived even in the stochastic setting. Next to the vanilla PG method discussed in this section
[Mei+ 20| also considered the entropy-regularized PG method under softmax parametrization.
Under regularization the stronger PL-condition can be verified which leads to a linear convergence
under exact gradients.

A growing community deals with the convergence of variants of PG methods like policy mirror
descent (PMD) or natural policy gradient (NPG), where convergence is also partly due to gradient
domination properties. Under exact gradients we refer the interested reader to [BR21; BR22;
Cen+22]] and in the stochastic case to [DZL22} Xia22; AR23; [YGL22; Fat+23; JPBR23]]. We
want to point out, that all stochastic results consider regularized PG or variants like PMD or NPG
and not much in known about vanilla SPG. This is partly due to the fact that regularization leads
to nicer optimization problems which satisfy stronger regularity properties like the PL-condition
under entropy regularization in [Mei+20]]. The analysis of NPG or PMD differs from the gradient
domination setting used for SGD methods and usually requires additional assumptions. See for
example [Aga+21, Ass. 6.1], [Xia22| Ass. 11] and [JPBR23, Ass. 4.1].

In this thesis we mainly focus on deriving convergence rates for vanilla (softmax) PG in the
stochastic and exact gradient setting without the need of regularization or additional assumptions.

3.1.3 Other RL Algorithms

Finally, we want to mention for completeness that there are multiple other RL algorithms besides
the PG Method. We have seen from the dynamic programming principle, that it suffice to learn
an optimal Q-function and that we can deduce an optimal policy from Q* (Remark[3.13). Other
very popular methods besides PG are Q-Learning, Temporal Difference Learning or Actor-Critic
methods where Q-Learning and PG is combined.

3.2 FINITE-TIME HORIZON MDPs

As the name suggests finite-time MDPs are MDPs over a deterministic finite-time horizon.
Therefore, discounting is no longer necessary (but still possible) to assure a well-defined problem.
In addition, we want to allow for a more general context, where the state space can change over
time and the action space can depend on the state. Formally, we define the following.

DEFINITION 3.23 (Finite-time MDP). The sextuplet (X, 8, s1, y, p,r) given by
* the time index set H = {0,...,H—-1} c N
* the finite state spaces S =8 U --- U 8y-1,
* the finite action space A = | J,cg s,

* the discount factor y € [0,1],
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* the transition function p : 8 X d — A(8), s.t. p(Sps1ls,a) =1, foreveryh < H—1,s € §,
a € d;.

e the reward functionr : Sxd — R

is called a finite-time MDP. When y = 1, we just write (X, S, s, p,r) for an undiscounted
finite-time MDP.

First, note that the state spaces Sy, . .., Sy—_1 can and often does (partly) coincide and we recover
the stationary state space scenario from discounted MDPs when 8, = 8 for all h € H. Moreover,
the transition function p is time-independent by definition given the domain 8 X o, where 8 is
the set of all possible states in the MDP. Hence, if state s is in §;, and in 8;,, then the transition
probabilities under action a are the same for both time points.

Remark 3.24. The discount factor in finite-time MDPs is not necessary for a well-defined problem
and can be incorporated into a time-dependent reward function. It should be noted that all
results derived in this thesis for finite-time MDPs can be straightforwardly generalized to a
time-dependent reward function, allowing discounting to be optional rather than required.

DEeFINITION 3.25. [Finite-time Policy] Let (H, 8, d, y, p, r) be a finite-time MDP.

(i) A policy 7 : 8§ — A(d) is a mapping from state s € S to a distribution over the possible
action space, i.e. m(-|s) € A(sds). The set of all policies is still denoted by IT.

(ii) A finite sequence of policies is denoted by my = (ﬂh)fz‘ol € 1Y, where 7, : 8, — A(dl) is
the policy in decision epoch h € H and 7 (sds|s) = 1 for every s € Sy.

H-1 c HH—h

(iii) We denote by w) := (nt)t:h

sub-sequences from h to H — 1 of .

It is well-known that in contrast to discounted infinite-time horizon MDPs non-stationary policies
are needed to optimize finite-time MDPs. An optimal policy in time point h depends on the time
horizon until the end of the problem (see for example Puterman [Put05]]).

Given the pre-specified time horizon we definite the value function and analog the state-action
value function as the (discounted) sum of expected rewards up to time H — 1.

DEeFINITION 3.26 (Finite-time value and state-action value function, Advantage function). Sup-
pose a finite-time MDP (3, 8, sl,y, p,r) and let my = (7). ! € I be a policy.

(i) The epoch-dependent value functions over the time horizon {h, ..., H—1} using the policy
W) are defined by

H-
Vi s) = Egt] Yy A)|, s e s (3.14)

Sh=s

[y

t=

We define V™ = VS[H as the value function of the finite-time MDP under policy my =
(ﬂh)}lj:_ol e IH,

(ii) For any initial distribution p over S, we write V:[ ™ (up) = Esy~up [V:[ ™ (Sp)].
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(iii) The h-state-action value function is defined by

H-1
QI (s,a) = [E;‘[hgj;\h:a[ > yr(se At)], Vs € Sn,a € d;. (3.15)
t=h

(iv) The h-state-action advantage function is defined by

A (s,a) = Q" (5,0) ~ V" (s), s € Sp,a €l (316)

Remark 3.27. Note that Qy is independent of policy &;, as the action in the initial time h is
already determined by the input of the function. For H — 1, this leads to Qy_1 (s, a) = y~1r(s, a)
deterministic and independent of any policy.

DEeFINITION 3.28 (Optimal value, epoch-depended value and state-action value function).
(i) The optimal value function is defined by V*(s) = supy, . V" (s) for all s € 8.

(ii) The optimal epoch dependent value functions are defined by V;(s) = sup,, (1 €T V:[ ™ (s)
for all s € 8.

(iii) The optimal state-action value function is defined by Q*(s) = supy, . V" (s) for all
s € 8.

DEFINITION 3.29 (Optimal Policy). Policies my € IT which satisfy Vo (s) =V*(s) for all s € Sg
are called optimal policies and denoted by w},.

Remark 3.30. The optimal policies determined by the optimal value functions are consistent
such that m}, restricted to the last H — h time-points, i.e. mt’(kh), is an optimal policy for V4. This
can be deduced from the Markovian structure of the MDP and the resulting backward inductive

solution which will be discussed in the following subsection.

In the remainder of this thesis we will drop the subscript in wy or w), when the horizon is
clear from the indices in V},, Qy and Ay,.

DEFINITION 3.31.

(i) For an initial state distribution i on 8 the state visitation measure under policy m € IT7
is defined by

H-1
PE(s) = > Y'PE(SH =5).
h=0

1-y
1-yH

(i) Ify € [0,1), then dj(s) =
when y =1 (no discounting), then dj (s) = %p‘g(s).

Py (s) is the normalized state-visitation distribution and

For finite-time MDPs we obtain the following version of the performance difference lemma.

LEMMA 3.32. [KWD24, Lem. A.3] For any h € H and for any pair of policies w and m’ € T1 the
following holds true for every s € 8p:

H-1
ViE(s) = Vi (s) = ) ER [A*;f’ (Sk,Ak)].
k=h
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Proof. We derive

VI(s) =V (s) = Eg

Sh=s |

— [Em[(h)

Sh=s

— [Ew(h)

Sh=s |

— [Em[(h)

Sh=s

— "™

Sh=s

_ [Em(h)

Sp=s

— o |

Sh=s

I»-T VI =

'Iw

=
R

Pr(si a0 | -V ©)

k=h
H-1
V¥r(Sk, Ar) + Z VE (S) - Z VE (50| -V )
=h
-1
Vr(Se, Ar) + Z vE (Si) - Z VE (50|
k=h k=h+1
-1
3PSk, A + Z Vi (Ska) - Z VE (50|
=h
-1
Yr(Se, Ar) + Z VE (Ske) - Z VE (50|
e | |
D 1Sk AR + Vi (Sie) = VE (50) |
o
AT (51, A |
 k=h

T
—_

P
1]

h

Eg " [A}If (Sk, Ak)] ,

where we have used that y*r(S, Ax) +V, ) (Sk+1) = Qf' (Sk, Ax). In the fifth equation we used
the notation Vi = 0 and note that Qy_; = y"~!r independent of any policy. [

3.2.1 Finite-time Dynamic Programming

In contrast to discounted MDPs we can no longer derive fixed-point equations to optimally
solve the finite-time MDPs under perfect information. Instead, the optimal solution is derived

by backward induction over the

finite-time horizon. In fact, this leverages from the following

relation between the value and state-action value functions.

PrOPOSITION 3.33. Let w € ITY, then for any h < H — 1 and s € 8y, it holds that

AOEYEACDI

aeds

= > mas) (s, @) + D p(s'ls, Vi (),

aedl

s’e8

and forany h < H-1, s € §; and a € si; it holds that

Q;:f(hﬂ) (S, a) — yhr(s, a) + Z p(s’ls, a)Vh+(2+1> (51)

s’e8

=y'rsa+ > p(ls )T (@ls)Quy” (5, ),

s’eS,a’edy
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where we introduce the convention Vg = 0.
Proof. By definition, similar to the discounted case. [

First, it is important to notice that, due to the time dependence in V and Q, the equations in
Proposition [3.33|are not fixed point equations. Instead they induce a backward inductive scheme,
where we can derive V¥ by starting with Vg = 0 and iteratively apply the operators T}f " from

h=H-1,...,0backwards in time. The operators are defined by
T (Vi) (s) i= ) mu(als) (¢rr(s,@) + D p(s'ls, Vst (), Vs € S (3.17)
aed s’e8

We can deduce the following optimality relations from Proposition |3.33|

Vi (s) = mgﬁxQZ(s, a), Yh<H-1,s5€8;
acsdly

and

Q;(s,a) = Yir(s, a) + Z Vii1(s"), VhR<H-1,5s€8p,ac ;.

s’ €8p41

So for finite-time MDPs we have the following optimality operators

Ty (Vaa)(5) 1= max(y"r(s,0) + ) p(s'ls, Via (), Vs € Sy (3.18)

s'e8

Remark 3.34. From the relation V;'(s) = maxgeq Q; (s, a), we can derive an optimal determin-
istic policy using the optimal Q-functions. Specifically, for every s € 8, the optimal action is
determined by a; (s) = argmax,Qn(s, a). Once this optimal action is identified, we can define a
non-stationary deterministic optimal policy by 7} (ay |s) = 1.

However, compared to the case of discounted MDPs, the policy 7y, is not necessarily optimal
at step h if T}f " (V:i(f +1)) =T, (V:[ ng +1)). This condition holds only if the policy sequence m p41)
contains the optimal policies from step h + 1 to the final time step H — 1. In other words, 7y, is
an optimal policy for the current epoch h, if and only if Tlfh (Vi,1) = Ty (Vy;,;). This implies that
the policy 7, must not only maximize the immediate reward but also depends on the decisions
in the subsequent epochs. On the other hand, it is also straight forward to see and important to
notice that the optimal policy of epoch h does not depend on the past, i.e. on decision which
lead up to time point h. Thus, x; is independent of z; for h > [ but not vice versa.

With the convention Vg = 0, we can solve for the optimal policy by using the dynamic program-
ming algorithm in Algorithm [3| For more details on how to use backwards induction in learning
algorithms we refer for instance to Bertsekas and Tsitsiklis [BT96b} Sec. 6.5].

3.2.2 Finite-time Policy Gradient

How to perform policy gradient in finite-time MDP is the first major questions in this thesis and
will be discussed in detail in Chapter [4, We use this section to introduce the state-of-the-art
algorithm mainly considered in practice (and theory) and provide references for further reading.
Finite-time MDPs differ from discounted infinite-time MDPs in that the optimal policies are
not stationary, i.e. optimal actions depend on the epochs. This requires a time-dependent
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Algorithm 3: Dynamic Programming for finite-time MDPs
Result: Non-stationary optimal policy m};.
Set Vg = 0;
forh=H-1,...,0do
for s € 8§, do
for a € ¢l do

| Qu(s,@) =7(s,a) +y Lges Vg (5);

end

Vh(s) = MaXgey Qh(S: a);
end
Set TL’Z(|S) = largmaXth(S,a);

end

* s\H-1.
Return wy; = (7

h’h=0 °

parametrization of the policy when considering the policy gradient method. In fact, one can also
consider PG algorithms that train stationary policies for finite-time MDPs. However, this violates
the intrinsic nature of finite-time MDPs as optimal policies will only be stationary in trivial cases.
One way to introduce time dependence to the parametrized policy class is to enlarge the state
space.

DeFINITION 3.35 (Enlarged state-space). In comparison to 8, we define the enlarged state space,
817 which encompasses all possible states across all epochs. Therefore initially, states are
associated with their respective epochs, resulting in disjoint state spaces between epochs, which
are subsequently fused into a single comprehensive state space $[*!. Formally, this means that
for every state space 8y, = {s!, ..., s} one constructs disjoint sets Dy = 8, x {h} = {5]11, e, sLh}
forh=0,...,H—1. Then, 8!’ := Dyw--. & Dy_; contains all possible states associated with
their epoch.

Now, we can consider artificially stationary policies on the enlarged state space, 7 : Sl — A(d),
which can decide epoch dependent in states due to the time horizon added to the state space.
We write 7 € IIg3q to denote stationary policies on the enlarged state space.

Remark 3.36. Any policy m = (ﬂh)fz‘ol can be reinterpreted an artificial stationary policy

H-1
w(alsn) = ) Tg,en,mn(alsh).
h=0

Considering parametrized policies, 7, = 7%, leads to artificial stationary parametrized policies
7@ with ® = [0, ...,0u-1]". But also other arbitrary parametrizations on the enlarged state
space like neural networks can be considered. Seeing finite-time MDPs as artificial stationary
MDPs leads to a training procedure in which parameters for all epochs are trained simultaneously,
see for instance Guin and Bhatnagar [GB23]]. Therefore, we call this approach the finite-time
simultaneous PG (FT-SimPG) algorithm. Due to artificial stationary, the same PG algorithm as
for discounted MDPs can be used and the objective function for a parametrized class of policies
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(7®)gerd, with 78 € Tlgs, is given by
JGm RIS R, 0 J(0,1) =V ().

We give a more detailed description of FT-SimPG including a policy gradient theorem for sample-
based implementation and discuss convergence bounds for exact and inexact gradients under
softmax parametrization in Chapter [4] While there are practical reasons to train all parameters
jointly, we will also see that ignoring the structure of the problem yields worse convergence
bounds.

Convergence and Literature for finite-time horizon PG. There are some recent articles
studying PG of finite-time horizon MDPs. E.g. in [[GHZ22] complexity bounds for finite-time
MDPs are derived by considering a fictitious discounted algorithm and the stationary policy from
the fictitious discounted problem is used as solution to the finite-time MDP. As non-stationary
policies are required to obtain optimal solutions, this approach is biased. In [HXY21; HXY23]]
finite-time linear quadratic control problems are solved with (natural) policy gradient. A non-
stationary policy is trained simultaneously, i.e. the policies in different time epochs are trained
jointly. In comparison to these works, in [Zha+23; ZHB23; ZB23]] the optimal control for
finite-time linear quadratic regulator problems is derived in a backward inductive manner. The
dynamic policy gradient algorithm, which we introduce in the following chapter, is based on a
similar idea.






PoLricy GRADIENT FOR FINITE-TIME MDPs

ITHIN this chapter we discuss how to solve finite-time MDPs by policy gradient. Firstly,
we analyse the finite-time simultaneous PG (FT-SimPG) algorithm which was already

partly introduced in Section In FT-SimPG all parameters on the enlarged state space
are trained jointly. This approach is usually considered in practical applications when a non
stationary policy is searched. Secondly, we introduce finite-time dynamic policy gradient (FT-
DynPG), a new approach where the dynamic programming structure is exploited. We view the
MDP as a nested sequence of contextual bandits. Essentially, FI-DynPG performs a sequence
of PG algorithms backwards in time with carefully chosen epoch dependent training steps.
The algorithm can bee seen as a concrete policy search by dynamic programming (PSDP)
algorithm, where policy gradient is used to solve the one-step MDP [Bag+03;|Sch14]]. We focus
on theoretical convergence guarantees and compare both algorithms in the exact and stochastic
gradient case.
In the exact gradient case in Section the analysis goes along the gradient domination
arguments for discounted MDPs discussed in Section For FT-SimPG, we extend the
results in [Aga+21; Mei+20] to non-stationary finite-time MDPs and for FT-DynPG we combine
this analysis with the backward inductive dynamic programming approach. The unspecified
dependence on the effective horizon (1 — y)~! in infinite-time horizon MDPs (cf. Section
transfers for finite-time MDPs in a dependence on the deterministic time horizon H (compare to
Remark. Through careful analysis, we establish upper bounds involving H> for FT-SimPG,
contrasting with H® for FT-DynPG. Essentially, FT-DynPG offers a clear advantage. Examining
the PG theorem for finite-time MDPs reveals that early epochs should be trained less if policies
for later epochs are still sub-optimal. A badly learned Q-function-to-go leads to badly directed
gradients in early epochs. Thus, simultaneous training yields ineffective early epoch training,
addressed by our dynamic algorithm, optimizing policies backward in time with more training
steps. To illustrate this phenomenon we implemented a simple toy example in Section 4.3|where
the advantage of FT-DynPG becomes visible.
In the stochastic analysis in Section 4.4} we abandon the assumption that the exact gradient
is known and focus on the model-free stochastic PG method. For vanilla PG very little is
known about convergence to global optima even in the discounted case (cf. final paragraph
in Section [3.1.2). The authors in [DZL22]] derive complexity bounds for entropy-regularized
stochastic softmax PG. They use a well-chosen stopping time which measures the distance to
the set of optimal parameters, and simultaneously guarantees convergence to the regularized
optimum prior to the occurrence of the stopping time by using a small enough step size and
large enough batch size. As we are interested in convergence to the unregularized optimum, we
consider stochastic softmax PG without regularization. Similar to the previous idea, we construct
a different stopping time, which allows us to derive complexity bounds for an approximation
arbitrarily close to the global optimum that does not require a set of optimal parameters. This is
relevant when considering softmax parametrization.

35
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4.1 SIMULTANEOUS AND DyNAMIC PoLicy GRADIENT

Throughout the chapter we assume a finite-time MDP (X, S, s1, y, p, r). In the following we will
discuss two approaches to solve this MDP with PG:

* Finite-time Simultaneous PG (FT-SimPG): An algorithm that is often used in practice, where
parametrized policies are trained simultaneously, i.e. the parameters for ng, ..., 1y_1 are
trained at once using the objective Vj (cf. Section [3.2.2).

* Finite-time dynamic PG (FT-DynPG): A new algorithm that trains the parameters sequen-
tially starting at the last epoch. We call this scheme finite-time dynamic policy gradient
because it combines dynamic programming (backwards induction) and PG.

In order to carry out a complete theoretical analysis, we will assume that all policies are softmax
parametrized. It is a first step towards a full understanding and already indicates why PG
methods should use the dynamic programming structure inherent in finite-time MDPs. The
evaluations in this section should not be seen as limited to the softmax case, but more like a
kick-off to analyse a new approach which is beneficial in many scenarios.

Finite-time Simultaneous Policy Gradient. Recall, that the action spaces may depend on the
current state and we denote the numbers of possible actions in epoch h by dj, := ics, |ss]|. To
perform a PG algorithm the artificial stationary policy 7 € ITgis; must be parametrized. While
the algorithm does not require a particular policy we will analyse the artificial stationary tabular
softmax parametrization on the enlarged state space (cf. Deﬁnition 7® € Moy,

exp(6(s, a))
Lo exp(6(s,a))’

The tabular softmax parametrization uses a single parameter for each possible state-action pair
at all epochs. Other parametrized policies, e.g. neural networks, take states from all epochs,
i.e. from the enlarged state space S!”!l, as input variables. FT-SimPG trains all parameters at
once and solves the optimization problem (to maximize the state value function at time 0) by
gradient ascent over all parameters (all epochs) simultaneously.

7®(als) =

©® = (6(s, @));esi90] geg, € REH. (4.1)

Algorithm 4: Finite-time Simultaneous Policy Gradient (FT-SimPG)
Result: Approximate policy 7* ~ w*.
Input: Initial state distribution u1 and class of policies (7)gcpa.
Initialize @1 € RZndn;
Choose fixed step sizes a > 0 and number of training steps N;
forn=1,...,N—-1do

e+ — () 4 O(V@Vge( )(P)|@(n);

end

—~ (N)
Sett* =79 ;

Most importantly, the algorithm does not treat epochs differently, the same training effort goes
into all epochs. Further, recall the objective function in the simultaneous approach without
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discounting for any parametrization 7© € TTgs

H-1
J(©, 1) =V (n) = [E;f’[ yhr(Sh,Ah)]. (4.2)
h=0

We denote by J*(u) = supg J(O, 1) the optimal value of the objective function and note that
J*(p) = V5 (1) = supgepnn V(1) under the tabular softmax parametrization, as an optimal policy
can be approximated arbitrarily well.

DEFINITION 4.1 (State visitation measure and distribution on the enlarged state space).

(i) The state visitation measure on the enlarged state space is defined by

H-1

Py ()= ) Py (Sn=s), sest (4.3)
h=0

(i) Ify € [0,1), then Eﬁe = 11__;;, 5’;6 is the normalized state visitation distribution on $!*!
. _ S0 1= ()
andify =1, thendj = ;pj; -

We derive the following version of the policy gradient theorem.

THEOREM 4.2 (Policy Gradient Theorem for (FT-SimPG)). Consider any parametrization ©© on
the enlarged state space 8!, then the gradient of the J(©, i) defined in equation (4.2)) is given by

H
VI©,1) =} | ) Viog(x®(AnlSi) Q] (S An)]
h=0

= > BL(s) ) 7®(als)Vlog(x®(als))Q} (s, a).

se8lH] aed;

Proof. The second equality follows directly from the definition of the state visitation measure in

equation (4.3).
For the first equality consider the probability of a trajectory t = (sg, ag, . . ., Sg-1, dg—1) under
the policy 7© and initial state distribution 1, i.e.

H-1

pY (1) = n(sn)7® (aolso) | | plsklsi1, ax-1)7®(axlse).
k=1

Then,

log (1 (sn)) +log(x® (aolso))

+ ) 10g(p(silsk-1, ak-1)) +1og(n® (axlsi)

Vlog(p (1) = V

—

T
—

I
-

=V ) log(n®(axlsk)),
=0

=
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which is known as the log-trick. Let W be the set of all trajectories from O to H — 1. Note that W
is finite due to the assumption that state and action space is finite. Then,

vJ(©,m) =V > pp (1) Z Y r(sk, ax)

TeW

= > pI (1) Vlog(p} (1)) Z Yo7 (s, ax)

TeW

= > () Z v log(7® (axls)) Z Y r(si, ax)

TeEW

= > (@ Z V log(® (anlsn)) Z Y r(se, ax)

TeW

m
A

H-1

=B D Viog(x®(ulsi)) Y v¥rsi, 4|
) k=h
H-1

= 67| Y Viog(a® (Auis)EL | 3 yir(se Avlsn. 4
) k=h

T
Lo

TE
I
- O

=E;°| ) Vieg(r®(Anlsi) QF° (Sn. An) |-
2

o

In the forth equation we have used that for every k < h it holds

B2 [ V1og(x® (Anlsi)y (i, 40|

= [Eﬁe [[Egg [Vlog(ﬂg(Ahlsh))‘So,Ao, oo Sho1, A1, Sh])’kr(sk,Ak)] =
because

(¢)
E; [V IOg(ﬂe(Ah|Sh))‘SO,AO, o She1, Ah—l,Sh]

B2’ | Vlog(x® (Anlsh)

N
Z 7©(al|Sy)V log(® (An|Sn))

aE&flsh

v( > 7r®(a|Sh)) =0

aesﬁsh

In finite-time unbiased estimators of the gradient can be easily obtained using trajectories of
finite-time length in a Monte-Carlo estimator.

Finite-time Dynamic Policy Gradient. First of all, recall that the inherent structure of finite-
time MDPs is a backwards induction principle (dynamic programming), see Section In
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a way, finite-time MDPs can be viewed as nested contextual bandits. The FT-DynPG approach
suggested in this article builds upon this intrinsic structure and sets on top a PG scheme. We
have discussed in Remark [3.36/how an artificial stationary policy relates to a sequence of policies
and for the dynamic approach, we consider the sequence (7r9h),’f:‘01 such that the policy in epoch
h depends only on the parameter 6, € R%. Thus, the tabular softmax parametrization we
consider for FT-DynPG is formulated slightly differently than above: For each decision epoch
h € H the tabular softmax parametrization is given by

exp(Bx(s, a))

Oy =
T (als) = Yareq €xXp(On(s, a’))’

On = (Bn(s, @))sesyaca, € R (4.4)

The total dimension of the parameter tensor [0y, ...,0x_1]7 equals the one of ®. The only
difference lies in the notation and the epoch dependence is made more explicit in equation (4.4).
The main idea of FT-DynPG is as follows. The dynamic programming perspective suggests to
learn policies backwards in time. Thus, we start by training the last parameter vector 6y _; on
the sub-problem Vy_1, a one-step MDP which can be viewed as contextual bandit problem. After
convergence up to some termination condition, it is known how to act near optimality in the last
epoch and one can proceed to train the parameter vector from previous epochs by exploiting the
knowledge of acting near optimal in the future. This is what the proposed FT-DynPG algorithm
does. A policy is trained up to some termination condition and then used to optimize the earlier
epochs.

Algorithm 5: Finite-time Dynamic Policy Gradient (FT-DynPG)

Result: Approximate policy T* ~ w".

Input: Initial state distributions (up);-, and class of policies (m®).
Initialize 6 = (6", ...,0".) € RZnd:;
forh=H-1,...,0do

Choose fixed step size a; and number of training steps Np;
forn=1,...,N,—1do

n+1 n (n%h )
oY =0, + Vo, v, " ()

end

()5
0,

(Np)
— _ 9 .
Setm, =xn

end

Remark 4.3. Suppose that we have trained the first h + 1 policies such that 7} ~ x; for k = h +

M?h+1) * : S (% ’H’Ezhﬂ) )
1,...,H-1landV, ;" =~ V;. Inorder to train parameter 6y, we have to optimize V, (up)
and by the dynamic programming principle (cf. equation ([3.17)), it holds that

(neh,ﬁ* . ) T .
Vo ) = ) () D % alsytris, @)+ T v 4T ()

se8y aeds s’ €8ps1

0, . T
_ pm’h (h+1)
- Th (Vh+1 :
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. . . On v T (he1) - The1)
Hence, we tra‘ln.the next 'poh?y such that approximately T, ™ (V, +1+' ) = Ty '(Vh ’r1+ ). Note th.at
the algorithm is just working fine when convergence close to the optimal policy is guaranteed in

ever optimization step (cf. Remark [3.34)).

A bit of notation is needed to analyse this approach. Given any fixed policy T € IT", the objective
function Jy, in epoch h is defined to be the h-state value function in state under the extended

pOIiCy (ﬂ9h7 ﬁ(h+1)) = (T[GhJ ﬁh+1> ) ﬁH—l):

— Oh T (hs1)) On, T (h41))
Jn(On, T(he1), Hp) = V;fﬂ B () = [E;(IJZ D [ Vkr(Sk,Ak)]- (4.5)
h

T
_

P
1]

While the notation is a bit heavy the intuition behind is easy to understand. If the policy
after epoch h is already trained (this is 1)) then J;, as a function of 6}, is the parametrized
dependence of the value function when only the policy for epoch h is changed. Gradient ascent
is then used to find a parameter 0, that maximizes Jn(-, W(h41), 65), for all s € 8y, where §; the
dirac measure on s. Note that 8; depends on the fixed future policy x41) and to train 6;, one
chooses T (y11) = fm?hﬂ) in Algorithm We define J; (T (n41), Hn) := sSupg, Jn(On, Wns1), Ha)-

THEOREM 4.4 (Policy Gradient Theorem for (FT-DynPG)). For a fixed policy ™ and h € H the
gradient of J,(On, W(x11), 8s) defined in equation (4.5) is given by

VI (On, T (he1)> 8) = Eg, g 4, —atn(-1s) [V 108(x™ (AnIS)) Q) (Sh, An)].

Proof. The probability of a trajectory T = (sy, an, . . ., Sy—1, ag—1) under the policy (x?, M (he1)) =
(7%, Whe1, . . ., Wy—1) and initial state distribution &; is given by
O Fon) H-1
T T (B _
ps" " (T) = 85(sn)® (anlsn) l_l P(sklsk-1, Qk-1) T (alsi)-
k=h+1
Then,

Viog(p!" " (1)) = V log(8,(51)) +log(x” (aslsw))
H-1

+ 3 10g(p(sklsi-1, ax1) +log(Fe(axlsi)) )
k=h+1

= Vlog(x® (an|sp)),

which is known as the log-trick. Let W be the set of all trajectories from h to H — 1. Note that W
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is finite due to the assumption that state and action space is finite. Then for s € 8y

) H-1
VJn(Oh, T(pt1), 85) =V Z Ps(ﬂ ’mhﬂ))(f) Z y*r(sk, ax)
oW i=h

0% 20 H-1
= > p" T () VIog(p" T (1) 3 yFr(sw ar)
TEW k=h

o~ H-1
= >0 p" T () Vlog(n (anlsn) Y y¥r(sk, ax)
Tew k=h

H-1

0 ® .
= Egr ) [V log(x(Anlsi) ) ¥*r(Si A0
k=h

o~ _H-1
= [E;::;mf(hﬂ)) [V log(yre (Ahlsh))lEg'[h [ Z ykr(Sk, Ak)|Sh, Ah”
k=h

= Egyo -t 1s) | Y 108(n (4150)) QE(Sh, An) |-
|

A priori it is not clear if simultaneous or dynamic programming inspired training is more
efficient. FT-DynPG has an additional loop but trains less parameters at once. We give a detailed
analysis for the tabular softmax parametrization but want to give a heuristic argument why
simultaneous training is not favorable. The policy gradient theorem in the simultaneous approach
(Theorem |4.2)) states that

(S} (S}
VI@©.m = ) By () ), 7°(als)Vieg(n®(als)Qf (s, a).
se8lo] aed
It implies that training policies at earlier epochs are massively influenced by estimation errors
of Qﬁe. Reasonable training of optimal decisions is only possible if all later epochs have been

trained well, i.e. QZ@) ~ Q;. This may lead to inefficiency in earlier epochs when training all
epochs simultaneously. It is important to note that the policy gradient formula is independent
of the parametrization. While our precise analysis is only carried out for tabular softmax
parametrizations this general heuristic remains valid for all classes of policies.

For the rest of this chapter we assume undiscounted finite-time MDPs with positive finite rewards:

AssUMPTION 4.5. We assume that y = 1 and the rewards are bounded in [0, R*], for some R* > 0.

Remark 4.6. Note that the assumption y = 1 can be relaxed to y € [0, 1] as discounting is not
relevant in finite-time MDPs (see also Remark[3.24). More precisely, we always upper bound
Zth_Ol r(Swn, An) < HR* (a.s.) and this upper bound holds also with a modified reward function
including discounting as y"r(Si, An) < r(Sh, Ap) (@.s.) for any h € {0, ..., H — 1}. Moreover, the
positivity assumption on the rewards is no restriction of generality, bounded negative rewards
can be shifted using the base-line trick, and boundedness can always be assumed by the finite
state and action space.

In what follows we will always assume the tabular softmax parametrization and analyse both
PG schemes. First under the assumption of exact gradients, then with sampled gradients a la
REINFORCE.
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4.2 CONVERGENCE OF SOFTMAX PoLICY GRADIENT WITH EXACT GRADIENTS

In the following, we analyse the convergence behavior of the simultaneous as well as the dynamic
approach under the assumption to have access to exact gradient computation. The presented
convergence analysis in both settings is inspired from the discounted setting considered recently
in Agarwal et al. [Aga+21]] and Mei et al. [Mei+20]. In both scenarios the global convergence
in based on smoothness of the objective (Lipschitz continuous gradients) and a (weak) gradient
domination property.

In a maximization problem for a differential function f : R? — R with f* = sup, f(x) < o, the
weak gradient domination (8 = 1 in Definition [2.7) is globally satisfied when ¢ > 0 exists, such
that

IVFGOI 2 e(f* = f(x)), Vx e R

This assumption is weaker then convexity but, combined with smoothness, still ensures con-
vergence of f(x,) — f*in a gradient ascent scheme (cf. Theorem [2.10). In the following
subsections, we will first derive a so called non-uniform gradient domination property, where ¢
is not a constant, but a function c(x). In a second step, we ensure that inf, c(x,) > ¢ bounded
away from O along the gradient ascent trajectory. Finally, we derive convergence from these
results.

Before we deal with the two approaches separately, we formulate the performance difference
lemma for the two objectives J(O, 1) and Jx(6p, Wn41), un). We will use these to derive the
non-uniform gradient domination properties.

COROLLARY 4.7. For the objective J(0, 11) defined in equation (4.2) and J,(6n, T (41, ) defined
in equation (4.5) it holds

T

-1
I - I, =E5 | Y A Shan] = Y 5 947 (5,0 )
0 sesl¥l

=
Il

and
Iy (W (he1)> 1) = Jn(On, W(ns1), Hr) = By [A}(lﬂ e 1))(Sh,Ah)].

Proof. The first claim follows directly from Lemma [3.32{and the definition of the state visitation
measure on S’ in equation (@.3).

For the second claim, we proof a more general result: For any h € 3 and two policies 7 and 7’:
If Wper) = m’(h+1), it holds that

VE(s) = V¥ (s) = EL [A;f’ (Sh,Ah)].

Sh=s
To see this, let k > h, then

Eoy|AF (S 40| = Y mn(als) Y p(s'ls, g, |QF (S, AK) = VE (50|

aed s’e8

= > mnals) Y p(s ks, @)EG ", [QF Sk, A) - Vi (50|

aed s’e8
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+ ’ ’ 'ﬂ'[, 4 ’
= > mals) Y p(s'ls @) (B2 [ES 1@ 5k A0 | - B [viE (5]
aedl s’e8

= > mals) Y p(sls @) (B 2 i 50| - B [viE (5]

aed s’e§

=0.

The claim follows with Lemma n

4.2.1 Finite-time Simultaneous Policy Gradient

To prove convergence in the simultaneous approach we will interpret the finite-time MDP as an
undiscounted stationary problem with state-space $!71 and deterministic absorption time H. This
MDP is undiscounted but terminates in finite-time. Building upon [Aga+21; Mei+20; YGL22],
we prove that the objective function defined in equation (4.2) is L-smooth with parameter
L =H?*R*(2 - Fjﬁl) and satisfies a non-uniform weak gradient domination with g = 1.

Remark 4.8. Note that we can drop the subscript h in the value function, state-action value
function or advantage function, when we define them on the enlarged state-space $!”. Then,
V is a vector of dimension |$!”]| and Q and A are matrices of dimension |$!7¢!| x |s|. More
precisely, using a state s € 8[*J then s is assigned to one specific epoch h € H and we introduce
the value function on 8" by vr° (s) = ZhH:_Ol 1 belongs to epoch h V}’IT@ (s). Similar also for Q and A.

Smoothness. To derive the smoothness of the objective function we have to prove that VJ is
L-Lipschitz. Therefore we use the explicit formula of the gradient under softmax parametrization.

LEMMA 4.9. The partial derivative of the objective defined in equation (4.2) under softmax
parametrization is given by:

aJ(®, 1)

_ (C] ® (C]
89(5, a) - Z)':Z (s)ﬂ: (alS)An (SJ a);
for every s € 81’ and a € .

Proof. Lets € 871 and a € d;. Using Theorem it holds that

H-1

3J (O, ) p)
0G0 [; = log<n®<Ah|Sh))Qh (sh,Ah)]
H-1
[ 1(s,=s) (1(ay=a) — 7°(als))Q} (Sh,Ah)]
- h;O @
= > P (Sh=5) ) 7°(d19)(1ar=a) — 7°(als))QF (5, @)
h=0 a

=52 (5)(7° (@)™ (s @) - 2w 9a(al) e "(5,0)

=p7 (5)7°(als)A™ (s, a).
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We deduce the smoothness directly from this result.

LEMMA 4.10. The objective J(O, 1) from equation (4.2)) under softmax parametrization is smooth
in ® with parameter L = H>R*(2 — ﬁ).

Proof. We are going to bound the norm of the hessian. Therefore, we first calculate the first and
second derivative of J for finite-time horizon stationary MDPs. So, let T = (sg, ag, $1, - - - SH-1, AH—-1)
be a trajectory of the MDP under policy 7® and denote by pl(? the discrete probability density.
Then,

H-1
VI(0,1m) =V( 3 () ) r(snan))

T h=0
H

[y

H-1

= Z pS(T)( Y Vlog(® (an|sn)) Z r(Sh, ah))

h=0

I
A

= B[ ) Viog(x® @l Z rsnsan) |-

0

>
Il

For the second derivative we have

H-1 H-1
v2r(0,1) = V( ) pP(e)( Y, Viog(x®(anlsn)) ) rsnan)))
T h=

h=0

s
L
s
—_

H-1 -
= > p2@(( )] Viog(x® (anlsw) ( ), Viog(x®(anlsn)” Y risn,an))

h=0 h=0 h

Il
o

(1)
-1 H-1

+ Zpﬁ’(r)( V210g(x® (anlsi) Y r(snan))
h=0

0

Z

-
Il

(2)

Using the bounded reward assumption we get for the second term, that
. H-1 H-1 o
1@ < B2 | 3 IV log(x®(anlsi) Il HR" = HR® )" €2° |92 log(x® (anlsn)) |
h=0 h=0

By [YGL22| Lem. 4.8], we have for the softmax parametrization that [Eﬁe [||V2 log(7® (an|sn)) ||] <

1. Hence, ||(2)|| < H?R*.
Next for the first term,

T
_

[N =al

[

V log(x® (alsn)) || HR
0

T
S

* 71'9
= 1R Y [V log(x® (anlsn) I
h=0
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1

< H’R*(1 - —),
( |Qal)

where we first used the bounded reward assumption, then Lemma 3.6 and again Lemma 4.8
from Yuan, Gower, and Lazaric [YGL22]. Finally, we obtain that

1
IV2J(®, wll < H*R*(2 — —).
||
|

We can compare this result to the smoothness of a discounted MDP under softmax parametriza-
tion, where L = ﬁ(z | 94|) (Lemma [3.19| (1)). We obtain that i, the expectation of a
geometric r.v. and the expected length of a discounted MDP, is replaced by H, the expected
length of the finite-time MDP.

Weak gradient domination. In the following let 7* € Ilgis be the reinterpretation of a fixed
but arbitrary deterministic optimal policy " = (7, }If 01 € Y. Then a*(s) = argmax,cq 7" (als)

is an arbitrary and fixed best action in state s € 8!*] (compare to Remark (3.34).

LEMMA 4.11. Under softmax parametrization, it holds that

min,cga 7®(a*(s)|s) | d
|81

IVI(©,n)ll2 =

e I - 3@, m).

Proof. The idea of the proof follows the outline of Mei et al. [Mei+20, Lem. 8] from the
discounted setting. It holds

o 5 VST

se8lHl a
v () /
| 3, ()T

Z ‘ v (1)
\/5[—9{ e 30 (s, a*(s))

) \/8[_%1 2, PO @RI 5.6

min,gsc 78 (a*(s)[s) 5 oo
> e }SW:] (s )H AT (5,0(9))
_ minggisq 7°(a*(s)[s) || d 7®
= <o dﬂ@ E P (S)A™ (s,a"(s))

sesl¥Hl

=E7 [ 2F AT (SpAn) ]

ming g 7

Vit

1<J*<p) —J(@,p)).
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The third line is due to Cauchy—Schwarz, afterwards we used the derivative of the objective

ax"
function from Lemma and that L
Pu

ol
and the reinterpretation of measures. Finally, the last equation is due to Corollary[4.7| from the

by definition of the state visitation measures
o0

[ee]

dy

performance difference lemma. [
The term .
dr dy “(s)
|5 = ma (4.6)
dﬁ' 00 SES dﬂ' (5)

is again the distribution mismatch coefficient similar to the discounted case (cf. Lemma (3.19).
To ensure that the distribution mismatch coefficient can be bounded from below uniformly in 6
we make the following assumption.

AssuMPTION 4.12. For FT-SimPG we assume that the state space is constant over all epochs, i.e.
8y = 8 for all epochs.

Remark 4.13. Under Assumption it holds d,’f@) (s) > % u(s) by definition for any policy 7®
on the enlarged state space, since

0 15, 1
dy’ () = = Z Py (Sh=5) = —p(s).
h=0

Hence, we obtain that

min,g(sc) 7 O(a*(s)ls)

ISIH

IVJ(®, m)ll2 =

k2 | 0t - s,

Without Assumption for s € § and s ¢ 8¢ we cannot bound Zth_Ol Pﬁg (Sp =s) with 1, as p
is only defined on §y.

As already pointed out in Mei et al. [Mei+20] one key challenge in providing global convergence
is to bound the term mingeg 7r®(a;‘l (s)|s) from below uniformly in ® appearing in the gradient
ascent updates. Techniques introduced in Agarwal et al. [Aga+21] can be extended to the
finite-horizon setting to prove asymptotic convergence towards global optima (see Appendix [A).
This will be used to bound ¢ = ¢(8) = inf, minges 7®" (a;;(s)]s) > 0.

LEMMA 4.14. Let p be a probability measure such that u(s) > 0 for all s € 8, let Assumption [4.
holds true and let 0 < a < 5H2R* Consider the sequence (©™) generated by FT-SimPG (Algo-
rithm @ under softmax parametrization with arbitrary ® 1) € RZwd Then, ¢ = ¢(0V)) =

inf, min, s 7o (a*(s)|s) > 0.

Proof. The proof is adapted from the discounted setting in Mei et al. [Mei+20, Lem. 9] to the
finite-time horizon setting.

We will drop the p in J(©, u) for the rest of the proof to save notation.

Define for all s € 1711,

A*(s) =Q%(s,a;(s)) — max Q% (s,a) >0, and A"= min A"(s) >0,
a#a*(s) seslad]
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where Q is the optimal Q-function on the enlarged state space from Lemma
Now consider for any s € $[*1 the following sets

_a.  9J(0) aJ(®) .
Fa(s) = {0 005, (5) = 90(s,a) O AAF )}
Ra(s) = {@ : Q”®(s, a*(s) = Q% (s, a’(s)) — A (5)}
R3(s) = {@(n) . V’T@(n) (s) S Qﬂ@( )( ( ) }

Furthermore, for any s € 87/ we define c(s) = |S§Lﬁ}§*

c(s) }

N.(s) = {@ - 71®(a* (s)s) > el

We divide the proof into the following Claims:
1. R(s) = Ri(s) N Ra(s) N Rs(s) is a nice region, i.e.
@) 0™ e R(s) = 0™ € R(s).
@) 70" (@ ()ls) = 2" (@ ()ls).
2. Ne(s) NRo(s) NR3(s) € Ri(s) NRa(s) NR3(s).
3. For every s € 817 there exists a finite-time ng(s) > 1, such that
06 € N.(s) N Ra(s) N R3(s) € Rq(s) N Ra(s) N Ra(s)

and thus
inf 7" (a*(s)]s) = min 7°" (a*(s)]s)
n>1 1<n<ng(s)

If all three claims hold true, we can finally define ng = max,gis no(s), such that

inf min 7°" (a*(s)|s) = min min 70" (a*(s)|s) > 0.
n>1 e8] 1<n<ng se§l7I]

Due to the positiveness of the softmax parametrization the assertion follows.
Claim 1. We first prove Let ©™ € R (s) and a # a*(s). Then ® ™1 € Rs(s) by definition
of R3(s). To see that ® ™) € R, (s) assume that s belongs to the epoch h such that

e(n+l)

e(n+l)
Q" (s,d(s)=Qp  (s,a’(s))
o(n) o(n+1) o(n)
=Q; (5d())+Q;  (s5,a(s)-Q; (s,a°(s))

o(m o(n+l)
=Qy (s,a’(s)) +r(s,a’(s)) + Z p(s’ls,a*(s)Vyyy (s

5’5[:}{]

Srsd @) = Y P s OV ()

578191
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o e(n+l) @(n)
=" (s @)+ ) pElsa ()i ) -V ()

578131
®(n) 8 @(“)
2Qp (5,d°(s5)=Q" (s,a’(s))

> @ (s,0"() - 25,

(n+1)
where the first inequality is due to monotonicity of y° (s') in n for every s € $1”J and the
last inequality follows from ©™ € Ry (s).

Next we show ®™*1) € %, (s). Therefore we first show that

" a o) -a 0z Y, (4.7)

for all a # a*(s). This holds true, because

®(n) @(“)
Q" (s,a’(s)-Q"  (s,0)

_ QHG(H) (S’ a (S)) _ Qoo (S, a* (S)) + Qoo (S, a* (S)) _ Qn®(") (S; a)
> —A*z(S) +Q%(s,a’(s)) = Q%(s,a) + Q% (s,a) — " (s, a)
> 2 w@r Y s e v ()

s’ esll
S A*(s)'
-2

The first inequality follows from ®™ € %R, (s), second by the definition of A*(s) and the last

(n)
from mononicity of v’ (s’) for every s” and V™ beeing the limit. Using Lemma Mwe obtain
for any a # a*(s) that

aJ(®M) . aJ(®M)
30(s,a*(s)) — 90(s,a)

o (@GR (5a') -V () = 2" @) (@ (5,a) V=" (s)).

(4.8)

We divide into two cases:
a) 7°" (@ (s)ls) = x°" (als),
b) 7" (a*(s)|s) < 7®" (als).
In a) the assumption 7®" (a*(s)|s) > 7®" (a|s) implies 6™ (s, a*(s)) = 6™ (s, a). Thus,

aJ(®@M)
0™ (s, a*(s))
aJ(®@M)
90 (s, a)

9(n+1)(s’ a*(s)) — 9(71) (5’ a*(s)) +1)

>0 (s, a) +n

=0 (s, a),
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e (n+1) (n+1)
which implies 78" (a*(s)|s) = 7® " (als). Moreover, we have

o o(n A*(s)

+1)
Q" (s,a’(s) - Q"

+1)
(s,a) 2 >0,

e(n e(n+l)

. +1) N ﬂ:@(n+1) n_@(m-l) -
Q (s,a’(s)) -V (s) 2Q (s,a) -V (s).
Thus, both together yields

(n e(n+1)

2 @@ (0 -V (@) 22 @)@ (0 -V (),

which is by equation (4.8) equivalent to

8J(®(n+l)) . 8J(®(n+l))
90+ (s a*(s)) ~ 90 (s, a)’

Hence, ® ™1 € R, (s).
In b) assume now that 78" (a*(s)|s) < 7®" (as). As ™ € R (s), equation (@.8) is also true
in this case and rearranging of terms gives

aJ (M) . aJ (M)
90 (s,a*(s)) ~ 90 (s, a)

n n @(n) * n n
0@ 50 ©) - 6,0 2 (1- T I 62 (g (5 v (5)
7®" (als)
20 . 20 (n) . (n) 20 " 20
© Q" (5d"(5)-Q" (s,a) = (1-exp(8'W(s,a"(5)) =0 (s,0))(Q" (s,a’(s)) =V" (s)).
4.9)
Note next that by ®™ e %, (s) and definition of %, (s) we have
0"V (s,a*(s)) =0V (s,0)
_ o) (e o _3O") oy oy 0J@")
6 (S, a (S)) + r]ae(n) (S, a* (S)) 9 (S, Cl) r’ae(n) (S, a)

> o (s,a*(s)) — o (s,a)

and is follows (l—exp(Q(""l)(s, a*(s)) -0 (s, a))) < (1—exp(9(")(s, a*(s)) -0 s, a))) <1

(n+1) (n+1)
by assumption b). We already know 01 € R4(s) and therefore yr° (s) > Q™° (s,a*(s))—
AT(S). This leads to

o(n

(s,a"(s)) - Q"

e

+1) (n+1) A*(s (n+1)
" (s,a0(5) - v (6) < 28 < g

<Q

+1)
(s,a),

where the last inequality is due to equation (4.7). Combining everything leads to

(1 - exp(8™V) (s,a*(s)) — 6V (s, a))) [Q“G(M) (s,a*(s)) — " (s)]

o(n+1) o(n

<o*" a6 - (5.0,
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which is by equation (.9) equivalent to ™1 e R, (s).
Now we come to Claim

x®"" (a*(s)]s)
exp(0™D) (s, a*(s)))

2. exp(0(1) (s, a))
aed

. 1)
eXP(Q(n) (s,a*(s)) + naG?"J)((s a* ()S)))

(n)
3 or0ea 1 Ze)

. )
exp(6™ (s,a"(5))) exp( 3505 aricys)

\%

(n)
Y, exp(6(M (s, a)) eXp(naef,f)((?a ()s)))

aed

= 7" (a* (s)]s),

where the inequality follows by ©™ € R4(s).

Claim 2. Assume © € N.(s) N Ra(s) N R3(s) and divide again in two cases. If a) 7@ (a*(s)|s) >
maj 7@ (als), then for all a # a*(s) we have

ae

9J(©)
30(s, a*(s))
=57 (5)m®(a* (5)[5)A™ (5,a"(s))
> 57;@ (s)m® (a|s)A”® (s,a)
aJ(©)
B 30(s,a)’

Where the inequality follows from A™" (s, a*(s))—A™ (s, @) = Q™ (s, a*(s))—Q™" 50
by equation (4.7). Hence, ® € R (s).

The case b) where 7®(a*(s)|s) < max 72 (a|s) is not possible for ® € N.(s). Assume there exists
ae

a # a*(s) such that 7% (a*(s)|s) < #®(als). Then

78 (a*(s)|s) + 7°(als) > 2c(s)__ 2|§£|(1;I$* 2 = 207(s) > 2 > 1
c(s)+1  IUHR® 7 |g|HR* T || =

A% (s)

because A*(s) < HR* by definition and |si| > 2. This is a contradiction as 7® is a probability
distribution and Claim 2 is proven.
Claim 3. By the asymptotic convergence in Theorem , we have that 7©" (a*(s)|s) — 1 for
n — oo. Thus, there exists an Ny(s) > 0, such that 7°" (a*(s)|s) > C(Cs(;il for all n > Ny(s), i.e.
®™ e N.(s) for all n > No(s).
Furthermore, as Q™ ' (s,a*(s)) = Q%(s,a*(s)) for n — oo there exists Ni(s) such that @™ ¢
R (s) forall n > Ni(s).

() ()
Moreover, as Q”® (s,a*(s)) = Q%(s,a*(s)) =V*=(s) and vr° (s) = V*(s) for n — oo there
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exists No(s) such that @™ € R (s) for all n > Na(s).
We choose ng(s) = max{Ny(s), N1(s), N2(s)} which proves Claim 3.
[ ]

Global convergence. Combining smoothness and the gradient domination property results in
the following global convergence result.

THEOREM 4.15. Under Assumption[4.12] let u be a probability measure such that p(s) > 0 for
alls € §, let a = 5H2R* and consider the sequence (©™) generated by FT-SimPG (Algorlthm l)
under softmax parametrization with arbitrary initialization ©1). For € > 0 choose the number of
10H°R*|8]||d

T 112
v —|| . Then it holds that
c%e B loo

€ n@)(N)
Vo(m) =V (n) <e.

training steps as N =

Proof. We will show that

. . o 10H5R*
J(p) —=J@W, n) =Vi(p) - Ve (p) £ ———

then the claim follows immediately from this.

We apply Theorem [2.11|with f = J(-,u), « = 5H?R* and b =
evaluations in Remark|(4.13
It remains to check that for any ®1) we have

|S|H3II || ~2. Note for b the

J*(n) - J(@W, 1) <

2H?R*SH2H|S| Hd;’f Hz
. il

c
This is directly given by the bounded rewards in Assumption and the fact thatc < 1 (r is a

12
—+-|| > 1. Thus, we yield the claim

probability kernel) and

. 10H5R* S
(1) =3O, ) < | 'H—H

Remark 4.16. One can compare this result to Theorem [3.21] for discounted infinite-time horizon
MDPs. A discounted MDP can be seen as an undiscounted MDP stopped at an independent
geometric random variable with mean (1 —y)~! (cf. Remark. Thus, it comes as no surprise
that algorithms with deterministic absorption time H have analogous estimates with H instead
of (1-y)~L.

In the discounted setting we obtained the factor (1 — y)~*, where a power of 2 is due to the
smoothness constant and a power of 2 is due to the distribution mismatch coefficient from the
gradient domination property. Comparing to our results for FT-SimPG, the smoothness of order
H?R* leads to a H? in the convergence rate, then the distribution mismatch coefficient adds
another H? and the additional H comes from the enlarged state space, as the cardinality of the
enlarged state space under Assumption is |SI7]| = |8|H.

Moreover, it cannot be proven that c is independent of H. We omitted this dependency when we
compare to the discounted case because the model dependent constant there could also depend
on y in the same sense.
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4.2.2  Finite-time Dynamic Policy Gradient

We now come to the first main contribution of this thesis, an improved convergence bound for the
FT-DynPG algorithm. The optimization objectives J;, are defined in equation (4.5]). The structure
of proving convergence is as follows. For each fixed h € H we provide global convergence given
that the policy after h is fixed and denoted by . After having established bounds for each
decision epoch, we apply backwards induction to derive complexity bounds on the total error
accumulated over all decision epochs. The L-smoothness for different Jj is then reflected in
different training steps for different epochs. The backwards induction setting can be described
as a nested sequence of contextual bandits (one-step MDPs) and thus, can be analysed using
results from the discounted setting by choosing y = 0.

Smoothness. Parallel to the simultaneous approach we start with the explicit derivative of the
objective under softmax parametrization.

LEMMA 4.17. For fix h € H, the partial derivative of the objective under softmax parametrization
defined in equation (4.5) is given by:

8k (On, T(h+1), Hn)
39h(5, a)

o
= ()% (als) A" (5, q),

forevery s € 8 and a € sl

Proof. By the policy gradient Theorem [4.4],

VJr(Oh, W(he1)> Hn) = VEsep, [T (Oh, T(he1), 65)]
= > () VIn(Oh, F(her), 65)

se8

= > () Eg,y a, wntn 1) [V 108(% (AR|Sk) Q] (S, An)].

se8

Next we plug in the derivative of the softmax parametrization, i.e. equation (3.13)), and obtain

VIh(On, W(he1)> Hh)
—_ 7] 1 e
IS [ (15 Qo = @ls)) o QF (S )|
_ 6y Ong 1! T
= (D2 m) Y 1@l sy Lamar) — (@ NQE (5, @))

= e, s'e8p,a’ edlyr
= (2% (@ 1)QF(, @) — ()% (@ls) Y, 2 (al) Q@)

aEQﬂsr

(s (@15 @F(s @)~ v (5)

s'e8py,a’ ey

9 —~
= () @ lsHa T (@)

5
s'e8p,a’ edlyr

— 6 =
where we used that Y, o (als")Qy(s",a) = V}fﬂ R(we1)) (s") = Jn(On, W(ns1)> Ss)- |
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We deduce directly, that each objective J;, from equation (4.5)) is a smooth function in 6j,.

LEMMA 4.18. Let h € T, then the objective Jy(0p, T (h+1), Hr) under softmax parametrization from
equation (4.5) is smooth in 6, with parameter Ly, = 2(H — h)R".

Proof. Note that we can interpret the objective function J; (64, T(x+1), Hx) as a value function of
a one-step discounted MDP with y = 0 and bounded rewards between [0, R*(H — h)]. Hence, we
can use Yuan, Gower, and Lazaric [YGL22, Lem 4.4 and 4.8] to obtain that the softmax policy
7% fulfills the desired properties with

1
et | IV log ™ (Al9)I3] < 1- Sl ves
Eyes |72 10g % (Al 1| < 1,
which leads to a smoothness constant L, = 2(H — h)R* for the objective function Jj,. [

It is crucial to keep in mind that classical theory from non-convex optimization tells us that less
smooth (large L) functions must be trained with more gradient steps as they require a smaller
step size (cf. Theorem [2.10). It becomes clear that the FT-DynPG algorithm should spend less
training effort on later epochs (earlier in the algorithm) and more training effort on earlier
epochs (later in the algorithm). In fact, we make use of this observation by applying backwards
induction in order to improve the convergence behavior depending on H (see Theorem [4.24).

Weak gradient domination. In the following let m* = (})/ ;' € II be a fixed but arbitrary
deterministic optimal policy, such that a;(s) = argmax, 7} (als) is an arbitrary fixed best
action in state s € 8y (compare to Remark [3.34). We derive the following non-uniform gradient
domination property for any h € .

LEMMA 4.19. Under softmax parametrization, it holds that
VIR (On, T (he1), )2 = min 7%(a (5)|5) (I (W (he1)> 1) = Jn(Ons> T(ne1), )
h

W (hel))

Proof. First note that by the definition of 7}, we have J; (W (n41), ) = V,f (n), because
the tabular softmax parametrization can approximate any deterministic policy arbitrarily well.
Using the performance difference lemma in the dynamic setting from Corollary 4.7] and the
derivative of the objective given in Lemma we obtain

” 8Jy (On, W(ne1), 1) H
a6, 2

3y (O, W(ht1), S5)
= || 2 o=

‘2
SE8K

[ (X o e e B

s’eSpa’edy  sESy

. Z 1(s) 3Jy (On, T(pe1), 8s)
> h »
T 69}1(8, ah(s))
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= 3 (% (@ (5) A" (s, 05(5))

SESh

= > )T (@) (5 (Rt 6) = Jn(On, T 65

SESh

> grelgl 7% (a (s)]s) (J;(ﬁ(hﬂ); 11n) = Jn(On, Wenae1), Ph))-
h

The first inequality is due to the non-negativity of all other terms, and we just drop them. =

The main challenge is again to bound min,eg 7% (a; (s)]s) from below uniformly in 6;, appearing
in the gradient ascent updates from Algorithm In this setting the required asymptotic
convergence follows directly from the one-step MDP viewpoint using y = 0 obtained in Agarwal

(n)
et al. [Aga+21, Thm 5] and it holds ¢, = inf,en minges, 7% (a;(s)]s) > 0.

LEMMA 4.20. Let up be a probability measure such that pp(s) > 0 for all s € 8 and let

0 < ap < 2(H—1W’ Consider the sequence (9}(1”)),16,\1 generated by FT-DynPG (Algorithm

under softmax parametrization for arbitrary 921) e R and future policies . Then, ¢, =
()

inf,en minges, 7% (a}(s)]s) > 0.

Proof. The idea of the proof is based on Mei et al. [Mei+20, Lemma 5] for bandits and extended

to the contextual bandit case.
Throughout the proof we change notation as follows:

* As we consider a fixed time point h we will only write 6, instead of 9](1“).

* We denote the objective function by J;,(0) instead of Jj, (8, W+1), t1r) for a fixed policy
and start distribution p;. Furthermore, we will just write J; instead of J; (T (n41), f11)-

* We will write J; s(0) for the objective function which starts almost surly in s € 8, i.e.
Jns(0) = Jn (0, W(nt1), Ss)-

First note that

Ins(0) = D 7°(al$) Q5 (s, a),

aesd

where Qf (s, a) is independent of 6. We will drop the subscript T in Qj, for the rest of the proof
and define for all s € 8,

A*(s) = Qn(s,a;(s)) — max Qnu(s,a) >0, and A" =minA*(s) > 0.
a#a; (s)

SESy

Consider the following sets

1 _ . aJh,s(e) aJh,s(e)
Hin(s) =10 : 30(s, a;(s)) z 30(s, a)

R2(s) = {0 : 2°(a}(s)|s) = n%(als)Va # a}(s)}

Va # a,(s)}
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_(p. O ca(s)
Nil9) = 0 7@ (9)ls) = ),
forcp(s) = W —1and A;(s) = Qu(s, a*(s)) —maxazq* Qn(s, a). Then consider the following
h
Claims:

1. 0n € R} () = Ona1 € Ry (s),
2. If6, € 9{}11(5), then 7[9"+1(a2(s)|s) > nen(a}*l(s)|s),
3. Ni(s) C 9{}21(5) C Qii(s)
Claim 1. Let 6, € 97{}11 (s) and a # a; (s). Using the derivative of the value function we obtain

aJh,s(Qn) > aJh,s(Bn)
90(s,a;(s)) — 90(s,a) (4.10)
& 7% (a;(s)1s) (Qn(s, aj () = Jns(6n)) = 2 (als)(Qn(s, @) — Js(6n)).

We divide into two cases:

a) 7% (a;(s)ls) = 7% (als),
b) ﬂen(a;‘l(s)|s) < 7% (als).
In a) the assumption 7% (a;(s)ls) = 7% (als) implies 6, (s, a; (s)) = 0,(s, a). Thus,

aJh,s (en)
30 (s, a3 (s))
aJh,s (en)
30,(s, a)

Ons1(s, ay(s)) = On(s, ay(s)) + nupin(s)

> 0,(s, a) + nupn(s)
= 0n+1 (Sa Cl),
which implies 7%+ (a;(s)ls) = 7%+ (als). By the optimality of a; (s) we follow
a0 (@ (5)15) (Qu (s, @} (5)) = Jns(Bne1)) = ™ (als) (Qu(s, @) — Jns(Bns1)),
which is by equation (4.10) equivalent to

aJh,s(9n+1) > aJh,s(9n+1)
89n+1 (Sa a;; (S)) B 89n+1 (S, a) -

Hence, 041 € Ry (s).
In b) assume now that 7'[6”(61;(5”8) < 7% (als). As 6, € 91,11 (s), equation (4.10) is also true in
this case and rearranging of terms gives

aJh,s(en) > aJh,s(en)
aen(sz aZ(S)) B aen(‘s) a)

on (a;(s)ls) 4.11)

© Qu(5,01(9) = Qu(5, @) 2 (1= —5 1 =) (@05, 6,(5)) = ns(O0)
© Qu(s,03(9) = Qu(s,0) = (1= exp(6a(s5, @1 (5)) = 0a(5, @) (Qu (s, 0;(5) = Jns(6n).
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Note next that by 0 e 9{}11 (s) and definition of 91,11 (s) we have

9n+1 (S’ a;kl (S)) - 9n+1 (55 Cl)
aJh,s(Gn) aJh,s(Qn)

= 0On(s, ay(s)) + Uhﬂh(s)m ~ (s, @) — mpn(s) 30, (s, a)

> On(s, a,(s)) — On(s,a)
and is follows (1 — exp(Op41(s, a;(s)) — Ons1(s,a))) < (1 — exp(O,(s, a;(s)) — On(s,a))) < 1 by

assumption b). By the ascent lemma for smooth functions we get monotonicity in the objective
function, so

Qnu(s, ay(s)) = Jns(One1) < Qu(s, ay(s)) = Jn,s(On),
where the last inequality is due to the definition of A*(s). Combining everything leads to

(1 - eXp(9n+1 (5: a;(s)) - 6n+1 (5: a))) [Qh(sa a; (5)) - Jh,s(9n+l)]

< (1= exp(0a(5, 4;(5)) — 0a(5, @) | @ (5, 41(5)) = Jns(60)
< Qu(s,0;(9) ~ Qu(s, ),

which is by equation (4.11)) equivalent to 0,41 € R1(s).

Claim 2. If 6, € R/ (s), then

a1 (a (s)ls)

_ exp(On11(s, a;(s)))
Y exp(Ope1(s, @)
aed
% Jns (O
exp (6 (s, aj (s)) + nuptn(s) a; (hsi (s))))
= Jhs(6n
Y, exp(0n(s, a) + nupn(s) %gh;((s,a)))
aedl
Jhs (O
exp(0n (s, a;(5))) exp(m i (5) 73 45
>
2 Jn,s (On
5, exp(6u(s, @) exp(muan(s) i)
aed

= 7% (ay (s)]s),

where the inequality follows by 6, € %, (s).

Claim 3. Let 6,, € 9%% (s), then by the optimality of a*(s),

7% (a* (5)15)(Qn (s, @ (s)) = Jns(0n)) = 7% (als)(Qn(s, a) — Jns(6)) (4.12)
aJh,s(en) > aJh,s(Bn)
30, (s,a*(s)) — 30,(s,a)’

(4.13)
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Hence, 6, € 9{}11 (s).
On the other hand, let 8, € Nj(s), then assume there exists a # a; (s) such that ne(az (s)]s) <
7%(als). Then

2() _ w2 205(5) 2
0, * 0 c(s Ay (s h
+ = =2- >22-—2>1,
7w (s)ls) +x(als) > T EIEES 4| (H — h)R* Bl
h S

because A*(s) < (H—h)R* by definition and |s| > 2. This is a contradiction as 7? is a probability
distribution and Claim 3 is proven.

To follow the claim of the lemma from the claims 1, 2 and 3, we need asymptotic convergence
to the global optimum. This is given by Agarwal et al. [Aga+21, Theorem 5], since we can
interpret the objective J, as a one-step MDP with y = 0. Then, assuring that the step size is
smaller than one over the smoothness parameter is enough to use the same proof as provided in
Agarwal et al. [Aga+21]]. So, there exists a time ty > 1 such that 6 € Nj(s) for all s € 8. Finally,

inf min 7% (a*(s)|s) = min minz% (a*(s)|s) > 0.
n s 1<n<ty s
]

There is another subtle advantage in the backwards induction point of view. The contextual
bandit interpretation allows using refinements of estimates for the special case of contextual
bandits. A slight generalization of work of Mei et al. [Mei+20] for stochastic bandits shows that
the unpleasant unknown constants c, simplify if the PG algorithm is uniformly initialized:

PROPOSITION 4.21. For fixed h € H, let puy be a probability measure such that up(s) > O for
alls € S and let 0 < ap, < 2(H—1W' Consider the sequence (9}(1"))neN generated in epoch h by
FT-DynPG (Algorithm |5) under softmax parametrization for arbitrary future policies . Further,
let 9,(11) € R be an initialization such that the initial policy is a uniform distribution, then
. . ™,

¢h = infren minges, 7% (a5 (s)1s) = -

Proof. From the proof of the previous Lemma [4.20} we obtain that a uniform initialization,
implies that 9}(11) € R2(s) for all s € 8y, . Therefore, Gh") € R;(s) for alln > 1 and from Claim 2
we have

. . e . e, 1
cp =infminz’r (a*(s)|s) = minz"r (a"(s)|s) = ETh
n S S

Remark 4.22. This property is in sharp contrast to the simultaneous approach, where to the best
of our knowledge it is not known how to lower bound c¢ explicitly. Comparing the proofs of ¢ > 0
and c; > 0 one can see that this advantage comes from the backward inductive approach and is
due to fixed future policies which are not changing during training.

Global convergence. For fixed decision epoch h combining L-smoothness and weak gradient
domination yields the following global convergence result for the FT-DynPG.
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LEMMA 4.23. For fixed h € H, let uy be a probability measure such that up(s) > 0 for all s € 8y,

let ap = 2(?111)1?* and consider the sequence (9}(1“) ) generated by FI-DynPG (Algorithm |5) under

softmax parametrization with arbitrary initialization 9(1) and future policies . For € > 0 choose

the number of training steps as N, = % Then, it holds that
h

Y = (Nh)
(73, (he1))

v ) () v () < e

Moreover; if 9}(11) initializes the uniform distribution the constants cy can be replaced by ﬁ

L NONE
Proof. First, note that Vy, " (uy) = J7 (R uer), m) and Ve ™" = () = 34 (0", ey, i)
by definition of J; and choice of ;. We will proof
Y _ 4(H - h)R*
Jn (T (he1), Hn) — Jn(6", W(h+1)s Bh) £ ———,

Cth

Then the claim follows directly from this.

We use the same arguments as in the proof of Theorem |4.15|and apply Theorem [2.11] with
objective function f = Jy(-, Wp41), #n) and step size a = ay. By L = L smoothness and weak
gradient domination with b = ¢, along the gradient trajectory, we only need to assure that

Jr (T (ht1), HR) — Jn (6! ):W(h+1) Hh) < —5

ab?
It holds that
s _ . 4H-hR* 2L, 2
T (W (ra1)s o) = Jn(0L" Ty, ) < (H — B)R* < —— =5 =3
c; ¢ ab
and the claim follows. ]

The error bound depends on the time horizon up to the last time point, meaning intuitively that
an optimal policy for earlier time points in the MDP (smaller h) is harder to achieve and requires
a longer learning period then later time points (h near to H). We remark that the assumption on
1 is not a sharp restriction and can be achieved by using a strictly positive start distribution u
on § followed by a uniformly distributed policy. Note that assuming a positive start distribution
is common in the literature and Mei et al. [Mei+20] showed the necessity of this assumption.
Accumulating errors over time we can now derive the analogous estimates to the simultaneous
PG approach. We obtain a linear accumulation such that an &-error in each time point h results
in an overall error of € which appears naturally from the dynamic programming structure of the
algorithm.

THEOREM 4.24. For all h € H, let uy be probability measures such that up(s) > 0 for all s e Sh,

let ap = m. For € > 0 choose the number of training steps as Ny = 4(Hch€)HR* ||Oo
Then for the final policy generated by FT-DynPG (Algorithm [5) under softmax parametrlzatlon
Q(No) 9( H-1)

= (m% ,...,m%s-1 ), it holds for all s € 8, that
Vi(s) —VE(s) <e.

If 6( ) initializes the uniform distribution the constants c, can be replaced by %I'
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Proof. First note that by our choice of the future policy ™ = ™* we have
Tn (O T (), 85) = VIE (s). (4.14)
By Lemma [4.23| we obtain

. _ 4(H — h)R*
T (®(hanys 1) = Jn (O, Ty, pn) < —
ChNh

For every s € 8y,
8s(s")

un(s’)

Jp (T (h41), 65) — Jh(Q,ENh), W (h4e1), 6s) = Z 11x(s") Jp (T (h41), 65) — Jh,s(Q;(INh), T (hs1), 65)

s’e8p

10, _
< ‘EHW(Jh(m(hH), Hn) — Jh(Q,EN"), T (k1) Hh))
< 4(H-h)R*|| 1 H
- C%Nh Hh 0
(4.15)
where H%Hm = maX;es, ﬁ > 0 by assumption. As Ny = %H%‘ i it holds that
o _ €
Jp (T (he1), 85) — Jh(el(lNh), T (he1), 8s) < I (4.16)

for every s € 8y,. For h = H — 1 it follows directly by equation (4.14)) and the specialty of the last
time point that for all s € Sy_1,

* m* * - €
Vi (8) = Vi1 (5) = Ty (8) = Jn-a (027,80 < .
Note that the last epoch is independent of ™. Assume now that for all s € 8,
=% H - h
Vi (s) =V (s) < %

Then it holds for all s € §;,_; that,

Ty, 80 = max(r(s, @)+ Y p(sls, Vi (s) = Y p(s'ls, ) (Vi (9) =V ()

s’e8p s’€8p
e(H-h)
> max|r(s,a) + p(s'ls, )V, (s) | = ———= (4.17)
acd ( S;h ) H
* 6(H B h)
= h—l(s) - H 4

by the Bellman expectation equation for finite-time MDPs ([Put05]]). We close the backward
induction using equation (4.14)) such that for all s € 8y_1,

Vi ((5) =V (5) = Vi1 (s) = Tr_ (), ) + Jr_y (Fny» 85) = Vi 1 (5)

e(H-h) ¢
S~ tq (4.18)
e(H-(h-1))

H
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Finally, it holds for h = 0 and all s € § that
Vi(s) —VE (s) <e.

4.2.3 Comparison of the algorithms

Comparing the convergence rate for FI-DynPG in Theorem to the convergence rate for
FT-SimPG in Theorem we first highlight that the constant ¢, in the dynamic approach
can be explicitly computed under uniform initialization. This has not yet been established in
FT-SimPG (see Remark [4.22)) and especially it cannot be guaranteed that c is independent of
the time horizon. Second, we compare the overall dependence of the training steps on the time
horizon. In the dynamic approach 3, Ny scales with H® in comparison to H® in the convergence
rate for the simultaneous approach. In particular for large time horizons the theoretical analysis
shows that reaching a given accuracy is more costly for simultaneous training of parameters. In
FT-DynPG the powers are due to the smoothness constant, the & error which we have to achieve
in every epoch and finally the sum over all epochs. In comparison to FT-SimPG, the smoothness
constant is a power of 1 better and the gradient domination property does not depend on H at
all.

Note that we just compare upper bounds. However, in the next section we provide a toy example
visualising that the rate of convergence in both approaches is of order O(%) and the constants in
the dynamic approach are indeed better then for the simultaneous approach.

4.3 NUMERICAL EXAMPLE UNDER EXACT GRADIENTS

We enclose a numerical toy example of a very simple MDP problem of optimally stopping when
throwing a dice H = 5 times. This is a non-trivial example for which exact policy gradients can
be computed. The simulations visualize that the theoretical results (in the exact gradient setup)
are sharp up to constants.

The finite-time undiscounted MDP corresponding to this example is defined as follows:

s 3 =1{0,1,2,3,4}

* a constant state space over the epochs 8§ = {1,...,6, A} containing all sides of the dice
1,...,6 and a terminal state A,

* a constant action space sd = {0, 1}, where 1 indicates stopping and jumping into the
terminal state and O indicates continuing to the next epoch,

* a transition function p

5,0) =P(Spr1 =" | Sh = a, Ay = a)

%, ifs’,se{0,1...,6},a=0,

=141, ifs’"=A,s€8§,a=1ors’=s=A,a=0,

p(s’

0, otherwise.

Thus, we throw the dice iid until stopping for the first time, then we jump into the terminal
state and stay there for the rest of the game.
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¢ areward function r

s, ifse{0,1...,6},a=1,

r(s,a) = )
0, otherwise.

We only observe a reward when we choose action 1 to top the game and the reward equals
the number on the dice.

Having this model with known transition probabilities allows us to implement the simultaneous
and FT-DynPG under the exact gradient assumption. In the simulation we always initialized the
parameters equal to O to obtain a uniform initial distribution. Furthermore we chose the suggested
learning rates from Theorem |4.15|in the simultaneous approach and from Theorem [4.24|in the
dynamic approach.

524

5.0 1

0
4.8 10

4.6
4.44

10-1 4
424

4.01

-2
3.8 1079 — 1
----- optimal value function === interpolation of entpoints
361 4 value function trained backward in time value function trained backward in time

—=—=- value function trained simultaneously —=—=- value function trained simultaneously

(IJ SOlI)OO 100‘000 150‘000 200‘000 250‘000 163 164 165
a) number of gradient steps b) number of gradient steps

(n)
Figure 4.1: (a) shows the behavior of Vge during the training steps over all epochs. (b) shows
the log-log plot of the same simulation visualizing the convergence rate towards V.

The dotted red line in Figure (@) shows the target: V;j. On the x-axis we count the number
of gradient computations in the algorithms, a way of measuring the computational complexity.
The dashed magenta curve shows the evolution of the estimated value function trained with
the simultaneous training of all parameters. As ¢ is unknown for the approach, we trained
the parameters until an error of 0.1 was achieved. The blue curves show the evolution of
the estimated value function trained with our algorithm backwards. Note that the number
of gradient steps varies for different epochs, as suggested by Theorem less training for
later epochs. This can be seen in the plot by the different lengths of the plateaus of the blue
lines. One plateau shows the training of one parameter. Just when the last parameter 6y is
trained, the value function Vgg finally converges towards the target. In this simulation we chose
€=15,1,0.5,0.25,0.12 to define the length of the training steps according to Theorem[4.24] Note
that the uniform initialization leads to ¢, = 0.5 such that N could be explicitly calculated. From
light to dark blue € decreases. It can be seen that the final error is better than the chosen epsilon,
indicating that the rate of convergence from the dynamic approach is tight up to constants.

In Figure (b) for comparison the red line is a constant times % The dashed magenta line is
the optimal value minus the dashed magenta curve from (a) of the simultaneous approach. Also,
the blue curves are the optimal value minus the blue curves from (a). The dotted blue line is the
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linear interpolation of the end points of the blue lines. As the dotted blue line, the magenta line
and the red line have the same slop, this shows the %—convergence rate in the accuracy level e.
The larger difference from the dashed magenta line to the red line in comparison the dotted
blue line to the red line indicates the larger constant in the rate of convergence.

Both plots show that the FT-DynPG algorithm converges faster than the simultaneous one. As
suggested by the upper bounds the effect gets much stronger for larger H.

4.4 CONVERGENCE OF STOCHASTIC SOFTMAX PoLiCcY GRADIENT

In the previous sections, we have derived global convergence guarantees for solving a finite-time
MDP via FT-SimPG as well as FT-DynPG with exact gradient computation. However, in practical
scenarios assuming access to exact gradients is not feasible, since the transition function p of
the underlying MDP is unknown. In the following section, we want to relax this assumption
by replacing the exact gradient by a stochastic approximation. To be more precise, we view a
model-free setting where we are only able to generate trajectories of the finite-time MDP. These
trajectories are used to formulate the stochastic PG method for training the parameters in both
the simultaneous and dynamic approach.

Although in both approaches we are able to guarantee almost sure asymptotic convergence
similar to the exact PG scheme, we are no longer able to control the constants ¢ and cj, respectively
along trajectories of the stochastic PG scheme due to the randomness in our iterations. Therefore,
the derived lower bound in the weak gradient domination may degenerate in general. In order
to derive complexity bounds in the stochastic scenario, we make use of the crucial property
that ¢ (and ¢, respectively) remain strictly positive along the trajectory of the exact PG scheme.
To do so, we introduce the stopping times T and 7, stopping the scheme when the stochastic
PG trajectory is too far away from the exact PG trajectory (under same initialization). Hence,
conditioning on {t > n} (and {t;, > n} respectively) forces the stochastic PG to remain close to
the exact PG scheme and hence, guarantees non-degenerated weak gradient domination. The
proof structure in the stochastic setting is then two-fold:

1. We derive a rate of convergence of the stochastic PG scheme under non-degenerated weak
gradient domination on the event {t > n}. Since we consider a constant step size, the
batch size needs to be increased sufficiently fast for controlling the variance occurring
through the stochastic approximation scheme.

2. We introduce a second rule for increasing the batch size depending on a tolerance § > 0
leading to P(t < n) < 8. This means, that one forces the stochastic PG to remain close to
the exact PG with high probability.

A similar proof strategy has been introduced in Ding, Zhang, and Lavaei [DZL22]] for proving
convergence of entropy-regularized stochastic PG in infinite-time horizon MDPs. Their analysis
heavily depends on the existence of an optimal parameter which is due to regularization. In
the unregularized problem this is not the case since the softmax parameters usually diverge to
+/—o00 in order to approximate a deterministic optimal solution. Consequently, their analysis
does not carry over straightforwardly to the unregularized setting. One of the main challenges
in our proof is to construct a different stopping time, independent of optimal parameters, such
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that the stopping time still occurs with small probability given a large enough batch size. We
again first discuss the simultaneous approach followed by the dynamic approach.

4.4.1 Simultaneous stochastic policy gradient

We assume throughout this section that Assumption holds true. Due to the finite-time hori-
zon, it is not a challenge to define an unbiased estimator for the gradient compared to discounted
MDPs (see Section[3.1.2). Using a mini-batch Monte-Carlo estimator in the representation of
the gradient by the policy gradient theorem (Theorem results in an unbiased estimator for
which we can also guarantee bounded variance.

Unbiased gradient estimator. Consider K trajectories (s}, a})f' !, fori =1,..., K, generated
7 5 @ 5 5 7 5 . . .
by sy ~ p, aj ~ 7°(|s;) and s, ~ p(-|s; _;,a; ;) for 0 < h < H. The gradient estimator is

defined by

T
_

K
= 1 .
v, ) = % Vlog(yt@(a}qls;l))R;I, (4.19)

i=1 h=0

1

>
I

where R\;l = Zf:_hl r(sf{, a;'() is an unbiased estimator of the h-state-action value function in (52’ a;'l)
under policy 7. The number of trajectories K is often called batch size of the estimator.
The stochastic PG updates are given by

e+ — g 4 aﬁJ-K(@(n)’ 7). (4.20)

We first proof that the gradient estimator is unbiased (independent of the parametrization class)
and has bounded variance (under tabular softmax parametrization in equation (4.1)).

LEMMA 4.25. Consider the estimator from equation (4.19). For any K > 0 and parametrization
(1®)geRa it holds that

E; [V, 1)] = VJ(8, p).
If (1®)gcga the tabular softmax parametrization in equation (4.1), then

3H*max{R*, 1}* &
K K

@ —
Ef [IVJE(8,n) ~ VJ(®,mI°] <

Proof. By the definition of VJK we have

H-

—_

N
ANgls

,..
Il
—_

2SS 7@ [ i1ci\)pi
E5° (V0. m] = E°| Vlog(r® (4}IS})R} |

h=0

Il
=9
)
T
Nl

V log(n®(Ap |Sh))§h]

h=0
o H-1 H-1
=E}°| D Vieg(r®(Anlsh) ), r(Sk A0,
- h=0 k=h
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where we used that we consider independent samples fori = 1, ..., K. From the proof of the PG
theorem (cf. Theorem |4.2)), we deduce that

EX [VJX(®, )] = VJ(8, p).

For the second claim, we first obtain that

N|=

Iva,mil=( >, > (Ha ()2 (als)a™ (5, a))?)

sc§l] aed

<SHR( Y YAz (97°(als)?)

se8lH] aed

< H*(R")?,

Nl=

because 7®(-|s) < 1 and dl’f@) (s) < 1, as both are probability distributions.
Next,

H-1
B2 1907 (0, ] < EX°| ) IV log(x® (Anlsi) IRl |
h=0

% (0]
< H2R'EL |1V log(x® (anlsn))I |
< H?R",
where the last inequality follows with by Yuan, Gower, and Lazaric [YGL22, Lem 4.8] and

Jensen’s inequality. Thus,

E2 L9750, 1) - VI(0, wIP] < &5 [1972(8,1) - VI (@, 1

1
K
1

IA

[IIVJI(@)II2 +2|[971 (@, pIVI(©)]| + VI (©, p)|I?

IA

< [H4(R*)2 +HY(R)? + H4(R*)4].
We define £ = 3H* max{R*, 1}* > H*(R*)? + H*(R*)? + H*(R*)* to prove the claim. n

Define the stopping time. We assume again the tabular softmax parametrization on the
enlarged state space in equation (4.I) and denote by (@), .y the deterministic sequence
generated by Algorithm |4 under exact gradients and by (6(™),cy the stochastic sequence
in equation (@.20). We assume that the initial parameter agree, i.e. ®1) = 1), and the
step size « is the same for both processes. The natural filtration of the stochastic process
(6( ))neN is denoted by (F (M), en. Recall that for the deterministic scheme we could assure
that ¢ = inf, min,gis) 78 (a*(s)|s) is bounded away from O by Lemma |4.14] u This cannot be
guaranteed for the stochastic trajectory. The idea of the convergence analysis for stochastic
softmax PG is now to define the following stopping time

t:=min{n>1:||06™ -0™|, > %}.
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This means, 7 is the first time when the stochastic process ((:)(”))neN is too far away from the
PG trajectory (™), cn. Hence, all challenges encountered in the deterministic case transfer to
the stochastic context, indicating that the model dependent constant ¢ naturally appears in the
error bounds of the stochastic case. We emphasize that t is a stopping time with respect to the
filtration (F™),en by construction.

Event {n < t}. First, consider the event {n < t}, i.e. |[@™ —®™ ||, < £. Then, it follows from

C
4
the V2-Lipschitz continuity of ® — 7€ (a*(s)|s) that ming<, < minses 78" (a*(s)s) > £>0.

LEMMA 4.26. The softmax policy on the enlarged state space and analogously every softmax policy
for FI-DynPG is \2-Lipschitz with respect to © or 0y, respectively.

Proof. We consider a general softmax policy 7% with parameter (6(s, a))ses.qeq Of a finite state
and action space such that
exp(6(s, a))

0 _
Tl = S (8, @)

The derivative of the softmax function is
an%(als) [la’:a exp(6(s, @) ( Xgea, exp(8(s, a))) — exp(6(s, a)) exp(6(s, a’))]
0(s',a’) 7 (Saeq, exp(8(s,@))”
= Ly=| Lo=an”(als) - 2°(als)2* (@]9)|.

Therefore,

1929z = | (1wmam®(als) 2 (@ls)x® (k)

aesl

< \/7r9(a|s)2 — 279 (als)3 + Z 70 (a’|s)2m0 (als)? < V2.
aesl

LEMMA 4.27. Let u be a probability measure such that p(s) > O for all s € 8 and consider
the sequence (®™),cn generated by the stochastic recursion in equation (4.20) under softmax
parametrization. Then, it holds almost surely that ming<, <, minges, 7" (a*(s)ls) = 5 is strictly
positive.

Proof. For every n < T we obtain by the V2-Lipschitz continuity of softmax in Lemma that
oM ™, ™, oM
78" (a* (s)|s) = 7® (a*(s)]s) = [7°7 (a* (s)|s) = %" (a*(s)]s)]
> 79" (@ (9)ls) - ¥2116™ - 0|5

c
>—=>0,
2

holds almost surely. The claim follows directly. [
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This allows us to use the weak gradient domination of Lemma to derive a convergence rate
on the event {n < t} in the following sense:

LEMMA 4.28. Under Assumption let u be a probability measure such that u(s) > 0 for all
s € 8 and consider the sequence (®™)),cn generated by the stochastic recursion in equation (#.20)
under softmax parametrization. Suppose that

2 w1207 _1_
c“max{R*,1}“(1 2W)
N3/2|S|H19

a |72 5. . . ,
£ n? is increasing for fix N > 1 and

(i) the batch size K™ > g

u

(o]

1
S5H2R*YN'

(ii) the step size a =

Then, it holds true that

20|8|H5R* H H

E[(J* (1) = J(O™, 1) L(nery| < Exs

“an

Proof. Throughout the proof we drop the p in J and J*.
First, we deduce from the L-smoothness of J, as in the proof of Theorem that almost surely

J(O™D) > J(O™) + (vI(®™)) (6D — o)) — gné("“) -6 =2,

We continue with

J(O™) > J(©™) + a(VI(©™)) VK (O™) - ||VJK(@<n>)”z
=J(O™) + a(VJ(@(n))) VI(O™) + (X(VJ(G(”))) (V J'K(G(")) _ VJ—(@(n)))

La® ~ . _ - _
_ %H(VJK(G(”)) —VI(B™)) + VI(O™)]|2.

Thus,

o (n+1 A (n Laz ()12 2 A (n Laz 2
J(O ) 2 J(OM,) + (o = =) IVI(O™) | + (o = La®)(VI(8™), bn) = | ll?,

where ¢, := VJK(®™) — VJ(6™). Next we take the conditional expectation on F,. Then by
Lemma we obtain

La?g

_ _ La? _
E|7(00 )3 | = 1(8™) + (a = - )IIVI(6 )12 - Z=.

Subtracting this equation form J* and taking the expectation under the event {n+1 < 7} results
in:

E|(" = I (@™ ) <o) |

=E[E[(" - 7@ )51 (012 |
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<E (J - [E[J(é‘”“))l’fn])l{nsf}]

[ . - Lo? - Lo?
< E[U =IO ey | - (o= - JE[ IO P ey | + 5

La’E
2Kn

>

- (n) - - (n)
< B[ =IO ey | ~al1 - \/_)[E[IIVJ(® P ey | +

where we used that {n+1 < t} = {r < n}¢ is F,,-measurable and that 1{n+1<f} < 1{n<ry ass.

With the gradlent domination property in Lemma and min; <<, Mingeg 7" (a*(s)]s) = £
by Lemma we deduce

B[ = I(@" ) <oy |

- 1 2 dr - Lazf
s[E[J*—J@<"> 1 ]— - )£ [J—JG(”) 1 ]
( (O N1n<ry | —a(1 2\/_) il g ( (O""N1in<r
- 1 ¢ dr - _ 2 LO(ZE
S[E[J*—J M1 ]— 1- — HLH [E[J*—J M1 ] —>
( (@ N1y | — al v il Il ( (0" N1n<ry| + 2K,

where we used in the last inequality that Assumption implies d;f@ (s) > % u(s) (see Re-
mark4.13). For d,, := [E[(J* — J(@(n)))l{ng}] we obtain the recursive inequality

1 dpg2, La?
dpey < dy — a(1 = ——)—S HLH 2, Las
2VN' |8|H3 2K,
We define w := a(1 - )|8|23 4| and B = # > 0 such that

B
e < dn(1 —wdy) + .

n

Note that w > 0 by the assumption u(s) > 0 for all s € 8. Then by our choice of K, it holds that

243 _ 1 .
ngnz _ 2C o L(1 zvﬁ)fHﬂu—an
4 8 |S|H3 p lleo
2.2 1 * 2 % 2
gca(l—m)fuﬁﬂ_znz<2c max{R*, 1}°(1 — 2\/_)H H 2 <K
~ 8  4/N|S|H3 pollo ™8 N3/2|8|H1?
Furthermore, we have for o = that
5H2R*\/_
4  48H? Hdﬁ HZ _ 20|8|H°R" HdﬁHZ
- _ el g lle g - 2l g e
3w 3a(l 2\/ﬁ)c c \/ﬁ(l )

We obtain that
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2
DO21andx+ﬁ(1—ﬁ)<1fo1ra11N21.

*
B

becausec < 1,

Suppose the induction assumption d,, < % holds true. First, recall the recursive inequality

B
2
dn+1 < dn —lUdn + K_n

The function f(x) = x —wx? is monotonically increasing in [0, ﬁ] , and by induction assumption
d, < ﬁ < ﬁ Thus,
B 4 16 B
dpj1 Sdp—wd?> + — < — - —— + —
K, ~ 3wn 9wn? K,
4 16 4B 4 12 4 (1 1 )
< - + = — = —— - —
3wn 9wn? 9wBn?2 3wn Y9wn? 3w\n n?
<
3wn
by the choice of K,, > %anz. We deduce the claim
4 20[8|H5R*  ||d% |12
% =
cwd gt

Event {t < n}. Secondly, consider the complementary event {t < n}. We can bound the
probability of this event by § for a large enough batch size K. The proof is inspired by a
similar result obtained by Ding, Zhang, and Lavaei [DZL22, Lem. 6.3] for infinite-time horizon

discounted MDPs.

LEMMA 4.29. Let u be a probability measure such that u(s) > 0 for all s € 8§ and consider
the sequence (M) en generated by the stochastic recursion in equation (4.20) under softmax
parametrization. For any § > 0, suppose that

10 max{R*,1}?n°

257 and

(i) the batch size K >

.. . _ 1
(ii) the step size a = VeIR

Then, it holds true that P(t < n) < é.

Proof. By the definition of T we have

P(r <n) = P(max[@® - 60| > &),
1<t<n 4

so we first study ||©®) — @®)||. We emphasize that [DZL22, Lemma 6.3] established a similar
recursive inequality.

t-1 t—1
16 — 0@ =6M + > aVs (©®®, 1)~ (0" + ) avi(©®, w)|
k=1 k=1
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-
[y

al|VIE(@®, ) - vI(@®, p)||

»

=1
t—1 .
(VI @M, p) = va(@®, p)l + VI (8N, p) - VI (@X, 1)

k=1

We define again ¢K VJK (00 1) —vJ(®™®, 1) and continue using the L-Lipschitz continuity
of VJ(®) such that

t—-1 t—1 t—1
10 =8| < a > (lgfl + 110" — 08X =a > lI¢Fll+ar ) [l0% - 68X
k=1 k=1 k=1
Using this inequality sequentially leads to

t-1 t-1
lo® -8 < aanbf || +aLZ||®“‘> -6W]|

t-2 t—2
<« leqbk |+aLZ|I®(k) ®(k)||+aL(0( Il +aL > 0% - @<k>||)
k=1 k=1

|_|

t—2 t—2

« > g |+a2LZ||q>k I+ +anaL Y l0® - 6%

k=

Il
AN

=~

1l

—_
—_

t—2

= al|pX 1||+a(1+aL)Z||¢k |+(1+aL)aLZ||®(k) &® ||

-1
< Z a(1+aL) = 1 pK]].

k=1

Applying Markov’s inequality results in
P(t < n) = P(max |6 - 6D > £)
1<t<n 4

n-1
n—k— c
< P<Z a(1+al)" gl = )

42 §a(l+al)" E[ld]1]
c

4na(l+ aL)"‘l\/g
<

B

c

where in the last inequality E[[|¢f||] < {/E[]| <;bK|| \/7 by Jensen’s inequality and Lemmal4.25

Now we plug in the choice of @ = v’siﬂ = \/_L,

U+ gk 4R+ NG ayinyE
c T SHRVK | SHZRVK

M \n 5H2R*

P(t <n) <
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where the last step is due to f(x) = (1 + %)x_l < x for all x > 1. We follow that P(t < n) < § if

16n3¢ _ 16n’H*max{R*,1}*3 .48 max{R*, 1}?n3 _ 1o max{R*,1}?n® _
25H4(R*)2c282  25H4(R¥)2c282 5c282 - 282 -

Convergence result. Our main result for stochastic FT-SimPG is stated in the following.

THEOREM 4.30. Under Assumption [4.12} let p be a probability measure such that u(s) > 0 for all
s € 8. Consider the final policy using Algorithm [4with stochastic updates from equation (4.20)
under softmax parametrization. Denote the final policy by * = n® 6t . Moreover, for any §,¢ > 0
assume that

. . - spey2||d ||+
(i) the number of training steps satisfies N > (_21If{|51; K -
(o)
. . _ 1
(ii) the step size a = SIERVN and
* 2773
(iii) the batch size K > W-

Then, it holds true that
P(Vi(u) - VT (n) <€) >1-8.
- 5(N)
Proof. First note again, that by definition J*(u) = Vj(u) and JOW) ) = Vg® (). We
separate the probability using the stopping time t and obtain

P((7" (1) - 9(0™, 1) 2 ) < P({r 2 N} 0 {7 () - J(ON), 1)) 2 €}
+P({T <N} (U (1) - IO, ) > ¢}

E| (" (1) = (O™, 1)1 (csm) |

€

IA

+P(t < N)

1 20/8|HSR* Al 2 8
< - 5 1 1 — + E
CR - RN e

5§ 8
< 4o
2" 2

=6,

where the second inequality holds due to Lemma [4.28 and Lemma [4.29] The last inequality
follows by our choice of N:

71,*
dp 2

20|8|H°R* ’

c2VN(1 - ﬁ)

o)
S_
2
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qr

*
T
dll H

2 4
20|S|H°R* |[dy 132 L. e 1. 21|8|H°R* |2
T |||t 5)", which is satisfied if N > (—€ o ) K Note that

we can use Lemma [4.28]in the equation above with a constant batch size, because by our choice
of

if and only if N > (

2 * 2 1 71'*
{9C max{R", 1}*(1 - zm)"dp “—2 , 10 max{R*, 1}2N3} 10 max{R*, 1}2N3
max { — L | — ,
) N3/2(8|H19 11 oo 282 282
a* 1-2
for all n < N. The last equality holds, as ¢ < 1, % <1 [

4.4.2 Dynamic stochastic policy gradient

Unbiased gradient estimator: For fixed h consider K}, trajectories (s}, a} )1, fori = 1,..., Ky,

generated by sl ~ pp, al ~ 7% and a ~ 7 for h < k < H. The estimator is defined by
_ 1 &
VI (On, W(ne1)> Hh) = X Z V log(n% (a}|s}))R},, (4.21)
i=1

where Rl = ¥ r(st, al ) is an unbiased estimator of the h-state-action value function in (st, a )

under future policy @. Then the stochastic PG update for training the parameter 6}, is given by
6" =8\ + ay VI (8" W (nan), pin)- (4.22)

We start again by showing that the gradient estimator is unbiased and has bounded variance,
independent of the chosen parametrization class.

LEMMA 4.31. For any h € H consider the estimator in equation (4.21). Let Ky, > O, then for any
parametrization (ﬂeh)eheRd it holds that

On,(T0) (s = — —~
[ESZ ®w) (VI (On, Tner)s B = VI (O, Ehe), Hn)-

If (ﬂeh)eheRdh the tabular softmax parametrization in equation (4.4)), then

5(H-h)*(R*)*> _ iy
Kh —-. ?

9h jog + — — -
[E,féf e 1))[||VJ;Il<h(9h’W(h+1),th) — VJn(On, W(ne1y, 1)1 <

Proof. We drop the subscript h in 6}, for this proof.
By the definition of V.J,* we have

Kn
0 (F))) _ O (@) meny) [ 1 i1civypi
[E’g: ,(T0) (n 1))[VJ}Il<h(9;1m:(h+1)9ph)] — [E]thr () (h41)) K_h Z VlOg(yre(At|St))Rh]
) i=1

7%, (& [ =~
= Egr |V log(x (a}Is})R} |
H-1

=y 00|V log(a? (Anlsi) Y r(sk. 4],
i k=h
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where we used that we consider independent samples fori = 1, ..., K;. From the proof of the
dynamical PG theorem (Theorem [4.4)), we obtain that

By 0 (9550, oy, )]
(2, (&) 1)) 6 <~
= E,, |V log(x®(Arlsw) Y r(Sk, 40|

= VJn(0, W41, Hn)-

For the second claim, we have

9 T = —_— —_—
Epr P 19550, Finery, 10) = TI (6, Ty, ) I

< Bl P09 og(x (Anl5) @ 51, 4n) ~ VIO

H-1

1 p @ @)

= B T 3 Y (e (L, = 27als) Y (S A
k=h

se8y aedy

0 (= 2
- ()7’ (als) 4™ P 5,0)) |,

by the definition of ﬁJ}Ifh (6, T (h+1), Hn) and the derivative of VJ, (0, T (n41), pp) for the softmax
parametrization. Further,

o~ . _ —
[El(j: (@) 1)) [”VJ}Ifh(Q’ T (hs1)> Hh) — VIR(O, T(ne1), Ph)||2]

H-1

1 (n9,<ﬁ><h+l))[ 6 2 2
<—E (Loma, = 7 (alSi)?( D (k40
H-1

=23 (Laa, ~ 20(alSh) Y r(Sk A ()7 (als Al P (51, a)
aed k=h

7% () (s
£ 3D () (als a0 012,

seSp acds

We consider all three terms separately. For the first term we have

0~ H-1 )
Byt T[S (L, = 2 alsi)?( ) r(Sio 40)) |
aeds k=h
@) [ (O (7, (@) 1)) = 2
77, () (e 7%, () (s
=k O (3 s an) | 26 @0 |2 Al D rise A0) |
k=h k=h
(2, () o)) < 2
+E P Y 2 alsw?( ) (s a0) |

aed k=h
< ((H-h)R")? -0+ ((H-h)R")? =2((H -h)R")?,
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by bounded reward assumption and the fact that ° is a probability distribution. For the second

b~
term, we note that A}(lﬂ () (Sn, a) can be negative, therefore we consider the absolute value

and obtain

0 ~ H-1 0~
2By TS (Lam, = 70(alS) Y (S AN (s)a alsw|ay P (5p, )|
aedy k=h

)
< o o) [ > 1 (H-nR - 1-7alsy) - (H - h)R*]

aed;

= 2((H — h)R")2.
For the last term we have

7 (& 7%, (&
[E;(lh s(W)(h+l))[Z Z ph(s)zﬂe(als)zA}(l ,(M)(h+1))(s’ a)Z] < ((H—h)R*)2

se8y aedd;
In total, it holds that

@) [ 115 ~ — 5((H — h)R*)?
[Elflj;f () (h+1)) ['lVJ}Ifh(Q’ T (he1)s Ilh) _ VJh(Q, T (he1)s ph)||2:| < K—h

Define the stopping time. Let (é}(ln))neN be the stochastic process from equation (4.22)) and
let (9,(1”)),16,\, be the deterministic sequence generated by FI-DynPG with exact gradients,

0™V = 0\ 4+ 0, V(0" T nar)» i)

such that the initial parameter agree, i.e. 9,(11) = é,(ll), and the step size ay, is the same for both
processes. The natural filtration of (é,(l”))neN is denoted by (Cﬂ(l”))neN.

L . . (n) .
For the deterministic scheme we could assure that ¢, = min, ey minges % (a*(s)ls) is bounded
away from O by Lemma As for the simultaneous PG this cannot be guaranteed for the
stochastic trajectory. Define for every epoch the following stopping time

Ty :=min{n > 1 : ||9,(1”) - é}(ln)llz > %h}.

We emphasize that tj is a stopping time with respect to the filtration (?}(l"))neN by construction.

Event {n < 7;}. It follows again by the V2-Lipschitz continuity of the softmax policies

. . 5(n)
(Lemma [4.26) that ming<, <, minges 7% (a*(s)|s) > % > 0.
SN<Th P)

LEMMA 4.32. Let uy be probability measures such that py(s) > 0 for all s € 8, and consider the
stochastic sequence (Q}E"))neN generated by equation (4.22]) under softmax parametrization. Then,

. . . 5 . . ..
it holds almost surely that ming<,<¢, Minges, 0 (a*(s)|s) > % is strictly positive.
Ly <n<ty h 2 Yy p
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Proof. For every n < tj, we obtain by the V2-Lipschitz continuity in Lemma that

2% (@ (s)]s) = 7% (@*(s)]s) — |2 (" (s)]s) — 20" (@ (5)]s)]

(n) -
zn%(f@ng—Vﬂ@P—eymz>%>o,

holds almost surely. The claim follows directly. ]
We derive a convergence rate on the event {n < 7} in the following sense:

LEMMA 4.33. Let py be probability measures such that pp(s) > 0 for all s € 8y and consider
the stochastic sequence (Gﬁn))neN generated by equation (4.22) under softmax parametrization.
Suppose that

. . 45¢7 - .
(i) the batch size K;(ln) > —Chg(l — —)n? is increasing for some Ny > 1 and
64N, 2VN

1

(ii) the step size ap = RV

Then, it holds true that

32yNi(H - h)R*
3(1 - ﬁ)c%n '

E[(J; (W (he1), HR) — Jh(é;(ln); T (he1), Hh)) Linzeyy | <

Proof. As in the proof of Theorem we deduce from the Ly-smoothness and Lemma 4.31]
that

E [J(é,(lnﬂ), T (he1), ﬂh)lffr;(ln)]

Lhazipp

(m
2K

_ . LhO(2 _ .
> J(Q;(f), T (he1), Hp) + (th - Th)HVJ(Q(n), Te1), 1) 1% —

We take the expectation of this inequality on both sides under the event {n + 1 < 7,}. Note that
{n+1 <t} = {t, < n}¢ is F,-measurable and that 1{p41<7,} < l{n<r,) a.s., thus

E [(JZ(ﬁ(hﬂ), Hr) — Jh(é,(lnﬂ), T (he1) ph))l{n+1ﬁ‘rh}]
= [E[[E[(JZ(ﬁ(hﬂ), Hp) — Jh(é,(lnﬂ), T (h+1)> Ph))l"f,(ln)] 1{n+1§rh}]
<E [(JZ(ﬁ(hH), up) — E [Jh(é;(lnﬂ), T (h+1), ﬂh)lﬁr;(ln)])l{nsfh}]

< [E[(J;(ﬁ(hﬂ)’ Hn) — Jh(é}(ln), T (h+1)> ﬂh))l{nsfh}]
Lhaiipy

(n)
2K

Lhaz — _
— (= 52 JE[ IV 0" iy, 1) P Ly | +

= [E[(JZ(ﬁ(hn), Hn) = Jn(O Ty, ph))l{nSTh}]
5(H — h)R*
2kVNy

= an(1 = —=E[ IV (6", Forry, )P ey | +

1
24/Np,
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By Lemma we have that
N =~ : 5 * * =~ N ~
19718, T rony, i) |> = min ™ (@ (s15) (T (Renery, ) = Jn(B”, inar), )

) ) 5(n)
we have that minj <, <;, mingeg 7% (a*(s]s))? = 2 > 0 almost

4.32

almost surely, and by Lemma
surly. Therefore,

[E[(JZ(ﬁ(hu), n) — Jh(é;(lnﬂ), T (hs1), ph)l{n+1Srh}]

< E[(J;(ﬁ(hﬂ)’ n) — Jh(é;(ln),ﬁ(hﬂ), ﬂh))l{ngh}]
1 . g — ~(n) ~ 5(H — h)R*
— a1 - )[E[ 0, (a* (s]s))2(J* i) — Jn (8 )21 fREmUR
th( Wi min x (a*(s18))°(Jp, (W (ns1), BR) — Tn(O; 7, Wina1)> Hr)) " Lin<ey) ZKIE")Nh

<E [(JZ(ﬁ(hﬂ), Hr) — Jh(é,ﬁ”), T (ht1)s ﬂh))l{nsfh}]

2

¢ . ~(n) ~ 2 5(H-h)R*
)_h[E[(Jh(Wh“)’ i) = Jn (84", Wna), llh))l{nsm}] T S
4 2Kh Ny

1
" 24/Ny,

where we used Jensen’s inequality in the last step.
Ford, := E [(J;Ik (T (hs1)> Hn) — Jh(é,(ln), TT(h+1)s ph))l{ng-[h}] we imply the recursive inequality

1 \¢ , S5(H-h)R"
o= o1 |z SR
2v/Ny/ 4 2K\ Ny

2 *
Define w := ah(l— ﬁ)% >0and B = % > 0, then

B
dps1 < dn(1 - de) +—
K(n)

h

and by our choice of ap,

45¢2 1

h1- yn? = 2an2,
24/Np 4

Moreover, it holds that
4 4

1
di<(H-hR"<—<—XZ 5
ap 3w 3w-1

1 1 . . .
because ¢, < 1 and \/T_h(l - W) < 1 for all N, > 1. Suppose the induction assumption

d, < ﬁ holds true, then for d,;1,

dps1 < d, —wd? + —.
n K}(ln)
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The function f (x) = x —wx?is monotonically increasing in [0, 5 5

dn < 70— < 5. S0 dy —wd? < 52— which implies
B 4 16 B
dpe1 < dp —wd? + < - +—
n+l S dp —wa, K}En) ~ 3wn 9wn2 K,
4 16 4B 4 12 4 (1 1
R
3wn 9wn? O9wBn? 3wn Y9wn? 3w'\n n?
<
Sw(n+1)

where we used that K, () > %anz. We deduce the claim

4 _32\/_(H h)R*
3wn  3(1- gg=)cin

d, <

==] and by induction assumption

Event {1, < n}. Secondly, consider the complementary event {t;, < n}. We can bound the
probability of this event by & for a large enough batch size Kj. The proof is again inspired by

similar results obtained in Ding, Zhang, and Lavaei [DZL22, Lem. 6.3] for discounted MDPs.

LEMMA 4.34. Let uy be probability measures such that uy(s) > 0 for all s € 8y, and consider the
stochastic sequence (9}(1")),16,\1 generated by equation (4.22) under softmax parametrization. For

any § > 0, suppose that

(i) the batch size Ky, > 262

(ii) the step size ay = \/ﬁLh'

Then, it holds true that P(ty < n) < 6.
Proof. The proof follows line by line the one of Lemma One obtains

_ 4nap (1 + Othh)n_ldﬂ
P(th < n) = P(max [0 - 8] > &) < o
1<t<n 4 Ch

where 1, from Lemma |4.31} Now we plug in the choice of ay = \/ﬁth = 5 H_;) v

an (14 ALyt R

Ch
4Vn(1+ )"

- Lych VK
_ Ay _ B
T LenVKrn oK

P(tp <n) <

where the last stepis due to f(x) = (1+%)"‘1 < x forall x > 1. We conclude that P(t, < n) < §

if Kp > 262
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Convergence result. We are now ready to proof the epoch wise statement.

LEMMA 4.35. Let py be probability measures such that py(s) > O for all s € 8y and consider
the stochastic sequence (Hfln))neN generated by equation (4.22)) under softmax parametrization.
Moreover, for any 8, e > 0, assume that

L2(H-hR )2

(i) the number of training steps Ny, > ( e
h

(ii) the step size ay = and

1
2(H-h)R*\/Ny

3

) 5
(iii) the batch size Kj, = N,

Then, it holds true that IP’(J; (T (h+1)> Hh) — Jh(é}(lNh), W (he1)> Hh) = €) < 6.

Proof. We separate the probability using the stopping time t; and obtain

P(J;(ﬁ(hﬂ); up) — Jh(é,gNh), T (h+1)> Hh) > 6)
< P({Th > N} O T (R (ran)s H1) = Ja (@, ey, 1n) = 6})
+ P({Th < N} O TS (R o), B1) = Ta (@, ey, 1n) = 6})

E [(J;*l(ﬁ(hﬂ); Hr) — Jh(é;(lNh), T (h+1)> Ph))l{rthh}]

€

+P(ty < Np)

- 132\/17h(H—h)R N 8

S € 3(1- ﬁ)cin 2
§ &

<242
2 2

=8,

where the second inequality it due to Lemma and Lemma The last inequality follows
by our choice of Ny:

32VN(H - R _ 11YNy(H - )R’
3e(1 - ;ﬁ)cfln T oe(1- ﬁ)cin

)
S_
2

for Ny, > (% + %)2, which is satisfied for N;, > (%)2. Note further that we could
h h

use Lemma in the equation above with a constant batch size Kj, because

45¢2 1 5N3, 5N?
max{ h§ (1= 2\/1\T)n2’ 626};} - c25};’
2
64N, h h h
forallnSNh,as(l—ﬁ)<1andch<1. [ |

Our main result for the dynamic stochastic PG scheme is given as follows.
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THEOREM 4.36. For all h € K, let uy be probability measures such that pp(s) > 0 for all h €
s € 8y. Consider the final policy using Algorithm [5with stochastic updates from equation ([4.22)

S . 5(No) 5(Ng-1) . .
under softmax parametrization and denote by " = (n% , ..., 7%-1 ) the final policy. Moreover,

for any 8, e > 0 assume that

12(H—h)R*H2||L||oo )2
2

(1) the numbers of training steps satisfy Ny > ( o Hh
h

.. . _ 1
(i) the step size ap = TH RN and
. 5N3H?

(iii) the batch size K3, > c2h62 )

h

Then, it holds true that
[P’(Vs € 8o : Vy(s) —VO"TE*(S) < e) >1-6.

Proof. As in the proof of the exact gradient case (Theorem equation (4.14)) we have by
our choice of the future policy ™ = ™" that

Jh(é;(lNh), T (he1), 8s) = VI¥ (s). (4.23)

By Lemma we have that

™

L . 8
P(Jh(m(hﬂ), Hp) — Jh(e;(lNh),W(hH), Hp) = ) <o

d

1
Hn

(o]

by our choice of Ny, ap, and Kj,.
For every s € 8y, denote by &, the dirac measure on state s, then as in equation (4.15))

% = N ~ 1 BN ot ~
J (T (h41), 85) — Jh(Q;ENh), T (h41), Os) < “EHMU’I(M(M)’ Hp) — Jh(G,ENh), T (h+1), Hh)) .S
Thus, for all h € K it holds that

o — = ~ €
P(Hs €8y : Jh(U[E(h+1), 8s) — Jh(Q}(INh), W(pe1), 8s) = E)
) < é‘ (4.24)
H

™

< P(J5 Ry, 1) = Tn(O™ o), 1) 2
H

1
Hh

(o]

Define the event Ay := {J; (W(n41), 65)—Jh(é,(1Nh), MW (n41),8s) < 77, Vs € 8y }. Then equation (4.24)
states that P(Ag) < %. For h = H — 1 it follows directly with equation (4.23) and the special
property of the last time point that

* m* €
P(3s €8 Vi ()~ Vi) = )

. = € 8
= [FD(HS S Sh . ‘]H—l(65) —JH_l(Q}(lNh),65) > E) < E
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We close the proof by induction. Assume for some O < h < H that

< (4.25)

. - S(H —
[P’(Hs €8y Vp(s) =V (s) > G(HH h)) < (HH h).

Define By, := {V;/(s) — V;f‘* (s) < e(HH_h), Vs € 8y }. Similar to equation (4.17), on the event By, it
holds that
St (B, 8 = max(r(s, @)+ 7 p(sls, @V (s) = 3 p(sls, (Vi () = Vil ()
s’ €8y s’ €8
’ * €(H - h)
> {lré%fs((r(s, a) + Z p(s'ls, a)V, (s)) -
s’ €8y
. e(H-h)
=V -
ho1(5) H

We obtain on the event A;_; N By, that (compare to equation (4.18))

V}T_l(s) - JZ_l(ﬁ(h); S;) + Jz_l(ﬁ(h), 8s) — V}E\I_*l(s)
e(H-h) ¢
<t =
H H
€(H-(h-1))
H J

Vi (5) =V (s)

for every s € 8,_1. Hence, A,_1 N By C By_1. Finally, we close the induction by

(3 € 81t 1Vyy6) v, (9 > L0

=1-P(Bp-1) < 1-P(Ap-1 N By) =P(AS_, UBY) < P(A;_,) +P(BY)
v 1) ~ €
= P(HS € 8p-1: Jp_1(Wny, 8s) — Jh—1(9;(lljhl 1),M(h),5s) > E)

=% H - h
+ [FD(E]S €8 V;;(S) —V;lm (S) > %)
< s N 6(H - h)
H
_8(H-(h-1))
D —
Finally, for h = 0 we have shown the assertion P(Els € 80 : Vi(s) - Vg‘[* (s) > e) <é. [

4.4.3 Comparison

In both scenarios the derived complexity bounds for the stochastic algorithms use a very large
batch size and small step size and we do not expect these rates to be tight. Similar large batch
size and step size is also needed to prove convergence in entropy regularized infinite-time
horizon SPG [DZL22]. It should also be noted that the choice of step size and batch size are
closely connected and both strongly depend on the number of training steps N. Specifically, as
N increases, the batch size increases, while the step size tends to decrease to prevent exceeding



80 CHAPTER 4. PoLicy GRADIENT FOR FINITE-TIME MDPs

the stopping time with high probability. However, it is possible to increase the batch size even
further and simultaneously benefit from choosing a larger step size, or vice versa.

An advantage of the dynamic approach is that ¢, can be explicitly known for uniform initialization.
Hence, the complexity bounds for the dynamic approach results in a practicable algorithm, while
¢ is unknown and possibly arbitrarily small for the simultaneous approach such that we can not
determine K.

Finally, we compare the complexity with respect to the time horizon. For the simultaneous
approach the number of training steps scales with H'°, and the batch size with H3°, while in the
dynamic approach the overall number of training steps scale with H” and the batch size with H2°,
We are aware that these bounds are far from tight and irrelevant for practical implementations.
Nevertheless, these bounds highlight once more the advantage of the dynamic approach in
comparison to the simultaneous approach and show (the non-trivial fact) that the algorithms
can be made to converge without knowledge of exact gradients and without regularization.
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N the previous chapter we discussed a dynamic approach for policy gradient to tackle finite-time
MDPs. The motivation to utilize dynamic programming stemmed from seeking non-stationary

optimal policies in finite-time horizons. In this chapter however, our objective is the discounted
infinite-time horizon MDP and we aim to identify a stationary optimal policy. Nevertheless,
we explain in the following why dynamic policy gradient (DynPG), a combination of dynamic
programming and PG, is sometimes a good idea also for discounted MDPs.
The discount factor y € [0, 1) plays an essential role in the convergence behavior of RL algorithms,
as convergence explicitly depends on the contraction property of the Bellman operator. The closer
y to one, the slower the Bellman operator contracts. Similarly, the convergence of PG methods
also heavily depends on y but establishing a clear dependence is generally challenging due to
the non-convex optimization landscape. In Section we obtained a sub-linear convergence
rate for vanilla softmax PG such that dependencies on other salient but essential parameters of
the MDP crucially affect the overall convergence behavior of PG methods. Recall, that a model-
dependent and unknown constant c;g appeared in the convergence rate (cf. Theorem [3.21)),
which can in general depend on y and other model-dependent parameters. Notably, [Li+23a]
constructed a counterexample such that vanilla PG could take an exponential time with respect
to (1 —y)~! to converge. Although the optimal solution can be reached in just |S| steps of exact
value iteration in the counter example, vanilla softmax PG is very inefficient by not leveraging
the inherent structure of the MDP.
We tackle this issue by introducing DynPG. The algorithm is motivated by FT-DynPG and modified
to the infinite-time horizon. The idea is based on two observations: First recall that (1 —y)~!,
the expected horizon of infinite-time problems, correlates with the deterministic time horizon H
in finite-time MDPs (Remark[3.17)). Second recall that we could delineate the dependence on
the unknown parameter ¢ under uniform initialization in softmax FT-DynPG and established an
explicit dependency on the finite-time horizon H (Remark[4.22)). We will see in this chapter that
the convergence rate of DynPG scales with (1 — y)~* up to logarithmic factors and the unknown
model-dependent constant in the rate of vanilla softmax PG can be omitted. As a result, DynPG
can efficiently address the counterexample of [Li+23al]; see Section We summarize the
complexity bounds for softmax PG and softmax DynPG in Table

algorithm complexity bounds reference

softmax PG upper bound O(c, (1 —p) %) Theorem|[3.21

_n-1
softmax PG lower bound | |8|2""””

! gradient steps for € = 0.15 | [Li+23a, Thm. 1]

softmax DynPG upper bound | O((1—y) e 'log((1 -y) %e1)) [new Thm. |5.19]

Table 5.1: Comparison of convergence rate under exact gradients

81
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The main contributions in this chapter are three-fold:

1. In Section we introduce the algorithm DynPG that directly combines dynamic pro-
gramming and policy gradient. The algorithm (provably) circumvents recent worst case
lower bound problems for standard PG.

2. In Section we provide a detailed error decomposition to outline the convergence
behavior of DynPG in general frameworks. Afterwards, we derive rigorous upper bounds
on the convergence rate under tabular softmax parametrization. The y-dependence is
explicit and turns out to be more suitable compared to vanilla PG.

3. In Section we discuss the application of DynPG in the the lower bound example
constructed in [Li+23a]] and provide a numerical toy example to verify the performance
of DynPG in stochastic settings. Afterwards, we discuss the limitations and modifications
of DynPG for practical usage and finally compare the performance of DynPG to NPG.

As a final remark, we want to point out that the idea of using dynamic programming in searching
the optimal policy is not new and dates back to the early 2000s, having been revisited several
times in recent decades. Policy search by dynamic programming (PSDP) [Bag+03; Kak03;
Sch14] is most closely related to DynPG and searches for optimal policies in a restricted policy
class without explicitly using gradient ascent to find the optimal policy. There is a line of
similar algorithms like approximate policy iteration (API), gradient temporal difference, policy
dynamic programming and numerous other variations [BT96aj; SMS08}; Sut+09; AGK12}; KLO2;
Sch+15a]. In these works, however, PG was not used as policy optimization step.

5.1 PRELIMINARIES AND NOTATION

In the following we consider an infinite-time horizon MDP, (8, s, y, p,r), as introduced in
Section[3.1] Due to a finite state and action space we can assume bounded rewards, more precisely
we assume r(s,a) € [—R*,R*] for all (s,a) € 8§ x o. In Section [3.1.1], we discussed dynamic
programming in discounted MDPs and we have seen that applying the Bellman optimality
operator infinitely often to any function leads to converge towards the optimal value function,
i.e. lim, o T*(V) = V*. In comparison for finite-time MDPs, we need to apply the operators T,
forh=H -1,...,0 backwards in time to an initial Vg = 0 (cf. Section|3.2.1)).

The idea for FT-DynPG was to approximate these optimal operators by policy gradient in a
backward inductive manner (cf. Remark [4.3)). The idea of DynPG for discounted MDPs is to
train a sequence of policies (nef)g’io forward in time (from t = 0, 1, ...) such that at time point t,

0; ~ argmaxeT”eT”et‘1 T (Vo) with the convention Vo = 0. As the training of a new policy
happens by adding an additional Bellman operator, we can interpret the procedure as a forward
dynamic programming principle, which adds a new time step at the beginning. We will explain
this in more detail in Section [5.2]

To analyze this forward inductive procedure, we introduce time dependent non-stationary policies
with time-horizon h, denoted by wy, := (741, ...,7o) € II". Note that the time-indexing is
reversed compared to Definition From now on, we always consider this reverse ordering
and refer to h € N as the deterministic finite-time horizon, where the case h = oo corresponds to
the standard infinite-time horizon MDP.
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DEFINITION 5.1. Let uz be an initial state distribution on 8. Define Vy = 0 and forallh > 0 ,h =

allowed, we define the truncated h-step value function under the policies wy = (-1, ..., 7o) €
1" as
h-1
VIR () = VT (1) = E [ y'r(Se, At)]- (5.1)
So~m,Ar~mtp—-1(-|St) —
Sts1~p(-|St,Ar) =

When p is a Dirac measure at s we let V," (s) := V" (5;).

Similar as for the infinite-time horizon MDP, we use V7 (p1) to denote the value function of the
stationary policy & € I1 being applied h times in a row. Note that 'V, equals the originally defined
value function V in Definition To be consistent, we will always use V., in the following. We
use the calligraphic notation to distinguish from the finite-time value function in Definition

Remark 5.2. The finite-time value function V_; defined in Definition where h time steps
from H —h to H — 1 are considered, differs from V}, in Definition 5.1 by an index-shift in the time
space and therefore also different discounting. More precisely, if the state space 8 is stationary
in a finite-time MDP and a policy my = (-1, . .., 7o) € I1" for discounted MDPs and a policy
W(g-h) = (TH-h, - . ., T—1) for finite-time MDPs agree, i.e. mj = my_1-j, then the value function
V];l[h( ) defined in Deﬁnitionis equal to y"~ HV (H " (1) defined in Definition [3.26, Thus, the
functions only differ by a constant which is due to the different discounting.

Recall from Section that for h = oo the resulting infinite-time horizon discounted MDP
admits a stationary optimal policy. We define V: (u) := sup,cn V(1) and use 7* to denote
a stationary policy that achieves VZ (1) = V% (u). In contrast, when h is finite, the finite-
horizon MDP optimization problem needs non-stationary optimal policies; thus, we define
Vi(p) = = SUPy, ey \7 "(1) and use w; := (71} _;,...,7,) € I1" to denote a sequence of policies

that achieves V h(p) =V, (n).

Recall the dynam1c programming principle for discounted MDPs described in Section (3.1.1}
where we established that V., can be approximated by applying the Bellman optimality operator
T* iteratively. In addition, the optimal h-step value functions V; can also be obtained by applying
T* h-times to Vo = 0 and as h — oo, V; converges to V.

LEMMA 5.3. For any h > 1, it holds that
D Vi (s) =T*(V;_,)(s), forall s € §,
.. * * Yh *
(ll) ||voo —Vh”oo < mR .

Proof. The claim and proof is similar to [BerO1, Prop. 1.2.1].
The first claim, follows directly from the definition of the Bellman optimality operator (Defini-
tion (3.11))

V,(s) = sup Zﬂo(a|s)(r(s a)+y Zp(s |s, a)\?mh 1 ))

mpell geg s’es

= max(r(s a)+y Z p(s'ls,a) sup V(S )) =T "(Vi_1)(s).

s’e8 Th— 161‘[7
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For the second part, we fix h > 0. Recall that 7* € IT denotes a stationary optimal policy for the
infinite-time problem and w; € I, an optimal non-stationary policy.
We divide the proof of the second claim into two cases.

Case 1: Assume that V (s) —V;(s) < 0 for all s € 8. Note that Vi, (s) > Vo, """ (s), where (1} ) o
denotes that we apply the ﬁmte time policy w; in a loop for the infinite time problem. We have

(17 )oo

VIR (5) = Vi (s) < Yk (s) = V™ (s)

=- Z Y r(St,At)
So=5,A¢~Th_ (tmodh) 1(:1Se)
Sev1~p(-|St,Ar)

< ith* = 1y_yR*,

t=h

where R* bounds the absolute value of rewards. .

Case 2: Assume that V*(s) — V;(s) > O for all s € 8. Note that V:h (s) > Vﬁ* (s) due to the
optimality of w; over the finite-time horizon. Further, by the definition of V¢, (s) = VT (s), we
have

Vi, (s) = Vi (s) < VT (s) = VE (s)

So sAt~71 C15) [Z y r(St,At)

Ses1~p(-1S0,4,) LE=h

< i y'R* =
t=h

R,
-y

Hence, we arrive at

* T * T 4
V2 =Vl = max V2 (5) ~ Vir(s)] < &

Further, we define for any h > 1 the truncated state-action value under policy mw,_; € I1"~! for
every s € §,a € s by

h-1

th_l (s,a) := [ Pr(Se, Ae)
Sr+1~P( [Se,A) 20
Ac~mp—-1(+|St) =

=r(s, a)+yZp(s |s, a)\?mh ().

s’e8

So :S,Ao ZQ]

For h > 1 and m;, € IT" we also define the truncated advantage functions
sy (s, a) := Q" (s, a) =V, "(s),Vs € 8, a € . (5.2)

We derive the following performance difference lemma for the truncated discounted value
functions.
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LEMMA 5.4. Let ., W), € TI" ¢
. TWh+1 h+1
(l) vh+1 ( ) vh+1

85

hen it holds that

h

- E [
So=s,At~mp_ (+|S¢t) Z

Se+1~p(+|St,Ar) t=0

t h+1 t
gﬂh+1 t

(s) (St,At)] .

(i) If both policies only differ in the first policy, i.e. wp = w;, then the above equation simplifies to

Th+1
vh+1

(s) =

h+1
Vh+1

h+1
h+1

(5) = (S0, 40)|. (5.3)

N
So=s,A0~m1(+|So)

Proof. The proof is similar to Lemma However, we need to adapt to the time shift (see

Remark i . First, let wpyq, T

/mehﬂ

h+1
h+1 v

() = Vi1 (s)

So=s,Ac~mp_¢ (+|Se) L
Se+1~p(+|St,Ar)

E
So=s,A¢~mh—¢ (+|S;) L
St+1~p(+|St,Ar)

h

E
SOZS,AtNW-'h—r(' |St)
Se+1~p(+|St,Ar)

E
So=s,Ac~mp— (+[St) L
Se+1~p(+[St,Ar)

E

So=s,Ac~mp-¢ (+[Se) L

Ses1~p(+|St,Ar)

So=s,Ac~mp_¢ (+|St) L

Se+1~p(-|St,Ar)

So=s,Ar~mp— (+|Se) L
Sts1~p(+|St,Ar)

- -
Mw “Mw
o O

’
h+1

h
Z Vtr(St; At)]
t=0

h h )

i

Z yr(Se, A + Z thh+1:t
=0 t=0

Z yr(Se, Ad) + Z ytvh+1 ¢

t=0

Z y r(Se, Ar) + Z VH-IV - t(St+1) Z thh.,.l ¢

Yt(
t
3

I
o

Yt(r(st, At) + }/V (St+1)

€ I1"*! be two arbitrary policies. We have

h+1
vh+1

(s)

htl—t (St)] _ v‘;&T

h
(S) = Y vy (s)
t=0

h+1-t

h
(50 = Yy V()]
t=0

h+1-t

()]

h+1 t
vh+1 t

)

TIlE
(S0 A0 = V()|
h.T]:l E(SD At)] 5

where in the fifth equation we used the convention V = 0, in the sixth equation the definition
of the Q-function, and in the last equation the definition of the advantage function. Second,

suppose that wp4 and w;
holds that

E ol
So=s,At~mp_¢ (+|St)
Se+1~p(+[St,Ar)

h+1-t
= Zﬂ'h(als) ZP(S ls, a) - Af~a[rEft71(-| 5) [ﬁhn :

aedl s'e8

h+1 t
Sﬁh+1 t

agree on all policies besides mp, i.e. w, =

w; . Then, for any t > 0, it

(5, 40)]

(Se, Ae)

Se+1~p(+|St,Ar)
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ud fund
= Yo male) Y pisal B0 (5,40 - Vs
n 0=8 ,Ac~Ty "ot
acd $e Ser=p (150
=0.
This proves the claim. [

Policy Search Framework. Inspired by dynamic programming, [Bag+03; Kak03]] proposed
policy search by dynamic programming (PSDP) to search policies (7y_1,- - , 7o) € ¥, where H
is the problem horizon given as an input to the algorithm and TT C IT is the set of all deterministic
policies. Formally, given H and I1, PSDP computes

_ )

B v(ﬁh;f;_l:‘
mTpell © h+1

~% ”’~*)
T, = argmax (p) = argmax, 5V, (), (5.4)

forh=0,...,H — 1. PSDP solves an (h + 1)-step MDP initialized at an So ~ p in the iteration
indexed by h. Specifically, it finds the optimal deterministic policy for selecting the first action
Ao, denoted by 7y, but then all the remaining actions in the episode {A1, - -- , Ay_1} are selected
according to the sequence of deterministic policies w; := (7, _;,- -, 7). Note that for all h,
m, have been computed in previous iterations and are kept fixed. Compared to vanilla PG,
PDSP exploits the Markovian property of the environment, rendering each iteration into solving
a contextual bandit problem. While considering deterministic policies may suffice in tabular
MDPs, no explicit computational procedures have been provided in [Bag+ 03} Kak03]] to solve
the optimization problem in equation (5.4). Further, determining the policy to be applied post-
training is not immediately evident. In [Sch14]] the author proposes to apply the non-stationary
policy m}, in a loop. Still, to solve the discussed infinite horizon MDP, a stationary policy is

sufficient. We provide answers to these issues using DynPG.

5.2 THE DYNPG ALGORITHM

DynPG starts by solving a one-step contextual bandit problem and then incrementally extends
the problem horizon by one in each iteration, which is done by appending the new decision
epoch in front of the current problem horizon (see Algorithm ] and the illustration in Figure

5.1).
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Algorithm 6: DynPG for discounted MDPs
Result: Approximation of 7*, denoted as 7*.
Input: Initial state distribution g and class Output'[f’* A &) - ()~ (B

of policies (7%)gcpa.

Set h = 0 and initialize A = []; F_]}”fl_—jy:_—] j,_]

while Convergence criterion not met do

Initialize 8y (e.g., Bp = 0); —
Choose ap and Ny, (cf., Remark; %Zﬁ’;ﬁlﬁiﬁiﬂ,ﬁﬁfﬁﬁes
forn=0,...,N, —1do (3 : DynPG output

Sample G ~ Venv}(:il ® () 3 H+1 g

Update 641 = 6 + asG; Figure 5.1: DynPG solves a sequence of
end contextual bandit problems, iteratively
Set T, = o ; storing the convergent policies to memory
Attach EE; at the beginning of A; and applying them accordingly as fixed
Seth=h+1; policies in later iterations.

end
Return 7* = 7[ (the first element of A);

In each iteration, the parametrized (stochastic) policy responsible for sampling action Ay from
the newly-added epoch is optimized using gradient ascent. In subsequent time steps, DynPG
applies the previous convergent policies to sample actions. Upon convergence of the current
iteration, the policy is stored in a designated memory location, which will be utilized in future
iterations. We define w; := (7;_,,---,7T;) € I1" with convention ;= (0 to denote the learned
policies. DynPG returns the first policy in A when certain user-defined convergence criteria
have been met. For example, this is the case if the relatlve value improvements between two

consecutive DynPG iterations are small i.e., ||V, J’Hl — Ll < €
Recall the definition of Vo = 0, then the construction of DynPG implies
Vot (5) = TR (V) () = -+ = (TTh 0 0 TR)(Vg¥)(s), s €38, (5.5)

which will be employed in the analyzes of the convergence rate.

Remark 5.5. Lets discuss the similarities and differences of DynPG to FT-DynPG, Algorithm
proposed in Chapter

1. FI-DynPG has a prefixed time horizon H and trains policy backwards in time. In contrast,
DynPG adds arbitrarily many policies in the beginning and can therefore be applied without
prefixed H.

2. Given a fixed time horizon H, FT-DynPG returns a non-stationary policy T}, for an H-step
MDP but with y = 1, so without discounting. When DynPG is run for the same fixed
number of iterations H as FT-DynPG and we include the discount factor in the rewards of
FT-DynPG (cf. Remark [3.24]and Remark[4.6), then DynPG only differs by the time shift
discussed in Remark

In order to sample the gradient G = Vg, V}(lzl A) (u) we use the following modified version of the
policy gradient theorem.
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THEOREM 5.6. Suppose that wy, € I1" is fixed for some h > 0, with the convention mo = 0. Then
for any differentiable parametrized family, say (w%)gcga, it holds that

(xmn) [y — 0
\Y Vhfl ) () ‘S:s,AEe(.m [Volog(n”(AlS) Q" (S, A)].

Proof. The proof is the same as for dynamic policy gradient in finite-time horizon MDPs (Theo-
rem [4.4). However, we will need an index shift and additionally to consider the discount factor
y and thus go throuth the arguments again.

An (h + 1)-step trajectory Ty = (So,do, .. .,sh, ay) under policy (7%, m;,) and initial state
distribution 8 occurs with probability

h
7o
pi™™ (1) = 8,(s0)7° (aolso) n p(sklsk-1, ak-1)Th-k (aklsk)-
k=1

Then, the log trick yields that
V l (ﬂeﬂwh)
6 log(ps (Th))

h
= Vo 10g(8:(50)) +log(x” (aolso)) + ) | 10g(p(sclsk-1, @-1)) + log(n-i(arlsi)
k=1

= Vg log(% (ag|so)).

Let Wy41 be the set of all trajectories from O to h. Then, the set Wy, is finite due to the
assumption that state and action space are finite. For s € § we have

V(ﬂ Wh)(s)

h+1
oy B “h)(th)Zy r sk, a)

Th+1 €Whi1

h
P 0
D, P ) Velog(p ™ (thia)) D yFr(sk ar)
k=0

Thi1 €Whia

h
71.9
Z p! ’“h)(th)Velog(ﬂg(ao|50))Z}’kr(sk,ak)

The1 €Whe1 k=0
h
- E | Volog(x’ (A0lS0)) ) v¥r(Sis 40|
So=s,A0~7% (-|S) par

Ser1~P(+|Ae,Se), Ac~mh—¢ (+|St)
h

_ [Ve log(%(AolSo))

y*r(Sk, Ak)|50, Ao”
So—s A0~n9( 1S)

E i
Ses1~DP(+|At,St) ,Ae~Th—¢ (+]St) ;
= 0

s sA~yr9( | [Ve log(m (A|S))Qh+1(5’A)].
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Compared to vanilla PG, which performs rollouts up to a geometric time horizon or until termi-
nation to ensure an unbiased gradient estimate (Section [3.1.2)), DynPG dynamically adjusts the
episode horizon during the execution of the algorithm. This results in three notable advantages.
First, we observe that DynPG effectively reduces the variance in gradient estimation through the
utilization of non-changing future policies. In contrast, the estimation of the gradient in vanilla
PG involves assessing Q-values based on the stationary policy 7%, which changes during training.
Second, DynPG requires significantly fewer samples, a topic we discuss in detail at the end of
this section. Moreover, each DynPG iteration has more benign optimization landscapes, as they
are essentially contextual bandit problems. Specifically, analysing the convergence behaviour
of DynPG in the next section reveals that DynPG under softmax parametrization has a smaller
smoothness constant, enabling the selection of a more aggressive step size, ap, to enhance
convergence. Third, DynPG is less likely to suffer from committal behaviour, more exploration
in the policy space is achieved by consistent re-initialization of the newly added policy.

In contrast to PSDP, we specify the set of policies IT to be a parameterized class of differentiable
policies and a computational procedure, namely PG, for the inner loop. Hence, using deep
networks with great approximation behavior works in DynPG and non-tabular MDPs can be
considered in general. This preserves the model-free optimization characteristic of gradient
methods, while still exploiting the underlying structure of MDPs by dynamic programming.
DynPG can be further modified with additional enhancements such as regularization, natural
policy gradient or policy mirror descent in ever optimization epoch. In addition, we show that
applying the policy of the last training epoch as stationary policy is sufficient. This is a non-trivial
result and our analysis in Section reveals that in general it requires additional training to
obtain a good stationary policy compared to using the non-stationary policy T}, in a loop as
proposed in [Sch14]]. In the tabular softmax case we specify these additional computational cost
explicitly.

On the total sample complexity. For each gradient step in vanilla policy gradient, one must
run the MDP until termination or up to a stochastic horizon H ~ Geom(1 — y) to obtain an
unbiased sample of the gradient (see Remark[3.17). DynPG, on the other hand, only requires h
interactions with the environment to sample an unbiased estimator of the gradient in epoch
h. Thus, comparing other policy gradient methods to DynPG solely based on the number of
gradient steps is inadequate. Instead, for fairness, the number of samples (interactions with the
environment) should be compared in practical implementations. For DynPG the total sample
complexity is given by Zf:_ol (h + 1)Ny. This results in a trade-off between increasing samples
required for estimation and more accurate training to obtain convergence (cf. Section [5.3.1)).

5.3 CONVERGENCE ANALYSIS OF DYNPG

We analyze the convergence of DynPG under the tabular softmax parametrization. Specifically,
Section [5.3.1|introduces four different layers of approximations that DynPG employed in solving
the infinite-time horizon discounted MDP. These results are general and do not require a specific
parametrization. Based on this we present the asymptotic global convergence of DynPG under
the assumption of small enough optimization errors and rich enough parametrization class.
Section[5.3.2]establishes the non-asymptotic global convergence rate of DynPG under the softmax
parametrization and provides suitable parameters that achieve the theoretical limit.
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5.3.1 Error Decomposition and General Convergence

To show the error decomposition we need the following Lemma to establish validation of applying
the last policy trained in DynPG as stationary policy. The result is inspired by error bounds
presented in [BerO1, Sec. 1.3].

LEMMA 5.7. For any V € R!8! and policy = € I1 it holds that

IT* (V) Vil

IV ="Vl <
1-y

Proof. Consider any state s € 8. Since VZ is the unique fixed point of the operator T, we have

VE(s) = T™(VE)(s) = ) m(als)r(s,a) +y Y w(als) Y p(s'ls, ) VA(s").

aedl aedl s’e8
This implies that
VEL(s) = V(s)
= Y w(als)r(s,a)+y Y m(als) Y p(s'ls, ) VE(s') = V(s)

= ai}(awr(s, a) + yaizn(ﬂs)ip(sws, @) (VE(s') = V(s) +V(s')) = V(s)
: Zn(a@r(s, Q)+ y2n<a|s>2p(s'|s, QV(s)

fr %n(als) z‘g p<z'e s, a) (Vg:(;) ~V(s')) - V(s)
= T,T(f) (s) - v<i>€+ y %n(ab) ng(sws, a)(VE(s) - V(5),

for any s € 8. We define the mappings s + g,(s) = T™(V)(s)-V(s) and s > J(s) = VL (s)=V(s),
s € 8. Then, the above equation simplifies to

Jn(s) = ga(s) +y D > w(als)p(s'ls, @) Jx(s").
aed s'e8

By definition J, satisfies

Jn(s) = D w(als)|gals) +7 D p(s'ls, @) Jn(s")

aed s’es§

for all s € 8, and therefore is a solution of the Bellman equation with an auxiliary reward function
(s,a) — 71(s,a) = gz(s). Note that this reward function is also bounded and by the uniqueness
of the solution of the Bellman equation it has to hold that

Ju(s) = E *er(SK)] = +> 7 E Si)]-
<(s) soq,AM(.wt)[gV gx(S)] = x(s) ;ysﬁs’w(,wt)[ga 0]
Sen~p(ISe.A) 7 B Ser1~p(-ISt,Ar)
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Define 8 = min,es g, (s) and [_3 = maX,es g (s). Then,

VB
Ty Sgn(s)+1_y SJﬂ(s)ggﬂ(5)+1_

~
—
|
~

It follows that for any s € S,
maXxses |gx (s)|

T-y
By definition of g, and J, this yields the claim. [

[Tz (s)] <

DynPG employs four different layers of approximations, including

1. adopting parametrizations incapable of modeling the optimal policy perfectly (approxima-
tion error),

2. truncating the infinite problem horizon to a finite time window (truncation error),

3. utilizing a finite number of gradient updates to approximately solve each optimization
problem (accumulated optimization error), and

4. applying the first policy of W, as a stationary one in solving finite-horizon MDP, where
non-stationary policies are required for optimality (stationary policy error).

We formally quantify these errors in the following lemma where the terms on the right-hand
side of equation correspond to the aforementioned errors, respectively.

ProprosITION 5.8. The overall error of DynPG after H iterations can be decomposed as follows

(Tog_q5---Tog)

. 2
V2 = Vel < | !

[se] (o8]

V’f,o—sup\?f +“sup\7§— sup V
0 0

0o,...,0H-1

+‘ 6 sué) VgreH—p-..Jreo) _ VEH . + ”ng _ VZ;H“oo
O ..... H-1
< ‘\7’; — sup \7&9 + VIR -0
0 o 1-vy

H-1
H-h-1 f m; _ M;H
+ 2 R4 HSUPT V") = Viii H+1
h=0 o

1 ik i)
+ - ”VWHH —VEH”oo-
o -y

Proof. The first inequality follows directly from the triangle inequality of the supremum norm.
Note here that we cannot simplify the first error further as it will depend on the chosen
parametrization. Before we prove the second inequality, note that for f,g : R¢ —» R

|sup £(0) ~ supg(0)] < sup () ~ 8(0)
for any two functions f, g : R? — R. If sup, f(8) — supy g(0) > 0, then

Sl;p f(0) - sgpg(G)‘ = sgp f(0) - sgp g(0) < sgp(f(G) -g(09)) < St;p |£(0) — g(0)].
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If supy £(8) — supy g(6) < 0, then the role of f and g are swapped. Thus, for V,G € RISl we
deduce that

Isup T (V) = supT™ () oo < llsup (T™ (V) =T (@) lloo < IV = Gllo. (5.7
0 7} 7}

We treat the second, third and fourth terms separately.
Hpx

R* . .
< yl_y similar to

(Tog_q»--Tog)
H

0
For the second term: We prove that H supg Vo, — SUPg,. o,V

[o0]

..... V) (5) 2 0,

sUpVZ (s) = sup Vi) () < sup VE (5) — sup Vi (5)
0 60,...0H-1 0 0

< stelp(\?ff (s) = VE (5))

=Ssup E Z yr(Se, Ar)
0 So=s. A~ (IS0 | =

St+1~p (ISt Ar)
o H
tp* _ y %
<D VR =r— R,
t=H

where we used equation (5.7) in the second inequality.

On the other hand, if supy v (s) — SUPg, .. 6y VSTQH‘I""MO) (s) <0, then

(og_q15---

sup V, %) (s) — sgp Vi,f (s)

< sup Vgrerl,...areo)(s)_ sup V((XEnQHfl,...ngo))m(S)
B0,....01-1 00,081

S Sup (V(ﬂeH—l""ﬂGO) (S) _ V((EQH—l""ﬂ-BO))OO (5))

H (o]

(o]
t
= sup - E ZY r(St, Ar)
) _ SO:S’AanGH—(tmodH)—l('|Sf) t—H
Se+1~p(+|St,Ar)

© H
<Y VR = 1”_ R*.
t=H y

. . 6
Collecting these together, we obtain that H supy V&, — SUpPp, . g,

v(ﬂeH_lyu'ﬂ-Go) VHR*

Vi . <950 since
s € § was chosen arbitrary.
For the third term: We show that
~u H-1 . =
|osup vy R < 3y sup 77 (V) TR e (5.8)
00,011 = ]

holds for all H > 1 by induction. For H = 1 we have by equation (5.5) that

=k

0 7] Tk p "
Iogp VT’ V1l = s ) - 107)

2
(o]
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with the convention Vo = 0 and fmg = (). So assume that equation (5.8)) holds for some H > 1;
then for H + 1 we have

{moy,--- oy } Y,
‘ sup VH+1 - VH+1
00,01 o
(o, 1 ,---Top ) ~ e
= ‘supT”"H( sup VTN =TT (V)
On 0o,...,0H-1 o
(o, _1,---Top ) Tk
< HsupT”"H( sup VTV — sup T (V)
On 00,....0H-1 O *©

+ H sup T™ (V;[H) —T7n (VEH)
On

o0
(Top_q>-T0g) Vﬁ}}
H H

sup V

<yl
0o,...,0H-1 e *

+ H supT”s (V) — T (Vi)
H

[S¢]

H-1
g 0 “’E* ~ _[r“[E* 0 = ~ =%
<y V" sup T (V) = 1TV e+ |sup T (V) (V)
h=0

M=

_ 0 ﬁ* p w
! hllsgp T (V") = T (V") leos

-
I

0

where we used equation (5.5), as well as equation (5.7)), and the induction assumption. This
yields the desired claim in equation forall H > 1.

For the fourth error term: We have to deal with the error of applying the final policy as stationary
policy. We use Lemma to arrive at

T ~x ]_ e T T
IV = Vil < SIIT“H(VH”) = Vi lleo
1 T =
= T Vit = Vil
where we used again equation ([5.5)) in the last line. ]

The error decomposition gives clear insights into algorithm design, for which it is necessary to
discuss the practical implications of the four summands.
1. To control the approximation error a rich enough policy parametrization is required.

log(1-y)
log(y)

2. To keep the truncation error small, DynPG should run more than H ~ rounds.

3. The third summand shows that approximation errors in earlier iterations are discounted
more than approximation errors in later iterations. To achieve optimal training efficiency,
we will thus require a geometrically decreasing optimization error across the iterations of
DynPG. Recall the sample complexity discussion at the end of Section to note that a
trade-off between more accurate training and increasing samples required for estimating
the gradient must be made to obtain the best performance of DynPG.

4. DynPG approximates the value function by truncation at a fixed time H and then replaces
the optimal time-dependent policy by a stationary policy. As mentioned for PSDP, one could
also apply the non-stationary policy T; to approximate the value function. This would cause
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the fourth error term to vanish. Thus, in what follows, we distinguish between the overall
error in equation and the value function error:

};HR* H-1 9 =x =%

—h- T T,
+ pH-h 1” sup T" (V,") —Vhif”m. (5.9)
1 - y h=0 QERd

o
1V = Vil < |

Vi, — sup Vf||m +
0cRd

It is important to note that the factor (1 — y)~! in the stationary policy error causes an
additional dependence on the effective horizon in the complexity bounds for softmax DynPG.

General convergence result. For the remainder of this section, we will proceed under the
assumption of zero approximation error stemming from the parametrization. This condition
generally holds true when the class of policies (7%) can effectively approximate all deterministic
policies, such as achieved through tabular softmax. Under this circumstance, it follows that
T* = supy 77 and |'V%, —supg V{,f: ||o = 0. Subsequently, we demonstrate that a certain reduction
in the optimization error is adequate for achieving global convergence within the parametrized
policy space.

AssSUMPTION 5.9. The class (%) has zero approximation error and there exists a positive sequence
€, such that

. 2{151 yH‘h‘leh — 0 for H— oo,

* the policies obtained by DynPG satisfy ||T*(\71:h) - V;[J’Hl llo < €p forallh > 0.

As an example for such a sequence one might think of e, = cy” for some ¢ > 0. The second
condition in the assumption holds true, when each contextual bandit problem can be sufficiently
well addressed. We deduce convergence directly from the error decomposition in Proposition

CoOROLLARY 5.10. Let Assumption[5.9hold. Then Algorithm[6|generates a sequence of non-stationary
policies T}, € 117 that satisfy

Vi, = Vil — O for H— oo,
Furthermore, the overall error vanishes in the limit:
V5 = Vil — 0 for H— oo.

Proof. Adjusting equation (5.9) to zero approximation error and exploiting Assumption 5.9 we
obtain
Hpx* H-1
R
4 + pHi=le -0 for H— co.
1=y =

‘ﬂ“[E’k
Voo = Vi lleo <

For the second part of the theorem note that VHIEH converges in the supremum norm to V., by
the first part. This implies that \72” is a Cauchy sequence with respect to the supremum norm,

ie. ||V2§*11 - VUI?I ||[co = O for H — oo. The claim follows directly from Proposition [
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Remark 5.11. The condition ZhH:_Ol y~"=l¢y — 0 for H — oo implies that the optimization error
must decrease with increasing h to guarantee convergence. Hence, training must become more
precise over time. It is therefore advisable to increase the number of gradient steps Nj, and
decrease the step size @y when h increases. In FT-DynPG, the error accumulated linearly over
time and an accuracy of £ in every optimization epoch lead to an overall error of €. In DynPG
the error is discounted over time, by adding new epochs in the beginning.

5.3.2 Convergence Rates under Tabular Softmax Parametrization

One might inquire whether Assumption is reasonable and whether there are situations in
which the condition on the algorithm holds. Indeed, we will show that this is the case for the
softmax class of policies. More precisely, for any ¢, > 0, we can specify a step size o and a
number of gradient steps Ny such that Assumption [5.9|is satisfied. In a second step, we optimize
H and the error sequence (¢p) to obtain the optimal sample complexity for DynPG under softmax
parametrization, where we distinguish again between the value function error and the overall
error.

AssuMPTION 5.12. Suppose that p(s) > O for all s € 8. Furthermore, the parametrization in
DynPG (Yfe)eeR\sHm is chosen to be the tabular softmax parametrization introduced in equation
(3.12). We assume further that 6 in Algorithm [6]is initialized such that the softmax policy forms a
uniform distribution over the action space and the gradient can be accessed exactly.

The proof will be similar to the ones presented in Section and relies on the smoothness and
gradient domination property. Before we come to the results, recall the differences of DynPG
and FT-DynPG discussed in Remark We have to adapt the proofs in Section to an
additional discount factor. Note, that we cannot apply [Mei+20, Thm. 2] for bandits, as we
consider contextual bandits. Further, we cannot apply the proof of [Mei+20, Thm. 4] with y =0
as they just consider positive rewards in [0, 1] which is inconvenient for our contextual bandit
setting where the maximal rewards grows when we add a new time-epoch in the beginning.
Therefore, we have to adapt the proofs in [Mei+20] and Section to our setting.

Smoothness. First, we derive the smoothness of our objective functions.

LEMMA 5.13. Let (1%)gcgisiai be the softmax parametrization. Then, for arbitrary wy, € " and

0 * h+
11 € A(8), the function 0 > V;il’mh)(ﬂ) is Ly-smooth with Ly, = 2120 ((11__;) D,

0
Proof. The proof is similar to the one in Lemma |4.18| Note that we can interpret V,(il’mh) (p) as

a contextual bandit problem, i.e. a discounted (infinite-time) MDP with discount factor y = 0.

l_yh+1 « l_yh+1 %
e 1 ey,

The reward of the contextual bandit problem is almost surely bounded in [-

because
h

1— h+1
SR =—t—r"
1-y

1_yh+1
1-y

We can apply [YGL22, Lem. 4.4 and Lem. 4.8] with Ry = R*, G*>=1- ﬁ <landF=1
2R*(1_yh+1)

1-y) n

to obtain the smoothness constant L;, =
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Weak gradient domination. Second, we obtain the following non-uniform gradient domination
property.

LEMMA 5.14. Under Assumption it holds for any my, € IT" that

196V ™ ()l < mina®(a* (5)1s)(T* (V) () = VT ™ (),

where a*(s) denotes the (unique) action taken after the greedy policy P

Remark 5.15. As for finite-time MDPs we assume again, without loss of generality, that the action
a*(s) is unique for any fixed future policy mwp,.

Proof. First note from Theorem that under the tabular softmax parametrization we have
O ESWION L, o [Tolog(a” (A1) 9, 5, 4)].
seS
Hence, with the derivative of the softmax function, equation (3.13]

9 log(n® (als))

(s, a’) 1{525’}(1{‘12“,} - ﬂe(a’ls))’

it holds that

GV (5)

h+1 0, 11
= 1(y E [(1 oy - ) S A]
39(8 ) Cl/) {S s }S:S/,A"ﬂe('ls) {A a } 71- (a |s ) h+1( )

_ ’ O, 1.
= 1{s=5’}( (@'Is)Qyy, (s, a') = (d'ls )S:s,)AEQ(,|S)[ ha1 (S, A)]) (5.10)

= 1oy 2 (@ I5) (1 (5, @) = V™ ()

— l{s:s/}ﬂe(a’|5,)3ﬁf(§1’m)(S/, Cl/).

We deduce from Lemma 5.4} equation (5.3), that

T (V) (s) = T™ (V) (s) = S (So, Ao) .

E- ol
So=s,Ao~;, (+|So)

Finally we can derive that

() (5)

1969 ol = | 3 s) )—

ses8

2

V) (5) ]2

[ZZ Z () agz a’)

s’eS a’edl\ se§

2
) [ 2 (Z u(s)® (a'[s) st ™) (s, a’)) ]2

a’ed\se8
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> | Y n©2° @ @A™ (5,0 ()

ses

=[Yre@eln  E, [ s a)|

se8 S:s,A~7th (-1s)
= > @ )19 (T V) = T (V) (9))
sES

> mina? (@' (9)19) (T (V") () = T (V) (1),

where a*(s) denotes the action taken after the greedy policy 7V (cf. Remark . [

The next step is to show that the term min,es 7%(a*(s)|s) can be bounded (uniformly in s € 8)
from below by ﬁ along the gradient ascent trajectory, when softmax is initialized uniformly.

LEMMA 5.16. Let Assumption hold and denote by (6,),>0 the gradient ascent sequence in
epoch h > 0 of DynPG under the fixed future policy W; € T1". Suppose further that the step size

ap = W’ then for any s € § it holds that
min 7% (a*(s)]s) = 1
n>0 a |.91| '

=k

where a*(s) denotes the (unique) action taken after the greedy policy ",

Proof. The proof is adapted from [Mei+20, Lem. 5] and Lemma [4.20
First, we define the sets

R1(s) = {0 : 7% (a*(s)|s) > n%(als)Va # a*(s)}
6 ™) |

_ . h+1 *
Rals) = {9 ©a0(s,at(s) 69(5, a*(s) va# a(s)y.

Claim 1: It holds that 6, € Ry =— 0,41 € Ra.
To prove this claim, we first deduce from equation (5.10) that

(ert (7!11[[

h+1 ( ) 8Vh+1 ( )
89(5 a*(s)) — 89(5 a (s)) (5.11)

— mp, (a" (s)|s)sﬁthl (s a*(s)) > mp, (als)&ih+1 )(s, a).

Let a # a*(s) be arbitrary. We consider two cases to proof claim 1:

1. Suppose that mg, (a*(s)|s) > mg,(a|s) for any a # a*(s). Then, is holds that 6, (s, a*(s)) >
0. (s, a) by the definition of softmax. Next, as 6, € R}, we derive

(7[9;1 Mh)( )

Ons1 (s, a"(5)) = On(s, a" () + Mupn(s) ﬁ
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(2%, %;)
8Vh+1 ' (S)

2 On(5, @) + mupn(s) 35 o8

=0,(s,a).

Thus, by the definition of the softmax function, mg,,, (a*(s)|s) > mg,,, (a|s) forany a # a*(s).
Further, because a*(s) is the greedy action, we arrive at

* (T0,41M7) (0,41,T07)
70, (" (s)|s)st, 1" (s, " (5)) = 7o, (als)shy, ™" ™ (5, ),

such that 0,17 € Ry (s) by equation (5.11).

. Suppose that mg, (a*(s)|s) < mg, (als) for any a # a*(s). Then, 0,(s,a*(s)) — 6,(s,a) <0

by definition of the softmax function. As 6,, € R (s), it holds that

9n+1 (S: a* (S)) - 9n+1 (S: a)

(n%,®") (xT,)

v, (s) Wy " ()

- . T g _ _hl
> 0,(s,a"(s)) +nup(s) 30(s, " (5)) n(s, @) = 1np(s) 90 (s, a)

> 0,(s,a*(s)) — 0,(s,a).
Thus, we obtain
(1 — exp(On41(s,a"(s)) — Ons1(s, @) < (1 —exp(On(s,a’(s)) — On(s,a))) < 1.

By the ascent lemma for smooth functions [Mei+20, Lem. 18] it follows monotonicity
in the objective function (due to small enough step size n;, = ﬂlh with By the smoothness

(s). So,

(70,
h+1

constant in Lemma|5.13)) such that V}(lﬁ”“’wh) (s) >V

(1= exp(Bp1 (5, @"(5)) = O (5, ) (Ol (5, @' (9)) =V, 7™ (5))

< (1= exp(0 (5,0 () = Bu(s, D) 2y 5, @' (9)) = V17 ()

We rearrange equation (5.11) and obtain that 6 € R;(s) is equivalent to

Q7 (5,a°(5)) = O (5,) > (1 = exp(Bn(s, @ (5)) = Bu(s, @)t (5, 0 (5)).

We deduce by 0,, € Ry (s) that

(1= exp(Bre1 (5,0°(5)) = Onea 5, @) (U (5, " () = V™ (5))
< (1= exp(Bu(s, @’ () = (5, @) 24y (5, a" () = V, 1™ (5))

< QM (s,a"(s)) = Q" (s, a),

and thus 0,11 € Ra(s).
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This proves claim 1.
Claim 2: If 6, € Ra(s), then it holds that mg_,, (a*(s)|s) = mg, (a*(s)]s).
To see this we compute

exp(On+1(s, a*(s))
Za’esﬂ eXp(9n+1 (5: al)

T, (5,07 () =

(ﬂen h)

ot (5)
exp(O, (s, a* (s)) exp (nhﬂ(s)aehéw)

( Top> h)
, o ()
D €Xp(On(s, a’) exp (Uhll(s) 50,50 )

(7t9n h

o (5)
exp(0n(5,0°(5) exp p 5) )

>

av( o h)( )
Yares €Xp(0q(s,a’) exp (Uhll(s) 30, (sa (s)) )

= 1g, (s,a"(s)).
Claim 3: It holds that 0,, € R1(s) = 0, € Ra(s).
Let 0,, € R1(s). As a*(s) is optimal we have for any a # a*(s) that

(o, T;) * (m9,,105)
sﬂhj "(s,a"(s)) = sﬂhj " (s,a).

Further by 6, € R (s) it holds

70, (@ ()]st ™ (5, a* (5)) > o, (als)sh """ (s, ).

Hence, by equation (5.10), we deduce that 8, € Rx(s).

Conclusion of the proof by combining claim 1 to 3:

Since O is initialized such that softmax is the uniform distribution, we have that 68y € %R (s) for
all s € 8. By claim 3, we have that 6y € Ry (s) and by claim 1 it follows that 6, € Ry(s) for all
n > 0 and all s € 8. Finally, by claim 2, it follows that min,>¢ g, (s, a*(s)) = mg, (s, a*(s)) = E
for any s € 8. [

Remark 5.17. When the softmax policy is not uniformly initialized, we suffer, as in vanilla PG,
from the existence of an unknown constant c,. The constant can depend on y as well as on other
MDP parameters like the size of the state and action space.

Global convergence. Finally we combine all results and derive the global convergence of
DynPG in every optimization step under exact gradients and softmax parametrization.

By Corollary[5.10] we obtain from Theorem [5.18| convergence for softmax DynPG by choosing a
sufficient decreasing error sequence (ep).

THEOREM 5.18. Let Assumption hold. Leth > 0,¢;, > 0and A = T} € 11" be a collection of h ar-

= CN

bitrary policies. Then, using step size ay = e

212*(11% and gradient steps Ny, = |

in DynPG (Algorithm @) guarantees that the policy 7, of iteration h achieves

o
1T (V") = Vil < en.
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Proof. First, recall that the tabular softmax parametrization can approximate any deterministic
policy arbitrarily well. As optimal policies in finite horizon MDPs are deterministic, we have

that supgpisii Vfl 1 =y (s) = T*(sz)(s) for all s € 8 (zero approximation error induced by the

parametrization). Moreover, for any s € §

T (Vi) (s) = T (V) () = ) (s’ )

s’es )

< ‘EHOO(T*(VF)(H) —T’?;(sz)(ﬂ))-

= (1 (V) () = TR (V) ()

By Lemma5.13|the function 6 +— \7{ o3 (p) is Lp-smooth and fulfills the weak gradient domina-

tion property along the gradient ascent steps with constant ﬁ (Lemma and Lemma|5.16)).
Moreover, for any 6 € R? it holds that

h+1 2
- 2|
Y Riop, < | |_

T (V) (5) - T (V) (s) < 22
Y o

Hence, we can apply Theorem [2.11|with b = ITlﬂl’ a=ay= 1oy

Ry and k = Ny, so

4|Sﬂ|2R*(1 _ yh+l)
(1—y)Np

T (Vp) () = T (V) (1) <
By the choice of N, we deduce for any s € §
T EHE =R < [T - 0 w) < e
which proves the claim. [

5.3.3 Complexity bounds for Softmax DynPG

In order to obtain complexity bounds from Theorem for a given accuracy € we optimize the
total number of gradient steps Z,Ifzo Ny (en) with respect to H and (e,) under the constraint that
the overall error in equation or the value function error in equation is bounded by e.
We summarize the complexity bounds for both error types in the following and then deal
with both case separately to provide detailed proof with explicit selections for H, (Nh)fzo, and

(ah)fzo--
THEOREM 5.19. [c¢f. Theorem and Theorem for detailed versions]
Let Assumption hold and choose € > 0.

1. Overdll error: We can specify H, (Ny);_, and (ap);., such that,

H

o2 $(1 _ v)—20—1 $(1 _ yHAIY| (2
3= L P g T+ L]

accumulated gradient steps are required to achieve ||V — Vil || < €.
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2. Value function error: We can specify H, (Ny)f"t and (o) ! such that,
= 8R*|s1)2 11| rlog(2R*(1 —y)~le~1)72
2= el S
s (1-yeliplleo log(y~")

. . . )
accumulated gradient steps are required to achieve ||Vy, — V||« < €.

To obtain the convergence behavior of DynPG in terms of y close to 1, we derive in the following
asymptotic equivalency.

LEMMA 5.20. The term log (y~') = —log(y) is asymptotically equivalent to (1 —y) for y T 1.

Proof. By the definition of asymptotic equivalence for two functions f and g we have to show
that

lim@ =

= 1.
x11 g(x)

It holds by L'Hospital rule that
-1 —y-1
lim —og(y) = lim Y

= =1.
y11 (1-y) oy -1

Combined with Theorem |5.19} we find that the required gradient steps for y close to 1 behave
like

{O((l _ y)—4€—1 log((1 - y)_ze_l)), for the overall error, (5.12)

O((1 -y)3etlog((1 -y)~te™!)), for the value function error.

Note for the overall error that the first summand is the dominating term in terms of y — 1.
Compared to softmax PG, we observe an additional log(e~!) factor in the convergence and
future research could explore the possibility of eliminating the log-factor. In terms of y, however,
DynPG offers a resilient upper bound, which, in comparison to vanilla PG, remains at most
polynomial in the effective horizon.

We prove the two claims in Theorem separately.

Value function error. Note that under the tabular softmax parametrization we have zero
approximation error and the upper bound in equation (5.9) simplifies to

7 yHR* H-1
V% = Vi'lle < T+ D ¥ " e,
R

. - . T ﬁ; ﬁ; 1
where ¢, are upper bounds on one step optimization errors H Supgegre T (V") =V, 1 ”oo In

order to minimize the accumulated number of gradient steps Zf:_ol Np, recall that the gradient
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steps in epoch h are given by Nj, = [4R*((11 V:;:M'z

drop the gaussian brackets and minimize

|| ||, ] in Theorem|5.18] To optimize, we can

4R A2 1, RS (1 =yt
1=y) ||—||oo Z —

with respect to H and (eh)f:‘ol. The resulting optimization problem has the form:

H-1 1
, (1-y"h
min L
H,(eh)fl‘rz’o €n>0 1= €n
=0 (5.13)
Hp* H-1
subject to + pHh e <.
B

In [WWZ22, Sec. 3.2] a similar optimization problem is considered and it is shown that
asymptotically (as € — 0) it suffices to bound both error terms in the constraint by 5. The first

ndition, i.e. & < £ leads to the criterion H > 1 (M
co on, i.e. 1= < 5, leads to the criterio > log, (“5z

gradient steps we fix H = [ log, ((12_%)6)]. It remains to solve the following optimization problem

). To minimize the number of

H-1 H-1

miln E ahegl subject to E pH-h=le, <
H-
(Eh)h:O ,€n>0 h=0 h=0

€
=, 5.14
7 (5.14)
with ap = (1 — ph*1).

We provide a solution of this optimization problem by solving the following more general one:

LEMMA 5.21. Fix H > 0. Let (ah);?’:‘o1 and (bh){:’:‘o1 be strictly positive sequences. For any d > 0O the
optimization problem

H-1 H-1

min Z ahc,:1 subject to Z bnen < d,
(nhso h=o h=0

=

- -1

is optimally solved for cj = Cd,H(Z_:) 2, with Cyq = d( Zth_ol (ahbh)%)
2
Hence, the minimum of the optimization problem is given by %(ZhH:_Ol (ahbh)%) .

Proof. The result and the proof is inspired by [WWZ22| Lem. 3.8].
We solve the constrained optimization problem by employing the Lagrange method, i.e

H-1

H-1
min ahc,jl + /'L(Z bucy — d).

A (aily' 520 h=0

The first order conditions are given by

—anc; +Aby=0 Vh=0,...,H-1, and ) bycy—d=0,
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Nl=

We deduce from the first equations, that there exists a constant Cy 4 such that ¢, = Cy 4 (2—’;)
forallh =0,...,H — 1. Using this in the second equation we can solve for the constant

H-1 |
Cra =d b;a;)
h=0

Nl=

Using the minima ¢, = CH,d(g—:) in the optimization function ZH heo ahC ~1 we obtain the

h 5
minimum
H-1 H-1 by ) H-1 ) 2
Z ;= ZahCHd( h) —CHeZ(ahbh )2 = (Z(ahbh)i) .
h=0 h=0 h=0

Finally, we are ready to state the detailed version of Theorem (2.) for the value function
error.

THEOREM 5.22. [Detailed version of Theorem 2.)]
Let Assumption hold and choose € > 0. Set

= o, (4522

(& 41y Hot-13 1) 1Y
—E(;((l—y )Y )2) (m) )
1-y
2R*(1 _ yh+1)’
4R*(1 _ Yh+1)|gﬂ|2 1
[
for h=0,...H — 1. Then, the non-stationary policy T}, obtained by DynPG under exact gradients

ap =

achieves ||V, — VEHHOO < €. The total number of gradient steps are given by

H-1 o o
= [

Proof. First, note that the choice of ¢, in the theorem is the solution of the optimization problem

R* w'Z 1 H-1 1-— h+1
rnin4 il ‘—‘ Z a-r7 subject to Z)’H ey < <
() (T=y)liplleo e e o 2°

To see this, choose ap = (1 - p"*?), by = y"™""1, ¢, = ¢, and d = § in Lemma|5.21} where we
4R*[st]? || 1

excluded the constant =)

H-h-1

bn 2 € N e+1y, Hot—132\ LY -3
6h—CHd(a) ZE(Z((l_Y )Y )2) (m) ,

h =0
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. . . . log(-1¢)
is the optimal solution to this problem. For H = [W] we have that £— y < 5.

Using these (eh)]l;’:‘o1 in Theorem results in a value function error for DynPG bounded by

. H-1
Ve — Vﬁ%lloo < r + Z pH=h1g < Cifoe (5.15)
" 1=y h=0 2 2

For the optimal complexity bound we derive

= Rl x(1 _ yhtl 2
2= 2
:H_l[SR*IQﬂ (ZtHox(i Y))e,t+1)yH t= 1) ‘%Hw((l_yhﬂ)yH—h—l)%-‘
i
= [(1 y)eH_H W(Z;r((l )y )2 ])

As ((1 - p*HyH-t"1)3 < 1 forany y € (0, 1) we have
HZlN BN
h <
— (1 =y)ellp

Finally, note that we can rewrite H to be

— log *)e _y\-1l.~lopx
i, (2520 - [ ety can

Overall error. To deal with the overall error, we first derive the following upper bound.

LEMMA 5.23. Assume zero approxlmatlon error, i.e. T* = supy T™. Further, suppose bounded opti-
mization errors ||T*(V, h) T”h(\? h)lloo <eforallh=0,...,H. Ifeg < (1-7y) ZhH 01 A1,

then the overall error of DynPG is bounded by

—~ 3 HR* H-1
V% = VElle < 7= (3= + Y0y e).
1-y\l1-y pard

Proof. First we have by triangle inequality, that

T Tt
V5 = Vi lleo < IV = Vialloo # 112 = Vi llo-

By Proposition we obtain under zero approximation error that

H+1R* H * H-1

R
+ Z yH h + yH—h—leh
1=y h=0 R,

)4

mk mr
IV = Veolleo + 1Veo = Vi lleo <
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By the assumption ey < (1 —y) ZH ! yH=h=1¢, it holds further that

H H-1 H-1

H-h H-h-1 H-h-1
ZY €hSYZY €nt+€g < Y €n-
h=0 h=0 h=0

We obtain
Hp* H—-
||V Hal _ MH” 2)) R
H+1 o <
:O

We deduce for the overall error (by Proposition and under zero approximation error) that

7t Hpe RS 1 [2pHRe
Ve = Vil < T Dy e | T +2 Z yi e
3 (RS )
1-vy (1 -y Z Y eh

It is important to notice that the overall error is upper bounded by the same error terms,

Hop*
y K+ Zf 01 pH~"=1¢,  as the value function error (under zero approximation error) up to the
(d-y)e V)e :

constant ——. Thus, we can obtain the result for the overall error by substituting € with in
the result for the value function error:
THEOREM 5.24. [Detailed version of Theorem (1.)]
Let Assumption hold and choose € > 0. Set
(1-y)%
= [log, (~——227)],
|— og}" ( 6R* )-|
H-1 _ ~h-1 | _1
e(1-y) ( he1y, Hoh-1 1) 1( ! ) 2
=7 1- 2 ——) 7, Vh=0...,H-1,
on=—— ;«( k) I e e
oo -p)%
H — 6 )
1 -
oy = Y VR=0...,H,

2R*(1 _ Yh+1)’
R*(1 — h+1 2 1
=[4 A=y )il H—“ | vh=o...m
(1-yen

Then, the stationary policy 7y, obtained by DynPG under exact gradients achieves
1V, = Vil || < €. The total number of gradient steps are given by

H

- £(1 _ ) =20—1 ¥(1 _ vH+1Y| (]2
e R
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Proof. The optimization procedure is the same as for the value function error by substituting e
with (1_3—”6 Moreover, note that

H-1

Y
h=0

H-h-1, 26(1—)’)
h 6

Thus, ey < (1%)26 is enough for Lemma|5.23(to hold and we obtain that using the (e3)’s defined
in the claim results in an overall error for DynPG given by

th) 3 6(1_)’):

1V = Vil < —(
1-y 3

Y
h=0

Note that we can again rewrite H to be

_ [1ogy ((1 - y)zeﬂ _ [IOg((l - y)‘26‘16R*)w.

6R" log(y~1)
Thus, the complexity bounds for the optimization epochs h =0, ..., H are given by
H H-1
D Nw= ) Ny+Ny
h=0 h=0
- [24R*|s§l|2 H H ”log(6R*(1 - y)‘ze‘l)w2 . [4R*(1 -y A2 H 1 H W
T (1-y)% log(y~1) (1-y)en
- [24R*|gz§l|2 ” H Mlog(&{*(l - )1)‘26‘1“2 . [241{*(1 - yH+1)|951|2" 1 “ w
T (1 -y)% log(y~1) (1-y)%€ ’
where we used the calculations in the proof of Theorem and substituted € by ~—=+ (-ye y)e in the
first inequality. In the second inequality we used ey = a 6y ) - [

5.4 ADVANTAGES AND LiMITATIONS OF DYNPG

5.4.1 Breaking the lower bound example with DynPG

In [Li+23al] a lower bound example was given for which softmax PG takes exponential time in
the expected horizon (1 — y)~! to converge. More precisely, it is shown that at least |S|20((1_Y)71)
gradient steps are required to approximate the optimal value function with € = 0.15 accuracy.
The constructed MDP is designed such that the unknown constant c, in the upper bound on
softmax PG (see Table|5.1)) is exponential in the effective time horizon (1 —y)~!. To understand
this behavior, we take a closer look at the definition of ¢, = ( mines inf>1 7[9 n(a* (s)|s))

Lemma where a”*(s) denotes the optimal action in state s. To ensure small ¢, the probablhty
of choosing the best action should not get close to 0 during training. But by construction in
[Li+23a], finding the best action in state s decreases as long as the probability of choosing the
best action in a previous state s’ < s is not close enough to 1. This results in the phenomenon that
the gradient steps required to converge towards a*(s) grows at least geometrically as s increases.
However, using DP one can solve the MDP within |8| steps of exact value iteration [Li+23al Lem.
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1]. This already implies that DynPG easily circumvents this exponential convergence time by
employing DP. As future actions are determined by the previously trained policies, DynPG can
evaluate the MDP under a non-stationary policy during training and thereby avoid the above
described phenomenon.

The upper bound on the complexity of softmax DynPG in Theorem provides a theoretical
proof that the needed gradient steps scale at most with (1 — y)~% up to logarithmic factors.

5.4.2 Numerical Example of DynPG

To further demonstrate DynPG’s effectiveness in the more general sampled-based gradient
setting, we present a numerical study of a canonical example that has a similar flavor as the
counterexample in [Li+23al]. This example is an extension of Example 6.7 in [[SB18]], which has
been used to compare different variants of Q-learning algorithms, as it suffers from overestimation
of the Q-values. Since the overestimation problem in Q-learning and the committal behavior
problem in policy gradient are closely related [FHM18], we decided to use this example. The
example is certainly artificial, as the number of actions and the rewards in the MDP are chosen to
trap policy gradient from convergence. If we vary the MDP parameters from the current setting,
DynPG consistently performs well but the advantage over vanilla PG will become less significant.
The MDP is defined as follows:

* The state space is given by 8 := {0, ..., 6}; States 0, 3, 6 are the terminal states and states
1,2,4,5 are the initial states. We sample so uniformly from {1, 2,4, 5}.

* The action space is given by A := {0, ...,299}.

* The state transitions and state-dependent actions are visualized in Figure Each node
represents a state, with squared ones being terminal states and elliptical ones being initial
states. Each arrow represents an action that deterministically transits from one state
to another. From state 1 to state 0, there are a total of 300 possible actions, succinctly
visualized using the dots.

Figure 5.2: Visualization of the MDP state transitions.
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* Taking any a € A from state 1 reaches state 0 and receives a reward of r(1,a) ~
N(-0.3, 10).

* Taking any of the 5 possible actions from state 4 reaches state 5 and receives the reward
of r(4,a) ~ N(1.25,1.25).

» Taking any of the 5 possible actions from state 5 reaches state 6 and receives the reward
of r(5,a) ~ N(1.25,1.25).

» Taking any of the 3 possible actions from state 2 receives the reward of (2, a) = 0.

Experimental setup: We evaluated the performance of (stochastic) vanilla PG and (stochastic)
DynPG under two different discount factors, y = 0.9 and y = 0.99. We used the tabular softmax
parametrization studied in the convergence analysis for both algorithms. In DynPG, we used the
1-batch Monte-Carlo estimator to sample the gradient according to Theorem A.3. In vanilla PG,
we chose the classical REINFORCE 1-batch estimator with truncation horizon 3 (cf. equation
(3.10)), such that the estimator is also unbiased due to the episodic setting (the maximum
episode length in our example is 3).

In DynPG, we chose the step size i, and number of training steps N according to Theorem [5.22]
and Theorem [5.24]and only fine-tuned the constants 2 and 45:

1-y

1-— Yh+1
e 1o
1-—yh

Nj, = [45 -
We want to emphasize that the choices of , and Ny, consistently perform well under different
choices of y, which underscores that the algorithmic parameters developed in our theory also
provide good guidance in practice. For a fair comparison, we fine-tuned n = 2 11:yy6 for stochastic
vanilla PG, which is much larger than the pessimistic = ¢ * (1 — y)? suggested in Theorem
In Figure we plotted the success probability in 2000 individual runs of the algorithm that
achieves the overall value function error of less than € = 0.01 from the optimal, with the x-axis
being the number of interactions with the environment. We observe that vanilla PG had a
hard time solving this MDP, suffering from the high variance in the rewards from state 1 to
state 0. The sample-based algorithm tends to concentrate on large rewards samples. DynPG
circumvented this committal behaviour by more accurate estimated of the future Q-values.
For the case of y = 0.9 presented in Figure (@), we observe that the performance of DynPG
and vanilla PG are similar for the first 400 interactions with the environment. However, vanilla
PG fails to converge to the optimal policy and can only reach the success probability of around
0.8 under the given training budget. DynPG is shown to converge much faster and can solve the
MDP with a probability of nearly 1 after 1200 samples. In Figure (b), where we presented
the case of y = 0.99, one can observe a similar performance gain from DynPG compared to
vanilla PG. DynPG converges consistently and faster, while vanilla PG fails to converge. These
experiments support the theoretical findings from the previous section.

5.4.3 Limitations and Modifications

In the previous subsections we have seen reasonable examples, where DynPG outperforms vanilla
PG. Still, there are examples, where vanilla PG already performs quite well and does not suffer
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Figure 5.3: For y = 0.9 (a) and y = 0.99 (b), we show the success probability of achieving the
sub-optimality gap of € = 0.01 in the overall error. The x-axis is the number of interactions with
the environment used by both sample-based vanilla PG and sample-based DynPG. The success
probability is calculated by executing each algorithm 2000 times with randomly sampled initial
states.

from committal behavior or high variance in the Q-value estimation, such that using DynPG as a
more complex algorithm cannot surpass vanilla PG. We want to emphasize that DynPG should
be kept in mind for cases where vanilla PG is particularly slow or even fails to converge.

In the following, we aim to discuss a challenge that may arise when applying DynPG in practice.
In very complex MDPs, where the policy parametrization needs to be rich, the classical DynPG
approach in Algorithm [6] can suffer from a storage problem. The number of policy parameters
that need to be stored for future decisions scale linearly with the number of training steps. In
order to circumvent this problem we introduce an actor-critic based modification of DynPG.

Dynamic Actor-Critic (DynAC). The general idea behind actor-critic in vanilla PG is to intro-
duce a so called critic, a second parametrized class of function (Q"),,crt, Which approximates
the Q-function Q”e in the classical PG Theorem (Theorem . Using the critic as estimator
of the Q-values no more roll-outs are needed to estimate the rewards-to-go; compare to the
(unbiased) REINFORCE estimator discussed in Section For further reading regarding the
classical actor-critic algorithm we refer the interested reader to [[SB18| Sec. 13.5].

In the actor-critic variant of DynPG, we 1nclude an additional training procedure after opt1m1zmg

policy 7 7, to update the cr1t1c QW+l ~ Q """ g , based on the old critic, Q" ~ Q, i1 , and
the newly trained policy, 7}, using the relatlon
Q:J’i’l'"’no (s,a) =r(s,a) +y Z p(s’|s, a) Z E;(a’ls’)QZh‘l’“"no. (5.16)
s’ a’

The critic is used in the policy gradient theorem as an estimator for Q}ﬁl such that the new
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gradient in DynAC is given by
G4 = Vg log(n°(AlS)) QU1 (S, A), (5.17)

where S ~ 1 and A ~ 79(+|s) and 7 is the policy we are currently training for epoch h + 1.

In this case, we do no longer have to store all trained policies and just store the currently trained
policy and the current critic. For applications where the performance of vanilla PG is poor
and the parametrized policy needs to be very rich such that storing many policies might cause
storage issues, we emphasize to keep this modification in mind. We call this approach DynAC
for dynamic actor-critic and summarize the steps in Algorithm

Algorithm 7: DynAC for discounted MDPs
Result: Approximation of *, denoted as 7*.
Input: Initial state distribution p, class of policies (1%)gcpa, class of parametrization for
the critic (Qu)yep!-

Set h =0;

Train Q™! to approximate the reward function r;

while Convergence criterion not met do

Initialize 6 (e.g., 69 = 0);

Choose aj and Ny, (cf,, Rernark;

forn=0,...,N,—-1do
Sample GPY™AC = Vg log(7f(A]S))QWr+1 (S, A) with S ~ u and A ~ 79 (+|S);
Update 6,41 = 0, + a1, G;

end

Set w1, = 7o

Train wp4a s.t. QWM2(s,a) ~ Es-p(-15,0),4~7; (-15) [r(s,a) + yQWr1(S, A)] for all s, a;
Seth=h+1;

end

Return 7 = ; _,;

A theoretical analysis of this approach would require an assumption on the approximation error
to train the Q-functions. As the gradients are no longer unbiased, convergence towards the
global optimum cannot be theoretically guaranteed and the bias errors will appear in the overall
error. We leave further investigations to analyze this approach in practise and theory to future
work.

5.4.4 Comparison to NPG

Finally, we compare the theoretical performance of DynPG to Natural Policy Gradient (NPG).
NPG is a version of PG where the natural gradient of the objective function is used in gradient
ascent instead of the gradient. In [Aga+21] it is shown that softmax NPG has a convergence rate
O((1—-y)~2e~1) and so the algorithm achieves a dependency in the number of required gradient
steps which is also explicit and even better in terms of the effective horizon compared to DynPG.
Thus, in the exact gradient setting softmax DynPG cannot compete with softmax NPG. However,
in the sample based setting it is noteworthy that it requires much more computational power
to estimate the natural gradient compared to the gradient used in DynPG. DynPG reduces the
variance in the gradient estimation by using fixed future policies (cf. Theorem[5.6). Additionally,
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fewer samples are required in DynPG compared to PG and even more so compared to NPG. NPG
is a quasi second order method, such that implementation is expensive. Thus, it is plausible that
DynPG will outperform NPG in sample based settings.

Remark 5.25. We do not carry out an analysis in the stochastic setting as we did in Section (4.4}
because the results rely on unrealistic very large batch sizes and we cannot expect that a compar-
ison gives a realistic inside to the sample based setting. Instead a sample based implementation
on a range of bench mark problems can give a more realistic comparison. As this thesis is of
theoretical nature, we leave it as future work to examine this research question.

It is natural to check how the upper bounds change when vanilla PG is replaced by NPG in
dynamic policy gradient. Replacing the sample of the gradient in Algorithm [6| with a sample
of the natural gradient results in the DynNPG Algorithm and there is no need to restate the
algorithm here. In the following, we will verify that the upper bounds on the performance of
softmax DynPG and softmax DynNPG are the same.

By [Aga+21, Lem. 5.1] with y = 0 (contextual bandit interpretation of V

h+1
that the natural gradient is given by sél}{lff’/\}, where slj,,; € RIS is the advantage function

defined in equation (5.2). Under exact gradient assumption the natural gradient update for
softmax DynNPG to train policy 7} is therefore given by

{70.A}y e can obtain

Oner = O + a ™M

We suppose throughout this section that the following assumption holds.

AssuMPTION 5.26. Suppose that u(s) > O for all s € 8. Furthermore, the parametrization in
DynNPG (7g)gcrisiii is chosen to be the tabular softmax parametrization introduced in equation
(8.12]). We assume further that the natural gradient can be accessed exactly.

We obtain the following theorem for the optimization error in every iteration of DynNPG. This is
the corresponding result to Theorem of softmax DynPG.

THEOREM 5.27. Let Assumption hold. Let h > 0, ¢4 > Oand A = ﬁ; e I1" be a

(1-y)log(lstD
(1—yh+1)R*

||%||oo in DynNPG guarantees that the policy 7, of iteration h achieves

collection of h arbitrary policies. Then, using step size oy =

_ 2R*(1-y™1) log(st])
Ny = TP

and gradient steps

PN T
”T (th) - Vhfil”w < €n.
Sketch of Proof. The proof follows by adapting the convergence result [[Aga+21, Thm. 5.3] for
softmax NPG to contextual bandits with bounded rewards. Although in [Aga+21] rewards in
[0, 1] are assumed, the proof of [Aga+21, Thm. 5.3] can be generalized to the more general
reward assumption r € [—r, r] by changing the upper bound used on the value functions in the
final inequality of the proof, i.e.

v v < -y)7!

to be
v v <or(1 -yt
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For MDPs with rewards in [-r, r] we obtain the global convergence of NPG

log(|st]) 2r

Vifoen 2 v* _ _
« an (1-y)2%n

directly from [Aga+21, Thm. 5.3]. For contextual bandit (h = 0 and y = 0) with rewards in
[-r, r] we obtain that

log(lst]) _ 2r

VI > Vg - :
an n

0

We apply this result to the contextual bandit with value function V}{lﬁ’/\}, the objective func-

tion we aim to optimize in epoch h. Note that the rewards in our setting are bounded in
[_R*(l—yh“) R*(l_yh+1)
1-y > 1-y

] (cf. Lemma(5.13)). Thus, we get

log(lsf])  2R*(1-y™1)
apn (1-y)n

{70, } % (Ao
Vi Y =T (th) -
and still obtain a dependence on (1—y)~! steaming from the horizon of the h-step value function.
Choosing aj, = $=2198U4D " vve have that
g an (1-y®T)R* »
(e _ 3RT(1-yM)
T (V") =V, o™ <
( h ) h+1 (1 _ y)n
3R* (1 _yh+1)
(1-y)en
We note directly that the gradient step Nj, and the step size ay agrees in terms of €, and y with
the ones obtained in Theorem for softmax DynPG. Thus, optimizing over (¢,) and H as in
Section would results in the same complexity bounds for DynNPG as for DynPG.
Although no improvement of bounds is obtained in DynNPG under exact gradients we leave it to
future work to compare the convergence behavior of DynPG and DynNPG/NPG in sample based
settings.

For Ny, = and 7, = mg, we arrive at the theorem. |
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NTIL now, the thesis focused on convergence rates for different variants of policy gradient
methods in RL. Considering the practically used stochastic versions of the algorithms,

the results regarding convergence are very rare and unsatisfying, compare to Remark[5.25] as
unrealistic large batch sizes are required. This is due to the non-uniform gradient domination
property (cf. Lemma([3.19 Lemma(4.11] Lemma[4.19) which can just be controlled through large
batch sizes or small step sizes (cf. Section[4.4). Nevertheless, in practical applications we often
observe strictly better performance of these algorithms even when different parametrizations
like neural networks are considered. The settings examined in this chapter (especially the local
setting) are motivated by the aim of gaining a deeper understanding of this practical behavior.
After a brief literature review in Section where we classify the contributions in this chapter,
we dive into a preliminary discussion on a super-martingale convergence result in Section
The first contribution, in Section focuses on almost sure convergence rates for the error
f(X,) — f* in stochastic gradient schemes under (weak) gradient domination with parameter
B e [%, 1] (Deﬁnition. We prove that stochastic gradient descent (SGD) and stochastic heavy
ball (SHB) converge almost surely and in expectation towards the global optimum with rate

arbitrarily close to o(n_“ﬂ;*l). The rate of convergence that we obtain (a.s. and in expectation)
depends on the gradient domination parameter 8 and is the same for both algorithms and
convergence types. For SGD this rate is arbitrarily close to the tight upper bound known in
expectation [Fat+22]], while the almost sure convergence rate is new for the (weak) gradient
domination assumption (see Theorem and discussion afterwards). To the best of our
knowledge for SHB this is the first convergence result towards global optima under (weak)
gradient domination, for both the almost sure convergence and convergence in expectation (see
Theorem [6.3)).

Second, in Section [6.5|we assume that the gradient domination property is only locally fulfilled,
where we distinguish between locally around a stationary point or locally around the global
minimum. In both cases we prove that SGD remains within the good local region with high
probability, given a small enough step size. Conditioned on this event we provide converges
rates almost surely and in expectation towards the local or global minimum respectively with
the same convergence speed as in the global case (see Theorem[6.7).

The local setting around stationary points is especially of interest for machine learning appli-
cations with (deep) neural networks, as they fulfill this property [DK21]]. In particular, we
demonstrate in Section that it encompasses the training task of deep neural networks with
analytic activation functions in supervised learning. Our result illustrates that the iterates of
SGD are likely to become trapped in areas of local minima when the step size is is small. We
verify under mild conditions, that SGD converges to local minima with given convergence speed
(see Corollary|[6.20).

Finally in Section we apply the results obtained in the local setting around the global
minimum to policy gradient training in reinforcement learning. For infinite-time horizon MDPs,
we verify the local gradient domination around the global optimum for softmax vanilla PG and
entropy-regularized softmax PG. In both cases, we prove that the local rate of convergence under
local gradient domination applies to stochastic (regularized) softmax PG (see Corollary[6.23]

113
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B Step size Rate Dom. Algo. Conv. Ref.

a.s. Thm. 6.2 (i); e.g. [LY22, Thm. 1]
SGD
E Thm. |6.2) (ii); e.g. [KR23|, Thm. 3]
global
a.s Thm. 6.3 (i); e.g. [LY22, Thm. 2]
SHB
3 O(n ) o(n7*) E Thm. [6.3{ (iD); e.g. [LLX23, Thm. 4.3]
a.s. Thm. |6.7| (ii); Thm. |6.16| (ii)
local*  SGD . Thm. [6.7| (iii); Thm. |6.16] (iii);
e.g. [Mer+20, Thm. 4]
a.s. Thm. |6.2] ()
SGD
E Thm. |6.2| (ii); e.g. [Fat+22| Cor. 1]
global
a.s. Thm. [6.3| (i
(3,1 @(n‘%) o(n_Tl—lJre) SHB ®
E Thm. [6.3] (ii)
a.s. Thm. [6.7| (ii); Thm. |6.16| (ii)
local* SGD
E Thm. |6.7| (iii); Thm. |6.16] (iii)

Table 6.1: Summary of known and new results. Table presents convergence rates for tuned
step size (e > 0 arbitrarily small). Dom.: gradient domination holds locally or globally; local*:
additional assumption on a; required and results holds only locally. a.s.: almost surely; E: in
expectation. Ref.: for some cited results minor adjustments are necessary.

and Corollary[6.25)). For finite-time horizon MDPs, we verify the local gradient domination
around the global optimum for every optimization step in FT-DynPG. We obtain almost sure
convergence under good initialization (Corollary[6.27) and improve upon the very large batch
sizes required in Theorem Although these rates hold only under good initialization, we
can characterize the initialization regions for the infinite- and finite-time cases explicitly.

We summarize the contributions of this chapter in Table These findings are also illustrated
in a numerical toy experiment in Section (6.4, where the performance of SGD and SHB for
monomials with increasing degree is implemented.

6.1 LITERATURE REVIEW AND CLASSIFICATION OF THE CONTRIBUTION

The roots of stochastic gradient methods trace back to Robbins and Monro [RM51]. Since then,
various variants of SGD have been established as fundamental algorithms for optimizing complex
models in the realm of machine learning. We refer to Bottou, Curtis, and Nocedal [BCN18] and
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Garrigos and Gower [GG24] for a detailed overview.

We start the review with the literature deriving convergence rates in expectation for SGD. Under
the assumptions of smoothness and (strong) convexity Polyak [Pol87]], Moulines and Bach
[MB11]], Nguyen et al. [Ngu+18]], Wang et al. [Wan+21]], and Liu et al. [Liu+23] studied
convergence rates towards global optima. Moreover, many articles additionally analyze the
non-convex case and prove convergence rates for the gradient norm towards zero [GL13};|Li+23b;
Liu+23; Ngu+23].

Notably, several other results regarding convergence of SGD towards global optima have been
established under the gradient domination setting [KNS16]]. Bassily, Belkin, and Ma [BBM18]
demonstrate exponential convergence rates in expectation in the overparameterized setting under
strong gradient domination. See also Madden, Dall’Anese, and Becker [MDB21]] and Liu, Zhu,
and Belkin [[LZB22], who show convergence rates of order O(%) for neural networks using the
(strong) gradient domination property. Scaman, Malherbe, and Santos [[SMS22]] provide high-
probability bounds on the approximation error under a generalized gradient domination property,
the so-called Separable-Lojasiewicz assumption, fulfilled by smooth neural networks. Lei et al.
[Lei+20] also assume strong gradient domination and weaken the smoothness assumption
through a-Holder continuity, achieving a rate of O(ni[,) in expectation. Khaled and Richtarik
[KR23]] introduce the condition and show O(%) convergence under strong gradient
domination. Furthermore, Fatkhullin et al. [Fat+22]] and Fontaine, Bortoli, and Durmus [FBD21]]
consider generalizations of gradient domination that include our definition as a special case.
They derive convergence rates in expectation which we encompass with our result and extend
to almost sure convergence (see also the discussion behind Theorem [6.2)).

All the results mentioned so far consider convergence in expectation or high-probability bounds,
although originally, motivated by Robbins and Siegmund [RS71]], research commenced with the
quest for almost sure convergence rates for gradient methods. In recent years, Sebbouh, Gower,
and Defazio [SGD21] and, building upon it, Liu and Yuan [LY22] derive almost sure convergence
rates towards global optima under strong convexity. Sebbouh, Gower, and Defazio [SGD21] also
analyzed almost sure convergence rates for SHB but under the assumption of convexity and Liu
and Yuan [LY22]] study SHB under (strong) convexity and in a non-convex setting. Returning the
attention back to SGD with respect to gradient domination also some almost sure convergence
results have been established. As an extension to the PL-type gradient domination, Chouzenoux,
Fest, and Repetti [CFR23] assume the so-called KL property, which contains gradient domination
as a special case. The authors demonstrate almost sure convergence to a critical point, though
without a rate. To conclude, to the best of our knowledge the derived almost sure convergence
rate under gradient domination in Theorem is novel.

Next, we want to provide further insights to the literature regarding SHB. In the realm of
momentum methods, Polyak’s Heavy-Ball Method (HBM) [Pol64] and Nesterov’s accelerated
gradient method [[Nes83|]] stand out as a foundational contribution. The authors of [GPS18]]
provide a detailed description of the stochastic formulation of HBM and establish almost sure
convergence but without giving a rate. In Yang, Lin, and Li [YLL16], Orvieto, Kohler, and
Lucchi [[OKL20], Yan et al. [Yan+18]], Mai and Johansson [MJ20], and Zhou et al. [[Zho+20]]
convergence rates in expectation are shown in (strongly) convex and non-convex settings, where
the non-convex analysis covers convergence of the norm of the gradient. Gess and Kassing [GK23]]
show convergence of momentum methods under the strong gradient domination property and
prove linear convergence due to an overparametrized machine learning setting. In [LLX23|] the
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authors determine O(%) convergence rate for SHB under strong gradient domination. Our main
result for SHB presented in Theorem describes almost sure convergence and convergence in
expectation under global gradient domination. Both result are quantified with a given rate of
convergence.

Finally, we aim to differentiate the present article from existing results on the convergence of SGD
under the assumption of local gradient domination. Dereich and Kassing [[DK21]] demonstrate
almost sure convergence of SGD to a stationary point under the local gradient domination
(for x*), provided that the process (X,) remains local, albeit without a rate. Fehrman, Gess,
and Jentzen [FGJ20] present a local analysis of SGD towards minima without any gradient
domination assumption. Instead, a rank assumption is imposed on the Hessian, and mini-batches,
along with resampling, are leveraged to ensure convergence to the global optimum with high
probability. The resulting rate does not converge to zero and requires an increasing batch size.
Mertikopoulos et al. [Mer+20] demonstrate, under the global Lipschitz assumption on the
objective, that SGD almost surely converges to a stationary point and the authors derive a local
convergence analysis under local strong convexity. Our analysis in Section builds upon
Mertikopoulos et al. [Mer+20] and generalizes their results to the local gradient domination
property. In our analysis we distinguish the cases where the local gradient domination property
holds in a neighbourhood of a local minimum or in the neighbourhood of the global optimum
respectively. Finally, we would like to acknowledge that related results have been independently
obtained in the recent preprint [[QMM24].

For the application in the training of DNNs, it is worth noting that local convergence of SGD
has been analyzed under stronger variants of gradient domination [Woj23]; [AL24]. Due to
the stronger form of gradient domination, specific sub-classes of DNNs need to be considered to
verify these assumptions whereas our result is only constrained to analytic activation functions.
Under the machine learning noise conditions in [Wo0j23], convergence toward zero loss with
high probability is shown, provided that the initial loss is sufficiently small. In contrast, [AL24]
demonstrate convergence towards zero loss under initialization in a local (strong) Lojasiewicz
region. Indeed, one can construct DNNs satisfying the latter condition [Cha22].

For the application in reinforcement learning, we have seen in Section Chapter 4] and
Chapter 5 that choosing the tabular softmax parametrization in PG algorithms results in objective
functions which fulfill a non-uniform gradient domination property. The convergence of PG
for exact gradients is quite well understood, but convergence rates for stochastic PG are rare
and mostly require very large batch sizes (see [DZL22] and Theorem [4.36). In Section [6.7]
we consider both the unregularized and entropy regularized setting and observe that one can
also achieve convergence arbitrarily close to o(%) without the need for an increasing batch size.
Moreover, the local convergence occurs almost surely on an event with high probability. It is
noteworthy that a similar local analysis for stochastic policy gradient under entropy regularization
is presented in [DZL.23]]. Their local result is also based on [Mer+20], but requires an increasing
batch size sequence to obtain O(%)-convergence towards the regularized optimum with high
probability. In contrast, we consider both the unregularized and entropy regularized setting and
observe that one can also achieve convergence arbitrarily close to o(%) without the need for an
increasing batch size. Moreover, the local convergence occurs almost surely on an event with
high probability.
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6.2 PRELIMINARY DISCUSSION ON SUPER-MARTINGALE CONVERGENCE RATES

Let f : R? — R be a differentiable and L-smooth function, i.e. f fulfills Assumption In
Section [2.2.3] we have sketched how to combine the global gradient domination property with
smoothness to derive a recursive inequality of the form

2,
[E[Yn+1 | SL’n] < (1 + Clan)Yn - C2anYnﬁ + 630(% s

where Y, := f(X,) — f* (cf. equation (2.9)). For analysing these inequalities, we must deal
separately with the strong gradient domination case (8 = %) and the weak gradient domination
case (8 > %) to avoid divisions by zero. For the former case the recursive inequality simplifies,
whereas a more complex analysis is required for the latter. To establish almost sure convergence
rates we employ convergence lemmas for super-martingales based on the Robbins-Sigmund
Theorem. This methodology has been introduced in [[SGD21] and further utilized in [LY22] to
analyze SGD and SHB under (strong) convexity. In the following, we illustrate how to extend the
arguments to convergence under the global gradient domination property. While the extension
to the strong gradient domination case is straightforward, we have to invest more work in the
weak case.

Here is our super-martingale result that also encompasses [[Y22, Lem. 1] when 8 = % for
completeness:

LEMMA 6.1. Let (Y,)nen be a sequence of non-negative random variables on an underlying probability
space (Q, F, P) with natural filtration (F,)n,en and suppose there exists B € [%, 1], ¢1,¢c3 = 0 and
co > 0 such that

E[Yns1 | Fn] < (1 +c1a?)Y, — czanYnzﬂ +cza?,

forall n > 1, where o, = @(nie)for some fixed O € (%, 1). Then, for any

3

. {(maX{Z - 20, 9;?:2 |3 1) 1B e (3.1
(2-26,1) p=3

(Yn)nen vanishes almost surely with Y, € O(nl%n)'

Proof. In the following, we treat both cases 8 = % and 8 € (%, 1] separately.
B = %: In this case, the inequality reduces to

E[Ven | Fn]l < (1 + cla% —Cotty)Yy + C3a§.

By the choice of «,, there exists some N > 0 and ¢; > O such that cya, — 1 0{,21 > cia, for all
n > N. Hence, foralln > N

[E[Yn+1 | :Tn] < (1 _Elan)yn + C3a;21

such that the claim follows by [LY22, Lem. 1].
B e (%, 1]: The proof uses the elementary inequality

n+ DY <l M+ (1-n)n", (6.1)
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which was also applied and proved in [LY22, Lem. 1]. The aim is to apply the Robbins-Siegmund
corollary, lemma in order to derive the almost sure convergence rate. Let 1 < q < 2 be
arbitrary for now. The key step of the proof is the following computation

[E[Yn+1 | ffn] < (1 + claﬁ)Yn - C20(nYnZ‘B + C30(r21
2
=1+ claﬁ)Yn — oYy + oYy, — czanYnﬁ + c;:,a,zl (6.2)
= (1+ 102 = coad)Yy, + caaty (az_lYn - Ynzﬁ) + cza’.

Similar to the case = = there exists some N > 0 and ¢; > O such that coa — c1a > cral for
alln > N. Hence, for all n > N we obtain the iterative inequality of the form

E[Vns1 | Fn]l < (1 =Crah)Y, +c2an( Y Y, B) +C30(%. (6.3)

1
. . . _ 2p-1
The function x +— ax — bx2? takes it maximum at x = (ﬁ) ~! such that

q+233 ! 1+(q2ﬂ1312B
an(aﬁ_lYn - YnZﬂ) < T T s 28
(2p)%1  (2B)FT
1 Zqﬁ:l 1 2qﬂ:1
_ — anzﬂ T _ — a,fﬂ 1 (6.4)
(28)7 (2p)71
- @B (- e
2B %n

holﬁs almost surely. We define ¢, = c2(2,8)_2ﬂl_*1(1 - ﬁ) € (0,) for B € (%, 1) and proceed
wit

289-1
E[Yii1 | Fn] < (1 -Crab)Y, + %o, " + caa?, (6.5)

Next, we apply the elementary inequality, equation (6.1)), and choose g such that % <0< % <1

Moreover by the choice of ay,, there exists some c4 > 0 such that cja} > t%‘e foralln > N. It
follows that foralln > N

E[(n+ 1)1 | Tl

2pg-1
<+ D1 -Gad)Y, + (n+ D)% T + (n+ 1) Tega?
2pg-1
<+ (1- n)n_”)(l——)Y +(n+ D%+ (n+ 1) Neaar
n4
1-n ¢4 c4(1-1n)\ ,_ = _
= (1+ e TS 'Y+ (n+ D%+ (n+ 1) eza?

We set ¢z = max{cy, c3} such that foralln > N

E[(n+ 1)1_an+l | Fnl
1-n1 64(1—'7)) B

1-n 1-n/,,28-T 2
- 0 o Yo+cs(n+ 1) Na," +aj).
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Observe that gf < 1 by condition 6 < L. Hence, there exists ¢; > 0 and N > Nfor sufficiently
large N > N such that for all n > N we have

2pg-1

1
E[(n+ 1) " | ] < (1 —c4—)n1 Y, +cs(n+ 10?7 +a?) (6.6)

In order to apply Robbins-Siegmund, more precisely Lemma [2.15] we are going to verify the
following three sufficient conditions:

i i@ = o0, (6.7)

D ntT < (6.8)
N

> 0(28q-1)

P T < oo 6.9)
N

Then, Y, € o( ) almost surely.

The first condition, equation (6.7)), is obviously satisfied, since we assume 6 < 1 . For the second
condition, equation (6.8), we may choose 6 > 1—1 such that 1-n-26 < -1. The third condition,
equation (6.9), gives 1 — 1 — % <-1 wh1ch leads to the condition 0 > (2;;[25—2[311) Hence,

all together we obtain the sufficient condition

0 e (max{(z_n)(zﬂ _ 1),1 — Q},l]
2pq-1 2)°q

In the following, we consider the two cases separately that correspond to the maximum being

either 1 — 2 or %. The first case occurs precisely for % < the latter one for
1 28

—4B 1

q = 4p-1

Firstly, let S B

. In this situation the sufficient condition on 6 simplifies to

1
o c (1
27 ql

2

The interval is non- empty for L5 =1 which requires n € ( 4B 1, 1).

Secondly, let = > 4ﬂ .In thlS situation the sufficient condition on 6 simplifies to

2-n1)2p-1) 1
9€(< m (28 >’_]’
2Bq -1 q
thelntervallsnonemptyfora<2ﬁr7 2B+2—-n. Hence,—e(4ﬁ 7,2pn — 2B +2 —n) which

requires the condition n € (jg_f, 1).
Either case yields sufficient conditions on 6 and n (depending on the auxiliary variable g) under

which Y, € o( ) holds almost surely. We will now utilize the free variable g to prove the claim.
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* Letf € (2, 7 1) We set g = gﬂ and use the first case. The assumption n > 2 — 20 =
max{2 — 20, egéﬁ 12} implies 6 € (1 -1 —] (Note that n > Zg is automatically fulfilled
by 2 — 26 > 4[3 2 7 for this choice of 6.)

* Letf e [4ﬁ 7, 1): By assumption we have n > ngﬂzz = max{2 — 20, 9;’2‘612} We choose

some % € (6,2Bn — 2B + 2 —n) and use the second case. (Note that > g again is

automatically fulfilled by 9;’;’3 12 > 4ﬁ —2 7 for this choice of 6.)

All in all we have proved that 6 € (2, 2) implies Y, € o( ) almost surely for all n € (max{2 —

20, 521 1). n

6.3 ALMOST SURE CONVERGENCE UNDER GLOBAL GRADIENT DOMINATION

6.3.1 Convergence Rates for SGD

Combining the recursive inequality in equation with the super-martingale convergence
result from Lemma leads to the following theorem, which to the best of our knowledge
our theorem presents the first convergence rate for SGD under weak gradient domination with
respect to almost sure convergence. This is in contrast to [LY22}; |SGD21]] where the authors
derive almost sure convergence rates in non-convex settings but only for the gradient norm to
zZero.

THEOREM 6.2. Suppose Assumption and Assumption are fulfilled and let f satisfy the

global gradient domination property from Definition l2:7] with B € [%, 1]. Denote by (X,) the

sequence generated by equation (SGD) using a step size a, = ©( nie) with 0 € (%, 1). For any

> T2B=1

) (max{2—29 "+2ﬁ‘2},1) B
(2-26,1) =3

it holds that

O f(X) - £ € o -

- ), almost surely, and

(@) ELf(%) - ] € o5):
Proof. Recall, in Section we derived equation (2.9)),
[E[f(Xn+1) - f* | S:n]
< (1 52) (PO = £) = (o = =2 )20 = 9% +

which will be the basis of the proof
We treat again both cases for = = and B e (2, 1] separately:

LCa?
2 5
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B = %: In this case, equation (2.9) results in the super-martingale inequality

LAa? , BLc*a? LCa?
— 0pC + 2 n B ,

with ¥, = f(X,) — f*. By the choice of a, there exists N > 0 and a constant ¢ > 0 such that

LAa®>  BLZa? _ ~
anc? - =52 — =52 > Cary, for all n > N. Thus,

ElYeen | 9] < (14

2
LCa;,

2 5

[E[Yn+1 | gjn] < (1 _Ean)Yn +

for a}l n > N. Then, claim (i) follows by applying Lemmawith c1=0,c0=0¢,c3 = % and
p=1
To prove claim (ii) we multiply (n+ 1)'~7 on both sides and take the expectation. It follows that

i} _ _ LC i}
E[(n+ 1)1 MY,1] < (1 —Ca) (n+ 1)1 "E[Y, ] +?(n+1)1 N2

<@ —Ean)(nl_” +(1-mn HE[Y,] + %(n + 1)1_’70(5

1-n 21 -na
n

=|1-Cca, +

L
ntE[Y,] + 7C(n + 1)1 a2,

As 0, € @(nie) we obtain that ca,, is the dominating term. Hence, there exists a constant ¢; > 0

and N > N such that ¢a,, — 1,1;'7 + @ > Giap, foralln > N. Thus, foralln > N
(1-n) = o yplon Lc 1-n 2
E[(n+1) Yo+1] < (1 —cron)n "E[Y,] +?(n+1) a;.

We apply Lemmawith wy, = n*E[Y,], a, = ¢1a, and b, = (n+ 1)} "a? and obtain that
n'~ME[Y,] — 0 for n — oo which yields claim (ii). Note that Y, b, < coas 1 —n < 20 — 1 for
ne(2-20,1).

B e (%, 1]: In this case, equation (2.9) results in the super-martingale inequality

LA(X2 BL(XZ LC(XZ
[E[Yn+1 |§n] < (1+ zn)Yn_(an_Tn)CZYnZ'B+ 2n’

2,2
BLc"ay,
2

with ¥, = f(X,) — f*. By the choice of a,, there exists c; > 0 and N; > 0 such that c?a,, —
coar, for alln > Ny,

=

LAa? LCa?
5 n)Yn - CzanYnZﬁ + L

ElYeer | 9] < (1+

We deduce claim (i) from Lemmawith 1= co=cyc3=%andp € (3,1].
For claim (ii) we firstly proceed as in the proof of Lemma Therefore, one can choose the
auxiliary parameter 1 < q < % and find constants c4, c3, Ny > 0 such that for all n > N; by
equation (6.6) we have

2Bq-1

1 26g-1
E[(n+ 1) "Y1 | Fn] < nt7Y, — C4En1_”Yn +e3(n+ D), +a?).
n
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Next, we take the expectation to obtain

Bq-1

E[(n+ 1) n+1]<(1—04i)[E[ Y]+Cs(n+1)1_”(a}ﬁ__l+aﬁ)

for all n > Ny, implying that w, = E[n!~"Y,] — 0 as n — oo by Lemma Note that we

2Bq-1
have chosen 6,7 and q as in Lemma 6.1} such that 3, = = oo, 3, (n+1)' """ < oo, and
Ya(n+1)1a2 < oo (see equation (6.7), equation and equation (6.9))). Therefore, the
assumptions of Lemma [2.16|are met. [

It is natural to ask which 6 leads to the best convergence rate. First, it is important to notice,
that is not possible for n to approach 0 for fixed 8 € (%, 1]. Optimising for n yields an optimal
choice 6 = % to achieve the best possible rate of convergence. This specific choice yields a
0+2-2 _ -1-
281 4ﬂ
convergence of the form o( 5) where p is arbitrarily close to zz— 1 (see also table |
Roughly speaking, our result guarantees a faster convergence rate for "stronger" gradient domi-
nation properties (i.e. for smaller 8). Indeed, as 2 — 26 > 9;“;[1 12 for B sufficiently close to % our
result is consistent to the one presented in [LY22, Thm. 1] by replacing the p-strongly convex
assumption with the strong gradient domination property with 8 =
Note that the global gradient domination property using 8 = l mlrrors the strongly convex case
and is also covered in [LY22, Theorem 1] by replacing the p- strongly convex assumption by the
weaker global gradient domination property with 8 = % We emphasize that the rate we obtain
is arbitrarily close to the one obtained in [FBD21; Fat+22] in expectation and is tight according
to [Fat+22, Prop. 2]. With respect to almost sure convergence, we get arbitrarily close to the

rates obtained in [[SGD21] in the convex setting.

lower bound of the interval given by 2 — 20 = 1 and therefore an almost sure

6.3.2 Convergence Rates for SHB

The following section deals with the stochastic heavy ball (SHB) scheme, where a momentum
term is added to the classical optimization algorithm. Recall the noisy gradient evaluations in
equation (2.7)), where we still assume that the stochastic first order oracle is accessed through
the evaluation of {,+; which is a copy of { independent from the current state X,.

The iterative scheme of stochastic heavy ball (SHB) is defined by

Xnw1 =Xy — oV (Xn) + V(Xn - Xn—l) B (SHB)

with initial R9-valued random vector X,. The additional summand is called the momentum
term with momentum parameter v € [0, 1). Similar arguments as for SGD can be used to derive
almost sure convergence rates for SHB under global gradient domination:

THEOREM 6.3. Suppose Assumption [2.1|and Assumption [2.12] are fulﬁlled and let f satisfy the
global gradient domination property from Definition l2:7]Wlth B e [ , 1]. Denote by (Xp)nen the
sequence generated by equation (SHB) using a step size a, = @(nle) for 0 e (%, 1). For any
(max{z - 20, %2022, 1) :ped ]
ne
(2-26,1) :p=1

it holds that



6.3. Almost Sure Convergence under Global Gradient Domination 123

W) f(X,) - f*e 0(,111-,7), almost surely, and

@) ELf(%) - £°] € o ).
To proof this result, we rewrite the iteration scheme in equation by using the definitions
Zni=Xp+ 1L—VWH’ and W, =X, —X,_1. (6.10)
We derive the following iterative evolution from SHB

Wit = oW, — a,V(X,) (6.11)
% y(x,). (6.12)

Zn+l:Zn_1_V

We will utilize these auxiliary variables in the proof.

Proof. The proof begins as in the proof of [LY22, Thm. 2]. Using only L-smoothness and
assumption (ABQ), they show that for any c3 € (0,—=), A € (v, 1) there exist constants

1y
¢1, C2, ¢4 > 0 such that choosing step size a;, ~ nie, for some 6 € (%, 1) results in [LY22, eq. (21)]

ELf(Zns1) = £+ [Wanll* | F]
< (L+ @) (F(Zn) = £) + (A+ co) [Wall® = csanlVF(Zn) I” + cacty

n

(6.13)

for all n > N and some N > O sufficiently large. Next, we apply the global gradient domination
property for any 8 € [%, 1] to derive

ELf(Zna1) = f*+ W1 | Tl

S (L4 a@d (FZ0) - ) - ccomn( FZ) ~ I + (A aad) Wl s a0

For the remaining proof, we denote Q, := f(Z,) — f*. Similar as before, we treat both cases for
B = % and 8 € (%, 1] separately:

B = 5: Instead of p-strong convexity we use the gradient domination inequality ||V f(x) I >
c(f* - f(x)), as the same inequality is implied by strong convexity using ¢ = p. Then, Claim (i)
follows using the same proof as [[LY22, Thm. 2b)]. Note that the inequality

SIVFIP < £ - £ 6.15)

used in the last step only requires the L-smoothness assumption [Nes13, Sec. 1.2.3].
For Claim (ii) we consider equation (6.14]) which simplifies for g = % to

E[Que1 + (Wost|I? | Fnl < (14 c10® — ccan)Qn + (A + c20®) || W, || + cqa®.

2 > Ga, and

By the choice of @, there exists N > 0 and cj,ca > 0, such that ccsa, — cra; >

A+ coa? < Caay, for alln > N. Hence, forn > N

E[Qn+1 + ”an+1“2 | Fn] < (1-c100)Qn+ (1 _F(EVZO(H)”VVn||2 + C4O(2

n

< (1= min{@, %)) (Qn + [Wall?) + cac?.
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Let cs = min{¢y, ¢2}, multiply by (n + 1)!~" on both sides and use equation to obtain for
nx>N

EL(n+ 1)(Quer + [WeaI2) | 2]
< (n+ D11 = csta) (Qn + IWal12) + caa(n+ 1)1
< (1774 (1= (1 = cs)(Qu+ [IWall?) + cqo(n+ 1)1

1-n cs(1=nan
n

= (1 — C50, + )nl_”(Qn+ ||Wn||2) +eqa(n+ 1)1,

Taking expectation and using that there exists ¢s > 0 and N > N such that csa, — ln;" + @ >
Csot,, we have foralln > N

E[(n+ 1)1 (Quat + [Wa )]
< (1= Bsan)E|n' 7 (Qu o+ IWall?) | + caodn+ 1)1,

Note that Y, a?(n + 1)}™" < oo because n € (2 — 26, 1) implies 1 — n < 260 — 1. We can apply
Lemma [2.16(which yields that E[n'~"(Qn + [|[Wa||*)] — 0. Hence, E[(Qn + [[Wall*)] € o(=5).
To finish the proof, one can derive

. 1 ,  V2+Iv? 9
fXn) = < Qn+§||vf(Xn)” +m||wn|| (6.16)

see [LY22, eq. (19)] for more details. Using inequality (6.15)), we get almost surely

V2 + Ly?

1 * 2
(1 - Z)f(Xn) —fT < Qu+ 1(1—_1})2”Wn” : (6.17)

implying that E[(f(X,) — f*)] € o(==) which proves Claim (ii).

nl-n

B e (%, 1]: For Claim (i), note that in equation (6.14) A < 1, such that

[E[Qn+1 + ||er1+1||2 | ffn]
2
< (1+6102)Qu + (1 + c202) [Wal|? + cc30,Q% + cqa?

< (1 +max{e, c2}ap) (Qn + IWall?) + cc30(Qu + Wal)? + caaf.

By Lemma [6.1| we obtain that Q, + [Wal* = £(Z) — f* + IWall” € o) for all n e

(max{z - 20, 9;{2}[1 12}, 1). We apply the inequality in equation (6.17) to conclude that also
f(Xn) - e o(n%n) foralln e (max{z - 26, 9;’26;2}, 1). This proves Claim (i).
For Claim (ii), we again use the g-trick from Lemma in equation (6.14). For 1 < q < % <2

we have that

[E[Qn+1 + ”V\/n+1||2 | ffn]

-1 2
< (]- + Cla% - CC3(X?1)QH + CC30p (a:l‘l Qn - nﬁ) + (A + CZ(X%)”WHHZ + C4Q’,21.
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Now with equation in Lemma [6.1] there exists c3 > 0 such that
2Bq-1

E[Que1 + [Wraall? | Fal < (1 +c102 — co3ad)Qn + 3, + (A + c02) [Wall* + ca0.

By the choice of a,, there exists¢; > 0and N > 0 such that c;a2—ccsall > ¢iaf and A+coa? < Cray

foralln > N. Thus, for alln > N,

2Bq-1

E[Qus1 + [Was1l? | Fal < (1 -T1ad)(Qn + [[Wa|?) + max{cs, c4}(a,fﬂ_1 + ai)-

For max{Cs, c4} =: ¢», we multiply on both sides with (n + 1)'~7 and take the expectation to
obtain forn > N

E[(n+ 1) (Quen + W )]

2Bq-1

< (n+ 1)1 = o) E[(Qn + [IWal)] +E2(n + 1)1 (anzﬂl + a%)

n

2691
< (7T (1 =mn (1 = GQa)E[(Qn + [Wall*)] +C2(n + 1)1_”(anzﬁ_1 + az)

1-n a(l-na;
n

_ (1 i+ )[E[nl-"(Qn + W)

2Bq-1
+C(n+ )T (anzﬂ‘l + aﬁ).

Next, there exists N > N and s > 0 such that for alln > N

EL(n+ 1) (Quet + (W I?)]

2Bq-1

< (1 -C5ad)E[nr(Qn + [Wyl|?)] + C2(n + 1)1—"(a,fﬂ_1 + ai).

2Bq-1

From the proof of Lemma we choose the auxiliary parameter g such that 3, (n+1)1 77 (anzﬂ -

o (see equation and equation (6.9)). By applying again Lemma|2.16|we obtain E[n'~7(Q,+
IW.lI?)] — 0, ie. E[Qn + |[Wall?] € o(nl%n). Finally, Claim (ii) follows again by equation

6.17). ]

To the best of our knowledge, our result gives the first convergence proof of SHB to global optima
under weak gradient domination, with rates for almost sure convergence and convergence of
expectations. The resulting convergence rate using the optimized step size are summarized
in Table In the strong gradient domination setting our rate in expectation gets arbitrarily
close to the O(%) convergence obtained in Liang, Liu, and Xu [LLX23]. It is noteworthy that the
utilization of SHB in our analysis does not yield a superior convergence rate compared to SGD.
This arises from the proof technique and aligns with the findings in Liu and Yuan [LY22]] and
Sebbouh, Gower, and Defazio [SGD21] where the authors similarly achieve no acceleration. In
general, for deterministic settings acceleration of gradient methods can achieve improvements
of convergence rates [WMW19]. Although in the special case of gradient domination with
B = %, Yue, Fang, and Lin [[YFL23]] showed that HB as well as Nesterov cannot accelerate in the
deterministic setting.

+a

)<
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6.4 NUMERICAL EXPERIMENT - TOY EXAMPLE

We have implemented the same toy example similar to Fatkhullin et al. [Fat+22] to test our
theoretical findings. In our implementation, we consider both SGD and SHB applied to the
objective function f,(x) = |x|?, where x € R, for various choices of p > 2. It is straightforward

to verify that f, satisfies the global gradient domination with parameter f(p) = ijl. It is

noteworthy that for p = 2, the f,, obviously satisfies the PL condition with 8 = %, whereas for

__28(p)
increasing p — oo, we move towards 3(p) — 1. We have used the step size schedule ®(n~ #®)-1)
1

discussed in Table and observed the almost sure convergence rates n #®-1 as suggested by
Theorem [6.2] and Theorem Note that our derived rates are arbitrarily close to the sharp

upper bound known in expectation [Fat+22].

error
error

10710 il ”:‘ i
——SGD, 8 = 0.67} |l
—===SHB, 8 =067 |

=== theoretical

10—10

— SGD, 3 =0.5
===SHB, 3=05
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10—15
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‘1‘
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Figure 6.1: Pathwise error (f,(X;))n=1,..n of SGD and SHB for various choices of . For each
setting we have simulated 100 runs of length , N = 10°. The black dash-dotted line corresponds

1
to the theoretical rate n~ %-1,
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Details of the implementation: Both algorithms have been implemented by hand using
MATLAB. We have initialized both SGD and SHB with the initial state X; ~ %U([l.S, 2.5]) +
%U([—Z.S, 1.5]) to force initials which are not close to the actual minimum x* = 0. The initial
step sizes a1 (B) for both algorithms are chosen as

@1(0.5) = 0.2, @1(0.67) = 0.13, a;1(0.83) = 0.004, a1(0.92) = 107°

through which we counteract the decreasing smoothness for § — 1. The momentum parameter
for SHB is fixed for all p as v = 0.5. The exact gradients Vf, are perturbed by independent
additive noise following a standard normal distribution N(O, 1).

6.5 ALMOST SURE CONVERGENCE UNDER LocAL GRADIENT DOMINATION

6.5.1 Local Smoothness and Local Gradient Domination

From now on we will relax the assumption of smoothness and gradient domination to hold only
locally.

ASSUMPTION 6.4. The objective function f : RY — R is differentiable and the gradient Vf is
locally L-Lipschitz continuous, i.e. for all R > 0 there exists L(R) > 0 such that ||[Vf(x) = Vf(y)|| <
L(R)||x — y|| for dll x,y € RY with |x|, ly| < R.

We collect the following types of local gradient domination properties.
DEFINITION 6.5. Let f : R? — R be continuously differentiable with f* = inf,cgs f(x) > —c0.

(@) Let x* € R? be a stationary point, i.e. Vf(x*) = 0. We say that f satisfies a local gradient
domination property in x* with parameter 3, € [%, 1] if there exist a radius ry+ > 0 and a
constant ¢~ > 0 such that

IVFGIl = el ) = FOIP
forall x € B, (x") = {y € R+ x" —y|| < e}

(i) We say that f satisfies a local gradient domination property in f* with parameter 8 € |3, 1]
if there exist a radius r > 0 and a constant ¢ > 0 such that

IVF@I > e(f(x) = )P
forallx € B = {y e RY: f(y) — f* <r}.

Remark 6.6. Moreover, note that for the local gradient domination property in x* the parameters
r and ¢ may depend on x*. Furthermore, we emphasize that for the definition of the local
gradient domination in f* we do not require the existence of x* € arg min,.cpa f(x).

In fact, there are many works analyzing (stochastic) first order methods under the weaker
Lojasiewicz condition [Loj65]] formulated in (local) areas around stationary points x* and ex-
ponents B € [1/2,1] [Lee+16[; [Fat+22]; [SMS22]]; [WMW19]. Lojasiewicz [Loj65] has
demonstrated that all analytic functions satisfy the local gradient domination property, empha-
sizing the particular significance of the local case. Further, Liu, Zhu, and Belkin [LZB22] proved
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that all overparametrized neural networks fulfill the local gradient domination property. See
also Madden, Dall’Anese, and Becker [MDB21]], Dereich and Kassing [DK21]], and Frei and Gu
[FG21] and references therein for the application of (strong) gradient domination to (deep)
neural networks.

Notably, we have seen in previous chapters that the tabular softmax parametrization in RL leads
to a parametrized value function that satisfies the so-called "non-uniform" gradient domination
property. In Section we will show how this non-uniform gradient domination implies local
gradient domination for f*. This renders the local analysis of stochastic gradient methods specif-
ically applicable in RL. As mentioned earlier, since every analytic function already satisfies local
gradient domination, we expect that the local analysis can encompass further parametrizations
for the policies, such as neural networks.

Recently, there has been a lot of effort to derive local convergence guarantees for stochastic first
order methods (see Section[6.1). Especially, Mertikopoulos et al. [Mer+20] showed that, subject
to certain assumptions on the objective function f, the SGD scheme converges almost surely
towards a local minimum. By assuming strong convexity within a neighbourhood U of a local
minimum x*, they further established a local convergence rate for ||X;,, — x*||? conditioning on
the event of remaining in this neighbourhood. Additionally, they proved that the SGD scheme
remains within U with high probability once it achieved sufficient closeness. In this section,
we want to generalize this analysis under the weaker local gradient domination property for
different cases of . In this section, we extend the analysis in [Mer+20] under local strong
convexity to the weaker local gradient domination property for different cases of .

The contributions and differences of our results under less restricted assumptions are the
following:

* We show that SGD still remains in the gradient dominated region with high probability by
only assuming local gradient domination instead of local strong convexity. Especially in
the case of a local minimum x* this is a challenging task, as we have to ensure that the
SGD scheme (X,,) remains close to x* without exploiting convexity. We can guarantee this
whenever x* is a local minimum in a connected compact set of local minima and obtain

Theorem

* Additionally to convergence in expectation, we prove almost sure convergence conditioned
on the "good event".

* Due to the weaker gradient domination assumption, one cannot expect the convergence of
X, to x*, instead we focus on convergence of f(X,) to f(x*). Liu and Zhou [LZ23] delve
into the rationale behind considering this as a more robust metric.

We consider the two cases of local gradient domination separately.

6.5.2 Local gradient domination in stationary points

THEOREM 6.7. Fix some tolerance level 8§ > 0 and let X* ¢ R? be an isolated compact connected
set of local minima with level | = f(x*) for all x* € X*. Suppose that f satisfy the local gradient
domination property in each x* € X*, f is locally G-Lipschitz continuous and satisfies Assumption|[6.4]
Moreover, suppose Assumption[2.12hold true. Denote by (Xn)nen the sequence generated by equation
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(SGD) using a step size a, = @(n%)for 0 e (%, 1) and suppose that a, < ay for ay small enough
(dependent on &§). Then, the following holds:

(i) There exist subsets U and Uy of R? such that, if X; € U; the event Qy = {X,, € U foralln =
1,2,...} has probability at least 1 — 6.

Moreover, there exists € [%, 1] such that for any

) (max{z - 20, %22y, 1) B
(2-26,1) B =

it holds that

(i) |f(Xn) —11g, € o(%), as., and (iii) E[|f(Xn) —1|1q,] € o(%).
To prove the theorem a few preliminary results are necessary. Therefore, suppose that the
assumptions of Theorem hold throughout this section.

In contrast to the global gradient domination analysis we may assume w.l.0.g. the uniform second
moment bounds, i.e. A = B = 0, instead of the more general condition. Choosing A, B > 0
would imply the bounded variance assumption of the gradient estimator. Note therefore, that
the first term A(f(x) — f(x*)) and the second term B||V f(x)]||? are both locally bounded by the
local Lipschitz assumptions on f and Vf.

Note that every isolated local minimum {x*} is a special case of an isolated compact connected
set of local minima. In this case it holds that 8 = fB,+. If X* contains more then one point, we
can unify the gradient domination property in a neighbourhood of X* due to compactness. The
set X* has to be connected to assure that all local minima are on the same level [.

The outline of the proof is structured as follows:

* First, we unify the gradient domination property around the set of local minima X* and
obtain a radius r such that the unified gradient domination property is fulfilled in all open
balls with radius r around x* € X* (Lemma|6.8).

* Based on this we construct sets U, U; ¢ R? and the events Q,, € Q (see equation (6.18),
equation and equation (6.20]), such that Oy = (), Q, occurs with high probability.
To be precise, U; and U are neighborhoods of X* constructed such that the gradient
domination property holds within this region, and when starting in U; the gradient
trajectory does remain in U for all gradient steps with high probability. Then, Q, describes
the event that X; € U for all k < n.

* All following Lemmata before the proof of Theorem are devoted to show that P(Q,) >
1 — 6 for all n € N. This then proves Claim (i) of the Theorem. Claim (ii) and (iii) will be
shown directly in the proof of Theorem [6.7] at the end of this subsection.

* In order to show P(Q,) > 1 — § we construct set C, and E, defined in equation (6.21]
and equation such that E,;, N C,, C Q41 (Lemma [6.13]) while Lemma is used
to prove this claim.
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* The sets E, are such that f(X,) remains close to f*. We exploit the unified gradient domi-
nation property to construct the sets E, (Lemma|6.11)) and derive a recursive inequality in
Lemma ¢) to prove that this event occurs with high probability (Lemma|6.14]).

* The sets C, are such that X,,; remains close to X, and we exploit the finite variance
assumption to show that these events occur with high probability (Lemma [6.15]).

We denote by B
Br(x) ={y e R? : |lx -yl < r}

the open ball with radius r > 0 around x € R? and by
Br(x)={yeR: |lx-y|l<r}

the closed ball with radius r > 0 around x € RY.
In the following Lemma we unify the gradient domination property around the set of local
minima X* ¢ RY.

LEMMA 6.8. . There existsr > 0, B € [%, 1] and ¢ > 0, such that for all x € |J, ey %r(x*) it holds
that

f(x)>1 for x¢X* and ||[VF)|| = c(f(x) =1)P.

Proof. By the local gradient domination property, for every x* € X* there exist ry > 0, By €
[%, 1] and ¢+ > 0 such that
IVFGI = e[ f(x) = 1P, Vx € B, (x").

Moreover, w.l.o.g we can assume that f(x) > [ for all x € B, . (x*) \ X*, as X* is an isolated
compact connected set of local minima (otherwise choose r,+ small enough).
By the compactness of X* we can find a finite subset Y* ¢ X*, such that

U= B, ) >

y* eld*

Then, we define f = maxy:ey- B+ and ¢ = minyey- c,+. For any x € U there exits y* € Y* such
that

VOOl 2 ey (F(x) =P 2 e(f(x) = DP.

Thus, there exists an open neighbourhood U of X* and B e [%, 1], ¢ > 0, such that for all x € u
it holds that
f(x)>lforxgX* and [|VF)|| > c(f(x)=DP.

As U is open by definition and X* ¢ U, we can find a radius r > 0, such that |, ¢y B, (x*) C U.
This proves the claim. [ ]

Remark 6.9. It is noteworthy that the unified gradient domination property obtained in the
previous Lemma does not require an absolute value, as f(x) > [ for all x € [J,+ex B, (x*). This
is crucial to obtain the recursive inequalities in Lemma and we will exploit this also in the
proof of Theorem to obtain the convergence rates.



6.5. Almost Sure Convergence under Local Gradient Domination 131

In the following letr > 0, c > 0 and 8 € [%, 1] chosen as in the previous Lemma, such that the
unified gradient domination property holds for all x € [, ¢ B (x*). Further define

s=inf{f(x)—l L x€ U By (x) \ U ig(x*)}.

x*eX* x*eX*

LEMMA 6.10. It holds that s > 0.

Proof. If s = 0O, then there exists a sequence (x;) € U, ey B%r(x*) \ Uyrexs ﬁg(x*) with
f(xp) — [ for n — oo. By definition of the set and compactness (boundedness) of X*, the
sequence X, is bounded:

3r .

|lxnl] < — + sup [|x7]] < co.

4 x*eX*
Hence, there is a convergent sub-sequence (xp, ) with x,, — x for k — co and by continuity of f
it holds that f(x) = I. Further, it holds for all x* € X* that [|x, — x*|| > 5 for all n € N such that
infyex- [l —x'[] > £.

On the other hand, by construction we have that x € (J ey B %(x*) \ Uyrexs T~B§(x*) C
Urer: Ba(x) € Ugrer Be(x*). And as f(y) > lfor all y € By(x*) \ X* we deduce from

f(x) =l that x € X*. This is a contradiction to inf,«cx: [[x — x*|| > 5. [

We choose € > 0, such that 2¢ + /e < s. We define the sets

U = fxeRY: inf [x—x|| < =, flx) -1 < £} (6.18)
x*eX* 2 2
U={x e R : inf |pe—x|| < =} (6.19)
x*eX* 2
which are subsets of R? and the decreasing sequence of events
Qn ={Xx € Uforall k <n} (6.20)
C = {|[ X1 — Xel| < 2 for all k < n}, 6.21)

and Cy = Q, which are measurable sets in (Q, F, P).

In order to prove Theorem [6.7] we will show that Q, has probability at least 1 — & for all n € N.
To do this, we construct another sequence of events (En) with E, ¢ Q, which occurs with
probability at least 1 — § for any n € N.

Therefore, we fix the notation D, := f(X,) — [ and recall that 1 denoted the indicator function
for a measurable set o in (Q,F, P), i.e. 1y(w) =1if w € A and 14(w) = 0 if w ¢ sd. We prove
the following (recursive) inequalities.

LEMMA 6.11. If B = %, then it holds that
2

La
Dni1lg, < (1= anc®)Dylg, + anéni1la, + 5 10, Vet (X2)1%,
n n n
<D I_I(l - axc?)1g, + Z l—[(l - a;c?) |axérenlaq, (6.22)
k=1 k=1\ j=k

L Y 2 2
+§;aknvk+1<xk>n 1o,
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IfB e (%, 1], forany 1 < q < 2, it holds that
2Bq-1 2

__ 1 1 La
Dpr1lg, < (1 —alc®)Dylg, + (28) Zﬂ-l(l—ﬂ) a7 ¥ apEpnlo, + 2“||vn+1(xn)||219n

n
<Di| [(Q1-alc®) + cZ Z n(l - (X?CZ) arér1lq,
k=

j=k

=

(6.23)

~ 1
forc=(2B) #-1(1- ﬁ)cz.
Proof. From L-smoothness we can deduce that
Loy 2
Dpi1 < Dy — an{Vf(Xn), Var1(Xn)) + T”le (Xa) |l
2 Laj 2
=Dy — anl[VFX)I* — an(Vf(Xn), Z(Xn, $ns1)) + T”Vrzﬂ (Xa) |l

Lot
= Dn - O(rL“Vf(Xn)”2 + anfn+1 + _n”VTL+1(XTL)”2

for Z (X, {ny1) from Assumption [2.12/and £,41 = —(V£(X,), Z(Xn, ns1))-
We separate the two cases of f3:

B = %: Iterating this inequality and using 1q_,, < 1q, it follows that

n+1

La?

Dps1lq, < Dalg, — anlq, IVF(X)|* + anlq,Enst + TnlonHVnﬂ (X)) |I?

Lot
< Dnlﬂn - ancz(f(Xn) - l)lﬂn + anlﬂn§n+1 + THIQn”Vn+1 (Xn)”2

2

n
2 “hnitm

<D; l_[(l axc )+Z n(l — a;c?) |akéri 1q,

k=1\ j=k

=(1-ap, 2 +1(Xn)||2,

(6.24)
ts Z [0 - e |2Ven (501710,

k].]k

<Dy ]‘l(l ae)+ ([ 101~ e faugnta,

k=1\ j=k
LS e (K0P,
2 k=1 '

where we used that the unified gradient domination property holds for all Xy, k < n on the event
Q.
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B e (%, 1]: Similarly, the unified gradient domination property yields the claimed inequality for
any 1 <q<2:
2 Loy 2
Dniilq, < Dplg, — anlq, [IVF(Xn)II® + anla,§ne + Tlon”Vnﬂ Xl
2 28 La% 2
< Dplg, — anc”(f(Xn) = D™ 1q, + anlg,&ne1 + TlQn”Vn+1(Xn)“

La?
2
=Dplqg, - anCZDnB]-Qn +apéns1lq, + 2“ 1q, [[Vas1 (Xo) |17,

La?
1- 2
= (1 - O(%CZ)DHIQH + ancz(an an - DnB)IQn + apéni lﬂn + Tn”VnH (Xn)”zl()n

q.2 e 1 22[;3(1 11 LO(% 2
< (1 — apc )Dnlﬂn + (2.8) 21 (1 - ﬂ) an + an€n+110n 2 ||Vn+1(Xn)|| lon
n , n n , 289-1
_ 28—
<D ]_[(1 ~alc?)1g, +CZ ]_[(1 —ac?) o
k=1 k=1\ j=k
+Z ﬂ(l—a ?) |ax€rs1lq, + = Z l_[(l—a ) |02 Vis1 (Xi) I 1,
k=1\ j=k k 1\ j=k
2Bq-1
<D11_[(1—aq g, +cZa2ﬁ ! +Z l_[(l a ) lax€ri1q,
k=1\ j=k

L 2 2
+o ; o [IVier (X0 [* 10,

(6.25)

forc = (Zﬁ)_T{l(l - ﬁ)c2 from the function trick eq. ll which we applied in the forth
inequality. We also used that the unified gradient domination property holds for all X, k < n on
the event Q,, . u

For B € (%, 1] we know from the proof of Lemma (6.1|that ;/;/e 1can choose the auxiliary parameter
q
q from the previous lemma in such a way, that 3 ; n'~1q,” T is convergent for all € (max{2—
2/3q 1
B—1

20, 9+2ﬁ 2} 1) (Condition (iii) to apply Lemma [2.15). As j < 1, it follows that >*°; a, ™" < oo
holds true for all these choices of . Now define

n n n n
M, = Z l_l(l - ajcz) ar&ri1lg,, M;Sq) = Z 1_[(1 - a?cz) ar&ri1lo,
k=1\ j=k k=1\ j=k
L n
and S, =2 > Vi (X010,
k=1

Then, (M,,) and (M,Eq)) are (F,4+1)-martingales with zero mean and (S,,) is a (F,4+1)-sub-martingale
by Assumption Note that by the choice of &, we have that ), a? < co and hence E[S,] < o
for all n € N.
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Next, define R,, = M,% +S,and R, = (M,(lq))2 + S, respectively (with some abuse of notation), for
every n € N. Moreover, let
E, = {Ry < e forall k < n}. (6.26)

which is an F,,1-measurable event on (Q, F, P). We define Ry = 0 such that Eq = Q.

Now let En = E, NC,, then we will first show, that En fulfills the property E, C Quq foralln e N
in Lemma @ and then that E, occurs with probability at least 1 — § in Lemma

To prove that En C Qn+1 we need one more auxiliary result.

LEMMA 6.12. Suppose x,y € R? such that

1. infexs ||x —x*|] < £,

2. fly)-l<s,
3 |-yl < &
Then it holds that infecx- ||y — x*|| < 3.

Proof. By triangle inequality we have that inf,«cy- ||y — x*|| < %, i.e there exists x* € X* such

that ||y—x*|| < 3. Suppose now, that infy«cy- ||[y—x*|| > 5, this means that y € (U, e B% (x)\
Us-cx B (x). By the definition of s = inf{ f(2) =1 ¢ %€ Upeex Ba (x)\ Upex %5()(*)} this
contradicts the second assumption f(y) — [ < s. [

We deduce the following relations on the constructed sets:

2pg-1
LEMMA 6.13. For 8 € (%, 1] let an < a7 be sufficiently small such that Y50, a, ™" < >, and for

B= % let 1 > O be arbitrary. Furthermore, assume that the initial X; € U; almost surely. Then,
Cl) Eny C Ey, En+1 c En and Qn+1 - \Qn
b) En c Qn+1

¢) Define the events E,=E,_1 \ E, = E,_1 U{R,, = €}. Then, for R, = Rn1g, |, there exists a
C > 0 such that

E[R.] < E[Rn_1] + Y2[G?*C? + G? + C] — eP(E,_1).

Proof. a) Follows by definition of the events.
b) Note that Eg = Q = Q7 because

r € r
X1 €Uy ={x: inf —x* - —l<=}c{x: inf —x* —}1=Q
1€l ={x: inf [lx—x"| <2, f)-l< o} cixr inf Jle—x] <o} =00

almost surely. We prove the assertion by induction. Let w € En. Since En c En_l c Q, by
induction assumption, we have w € Q,, and thus w € Q for all k < n. We will apply Lemma|6.12
with x = X, (w) and y = X,4+1(w). By definition it holds that w € E, implies condition 3. and
w € Qp implies condition 1. of Lemma It remains to show condition 2., then it follows that
infy-exs |[Xns1(w) — x*|| < 5, i.e. Xp41(w) € U and by w € Q, we deduce w € Qpy1.

To Prove condition 2. we separate both cases for f3:
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B = %: The inequality eq. (6.22)) and the induction hypothesis yield

Dy1(w) = Dy (w)1g, (w)

< Dy (w) ]_[(1 — axc?) + Z H(1 — ;c?) |arrat (@) 1g, (@)

k=1\ j=k

v Z o[Vt (Xe())[*10, (@)
k=1

= D1 (w) ﬂ(l - axc?) + Z H(l - jc?) |ekinn () 1, (@)

k=1\ j=k
L
+5 Z @ |Vier1 (X () 171, (w)
k=1
< g + VRa(@) + Ry (@)
< 26 + \/E <s,

where the equation in the third line is due to w € Q for all k < n by induction.
B e (%, 1]: Similarly, we obtain from eq. (6.37

Dpi1(w) = Dpy1(w)1g, (w)
2Bq-1
< D1 (@) 10, (@) ]‘l(l ale 2>+c2a” 1 +Z ﬂ(l — alc?) |k (@) 1q, (@)
k=1\ j=k

+ é Z a2 [[Vier (X (0))[1* 1, (@)
=1

= D1(w) ]_[<1 —afo) + Z ]_[u — jc?) |k (@)1, (@)

k=1\ j=k
L
+ E Z 0{%||Vk+1 (X (w)) ”210k (w)
k=1
€ €
< 2 + 5 + VR (w) + Ry (w)

<2e++Ve<s.

We used in both cases that that [];_;(1 - aZc) < 1 and the choice of € such that 2¢ + /e < s.
This proves that condition 2. in Lemma is also satisfied which concludes the induction.
c) Without loss of generality we consider the case f = 1/2. The computations for g € (1/2, 1]

follow in line by replacing M,, with M,Eq). By definition it holds that E, = E,_1 \ (E,-1 \ Ey) =
E,_1\ E,. Then we have

=Rn1 ]'En—l + (Rn - Rn—l)]-En,l
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=Rp lEn,z - Ry IEn—l + (Rn - Rn—l)lEn,l
= ﬁn—l —Rn1 1§n71 + (Rn - Rn—l)lEn_l

and for the last term
Ry —Rnp1=M2 = M?_| +Sp — Su1
L
= Y,%(l - Vncz)2§§+1 IQn + 2Yn(1 - Ync)§n+1 1Qn]\/[n—l + Vr215||vn+1 (Xn)HZIQn'

We treat each of the summands on the RHS seperately. It follows from the G-Lipschitz continuity
and bounded variance assumption in Theorem that

E[£2,110,] = E[Vf(Xn), Var1(Xn) — V£(Xa))?1q,]
< E[IVFEX)IP (Ve (X)) 1P + 1)1, ] < G*(C* +1),
E[&nt1(1 = ync)Mn_11q,] = E[E[£r41|Tn]M,11q,] =0,
E[[IVr1 (X2 [1*10,] < C. (6.27)

For the term R,,_11 5_, We have
E[Rn-115 | = €P(Eq1).
Using (1 — y,c) < 1 and putting all together we obtain the claim
E[R,] < E[Ro_1] +Y2[G?*C? + G* + C] — eP(E,_1).
|

LEMMA 6.14. Let § > 0 be a tolerance level and a, < a1 be sufficiently small such that Y72, a2 <
and the condition in Lemma |6.13|is fulfilled. Then, we have

Se
2(G2C2+G%+C)

B
P(En) 21- 7.

Proof. The proof is along the lines of the proof of Proposition D2 in [Mer+20]. For completeness
we repeat the arguments. First, observe that

~ R,. FE[R,
P(Fy 1) = P(Ear \ En) = P(Eu 0 {Ry 2 ) = ElTe, ,1nq] < E[15, 2 = F2L
On the other hand it follows from Lemma that
n n
eP(E,) < E[Ry] < E[Ro] + [G2C? + G2 +C] Z o —e Z P(Er_1). (6.28)
k=1 k=0

Rearranging everything yields

n 2,2, 2
ZP(Ek)S [G°C*+G*+C]|T
k=0 €
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202 2
with T = }*°; a2. By the assumption on the step size M < g and moreover since the

events E, are disjoint we obtain

n _ n s 6

P(U Ey) = Z P(E) < (6.29)
k=0 k=0
implying that

n ~C 6

P(E,) = P(ﬂ E)z1-. (6.30)
k=0

| ]

LEMMA 6.15. Let § > 0 be a tolerance level and a,, < ay be sufficiently small such that the condition
in Lemma |6.13|and Lemma [6.14| are fulfilled. Moreover, we suppose a1 small enough such that
j—g Shjar< g. Then, we have

P(E,) >1-86.

Proof. By Lemma , we have P(E,) > 1— g. Moreover, by the additional step size assumption
and Markov’s inequality we deduce that

r
P(Cy) =P(Vk <n : || Xpy1 — Xi|] < 5)

\%

n
r
1= P(IIXi = Xill > )
k=1

n
r
1- P([[Vi+1 (X —
D P GOl > 70

“ ) 40(%
2 1= > E[[[Vier ()17 =
k=1 r
n
>1- g P
=
é
>1-—.
2
Together we obtain that P(E,) = 1 — P(Eﬁl) >1-(P(Ey) +P(Cy)) >1-6. [

Finally, we are ready to prove the main result in the local setting for the set of local minima X*.

Proof of Theorem[6.7] (i): Recall the definitions of U; and U above. Then it holds that

Hence, using Lemma we obtain

P(Qy) = inf P(Q,) > inf P(E,) > 1 - 6.
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(ii): We define D, := Dp1q, and prove that D, € o(1/n'~M). Then the claim follows since
1g, < 1q, almost surely.
From the proof of Lemma |6.11|we have

Dpi1 < D, — cxnchﬂ +a,én1q, +

Hence, taking the conditional expectation gives

2

L [E[”Vn+1 (Xn)”2|f7rn] IQn

E[Dns1/9n] < D = aneDy” + nEl[&n1|TalTa, + "

Bn - ancﬁ,zlﬁ + LCO(%,

IA

where we have used that D, and 1, are J,-measurable and E[||V;.+1(X,)||?|F,] < C from equa-
tion (ABC) with A = B = 0. By our step size choice we can apply Lemma [6.1] to obtain Claim
(ii).

(iii): In the following, we again separate between the two cases of f3.

B = %: We have from Lemma |6.11|equation (6.37) that

—~ ~ La?
Dn+1 < (1 - anCZ)Dn + anfnlﬂn + 7n||vn+1 (Xn)||2-

Taking expectations and multiplying by (n + 1)}~" leads to

E[Dns1(n+1)'7"]
LCa?
2

< (nl_” +(1- r])n_”)(l — @y )E[Dy] + (n+ 1)1

< (n+ D1 - anc®)E[D,] + (n+ 1)7

LCa?
2

LC
= (nl_” +(1-mn" =, c? - (1 - n)n‘”anc)zc*)[E[ W+ (n+ 1) =

1- 1 —n)apc? ~
= (1+ f — apc® - ﬂ)nl_”[E[D 1+ (n+ 1) "a2 =
n n

5 LC
no”

where we used equation ([6.27) in the first inequality. By our choice of a, there exists ¢ > 0 and
- M~
N > 0 such that a,c? — 1—n'7 + % > ca, foralln > N. Thus, foralln > N

LC
Wp1 < (1 =Ccay)w, + (n+ 1)1 ’Iaz

where w, = E[n!™"D,]. Define a, = ca, and b, = (n+ 1)} "a2LE. Since a;, = ©( =), we have
>nan =¢ 2, an = o0 and

LC -
Zn:bn = ?Zn:(n+1)1 Na? < oo,

by equation in Lemma [6.1] Hence, we apply Lemma [2.16]to prove that lim; e wy = 0. By
the definition of w, we have verified that E[(f(X,) — )1q,] < E[D,] € o(n1 =)
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B e (%, 1]: From Lemma |6.11|equation (6.37) we have

5 NT L~ HT La; 2
Dpy1 < (1- a?lc )D, + ca,, + anfnlﬂn + T”Vnﬂ (X%,

forc = (2,8)_2!?;-1 (1- %)c? Next we multiply with (n + 1)~ and use equation to obtain

E[Dne1(n+1)'"]
. 2Bq-1
<+ D1 - 2AED,] + (n+ D e, ” T + (n+ DI LCa?
2Bq-1

< (nl_” +(1- r])n_”) (1= alA)E[Da] +cr(n+ 1D (@ +a?)
= (nl_” +(1-nn " —alc?nt - (1 - n)a?lczn_”)[E[ﬁn]

+c(n+ 1D ”(azﬂ " ra?)
~ 1- 1-n)anc? 2l
= E[Dyn'~ ](1 L1 —alc? - u) +o(n+ D) M@ +a?),
n n
for some ¢; > 0. By our choice of a, and as q > 1, there exists a c; > 0 and N > 0 such that
_ q
alc? 1;" +% > caaf foralln > N. Thus, forn > N

~ —_ 2pq-1
E[Dpsr(n+1)'""] < E[Dan! (1 - c203) +c1(n+ 1) (e " + 7).

— 2Bq-1
Define w, = E[Dyn'™"], @, = czal and b, = c1(n+ 1)' (o, " + a2). We will again apply
Lemma By the step size choice a, = ®(n9) we have Y, a, = c3 Y, a} = oo, because q < %.
Further,

2Bg-1

an—clz(n+1)1 N, ?" +a?) < o,

because we choose the auxiliary parameter g as in the proof of Lemma [6.1] where we showed in
equation and equation that

> > 0(289-1)
_n_lepg—1)

Z n' 12 - o and Z AT < oo

n=N n=N

All together we deduce that w;, vanishes at infinity. Again, by the definition of w, we have that
E[(f(X2) = D1gy] < E[Dy] € 0(715) u

6.5.3 Local gradient domination in f*

The main result concerning local gradient domination in f* is presented below and does not
necessitate the existence of a local minimum or any stationary point. It is worth noting that the
definition of local gradient domination in f* guarantees the gradient domination property for
any x with f(x) close to f*. Consequently, this definition ensures that functions satisfying this
property cannot possess local minima or saddle points within this region.
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THEOREM 6.16. Fix some tolerance level § > 0. Suppose f satisfies the local gradient domination
property in f* from Deﬁnitionwith B e [%, 1] and B* ¢ RY. Moreover, suppose within B* f
is G-Lipschitz continuous, Assumption and Assumption [2.12] hold true. Denote by (X;)nen the
sequence generated by equation using a step size a, = (H)(;%) for 0 € (%, 1) and suppose that
an < ay for a; small enough (dependent on &). Then, the following holds:

(i) There exist subsets U and U, of R? such that, if X; € Uy the event Qy = {X, € U for alln =
1,2, ...} has probability at least 1 — 6.

Moreover, for any

—~

. {(max{2 - 20, 9;;&_12}, 1) 1B e %, 1]
1B =

(2-20,1)

=

it holds that

(i) (f(Xn) —f)1q, € o(%), as., and (iii) E[(f(Xn) — f)1q,] € o( 11_r’).
n n

Suppose throughout this section that the assumptions in Theorem [6.16|are satisfied.
The proof will be similar to the previous section. Instead of assuring that (X,) remains close to
the set where we could guarantee the unified gradient domination property, it is now sufficient
that f(X,) remains close to f* by the different definition of gradient domination definition in f*.
This will simplify the proof. Moreover, we may again assume w.l.0.g. the uniform second moment
bounds, i.e. A = B = 0, instead of the more general condition by the same argument as
above but on the level sets.
Recall the notation

Br={xeR?: f(x)-f*<r}.

and let r > 0 be the radius of the gradient domination property in f*, then there exists € > 0,
such that 2e + e <1, i.e

U:=B; . CB. (6.31)

Moreover, we define the set
Uy := B (6.32)
2

and the measurable subsets
Q, ={Xx € U, forall k < n}

in (Q,F,P).

The proof of Theorem [6.16|is again based on a series of auxiliary lemmas. The goal of these is to
prove that with high probability we do not leave the gradient dominated region, i.e. Claim (i) in
Theorem

In the following, we fix the notation D,, := f(X,)—f* and obtain the parallel result to Lemma|6.11

LEMMA 6.17. If B = %, it holds that

Dns11q, (6.33)
2

La
< (1 - ancz)Dnlﬂn + anfnlﬂn + 2n 10n||Vn+1 (Xn)llz; (634)
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< D11, ]—[(1—akc2>+21_[<1 w)adila, + 5 Zak||vk+1<xk)|| lo,.  (635)

k=1 j=k

IfB e (%, 1], for any 1 < q < 2, it holds that

D1, (6.36)
g2 b Lo FS Lo 2
< (1= aie®)Dula, + (2f) 71 (1 - 5)ca” " +anala, + 5 Vua ()] 1o, (637)
n n n 28g-1
< D11q, 1—[(1 - aZcZ) +?Z 1_[(1 - oc?cz)ozkzﬁ’1 (6.38)
k=1 k=1 j=k
n n L n
+ 3 [ [0 - dddagita, + 5 Y @ lVin X010, (6.39)
k=1 j=k k=1

for= (2) 7T (1~ )

Proof. The proof follows line for line as in Lemma by replacing [ with f* and taking the
different definition of Q,, into account. [}

We continue as in the previous section:

For 8 > % we know from the proof of Lemma that we can choose the auxiliary parameter q

2Bq-1

281

from the previous lemma in such a way, that )~ ; n'a, " is convergent for all n € (max{2 —

2Bq-1
p-1

7}, 1) (Condition (iii) to apply Lemma|2.15)). As < 1, it follows that .72 o, < oo
holds true for all these choices of g. Now define

n n n n
M, = Z l_[(l - ajcz)ak§k+1 1g,, Mr(lq) = Z 1_[(1 - a?cz)ak‘g’kﬂ 1,

k=1 j=k k=1 j=k

and
n

= Z o} Ve (%) 11

[\JP‘

Then, (M,)nen and (M,Sq))neN is a (F,41)-martingale with zero mean and (S;)nen iS @ (Fp41)-
sub-martingale by Assumption Note that by the choice of a,, we have that Y, a2 < oo and
hence E[S,,] < oo foralln € N.
Next, define R, = M2 + S, and R, = (M,(lq) )2 + S, (with sight abuse of notation) for every n € N.
Moreover, let

E, = {Ry < € for all k < n}.

which is an F,,1-measurable event on (Q, F, P). We define Ry = 0 such that Eq = Q.
With these definitions we can directly prove a parallel result to Lemma without the auxiliary
result in Lemma

28g-1
LEMMA 6.18. For B € (,1] let ay, < a1 be sufficiently small such that 3,00, a,” ' < =, and for

B = % let a1 > 0 be arbitrary. Furthermore, assume that the initial X; € Uy = {x : f (x) f(x*) <
5} almost surely. Then,
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Cl) ETI+1 - ETl and Qn+1 C Qn
b) Ep C Qp1

¢) Define the events E,=E,_1 \ E, = E;,—1 U{R, > €}. Then, for R, = Rn1g, ,, there exists a
C > 0 such that

E[R.] < E[Ry_1] + a?[G*C? + G® + C]| — €P(En_1).

Proof. a) Follows by definition.

b) Note that Eg = Q = Q; because X; € U; almost surely by assumption. We prove the assertion
by induction. Let w € E,,. Since E, C E,_1 C Q, by induction assumption, we have w € Q, and
thus w € Qg for all k < n. It remains to show that X,;1(w) € U to prove that w € Q1. We
separate both cases for f3:

B = %: The inequality and the induction hypothesis yield

n+1(w)
< D1(w) ﬂ(l - axe) + Z ﬂ(l — ) @ (0) Loy (@) + > Z o2 |Vira (X ()10,
k=1 j=k
% + VR (w) + Ry (w)
< 2e + Ve.

Hence, X,,+1(w) € U by definition of U.
B e (%, 1]: Similarly, we obtain from equation ([6.37)

Dn+1(w)

n n 2Bq-1
< D1 (w) ]_[(1 ~ ale) +’52 o
n

* Z H(l — af) ki (@) g, (@) + > Z o} [IVist (Xe(@)) 10,

k=1 j=k 23
s§+2+\/R (w) + Ry (w)
< 2e + Ve,

where we used that [];_;(1 - azc*) < 1. Hence, it holds again that X,,,1(w) € U.
This prove that w € Q,1 and closes the induction.
c) Follows line by line as in Lemma part c). [

LEMMA 6.19. Let § > 0 be a tolerance level and a;,, < a be sufficiently small such that Y, a? <

m and the condition in Lemma |6.18|is fulfilled. Then, we have

P(E,) > 1-86.

Proof. Line by line as in Lemma ]
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Finally, we are ready to prove the main result in the local setting for f*.

Proof of Theorem (i): Recall the definition of U; and U above. Then it holds that

Hence, using Lemma [6.19| we obtain
P(Qy) =inf P(Q,) > inf P(E,) > 1 - 6.
n n

The proof of Claim (ii) and (iii) follows line by line as in the proof of Theorem by replacing 1
with f* and taking the different definitions of D, and Q, into account. [}

6.6 APPLICATION IN THE TRAINING OF NEURAL NETWORKS

In supervised learning one aims to approximate an unknown model ¢ : R% — R% by a
parametrized function g, : R% — R% with parameter w € R%. Given a family of training data
((zm,y(m)y) cn generated as i.i.d. samples from an unknown distribution 11(zy) one usually
chooses the parameter w € R% by solving

wrgl}g}w [E]J(Z’y) [q)(gw (Z): Y)] b)
where @ : R%xR% — R, is a user specific data discrepancy. One popular choice of parametriza-
tions are DNNs. We define a neural network of depth L € N by the recursion

20:=2, zp=0%% (Apzp_1+Dbp), £=1,...,L -1, gu(z) :=A;z,_1+b.

The weights ((Ag, be))_, of the DNN are collected inw € W := xb_ (R%*4-1 x R¥) ~ R%, and
0®? : R? — RY describes the component-wise application of the activation function o : R — R.
Provided that ¢ and @ are analytic, and (Z,Y) are compactly supported R% x R%-valued
random variables, then fPNN : R4 — R, defined by w Ey sy [P(8w(2),Y)] is analytic
[DK21, Thm. 5.2] and therefore satisfies local gradient domination in any stationary point w,
[Loj65].

In our notation, the stochastic first order oracle in Section takes the form

V(w7 (ZJ Y)) = waDNN(w) + (qu)(gw(z):y) - waDNN(w)) >
where we denote { = (Z,Y) and the iterative SGD then reads as
Wiy =W, — OanwCD(an (Zn+1); Yn+1)

with ¢, = (Z,,Y,) independent and identical distributed. The iterative scheme of SHB can
be written similarly. Note that this scenario also includes the empirical risk minimization of
% Zl‘nle ®(gu(2'™), y™) when ¢ = (Z,Y) ~ % Z%ﬂ 8 (zm ym), see Example [2.13| for more
details. The following local convergence is a direct consequence of Theorem|[6.7
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CoRrOLLARY 6.20. Let § > 0. Denote by (W,),en the sequence generated by SGD with w +
Vo fPNN(w) as objective function, step size a, € ®(n~?) for 6 € (%, 1), and assume that fPNN is
analytic. Let W* be an isolated compact set of local minima with level | = fPNN(w*) for all w* € W*
and suppose Assumption is satisfied within W*. Suppose that a,, < a; for sufficiently small
a1 (depending on 8), then there exist two subsets U, Uy of R4 such that Wy € Uy implies that the
event Oy = {W,, € U, for all n > 1} has probability at least 1 — §. Moreover, there exists B € [%, 1]
such that for any

) (max(2 - 26, %35521,1) 1B € (3,1]
(2-26,1) p=1
it holds that | fP"N(W,,) — l|1q € o(n""!) almost surely and in expectation.

In words: If the iterates of SGD reach a certain area around a local minimum, they are likely to
become trapped in that region with high probability, provided that the step size is sufficiently
small. This results shows that, under very general conditions, SGD converges to local minima
and furthermore quantifies the convergence speed.

Remark 6.21. One may similarly apply Theorem [6.16|in the training of DNNs to derive conver-
gence towards a global minimum with high probability provided that the initial loss fPNN(X7)
and initial step size a; are sufficiently small.

6.7 APPLICATION IN PoLICY GRADIENT

We will see in this section how the non-uniform gradient domination property for tabular softmax
PG implies a local gradient domination property around the global optimum. We consider the
case of infinite-horizon discounted MDPs with and without entropy regularization and in the
case of finite-time MDPs.

Infinite-time horizon discounted MDPs. Let (8,4, y,r, p) be a discounted MDP with finite
state and action space and discount factor y € [0, 1). Further, we assume that the rewards are
bounded in [0, 1]. Consider the stationary tabular softmax policy for parameter w € RISII#[1]
ie.
exp(w(s, a))

Sren, xp(w(s, @)’
Then, for an initial state distribution p, recall that the value function under this parametrization
is given by

my(als) = Vs €8, ac€dl.

Viv(p) = ﬂfﬁ“’ [ i yr(Se, At)]
t=0

and the optimal value function is denoted by V*(u) . In order to maximize the objective we use
stochastic gradient ascent as in Algorithm |2} with unbiased gradient estimator in equation (3.:11).
Note that this stochastic first order oracle meets the conditions required in Assumption
with A = B = 0 [[Zha+20, see]. Moreover, the following non-uniform weak gradient domination
property holds for this optimization problem [Lemma : For every w € RISIXI# it holds that

VWV ()2 2 c(w) (V' (1) = V™ (n))),

IWe use parameter w instead of 6 in this section, as 0 is already used in the step size schedule.
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minges my (@' ()15) || 45
VIsI(1-y) H lleo

best possible action in state s.

We prove that this non-uniform weak gradient domination property implies local gradient

domination with g = 1.

with non-constant c(w) = , Where a*(s) denotes the (w.l.o.g. unique)

LEMMA 6.22. There exists r,c > 0 such that for all w € B’ = {w : V*(u) — V™ (u) < r} it holds
that c(w) > c.

Proof. Define the optimal reward gap in every state s € § by
A*(s) =Q7(s,a’(s)) — max Q(s,a) >0,
aza*(s)

where a*(s) denotes the best possible action in state s and Q* : 8 X sl — R denotes the optimal
Q-function defined by Q*(s, a) = [Eﬁ* [X20 ¥ T(Se, Ar)|Ag = a]. W.l.o.g. we assume that a*(s) is
unique. Similarly let Q™ (s, a) = E;“ [ X2y ¥ ~'r(St, Ar)|Ag = a] be the Q-function for policy 7.
For any 0 < a < 1 choose r = minges p1(s) minges A*(s)(1 — @) and assume that w € B}, i.e.
V*(u) — V™ (u) < r. Then, we have for every s € 8 that

V* () = VT (8,) £ —————.
minges 1 (s)
It follows for every s € § that
2 V*(Ss) - Vﬂw(és)

= Q'(5,a"(s)) = ) mu(als)Q™ (s, a)

min;es 11(s)

aed
> Z Tw(als)(Q*(s, a*(s)) — Q*(s, a))
aeds
= Y m@Q (5,0 ($) - Q5 )
a#a*(s)

\%

(1 —=my(a*(s)|s) msin A*(s).

Rearranging results in

(@()ls) = 1 :
mp(a*(s)ls) > 1 - =a.
v minges 11(s) minges A*(s)
Hence, for all w € B’ we can bound c(w) by
d™ -1
cw =% 0

VISI(L —y) T H Hlee
h e he cl
Thus, setting ¢ = ———||-* roves the claim. [ ]

8= Yeaplwle P

As the objective function w +— V™ () is smooth and moreover Lipschitz on RI$!I#l [YGL22| Lem.
E.1], all assumptions in Theorem are satisfied and we obtain the following result.
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COROLLARY 6.23. Let § > 0. Denote by (w,) the sequence generated by SGD with w +— —V™ ()
as objective function, step size a, € ©(n~%) for 6 ¢ (%, 1) and suppose an, < ag for sufficiently
small ay (depending on §). Then, there exist two subsets U, U; of RIS sych that wy € Uq
implies that the event Oy = {w, € U, for all n > 0} has probability at least 1 — 6. Moreover, for
any n € (max{2 — 20, 0}, 1) it holds that (V*(p) — V™ (u))1q € o(n""!) almost surely and in
expectation.

To the best of our knowledge, Corollary[6.23] present the first local analysis for stochastic policy
gradient without regularization.

In words: If the stochastic policy gradient algorithm is started close enough to the optimum a
nearly o(n‘%) almost sure rate of convergence can be obtained by choosing 6 = % (in contrast to
o(n~1) in policy gradient with access to exact gradients).

Infinite-time horizon discounted MDPs with entropy regularization. In the following, we
apply Theorem[6.16]also to the entropy regularized setting, with regularization parameter A > 0.
We will see that one can also achieve convergence arbitrarily close to o(%) without the need for
an increasing batch size. Moreover, the local convergence occurs almost surely on an event with
high probability. Consider the regularized objective

VI () = VR () = AER | 3 ¥ log(mu (AdlS0) (6.40)
t=0

and denote by V' (u) the global optimum. Due to regularization there exists a continuum of
optimal parameters w*, such that Vf“’* (1) =V; (). We will write 7 = -

Ding, Zhang, and Lavaei [DZL23] present in Equation (4) a stochastic gradient estimator that
satisfies Assumption with A = B = 0. Moreover, the following stronger non-uniform
PL-inequality holds [Mei+20, Lem. 15]: For every w € RISIXI4l it holds that

Nl=

1w "
IV V3 (1)ll2 2 c(w)? [V (1) = Vi* (m)] 2,
ax
e
gradient domination property with 8 = % in the following sense.

-1
. We prove that this implies a local strong
o0

with c(w) = ﬁ min 11(s) min ¢ 7, (als)?

LEMMA 6.24. There exists r,c > 0 such that for all w € B} , = {w : V;(p) - Vf’”(u) < r} it holds
that c(w) > c.

2.
Proof. For any a € (0,1) choose r = a? exp((ljﬂ) Amgll;g(s)

Ding, Zhang, and Lavaei [DZL23, Lem. 12] we have

and assume that w € B* .. By
r,A

o (als) — 7 (als)| < \/2(V;(11) —.VAw(p))an
A ming p(s)

_ |22 (-1
=\ Amin u(s) CP\(1-p)A

< aminx*(als).
s,a
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where the last inequality is due to Nachum et al. [Nac+17, Thm. 1]. It follows directly that

min,(s,a) > (1 — ) minz*(s,a) > 0.
s,a s,a

Hence, we can bound c(w) uniformly for all w € B*, by

dl’f* -1
c(w) > min (s)(1 — «)? min n*(a|s)2H7H . (6.41)
s s,a o0

21
IS[(1—y)
ax

u

Thus, setting ¢ = ﬁ min, 1(s)(1 — «)? ming o 7% (als)? _ proves the claim. [

Asw Vf“’ is also smooth and globally Lipschitz [DZL23]] we deduce the convergence corollary.

COROLLARY 6.25. Let § > 0. Denote by (w,) the sequence generated by SGD with w + —Vf“’ (p) as
objective function, step size a, € ®(n~%) for 6 € (%, 1) and suppose a, < a; for sufficiently small
a1 (depending on 8). Then, there exist two subsets U, U; of RY ISH] such that wy € Uq implies
that the event Oy = {w, € U, foralln > 0} has probability at least 1 — §. Moreover, for any
n € (2-26,1) it holds that (V; (u) - V;“" (1)) 1q € o(n""!) almost surely and in expectation.

In words: If the regularized stochastic policy gradient algorithm is started close enough to the
optimum a nearly o(n~!) almost sure rate of convergence can be obtained by choosing 6 close
to 1 (in contrast to linear convergence known in regularized policy gradient with access to exact
gradients).

Finite-time horizon MDPs. A similar result holds also for finite-time horizon MDPs, (3, 8, 4, p, ),
with 8, d, p, r as before, but finite decision epochs H = {0,...,H — 1} and no discounting
(y = 1). We consider the dynamic policy gradient algorithm in finite time (FT-DynPG) from
Chapter [4] Then, recall that the value function is given by

H-1
Ve (n) = [Eﬁw[ Z r(Sh,Ah)],
h=0

where 1%V = (ar’“"h)){fl:‘o1 the non-stationary tabular softmax parametrization, i.e. wy € RISIXI

exp(wh(s, a))

" (als) = , Vse8, aed.
Seea, exp(wi(s, @)
The objective functions
i ) H-1
TR I (pe
Jn(Wh, T (he1), pn) = E,, Y [Z r(S1, Ap)]
I=h

are optimized backwards in time, given the already optimized fixed future policy 7 (44+1) =

(ﬂh)fz‘h}rl. Let J; (7 (r+1), Hr) be the optimal value function given that the policy after h is fixed
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by 7 (h41). Then, the following non-uniform weak gradient domination holds for this optimization
problem (see Lemma [4.19): For all wy, € RI$XI4l holds that

IV Jn (Whs T (he1), 1) |2 =
min " (a* (s)|s) (Jp (T (ha1)> BR) — Jn(Wh, T (he1), HR)),

where a*(s) denotes the best possible action in state s and is dependent on the fixed future
policy 7 (n41). Again, w.l.o.g. a*(s) is unique and the following Lemma shows how c(wy) =
min,cs 7% (a*|s) can be bounded away from zero from below around the global optimum.

LEMMA 6.26. Fix h € {0, ..., H — 1}. There exists c,r > 0 such that for all wy € B}, := {wp :
Jr (7 (he1)> Br) — Jn(Wh, T (ne1), Br) < 1} it holds that c(wp) = c.

Proof. Define the optimal reward gap in every state s € 8 of epoch h (given the fixed future
policies) by
A (s) = @, " (s,a"(s)) = max Q" (s,0) >0,
a#a*(s)

where a*(s) denotes the best possible action in state s (given the fixed future policy). W.l.o.g.
we assume that this action is unique.

For any 0 < a < 1, choose r = minges pp(s) minges Ay (s)(1 — ). Then, for wy, € B, with
Jr (7 (he1), H) — Jn(Wh, T (ne1), HR) < 7 we have for every s € § that

r r
< — .
pn(s) — minges px(s)

Jp (T (he1) 85) = Jn(On, T (h11), 85) <
It follows for every s € § that

mines 1n () > Jp (7 (n41)> 85) = Jn(On, 7 (h11), Os)

= (Q;‘ " (s,0%(5) — y 7% (als)QE (s, a))

aed

= Y 2% (@) (" (s, () - Q1 (5, )

aed

> @9 Q) (s, (5) - @ (s, 0))

aza*(s)

\%

7% (als) Ay (s)
aza*(s)

(1= 7% (a*(5)]5))As (s)
> (1 - 2% (a*(s)]s)) min A (s).

Rearranging results in

r

On (% —
(@ (s)ls) 21— — - e
MiNges llh(s) MiNseg Ah(S)

o, VseS.
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Hence, for all wy, € B, we can bound c(wp) by

c(wp) > a>0.
Thus, setting ¢ = a proves the claim. [
We deduce the following convergence result.

COROLLARY 6.27. Let § > 0. Denote by (wi(ln)) the sequence generated by SGD with wy +—
—Jn(w, 7 (h41), In) as objective function, step size a,(ln) e 0(nY for 0 € (%, 1) and suppose

a,(ln) < a]il) for sufficiently small a,(ll) (depending on 8). Then, there exist two sets U, U; € RISII¥

(1)
h

least 1 — 8. Moreover, for any n € (max{2 — 26,0}, 1) it holds that (Jh(w}(ln),ﬂ(h+1),’1h) -
T (7 (he1), 1)) 1q, € o(n"™1) almost surely and in expectation.

€ U; implies that Oy = {w}(l") € U, foralln > 0} occurs with probability at

such that w

In words: In every optimization loop of stochastic FT-DynPG, we converge almost surely to the
global optimum with rate o(n_%“), when the initialization condition is fulfilled and the step
size schedule is chosen with 6 = %

Take aways. In all three cases we obtain almost sure convergence with high probability, without
the need of a large batch size.

Note also, that in all cases we obtain from the proofs of Lemma Lemma |6.24] and
Lemma that r and c can be explicitly chosen (depending on o). Hence, one can choose
the neighbourhoods U and U; w.r.t. r in Lemma|6.18|as in equation and equation (6.32)).
We obtain an explicit characterization of the neighbourhood U, as condition for initialization.






CoNcLUSION AND FUTURE WORK

WE close this thesis by summarizing the discussed methods and giving a brief overview on
interesting future work.

CHAPTER 4

In Chapter 4, we have presented two PG methods for finite-time horizon MDPs and derived a
convergence analysis of under the tabular softmax parametrization. Assuming exact gradients
we have obtained an O(1/n)-convergence rate for both approaches where the behavior regarding
the time horizon and the model-dependent constant c is better in the dynamic approach than in
the simultaneous approach. In the model-free setting with estimated gradients, we have derived
complexity bounds to approximate the error to global optima with high probability. It would be
desirable to derive tighter bounds in the stochastic setting, using for example adaptive step sizes
or variance reduction methods that lead to more realistic batch sizes and step sizes. To partly
answer this question, we refer to Section [6.7, where we presented a local convergence analysis
without the need of a batch size.

Similar to many recent results, the presented analysis relied on the tabular parametrization.
However, the heuristic intuition from the policy gradient theorem does not, and the dynamic
programming perspective suggests that parameters should be trained backwards in time. It
would be interesting future work to see how this theoretical insight can be implemented in lower
dimensional parametrizations using for instance neural networks.

CHAPTER 5

We continued the thesis in Chapter 5| by transferring the observed results for finite-time MDPs
in the previous chapter to infinite-time horizon MDPs. As in this scenario a stationary optimal
policy is sufficient, it is not straight forwards to see if a dynamic approach can improve the
convergence behaviour of vanilla PG. We introduced DynPG, carried out a convergence analysis
and derived a sample complexity result under tabular softmax parametrization. It became clear
that indeed the model-dependent constant of vanilla PG can be omitted. We also discussed the
challenges when applying DynPG in practise and introduced DynAC and DynNPG as possible
modifications.

A natural extension of this work would be to examine the practical performance of DynPG or its
modifications. As in the finite-time horizon setting, it would be interesting to investigate how
DynPG works under different, more complex parametrizations and also in non-tabular MDPs.

CHAPTER 6

In Chapter[6] we zoomed out and considered the stochastic gradient descent method independent
of RL. We derived almost sure convergence rates under the global and local gradient domination
assumption. Finally, we concluded by applying the local results to supervised learning with
neural networks and to the previously analyzed PG methods.
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ASYMPTOTIC CONVERGENCE OF FT-S1imMPG

WE prove asymptotic convergence of FT-SimPG under softmax parametrization towards the

global optimum. This result is used in the proof of Lemma [4.14|

We use the extended notation of the state value, state-action value and advantage function

introduced in Remark For the rest of the section, we will write 6 instead of ®, 9, = @™

and further J(0) or J* instead of J(6, ) or J*(u) to save notation.

THEOREM A.1. Let u1 be a probability measure such that j1(s) > O foralls € Sandlet 0 < n < ﬁ.

Consider the sequence (0'™)) generated by Algorithm l4|for arbitrary 8(®) € R2n % Then, for all
() (n)

s € 8% we have V™’ (s) = V*(s) as n — oo. Especially we have Vge (s) = V5(s) asn — oo

forall s € 8.

Before we can proof this result we have to prove a row of lemmata. The outline follows the proof
of Agarwal et al. [Aga+21, Theorem 5].

1. 1
H2R*5 = pap« (Z_L}T\
V™ () > V" (s) and Q%™ (s,a) = Q%" (s,a) for all s € 870 and all a € d. Furthermore,
there exist limits V*°(s) and Q™ (s, a) such that

LEMMA A.2 (Monotonicity). If the learning rate satisfies 0 < n <

) = % then

lim V™" (s) = V(s) < oo.
lim Q”Gn (s,a) = Q%(s,a) < co.

Proof. We will show that V]fe" (s) < V}’fe"“ (s) for each state s € 8§ (in the not enlarged state
space) and each epoch h. Then by the bounded reward assumption there exists V;°(s) such

on . -
that V'~ (s) — V. for n — oo. If this holds true we see the mononicity and convergence of the
Q-functions from the relation

QY (s,0) =r(s, @) + Y p(s'ls, )Viiy (5,

s’es

with Vy = 0.
In order to show the claim we first see from the performance difference lemma, that

H-1
O On O+ On
Vi () - Vi ) =R | Y AT (s A0 |
t=h

O+ On
SEts) Y 2% (als)a™ (s, 0),

s €81l aed

91’1 - en . . .
where 5?’}1 (sp) = Zihl Pgh:;1 (S¢ = s7) the state visitation measure from epoch h to H — 1 on

6, . .
the enlarged state space S, Note that ﬁth”“ (s1) =0 for I < h, as we cannot visit states from
previous epochs.

IThis chapter contains the results in [KWD24, App. C].
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164 APPENDIX A. ASYMPTOTIC CONVERGENCE OF FI-SIMPG

We will prove that 3, 7%+ (a|ls)A™™ (s, a) > Pgeq T (a|s)A™" (s, a), for any s € $!*]. Then
the fact that ),y nan(als)A’Ten (s,a) = 0 leads to the desired result.
Therefore, we consider the function

Fs(6°) := Z 7% (als)c(s,a) s e 8P
aed
for 6° = (0(s, a))qeq € R, We will set c(s, a) = AZQ" (s,a), but for 6, fix, i.e. the following
derivatives with respect to 6° of F are independent of A™ . From [Aga+21] Lemma C.2 we
know that
dF(6°)

9(”) 71'9"
=7 A . Al
B als =" (als)Ay " (s, a) (A1)

Furthermore, F;(6;) is 5SHR*-smooth for every s by Lemma D.1 in [Aga+21] and the bounded
reward assumption. Considering our gradient ascent updates from simultaneous training we get

on
av”T
Ons1(s,a) = On(s,a) + UWS,(Z)) (A.2)
= 0n(s,@) + 17} (s)7% (als)A™" (s, @) (A3)
n aP;(QS)
=0 5 — . A.
H(S) a) + npp (s) aen (S, a) 9?1 ( 4)
As 17,5’;9" (s) = r]HdﬁG" (s) and dﬁen (s) a probability measure we see that nﬁ’}fen (s) < zg= by our

1
H2R*5°

choice of n < Then the descent lemma for the SHR*-smooth function F; gives the desired

inequality

Z ! (a|S)A7T6” (s,a) > Z on (a|S)AH9n (s,a).

aedl aed
|

Remark A.3. We want to point out that the proof of Lemma is crucial for the choice of the
step size in the convergence analysis of the simultaneous PG algorithm. As we can only use

the descent lemma for a step size 0 < i < ﬁ, we can only achieve asymptotic convergence

towards global minima under this assumption. Hence, we also need this step size requirement
in the convergence analysis.

We introduce the following definitions:

A= min |A% (s, a)|
{(s,a) €813 x e : A~ (5,a)#0}

where A% (s, a) = Q% (s, a) — V=(s).

We define the sets for each s € §171:
Iy ={a€ed|Q”(s,a) =V(s)},
IL={aed|Q¥(s,a) >VT(s)},
F={aed|Q¥(s,a) <VT(s)}.

We aim to prove that I§ is an empty set, then V= (s) = V*(s) the optimal value function (epoch
wise true).
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LEMMA A.4. There exists a time Ny > O such that for alln > Ny, and s € S we have
A A
A% (s, a) < ~2 forael’; A%(s,a)> Zfor acl.

Proof. Fix s € 817! arbitrarily. As yr (s) = V®(s) for n — oo and § is finite, we have that there
exists N7 > 0 such that for all n > N; and s € 817,

n A
v (s) > V¥(s) — =
4
It follows for all n > Ny, s € 8”1l and a € I* by the definition of A:

A% (s,a) = Q% (s, a) —y (s) Q% (s,a) —V=(s) + % < -A +% < —%.

Similarly, for all n > N1, s € 81"l and a € I we obtain from monotonicity Lemmaand the
definition of A,

Agn(s, a) = Q% (s,a) - yr (s) > Q% (s,a) — % -V®(s) > A - % > %

LEMMA A.5. It holds that 6‘99{1((2'2) — 0asn — oo forall s € 8, a e dl,. This implies that for

ae L UL, n%(als) — 0 and that ZaeIg 7% (als) — 1 for n — co.

Proof. From [Bec17, Theorem 10.15] we deduce for any -smooth function f : R? — R, that
IVFG)II — 0 for k — oo, if X! = x¥ — nVf(x*), when n < 3. By Lemma J(-) is

H?R*(2 - |Tl“)-smooth. It follows by our choice of n < 5H12R* that a%i((zﬂ)

s € 817, a € sl;. Now remember the derivative of the softmax parametrization in the stationary
case

— 0 asn — oo for all

% B 5;1[% (5)7%" (als)A% (s, a),

and by Lemma |AO (s, a)| > % foralln > Njyanda eI UIS. As /3’;9" (s) > 0 by assumption
on 11 and the positivity of the softmax parametrization. It follows that 7% (a|s) — 0 for n — co

foralla € IS U I* from a%{l (g”a))

The last claim, Zaelf) 7% (als) — 1 for n — oo, follows immediately from e, 7% (als) = 1 by:

— 0asn — oo.

1 en — |1 en _ en
nh_)rr.}o Z a"(als) = ,}E‘E}o(z " (als) Z T (a|s))
acly aed a€lurs
— _ 1 en
=1- ), Jlim " (aly)

acl;Uls

=1.
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LEMMA A.6. For a € I3, the sequence (6, (s, a))n>o is strictly increasing for n > Ny and for a € I*,
the sequence (6, (s, a))n>0 is strictly decreasing for n > Nj.

Proof. With Lemma [A.4we know that for n > N;
Az”(s, a) >0 foraeI; Ag“(s, a)<0 forael’,

and by the derivative of the value function

J (6n)

~0n 6, 0,
20,5, q) =py ()7 (als)A," (s, a).

As 5ﬁ9n (s) > 0 by the assumption p(s) > 0 and the positivity of the softmax parametrization, we
have for all n > N;
3J (6n)
30, (s,a)

3J (6n)

———— <0 forael.
960, (s, a) -

>0 forael};

This implies for a € I3,
aJ(6n)

30(s,a)

i.e. (6,(s,a))nso is strictly increasing for n > N7 and similar for a € I*,

> 0,

9n+1 (S: a) - QH(S: a) =n

3J(6n)

On+1(s,a) = On(s,a) = Um <0,

i.e. (6,(s,a))nso is strictly decreasing for n > Nj. [

LEMMA A.7. For all s € 81" where IS # 0, we have that

max6,(s,a) » co and minb,(s,a) - —oco forn — oo.
acl} aed

Proof. By assumption I # 0 there exists an a; € I and by Lemmawe have 7% (a,|s) — 0,
as n — co. Hence, by softmax parametrization this is equivalent to

exp(6n(s, ar))
2. exp(6n(s, a))

aed

— 0, forn — oo.

Using LemmalA.6] i.e. 0, (s, a) is strictly increasing for n > Ny, we imply that exp(6,(s, a;)) is
strictly increasing for n > Nj. This implies that

Z exp(0,(s,a)) — oo, forn — oo.
aed
Again by Lemma [A.5|we know that
Z 7% (als) — 1, forn — oo,

S
aEI0
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i.e. by definition

Z exp(Bn(s, a))
2. exp(6y(s,a’))

S
a€ly a’ed

— 1, forn — oo.

As Y, exp(0,(s,a’)) — oo it follows that

a’edl

Z exp(0;,(s,a)) — oo, forn — oo

acly
implying

max 6,(s,a) — oo, forn — oo.
aeIg

For the second claim it holds that

32O _ G () S als) (@7 (5, @) - V" 5))

aedl aen(s’ Cl) aed
~gr6n aon aon 7on
=py ()(E5[Qr (s, @)] =V (s))
6n 6n On
=pp )V () —V5 (s)
=0.
By induction, we obtain ) ,cyq 01 (s,a) = X 4eq Bo(s, a) := ¢ for every n > 0 and hence
min O.(s,a) < C;ﬂ O,(s,a) — max O,(s,a) = — max O.(s,a) +c.

Since max,cg 0, (s, a) — oo, because MaXgers 0, (s, a) — oo, we conclude mingcy 6, (s, a) — —co
for n — oo. [ |

LEMMA A.8. Suppose a, € I3. If there exists a € I} such that for some n > N, 7% (als) < 7O (ails),
then for all m > n it holds that 7% (a|s) < % (a,|s).

Proof. Suppose there exists a € I such that for an n > 0, 7% (als) < 7% (a,|s). We show that
791 (als) < m%+1(a,|s), then the claim follows by induction. We have

OJp(Bn) _ —on 2% 200
e =B () (@l (@ (5. < " 5)
< BT ()70 (auls) (QF" (s, a4) = VI (s))
_aJ(6n)
© 90n(s,ay)’

where the inequality follows with

. - A
Q" (s,a4) = QC(s,a4) — 2

A
>Qp(s,a) +A——
Qh(sa) 4
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> Q" (s, a).

The first inequaility is due to Lemma and the second by the definition of A and a € I§j. Now
by assumption we have 7 (a|s) < 7% (a,|s) and thus 6, (s, a) < 0,(s, a,). It follows

aJ(6y) < 3J(6y)

—— <0 =0 :
aen (S, a) = (S) a+) + n aen (S, a+) n+1 (S’ a+)

9n+1 (55 a) = Gn(sz a) +7n

Now define for every a, € I} the set
By(ay) ={a € Ig|7t9”(a+|s) < 7% (als) for all 1 > 0}
and denote its complement in I as Bf)(a+) =1 \ By(as).

LEMMA A.9. Suppose I; # (. For all a, € I3, we have that By(a4) # 0 and

Z 7% (als) > 1, asn — oo.

a€Bj(a+)
This implies:

max 6,(s,a) — co, forn — co.
a€Bj (a+)

Proof. Leta, € I and consider a € B o(a4). Then by definition of BS o(a4) there existsn” > Nj such
that ne (ay|s) > 7% (a|s). Hence, by Lemma-for all n > n’ we have 7% (a,|s) > 7% (als).
As 7% (a,|s) — O for n — oco. We obtain 7% (als) — 0 forn — oo, for all a € Bs(a+).
Since by Lemma . Zaep 7% (als) — 1 forn — oo, we have that B olas) # 0 and that

2aeB;(ay) 7% (als) — 1, as n — oo. The second claim follows from this as in Lemma |

LEMMA A.10. Consider s € § X H such that I, # 0. Then, for any a, € IS, there exists an Ng, such
that for all n > N,, we have

7% (ayls) > 7% (als) forall a € B olas).
Proof. For every a € Bg(a+) exists time n, such that
7% (a,|s) > 2% (als) for all a € Bj(a;)
for all n > n, by definition. Set N, = max, B (a,) Ma and the proof is completed. ]

LEMMA A.11. Assume again I, # 0. For all actions a € I}, we have that 0, (s, a) is bounded from
below as n — oo. And for all a € I, we have that 6,(s,a) — —co as n — oo.

Proof. The first claim follows directly with Lemma as 0, (s, a) is strictly increasing for all
a € I{, n > Ny, and thus for all n > N; we have 0,(s, a) > Oy, (s, a). Now suppose a € I*, then
by Lemma [A.6 we have that 6, (s, a) is strictly decreasing for n > N;. Assume there exists b such
that nh_)rrolo 6,(s,a) = b, then 0,(s,a) > b for all n > N;. By Lemma there exists an action
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a’ € d such that 6,,(s,a’) — —oo for n — oo. Consider § > 0 such that Oy, (s,a’) > b — §. Define
foralln > N;

t(n) = max{k € (Nq,n] : 6x(s,a’) > b - &}.

Define also

J (0
T(")={T(n)<n’<n: Ow) <O},

00 (s,a’) ~

as the set of all indices n’ in (t(n), n), where 8,/ (s, a’) is decreasing. Next we define Z, :=

Do e %, then it holds that

6J(9n’)

Zn = 0
" Lo (S, a,)

n’eJ

o aJ(6y)

30, (Sa a/)

n’=t(n)+1

n-1

aJ(6) ) aJ(G'E(n))
90, (S: a/) ae'r(n) (5> a,) '

n’=t(n)

By Lemma 4.9/ and the bounded reward assumption we have

3J (0 (n)) —%c(n) 0 ) 2
————|=p (s)7% ™ (a’|s)|A,"™ (s, a’)| < H*R*.
’39T(n)(s, a ) H h
Hence,
n—1
8J (0,
Zn < ae(—n)' + HR"
n'=t(n) n’ (5: a )

1

= E(Qn(s7 a/) - GT(H) (S, a/)) + HZR*
1

< =(0n(s,d’) —b+8) + H’R".
n

Then 6,,(s,a’) — —oo for n — oo implies that Z, — —oo for n — oo. As we chose a € I it holds
that |Ag" (s,a)| = % for n > N7 with Lemmaand so foralln’ € T:

3J (0,) , 0,
30y (s,a) | ﬂ-en (als)Ah (S: a)
aJ (0, , 0,
s | a0 (| Ay (s, @)

a% (als) A
= % (a’|s) 4HR*

= exp(0y (s,a) — O (s,a’))

A
4HR*
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A
> exp(b— (b - 6))4HR*
A

= )
exp(6) 1,

where we used in the last inequality that 0,/ (s,a’) < b —§ for all n” > t(n) and 6, (s,a) > b for
all n’ > Ny. By the definition of T(") these inequalities holds especially for all n’ € T("). Using
this we can imply that for all n > Ny with T % @,

1 S aJ(6y)
_(9N1 (s,a) = On(s, a)) = ae—(n)
n n/:N1+1 n’ sJ a
< aJ(en’)
weTn aen’ (5: a)
A aJ(6y)
< exp(é _
P( )4HR* Z 30, (s, a’)
n’eTm
A
= §)——Z
xp(8) o,
where the first inequality holds because 0,/ (s, a) is strictly decreasing for n” > Ny, i.e. ;E)Jf?;"a)) <0
foralln” € {N;+1,...,n— 1}. In the second inequality we used
3J (6, )
30,/ (s,a)
27(8.) > exp(6) AHR
30,y (s,a’)
Note that a%if?s”"a)) < 0and BZi,(Z ";),) < 0 for n’ € T™ so that the sign of the inequality reverses.

Finally, we deduce from Z,, — —oco that 6,(s,a) — oo for n — oo, which is a contradiction to
0, (s, a) strictly decreasing for all n > Nj. [

LEMMA A.12. Consider s € 81"l such that IS # 0. Then for any a, € I, it holds that

Z 0,(s,a) — oo, for n — oo.

a€Bj(a+)
Proof. Let a; € I and a € Bj(a4). Then by definition of B} (a,) we have
7% (ay]s) < 7% (als)

for all n > 0 and hence by softmax parametrization 6,(s,a;) < 6,(s,a) for all n > 0. By
Lemma [A.11] we have that 0, (s, a;) and thus also 0, (s, a) is bounded from below for n — co.
Together with

max 6,(s,a) > o0, forn— oo
{a€B}(a,)}

by Lemma [A.9| we deduce the claim. |
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Finally, we are ready to prove the asymptotic convergence of simultaneous PG with tabular
softmax parametrization.

Proof of Theorem [A.1} We have to show that I = 0 for all s € 8%, So assume there exists
s € 81" such that I # 0 and let a, € I5. Then by Lemmawe have

Z 0,(s,a) — o0, for n — oo. (A.5)

a€Bj(a+)

For any a € I we have by Lemma that

0
m (als)
— = exp(On(s,a)—  0Oy(s,a;) )—0, n— oco.
T ”(a+|S) N— ———
——00 bounded from below

Hence, there exists N, > N; such that for all n > No

7% (als) B A
0 (ay|s)  16|sd|HR*’

which leads for n > N5 to

—HR" Z 7% (als) > —%ﬂe”(aqs). (A.6)

acls

Note that if I* = () we can just ignore this sum later on.
Next consider a € Bf)(a+) C Ijj. By the definition of I we have that Ai” (s,a) = AP (s,a) =0 for
n — co. By Lemma|A.10]we have for n > Ng,

O (als)

1< .
% (als)
Thus, there exists N3 > max{Na, Ng, } such that for all n > N3

a%(ay]s) A
O (als) 16|d|

6n
1A, (s, @)] <
This implies

Z % (als)| A" (s, a)| < nen(a+|s)ﬁ

£ 16
a€Bj(a+)
and so
—71%(a |s)A < Z ne”(als)AG”(s a) < 7% (a |s)A (A.7)
+ ]_6 £ h > + 16) .
a€Bj(a+)

for all n > N3. We can conclude again for n > N3,

0= Z o (a|s)A§” (s,a)

aed
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= Z ﬂe“(als)Ag"(s,a)+ Z 7r9”(a|s)A2”(s,a)

aeBj(ay) a€B} (as)
+ Z ne”(als)Ag” (s,a) + Z ﬂe”(als)Agn (s,a)
a€l; a€l’s
A A
On On — 76n = On = * On
> Z mor(als)A, (s, a) — 7 (a+|s)16 + 7 (a+|s)4 HR Z a’"(als)
a€Bj(a+) acls

A A A
> >, a(al9AY (s,0) ~ 2™ (auls) g + % (i) 7 — Tp” (aids)
aeB; (ay)

> Z 7'[9"(a|5)A§“(5,a),

a€Bj(a+)

where we used (A.7) and Lemma in the first inequality and (A.6) in the second inequality.
Finally, by our assumption and (A.5) for n > N,

Y (Bu(s, ) — Oy, (5,))

a€Bj(a+)
L3I (6w)
Sy
n’=N3 a€ B (ay) 90n (5 a)

n
O , 0,
=n D BT . 2™ (als)Ay (5, a),

n’=N3 a€Bj(a4)

which contradicts ZaEBf)(aJr) ﬂeﬂ(als)Az" (s,a) < 0 forall n > Ns. [
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