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Abstract

In this thesis we use and develop the mathematical framework of rough and
stochastic analysis to deal with various aspects of approximation and stability
that are particularly relevant for and motivated by applications in mathematical

finance, machine learning, and numerical analysis.

We begin with addressing the widespread use of stochastic differential equations
in which the drift and diffusion function are represented by neural networks,
and provide a rigorous verification of their universal approximation property.
The theory of rough paths is known to provide a fully pathwise and robust solu-
tion theory to stochastic differential equations, which we exploit and contribute
to as follows:

We study the well-posedness of rough differential equations with path-dependent
coefficients and driven by cadlag rough paths providing a unifying theory for the
pathwise analysis of stochastic functional differential equations.

Subsequently, we assume a path property which implies a suitable canonical
rough path lift such that the rough integral exists as a limit of left-point Riemann
sums. We examine this further and present a transparent pathwise convergence
analysis for the first order Euler scheme of stochastic differential equations that
has been inexplicable from the rough path perspective so far.

This line of research is continued in the context of mathematical finance under
model uncertainty when we investigate the pathwise stability and approxima-
tion properties of optimal portfolios.

To gain a deeper understanding, we explain and generalize the aforementioned
path property, and prove that the rough integral exists under this assumption
as a limit of general Riemann sums.

Based on this approach, we lastly bridge the gap between It0 integration and

universal approximation with signatures.






Zusammenfassung

Diese Dissertation befasst sich mit Aspekten der Approximation und Stabilitat
in der stochastischen und der rauen Analysis, die insbesondere in der Finanz-
mathematik, im maschinellen Lernen und in der numerischen Analysis thema-

tisiert werden.

Zunéchst betrachten wir stochastische Differentialgleichungen, bei denen der
Drift- und der Diffusionskoeffizient durch neuronale Netze gegeben sind, und
zeigen deren theoretische universelle Approximationseigenschaft.

Die Theorie der rauen Pfade liefert eine vollstiandig pfadweise und robuste
Losungstheorie fiir stochastische Differentialgleichungen, der wir uns wie folgt
annehmen:

Wir untersuchen die Wohlgestelltheit rauer Differentialgleichungen mit pfad-
abhangigen Koeffizienten und getrieben von cadlag rauen Pfaden und formulie-
ren somit einen vereinheitlichenden Ansatz fiir die pfadweise Analyse stochasti-
scher verzogerter Differentialgleichungen.

Im Folgenden wird eine Pfadeigenschaft angenommen, sodass das raue Integral
als Grenzwert linksseitiger Riemannsummen gegeben ist.

Darauf basierend prasentieren wir eine transparente pfadweise Konvergenzana-
lyse fiir das Euler-Verfahren erster Ordnung fiir stochastische Differentialglei-
chungen, welche die Theorie der rauen Pfade bisher nicht bieten konnte.
Dariiber hinaus wenden wir uns dem finanzmathematischen Problem der Mo-
dellunsicherheit zu und untersuchen pfadweise Stabilitdt und Approximations-
eigenschaften optimaler Portfolios.

Zudem beleuchten und verallgemeinern wir die oben genannte Pfadeigenschaft
und zeigen, dass das raue Integral folglich als Grenzwert genereller Riemannsum-
men existiert.

Schliellich wird dieser Integralbegriff verwendet, um ein Versténdnis fiir den
Zusammenhang von Ité-Integration und der universellen Approximation mit

Signaturen zu erlangen.
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Introduction

Lying at the intersection of probability theory and analysis, the purpose of stochastic anal-
ysis is to provide a rigorous mathematical framework for describing and understanding
random evolution in continuous time, for example appearing in real-world phenomena. It
has become indispensable in numerous other areas of science, ranging from finance to physics
or biology and data science.

In this context, aspects of approximation and stability become of interest. Inevitably,
given classical models do not provide an adequate description but only an approximation of
reality. One therefore tries to understand how robust they are with respect to changing the
underlying model assumptions that we are usually uncertain about; this is what we refer to
as stability.

As one would further expect, good models should be practically convenient to handle.
It is thus often unavoidable to consider an approximation by simpler ones that are (more)
tractable and analytically and/or numerically solvable, especially if a model is defined im-
plicitly rather than explicitly.

The mathematical foundation on which we want to explore these concepts in this thesis
are rough and stochastic integrals and differential equations, as they have been established

as the fundamental tools for modeling dynamics that evolve randomly in time:

We can think of the time-ordered flow of information of a system, often available in the
form of data, e.g. a financial time series, as a path Y:[0,7] — R*, i.e., a mapping from
some time interval [0,7] to R¥. The behavior of Y then is assumed to be affected by an
input signal given by X:[0,7] — R?. Formally, it is assumed to solve a differential equation
of the form

av, = f(V)dX,,  te0,T], (1)

for some suitable (non-linear) function f.

When studying a system that exhibits randomness, i.e., when X is assumed to be a
stochastic process, prototypically a Brownian motion, which corresponds to white noise,
one needs to be careful about how to define the differential d X;. The classical approach of
considering the derivative does not work in the usual way as it would in the case of smooth

(deterministic) paths because the behavior of X is too irregular in some sense.



To get around this, the differential equation is rewritten into an integral equation of

the form ,
Yt:y—+—/ FV)dX,,  te[o.T). (2)
0

This is when the notion of stochastic integration, which has been initiated by It6 [93] and
has become a fundamental pillar in stochastic analysis, comes into play. For our purposes,
very briefly, let X be a Brownian motion that is defined on a suitable probability space
and Y a left-continuous adapted process thereon. The [t6 integral is then well-defined and
admits an intuitive Riemann sum-type approximation:

T Np—1
| YadX. = lm kz_o Yip (Xeg,, = Xip),
where the limit is, importantly, a limit in probability taken over a sequence of partitions
Pr={0=tf <ty <--- <ty =T}, neN,of [0,T] with vanishing mesh size.

Taking not the left-point but the mid-point of each partition interval in the summation
corresponds to the Stratonovich integral [66, 153]. While the Stratonovich integral comes
more natural as it satisfies classical “first order calculus”, the It6 integral is preferred from
a modeling perspective because it preserves the martingale property amongst other reasons.
Depending on the application one has in mind, these notions of stochastic integration are
typically being employed to define stochastic differential equations as in , see e.g. [94].
Very significant theoretical advancements are due to [I15] 59 [134], and we refer to [97] for

an overview of the early historical developments in stochastic integration and mathematical

finance.

We point out that in order to define the stochastic integral, one has to postulate a
probability space a priori. In modeling terms, this is somehow a leap of faith since the
inherent probabilistic structure of the underlying process is not known. The fact that the
stochastic integral is not well-posed given only one sample path of the driving signal turns
out to be another pitfall from the modeling perspective, since there is usually only one time
series of data available describing a particular state of the world.

This has been especially critized in financial modeling, the issues being referred to as
model risk and model uncertainty, see [I11]. To overcome these limitations of probabilistic
modeling, many approaches in mathematical finance have been developed that (partially)
discard the probabilistic structure, starting off with, e.g., [128] 13, [89].

Addressing the pathwise, i.e., “state by state”, notion of stochastic integration, Follmer
introduced in his seminal paper [67] a first deterministic analog to stochastic It6 integration

able to handle sample paths of, e.g., Brownian motion.



Suppose that we have a one-dimensional continuous path X, and X has quadratic
variation in some sense along a sequence of partitions of (P"),ecn of [0,7] with vanishing
mesh size. Then for a twice continuously differentiable function f, the limit of left-point
Riemann sums

T Np—1
(A Df(X)dX, = lim > Df(Xem)(Xpp

n—00 k+1
k=0

— Xn) (3)

exists, where Df denotes the gradient of f, and the integral satisfies a “pathwise It6 for-
mula”. The Follmer integral has found many applications and extensions in the pathwise
approach to stochastic analysis, see e.g. [39, O, [40, 34]. Due to the fact that it is ap-
proximated by left-point Riemann sums, the Follmer integral can be interpreted as the
capital gains process which is generated by continuous-time trading. This has been vital
for its success in the context of model-free approaches to mathematical finance. We refer

to [68, 52, 152, [48).

Rough path theory is a popular analytical theory that provides the arguably most general
pathwise notion of integration. It was initiated by Terry Lyons [129] with the purpose
of rigorously understanding nonlinear systems that are described by and driven by
highly oscillatory signals. Since then, it has become an increasingly popular and widely
applicable field of research of modern stochastic analysis, reaching into the fields of statistics,
mathematical finance and data science.

At the heart of rough path theory is Lyons’ significant contribution of having identified
the informational structure of a path that is required to define an integral [ f(X)dX against
the path, it being of finite p-variation for any p > 1. As such it extends and generalizes the
notions of Riemann—Stieltjes integration (p = 1), Young integration (p € (1,2)) [161], and
Follmer integration.

Essentially, the idea is to “enhance” the path by a suitable higher order process that
postulates the value of the higher order iterated integrals of the path, thus capturing the
exact information that is missing, respective to the regularity of the path.

In this thesis, we will focus primarily on the study of rough paths as a framework for the
pathwise analysis of stochastic differential equations in the semimartingale setting, which
corresponds to paths of finite p-variation for p € (2,3). We, therefore, consider a p-rough
path X = (X,X) to be a pair of a path X:[0,7] — R? and its “lift” X:[0,7]? — R9*d
satisfying the following analytical and algebraic conditions: X is of finite p-variation, X is

of finite £-variation, and Chen’s relation holds, i.e.,

Xt = Xg o + Xyyp + X0 @ X, for 0<s<u<t<T,



which mimics exactly the behavior of the iterated integral of X against itself.

Due to Gubinelli [82], the assumption on the integrands can be refined: the rough
integral can be defined not only for integrands of the form f(X), where f is suitably nice,
but for so-called controlled paths (Y, Y”): heuristically speaking, such a Y locally looks like
X . More precisely, a controlled path (Y, Y”) is defined as a pair of a path Y: [0, 7] — R¥ and
its derivative Y”:[0,T] — R*¥*?¢ where Y is of finite p-variation, Y is of finite g-variation
and RY:[0,T]?> — R*, which is implicitly defined by

Y, - Y, =Y/(X, - X,)+RY,,  (s,t)€[0,T],

is of finite r-variation, for ¢ > p and r € [£,2) such that % + % > 1, and % = % + %.
Then, the rough integral of (Y,Y”’) against X is defined by

YodX, = lim Y (Ya(Xy — Xu) + Yy Xu), (4)
[u,v]eP
where the limit is taken over any sequence of partitions P of [0, 7] with mesh size |P| tending
to 0.

Considering the integral in to be a rough integral, the rough differential equation of

the form .
Ytzy+/ JV)dX,,  te 0T,
0

is well-posed. The resulting solution map, the It6—Lyons map
XY, (5)

turns out to be, very remarkably, continuous with respect to the driving rough path, and
comes with powerful stability estimates. Therefore, rough path theory provides a robust

solution theory for the pathwise study of stochastic differential equations.

In this thesis, we shall delve into various aspects of approximation and stability rele-
vant to the dominant modeling paradigms in rough and stochastic analysis as well as in

mathematical finance. Roughly speaking, Chapter [2] and [ tend to stability, while Chap-
ter and [6] tend to approximation.

Every chapter is relatively self-contained and may be read independently. In the fol-
lowing we give an outline of this thesis by summarizing the main contributions of each

chapter.



Chapter Universal approximation property of neural stochastic differential
equations

Chapter 1) is based on joint work with David J. Promel and Josef Teichmann, see [117].
Financial modeling in continuous time typically begins with a stochastic differential

equation (SDE) of the form

¢ ¢
Yt:y—i—/ b(s,YS)ds—i—/ o(s,Ys) dXs, te[0,T7], (6)
0 0

where the model parameters b and o are calibrated to market data. In this context, neural
networks have recently been successfully used to approximate, or learn, said model param-
eters, which extends the idea of neural ordinary differential equations, see e.g. [46), [78] [36].
These so-called neural stochastic differential equations turn out to be very capable, also as
continuous-time generative models in machine learning, see e.g. [125] [123] [106].

This idea is also built on the theoretical property of neural networks to approximate any
continuous function arbitrarily well on compact subsets of R? and in an LP-sense. However,
these classical universal approximation theorems, stated e.g. in [50, O0], do not admit a
uniform control of the global growth of the respective neural networks, which therefore
poses a question about the theoretical universal approximation property of neural stochastic
differential equations. We aim to address this and prove that a number of classes of neural
networks are indeed capable of approximating continuous functions locally uniformly subject
to a given global linear growth constraint, adapting already proven universal approximation
theorems in the literature. Consequently, given that there exists a unique solution to a
stochastic differential equation, it can be approximated arbitrarily well by solutions of neural
stochastic differential equations in which the neural networks have the above mentioned

“universal approximation property under a linear growth constraint”.

Chapter Functional differential equations driven by cadlag rough paths

This chapter is based on joint work with Andreas Neuenkirch and David J. Promel, see [116].

To model dynamics that evolve not only randomly but also depending on their past
values, so-called stochastic functional differential equations, or stochastic delay differential
equations, are being considered in the context of stochastic analysis, see e.g. [137, [138].
This motivates the study of the well-posedness of rough differential equations with path-
dependent coefficients and driven by cadlag rough paths that are of the form

t
Yt:yo—&—/ F(Y)dX,, te][0,T],
0



where X is a cadlag p-rough path for p € (2,3), the initial condition (y,y’) is a controlled
path (with respect to X)), and F' is a non-anticipative functional mapping controlled paths
to controlled paths.

In particular, we show the existence of unique solutions to such rough functional differ-

ential equations, and establish that the corresponding [t6-Lyons map
((y.y), F.X) = (Y, Y7)

is locally Lipschitz continuous, thus touching on the aspect of stability. Both of these results
rely on a Lipschitz-type condition and a quadratic growth condition on the path-dependent
coefficient (F, F").

This covers typical examples of rough differential equations driven by cadlag rough paths
such as classical state dependent RDEs, see e.g. [73] [75], and controlled RDEs, see e.g. [3],
and further extends to discrete time dependent RDEs and delayed RDEs, see e.g. [8, [140].
It may therefore be of use for related path-dependent problems, e.g., in control theory,
non-linear filtering, and stochastic functional analysis.

To that end, the deterministic theory is then applied to stochastic differential equations
with delay. Thus, the continuity of the It6—Lyons map yields pathwise stability results for
these stochastic differential equations. In particular, this allows to resolve an old observation
pointed out in [I36] about the non-continuity of the flow of stochastic differential equations

with delay.

Chapter Pathwise convergence of the Euler scheme for rough and stochastic
differential equations

This chapter is based on joint work with Andrew L. Allan, Chong Liu, and David J. Promel,
see [6].

While it is well-known that the stochastic differential equation @ driven by a semi-
martingale X admits a unique solution assuming that the coefficients b and o are suitably
regular, it can rarely be solved explicitly. Therefore, numerical methods are being applied to
approximate the solution, see e.g. [109]; the most common being the Euler scheme, possibly
of higher order. The first order Euler scheme, the so-called Euler—-Maruyama scheme, for
the SDE () is given by

Yl =y+ D b Y — )+ Y ot Yy (X, —Xg),  te[0T],
<t

k:tZJrl_ k:tz+1§t

along a sequence of partitions P" = {0 = ¢ <t} < --- <}, =T}, n €N, of [0,77,
which is essentially a time-discretized modification of the equation. Higher order Euler

schemes, adding higher order terms to the above approximation, converge faster but involve



simulating iterated integrals of the driving signal X, which might become a numerically
non-trivial task.

Since numerical calibration is carried out path by path, we tend to rough path the-
ory, which provides a fully pathwise solution theory for SDEs. While it has provided a
transparent convergence analysis of higher order Euler approximations, see e.g. [70, [75],
the pathwise convergence of the first order Euler approximation of stochastic differential
equations is inexplicable from the rough path perspective so far. One issue, for example, is
that the rough path lift is not unique so that there possibly exist multiple solutions to the
corresponding rough differential equation, but the Euler scheme, which does not depend on
the rough path lift, can only converge to at most one such solution.

We clarify this gap and investigate rough differential equations that are driven by cadlag
paths satisfying the so-called Property (RIE) along suitable sequences of partitions with
vanishing mesh size. Property (RIE) has been introduced in [I143] and [7] for applications
in mathematical finance considering model uncertainty and notably recovers the rough
integral as limit of left-point Riemann sums, cf. .

We use this to establish a novel result on the convergence of the Euler scheme (and an
approximative variant thereof) of rough differential equations.

It turns out that Property (RIE) is satified by almost all sample paths of Brownian
motion, [t6 processes, Lévy processes and general cadlag semimartingales, as well as the
driving signals of both so-called mixed and rough stochastic differential equations, relative
to different time discretizations. It further ensures the existence of a canonical Ito-type
rough path lift, which allows us to treat the SDE @ as an RDE.

We therefore obtain a rigorous pathwise convergence analysis of the first order Euler
approximation of stochastic differential equations driven by various types of stochastic noise,

even outside the classical semimartingale setting.

Chapter El: Pathwise analysis of log-optimal portfolios

This chapter is based on joint work with Andrew L. Allan, Chong Liu and David Promel.

Classical approaches to optimal portfolio selection problems are based on probabilistic
models for asset returns or prices. However, it is now widely recognized that the performance
of optimal portfolios is highly sensitive to model misspecifications. To account for various
types of model risk, robust and model-free approaches have gained increasing importance
in portfolio theory.

In this chapter, we develop a pathwise approach to analyze stability and approximation
properties of portfolios for individual price trajectories that are generated by standard

models for financial markets.



For this purpose, we rely again on the theory of cadlag rough paths, as it is a pathwise
(stochastic) integration theory which offers powerful stability estimates. To demonstrate
that this is an ideal tool, we study, as a prototypical example from portfolio theory, the
log-optimal portfolio of a classical investment-consumption optimization problem in a fric-
tionless financial market, modeled by an It6 diffusion process.

However, since the rough integral is defined as a limit of compensated Riemann sums,
see (4), we miss the natural financial interpretation of the integral as the capital gains
process which is generated by continuous-time trading. We even need to be careful when
choosing the rough path lift because the wrong choice might lead to an anticipating integral,
that corresponds, e.g., to Stratonovich integration, and thus introduce arbitrage.

To overcome this, when defining an integral, we again assume Property (RIE) to hold
for the integrator, which, importantly, recovers the rough integral as limit of left-point, i.e.,
non-anticipative, Riemann sums. Moreover, in a probabilistic framework, then the rough
and the stochastic It integral coincide almost surely when both are defined.

This allows us to identify an entirely deterministic framework for constructing the log-
optimal portfolio in a pathwise manner, for local volatility models as @ and Black—Scholes
type models (see [24]). In this framework, we derive pathwise stability estimates for the
log-optimal portfolio and its associated capital process with respect to the underlying model
parameters, i.e., drift and volatility, accounting for model uncertainty.

Furthermore, since trading in reality is not done in continuous time but in (high-
frequent) discrete time, we derive pathwise error estimates that result from the time-
discretization of the log-optimal portfolio and its associated capital process.

Here we use some of the results obtained in Chapter [2| and Chapter

Chapter Existence of general pathwise stochastic integration

This chapter will be part of a larger joint work with Purba Das and David Prémel.

In the previous two chapters, we have considered the rough path framework assuming
Property (RIE) for defining a rough integral and/or a rough differential equation. This
has been proven to be a sufficient condition on the integrator for the rough integral to be
approximated by left-point Riemann sums, see [I43]. We now generalize this to the so-called
Property v-(RIE), for v € [0, 1], relative to a sequence of partitions, which implies that the
rough integral is given as limit of general Riemann sums. More precisely, the rough integral
is then given by

‘ Np—1
/0 YodX] = lim > (Vg +9(Yeg,, = Yi)) (X, 00 = Xignt)s 1€ [0,7],

k+1
k=0



where X7 = (X, X7) denotes the canonical rough path lift for a continuous path X satisfying
Property v-(RIE). We note that for v = 0 this corresponds to (forward) Ito-type integration,
for v = % to Stratonovich-type integration, and for v = 1 to backward Ito-type integration,
these being the most popular choices in applications.

Since Property v-(RIE) for v = 0 is exact Property (RIE), we relate these to one another,
depending on the parameter v which determines the type of Riemann sum approximation.
It turns out that for any ~, if a path X satisfies Property (RIE), it also satisfies Property
~v-(RIE), and for  # %, the reverse of the implication holds.

We shed more light on these path properties when establishing that Property ~-(RIE)
is actually equivalent to imposing a certain regularity condition of the path and along the

sequence of partitions, and assuming the existence of the Lévy area of the path, i.e., that

Np—1
lim Z (thg (thgﬂ/\t - thg/\t) - sz

n
n—00 k
k=0

(XZZ+1/\t _XZZ/\t))v i7j = 1,...7d’

exists, and for v # %, to additionally assuming the existence of the quadratic variation of

the path, i.e., that

Np—1
im 3 (x; i j i i
nh_?;o o (thHAt - XtZ/\t)(XtZ+1At - XtZ/\t)v i,j=1,....d,

exists. The former seems fitting in the regime of rough path theory, the latter formally
establishes the link to the Follmer integral . Also from a practical perspective, this
seems rather natural considering that, e.g., almost all sample paths of Brownian motion
satisfy these assumptions relative to sequences of partitions fulfilling mild conditions on the
mesh size.

We recall that Property (RIE) is satisfied by almost all sample paths of further (continu-
ous) stochastic processes, see in Chapter which makes this notion of pathwise integration
applicable to the stochastic setting, especially since the rough and stochastic Stratonovich
integral coincide almost surely under Property 7-(RIE) for v = %

Another example of a stochastic process that does not fit into the Ito-type but notably
into the Stratonovich-type setting is the fractional Brownian motion for Hurst parameter
H e (%, %) as almost all sample paths do not possess quadratic variation but Lévy area,
e.g., relative to the sequence of dyadic partitions.

Chapter @: Universal approximation with Ité-type signatures

This chapter is joint work with Mihriban Ceylan and David J. Promel.
So far we have focused on the study of rough analysis in the narrower sense of rough path

theory, namely enhancing a path with a suitable “second order” process. The signature



of a path refers to a particular characteristic of a path that is formally defined as the

enhancement of a path by not only the second order but all iterated integrals of the path

1 %
/ dXj1---dxin,
0<t1<...<tn<T

for iy,...,in € {1,...,d}, n € N, see the early works of Chen [28] 29].

against itself:

In his seminal work [129], Lyons identified this collection of integrals to be, appropriately
truncated, the precise information of a path that is required to guarantee continuity of the
integral map and the solution map for a nonlinear differential equation driven by a path
of very low regularity, i.e., also for paths of finite p-variation for p > 3.

Furthermore, due to its many rich properties the signature of a path offers a way to faith-
fully and tractably represent the key features from highly oscillatory data. Thus recently,
a plethora of data-driven methods based on the signature of a path is being developed for
applications to mathematical finance, see e.g. [127, [I1], [19] 100} 12} 45, [44]. These methods
are fundamentally based on universal approximation theorems, which state that continuous
functionals on the path space can be approximated arbitrarily well by linear functionals on
the signature. For financial applications, this requires computing the signature by adopting
Stratonovich integration. However, from a modeling perspective, [t0 integration is typically
the preferred choice of stochastic integration.

In this chapter, we introduce a notion of the signature of the path assuming Property
v-(RIE) that has been introduced in Chapter 5| and yields a unifying framework for path-
wise Stratonovich-type and Ito-type integration. Extending the path by suitable quadratic
variation terms, we are able to deduce a pathwise universal approximation theorem for lin-
ear functionals on the signature. This can be translated into the probabilistic setting for
the Ito-signature of continuous semimartingales, making it particularly suitable for financial

modeling.
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Chapter 1

Universal approximation property of neural stochastic
differential equations

Modeling approaches that hybridize the notion of differential equations with neural networks
have recently become increasingly of interest, see [63, B0]. In particular, neural stochastic
differential equations (neural SDEs) have emerged as a powerful mathematical tool for cap-
turing complex dynamical systems that exhibit randomness, see [157, [99] [106]. Specifically,
these are stochastic differential equations in which neural networks are used to parametrize
the drift and diffusion coefficient, thus extending the notion of neural ordinary differential
equations. Neural SDEs have been successfully applied to develop data-driven methods for
modeling, learning, and generating random dynamics due to powerful training technolo-
gies. For instance, they serve as continuous-time generative models for irregular time series,
see [125], 123, 106, 02], and, notably, as very tractable and universal models for financial
markets, thus being of particular interest for financial engineering, see [46), (78| 36, 37, 35, 64].
In other words: neural stochastic differential equations constitute a continuous time coun-
terpart of recurrent neural networks.

What motivates many of these applications is the key insight that neural stochastic
differential equations are, at least, expected to approximate general SDEs arbitrarily well,
thus providing fairly general and flexible models for stochastic processes and time series,
such as recurrent neural networks approximate generic discrete dynamics. In fact, classical
universal approximation theorems for neural networks, as proven, e.g., in [50}, 00], state that
neural networks approximate any continuous function arbitrarily well uniformly on compact
subsets of R? or in an LP-sense globally on R%. Hence, it seems intuitively reasonable that
neural SDEs would inherit the universality of neural networks, allowing them to approximate
generic SDEs (under mild regularity conditions). However, classical universal approximation
theorems do not guarantee any uniform control of the global growth of the involved neural
networks and, therefore, do not rigorously imply a universal approximation property for the

associated neural SDEs.
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In this chapter, we provide a theoretical justification for the universality of neural SDEs:
in Section [I.I] we identify various classes of neural networks that have the so-called “univer-
sal approximation property under a linear growth constraint”, that is, are able to approx-
imate continuous functions locally uniformly subject to a given global linear growth con-
straint. Exemplary classes of neural networks with this universal approximation property
include single hidden layer feed-forward neural networks with linearly activating activation
functions, such as logistic sigmoid and hyperbolic tangent, and deep feed-forward neural
networks combining rather general activation functions with rectified linear unit (ReLU)
activation functions. For the proof of these universal approximation theorems with global
constraints, we rely on universal approximation theorems on weight spaces, as proven in [49],
as well as on LP-spaces, as proven in [107], and extend some of the methods of both works.

In Section[I.2) we demonstrate that the “universal approximation property under a linear
growth constraint” of neural networks guarantees the universality of the associated neural
SDEs. Indeed, assuming that an SDE possesses a unique solution, this solution can be ap-
proximated arbitrarily well by solutions of neural SDEs in a standard L?-norm for stochastic
processes if the involved neural networks do satisfy the “universal approximation property
under a linear growth constraint”. Moreover, we derive quantitative error estimates for
the approximation of stochastic differential equations with coefficients that fulfill standard

conditions such as Lipschitz and Holder continuity.

This chapter is structured as follows. In Section [I.I] we derive the “universal approxi-
mation property under a linear growth constraint” for various classes of neural networks.
For these, we prove in Section [I.2] that the associated neural SDEs can approximate general
SDEs.

1.1 Universal approximation property under a linear growth constraint

In this section, we identify various classes of neural networks allowing for the approximation

of continuous functions locally uniformly subject to a given linear growth constraint.

We start by precisely formulating the aforementioned approximation property.

The spaces R¥ and R"*"2 are equipped with the Euclidean norm |-|. Let C([0,7] x
R¥; R™*"2) be the set of continuous functions f:[0,7] x R¥ — R"*"2 Given a set K C
[0,T] x R¥ and f € C([0,T] x R¥; R™*"2) we define

1f lloo,rc:= sup| f(x)].
reK

Moreover, we write C'(R%; R¢) for the space of continuous maps f:R? — R®, CE(Rd; R¢) for

the space of bounded and continuous functions f:R? — R®, and C*(R%;R®) for the space

12



of smooth functions f:R? — R¢, i.e. functions with all its derivatives up to arbitrary order

being continuous.

Definition 1.1.1. A set NN C C([0,T] x R¥;R™*"2) s said to have the universal ap-
proximation property under a linear growth constraint if the following property holds:
For every function f € C([0,T] x RF; R™X"2) with at most linear growth, i.e., there

exists a constant Cy > 0 such that
f(t,2)|< Cp(1+ |z]),  t€[0,T)], z € RF,

for every e € (0,1) and every compact set K C RF, there exists a function ¢ € NN such
that

o = flloo,jo,xx < €,

and there exists a constant éf > 0, not depending on € and K, such that
lp(t,z)|< Cr(1 + |z]),  te€0,T), x € RE,

In the following four subsections we provide various classes of neural networks satisfying

the universal approximation property under a linear growth constraint.

1.1.1 Linearly activating activation functions

To introduce the first class of neural networks that have the universal approximation prop-
erty under a linear growth constraint, we rely on the notion of weighted spaces as introduced

in [49] in the context of neural networks. To that end, we fix the weight function
R 5 (0,00),  w(x):=14z|, xeRF

The pre-image ¢~ 1((0,7]) is compact in R¥+1, for any » > 0, and hence, v is an admissible
weight function and (R¥+1 4)) is a weighted space in the sense of [49, Section 2.1]. We

further introduce the weighted norm |||, (ga+1,rm xn2) as

|f ()|

zERk+1 77/}('%') ’

|’f”l’j’w(Rk+1;R"1X"2)::

for f:RF1 — R™MX"2 guch that sup,cgir @ < 00. The space B¢(Rk+1;R”1X”2) is
the weighted function space defined as the [|-|| g, (rr-+1m1 xnsy-closure of CY(RF+L; Rmaxnz),
Note that Bw(RkH;R”lX"?) is a separable Banach space when equipped with the norm
[l 8, (Rr-+1;mm1 xn2y, Which contains CY(RFFL; RMxn2) whereas CP (RFF; R™*72) is of course

not separable with respect to the uniform norm.
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Given an activation function p € C(R;R), a single hidden layer (feed-forward) neural

network p:R™ — R™*"2 ig defined by

N
T
p(z) =Y wnp(ag s+ bn), (1.1)
n=1
for z € R™, where N € N denotes the number of neurons, where wy,...,wy € R™M*"2
a1,...,any € R™ and by,...,by € R denote the linear readouts, weight vectors and biases,

respectively. For p € C(R;R), we denote by NN, . ... the set of neural networks of the
form ([1.1)) with activation function p.
Following [49, Definition 4.3], an activation function p € C(R;R) is called linearly acti-

vating if NNT.j.; C By(R;R) and N7, is dense in By (R;R).

Remark 1.1.2. An activation function p € C(R;R) is linearly activating if it holds that
limy 4o % = 0 for any a € No, b € R, and p is sigmoidal, i.e., lim;_, o p(z) = 0
and limy_,o0 p(x) = 1, see [{Y, Proposition 4.4]. Examples include the logistic sigmoid
plx) = m and p(x) = tanh(z). Other conditions for activation functions to be
linearly activating are the discriminatory property or conditions on its Fourier transform,

which can be found in [9, Proposition 4.4).

P

ket 1iny xnp With linearly activating ac-

For the single hidden layer neural networks NN
tivation function p, we obtain the following universal approximation theorem allowing for

given a linear growth constraint.

Theorem 1.1.3. If the activation function p € C(R;R) is linearly activating, then
NNg—i—l;ranz
in the sense of Definition . Moreover, the constant Cy in Definition can be
chosen to be éf =1+T)(14+Cy).

has the universal approzimation property under a linear growth constraint

Proof. Let f € C([0,T] x R¥; R™*"2) be such that there exists a constant Cy > 0 satisfying
f(t,2)|< Cp(1+a]),  te[0,T], z€R" (1.2)

Step 1. We extend f to R¥*1 by setting f(t,z) := f(0,2), t <0, and f(t,z) := f(T, ),
t > T. Given some function g € C*°(R;R) with compact support, g: R — [0, 1], g(t) = 1 for
t € [0, T, we now consider f(t,z) := f(t,2)g(t). Note that holds for f, which implies
that Hf”sw(RkJrl;RW"z)S Cy-

Step 2. Suppose that ¢ € (0,1) and K C R is a compact set. Now there exists

fex € By (RFFL RM*n2) satisfying (T.2)),
ft,z) = fox(tx), tel0,T), z €K,
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and
Hff-:,K”Bw(RkH;R"lXW)S ”fHBw(RkH;R”lX@)S Cy.

More precisely, take § € C°(R*¥+1;R) with compact support, §:R¥1 — [0,1], §(t,z) = 1
for t € [0,T], x € K, and set faK := fg. Then f&K € B¢(Rk+1;R”1X"2).
Step 3. Let H C Bw(Rk“; R) be the additive family given by

H={r—a'z+b:acRT becR}

see [49, Definition 4.1, Example 4.2]. We note that any ¢ € NN? is of the form

k+1;n1xXn2

N
p(z) = Z wnp(hn(z)),
n=1

where hi,...,hn € H, and sup,cgpr+1 wfph((;;)) < oo, for all h € H. Then, [49, Theorem 4.13]
gives that ./\/’./\/’Zﬂ,mm2 is dense in By (RFFL; RM1>n2) je., there exists ¢ € /\/J\/zﬂ.mm2
with

—1
lo = Fols,@nanon<e( sw  wlta)) .
(t,x)e[0,TIxK

This implies that

I

DN ™

lp = Flloo,o,r1x &= llp — fe,KHoo,[o,T}xKS

and

lp(t,z)| < ([le — ]Ea,KHBw(RkH;]R"lX"2)+HJZS,K”B,,,(RIC+1;R"1X"2))w((t>x))
<(1+CHA+T)A + |z)),

for t € [0,T], x € R¥.
Therefore the universal approximation result on By, (RF+1; R™MX72) implies the universal

approximation property under a linear growth constraint in the sense of Definition O

1.1.2 Combining the ReLU activation function and a general activation func-
tion
To allow for an activation function that is not linearly activating, such as the widely used
rectified linear unit (ReLU) activation function p(z) := max(z,0), we consider a different
neural network architecture.
Let L, No,...,N; € N, and for any [ € {1,...,L}, let wy: RNi-1 — RN 2 Ajz + by,
be an affine function with 4; € R¥*Ni-1 and b, € RM. Given an activation function

p € C(R;R), a deep (feed-forward) neural network o:RNo — RNL is defined by
Y =wLopowr-1°...0pow,
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where o denotes the usual composition of functions. Here, p is applied componentwise, L —1
denotes the number of hidden layers (L is the depth of ¢), and Ny,..., N1 denote the
dimensions (widths) of the hidden layers and Ny and Ny, the dimension of the input and
the output layer, respectively.

We write NN ?Vo; n, for the set of deep feed-forward neural networks ¢:R — R with
activation function p, input dimension Ny and output dimension Ny and an arbitrary
number of hidden layers L, see e.g. [46, Appendix B.1]. We then write NN¥, ., . for the
set of functions p: R™ — R™ *"2 of the form ¢ = (cpij)i:h“m,j:me, where ¥ € Nme;l'

When allowing for two activation functions p1,p2 € C(R;R), we write NA ?\}Op N, and

NNPLP2 respectively.

no;ni,n2’

Proposition 1.1.4. If p1: R — R is non-affine continuous and continuously differentiable
at at least one point, with non-zero derivative at that point, and p2 is the ReLU acti-
vation function, then /\/Nii’fmm has the universal approrimation property under a lin-
ear growth constraint. Moreover, the constant Cy in Definition can be chosen to be

Cr = ymmna(1+T)(1+ Cj).

Remark 1.1.5. The condition on p1 in Proposition |1.1.4) is rather mild. For instance, it
is satisfied by the frequently used activation functions, and it even includes polynomials.

Furthermore, one may also consider both p1 and pa to be the ReL U activation function.

Proof of Proposition [I.1.]} We first shall prove that NA#'0? is dense in By, (R™; R), ng € N,

no;l

L.e., for every f € By(R";R) and € > 0 there exists some ¢ € NA7? such that

le = fliB,®nor)= sup. W <e. (1.3)

In this proof, we adapt the methods of [49].

Step 1. A vector space A of maps a: R™ — R is called a subalgebra if A is closed under
multiplication, i.e., for every ai, as € A, it holds that a;-as € A. Moreover, A is called point
separating if for every distinct 1,9 € R™, there exists some a € A with a(z1) # a(z3). A
vanishes nowhere if for every x € R™, there exists some a € A with a(z) # 0.

For a given subalgebra A C C'(R™;R), a vector subspace W C C(R™;R) is called an
A-submodule if a - w € W, for all a € A and w € W, where z — (a - w)(x) := a(z)w(z).

We consider the additive family H C B, (R";R) given by

H={r—a'z+b:acR™ becR]},

see [49, Definition 4.1, Example 4.2], and define A := span({cosoh : h € H} U{sinoh: h €
H}). It follows from [49] part (ii) of Lemma 2.7] that A C By (R™;R) since (cosoh)|g,
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(sinoh)|ge C(K;R), for all h € H and compact subsets K C R, and cosoh,sinoh €
CY(R™;R). Moreover, we note that A is a subalgebra of By (R™;R). Further, we define
the subset W := {R™ 2> 2z — a(z)y € R:a € A,y € R} C By (R™;R), which is a vector
subspace (as A C By (R™;R) and R are both vector (sub)spaces) and an A-submodule by
definition.

Step 2. We observe that A C By (R™;R) vanishes nowhere as (z +— a(x) := cos(0) =
1) € A. Moreover, A C By,(R";R) is point separating and consists only of bounded maps.

Hence, W is dense in By,(R™;R) by the weighted vector valued Stone-Weierstrass the-
orem [49, Theorem 3.8].

Step 3. In this step we show that for every f € CI?(R;]R) and € > 0, there exists

¢ € NNTL" such that
lp(2) — f(2)]

sup ————— < €.
z€R 1/’(»3)

We use this result in Step 4 to show that W is contained in the H'Hzgw(RnO;R)-ClOSUTe of

NN Zt’ﬁz, which then gives (1.3).

Suppose that f € CJ(R;R) and ¢ > 0, and define the constant C' := § + sup,cg|f(2)].
Choose r > 0 large enough such that r» > 3Ce™!, and set K, := 1 ~1((0,7]), which is a
compact subset in R. Since NN} is dense in C(R;R) with respect to the locally uniform
norm, see [107, Proposition 3.12], there exists some ¢ € NN% such that

s fo1(2) — f(2)]< 5,

which implies that |p1(2)|< C for all z € K.

Let g € CP(R;R) be the function defined by g(z) = min(max(z, —C),C), for z € R.

Thus g(¢1(2)) = ¢1(2), for all z € K,. Then we get that

G I L R (o 1C)) [PV O DO B

2€R ¥(2) 2€K, cer\k,  ¥(2) cer\k, Y(2) 3 R T

We now note that R? > (z,y) + max(x,y) = p2(z — y) + vy and R? > (z,y) + min(z,y) =
x — pa(x —y). This gives that there exists ¢ € NN f;ll’p %, by adding two more hidden layers,

calculating

p(2) = —p2(—p2(p1(2) + C) + 2C) + C = min(max(p1(2), —C),C) = g(¢1(2)).

Step 4. In this step we verify that W is contained in the |||, (rno;r)-closure of NA712.
Suppose that € > 0, h € H, and y € R. We can assume without loss of generality that
y # 0. Moreover, we consider the finite constant C}, := sup,egno wh@) 49 5 0. By Step 3,

P(2)
there exists some ¢ € NAN72 such that

p(2) —cos(z)] e
0k Gl
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Now, for the function (z — w(z) := cos(h(z))y) € W, we define (x — ¢(x) := yp(h(zx))),
which is an element of NAN*1:A2.

no;l
Then we have that

h(x)) — ycos(h(x
IIsO—w||Bw(m;R):x?ﬁgf0 |y (A ))1,/;(;/) (h(x))|
lp(h(z)) = cos(h(x))]
= ’y|£111£o ¢(x)

(h(z)
SWsw o) SR yh@)

|p(2) — cos(2)|
S e

<eE.

Since € was chosen arbitrarily, the map (x — w(z) = cos(h(x))y) € W belongs to the
|18, (R0 ;r)-closure of NAN7EH2, which holds analogously true for (z + sin(h(x))y) € W.

no;l
Hence, due to the trigonometric identities for the product of cosine and sine, the entire

P1,P2
no;l °

Since W is dense in By, (R"; R) by Step 2, we obtain that NA7I/? is dense in By, (R"; R),

that is, (1.3)) does hold.
Step 5. It remains to show that ((1.3) implies the universal approximation property

A-submodule W is contained in the ||-[|5, (rnor)-closure of NN

under a linear growth constraint in the sense of Definition [1.1.1

Let f € C([0,T] x R¥;R™*"2) be such that there exists a constant Cy > 0 satisfying
f(t,2)|< Cp(1+1a]),  te0,T], z€R" (1.4)

We extend f to RF*! by setting f(¢,z) := f(0,z), t <0, and f(t,z) := f(T,x), t > T.
Given some function g € C*°(R;R) with compact support, g:R — [0,1], g(t) = 1 for
t € [0,T], we now consider f(t,z) := f(t,z)g(t). Note that holds for f, which implies
that || flls, @s-+1;rm xn2) < C-

Step 6. Suppose that ¢ € (0,1) and K C RF is a compact set. Now there exists

fs,K € Blp(Rk‘Fl;R"le) satisfying (|1.4]),
f(t,x) = fox(t, x), tel0,T], x € K,

and
1fe.i |3, e+ 202y S || |3, (it e xn2y < Cp

More precisely, take § € C(R*+1;R) with compact support, §:R¥1 — [0,1], §(t,z) = 1
for t € [0,T], x € K, and set f‘s,K := f§. Then f&K IS Bw(RkH;R”lX”?).
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Step 7. We write f = (fij)izl,...,nl,j:l,...,nga similarly for fa’K, and let § = —= Then

| NoTh
we infer from (L.3)) that there exist ¢ € NNP%,i=1,...,n1, j = 1,...,n2, such that

1
R I I R (R I

(t,z)€[0,T|x K

This implies that

”Spij - finoo,[O,T]xK: ||<Pij - ngHoo,[o,T]xKﬁ 9,

and

07 (t, )] < (97 = [kl rirr )+ F 2 M, (i) )0 (1 )
<A+CHA+T)A A+ |z)),

for t € [0,T], # € R*. Therefore there exists ¢ = (¢¥)i=1, ny,jet1...ny € NNPL?

k+1;n1,n2
satisfying
HSO_fHoo,[O,T]XKS &, ’(p(t,&?)‘g Vn1n2(1+0f)(1+T)(1+|x’)7 te [OvT]v xERk,
which concludes the proof. O

In the course of the proof of Proposition we have shown a universal approximation

property on the weighted space By, (R™;R).

Corollary 1.1.6. If p1: R — R be non-affine continuous and continuously differentiable at
at least one point, with non-zero derivative at that point, and py be the ReLU activation
function, then NNZ;F{Q is dense in By (R™;R), i.e., for every f € By(R"™;R) and e > 0
there exists some ¢ € NNA? such that
1f = ¢llB, ®ror)= sup. fw(ac()P <e.

Remark 1.1.7. A universal approximation property on general weighted spaces has been
proven in [49, Theorem 4.13], by lifting a universal approrimation property of one-dimen-
stonal neural networks to an infinite dimensional setting. In our setting, we notice that it
suffices to have an approximation property on Cg(]R;]R) with respect to the weighted norm,
and it is a sufficient but not necessary condition that the one-dimensional neural networks
be a subset of and dense in By(R;R). This allows us to handle activation functions that
are not linearly activating, but requires considering deep neural networks and the ReLU

activation function instead of single hidden layer neural networks.
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Remark 1.1.8. In Proposition and C’omllary we consider NN 0% to be the
generally defined class of neural networks. We note however that the functions that do

appear here are more precisely linear combinations of neural networks of the form
R" 5 2 —pa(—p2(p1(h(z)) + C) +2C) + C,

where C >0, h € H={R™ 32+ a'xz+b:ac R bcR}, and ¢y € NNTY is a deep
feed-forward neural network with activation function py and fixed width.

The assumption on py ensures that N. ‘1);11 is dense in C(R;R) with respect to the locally
uniform norm. One may therefore relax this assumption and consider p1 to be of the form
p(z) = sin(z) + v(z) exp(—x), for some v:R — R that is bounded, continuous and nowhere
differentiable, so py is also nowhere differentiable, see [107, Proposition 4.15].

It is also possible to assume p1: R — R to be continuous and non-polynomial, and to con-
sider 1: R — R to be a deep neural network, where each hidden layer has two neurons with

the identity activation function and one neuron with activation function p1. These, again,

are dense in C(R,R) with respect to the locally uniform norm, see [107, Proposition 4.2].

1.1.3 The ReLU activation function

We want to further examine the universal approximation property under a linear growth
constraint for deep neural networks with the ReLU activation function. We present a
constructive proof leading to a slightly stronger result compared to Corollary in
the sense that it shows that the constant C~’f does not depend on 7', and thus allows for

approximation results uniformly in time.

Proposition 1.1.9. If p be the ReLU activation function, then NN£+1§TL17”2 has the uni-

versal approrimation property under a linear growth constraint. Moreover, the constant 5f

in Definition can be chosen to be CN’f = /minz(1 + Cy).
Proof. We shall prove that for any f € C(R";R), ng € N, for any § € (0,1) and K C R™

compact, there exists a neural network ¢ € N7, | such that
o= fllo,g<é  and  |o(z)[<[f(z)[+6, = eR™. (1.5)
Suppose K C R™ is a compact set and 6 € (0,1). Without loss of generality, we assume
that K = [][a;,b;], for some a;,b; € R, 4 = 1,...,n9. Set ¢ > 0 and consider J =
HZN:OI[CLZ' — ¢, b + cl.
The proof is similar in spirit to the proof of [I07, Theorem 4.16]. Since NN fm;l is dense

in C(R™;R) with respect to the locally uniform norm, see [107, Proposition 4.9], there
exists 1 € NN, | with fixed width ng + 2 such that

1 = flloo,s < 0. (1.6)
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We begin by extending the definition of a neuron, for sake of notation: an enhanced
neuron means the composition of an affine map with the activation function p with another
affine map, and we allow for affine combinations of enhanced neurons. In the proof of [107,
Proposition 4.9] and in the following, one may use that  — p(z + N) — N equals the
identity function for IV suitably large, that is, one enhanced neuron may exactly represent
the identity function. This allows us, first, to record the inputs in every hidden layer (called
in-register neurons) and, second, to preserve the values of the corresponding neurons in the
preceding layer.

In each layer of (1, the first ng neurons are the in-register neurons, then we have the
neuron which bases its computations on the in-register neurons applying p, and finally, the

out-register neuron, which we associate the output with.

0
no;1?

We now modify 1 and construct ¢ € NN by removing the output layer and adding
some more hidden layers (3ng + 1 to be precise) such that ¢ equals ¢ on K and vanishes
on R™ \ J, thus holds.

To that end, we use that two layers of two enhanced neurons each may represent the
continuous piecewise affine function U;: R — R, where U;(z) = 1, = € [a;, b;], and U;(x) = 0,
x € (—o00,a; — U [bj +¢,0),i=1,...,ng, see [107, Lemma B.1].

Similarly, one layer of two enhanced neurons may represent [0,00)? 3 (z,y) — min(x,y),
see [107, Lemma B.2].

By adding 2ny hidden layers, we are therefore able to store the values of U;(z;), i =
1,...,ng, in the in-register neurons. By adding ng — 1 hidden layers, we are able to compute
and store the value of U in one of the in-register neurons, where

U(z):= min U;(x;),

i:17'--7n0

which approximates the indicator function 1, mapping into [0, 1], with support in J, taking
value 1 on K, and value 0 on R™ \ J.

It further holds that R? > (z,y) — max(x,y) = p(x —y) +y and R? > (z,y) —

0
no;l?

min(x,y) = x — p(x — y). Therefore there exists ¢ € NN by adding two more hidden

layers and the output layer, calculating
¢ = —p(—=p(e1+ CU) 4+ 2CU) + CU = min(max(p1, —CU),CU),

for some suitable constant C' > 0 depending only on f and J such that |¢1(x)|< C for any
x € J, see .
By definition, it holds that U(z) =1, 2 € K, and U(x) = 0, z € R™ \ J, thus we deduce
that
o(z) = p1(x), z € K, and o(x) =0, x e R"™\ J. (1.7)



It then immediately follows from (1.6 that

H‘p - fHoo,Ké 0.

One can further verify that |p(z)|< |p1(z)], x € J. Combining (1.6)) and (|1.7), we obtain
that
()< |f(2)|+6,  xeR™.
This proves (|1.5)).
We now show that this implies the universal approximation property with given linear

growth constraint.

Let f € C([0,T] x R¥; R™*"2) be such that there exists a constant Cy > 0 satisfying
[ft,2)|< Cr(1+]z]),  te[0,T], v €R"

We extend f to R¥*! by setting f(t,z) := f(0,2), t <0, and f(t,z) := f(T,x), t > T,
and write f = (fij)i:17,,.7n1,jzl,mm. Suppose that K C R* is a compact set and ¢ € (0,1),

and let § = \/% Then we have shown that there exist ¢ € NJ\/'ZH;I, 1=1,...,n1,

7 =1,...,n3, such that

197 = fllooporxx<d  and  |¢(t2)|< (1+Cp)(1+]z]), te€[0,T], z € R

This implies that there exists ¢ = (@ij)i:17,,_,nl,jzl,_._m € NNerl;m,nz satisfying
H(p_fHoo,[O,T]XKS €, ‘(p(t,l’)‘f anng(l—i—Cf)(l—i—]x\), le [OvTL xGRk,
which concludes the proof. O

In the course of the proof, we have shown the following corollary, which implies the

universal approximation property under a linear growth constraint.

Corollary 1.1.10. If p be the ReLU activation function, then for any f € C(R"™;R), for
any € € (0,1) and K C R™ compact, there exists a neural network ¢ € NNfLO;l such that

I = fllox<e  and  [o(x)|<|f(x)l+e,  xeR™.

1.1.4 Two activation functions: the ReLU activation function and a squashing
activation function

When assuming two activation functions in the neural network architecture, a result anal-
ogous to Proposition and Corollary can be achieved. For this purpose, we
introduce the notion of squashing activation functions, i.e., monotone and sigmoidal func-
tions, see [90]. More precisely, p € C(R;R) is squashing, if p is monotone, p:R — [a, b],
for some a,b € R, and lim,_, _~ p(x) = a, lim,_, p(x) = b. We assume without loss of

generality that a =0, b= 1.
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Proposition 1.1.11. If p; € C(R;R) be squashing and continuous non-polynomial and
continuously differentiable at at least one point, with non-zero derivative at that point, and
p2 be the ReLU activation function, then N/\/iifnhm has the universal approximation
property under a linear growth constraint. Moreover, the constant Cy in Definition m

can be chosen to be 6f = /nina(1+ Cy).

Remark 1.1.12. Ezamples for activation functions satisfying the assumptions of Proposi-
tion|1.1.11) are p1(x) = m, p1(z) = tanh(x), and p1(z) = 1f\x|‘

Remark 1.1.13. One may relax the assumption that p is squashing and assume that

p1 € C(R;R) be monotone and have one limit, either left or right. Then there exists
g1 € C(R;R) that is squashing, given as a composition of an affine map with p1 with
another affine map and p1. This would allow to consider, e.g., p1(x) = In(1 + exp(x)).

Proof. We shall prove that for any f € C(R";R), ng € N, for any § € (0,1) and K C R™

compact, there exists a neural network ¢ € NN7# such that
lp = flloex<d  and o)< |f(x)[+6, = eR™. (1.8)

Suppose K C R™ is a compact set and § € (0,1). Without loss of generality, we assume
that K = [[[a;,b;], for some a;,b; € R, i = 1,...,n9. Set ¢ > 0 and consider J =
T2 i — e, by + .

We follow the constructive proof of Proposition Since p; is assumed to be con-

tinuous non-polynomial and continuously differentiable at at least one point, with non-zero

P
n

derivative at that point, N, t.1 is dense in C(R™;R) with respect to the locally uniform

norm, see [I07, Proposition 4.9]. That is, there exists p; € NN?! | (allowing the identity

no;l

function in the output layer) with fixed width ng 4+ 2 such that

o1 = flloc,s < 6. (1.9)

(We note that p; may be replaced with py.) We begin by extending the definition of
a neuron, for sake of notation: an enhanced neuron means the composition of an affine
map with the activation function (here, ps) with another affine map, and we allow for
affine combinations of enhanced neurons. In the proof of [I07, Proposition 4.9] and in the
following, one uses that z — pa(x + N) — N equals the identity function for N suitably
large, that is, one enhanced neuron may exactly represent the identity function. This allows
us , first, to record the inputs in every hidden layer (called in-register neurons) and, second,

to preserve the values of the corresponding neurons in the preceding layer.
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In each layer of ¢, the first ng neurons are the in-register neurons, then we have the
neuron which bases its computations on the in-register neurons applying the activation

function, and finally, we have the out-register neuron, which we associate the output with.

P1;P2
no;l

We now modify ¢ and construct ¢ € N. by removing the output layer and adding
some more hidden layers such that ¢ equals ¢ on K and vanishes on R™ \ J, thus ([1.8)
holds.

We consider ¢ > 0 and set n = ﬁ. Then there exists some threshold C;, > 0 such
that

pi(z) €[0,n), =<-Cp and  pi(z)€(1-n1, =>C)

We aim to find a neural representation of ¢g: R — [0, 1] which takes values
@O(x) € (1 - 1]7 r €K, and 900(1’) € [Oan)7 r € R™ \ J, (110)

using activation function p;, and store the value of 1 (x) in one of the in-register neurons.
Then we use that two layers of two enhanced neurons each, now using activation function

ReLU, po, may represent the continuous piecewise affine function U: R — R, where
U($) =1, S [1_777 1]a and U(.’L‘) =0, T € (—W,U]U[Q(l—n)aoo),

see [107, Lemma B.1], noting that n <1 —n <1 < 2(1 — 7).
We are therefore able to compute and store the value of Uj(x) in one of the in-register

neurons, where
Ui(z) =1, e K, and Ui(x) :=0, x e R\ J,

which approximates the indicator function 1g.
We proceed as in the proof of Proposition [1.1.9; we add two more hidden layers and the

output layer, with ps, calculating
¢(z) = min(max(¢1, —CUy), CUy),

for some suitable constant C' > 0 depending only on f and J such that |¢1(z)|< C for any
z € J, see (L.9). Tt then follows that there exists ¢ € NN4? which satisfies (L8] for g.
The rest can be proven following the last paragraph in the proof of Proposition [1.1.9
verbatim.
It remains to show (1.10). We make use of the squashing property of p; and get that

one layer of two enhanced neurons may represent the function h;: R — [—1, 1] that satisfies

hl(x) € (1 - 2777 1]7 T € [ai7bi]7 and h(:p) € (_7777])7 T € (—OO,CLi - C] U [bl + C,OO),
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namely

hi(x) = p1(c1(2x + ¢ — 2a;)) — p1(c1 (22 — ¢ — 2b;)),

C,
where ¢ = .

We modify h; by hi: R — [2n — 2,2n], 2 — hi(z) — (1 — 2n), and it holds that

hi(x) € (0,2n], x € [a;,bi], hi(z) € (—(1—n),—(1-3n)), =z € (—o0,a;—c|U[bj+c,00).

This implies that

no o
> hi(zi) €(0,00),  zeK, and Y hi(wm)€(—00,—(), zER™\J
i=1 i=1

because if x € R™ \ J, there exists i such that z; € (—o0,a; — ¢) U (b; + ¢,00), that is,
S0 k() < 2n(ng — 1) — (1 — 3n) = —C. Lastly, since

pi(c22z 4+ () €[0,m), w<—¢  and  pi(ex(2+C) € (1—nd], =0,

C .
for co = T", we consider

no

wo(z) = p1 <C2 (22 hi(w:) + C)>,

i=1
which gives ((1.10)). O

1.2 Universal approximation property of neural SDEs

In this section, we derive a universal approximation property of neural stochastic differential
equations (neural SDEs) assuming that the involved neural networks satisfy the universal
approximation property under a linear growth constraint in the sense of Definition [1.1.1

We start by introducing the probabilistic framework.

Let T > 0 be a fixed finite time horizon and let W be a d-dimensional Brownian motion,
defined on a probability space (2, F,P) with a filtration (F)icom satisfying the usual
conditions, i.e., completeness and right-continuity. Throughout this section, we consider

the stochastic differential equation
¢ ¢
X = xo +/ b(s, Xs)ds +/ o(s, Xs)dWs, t €10,71], (1.11)
0 0

where z9g € R¥, b:[0,T] x RF — RF, 5:[0,T] x R¥ — R¥*4 are continuous functions, and
fg o(s, Xs)dWs is defined as an It integral. For a comprehensive introduction to stochastic
Ito integration and stochastic differential equations we refer, e.g., to the textbook [104].

Moreover, we make the following assumption.
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Assumption 1.2.1. Let b:[0,T] x R* — R* and 0:[0,7] x R¥ — R¥*4 be continuous

functions such that
b(t, z)|+|o(t,2)|< Coo(1+|2)),  t€0,T], xR,
for some constant Cy, 5 > 0.

In order to approximate the general SDE ([1.11)), we consider sets NN C C([0,T] x
R*; R*) and NN C O([0, T] x R¥; R¥*?) having the universal approximation property under
a linear growth constraint. For b. € NN and 0. € NNs, the associated neural SDE is
defined as . .

X; =m0 —i—/o be(s, X5)ds —i—/o oe(s, X5) dWs, t e [0,7T]. (1.12)

To ensure the existence of a unique solution X< to the neural SDE ((1.12), it is sufficient that
be and o, are Lipschitz continuous with at most linear growth. Let Lip([0, T] x R¥; R"1xn2)

be the set of Lipschitz continuous functions f:[0,T] x RF — Rm1x72,

Remark 1.2.2. The Lipschitz assumption on the neural networks is immediately satisfied
if the underlying activation functions are Lipschitz continuous. Many frequently used ac-
tivation functions are, indeed, Lipschitz continuous functions, including ReL U, hyperbolic

tangent, softsign, softplus and sigmoidal activation functions.

Combining the universal approximation property under a linear growth constraint and

[101), Theorem A], we obtain the following universal approximation property of neural SDEs.

Lemma 1.2.3. Suppose Assumption [1.2.1] and that pathwise uniqueness holds for the
SDE (L.11)). Moreover, suppose that NN'1 C Lip([0,T] x R¥;R¥) and NN3 C Lip([0,T] x
R%; RF*4) have the universal approzimation property under a linear growth constraint in the
sense of Definition|1.1.1. Let K C RF be a compact set. Then for every e > 0, there exist
b. € NN1 and 0. € NNg such that

sup E| sup | X7 — X702 | <e¢,
zoEK t€[0,T]

where X* and X% are the solutions to the SDE (1.11|) and the neural SDE (1.12)), with

wniatial value xg, respectively.

Remark 1.2.4. The uniform linear growth condition, as required in the definition of the
universal approximation property under a linear growth constraint (Definition m, s a
necessary condition for most approximation and stability results for stochastic differential
equations, cf. [154, [7], [131)]. For instance, assuming that the involved neural networks
are real analytic, the flow of the associated neural stochastic differential equations is real

analytic as well and can be used to approzimate the flow of fairly general SDEs, see [91),[7])].
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Even though we do not apply the full strength of approximation in weighted spaces in
this section, we still want to point out that, in contrast to Lemma [1.2.3] we can actually
obtain a global approximation result of quantitative nature for the solutions of differential
equations and their flows using weighted norms for the involved coefficients. We do only
show it in the case of ordinary differential equations here and leave further investigations

on weighted spaces and stochastic differential equations to future research.

Lemma 1.2.5. Let V;:RF — RF, i = 1,2, be two L-Lipschitz continuous vector fields of at
most linear growth, i.e., there exists a constant L > 0 such that
Vi(z) = Vi(y)I< Llz —y|  and |Vi(z)|< L(1 + |z]),

for x,y € RE. Let ¢ > 0 and suppose that ||V} — Vallg, (memr) < € with ¥(x) =1+ [z].
Denote by X'(x) the solution of

Xi(w) =+ /0 Vi(Xi(@)ds,  tel0,T),

with X} () = z fori = 1,2 and x € R*¥. Then, for every T > 0 there is a constant C > 0
such that

sup | X/ (z) — X2 (2)|< 2e max(1, LT) exp(2LT) T4 (z)
te[0,7)

for all z € RF.

Proof. We can write

X} (z) /V1 )ds—/Oth(Xf(x))ds
/ (VA(XH(x)) — VA(X2(2))) ds + / (Vi(X2(2)) — Va(X2(2)) ds

0
/ / VVA(XH () + 0(X1 () — X2(2))) 0 - (X1(x) — X2(x)) ds

X2(z)) — v2<X2< )
*/o B(X2(x))

for all x € R* and t € [0,T]. Recall that, since X2 is the solution of an ordinary differ-

Y(XZ(x))ds

ential equation with coefficient of at most linear growth, a straightforward application of

Gronwall’s inequality yields
| X2(z)|< max(1, Lt)(1 + |z|)exp(Lt),  t€[0,T], z € R,
Hence, we obtain
X} (z) — XP(x)|< L/0t|Xsl(a:) — X2(z)|ds + e2max(1, Lt) exp(Lt) /Ot (x)ds

for all z € R* and t € [0,T], which allows to conclude the claimed lemma by Gronwall’s
inequality. O
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The universal approximation property provided in Lemma |1.2.3] ensures that general
SDEs can be approximated arbitrary well by neural SDEs, assuming the corresponding
neural networks satisfy the universal approximation property under a linear growth con-
straint. In the following subsection we deduce quantitative versions of these approximation

results.

1.2.1 Quantitative approximation results for SDEs with Lipschitz continuous
coeflicients

For SDEs with Lipschitz continuous coefficients, we obtain the following quantitative ap-

proximation property of neural SDEs.

Proposition 1.2.6. Let p > 2, suppose that Assumption holds and that the coefficients
b, o of the SDE (1.11)) satisfy

b(t,2) — b(t,y)|+lo(t,2) — o(t,9)|< Lnole —yl, € [0,T], 2y € RY,

for some constant Ly, > 0. Moreover, assume that NN C Lip([0,T] x R¥;R¥) and
NNy € Lip([0,T] x RF;R¥*4) have the universal approxzimation property under a linear

growth constraint in the sense of Definition |1.1.1. Then for every € > 0, there exist b, €

NN1 and o € NNy satisfying

165 = blloc, 0,71 K+ 110 = Olloc,0,71x K < 6,

where

= —exp(—~CLE,)  with C:= 22<P—1>T%<T% + <p3>g
2C bo 2(p — 1)

and

2%
K :={zeRF: |zP<r} with ri= ?(1 + 3277120 |?) (exp(a) + exp(a)),

where

o op 12 (2p)*r o a2p—1 2 (2p)°*F
ai= 62 1O TY (17 + o 1P 1)p) and = 62O TP (TP + F0p—TF 1)p),

where C~'b7g = maX(CN'b, 50), and 51, and C~'U are given in Definition such that

E| sup |X7 - x| <,
t€[0,T]

where X and X¢ are the solutions to the SDE (1.11)) and the neural SDE (1.12)), respectively.
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Proof. First note that for any stochastic process (Zt)te[QT] and any stopping time 7 < T,
we have that
1
2 3
IE[ sup |Zt|p} < (E[( sup ]Zt|p) ]IP’(T<T)> +IE[ sup |Zia-|P|.
t€[0,T] t€[0,T] t€[0,T]
Fixing € > 0, and setting Z := X¢ — X, we aim to bound each of the summands on the
right-hand side by §.
By the estimate given in [131, Chapter II, Theorem 4.4], we can bound
2 2p—1 2 €
E[( sup |Xf—Xt|p> ] < 2P~ (E[ sup |X;| p] —i—E[ sup |X¢| pD —r.
te[0,T) te€[0,T] t€[0,T] 2
Markov’s inequality then implies that

P(r<T)< %ril,
for the stopping time 7 :=inf{t > 0: X; ¢ K} AT.
Moreover, by Jensen’s inequality and [I31, Chapter I, Theorem 7.2], we obtain that

E[ sup |Xin, — Xinrl]
t€[0,u]

< QP—IEK/MTME(S,X;) —b(s, X,)| ds)p}
0
+ QP_IE[(QE%] /OuAT(Us(S,XE) —o(s, Xs))

< (2T)p_1IE[ /0 UAT\bE(S,XE) ~b(s, X)|P ds}

)]

3 p

o1y (ﬁ) QE[/OW\%(S, X5) — (s, X, ds]

UNT rAT
< 22— (E[/ be(, X5) — b(s, X)|P ds] +E[/ b(s, X2) —b(s,Xs)\pdsD
0 0
+22<P—1>Tp52(p3)5(1a[/w\g (5.X5) — (s, X) 7 ds]
2p-1)) \FLJy 7 T

+ E[/Ow\a(s,xg) ~a(s, Xs)IP ds])

4+ 22(—1)ph5= (Tz + (2(ppi1)>g>LZU /OUE[UZ%?S”Xg — X,|P]ds

for any u € [0, T]. By Gronwall’s inequality, it then holds that
€
E| sup [Xj,, — Xonol?] < 5

te[0,7

since we have chosen ¢ accordingly. Combining the estimates thus concludes the proof. [
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1.2.2 Quantitative approximation results for SDEs with Hélder continuous
diffusion coefficient

In the one-dimensional case, the Lipschitz assumption on the diffusion coefficient o in
the SDE ((1.11]) can be relaxed to Holder continuity, leading to the following quantitative

approximation property of neural SDEs.

Proposition 1.2.7. Let k = d = 1, suppose that Assumption holds and that the
coefficients b, o of the SDE (L.11)) satisfy

b(t2) — b(t,9)|< Lol —y|  and  lo(t,2) — o(t.y)|< Lygle — I,

for all z,y € Rk, t € [0,T] and for some constant Ly, > 0 with v € [%,1]. Moreover,
assume that NN C Lip([0,T] x R;R) has the universal approzimation property under a
linear growth constraint in the sense of Definition |1.1.1]. Then for every ¢ > 0, there exist

be, 0. € NN satisfying

167 = blloo, 0,77 xH 0" = O lloc f0,11x K < 6,

where a > 1, >0 and § € (0,1) with

2a o 20 9y 179
<
(5074 g7+ ey AT vl T) <

)

| ™

and
4 ~
K :=[-rr]  with r::g(l+3|x0|2)(exp((24T+6T2)Cgva)—|—exp((24T+6T2)C’aa)),

where 5’670 is given in Definition such that

sup E[| X} — Xi|] <e¢,
te[0,7]

where X and X¢ are the solutions to the SDE (1.11|) and the neural SDE (1.12)), respectively.

Proof. First note that for any stochastic process (Z¢)icpo,7] and any stopping time 7 < T,
we have that
1
E[Z|] < (E[|Z)|P(T < T))2 + E[| Ziar])-

Fixing € > 0, t € [0,T], and setting Z = X° — X, we aim to bound each of the summands
on the right-hand side by §.
By the estimate given in [I31, Chapter II, Theorem 4.4], we can bound

BXF - X' < 2(E| sup 17°] + B[ sup 1°]) < 5
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Markov’s inequality then implies that
€ 1
IP(T < T) S 57' y

for the stopping time 7 :=1inf{t > 0: X7 ¢ K} AT.

We apply the idea of [160] to approximate x — |z|, see also [85]. There exists h € C%(R)
such that |z|< B+ h(zx), |h/(z)|< 1, and B (z) < Wl[gﬁ](x) By Ito’s formula, we
then obtain that

tAT
Xipr = Xne < 0 [ WXE = X005, ) = (s, X)) s

1 tAT
+ 2/ W'(X5 = X,)(0°(s, X5) — 04(s, X))* ds
0

tAT
+/ B(XE — X,)(0%(5, X5) — (s, X.)) AW,
0
tAT
<B+0T+Las [ |X§—Xs\ds
0

2c
52 27y-1p
T Blog@)’ T Blg( Blog()”

t
+/Vwﬁ—xmf@xa—d&&»wu
0
for any ¢ € [0,T). Let My := [ I'(XS — X,)(0°(s, X5) — o(s, X)) AW, t € [0,T]. Since

o and o, are of linear growth and there exists some constant Cy > 0 depending only on C,

50, xg and T such that
E[X.))| +E[X; ") < C3,  t€0,T],

see e.g. [I31), Chapter 1I, Corollary 4.6], it holds that E[[M];] < oo for any ¢ € [0,T], where
[M] denotes the quadratic variation of M. Hence, by [147, Chapter I1.6, Corollary 3], M is

a martingale. It follows that
E[| Xinr = Xiarl]
2«
<BHOT + ————0°T +
Blog(a) log( )
and thus Gronwall’s inequality yields that

tAT
Ry I T+vag/ |XE — X4|ds,
0

2
E[|Xfnr — Xiarl] < (6 + 0T + o 8°T +

2y—1712
Flog() mmﬁ”%ﬂ%m%ﬂy

Choosing «, 8 and § such that

2¢ €
oT + ——6%T + Sy ) LyoT) < =
(747 + o' T + oy e ) vl < 5
and combining the above estimates we conclude the proof. O
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Chapter 2

Functional differential equations driven by cadlag rough
paths

Stochastic functional differential equations, also known as stochastic delay differential equa-
tions, are a natural generalization of stochastic ordinary differential equations, allowing for
path-dependent coefficients which may depend on past values of the generated random dy-
namics. Since numerous real-world phenomena show evidence of a dependence on the past
as well as a stochastic behaviour, stochastic functional differential equations serve as math-
ematical models in many areas ranging from biology to finance. For classical introductions
to stochastic functional differential equations we refer, e.g., to [137, [13§].

A deterministic approach to stochastic differential equations is provided by rough path
theory, initiated by Lyons [129]. Originally designed to treat stochastic ordinary differential
equations, it has been extended in various directions, for instance, allowing to deal with
stochastic Volterra equations [56], reflected stochastic differential equations [1], stochastic
inclusion equations [15], and different classes of stochastic partial differential equations [86),
27]. These rough path approaches contributed many novel insights to the study of the
aforementioned equations, such as, but not limited to, new well-posedness and stability
results. Comprehensive introductions to rough path theory can be found, e.g., in [130, [71].

In this chapter, we study rough functional differential equations (RFDEs)

t t
Yt:yt—l—/ bS(Y)ds—i—/ o, (Y)dX,, tel0,T), (2.1)
0 0

where the driving signal X is a cadlag p-rough path for p € (2, 3), the initial condition y is
a given controlled path, and the coefficients b, ¢ are non-anticipative functionals, mapping
a controlled path to a controlled path. Assuming a quadratic growth and a Lipschitz-type
condition on the path-dependent coefficients b, o, which both are formulated on the space
of controlled paths, we establish the existence of a unique solution to the RFDE .
To that end, we rely on the theory of cadlag rough paths, as introduced by Friz, Shekhar
and Zhang [73] [75], as well as Banach’s fixed point theorem. Moreover, we show that

the solution map, also known as It6—Lyons map, mapping the input (initial condition,
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coefficients, driving signal) of an RFDE to its solution, is locally Lipschitz continuous with
respect to suitable distances on the associated spaces of coefficients, controlled paths and
rough paths. Let us remark that the continuity of the It6—Lyons map is one of the most
fundamental insights of rough path theory, with many applications to stochastic differential
equations, cf. e.g. [71].

The presented results on rough functional differential equations provide a unifying the-
ory, recovering and extending various previous results on different classes of rough differen-
tial equations with path-dependent coefficients. Indeed, we deduce the existence of unique
solutions as well as the local Lipschitz continuity of the It6—Lyons map for classical rough
differential equations (RDEs), controlled RDEs, RDEs with discrete time dependence and
RDEs with constant/variable delay, that are all driven by cadlag p-rough paths for p € (2, 3).

In the existing literature, there are several different approaches to deal with rough
functional differential equations driven by continuous rough paths. Since the theory of
(continuous) rough paths works nicely for infinite dimensional Banach spaces, RDEs with
path-dependent coefficients can be treated as Banach space-valued RDEs, see e.g. [14], which
requires the coefficients to be Fréchet differentiable and, thus, excludes some interesting ex-
amples. Existence, uniqueness and stability results are established by Neuenkirch, Nourdin
and Tindel [I40] for RDEs with constant delay. The existence of a solution is proven by
Ananova [§] for RDEs with path-dependent coefficients, which are assumed to be Dupire
differentiable [62], and by Aida [2] for RDEs with coefficients containing path-dependent
bounded variation terms. The latter two approaches rely on Schauder’s fixed point theorem.
Another exemplary class of RFDEs are reflected rough differential equations, see e.g. [11, 55],
which, in general, do not possess a unique solution, see [77].

Most applications of rough path theory to stochastic differential equations (SDEs) cru-
cially rely on the construction of suitable (random) rough paths. To apply the developed
theory on RFDEs to It6 SDEs with constant delay, we show that a cadlag martingale
together with its delayed version can be lifted to a random rough path in the spirit of
stochastic It6 integration. The key challenge to obtain the “delayed” rough path is that
a martingale together with its delayed version is, in general, not a martingale itself, thus
preventing the direct use of stochastic It integration. For related constructions of random
rough paths above fractional Brownian motions we refer to [140, 156, 21, 32]. Consequently,
one can apply the continuity of the It6—Lyons map to derive pathwise stability results for
stochastic differential equations with constant delay, which plays an important role in many
applications, see e.g. [16]. In particular, the map y — Y, mapping the initial condition y
to the associated solution Y of an SDE with constant delay, is continuous on the space of

controlled paths. This resolves an old observation, pointed out by Mohammed [136], about
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the non-continuity of the flow of stochastic differential equations with delay, for which the

initial condition is in fact an initial path.

This chapter is structured as follows. In Section [2.1| we provide existence, uniqueness
and continuity results for rough functional differential equations. In Section we prove
that various classes of rough differential equations are covered by the presented results on
rough functional differential equations. In Section [2.3] we establish the existence of the
1t6 rough path lift of delayed martingales and discuss applications to stochastic differential

equations with delay. Appendix contains some auxiliary estimates for rough integrals.
2.1 Existence, uniqueness and continuity

Before treating rough functional differential equations (RFDEs), we recall the necessary
definitions and some essentials from the theory of cadlag rough paths, as introduced by Friz
and Shekhar [73] and Friz and Zhang [75]. The theory of cadlag rough paths extends the
classical rough path theory, allowing to deal with many stochastic processes with jumps
[31], and has numerous applications, e.g., in probability theory [76], numerical analysis [75]

and mathematical finance [7].

2.1.1 Essentials on rough path theory

Throughout, let 7 > 0 be a fixed finite time horizon. Let Ap := {(s,t) € [0,T])? : s < t}
be the standard 2-simplex. A function w: Ap — [0,00) is called a control function if it is
superadditive, in the sense that w(s,u) + w(u,t) < w(s,t) forall 0 < s <u <t <T. We
write w(s, t—) := limyp w(s,u) if s < ¢, and w(s,t—) :=01if s =¢.

Whenever (B, ||-||) is a normed space and f, g: B — R are two functions on B, we shall
write f < g or f < Cg to mean that there exists a constant C' > 0 such that f(z) < Cg(x)
for all x € B. The constant C' may depend on the normed space, e.g. through its dimension
or regularity parameters, and, if we want to emphasize the dependence of the constant C
on some particular variables, say o, ..., ay,, then we will write So, ., OF C = Coy,...an-
Unless otherwise stated, the dependence of the implicit constants on the variables is locally
bounded; that is, if ay € Ay,...,a, € A,, where Aq,..., A, are compact subsets of the

range of aq, ..., a, respectively, then we have that SUPq, €Ay ,....ancA, Cos,....an, < 00.

For two vector spaces, the space of linear maps from F; — Fj is denoted by L(E1; Es);
and we write C! = C}(R™; L(R?; R¥)) for the space of [-times differentiable (in the Fréchet
sense) functions f:R™ — L(R? R¥) such that f and all its derivatives up to order [ are

continuous and bounded. We equip this space with the norm

1llcy:= [l fllooHIDFlloot -+ ID" floc
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where D" f denotes the n-th order derivative of f, and ||-||c denotes the supremum norm

on the corresponding spaces of operators.

For a normed space (E,|-|), let D([0,T7]; E) be the set of cadlag (right-continuous with
left-limits) paths from [0,7] to E. For p > 1, the p-variation of a path X € D([0,T]; E) is
given by

1
P
Xl Xlpor with  [Xlpa= (s 3 X% -xP) (€
Cls/t] [u,v]eP
where the supremum is taken over all possible partitions P of the interval [s,t]. We recall
that, given a path X, we have that ||.X||,< oo if and only if there exists a control function
w such that!
|Xv — XU‘p
sup ————— < 00.
(u,v)EAT w(ua U)
We write DP = DP([0,T]; E) for the space of paths X € D([0,T]; E') which satisfy || X||,< occ.

Moreover, for a path X € D([0,T]; ]Rd)7 we will often use the shorthand notation:
Xot =Xy — Xy and X = lingu, for (s,t) € Ap.
u

For p > 2 and a two-parameter function X: Ap — E, we similarly define

2
. p\P
IXllp:= [X[le oz with qug,[s,ﬂ::(sup ) |xu,vx2), (s,t) € Ar.
PCls,t] [u,0]€P

ya D
We write D = D3 (Ar; E) for the space of all functions X: A7 — E which satisfy HXH% <
0o, and are such that the maps s — X, ; for fixed ¢, and ¢ — X, ; for fixed s, are both

cadlag.
For p € (2,3), a pair X = (X, X) is called a cadlag p-rough path over R? if
(i) X € D?([0,T];R%) and X € D (Ap; R4, and
(ii) Chen’s relation: X, ; = X, + Xy + X5, @ Xy holds for all 0 <s <u <t < T,

where ® denotes the usual tensor product. In component form then, condition (ii) states
that Xi{t = X?u + Xfﬁt + X;uXZJ for every ¢ and j. We will denote the space of cadlag
p-rough paths by D? = DP([0,T];R?). On the space DP([0,T];R%), we use the natural
seminorm

IXp= I XMlpjorp — with X[, s.:= [ X lp s HIX 2 15,

2

'Here and throughout, we adopt the convention that % = 0.
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for (s,t) € Ar, and the induced distance
1X; X[lpi= X X[p oy with  [|X5 X[ 5= [ X = Xl 5,0 F1X = X[z 5.5

for (s,t) € Ar.

Let p € (2,3), and X € DP([0,T];RY). We say that a pair (Y,Y”) is a controlled path
(with respect to X), if

Y € DY(0,T);E), Y' € D"([0,T}:L(R%:E)), and RY € D2(Ap;E),
where RY is defined by
Yoe=Y/Xs1+RY, forall (s,t)€Ar.

We write Vi = V5 ([0,T]; E) for the space of E-valued controlled paths, which becomes a
Banach space when equipped with the norm (Y,Y) — |Yp|+||Y,Y”| x p, where

1Y, Y|

xp= VY xpor with [V Y| xp (s.0:= Y5+ Y]

s plsA IR Il o

for (s,t) € Ap. We point out that, by definition, for (s,t) € Ap,
Yorl S IV Xoul HIRY, | and  [Y|< [Yg|+[Yg,l,
which implies that
1Y Ip< ColY oo IX T HIRY [[2)  and Y [loo< (Y5l H[Y Iy,

where [|Y'||co:= sup,c(o7)|Y{| denotes the supremum seminorm of the path Y. Given

X, X eDr , we further introduce the standard “distance”

I v . ' v _
YV V= VY5V Vg0

with

VY5V, Vg 2 o= 1V = VY = Ve HIRY = BY s 10

for (s,t) € Ar, whenever (Y,Y’) € V%, (57,17’) € V%. Note that V% and V% are, in general,

different Banach spaces; if X = X, we write ||-; N x s8]

Given p € (2,3), X = (X,X) € DP([0,T];R?) and (Y.Y’) € VE([0,T]; L(R%;RF)), the

(forward) rough integral

t
/S Y, dX, = | 71)1‘130 [U%P(YUXW +Y/Xu),  (s,t) € Ar, (2.2)
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exists (in the classical mesh Riemann—Stieltjes sense), where the limit is taken along any
sequence of partitions (P"),cn of the interval [s,t] such that |P"|— 0 as n — oo. More
precisely, in writing the product Y, X, ., we apply the operator Y;, € L(R4; RF) onto Xuw €
R9; and in writing the product Y;X, ,, we use the natural identification of £(R%; £L(R%; R¥))
with £(R? @ R?;R¥). The rough integral comes with the estimate

< C(I1RY 15 o) I Xl o9 1Y

Xllg (o)

t
‘ / }/r dXT- - }/TSXS,t - YS,XS,t p,[S,t)
S

for some constant C' depending only on p; see [75, Proposition 2.6], where
1Y |l s.y:= ilgt)IIY’Hp,[s,u] and ||[RY ||p (5= iliIZHRYIIg,[S,u]-

The estimate implies that ([, V> dX,,Y) € VE([0,T];R) is a controlled path with respect
to X, see also [75, Remark 2.8].
For details on the construction of the rough integral with respect to cadlag p-rough

paths and its properties, we refer to [73], [75], and we provide some auxiliary estimates for
the rough integral in Appendix

Let us now consider the rough functional differential equation (RFDE)
t
Yyt [ R(V)X. te 0.1 (23)
0

where X € DP([0,T];R?) is a cadlag p-rough path for p € (2,3), (y,v') € V& ([0,T]; R¥)
is a given controlled path with respect to X and further, where (F, F'): V% ([0, T];R¥) —

VE([0,T); £L(R% R)) is a non-anticipative functional, i.e.
(i) (F(Y), F!(Y,Y")) € VX([0, T]; LR RY)),
(i) (F(Y), F{(Y,Y")) = (Fi(Yone), F{ (Yoar, Yie) for all £ € [0, T1,

for every (Y,Y’) € V& ([0,T);R¥). The integral in (2:3) is defined as a (forward) rough
integral, see ([2.2)) for its definition. Note that the RFDE (2.1]) can be re-written in the form
of (2.3)), using a standard time-extension of the driving rough path.

2.1.2 Existence and uniqueness

To prove the existence of a unique solution to the rough functional differential equation ,
we postulate a quadratic growth and a Lipschitz-type condition on the path-dependent co-
efficient (F, F”), formulated on the associated path spaces. While a Lipschitz-type condition
is expected, the quadratic growth condition appears to be natural in the presented context
of (second order) controlled paths, which corresponds to a Taylor expansion with quadratic

remainder term.

38



Assumption 2.1.1. Let X € DP([0,T];RY) be given. For every K > 0, there ewist con-
stants Cr > 0, which depends on p and the functional I, and Cr x x > 0, which additionally
depends on K and X, such that the map

(F, F'): V5[0, T]; RF) — VE([0, T); L(R%; RF))

satisfy, for all (Y,Y"), (17,}7') eVh, and every 0 < s <t<T,
(i) the growth conditions:

|[F(Y)|< CF,
|[Fi— (V)< Cr( —t),
I FY)lps.0< Cr+ (YY" s ) 1 XN, st]+HRYHB (s,4]), and

)
IFQY), ' (YY) xp s < Cr(L+ V.Y | x g 5.)* (14 | X

p,[s,t] ) )
(ii) the Lipschitz conditions:

1Y) — F(Y)
1Y), F'(Y,Y'); F(Y), F' (YY) x
<

) |p,[st< CFKX(’Y *?|+||Y*}7||p,[s,t]>v and
) RACR]
Crux(|Ys = Yo +[Y, Y Y, Y [ x 1501,

if 1V, Y] x IV, Y| x s < K

Ds[s:t] Ps[s,t] =

Remark 2.1.2. The growth and Lipschitz conditions in Assumption are formulated in
terms of both the p-variation of Y and the controlled path norm (Y,Y') — |Yo|+|Y, Y| xp
on the space Vg( of controlled paths (Y, Y/). To deduce the existence of a unique solution
to the RFDE under a growth and Lipschitz conditions formulated only in terms of
the controlled path morm seems to be far from being obvious. Moreover, notice that the
common examples of RDEs with path-dependent coefficients do satisfy Assumption[2.1.1], see
Section 2.9 below, demonstrating that Assumption [2.1.1] is, indeed, a natural generalization

of the conditions on the coefficients postulated in the existing literature.

Based on Assumption we obtain the following global existence and uniqueness

result for rough functional differential equations.

Theorem 2.1.3. Let X € DP([0,T];R?) be a cadlag p-rough path for p € (2,3), and
(y,y) € Vg(([O,T];Rk) be a given controlled path with respect to X. Suppose that the
non-anticipative functional (F, F'): V5.([0, T]; R*) — V& ([0, T]; L(R%; RF)) satisfies Assump-
tion |2.1.1) given X. Then, there exists a unique solution to the rough functional differen-
tial equation , i.e. there exists a unique controlled path (Y,Y') € V%([O,T];Rk), with
Y' =y + F(Y), such that

t
Yt:yt—i—/ Fy(Y)dXs, t € [0,T].
0
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Moreover, there exists a componentwise non-decreasing function K,:[0,00)% — [0,00) such
that
1Y, Y| xp< Kp(lys 'l x.0 Cs 1 X]p)-

The proof relies on a fixed point approach using Banach’s fixed point theorem.
Proof. Step 1: Local solution. We may assume that
IXIb<1 and iy lp+IRY o< 1.
For t € (0,77, we define the map M;: V5 ([0,¢]; R¥) — V5 ([0, ¢]; R¥) by

(Y, Y/) = (Z, Z/) = My(Y, Y,) = (y + /OFS(Y) dXs,y + F(Y)),

noting that M, (Y,Y”) is a controlled path with respect to X as V% is a Banach space, and

introduce the subset of controlled paths

(Yo, Yg) = (o, 4o + Fo(y)), }

— / iy .RkY .
= { ) € VRO T8 TR plgeg<

which is a complete set as a closed subset of V% ([0, #]; R¥), see [75, Section 3.2].

Invariance. For any (Y,Y’) € B;, we have that

1(Z = 9)llpj0,0= IFX)lp,j0,1
< Cr(1+ (Y511 lp o) 1X Nlp. 0.+ 1 BY 1l f0,0)
< Cr + Cr(IYg|+1Y lp, )1 X [lp o +Crl R Y|
< Cr(1+ Yo H1Y . j0,) 1 X NI j0,0 +3CF,

2 0.0FCFIRY||z 10,4

2

since (F, F’) satisfies Assumption (i), and by the local estimate for rough integration,
see Lemma [ATT]
HRZ - Ry”%[o,t]: HRfd F(Y’dx\\g,[o,t]
S Cr(L+ (1Y, Y ||xpj0.) (14 ([ Xl fo.0) (1

p,[0,]>

where the implicit multiplicative constant depends only on p. Hence, for ¢ = ¢; sufficiently
small we obtain that By, is invariant under M,,. Note that ¢; depends on p, |yj|, Cr and
[1X |-

Contraction. Let (Y,Y"),(Y,Y’) € B, for some t € (0,t1], that is, setting K := 5(1 +
ly, /| x.p+Cr), it holds that ||Y,Y"||x 0.0 Y, Y|l x po.g< K. We have that

HZ' -7 p,0,t]= I1F(Y) - F(?)HP,[OJ]
< Crrx|Y =Yy

Sp Craex (1Y =Y lpog I X lpog 1R = RY [12,0.)-
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Further, due to Assumption [2.1.1] (ii) and Lemma it holds that
IR = Rl jo.q= | RI PCOXLFOOX |y
S Crux VY5 Y, Y | x 0.1 X p 0.1

where the implicit multiplicative constant depends on p and [|X]|,. Defining an equivalent

norm on V& by
§
IYV:YI ), 0.g= S HIY I og +OIRY g oy for 821,

we then deduce that

~ 711(8)

12~ 2,2" = Z'lx 0
S Crrx (1Y =Y L ogl X o IR = Rz, 0,4)
+6CrR X (Y =Y |p 00 +HIRY = RV 2 j0.0) 1 X]lp, 0.

< Crix(L+O)Xp0allY = Y lpjoq+Crr,x (1 +0]|X
L4 61Xl o,
1)

po) IR — RYHg,[o,t]

= NG
< G (14 01Xl 04 Y =7y =710,

where the implicit multiplicative constant depends on p and || X||,. Hence, we can choose §
sufficiently large and ¢t = to < t; sufficiently small such that

].+ 5HX p,[O,tz}) < 1
5 —_ b}

Chmx<ﬂ+5wxbm@W

where the left-hand side is up to a multiplicative constant which depends on p and || X||,. It
follows that My, is a contraction on the subset of controlled paths (By,, || Hg?p,[& tﬂ). Hence,
by Banach’s fixed point theorem, there exists a unique fixed point of the map My,, which
is the unique solution of the REDE ([2.3) over the time interval [0, 2.
Step 2: Global solution. Let w: Ap — [0,00) be the right-continuous control function
given by
wls,t) = [XIE g HIXIE (g (5:8) € A

We infer from Step 1 that there exists a constant v > 0, which depends on p, ||y, y'||x p,
Cr, Cri,x and ||X]||,, such that the local solution (Y,Y”) established above exists on any
interval [s, t] such that w(s,t) <+, given any initial condition & € V§ with |€}|< ||y, y/| x p-

By [75, Lemma 1.5], there exists a partition P ={0=m <71 <--- <7y =T} of [0,T7,
such that w(7;, 7i41—) < v for every ¢ = 0,1,..., N — 1. We can then define the solution
(Y,Y”) on each of the half-intervals [7;,7;+1). Given the solutions on [r;, 7;+1), the values
Y7, at the right end-point of the interval are uniquely determined by the jumps of X at

time 7;41. More precisely, let yo.. = y., and define y;, ¢ =1,...,N —1, by
yi§t = yt + YTi_ - yTi_ + FTi—(Y)XTi—,Ti + F7/'27(Y7 YI)XTi—,Ti7 t 6 [Ti7 Ti-i—l)‘
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We note that |y; . |= [y;|< ly,¥/||xp- Given the initial condition (y;,y;) € V%, we obtain
the solution (Y,Y”) on [r,741), i = 0,1,...,N — 1. By pasting the solutions on each of
these subintervals together, with Y7 = yn.r, we obtain a unique global solution (Y,Y”) of
the RFDE ({2.3) on the interval [0, T7.

Step 8: A priori estimate. It remains to show the existence of a componentwise non-

decreasing function K:[0,00)% — [0,00) such that

VY [l xp< Kp(lly, ¥l x.p. Cr, [ X]lp)-

Analogously to Step 2, we can obtain a partition P = {0 =79 < 73 < --- < 75y = T} and,
recalling the definition of By, define the solution (Y, Y”) on each of the half-intervals [t;, ;1)
such that

1Y/l ey < 4CF + 1/

(2.4)

‘P7 [titit1)
as well as

IR || <1+ |[RYlg
2 2’

T Tig1) =

(2.5)

TiyTit1)
for all i =0,...,N — 1. Here, N depends on p, ||y, xp, Cr, Crk x, |X|, and is, for p

fixed, non-decreasing in the other variables. Observe that

Yo i=y—y+ </ Fy(Y) dXs) =y +F-(YV)Xi— + Ft/_(Y7 Y/)th,ty
0 t—t

)

for any ¢ € (0,7, so we have
R, =Rl ,+F _(Y,Y)X;_,.
This yields
B2 = e | S N B ) U E (Y ) HE (VY )l ) K= i |-

Now, we use Assumption m (i), i.e.

|E (VY [+ F/(Y, YY)

p,[Ti,Ti+1)§ CF(]‘ + HK Y,‘|X,p,[7'i,7'i+1))2(1 + ||X||p,[’ri,ﬂ-+1))2‘

Since

”Y’ Y/”X,p,[’ri,ﬂ'_;,_l)g ‘y;'i|+|FTi(Y)|+HY,||]J,[TZ',TZ'+1)+HRYHg,[Ti,Ti+1)7
It follows from Assumption (1), (2.4) and (2.5)) that
H}/? Y/HX,p,[Ti,TiJrl)S |y4'1’+5(1 + CF) + |’y/Hp7[7’i,TZ‘+1)+HRyH%,[Ti,T¢+1)'

Consequently, there exists a componentwise non-decreasing polynomial Q,(,R): [0,00)% —

[0, 00) such that
’Rz'/iﬂﬁnﬂ < Q1(7R)(”y7 y/HX,p,[Ti,Tiﬂ]’ CF, ”XHP,[‘H,HH])
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as well as

IR || fry ] < 1+ || RY]

2 o) TS U1V X p i iy O 1Kl i)
for allt =0,...,N — 1. Moreover, since

Y;t/f,t = ygf,t + B (Y),
for any ¢ € (0,77, we have

Y, 1< [y

Ti+1—5Ti+1

p»[TiaTi+1]+‘FTi+1—7Ti+l (Y)|

By Assumption [2.1.1] (i), it holds that

|F7'i+1*77'i+1 (Y)|§ CF(l + ”YHp,[n,nH)+’Y:ri+1ﬁ‘l'¢+1 |)7
thus, we need to control the jump of Y at 7;41. For this, note that

|Y7—i+1_7

Ti+1|

< rips =i [ Fris = O Xy [T - (V)]X

i1

< |yTi+1*77'i+1|+(|FTi (Y)|+||F(Y)Hp,[’r,-,n“))|X‘F¢+1*,Ti+1|
(B (Y, Y (Y, YY) X

Ti+1—5Ti+1

Hpv[TiaTi+l)) Ti+1—,Tz’+1|

<Ny ¥ lpfriris ) H(CF + Cr(1+ (Y7 [+]Y]
+ ||RY||g,[Ti,Ti+1))HXHp,[Ti,TiJrl]
+ CF(l + ”Y7 Y/ p,[Ti,T¢+1))2(1 + ||X||p,[’TZ‘7Ti+1])2||X||g,[7'i,7—i+1]'

g»[TiniJrl))HXHP:[Ti,TiJrl]

Using (2.4) and ({2.5)), we can now conclude that there exist componentwise non-decreasing

polynomials QéY’J), I(,Y/): [0,00)% — [0, 00) such that

‘FTi—O-l_:TH—l (Y)|§ QI(QYJ)(H:U: y/HX,p,['ri,n-Jrl]a CFa ||XHp,[Ti,T,-+1])

as well as

”Y/ p,[Ti7Ti+1]S Qéy )(Hy? y/”X,p,[Ti,TiJrl]? CF? HXHP,[TZ',TZ‘+1])'

Combining these estimates, we obtain that
Yo 1Y [ HI RN N2 < Kp(lly. o'l xp. Cr, 1K),

which is the assertion. O
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2.1.3 Continuity of the It6—Lyons map

A fundamental contribution of the theory of rough paths is the insight that the solution
map, mapping the input (initial condition, coefficients, driving rough path, ...) of a rough
differential equation to its solution, is continuous with respect to suitable distances on
the spaces of controlled paths as well as of rough paths, see e.g. [71]. In the context of
rough differential equations, this solution map is also known as It6—Lyons map. In the next
theorem we present the local Lipschitz continuity of the [t6—Lyons map for rough functional

differential equations, based on the following assumption.

Assumption 2.1.4. Let X, X € DP([0,T);R?%) be given. For (G,G') € {(F,F'),(F,F')}
and Z € {X,)A(:} we have: For every K > 0, there exist constants Cg > 0, which depends
on p and the functional G, and C’GK’X’;{ > 0, which additionally depends on K, X, X such
that the maps

(G.@): V5 ([0, T]RY) — V5 ([0, T]; L(RY RF))

satisfy, for all (Y,Y') € V&, Y,Y') e V%, and every 0 < s <t <T,
(i) the growth conditions:

G(Y)|< Ca,

G-t (Y)[< Caf )

IG(Y)ps.0< Ca(l + (\Y/|+|!Y/Hp,[st W2l s) HIR N2, 5),  and
IGY), G (Y, Y ) zp 1< Co(L+ 1YY | 2pgs.)* (1 + 1 21l p gs1) s

(ii) the Lipschitz conditions:

( ( )”p,[st<CFK,XJ’Z(D/S_{/S|+HY_}N/Hp,[s,t])7 and
|G(Y
<

) —
) GV Y G, ET T g
C KX)((|YS - iH’HY? Y/; ?7?/Hx7)~(,p7[37t}+”X - X”p,[s,t])a

Iy, Y'|x IV, Y5, e0< K-
Moreover, there exists a constant Cp_z > 0, which depends on p and the functionals

F— ﬁ, such that

pi[s:t]>

tIS Cp g+ [[Ylp .0+ Ye—2]),
Y)Hp,[s,t < O ~(1 + (|Y/H_HY/||p, s,t])HXHp,[s,t}"i_HRYHg,[s,t])7 and
V), (F = )Y, Y ) x5S Cr 5L+ 1YY xps.) > (14 11X 1y s) %
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Theorem 2.1.5. Let X, X € DP([0, T); RY) be cadlag p-rough paths for p € (2,3), (y,9') €
VE([0,T];RY), (3,7) € Vp ([0, T); R¥) be given controlled paths with respect to X and X,
respectively. Suppose that the non-anticipative functionals (F, F’), (ﬁ,ﬁ”) satisfy Assump-
tion given X, X.

Let (Y,Y) € VE([0,T];R¥) be the solution given by Theorem to the rough func-
tional differential equation (2.3), and (Y,Y') e V%([O,T];]Rk) be the solution to the rough
functional differential equation driven by X with initial condition (y,y') and functional
(F, F"), and suppose that ||Y,Y"||x p, HEN/,Y’HX < K, for some K > 0. Then, we have the

estimate

Yo = Yol +V. Y3 Y, Yl 5,

< yo — Bol+1Fo(y) — Fo@)I+11v, 39,V Iy 5, Cr_p + 1X: Xlp,

VO

where the implicit multiplicative constant depends on p, CpV Cg, C FRX

o FKX,X K,
Xl and [| X[,

Proof. Step 1: Local estimate. Let (Y,Y') € VE([0,T];R¥), (Y,Y') € Vp ([0, T]; R¥) be
the global solutions to the RFDE ([2.3)), with data ((y,v'), (F, F"),X), ((¥, ~’) (F,F'"),X),
respectively, see Theorem Let t € (0,7]. Without loss of generality assume that

Cr < Cr, CFKXX < CFKXX As

1Y = Ylppa< (15 = Yo IHIY =Y lp o) 1 X o o +(YS 1 1Y p o) 1 X = Xlp o5

Assumption gives that

IEY) = FY)lp0.
< |FY) = FY) o+ I(F = F)(Y)

p,[0,1]
< Cprxx(Yo— Yol+[Y - Y| pJ0,4])
+ Co_ 51+ (V3 o) I X 0,0 HIBY 12 10.0)
Sp CF,K,X,)?UYE) - %H(\Yb’ - }M/OIHHY/ - }7/”p,[O,t])(HXHp,[O,t}\/”X p.0,4]))

+ CFJ(,X,)?”Ry _ Rg”%[O,t}"'CF,K,XXHRfd F(Y)dX—[; F(Y)dXHg,[O )
+CrpxxlX — Xllpjo.g+Cr_ 51+ KL+ [ Xp 0.4V X Ip0.0)-
Further, by Lemma and Lemma we have that
o F(Y)dX— [ F(Y)dX
(| o 0 ”2,[Ot] -
< R FOMX=[ FDAX, oy | REE-DXOIX, o
S Crxxx (Yo = Yol+HIY. Y5V, Y Il 5 o HIX = Xl o) (XK lp o, VIXp o.)
+ Cr(L+ K)*(1+ [ X || 0.4V 11X 0,00 1X5 Xl 0.4
+Cp_ m(1+ K)?*(1+ 1 X1lp,j0,4 VHX [0, t]) XM, 0,4 VI oo,
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where the implicit multiplicative constant depends on p, || X[, and || X||,. Combining the

results, we get that

1Y = ¥l 0.0+ IR = R 204
<y = Tllpog HIF ) = FX)llp 04
+IIRY — RV|[p fo g+ Rl FOOX—[ FIX,
< C1(1X 0. VIX o, ) (Y = Y [l o HIIRY — RY| 2 0,4])
+ Co(|Yo = Yo [+ Fo(Y) = B[+ 1y, 0557 N x % p o TCr— i + 11K Xlp 0.)

FRXX |X]||, and [|X]|p, and Cy > 1,
which depends additionally on Cr and K. Hence, we can choose t sufficiently small such

that C1(|X|,.10.0VIIXl.0.) < 3. which implies that

for some constants C7 > 0, which depends on p, C

1Y =Yl 0 +IR = R |lz, 04 26)
S o = Yol+Fo(Y) = Fo(Y) [+, v 0.7 | x 5 p o+ Cr— 7 + 1% Xl 0,1

Step 2: Global estimate. Recall the right-continuous control function w: Ap — [0, 00) given
by

p
wis,t) = IXIL g g +IXIE e (5:0) € Ar,

i[s:t]?

as introduced in the proof of Theorem [2.1.3 and let w(s,t) := HXHi s t]—i-HgH% (s,t) €
1% 2

7[S7t] ’
Ar. We infer from Step 1 that there exists a constant v > 0, which depends on p, C}. - + 5,

| X, and HXHP, such that on any interval [s,¢] with w(s,t) V@(s,t) <~ the local solutions
satisfy an estimate of the form ([2.6)).
Let c(s,t) := w(s,t) + w(s,t), (s,t) € Ap. Since c¢ is right-continuous, there exists a

partition P = {0 =ty < --- <ty =T} of [0,T], such that

c(ti,tiy1—) =7, or c(titiz1i—) <7y and c(t,tiy1—) +c(tip1— tir1) >,
for every ¢ =0,1,..., N — 1. Since w and w and, thus, c is superadditive, we have that
N—-1
Ny < Z c(ti tiy1—) + c(tix1—, tiy1) < c(0,T).
1=0

Therefore, the number of partition points N may be bounded by a constant depending only
on v, w(0,T) and w(0,T). Thus, in this step, we may combine the local estimates on each
of the subintervals [t;,t;+1), together with simple estimates on the jumps at the end-points

of these subintervals, which we aim to derive, to obtain the global estimate. More precisely,
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by Step 1, we have the local estimate

[Y' - Y,||p7[ti,ti+1)+||RY o RYH%[ti’ti“)

S Ve = Yl HIEL(Y) = By (V) 1+, — 32 (2.7)

+ Hy/ - glupy[tiytiﬂ)—i_HRy o Ry”%[%’i +CF—§ + [1X; XHP,[ti:tiJrl)’

it1)
for i =0,..., N —1, where the implicit multiplicative constant depends on p and C. . 5,
Cr, K, || X]||p, |D~(||p, but not on the index 4. So, it remains to bound

1+ RY RV, |

7,+1_7tz+l t7,+1_7t1+1

vy,

tit1—tig1 }/tz+l_7tz+1
to extend the previous estimate to [t;, t;y1].

We note that fO F Y dX )t—t = Ft_(Y)Xt_ + + Ft/ (Y Y/>Xt_7t, that iS, with )/t_,t =
Yot + (Jo Fs(Y)dXs)i— s, it follows that Y/ , = yi , + F,_,(Y) and R}, = R}, +

F/_(Y, Y’)Xt,7t, for t € (0,7]. Given the assumptions, we then have

HY/_?/H}? t H‘HRY—RYHB[t

[tastitt Eltitival
v Y Y
<Y = Ylp tits ) IR = B2 14000)
‘Y;z+1—7tz+1 }/;«z-&-l_ tit1 |+|th+1— tit1 th+1_7tz+l |

5 |le‘4 - }/tz|+|th( ) - ti( )|+||y7y,;§7 §,||X,)?,p,[ti,ti+1]+CFfﬁ + HX;XHp,[ti,tH_l]a
(2.8)

where the implicit multiplicative constant depends on p, Cr, Cp. . y 5, K, [ X]|, and H)NCHZ,,
and not on the index i. Here, we used Assumption and the estimate (2.7)) to derive

that

Y Y
’(Rti+1_7ti+1 - Rti+1_ati+1) (Ry7.+1_7t7,+1 th+1—7t1+1)|
< |F,, _(Y,Y)X, F (V. Y)X

i1t T Pt — i+1—,tz‘+1|

< ’thIHl—(Y? Y,) - Flt/Z (Y Y/)HXt7,+1_7tz+l H“FZH— Y: Yl)"Xti+1—ati+1 - Xti+1_7ti+1
S (‘Ftll (Y7 Yl) - FtIZ (Y7 Y)|+HF (}/’ Y ) - F,(Y7 Y )Hp,[ti,ti+1))HXH 2,[tl,tz+1]
+ (IF YY) HE YY)ttt ) I = X2 10,01

S Ve = Yl (V) = B (D) |+ lly o' 555 | x it +Crp + 15X

|pa[ti:ti+l]7

47



and

|(Yt/i+1f,ti+1 - f/t/iﬂf,tiﬂ) - (yrltiﬂf,tiﬂ - %Hf,tiﬂﬂ
=|Fy (V) = F Y)|
<|(F = )yt O+ Fy =0 (V) = Fry g, (V)]
< Cp_m (L + (Y FIY et DX st IR 12 1 2147)

2

i+1_7ti+1(

+ CF,K,XJ?(’Y;% - Y%z H_HY - YHp7[ti,ti+1)+‘Y;i+1—,ti+1 - Y;fz'+1—,ti+1 D

S|V = Vi [ HFL(Y) = By (D) [+ y, 350 | xp sty HCpp + 1K X

D[tistiy1]

where the implicit multiplicative constant depends on p, Cp, C K and ||XHp\/H}~(Hp,

FKX,X’
and not on the index <.

Now, we need to control the term |V, — V3, |+|F, (V) — Ez(?)\ﬂyéz — ¥;,|. For this, we
note that

Vi, — i |+, (V) — Fo, (V) |+, — B
<oy = Yi, [HIE (V) = Bl (V) |+, — T,
F Y = Yp i HIEQ) = FEO) p ot 1Y = 7 gty
Wiy = Yo [ HE L () = B D585 57 x %
+Ch 7+ 1% X”p,[ti_l,ti}
Y = Yl HIRY = BY N2 ot

FKX,X’ K, ”XHP and ”X”p>
and not on the index i; thus applying the estimate (2.8|) for i — 1 gives that

where the implicit multiplicative constant depends on p, Cr, C

Yy, = Vi [+ B (V) = Fy (V) +lyl, — 3]
SV, =Y [+ F (YY) = By (V) |+ ly, v, §,||X7)?7p7[ti,1,ti]
+ CFfﬁ + ||X;X||p,[ti_1,ti]‘

Iteratively, we obtain for any ¢ = 1,..., N that

Vi, = Y +|F (V) = F, (V) [+, — 3|

< o — Jol+1Fo(y) — Fo(@)|+]vh — Tl

i—1
+ Z (”y, - g/"p,[tj,tj+1]+||Ry - Ry”g,[tj,tj_Fl]_'_CFfﬁ + HX7 X‘|p,[tj,tj+1])a
7=0
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that is,

(1Y, = Yo, [+ F, (V) = Fy (V)| +]yt, — 31, 1)7
< (lyo — Jol+Fo(y) — Fo(@)|+|yb — Tol +NCp_z)P

i—1
I _ 7P Y _ RY|IP X |1P
* ZO (Hy Y Hpv[tjftj+l]+HR v [tjvtj+1]+HX’XH 7[tj¢j+1]>'
‘7:

2)
This implies that
Vi = Yo [+ P (V) = B (V) [+, — 30,
S lyo = Dol +1Fo(y) = Fo@+lly, o' 5.7l 5, +Cr i + 11X X,

which is the desired control.
If we plug this into (2.8]), it follows that

HY, - Y/||P,[ti7ti+1]+HRY - RY”%:[ti,t

it1]

< o = Yol+1Fo(y) — Fo@) |+ 1y, v'5 9.7 | x 5t Crp 7 + 1X Xl

p0,7]< Nzi\;_OIH'HIZ[ti,tH»l] for any p > 1, see e.g. [3 Lemma A.1], the estimate
finally follows. O

Since ||-

2.2 Examples of RFDEs

The general framework of rough functional differential equations, presented in Section [2.T],
allows to treat various classes of rough differential equations. In this section, some ex-
emplary rough functional differential equations are discussed, aiming to develop the main
conceptional ideas and demonstrating the scope of RFDEs rather than pushing for the most

general results.

2.2.1 Classical RDEs

Let us start with the classical rough differential equation (RDE)
t
Vit [ J00)4X., tepT) (2.9)
0

where yo € R¥, f € C}(RF; L(R%RF)) and X € DP([0,T];R?) for p € (2,3). While the
existence and uniqueness of solutions to the RDE driven by a continuous rough path
and the continuity of the solution map were first proven by Lyons [129], the analogous
results for RDEs driven by cadlag rough paths were more recently obtained by Friz and
Zhang [75]. As an application of Theorem and Theorem m one can recover these
results, demonstrating that Assumption and Assumption are, indeed, natural
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generalizations of the classical assumptions of the coefficients of a rough differential equa-
tion. Furthermore, note that Corollary presents the continuity of the solution map
with respect to the controlled path norm, which slightly generalizes [75, Theorem 3.8].

Corollary 2.2.1.

(i) If f € C3(R¥; L(RY RF)), there exists a unique solution to the RDE (2.9). Moreover,

there exists a non-decreasing function Kp:[0,00)? — [0,00) such that
IV, Y lxp< Kol fllczs 1K)

(i) Let (Y,Y') € V%([0,T];R¥) be the unique solution to the RDE (2.9). Moreover,
let Jo € RF, f € C3(RF; L(RERFY), X € DP([0,T);RY) with corresponding solu-
tion (Y,Y') € V%([O,T];]Rd), and suppose that ||Y,Y'|| x p, ||§~/,l~/’H)?’p§ K, for some
K > 0. Then, we have the estimate

[Yo — Yol HIY. Y3V, V1l 5, o — Gol 11 — Flloa+1%: Xl

where the implicit multiplicative constant depends on p, Hf||cg,\/||f||czbz, K, |X]||, and
[1X |-

In order to apply the existence and uniqueness result presented in Theorem and
also the continuity result presented in Theorem [2.1.5] we need to check that the vector field
f in the RDE ([2.9) satisfies Assumption and Assumption m This is the content of
the next lemma, which we formulate slightly more general, with regard to the dimensions

of the underlying spaces, for later use.

Lemma 2.2.2. Let f € CJ(R™;L(R%GRF)) and X,X € DP(0,T);R%). The non-

anticipative functional
(FF):VE([0, T R™) = VR ([0, T L(RERY)),  (F(Y), F'(Y,Y")) := (f(Y),Df(Y)Y"),

satisfies Assumption (i) and (ii), and, in particular, Assumption given X, X.

Proof. Since the proof is fairly standard, we provide only a sketch of a proof, following, e.g.,
the proofs of |75, Lemma 3.5, Lemma 3.6, Lemma 3.7].

Fix (s,) € Ap and let (Y,Y") € Vg, (V,Y7) € V2.

Growth conditions. Tt is clear that |F,(Y)|< ||f ”037 and it follows from the Lipschitz
continuity of f that

[Fi s (V)< IEX ) ps,0< [ oz l1Y llp s,
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We now note that [[Y s, < 1Y [lp,fs,0)+ Ve o] as well as [Y[|, < Cp(1+ (1YY
1 X M1, s, t]+||RY|| [s,4))- Further, it holds that

p,[s,t]) :

YY) HIF (YY) .= DS Vo) YIHIDF V)Y | 5.
< llez (YT llp,gs,0) (X + 1Y llp,g5,0)
S Il (YL IHIY N s,) (L + (Y HNY s X s, HIRY 2 1)
o 1 ez (U4 1YY x ) (1 A+ X N f5,)

and by Taylor’s expansion,

=R£,§Y’:f<m—f< \) = Df(Ya)Yas + Df(Yo)RY

7D2f<Y +AY, )Y, +Df(Ye)Riy,
with A € [0, 1], which implies that

IR" g 1o0= 1Rz g < Il (Y13 1o g HIBY 1z fs.)
S Il COXZTHNY s IX N s, HIR 2 o) + IRV N1z f5.1)
Sp I llez (L 11YS Y| x p fs.) 2 (14 (X [ )

Assumptionm (i) therefore holds with some constant Cr = || f|| ¢z up to a multiplicative
constant which depends on p.

Lipschitz conditions. Fix K > 0 and assume that [|Y,Y"||x 5.4, ||}~/,}7’HX < K.

po[sit] =
The proofs work verbatim as the proofs of [75, Lemma 3.1 and Lemma 3.7]. The constant

Crx.x.x depends on p and ||f||c3 K, ||X|, and || X/, O

Proof of Corollary[2.2.1. (i) The existence and uniqueness of the solution follows immedi-
ately from Lemma [2.2.2]and Theorem[2.1.3] For the a priori estimate, note that ||y, y/'|| x =
0 and Cr 5, |fllcz-

(i) To apply the continuity result presented in Theorem we need to ensure
that the functionals satisfy the required assumptions. For (F,F”), (ﬁ F ), this is given
in Lemma, and further,

(F — F,(F — F)):V%([0,T};R*) — V% ([0, T]; L(RY; RF)),
(F = F)(Y),(F - F)(Y,Y") = (f(Y) - f(Y),DF(Y)Y' - DF(Y)Y"),

satisfies the corresponding estimates in Assumption since C’g’ is a vector space. Thus
we have, Oy 5 Sp |1 = Fllcz- 0

o1



2.2.2 Controlled RDEs

Motivated by pathwise stochastic control, see e.g. [57, 4], and robust stochastic filtering, see
e.g. [3], as well as analogously to controlled stochastic differential equations, see e.g. [144],

we consider the controlled rough differential equation
t
Yoyt [ flan¥odX., te .7, (2.10)
0

where X € DP([0,T];R?) for p € (2,3), (y,y) € VE([0,T|;R¥), f € C3(RFFe; L(RYRF)),
and (a,a’) € VE([0,T];R°) is a fixed controlled path, with e € N. In case of continuous
rough paths and controls « of finite g—variation, controlled RDEs were treated in [3, The-
orem 2.3]. The following corollary provides an existence, uniqueness and continuity result
for controlled RDEs driven by cadlag p-rough paths and with controls «, which are only
required to be controlled paths.

Corollary 2.2.3.

(i) If f € C}(RFFe, L(REGRY)) and (o, af) € VR ([0,T];R®), then there exists a unique
solution to the controlled rough differential equation (2.10). Moreover, there exists a

componentwise non-decreasing function K,:[0,00)° — [0,00) such that

1Y, Y]

x0= Kp(If ez 19 61 x.0 lletllps e, @l x s [1X]1)-

(ii) Let (Y,Y') € V5([0,T];R¥) be the unique solution to the controlled rough differen-
tial equation (2:10). Moreover, let (3,7') € V& ([0,T);R¥), (&,&") € V& ([0,T];R®),
]? € C3(RF*e; L(RERF)), with corresponding solution (17,)7’) € V%([O,T];Rk), and
suppose that ||Y, Y| x p, Y, }N/’||X,p§ K, for some K > 0. Then, we have the estimate

’YO - %H_HY7 Y/; }77 ?/HXJ?

f, ’yO - ﬂo|+Hy,y’; gu §,| X,p""”f - f”Cf"HO‘O - &OH_HO‘? a/; a, dHXm?

where the implicit multiplicative constant depends on p, HfHCg\/Hﬂbg, lle, &

HdaleX,p; K; and ||XHP

X,ps

In order to apply the existence and uniqueness result presented in Theorem [2.1.3] and
also the continuity result in Theorem [2.1.5] we need to check that the vector field in the
RDE satisfies Assumption m This is the content of the next lemma. Note that
it will be sufficient to check Assumption m (ii) for X = X, since we do not establish
stability results with respect to the driving rough path in this subsection. (This also applies

to the following subsections.)
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Lemma 2.2.4. Let f € C3(RF¢; L(RY R¥)) and X € DP([0,T];RY) forp € (2,3). Further,
let (a,a’) € VE([0,T];R®). The non-anticipative functional

(F F): V(0. T RY) = VE((0, T]; LRE RY)),

(F(Y), F'(Y,Y")) == (f((,Y)),Df (e, Y))(e, ")),

satisfies Assumption given X = X.

Proof. Fix (s,t) € Ap and let (Y,Y’) € V& Tt is clear that |Fy(Y)|< ||f||C§, and we note
that

Fr (V)| [E ) o= (0 Y))
< [ fllz e Yo
< [l (14 Nl o)+ 1Y W)

pi[s.1]

and it holds that [[Y||,, 1.0 < 1Y llp s+ Vit] as well as [Y[]p, 5,9 < Cp(1+ ([Y|+[]Y”
12X 1. s HI R Nl s.0)-
Applying Lemma to the enlarged controlled path ((a,Y), (/,Y")), it follows that

p,[s,t]) :

HF(Y)7F/(Y7 Y/)HX,p,[s,t]
Sz (1 + 1, YOI @ Y sy IR 2 60) (141X [ o)

S Ufllee M+ o o ) (1 + 1Y, Y |l ) * (1 + 1X 2.

p,[s,t])

The growth conditions thus hold with constant Cr = || f Hcg up to a multiplicative constant,

which depends on p, ||a||, and |, /|| x p.
Proceeding as in the proof of Lemma we can show the Lipschitz conditions, ob-

serving that

(@, Y)s = (@, Y)sl (@, Y) = (@, V) o= Y = Yo +]Y = Yo

and
H(Oé, Y)7 (0/7 Y/); (OZ, }7)7 (O/a ?/)HXJ): HY7 Y/; ?7 ?/HX,P

and similarly for each summand of the norm, so the Lipschitz conditions hold with constant

Cr,x,x,x, which depends on p, || f||cs, K, for K >0, |la, /|| x,p, and [ X|],. O

Proof of Corollary[2.2.3. (i) The existence and uniqueness of the solution follows immedi-
ately from Lemma and Theorem m For the a priori estimate, note that Cr <)

£ llez (1 + llerllp+llor o [Lx,p)*.
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(i) To apply the continuity result presented in Theorem we need to ensure
that the functionals satisfy the required assumptions. For (F,F’),(F,F’), this is given
in Lemma Analogously, since f — fe C’g’, we note that for

(Y7 Y/) = ((f - f)((a,Y)),D(f - f)((a’Y))(o/’Y/))

the growth conditions hold with constant equal to || f — f]| ¢z up to a multiplicative con-
stant which depends on p, |||, and |la, /| x . Further, it follows from the proofs of [75,

Lemma 3.1 and Lemma 3.5] that the growth conditions hold for

YV, Y') = (f((a,Y)) = f((&,Y)), Df((a, Y))(e/,Y') = Df((&,Y)) (&, Y))

with constant equal to |y — do|+||o — &||p+]| v, &'5 &, &'|| x p up to a multiplicative constant
which depends on p, || fllgg, llallp, lallp, [lo, @ llxp, [l &l xp-

This implies that

(F — F,F' — F'):V5([0, T]; R¥) — V5([0, T]; L(RE RY)),

(F = F)(Y),(F - F)(Y,Y"))
= (f((aY)) = F((a,Y)), Df((a, Y)(e,Y) = Df((& Y))(&,Y")),

satisfies the corresponding estimates in Assumption [2.1.4] with
Cp_p = Ilf = fllez+lao = Gol+lle = @llptla, o' 6, 6| x p

up to a multiplicative constant, which depends on p, Hchs\/Hﬂ\Cbs, lllp, [1&llp, o, || x p,

&, &'l x p- L

2.2.3 RDEs with discrete time dependence

Let us consider the rough differential equation with discrete time dependence
¢
Vit [ F0aYornse Vo) dXe, 2 0.7, (2.11)
0

where X € DP([0,T];RY) for p € (2,3), (y,¥') € Vi ([0, T};R?), f € CH(RFEHD; £L(RY; RF)),
and r; < --- < 7y be given time points in [0, 7], with £ € N. For continuous rough paths
as driving signals, the existence (without uniqueness) of a solution to the RDE (2.11)) was
proven in [8, Example 4.2 and Theorem 4.4]. The next proposition provides an existence,
uniqueness and continuity result for RDEs with discrete time dependence driven by cadlag

p-rough paths.

Proposition 2.2.5.
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(i) In the above setting, there exists a unique solution to the RDE with discrete time
dependence (2.11)). Moreover, there exists a componentwise non-decreasing function
K,:N x [0,00)% — [0,00) such that

IV Y xp< Kp(L 1 fllcz: 19l xps 1 XKp)-

(ii) Let (Y,Y') € VE([0,T);R*) be the unique solution to the RDE with time discrete
dependence . Moreover, let (y,y') € V%([O,T];Rk) with corresponding solu-
tion (Y,Y') € VE([0,T);R¥), and suppose that |V, Y| x p, ||1~/,}~/’||X7p§ K, for some
K > 0. Then, we have the estimate

Yo = Yol + |V, Y'YV, Y | x5S lwo — Dol v, s 9,7 | x s

where the implicit multiplicative constant depends on p, ¢, HfHCba, K, and || X||,.

Proof. (i) On the interval [0,71], we extend the vector field f to map into the space of
controlled paths by setting

(F, F'): V5 ([0,r]; R) = VE([0,11]; LRERF)),  (F(Y),F/(Y,Y")) := (f(Y),Df(Y)Y),

with (V,Y") = (V,Y,...,Y), (Y, Y’,...,Y")) € V&([0,T]; RF(*+1)). Tt follows analogously
to Lemma that the functional satisfies Assumption [2.1.4] (i) and (ii) with constants
depending additionally on /¢, that is, Cp = || f ||C§ up to a multiplicative constant, which
depends on p and ¢, and Cr g x,x depends on p, ¢, HfHCg, K, for K > 0, and || X|,.
Note that it is sufficient to check Assumption (ii) for X = X. We can thus apply
Theorem to show that there exists a unique solution to the RDE on the interval
[0,71). We now aim to solve the RDE iteratively on the subintervals [r;, i+1), i =
1,...,¢, with rop; = T. Given the solution on [r;_1,7;), with 79 = 0, the value Y, is
determined by the jump of X at time 7;. We therefore consider (y;,y.) € V& ([ri, rit1]; RF),

where
yi;t =Yt + YVT‘if — Yr;— + me(Y)XT'if,Ti + FT/‘I—(K Y,)anﬂ‘ia te [ria 7‘7;+1],

for every i = 1,...,¢, and (a;,0}) € Vg’(([m,riﬂ];Rik) be a fixed controlled path, with

)

Qi = (}/7”17 . 7Y;“i)7 t e [Tia"”i—',-l)‘ We set

(F, F"): Vi ([riy riga s RE) = VR ([ri, riga]; LRE RE)),
(F(Y)v F,(K Y/)) = (f((Yv a;, Y, ... 7Y))7Df((K Y, ... 7Y))(Y/’ O‘;’Y/v s 7Y/))

fori=1,...,£—1, and
(F(Y), F'(Y,Y")) = (f((Y. ), DF((Y, a0)) (Y, ),
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for ¢ = £. Analogously to Lemma we can show that the functional satisfies Assump-
tion m (i) and (ii) with constants depending additionally on ¢, that is Cp = ||f ”Cf up
to a multiplicative constant, which depends on p and ¢, see the definition of (a;, o)) €
V& ([ri,ri+1]), and Cp . x,x depends on p, ¢, HfHCg,, K, for K > 0, and ||X||,. Note that
it is again sufficient to check Assumption (ii) for X = X. We can thus again apply
Theorem to show that there exists a unique solution to the RDE on the interval

[ri,7i+1), that is
t
Y = yiu +/ Fo(Y)dX,, te€[ririg1),
ri

for every ¢ = 1,...,¢. Then, by pasting the solutions on each of these subintervals together,
we obtain a unique global solution Y, which holds over the entire interval [0, 7.

The a priori estimate follows by iteratively combining the a priori estimate of Corol-
lary [2.2.3] noting that ;s = (Yy,,...,Y,,), t € [rg,7i41), fori = 1,... L.

(ii) Local estimate on [0,r1]. To apply the continuity result presented in Theorem m
on the subinterval [0,7;], we need to ensure that the functionals satisfy the required as-
sumptions.

For (F, F"), this is shown in the proof of (i), and as we aim to obtain continuity of the
solution map as a function of the initial condition (y,%’), not the vector field f, on the
interval [0,71] we may consider (F,F') = (F,F’), so, (F — F,F' — F') = 0. Theorem

now gives that

||Y, — Y/||p7[()77»1]+||RY - RY”p,[O,rl}S |y0 - gOH_Hya y/; Y, g/||X,p,[0,r1]v

where the implicit multiplicative constant depends on p, ¢, || f||Cb3, K, and ||X]|,.

Local estimate on [ri,rit1], @ = 1,...,¢. To apply the continuity result presented in
Theorem [2.1.5] we need to ensure that the functionals satisfy the required assumptions.
For (F,F'),(ﬁ,ﬁ’), this is shown in the proof of (i), and for (F — F,F’ — ﬁ’), in the
proof of part (ii) of Corollary where the constant €', depends additionally on /.
Theorem [2.1.5] then implies that

v Y Y v ~ ~
||Y/ - YIHp,[ri7ri+1]+HR - R ||p:[7'i77'i+1]§ |}/TL - Y7‘1‘+||y,y/, y,y/HX,p,[n,nﬂ]?

where the implicit multiplicative depends on p, || f ”Cf” K and || X]||,, see the definition of
(i @f), (@3, &%) € Vie([ris risa i R™), (wir ) (8, 57) € VR ([ri riea]s RE).
Global estimate. Using the methods of the proof of Theorem and applying the

local estimates on the subintervals [r;, 7;+1], ¢ = 0,1,...,¢, one can then derive that
1Y = Y[+ R = R [l2.S lyo — Gol+1ly: ' 9, 7l x
which implies the estimate. ]
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2.2.4 RDEs with constant delay

Maybe the most prominent example of rough functional differential equations are RDEs
with constant delay, cf. e.g. [65], 140}, 21} 32} 20]. In the present subsection we consider the
delayed rough differential equation

t
Yt=yt+/ FVaYoorisee s Your )Xy, t€ (0,7, (2.12)
0

where X € DP([0,T];RY) for p € (2,3), (y,¥') € Vi ([0, T);R?), f € CH(RFEHD; L(RY; RF)),
and constant delays 0 < r; < --- < ry with £ € N. To give a rigorous mathematical meaning
to the RDE (2.12), we follow the approach of Neuenkirch, Nourdin and Tindel [140]: we
assume that the driving rough path X is of the form

Xt = (Zt7 Zt—’r17 . ‘7Zt—1"e)7 te [O7T]7

for a path Z € DP([—r, T); R¢) with d = e(¢+1). We extend the vector field f to map into
the space of controlled paths by setting

(F(Y), F'(Y,Y") == (f((Y,)), Df((Y, ) (Y, ),
for (o, ') € VE([0, T); R*), where

Y;g_rj, tc [Tj,T]

, (2.13)
Y};tv te [O’Tj)

a=(ai,...,ap) with aj;:= {

for fixed controlled paths (Yj,Y]) € Vg_Tj ([0, T]; R¥) and every j = 1,...,£. This includes
the natural case Yj = £._,; for an initial path & € V([—ry, T]; R¥).

Note that the postulated form of the rough path X is essential to ensure the well-
posedness of the rough integral appearing in and the extension of the solution Y to the
interval [—7y, 0] is a standard and necessary way to give a meaning to f(Ys,Ys_p,,...,Ys_y,)
on the entire interval [0, 7).

For delayed RDEs of the form driven by a-Holder continuous rough paths, ex-
istence, uniqueness and continuity of the It6—Lyons map were first proven in [140] for

o € (3,1). These results were extended in [I56] to a-Hélder continuous rough paths
for a € (%, %) A paracontrolled distribution approach to RDEs with constant delay can
be found in [I146]. Based on the general results of Section we can derive the follow

proposition.

Proposition 2.2.6.
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(i) In the above setting, there exists a unique solution to the delayed RDE (2.12)). More-
over, there ezists a componentwise non-decreasing function K,:N x [0, 00)4 — [0, 00)

such that

¢
x= K (L1 g 99 I DIV Y 2 s 1K)
j=1

1Y, Y]

(i) Let (Y,Y') € VE([0,T];R¥) be the unique solution to the rough differential equation
with constant delay (2-12). Moreover, consider (3,7) € V%([0,T];R*), and fized
controlled paths (17], 57]’) IS VZ_TJ_ ([0, T];R¥), j =1,..., ¢, with corresponding solution
(V,Y") € VR([0, T];R").

Suppose that |Y, Y| x p, H?,}N/'HXWS K, for some K > 0, and that ||Yj]|p, H)N/ij,

Y5, Yl xp ||1~/j,5~/j/|\x,p§ L, for some L >0, j=1,...,L. Then, we have the estimate

Yo = Yol+[Y. Y5 Y, Y xp
l J4
S |y0 - gOH’Hyaylv?jv g,‘|X,p+ ZD{?;O - }/j;0|+ ZH}/]’ }/],’ Yr]'a ij/HZ—rj,Pa
Jj=1 Jj=1

where the implicit multiplicative constant depends on p, £, r1, T, ||f”cg, K, L, and
1X]lp-

Proof. (i) The existence and uniqueness of the solution follows by iteratively applying
part (i) of Corollary to intervals of the length 7.
More precisely, we consider the functional (F, F'): V& ([0,71]; RF) — VE ([0, m1]; L(RY RF)),
for (o, ') € VE([0,71]; R¥) given by ([2.13), and apply part (i) of Corollary to show
that there exists a unique solution to the RDE on the interval [0,77).

We now aim to solve the RDE ([2.12) iteratively on the subintervals [irq, (i + 1)r1],
i=1,...,N — 1, assuming that 7" = Nr; for some N € N. Given the solution on [(i —
1)ry,ir1), the value Y, is determined by the jump of X on ir;. We therefore consider

(yi,yh) € V& ([ir1, (i + 1)r1]; R¥), where
Yist = Yt + Yiri— — Yiri— + Firy - (V) Xipy— iy + Fip (VY )X iy, t € [irg, (4 1)),
foreveryi=1,...,N — 1, and
(F, F'): Vi ([ir1, (i + Dl RY) = VR ([irn, (i + D) LRERY)),

for (a,’) € VR ([ir1, (i + 1)r1]; R*) given by ([2.13). We again apply part (i) of Corol-
lary to show that there exists a unique solution to the RDE (12.12]) on the interval
[ir1, (i + 1)r1), that is

t
Y = g + / F(Y)dX,, t€ [ir, (i+1)r)

T1
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forevery i =1,..., N—1. Then, by pasting solutions on each of these subintervals together,
we obtain a unique global solution Y to the RDE , which holds over the interval [0, T'].

The a priori estimate follows by iteratively combining the a priori estimate of Corol-
lary and by the definition of « in .

(ii) Local estimate on [iry, (i+1)ri], ¢ =0,..., N—1. To apply the continuity result pre-
sented in Theorem on the subintervals [iry, (i +1)r1], we need to ensure that the func-
tionals satisfy the required assumptions. This is given for (F, F’), (ﬁ, F ) in Lemma [2.2.4
and for (F' — F.F — ﬁ’) we refer to the proof of part (ii) of Corollary and write

Cp_ Fi for the corresponding constant. By Theorem it then holds the estimate

1Y =Y llp firs (a4 0yr IR = RY 2 i i+1)m)

fs |Y;T1 - }/iT1|+|ET1 (Y) - Eh (Y)|+||y,y'; 37’ y”p,[irl,(i—l—l)rl]+CF,ﬁ'7i
L
S |y0 - §0|+Hy7y/; 371 g/|’X,P+Z|}/};O - ij,OH‘”YBa }/j/; )/}'71/;(”Z»—rjyp
j=1
FIY =Y 0 HIRY = RV |2 0,01,

where the implicit multiplicative constant depends on p, ¢, || f Hcg, K, L, and ||X]|p, see the
definition of (o, '), (&, &) € V5 ([0, T7; R¥).
Global estimate. Iteratively applying the local estimates and, as before, using that

[|-1]p< NZi]\i?)lH'Hp,[i?‘1,(i+l)r1]7 one can then derive the estimate. O

2.2.5 RDEs with variable delay

Rough differential equations with variable delay represent a slight generalization of RDEs
with constant delay. More precisely, let us consider the rough differential equation with

variable delay

t
Y=y + / f(YaYa ) dXe, € [0.7], (2.14)
0

where X € DP([0,T};RY) for p € (2,3), (y,9) € VR([0,T;RY), f € C}(R*; LIR%RY)),
and 7(-) be a bounded continuous function with n(t) > ¢, t € [0,T], for some € > 0, and
7 =sup{n(t) —t:t € [0,T]}. We assume that the driving rough path X is of the form

Xe = (Zta Zt—n(t)): te [OaT]7

for a path Z € DP([—7,T]; R¢) with d = 2e. We extend the vector field f into the space of
controlled paths by setting

(F, F): Vi (0. T RF) — Vi (0, T): L(RG RF)),
(F(Y), F'(Y.Y")) = (F(Y, ), Df (Y, ))(Y", o).
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for (o, ') € VE([0, T); R¥), where

oy — Yienw,  t=n(t)
Y’?;t’ t < n(t)

for some fixed controlled path (Y;,Y;) € V)

ns Iy ([OaT]SRk)-

n()

Corollary 2.2.7.

(i) In the above setting, there exists a unique solution to the delayed RDE (2.14). More-
over, there exists a componentwise non-decreasing function Kp:(0,00) x [0,00)4 —

[0,00) such that
1Y, Y < Kp(e™ I fllczs 1y o'l 1Y Yol XKL

(ii) Let (Y.Y') € VE([0,T);R*) be the unique solution to the RDE with variable de-
lay @14). Moreover, consider (y,7') € V&([0,T);R¥), and a fized controlled path

(Y, Y)) € Vg_n(‘)([O,T];Rk) with corresponding solution (Y,Y") € V% ([0, T];R¥).

Suppose that [|Y,Y"|| x p, ||1~/,)~/’||X7p§ K, for some K > 0, and ||Y;, Yy | x ps H)N/n,ﬁ” Xp

< L, for some L > 0. Then, we have the estimate

Yo — Yol +|[Y, Y, Y, Y| x,

< lvo — 370“"”1/::’/3 Y, 37/HX,p"HY77;0 = Yool+Yy, Yn/? Yy, Yn/HZ.,,,(.),pa

where the implicit multiplicative constant depends on p, €, T, n, HfHCg, K, L, and
1X][p-

Proof. (i) The existence and uniqueness of the solution follows by iteratively applying
part (i) of Corollary to intervals of the length e, see the proof of part (i) of Proposi-
tion [2.2.6| The a priori estimate follows analogously.

(ii) The continuity of the solution map follows analogously to Proposition [2.2.6] (ii). [
2.3 Application to stochastic differential equations with delay

One main application of rough path theory is a pathwise and robust approach to stochastic
differential equations, see e.g. [71]. In this section we show how a cadlag martingale and
its delayed version can be lifted to a joint random rough path in the spirit of stochastic Ito
integration. Consequently, this allows to apply the results on rough functional differential
equations, provided in Section to Ito stochastic differential equations (SDEs) with

constant delay.
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Throughout the entire section, let us consider constant delays 0 < r; < --- < ry with £ €
N, and let (2, F,P) be a probability space with a complete and right-continuous filtration
(Ft)te[—r, - Let Z = (Z)1e[—r, 1) De an e-dimensional square-integrable cadlag martingale
that is defined on (2, F,P), with Z; = 0 for ¢ < 0. The space of all square-integrable
random variables on (€2, F,P) is denoted by L? and equipped with the standard L2-norm.

2.3.1 Delayed martingales as rough paths

The aim of this subsection is to construct a random rough path above the stochastic process
X = (Xi)iejo,r), defined as

Xt = (Zt,thTja"'?Zt*T’é)’ te [O,T]a

in the spirit of stochastic Ito integration. Recall, for a martingale (St).e[0,7], stochastic 1t6
integration allows to define the integral fot ¢s dSs if (¢1)iefo,r) is a stochastic process with
left-continuous sample paths with right-limits which is adapted to the augmented filtration
generated by (St);c(o,r)- For a comprehensive introduction to stochastic integration see, e.g.,
[147]. In the following, when writing a stochastic integral, like fg s dSs, we will always
implicitly refer to the augmented filtration generated by (St)ic[o,7] if not explicitly stated
otherwise.

To construct a random rough path above the stochastic process X = (X¢);e[o,7], the
main challenge is to establish the existence of the random integral fg Zt—rh dZt_TjQ for
71 < j2 since (Z,g,rj1 )te[o,T} is, in general, not adapted to the augmented filtration generated
by (Zi—r;, )tejo,1]-

As a first step to construct a random rough path above the stochastic process X, in
the next lemma, we derive the existence of an auxiliary process, inspired by the quadratic

co-variation of martingales.

Lemma 2.3.1. Let Z = (Zt)ic[—r, 1) be an e-dimensional square-integrable cadlag mar-
tingale that is defined on (Q,F,P), with Z, = 0 for t < 0. Then, for i1, ia = 1,...

) 67
J1,92 =0,...,¢, j1 # jo, we have
Np—1 2
11 12 i2
|:tes[lé% ‘ Z Zt RAE=T 4yt NE=T ZtZAt*szv U1 NE=T g ZA Z ASZ‘*TJ'Q‘ :| —0
k=0 s<t
along any sequence of partitions P* = {0 =t <t} <--- < tN, = T}, n € N, of the interval
[0, T with vanishing mesh size, so that |P"|— 0 as n — oco. Here, we write A;H = Hy_ 4,
with Hy_ = limgy H, for the jump of a stochastic process H at time t.
We define the stochastic process
[Zn z2 = ZA Zzl ZETJQ, t € [0,T].

—rjy
s<t
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This process is cadlag and has P-almost surely finite §-variation, that is, [Z_iile , Z_ii%] €
D= ([0, T); R) P-almost surely.

Proof. We assume w.l.o.g. that j; = 0, and write r = rj,, and M = Z", M = Zi2. For

n € N, we define
Np—1

HZL = Z Mt?*ﬁtﬁﬂ#l(thﬂ](t)v t e [O,T],
k=0

and note that for |P"|< r, H" is indeed a simple predictable process, see [147, Chapter II].
The It6 integral is then given by

t N,—1 _
/ H}dMs = Y Mygprgn at—r Mg, -
0 k=0
We now aim to show that
T
E[/ (H — H8)2d[M]S] —0, as n— oo, (2.15)
0

where H := A.]TI/._T, and [-] denotes the quadratic variation. Using the localizing sequence

Tm = T N inf{t : |]\Z|2 m}, m € N, and replacing H" by H!,, and H by Hn,, we

may assume that the integrand is uniformly bounded, so that we can apply the dominated

convergence theorem. Since H" — H converges pointwise as n — 0o, this shows (2.15]).
By [96, Chapter 1.4], it follows that

t t
IE[ sup ‘/ Hngs—/ H,dM,
telo, 7] ' J0 0

as n — 0o, thus uniformly in L?, and as

2
}—>0

t —_—
/ HydM, =) AM _AM,
0

s<t
this implies the convergence result. Further,
AM, M) =Y (AM + AM._)2 =D (AM — AM._,)?
s<- s<-

has cadlag sample paths of finite 1-variation, as both terms on the right hand side are mono-
tonically increasing, which implies that [M, M,T] has P-almost surely finite §-variation, and

concludes the proof. O

Proposition 2.3.2. Let p € (2,3), and let Z = (Zi)ic[—r1) be an e-dimensional square-
integrable cadlag martingale that is defined on (2, F,P), with Z; = 0 for t < 0. We set
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X =(Z,2Z_,,...,Z_,). Then, X can be lifted to a random rough path, by defining
X = (X, X) € DP([0, T]; RY), P-almost surely, with d = e(f + 1), where

X7, ::/ Xi_dXi - xix, ::/ dexg—/ Xi_daxi - xix!,
s 0 0

fori,j=1,...,d withi =j and i > j such that X = Z?irh, XJ = Z?z% with i1,iy =
0,...,e, j1,52=0,...,¢, j1 > jo, and else

ngt = _Xi{t + X;,th,t - [Xi7Xj]s,t

for any (s,t) € Ap, and where the integration is defined as a stochastic Ito integral, and
[X? X7] is defined in Lemma |2.5.1]

Remark 2.3.3. The stochastic integral fg fo_rjl_ def_sz can be d‘eﬁned using classical
stochastic Ito integration if j1 > ja. Indeed, the stochastic process (Z;i,ﬂj2 )telo,) S a mar-
tingale and the stochastic process (Ztil—rjl)tE[O,T] 1s predictable, both with respect to the fil-
tration (Fi—r;, )iejo,r] with Fi := {Q, 0} fort <0.

Further, fori > j, we have that X?’t = fg X o dXj - f(f Xi_dXxj —X;‘X;t = f; X;u_ dXi,
= fst fs“_ dx: dXi, that is, Xijt coincides with the 2-fold iterated integral, for (s,t) € Arp.

S
Proof of Proposition[2.5.3. First, by definition Chen’s relation does hold: Let 0 < s < v <
t <T. Then, we have that
Xoo T X0+ X0 Xyt

t
= [ i ax) - xixd, - XX, XX

t
= / X, dX, — XX,

s,
similarly for X%, and
XL, + X0+ XL, X0

= XU, + X1, XL, — (X X0 = X+ X0, X0, — (X, X o + X2, X0,

= _Xi{t + X;,ng,t + Xg,ng,v + Xzi),th,t + Xzi),tX:Z,v - [Xia Xj]s,t

= X+ XX - X X

= X"gft-
Further, Z has P-almost surely finite p-variation, see e.g. [120], therefore X € DP([0, T]; R%)

P-almost surely. Since the maps s — X,; for fixed ¢, and t — X, for fixed s are both

cadlag, it thus remains to show that ||X]|z < co P-almost surely.
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We define the dyadic stopping times (7}'), xen by
to =0, m=f{t>7 [ Xy — Xon[> 27" AT

For t € [0,T] and n € N we introduce the dyadic approximation

00 t > .
X{=)  Xeplpap 1(H) and /O XptdX] =y XL Xn o
k=0 k=0

for i = j or i # j such that X’ = Z?irh, Xi = Z?‘i% for iy, io = 1,...,e, j1,52 = 0,...,4,
J1> Ja.
We now show that for almost every w € €, for every ¢ € [0,7] and for every € € (0, 1),

there exists a constant C' = C(w, ¢) such that for all n € N, we have

t t
’( / Xinaxi — / X;d)q') (w)’ < g ni=e), (2.16)
0 0

Applying the Burkholder-Davis—Gundy inequality, we have that

t . . . 2 T . . .
B (s [onin-xhax]) | sg| [ oo - xipax) s2onen
t€[0,77 /0 0

where the implicit multiplicative constant depends on the quadratic variation [X7] of X7.

Combining this with Chebyshev’s inequality, we obtain for any ¢ € (0,1) that

t
IP(’/ (X — X1)dx)
0

> 2n(15)> S 2211(175)27211 — 9ne
So by the Borel-Cantelli lemma, we have that

t t
sup ( / Xbndxi / X;dX@ < gn(l-e),
te[0,T 0 0

where the implicit multiplicative constant is a random variable which does not depend on
n, which shows (2.16]). Proceeding as in the proof of [124, Theorem 3.1], we can show that
[|X% |2< oo P-almost surely. Further, let i # j as above, then we have for any (s,t) € Ar
that
;D .. Db . .
B IR X I X))

[SIESENTS)

[s:t]”

Lemma then ensures that ||X7|| »< 00 P-almost surely. O

Remark 2.3.4. For a fractional Brownian motion with Hurst index H and its delayed ver-

sion a joint rough path was constructed in [140] based on the Russo—Vallois integral [151)],

assuming that H > L. This construction was generalized in [156] allowing for H > L.
9 3 ! 1

A related construction of a delayed rough path above a fractional Brownian motion can
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be found in [21]. For a standard Brownian motion a delayed rough path was also de-
fined in [32] based on stochastic Ité integration. While the delayed rough path provided in
Proposition [2.3.9 corresponds to stochastic Ité integration, see Proposition [2.3.5 below, the
aforementioned constructions of delayed rough paths above (fractional) Brownian motion

correspond to Stratonovich integration.
2.3.2 SDEs with delay as random RDEs

Let us consider the SDE with constant delay

t
Ytzyo+/ fYor,Ysr -y Yop,—)dZs, t€]0,T7,
0

1/vt = Yt, t e [_rfao)a

(2.17)

where y € D5 ([—ry, T);RF), f € CP(RFEAHD); £(R%R¥)) and the integral is defined as a
stochastic It6 integral. For a comprehensive introduction to stochastic It6 integration and
SDEs we refer, e.g., to the textbook [147]. It is known that the SDE possesses a unique
(strong) solution, see e.g. [147, Chapter V, Theorem 7|. It turns out that the solutions to
the SDE (2.17)) and to the RDE driven by the random rough path X = (X, X), with
X as defined in Proposition [2.3.2] coincide P-almost surely.

Proposition 2.3.5. Let p € (2,3), and let Z = (Zt)ic[—r,1) be an e-dimensional square-
integrable cadlag martingale, that is defined on (Q, F,P), with Z; = 0 fort < 0. We set
X =ZZ_,....,2Z_y,), and let X = (X, X)) be the random rough path, with X defined as

in Proposition [2.3.2
(i) Let (V,V') be an adapted stochastic process such that (V(w), V' (w)) € fo(w) for almost

every w € . Then, the rough integral exists and coincides P-almost surely with the

stochastic Ito integral, that is
T T
/ V., dX, :/ Vue dXy, P-almost surely.
0 0
(i) The solution of the SDE ([2.17)) driven by X, and the solution of the RDE (12.12)

driven by X, coincide P-almost surely.

Proof. (i) Step 1. [73, Theorem 31] gives that
T
— 1 !/
/0 VedX, = lim Y (ViXa +ViKeo)
(s,t)eP
where the limit is taken over any sequence of partitions P of the interval [0, 7] with mesh

size |P|— 0, and it is known that

T
> VX — / Ve dX,,
(s,t)EP 0
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in probability as |P|— 0, see e.g. [I47, Chapter II, Theorem 21], therefore the convergence
holds P-almost surely, possibly along some subsequence.

Step 2. We are left to show that

li V!X 0, 2.18
|791|IEO 2 St (2.18)
(s,t)eP
P-almost surely, along some subsequence. It suffices to show that for i, =1,...,d,
sup Z X?t‘ — 0, as |P|— 0, (2.19)

€T (5 pyePro,r]

in probability, which then implies P-almost sure convergence, along some subsequence: if V'
is P-almost surely piecewise constant, then (2.19) implies (2.18)). Otherwise, for any £ > 0,

there exists a suitable piecewise constant approximation V" of V' such that

HV/ o V/»E OOS g,

P-almost surely, see [6, Proposition B.1]. By a standard interpolation argument (e.g. [74],

Proposition 5.5]), it follows, for any ¢ > p, that

r
q

SIS

P 1— _
V! =Vl [V = VPRIV = V'l " < Ce'

P-almost surely, where the implicit multiplicative constant C is a random variable which

does depend only on p, ¢ and ||[V']|,. Using [I61} (5.1)], we obtain that

‘ S V- S VX,

(s,t)eP (s,t)eP

1 2 .
< — — /_ 1,€ < 1—
< (1rc(G o))V =Vl o=,

P-almost surely for any partition P, where the implicit multiplicative constant C'is a random
variable which does depend only on p, ¢, [|[V||, and ||XH§ . Consequently, if

lim Y VX, =0,
s,t)EP

|P|—0

holds P-almost surely, then so does (2.18)), and it suffices to show (2.19)).
Step 3. From here on, for the proof of (2.19), we consider the sequence of partitions

={0=ty <t} <...<ty =T}, neN, of the interval [0,T] with vanishing mesh size,
so that |P"|— 0 as n — oo. Moreover, let i > j.

Recall that
i i1
Xt‘ZL tn — thn

kolk41 i kU

dxJ

u?

k=0,...,N,—1.

Thus, the Burkholder—Davis—Gundy inequality gives that

2]<E[/| e P,
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where we write t;pn := max{t; € P":t} <t}, t €[0,7T]. Proceeding as in the proof of [76

Lemma 6.1], one can then show that

|:/ ’ U|'p’n u—‘zd[Xj]u] — 0, as n — o9,

which gives (2.19).
Therefore, by definition and Lemma [2.3.1] it holds that
Np—1 B Np—1
Jl — ij X J (D " A T
kZO Xt27t2+1 B Z XthtZ+1 t t2+1thth+1 [X X ]tk’tk+1
Nn—l Np—1
— _ J i J
- Z Xt27t2+1 + Z th»tﬁﬂ kv k+ ZA X A X
s<T

— 0,

as n — 00, where the convergence holds uniformly in probability, which then concludes the
proof.

(ii) Let Y be the solution of the rough differential equation driven by the random
rough path X = (X, X), see part (i) of Proposition We note that the assumption on
(V,V') in (i) does fit into this setting, where (V(w),V’(w)) = (F(Y(w)), F'(Y (w),Y'(w))
for some functional F, see Section[2.2.4] As the rough and It6 integral do coincide P-almost
surely by (i), we infer that Y is also a solution of the SDE , which has a unique
solution (by e.g. [147, Chapter V, Theorem 7]). O

Remark 2.3.6. As a consequence of Proposition and part (ii) of Proposition
one can apply the continuity of the It6—Lyons map (Theorem to derive pathwise
stability results for stochastic differential equations with delay like . In particular, the
map y — Y, mapping the initial path y to the associated solution Y of the SDE , 18
continuous on the space of controlled paths, which resolves an old observation, pointed out
by Mohammed [136], about the non-continuity of the flow of stochastic differential equations
with delay. The latter is a consequence of the discontinuity of stochastic integration when

using an unsuitable topology for the integrands.

Remark 2.3.7. While we considered square-integrable martingales and the associated sto-
chastic differential equations with constant delay in this section, the presented results can

be generalized in a fairly straightforward manner to:

(i) cadlag local martingales using standard localization arguments;

(ii) cadlag semimartingales using the classical estimates for Young integrals, see e.g. [75,
Proposition 2.4] and [12], Theorem 3.1], to show that one can suitably lift X to a

random rough path with additional Young integrals;
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(i1i) Young semimartingales (also known as semimartingales in the sense of Norvaisa
[142]), i.e. Z = M + ¢, for some martingale M and some cadlag adapted process
© with o(w) € DI([0,T]; R®) for almost every w € 2, for some q € [1,2);

(iv) SDEs/RDEs with variable delay of the form (2.14)), as long as n is assumed to be
bounded with n(t) > ¢, t € [0,T], for some £ > 0.
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Chapter 3

Pathwise convergence of the Euler scheme for rough and
stochastic differential equations

Stochastic differential equations serve as models for dynamical systems which evolve ran-
domly in time, and are fundamental mathematical objects, essential to numerous applica-
tions in finance, engineering, biology and beyond. In a fairly general form, a stochastic

differential equation (SDE) is given by
t t
Y = o +/ b(s, Ys) ds +/ o(s,Y)dXs  te[0,T], (3.1)
0 0

where 1y € RF is the initial condition, b: [0,T] x R¥ — R¥ and o:[0,7] x R¥ — R**? are
coefficients, and the driving signal X = (X¢);co,7] is a d-dimensional stochastic process
which models the random noise affecting the system.

Assuming that X is a cadlag semimartingale, such as a Brownian motion or a Lévy
process, and the coefficients b, o are suitably regular, it is well-known that is well-posed
as an [t6 SDE. That is, fot o(s,Y;) dXs can be defined as a stochastic Itd integral, and the
equation admits a unique adapted solution Y = (Y;)c(0,77; see e.g. [147]. Unfortunately,
such SDEs, including many of those which appear in practical applications, can rarely be
solved explicitly, which has led to a vast literature on various numerical approximations of
the solutions to SDEs; see e.g. [110].

One of the most common approaches to numerically approximate the solution of a
stochastic differential equation is to rely on a time-discretized modification of the equation.
This type of discretization is implemented in particular by the Euler scheme (also called
the Euler-Maruyama scheme) and its higher order variants. For the SDE (3.1)), the (first

order) Euler approximation is defined by

Y=gt 3 bYW - )+ Y oY) (X, — K)o (3.2)

it <t it <t

for t € [0,T7], along a sequence of partitions P" = {0 =t <t} <--- <t} =T}. Higher

order Euler approximations, such as the Milstein scheme, introduce additional higher order
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correction terms in the approximation , which often involve iterated integrals of the
driving signal X. In general, the numerical calculation of the approximation Y is carried
out path by path, motivating a pathwise convergence analysis of the Euler scheme and its
higher order variants. Indeed, it is well-known that, for SDEs driven by Brownian motion,
the (higher-order) Euler approximations converge pathwise; see e.g. [23] [102, [84] [109].

A fully pathwise solution theory for SDEs like is provided by the theory of rough
paths; see e.g. [71], [74]. Loosely speaking, in our context, a rough path is a pair X = (X, X),
consisting of a deterministic cadlag R%valued path X, and a two-parameter cadlag R¥*4-
valued function X, which satisfy certain analytic and algebraic conditions. We will work
with cadlag rough paths with finite p-variation, in the regime with p € (2, 3), which includes
in particular almost any sample path of a general semimartingale X, in which case the
corresponding rough path X = (X, X)), is given by X ; = f;(XT_ — X,) ®dX, via stochastic
integration.

Replacing the stochastic driving signal X in by a (deterministic) rough path
X = (X,X), we obtain a so-called rough differential equation (RDE). Assuming suffi-
cient regularity of the coefficients b, o, the RDE driven by a given cadlag rough path
X = (X, X) is well-posed, in the sense that fg o(s,Ys)dX; is defined as a rough integral, and
the equation admits a unique solution Y = (Y}).c(o,7); see [75]. Moreover, if the rough path
is the, say, It0 lift of a semimartingale X, then the solution of the resulting random RDE
is consistent with the solution of the corresponding SDE driven by X. Both interpretations
of the equation are thus essentially equivalent. Furthermore, in contrast to classical SDE
theory, rough path theory is not limited to the semimartingale setting, and it comes with
powerful pathwise stability estimates.

Rough path theory is intrinsically linked to the numerical approximation of stochastic
differential equations, and provides a transparent explanation for the pathwise convergence
of higher order Euler approximations and their modifications; see e.g. [70, [74) 54} [75], [126].
More precisely, the existence of a rough path lift of the driving signal is a sufficient condition
for the pathwise convergence of higher order Euler schemes for RDEs, thus implying path-
wise convergence for the corresponding SDEs driven by, e.g., semimartingales. However,
the pathwise convergence of the first order Fuler scheme—the most prominent numerical
scheme for differential equations—cannot be explained by the rough path lift of the driving
signal. Moreover, in general, an Euler approximation cannot converge to the solution of an
RDE driven by an arbitrary rough path, for at least two reasons: First, the Euler approx-
imation for an SDE driven by a fractional Brownian motion with Hurst index H < % fails
to converge (see e.g. [54]), and second, while the rough path lift X = (X, X) of a path X is

not unique, leading to potentially multiple solutions of the RDE, the Euler approximation
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Y™ defined in is independent of the choice of rough path, and can thus only converge
to at most one such solution.

In the present chapter we clarify the gap between rough and stochastic differential equa-
tions from the perspective of numerical approximation, by establishing the convergence of
the first order Euler scheme for RDEs driven by Ito-type rough path lifts. More precisely,
in Theorem [3.1.2] we obtain convergence in p-variation of the Euler scheme for rough differ-
ential equations driven by cadlag paths satisfying a suitable criterion—namely the so-called
Property (RIE)—relative to a sequence of partitions with vanishing mesh size.

Property (RIE) was first introduced in [143] and [7], motivated by applications in math-
ematical finance under model uncertainty. While, strictly speaking, it is a condition on a
cadlag path X:[0,7] — RY, it always ensures the existence of an Ito-type rough path lift
X = (X,X), allowing one to treat as an RDE. Using this fact, we will show that
Property (RIE) is a sufficient condition on the sample paths of a stochastic driving signal
to guarantee the convergence of the first order Euler scheme for the corresponding SDE.
We note in particular that the Euler scheme converges surely on the set where the stochas-
tic driving signal satisfies Property (RIE), which is a stronger statement compared to the
earlier results in [23], [102] [84] [109], in which the set on which the Euler scheme converges
can depend on the coefficients b, 0. A criterion for Holder continuous rough paths, related
to Property (RIE), was previously introduced by Davie [51], which also allows one to ob-
tain convergence of the Euler scheme for RDEs, and will be discussed in more detail in
Remark

Exploiting the continuity results of rough path theory, in Theorem [3.1.2] we derive a
precise error estimate in p-variation for the Euler approximation of RDEs with respect to
the discretization error of the driving signal. The convergence rate is expressed transpar-
ently, in terms of the mesh size of the approximating partition, and the approximation error
of the discretized signal and of its rough path lift. We also obtain an error estimate for
the Euler approximation with respect to pathwise perturbations of the driving signal; see
Proposition This latter perturbation is motivated by so-called approximate Euler
schemes for SDEs driven by jump processes, see e.g. [95] 150} 53]. For instance, approxi-
mate Euler schemes are used for Lévy-driven SDEs, since the increments of Lévy processes
cannot always be simulated, and thus the increments of the driving Lévy process need to
be approximated by random variables with known distributions.

To obtain pathwise convergence of the Euler scheme in p-variation for a stochastic
differential equation, it is then sufficient to verify that the associated stochastic driving
signal of the equation satisfies Property (RIE), almost surely, relative to a sequence of

partitions; see Sections and Unsurprisingly, we find that the more regular the
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driving signal is, the more general the sequence of partitions may be chosen. Indeed, while
the sample paths of a Brownian motion satisfy Property (RIE), almost surely, relative to
sequences of partitions whose mesh size can converge to zero very slowly, the sample paths
of more general Itd processes satisfy Property (RIE), almost surely, relative to sequences
of partitions whose mesh size is of order 27 ". For stochastic processes with jumps, such as
Lévy processes or general cadlag semimartingales, one needs to ensure that the jump times
are exhausted by the sequence of partitions, which is a necessary condition, for both the
Euler scheme to converge pathwise, and for Property (RIE) to be satisfied by the driving
signal.

The presented pathwise analysis of the first order Euler approximation is not limited
to stochastic differential equations in a semimartingale setting. As examples, we consider
mixed SDEs driven by both Brownian motion and fractional Brownian motion with Hurst
index H > %, as in e.g. [162, [135], as well as rough stochastic differential equations, which
are differential equations driven by both a rough path and a Brownian motion; see [72].
The latter equations are of interest, e.g., in the context of robust stochastic filtering; see
143l 58].

This chapter is structured as follows. In Section [3.1] we prove the convergence of the Eu-
ler scheme for rough differential equations assuming that the driving paths satisfy Property
(RIE). In Sections and we provide various examples of stochastic processes which
satisfy Property (RIE) along suitable sequences of partitions, making the established con-
vergence analysis applicable to the corresponding SDEs, and derive associated convergence

rates.

3.1 The Euler scheme for rough differential equations

In this section we study convergence of the (first order) Euler scheme for rough differential
equations, which does not rely on the Lévy area of the path, and is known to converge path-
wise for certain classes of stochastic differential equations. Before treating the Euler scheme,
we will first recall some essentials from the theory of cadlag rough paths, as introduced in
[73, [75].

3.1.1 Essentials on rough path theory

A partition P of an interval [s, t] is a finite set of points between and including the points s
and t,i.e., P={s=wuy <uy <--- <uy =t} for some N € N, and its mesh size is denoted
by |P|:= max{|u;y1 —u;|: i =0,...,N — 1}. A sequence (P"),ecn of partitions is said to
be nested, if P* C P"*! for all n € N.
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Throughout, we let T' > 0 be a fixed finite time horizon. We let Ar := {(s,t) € [0,T)? :
s < t} denote the standard 2-simplex. A function w: Ar — [0, 00) is called a control function
if it is superadditive, in the sense that w(s,u) + w(u,t) < w(s,t) forall 0 < s <u <t <T.

For two vectors z = (x!,... ,a:d)T, y= (..., y”l)T € R? we use the usual tensor product
TRY = (:ciyj)i,jzl,,,,,d € R¥x4,

Whenever (B, ||-||) is a normed space and f, g: B — R are two functions on B, we shall write
f < gor f < Cgtomean that there exists a constant C' > 0 such that f(x) < Cg(z) for
all x € B. The constant C' may depend on the normed space, e.g. through its dimension or
regularity parameters, and, if we want to emphasize the dependence of the constant C' on

some particular variables, ayq, ..., ay, say, then we will write C' = Cy, . 4,

For two vector spaces, the space of linear maps from F; — Fj is denoted by L(E1, Es);
and we write C! = C!(R™; L(R?%; R¥)) for the space of [-times differentiable (in the Fréchet
sense) functions f:R™ — L(R% R¥) such that f and all its derivatives up to order [ are

continuous and bounded. We equip this space with the norm

I llct:= [ fllscHIDflloot+ - - + ID"f oo

where D" f denotes the n-th order derivative of f, and ||-||oc denotes the supremum norm

on the corresponding spaces of operators.

For a normed space (E, |-|), we let D([0,T]; E') denote the set of cadlag (right-continuous
with left-limits) paths from [0,7] to E. For X € D([0,T]; E), the supremum seminorm of
the path X is given by

[ Xoo:= sup [ Xy,
te[0,7)

and for p > 1, the p-variation of the path X is given by

1
P
||X||p: ||X||p,[O,T] with ||X||p,[s,t]:: < sup Z |Xv - Xu’p> ) (Svt) € ATa
PC[s,t] [w,0]€P
where the supremum is taken over all possible partitions P of the interval [s,t]. We recall
that, given a path X, we have that ||.X||,< oo if and only if there exists a control function
w such that!
|Xv — XU‘p
sup ————— < 00.
(u,w)EAT w(ua U)
We write DP = DP([0,T]; E) for the space of paths X € D([0,T]; E') which satisfy || X||,< occ.

Moreover, for a path X € D([0,T]; ]Rd)7 we will often use the shorthand notation:

Xep =Xy — Xy and Xy := liITnXu, for (s,t) € Ar.
uft

'Here and throughout, we adopt the convention that % = 0.
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For r > 1 and a two-parameter function X: A7 — E, we similarly define

1

”XHT:: HXHT,[O,T} with HXHT,[S,t]:: ( sup Z ‘XU,U‘T> ) (S,t) € AT'
PClst] [u,v]eP

We write D = D3 (Arp; E) for the space of all functions X: Ay — E which satisfy [|X]|,< oo,

and are such that the maps s — X, ; for fixed ¢, and t — X, ; for fixed s, are both cadlag.
For p € [2,3), a pair X = (X, X) is called a cadlag p-rough path over R? if
(i) X € DP([0,T};R%) and X € DS (Ag; R™?), and
(ii) Chen’s relation: Xs; = X4 + Xyt + X0 ® Xy p holds for all 0 < s <u <t < T.

In component form, condition (ii) states that th = XY, + Xi];t + X;ﬂuXi’t for every ¢ and
4. We will denote the space of cadlag p-rough paths by DP = DP([0,T]; R?). On the space

DP([0, T); RY), we use the natural seminorm
1Xlp:= IXl[pjo,ry  with [ Xl s.0:= [ XIlp, s, 1Kl 2 5.1
for (s,t) € Ar, and the induced distance
XK X lpi= 1% Xlpjory  with X5 X o= 1X = Xl s 1K — XH%,[s,t]v (3-3)
whenever X = (X, X),X = (X, X) € D?([0, T]; R%).

Let p € [2,3), ¢ € [p,o0) and r € [£,2) such that %—l—% > 1 and % —1—5 = % Let

X € DP(0,T);RY). We say that a pair (Y,Y”) is a controlled path (with respect to X), if
Y € DP([0,T); E), Y' e DY[0,T];L(R%: E)), and RY € Dy(Ar;E),
where RY is defined by
Yoy =Y/X,s+RY, forall (s;t)€Ar.

We write V¥ = V%" ([0, T7]; E) for the space of E-valued controlled paths, which becomes a

Banach space when equipped with the norm
YV, Y") = (Yol + Y5 [+11Y g 0.0+ BY I jo.17-

For paths A € DI, H € D% for q1, ¢ € [1,2), and a rough path X € DP for p € [2,3),
we consider the rough differential equation (RDE):

t t
Y, = yo + / b(H,, V) dA, + / o(H, Y, dX,,  tel0,T). (3.4)
0 0

Provided that % + qil > 1 and % + q% > 1, the first integral in this equation can be defined
as a Young integral, whilst the second integral is defined as a rough integral. For precise
definitions, constructions and properties of these integrals, we refer to the comprehensive

exposition in [75].
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Theorem 3.1.1. Let p € [2,3) and q1,q2 € [1,2) such that % + qil > 1 and % + q% > 1. Let
beC,oeCP ypeRF, Ae DB, He D” and X = (X,X) € DP. Letr € 5V q1 V q2,2)
such that % + % > 1, and let g € [p,00) such that % + % = % Then there exists a unique
path Y € DP such that the controlled path (Y,0(H,Y)) € V4" satisfies the RDE (3.4).

Moreover, if jg € RF, Ae D%, H € D® gnd X = ()Z'QN{) € DP with corresponding
solution Y, and if || Ally, |Allr, | H||r, | H|lr, | Xlp, 1X][p< L for some L > 0, then

1Y = Yllp Y =Yl IR — Rl

_ _ _ _ (3.5)
S lvo = Yol+Ho — Hol[+[[H — H|[y+[[A — All»+[X; X]|p,

where the implicit multiplicative constant depends only on p,q,r, ||bHC§, ||‘7HC§ and L.

The result of Theorem [3.1.1] may be considered classical, and will be unsurprising to
readers familiar with RDEs. However, to the best of our knowledge, a proof of the precise
statement of the theorem does not appear in the existing literature. A sketch of the proof,

based on the proof of [3, Theorem 2.3|, is therefore given in Appendix

3.1.2 Convergence of the Euler scheme

Let us consider the rough differential equation
t ¢
Y=o —l—/ b(s,Ys)ds —|—/ o(s,Ys)dXs, te0,T7], (3.6)
0 0

where yo € R, b € CZ(RMY L(R;RY)), 0 € CHRM L L(REGRY)) and X = (X,X) €
DP([0, T); RY) is the driving cadlag p-rough path for p € [2,3). Given a sequence of partitions

={0=tj <t <--- < N, = T}, n € N, the Euler approximation Y™ corresponding to
the RDE (3.6)) along the partition P" is given by

Y=g+ Y b YRt — )+ D oY (X, — X)), (37)

it <t et <t
for t € [0, T7.

It is a classical result in the numerical analysis of stochastic differential equations that,
if the driving signal is, e.g., a Brownian motion, then the Euler scheme (often also called the
Euler-Maruyama scheme) converges pathwise; see e.g. [109]. On the other hand, it is known
that in general the Euler scheme cannot converge if the driving signal is an arbitrary rough
path, since the corresponding Euler scheme for stochastic differential equations driven by
fractional Brownian motion fails to converge; see [54] for a more detailed discussion on this
observation.

Moreover, since the extension of a path X to a rough path X = (X,X) is not unique,
and the Euler approximation YY" defined in is independent of X, the sequence (Y"),en
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cannot converge to the solution of a general rough differential equation. Thus, in order to
ensure the convergence of the Euler scheme, it is necessary to identify the “correct” rough
path lift X as the driving signal for the RDE . A suitable resolution to this is provided
by the so-called Property (RIE), as introduced in [143] and [7].

Property (RIE). Let p € (2,3) and let P" = {0 =t5 <t} <--- <t} =T}, neN,
be a sequence of partitions of the interval [0,T] such that |P"|— 0 as n — oco. For X €
D([0,T];RY), and each n € N, we define X™:[0,T] — R? by

Np—1

th = XT]-{T}(t> + Z thl[tn7tn )(t), tc [O,T]
k=0

k+1
We assume that:
(i) the sequence of paths (X™)nen converges uniformly to X as n — oo,

.. . t — .
(ii) the Riemann sums fo X ®dX, = fcvzo ! th ® XtZ/\tvt}ZH/\t converge uniformly as

n — oo to a limit, which we denote by fg X, ®dX,, t€[0,T],
(iii) and there exists a control function w such that

X, P fo X7 ®dXy — Xep © Xop |3
sup ~— +sup sup k — — < 1. (3.8)
(s,)ear W(S:t)  neN 0<k<t<N, w(ty, t})

We say that a path X € D([0, T]; RY) satisfies Property (RIE) relative to p and (P"),en,
if p, (P™)nen and X together satisfy Property (RIE).

It is known that, if a path X € D([0, T]; R?) satisfies Property (RIE), then X extends
canonically to a rough path X = (X,X) € DP([0, T]; RY), where the lift X is defined by

t
X, 1= / X, ®dX, — X, ® (X, — X,),  (s,t) € Ap, (3.9)

with fst X, ®dX, = fot X, ®dX, — [; X, ®dX,, and the existence of the integral fot X, ®
dX, is ensured by condition (ii) of Property (RIE); see [7, Lemma 2.13]. When assuming
Property (RIE) for a path X, we will always work with the rough path X = (X, X) defined
via , and note that X = (X, X) corresponds to the It6 rough path lift of a stochastic
process, since the “iterated integral” X is given as a limit of left-point Riemann sums,

analogously to the stochastic It integral.

Postulating Property (RIE) for the driving signal of a rough differential equation ensures
that the (first order) Euler approximation converges to the solution of the equation, as stated

precisely in the next theorem.
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Theorem 3.1.2. Suppose that X:[0,T] — R? satisfies Property (RIE) relative to some
p € (2,3) and a sequence of partitions (P™)nen, and let X be the canonical rough path lift
of X, as defined in . Let'Y be the solution of the RDE driven by X, and let Y™
be the Euler approximation defined in . Then,

IY" =Yy — 0 as n — 00,

for any p' € (p,3), and the rate of convergence is determined by the estimate

-7
P’
. (3.10)

o0

_1 1-%
Y™ =Yy S 1P a | X" = Xloo 7'+

~

'/X;f@dxu—/xu@dxu
0 0

which holds for any q € (1,2) such that 1% —i—% > 1, where the implicit multiplicative constant
depends only on p,p’,q, ||b||C§, ||0HC§,T, | Xo| and w(0,T), where w is the control function

for which (3.8) holds.

Note that Property (RIE) implies that each of the terms on the right-hand side of ((3.10))

tends to zero as n — oo.

Remark 3.1.3. In [51], A. M. Davie observed that, under suitable conditions, the first
order Euler scheme along equidistant partitions converges to the solution of a given rough
differential equation. More precisely, for p € (2,3) and o := %, let X = (X,X) be an a-
Hélder continuous rough path, so that | Xs:|S |t — s|® and [Xs¢|< [t — s[** for (s,t) € Ar,
such that, for some B € (1 — «,2a), there exists a constant C > 0 such that

< Ol — k)Ph2

-1
> XjnG+0n
=k

whenever h > 0 and 0 < k < £ are integers such that ¢h < T. Under this condition
on the driving signal X, [51, Theorem 7.1] states that the Euler approzimations Y", as
defined in , converge uniformly to the solution 'Y of the RDE along the equidistant
partitions (Pp)nen, where Ppy = {% :1=0,1,...,n}. Note that Davie’s condition implies
Property (RIE)—see [143, Appendiz B]—and is thus less general, even in the case of Holder

continuous rough paths.

The rest of this subsection is devoted to the proof of Theorem which first requires
us to establish some auxiliary results.

In the following, we will always assume that X:[0,7] — R? satisfies Property (RIE)
relative to some p € (2,3) and a sequence of partitions (P"),ecn. As the piecewise constant
approximation X" (as defined in Property (RIE)) has finite 1-variation, it possesses a

canonical rough path lift X" = (X™ X") € DP([0, T]; R%), with X" given by

t
X", ;:/ X0, @dXT, (s.1) € Ap, (3.11)
S
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where the integral is defined as a classical limit of left-point Riemann sums. Note that, while
[75] Section 5.3] discretizes the rough path X = (X, X) in a piecewise constant manner, here
we instead discretize the path X and then extend it to a rough path X" = (X", X") via
(13.11)).

As a first step towards the proof of Theorem |3.1.2] we establish the convergence of the
rough paths (X"),cn to the rough path X in a suitable rough path distance. For this

purpose, we need two auxiliary lemmas.

Lemma 3.1.4. Suppose that X:[0,T] — R? satisfies Property (RIE) relative to some p €

(2,3) and a sequence of partitions (P™)nen. Then, we have the estimate

sup - [X5p = X | < 2[[ X loo [ X" = Xloo+  sup

/ X ® qu - Xs,t )
(S,t)GAT (St GAT

where X" and X were defined in (3.11)) and (3.9), respectively. In particular, we have that
X" — X uniformly as n — oo.
Proof. Since

t
X5, —Xst\<‘ + /X;"ﬁu®qu—Xs,t,
S

and the limit in condition (ii) of Property (RIE) holds uniformly, it is enough to prove that

the function given by

t t
APy = X2, — / X7, ®dX, = / X, @d(X" — X),
s S

satisfies

sup - [AL < 2[| X loo [ X" = Xloo- (3.12)
(St)EAT

Ift) <s<t<ty,, for some k, then X!, = Xynn = 0 for every u € [s,t), so that
A%, = 0. Otherwise, let ko be the smallest & such that t} € (s,t), and let k1 be the
largest such k. It is straightforward to see that the triplet (X" — X, X" A™) satisfies Chen’s
relation:

ASy = A, + A+ X, @ (X" — Xy

)

for all s <wu <t, from which it follows that

Ag, = Antn + At” T At” tt Xg,tgo (X" = X g + Xg,t;gl ® (X" - X)tgl it
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As we already observed, we have that A?tg = A?Z . = 0. In fact, we also have that
) 0 l k)

o oo [Pxn a0 = S [T xn L eae - x
otk " fyn Tl ® AT =X = Zk P @ (X" = X
0 1=Ko %
— - (3.13)
=Y [ Xy X" = X0 = Y Xy 9 (X~ X, =0
i=ko t? i=ko
Since (X" — X)tgo = (X" — X)tg = 0, we simply obtain Ay, = tﬁl ® (X — Xy), from

which (3.12)) follows. O

Lemma 3.1.5. Suppose that X:[0,T] — R? satisfies Property (RIE) relative to some p €
(2,3) and a sequence of partitions (P™)nen. Let w be the control function with respect to
which X satisfies the inequality . Then, there exists a constant C, which depends only
on p, such that

hSEIN]

1% l5< Cu(0,T)
for every n € N, where X" was defined in (3.11)).

Proof. Let n € N, and let (s,t) € Ap. If tf < s <t <t} for some k, then X, =
Xipgn = 0 for every u € [s,t), so that X7, = 0. Otherwise, let ko be the smallest &k such
that ¢ € (s,t), and let k1 be the largest such k. It is straightforward to see that (X", X")

(3.14)

satisfies Chen’s relation:
nt = X?,u + XZ,t + Xg,u ® Xg,t

for all s <wu <t, from which it follows that
st _X”tn +th . +th t+Xstn ®th . +X5tn ®th +

As we have already seen, we have that X?tz = X?Z , = 0. Recalling the calculation in
b xO 17

(3.13]), we note that

tn ty

1 k1
?” = trhu®dX17}: Z}Lu®dXU«7
ko k1 tn ko’ tn ko’
ko ko
and hence, by the inequality in (3.8)), that
%
n 5 1 n n n n
’th NAg |2_ < w( kl) S w(tk0717tk1+1)'
ko’ k1 tn
0

We estimate the remaining terms as
X”n ®Xn n 2+X”n ®Xn 2< X"n p+Xn n p+X"n p+Xn P
| 27 e 7 t 7 R 7 t
< ’Xt2071,t20 \p-l-\tho,tgl ‘p—i_‘XtZO—l’tZl P+ Xep o [P

S 'I,U( Z()—l’ Zo) + 'U}( 207 Zl) + 'LU( 20—17 Zl) =+ w(t]ﬂ?tzl—l-l)

< 2w(tgy 1, by 41)-
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Putting this together, we have that

X% t‘2< Cw( ko—1> kr+1)

for some constant C. It follows that, for an arbitrary partition P of the interval [0, 7], we
have the bound
> X2 < 3Cw(0,T),
[s,t]leP

and hence that (3.14) holds with C = (3C)7. O

Using the previous two lemmas, we can now infer the convergence of the rough paths

(X™)pen to the rough path X.

Lemma 3.1.6. Suppose that X:[0,T] — R? satisfies Property (RIE) relative to some p €
(2,3) and a sequence of partitions (P")nen. Let X = (X,X) and X" = (X", X") be the
cadlag rough paths defined via (3.9) and (3.11)), respectively. Then, for any p’ > p, we have
that

| X" Xy — 0 as n — 0o, (3.15)

with a rate of convergence given by

-2
X7 X[ S X" = Xlloo ” +  sup

=
/X ©dX, — Xes| . (3.16)
St EAT

where the implicit multiplicative constant depends only on p,p’,|Xo| and w(0,T), where w
is the control function for which (3.8)) holds.

Proof. By a standard interpolation estimate (e.g. [74, Proposition 5.5]), it follows, for any
p’ > p, that

P

5 1-5
[ X7 = Xl < [ X7 = X5 [ X" = X[ ¥
We similarly have that

P
IX" = X[y < X" = X[} sup [XI, — Xoof TV
2 2 (s,t)eATD ' ’
We recall from Lemma [3.1.4] that

sup Xy — Xt |< 2[[ X loo| X" = X0t sup
(S,t)GAT (St GAT

/ XI, @ dX, — X,

1
We have that sup,,cn||X"[l,< | X|lp and | X ||oo< | Xo|+[| X ||,< | Xo|4+w(0,T)?, and, by the
lower semi-continuity of tlr;e B-variation norm and Lemma X[l < lim infi, o0 | X" <
supneNHX”H »< Cw(0,T)». Putting this together, we conclude that (3.16) holds. By con-
ditions (i) and (ii) in Property (RIE), the convergence in ) then also follows. O
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As a next step towards the proof of Theorem [3.1.2] we introduce a discretized version

of the RDE ({3.6]). For this purpose, we define a time discretization path along P™ by

No—1
=Tl (D) + Y tilpp e, H(8),  t€0,T], (3.17)
k=0

and consider the rough differential equation

V= g0+ / by, ) P+ / (VM AX?,  te [0,T), (3.18)
0 0

Thanks to Lemma [3.1.6| and the local Lipschitz continuity of the It6—Lyons map, we

obtain the following proposition.

Proposition 3.1.7. Suppose that X:[0,T] — R? satisfies Property (RIE) relative to some
p € (2,3) and a sequence of partitions (P")nen. Let Y be the solution of the RDE (3.6)),
and let Y™ be the solution of the RDE (3.18|). Then,

IY" Y|y — 0  as n — oo, (3.19)

for any p' € (p,3), with a rate of convergence given by

P
1=

)

i B iy |
17" Yy P! q+||X"—X||oo”+H/X3®dX“‘/X“®dX“
0 0

o0

for any q € (1,2) such that 1% =+ % > 1, where the implicit multiplicative constant depends

only on p,p,q, Hb||Cb2, Ho||cg,T, | Xo| and w(0,T), where w is the control function for which

(3.8) holds.

Proof. Setting v, :=t for t € [0,T], the RDE (3.6)) may be rewritten as

t t
Yimwo+ [ bonYodvt [ oGuY)dX,  tel0.1]
0 0
Hence, by Theorem we know that
YY" =Yy S 7" = vl X" X (3.20)

for any p’ € (p,3) and any ¢ € [1,2) such that z% + % > 1.

Note that 4™ and v have finite 1-variation, with ||[v"|1= ||v|1= T, and |4 — v|1=
2T. Although 4™ does not converge to - in l-variation, it is straightforward to see by
interpolation that

1

1 1-= 1 1—1
V" =M< V" =l 1" = lloo *= T)a [P
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for any ¢ > 1. Combining this with the estimate in (3.20)) and the result of Lemma
we infer the convergence in ([3.19)), and the estimate

—~ 1_£/ t 175
|77 = Yl S I =l +IX" = X+ sup | [ X2 04X, Ko
(s,t)eAr | Js
1 1—P2 . : 1_%
< |73”]1_E+HX" — X|oo P'+H / X, ®dX, — / X, ®dX,
0 0 oo

O]

Remark 3.1.8. For a path A € D'([0,T];R?) of finite 1-variation, let us consider the
controlled ordinary differential equation (ODE)

t
Zy = 2 +/ o(Zs)d4,,  tel0,T), (3.21)
0

where the integral is interpreted in the Riemann—Stieltjes sense. It is a classical result that,
provided o is sufficiently regular, the ODE in is well-posed, and that the solution map
O: A — Z is continuous with respect to the 1-variation norm ||-||1. A major insight of the
theory of rough paths is that the solution map ® can be extended from the space of smooth
paths to the space €OPV2 ([0, T]; RY) of continuous geometric rough paths for p € (2,3); see
e.g. [7)]. Of course, the closure of a set containing only continuous paths with respect to
p-variation norms will again only contain continuous paths.
In the current framework of cadlag rough paths, Lemma [3.1.0] and Proposition [3.1.

motivate us to comsider instead the closure of cadlag paths of finite 1-variation. For p €
(2,3), let DOP([0,T);RY) denote the closure of the set

t
{A = (A4,A) : Ac DY[0,T;;RY) and Ay, := / Asy ®dA, for all (s,t) € AT}

with respect to the rough path distance ||-; - ||, (as defined in (3.3)), where fst Asy ®dA,
is defined as a left-point Riemann—Stieltjes integral. Then, the solution map ®: A — Z
extends continuously to the space DOP([0, T);RY) by Theorem|3.1.1}, and every path satisfying

Property (RIE) is in DY ([0, T];RY) for p’ € (p,3) by Lemma .

Next, we shall verify that the piecewise constant approximation X" of X, as defined
in Property (RIE), itself satisfies Property (RIE) relative to any sequence of partitions

(P™)men which are coarser than P™ and have vanishing mesh size.

Lemma 3.1.9. Suppose that a path X satisfies Property (RIE) relative to p € (2,3) and a
sequence of partitions (P™)pen, and let X™ be the usual piecewise constant approximation
of X along P™. Then the path X" satisfies Property (RIE) relative to p and any sequence

of partitions (P™)men such that P™ C P™ for every m € N, and |P™|— 0 as m — co.
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Proof. We need to verify each of the conditions (i)—(iii) of Property (RIE) along the se-
quence of partitions (ﬁm)meN. Since P C P™ for every m € N, the piecewise constant
approximation of X™ along the partition P is simply the path X™ itself. Conditions (i)
and (ii) thus hold trivially.

Let wy,, be the control function given by wy (s, t) = HX”||£ so that [X7,[P<

7|:s7t]’

wip(s,t) for all (s,t) € Ap, and similarly let ws, be the control function given by
p

waa(s 1) = [X7E

for each m € N. Then, for any m € N and any 0 < k < £ < Nm, using the standard

Let us also write 75’” = {0 = i<t < < r%lm =T}

estimate for Young integration (see e.g. [75, Proposition 2.4]) we have that

Ty g 5 >
‘ Xu @ AXy = Xoom @ Xigm | S AKX s e X712 o

m
Tk

P b P
< IXMENXE ey < IX W w2 o)
Thus condition (iii) holds for X™ with the control function ws ., given by
P
W3 n(s,t) == w1 pn(s,t) + || X|fwan(s,t), (s,t) € Ar.
O

We are now in a position to complete the proof of Theorem [3.1.2 For this, we will
apply in particular the result of Theorem which states that, under Property (RIE),

the rough integral can be obtained as a limit of classical left-point Riemann sums.

Proof of Theorem [3.1.3. Note that the Euler scheme in (3.7) may be expressed as the so-
lution of the controlled ODE

t t
Y = yo+ / by, Y A+ / oYM AXT,  te [0,T], (3.22)
0 0

where 4™ denotes the time discretization path along P™ defined in (3.17)), and the integrals

are defined as limits of left-point Riemann sums. Recall that Y™ denotes the solution of the

RDE in (3.18), that is

e [erinans [eeninaxs  tebr. @
where X" is the canonical rough path lift of X", as constructed in (3.11)).

Since X™ is piecewise constant, it is clear from the definition of X" that X7, = 0 for
any times s <t which lie in the same subinterval [}, ¢} +1) of the partition P™. Since 4" is
also constant on each such subinterval, it follows from the definitions of Young and rough
integrals that the solution Y™ of is itself also piecewise constant along the partition
P
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Let P™ = {0=rp<r’<---< r%m =T}, m € N, be any sequence of partitions with
mesh size converging to 0, such that P™ C Pm™ for every m € N. By Lemma we have
that the path X™ satisfies Property (RIE) relative to p and the sequence (ﬁm)meN. Since "
and Y™ are piecewise constant along the partition P, it is clear that the jump times of the
integrand s — o (v7, }75”) all belong to P™, and thus also belong to the set liminf,, pm
It thus follows from Theorem that the rough integral fot o(y", Y1) dX" is equal to a
limit of left-point Riemann sums along the sequence (ﬁm)meN. That is, for any t € [0,T],

we have that

Npp—1

t
| ot T axz = tim > olal T X
Np—1 B t
= > 0O T Xfpnaag e = [ o0 T XY
k=0 0
Since these integrals are equal, it follows that the ODE in and the RDE in are
consistent, so that Y = Y™, The result then follows from Proposition O

3.1.3 Error bound for an approximate Euler scheme

In general, the Euler scheme is not applicable to numerically approximate the so-
lution of a stochastic differential equation driven by an arbitrary Lévy process, since the
increments of Lévy processes cannot always be simulated. Therefore, to obtain a numerical
approximation of the solution of such a Lévy-driven SDE, one needs to consider approximate
Euler schemes—see e.g. [95] 150, [53]—where the increments of the driving Lévy process are

approximated by random variables with known distributions.

As a pathwise counterpart, we introduce the approximate Euler scheme Y™ of the rough

differential equation ({3.6|) along the partition P™, given by

S/\;n = Yo + Z b(t?7 At?)( ?—i—l - t?) + Z O—(t?7 i}?)(yt?+l - )?tzﬂ)’ (324)

itn, <t itn <t
for ¢ € [0, 7], with the modified driving signal
X=X + o,

where ¢ € DI([0, T]; R?), for some ¢ € [1,2) such that % + % > 1, and, as usual, we write
Pr={0=ty <tP <---<t} =T}

While the approximation error of the Euler scheme (3.7)) was only caused by discretiz-
ing the time interval [0,77], the approximate Euler scheme (3.24)) produces an additional
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approximation error due to taking the modified driving signal X as an input, instead of the
actual driving signal X of the RDE ({3.6]).

To ensure the convergence of the approximate Euler scheme, we first need to verify that,
if the actual driving signal satisfies Property (RIE), then the same is true of the modified

driving signal.

Proposition 3.1.10. Suppose that X € D([0,T);R?) satisfies Property (RIE) relative to
some p € (2,3) and a sequence of partitions P" = {0 =ty <t} <.-- <ty =T}, neN.
Let ¢ € D([0,T); R?) for some q € [1,2) such that 1% + % > 1. For each n € N, we define
©":[0,T] — R by

Np—1
90? = @Tl{T} (t) + Z thzl[tz,tz+1)(t)a te [O7T]a (325)
k=0

as the discretization of ¢ along P"™. Suppose that ||¢™ — ¢||q— 0 as n — oo. Then the path
X=X+ ¢ satisfies Property (RIE) relative to p and (P™)pen.

Proof. We need to verify the conditions (i)—(iii) of Property (RIE).

(i): Letting X" denote the piecewise constant approximation of X along the partition
P, it is clear that Xn=Xn+ ™ for each n € N. Since X" converges uniformly to X by
Property (RIE), and ||¢"™ — ¢||;— 0 by assumption, it is clear that X™ converges uniformly
to X as n — oco.

(ii): We need to verify that the integral

t

t t t t
/Xﬁ@dxuz/xg®dxu+/xg®dcpu+/ @Z@qu—i-/ o @ diu,
0 0 0 0 0

converges as n — oo to the limit

¢ t t t ¢
/ X, ®dX ::/ Xu®qu+/ Xu®dg0u—|—/ gou®qu+/ ou ® dp,
0 0 0 0 0
uniformly in ¢ € [0, 7], where the latter three integrals are defined as Young integrals.

Since X satisfies Property (RIE), we have that

|

Let p’ > p such that ]% + % > 1. By the standard estimate for Young integrals—see e.g. [75],
Proposition 2.4]—we have, for all ¢ € [0, T, that

— 0 as n — oo.

/X;}@dxu—/xu@dxu
0 0

[e.o]

t t
0 0

SIX™ = Xl llellg-
It follows by interpolation (see e.g. [T4, Proposition 5.5]) that
-4 5
[ X" = Xy < [[ X" = Xloo [ X" = Xl
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Since X" converges uniformly to X as n — oo, and sup,,en|| X"|[,< | X||,< oo, we deduce

that . .
H/Xﬁ@dcpu—/Xuéédgou
0 0

Similarly, for each ¢ € [0,T7], it holds that

— 0 as n — oo.

[e.e]

t t
] [eroax~ [[ouoax|sle - clalXly
0 0

and

t t
\/0 ¢Z®dsou—/0 20 ®dpu| < 110" = @lalllle

and, since [|¢™ — ¢||;— 0 as n — oo, we infer the required convergence.

(#3): We aim to find a control function w such that

~ ty o Sk
X..Pp | [t Xt ® dX,|2
sup [ Kot +sup  sup it k:i — <1, (3.26)
(s)enr W(S, 1) neN 0<k<i<N, w(ty, )
where
o R tn tn tn tn
X&7u®qu = Xg;;?u@quJr X%yu@)dgou—k/ ¢f27u®qu+/ @?27u®d¢u.
24 25 25 t i

Let wx be the control function with respect to which X satisfies Property (RIE), and define
moreover the control function wy, given by wy(s,t) = Hg0||g I5.1] for (s,t) € Ar.
We have from Property (RIE) that

X..P X..|P P
sup | S,t| 5 sup | s,t + sup |g08,t| S 2’
(s,t)EAT 'LUX(S, t) + w@(s, t) (s,t)EAT ’UJX(S, t) (s,t)EAT ’U,)(p(S, t)
and that o ,
’ft;f X,fil’u ®dX,|?
sup  sup <
neN 0<k<(<Nn wx (7, t7)

By the standard estimate for Young integrals (see e.g. [75], Proposition 2.4]), for every n € N
and 0 < k < ¢ < N,, we have

qo 5 - 2
‘ th’u & d@u S HX ”p{tﬁ,t?}H@H%[t;&t?]

ty
% % n ynyi n o 4n QL
< ||X||p,[t2,t?]||80Hq,[t7k",t?’}§ wX( k?té)Qw@( k?tﬁ) 9,
and we can similarly obtain

P
2
S wx (], 17) 7w, (], £7) %

te
ti
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and
P

2
S we(ty, 1) 7

t
/ Pin o © Aoy
tn

k

Since p € (2,3) and ¢ € [1,2), we have that % + 2% > 1 and % > 1, and it follows that the
maps (s,t) — wx(s, t)%ww(s, t)% and (s,t) — wy(s, t)g are superadditive and thus control

functions. We deduce that (3.26)) holds with a control function w of the form

D
q

w(s,t) = C(wX(s,t) +wy(s,t) + wX(s,t)%ww(s,t)% + wy(s,t) ), (s,t) € Ar,
where C' > 0 is a suitable constant which depends only on p and gq. O

By Proposition the modified driving signal X satisfies Property (RIE), and can
thus be canonically lifted to a rough path X = ()?,X) c DP([0,T];RY) via (3.9). By
Theorem the rough differential equation driven by X has a unique solution 57,
and the approximate Euler scheme Y™ in converges to Y by Theorem

The next proposition provides an error and convergence analysis for the approximate
Euler scheme with respect to the solution Y of the RDE driven by the rough
path X = (X, X) under Property (RIE).

Proposition 3.1.11. Suppose that X € D(]0,T];R?) satisfies Property (RIE) relative to
p € (2,3) and a sequence of partitions (P™)nen, and let X be its canonical rough path lift. Let
¢ € DI([0,T]; RY) for some q € (1,2) such that % + % > 1, let ™ be the piecewise constant
approzimation of ¢, as defined in ([3.25)), and assume that ||¢" — ¢|lq— 0 as n — co. Let Y
be the solution of the RDE driven by X, and let Y™ be the approximate Euler scheme
defined in . We have the error estimate

> 1-1 1-&
V" =Yl S (L+ [ X[p+lell)elg+ P e+ 11X = Xlloot 0" = @lloc) 7

+(H/X:}®dxu—/xu®dxu
0 0

for any p’ € (p,3) such that %—i—% > 1, where the implicit multiplicative constant depends on

1-5
P
+ 1 X" = Xl +lle™ - s0||q>

o0

PP, 4, 1bllcz; llollez: T) 11X Moo, [1Xllp, lelloo, lellq and w(0,T), where w is the control func-
tion for which (3.8)) holds. In particular, we have that

limsup [Y" =Vl S (1+ [ Xp+lello)lellq- (3.27)

n—o0

Proof. By Proposition |3.1.10, we know that the path X=X+ ¢ satisfies Property (RIE)
relative to p and (P")nen. Let X be the canonical rough path lift of X, and let Y and ¥
be the solutions of the RDE (3.6)) driven by X and X respectively. It is clear that

V" =Yy < [Y" =Yy +[]Y = Yy
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By Theorem [3.1.1) we have the estimate
1Y = Yl S 1% Xl

and, by Theorem [3.1.2] we have that

p
1=

)

Sn o -2
V" =Y |y< P ] X" — XHOO H/ X' ®dX, — /X ®dX,

o0

where X" is the piecewise constant approximation of X along P™. Since Xn = X"+ ",

we can bound

[ X" = Xloo< [ X™ = XlooF[[¢" = ©lloo-

As shown in the proof of Proposition [3.1.10
| =

0
[

0

We also note that

+ [ X" = Xl lellgte™ = el I X I+ ellq)-
oo
R t t t
Xs,t - Xs,t = / Xs,u X d‘Pu + / Ps,u X qu + / Ps,u & d‘Pu
s s s

for (s,t) € Ap, so that, by the standard estimate for Young integrals (see e.g. [75, Propo-

sition 2.4]), we obtain

1Xst = Xt S X Np s, 0 llg 5.0 H 12115 5.

This implies that, for any partition P of the interval [0, T7,

Z ’Xs,t - Xs,t %S

S UXIE el ot el )

[s,t]eP [s, t]eP
(% uxug[s,t) (% \lelp[st]> S 6l
[s,tleP [s,tleP [s,tjleP
(= uxup[st) (% ||so||q[sﬂ> (2 ||sa||q[sﬂ> < IX 18 Il + ol
[s,t]leP [s,t]leP [s,t]leP

so that ||§A§ - X||g§ ||X||p\|cp||q+||g0\|g. We thus deduce that
15 X < |1 X = Xlp+[IX = X2 S (1 + [ X+l el 4o

and combining the estimates above, we obtain the desired error estimate. O
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Remark 3.1.12. As an immediate consequence of Proposition[3.1.11}, if the modified driving
stgnal X converges to the driving signal X, then the approzimate Euler scheme converges
to the solution Y of the RDE . More precisely, let us consider the approrimate Euler
scheme Y™ of the RDE along the partition P", given by

1;—m+ X:b Yt — +—§: LY (XD - XR),
1+1 z+l

fort € [0, T], with the modified driving signal
X" =X + ",

where Y € DI([0,T];R?) for some q € (1,2) such that % —I-% > 1. In the setting of
Proposition |3.1.11 with ¢ = ", if ||["||q— 0 as n — oo, then

Y™ Y|y — 0 as mn — 00,

for any p' € (p,3) such that + > 1, which follows from (3

Remark 3.1.13. In this section we handled the modified driving signal X 4y by considering
the rough path lift X of)? = X+, and considering the solution Y of the RDE driven
by X. An alternative, equally valid approach would be to instead absorb ¢ into the drift of
the RDE. The resulting equation would not strictly speaking be of the form in , but it
would still fall into the regime of the more general RDE in , and an error estimate

could be obtained using the stability estimate in Theorem|[5.1.1].

3.2 Application to stochastic differential equations

In this section we apply the deterministic theory developed in Section [3.1] regarding the
Euler scheme for RDEs, to stochastic differential equations (SDEs). For this purpose,
we now let X be a d-dimensional cadlag semimartingale, defined on a probability space
(Q, F,P) with a filtration (F¢),c(o,7) satisfying the usual conditions, i.e., completeness and

right-continuity. We consider the stochastic differential equation
¢ t
Y =wo —l—/ b(s,Ys—)ds +/ o(s,Ys-)dXs, te[0,T], (3.28)
0 0

where yo € R*, b € CZ(R*1; L(R;R¥)) and o € C3(RFL; L(R%RF)), and fg o(s,Ys—)dX;
is defined as an It6 integral. For a comprehensive introduction to stochastic It6 integration
and SDEs we refer, e.g., to the textbook [147]. It is well-known that the SDE (3.28)
possesses a unique (strong) solution (see e.g. [I47, Chapter V, Theorem 6]), and that the
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semimartingale X can be lifted to a random rough path via It6 integration, by defining
X = (X, X) € DP([0, T); RY), P-a.s., for any p € (2,3), where

t t
X,y = / (X, — X,) ® dX, = / X, ® dX, — X, ® Xy, (s,0) € Ap;  (3.29)
S S

see [124], Proposition 3.4] or [75, Theorem 6.5]. It turns out that, if the semimartingale X
satisfies Property (RIE) relative to p € (2,3) and a suitable sequence of partitions (P"),en,
then the solutions to the SDE and to the RDE driven by the random rough
path X = (X, X) coincide P-almost surely.

Lemma 3.2.1. Letp € (2,3) and let P" = {7]'}, n € N, be a sequence of adapted partitions
(so that each 7' is a stopping time), such that, for almost every w € Q, (P™(w))nen is
a sequence of (finite) partitions of [0,T] with vanishing mesh size. Let X be a cadlag
semimartingale, and suppose that, for almost every w € Q, the sample path X (w) satisfies

Property (RIE) relative to p and (P™(w))nen-

(i) The random rough paths X = (X, X), with X defined pathwise via (3.9)), and with X
defined by stochastic integration as in (3.29)), coincide P-almost surely.

(i) The solution of the SDE (3.28)) driven by X, and the solution of the RDE (3.6|) driven
by the random rough path X = (X, X), coincide P-almost surely.

Proof. (i): By construction, the pathwise rough integral f(f Xu(w) ® dXy,(w) constructed
via Property (RIE) is given by the limit as n — oo of left-point Riemann sums:

No—1
Z Kopw)W) ® ng(w)/\t,rg+l(w)/\t(w>- (3.30)
k=0

It is known that these Riemann sums also converge uniformly in probability to the Ito
integral fot Xu- ® dX, (see e.g. [I47, Chapter II, Theorem 21]), and the result thus follows
from the (almost sure) uniqueness of limits.

(ii): In the following, we adopt the notation Jp for the set of jump times of a path F,
and we write liminf, . P" := |,,en ﬂan P,

Let Y be the solution of the RDE driven by the random rough path X = (X, X).
By the definition of X in terms of a limit of the Riemann sums in , it is straightforward
to see that X;_ ; = 0 unless X has a jump at time ¢. It follows from the definition of rough
integration that the integral ¢ — fot o(s,Ys)dX; can only have a jump at the jump times of
X, and it follows that the same is true of the solution Y of the RDE , ie., Jy C Jx.

Since the piecewise constant approximation X" of X along P" converges uniformly
to X (by condition (i) of Property (RIE)), we have from Proposition that Jx C
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liminf, o P"™. Since Jy C Jx, we have that Jy C liminf, . P". It then follows from
Theorem [A.3.2] that

t Np—1
/0 o(s,Y;)dXs = lim Z o (7, Yop ) Xenntrn, At

n—00
k=0

Since these Riemann sums also converge in probability to the It6 integral fg o(s,Ys—)dX;
(see e.g. [147, Chapter II, Theorem 21]), these integrals coincide almost surely. We infer
that Y is also a solution of the SDE (3.28)), which has a unique solution (by e.g. [147,
Chapter V, Theorem 6)). O

As a consequence of Theorem and Lemma for semimartingales which satisfy
Property (RIE) relative to a sequence of adapted partitions, the Euler scheme con-
verges pathwise to the solution of the SDE . In the following subsections we verify
Property (RIE) for various semimartingales relative to suitable sequences of partitions, and
derive the pathwise convergence rate of the associated Euler scheme with respect to the

p-variation norm.

3.2.1 Brownian motion

We start with the most prominent example of a semimartingale, by taking X = W to be

a d-dimensional Brownian motion W' = (W¢),¢[o,77 with respect to the underlying filtration
(Ft)eefo,1)-

Proposition 3.2.2. Let p € (2,3) and let P" = {0 =tf <t} <.-- <ty =T}, n€N,
be a sequence of equidistant partitions of the interval [0,T], so that, for eash[a € N, there
exists some m, > 0 such that t , —t}' = m, for each 0 < i < Ny,. If m, "log(n) — 0
as n — 0o, then, for almost every w € Q, the sample path W(w) satisfies Property (RIE)

relative to p and (P™)pen.

Proof. As stated in Remark Davie’s condition implies Property (RIE). While [143]
Appendix B] show this for the sequence of partitions (P{})nen, where P = {% D io=
0,1,...,n},ie m, = %, their proof actually holds for any sequence of equidistant partitions
of the interval [0, ];];éVVe therefore show the necessary condition proposed in [51], under the
assumption that m, *log(n) — 0 as n — oc.

More precisely, let W = (W, W) be the It6 Brownian rough path lift of W. Write o := 11;
and let 5 € (1 — a,2a). We show that, almost surely, there exists a constant C' > 0 such
that

< Ot - k)P,

-1
1j
‘ Z thmvt:ln+l
m=k
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for every i,j =1,...,d and n € N, whenever 0 < k < £ are integers such that ¢m, <7T.

Step 1. We recall that a (zero mean) random variable Z is said to be sub-Gaussian if its
sub-Gaussian norm || Z||y,:= inf{z > 0 : E[exp(Z?/2?)] < 2} is finite. It is well-known that
the sub-Gaussian property admits an equivalent formulation; namely, Z is sub-Gaussian if
and only if Efexp(A\2Z?)] < exp(A2K?) holds for all A such that [A\|< 2, for some K > 0.
In this case we have || Z]|y,= K up to a multiplicative constant.

We will prove that th o =k,...,£ — 1, are independent sub-Gaussian random
variables with sub-Gaussian norm HW% o || py= Cmy, for some C' > 0.

First, we note that, by [74, Proposition 13.4], for all m € N, the random variables

WY, .
% are independent and identically distributed, with the same distribution as WBJ 1>

and that the latter satisfies E[exp(nwg 1)] < oo for some sufficiently small n > 0, which is
equivalent to the Gaussian tail property, i.e., that HWZOJ la< ey/q for all ¢ > 1, where the
constant ¢ is independent of ¢; see [74, Lemma A.17]. As a consequence, using the fact that
tyy1 — ty, = ™y for all m, and setting ¢ = 2v, we deduce that

E[WY, .. [*]<vn?,  veN, (3.31)

m>'m+41

for a new constant ¢ > 0 which does not depend on v.

We now aim to show that there exists a constant C > 0 such that
Elexp(V (Wi, i )%)] < exp(C2n2A2), (3.32)

for all A such that [A|< &—, which then implies that th o is sub-Gaussian with norm
W2, . +1H¢2 C7mp, up to a multiplicative constant Wthh we may then absorb into C.

Using the Taylor expansion for the exponential function, we get, for A € R, that

E[exp(\? (th o

00 )\21/(“;%722l " )21/ o) )\QVE[(WIZL " )21/}
_ E|:1 I Z t;n;tm+l :| 14 ottt
v=1 ’

By the bound in (3.31]) and Stirling’s approximation (which implies in particular that v!>
(£) for all v > 1), we obtain

v!
v=1

1
2 2 2 2 2
[exp()\ (th tn ) ) < 1 + Vzl ec)\ ) m < exp(2€C/\ 7Tn),
which is valid provided that
1
ecAn? < 3 (3.33)

since = < exp(2x) for € [0, 3]. We then obtain (3.32) by choosing C' = v/2ec, and note
that then ) does indeed hold when [A[< #1-
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Step 2. Let C > 0 be the constant found above, so that ||W2, i +1H@: Cmy. Then
Hoeffding’s inequality (see e.g. [I58, Theorem 2.6.2]) gives

“

2(p _ 1\2B.-4a
20(6—]{:)5777210‘>§2exp<— G (€ = k), )

Y= —
Zm:k||wié17tgm+l ”i?

zgexp(_w_k)w_l)

7.[.712—401

/-1

W
Z bt
m=k

Since  >1—a > %, we can bound this further by

/—1

. 1 _ 1

IP’( S Wi |0 k)ﬁwfﬁ> < 2exp ( - W) = 20,
m=k

where we denote 7y, = 7,2 4% log(n). Since, by assumption, 7, — 0 as n — oo, we have that
1
%n > 1 for all sufficiently large n € N, and hence that the series > _yn " is absolutely

convergent. The desired statement then follows from the Borel-Cantelli lemma. O

Remark 3.2.3. Proposz'tz’on can be generalized to any sequence of partitions (P™)nen,
4
which possibly consists of non-equidistant partitions, such that |73”]27510g(n) —0asn —
o0, provided that there exists a positive number n > 0 such that
P

min0§k<Nn ’tZJrl — tm

=7

for everyn € N. This additional condition requires that the sequence (P™)nen be a “balanced

partition sequence” in the sense of [38].

Remark 3.2.4. Combining Proposition[3.2.3 with Lemma[3.1.6, we infer that the piecewise
constant approrimations of a Brownian motion along equidistant partitions converge to its
1t6 rough path lift, which, as far as we are aware, is a novel construction of this lift. Fxisting
approzimations of Brownian rough path are all continuous approrimations, such as piecewise
linear or mollifier approximations—cf. [T4]—which play a crucial role, e.g., in the rough

path based proofs of Wong—Zakai results, support theorems and large deviation principles.

Corollary 3.2.5. Let p € (2,3) and let Py = {0 =t <t} <--- <tp =T}, neN,

with t' = %, be the sequence of equidistant partitions with width % of the interval [0,T].

Let Y be the solution of the SDE driven by a Brownian motion W, and let Y be

the corresponding Euler approrimation along P}, as defined in . For any p’ € (p,3),
2

€(1,2) and p € (1 — %, 5) such that 1% + % > 1, there exists a random variable C, which

does not depend on n, such that

Y —Y|y< Cn D 4 GO0 e 3.34
p
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4
Proof. Since |Pji|= L, we have that |73{}]2_510g(n) — 0 as n — oo. Thus, by Proposi-
tion for almost every w € €, the sample path W (w) satisfies Property (RIE) relative
to p and (P[})nen, which allows us to apply the result of Theorem
Since the sample paths of W are almost surely %—Hélder continuous, it is easy to see
that

1
W* =Wlleesn »,  neN,

where the implicit multiplicative constant is a random variable which does not depend on

n. Moreover, by [143, Appendix B], the left-point Riemann sums along (P} )nen converge

uniformly as n — oo, with rate 7~ G for ge(l— z%’ %)’ ie.,
‘/Wﬁ@dwu—/ W, @dW,|| <n G?, nenN
0 0 )

Hence, by Theorem we get that
Y™ =Yy < n*(lfé) + n—%(l—ﬁ) + n*(%*ﬁ)(lfﬁ).
Since % <1- % < B for p € (2,3), this gives the rate of convergence in ((3.34)). O

3.2.2 1Ito6 processes

In this subsection we let X be an Ito6 process. More precisely, we suppose that
t t
X = xg —l—/ by dr —|—/ H,.dW,, te[0,T7], (3.35)
0 0

for some xo € R?, and some locally bounded predictable integrands b: Q x [0, 7] — R¢ and
H:Q x [0,T] = L(R™;R?), where W is an R™-valued Brownian motion. We consider the

sequence of dyadic partitions (P})nen of [0,T], given by

PhHL={0=t <t <---<tyn =T} with ¢y :=k27"T for k=0,1,...,2"
(3.36)
In the next proposition we will show that X satisfies Property (RIE) along the sequence
of partitions (P} )nen, and establish the rate of convergence of the associated Euler scheme.
Note that, in contrast to the proof of Proposition for general It0 processes we cannot

rely on the concentration of measure inequality for sub-Gaussian distributions.

Proposition 3.2.6. Let p € (2,3) and let X be an Ité process of the form in (3.35). Let
Y be the solution of the SDE (3.28)) driven by X, and let Y™ denote the corresponding
Euler approzimation, as defined in (3.7)), based on X and the sequence of dyadic partitions

(Pg)nGN-
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(i) For almost every w € 2, the sample path X (w) satisfies Property (RIE) relative to p
and (Pp)nen-

(i1) For any p’ € (p,3) and q € (1,2) such that 1% +% > 1, and any € € (0,1), there exists

a random variable C, which does not depend on n, such that
1Y - Y|y< @™ 42767 w) 49730905 e N (3.37)

and

Y™ - Y|3< C2G9),  peN. (3.38)

Proof. (i): By a localization argument, we may assume that b and H are globally bounded.
Let
t t
Ay ::/ b, dr and M; ::/ H, dW,
0 0

for t € [0,T], so that X = z¢p + A + M, and recall that we denote the piecewise constant
approximation of X along Pp by

o1
Xy = Xrlp(t Z XipLpp e, )(8), te[0,T],

with ¢ = k27"T for each k = 0,1,...,2" and n € N. Note that, by the uniform continuity
of the sample paths of X, it is clear that X” converges uniformly to X almost surely as
n — 0.

Step 1. In this step we verify that the sample paths of X are almost surely %—Hblder
continuous. This is a standard application of the Burkholder-Davis—Gundy inequality.

Indeed, for any g > 1, using the boundedness of H, and writing [-] for quadratic variation,

q . 2
e[ oo
0 st

so that |[|[M; — M;||L«S |t — s]z By the Kolmogorov continuity theorem (see e.g. [74]

Theorem A.10]), it follows that E[||M||,.xs1] < oo, where ||-||,.ms1 denotes the y-Holder

norm, for any 7 € [0,  — 5) which, taking ¢ sufficiently large, implies that the sample paths

of M are almost surely ];-Holder continuous. Since A = fo b, dr with the bounded integrand

we have that

E[| M, — M,]|] [ H, AW,

b, the sample paths of A are Lipschitz continuous, and thus also %—Hélder continuous.

Step 2. In this step we show that, almost surely, fo X! ® dX,, converges uniformly to
the It6 integral fo X, ®dX, as n — oo. For this purpose, we write X" = zg + A" + M",
where

2"—1 2" —1

A = AT]-{T} Z Atn k? Z-&- t) and Mt = MT]-{T} Z Mtn]_ (t)

k+l
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for t € [0,T). Since X = z9+ A+ M, we obtain

el f .

gEH/O(Aﬁ—Au)e@dA ]+E[”/ w) @ dA, 2] (3.39)

+EH /OI(AZ—AU) UJJFE{ ooij

Applying the Burkholder-Davis-Gundy inequality, the fact that [M] = | fo H, dWy] =
Jo|H¢|? dt, and the boundedness of H, we can bound

| [z - amy e an Q}SE[/ M = A

21 on 1
5/0 E[| M — Z/t E[| My — M) dt < Z/ Ml ] dt

2n—1

2" L35 9 L4 9
-y [E /rHr| ar| dt Z/ (=)t < 3 (@ — )2 =27,
k=0 7tk i k=0 Jtk

k=0

(M = M,) @ dM,

u

0

The other terms on the right-hand side of (3.39) can be bounded similarly by 27", up to a

constant which does not depend on n, and we thus have that

. 2
o] [ J]e
0 ')

for every n € N. By Markov’s inequality, for any ¢ € (0,1), we then have that

P(H /hxg > 2—’5(1—5))
0 0

32"“—5)15:[“/ X{}@qu—/ X, ®dX,
0 0

2

:| < 2n(1—a)2—n — 9—ne
o ~Y

It then follows from the Borel-Cantelli lemma that, almost surely,

/X]j@qu—/Xu@)qu
0 0

for all sufficiently large n, which implies the desired convergence.
Step 3. Let € € (0,1) and p =2+ m € (2,3). We infer from Step 1 above that

the sample paths of X are almost surely 7—Holder continuous, from which it follows that

< 2720179 (3.40)

1
[ Xt S [t = sl

where the implicit multiplicative constant is a random variable which does not depend on s
or t. Proceeding as in the proof of [124, Lemma 3.2], we can show, for any 0 < k < £ < 2™,
and writing N = ¢ — k = 2|t} — ¢2|T ™, that

tn
Xn®dX th ®th n < N _*‘tn _tn‘ o< 2 1—* ’tn _tn’< 2”(/) 2) |tn n|

tn

96



If 27" > |t} — t2|ﬁ, then it follows that
t 4 2
‘ . Xy ®@dXy — Xpp @ Xipgn| S [t — tZ‘l_m(p_Q): |ty — ti|».
k
We will now aim to obtain the same estimate in the case that 27" < [t} — t2|ﬁ. To this
end, let X denote the second level component of the Itd rough path lift of X, as defined
in ([3.29). It follows from the Kolmogorov criterion for rough paths (see [71, Theorem 3.1])
that
[XoelS It — 57, (3.41)

where the implicit multiplicative constant is a random variable which does not depend on

s or t. Using the bounds in (3.40)) and (3.41)), we then have, for all sufficiently large n, that

ty
‘ X, ®dX, — th & th,t?
th
ty ty ty
th t th
0 0
n 2 >
S 27309 4 gy}
2
<l — gl
We have thus established that
tn b
4 2
Xy @dXy — Xep @ Xypgn | S |t7 — 1]
th

holds for all 0 < k < £ < 2™ and all sufficiently large n. It follows that there exists a random

control function w(s,t) := ¢|t — s|, for some random variable ¢, such that

tn D
| ot Xo @ dXy — Xip @ X g2

sup [ Xsal” +sup sup
(s,)err W(S:t)  neN o<k<r<an w(ty,t})

holds almost surely. This means that, for almost every w € €, the sample path X (w)
satisfies Property (RIE) relative to any p € (2,3) and the sequence of dyadic partitions

(PB)nEN'
(ii): Since the sample paths of X are almost surely %—Hélder continuous (by Step 1

above), it is straightforward to see that

X" = XS 277, neN,
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and, recalling (3.40)), we have that

H/X{}@dxu—/xu@dxu
0 0

Hence, by Theorem we deduce that

<9-30-9 LN

oo

Y™ = Y]ls< Y™ = Yy< 27 "070) 4275730 4 975179050

for any p’ € (p,3) and ¢ € (1,2) such that ]% + % > 1, which leads to (3.37). Choosing p
sufficiently close to 2, p’ to 3, and ¢ to %, and replacing ¢ by 6¢, then reveals (3.38)). ]

3.2.3 Lévy processes

Let L = (Lt)ejo,r) be a d-dimensional Lévy process with characteristics (A, 3, v). In this
section, we shall work under the assumption that f|$|<1\m]qz/(dx) < oo for some ¢ € [1,2).

By the Lévy-It6 decomposition (see e.g. [10, Theorem 2.4.16]), there exists a Brownian
motion W with covariance matrix ¥, and an independent Poisson random measure p on
[0, 7] x (R4 \ {0}) with compensator v, such that L = W + ¢, where

©r = At + /|x|21 zp(t,dz) + /x|<1 z(p(t,dz) — tr(dz)), te0,T]. (3.42)

Since f‘x|<1|x|ql/(dx) < 00, we have that p(w) € DI([0, T]; R?) for almost every w € §; see
[10, Theorem 2.4.25] and [26, Théoreme IIIb].

Let (P})nen be the dyadic partitions of [0,77], as defined in (3.36]). For each n € N, we
also let J" = {t € (0,T] : |Ap¢|> 27"}, where Ap; = ¢ — p;— denotes the jump of ¢ at
time ¢, and we let

PL=PpuUuJm. (3.43)

We will consider (P} )nen as our sequence of adapted partitions, noting in particular that,
for almost every w € €, (P} (w))nen is a nested sequence of (finite) partitions with vanishing
mesh size, and that {t € (0,7 : Li— (w) # Lt(w)} C UpenPF(w).

Remark 3.2.7. In order to obtain pointwise convergence of an Euler scheme, it is necessary
that the jump times of the driving signal belong to the partitions used to construct the
discretization, a fact which follows immediately from Proposition necessitating the

inclusion of the jump times (J™)nen above.

Proposition 3.2.8. Let L be a d-dimensional Lévy process with characteristics (A, X, v),
and assume that ﬁx‘<1|x\qy(dx) < oo for some q € [1,2). Let p € (2,3) such that %—i—% > 1.
Let Y be the solution of the SDE driven by L, and let Y™ be the corresponding Euler
approximation along Pr, as defined in .

98



(i) For almost every w € 2, the sample path L(w) satisfies Property (RIE) relative to p
and (PL(w))nen-

(ii) For any p' € (p,3) and ¢ € (q,2) such that ﬁ —1—% > 1, any v € (O,%), and any
d € (0,1— %), there exists a random variable C, which does not depend on n, such

that

HYn _ YHP'S C<2*"(1*$) + (2*”(%*’7) + 2*”(%*§) 4 2*”5(1*;/))1*5/)7 n € N.

To prove this statement, we need the following lemma.

Lemma 3.2.9. Let p € (2,3), let W be a d-dimensional Brownian motion with covariance
matriz 3, and let (P} )nen be the sequence of adapted partitions defined in (3.43)). For almost
every w € Q, the sample path W (w) satisfies Property (RIE) relative to p and (P} (w))nen.

Proof. We need to verify each of the conditions (i)—(iii) in Property (RIE).

(i): Since the sample paths of W are uniformly continuous on the compact interval
[0,T7], it is straightforward to see that W"(w) — W (w) uniformly as n — oo for almost
every w € {1, where W™ denotes the piecewise constant approximation of W along P}.

(ii): It follows from the Kolmogorov continuity criterion that the sample paths of Brow-
nian motion are almost surely %—Hblder continuous, and that the Holder constant ||[TV|| 1 Hal
has finite moments of all orders (see e.g. [I8, Theorem A.1]). Applying the Burkholder—
Davis—Gundy inequality, we then have that

2 T
] o] [
00 0

T 2 _2n
<E[IWIR i | 1P ] S BWIR 27
Let v € (0, %) ande=1-— % +2ve(1- %, 1). By Markov’s inequality, we infer that

“(

By the Borel-Cantelli lemma, we then have that, almost surely,

|

for all sufficiently large n. It follows that ([, W, ®dW,)(w) converges uniformly to ( [, Wy ®

/Wﬁ@dwu—/wu@adwu
0 0

/WS@qu—/ W, @ dW,
0 0

> 2—;(1—a)> < 9= 24n(l—e) _ g—2ny

o0

<2 20179 (3.44)

o0

0 0

dW,)(w) as n — oo for almost every w € .
(iii): Let p =2+ % € (2,3). Since the sample paths of W are almost surely

%—Hélder continuous, it follows that
(Wel S [t — sl
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where the implicit multiplicative constant is a random variable which does not depend on
s or t. Proceeding as in the proof of [124, Lemma 3.2], we can show, for any 0 < k < ¢, and

writing N = ¢ — k, we can show that

ty 2 2
‘ Wy @ AW, — Wiy © Wy | S N5l — 6117,

t
where {0 =t <t} < ---} are the partition points of P}(w) for some (here fixed) w € €.

Using || here to denote the cardinality of a set, we note that the number N can be bounded
by

N < [Ph(w) 0 (R, 7]+ T (w) N (7, 7]]< 27T g — i |+2™ > 1Ap(w)|
eI (W)N(ED 7]

S 207 — 2" e (w)llg pen e < 277t 1),

t,ty]

where ¢ is the control function defined by c(s,t) := |t — s|+H<p(w)||g for (s,t) € Ap. If

i[st]
4
27" > c(ty, tp)»0-9), this implies that

‘ t?

n - < on(p—2) .(4n 4n n o 4n 1‘%(!"%_ nony 2
Wy @ dWy — Win @ Wi yn | < 2 et ti) < clty,ty) » = c(tg, ty)7.

t

4
In the case that 27" < ¢(t},t})»0-9), we can follow the same argument as in Step 3 of the
proof of part (i) of Proposition (using in particular the bound in (3.44)) to obtain
again that

ty 2
‘ " WZZ & qu — th ® Wtz,tzl S.; C(tz, t?)P,
k
where, as usual, the implicit multiplicative constant depends on w, but not on n.

It follows that there exists a random control function w such that

ty P

‘Ws7t|p k
sup +sup sup
(s)enr W(s,t) " neN o<k<e w(s,t)
holds almost surely. O

Proof of Proposition[3.2.8, Let W be a Brownian motion with covariance matrix 3, and
let ¢ be the process defined in , so that L = W + ¢. As usual, we let L™, W" and
™ denote the piecewise constant approximations of L, W and ¢ respectively, along the
adapted partition P}.

Recalling , we see that we can write ¢ = n + £, where

N = At +/ xp(t,dr) — t/ zv(dx) (3.45)
2|2 2-n<[al<1
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and
§t = x(u(t,dz) — tv(de)).
/:v|<2 (u(t,dz) — tv(dz))

Let n™ and £™ denote the piecewise constant approximations of 7 and & along P}'. Recalling
how the adapted partition P} was defined in (3.43)), we note that, when estimating the
difference n™ — 1, we may ignore all jumps of size greater than 27", and may thus ignore
the first integral on the right-hand side of (3.45]). We then have that

o =l <2 TN+ [ Jalade)

2-n<|z|<1

(3.46)

< 27T |A+27 DT / |z|Tv(dz) < 2729,
2-n<|z|<1

Writing (-) for the predictable quadratic variation, we have (see e.g. [96, Chapter 2, Theo-
rem 1.33]) that

E[(€)r] <T /

lx|<2—m

|lz|?v(dz) < 27 "C-aT / |z|%v(dz).

lx|<2—™

Since this quantity is finite, the process £ is a square integrable martingale, and in particular
E[[¢]r] = E[(¢)7], where [-] denotes the usual quadratic variation. By the Burkholder—Davis—
Gundy inequality, we then have that

E[ll€13] S Ell€)r] = E[(€)7] S 2777 (3.47)

Note that, for any a > 0, if ||{]|cc< §, then [[£" — &[|co< a. It follows that, for any
6€(0,1-1),
P(JE" — Elloo> 27) < P(lg]loc> 27177,

By Markov’s inequality and the bound in , we see that
P(l¢" — o> 277) S 22-n(2-0-20),
and the Borel-Cantelli lemma then implies that, almost surely,
16" = €l 27, (3.48)

where the implicit multiplicative constant is a random variable which does not depend on
n. It follows from (3.46)) and (3.48) that

le" = @lloo 27, (3.49)
Let p' € (p,3) and ¢’ € (q,2) such that Z% +% > 1. Using interpolation, the fact that
sup,enll®©”l4< ll¢llq, and the bound in (3.49)), we have that, almost surely,

-5 —no(1-%)

-5 4
" = @lly < lle"™ = el “ "™ —llg S 1" = #llo © <2 (3.50)
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We also have from Lemmathat, for almost every w € 2, the sample path W (w) satisfies
Property (RIE) relative to p and (P} (w))nen. Thus, by Proposition for almost every
w € Q, the sample path L(w) satisfies Property (RIE) relative to p and (P"™(w))nen, which
establishes part (i).
Since the sample paths of W are almost surely %—Holder continuous, it is straightforward
to see that
W =Wl 277,

where the implicit multiplicative constant depends on the (random) Hoélder constant of the

path. Since L = W + ¢, we have that
IL" = Lo (W™ = W loot[l¢" = pllooS 27 % +277.
We recall from (3.44)) that

0 0

[e.e]

for any v € (0, %) We obtained a bound for ||¢" —¢||y in (3.50)), and an analogous argument

also shows that

1-2

1-5 L —n(i-L)
W™ =Wy < [W" = Wlloo " [W" = W5 S [W" =Wl " S 2777

Using the standard estimate for Young integrals (see e.g. [75], Proposition 2.4]), similarly to
the proof of Proposition [3.1.10] we then obtain

H/L:;@dLu—/Lu@dLu
0 0

S

[e.9]

‘/O W5®qu—/0 Wy @ dWy || + [[W" = Wiy llellg+le™ = ollg (Wl +lellq)

[e.e]

< o7n(;=7) 4 o577 1o md=).
Hence, by Theorem we establish the estimate in part (ii). O

3.2.4 Cadlag semimartingales

In this section, we consider the case when X is a general cadlag semimartingale. As noted
in Remark to hope for pointwise convergence of the Euler scheme, we need to ensure
that the sequence of partitions exhausts all the jump times of X. With this in mind, for

each n € N, we introduce the stopping times (7;!)xenuqoy, such that 78 = 0, and

Ty =inf{t >l [t -l |+ X — Xop [ 27PAT, ke N. (3.51)
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We then define a sequence of adapted partitions (P%),en by
Py ={m : ke NU{0}}.

Note that, for almost every w € €, (P%(w))nen is a sequence of (finite) partitions with
vanishing mesh size. The next result verifies that X satisfies Property (RIE) relative to
any p € (2,3) and (P% )nen, and establishes the rate of convergence of the associated Euler

scheme.

Proposition 3.2.10. Let p € (2,3), and let X be a d-dimensional cadlag semimartingale.
Let Y be the solution of the SDE ([3.28]) driven by X, and let Y™ be the corresponding Euler
approximation along P%, as defined in (3.7)).

(i) For almost every w € Q, the sample path X (w) satisfies Property (RIE) relative to p
and (P%(w))nen-
1) For any p € (p,3) and q € (1,2) such that 4+ = > 1, and any € € (0,1), there exists
i) F ' € (p,3) and q € (1,2) such that 3; + 2 > 1, and 0,1), there exi
a random variable C, which does not depend on n, such that
Y™ - Y|y< c@ 07 427190y e, (3.52)
and

V" —Y|s< C27"G=9),  peN. (3.53)

Proof. (i): The proof is just a slight modification of the proof of [7, Proposition 4.1}, and
is therefore omitted here for brevity. It is actually slightly easier, as here we do not require
the sequence of partitions to be nested, and the sequence of stopping times in (3.51) is
constructed to ensure that the mesh size vanishes, even if X exhibits intervals of constancy.

11): By the definition of the partition PY%, it is clear that
X
X" — X|loo< 27"

By an application of the Burkholder-Davis—Gundy inequality and the Borel-Cantelli lemma,

as in the proof of [124] Proposition 3.4], one can show that

0 0

where the implicit multiplicative constant is a random variable which does not depend on

< 2—7’L(1—€)

~Y )

n €N,

[e.e]

n.
It thus follows from Theorem [B.1.2] that

P

Y™ = Yl Y = Y[y g 27070 42707 4 gm0

)

which leads to (3.52). Choosing p sufficiently close to 2, p’ to 3, and ¢ to %, and replacing
¢ by 3¢, then reveals (3.53)). O

103



3.3 Application to differential equations driven by non-semimartingales

While in the previous section we considered stochastic differential equations driven by var-
ious classes of semimartingales, like the general theory of rough paths, the deterministic
theory developed in Section [3.1] is not limited to the semimartingale framework. In this
section we investigate Property (RIE) in the context of “mixed” and “rough” stochastic
differential equations. The main insight is again that the random driving signals of these
equations do, indeed, satisfy Property (RIE) and, thus the pathwise convergence results
regarding the Euler scheme, as presented in Theorem (3.1.2] and Proposition |3.1.11} are

applicable.

Remark 3.3.1. Further examples of stochastic processes which fulfill Property (RIE) almost
surely include p-semimartingales (also known as Young semimartingales) in the sense of
Norvaisa [172], as well as typical price paths in the sense of Vouk, relative to suitable
sequences of adapted partitions. The pathwise convergence of the Euler scheme is thus
immediately applicable to differential equations driven by such p-semimartingales [117] and

typical price paths [17].

3.3.1 Mixed stochastic differential equations

Differential equations driven by both a Brownian motion as well as a fractional Brownian
motion with Hurst parameter H > % are classical objects in stochastic analysis; see e.g. [162,

135]. More precisely, a “mixed” stochastic differential equation (mixed SDE) is given by
t ¢ ¢
Y =yo + / b(s,Ys)ds +/ o1(s,Ys) dWy +/ oo(s, Ys) dWH, te[0,T], (3.54)
0 0 0

where b € CZ(RFFL L(R;RY)), o1 € CPRFFL L(RY;RF)), 09 € CHRFM; L(R%;RY))
and yo € R¥. Here, W is a dj-dimensional standard Brownian motion, and W# is a
ds-dimensional fractional Brownian motion with Hurst parameter H > %, which are inde-
pendent and both defined on a filtered probability space (£2, F, (F).ejo,17, P) satisfying the
usual conditions.

The mixed SDE lies outside the semimartingale framework, but there are various
ways to provide a rigorous meaning to its solution. Here we consider the mixed SDE ([3.54])
as a random rough differential equation, driven by the Ité rough path lift of (W, WH), the
existence of which follows from Lemma below. In particular, it then follows from
Theorem that there exists a unique solution Y to (3.54)).

Lemma 3.3.2. Let W be a standard Brownian motion, and let W' be a fractional Brownian

motion with Hurst parameter H € (%,1). Let p € (2,3) such that ]% + H > 1, and let
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Pr={0=ty <ty <--- <ty =T} neN, bea sequence of equidistant partitions of the

interval [0,T], so that, for each n € N, there exists some 7, > 0 such that 1} | —t} =,

9_4
for each 0 < i < N,,. If m, "log(n) — 0 as n — oo, then, for almost every w € €, the
sample path (W (w), WH (w)) satisfies Property (RIE) relative to p and (P™)pen.

Proof. We first note that the process (W, 0) satisfies the hypotheses of Theorem and
thus that almost all of its sample paths satisfy Property (RIE) relative to p and (P™),en. Let
% < ¢ < ¢’ < 2 such that %—F% > 1. Since % < H, it is well-known that the sample paths of
(0, WH) are almost surely %—Hélder continuous, and hence that | W ||,< co. Writing W#n
for the usual piecewise constant approximation of WH along P", we have by interpolation
that

q

1-4 Z 1-4
WA WH < W W e e wH
as n — oo. The result then follows by applying Proposition [3.1.10[to (W, 0) + (0, WH). O

3.3.2 Rough stochastic differential equations

Rough stochastic differential equations (rough SDEs) are differential equations driven by
both a rough path and a semimartingale. These equations first appeared in the context of
robust stochastic filtering—see [43], [58]—and were recently studied in a general form in [72].
In this section we will adapt the setting of [58], which allows to treat Holder continuous

rough paths and Brownian motion as driving signals.

We let n: [0, 7] — R? be a deterministic path which is %—Hélder continuous for some p €
(2,3), and which satisfies Property (RIE) relative to p and the dyadic partitions (Pp)nen,
as defined in . We write 7 = (n',n?) for the canonical rough path lift of 1, with n?
defined as in , so that nit = fst Nsu @ dny, for each (s,t) € Ap. We also let W be an
Reé-valued Brownian motion. For vector fields a € Cg and b,c € Cg’, and an initial value

yo € R, we then consider the rough SDE

t t t
Yimu+ [ avyds+ [ Vdn,+ [ avyaw.,  tefo (3.55)
0 0 0

To give a rigorous meaning to the rough SDE ([3.55)), following the method introduced in
[58], we need to construct a suitable joint rough path lift A(w) above the R+ ¢-valued path
(n, W(w)) for almost every w € Q. Indeed, the (pathwise) unique solution to the random
RDE

¢ ¢
Y}:yo—i—/ a(Ys)ds—l—/ (b, c)(Ys)dAs, t €[0,T],
0 0

is then defined to be the solution to the rough SDE ([3.55).

105



To construct the Ité rough path lift of (n, W), we need the existence of the quadratic
covariation of 7 and W along the dyadic partitions. More precisely, writing Pp, = {0 =
ty <t < --- <ty =T} with t} = k27"T, we need to establish that, for almost every
w € (Q, the limit

271
(n,W(w))¢ := lim Z ﬁt"/\ttQHAt®thAttk+1At(w) (3.56)

n—o0
exists and holds uniformly for ¢ € [0, 7.

Lemma 3.3.3. Let a € (0,1], let n:[0,T] — R be an a-Hélder continuous deterministic
path, and let W be a one-dimensional Brownian motion. Then, for almost every w € €1,
the quadratic covariation of n and W (w) along the dyadic partitions, in the sense of ,
exists, and satisfies (n, W(w))s =0 for all t € [0,T].

Proof. We consider the discrete-time martingale given by ¢ +— >, i, <t Ty Win gn  for

k’ k+1 k> k41

t € P}, for some fixed n € N. By the Burkholder-Davis-Gundy 1nequahty, we have that

|: Z ntk ’tk+1 k’ k+1

2 m_1 on_q
2 2
] S5 X O, Wipap, | = 3 g, (6 — 1)
k=0
2n

k: t” k=0
-1 2" —1
St =t ST D (e — )
k=0 k=0
5 2—2no¢'

For any ¢ € (0,1), we then have, by Markov’s inequality, that

( Z ntk7tk+1 1otk

keoty,
and the Borel-Cantelli lemma then implies that

Z 7’Itlc’tchrl k’ erl

katy, <

2na(15)> < 9—2nae

< 2—na(1—s)

[e.e]

where the implicit multiplicative constant is a random variable which does not depend on
n.

For a given t € [0,7] and n € N, let ko be such that t € [t , ¢ ,]. Since 7 is a-
Holder continuous, and the sample paths of W are almost surely S-Holder continuous for

any (€ (0, %), we have that

|77t7kz in t|< (t— tko)a-i-ﬁ < g~nath),
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We thus have the bound
2"—1

E ntgAt,tg+lAtthAt,tg+lAt E Utg,tg+1th,tg+l + ’ﬁtgo,twtgmﬂ
k=0 kit <t

< 9=na(l=e) | g-n(a+f)

where the implicit multiplicative constant is a random variable which does not depend on

t or n. It follows that, almost surely,

2n—1
Z ntz/\t,thrl/\tth/\t,tZH/\t — 0 as n — o9,
k=0
uniformly for ¢ € [0, T]. O

It is shown in [58, Theorem 1], with integrals defined in the Stratonovich sense, that
an analogous object to the process A described in below provides a geometric rough
path lift of (n, W). In the next theorem we establish that A is the It6 rough path lift of
(n, W), and moreover that it may be obtained as the canonical lift via Property (RIE), thus

making our convergence analysis of the Euler scheme applicable to the rough SDE ([3.55)).

Theorem 3.3.4. Let p € (2,3). Let n be a %—Hb'lder continuous R%-valued path which
satisfies Property (RIE) relative to p and the sequence of dyadic partitions (P})nen, and
write n = (n',n?) for the canonical rough path lift of , so that n* =7, and ng’t = fst No,u @
dn,, defined as in , for every (s,t) € Ar. Let W be an R¢-valued Brownian motion,
and write W = (W, W) for the Ité6 rough path lift of W, so that W, = fst W @ dW,,
defined as an Ité integral, for every (s,t) € Arp.

For any p' € (p,3) and almost every w € Q, the R™¢-valued path (n, W (w)) satisfies
Property (RIE) relative to p' and (P})nen-

Moreover, for almost everyw € Q, the canonical rough path lift A(w) = (A (w), A%(w)) €
Rate @ RlA+e)x(d+e) of (n W(w)) (constructed via Property (RIE) as in (3.9)) is given by
A (w) = (3, W(w)), and

AZ, = ( . M . [ e © AW, > (357)
st @ Nt — ([ Mo ® AWy,) Wt
for every (s,t) € A, where fst Nsu @ AW, is defined as an It6 integral, and (-)' denotes

matriz transposition.

Proof. Let p' € (p,3). It follows from the Kolmogorov criterion for rough paths (see [71],
Theorem 3.1]) that, for almost every w € Q,

t 2
‘ (/ Neu @ qu> (w)‘ < |t —s| for all (s,t) € Ap, (3.58)
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and moreover that A(w) = (Al(w), A%(w)) is a [%—Hélder continuous rough path. We will
show that (n, W(w)) satisfies Property (RIE), and that the associated canonical rough path
is indeed given by A(w).

Step 1. As usual, we let ™ and W™ denote the piecewise constant approximations of 7
and W respectively, along PJ. By assumption, 7 satisfies Property (RIE) relative to p and
(P})nen. By Proposition (or Proposition , for almost every w € €, the sample
path W (w) also satisfies Property (RIE) relative to p and (P})nen-

It follows from the first condition in Property (RIE) for n and W(w) that, for almost

every w € €,
(", W™ (w)) — (n, W(w)) uniformly as n — oo,

so that this condition also holds for the pair (n, W (w)). Moreover, it follows from the second
condition in Property (RIE) that f;7; ® dn, converges uniformly to ;7. ® dn,, and, for
almost every w € Q, that ([, W, ® dW,,)(w) converges uniformly to ([, Wy ® dWy)(w).

By the Burkholder—-Davis—Gundy inequality, and the observation that ||n" —n|c0 S 27%,
we have that

. . 2 T
E[H/n::@dwu—/mdwu ]SEU |n:;—nu|2du] <o %
0 0 0o 0

For any € € (1 — %, 1), it then follows from Markov’s inequality that

P(H/ n:;@dwu—/nu@dwu
0 0

The Borel-Cantelli lemma then implies that, for almost every w € €2,

> 2—z<l—6>) < gn-3-)
o0

H(/ e, ”“®dw“>(w)H <2t (3.59)
0 0 0o

for all n € N, and in particular that ([, np®dW,)(w) converges uniformly to ( [ 7.@dW,)(w)
as n — 0o.
Let us write PP = {0 =t <t} <--- <ty =T} for n € N, where t} = k27"T. It is

straightforward to verify that, for any ¢ € [0, 7],

t t T
wtm—/ W:z®dnu+(/ 773®qu> W
0 0

where, by Lemma the discrete quadratic variation (W,n)} = Zii_gl Winntan at ®

k+1

MR AL R AL almost surely converges uniformly to (W, n); = 0 as n — co. We then see that,

for almost every w € (2,
t t T
/ Wi w) ®@dn, — Wiw) @n — </ nu®qu> (w)
B 0
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as n — oo, uniformly in ¢ € [0,7]. We have thus established that, for almost every w € €2,
the path (n, W (w)) also satisfies the second condition of Property (RIE), and moreover that
the resulting canonical rough path is indeed given by .

Step 2. It remains to show that (n, W (w)) satisfies the third condition of Property (RIE)
relative to p’ and (P} )nen.

Since 7 satisfies Property (RIE) relative to p and (P}),en, there exists a control function
wy such that

7,61 ]fttg Ny @ dny — e @ ntg,tgfg

sup +sup  sup
(s,)eAr Wn(S:1)  neN o<k<t<an wy (L7, 7))

<1, (3.60)

which implies that the same inequality also holds with p replaced by p’ (possibly with a
different control function, but without loss of generality we may assume that w, remains
valid for p'). Similarly, since for almost every w € ) the sample path W (w) satisfies Property
(RIE) relative to p (and therefore also to p’) and (P})nen, there exists a control function ¢
such that

W s (w) [P’ (ol W @ AW, — Wi © Wi ) ()|

sup —————— +sup Ssup ' <1. (3.61
(shear  c(s,t) neN 0<k<f<an c(ty,t}) )

Step 3. Let 5 € (0, %) Since 7 is %—Hélder continuous, and the sample paths of W are

almost surely S-Holder continuous, we have that

1
n |=+B8
ey, @ Wi e 1 @ Wi — ey © W tn @ Winn [S [ty — G|

i— 171+1’ ‘nz 1

for any ¢ = 1,..., N, — 1, where the implicit multiplicative constant is a random variable,
and we can follow the proof of [124] Lemma 3.2] to deduce that, for almost any fixed w € €,
for any k < ¢, and writing N = ¢ — k = 2"t} — ¢2|T 1,

t7 _2 2
([ moaw)w - g o Wi @) 53 - 4135 270Dl - g,
ty
2 _ 1
where S=5t 5. )
Let e € (1 — %, 1). If 27" > |t} — t}[»0-9), then

ty __ 4 _2
‘(/ nﬁ@qu>(w)—ntg®Wtz7t7(w)‘g]t?—tzyl s (1=5)
) ;

n
k

By choosing ¢ close to 1 — %, we can make the above exponent 1 — (1 5 (1- f) arbitrarily

close to % —-1= %—1—26 —1. By then choosing 5 close to %, we can make this value arbitrarily
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close to % from below. In particular, by making suitable choices of € and 3, we can ensure

that 1 — p(14_€) (1-— %) = ]%, and we obtain
t
([ am) @) - © W g $16: - 217 (362
Ly

We will now aim to obtain the same estimate in the case that 27" < [t} — | pe) , with

e chosen as above. Recalling (3.58) and (3.59)), we have that

t
’(/ My @ qu) (W) — iy @ Wig gn (W)‘
t

n
k

(/j 773®qu> (w) — (/5 m@qu) (w)

iy
+ </ m ® qu> (w) - nt;: ® Wtz,t? (W)'
t

n
k

o ([ s [l +|( [T o)l

k

275079 4| — g

N

S =l

Combining this with (3.62)), we conclude that

sup  sup (3.63)

tn o
|(ft;f My ® AWy ) (w) — mp @ Wi g (w)] 2 -
neN 0<k<l<2n C(w)]

ty —thl -
for a suitable random variable C.

Step 4. For any n € N and 0 < k < £ < 27", it is straightforward to verify that

tn
4
2_ n
ez Q/tn Nep o~ AN+ E |77t7 e 1%

k

where - denotes the Euclidean inner product. It follows from (3.60) that ’ntg,t?PS
wy (1, tg) and that
v
‘f n 77;5” - dny 2

sup  sup S 1,
neN o<k<t<on  Wy(ty,t})

from which we then have that

/-1 2 v
> ikl menan, 712 -
sup  sup — <
neN 0<k<f<2n wy (t7, )
The same argument holds for the sample paths of W, and since

/-1

~ Z‘Wt{b’t7+1| +Z|nt1 ’ z+1 ’

i=k

Z th ) ’L+1 ® ntz ’tz+1
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we deduce that

oS

-1

i Wingn @ myn yn
sup  sup ik T g1| S (3.64)
neN 0<k<t<an Wyt ty) + c(ty,t})

2
By the Holder continuity of  and W, it is clear that [Win im @ myn in | [t7 — 1|77, so that

/

P

(Winn @ nepn| 2

sup  sup —*
neN 0<k<f<2n [ty — 7|

S L (3.65)

For any n € Nand 0 < k < ¢ < 2" it is straightforward to verify that

ty ty L
Win 0 @ ngn g = /t” Wt%’u ® dny + </t" T]{%’u ® qu> + Z Winin, | @ myny
k i=k

n .
i+1 4741
k

Recalling (3.63)), (3.64) and (3.65]), we thus have that

7 o’
ok Wik © i
sup  sup

neN 0<k<f<2n w(ty,ty) -

for a suitable random control function w. Combining this with (3.60|), (3.61]) and (3.63]),

we conclude that, for almost every w € Q, the path (n, W(w)) indeed satisfies the third
condition of Property (RIE). O

Remark 3.3.5. A joint rough path lift of (n, W) is constructed in [58, Section 2] which
allows to be treated as a rough Stratonovich SDE. Since the construction of the joint
lift A above is based on a piecewise constant approrimation, as in Property (RIE), rather
than on linear interpolations as considered in [58], Theoremm provides a joint Ito-type
rough path lift of (n, W) and, thus, an Ité interpretation of the rough SDE , consistent
with that in [T2].
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Chapter 4

Pathwise analysis of log-optimal portfolios

A central challenge in mathematical finance, financial economics, and related fields is to
understand the decision making of rational agents facing financial markets with their random
evolution of asset prices. A major approach to this challenge, initiated by Merton [132], is
the study of utility maximization problems in continuous-time financial markets. By now,
a vast number of researchers contributed to this approach and investigated various facets
of utility maximization problems; see, e.g., [98] and the references therein. For instance, a
large body of work is devoted to constructing closed-form solutions, which are of particular
interest from a practitioner’s perspective; see, e.g., [133, 108 [163], T13] [81].

In classical portfolio theory, the utility maximization problems are considered and solved
with the implicit assumption that the underlying model for the asset prices is perfectly spec-
ified, that is, the model parameters (trend and volatility) are fully known. Consequently,
essentially all “optimal” portfolios in the literature depend on the underlying model param-
eters. However, in reality, due to the necessity to use statistical estimation to determine
the underlying models, there is always a natural uncertainty about the model parameters
and, even worse, about the underlying model itself. Especially, estimating the trend of the
time-evolution of an asset price on a financial market is known to be a notoriously difficult
problem, cf. [I49]. Hence, to deal with model uncertainty and to understand its implications
is of utmost importance in portfolio theory.

Various approaches have been developed in mathematical finance to treat model un-
certainty in the context of portfolio optimization. Let us briefly mention in the following
three major research areas which are most related to this chapter. The sensitivity analysis
of utility maximization problems is based on classical probabilistic modeling and studies
the impact of model perturbations to decision making; see, e.g., [105] 118, 159, 139]. Ro-
bust portfolio theory does not fix a fully specified underlying model, instead, it introduces a
“worst-case” approach, also called Knightian approach, aiming to solve utility maximization

problems simultaneously for a family of models; see, e.g., [155] 22), 141l [145]. In model-free
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portfolio theory, portfolios are constructed without any underlying probabilistic framework
and their performance is analyzed in an entirely pathwise manner; see, e.g., [152, 48] 103} [5].

In this chapter, we develop a methodology that allows for a pathwise analysis of port-
folios for individual price trajectories generated by standard models for financial markets.

In doing so, we take a model-free perspective on portfolio theory to conduct a sensitivity
analysis in the classical sense. As such, it presents a novel approach to addressing the afore-
mentioned issue of model uncertainty in the context of portfolio optimization. Notably, this
one framework additionally allows us to analyze the time discretization error of portfolios
explained below.

As a prototypical example of an “optimal” portfolio, we investigate the log-optimal port-
folio of a classical investment-consumption optimization problem in a frictionless financial
market, modeled by an It6 diffusion process, see [132) 133]. Let us quickly recall this clas-
sical utility maximization problem. We assume that the discounted price process (St)te[O,T]
is given by

t t
5}:50+/ bsds—f—/ G5 dWs, t €[0,T7,
0 0

where sg is a constant, b, & are suitable, predictable process, and W is a Brownian motion.
It is well-known that there exists a log-optimal portfolio (¢, &) given a consumption clock K,

that is,

E[/T log(fit)th} = sup E[/T log (%) dKy |,
0 (@:%) 0
where the supremum is taken over all admissible portfolios (¢, X); see, e.g., [79, [80]. Before
presenting our pathwise analysis of the log-optimal portfolio, we would like to emphasize
that, based on the developed methodology, an analogous pathwise analysis can be carried
out for numerous portfolios which are known to be “optimal” from classical portfolio theory.
As a foundation, we set up a suitable pathwise It6-type integration, relying on the theory
of cadlag rough paths, see [73] [75], and, more specifically, the so-called Property (RIE) as
introduced in [I43] [7]. While rough path theory, of course, provides a comprehensive theory
of rough integration as well, some fundamental results essential in the specific context of
mathematical finance still need to be proven, and some care is required to obtain the natural
economic interpretation of all involved integrals and related objects. In particular, assuming
that a “noise” path W satisfies Property (RIE), the discounted price path (St).c[o,7] can be
modeled by the (rough) differential equation

t t
S; = 59 —|—/ bs ds + / s dWs, t€[0,T7], (4.1)
0 0

where s is a constant and B, ¢ are suitable paths. The rationale behind the deterministic

price dynamics (4.1)) is that W corresponds to a fixed realization of the noise, modeling
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the randomness of price processes, and B, 6 are the model parameters specifying the model
actually used for the asset prices. Hence, (4.1]) provides a transparent distinction of model

uncertainty and randomness. In this chapter, we work in one of the following settings

for (1):

o local volatility models: b, = b(s, Ss) and 6, = o(s,S,) with b € C3(RFHL L(R; RY))
and o € CP(RFFL; L(RY; RF)),

~

e Black—Scholes-type models: by = b:Ss and 65 = 0455, where b and ¢ are controlled

paths with respect to W.

Note that it is necessary to differentiate between these two settings since rough differential
equations, like , with unbounded coefficients are a delicate challenge in rough path
theory and can only be treated in specific situations; see, e.g., [119].

Based on the developed pathwise It6-type integration, we can construct the log-optimal
portfolio of Merton’s investment-consumption problem entirely pathwise, given the model
parameters b, 0 and a fixed “noise” path W. Moreover, assuming that the “noise” paths W
are realizations of a Brownian motion W, the pathwise construction of the log-optimal
portfolio is, indeed, a solution to Merton’s classical investment-consumption problem in a
frictionless financial market, modeled by an It6 diffusion process. For that reason, we shall
call this pathwise constructed portfolio the pathwise log-optimal portfolio (¢, x). However,
let us remark that for the construction of the pathwise log-optimal portfolio (¢, k) as well
as its pathwise analysis, the “noise” path W can be a rather general deterministic path and
does not need to be a sample path of a Brownian motion.

The present pathwise framework and the pathwise construction of the log-optimal port-
folio allow us to analyze the dependency of the pathwise log-optimal portfolio on the model
parameters for a fixed “noise” path. Relying on continuity estimates for rough integra-
tion and rough differential equations, we prove that the pathwise log-optimal portfolio and
its associated capital process depend in a locally Lipschitz continuous way on the model
parameters b, 0. For instance, in the case of local volatility models, the stability of the

pathwise log-optimal portfolio and its associated capital process reads as follows
b b b,5) (b5 7 ~
1009, 50)) = (@), kBN o< 16 = Bl 2+l = 5llc2

and
HV(b,U) _ V(b’a—)HooS Hb — BHCbQ‘i‘HO— - 5“037
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where (o), g (b:9)), (go(i”&), /-s(;”&)) denote the pathwise log-optimal portfolios and V(%9
V(3 the associated capital processes, given the model parameters b, o and l~), 0, respec-
tively. The precise statements of the pathwise stability estimates with respect to model
parameters can be found in Sections and

Model uncertainty is, of course, not the only source of trouble when aiming to implement
a theoretically optimal portfolio on a real financial market. An other major challenge is the
necessary time-discretization of portfolios and trading strategies in general. Indeed, while
trading can be done at very high frequency, there is still some gap between high-frequency
trading and continuous-time trading, and there is often a desire for various reasons to
rebalance a portfolio with a lower frequency. With this in mind, we derive the convergence
of the time-discretized versions of the pathwise log-optimal portfolio to its continuous-time
version as well as the convergence of the associated capital processes. Moreover, we obtain
quantitative bounds for the discretization error for the pathwise log-optimal portfolio as
well as for the associated capital processes. The precise estimates for the discretization
errors can be found in Sections [£.3.3 and {.4.3

This chapter is structured as follows. Section presents the classical investment-
consumption optimization problem in a probabilistic setting. In Section 4.2}, we recall some
essential background from rough path theory and set up the pathwise approach to stochastic
It6 integration. In the case of price trajectories generated by local volatility models, the
pathwise analysis of the log-optimal portfolio is developed in Section [4.3] and, in the case
of price trajectories generated by Black—Scholes-type models, in Section Appendix

establishes several elementary results in the theory of cadlag rough paths.

4.1 Portfolio optimization in a probabilistic setting

Before setting up a pathwise stability analysis of optimal portfolios, let us recall the clas-
sical formulation of (and the well-known solution to) an optimal investment-consumption
problem in a probabilistic setting a la Merton [I33]. For this purpose, we fix an underlying
probability space (€2, F,P) with a filtration (F3),c(o, ) satisfying the usual conditions, i.e.,
completeness and right-continuity.

Following [79], 80], we consider an optimal investment-consumption problem, where “op-
timal” refers to the maximization of the expected log-utility from the investor’s consumption
over a finite time horizon 7" > 0. In the next subsection, we give a precise formulation of

the investment-consumption problem.
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4.1.1 A classical investment-consumption optimization problem

The underlying frictionless financial market consists of k + 1 assets, where the discounted
price process S = (89, S1,...,5%) = (St)iepo,r) is an R¥+1_valued Fi-adapted semimartin-
gale on (9, F,P), with SO = 1.

Following [79], we adopt the following standard setup:

o A self-financing trading strategy @ € L(S), where L(S) denotes the space of all S-
integrable predictable processes in the spirit of stochastic It6 integration, is called
admissible, and denoted by @ € &, if fg @) dSy > —1 for all t € [0,T], P-almost

surely, where (-)" denotes matrix transposition.

e The consumption clock K:[0,T] — R is an increasing deterministic cadlag function,
and R denotes the set of all non-negative optional processes &, called the consumption
rate, such that fg ksdKs < oo for all t € [0,T], P-almost surely. For & € R, the

consumption process is given by fo ks dK.

e A pair (p,k) € & x £ belongs to the set P of admissible portfolios if the discounted

wealth process (Vt)te[o,T]a given by

t t
Vi(g, &) :=1 +/ @o dSs —/ RsdKs,  t€[0,T],
0 0
is non-negative, P-almost surely.

Typical choices of the consumption clock are K = 17 ) (t), i.e., consumption only at
time T, and K; = ngt 1n(s), i.e., consumption only at integer times.
Occasionally, as will become apparent, we will identify S with the R*-valued process

(S1,...,5%), and similarly for .

A pair (¢, r) € B is called a log-optimal portfolio if (¢, k) maximizes the map ®jpe: P —
R, given by

T
(3.%) E{ | o8t dm}
0
over all (¢, %) € 8.

4.1.2 The log-optimal portfolio for the investment-consumption problem

Finding log-optimal portfolios in the context of expected utility maximization is a well-
studied mathematical problem; see, e.g., [I12] for a classical introduction. For example, in
a general semimartingale framework, the works of Goll and Kallsen [79] 80] provide explicit
formulae in terms of semimartingale characteristics. In the following, we recall the result

of [79] in the case that the discounted price process is modeled by an Itd process.
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Let W = (Wt)te[mT] be a d-dimensional Brownian motion defined on (2, F,P) with

respect to (F).e(o,7), and suppose that the discounted price process (St)te[O,T] is given by

t t
S’t:so+/ bsds+/ 7 dWs, t €[0,77,
0 0

where sg € R¥, bis a predictable, locally integrable R*-valued process, and & is a predictable,

locally square integrable R**?-valued process such that 5;5, is a positive definite k x k-

matrix for every ¢, where each coefficient is bounded away from zero.
In the present setting, [79, Theorem 3.1], which formulates the solution to the optimal

investment-consumption problem, reads as follows.
Theorem 4.1.1. Assume that there exists an RF-valued process H € L(S) such that
by — & Hy =0 with & = 545, t€[0,T],

holds P ® dt-almost everywhere, and set

_ Uzt [ 57 45 — _

m::;—fg( H;dsg, Vo= m(Kr — K),

KT 0 t
@ i=HVie, i=1,...,k ¢?r—/‘¢2¢i——§:¢ﬁ¥, t e (0,7,
0 i=1

where we set Vo_ := 0, and € denotes the stochastic exponential. Then, (p,R) € B is a

log-optimal portfolio with discounted wealth process (Vt)te[o,T]-

Remark 4.1.2. If the price process S is given by a linear stochastic differential equation,
ice., if b = S and 6% = S6, for some predictable b, 69, i =1,... .k, j=1,...,d,
then the previous theorem can be rephrased as follows; see also [79, Example 4.2].

Assume that there exists a predictable, RF-valued process h such that
by—éhy =0 with & =606, tel0,T),
holds P ® dt-almost everywhere, and set
hi

nggp t € 10,71, i=1,...,k,
t

and &, V, @, i=0,...,k, as defined in Theorem|{.1.1. Then, (p,k) € ‘B is a log-optimal

portfolio with discounted wealth process (Vt)te[o,T]'
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4.2 Pathwise stochastic analysis

Developing a methodology that allows for a pathwise analysis of optimal portfolios requires,
unsurprisingly, an underlying pathwise framework. To that end, we rely on the theory of
rough paths—see, e.g., [71] for an introductory textbook—and, more specifically, the so-
called Property (RIE) as introduced in [143] [7], which provides a suitable foundation for
the use of rough path theory in mathematical finance. We start by recalling some essentials
from the theory of cadlag rough paths. For a more comprehensive introduction we refer to
[73, [75].

4.2.1 Essentials of rough path theory

A partition P of an interval [s,t] is a finite set of points between and including the points s
and t, ie., P={s=wup <wu; <--- <upy =t} for some N € N, and its mesh size is denoted
by |P|:= max{|uj+1 —u;|: i =0,...,N —1}.

Throughout, we let T' > 0 be a fixed finite time horizon. We let Ay := {(s,t) € [0,T)? :
s <t} denote the standard 2-simplex. A function w: Ar — [0, 00) is called a control function
if it is superadditive, in the sense that w(s,u)+ w(u,t) < w(s,t) forall 0 < s <u <t <T.

For two vectors z = (z!,...,2) T,y = (y',...,y9) T € R? we use the usual tensor product

TRY = (:Uiyj)i,jzl,m,d € R9x4,

Whenever (B, ||-||) is a normed space and f, g: B — R are two functions on B, we shall write
f < gor f < Cgtomean that there exists a constant C' > 0 such that f(x) < Cg(z) for
all x € B. The constant C' may depend on the normed space, e.g., through its dimension

or regularity parameters.

For two vector spaces, the space of linear maps from F; — Fj is denoted by L(E1; E»),
and we write, e.g., C} = CL(R™; L(R%;RF)) for the space of I-times differentiable (in the
Fréchet sense) functions f:R™ — L(R% R¥) such that f and all its derivatives up to order

[ are continuous and bounded. We equip this space with the norm

1 llcs:= 11 fllooHID flloot -+ [ID" f oo

where D" f denotes the n-th order derivative of f, and ||-||oc denotes the supremum norm

on the corresponding spaces of operators.

For a normed space (E, |-|), we let D([0,T]; E') denote the set of cadlag (right-continuous
with left-limits) paths from [0,7] — E. For X € D([0,T]; E), the supremum norm of the
path X is given by

[ Xloo:="sup | Xy,
t€[0,T]
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and for p > 1, the p-variation of the path X is given by
1
p
IXNpi= Xy — with [ Xl = < sup > | Xy — Xuyp> . (s,t) € Ar,
Cls.t] [u,v]eP

where the supremum is taken over all possible partitions P of the interval [s,t]. We recall
that, given a path X, we have that ||X||,< oo if and only if there exists a control function

w such that!
| Xy — XufP
sup —— < 0.
(u,w)EAT w(ua U)

We write DP = DP([0,T]; E) for the space of paths X € D([0,T]; E') which satisfy || X||,< occ.

For a path X € D([0,T]; E), we will use the shorthand notation:
Xot =Xy — Xy and X = h%lX“’ for (s,t) € Ap.
(7

For » > 1 and a two-parameter function X: A7 — E, we similarly define
1
i Ko with o= (s 3 b)) €A
PClst] [u,v]eP

We write D = D3 (Arp; E) for the space of all functions X: Ay — E which satisfy [|X]|,< oo,

and are such that the maps s — X, ; for fixed ¢, and t — X, ; for fixed s, are both cadlag.
For p € [2,3), a pair X = (X, X) is called a cadlag rough path over R? if
(i) X € DP(j0,T}:R%) and X € DS (Ag; R™?), and
(ii) Chen’s relation: X, = X, + Xyt + X5, @ Xy holds for all 0 < s <u <t <T.
]

u,

We will denote the space of cadlag rough paths by DP = DP([0,T];R?). On the space

In component form, condition (ii) states that Xi{t = X?u +X t—i—X;uXi?t for every ¢ and j.

DP([0,T]; RY), we use the natural seminorm
IXp= I XMlpjory  with X[, s.:= [ X lp s HIX 2 15,
for (s,t) € A, and the induced distance
X5 X lpi= X Xy with X5 Xl o= X = Xy, s, 1% = Xl o1

whenever X = (X, X), X = (X, X) € D?([0, T]; R%). Recall that the rough path X = (X, X)

above a path X is not unique.

Here and throughout, we adopt the convention that % = 0.
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Let p € [2,3), ¢ € [p,o0) and r € [£,2) such that %—l—% > 1 and % —1—5 = % Let

X € DP([0,T);RY). We say that a pair (Y,Y”) is a controlled path (with respect to X), if
Y € DP([0,T); E), Y' € DU0,T};L(R%:E)), and RY € Di(Ar;E),
where RY is defined by
Yoy =Y/X;y +RY, forall (s,t)€Ar.

We write V¥ = V%" ([0, T7]; E) for the space of E-valued controlled paths, which becomes a
Banach space when equipped with the norm (YY) — [|Y,Y’ ”V}’” where

VY ygri= 1YY v jo.my,

with
1Y, Y lyar o= Vsl Y HIY g I RY st

for (s,t) € Ar. It is straightforward to see that
Y lp< 1Y ool Xl IR I and Y [loo< [¥51+1Ylg,

so that in particular
Yoo < (L4 [ X[ Y5 Y |y (4.2)

We further introduce the standard “distance”
||Y;Y”v§5",v§}*“: ||Y;Y”v§5",v§*,[o,T]
with
o s e oy Y Y
Y5 Y l[ver ver sg:= [Ys — Y|V = Y| HIY = Y| sgHIRT — R 115,05

for (s,t) € Ap, whenever (Y,Y”) € V{", (YV,Y") e V;%’T. Note that, in general, V%" and V;%’T
P

are different Banach spaces; if X = X, we write I|Y'; ?va(,r. When ¢ = p and r = §, we
b
write V§ = V;Q.
We also note that
IV =Ylp= CUY; Y ygr yor+IX = XIlp) (4.3)

for some constant C' which depends only on ||Y\|V)q(,r, H}N/Hqu, | X, and ||)~(Hp
X

Given p € (2,3), X = (X,X) € DP([0,T};R?) and (Y,Y”) € VE"([0,T]; L(R% R¥)), the

(forward) rough integral

t
/5 Y, dX, = ‘ Plgg . v]zepn(yuxu,v + V!X, (s,t) € Ar, (4.4)
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exists (in the classical mesh Riemann—Stieltjes sense), where the limit is taken along any
sequence of partitions (P™),en of the interval [s,¢] such that |P"|— 0 as n — oco. To be
precise, in writing the product Y, X, ,, we apply the operator Y, € L(R4; RF) onto Xupw €
R4, and in writing the product Y;/X, ,, we use the natural identification of £(R%; £L(R?; R¥))
with £(R? @ R?;R¥). The rough integral comes with the estimate

t
/ Yu qu - szXs,t - YZXS,t
s

< C(IR gy X 1Y N 5. 1K 2 1))

for some constant C' which depends only on p,q and r (see, e.g., [7, Proposition 2.4 and

Remark 2.5]), where
HY/Hq,[s,t):: SupHY,Hq,[s,u] and ||RY||T,[S,t):: SupHRYHr,[s,u]'
u<t u<t

This implies that ([, Yy dX,,Y) € V§" is a controlled path with respect to X, and satisfies

H / Y, dX,,
0

for some constant C' depending only on p, g, r, HYHV;;(,T and || X][,.

<C, (4.5)
ver

Given a rough path X = (X,X) € DP([0,T]; R?) with p € [2,3), there exists a unique
controlled path (Y, Y”) € V&.([0,T); R*) satisfying the rough differential equation (RDE)

t t
Y}Zyo-i-/ b(s,YS)ds—F/ o(s,Ys)dXs, te[0,T7,
0 0
if b € CZ(R*L L(R;RF)) and o € C(RF; L(RE; RF)); see, e.g., Theorem
4.2.2 Pathwise Ito-type integration

Rough path theory provides a pathwise approach to stochastic integration and stochastic
differential equations. In particular, it allows to recover the stochastic [t6 and Stratonovich
integrals by choosing the corresponding rough path lift of a semimartingale. Consequently,
from a financial modelling perspective, choosing the rough path above a given path without
care could create arbitrage. Moreover, the definition of the rough integral lacks a
canonical interpretation in mathematical finance. To overcome these issues, we rely on the

so-called Property (RIE), as introduced in [143], [7].

Property (RIE). Let p € (2,3) and let P" = {0 =t5 <t} <--- <t} =T}, neN,
be a sequence of partitions of the interval [0,T] such that |P"|— 0 as n — oco. For X €
D([0,T);RY), and each n € N, we define X™:[0,T] — R by

Np—1

Xf' = XTl{T}(t) + Z thl[tzvtn )(t), t e [O,T]
k=0

k+1

We assume that:
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(i) the sequence of paths (X™)nen converges uniformly to X as n — oo,

. ) t Np—1 .
(ii) the Riemann sums fo X @dX, = Zk:() th ® Xt;;At,tgH/\t converge uniformly as

n — oo to a limit, which we denote by fg X, ®dX,, t €[0,T],
(iii) and there exists a control function w such that

ty p
| X s .tP fof X ® dXy — Xip © X |
sup ~—— +sup  sup
(s;t)eAT w(s,t)  neN 0<k<t<N, w(ty, )

(4.6)

We say that a path X € D([0, T]; R?) satisfies Property (RIE) relative to p and (P™),en,
if p, (P")nen and X together satisfy Property (RIE).

It is known that, if a path X € D([0, T]; R?) satisfies Property (RIE), then X extends
canonically to a rough path X = (X, X) € DP([0, T]; R?), where the lift X is defined by

t
Xt 1= / X, ®dX, — Xs @ (Xy — Xs), (s,t) € Arp, (4.7)

with f; X, ®dX, = fg X, ®dX, — [; X, ®dX,, and the existence of the integral fot X, ®
dX, is ensured by condition (ii) of Property (RIE); see [7, Lemma 2.13]. When assuming
Property (RIE) for a path X, we will always work with the rough path X = (X, X) defined
via , and note that X = (X, X) corresponds to the Itd rough path lift of a stochastic
process, since the “iterated integral” X is given as a limit of left-point Riemann sums,

analogously to the stochastic Ito integral.

Property (RIE) not only ensures the existence of a suitable rough path lift of a path,
but also allows the rough integral to be expressed as a classical limit of Riemann sums.
Consequently, the rough integral possesses the natural interpretation in a financial context
as the capital process of a portfolio. The next theorem is a slight generalization of [7|
Theorem 2.15].

Theorem 4.2.1. Let p € (2,3), ¢ € [p,00) and v € [5,2) such that % +% > 1 and
% + % = %, and let P" ={0=tf <t? <--- < tN, = T}, n €N, be a sequence of partitions
such that |P"|— 0 as n — oo. Suppose that X € D([0,T];R?) satisfies Property (RIE)
relative to p and (P™)pen, and let X be the canonical rough path lift of X, as constructed
n . Let (F,F'),(G,G") € V{" be controlled paths with respect to X, and suppose that
Jp C liminf, 00 P := U, pen ﬂan P", where Jp := {t € (0,T] : Fi— # F;} denotes the
set of jump times of F. Then, the limit

; No—1
Fu dGu = llm Ft’ﬂ X th/\t At
0 N0 2 : k [ AUL ]
k=0
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exists, where the convergence holds uniformly for t € [0,T], and it coincides with the rough
integral of (F, F") against (G,G’), as defined in (A.3)).

The proof of Theorem follows the proof of [7, Theorem 2.15] almost verbatim.
The only difference is that, rather than using [7, Proposition 2.14] to establish the uniform
convergence of F™ to F, we can instead use [0, Proposition B.1] (which does not require

the sequence of partitions to be nested).

A crucial observation for our pathwise analysis of log-optimal portfolios is that, if a path
X satisfies Property (RIE), then suitable controlled paths relative to X do as well. This is
made precise in Theorem below. In particular, a corollary of this result is that if X
satisfies Property (RIE), and Y is the solution to an RDE driven by the canonical rough
path lift of X, then Y itself satisfies Property (RIE) with respect to the same sequence of

partitions.

Theorem 4.2.2. Suppose that X € D([0,T];RY) satisfies Property (RIE) relative to some
p € (2,3) and a sequence of partitions P" = {0 =t <t} < ... <ty =T}, neN. Let
(Y,Y") € V& be a controlled path such that Jy C liminf, .o P", where Jy := {t € (0,T] :
Yi— # Y} denotes the set of jump times of Y. Then, Y satisfies Property (RIE) relative to
p and (P™)nen.

Proof. For each n € N, let

Np—1
Y;n = YTl{T}(t) + Z Ytﬁl[tﬁvt}lﬂ)@)’ t e [O,T],
k=0

be the piecewise constant approximation of Y along P™. Since Jy C liminf, ,, P", we
have from Propositionthat Y™ — Y uniformly as n — oo, so that part (i) of Property
(RIE) holds.

By Lemma we can define the rough integral of the controlled path (Y,Y”) against
itself as

t
/ Y, dY, = lim Y Y, @V, + (Y, @YXy, te[0,T],
0 [Pl=0 [u,v]eP

relative to the rough path X = (X, X), where the limit exists along any sequence of partitions

P of the interval [0, ¢] with mesh size tending to zero. We have from Theorem that

t Nn—1 t
/Yﬁ@dy =) Y @Y, n — / Y,dY, as n— o0,  (48)
0 k=0 0

k+1

where the convergence is uniform in ¢ € [0, 7], which gives part (ii) of Property (RIE).
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As the piecewise constant approximation X™ as defined in Property (RIE) has finite
1-variation, we also have that X" = (X, X", X") is a cadlag rough path in the sense of [7,
Definition 2.1], where

t
th = / X;l ® dX, — X;L & Xsﬂg, (S,t) € Arp. (49)
s

We note that (Y™, Y”) is a controlled path with respect to X™. We can therefore consider
the rough integral of (Y™, Y”) against (Y,Y”) relative to the rough path X" in the sense of
[T, Proposition 2.4], which is given by

YrdY, = lim Y V@Y, + (V)@ Y)X),.

[u,v]€P

For any refinement P of the partition (P™ U {t}) N [0,t] and any [u,v] € P, there exists a k
such that ¢ <wu <wv <}, ; which, recalling (4.9)), implies that X7 , = 0. Thus,

Np—1

t
/YT”dYT: lim E Y, @Y, = g Yin @ Yipaem
0 \P|—>0

[u,v]eP

k+1/\t7

so that the rough integral fg Y* dY, coincides with the Riemann-Stieltjes integral on the

left-hand side of (4.8)).
Let us fix 0 < k < ¢ < N,,. By the estimate in [7, Proposition 2.4], we have that

tn
‘ vy, — Yt" ® Yt" ity T (Y;" ® Y;") ?Z,t?
tn
2 (4.10)
Y oo 1Y 12 g g HIX I ) 1K a1 g 1B U
IR g g ey 1Y Dol Xl ey 1Y © Y e 1K™ g g
It is clear that the functions given by wi(s,t) = \|Y’||p s wa(s, t) == | X|]P plsi]’ and
b
ws(s,t) == |RY||3 (5.4 for (s,t) € Ar are all controls. Since ¢}, t; € P", we have that
2719

'd\»—‘

X" |t ) < 11X

‘p,[t" tp]= W2 (tk ) tz )

and HYan,t Lt7) < HY”p,[t" t7] <Yl

Let w denote the control with respect to which (4.6)) holds for X. Note that X also satisfies
Property (RIE) over the subinterval [t},t}], with respect to p, the sequence of partitions

(P™ N [t},t}])m>n, and the same control w. It then follows from [7, Lemma 2.12] that

”G\N

SUP”X Hp 7, t" w(ty,ty)r.
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We also infer from the proof of [7, Theorem 2.15] that

sup | RY ™13 o S YN gt HIXIE e g HIRY 112
up B [t gm] ~ e e B [t 7]

)

= wi(ty, 17) + wa(ty, t7) + wa(ty, 1)

The estimate in (4.10]) then implies that

[SIS]

7
‘ Y Y= Y @ Vi — i @ Y )X
k
< !/ % n n n n g % n n
S Y15 (wa (8, 17) + wa (8, N IX I+ 11 ws (87 £7)
P P 2
+ (wi(tg, t7) + wa(t, 17) +ws (i, ) IV 1SN X N5 +HIY @ Y|gw(ty, 7).

Since we can also bound

P p
(Y © Y X < IV @ Y2113

2

P
SV oY Suwlr 1),

[t oty

it is then clear how to choose a control wy4 such that
t
’ Y, dYy — Yin @ Yip | < wa(ty, t)).
135
Since w4 does not depend on the choices of n € Nor 0 < k <l < N,, we have established
part (iii) of Property (RIE). O

4.2.3 Consistency of rough and stochastic integration

In this subsection we briefly discuss the relation between the deterministic theory of rough
integration, as developed in Sections and and stochastic integration. As before,
we fix a probability space (€2, F,P) with a filtration (F)cjo,) satisfying the usual condi-
tions. As shown in Section the sample paths of various stochastic processes, such as
Brownian motion, It6 processes and Lévy processes, almost surely satisfy Property (RIE)
relative to p € (2,3) and suitable sequences of partitions (P"),cn. In the current work,
we fundamentally rely on Brownian motion, and thus recall the corresponding result in the

following remark, which combines the content of Lemma and Proposition [3.2.2

Remark 4.2.3. Let W = (Wy)epo,1) be d-dimensional Brownian motion, p € (2,3) and
Pr={0=ty <ty <--- <ty =T}, neN, bea sequence of equidistant partitions of the

interval [0,T], so that, for each n € N, there erists some m, > 0 such that t , — t

i — Tn

9_4
for each 0 < i < N,. If m, "log(n) — 0 as n — oo, then, for almost every w € €, the
sample path W (w) satisfies Property (RIE) relative to p and (P™)nen-
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Moreover, the canonical rough path W (w) = (W (w), W(w)) defined via Property (RIE)
corresponds almost surely to the random rough path defined via Ité integration, mamely,

where

t t
W, = / W,, ©di, = / W, @dW, — W, @ Wer,  (5,) € Ag.

Property (RIE) also ensures that a random rough integral against a semimartingale

coincides almost surely with the associated stochastic [t0 integral.

Proposition 4.2.4. Let X = (Xi)icpo,1] be a d-dimensional cadlag semimartingale and let
(Y,Y') be a cadlag stochastic process adapted to (Fi)icjom- Let p € (2,3). By part (i)
of Proposition there exists an adapted sequence of partitions P = {7'}, n € N,
(so that each 1} € P™ is a stopping time), such that, for almost every w € , the path
X (w) satisfies Property (RIE) relative to p and (P™(w))nen. Suppose that, for almost every
weQ, (Y(w),Y(w)) is a controlled path in V;Z(Z?w) with Jy () C liminf, . P"(w), where
Jy () denotes the set of jump times of Y (w). Then the rough and Ité integrals of Y against

X coincide P-almost surely, that is,

fr@ee=([ran)o  praen

holds for almost every w € Q, where X(w) is the canonical rough path lift of X (w) as defined
via Property (RIE).

Proof. By, e.g., [147, Chapter II, Theorem 21|, we have that

Np—1 t

E YTI:LXTI?/\t’TI?JrlAt — / Y, dX;, as n — 00,
0

k=0

where the convergence holds uniformly (in ¢ € [0,7]) in probability. By taking a subsequence
if necessary, we can then assume that the (uniform) convergence holds almost surely. On

the other hand, by Theorem we know that, for almost every w € Q,

Np—1 t
Z YT,?(W) (w)XT,?(w)/\t,T,?+1(w)/\t(w) — /0 Y;(w) dXS(w) as m— o0
k=0

uniformly for ¢ € [0,T]. The result thus follows by the uniqueness of limits. O]

4.3 Local volatility models: pathwise analysis of log-optimal portfolios

In this section we shall study log-optimal portfolios for the investment-consumption prob-
lem, acting on deterministic price paths generated by local volatility models, defined in a

pathwise manner. To this end, we make the following assumption throughout this section.
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Assumption 4.3.1. Letp € (2,3) and let P" = {0 =t5 <t} <.-- <t} =T}, neN, be

a sequence of equidistant partitions of the interval [0,T], such that,

o for eachn € N, there exists some 7, > 0 such that t}', | —ti' = 7, for each 0 <1i < Ny,

9_4
e m, "log(n) — 0 asn — oo,

o Jig Climinf, o P"™ with Jx :={t € (0,T] : K;— # K.},

where the consumption clock K:[0,T] — R is fized as in Section |4.1.1. Moreover, the
deterministic path W:[0,T] — RY satisfies Property (RIE) relative to p and (P™)pen.

We suppose that the discounted price path (Si)c(o,r) satisfies the rough differential

equation

t t
St =50 —l—/ b(s,Ss)ds —l—/ o(s,Ss) dWs, t e 0,7, (4.11)
0 0

where sg € RF, b € C}(RFFL; L(R;RF)), 0 € CP(RME; L(RYRF)), and W = (W, W) is the
canonical rough path lift of W as defined in (4.7]).

Remark 4.3.2. If W is a realization of a Brownian motion, the dynamics of the RDE ({4.11))
can be seen as a fired realization of a local volatility model for a financial market.

Indeed, let us assume that W = (V_Vt)te[o,T] s a d-dimensional Brownian motion on a
probability space (2, F,P) with respect to an underlying filtration (Fi)icpo,1)- It is well-known
that the stochastic differential equation (SDE)

t t
Sy =s0+ / b(s, Ss)ds +/ o(s,Ss) dWs, t € 10,77, (4.12)
0 0

has a unique strong solution, where foto(s, Ss) AWy denotes the stochastic Ité integral; see,
e.g., [T47, Chapter V, Theorem 6]. Note that the Ité diffusion (gt)te[O,T] represents many
standard models for financial markets, including local volatility models.

Recall that for almost every w € Q, the sample path W (w) of a Brownian motion satisfies
Property (RIE) relative to p and (P™)nen; see Remark. Hence, for almost everyw € 2,
the solution (St(w))te[o,T} of the SDE driven by W, and the solution (St)efo,m of the
rough differential equation driven by the rough path W = (W, W) := W (w) = (W (w), W(w))
coincide; see Lemma. In other words, (St)ieo, 1) can be understood as a fived realization
of the probabilistic model (St).e(o,1)-

In the present setting, it will be convenient to equivalently reformulate the RDE (|4.11))
into the RDE .
St = sg +/ (b,0)(s,Ss)d(-, W), t € 0,7, (4.13)
0

128



where (-, W) denotes the time-extended rough path of W, i.e., the path-level of (-, W) is
given by (¢, Wi).ejo,r) and the missing integrals [Widt, [tdW7, j =1,...,d, to define a
rough path are canonically defined as Riemann—Stieltjes integrals. By classical rough path
theory (e.g., [4, Theorem 2.5]), for any b € Cg(RkJrl;L’(R;Rk)), o€ CE(R'“JFI;[Z(Rd;Rk)),
there exists a unique solution (S, S’) € fo,w) to the RDE (4.13), where S' = (b,0)(-, S).
Moreover, (St)iejo1) satisfies the RDE (4.13)) if and only if it satisfies the RDE (4.11). For
later reference, we also remark that (-, W) satisfies Property (RIE) relative to p and (P")nen

by Proposition [3.1.10

4.3.1 Pathwise construction of log-optimal portfolios

As a first step to a pathwise analysis of optimal portfolios, we prove a pathwise construction
of the log-optimal portfolio, supposing that the underlying price dynamics of the financial
market are given by a local volatility model. Recall that in the probabilistic setting the
log-optimal portfolio is well-known and was presented in Theorem which is due to
[79].

Let A C C3([0,T] x R¥; L(R?, R¥)) be the class of functions o such that o(t,z)o(t,x)" €
GL(R**F) for all (¢, z), where each coefficient is uniformly bounded away from zero, endowed
with the ||-|| o3 norm. Here, GL(R**¥) denotes the general linear group of degree k. For
a k x k-matrix we write det(-) for its determinant, and (-)T denotes matrix transposition.

Given a path W, the time-extended path is denoted by (-, W) = (t, Wy)¢eo,77-
Lemma 4.3.3. For (b,0) € C3([0,T] x R¥; L(R; RF)) x A, let
H,; = Ht(b’g) = c(t, S)7b(t, Sy) with c(t,S) == cgb’a) = o(t,S)o(t, Sy,

fort € [0,T), and set (p, k) := (&), £E2)) = (b0 Hbo)k L 0:)) it

K
o 1 i i o
ke =R = I(T5<Z/O H, dSS)t, Vi = V" = (K — Ky,
i—1

kot

: b . . b.o).0 o o

gpi::gpg )Z::HZV}, i=1,...,k, <p?::¢§ ) ::Z/O oL dSt — 1Sy,
=1

fort € [0,T], where fg @' dS? is the rough integral, and € is the rough exponential as defined
in Lemmal[AZ. 7. Then, ¢,k andV are all well-defined and are controlled paths with respect
to W and, in particular, with respect to (-, W).

Proof. Tt is a well-known result in rough path theory (e.g., [75, Lemma 3.5]) that the
composition of a controlled path with a regular function remains a controlled path. More

precisely, since S € V}j,, we have that o(-,S) and b(-,S) are controlled paths in Vi;,. We
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recall that det(a (-, S)o (-, ) ") is bounded away from zero. We then obtain (componentwise)
that H is a controlled path in Vi, since the sum and the product of two (real-valued)
controlled paths is again a controlled path by Lemma [A74.3] as well as the inverse of
a controlled path which is bounded away from zero (as a composition with the smooth
function z ~—» 1).

By Lemma since H® and S* are both controlled paths, the rough integral fo H!dS!
is well-defined and is itself a controlled path for each ¢ = 1,...,k. By Lemma the
path Z; := Zle fg H!dS! may then considered as a rough path, and Lemma then
implies that the rough exponential £(Z), and hence also k = K%fci’ (Z), are controlled paths.

Since the consumption clock K is a cadlag (deterministic) and increasing function (and
thus of finite 1-variation), by Lemma the wealth process V' is a controlled path in
Vi, as the product of two controlled paths.

By similar arguments, we see that ¢! € V& i =0,1,...,k, are also all controlled paths

with respect to W, and hence also with respect to (-, W). O

The portfolio constructed in Lemma [£.3.3]in a pathwise manner agrees, indeed, with the
log-optimal portfolio for the investment-consumption problem as considered in Section [4.1
if the underlying frictionless financial market is generated by a local volatility model, such as
the stochastic differential equation . Hence, in the following we shall call the portfolio
(o, k) = (go(b’”), ﬁ(b"’)) from Lemma a pathwise log-optimal portfolio.

Lemma 4.3.4. Suppose that the discounted price process (St)te[o,T] is modelled by the
SDE driven by a Brownian motion W on a probability space (2, F,P) with respect
to an underlying filtration (Fi)iejo,r)- Then the log-optimal portfolio (¢, k), as provided in
Theorem and the pathwise log-optimal portfolio (v, k), as provided in Lemma
coincide P-almost surely, where (o, k) is constructed given the realization W := W (w) of

the Ité rough path lift of the Brownian motion W, for almost every w € Q.

One may note that in Theorem we had ¢! = H}V,_, but in Lemma we have
¢t = H}V;. This is only to be consistent with standard rough analysis in which controlled
paths are assumed to be cadlag, and makes no difference to the value of the rough integral

fot ¢t dS¢, as explained in [7, Remark 3.3].

s

Proof. In this proof we consider S, ¢, k, etc., as random controlled paths, in the sense that
S is a stochastic process such that S(w) is a controlled path for almost every w € Q. In
particular, S is defined pathwise as the solution to the RDE , and (¢, k) is defined
pathwise via Lemma given a realization of the Brownian motion W; see Remark
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By the associativity property of rough integrals (see Proposition [A.4.5)), and the con-
sistency of rough and stochastic integrals (as established in Proposition 4.2.4]), we have
that

t . . t . . t . .
/ Hidsi = / Hibi(s, S,) ds + / Hio" (s, S,) AW,
0 0 0
t —_— . — t — . . — — t — . —_ .
:/ H;bl(s,ss)ds+/ Héoz'(s,Ss)dWS:/ s,
0 0 0

almost surely for each i = 1,...,k, where f(f H!dS! is the stochastic Ito integral of H; =
c(t,S;)~tb(t, S;) against the price process S in (4.12)).

Let Z = YK | [t H!AS! and Z = Y| [ HidS! = [ H dS,. By Lemma Z
admits a canonical rough path lift Z € DP. Further, since (Z,2') € V{ w) and W satisfies
Property (RIE) relative to p and (P"),en, Z also satisfies Property (RIE) by T heorem
By [7, Proposition 2.18], this implies that the rough path bracket [Z] coincides with the

quadratic variation [Z] of Z along (P")nen in the sense of Follmer, that is

Np—1
Z):=[Z]e= lim > (Zgreap,,ne)®s  tE[0,T].
k=0
On the other hand, we have that
Np—1
[Z]: = Jim Z (Ztg/\t,tgHAt)27 t 0,11,
k=0

where the convergence holds uniformly (in ¢ € [0,77]) in probability. By taking a subsequence
if necessary, we can then assume that the uniform convergence holds almost surely, and it
follows that [Z] = [Z] almost surely. In particular, by Lemma we have that

E2). = exp (2 512)) = exp (7 31201) = E2),

almost surely, where £(Z) denotes the stochastic exponential of Z. Moreover, it holds
that Zle fo pLdSt = fo @. dS, almost surely. Thus, the log-optimal portfolio (@, %), as
provided in Theorem and the pathwise log-optimal portfolio (¢, k), as provided in

Lemma 4.3.3] coincide almost surely. O

Remark 4.3.5. We take W to be a Brownian motion to ensure that the pathwise log-optimal
portfolio (¢, k), as constructed in Lemma 18, indeed, a log-optimal portfolio for the
tnvestment-consumption problem in the setting of local volatility models. However, we em-
phasize that the construction of the pathwise portfolio (¢, k) as well as its pathwise analysis

developed in Sections[4.3.9 and |4.53.5 works for any path W satisfying Assumption |4.3.1].
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4.3.2 Stability of pathwise log-optimal portfolios with respect to drift and
volatility

Having at hand a pathwise construction of log-optimal portfolios, we are in a position to
study its pathwise stability properties. In this subsection, we analyze the stability of the log-
optimal portfolio and the associated capital process with respect to the model parameters
b and o.

In particular, the following result shows that the pathwise log-optimal portfolio (¢, k) =
(go(b"’), m(b*”)) and its associated capital processes V = V(:9) are locally Lipschitz continuous

with respect to these parameters.

Theorem 4.3.6. For (b,0), (b,5) € C3([0,T] x R¥;R¥) x A, let (), k) and (o0,
m(i”&)) be the corresponding pathwise log-optimal portfolios, as constructed in Lemma .
Let M be an upper bound for

bllca: lBllcs, lolics. 15l ca. 1/(itn§)ldet(0(t,x)0(t,ﬂﬁ)T)I, 1/(itn:f)ldet(5(t,fﬂ)5(t, z)")|

and ||(-, W)||,. We then have that

1@, KEY; (p®D B ||,

< _~ =
p o S =Bllcatlo = 5lcp

and

[V o) v ®o) VEWOST L blcz+llo —6llcps
and in particular that
1", 6C7) = (O KOS 16 = Bllcz+]lo = &2

and

Ve — o) < ||b— bllcp+llo = &z,

where the implicit multiplicative constants depend only on p, k, d, M, so and the consump-

tion clock K.

Proof. Step 1. Using the classical result from rough path theory (e.g., [4, Theorem 2.5]),
for any (b,0) € CP([0,T] x R¥;R*) x A, we recall that there exists a unique solution

(S®o) (Sto)yy ¢ v?,W) to the rough differential equation

t
St(b’g):so—}-/ (b,0)(s,SP7)d( W), te0,T],
0

where (S®:9)) = (b, )(-, Sb:9)).
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By part (i) of Corollary we get that
(b,o) (b,5)
15Ny +HISEy  <c,

where C' > 0 depends only on p, M, and sg. Furthermore, by the continuity of the solution
map with respect to the controlled path norm, for any (b, o), (b,5) € C3([0, T] xR¥; RF) x A,
see part (ii) of Corollary it holds that

150556y S b= Bllcg+llo - e (414)

where the implicit multiplicative constant depends only on p, M, and sg.

Step 2. Another well-known result in rough path theory (e.g., [75, Lemma 3.5]) is that
the compositions of controlled paths with regular functions remain a controlled path and
that such a composition is locally Lipschitz continuous. More precisely, for (b, o) and (b, &)
in C3(0,T] x R4 RY) x A, we have that b(-, S2)), g(-, §®0)) (., 549y and 5(-, S®2))

are controlled paths in Vf W) and we obtain that

. q(bo) . q(bo)
6 SO lyp , +lo SO <€, (115)

where C' > 0 depends only on p, M, and sy, see, e.g., [75, Lemma 3.5]; the same holds for
b(., S(B’&)) and & (-, S(i”&)). It also holds that

15(, S©): b(-, SE)[,,0

W)

S 1o = Bllez+IS®7; Sy

W)

and

ooy = a(b,d) < o~ (b,0). a(b,5)
||U( 75 )70( 7‘9 )||V€‘W)N ||U UHC,?‘H‘S 78 ||V€7W)7

where the implicit multiplicative constant depends only on p, M, and sg. Combining the
above estimates with (4.14]), we get that

Ho (-, 80);5(-, SG) ||y

W)

Ib(-, S©); b, SED) |10

W)

< b= Bllea+lo —&llcz. (4.16)

where the implicit multiplicative constant depends only on p, M, and sg.

Step 3. Let ) = g(-,8t:7))g(., S®ON)T and c5:) = 6(-,5(5’&))&(-,5(5’&))T. We
recall that det(o(-, S®))a(-,S®9))T) and det(&(-,5(575))6(-,5’(675))T) are bounded away
from zero by assumption. We then obtain (componentwise) that (c(>*))~! and (C(B’& Nt
are controlled paths in Vf’_ ) since the sum and the product of (real-valued) controlled
paths is again a controlled path (see Lemma , as well as the inverse of a controlled
path that is bounded away from zero (as a composition with the regular function x %)
Applying Lemma and the estimate , we can derive for each component that

(™)™l < C, (4.17)

W)™
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where C' > 0 depends only on p, k, d, M, and sq; the same holds for ((c(i”&))_l)”.
By Lemma [A 4.4 and since the composition of a controlled path with a regular function
is locally Lipschitz continuous, we can check with (4.15)) and (4.16)) that
1) 5: (P 7)Y |y

P S b= 0llcztllo = allcz, (4.18)
where the implicit multiplicative constant depends only on p, k, d, M, and sg.

Step 4. We now recall the proof of Lemma particularly, that

H(bvo—) = (C(bva))_lb(., S(b,O’)) and H(I;V&) = (0(67&))_16(.’ S(b70))

are controlled paths in Vﬁ,w). Particularly, H®2)# = Z?Zl((c(b’”))_l)ijb(-,S(b’”))j, i =

1,...,k. Then, Lemma [A74.3] implies that
(b7o.)7i
el (1.19)

where C' > 0 depends only on p, M, H((c(b’”))_l)ijﬂvi Wy’ I|b(-, S(b’”))jﬂv(g Wy’ i,j=1,...,k,
that is, only on p, k, d, M, and sg, where we have applied the estimates (4.17)) and (4.15|);
the same holds for H®9):.

Lemma [A.4.4] then gives that

|| H(b,U),’L’ ; H(Bv&)’l

D
Vew)

o, SEY 0, SEY e

W)’

< STI(B) 1T (B 1y

- W)
7j=1
where the implicit multiplicative constant depends only on

P, M [|((P) 71 |y

W)’

1) e G SO e and [lb(-, SO

W)’

for i,5 =1,..., k. Using the estimates (4.17) and (4.15)), (4.18) and (4.16), it follows that

||H(b,0’),l’ H(Ez&)yz ||Vp

(W)

S b= Bllez+lo — 5z, (4.20)

where the implicit multiplicative constant depends only on p, k, d, M, and sg.
Step 5. Let 9(0:9) .= g (., §&:2))T g (b:0) P(b3) = al., S(i”&))TH(E’&). Then,

pbo) . (%(ﬁ(b,a))Tﬂ(b,0)7 WENTY and 02 = (%(19(5,&))1'19(5,&)7 (9N T
are controlled paths in V{ Wy s, again, the sum and product of controlled paths remains

a controlled path. Using the same arguments as above and combining the estimates (4.15|)

and (4.19), (4.16]) and (4.20)), we get that

16®)|» < C, (4.21)

W)

134



where C' > 0 depends only on p, k, d, M, and sg; the same holds for 9(~’&); and
160669y < b~ Hlc+llo — 6z, (422)

where the implicit multiplicative constant depends only on p, k, d, M, and sg.

Define the rough integrals U®<) := [: 97 d( W), and UG = [ 9% d(. W),
which are controlled paths in V{ Wy Using the estimate for the rough integral and
the estimate , it holds that

|U &) ||V€,W) <C, (4.23)

where C > 0 depends only on p, k, d, M, and sg; the same holds for U (b5), Consequently,
we get
1T | o< Co, (4.24)

where Cy > 0 depends only on p, k, d, M, and sg. Furthermore, using the stability of rough
integrals, e.g., [75, Lemma 3.4], and the estimate (4.22)), it immediately follows that

(T Ty Sl = bllgztllo = Fllez. (4.25)

where the implicit multiplicative constant depends only on p, k, d, M, and sg.
Step 6. Proceeding as in the proof of Lemma [4.3.4] it follows from Lemma that
for t € [0,T7,

o Lo
E(Z0) = exp(2"7 — 5 [2°7)))
1 t t
= e (5 /0 (BT 90) g5 4 /0 (90) T aw.,)
= exp(Ut(b’U)).
By Lemma we have that
b,O‘ 1 o 5,6' 1 b o
Iig ) .— K—TS(ZU” ))t, Iﬁg )= K—TS(Z(b’ ))t

are the pathwise defined optimal consumption rates for the log-utility on the financial

market modeled by S (b9) and S®7 ), respectively, and are controlled paths in VP We

(7W)
therefore get with (4.23)) and (4.24) that

1O e <, (4.26)

(W)

where C' > 0 depends only on p, k, d, M, sq, ||exp\|c§({y:‘y|gco};R), and the consumption
clock K, as it is a composition of a controlled path with a regular function; see, e.g., [75)],

Lemma 3.5]. The same holds for k(0.
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Because the composition of a controlled path with a regular function is locally Lipschitz

continuous (see, e.g., [75, Lemma 3.5]), it follows with (4.25)) that

©; kG < b= Blga+lo — bl (4.27)

1% P )

where the implicit multiplicative constant depends only on p, k, d, M, s, and K.

Step 7. Since Ky, t € [0,T], is a cadlag (deterministic) and increasing function (so of
finite 1-variation), we recall that by Lemma the wealth process V( )= (b ?) (Kp—
K;), t € [0,T], (as the product of two controlled paths) is a controlled path in Vg’_ W) One
can deduce with that

(b,0)
Ve <C, (428)
where C' > 0 depends only on p, k, d, M, sg, and K.
By Lemma [A4.4]
4 (b); V(ba ||vg’ W)< ||’f(b’a ||v” £ wy’

where the implicit multiplicative constant depends only on p, M, K, ||« bU)va and

||/i(b’”' HV?,W)' Combining this with (4.26) and ([4.27), it holds that o
VD VD <o = Bllca+lo = 5licz, (4.29)
where the implicit multiplicative constant depends only on p, k, d, M , so,~and K.
Step 8. By Lemma |A.4.3 o>77 .= go:iy o) [@a)i . _ gbaiy®s) ;g
are controlled paths in V( wy and
le® e < C, (4.30)

where C' > 0 depends only on p, M, [|H®O)||,p | ||[V60) va , that is, only on p, k, d,

(W)

M, so, and K, see (4.19)) and (4.28)); the same holds for gp(b ), Z. By Lemma

(b,o),i. . (b,6),8 < (b,0) (b,5),i (b,0)yi. 1/ (b,5
o GOy < HONE HODy s yEAY,
where the implicit multiplicative constant depends only on p, M, |H®2)? VP

| ®2) va o VOOl VO L This gives with (@19 and ([E28), (@E20)
and ) that

(b,0)si. (b,5),i
le™ 5 e yr S

< llb—Bllcz+lo — &l (4.31)

where the implicit multiplicative constant depends only on p, k, d, M, sg, and K. Finally,

we consider

o0 Z/ pb7)i g _ b gba)i
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and
B& Z/ ; S(b &), (pg?;,a),z‘St(E,&),i7

for t € [0,T]. By the associativity property of rough integrals, it holds that

A%“WMWM=AW‘”w§ N oo, STV d(-, W),

’ b,0),i
::/ DA W,
0
similarly for [ @EB,&)J dSt(B’&)’i. Using the same arguments as above, by (4.15]) and (4.30),

(4.16) and (4.31)), it holds that
[ B

W)

< b Bl +lo — 8l

where the implicit multiplicative constant depends only on p, k, d, M, sg, and K. There-
fore, using the stability of rough integrals(e.g., [75, Lemma 3.4]), Lemma and the
estimates (4.30)), (4.31)) and (4.14), we can derive that

020, 00 S I —blla+llo = Gllcp,

e P
where the implicit multiplicative constant depends only on p, k, d, M, sy, and K.
Hence, since we can bound the supremum norm by the controlled path norm, see (4.2)),

the (local) Lipschitz continuity for optimal portfolios and wealth processes follows. O

4.3.3 Discretization error of pathwise log-optimal portfolios

To implement the pathwise log-optimal portfolio on a real financial market would require to
trade continuously in time. In reality, trading might be done at a very high frequency but
still on a discrete time grid and, thus, requires a discretization of any theoretically optimal
portfolio.

In this subsection, we introduce a time-discrete version of the pathwise log-optimal
portfolio, as constructed in Lemma and derive quantitative, pathwise error estimates
resulting from this discretization for the portfolios as well as for their associated capital

processes.

To define the time-discrete version of the pathwise log-optimal portfolio, we start by
discretizing the underlying price paths. To that end, we recall that W and the sequence
(P™) of partitions satisfy Assumption where P = {0 =t <t} <--- <t} =T}
For n € N, let W":[0,T] — R? be the piecewise constant approximation of W along P,

that is,
Np—1

W = WTl{T} Z th (t) tc [O,T],

k+1
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and, setting v, := t, we define a time discretization path along (P™) by

Np—1
¢ =Tl (¢) Z Bl )0,  te[0,T]

To discretize the price path S, we use the classical Euler approximation S™ corresponding
to the RDE (4.13]) along the partition P™, which is given by

ST =50+ Z b(t (o =t + Y ot Si) (Wi, —Win), t€[0,T]. (4.32)

tn <t it <t
The time-discrete version (", k™) of the pathwise log-optimal portfolio is defined by

(3 S (0, ST T he v, ST, 9F = o ST THE,

- (o
%wnmﬁ, @),

07 = (
n 1 n n n n n n
Ky 1= T exp(/ ord(y", W )S>, vy = Kk (Kp — K},

T 0

kot
ot = HV 'l i=1,...k, o0 ::Z/O et AST — o S
=1

kot t
n;:1+2/ cp;“dS;”—/ kTAKs,  te[0,T),
=170 0

where all above integrals are just left-point Riemann sums and K™ denotes the piecewise
constant approximation of K along P". For these time-discrete portfolios and their asso-
ciated capital processes, we obtain the following convergence result with quantitative error

estimates.

Theorem 4.3.7. For (b,o) € C}([0,T] x R¥;RF) x A, let (&) k7)) be the pathwise
log-optimal portfolio, as constructed in Lemma[{.3.5 Then,

(™, &™) — (o, /‘i)||p/—> 0 as n — 00

and

|V =Viy—0 as n — 0o,

for any p' € (p,3), with a rate of convergence given by
1-1 1-2
1", 6") = (e m)lly S IP" a+(P[HW" = W)™

njl—1
+ (1P i+

.U\

/Wt"® th—/ W, @ dW;
0 0

J
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and

n nil—2 n n 1-Z
V" =Vl S P e+ (P +HW" = Wlleo) 7

=
)
o0

for any q € (1,2) such that ;—1—% > 1, where the implicit multiplicative constant depends only
onp, p,q k,d, ”bHCg: ||0HC§,, 1/inf(t’m)|det(a(t,x)a(t,x)T)|, T, so, W], and w(0,T),
where w is the control function for which (4.6) holds for (-, W).

+ (’Pn|1_;+”/ th® th/ W @ dW;
0 0

Remark 4.3.8. The convergence results and quantitative estimates in Theorem[{.3.7 hold

true when replacing the p'-variation seminorm ||-||,y by the supremum seminorm ||-||sc.

Remark 4.3.9. The rate of convergence provided in Theorem does agree with the
pathwise rate of convergence of the Euler scheme for the RDE , as obtained in The-
orem [3.1.9. In other words, the rate of convergence for the pathwise log-optimal portfolio
appears to be as good as the rate of convergence of the Euler scheme .

Before we present the proof, some preliminary steps are necessary. We start by not-
ing that, as W™ has finite 1-variation, W™ possesses a canonical rough path lift W™ =

(W, Wn) € DP([0,T],R%), with W" given by

t
"= / WrdWE,  (s,1) € Ag,

where the integral is defined as a classical limit of left-point Riemann sums. Similarly, we

can define a time-space rough path (-, W)™ of (-, W)" := (4™, W™).

Lemma 4.3.10. There ezists a constant C > 0, which depends only on p, T, [|[W|, and
w(0,T), where w is the control function for which (4.6|) holds for (-,W), such that

G W) [+, W< C,
for every n € N. For any p' € (p,3), we have that
1CW)S (G W)lp— 0 as n— o0,
with a rate of convergence given by

G W)™ (4 W)y S (PP W™ = W loo) 7

o0

for any q € (1,2) such that ]% + % > 1, where the implicit multiplicative constant depends
only onp, p', q, d, T and |[W e, [|W|lp and w(0,T).

njl-1
(1P i+

/Wt"® th—/Wt® dw;
0 0
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Proof. As stated in the proof of [7, Lemma 2.13],
(W< C,

for some C' > 0 depending only on p, T', ||W||, and w(0,T"), where w is the control function
for which (4.6]) holds for (-, W). Applying Lemma we get, for each n € N, that

1, W) [p< C,

for some C' > 0 depending on p, T, ||W]||, and w(0,T), but not on n.
Further, by Lemma it holds that

G W)™ (5 W)l

iz
7

1—
g H(,)/n’Wn) - (77 W)HOO !

i t 1-&
P
+ sup / ™0 ® d(y, W) — / (1, W )ew ® (7, W)
(s,t)EAT s s
1-2 : ‘ -5
<™ W™ — (3, W) +H [erwme awy- [ wne a7,

where the implicit multiplicative constant depends only on p, p', ||(-, W)]lses [|(, W)]|, and
w(0,T"), where w is the control function for which holds for (-, W). Therefore, in view
of the above bound on ||(-, W)||,, this constant in fact depends on p, p/, T, ||[W oo, [|W]|,
and w(0,T).

It is straightforward to see that

1" W) = (1 Wlloo S PP [+HIW" = Wlloo,  neN.

Let ¢ € (1,2) such that 1% + % > 1. We note that 4™ and ~ have finite 1-variation, with
17" li= |l7lli= T It follows by interpolation that

1 1—1
17" = llg< T)a [P .

By the standard estimate for Young integrals—see, e.g., [75, Proposition 2.4]—we then

have, for all ¢ € [0, 77, that
! n ! n L onj1-1
[ atan= [ ] S I =alglhli< @oyiPeiiT

Similarly, for each t € [0,T], it holds that

t t
/%’ZdWZ—/ Vo AW
0 0

t t
/ W dry,, — / W7 dry,
0 0

Combining the estimates, we obtain the desired rate of convergence. O

1 1—1
S " =AlladWllps CT) [P Wi,

and
1
SIW™ = Wlplyllh S TP .
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It has been established in the proof of Theorem that the Euler scheme (4.32) and
the RDE

. t - t - t -
5 = so+ / by, 87) it / o (2, B AW? = 5o+ / (b, o) (4", §7) d(-, W2, ¢ € [0,T,
0 0 0

coincide. Furthermore, proceeding as in the proof of Lemma [£.3.3] one can show that H",
0", k™, " are controlled paths in V€ wyn» and fot o™ dS™ is a rough integral defined as in
Lemma [AL4.T]

Let P™ = {0=rp <’ <---< r%m =T}, m € N, be any sequence of partitions with
mesh size converging to 0, such that P* C P™ for every m € N. In much the same way
as in the proof of Theorem one can show that the rough integral f(f 07 d(-, W)? is
equal to a limit of left-point Riemann sums along the sequence (ﬁm)meN. That is, for any

t € [0,T], we have
No—1

/Qn (", W™)s = Z 9,5;; W t/\ttkHAt

Np—1 .
er}i_rgloo Z G?g(anwn)r,T/\t,r;ﬁrl/\t :/0 07 d(-, W)&
k=0

and, consequently, we have

e e ([ m.) < Lo [ macw)

Similarly, applying the associativity property of rough integrals and Theorem [4.2.1] for any
t € [0,T), it holds that the rough integral of the controlled path ¢™! against the controlled
path S™ is given by left-point Riemann sums, and so is the integral of k" against K since

the paths are of finite 1-variation. Now we are finally able to prove Theorem

Proof of Theorem [{.5.7. Using part (i) of Corollary and the estimate in Lemma|4.3.10

we deduce that there exists a constant L > 0 depending only on p/, T, sy, ”bH(ng HaHCbz,
|W1|, and w(0, T') such that supneNHS”Hv(p/W)n, HSva,/W)S L. Further, Theorem |3.1.1|gives
that ’ ’

n n n nil—2
1S™:S1 o S =gt W)™ W)l S TP a1 W)™ (W
W) " (W)

for any ¢ € (1,2) such that —i— > 1, where the implicit multiplicative constant depends
only on p, ¢, T, [[bll¢s, Hfchga HWHp and w(0,T).
We note that 4™, ~ are controlled paths with respect to (-, W), with ||7”||vg,/ : =
LW

H")/HVPI = land [y"9]l,» |, = 0. Since the composition of controlled paths with
W) W)nv (W)
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regular composition remains a controlled path and such a composition is locally Lipschitz

continuous, it therefore holds that
16, a) (7", Sl +(0,0) (v, )l < C
(w)m (,W)

where C' > 0 depends only on p/, T, ||bHC§, ||aHCg, L and [|[W||,, see, e.g. [75, Lemma 3.5],

and consequently

16, 0) (7, 5); (b; ) (7", S
(W) 7 (W)
SO 5); (v )
(W)

)+”('7 W)n - ('7W)HP'
< n’ ’ / —|— Sn7S / ’ + ‘,W n_ ',W /
Sl IS5 HIGW) = Wl

!
WV

_1 n
SIP G W) (W)

where the implicit multiplicative constant depends only on p’, ¢, T, ”b”Cb2’ ||UHCI?, L, W],
and w(0,T).
Following the arguments of the proof of Theorem from Step 3 on and applying the

above estimates, one can derive that

1™ &) Hll e )l < C
(,w)m W)

and
|| Hvévt ) — 9

where C' > 0 depends only on p/, k, d, T, ||b\|cg, ||a||cg, L, W]y, w(0,T) and the con-
sumption clock K. Using standard estimates for Young and rough integrals, see, e.g.,
and [75, Proposition 3.4], we also obtain that

V"l <C
Further, since k™ and ¢™ depend on (the composition of regular functions with, or prod-
ucts of) controlled paths of the form (o(v}, S™)o (v, S?) ")~ b(y7, SP) and o (77, SP); &
and ¢ depend on (the composition of regular functions with, or products of) controlled

paths of the form (o (7, St)o (71, S:) 7))~ b(1, S;) and (v, S), using the above bound on
”(b7 U)(’Y? S), (b7 U)(7n7 Sn)HVP’

(w)m?

pr s We can obtain that
W)

1—1
1™, &%), (s k)l STPP a5 Wi (W)
V( 1% w)

.Yw)ru (.,

where the implicit multiplicative constant depends only on p/, ¢, k, d, T, HbHCg, HaHCg,
1/inf(t7x)|det(a(t,x)a(t,x)T)], 50, |W|p, w(0,T) and the consumption clock K. Applying
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standard estimates for Young and rough integrals (e.g., [75, Proposition 2.4, Lemma 3.1
and Lemma 3.7], we can also obtain that

1—1
V"5Vl SIPETIC Ws (W)

Hence, since we can bound the p-norm by the controlled path norm, see (4.3]), combining
this with the rate of convergence stated in Lemma we infer the convergence and the

estimate. O]

If we assume stronger regularity properties of the “driving noise” path W and the
sequence of partitions, we can make the quantitative estimates, provided in Theorem [4.3.7
more explicit. For instance, considering the regularity properties of Brownian sample paths,

we can derive the following two corollaries.

Corollary 4.3.11. Let p € (2,3) and (P[)nen be the sequence of equidistant partitions
(P )nen of [0,T] with width % Let W be a %—Hﬁlder continuous path satisfying Assump-
tion relative to p and (P} )nen, and

<n G pen, (4.33)

[e.e]

H/Wﬁ@dwt—/wt@dwt
0 0

for B e (1— %, %) Then for any p' € (p,3), q € (1,2) such that z% +% > 1, there exists a
constant C > 0, which does not depend on n, such that

(g™, 5") = (g, K) < Cn~ T D079) 4 =GP0y e,

and

vV V|, <C =D 0=5) + n—(%—ﬁ)(l—ﬁ) ’ ncN.
p

Proof. Since W is assumed to be %—Hélder continuous, we have that

1
W™ = We<n?, neN.

We may combine this with (4.33)) and Theorem W Since % <1-— }D < B for p € (2,3),

this gives the claimed rate of convergence. O

Remark 4.3.12. Almost all sample paths of a d-dimensional Brownian motion satisfy
Property (RIE) relative to p and (Pf})nen, as shown in Pmposition and, thus, As-
sumption is satisfied if the sequence (P)nen of partitions exhausts the jumps of the
consumption clock K. Moreover, by [143, Appendiz BJ, holds true almost surely for
sample paths of a Brownian motion. Hence, the sample paths of a Brownian motion fulfill

the conditions of Corollary almost surely.
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Corollary 4.3.13. Letp € (2,3) and (P})nen be the sequence of dyadic partitions of [0,T7,
given by

Ph={0=ty <t} <--- <ty =T} with ty:=k27"T for k=0,1,...,2"

Let W be a %-H(’)’lder continuous path satisfying Assumption relative to p and (P})nen,

and for any € € (0,1),

H/ W[‘@th—/ Wy dw|| <2729 npeN. (4.34)
0 0

o0

Then, for any p’' € (p,3) and q € (1,2) such that :t% —|—% > 1, and any € € (0,1), there exists
a constant C' > 0, which does not depend on n, such that

p

10" 5") = (9, )y C@ 0T 497G o 300 e

and

V"~ Vi< o@D 4o Gy) 49000y e,

Proof. Since W is assumed to be %—Hélder continuous, we have that

W™ — W< 2 ?, neN.

We may combine this with (4.34)) and Theorem which gives the claimed rate of

convergence. OJ

Remark 4.3.14. Almost all sample paths of a d-dimensional Brownian motion satisfy
Property (RIE) relative to p and (PJ)nen almost surely, as shown in Proposition and,
thus, Assumption is satisfied if the (P[;)nen exhausts the jumps of the consumption
clock K. Moreover, as shown in the proof of part (ii) of Proposz'tz'on foranye € (0,1),
almost all sample paths of a Brownian motion fulfill for any ¢ € (0,1)

H/ W[‘@th—/ W, @dWw,|| <2720-9)
0 0

o
for all sufficiently large n. Hence, the sample paths of a Brownian motion fulfill the condi-

tions of Corollary almost surely.

4.4 Black—Scholes-type models: pathwise analysis of log-optimal portfo-
lios

In this section, we shall study log-optimal portfolios for the investment-consumption prob-
lem, acting on deterministic price paths generated by Black—Scholes-type models, defined

in a pathwise manner.
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This section is structured the same as Section for readability. We point out that
similar arguments apply and the method of proof carries over but due to the unboundedness

of the coefficients, we need to treat this case separately.
To this end, we again make the standing Assumption which is recalled by the

following;:

Assumption. Let p € (2,3) and let P" = {0 =t5 <t} <--- <tfy =T} neN, bea

sequence of equidistant partitions of the interval [0,T], such that,
o for eachn € N, there exists some mp, > 0 such that ti, | —ti" = my,, for each 0 < i < Ny,
. |P”\2_%log(n) — 0 asn— oo,
o Ji Climinf, oo P with Ji :={t € (0,T]: K;— # K.},

where the consumption clock K:[0,T] — R is fized as in Section |4.1.1. Moreover, the
deterministic path W:[0,T] — RY satisfies Property (RIE) relative to p and (P™)pen.

We suppose that the discounted price path (S¢)c[0,7] satisfies the linear rough differential

equations
SZZSB—i—/ Sébgds—i—/ Sioy AWy, te[0,T7], i=1,...,k, (4.35)
0 0

where s9 € RF and b%, 6% are controlled paths with respect to W, more precisely, b* €
VE([0,T];R), o € VE.([0,T]; L(R% R)), and W = (W, W) is the canonical rough path lift
of W as defined in .

By Lemma [A.4.6 and Proposition this is equivalent to solving the linear rough

differential equations
t
S;:sg+/ Sid=i,  telo,T], i=1,...,k (4.36)
0

where 7 := [(bjdt + [;of dWy, which is a controlled path in Vi, and thus, admits a
canonical rough path lift Z° by Lemma Particularly, by Lemma we obtain
that the solution is given by the rough exponential S? = £(Z7).

Remark 4.4.1. If W is a realization of a Brownian motion, the dynamics of the RDE

can be seen as a fized realization of a Black—-Scholes-type model for a financial market.
Indeed, let us assume that W = (Wt)te[O,T] is a d-dimensional Brownian motion on a

probability space (Q, F,P) with respect to an underlying filtration (-Ft)te[mT]- It is well-known

that the linear stochastic differential equations
t t
S; = s, +/ SbL ds+/ Siat AWy, t €[0,T], i=1,...,k, (4.37)
0 0
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have a unique strong solution, where b, @ are predictable processes, o = (o', ... ,aid),
i=1,....,k, j =1,...,d, and b,G are controlled paths with respect to W and 6' €
GL(R**F), almost surely, and fg Sizt AW, denotes a stochastic Ité integral; see, e.g., [147,
Chapter V, Theorem, 6]. Note that this model (Sy)iejo 1) includes the classical Black-Scholes
model, and some stochastic volatility models, where the volatility is modeled by an SDE
driven by W.

The SDE can be solved explicitly, and its solution is given by the stochastic
exponential S* = syE(ZY), for EF = [ bidt + [, 51 AWy, that is,

1

Si=shexplE - SEN). eI, i=l..k

where [Z¢] denotes the quadratic variation; see, e.g. [147, Chapter II, Theorem 37].

Recall that for almost every w € €2, the sample path W (w) of a Brownian motion satisfies
Property (RIE) relative to p and (P™)pen; see Remark. Hence, for almost every w € €1,
Ef = Z(w), for Z¢ defined as in for the controlled paths b = b(w), 0 = &(w) and the
rough path W := W (w), because the (random) rough integral and the Ité integral coincide;
see Proposition . For almost every w € Q, Z' is a controlled path in VII/)V and thus,
admits a canonical rough path lift =°.

Since for almost every w € Q, = = ='(w) satisfies Property (RIE) by Theorem
it follows from [T, Proposition 2.18] that for almost every w € Q, the quadratic variation
[E/](w) and the rough path bracket [E] coincide because [E] coincides with the quadratic
variation of Z¢ along (P™)nen in the sense of Féllmer.

Finally, by Lemma for almost every w € Q, the stochastic exponential S*(w) of =
and the rough exponential S = S(w) of Z' = =4(w), which solves the linear rough differential

equation (4.36), coincide. In other words, (St)icpo,r) can be understood as a fived realization
of the probabilistic model (Sy)ie(o 17-

In the present setting, it will be convenient to equivalently reformulate the RDEs (|4.35))
into the RDEs

t
Si—si +/ (SIb, Sio YA W), tE[0,T],  i=1,...k (438

0
where (-, W) denotes the time-extended rough path of W, i.e., the path-level of (-, W) is
given by (t, Wy);cpo,r) and the missing integrals [ W] (w)dt, [tdW/ (), j=1,...,d, to de-
fine a rough path are canonically defined as Riemann—Stieltjes integrals. Using Lemma[A.4.6]

Proposition and Lemma there exists a unique solution (S?, (S%)) € V{ Wy to
the above RDE, where (S%) = (S%¢, S'c%), i = 1,...,k. Thus, S, and b and o, are con-

trolled paths with respect to (-, W). Moreover, (St)ic[o,r] satisfies the RDE (4.38) if and
only if it satisfies the RDE (4.35)). For later reference, we also remark (again) that (-, W)
satisfies Property (RIE) relative to p and (P")pen.
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4.4.1 Pathwise construction of log-optimal portfolios

As a first step to a pathwise analysis of optimal portfolios, we prove a pathwise construction
of the log-optimal portfolio, supposing that the underlying price dynamics of the financial
market are given by a Black—Scholes-type model. Recall that in the probabilistic setting
the log-optimal portfolio is well-known and was presented in Theorem [4.1.1] which is due
to [79].

We recall that, given a path W, the time-extended path is denoted by (-, W) = (t, Wi)se[0,17-

Lemma 4.4.2. For b € V5.([0,T]; L(R;R¥)) and o € VE([0,T); L(R%GRF)) such that
oo € GL(R**F) for all t, where each coefficient is uniformly bounded away from zero,
let )
I
St
fort €[0,T), and set (p, k) := (&), £E2)) = (p®)0 Hbo)k L 0)) pith,

Hg = Ht(b’a)’i = with hy = hﬁb’a) = (UtU;r)_lbt,

t t
Zt = Zt(bp-) = / h;l—bs ds +/ h;ras dWs>
0 0

o 1 g
TR 1. £, Vi = VO = wy(Kr - K,
T
X b d t d
, , . . 0 o o
oy = gog L H}V,, i=1,...,k, @) = cpg )0 Z/o . dSy — ZQD%S;,
i=1 i=1

fort €10, T], where fg @' dS? is the rough integral, and € is the rough exponential as defined
in Lemma[A-].7] Then o,k and V are all well-defined and are controlled paths with respect
to W and, in particular, with respect to (-, W).

Proof. Since b and o are controlled paths in VI, and det(oo ") is bounded away from zero
by assumption, o' and h are controlled paths in Vﬁ, because the sum and product of
(real-valued) controlled paths is again a controlled path (see Lemma[A.4.3), as well as the
inverse of a controlled path that is bounded away from zero (as a composition with the
smooth function = — %), see, e.g., [75, Lemma 3.5]. The same holds true for h'b and h'o.

Similarly, since each component of S is bounded away from zero due to its explicit
representation as a rough exponential, we obtain that H is a controlled path in Vﬁ,.

Then, Z is a controlled path in V{,’V. Lemma and Lemma give that the
rough exponential £(Z) is a controlled path in V{/)V, and so is k. Since the consumption
clock K is a cadlag (deterministic) and increasing function (and thus of finite 1-variation),
by Lemma the wealth process V' is a controlled path in V",)V as the product of two
controlled paths.

By similar arguments, we see that ¢! € Vb i =0,1,...,k, are also all controlled paths

with respect to W, and hence also with respect to (-, W). O
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The portfolio constructed in Lemma[£.4.2]in a pathwise manner agrees, indeed, with the
log-optimal portfolio for the investment-consumption problem, as considered in Section
if the underlying frictionless financial market is generated by a Black—Scholes-type model,
such as the stochastic differential equation . Hence, in the following we shall call the
portfolio (¢, k) = (¢ k() from Lemma pathwise log-optimal portfolio.

Lemma 4.4.3. Suppose that the discounted price process (gt)te[O,T] 1s modelled by the
SDE driven by a Brownian motion W on a probability space (Q, F,P) with respect
to an underlying filtration (Fi)iejo,r)- Then the log-optimal portfolio (p, k), as provided in
Remark and the pathwise log-optimal portfolio (p, k), as provided in Lemma
coincide P-almost surely, where (@, k) is constructed given the realization W := W(w) of

the Ité rough path lift of the Brownian motion W, for almost every w € .

Proof. In this proof we consider S, ¢, k, etc., as random controlled paths in the sense that
S is a stochastic process such that S(w) is a controlled path for almost every w € Q. In
particular, S is defined pathwise as the solution to the RDE (4.11)) and (¢, k) is defined
pathwise via Lemma m given a realization of the Brownian motion W; more explicitly,
we have b=1b, 0 =& and S = S etc., almost surely; see Remark

We note that

1 - _
Rt:FTg(Z)t7 tE [O,T],

for Z = fo h, by dt + fo h{ ; AW}, where € denotes the stochastic exponential. By Proposi-
tion we then have that

t t t
/hjasdwsz/ hlasdwsz/ h!a,dWy,
0 0 0

almost surely, which implies that Z = Z almost surely.

Then, by Lemma [A74.6] Z admits a canonical rough path lift Z € DP, and since W
satisfies Property (RIE) relative to p and (P"),en, Z also satisfies Property (RIE) by
Theorem By [7, Proposition 2.18], this implies that the rough path bracket [Z]
coincides with the quadratic variation [Z] of Z along (P"),cn in the sense of Follmer.
Proceeding as in the proof of Lemma one can show that [Z] and [Z] coincide almost
surely.

For the rough exponential, by Lemma [A.4.7] it then follows that

E(Z)0 = explZu— 3[2)) = exp(Z — 51200) = exp(Zu — 3[2)0) = €2,

almost surely. Hence k = %TE (Z) = E(Z) = & coincide almost surely, and so is V; =

k(K1 — ki) = Ry(Kp — ki) = V; almost surely. Consequently, as H' = % coincides with
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H = % almost surely for all i = 1,...,k, we also get that ¢! = H/V} = HV} = ¢!
almost surely for all i =1,..., k.

Finally, by the associativity property of rough integrals, see Proposition we have

that
t B .
| ias:
0
t . . . t . . .
_ / L Sb ds + / iSiot AW,
0 0

t PR— t PR— . —
— [ isiias+ [ aisiolaim,
0 0

almost surely, which implies that ¢° = Ele Jo i dSi— ZZ LSt = [i@l dS =Y, §S
= @ almost surely. Thus, the log-optimal portfolio (@, %), as provided in Remark
and the pathwise log-optimal portfolio (¢, ), as provided in Lemma coincide almost
surely. O

Remark 4.4.4. We take W to be a Brownian motion to ensure that the pathwise log-optimal
portfolio (¢, k), as constructed in Lemma 18, indeed, a log-optimal portfolio for the
investment-consumption problem in the setting of Black-Scholes-type models. However,

again, we emphasize that the construction of the pathwise portfolio (p,k) as well as its

pathwise analysis developed in Sections |4.4.4 and [4.4.8 works for any path W satisfying
Assumption[].3.1].

4.4.2 Stability of pathwise log-optimal portfolios with respect to drift and
volatility

Having at hand a pathwise construction of log-optimal portfolios, we are in a position to
study its pathwise stability properties. In this subsection, we analyze the stability of the log-
optimal portfolio and the associated capital process with respect to the model parameters,
b and o.

In particular, the following result shows that the pathwise log-optimal portfolios (¢, k) =
(go(b"’), H(b"’)) and its associated capital process V = V(9 are locally Lipschitz continuous

with respect to these parameters.

Theorem 4.4.5. For b,b € V5.([0,T]; L(R;R¥)) and 0,6 € V5, ([0,T]; L(R%RF)) such

that o0, ,5:6, € GL(R**K) for all t, where each coefficient is uniformly bounded away

b,o)
)

from zero, let (o x®9) and (cp(g"}),/i(i”‘})) be the corresponding pathwise log-optimal

portfolios, as constructed in Lemmal[{.4.3 Let M be an upper bound for

1Bl

oo lBllve ol

W)’

ollve 1/inf|det (o0 )|, 1/inf|det(G:5, )| and || (-, W)llp-
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We then have that

1(®, £EY; (p®D B[,

< b b =
b S WibBle  +losdlhe

)

and
[V Eo) v o)),

< b b =
p oS Wibly ol

and in particular that

(b,0) (bo)y _ (5’5—) (57&) < .7 -
16, 567) — (60D, KON osBlye | Hiosole

and

b, b ;b ;0
Ve — VOIS bsble  +losallve

where the implicit multiplicative constants depend only on p, k, d, M, sq, 1/inft|S§b’U)’i|,
1/inf,| S

,i=1,...,k, and the consumption clock K.

Proof. Step 1. Let ¢®9) .= oo T, ¢ = 55T, As shown in the proof of Lemma c(b:o)
is a controlled path in VI’,’V, thus in Vf’_ Wy Lemma then yields for each component
that

()™, <, (4.39)

W)™
where C' > 0 depends only on p, k, d, and M; the same holds for ((6(5’5))*1)”. By
Lemma [A:4.4] and since the inverse of a controlled path that is bounded away from zero

(as a composition with the regular function z — %) is locally Lipschitz continuous, we can
check with the estimate (4.39) that

1) () )

< b .5
p o S Wosblly ol (4.40)

where the implicit multiplicative constant depends only on p, k, d, and M.

Let 900) = (B0 To)T = oT (b)) 1y 9®8) .= (hENTH)T = 57T (B:0))-15,
Then, ) = (L9 (9boNT (9®9))T) are controlled paths in V?}W) as, again, the sum
and product of controlled paths remains a controlled path. Using the same arguments as
before and combining with the estimates and , we get that

(b:0) < 4.41
164 < C, (4.41)
where C' > 0 depends only on p, k, d, and M; the same holds for 0(5’5); and

16©); 92|

< b b -
S IBly | Hlosalhe (1.42)

where the implicit multiplicative constant depends only on p, k, d, and M.
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Step 2. Define the rough integrals U®:7) .= IN ng’g) d(-, W); and U®a) = IN 0,56’&) d(-, W)y,
which are controlled paths in V{ w)- Using the estimate (4.5) for the rough integral and
the estimate (4.41)), it holds that

(b:0) < 4.4
[Uey <0, (4.43)
where C' > 0 depends only on p, k, d, and M; the same holds for U (b.5), Particularly,
1T o< Co, (4.44)

where Cy > 0 depends only on p, k, d, and M. Further, using the stability for rough
integrals, see, e.g. [75, Lemma 3.4], and the estimate (4.42)), it immediately follows that

[T, @),

W)

S Iblvy , Hioslhve (4.45)

) )
where the implicit multiplicative constant depends only on p, k, d, and M.
Step 3. Proceeding as in the proof of Lemma it follows from Lemma that

g(Z(b’U))t
g 1 o
= exp(2,"7) - 5 120))
—exp (L [ @0 90N as + [ (90T aw
- P 9 0( S ) S 5+ 0( s ) S
= exp(U"7).
By Lemma [4.4.2| we have that

(b0) Lg(z(b,o))t (5:3) Lg(z(z},&))t

t KT 9 t KT 9

for t € [0, T}, are the pathwise defined optimal consumption rates for the log-utility on the
financial market modeled by S(®?)¢ and S (b5 bt i =1,...,k, respectively, and are controlled

paths in V7

() We therefore get with (4.43) and (4.44) (see proof of Theorem i that

Kty < C, (4.46)

where C' > 0 depends only on p, k, d, M, HepoCbz({y:|y‘§CO}7R), and the consumption clock K,
as it is a composition of a controlled path with a regular function; see, e.g., [75, Lemma 3.5].
The same holds for x®%).

Because the composition of a controlled path with a regular function is locally Lipschitz

continuous, see, e.g. [79, Lemma 3.5], it follows with (4.45) that

12550y < 5Bl Hlos Gl (1.47)

W) )’
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where the implicit multiplicative constant depends only on p, k, d, M, and K.

Step 4. Since K, t € [0,T], is a cadlag (deterministic) and increasing function (so of
finite 1-variation), we recall that by Lemma the wealth process V( )= (b ?) (Kt —
K;), t € [0,T], (as the product of two controlled paths) is a controlled path in Vl(u_ W) One
can derive that

e (4.48)

where C' > 0 depends only on p, k, d, M, and K. Applying Lemma [A.4.4] and the esti-
mate (4.48) yields that

(VO vy,

< |[®9); gl
)™ ’

b
Hv{ Wy’

where the implicit multiplicative constant depends only on p, M, K, |[®?)|,»  and

W)
||/<;(b’a vav . Combining this with ( and (4.47), it holds that

Ve v e

w) ™

< bsbllye | +HlosGlye (4.49)

where the implicit multiplicative constant depends only on p7 k,d, M, and K.

Step 5. Define the rough integrals A® = [y — 30t 7’) ,Uz")th, Ab)i
o (b% — i (6" ,O‘t )dWy, i =1,..., k. Using the estimate (4.5) for the rough integral, it
holds that

(b,0),i
146, <, (1.50)

where C' > 0 depends only on p, d, and M; the same holds for Ab5), Particularly,
1A®7 o< Cr, (4.51)

where C > 0 depends only on p, d, and M. Further, using the stability for rough integrals,
see, e.g. [75, Lemma 3.4], and Lemma it immediately follows that

AL

< b F -
v S Wible | +losdlhe (452)

where the implicit multiplicative constant depends only on p, d, and M.

Step 6. Further, we recall the beginning of the section, where we derived that the solution
S = (St)te[o,T] of the rough differential equation (4.35)) is given as a rough exponential. More
precisely, for ¢ = 1,..., k it holds that

)i . i 1 , t A o)
S,fb’ Y= S( €xXp (/ (b% — 503( ;‘)T)ds+/ ol dWs> =50 exp(Agb’ )’Z).
0 0
We therefore get with (4.50]) that

HS(b"’)”ilv@ <C, (4.53)
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where C' > 0 depends only on p, d, M, sg, and Hepocg({y:‘yECl};R), as it is a composition
of a controlled path with a regular function; see, e.g., [75, Lemma 3.5]. We note that Cy
depends only on p, d, and M, see , that is, C' > 0 depends only on p, d, M, and sq;
the same holds for S®9)s.

Then, by the stability of regular functions of controlled paths, see, e.g., [75, Lemma 3.5],

it follows with (4.52)) that

50 sED,

W)

S10bllve , +loidlhy (454)

)7
where the implicit multiplicative constant depends only on p, d, M, and sg.

Step 7. Similar to Step 1, for h(®7) = (c(b9))~1p, - (c(?”&))*lg, we obtain with
Lemma and the estimate (4.39) that

H h(b,a),i

v, <G (4.55)

where C' > 0 depends only on p, k, d, and M; the same holds for h(i”&)’i; and then by (4.40))
and Lemma [A.4.4] it follows that

| h(?z,&),i”w < |1b; I;Hv’{ +o; &l (4.56)
(W) W) W

) )
where the implicit multiplicative constant depends only on p, k, d, and M.

Following Lemma [£.4.2] we consider

) (b,o),t
Ht(b,cr),z _ ht

Sgb,a),i ’

Using the same argument as in Step 1 with Lemma Lemma and the esti-
mates (4.53) and (4.55)), (4.54]) and (4.56|) we obtain that

(b7U)7Z
|HED )y, <, (457)

where C' > 0 depends only on p, k, d, M, sg, and 1/inft|5§b’o)’i ; the same holds for H(i”&)’i;

and

b . ~ . jngd ~
OO By S lbsbllye o alve (4.58)

) )
where the implicit multiplicative constant depends only on p, k, d, M, sqg, 1 /inft\Sl,’(b’a)’q7
and 1/inf,| S|,

Step 8. Lastly, by Lemma [A.4.3] gogb’a)’i = Ht(b’g)’iw(_b’a), gogb’&)’i = H,f”’&“m(_’”&),
i=1,...,k, are controlled paths in ng, and
il <G, (4.59)
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where C' > 0 depends only on p, M, [|H®)||p | ||[VE0) va , that is, only on p, k, d,

(W)

M, sg, 1/inft|5’£b’a)’i|, and the consumption clock K, see and (4.48); the same holds

for gp(l;’&)’i. By Lemma

[|p(®)%; @(bﬁ)’i”vf’,’w)s || H ), o)

(b (6,5
Vo +HV ), v va

W)’

where the implicit multiplicative constant depends only on p, M, || H &) ( W)

[HOD VO VD This gives with (£57) and ([£48), (E58)
and - that

()i S b bllve  +lo; 5l (4.60)

W)’

PCRT N

m ™

[

where the implicit multiplicative constant depends only on p, k, d, M, sg, 1 /inft\St(b’a)’q,
1/inf,| S0,

Finally, we consider

k

b,0), o o b,0),i ~(b,0),i
ol Z/b),dsb),_()%slg)z
and
50 _ S [1 )i g (B3 b
o —Z/O A
=1

for t € [0,T). By the associativity property of rough integrals, it holds that

e tast < [ @i o st at W

0
/w“”” W,

similarly for fo gog)’&)’i dSt(E’&)’i. Using the same arguments as above, by (4.59)) and (4.53)),

(4.60) and (4.54)), it holds that

[9®; ) e

m~

S Wsblvy, +Hioidly .

where the implicit multiplicative constant depends only on p, k, d, M, |(-, W)|l,, so,
1/inf, |5 (004 G =1,...,k, and K.
Therefore, combining this with the estimate (4.5)) for the rough integral, Lemma

and the estimates (4.59)), (4.60|) and (4.54)), we can derive that

(b,0),0

. (5,8),0
T [P

I S Wbly , ool

(W)’
where the implicit multiplicative constant depends only on p, k, d, M, ||(-, W)|lp, so,
1/infe| SO, 1/inf,|S®), i = 1,.. .k, and K.

Hence, since we can bound the supremum norm by the controlled path norm, see ,

the (local) Lipschitz continuity for optimal portfolios and wealth processes follows. ]
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4.4.3 Discretization error of pathwise log-optimal portfolios

In this subsection, we introduce a time-discrete version of the pathwise log-optimal portfolio,
as constructed in Lemma and derive quantitative, pathwise error estimates resulting

from this discretization for the portfolios as well as for their associated capital processes.

To define the time-discrete version of the pathwise log-optimal portfolio, we start by
discretizing the underlying price paths. To that end, we recall that W and the sequence
(P™) of partitions satisfy Assumption where P = {0 = tf <t} <--- <t} =T}
For n € N, let W™: [0,7] — R? be the piecewise constant approximation of W along P", as
introduced in Section We define " and o™ in the same way, and let 4™:[0,7] — R
be the time discretization path along P™.

To discretize the price path S, we introduce the discretization of the rough exponential

S along P" given by

S

t
St shexp(Ar) with AP 00— S o) T ol W
for t € [0,T],7=1,...,k. The time-discrete version (¢", ™) of the pathwise log-optimal
portfolio is defined by

n,t
ht

n,t
St

i e (5 [DTROD DA W), o = w0 - A7)

H = with A" == (o7 (o) ") 10},

kot
n,dg . n,t n . n,0 n,1 n,i n,. on,t
Py = Ht U, Z_lv"'aka Py = § / Ps dSs 'z St )
: 0
=1

k t t
vy ;:1+Z/0 ch”dSQ’Z—/O kTAKg,  te0,T),
=1

where all above integrals are just left-point Riemann sums and K™ denotes the piecewise
constant approximation of K along P". For these time-discrete portfolios and their asso-
ciated capital processes, we obtain the following convergence result with quantitative error

estimates.

Theorem 4.4.6. For b € V5.([0,T); L(R;R¥)) and o € V5,([0,T]; L(R%R¥)) such that
oo € GL(RF*®) for all t, where each coefficient is uniformly bounded away from zero, let

(go(b"’), n(b"’)) be the pathwise log-optimal portfolio, as constructed in Lemma . Then,
(0", &™) = (@, K)[[r—> 0 as n — 00

and

VP —V||y—0 as n —s 00,
P
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for any p' € (p,3), with a rate of convergence given by

10", £") = (o, )l
ny/ i b" b 1= ny/ i o o 1=
SO =bllee ™ B = R7loo * +[[(07)" = 0'lloc " +[|RT = R [|oc *

-
Y
o0

_p 1 ’ .
F (P W = W)+ <|7D"|1 +H/ W' ® th—/ W, @ dW;
0 0

and

an - VHp/
pr

n\/ / 175 b b 175 ny/ / 175 o™ o 17?’
SN =V +HIR = Rlloc ¥ +(0™) = 0'lloc ” +IR7 — R7||oo

5
Y
oo

for any q € (1,2) such that + > 1, where the implicit multiplicative constant depends

onty on p, ' 4. b, . [bl ol 1/inkuldet(oioT ), W, w(0.T), where w is the
( )

control function for which l-b holds for (-, W), and the consumption clock K.

+ ([P [+||W™ — W\\oo)l_ﬁ + <|77”\1!11+H/ Wi dW; —/ Wi @ dW;
0 0

Remark 4.4.7. The convergence results and quantitative estimates in Theorem[{.4.6 hold

true when replacing the p'-variation seminorm ||-||,y by the supremum seminorm ||-||sc.

Before we present the proof, some preliminary steps are necessary. We start by recall-
ing that, as W™ has finite 1-variation, W™ possesses a canonical rough path lift W" =

(W™, Wn) € DP([0, T, R%), with W™ given by
" ._/ Wr, @ dWe,  (s,t) € Ar,

where the integral is defined as a classical limit of left-point Riemann sums. Similarly, we
can define a time-space rough path (-, W)™ of (-, W)™ := (4", W™").

Since b™ is the piecewise constant approximation of b along P", it is a controlled path
with respect to (-, W)". If tf <s <t <1t} for some k, then by, = by yn = 0. Otherwise,
let ko be the smallest k such that ¢} € (s,t) and k; the largest such k. Then,

b = bip ip = bf:go('a W n 4+ R = )2, W)2, + (B2,

ko k1 kg otk

where (V)" and (R’)" be the piecewise constant approximations of & and R’ along P",
respectively. Therefore, sup,,cy||0" va e

Furthermore, proceeding as in the proof of Lemma one can show that H", k",
V™ and ¢™ are controlled paths in V{ wyn» and fot O ST is a rough integral defined as

in Lemma [A41]

< Hbvaz W analogously for o.
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Let P™ = {0=rp<r’<---< r%m =T}, m € N, be any sequence of partitions with
mesh size converging to 0, such that P C P™ for every m € N. By Lemma (-, WwHn
satisfies Property (RIE) relative to p and the sequence (ﬁm)meN. In much the same way as
in the proof of Theorem one can show that the rough integral with respect to (-, W)™

is equal to a limit of left-point Riemann sums along (P™),en. That is, for any ¢ € [0,77,

we have
Np,—1 1
n,g n,. n,g- Mg\ T _ni- n n
A= E (bt;; 9% (th ) Oy )W )t’,;‘/\t7t’,;‘+1/\t
k=0

t
1. . .
= [ = Gty ot at. Wiz

We further obtain that for any ¢ € [0, 7],

1 1 [t
i e (5 [0 0D oD a6 W, )

— e @ /Ot«hszz, (h) o) d<"W)?>'

Similarly, the associativity property of rough integrals and Theorem for any t € [0,7],
it holds that the rough integral of the controlled path ™% against the controlled path S™?
is given by left-point Riemann sums, and so is the integral of k™ against K since the paths
are of finite 1-variation.

Now we are finally able to prove Theorem

Proof. Let p’ € (p,3). It follows by interpolation (see, e.g., [T4, Proposition 5.5]) that

n.,
1958l v
= 0" =Vl IR ~ Ry
: z

-5 . -5 i z
<N = Vlloo 107 = VlIF +I R = Rolleo ™ | R = RYII}

-8 -5
SO = " +IR” = Rl ™

where the implicit multiplicative constant depends only on p, p/, and ”bva’ ") because
supen|l(0™) lp< ||V']l, and supneNHRangg HRng, analogously for o. Since b converges

uniformly to b as n — oo, we deduce that

[[6"™; b||Vp/ —0 as n — oo;

pl
(',W)"’v

W)

analogously for o.
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Following the arguments of the proof of Theorem and applying the estimate in
Lemma one can show that

n
I8y sl <O

and

1% <C
H va7,’w)— I

where C' > 0 depends only on p/, k, d, T, Hb”vf’ Wy’ HUva_ Wy’ 1/infy|det(ara)|, W lps
w(0,T"), where w is the control function for which (4.6|) holds for (-, W), and the consumption
clock K, and

n. < ||p7.- n. . n.o(.
H/{ ,/{||V€/,W)"’V€/,W>N ”b ’b||Vf)-/,W)n,V<’7/,w>+||a ’UHVZD»/,W)me-/,W>+H( ’W) ’( ’W)||p”

where the implicit multiplicative constant depends only on p’, k, d, T, ||b||V€7 W’ ”O'Hv(p W’

1/infy|det(oro,")|, |[Wlp, w(0,T), and K. The same (stability) estimates hold for ™%, S
o™

also conclude the same (stability) estimate for V™, V using standard estimates for Young

@' i =1,...,k, where the respective constants also depend on sy. This allows us to

and rough integration (e.g., [75, Proposition 2.4, Lemma 3.1, Lemma 3.6 and Lemma 3.7].
We can further apply Lemma and Lemma and obtain that

n,0 _ O < || ol o ny. o
T L G R E T Ny

>+||(', W)™ (W)l

where the implicit multiplicative constant depends only on p', k, T, ||¢™" HV,,/

) ‘|50i||vp’ )
| A . (-, Ww)n (W)
1%l Sy (W s and w(0,T), that is,
(-, W)n (W)

n,0 0 < ||pn- n.
LA AL CL L SN L I

>+|| ('7 W)na ('a W) Hp/’
where the implicit multiplicative constant depends only on p', k, d, T, ”bHv(P Wy’ HUHV(P Wy’
1/inf|det(ora,")|, so, [|W]lp, w(0,T), and K.

Combining this with the estimate derived above and the rate of convergence stated in

Lemma [£.3.10] we obtain the convergence and the estimate. O

Remark 4.4.8. If we assume stronger reqularity properties of the “driving noise” path W
and the sequence of partitions, we can make the quantitative estimates, provided in The-
orem [{.4.5, more explicit, for instance, considering the regularity properties of Brownian
sample paths, cf. Corollary [{.53.11] and Corollary and the respective remarks for the

local volatility model.
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Furthermore, if we assume that b,o € D%, i.e., v, ("), o', (6")" = 0 and R® = b,
R =", R =0, R”"

o", n € N, the rate of convergence in Theorem m becomes
more tractable, namely,

1", &™) = (@, )l

< ||pn _ 175 n_ 17%
S = bllee ™ H]lo" = oo

+ ([P |+ W™ — W\\oo)kﬁ + <|P”\1;+H/ Wi e dW; —/ Wy @ dWy
0 0

5
)"
oo

and

an - VHp’
P

n 1_5 n 1=
S = bl * +l0™ = allo

_p 1 ' ’
+(|73”|+||I/V"—WHOO)1 7 + <|7?"|1 q+H/ Wi ® th—/ Wy @ dW,
0 0

>1_§l
o0
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Chapter 5

Existence of general pathwise stochastic integration

The theory of stochastic integration due to K. It6 has proven to be a very suitable tool
for modeling dynamical systems which evolve randomly in time. It is an elegant theory
that comes with properties desirable for various applications, and allows for dealing with
a rich class of probabilistic models whose sample path properties capture the irregularities
observed in real-world data.

However, stochastic integration is indeed stochastic and not merely analytic in the sense
that the integral is constructed as a limit of approximating Riemann sums in probability,
thus one is required to fix a probability measure a priori. Consequently, the stochastic inte-
gral is not necessarily well-posed for a given particular sample path of the driving process.
This turns out to be a pitfall from the modeling perspective since there is usually only
one time series of data available and the inherent probabilistic structure of the underlying
process is not known, leading to so-called model risk.

This motivates a “state by state” notion of integration, i.e., sample path by sample path,
that is able to handle paths of lower regularity appearing in classical, say, continuous-time
financial models such as the sample paths of Brownian motion.

In his seminal paper [67], Follmer introduced such a pathwise integration theory as a
first deterministic analog to Itd’s stochastic integration theory, which is based on a suitable
notion of quadratic variation.

Assuming that a path X:[0,7] — R has such finite quadratic variation along a given
sequence of partitions m = (7")en of [0, 7] with vanishing mesh size, he showed that for

any twice continuously differentiable function f the limit of left-point Riemann sums
t
/ VAX)d" X = lim Y V(X)) (Xpnt — Xune),  t€[0,T], (5.1)
0 e [u,v]enn

exists, where V f denotes the gradient of f, and the integral satisfies a “pathwise It6 for-
mula”. The Féllmer integral has found various applications and extensions in the pathwise

approach to stochastic analysis, see [39} 9, 40} [34], to name but a few. As it is approximated
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by left-point Riemann sums, the Follmer integral comes with a clear financial interpretation
as the capital gains process which is generated by continuous-time trading. It has therefore
been successfully applied in the context of model-free approaches to mathematical finance,
where one assumes no underlying probabilistic structure. We refer to [128, [68] 52, 152, [48].

We now aim at generalizing the notion of the Féllmer integral in the sense that for
a given v € [0,1] and a suitable class of (non-gradient type) integrands Y, the general

pathwise integral

/ Y d"" X, := lim Y " te[0,T7, (5.2)

n—o0

exists as a uniform limit along the sequence of partitions 7 = (7™),cn, Wwhere

t
/ Yod ™ Xgi= Y (Yu+ (Ve = Ya) (Xont — Xunr).
0

[uv]enm
That is, we consider limits of approximating Riemann sums, where the integrand is given
as a convex combination 7Y, + (1 — 7)Y, of the values of Y,, and Y, with [u,v] being a
partition interval. We notice that v = 0 corresponds to (forward) Ito-type integration,
v = % to Stratonovich-type integration and v = 1 to backward [to-type integration, these
being the most popular choices in applications.

For this purpose, we rely on rough path theory, initiated by Lyons [129], as it offers a
general pathwise integration theory beyond the notion of Young integration able to handle
paths of lower regularity.

Rough path theory is based on the insight that, since the path is not regular enough,
one is required to “enhance” its informational structure to define an integral. The rough
integral is then defined not as the limit of classical Riemann sums but as the limit of so-
called compensated Riemann sums that involve a higher-order term mimicking the value of
the iterated integral of the path against itself (its “area”). This is precisely what is required
to guarantee continuity of the integral map, yielding strong stability estimates.

The task is therefore to identify a path property on the integrator which ensures that
the path can be enhanced canonically so that the rough integral exists as a limit of general
Riemann sums, in spirit of the Follmer integral, see above.

It is Property (RIE), first introduced in [I43] for continuous paths and extended to cadlag
paths in [7], that recovers the rough integral as a limit of left-point, i.e., non-anticipative
Riemann sums. It has been applied to robust and model-free finance, see also [5], and has

been extensively used in Chapter [3] and Chapter [4 in the regime of cadlag paths.

This chapter is structured as follows. In Section we will generalize Property (RIE)
and show that it is a sufficient condition on the integrator for the rough integral to exist as

a limit of general Riemann sums; this is the so-called Property 7-(RIE).
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This path property turns out to be rather natural, see Section for the Stratonovich-
type integration, it is equivalent to imposing the existence of its pathwise Lévy area and a
certain regularity condition of the path and along the sequence of partitions, which seems
fitting in the regime of rough path theory. And, for the more general case, Property v-(RIE)
is equivalent to additionally imposing the existence of the pathwise quadratic variation,
which formally links it to the Follmer integral; all of which holds true for almost all sample
paths of the Brownian motion.

Moreover, Property ~-(RIE) is satisfied by various examples of stochastic processes
along suitable sequences of partitions, making the established pathwise integration theory,

particularly the Stratonovich-type, applicable to the stochastic setting, see Section

We want to mention at this point that the above construction of the pathwise integral
(and Property v-(RIE), and the quadratic variation and the Lévy area) depend strongly
on the choice of the sequence of partitions. Therefore it is of interest and intended for
future work to investigate the invariance of the Lévy area with respect to the sequence of
partitions, in light of [38], where they derive a result about the invariance of the quadratic
variation with respect to the sequence of partitions, to obtain a robust formulation of the

pathwise integration constructed in this chapter.
5.1 The rough integral as a limit of general Riemann sums

Before we introduce the path properties rigorously and develop a notion of general rough
integration under Property v-(RIE), we will first recall the essentials from the theory of
rough paths. For a more detailed exposition of rough path theory, we refer to [130, [74, [71].

5.1.1 Essentials on rough path theory

A partition P of an interval [s, t] is a finite set of points between and including the points s
and t,i.e., P={s=wuy <uy <--- <uy =t} for some N € N, and its mesh size is denoted
by |P|:= max{|ujt+1 —wi|: i=0,...,N —1}.

Throughout, we let 7 > 0 be a fixed finite time horizon. We let A := {(s,t) € [0,7]? :
s <t} denote the standard 2-simplex.

A function w: Ap — [0, 00) is called a control function if it is superadditive, in the sense
that w(s,u) + w(u,t) <w(s,t) forall0 < s <u <t <T.

For two vectors z = (z',...,2N) ",y = (y*,...,y9)" € R? we use the usual tensor

product
TRy = (:L‘iyj)i,jzlw_,d € R9x4,
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We shall write a < b to mean that there exists a constant C' > 0 such that a < Cb.
The constant C' may depend on the normed space, e.g. through its dimension or regularity

parameters.

For two vector spaces, the space of linear maps from E; — FEs is denoted by L(E1, E»).
For a normed space (E, |-|), we let C([0,T]; E') denote the set of continuous paths from
[0,T] to E. For p > 1, the p-variation of a path X € C([0,T]; E) is given by

1
p
[XNp= [ Xllporm — with [ Xl sq:= ( sup > | X, —Xu!p> , (s,t) € Ar,
PClst] [u,v]eP

where the supremum is taken over all possible partitions P of the interval [s,t]. We recall
that, given a path X, we have that ||X||,< oo if and only if there exists a control function

¢ such that?
X, — X, |P
sup [Xo = XulP _

(u,w)EAT C(ua U)
We write CPV& = CPVr(]0,T]; E) for the space of paths X € C([0,T]; E) which satisfy
| X ||,< oo. Moreover, for a path X € C([0, T]; R%), we will often use the shorthand notation:

Xt =Xt — X, for (s,t) € Ar.

For » > 1 and a two-parameter function X: Ap — E, we similarly define
1
[Xllr= X[y oy with (X[ 5.9:= ( sup Y \XU,UV) o (s,t) € Ap.
PCls/t] [u,v]€P

We write C57V* = C5V*(Ar; E) for the space of continuous functions X: A7 — E which

satisfy ||X[|,< oo.
For p € [2,3), a pair X = (X, X) is called a (continuous) p-rough path over R? if

(i) X € CPvr (0, T];R%) and X € C2

-var (

A7;R¥™>4) and
(ii) Chen’s relation: Xs; = X4 + Xy + X0 ® Xy p holds for all 0 < s <u <t <T.

In component form, condition (ii) states that th = X?u + Xff;t + XéuXZ,t for every i
and j. We will denote the space of p-rough paths by C? = CP([0,T];R%). On the space

CP([0,T); RY), we use the natural seminorm
1Xlp= [ Xllpjorp  with (1 X|p 5= [ X p, s+ X 2 5,175

for (s,t) € Arp.

'Here and throughout, we adopt the convention that % = 0.
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Let p € (2,3) and ¢ > 0 such that % + % > 1, and X € CP([0,T);RY). We say that a
pair (Y,Y’) is a controlled path (with respect to X), if

Y ¢ Cp-var([O,T];E), Y/ c Cq-var([O,T];E(Rd;E)), and RY c Cg-var(AT;E)7
where RY is defined by
Yo=Y, Xoy + th for all (s,t) € Ap,

and 1 = 113 + %. We write 657 = €([0,T); E) for the space of E-valued controlled paths,

which becomes a Banach space when equipped with the norm

(Y, Y") = Yol +HYg Y g o+ BY e jory-

Given p € (2,3), X = (X,X) € CP([0,T];RY) and (Y,Y’) € €%([0,T); L(R%; R¥)), the

(forward) rough integral

t
/ Y, dX, = lim Y (YaXue+YiXuw),  (s,8) € Ap,
s [P|—=0
[u,v]€P
exists (in the classical mesh Riemann—Stieltjes sense), where the limit is taken along any
sequence of partitions (P")nen of the interval [s,t] such that |P"|— 0 as n — oo. More
precisely, in writing the product Y, X, ,, we apply the operator Y, € E(]Rd; ]Rk) onto Xy, €
RY; and in writing the product Y;X, ,, we use the natural identification of £(R%; £L(R%; R¥))
with £(R? ® R?; R¥). Moreover, the rough integral comes with the estimate

t
/ Y, dX, — YsXs,t - Ys/Xs,t < C(HRYHT,[s,t]HX‘|p,[s,t]+HY/Hq7[s,t]HXH%,[s,tO
s

for some constant C' depending only on p, ¢ and r; see e.g. [143, Theorem 4.9]. For details

on the construction of the rough integral and its properties, we refer to the [129] 82} [71].

5.1.2 Rough integration using Property v-(RIE)

We resume with the concept of quadratic variation (for a continuous path) along a sequence
of partitions, which is associated with the Follmer integral.

For this, let B([0,7]) denote the Borel o-algebra on [0,7] and d¢; the Dirac measure at
t €1[0,7).

Definition 5.1.1 (Quadratic variation of a path in the sense of Follmer). Let X €
C([0,T;R) and 7 = (7" )pen, with 7" = {0 = tf <t} < --- <t} =T}, n €N, be
a sequence of partitions of the interval [0,T] such that sup{|Xep e |1k =0,..., N, — 1}

k+1
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converges to 0 as n — oo. We say that X has quadratic variation along 7 in the sense of
Follmer if the sequence of measures (pin)nen on ([0, 1], B([0,T))) defined by

Np—1
P 1= Z (Xip1 — Xin) 6y
k=0
converges weakly to a measure p. The function [X] given by [X]; := p([0,t]) is called the
quadratic variation of X along m. We say that a path X € C([0,T];R%) has quadratic
variation along m in the sense of Follmer if the above condition holds for X* and X* + X7

foralli,j=1,...,d. We then set
o 1 . . . .
(X", X7) = S ([0 + 0] = [X] = [X]).

As shown in e.g. [33], an equivalent characterization of the quadratic variation along a
sequence of partitions in the sense of Follmer is the following, which we will then continue

with.

Assumption 5.1.2 (Quadratic variation of a path). Let X € C([0,T];R?%) and 7 =
(7" )nen, with 7 = {0 =t <t} < --- <t} =T}, n € N, be a sequence of parti-

tions of the interval [0,T] such that sup{|Xn» » kE=0,...,N, — 1} converges to 0 as

k’ k+1 ‘
n — co. We assume that the quadratic variation

Np—1
[X]7 := lim [X]T" := lim Z Xinat ity

n—00 Nn—00 k41

At @ Xenaean At te 0,71,

k+1

exists, where the convergence is uniform in t € [0,T].

We say that a path X € C([0,T]; RY) possesses quadratic variation relative to m if X
and 7 together satisfy Assumption

Given this assumption then, the Follmer integral exists and satisfies a pathwise
It formula, see [67, Théoreme]. However, the integral is well-defined only for functions of
gradient-type.

To generalize this and, moreover, to obtain a pathwise integral as the limit of
general Riemann sums is the aim of this subsection. To this end, we now introduce an
additional path property which will allow us to extend the notion of the Féllmer integral.
More precisely, we additionally impose the existence of the so-called Lévy area of the path
and assume some regularity of the path itself and along the sequence of partitions, which

implies the existence of the correct (rough) integral.
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Assumption 5.1.3 (Lévy area of a path). Let X € C([0,T];RY) and let m = (7")nen, with
"={0=ty <tP <--- <ty =T}, neN, beasequence of partitions of the interval [0, T

such that sup{|Xp ¢ k=0,...,N, — 1} converges to 0 as n — oo, and let p € (2,3).

Pl
We assume that the Lévy area

No—1
L(X,m,[0,t]) = Jim L(X,7",[0,t]) := Jim (Xepae + Xen, a
k=0

1) ® Xipaten

k+1/\t

exists, for t € [0,T], where the convergence is uniform in t € [0,T], and that there exists a
control function ¢ such that
P
’Xs,t|p |£(X7 7Tn7 [ Z? t?]) - (th + Xt?) &® Xt;;,t? ‘ 2

sup +sup sup <1
(s,t)EAT C(S,t) neN 0<k<l<N, C(tz,t?)

We say that a path X € C([0,T]; RY) possesses Lévy area relative to p and 7 if p, 7 and
X together satisfy Assumption [5.1.3

Remark 5.1.4. The Lévy area was first introduced, in a probabilistic set-up, as the area that
is enclosed by any trajectory of the Brownian motion (X', X?) and its chord. It is defined
by %(fOT X} dXx? — fOT X?dX}), which makes sense as a stochastic integral, see [122].

In our pathwise framework, assuming the respective limits exist, indeed, we obtain that

L(X,m[0,0)7 — (X X] — X{X3)

Np—1 Np—1

— L ) i J J i J

- HILH;O kzo (XZZ/\t + X;ZH/\t)Xt”/\t At kzo (th+1Atth+1At - XZZ/\tXt"/\t)
Np—1 Np—1

BT J J J

= nlggo Z (Xt" + ’YXt" t;;H)th/\t AT Z (X Xt” A, )Xt WAL A
k=0 k=0

t
=: lim X’ A XTI — / XJdr™ X
n—oo
=: / XA xI — / XIdrm Xt
for every i,j = 1,...,d, which thus corresponds to the usual notion of the Lévy area. We

further notice that

t t t t
/ Xidr™ xd — / XX = / Xid%" XI — / X7 %™ X1,
0 0 0 0

that is, in terms of general Riemann sums, the pathwise Lévy area is invariant to the choice

of v and coincides with the Ito-type one.

It turns out that an equivalent formulation of Assumption together with, if v #
%, Assumption is the following path property. It generalizes Property (RIE), as
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introduced in [I43] and [7], which recovers the rough integral as a limit of not compensated
but left-point Riemann sums, see [143, Theorem 4.19].
In Section [5.2] we will have a closer look at this and relate these assumptions to one

another.

Property ~-(RIE). Let X € C([0,T];R?) and 7 = (7")pen, with 7" = {0 = 8 <
i< <ty = T}, n € N, be a sequence of partitions of the interval [0,T] such that
sup{| Xy ¢n | k=0,...,N, — 1} converges to 0 as n — oo, and let v € [0,1], p € (2,3).

k7" k+1

We assume that the Riemann sums fg X, @d7™ X, = gial(XtZ + Y Xngn ) ®

k7" k41

XtZ/\tthHAt converge uniformly as n — oo to a limit, which we denote by fg X, ®d" X,

t € [0,T], and that there exists a control function ¢ such that

. n P
sup [ Xsal” +sup sup ‘(fo Xs @d77 Xs)tﬁut? B XtZ ® Xt%?’z’

<1 5.3
(s,t)EAT c(s,t) neN 0<k<l<N, c(t%,t}‘) (5.3)

We say that a path X € C([0,7];R?) satisfies Property y-(RIE) relative to 7, p and 7
if v, p, m and X together satisfy Property 7-(RIE).

Under Property 7-(RIE), we now turn to rough path theory and rough integration to
derive the existence of a pathwise integral that is given as a limit of general Riemann sums.
To properly define the rough integral, we first fix the correct rough path lift. Note that
X0 corresponds to the Ito-rough path lift and X2 corresponds to the Stratonovich-rough
path lift of a stochastic process, since the “iterated integral” X" and X3 is given as a limit of
left-point and mid-point Riemann sums, analogously to the stochastic [t6 and Stratonovich

integral, respectively.

Proposition 5.1.5. Suppose that X € C([0,T];R?) satisfies Property ~v-(RIE) relative to
some v € [0,1], p € (2,3) and a sequence of partitions m = (7" )pen. Then X extends

canonically to a continuous p-rough path X7 := (X, X7), where
t s
XZ,t = / X, d"X, — / X, @d"X, — X, © Xy, (s,t) € Arp. (5.4)
0 0

Proof. 1t is straightforward to check that (X, X") satisfies Chen’s relation and that || X||,<
00. Therefore it remains to show that HX'YHg < 0o. We define X™:[0,7] — R¢ by

Np—1
X[ =Xy () + D XLy (1), t€[0,7T].
k=0

By Property v-(RIE), we know that

: VT e
Jim X3 =X
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for XJ7 == [1 X, @ X, — [$X, @ AP X, — X' ® Xy, (s,t) € Ap, where the
convergence is uniform in (s,¢). We aim to show that SupneNHX%“n||g< 00, which then

implies by the lower semi-continuity of the £-variation that
X7 |2 < lim inf || X7 || 2 < co.
2 n—oo 2
Let (s,t) € Ar. If there exists k such that ¢ < s <t <}, |, then we estimate

IXIT B = (Xep + 7 Xep

k7 k41

)@ Xt — Xip @ Xoal 2 S [ Xa P+ Xepap, PS ety ty1). (5.5)

) k+l

Otherwise, let ko be the smallest k such that ¢} € (s,t), and let k; be the largest such k.

We decompose
Xzf = x%tn + X”tn + th + XP @ X+ Xthl ® X
By (5.3), we have |th ) 12< c(th, tr, ), and we estimate
[ Xsem ®tho,t;;1’g+’X§tn ®Xt21,t|g
S X PHXey o PHIX S P4 Xep o

=Xy i |er|th0,th1 P Xep g [P X ol

S 2e(tf,1,1).
Combining this with (5.5)), we deduce that || X" Hgg ¢(0,T), and the proof is complete. []

We now proceed similarly to [143]. The following lemma links Property 7-(RIE) to the

existence of quadratic variation, which we rely on when calculating the rough integral.

Lemma 5.1.6. Suppose that X € C([0,T];R?) satisfies Property v-(RIE) relative to some
v €10,1], p € (2,3) and a sequence of partitions ™ = (7" )pen. Let 1 <i,7 < d, and define
for~v = %, [ X% XI]7™ =0, and for v # %,

(X, X)) = ngg—ngg—/ X;d’%ﬂxg—/ XIdrT X!, t €[0,T).
0 0

Then [X?, X7V is a continuous function and

Np—1
X7, X9 = lim X, X = = lim (1 27) > XMHZ“MX#M%HM. (5.6)
k=0

The sequence ([X%, X7]"™ ),en has uniformly bounded 1-variation, and in particular,
(X%, X7]™ has finite 1-variation. We write [X]7™ = [X, X]"™ = ([X*, X/]"™)1<i j<d-
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Proof. By definition, the function [X? X7]7"'™ is continuous. We observe that

Np—1
iyvJ iyJ _ i J v J
XtXt_XOX = E (th+1AtXtZ+1At thAtX;;At)
k=0

for every n € N, and

Xi Xj _ X’L Xj
b AT AL RN NS
_ (Yt i J J J i
- (thmt + ’YXt;;At,t;;HAt)th/\t,tgH/\t + (Xt’,;/\t +9X g/\atgﬂ/\t)XtZAt,tZH/\t

1—29)X;} X} :
+( NXtpneig, At EALEL, At

Since ([, Xs ® d"™" X,) converges uniformly to Jo Xs ® dV" X, the convergence in (5.6
then holds. We further see that

1

. . . . 9 . . 9
XZ?/\tth+1/\tthz/\t,tZ+1/\t - Z(((Xl + X])tZAt»tZ+1At) - ((‘Xz - X])tz/\t»t2+1/\t) )

(Le. [X%,XI™ = L([X' 4+ XJ]™ — [X? — XJ]"™)). That is, [X?, X7]"™" is given as the
difference of two increasing functions, and its 1-variation is bounded from above by

Np—1

(1=29) > (X + X VP4 (X = XN )?)
k=0
Np—1

<(1-— @ 2 J 2
S(1=2) ;‘é% kz—:o ((Xt’,y,t’,ggrl) + (Xt;ﬂ,tggrl) )-
Since the right-hand side is finite, we obtain that the limit [X?, X7]?"™ has finite 1-variation.
O

With the quadratic variation at hand, we apply a piecewise linear interpolation to contin-
uously approximate the path and obtain a Stratonovich-type integral, that we then translate

back into a general pathwise integral.

Lemma 5.1.7. Suppose that X € C([0,T];R?) satisfies Property v-(RIE) relative to some
v € [0,1], p € (2,3) and a sequence of partitions m = (7" )nen. Define X™ as the piecewise
linear interpolation of X along m = (7™)nen. Then

Np—1

Y L . 1 ! 1
lim [ XP@dX! = lim Y (Xp+5Xpp, )® X, = / X, @ X+ S [X]IT,
=0

n—oco J¢ n—00 k41

(5.7)
where the convergence is uniform in (s,t) € Ap. Moreover, the sequence (X"),en has

uniformly bounded §-variation, where X?,t 1= fst XQT ®dX?", (s,t) € Ar.
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Proof. Let n € N and 0 < k < N,,_;. By definition, for ¢t € | Z,tﬁ+1], we have

N t— tz
Xt - th no__¢n tiotien
E+1 7 Yk
which gives that
tz ! v v 1
Xy ®@dX, = (th + th’thrl) ® Xtﬁthﬂ
t (5.8)
1
= (X + 7 X, ) @ Xpap, + 5 (1= 29) X, ® Xipap -

Lemma then implies the uniform convergence and (5.7)).
We now show that (X"),cy has uniformly bounded 5-variation. Let (s,t) € Ap. If

tp <s <t <ty for some k, then we estimate

- onl? o Xepap 12 13
b t’z :‘/ X7, ®dX] ’/ e dr
S ' k+1 —t ‘ (5 9)
| X en [P |t — s
=t —sf—" < x|
2% e T

Otherwise, let ko be the smallest k such that ¢ € (s,t), and let ki be the largest such k. It
is straightforward to see that (X", X") satisfies Chen’s relation:

v =X, + X0+ X7, 0 X7,
for all s < u < t, from which it follows that
YN _ YN Vel el e v e v
Xt =Xgm +Xjn gn +Xjn 1+ Xopm @Xin in + KXo ® Xin -

Recalling the calculation (/5.8]), we get that

P
2

|Xt” i S ’(/ X, ®dr" X) — X @ Xyn yn
0 s 0 0’k

where [X]"™" was defined in Lemma Using the inequality in (5.3]) and Lemma
we see that there exists a control function ¢ such that the right—hand side is bounded from

above by ¢( ko ”1). If we combine this with the estimate and a simple estimate for
the terms X" 0 ®th i and X" . ®th - we can conclude that |]X”|]p< c(0,T)+ HX”fw

+[X ]t” o 2,

which completes the proof ]

We are now able to prove that the rough integral can be obtained as a limit of general

Riemann sums given that the driving path satisfies Property v-(RIE).
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Theorem 5.1.8. Suppose that X € C([0,T];R?) satisfies Property ~-(RIE) relative to
some v € [0,1], p € (2,3) and a sequence of partitions m1 = (7" )nen. Let ¢ > 0 be such
that % + % > 1. Let (Y,Y') € €%9([0,T); LR%GRK)) be a controlled path such that Y is
continuous. Then the rough integral [YdX" satisfies

Np—1
/ Y dX) = hm Z Ytn—i-’)/YtkH)th/\ttkHAt

where the convergence is uniform in t € [0,T].

Proof. We denote by X™ and Y™ the piecewise linear interpolation of X and Y, respectively,
along m = (7" )pen. Thus (Y™, Y”) is controlled by X", with remainder Rf: =Y -Y/X7,,

(8, t) € Arp.
As shown in the proof of [143, Theorem 4.19], if p’ > p and ¢’ > ¢ such that 2 + l >0,
then (Y™, Y’, RYH) converges in (¢',p/,r')-variation to (Y,Y’, RY), where = , —|—

Since the sequence (X™),en has uniformly bounded p-variation and X ™ converges uni-
formly to X as n — oo, it follows by interpolation that X™ converges to X with respect to
the p/-variation norm, i.e. || X" —X||,y— 0 as n — oo. It follows similarly using Lemma
that [|(X" — (X7 + [X]7)| » — 0 and hence, also that [|(X",X") — (X, X7 + 3[X]?)|y— 0
as n — oo. ’

The continuity of the It6—Lyons map, see e.g. [71, Theorem 4.17], now yields the uniform
convergence of the rough integrals [Y"d(X",X") to the rough integral [V d(X,X" +
$[X]7). But for every ¢ € [0,7], it holds that

t
lim Yrd(X™ X",

n—oo 0
t
= lim Y dx!
n—o0 0
Nn—1
= nlgrolo E (Yip + }/tk,tk+1)Xt ALER | A
k=0

Nn—1 Np—1
= lim <Z(Yt”+’YYt tr ) XAty /\t+ (1—2y) Z Yin i, Xenntty /\t>-

nosoo kolkt1 k+1 k+1
k=0

Since (Y,Y”) € €7, it is immediate that the second term on the right-hand side converges
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uniformly to %fot Y!/d[X]?", t € [0,T]. Thus,

N,—1

nh—%o Z (Yep +Yeran, ) Xepaten, ne
k=0
= lim Y"d(X” X™)s —/ Y!d
n—oo

:/std(XvX”’“r[X]W)s_/Ys/dX7
0

= li Y, X Y (XY X"y — = 1l Y [ Xor
|’PI|IE() Z u,v + ( + 2[ ] )u,v 92 |’PI|IEO Z u[ ]u,v
[u,v]€P [u,v]€P
— 1 Iy
- i, T A,
[u,v]€eP
t
- [ viax:
0
where the limit is taken over any sequence of partitions P of the interval [0, ¢] with mesh
size |P|— 0. [

5.2 On the assumption of general Riemann integrals

Theorem is a generalization of [143] Theorem 4.19] which states that the rough integral
can be calculated as a limit of left-point Riemann sums given that the driving path satisfies
Property v-(RIE) for v = 0. This assumption is also known as Property (RIE) and states

as follows for a continuous path:

Property (RIE). Let X € C([0,T};R?) and 7 = (7" )pen, with 7" = {0 =t <t} < --- <
th, =T}, n €N, be a sequence of partitions of the interval [0, T] such that sup{|Xsp ¢

k’k+1‘:

k=0,...,N, — 1} converges to 0 as n — oo, and let p € (2,3).
We assume that the left-point Riemann sums f(f X,@d™ X, := N”_l th ®th/\t moat

k+1
converge uniformly as n — oo to a limit, which we denote by fg Xs® d’rXs, t €0,T], and

that there exists a control function ¢ such that

. n P
sup | Xs.4]P s sup [(Jo Xs @d™ Xo)inim — Xin @ Xyn gn |2
(s,)enr C(8:1)  neNo<k<i<N, c(ty, t})

<1

We say that a path X € C([0,T];R?) satisfies Property (RIE) relative to p and 7 if p,
m and X together satisfy Property (RIE).

In the following, we relate Property 7-(RIE) to Property (RIE), depending on the pa-

rameter «, which determines the type of Riemann sum approximation one obtains.

Lemma 5.2.1. Let X € C([0,T];R?), v € [0,1], p € (2,3) and © = (7")nen be a sequence
of partitions of [0,T].
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(i) Supposey # % X satisfies Property (RIE) if and only if X satisfies Property v-(RIE),

both relative to p and .

(ii) Suppose v = % If X satisfies Property (RIE), then X satisfies Property v-(RIE),

both relative to p and 7.

Proof. First note that

k+1

. No—1
/ X;@d"™ X = Z (Xep + 7 Xepen ) ® Xenatan, at
0 k=0

Np—1 Np—1
= g Xin @ Xennvtn, nt 7 E Xinntr, e @ Xepaen

k+1

(5.10)

+ Z (Xep, nttp,, — Xepaean) ® Xepatn at

k+1

k+1’

t Np—1
=/ Xs@d™ Xs +v[X]T +7 Z (Xep, atir,, — Xezaer) @ Xipasan
0 k=0

for t € [0,T], where we write [X]™" = chv Xenngn, A ® Xgnaen A Secondly, note

k41
that, for any control function ¢, we have

|(fy X ® V™" X )imim — Xip ® Xip n] 2

sup
0<k<{<N, c(ty.ty)
X @A™ X ) n — Xyn @ Xyn o |3 X5 |5
<27 sup o Xe ® o)t 5 © Xy +(29)2  sup 7’[ Iy ;
0<k<(<N, c(ty, t}) o<k<t<N, C(tP,t})
(5.11)
and, for vy # %, we get
. n P
sup (o Xs @ d™ X} p — X © Xy |2
0<k<(<Nn c(ty,t})
X, QAT X Vo — Xon @ Xy n |5
<98 sup [(fo Xs® )t 1 @ Xip n2 (5.12)
0<k<{<Np, c(ty, 17)
(27)2 X ]t" t“r

11— 29|% osheran, c(f,17)

If X satisfies Property (RIE), fo X, ®d™ X,)pen converges uniformly to ( foX ®d"Xy)
and, by [143, Lemma 4.17], ([X]™" )nen converges uniformly to [X]™ as n — co. Moreover,
again due to [143, Lemma 4.17], ([X]™" )nen has uniformly bounded 1-variation. Hence, by
and (5.11)), Property (RIE) implies Property v-(RIE) for every v € [0, 1].
Conversely, if v # %, using Lemma |5.1.6|, (5.10) and (5.12)) yields that Property -(RIE)
implies Property (RIE). O
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To gain a better understanding of these assumptions, we make the following observation:

Remark 5.2.2. Let X € C([0,T);R%), v € [0,1] and © = (7")nen be a sequence of parti-
tions of [0,T].

Assuming the respective limits exist, we write (X'y’ = f Xi drmXi — fos Xi drmX) —
X ’Xg s (s,t) € Ap. We decompose the iterated integrals into the symmetric and antisym-

metric components as follows:

(X377 ((XZ’t )7+ (XTY) + 5 ((XZ’t )7 = (X3)Y)
1 i i T 1 i i j
= i(Xs,th,t - [X 7XJ]Z,7t ) + i(ﬁ(Xv U [07 ‘])S,t - (Xs + Xt)Xg,t)
1 1

= §(S(X)3,’Zr)ij + §<A(X)Z,’Zr)”,
for every 1, j: 1,...,d.

For v = , we notice that the symmetric part reduces to %X&t ® Xs. We realize that
for the Stratonovich-type rough path lift (implying the Stratonovich-type integral) to be well-
posed in the rough path sense, it is only required that the antisymmetric Riemann sums
converge (which do not depend on vy, see Remark , and that the approzimative Lévy
area has uniformly bounded §-variation and the path has finite p-variation. For the more
general case, it 1s additionally required that the symmetric Riemann sums converge. This
suffices since the approximative quadratic variation term has uniformly bounded 1-, thus
B-variation by definition.

It is therefore not surprising but rather reassuring that X satisfying Property (v-)(RIE)
is equivalent to X possessing Lévy area together with, if v # %, X possessing quadratic
variation, in the sense of Assumption [5.1.3 and Assumption respectively, which im-
pose these exact assumptions. This is the content of Lemma Corollary and
Lemma[5.2.3.

Also from a practical perspective, these assumptions are indeed reasonable since almost
all sample paths of Brownian motion, firstly, possess quadratic variation relative to © if
7w log(n) — 0 as n — oo, see [60], and [122], while notably having infinite p-variation for
p < 2. Secondly, it follows from e.g. [T4, Theorem 14.16, Exercise 15.44] and the fact that
almost all sample paths of Brownian motion are %—H()'lder continuous for p € (2,3) that
almost all sample paths of Brownian motion possess Lévy area relative to p and, e.g., the

dyadic partitions, i.e., " = {kT2~ ”}k _o»nEN.

Lemma 5.2.3. Let X € C([0,T);RY), p € (2,3) and ® = (m)nen be a sequence of partitions
of [0,T7].
X satisfies Property (RIE) if and only if X possesses quadratic variation and Lévy area,

both relative to p and .
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Proof. First, note that

Np—1
L(X,7",[0,]) = (Xepne + Xep, ne) @ Xepatan, at
k

k41

[en]

No—1 Np—1
=2 Z Xinpe @ Xenaggn  at+ Z Xenptap, nt Q@ Xepasgn At (5.13)

k+1 k+1 k+1
k=0 k=0
¢ Np—1
= 2/ Xs@d™ Xg+2 Z Xingnne @ Xepaten  at + [(X]F
0 k=0
for t € [0,T], where we write [X]™ = kNgl‘l th/\-,t};HA- ® th/\"terl/\" Secondly, note

that, for any control function ¢, we have

P
sup |E(X, 71"’1’ [tz,t?]) — (th -I-Xt?) ®Xt2,t’;’2
0<k<l<N, c(ty, t})

. T »
< X @A Xy — Xy & Xy (5.14)
™ 0<k<t<Nn c(ty,t})

P n /4
L swp | Xip tn @ Xip gn 2 sup |[(XTF |2
0<k<f<Nn c(ty,t}) o<k<i<N, c(tp,t})

and

. n P
sup (o Xs @ d™ X} p — Xig © Xy
0<k<(<N, c(tg: )

p
C o VST - (Kt Xg) @ Xl _
™ 0<k<t<N, c(ty,t})

P T P
+  sup X %ﬁtz,tﬂg sup 7’[)(];2%’2.
0<k<f{<Np c(ty,t}) o<k<t<nN, Cc(tZ,t})

If X satisfies Property (RIE), then ( f; X;®d™ X;)nen converges uniformly to ( f; X,®d™X,)
and, by [143, Lemma 4.17], X possesses quadratic variation, that is, ([X]™" )nen converges

uniformly to [X]™ as n — oo. And, again due to [I43] Lemma 4.17], ([X]™ )nen has
uniformly bounded 1-variation. Hence, by (5.13)) and (5.14)), if X satisfies Property (RIE),

then it possesses quadratic variation and Lévy area.

Conversely, if X possesses quadratic variation, ([X]|™ ),en converges uniformly to [X]™
as n — oo, and as in the proof of [143, Lemma 4.17], one can show that ([X]™"),en has
uniformly bounded 1-variation. If X possesses Lévy area, (L(X, 7", [0, ]))nen converges

uniformly to £(X,m,[0,:]) as n — oo. By (6.13) and (5.15)), if X possesses quadratic
variation and Lévy area, it satisfies Property (RIE). O

Corollary 5.2.4. Let X € C([0,T];R%), v € [0,1], p € (2,3) and 7™ = (7")nen be a sequence
of partitions of [0,T].
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X satisfies Property v-(RIE) relative to v # % if and only if X possesses quadratic

variation and Lévy area, both relative to p and .

Lemma 5.2.5. Let X € C([0,T];R%), v € [0,1], p € (2,3) and 7 = (7")nen be a sequence
of partitions of [0, T].
X satisfies Property v-(RIE) relative to v = %, p and 7 if and only if X possesses Lévy

area relative to p and .

Proof. We note that

Np—1
L(X,7",[0,]) :== Z (Xepne + Xep, ne) Xepnen,  nt
k=0
o (5.16)
= 2/ X, ©ds™ X, + Z (Xepanne + Xen, o nd) Xepavee, Aty
for t € [0, T]. And therefore, for any control function ¢, we have that
. 1 _n P
qp  (Jo X @ XoJyp = Xy @ X iy
0<k<(<N, c(ty, t7)
P b
< swp [L(X, 7" [t 17]) — (Xep + Xip) @ X |2 s [ X in @ X g2
0<k<(<N, c(ty, t}) 0<k<{<N, c(ty, t}) ’
(5.17)
and
p
|‘C(X7 ,ﬂ.n, [ Za t?]) - Xt’kl,tg & Xt’,;”,t? | 2
sup —
0<k<{<N, c(tE,t})
. 1 n D D

< sup |(fo Xs @ d2™ X tm — Xip @ Xip iy | sup Xy © Xup 7

™ 0<k<t<N, c(ty, ty) 0<k<t< Ny, c(ty,ty)
(5.18)

If X possesses Lévy area, then (L(X,7",]0,]))nen converges uniformly to £(X,n, [0,]) as
n — oo, and if X satisfies Property v-(RIE) for v = %, then ([, X ®d%’”nXs)n€N converges
uniformly to (fo X:® d%”TXS). Hence, by and , if X possesses Lévy area, it
satisfies Property ~v-(RIE) relative to v = %, and, conversely, by and , if X
satisfies Property v-(RIE) relative to v = %, it possesses Lévy area. O

5.3 Application to stochastic integration

In this section, we apply the deterministic integration theory developed in Section to
stochastic integration. For this purpose, let X be a d-dimensional continuous semimartin-
gale, defined on a probability space (2, F,P) with a filtration (F;).c[o,7) satisfying the usual

conditions, i.e., completeness and right-continuity.
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It is well-known that the semimartingale X can be lifted to a random rough path via
It6 integration, see [41]. We have also proven that Property (RIE) ensures that the random
rough paths X = (X, X) with X defined pathwise via the canonical rough path lift and with
X defined by It6 integration coincide almost surely, see part (i) of Lemma and that
the random rough integral of a semimartingale coincides almost surely with the associated
stochastic It6 integral, see Proposition

With Property 7-(RIE) for v = % at hand, we are now able to show this for Stratonovich
integration. It is well-known that the semimartingale X can be lifted to a random rough
path via Stratonovich integration, by defining X = (X,X) € C?([0, T]; R?), P-a.s., for any
p € (2,3), where

t t
X,y 1= / (X, — X,) ® odX, = / X, ®o0dX, — X, ® Xy, (s,t)€Ap,  (5.19)
S S

see [41]. It turns out that, if the semimartingale X satisfies Property 7-(RIE) relative to
v = %, p € (2,3) and a suitable sequence of partitions 7, then the canonical random rough
path coincides almost surely with the Stratonovich rough path lift and the random rough

integral coincides almost surely with the associated stochastic Stratonovich integral.

Lemma 5.3.1. Let p € (2,3) and let 7" = {7]'}, n € N, be a sequence of adapted partitions
(so that each 7] is a stopping time), such that for almost every w € §, (7"(w))nen 15 a
sequence of (finite) partitions of [0,T] with vanishing mesh size.

Let X be a d-dimensional continuous semimartingale, and suppose that for almost every
w e Q, SUP{’Xrg(w),rgH(w) (W)|:k=0,...,N, — 1} converges to 0 as n — oo, and that the
sample path X (w) satisfies Property v-(RIE) relative to v = 3, p and (7"(w))nen.

(i) The random rough paths X = (X,X), with X defined pathwise via (5.4) for v = %,
and with X defined by stochastic integration as in (5.19), coincide P-almost surely.

(i1) Let (Y,Y') be a continuous semimartingale. Suppose that, for almost every w € €,
(Y(w),Y'(w)) is a controlled path in %ﬁ(w)([O,T];E(Rd;Rk)). Then the rough and

Stratonovich integrals of Y against X coincide P-almost surely, that is,
t 1 t
/ Yi(w)dXE (w) = (/ Y, odXS)(w), te[0,7],
0 0

holds for almost every w € Q, where X%(w) is the canonical rough path lift of X (w)
as defined in Proposition using Property v-(RIE) for v = %

Proof. (i): By construction, the pathwise rough integral f(f Xr(w)® d2 "X, (w) constructed
via Property ~-(RIE) for v = % is given by the limit as n — oo of mid-point Riemann sums:

Np—1

1
Z ) (XTI:L(UJ) (w) + XT£+1(UJ) (w)) ® Xrg(w)At,Tg+l(w)At(w)'
k=0
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It is known that these Riemann sums also converge uniformly in probability to the Strato-
novich integral fg X, ®odX, (see e.g. [I47, Chapter II, Theorem 21, Theorem 22]), and the
result thus follows from the (almost sure) uniqueness of limits.

(ii): By, e.g., [147, Chapter II, Theorem 21, Theorem 23], we have that

Np—1

Z %(Yﬂg + Yrg+1)Xrg/\t,Tg+l/\t — /Ot Y, odX, as n — oo,

k=0

where the convergence holds uniformly (in ¢ € [0,7]) in probability. By taking a subsequence
if necessary, we can then assume that the (uniform) convergence holds almost surely. On
the other hand, by Theorem [5.1.8] we know that for almost every w € 2,

Np—1 1

t 1
Z i(Y’r}?(w) ((/J) + YT,’:_‘_l(w) (w))XTg(w)/\t,Tg+l(w)/\t(w) — /0 }/S(w) dX? (w) as n— o0
k=0

uniformly in ¢ € [0,T]. The result thus follows by the uniqueness of limits. O

We now heuristically remark that various semimartingales (and non-semimartingales)
satisfy Property v-(RIE) (particularly for v = %) relative to suitable sequences of partitions,
making the developed theory applicable to a broad class of stochastic processes.

Due to Lemmal[5.2.1] Property v-(RIE) holds relative to any v € [0, 1], if Property (RIE)
holds. This in turn holds true for almost all sample paths of the following stochastic
processes relative to p € (2, 3) and suitable sequences of partitions; for details see Section
and Section 3.3}

e Brownian motion, relative to sequences of equidistant partitions (7"),en such that

4
|77|* plog(n) — 0 as n — oo,

o [td processes, relative to the sequence of dyadic partitions, i.e., 7" = {k2*"T}in:0,

n €N,

e continuous semimartingales, relative to the sequence of partitions 7" = {7 : k €
NU{0}}, n € N, where 7 = 0, 71 = inf{t > 7" | : [t =7 | [+[X; — Xon [>27"}AT,
k e N.

o the pair (W, W), where W denotes the Brownian motion and W the fractional
Brownian motion with Hurst parameter H > %, relative to sequences of equidistant

4
partitions (7")nen such that (77)* % — 0 as n — oo,

e the pair (n, W), where n denotes a deterministic %—Hélder continuous path, relative

to the sequence of dyadic partitions.
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Interestingly, since Property v-(RIE) relative to v = % is equivalent to the property of pos-
sessing Lévy area, we can extend the class of stochastic processes by a non-semimartingale
example, namely the fractional Brownian motion for Hurst parameter H € (%, %) The sam-
ple paths of fractional Brownian motion do not possess quadratic variation, see e.g. [148, [61],
consequently they do not satisfy Property (RIE), see also Lemma and therefore do
not fit in our Ito-type setting. For the Stratonovich-type integral, however, we are able to
resolve the issue since almost all sample paths of the fractional Brownian motion possess
Lévy area relative to the dyadic partitions, which follows from the fact that almost all sam-
ple paths of fractional Brownian motion are of finite é—variation for « < H and e.g. [42]

Theorem 2], who construct a rough path lift over the fractional Brownian motion using

dyadic approximations.
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Chapter 6

Universal approximation with Ité6-type signatures

The signature of a path plays a prominent role in the theory of rough paths, initiated by
Lyons in [129], which has emerged as an improved framework for dealing with interactions
in complex random evolving systems.

It can be formally defined as the enhancement of a path X:[0,7] — R? by all iterated
integrals of the path against itself

i1 %
/ dX,) ---dXy",
0<t1<...<tn<T

for iy,...,in, € {1,...,d}, n € N; see the early works of Chen [28] 29]. This collection of all
iterated integrals (given a suitable notion of integration) summarizes the full evolution and
interactions of the components of the path effectively: the signature is known to provide an
intriguing nonlinear characterization of the path that is unique up to general reparametriza-
tions, see [87] for paths of finite 1-variation. Importantly, due to its rich algebraic structure,
linear functionals on the signature approximate continuous path functionals arbitrarily well
on compact sets; this is known as the universal approximation theorem.

Thus the signature can be used to faithfully and tractably represent the key features from
highly oscillatory streams of data, which is important in the context of machine learning.
Recently, a significant strand of research has been concerned with developing data-driven
methods based on the signature to exploit its desirable and rich mathematical properties
for applications in mathematical finance. These are manifold and include asset pricing [127,
11], 19], optimal execution [I00], and calibration of financial models [12), [45], 44], to name
but a few.

In this context, the theory of signatures has been adopted to a probabilistic setting
using Stratonovich integration. This is the natural choice because the Stratonovich integral
satisfies the classical first order calculus, which yields the exact algebraic and geometric

properties of the associated signature implying its “universal nonlinearity”.
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However for financial applications, from a modeling perspective, [t integration is typi-
cally more reasonable because the stochastic process so described is a martingale, and when
used as a capital process it guarantees the absence of arbitrage.

Moreover, the signature associated with It integration may offer statistical advantages;
see [83] for a comparison with Stratonovich integration with respect to statistical consistency
of the Lasso estimator using the signature.

This presents a gap between the theory of signatures and the use of It0 integration, we
aim to address in this chapter.

While [88] take the signature in this regard as a universal polynomial regression basis,
we show that the signature using It6 integration is able to serve as a linear regression basis
for continuous functionals.

For this purpose, we make use of rough path theory and assume a path property which
ensures that the rough integral exists as a limit of Riemann sums along a suitable sequence of
partitions. This is Property «-(RIE), which has been introduced in Chapter |5{and provides
a unifying framework for general pathwise stochastic integration that can be applied to

continuous semimartingales.

This chapter is structured as follows. In Section [6.I] we introduce a notion of the
signature of the path based on Property v-(RIE), recovering Stratonovich-type or It6-type
integration, depending on the choice of the parameter v. When extending the path by
suitable quadratic variation terms, we are able to prove a universal approximation theorem
for linear functionals on the so-called ~y-signature, see Section [6.2] This is then translated
into the probabilistic setting in Section [6.3], where we derive a universal approximation

theorem using Ito-signatures of continuous semimartingales.

Since this approach is motivated by its use for mathematical finance, we intend to

promptly explore suitable applications thereof in future work.

6.1 The signature using general pathwise stochastic integration

We will first recall some essentials from the theory of signatures and rough paths, which we
divide into the algebraic and analytic concepts. For a more detailed introduction, we refer

to [130, [74].

6.1.1 Algebraic setting for signatures

The tensor algebra and the extended tensor algebra on R? are defined by

TR = DR ad  T(RY) =[RS
n=0 n=0
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where (R?)®" denotes the n-fold tensor product of R?, with the convention (R%)®° := R.
We equip T((RY)) with the standard addition +, tensor multiplication ® and scalar
multiplication, which is defined for a = (a(™)22,, b = (b(™)2 e T((R%)), A € R, by

n=0> n=0
setting
a+b:=(a™ +pM)>
a®b:=( Z a @ bl
i+j=n

Aa = (Aal™),.

We observe that (T'((R9)), +, -, ®) is a real non-commutative algebra. The neutral element
is (1,0,...,0,...).

Let (e1,...,eq) be the canonical basis of R?. The Lie algebra that is generated from
{e1,...,eq}, where e; := (0,¢;,0,...) € T(RY), and the commutator bracket

[a,b]=a®b-b®a, a,b € T(R?),

is called the free Lie algebra g(R?) over RY, see e.g. [74, Section 7.3]. It is a subalgebra of
To((RY)), where we define for ¢ € R, the tensor subalgebra T.((R?%)) := {a = (a(™)>2, €
T((RY) : a® = ¢}.

The free Lie group G((R?)) := exp(g(R?)) is defined as the tensor exponential of g(R?),

i.e., its image under the map
1
exp®:T0((Rd)) %T((Rd)% at— 1+Zga®k
k=1""

G((RY)) is a subgroup of Ti((R%)). In fact, (G((RY)),®) is a group with unit element
(1,0,...,0,...), and for all g = expg(a) € G((R?Y)), the inverse with respect to ® is given
by g = expg(—a), for g = expg(a) € G((R?)). We call elements in G((R?)) group-like
elements. For N € N, the truncated tensor algebra on R? is defined by

N
TN(R?) := PR

n=0

For any a = (a(™)N_, € TN(R?), we set
‘a‘TN(Rd) = n:n&aX’N’a(n) |(Rd)®n,

where we write |-| for the Euclidean norm, on R% or (R%)®" for some n € N. We consider
the maps IL,: T((R%)) — (RH)®" and T<n:T((RY)) — TN(R?), where TI,(a) = a™ and
Mey(a) = (@9,...,a™), for a = (a™)22, € T((R?)). We set for ¢ € R, TN(RY) :=

183



{l<y(a) : a € T.((RY)}. Then TV (RY) is a Lie group under the tensor multiplication ®,
truncated beyond level N. We equip T} (R?) with the metric

p(a;b) := la—blpvgs= max |(a- b)™| Rayen,

for a = (a™)N_, b = (B™)N_ € TN(R?), which arises from the norm on TV (R%).

The free nilpotent Lie algebra and the free nilpotent Lie group of order N are defined
by gV (RY) := <y (g(R?)) and GN(RY) := T1<n(G((R?))), respectively. That is,

"R = {0} oR‘@ RLRY @ ... @ [RY [RY, ... [RYRY)) € T (RY).

N — 1 brackets

Then G (R?) is a subgroup of T} (R?) with respect to ®.
Defining the truncated tensor exponential via the corresponding (finite) power series in

the truncated tensor algebra, we have that GV (R?) = exp (¢/V(R?)).

Now, let I = (i1,...,i|7) be a multi-index (with entries in {1,...,d}) of length |I|. We
recall the canonical basis (eq,...,eq) of R? and set ef == ¢;, ® ... ® ey - I [I]= 1, set
I'=0,if [I|> 1, I' = (i1, ... ,ij7—1). Moreover, we denote by ey the basis element of (R%)®°
and set |§|:= 0. This allows to write a € T'((R?%)) as

a = Z arer,
120
for some a; € R. Furthermore, for a € T(R?) and b € T((R?)), we set
(a,b) := > (as,by).
17]>0

n

Then (er){r7j=n} is the canonical orthonormal basis of (RY)®™ with respect to this inner

product. In particular, by = (ey, b).
Associating ¢ € T(R?) with a linear functional (¢,-): T((R%)) — R, we write

(t,a):= > lile,a), acT((RY),

0<|I|<N
for £ = ZOSIIISN lrer, where {1 := (er,f) € R and N € Nj.

For two multi-indices I = (i1,...,47), J = (j1,.-.,J)s) with entries in {1,...,d}, the
shuffle product is recursively defined by

erley = (ele_leJ)LLleim —I—(eILI_IeJ/)Luejm,
with ey LW ey :=eg W ey :=er. Fora,b € T(R?), we then set

alllb= Z (I]bj(ejLLIEJ)
[71,1J1>0
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and for a,b € T((R?)), we set
<6],a|_LI b> = <€[,H|[|(a)ﬂ|1‘(b)>.

For all a € G((R%)), the shuffle product property holds, i.e., for two multi-indices I =
(il, e ,im), J = (jl, e ,ju|), it holds that

<6[, a><eJ, a) = <€[ uey, a).
6.1.2 Essentials on rough path theory

Throughout, we let T > 0 be a fixed finite time horizon. We let Ay := {(s,t) € [0,T]? :
s <t} denote the standard 2-simplex.

We shall write a < b to mean that there exists a constant C' > 0 such that a < Cb.
The constant C' may depend on the normed space, e.g. through its dimension or regularity
parameters.

For a normed space (E, |-|), we let C([0,T]; E') denote the set of continuous paths from
[0,7] to E. For X € C([0,T]; E), the supremum seminorm of the path X is given by

[ Xoo:= sup [ Xy,
t€[0,T]

and for p > 1, the p-variation of the path X is given by

1
p
IXNp= Xy with [ Xl = < sup > [ Xy — Xuyp> . (s,t) € Ar,
PCls:t] [u,v]eP
where the supremum is taken over all possible partitions P of the interval [s,¢]. We recall
that, given a path X, we have that ||.X||,< oo if and only if there exists a control function
c such that !
[ Xy — Xuf?
sup ———— < 0Q.
(u,w)EAT C(uv U)
We write CPVa = CPVr([0,T]; E) for the space of paths X € C([0,T]; E) which satisfy

| X||,< oc. Moreover, for a path X € C([0, T]; R?), we will often use the shorthand notation:
Xop =Xy — X, for (s,t) € Ap.

For » > 1 and a two-parameter function X: A7 — E, we similarly define
1
IXllr= 11Xl oy with  [IX]], s = ( sup ) IXu,vV) , (s,1) € Ap.
PCls/t] [u,v]€P
We write C5V = C§5V4(Ap; E) for the space of continuous functions X: Ay — E which

satisfy ||X||,< oco.

For p € [2,3), a pair X = (X, X) is called a (continuous) p-rough path over R? if

'Here and throughout, we adopt the convention that % = 0.
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(i) X € CPvar ([0, T;RY) and X € C2°

var (

Ar;R>) and

(ii) Chen’s relation: X = X, + Xy + X5, @ Xy holds for all 0 < s <u <t <T.

In component form, condition (ii) states that X?t = X%, Xff;t + X;uXZ,t for every i
and j. We will denote the space of p-rough paths by C? = CP([0,T];R%). On the space

CP([0,T); RY), we use the natural seminorm
HXHp:: HXHp,[O,T] with HXHp,[s,t]:: HXHp,[st"i_”XHp [5,t]

for (s,t) € Arp.
Similarly, for p > 1, and N € N, the p-variation of X=V: [0, 7] — T<N(R?) is given by

m

SN . <N m
1K= p o= 1gna§NPSCu[£>ﬂ<[§]2P\H (X5 > . (s.t) € Ar,
u,v

where now ngiv = (XEV)~1 ®X§N, (s,t) € Ap, and we write ||X=N|,:= [|X=N

For XN X<N:[0,T] — T<N(R?), we define the p-variation distance

p,[0, 17

IR XN o= XY = XN o, (s08) € A,

and we write |X=N; XSN||,= XN XN o 7.

Here, we equip GV (R%) with the (inhomogeneous) subspace topology of 7%V (R?). In the
literature, the (homogeneous) p-variation of a GV (R%)-valued path is often defined in terms
of the Carnot—Carathéodory metric, see e.g. [74, Chapter 8]. This is consistent because the
induced topology on G (R?) coincides with the one induced by the Carnot-Carathéodory
metric, see e.g. [74, Section 8.1.2 and 8.1.3].

A continuous path X=P1: [0, 7] — G/ (RY) is called a weakly geometric p-rough path, if
X5 = 1 and ||1; XS |,< oo, where 1 := (1,0,...,0) € TIP)(RY),

We will denote the space of weakly geometric continuous p-rough paths by C5V =
CEY ([0, T); GPI(RY)) and equip it with the distance ||-; ||,

An algebraic condition for a p-rough path to be weakly geometric is that the symmetric

part of the rough path lift is determined by the increments of the path.

Lemma 6.1.1. Let p € (2,3). Let (X,X) € CP([0,T];R%) be a continuous p-rough path
such that S(Xo) = %X(),t ® Xot, t € [0,T), where we consider the decomposition into the

symmetric and the antisymmetric part given by
1 | -
Xot = S(Xot) + AXoy) := §(X0,t +Xo4) + i(XOJ — Xo,t)s

where (-)7 denotes matriz transposition. Then X=2 is a weakly geometric p-rough path, i.e.,
X=2 ¢ OFY™ | where X=2 is defined by

X5 = (1, X0, Xoy),  te[0,T).
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Proof. Recall that G?(R?) = exp? (g*(R?)), where g?(R?) = {0} @ R? & [R?,RY]. It holds
that [R?, R = span{e; ® e; —e; ® ¢; : 1 < i,j < d}. Therefore [R?, R? equals the set of
antisymmetric d x d-matrices and it follows that, for any ¢ € [0, 7],

1
X752 = (1, Xog, 5 X0t ® Xog + A(Xoy)) = exp3 (0, Xo1, A(Xoy)) € G*H(RY).

Finally, since (X, X) € CP([0, T]; R%), it particularly holds that ||1; X=2||,< oo. O

Remark 6.1.2. This condition is a consequence of “first order calculus” and therefore valid

in the context of stochastic Stratonovich integration.

6.1.3 On Property v-(RIE)

We develop a notion of signatures using the path assumption Property ~-(RIE), which
allows to construct pathwise (iterated) integrals as limits of general Riemann sums. It is
an extension of Property (RIE), which we have established in detail in Chapter [5f We now
give the path properties and the statements required in this chapter. For the proofs and an

equivalent and more intuitive characterization of the path property, we refer to Chapter

Property ~-(RIE). Let X € C([0,T];R?) and 7 = (7")pen, with 7" = {0 = & <
<. <ty = T}, n € N, be a sequence of partitions of the interval [0,T] such that
sup{| X ;| k=0,...,N, — 1} converges to 0 as n — oo, and let v € [0,1], p € (2,3).

k7 k+1

We assume that the Riemann sums fot X, @d™ X, = ;cvio_l(XtZ + X ) ®

k" k41

XtZAtthHM converge uniformly as n — oo to a limit, which we denote by fg X, ®d™ X,

t € [0,T], and that there exists a control function ¢ such that

. n ya
sup [Xael” +sup sup |(Jo Xs @ ™ Xo)ip iy — Xig @ Xig |2
(s.)ear C(8:t)  neNo<k<i<N, c(ty, t})

<1

We say that a path X € C([0,T]; R?) satisfies Property 7-(RIE) relative to v, p and
if v, p, m and X together satisfy Property ~-(RIE).

Proposition 6.1.3 (Proposition [5.1.5). Suppose that X € C([0,T];R?) satisfies Property
v-(RIE) relative to some v € [0,1], p € (2,3) and a sequence of partitions m = (7")peN.

Then X extends canonically to a continuous p-rough path X7 := (X, XY), where
t s
XZ,t = / X, d"X, — / X, @d"X, — X, @ Xy, (s,t) € Ar.
0 0

We note that X corresponds to the Ité-rough path lift and X3 corresponds to the
Stratonovich-rough path lift of a stochastic process, since the “iterated integral” X" and X3
is given as a limit of left-point and mid-point Riemann sums, analogously to the stochastic

It6 and Stratonovich integral, respectively, see also Section [6.3
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Lemma 6.1.4 (Lemma [5.1.6). Suppose that X € C([0,T];R?) satisfies Property v-(RIE)
relative to some v € [0,1], p € (2,3) and a sequence of partitions 1 = (7")pen. Let
1<14,j <d, and define for v = %, [ X%, XI]7™ =0, and for v # %,

X7 X0 = Xix) - XX - / XidvTX — / XIavmXl te0,T).
0 0

Then [X*, X717 is a continuous function and

Np—1
] ) ’y’ J— M ] ) k) " Pp— 31 ) j
(X5, X)) = JL)I{}O[XZ,X]UW = 7}1_{{)10(1 - 2) Z XZZAt,tZ+1/\tXtZ/\t,tZJrl/\t'
k=0
The sequence ([ X', X7 ),en has uniformly bounded 1-variation, and in particular,

(X%, X7]™ has finite 1-variation. We write [X]7™ = [X, X]"™ = ([X*, X7]"™)1<i j<d-

Lemma 6.1.5. Suppose that X € C([0,T];R?) satisfies Property v-(RIE) relative to some
v € [0,1], p € (2,3) and a sequence of partitions m = (7" )nen. Define X™ as the piecewise
linear interpolation of X along m = (7")nen. Then

t Nn—1 t
. 5 5 . 1 1
lim S XP@dX! = lim > (Xep+5 X2, ) O X ne = / Xp@d" X+ S [X]IT
k=0
where the convergence is uniform in (s,t) € Ap. Moreover, the sequence (X"),en has

uniformly bounded §-variation, where X7, := fst X2, ®dX], (s,t) € Ap.

We will actually continue working under Property ~v-(RIE), as it is more general, but
we briefly want to point out the theoretical relation to Property (RIE), which has been
introduced in [143] and [5], and utilized in Chapter [3[and Chapter

Property (RIE). Let X € C([0,T];R?) and m = (7")pen, with m* = {0 = 1§ <t} < --- <
ty, =T} n €N, be a sequence of partitions of the interval [0, T] such that sup{| X ¢ |:
k=0,...,N, — 1} converges to 0, and let p € (2,3).

We assume that the left-point Riemann sums f(f X,@d™ X, := kN;LO_l Xin ®th/\t,tg+1/\t

converge uniformly as n — oo to a limit, which we denote by fg Xs®d™ X, t €[0,T], and

that there exists a control function c such that

. n P
sup | Xs4]P s sup [(Jo Xs @d™ Xo)im im — Xin @ Xyn gn |2

<1
(s,)enr C(8;1)  neNo<k<i<N, c(ty, t})

We say that a path X € C(]0,T]; R%) satisfies Property (RIE) relative to p and 7 if p,
7 and X together satisfy Property (RIE).

Lemma 6.1.6 (Lemma(5.2.1)). Let X € C([0,T];R%), v € [0,1], p € (2,3) and 7 = (7" )nen

be a sequence of partitions of [0,T].
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(i) Supposey # % X satisfies Property (RIE) if and only if X satisfies Property v-(RIE),

both relative to p and .

(ii) Suppose v = % If X satisfies Property (RIE), then X satisfies Property v-(RIE),

both relative to p and .

Analogously to Property (RIE), see Proposition [3.1.10] Property 7-(RIE) is stable under
perturbation by a path of finite g-variation for ¢ € (1,2), which then falls into the regime
of Young integration. The proof of the following lemma can be found in Appendix

Lemma 6.1.7. Let X € C([0,T];R%), v € [0,1], p € (2,3) and ™ = (7")pen, with 7" =
0=t <t <--- < N, = T}, n €N, be a sequence of partitions. Suppose that X satisfies
Property v-(RIE) relative to v, p and 7. Let ¢ € CTV([0, T]; R?) for some q € [1,2) such
that 1% + % > 1 and sup{|pgn, | k=0,...,Nn — 1} converges to 0 as n — co. Then the

path X = X + ¢ satisfies Property ~v-(RIE) relative to v, p and .

6.1.4 The signature using Property v-(RIE)

By Lyons’ extension theorem, see e.g. [74, Theorem 9.5], for p € (2, 3), any weakly geometric
p-rough path admits a unique extension to a path of finite p-variation with values in GV (R%)

with N > 2, called Lyons’ extension, which allows us to define the signature of X as follows:

Definition 6.1.8. Let p € (2,3) and X*<% € C5V*([0,T]; G*(R?)). The signature of X is
defined as the unique path

X0 [0, 7] > G((RY)),
such that for all N > 3, II<n(X*>) = XN where XN denotes the extension of X2
in GN(RY). In particular, X is the unique path extension of X><? specified by Lyons’

extension theorem.

We now show that the canonical rough path under Property 7-(RIE) can be corrected
to a weakly geometric rough path by adding the pathwise quadratic variation term, which

seems natural when comparing stochastic Ité6 and Stratonovich integration.

Lemma 6.1.9. Suppose that X € C([0,T];R?) satisfies Property v-(RIE) relative to some
v €10,1], p € (2,3) and a sequence of partitions m = (1™)nen. Let (X,X7°) € CP([0,T]; R%)
be a continuous p-rough path, with X¥°: Ap — R given by

K= X1+ g XIT, (s.) € Ar,
where X7 is the canonical rough path lift defined in Proposz'tz'on and [X]™ is defined
in Lemma . Then X752:(0,T] — G%(R?) is a weakly geometric p-rough path, where
we define

XPO= = (1, Xog, X37), €[0T,
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Proof. Since X7 has finite Z-variation and [X ¢ XJ]7 has finite 1-variation, X7° has finite
B-variation, see Proposition and Lemma and particularly, ||1;X7*<2||,< occ.

We show that S(Xj7) = $ X0 ® Xoy, for any t € [0,7]. Then applying Lemma
the proof is complete.

By definition, it holds that, for any 1 <4,j < d and any t € [0,7],

(XGOY + (Xg7)"

= /0 t XpdrmX] - X§X3, + %[Xi, X7+ /0 t XJ XL - XS, + %[Xj Xy
Nl ) ; 1 ) : o
= nh_{%o kzo (XtZ;; + 'VthZ,t;;H)ng/\t,tgH/\t + (5 - 'V)XZZ,t;;Hng/\t,thrl/\t — XX,
Moot . . , 1 , 4 o
+ 11113010 Z (thg + ’YXg@tgH)thg/\t,tgHAt + (5 - ’Y)ng,tgHngAt,tgHAt - XéXtZ),t
o | |
= lim kzo §(Xti}§ + XZZ+1)Xt]’,:,tZ+1 — X5X73,
Nolq . : o
i 3 S0 X X XX

= XZXg - XéXg - X(")X(])"t - X(%Xé,t
= Xé,th,t'

O]

Remark 6.1.10. Suppose that v = % Since [X]%’7r = 0, see Lemma it holds
1 1 1

that X7** = Xg,, which implies that (1,Xo.,X3) € CEY™([0,T];G*(R?)). That is, the

Stratonovich-type rough path is indeed a weakly geometric rough path, which is very reason-

able.

Remark 6.1.11. If X satisfies Property v-(RIE), then the signature X*>° of X defined in
Definition is the unique path extension of XV><2 gs defined in Lemma .

A more direct approach is to define the signature as the collection of all iterated integrals
over a fixed interval associated to a sufficiently regular path. Here, we utilize Property ~y-
(RIE) and the corresponding iterated integral, which allows for a unifying framework for

Ito-type and Stratonovich-type signatures.

Definition 6.1.12. Suppose that X € C([0,T];R?) satisfies Property v-(RIE) relative to

some v € [0,1], p € (2,3) and a sequence of partitions T = (7")peN-
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We recursively set
(0, XP®) =1, (e, X]™) == X5l I = (in),
e 5% = [ XX XX = ()0, T = (i),
er30%) = [ @ XI, = i), 1152,

fort € [0,T], where

¢ , Ny—1 ‘
00 ’L[l . ~,00 1‘1‘
e, XV AT XM = lim E ey, X X
/0 ter, X3) 3 n—oo £ er, tz+7(t2+1_t2)> LEALLE L A

exists as a Young integral. Then X7>°:[0,T] — T((RY)) is well-defined and is called the
y-signature of X. Its projection XV<N on TN (R?) is given by

XPEN = Man (X)) = Y (er, X7 ey,
[1|<N
and called ~-signature of X truncated at level N, which takes values in T™(RY) for all
t € [0,T]. The increments of the y-signature X7>° are defined by

X7 = (X7)~ 1 @ X, (s,t) € Arp.

Remark 6.1.13. By Property v-(RIE), (e, i,), X7*°°) has finite §-variation, for any multi-
index I = (i1,142,13), that is, (e, X]">°) is a well-defined Young integral for t € [0,T] since
% + % > 1, and has itself finite §-variation. Thus it holds that (e;,X]"™) is a well-defined
Young integral, for any multi-index of length |I|> 4.
We note that for any multi-index of length |I|> 2, by definition of a Young integral,
t , Np—1 '
1 . 1
/0 (er, X7y " XM = lim Y (ep, X n)>th‘g*t,tn > t € (0,7,

n—00 P tZ"':V(tZ-p—l_tk k+1

for any 7 € [0, 1].

Remark 6.1.14. Suppose that v = % Then

M<p(XP%) = X752 = (1, X0, X37) = (1, X0, X ,) = Mea (X,

that is, the signature of X truncated at level 2 and the ~v-signature of X truncated at level

2 for vy = % coincide.

It turns out that the signature defined via Lyons’ extension theorem and the y-signature
defined via iterated integrals under Property ~v-(RIE) for v = % coincide. This is confirming

in the sense that weakly geometric rough paths do align with Stratonovich-type integration.
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Proposition 6.1.15. Suppose that X € C([0,T]; R?) satisfies Property v-(RIE) relative to

v = %, some p € (2,3) and a sequence of partitions T = (1")pen. Then the %-signature

coincides with the Lyons lift up to level N € N, i.e., Xo=N = X3SV,

Proof. Let n € N. We denote by

7 t—t}
- k
X=X + 5

— R tE[tZ’ Z+1]7 k=20,...N, —1,
k+1 k

Xin,
the piecewise linear interpolation of X along 7 = (7"),cn. We define its signature X as
the tensor series of iterated (Riemann—Stieltjes) integrals. For N € N then the signature of
X" truncated at level N is the path ¢ — X?’SN defined by computing all iterated integrals

X™=N s the canonical lift of X" to a path with values in

up to order N. Therefore
GN(R?) (due to the integration by parts rule) and has finite 1-variation, that is, X<V ¢
Clvar(j0, T); GV (RY)). Moreover, observe that by Property 7-(RIE) relative to v = 3 we
have

sup||1; X»<2|,< 00, lim |X"=% - X3=%| =0,
'f'LGN n—oo

1
where X2 — (1, Xo,, X3 ) € C&™ ([0, T]; G*(R?)), see Lemma [6.1.5

We aim to show that for all N > 2, X™<N converges uniformly to X%’SN, the ~-signature

of X truncated at level N for v = %

Since X252 = X252 ¢ €2V ([0, T]; GZ(R?)), it then follows, as in the proof of [74,
Theorem 9.5], by the uniqueness of Lyons’ lift that XO<N — X3:<N , where X*=N denotes
Lyons’ lift of X2:2<2 in GV (R?).

We proceed with an inductive argument. Let N = 3. For any multi-index I of length

N, it holds by definition that H(@]!,X%’Oo>Hg< 00, see Remark [6.1.13} so that the following

integrals can be taken as Young integrals:

t — _ . 1 t 1 .
(er, KDWY = / (ep, KOV A(XMYi, (e, X2) = / (e, XEZVAXI e 0,7,
0 0

The sequence (X™),cn has uniformly bounded p-variation and X" converges uniformly to X

as n — oo. Similarly, by assumption, the sequence ({e;/, X"»*°)),cn has uniformly bounded
E_variation and (e, X™>°) converges uniformly to (e, X%’OO> as n — oo.
By [74], Proposition 6.12] then,
lim [|(X729) ) — (x2°) Vo= 0,

n—oo

where (X™)(V) denotes the Nth level of the signature of X™ and (X%"’O)(N) denotes the
Nth level of the %—signature of X.
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Assume that the claim holds true for any order < N, for N > 3. Then it suffices to
show that (X™°)(N) converges uniformly to (X%’OO)(N) as n — 0o.
For any multi-index I of length N, it holds by definition that ||<ep,X%’°°>||q< oo, for

q > &, see Remark [6.1.13], so that the following can be taken as Young integrals:

_ ¢ _ . 1 t 1 ;
<e[,va°°>:/ (e, K1) d(X )i <el,xg’°°>:/ (e, X2V XM, tefo,T].
0 0

Let p’ € (p,3) and ¢’ € (¢,2). By the standard estimate for Young integrals—see e.g. [74,
Theorem 6.8]—we have that for any ¢ € [0, 77,

1
[er, X§"%°) = (er, X))

t _ _ ) t 1 .
/ (epr, X120 (XY — / (e, X2V d XM
0 0

t _ 1 _
= /(<61’7X?’°°>—<61uX3’ )) d(Xg)
0

¢ 1 _ t 1 p
+ /(ep,XSQ’ )d(X;L)’III—/ (ep, X277y dX,"
0 0

1 > 1 .
< Cppt g (e X%°) = (e, X2 2) [l [[ X [p [ {er, X220 | [ X = Xlp),

for some constant Cy, ;s 4 o > 0 depending only on p, p, g and ¢. It follows by interpolation—

see e.g. [74, Proposition 5.5]—that

_ _ - _ 4
ez, K%)= (eg, X324 < e, K%Y = (e, X2 oo @ [[{err, K%)= (egs, X2%)|| 7

The sequence ({(e;/, X)), en has uniformly bounded 2

N-1

-variation, see e.g. [74, Propo-
sition 9.3], (thus g-variation) and by assumption, (e, X™*) — <€[/,X%’OO> uniformly on

[0,T] as n — oo. Similarly,
o = -5 5
[ X7 = Xl < [ X7 = Xloo " [ X™ = X5

The sequence (X™),en has uniformly bounded p-variation and X" converges uniformly to
X as n — oo.

Combining these estimates implies that

: Y 72,00 1
lim [|(X™>)) — (x2) ] o= 0.

n—oo

Altogether, we obtain that
lim X<V — X2:<N|| = 0.

n—oo

In addition, the Lyons’ lift X®=N of X202 — X352 i unique and as stated in [74, Exercise

9.7, it holds that X™<N — X*<N uniformly on [0, 7] as n — co. Therefore we obtain that

X%:SN — XO7SN
which concludes the proof. ]

193



Now, suppose that X € C([0,T];R?) satisfies Property 7-(RIE) relative to some vy €
[0,1], p € (2,3) and a sequence of partitions m = (7"),en. We set

X == (-, X, [X]"™) € C ([0, T); RMd+d%), (6.1)
where
(X = (XL XX X XX [X X,

It follows by applying Lemma and Lemma to (-,0,0) + (0, X,0) + (0,0, [X]"™)
that X satisfies Property v-(RIE) relative to v, p and 7.

We Write (€0, €1, - -, €dsE11, - - -+ E1ds - - -+ Edl, - - - »Eda) for the canonical basis of RItd+d”
i.e., we use the index 0 to denote the time component, and ¢;; for the component of X
referring to [ X, X7]7™, so that <6ij,§§;”oo> =X, X)) 0,5 =1,...,d,t €[0,T).

We note that t — <eo,§§3’°°> is strictly monotonically increasing. This is necessary so
that X%OO uniquely characterizes X”f’g, see e.g. [87, 25], which itself is uniquely determined
by X. See the proof of condition (iii) in Theorem for a similar argument for general
signatures X%,

Extending the path X to X by a time component and the quadratic variation terms

yields that the components of the v-signature for v = % can be represented as linear

functionals on the v-signature, for any ~.
Proposition 6.1.16. Suppose that X € C([0,T];R?) satisfies Property v-(RIE) relative

to some v € [0,1], p € (2,3) and a sequence of partitions T = (7")pen. Then for any
multi-index I, there exists (-1 € T(RYWH) such that

~1 ~
(e, X2y = (1T X, t € [0,T],

where X2 denotes the %—signatur@ and X7 denotes the ~v-signature of X’, i.e., it holds

that

~1 ~
. X7y = Y ONes,XP®),  telo,T),
0<|J|<Ny,1

A A
for 01 = D o<ii<n, Ly e, where £y = (eg, 01y € R and N, 1 € N.

Proof. Let I be a multi-index of length |I| and let ¢ € [0, 7.

For v = 1, we may consider £ := ey € T(R'#*). Clearly, we have that (e, X§m> =
(01, K7).

Therefore suppose that v # % First, we note that since X satisfies Property v-(RIE) rel-
ative to y # %, and so does X , it satisfies Property v-RIE relative to v = %, see Lemma
that is, the ~-signature of X for v = % is well-defined.
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1
For |I|= 0 and |I|= 1, again, considering ¢ := e;, we have that (e;,X?"™) =
(et X;YOO) by definition of the ~y-signature.
Now suppose that |I|= 2, that is, I = (i1,i2), 1,42 € {0,...,d,d+1,...,d+ d*}. Then
we obtain that
~1 o b AL s
(er, X27) = /0 Xtd2" X2 — XélXé?t
t . . 1 ~. o~
— A X;l d%ﬂXéz _ X(l)lX(Z)?t + §[X“,XZ2];Y’7T
~ 1~
= (e RP%) + 51X7, XU,
Since by definition of X7 and §§77°°,
(X7, X207 i =1,...,d,
0, else

(X0, X = {

A’Yaoo y P
o <8i1i25Xt >a 2157’2_15"°7d7
0, else,

~1 ~
we then have (e, X2'7) = (471 X1>°) for 171 € T(R™4+4*) defined by

1 o
[Y,I — e[+§€i1i27 Z1722_1a"'7d7
er, else.

We apply an inductive argument: assuming that the claim holds true for any multi-index of
length |I|< n, for n > 2, we observe that for any multi-index I of length n, using Remark
6.1.13] in the second step and the induction hypothesis in the third step, it holds that for
i €40,...,d,d+1,....d+d*},

~1
<€I’Xt2
t ~L1 & 1 S t ~L1 S
= [ {ep, X3 )dz" X" = / (e, X37) AT X"
0 0

)

t .

0
t [/ ~ /\’L
’ 5 s I
= Yo O e, X)X
O o<ai<N, 4

. d t , t .

el A X7 U A X X

— ORI LY /<ej,x3°°>dwxs + Yo" [ engreyans
=0 0 1<|J|<N, 1 0

) d t )

_ I g v (v \ji v, 1! V>00\ 37,T I

=X YN Y0 (e, X7) A" X,
j=0 1<|J|<N, 0

_ 7,1’ R
= E (3 <6J®ez|1|,Xt ).
0<|JIEN,
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We then can set

g . v, I L4d+d?
o= Z (5 eJ & €y eTR ),
0<|JISN, 1

which concludes the proof. O

Consequently, any linear functional on the 7-signature can be written as a linear func-
tional on the signature (defined via Lyons’ extension theorem). We will use this and further

comment on this in Section[6.2] when deriving a pathwise universal approximation theorem.

Corollary 6.1.17. Suppose that X € C([0,T);R%) satisfies Property v-(RIE) relative to
some v € [0,1], p € (2,3) and a sequence of partitions m = (7")pen. For any (° €
T(RY™HE) there exists 07 € T(RYWH) such that (00, X0°) = (07, X)), for t € [0,T].

Proof. Let (° € T(R'4+4*) that is,

(@)= Y ffler,a),  aeT(RTHT)),
0<|I|<N,
for (° = ZOSIIISNO 09er, where £9 := (er,¢°) € R and N, € No.

By Proposition [6.1.15] and Proposition [6.1.16] this gives for any ¢ € [0,7], using the
notation of Proposition [6.1.16] that

<£o7§§?,00> = Z E(I)<€I7§§§,Oo>
0<|I|<N,

~1 o
= > GenXT)

0<|I|<No

= > 6K
0<|I|<N,

= > 4( X Glensr™)

0<[T[<N,  0<|J[<N, s

= > Y s e, X,

0<|T|< N, 0<|J|<N 1

Setiting €7 := 3 o< |1<n, 220<|J|<N, 1 K?B}’]eJ € T(R™4+4*) we conclude the proof. O

6.2 A pathwise universal approximation theorem for signatures

The success of signature-based methods is due to a powerful property that allows for,
heuristically speaking, approximating continuous functionals on the path on compact sets
by linear functionals on its signature, analogously to polynomials approximating continuous
real-valued functions. The corresponding result follows by an application of the Stone-

Weierstrass theorem, which requires that the linear span of the signature form an algebra.
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This particularly holds true for the signature defined via Lyons’ lift, see Definition [6.1.8
we refer to, e.g., [121], [47]. We will therefore first recall the proof of this classical version
of the universal approximation theorem before deriving the pathwise universal approxima-
tion theorem for the ~-signature for v € [0,1], as an extension to a more general class of
signatures.

To that end, we consider the subspace of time-extended weakly geometric p-rough paths,
defined by

CE ([0, 7] GHRT) = (X252 € 2™ (0, T GP(RT)) : (e0, XP=%) =1, t € [0,T]}.

Theorem 6.2.1. Let p € (2,3). Let K C CZY([0,T); G2(RU1Y)) be a compact subset,
bounded with respect to the p-variation norm and consider a continuous function f: K — R.

Then for every & > 0, there exists a linear functional £ € T(RTY) such that

sup | f(X>S2) — (4,X5)|< e,
Xo.<2¢K

where X denotes the signature of X := IT; (X*=2).
Proof. The result follows by an application of the Stone—Weierstrass theorem to the set
A:=span{K 3 Xo=? s (¢, X5®) e R: T € {1,...,d}",N € No}.
Therefore we have to show that A
(i) is a vector subspace of C'(K;R),
(ii) is a subalgebra and contains a non-zero constant function, and
(iii) separates points.

(i): By [(4, Corollary 9.11], the map X0<2 gy (er, Xf}oo> is continuous on bounded sets for

every multi-index I with respect to dp.var := ||-;||p. More precisely, the map
(K, dpvar) 2 X525 X0V € (022 ([0, T); GN (RT)), dpvar)
is continuous on K with respect to dp.var, for every N > 3. Moreover, the evaluation map
(CF ([0, T GN (RT)), dpvar) 2 X*5N 3 R3ZY € (GV R, p)

is continuous, where p denotes the metric induced by the norm on 77V (R4*1). Here, we
used that we can equip GV (R9*!) with the metric p, see e.g. [74, Remark 7.31]. This yields
that the map

(K, dpyar) 3 X2 = X9=N € (GV (R, p)
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N S0, <N\ . . ..
— (er, X7=") is continuous for any multi-index I, we can thus

is continuous. Since XOTS
conclude that the map

(K, dpvar) > Xos2 <61’§§%00> eR

is continuous with respect to dp-var.

(i1): Since X%Oo is a group-like element, i.e., XE}OO € G((R¥1h)), the shuffle property
holds, and thus A is a subalgebra. Moreover, since <e@,§§%’°°> = 1, it contains a non-zero
constant function.

(iii): For the point separation, let us consider X0s2, Y052 ¢ K, with X0S2 £ Yo<2,

We show that there exists a k € N, I € {0,...,d}, N € {0,1,2} such that
(er W e§) @ e0, K5=2) # ((e1 W ef®) ® eo, V5.

We proceed with a proof by contradiction. Assume that for all £ € N, I € {0,.. .,d}N,
N €{0,1,2}, we have

{(er w e(?k) ® eo,X%’Q) = ((eyw 66®k) ® eo,§(%§2>.

We first note that

<e®]€ XO,S2> _ ﬁ
0Tt R

Moreover, using the shuffle property, we have

T T
((er wef™) @ eo, X7=%) = / er, XP=2) (e XD =) dt = / (er, XP=?) 77 dt.
0 0
Similarly, we have

T k
~ ~ t
{(er w e?k) ® eg,Y%’SQ) = / <61,Yf’§2> dt.

0 k!
Using the Hahn—Banach theorem, which tells us that continuous, linear functionals separate

points, and since ¢ +— t is strictly monotone, we obtain that
<617 }2?52> = <€], §g7§2>’

for all t € [0,7] and all T € {0,...,d}", N € {0,1,2}. However, this contradicts the
assumption that XO’SQ, ¥°=2 are distinct. Thus we can conclude that A is point separating.
O

The proof or, more precisely, the Stone—Weierstrass theorem, makes use of the shuffle
product property of the signature, which holds for the signature defined via Lyons’ lift
since it is a group-like valued path. We aim to avoid this restriction when considering the

v-signature for a general v € [0, 1]. However, this is just a path with values in the extended
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tensor algebra so that the linear functionals on the ~-signature do not form an algebra of
functionals on the path space (for v # 3).

We circumvent this by extending the path by the correct correction term, which is the
corresponding quadratic variation term. While admittedly increasing the dimension of the
path, this suffices so that any linear functional on the y-signature can be written as a linear
functional on the signature defined via Lyons’ extension theorem, see Corollary
As a consequence, we are able to deduce the universal approximation property of linear

functionals on the y-signature from Theorem [6.2.1

Theorem 6.2.2. Let v € [0,1], p € (2,3) and m = (7")nen be a sequence of partitions
of the interval [0,T]. Let K C C’p'var([O,T];Rl+d+d2) be a compact subset, bounded with
respect to the p-variation norm and consider a continuous function f: K — R. Further, for

some M >0, let Kpy C K be the subset defined by
Ky i={X = (-, X,[X]"™) € K : X satisfies Property v-(RIE) relative to v, p and ,
(X, XN [[p+[[XTP Tl < M.
Then for every € > 0, there exists a linear functional £7 € T(]RH‘”‘F) such that

sup |F(X) — (00, X3)|<e,
)?GK]M

where X7 denotes the ~v-signature of X.

Proof. First, we recall that if a path X € C([0,T];RY) satisfies Property +-(RIE) relative
to 7, p and 7, then so does X = (-, X, [X]") € C(]0, T]; R**4+4") see Lemma
We note that if a path X € C([0, T]; R4+4*) satisfies Property v-(RIE) relative to v,

p and T = (7")en, then X extends canonically to a weakly geometric rough path via
e X e X052 0= (1, X, X30) == (1, Xo,., X3 + [X]),

see Lemma that is, o(X) € CEY ([0, T); G2(RM4+4*)). Further, we observe that for
any X € Ky, it holds that

X7l < X7 [[p +[[X] [l < M,

thus we can embed Ky into ¢(Kpy) := {L(X) : X € Ky}, which is a subset of the compact
subset K57 = {X2<2: ||1;X%=2||,< M} of C5¥ ([0, T]; G2(R'+4+4*)). We now consider

the continuous function

2K R, X052 f(IT(RO52)).
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Let £ > 0. By Theorem then there exists some ¢ € T(R%+4*) such that

sup  [fEAHXOSY) - (4,X5%) < e,

Ko,<2 <2
Xo=Ze Ky

where X% denotes the signature of X , see Definition
By Lemma there exists some ¢ € T(R"4t4*) such that (¢, X%OO> = (W,X%’OO>.
Thus we obtain that

sup |f(X) — (0, X))

)?GK]M

= sup |[f(X) = (£,X77)]
XeKy

= sup [f=2((X)) - (6,X57)]
XeKn

= sup  [fFH(X)) — (6X5)]
L(X)EL(K]W)

< sup [FEAXOSP) - (LX)
Xo<2eK 7

<e

6.3 Application to continuous semimartingales

In this section, we apply the deterministic theory developed in Section [6.1] and Section [6.2]
to continuous semimartingales.

In fact, continuous semimartingales fit well into the theory of signatures when adopting
the notion of stochastic integration. That is, the signature can be defined as the collection
of iterated integrals via stochastic integration. Because it is obeying first order calculus,
one usually considers Stratonovich integration, which almost surely coincides with Lyons’

lift, thus implying a universal approximation theorem for continuous path functionals.

Throughout, let X be a d-dimensional continuous semimartingale, defined on a proba-
bility space (£2, F,[P) with a filtration (F).c[o,7] satisfying the usual conditions, i.e., com-

pleteness and right-continuity.

Definition 6.3.1. Let X be a d-dimensional continuous semimartingale. Its Stratonovich-
signature is the stochastic process X = (X7%)ycio,r) with values in T1((RY)), whose

components are recursively defined by

t
<607X§700> =1, <617X?’Oo> 3_/ <611,X§’o°> odXSi\I\’
0
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for each I = (i1,...,d7) and t € [0,T], where o denotes the Stratonovich integral. Its

projection XO=N on TN (R?) is given by

XP=N = ey (XP) = > (er, X7 e,
[I]<N
and called Stratonovich-signature of X truncated at level N, which takes values in G (R9)

for allt € [0,T]. The increments of the Stratonovich-signature X*°° are defined by
Xort = (XP2)'@XPT,  (s,t) € Ar.

It turns out that, if the semimartingale X satisfies Property v-(RIE) relative toy € [0, 1],
p € (2,3) and a suitable sequence of partitions, we obtain a canonical signature which
corresponds P-almost surely with the signature defined via Lyons’ lift and the Stratonovich-

signature.

Lemma 6.3.2. Let v € [0,1], let p € (2,3) and let 7" = {7]'}, n € N, be a sequence of
adapted partitions (so that each ;! is a stopping time), such that for almost every w € (2,
(m™(w))neN is a sequence of (finite) partitions of [0, T] with vanishing mesh size.

Let X be a continuous d-dimensional semimartingale, and suppose that for almost every
w € Q, sup{]XTg(w)Jgﬂ(w)(wﬂ :k=0,...,N, — 1} converges to 0 as n — oo, and that the
sample path X (w) satisfies Property v-(RIE) relative to 7, p and (7"(w))nen-

(i) The random weakly geometric rough path pathwise defined via Proposition for
v = % and the random weakly geometric rough path pathwise defined via Lemma
for v €]0,1] coincide P-almost surely.

1) The random weakly geometric rough path pathwise defined via Lemma|6.1.9 and the
(ii)

Stratonovich-signature of X truncated at level 2 coincide P-almost surely.

(iii) The random signature X*° pathwise defined via Definition more precisely,
Remark [6.1.11), the random signature X3:° pathwise defined via Definition

and the Stratonovich-signature X of X coincide P-almost surely.

Proof. (i): By Lemma we know that if a path satisfies Property v-(RIE) relative to

some v € [0, 1], then it particularly satisfies Property 7-(RIE) relative to v = % Then the
1

o

1 1
claim holds true because of Lemma [6.1.1fand X7, = Xg}, t € [0,T7.

(ii): By construction, the pathwise rough integral fot Xy (w)®@d"™ X, (w) constructed via
Property v-(RIE) is given by the limit as n — oo of Riemann sums:

Np—1

Z (X'r,?(w) (w) + FYXTZ}(UJ),TI?_,'_I(W)) & Xrg(w)At,T£+l(w)At(w)'
k=0
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Suppose that v = % Then it is known that these Riemann sums converge uniformly in

probability to the Stratonovich integral f(f X, ®odX,, see e.g. [147, Chapter II, Theorem 21,
Theorem 22|. And the result follows from the (almost sure) uniqueness of limits; see also
part (i) of Lemma [5.3.1

Suppose that v # 1. Then adding [X(w)]gfn,

N,—1
(X o (w) (O.)) + ’YXTg(w),T,?Jrl(w)) b2 XTg(w)/\t,Tg+1(w)/\t(w)
k=0
1
+ 5(1 = 29) X p@)ntp, w@)nt (@) @ Xopatrr, | @)t (@)
Np—1

1
= Z (XT,?(w) (w) + §XTg(w)At,T,?+1(w)/\t) ® X‘rg(w)/\t,Tngl(w)/\t(w)
k
Y Xrp @), @) — Xepntrp,, @at(@)) © Xonatrr, | @iat(@),

which again converges uniformly in probability to the Stratonovich integral f(f X, ® odX,.

(iii): We first note that by Proposition the random signatures pathwise defined
via Deﬁnition (Lyons’ lift of the weakly geometric rough path) and via Deﬁnition
(v-signature for v = %) coincide P-almost surely.

By (ii), the random weakly geometric rough path and the Stratonovich-signature of
X truncated at level 2 coincide P-almost surely, and take values in G?(R%). Since Lyons’
lift is unique, see [74, Theorem 9.5], and the Stratonovich-signature of X truncated at
any level N > 3 takes values in GV (R?), and so does the random signature truncated at
level N pathwise defined via Lyons’ lift of the weakly geometric rough path, the proof is
complete. ]

Corollary 6.3.3. Let X be a d-dimensional continuous semimartingale, X = (,X), and
let S@ = {X°=2(w) : w € Q}. Further, let p € (2,3) and K C CEY™([0,T); G2(R1))
be a compact subset of the subspace of time-extended weakly geometric p-rough paths, see
Theorem bounded with respect to the p-variation morm and consider a continuous
function f: K — R. Then for every ¢ > 0, there exists a linear functional £ € T(R1) such

that for almost every w € €,
IFXO=2(W) = (4, X5®w))|< e forall X>=2(w)e KNS,
where X denotes the Stratonovich-signature of X.

Analogously to the Stratonovich-signature, we now define the Ité-signature of a contin-
uous semimartingale via iterated stochastic It6 integration, which is the preferred choice

from a modeling perspective when having, for example, a financial application in mind.
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Definition 6.3.4. Let X be a d-dimensional continuous semimartingale. Its [t6-signature
is the stochastic process X>° = (X{°)e(o,r) with values in T1((R%)), whose components are

recursively defined by
t i
(e, X)) :=1, (er,X%) ::/ (ep, XY dX,",
0

for each I = (i1,...,i7) and t € [0,T], where the integral is given as an Ité integral. Its

projection XN on TN (R?) is given by

PV =Ten(X) = D (e XP)er,
[11<N
and called Ito-signature of X truncated at level N. The increments of the signature X*°
are defined by
X3 = (XP)T'XP,  (st) € Ar.

It turns out that, if the semimartingale X satisfies Property ~-(RIE) relative to v = 0,
which is equivalent to Property (RIE), see Lemma then the ~-signature for v = 0 and

the Ito-signature coincide almost surely.

Lemma 6.3.5. Let p € (2,3) and let 7" = {7]'}, n € N, be a sequence of adapted partitions
(so that each ]! is a stopping time), such that for almost every w € §, (7"(w))nen 15 a
sequence of (finite) partitions of [0,T] with vanishing mesh size.

Let X be a d-dimensional continuous semimartingale, and suppose that for almost every
w e Q, SUP{’Xrg(w),rgH(w) (W)|:k=0,...,N, — 1} converges to 0 as n — oo, and that the
sample path X (w) satisfies Property v-(RIE) relative to v =0, p and (7"(w))nen-

(i) The random rough path pathwise defined via Proposition for v = 0 and the

Ito-signature of X truncated at level 2 coincide P-almost surely.

(i) The random ~y-signature X% pathwise defined via Definition for v =0 and

the Ito-signature X*° of X coincide P-almost surely.

Proof. (i): Since Property v-(RIE) for v = 0 and Property (RIE) are equivalent, see also

Lemma this is the statement of part (i) of Lemma
(ii): By (ii), it is left to show the statement for any multi-index I of length |I|> 2. By

definition, the pathwise integral f(f(ep,Xg’oo(w»do’”XZ'I'(w) may be taken as the limit as

n — oo of left-point Riemann sums:

Nn—1 .
0,00 4|
];) {er, XT,;L(UJ) (w)>XT,§(w)/\t,T,gH(w)/\t(‘*’)7
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see Remark [6.1.11] It is known that these Riemann sums converge uniformly in probability
to the Itd integral fg(«eI/,X?o) dx, " (see e.g. [147, Chapter II, Theorem 21]), and the result

thus follows from the (almost sure) uniqueness of limits. O

Moreover, if the semimartingale X satisfies Property v-(RIE), the pathwise quadratic

variation and the stochastic quadratic variation coincide almost surely.

Lemma 6.3.6. Let v € [0,1], p € (2,3) and let 7" = {7]'}, n € N, be a sequence of
adapted partitions (so that each ;! is a stopping time), such that for almost every w € €2,
(7™(w))neN is a sequence of (finite) partitions of [0, T] with vanishing mesh size.

Let X be a d-dimensional continuous semimartingale, and suppose that for almost every
w € Q, sup{]XTg(w)Jgﬂ(w)(wﬂ :k=0,...,N, — 1} converges to 0 as n — oo, and that the
sample path X (w) satisfies Property v-(RIE) relative to v, p and (7"(w))nen. We define

the random variable

)
li

(X, (1 =29)[X))
(X, (1=29)[X, XM, (1 —29)[X]Y, . (1 = 29)[X]9, . (1 — 29)[X]99,

where [X] = ([X]¥)1<i j<a denotes the quadratic variation of X. Then X and the random
variable that is pathwise defined via (6.1) coincide P-almost surely.

Proof. This clearly holds true for v = % Therefore suppose that v # % By definition, the
pathwise quadratic variation [X*(w), X7 (w)]?™ is given by the limit as n — co of:

Np—1

(1 - 2’7) ;} X;g(w)At,Tg+1(w)/\t(W)Xig(w)/\tﬁlzbrl(w)/\t(w)'

We know that these sums converge uniformly (in ¢ € [0,77]) in probability to the quadratic
variation (1 —27v)[X]¥, see e.g. [147, Chapter I, Theorem 22]. By taking a subsequence, if

necessary, it follows the (almost sure) uniqueness of limits. O

As a consequence of Theorem [6.2.2] and Lemma [6.3.5 and Lemma [6.3.6] we formulate
universality of the Ito-signature of a continuous semimartingale whose sample paths almost
surely satisfy Property 7-(RIE) for v = 0 or, equivalently, Property (RIE). This holds

true for various semimartingales relative to suitable sequences of partitions. We refer to
Section

Theorem 6.3.7 (Universal approximation theorem for the Ito-signature). Let p € (2,3)
and let 7" = {1}, n € N, be a sequence of adapted partitions (so that each ;! is a stopping
time), such that for almost every w € Q, (7"(w))nen is a sequence of (finite) partitions of

[0,T] with vanishing mesh size.
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Let X be a d-dimensional continuous semimartingale, and suppose that for almost every
weQ, sup{]XTg(w)ngH(w)(wﬂ :k=0,...,N, — 1} converges to 0 as n — oo, and that the
sample path X (w) satisfies Property v-(RIE) relative to v =0, p and (7™(w))nen-

Let X := (-, X,[X]), and SU) := {X(w) : w € Q}. Further, let K C CPv* ([0, T]; RI+d+d%)
be a compact subset, bounded with respect to the p-variation norm and consider a continuous
function f: K — R. For some M > 0, let Kj; C K be the subset defined by

Ky o= {X = (-, X,[X]°7) € K : X satisfies Property v-(RIE) relative to v =0, p and T,
X X)X [ < M}

Then for every € > 0, there exists a linear functional ¢ € T(R1+d+d2) such that for almost

every w € §Q,
IF(X(w) = (6, XP(W)|<e  forall X(w)e KynsW,
where X*° denotes the Ito-signature of X.

Proof. We use that for almost every w € €, the random ~-signature of X (w) for v =0 and
the Ito-signature X°°(w) coincide, see Lemma and part (ii) of Lemma m
The claim then immediately follows from the pathwise universal approximation theorem

for linear functionals on the ~-signature, which is Theorem [6.2.2 O

Remark 6.3.8. An analogous result also holds true when considering the Stratonovich-
signature of X instead of the Ité-signature of X (also if almost all sample paths only satisfy
Property v-(RIE) relative to v = %) This can be shown using the results of the previous
sections. This is, however, weaker than the classical universal approximation theorem stated
in Corollary[6.3.5 since we impose an assumption on the sample paths of the semimartingale

to allow for a statement about the Ité-signature.
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Appendix

A.1 Local estimates for rough integration

The following local estimates are needed to prove the existence and uniqueness result in

Theorem [2.1.3] and the continuity result in Theorem [2.1.5

Lemma A.1.1. Let X € DP([0,T];R?) for p € (2,3) and (Y,Y') € VE([0,T]; R¥). Suppose
that the non-anticipative functional (F, F'): V5 ([0, T]; RF) — VE.([0, T]; L(R%; RF)) satisfies
Assumption (1) with some constant Cr. Then, we have the local estimate

||Rf0 F(Y)dX|

215t S O (L 1YY x o 6.)* (1A X . XK p s 1

27

for all (s,t) € Ap, where the implicit multiplicative constant depends only on p.

Proof. Let (V,V') € V%([O,T];E(]Rd;Rk)), and set . = Vo Xy + ViXyp and 02, ., 1=

—_ —_

Sup — Suyr — S for s <u <r < wv <t Here, strictly speaking, in writing VJXWJ, we use
the canonical identification of £L(R?; £(R%; R¥)) with £(R? @ R R¥). We note that

Jy vax

v
‘Ru/u < )/ Ve dX, — Zup| + Vil [Xul
u

<| [ viax, -z,

+ (VEH IV Ml s,0) K-
Using Chen’s relation, one can show that

—0Zurw = Ry Xrw + Vit X,
which gives that

-
0% 0]

< |R"|

| X

D
5

p,[r,v]+||vl||p,[u,r} HXHg,[r,v]

[w.r]

2 1 1 2
= wi,1(u,7)Pwa(r,v)? + wio(u,r)Pwea(r,v)r,

r
where w11 (s, t) = HRVHé[s,t]’ wa,1(s,t) = HXHZ[S,t], wi (s, 1) = ||V/||Z,[s,t]a wa2(s,t) =
P
2 : 1, 2
p ) ) ) D D .
I1X| 5.1 (s;t) € Ar, are control functions and - + £ > 1. It then follows from the
21 )
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generalized sewing lemma, see [75, Theorem 2.5], that

HRfO'VdX’

B.lsit]
S IRV 2 s, 1 X M s.et HIV sty XK1 2 s, g+ IV 1HV]
5 HV7 V/”X,p,[s,t] ||X||p,[s,t]a

pls ) IX 2 (5.)

where the implicit multiplicative constant depends only on p.
For (V,V') = (F(Y),F'(Y,Y")), using Assumption 2.1.1] (i), we therefore obtain the

estimate. O]

Lemma A.1.2. For p € (2,3), suppose X,X € DP([0,T);R%), (Y,Y’) € VE([0,T]; RY),
(V,Y") € V%([O,T];Rk), and that the non-anticipative functional (F, F"): V% ([0, T]; R¥) —
VE([0,T); L(RY R)) satisfies Assumption (i) and (ii) given X, X. Then, we have the

local estimate

HRfd F(Y)dX _ Rl F(f/)df(HE o]
27 k)

S CrpxxYs— Y| +|Y, Y Y, 57’||X,)z,p,[s7t]+||X — X p ) (XK s VI s.)
+ Or(L+ K2 (14 1 X st VIIX o) 215 X oot

for all (s,t) € Ap, if |Y, Y| x

multiplicative constant depends on p, || X||, and ||XHp

st H?, }7’||)~(,p7[87ﬂ§ K, for some K > 0, where the implicit

Proof. 1t follows from [75, Lemma 3.4] that for any (V,V’) € V&, (V, V') e V%,

||RdedX _ Rf0\7d)~(’

5ils:t]
Sp (1 + ||X-Hp7[s7t}+’ X p,[S,t])(”‘/? V/’ ‘7’ ‘A/JvIHX,)?,p,[S,t} ||X ‘p,[s,t}
+ H‘7, ‘7/")?7p,[s,t]HX3X plst])
AL ‘7/”X7)~(7p7[87t]HX plsg IV, V’”)Z#L[S’t]HX;XHp,[s,t]a

where the implicit multiplicative constant depends on p, ||X||, and ||)~(||p For (V,V') =
(F(YV), F'(Y,Y")), (V,V') = (F(Y), F'(Y,Y")), using Assumption [2.1.4] (ii), we therefore

obtain the estimate. O
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A.2 Proof of Theorem m

Proof of Theorem[3.1.1 Step 1. Let L > 0 such that |A|,,|H]|,,||X],< L, and let

w: Ap — [0,00) be the right-continuous control function given by
w(s, t) = A7 o HIH 7 o g HIX, St]HlXIIp s for (s,t) € Ar.
For t € (0,T], we define the map M;: V&' ([0, t]; R*) — V%" ([0, ¢); R¥) by
M) = (o [ oy aa+ [ ol v 4Kl Y)),
and, for 0 > 1, introduce the subset of controlled paths
B = {(v.Y") e VE (0,85 RY) : (¥, Y3) = (yo, o (o)), IV Y/, < 1},

where

1Y, Y10, = 1Y g 0. +HOIRY [l oz

Applying standard estimates for Young and rough integrals (e.g. [75, Proposition 2.4 and
Lemma 3.6]), for any (Y,Y”) € Bt(é), we deduce that

MY YN, % € (5 + 00+ o X o))

for a constant Cy > % which depends only on p, ¢, 7, Hbchz, HJHCg, and L. Let 6 = 6 := 201,
so that
1 2
MY, YR < = + 202(2w(0,1)7 +w(0, )7 + w(0,£)7).

By the right-continuity of w, we can then take ¢ = ¢; sufficiently small such that
(61)
M, (VY X<

and we have that Bt(fl) is invariant under My, .
Step 2. Let (Y,Y"),(Y,Y') € Bgé), for some (new) § > 1 and ¢ € (0,¢1]. Applying
standard estimates for Young and rough integrals (e.g. [75, Proposition 2.4, Lemma 3.1 and

Lemma 3.7]), we deduce that

IMe(Y,Y') = MY, V)L
< Co(I1RY = BY o g +0(1Y = V' lg o g +HIB = BY I j0,0)(]

[o,t])) :

where Cy > 1 depends only on p,q,r, ||bHCg, ||0Hq§ and L. Let § = d3 := 2Cy > 1, so that
82)
IM(Y,Y") = Mo (Y, 7)1 2

02
< §||RY - RYHr,[o,t}

LA

+2C3 (1Y = Vg og+IRY = BY [l j0.)(w(0, )7 +w(0, )7 +w(0,1)7).
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Again by the right-continuity of w, we then take t = t5 < t; sufficiently small such that

~ ~, (6 1 ~ 0y + 1 >
[Mea(V.Y) = Mey (VY00 < 5 1Y =Y lgjosa =g — IR = R oy
02 + 1 ’ v v (02)
< YY) —-(Y,Y
< S Y = (VIR

from which it follows that My, is a contraction on the Banach space (Bt(gl), HHg?Qq)T) The
fixed point of this map is the unique solution of the RDE over the time interval [0, ta].

Step 3. Now let A € DU, H € D%, X = ()N(,X) € DP and gy € R™, such that
Al |1 EH |, H)~(||p§ L. By considering instead the control function w given by

p
w(sv t) = ||A||:,[s,t]+HH”:,[s,t]+||X||z7[5,t]+||X||é[sﬂg]

+ A

~ ~ ~ P
Do I HIKIL L HIRIE L for (s.0) € Ar,

it follows from the above that there exist unique solutions (Y,Y”) € V%"([0,¢2); R¥) and
(Y, V') € VLT ([0, 12]; RF) of the RDE (B.4), with data (A, H,X,yo) and (A,H,X,7) re-
spectively, over a sufficiently small time interval [0, 3]. Standard estimates for Young and
rough integrals (e.g. [75), Proposition 2.4, Lemma 3.1 and Lemma 3.7]) imply, after some
calculation, that for any 6 > 1 and ¢ € (0, ¢2],

1Y = ¥'llg om0 R = BY |l o
< 03(!yo — Jol+|Ho — Hol+|H — H||,,pq+|R" - R?”r,[o,t]
+ (/A = Al o.g+1Xs Xl o)
+ (1Yo — Jol+|Ho — Ho|+||H — H||, pq+|Y — Y’
% (14l jo.g X o))

q,[o,t]‘i‘HRY - RY”r,[oﬂ)

where C'3 > 0 depends only on p, g, r, ||bHCg, HU”C’E and L. Let 0 = d3 := C3 + 1, so that

1Y = Y| 09+IRY = RY ||, 0
< CB(!yo — Go|+|Ho — Hol+|H — Hl|,10.0+03(1 A = Al 0.9+1X: X[l 0.0)

oo HIRY = R |l 0.)

+85(1y0 — Yol +|Ho — Ho|+||H — H|l,joq+|Y - Y’
x (w(0,8)F + w(0,t) + w(o,t)%)),

By taking t = t3 < to sufficiently small, we deduce that

1Y = Y0, 1Y = Y llg0,t) FIIRY = BY |l jo0,45]

_ . _ _ _ (A.2)
< C4<!yo — Yol+|Ho — Hol|+[|H — Hly. 10,65+ A — Ally,j0,5) + 11X XHp,[O,tg}):

for a new constant (Y4, still depending only on p, g, 7, Hb||c§7 ”JHle and L.
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Step 4. We infer from the above that there exists a constant € > 0, which depends only
onp,q,r, ||b||cg, ||0||C§, and L, such that, given initial values Y;, Ys € RF, the local solutions
(Y,Y’) and (Y,Y’) established above exist on any interval [s,t] such that w(s,t) < e.
Moreover, these local solutions satisfy an estimate on this interval of the form in .

By [75, Lemma 1.5], there exists a partition P = {0 =ty < t; < --- < ty = T}, such
that w(t;, tit1—) < e for every i = 0,1,..., N — 1. We can then define the solutions (Y,Y”)
and (Y,Y”) on each of the half-open intervals [t;, ¢;11). Given the solutions on [t;,%;41),

the values Y;, ., and }7}1 .1 at the right end-point of the interval are uniquely determined by

i1
the jumps of A, A, X and X at time t;+1. We thus deduce the existence of unique solutions
(Y,Y") and (Y,Y”) of the RDE on the entire interval [0, T].

Since w is superadditive, we have that
w(to, t1—) +w(ti—,t1) +w(ty, te—) + - +wtn-1,tn—) +wtn—,tn) < w(0,7).

It is then straightforward to see that the partition P may be chosen such that the number
of partition points in P may be bounded by a constant depending only on ¢ and w(0,T).
Thus, we may combine the local estimates in (A.2]) on each of the subintervals, together

with simple estimates on the jumps at the end-points of these subintervals, to obtain the
global estimate in (3.5]). O

A.3 The convergence of piecewise constant approximations

In the following, we adopt the notation

linrr_1>i01gf73" = U ﬂ P

meN n>m

for the times ¢ € [0, T] which, as n — oo, eventually belong to all subsequent partitions in the
sequence (P™),en. The following proposition generalizes the result of [7, Proposition 2.14]

so that the sequence of partitions is no longer assumed to be nested.

Proposition A.3.1. Let P" = {0 =t <t} <--- <ty =T}, n €N, be a sequence of
partitions with vanishing mesh size, so that |P"|— 0 as n — oo. Let F:[0,T] — R? be a

cadlag path, and let

Np—1
F'= FT]-{T}<t) + Z thl[tn’t;:-;—l)(t)’ t e [O,T],
k=0
be the piecewise constant approximation of F' along P™. Let
Jp = {t S (O,T] c Fyo 75 Ft}

be the set of jump times of F. The following are equivalent:
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(i) Jp Climinf, o P",
(ii) the sequence (F™),en converges pointwise to F,
(i1i) the sequence (F™)nen converges uniformly to F.

Proof. We first show that conditions (i) and (ii) are equivalent. To this end, suppose that
Jr Climinf,, o P™ and let t € (0,T]. If t € Jp, then there exists m > 1 such that t € P"
for all n > m. In this case we then have that F}* = F; for all n > m. If t ¢ Jp, then F is
continuous at time ¢, and, since the mesh size |P"|— 0, it follows that F}* — F; as n — oc.

Now suppose instead that there exists a ¢t € Jp such that ¢ ¢ liminf,, o, P". Then there
exists a subsequence (n;);jen such that F/" = F,_ as j — oo. Since F;_ # Fj, it follows
that F}* - F;. This establishes the equivalence of (i) and (ii).

Since (iii) clearly implies (ii), it only remains to show that (ii) implies (iii). By [69}
Theorem 3.3], it is enough to show that the family of paths {F"™ : n € N} is equiregulated
in the sense of [69), Definition 3.1].

Step 1. Let t € (0,7] and € > 0. Since the left limit F;_ exists, there exists 6 > 0 with
t —§ > 0, such that

Fy— F_|< g for all s € (t—0,1).

Since |P"|— 0 as n — oo, there exists an m € N such that, for every n > m, there exists

a partition point ¢}} € P™ such that ¢t —§ <t <t — g.

Let
U = max <<t— g,t) N U Pn)a

n<m
where here we define max()) :=t — %
Take any s € (u,t) and any n € N. Let ¢ = max{k : t} < s} and j = max{k : {} < t},
so that F' = Fin and F* = Ft;_z.
If n > m, then there exists a point ¢} € P" such that t — ¢ < t} <t — % <u<s,
and it follows that ¢7*,¢7 € (¢ — d,?). If instead n < m, and if there exists a partition point

ty e (t— g,t), then ¢t — % < tp <wu<s, and it again follows that ¢, ¢ € (t —9,t). In either

case, we then have that

e ¢
[F — ' |= [Fip — Fin|[< [Fyp — Fi_[+|Fyr — Fi-|< sTg=¢e

The remaining case is when n < m but (¢t — %,t) N P"™ = (. In this case the path F™ is
constant on the interval [t — g, t) and, since s € (t — g, t), we have that F]' = F{*.

In each case, we have that |F!' — F]" |< ¢ for all s € (u,t) and all n € N,
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Step 2. Let t € (JpU{0})\ {T'} and € > 0. Since F is right-continuous, there exists a
0 > 0 with t + < T, such that

|Fs — Fy|< e for all s e [t,t+9).

Since condition (ii) implies condition (i), we know that ¢ € liminf,_,., P", so that there
exists an m € N such that ¢ € N>, P". Let
u:zmin(tt+5 UP”)
nm

where here we define min()) := ¢ + 6.

Take any s € (t,u), and any n € N. Let i = max{k : t}, < s}, so that ! = Fy».

If n > m, then t € P", so F{* = F; and, moreover, t <! < s <u <t+ 49, so that in
particular ¢ € [t,t 4 6), and hence

|FT — F'|= |Fin — Fy|< e.

If n < m, then there does not exist any partition point ¢} € (¢,u) NP". It follows that the
path F™ is constant on the interval [t,u), so that in particular F}' = F}".

In each case, we have that |FI' — F}'|< € for all s € (t,v) and all n € N.

Step 8. Let t € (0,T)\ Jr and € > 0. Since F is continuous at time ¢, there exists a
0>0withO<t¢t—0andt+d<T, such that

F, — F)|< g forall s € (t—0,t+0).

Since [P"|— 0 as n — oo, there exists an m € N such that, for every n > m, there exists a
partition point ¢7 € P" such that ¢t — 0 <t} <t. Let
u:zmin(tt—i-cs UP")
n<m

where here we define min(()) := ¢ + 6.

Take any s € (t,u) and any n € N. Let ¢ = max{k : t} < s} and j = max{k : t} <t},
so that F' = Fin and F}" = Ft?.

If n > m, then there exists a point ¢} € P" such that ¢} € (t — 6,¢), and it follows that

tht] € (t—9d,t+9), so that

e ¢
[Fg' = F{'|= |Fip — Fyo|< |Fyp = Fy[+[Fyn — Fy|< 3T 5=

If n < m, then there does not exist any partition point ¢} € (¢,u) NP". It follows that the
path F™ is constant on the interval [t,u), so that in particular F}' = F}".

In each case, we have that |F]* — F]'|< ¢ for all s € (t,u) and all n € N. It follows that
the family of paths {F™ : n € N} is indeed equiregulated. O
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Theorem A.3.2. Let p € (2,3), q € [p,o0) and r € [5,2) such that % —i—% > 1 and
%4—% = %, and let P*" = {0 =t <t} < --- < N, =T}, n € N, be a sequence of
partitions with vanishing mesh size. Suppose that X satisfies Property (RIE) relative to p
and (P™)nen, and let X be the canonical rough path lift of X, as constructed in . Let
(F,F') e ng be a controlled path with respect to X, and suppose that Jp C liminf, .., P",
where Jp is the set of jump times of F. Then the rough integral of (F,F') against X is

given by
Np—1

t
/0 F,dX, = T}l_{IOlo Z Ft,’CLXt’,;LAt,tZ+1At7
k=0
where the convergence is uniform in t € [0,T].

The previous theorem generalizes the result of [7, Theorem 2.15] so that the sequence
of partitions is no longer assumed to be nested. The proof of Theorem follows the
proof of [7, Theorem 2.15] almost verbatim. The only difference is that, rather than using
[T, Proposition 2.14] to establish the uniform convergence of F™ to F, we can instead use

Proposition (which does not require the sequence of partitions to be nested).
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A.4 Some essential results in rough path theory

In this appendix, we collect some fundamental results in the theory of cadlag rough paths.
While the analogous results are standard for stochastic It6 integration, they are less well-
known and in some cases novel in the context of rough integration.

Throughout this section, we fix the following assumption.
Assumption. Let p € [2,3), q € [p,00) and r € [§,2) such that ]l) +1>1and ]13 + % =1

In the following, we consider a general cadlag rough path X = (X,X) € DP([0, T]; R?)
as introduced in Section and do not impose Property (RIE) on X.

A.4.1 Rough integration with respect to controlled paths

This subsection contains slight modifications of results in [7] on rough integration with

respect to controlled paths in V" ([0, T]; R™).

Lemma A.4.1 (Proposition 2.4 in [7]). Let X = (X, X) € DP be a cadlag rough path and let
(F,F"),(G,G") € V" be controlled paths with remainders RY and RC, respectively. Then
the limit?

T
/ F,dGy = lim Y F,® G+ (Fl® G)Xqy (A.3)
0
[s,t]eP

exists along every sequence of partitions P of [0,T] with mesh size |P|— 0, and comes with

the estimate

t
‘ / F,dGy, — Fs @ Gsy — (FL ® G)Xs 4

‘p,[s,t) HRG Hr,[s,t}

bt HIF G g oo lIX g o))

1
< C(IF Noo G 1 gy iy HIX I, o ) I X

+ ||RF

|Gl |1 X

7[s,t)
for every (s,t) € Ay, where the constant C' depends only on p,q and r.

Lemma A.4.2 (Proposition 2.7 (i) in [7]). Let X = (X,X), X = (X,X) be cadlag rough
paths, and let (F,F"),(G,G") € V{" and (F,F"),(G,G) € Vg?’r be controlled paths. Let
M >0 be an upper bound for |IE, F'lygr, 6, Gl 1, F e, 16 @l X and
|X||p. Then, there exists a constant C, depending only on p, q, r and M, such that

H/ FudGu—/ F,dG,
0 0

where [, F, dGy and [, F,dG, are rough integrals, as defined in (A.3)).

ZII} writing F, ® G%, we technically mean the 4-tensor whose ijk¢ component is given by [Fi ® G|
(F))(G)*, and we interpret the “multiplication” (F, ® G})X;,; as the matrix whose ik component is given
by [(F2 ® GL)Xou]™ = 3, 55, (F)V (G)MXL

< C(HF, F'; FV,JE'vag“,v;”rHG, GG, é'vaf,vg;“rHX; ﬁHp),
q

ikt _
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A.4.2 The product of controlled paths
Lemma A.4.3. Let X = (X, X) be a cadlag rough path. The product operator, given by
VE (0, T RY) x V' ([0, T R) — V{7 (10, T RY),

(F, F), (G, @) = (FG,(FG)'),

where
(FG) :=F'G"  and  ((FG))7:=(F)IG' + F(G')"
for eachi,j=1,... k, is a continuous bilinear map, and comes with the estimate

IFG, (FG)llyer< O+ X p)21F, Fllyer |G, Gy,

where the constant C' depends only on p,q,r and the dimension k. We call (FG,(FG)") the
product of (F, F') and (G,G"), which we sometimes simply denote by FG.

The proof of Lemma is identical to the proof of the corresponding statement for

continuous paths, which can be found in [5, Lemma A.1].

Lemma A.4.4. Let X = (X,X), X = ()?,32) be cadlag rough paths and let (F,F’),
(G,G") € VI and (F,F"),(G,G) € V)q?’r be controlled paths. Let M > 0 be an upper
bound fOT’ HFa F/”Vg(’rﬂ HG7 G/HV‘;{’T; HFvF/HV;%’” HG7 G/HV;%’T) ”XHP and HXHP Then, there

exists a constant C, which depends only on p,q,r and M, such that
”FG7 (FG)/a ﬁéa (ﬁé)luvg(’T LT
X
< C(IF B P g yar G G5 G gy +1X = K1),
X 'x X ''x
Proof. For each i,j7 =1,...,d, we have that
(FGQ)y — (FQ)y| = (Fy — F§)Gy + Fy (G — G|
< HG?G/HV‘?’THFa F/§ﬁvﬁ/||vq”“ V%T+|’ﬁ7ﬁ/HV‘l’T”G7 G/;év é/HV‘” yLr
X X 'x X XX
and
((FG))F — (FGY) I [(F") Gy — (F")g Gol+ F5(G")g’ — (G|
< |(F) = (F)G |Gol+I(FG NGy — Gol+1F5 — |G [+ F (G — (G|
<G G llygr | F F5 F F g yar+ [ F Flyar |G G5 G G|y o
X X ''x X X 'x
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Further, we have that

I(FG) - (FGY,

< F = FollGllocHIF IlIG = Glaot I P = FllocIGllg F el G = Gl
I = Pl Gl HIFI G = G llacHIF = Flloe |G+ Flloc 16" — &1l

< (IF = FlootIF = Flg+IF = F oot | F = Fll) (16 oo+ IG l+IG oo+ l)
+ (P o 1B I+ oot 1) (IG = Glloot G = Glla+IG = & e G = Gl

S W+ X)L+ IR )1+ IF, Fllyg)IG, G g (IF, B3 B, g yar +1X = X))
(U IX ) A+ IRIIE, F e (141G, @y ) (IG, G G @ g yar +HIX = Ky,

The remainder is given by (RF“)i , = (RF)i’tGi—l—Fsi(RG);t—I—F;tG;t for each (s,t) € Arp
(see the proof of [5, Lemma A.1]). Using the fact that 2r > p, we have

IRFE),
< IR = RF||, |Gl o HIRF 111G — ClloctIIF — Fllool R[4+ Flloo| R — R,
+ HF - ﬁH%HG”?T"‘Hﬁ”QTHG - éH?r
S L+ XU IE F'5 By Fllygr yor G, Gl
L X, B lyer (141G, & lpar)(I1G 63 G, Gy yor +1X = X)
1 K1)+ IF F g G & g (IF B B F gy X = Xp)

L+ X ) (U4 X M) (U 1S F )G G llygr (I 5 B Fllyger yar +IX = X )

+(
+( )

+ U+ IRIIE, F |G, 63 G, G gy

+( )

+ (U IX) A+ IRIIE, F e (141G, G ) (16, G5 G, G g yar +IX = Xy)

S U+ IX ) (14 IR )L+ IF, Fllygr )+ G, G ) (1 + IF Fllyar)
X (14 G, G lyar (I, ' B Fllygr yur+1G, G5 Gy Gy e 41X = Xl

Combining the inequalities above, we deduce the desired estimate. ]

A.4.3 Associativity of rough integration

The following proposition establishes the associativity of rough integration with respect to

cadlag controlled paths.

Proposition A.4.5. Let X = (X, X) be a cadlag rough path and let (Y,Y'), (F, F"),(G,G")
e V&' be controlled paths. Then (Z,Z') := ([, FudGu, FG') € V{", and we have that

/ Y, dZ, = / Y, Fy dGl,
0 0
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where on the left-hand side we have the integral of (Y,Y") against (Z,Z'), and on the right-
hand side we have the integral of (YF,(YF)") against (G,G"), each defined in the sense

of .

The proof of Proposition is identical to the proof of the corresponding statement

for continuous paths, which can be found in [5, Proposition A.2].

A.4.4 The canonical rough path lift of a controlled path

The next lemma provides the canonical construction of a cadlag rough path above a con-

trolled path.

Lemma A.4.6. Let X = (X,X) be a cadlag rough path and (Z,Z") € V" be a controlled
path. Then, Z = (Z,7) is a cadlag rough path, where

t
Ly = / ZydZy, — Zs @ Zs , (s,t) € Ar,

with the integral defined as in (A.3). We call Z = (Z,7) the canonical rough path lift of
(Z,7"). Moreover, if (Y,Y') e VI", then (Y,Y'Z") € V", and

T T
/YudZu:/ Y, dZ,,
0 0

where on the left-hand side we have the rough integral of (Y,Y') against Z, and on the
right-hand side we have the integral of (Y,Y'Z') against (Z,Z") in the sense of (A.3)).

The proof of Lemma follows the proof of the corresponding statement for contin-

uous paths verbatim; see [5, Lemma A.3].

A.4.5 The exponential of a rough path

Recall that, given a cadlag rough path X = (X, X), one can define the so-called reduced
rough path X" = (X, [X]), where [X]; := X, ® X0 —2Sym(Xo.) is the rough path bracket
of X see, e.g., [T5, Section 2.4]. If X satisfies Property (RIE) relative to p and a sequence of
partitions (P™),en, then, by [7, Proposition 2.18], one can see that the rough path bracket
[X] coincides with the pathwise quadratic variation [X] of X, in the sense of Follmer;
see [67]. Using this notion, one can introduce the rough exponential analogously to the
stochastic exponential of It6 calculus.

In the following, given a path X, we will write AX; := X;_; for the jump of X at time
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Lemma A.4.7. Given a one-dimensional cadlag rough path X = (X,X) (so that in par-
ticular X is real-valued), such that Xo = 0, A[X]; = (AXy)? for every t € [0,T], and
Zte[o,T](AXt)2 < 00, the rough exponential V- = E(X) is defined by

1
Vii=exp (Xi - 5T quu +AX)exp(-AX,),  te[0,T],

where I'y == [X]; — ngt(AXS)2 fort €[0,T]. We then have that V is the unique controlled

path in V" satisfying the linear rough differential equation
t
Vtzl—i-/ Vs dX, t€[0,T7], (A.4)
0

with Gubinelli derivative V! =V .

Proof. Since we assume that Zte[o,T]<AXt)2 < oo, and A[X]; = (AX;)? for all t € [0,T],
the path I' = [X] — ng.(AXs)Q is continuous and has finite Z-variation. Let Y := X — 1T
and A := [, (1+AX) exp(—AX;). One can verify that A is of finite 1-variation; see, e.g.,
the proof of [147, Chapter II, Theorem 37]. Hence, the two-dimensional path Z := (Y, A)
admits a rough path lift Z = (Z,Z), such that

1 t
Zst: st /Xsudr /FsudX +4/Fs,udru7
s

t
st —/ YsudAu7 Zg:tl :/ As,ude 22332/ As,udAu;
s s

for (s,t) € Ap, where all the integrals above are interpreted as Young integrals (as in, e.g.,
[75, Proposition 2.4]).

We now consider the reduced rough path (Z,[Z]) associated with Z. By definition, we
have that

t t
D/, A]t = [ZEQ = [Z]?:l — Yb,tAO,t — </ Yvo’u dAu +/ AO,u dYu> .
0 0

Since fg Yp. dA, and fot Ao, Y, are Young integrals, for any sequence of partitions (P"),en

of [0, 7] with vanishing mesh size, we have that

t t
/ Yo U dA, = lim Z Yo,uA ANt vAL, / A U dY, = lim Z A U u/\t vAL-
0 0

n—00 n—00
[u,v]eP™ [u,v]ePm

Noting that

Yo,0ntA0,0nt — Y0,untAo,unt = Yo,unt Auntunt + AountYunt,ont + Yunt,unt Aunt,ont

and taking lim,, Z[u v]epn O each side, we obtain

[Y> A]t = nh—>nolo Z Yu/\t,v/\tAu/\t,'u/\t = Z AY,AA, = Z AX,AA,,

[u,v]eP™ s<t s<t
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and one can similarly show that [A], := [Z]7? = Dot (DAL)2

Since I' is continuous and of finite £-variation, one can show, using the integration
by parts formula for Young integrals, that [Y], := [Z]}"' = [X];, so that [Y], = Ty +
e (AXL)?.

Applying the It6 formula for rough paths ([75, Theorem 2.12]) to V; = f(Z;), where
fly,a) := aexp(y), and using the expressions derived above for the rough path bracket [Z],
a straightforward calculation (similar to the proof of [I147, Chapter II, Theorem 37] in the
semimartingale setting) establishes that V; = 1 + fg Vs dX,. In particular, this involves
noting that fg VsdYs = fg Ve dX — % fg Vs dI'g, where in the first integral on the right-hand
side we identify (V, V') as a controlled path with respect to X.

Finally, the uniqueness of solutions to follows from straightforward estimates using
the stability of rough integration ([75, Lemma 3.4]). O
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A.5 Proof of Lemma m

Proof of Lemmal6.1.]. For ~ # %, the statement follows from Lemma and Proposi-

tion [3.1.10)
Suppose that v = % We need to verify that the integral

t t t t t
/ X7"®d%7rnX7“ :/ XT®d’y’7Tan+/ Xr®d%ﬂ-n90r+/ @r@dv’ﬂan"i_/ 907’®d7’7rn907“7
0 0 0 0 0
converges as n — oo to the limit
t t t t t
/ X, ®@d""X, = / X, ®d""X, +/ X, @d" oy +/ or @A77 X, +/ or @d" o,
0 0 0 0 0

uniformly in ¢ € [0, 7], where the latter three integrals are defined as Young integrals.

Since X satisfies Property v-(RIE), we have that
H/ X, ®d"™ X, / Xr®d“””XTH —0 as  n—oo.
0 0 0o

Define X and @" as the piecewise linear interpolation of X and ¢, respectively, along

T = (7")pen. Then it holds for any t € [0,T] that

t Nn—1 t
1 _
/0 X, @d" ™, = § (Xin + iXtZ,tz+1) ® @inatr, At = /0 X! ®dey.
k=0

Let p’ > p such that ]% —i—% > 1. By the standard estimate for Young integrals — see e.g. [75),
Proposition 2.4] — we have for all ¢ € [0, T], that

t t
‘ / X, 0 d™ - / X, ® A", <X = X[yl
0 0

It follows by interpolation—see e.g. [74, Proposition 5.5]—that
- - -5 z
[X™ = Xl < |X™ = Xloo ™ [ X" = X5 -
Since X™ converges uniformly to X as n — oo, and sup,cy||X"||,< oo, we deduce that
H/ Xu®d7’”ng0u/ Xu®d%”g0uH — 0 as n — oo.
0 0 o

Similarly, for each ¢ € [0,T7], it holds that

t t
/o pr @A Xy — /0 or @d7TX S 0" = ollgl X]lp,

and

t t
/0 or @d"" SOT_/O or @d" | S H@n_@HqHSOHIP

221



and, since ||@" — ¢|;— 0 as n — oo, we infer the required convergence.

We further aim to find a control function ¢ such that

|)/(:S t|p ‘ftz X (9 dr" X th & th7tk+1 ’%
up ~— 4+ sup  sup — <1, (A.5)
(s.)ear C(8:t)  neN o<k<i<N, c(ty,t})
where
tn o o
X ®d” & X Xt" & th ey thuu ®d"™ X
tn fn
= th,u ®d"™ X, + th,u ®@d’" Zn
tk i
t? n tzL n
24 tk

Let cx be the control function with respect to which X satisfies Property ~-(RIE), and

define moreover the control function c,, given by c,(s,t) = ||<p||q (5.1 for (s,t) € Ar.
We have from Property ~-(RIE) that
X..|P X..|P P
sup ’ St’ < sup ’ 5715’ + sup ’808715’ S 1’
(s;)eAT cx(st) +ep(s,t) ™~ (s,;t)EATD cx(s,t) (s,t)eATD co(s,t)
and that i
|ft*§ Xu ®d7ﬂ Xu Xt" ®th’tk+1|§
sup  sup - <1.
neN 0<k<(<N, ex (tE,t})

By the standard estimate for Young integrals (see e.g. [75], Proposition 2.4]), for every n € N
and 0 < k < ¢ < N, we have
f; hoan]

X&Lm@dgpu < ||XnH2’[tn t7 HSDHq[t t"]

t

pr
ol 1) %7,

l\)\b—\

P P
< HXH;,[tZ,t?]||§0||q2,[t2,tﬂ< ( té)

and we can similarly obtain

ty Y
(ptz,u
tn
k
p

ty . 5
‘/ﬂ P ® dpu

Since p € (2,3) and ¢ € [1,2), we have that 1 + £ 2 > 1 and > 1, and it follows that the

P

< (tk7t2>% (Z?t?)z%

and

Q\'U

S colth, ty) e

maps (s,t) — cX(s,t)2c<p(s,t) % and (s,t) — c¢(s,t)q are superaddltlve and thus control
functions. We deduce that (A.5)) holds with a control function ¢ of the form

c(s,t) = C(cX(S £) + cp(s, 1) + ex (5, 8)2cu(s, 1) % + ey (s, tﬁ) (s,t) € A,

where C' > 0 is a suitable constant which depends only on p and gq. O
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