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Abstract
Besov spaces with dominating mixed smoothness, on the product of the real
line and the torus as well as bounded domains, are studied. A characteriza-
tion of these function spaces in terms of differences is provided. Applications
to random fields, like Gaussian fields and the stochastic heat equation, are dis-
cussed, based on a Kolmogorov criterion for Besov regularity with dominating
mixed smoothness.
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1 INTRODUCTION

Regularity concepts for functions, related to Besov and Sobolev spaces with dominating mixed smoothness, play a fun-
damental role in many areas of pure and applied mathematics. For instance, they appear naturally in the context of
approximation theory [31], numerical analysis [28], probability theory [14], statistics [8], and the study of (stochastic)
partial differential equations [4, 21]. Function spaces with dominating mixed smoothness of Sobolev type were originally
introduced by Nikol’skiı̆ [17, 18] in the 1960s and afterward generalized in numerous directions, like to the more general
class of Besov spaces. For general introductions to Besov spaces with dominating mixed smoothness and their history we
refer, for example, to [26, 27, 34].
Besov spaces with dominatingmixed fractional smoothness are often classically defined by Fourier-analytic approaches

relying, for example, on an anisotropic generalizations of the Littlewood–Paley theory, cf. for example [27, Chapter 2].
While the Fourier-analytic definitions of Besov spaces with dominating mixed smoothness have, with no doubts, many
merits, there has been a systematic on-going effort to derive various equivalent characterizations of these function spaces,
each coming with its own advantages. For instance, Besov spaces with dominating mixed smoothness can be equivalently
defined by using atomic, wavelet and spline representations, see, for example, [34, Chapter 1.1], or characterized as tensor
product of the corresponding isotropic function spaces, see [29].
In this paper, we define Besov spaces with dominating mixed smoothness, on the product of the real line and the torus,

based on the anisotropic generalizations of the Littlewood–Paley theory, see (2.2). The main result are two equivalent
characterizations of these function spaces in terms differences, see Definition 3.1 and Theorem 3.2, assuming fractional
regularity 𝛼 ∈ (0, 1)2, integrability 𝑝 ∈ [1,∞]2 and 𝑞 ∈ [1,∞]2. Consequently, this equivalent characterization can be
deduced for Besov spaces with dominating mixed smoothness on bounded domains. Similar results were previously
derived, either on thewhole spaceℝ𝑑, bounded domains or the torus𝕋𝑑, by Triebelet al., see, for example, [27, 35]. Building
on these works, we present an accessible and transparent proof, taking care of domains with a mixed structure.
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2 NIKOLAEV et al.

The characterization by difference is well-suited to study the Besov regularity with dominating mixed smoothness of
random fields, emerging in probability theory and related fields. Note that, in contrast to their isotropic regularity, the
Besov regularity of dominatingmixed smoothness ofmany random fields does not get worse with increasing space dimen-
sion. For instance, the (fractional) Brownian sheet is, in higher dimension,much smootherwhen its regularity ismeasured
with dominating mixed smoothness, see, for example, [14, 15]. This observation becomes essential, for example, when
developing pathwise approaches to stochastic partial differential equations, see, for example, [9, 21]. Using the characteri-
zation by difference, we derive a Kolmogorov criterion for Besov regularity with dominatingmixed smoothness of random
fields. Consequently, we deduce the regularity of Gaussian fields and of the solution to the stochastic heat equation.
Organization of the paper: in Section 2, we recall the definition of Besov spaces with dominating mixed smoothness

and present some of their elementary properties. Three equivalent characterizations of these Besov spaces are provided
in Section 3. The Besov regularity of random fields, such as Gaussian fields and the stochastic heat equation, is studied in
Section 4.

2 BESOV SPACESWITH DOMINATINGMIXED SMOOTHNESS

In this section, we introduce Besov spaces with dominatingmixed smoothness on the domainℝ × 𝕋with complex-valued
distributions, based on the corresponding anisotropic generalizations of the Littlewood–Paley theory. We shall present all
results for Besov spaces with two-dimensional domains as this allows us to develop the main conceptional ideas and
to avoid unnecessarily cumbersome notation. Nevertheless, let us remark that all presented results and their proofs can
be modified to cover Besov spaces with higher dimensional domains as well as real-valued distributions. Moreover, the
extension of the presented results to vector-valued distributions can be obtained by defining all operation componentwise.
We begin by setting up some notation. The Euclidean norm in ℝ𝑑 and the corresponding scalar product are denoted

by | ⋅ | and ⟨⋅, ⋅⟩, respectively. Analogously, 𝕋𝑑 is the d-dimensional torus, which we identify with the interval [−𝜋, 𝜋]𝑑
in ℝ𝑑. The space of Schwartz functions 𝑓 ∶ ℝ𝑑 → ℂ is denoted by (ℝ𝑑) ∶= (ℝ𝑑, ℂ) and its dual by  ′(ℝ𝑑), which is
the space of tempered distributions. By abusing the notation, we also denote by ⟨⋅, ⋅⟩ the dual paring between a Schwartz
distribution and a Schwartz function. For𝑝 ∈ [1,∞]wewrite 𝐿𝑝(ℝ𝑑) ∶= 𝐿𝑝(ℝ𝑑, ℂ) for the Lebesgue space of𝑝-integrable
functions on ℝ𝑑 with usual norm ‖ ⋅ ‖𝑝. For a function 𝑓 ∈ 𝐿1(ℝ𝑑) the Fourier transform is defined by

𝑓(𝜉) ∶= ∫
ℝ𝑑

e−𝑖⟨𝜉,𝑥⟩𝑓(𝜉) d𝑥, 𝜉 ∈ ℝ𝑑,

and so the inverse Fourier transform is given by−1𝑓(𝑥) ∶= (2𝜋)−𝑑𝑓(−𝑥) for 𝑥 ∈ ℝ𝑑. If𝑓 ∈  ′(ℝ𝑑), then the usual gen-
eralization of the Fourier transform is considered. Moreover, we define the support of a distribution 𝑓 ∈  ′(ℝ𝑑) denoted
by supp 𝑓 as the intersection of all closed sets 𝐴 with the property

𝜑 ∈ 𝐶∞
𝑐 (ℝ𝑑), supp𝜑 ⊆ ℝ𝑑 ⧵ 𝐴 ⇒ ⟨𝑓, 𝜑⟩ = 0.

Furthermore, for measurable functions 𝑔𝑖 ∶ ℝ × 𝕋 → ℂ, 𝑖 = 1, 2, ℎ ∶ ℝ × ℝ → ℂ we define the following two
convolution operators by

𝑔1 ∗ ℎ(𝑥) = ∫
ℝ2

𝑔1(𝑥 − 𝑦)ℎ(𝑦) d𝑦 and 𝑔1 ∗𝜋2 𝑔2(𝑥) = ∫
ℝ×𝕋

𝑔1(𝑥 − 𝑦)𝑔2(𝑦) d𝑦.

We will frequently use the notation 𝐴𝜃 ≲ 𝐵𝜃, for a generic parameter 𝜃, meaning that 𝐴𝜃 ≤ 𝐶𝐵𝜃 for some constant
𝐶 > 0 independent of 𝜃. We write 𝐴𝜃 ∼ 𝐵𝜃 if 𝐴𝜃 ≲ 𝐵𝜃 and 𝐵𝜃 ≲ 𝐴𝜃. For integers 𝑗𝜃, 𝑘𝜃 ∈ ℤ we write 𝑗𝜃 ≲ 𝑘𝜃 if there is
some 𝑁 ∈ ℕ such that 𝑗𝜃 ≤ 𝑘𝜃 + 𝑁, and 𝑗𝜃 ∼ 𝑘𝜃 if 𝑗𝜃 ≲ 𝑘𝜃 and 𝑘𝜃 ≲ 𝑗𝜃.
Let us now recall the Littlewood–Paley characterization of isotropic Besov spaces. A dyadic partition of unity (𝜒, 𝜌) in

dimension 𝑑 is given by two smooth functions on ℝ𝑑 satisfying supp𝜒 ⊆ {𝑥 ∈ ℝ𝑑 ∶ |𝑥| ≤ 4

3
}, supp 𝜌 ⊆ {𝑥 ∈ ℝ𝑑 ∶

3

4
≤|𝑥| ≤ 8

3
} and 𝜒(𝑧) +

∑
𝑗≥0 𝜌(2−𝑗𝑧) = 1 for all 𝑧 ∈ ℝ𝑑. We set

𝜌−1 ∶= 𝜒 and 𝜌𝑗 ∶= 𝜌(2−𝑗⋅) for 𝑗 ≥ 0.
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NIKOLAEV et al. 3

Taking a dyadic partition of unity (𝜒, 𝜌) in dimension two, the Littlewood–Paley blocks are defined as

Δ−1𝑓 ∶= −1(𝜌−1𝑓) and Δ𝑗𝑓 ∶= −1(𝜌𝑗𝑓) for 𝑗 ≥ 0.

Note that, by the Paley–Wiener–Schwartz theorem (see, e.g., [32, Theorem 1.2.1]), Δ𝑗𝑓 is a smooth function for every
𝑗 ≥ −1 and for every 𝑓 ∈  ′(ℝ2) we have

𝑓 =
∑
𝑗≥−1

Δ𝑗𝑓 ∶= lim
𝑗→∞

𝑆𝑗𝑓 with 𝑆𝑗𝑓 ∶=
∑
𝑖≤𝑗−1

Δ𝑖𝑓.

For 𝛼 ∈ ℝ and 𝑝, 𝑞 ∈ (0,∞] the isotropic Besov space is defined as

𝐵𝛼
𝑝,𝑞(ℝ

2) ∶=
{
𝑓 ∈  ′(ℝ2) ∶ |𝑓|𝛼,𝑝,𝑞 < ∞

}
with |𝑓|𝛼,𝑝,𝑞 ∶=

‖‖‖(2𝑗𝛼‖Δ𝑗𝑓‖𝑝)𝑗≥−1‖‖‖𝓁𝑞 . (2.1)

The class of Besov spaces contains as special cases the Sobolev–Slobodeckij spaces 𝐵𝛼
𝑝,𝑝(ℝ

2), the Hölder spaces 𝐵𝛼
∞,∞(ℝ2)

as well as the Nikolskii spaces 𝐵𝛼
𝑝,∞(ℝ2).

In order to introduce Besov spaces with dominating mixed smoothness, we need Lebesgue spaces of mixed integrability
𝑝 = (𝑝1, 𝑝2) ∈ [1,∞]2, which are given by

𝐿𝑝(ℝ × 𝕋) ∶=
{
𝑓 ∶ ℝ × 𝕋 → ℂ is measurable and ‖𝑓‖𝑝 < ∞

}
with ‖𝑓‖𝑝 ∶=

(
∫
ℝ

(
∫
𝕋

|𝑓(𝑥, 𝑦)|𝑝2 d𝑦)𝑝1∕𝑝2

d𝑥

)1∕𝑝1

.

We adopt the convention that we view functions 𝑓 ∈ 𝐿𝑝(ℝ × 𝕋) as periodic functions defined onℝ2. This allows us to use
the classical Fourier analysis without introducing trigonometrical polynomials.
On the Lebesgue spaces with mixed integrability the standard inequalities like Minkowski’s, Hölder’s, and Young’s

inequality are available.

Lemma 2.1.

(i) For 𝑝̄ ∈ [1,∞]2 and 𝑓, 𝑔 ∈ 𝐿𝑝̄(ℝ × 𝕋) we have

‖𝑓 + 𝑔‖𝑝̄ ≤ ‖𝑓‖𝑝̄ + ‖𝑔‖𝑝̄.
(ii) Let 𝑝̄, 𝑝̄′ ∈ [1,∞]2 be such that 1∕𝑝1 + 1∕𝑝′

1 = 1 and 1∕𝑝2 + 1∕𝑝′
2 = 1. If 𝑓 ∈ 𝐿𝑝̄(ℝ × 𝕋) and 𝑔 ∈ 𝐿𝑝̄

′
(ℝ × 𝕋), then

𝑓𝑔 ∈ 𝐿(1,1)(ℝ × 𝕋) and

‖𝑓𝑔‖(1,1) ≤ ‖𝑓‖𝑝̄‖𝑔‖𝑝̄′ .
(iii) Let 𝑝̄, 𝑝̄′, 𝑟 ∈ [1,∞]2 be such that 𝑟𝑖 ≥ 𝑝′

𝑖
and 1 + 1∕𝑟𝑖 = 1∕𝑝𝑖 + 1∕𝑝′

𝑖
for 𝑖 = 1, 2. If𝑓 ∈ 𝐿𝑝̄(ℝ × 𝕋)and 𝑔 ∈ 𝐿𝑝̄

′
(ℝ × 𝕋),

then

‖𝑓 ∗ 𝑔‖𝑟 ≤ ‖𝑓‖𝑝̄‖𝑔‖𝑝̄′ .
The proofs follow straightforward by applying the corresponding inequality for the classical Lebesgue spaces and are

thus omitted here.
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4 NIKOLAEV et al.

Let us introduce the space  ′
𝜋2
(ℝ2) of Schwartz distributions, which are periodic in the second component. More

precisely,

 ′
𝜋2
(ℝ2) ∶= {𝑓 ∈  ′(ℝ2) ∶ 𝑓(𝑥1, 𝑥2 + 2𝑘𝜋) = 𝑓(𝑥1, 𝑥2) for all 𝑘 ∈ ℤ},

where the equality in the above definition is understood in the sense of distributions. We understand the space of the
periodic Schwartz distribution as a subspace of Schwartz distributions. Following [27, Chapter 3.2.3] we can identify distri-
butions defined onℝ × 𝕋with the space  ′

𝜋2
(ℝ2). The motivation for identifying functions with their periodic extensions

on the entire space lies in the fact that it simplifies various tasks, such as the demonstration of maximal inequalities. As
highlighted in [27, Remark 3.2.3 and Chapter 3.2.4], this approach makes the many proofs more straightforward. A sim-
ilar rationale applies to the Fourier transform: by considering the Fourier transform on the entire space, we can directly
utilize well-established results, rather than working with Fourier coefficients and Fourier series. Ultimately, both repre-
sentations are equivalent [27, Chapter 3.2.1–3.2.3]. For a dyadic partition of unity (𝜒, 𝜌) in dimension one, 𝑓 ∈  ′

𝜋2
(ℝ2),

𝜉 = (𝜉1, 𝜉2) ∈ ℝ2 and (𝑗, 𝑘) ∈ {−1, 0, 1, 2, … }2 the anisotropic Littlewood–Paley blocks are given by

Δ1
𝑗
𝑓 ∶= −1

[
𝜌𝑗(𝜉1)𝑓(𝜉)], Δ2

𝑘
𝑓 ∶= −1[𝜌𝑘(𝜉2)𝑓(𝜉)], Δ𝑗,𝑘𝑓 ∶= Δ1

𝑗
Δ2
𝑘
𝑓,

𝑆1
𝑗
𝑓 ∶=

∑
𝑖≤𝑗−1

Δ1
𝑖
𝑓, 𝑆2

𝑘
𝑓 ∶=

∑
𝑙≤𝑘−1

Δ2
𝑗
𝑓, and 𝑆𝑗,𝑘𝑓 ∶= 𝑆1

𝑗
𝑆2
𝑘
𝑓,

cf. [1, Section 6.2.1]. It will be convenience to write

𝜌𝑗 ⊗ 𝜌𝑘(𝜉) ∶= 𝜌𝑗(𝜉1)𝜌𝑘(𝜉2), 𝜉 = (𝜉1, 𝜉2) ∈ ℝ2.

In particular, note that we have Δ𝑗,𝑘𝑓 = −1[𝜌𝑗 ⊗ 𝜌𝑘] ∗ 𝑓 and

𝑓 =
∑

𝑗,𝑘≥−1
Δ𝑗,𝑘𝑓 ∶= lim

𝐿→∞
𝑆1𝐿𝑆

2
𝐿𝑓 for any 𝑓 ∈  ′(ℝ2).

Indeed, for any 𝑓 ∈  ′
𝜋2
(ℝ2) and 𝜑 ∈ (ℝ2) we have ⟨𝑓 − 𝑆1𝐿𝑆

2
𝐿𝑓, 𝜑⟩ = ⟨𝑓, 𝜑 − 𝑆1𝐿𝑆

2
𝐿𝜑⟩. It thus suffices to verify 𝜑 =

lim𝐿→∞ 𝑆1𝐿𝑆
2
𝐿𝜑 for any Schwartz function 𝜑 ∈ (ℝ2). Since the Fourier transform is an automorphism on (ℝ2), the

convergence follows from lim𝐿→∞
∑𝐿

𝑗,𝑘=−1
(𝜌𝑗 ⊗ 𝜌𝑘)𝜑 = 𝜑.

Following [27, Chapter 2.2] we define, for parameters

𝛼 ∶= (𝛼1, 𝛼2) ∈ ℝ2, 𝑝 = (𝑝1, 𝑝2) ∈ [1,∞]2 and 𝑞 = (𝑞1, 𝑞2) ∈ [1,∞],

the Besov spaces with dominating mixed smoothness as

𝐵𝛼̄
𝑝̄,𝑞̄(ℝ × 𝕋) ∶=

{
𝑓 ∈  ′

𝜋2
(ℝ2) ∶ ‖𝑓‖𝛼,𝑝,𝑞 < ∞

}
with

‖𝑓‖𝛼,𝑝,𝑞 ∶=
‖‖‖(2𝛼1𝑗‖‖(2𝛼2𝑘‖Δ𝑗,𝑘𝑓‖𝑝̄)𝑘≥−1‖‖𝓁𝑞2)𝑗≥−1

‖‖‖𝓁𝑞1 . (2.2)

For 𝑓 ∈  ′
𝜋2
(ℝ2) we note that the dyadic block Δ𝑗,𝑘𝑓 = −1[𝜌𝑗 ⊗ 𝜌𝑘] ∗ 𝑓 are periodic in the second component and

therefore it makes sense to take the 𝐿𝑝-norm in the second component over the torus 𝕋. Moreover, we can identify
𝑓 ∈ 𝐿𝑝̄(ℝ × 𝕋) as a periodic distribution in the canonical way:

Lemma 2.2. For any 𝑓 ∈ 𝐿𝑝̄(ℝ × 𝕋) the distribution

(ℝ2) ∋ 𝜑 ↦ ⟨𝑓, 𝜑⟩ = ∫
ℝ2

𝑓(𝑥1, 𝑥2)𝜑(𝑥1, 𝑥2) d𝑥2 d𝑥1

is well-defined in  ′
𝜋2
(ℝ2), where 𝑓 is periodically extended onℝ × ℝ.
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NIKOLAEV et al. 5

Proof. We need to show that the integral is finite. We start by deploying the monotone convergence to obtain

∫
ℝ2

|𝑓(𝑥1, 𝑥2)𝜑(𝑥1, 𝑥2)|d𝑥2d𝑥1
= lim

𝑚→∞∫
ℝ×[−𝜋(2𝑚+1),𝜋(2𝑚+1)]

|𝑓(𝑥1, 𝑥2)𝜑(𝑥1, 𝑥2)|d𝑥2d𝑥1
≤ ‖𝑓𝜑‖(1,1) + lim

𝑚→∞∫
ℝ×{[−𝜋(2𝑚+1),−𝜋]∪[𝜋,𝜋(2𝑚+1)]}

|𝑓(𝑥1, 𝑥2)𝜑(𝑥1, 𝑥2)|d𝑥2d𝑥1.
(2.3)

The first term is finite by Hölder’s inequality. For the right integral of the last term we obtain

∫
ℝ×[𝜋,𝜋(2𝑚+1)]

|𝑓(𝑥1, 𝑥2)𝜑(𝑥1, 𝑥2)|d𝑥2d𝑥1
=

𝑚∑
𝑘=1

∫
ℝ

𝜋(2𝑘+1)

∫
𝜋(2𝑘−1)

|𝑓(𝑥1, 𝑥2)𝜑(𝑥1, 𝑥2)|d𝑥2d𝑥1

≤
𝑚∑
𝑘=1

∫
ℝ

⎛⎜⎜⎜⎝
𝜋(2𝑘+1)

∫
𝜋(2𝑘−1)

|𝑓(𝑥1, 𝑥2)|𝑝2d𝑥2⎞⎟⎟⎟⎠
1

𝑝2 ⎛⎜⎜⎜⎝
𝜋(2𝑘+1)

∫
𝜋(2𝑘−1)

|𝜑(𝑥1, 𝑥2)|𝑞2d𝑥2⎞⎟⎟⎟⎠
1

𝑞2

d𝑥1

=

𝑚∑
𝑘=1

∫
ℝ

(
∫
𝕋

|𝑓(𝑥1, 𝑥2)|𝑝2d𝑥2) 1

𝑝2

⎛⎜⎜⎜⎝
𝜋(2𝑘+1)

∫
𝜋(2𝑘−1)

|𝜑(𝑥1, 𝑥2)|𝑞2d𝑥2⎞⎟⎟⎟⎠
1

𝑞2

d𝑥1

≤ ‖𝑓‖𝑝̄ 𝑚∑
𝑘=1

⎛⎜⎜⎜⎜⎝∫ℝ
⎛⎜⎜⎜⎝
𝜋(2𝑘+1)

∫
𝜋(2𝑘−1)

|𝜑(𝑥1, 𝑥2)|𝑞2d𝑥2⎞⎟⎟⎟⎠
𝑞1
𝑞2

d𝑥1

⎞⎟⎟⎟⎟⎠

1

𝑞1

,

where we used Hölder’s inequality with 1∕𝑝𝑖 + 1∕𝑞𝑖 = 1 for 𝑖 = 1, 2. It remains to show that the last integral is summable
over 𝑘. Using the fact the 𝜑 decays faster than any polynomial we find

⎛⎜⎜⎜⎜⎝∫ℝ
⎛⎜⎜⎜⎝
𝜋(2𝑘+1)

∫
𝜋(2𝑘−1)

|𝜑(𝑥1, 𝑥2)|𝑞2d𝑥2⎞⎟⎟⎟⎠
𝑞1
𝑞2

d𝑥1

⎞⎟⎟⎟⎟⎠

1

𝑞1

≤
⎛⎜⎜⎜⎜⎝∫ℝ

⎛⎜⎜⎜⎝
𝜋(2𝑘+1)

∫
𝜋(2𝑘−1)

(1 + 𝑥1)
−
𝑥
−3𝑞2−1
2 𝑠𝑢𝑝

𝑥1,𝑥2∈ℝ

(|𝜑(𝑥1, 𝑥2)|𝑞2(1 + 𝑥1)
3𝑞2
𝑞1 𝑥

3𝑞2+1
2

)
d𝑥2

⎞⎟⎟⎟⎠
𝑞1
𝑞2

d𝑥1

⎞⎟⎟⎟⎟⎠

1

𝑞1

≤
⎛⎜⎜⎜⎜⎝∫ℝ

(1 + 𝑥1)
−

⎛⎜⎜⎜⎝
𝜋(2𝑘+1)

∫
𝜋(2𝑘−1)

𝑥
−3𝑞2−1
2 d𝑥2

⎞⎟⎟⎟⎠
𝑞1
𝑞2

d𝑥1

⎞⎟⎟⎟⎟⎠

1

𝑞1

𝑠𝑢𝑝
𝑥1,𝑥2∈ℝ

(|𝜑(𝑥1, 𝑥2)|𝑞2(1 + 𝑥1)
3

𝑞1 𝑥
3+

1

𝑞2

2

)

≲ (2𝑘 − 1)
−

𝑠𝑢𝑝
𝑥1,𝑥2∈ℝ

(|𝜑(𝑥1, 𝑥2)|𝑞2(1 + 𝑥1)
3

𝑞1 𝑥
3+

1

𝑞2

2

)
.
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6 NIKOLAEV et al.

Hence, we find

∫
ℝ×[𝜋,𝜋(2𝑚+1)]

𝑓(𝑥1, 𝑥2)𝜑(𝑥1, 𝑥2)d𝑥2d𝑥1

≲ 𝑠𝑢𝑝
𝑥1,𝑥2∈ℝ

(|𝜑(𝑥1, 𝑥2)|𝑞2(1 + 𝑥1)
3

𝑞1 𝑥
3+

1

𝑞2

2

)
∞∑
𝑘=1

1

(2𝑘 − 1)
2
< ∞.

A similar argument can be used to bound the remaining integral in (2.3). Hence, we have shown the continuity of 𝑓 as a
Schwartz distribution. The periodicity in the second component is obvious and therefore we obtain 𝑓 ∈  ′

𝜋2
(ℝ2). □

This allows us to define the Fourier transformation of a function 𝑓 ∈ 𝐿𝑝̄(ℝ × 𝕋) by identifying the function 𝑓 as a
periodic distribution in the second component. Hence, we have

⟨(𝑓), 𝜑⟩ = ⟨𝑓,(𝜑)⟩
for 𝑓 ∈ 𝐿𝑝̄(ℝ × 𝕋), 𝜑 ∈ (ℝ2). We thus understand the support of (𝑓) in the sense of distributions.
The following Bernstein-type inequalities have been proved in [3, 20]. In fact, the proof is analogous to the isotropic

case.

Lemma 2.3. Let be a ball inℝ and  be an annulus inℝ. Let 𝛼, 𝛽 ∈ ℝ, 1 ≤ 𝑝′
1 ≤ 𝑝1 ≤ ∞ and 1 ≤ 𝑝′

2 ≤ 𝑝2 ≤ ∞. For any
𝑓 ∈ 𝐶∞(ℝ × 𝕋), we have

(i) If 𝑓 ∈ 𝐿(𝑝
′
1
,𝑝2)(ℝ × 𝕋), supp𝑓 ⊆ 2𝑗 × ℝ, then ‖𝜕𝛼1 𝑓‖(𝑝1,𝑝2) ≲ 2

𝑗(|𝛼|+ 1

𝑝′
1

−
1

𝑝1
)‖𝑓‖(𝑝′

1
,𝑝2)

.

(ii) If 𝑓 ∈ 𝐿(𝑝1,𝑝
′
2
)(ℝ × 𝕋), supp𝑓 ⊆ ℝ × 2𝑘, then ‖𝜕𝛽2 𝑓‖(𝑝1,𝑝2) ≲ 2

𝑘(|𝛽|+ 1

𝑝′
2

−
1

𝑝2
)‖𝑓‖(𝑝1,𝑝′2).

(iii) If 𝑓 ∈ 𝐿𝑝̄(ℝ × 𝕋), supp𝑓 ⊆ 2𝑗 × ℝ, then ‖𝑓‖𝑝̄ ≲ 2−𝑗𝑁‖𝜕𝑁1 𝑓‖𝑝̄.
(iv) If 𝑓 ∈ 𝐿𝑝̄(ℝ × 𝕋), supp𝑓 ⊆ ℝ × 2𝑘, then ‖𝑓‖𝑝̄ ≲ 2−𝑘𝑁‖𝜕𝑁2 𝑓‖𝑝̄.
Proof. For the sake of completeness, we will prove the second assertion. The other claims follow by a similar argument.
Let𝜓 ∈ (ℝ)have compact Fourier support and(𝜓)(𝜉2) = 1 for 𝜉2 ∈ . Define𝜓𝑘(𝑦2) ∶= 2𝑘𝜓(2𝑘𝑦2). Then,(𝜓𝑘)(𝜉2) =(𝜓)(𝜉2∕2𝑘) and (𝜓𝑘)(𝜉2) = 1 for 𝜉2 ∈ 2𝑘. Furthermore, since 𝑓 corresponds to a smooth function once can use the
dominated convergence theorem to show that 𝜕𝛽2 𝑓 has Fourier support contained in the same set. Consequently, for 𝜑 ∈

(ℝ2), then

∫
ℝ2

𝜕
𝛽
2 𝑓(𝜉1, 𝜉2)(𝜑)(𝜉1, 𝜉2)d𝜉2d𝜉1

= ∫
ℝ2

(𝜑(𝜓𝑘)(⋅2))(𝜉1, 𝜉2)𝜕
𝛽
2 𝑓(𝜉1, 𝜉2)d𝜉2d𝜉1

= ∫
ℝ2 ∫ℝ2

e−i(𝜉1𝑥1+𝜉2𝑥2)𝜑(𝑥1, 𝑥2)(𝜓𝑘)(𝑥2)𝜕
𝛽
2 𝑓(𝜉1, 𝜉2)d𝑥2d𝑥1d𝜉2d𝜉1

= ∫
ℝ2 ∫ℝ2 ∫ℝ e−i(𝜉1𝑥1+𝜉2𝑥2)e−i𝑥2𝑦2𝜓𝑘(𝑦2)𝜑(𝑥1, 𝑥2)𝜕

𝛽
2 𝑓(𝜉1, 𝜉2)d𝑦2d𝑥2d𝑥1d𝜉2d𝜉1

= ∫
ℝ2 ∫ℝ2 ∫ℝ e−i(𝜉1𝑥1+𝜉2𝑥2)e−i𝑥2𝑦2ei𝑥2𝜉2𝜓𝑘(𝑦2 − 𝜉2)𝜑(𝑥1, 𝑥2)𝜕

𝛽
2 𝑓(𝜉1, 𝜉2)d𝑦2d𝑥2d𝑥1d𝜉2d𝜉1

= ∫
ℝ2 ∫ℝ2

e−i(𝜉1𝑥1+𝑥2𝑦2)𝜑(𝑥1, 𝑥2) d𝑥2d𝑥1 ∫
ℝ

𝜓𝑘(𝑦2 − 𝜉2)𝜕
𝛽
2 𝑓(𝜉1, 𝜉2)d𝜉2d𝑦2d𝜉1

= ∫
ℝ2

(𝜑)(𝜉1, 𝑦2)∫
ℝ

𝜕
𝛽
2𝜓𝑘(𝑦2 − 𝜉2)𝑓(𝜉1, 𝜉2)d𝜉2d𝑦2d𝜉1,
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NIKOLAEV et al. 7

which implies

𝜕
𝛽
2 𝑓(𝑥1, 𝑥2) = ∫

ℝ

𝜕
𝛽
2𝜓(𝑥2 − 𝑦2)𝑓(𝑥1, 𝑦2)𝑑𝑦2

by the fundamental lemma of calculus of variation and since the Fourier transformation is an automorphism on (ℝ2).
Applying Young’s inequality we find

‖𝜕𝛽2 𝑓‖(𝑝1,𝑝2) ≤ (
∫
ℝ

|𝜕𝛽2 𝜓𝑘(𝑦2)|𝑟2𝑑𝑦2) 1

𝑟2 ‖𝑓‖(𝑝1,𝑝′2)
= 2𝑘(1+|𝛽|)(∫

ℝ

|(𝜕𝛽2 𝜓)(2𝑘𝑦2)|𝑟2𝑑𝑦2)
1

𝑟2 ‖𝑓‖(𝑝1,𝑝′2)
= 2𝑘(1+|𝛽|−1∕𝑟2)(∫

ℝ

|(𝜕𝛽2 𝜓)(𝑦2)|𝑟2𝑑𝑦2)
1

𝑟2 ‖𝑓‖(𝑝1,𝑝′2)
= 2

𝑘(|𝛽|+ 1

𝑝′
2

−
1

𝑝2
)
(
∫
ℝ

|𝜕𝛽2 𝜓(𝑦2)|𝑟2𝑑𝑦2)
1

𝑟2 ‖𝑓‖(𝑝1,𝑝′2)

with 1

𝑟2
= 1 −

1

𝑝′
2

+
1

𝑝2
. The claim follows from the fact that 𝜓 ∈ (ℝ) and therefore every derivative is 𝐿𝑟2 integrable. □

2.1 Elementary properties

As immediate corollaries of Lemma 2.3 and the definition of the Besov spaces with dominating mixed smoothness, we
obtain the following embedding results and the subsequent lifting property.

Lemma 2.4. For 𝑖 = 1, 2 and 𝑗 = 1, 2, 3 let𝛼𝑖, 𝛽𝑖 ∈ ℝwith 𝛽𝑖 < 𝛼𝑖 , 1 ≤ 𝑝𝑗, 𝑞𝑗 with𝑝 = (𝑝1, 𝑝2) ∈ [1,∞]2 and 𝑞 = (𝑞1, 𝑞2) ∈

[1,∞]2. The following are continuous embeddings:

(i) 𝐵
(𝛼1,𝛼2)

𝑝̄,(𝑞3,𝑞2)
(ℝ × 𝕋) ⊆ 𝐵

(𝛽1,𝛼2)

𝑝̄,(𝑞1,𝑞2)
(ℝ × 𝕋) and 𝐵(𝛼1,𝛼2)

𝑝̄,(𝑞1,𝑞3)
(ℝ × 𝕋) ⊆ 𝐵

(𝛼1,𝛽2)

𝑝̄,(𝑞1,𝑞2)
(ℝ × 𝕋),

(ii) 𝐵
(𝛼1,𝛼2)
𝑝̄,𝑞̄ (ℝ × 𝕋) ⊆ 𝐿𝑝̄(ℝ × 𝕋) for any (𝛼1, 𝛼2) ∈ (0,∞)2,

(iii) 𝐵
(𝛼1+(

1

𝑝3
−

1

𝑝1
),𝛼2)

(𝑝3,𝑝2),𝑞̄
(ℝ × 𝕋) ⊆ 𝐵

(𝛼1,𝛼2)

(𝑝1,𝑝2),𝑞̄
(ℝ × 𝕋) if 𝑝3 ≤ 𝑝1,

(iv) 𝐵
(𝛼1,𝛼2+(

1

𝑝3
−

1

𝑝2
))

(𝑝1,𝑝3),𝑞̄
(ℝ × 𝕋) ⊆ 𝐵

(𝛼1,𝛼2)

(𝑝1,𝑝2),𝑞̄
(ℝ × 𝕋) if 𝑝3 ≤ 𝑝2.

Proof.

(i) First, we observe that (2𝑗(𝛽1−𝛼1))𝑗≥−1 ∈ 𝓁(1−1∕𝑞3)
−1

, which implies

𝐵
(𝛼1,𝛼2)

𝑝̄,(𝑞3,𝑞2)
(ℝ × 𝕋) ⊆ 𝐵

(𝛽1,𝛼2)

𝑝̄,(1,𝑞2)
(ℝ × 𝕋).

Moreover, the monotonicity of the 𝑙𝑞 spaces, that is, 𝑙𝑞 ⊆ 𝑙𝑞 for 1 ≤ 𝑞 ≤ 𝑞, proves the first embedding. The
second embedding can be obtained analogously.

(ii) Since ‖𝑓‖𝑝̄ ≤ ∑
𝑗,𝑘

‖Δ𝑗,𝑘𝑓‖𝑝̄ = ‖𝑓‖(0,0),(𝑝1,𝑝2),(1,1) for any 𝑝̄ ∈ [1,∞]2, we deduce from (i) that 𝐵𝛼̄
𝑝̄,𝑞̄(ℝ × 𝕋) ⊆

𝐵
(0,0)

𝑝̄,(1,1)
(ℝ × 𝕋) ⊆ 𝐿𝑝(ℝ × 𝕋).
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8 NIKOLAEV et al.

(iii) and (iv) Note that due to supp(Δ𝑗,𝑘𝑓) ⊆ 2𝑗 × 2𝑘 and Δ𝑗,𝑘𝑓 smooth, Lemma 2.3 (i) and (ii) yield

‖Δ𝑗,𝑘𝑓‖(𝑝1,𝑝2) = 2
𝑗(

1

𝑝3
−

1

𝑝1
)‖Δ𝑗,𝑘𝑓‖(𝑝3,𝑝2) and ‖Δ𝑗,𝑘𝑓‖(𝑝1,𝑝2) ≲ 2

𝑘(
1

𝑝3
−

1

𝑝2
)‖Δ𝑗,𝑘𝑓‖(𝑝1,𝑝3). □

Lemma 2.5. Let 𝛼 = (𝛼1, 𝛼2) ∈ ℝ2, 𝑝 = (𝑝1, 𝑝2) ∈ [1,∞]2 and 𝑞 = (𝑞1, 𝑞2) ∈ [1,∞]2. If 𝑓 ∈ 𝐵𝛼
𝑝,𝑞

(ℝ × 𝕋), then 𝜕𝑥1𝑓 ∈

𝐵
(𝛼1−1,𝛼2)

𝑝,𝑞
(ℝ × 𝕋) and 𝜕𝑥2𝑓 ∈ 𝐵

(𝛼1,𝛼2−1)

𝑝,𝑞
(ℝ × 𝕋).

Proof. Let 𝑓 be a smooth function with compact support and recall

‖𝜕𝑥1𝑓‖(𝛼1−1,𝛼2),𝑝,𝑞 =
‖‖‖(2(𝛼1−1)𝑗‖‖(2𝛼2𝑘‖Δ𝑗,𝑘(𝜕𝑥1𝑓)‖𝑝1,𝑝2)𝑘≥−1‖‖𝓁𝑞2)𝑗≥−1

‖‖‖𝓁𝑞1 .
First, note that

Δ𝑗,𝑘(𝜕𝑥1𝑓) = −1
(
𝜌𝑗(𝜉1)𝜌𝑘(𝜉2)(𝜕𝑥1𝑓)

)
= −1(𝜌𝑗(𝜉1)𝜌𝑘(𝜉2)) ∗ (𝜕𝑥1𝑓) = 𝜕𝑥1

(−1(𝜌𝑗(𝜉1)𝜌𝑘(𝜉2)) ∗ 𝑓
)
= 𝜕𝑥1Δ𝑗,𝑘(𝑓),

where we used the properties of the convolution operator. Since supp(Δ𝑗,𝑘(𝑓)) ⊆ 2𝑗𝐵 × ℝ for some ball 𝐵 ⊆ ℝ,
Lemma 2.3 (i) yields

‖Δ𝑗,𝑘(𝜕𝑥1𝑓)‖𝑝1,𝑝2 = ‖𝜕𝑥1Δ𝑗,𝑘(𝑓)‖𝑝1,𝑝2 ≲ 2𝑗‖Δ𝑗,𝑘(𝑓)‖𝑝1,𝑝2 .
Hence, we get

‖𝜕𝑥1𝑓‖(𝛼1−1,𝛼2),𝑝,𝑞 ≲
‖‖‖(2𝛼1𝑗‖‖(2𝛼2𝑘‖Δ𝑗,𝑘(𝑓)‖𝑝1,𝑝2)𝑘≥−1‖‖𝓁𝑞2)𝑗≥−1

‖‖‖𝓁𝑞1 = ‖𝑓‖(𝛼1,𝛼2),𝑝,𝑞
and thus𝑓 ↦ 𝜕𝑥1𝑓 is a bounded and linear operator on𝐶

∞
𝑐 , which has a continuous extension from𝐶∞

𝑐 (ℝ × 𝕋) to𝐵𝛼
𝑝,𝑞

(ℝ ×

𝕋). □

For the regularity analysis of the Gaussian fields in Section 4, the following generalization of Young’s inequality for
convolutions will be useful.

Proposition 2.6. Let 𝛼1, 𝛼2, 𝛽1, 𝛽2 ∈ ℝ and 𝑝1, 𝑝2, 𝑞1, 𝑞2 ∈ [1,∞] satisfying

0 ≤ 1

𝑝
∶=

1

𝑝1
+

1

𝑝2
− 1 ≤ 1 and 0 ≤ 1

𝑞
∶=

1

𝑞1
+

1

𝑞2
− 1 ≤ 1.

Then, for any 𝑓 ∈ 𝐵
(𝛼1,𝛼2)

(𝑝1,𝑝1),(𝑞1,𝑞1)
(ℝ × 𝕋) and 𝑔 ∈ 𝐵

(𝛽1,𝛽2)

(𝑝2,𝑝2),(𝑞2,𝑞2)
(ℝ × 𝕋) we have

𝑓 ∗𝜋2 𝑔 ∈ 𝐵
(𝛼1+𝛽1,𝛼2+𝛽2)

(𝑝,𝑝),(𝑞,𝑞)
(ℝ × 𝕋)

with

‖𝑓 ∗𝜋2 𝑔‖(𝛼1+𝛽1,𝛼2+𝛽2),(𝑝,𝑝),(𝑞,𝑞) ≲ ‖𝑓‖(𝛼1,𝛼2),(𝑝1,𝑝1),(𝑞1,𝑞1)‖𝑔‖(𝛽1,𝛽2),(𝑝2,𝑝2),(𝑞2,𝑞2).
Proof. The Littlewood–Paley blocks of the convolution satisfy for 𝑗, 𝑘 ≥ −1

Δ𝑗,𝑘(𝑓 ∗𝜋2 𝑔) = −1
[
(𝜌𝑗 ⊗ 𝜌𝑘)𝑓𝑔] = −1[(𝜌𝑗 ⊗ 𝜌𝑘)

1∕2𝑓] ∗ −1[(𝜌𝑗 ⊗ 𝜌𝑘)
1∕2𝑔].

 15222616, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/m

ana.202400122 by U
niversitätsbibliothek, W

iley O
nline L

ibrary on [02/07/2025]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



NIKOLAEV et al. 9

Using Young’s inequality for convolutions, we bound

2𝑗(𝛼1+𝛽1)+𝑘(𝛼2+𝛽2)‖Δ𝑗,𝑘(𝑓 ∗𝜋2 𝑔)‖(𝑝,𝑝) ≤(2𝑗𝛼1+𝑘𝛼2‖−1[(𝜌𝑗 ⊗ 𝜌𝑘)
1∕2𝑓]‖𝑝1)

×
(
2𝑗𝛽1+𝑘𝛽2‖−1[(𝜌𝑗 ⊗ 𝜌𝑘)

1∕2𝑔]‖𝑝2).
Hence, by the Hölder’s inequality it suffices to show

‖‖‖
(
2𝑗𝛼1‖‖(2𝑘𝛼2‖−1[(𝜌𝑗 ⊗ 𝜌𝑘)

1∕2𝑓]‖𝑝1)
𝑘≥−1

‖‖𝓁𝑞1)
𝑗≥−1

‖‖‖𝓁𝑞2 ≲ ‖𝑓‖(𝛼1,𝛼2),(𝑝1,𝑝1),(𝑞1,𝑞2) (2.4)

(and consequently the analogous estimate holds true for 𝑔). To verify (2.4), we decompose 𝑓 =
∑

𝑗,𝑘
Δ𝑗,𝑘𝑓. Due to the

compact support of 𝜌 and Young’s inequality we obtain

2𝑗𝛼1+𝑘𝛼2‖−1[(𝜌𝑗 ⊗ 𝜌𝑘)
1∕2𝑓]‖𝑝1

≤ 2𝑗𝛼1+𝑘𝛼2
∑
𝑗′,𝑘′

‖‖−1
[
(𝜌𝑗 ⊗ 𝜌𝑘)

1∕2[Δ𝑗′,𝑘′𝑓]
]‖‖𝑝1

≤ 2𝑗𝛼1+𝑘𝛼2
𝑗+1∑

𝑗′=𝑗−1

𝑘+1∑
𝑘′=𝑘−1

‖−1[(𝜌𝑗 ⊗ 𝜌𝑘)
1∕2

]‖1‖Δ𝑗′,𝑘′𝑓‖𝑝1
≲

𝑗+1∑
𝑗′=𝑗−1

𝑘+1∑
𝑘′=𝑘−1

2−(𝑗
′−𝑗)𝛼12−(𝑘

′−𝑘)𝛼2
(
2𝑗

′𝛼1+𝑘
′𝛼2‖Δ𝑗′,𝑘′𝑓‖𝑝1)

≲

𝑗+1∑
𝑗′=𝑗−1

𝑘+1∑
𝑘′=𝑘−1

2𝑗𝛼1+𝑘𝛼2‖Δ𝑗′,𝑘′𝑓‖𝑝1 .
Taking the 𝓁𝑞1 - and 𝓁𝑞2 -norm, we conclude

‖‖‖
(
2𝑗𝛼1‖‖(2𝑘𝛼2‖−1[(𝜌𝑗 ⊗ 𝜌𝑘)

1∕2𝑓]‖𝑝1)
𝑘≥−1

‖‖𝓁𝑞1)
𝑗≥−1

‖‖‖𝓁𝑞2 ≲

∞∑
𝑗=−1

∞∑
𝑘=−1

2𝑗𝛼1+𝑘𝛼2‖Δ𝑗,𝑘𝑓‖𝑝1
= ‖𝑓‖(𝛼1,𝛼2),(𝑝1,𝑝1),(𝑞1,𝑞2). □

3 CHARACTERIZATION VIA DIFFERENCES

In this section, we derive two equivalent integral representations of the Besov norm with dominating mixed smoothness
from (2.2). To give the classical background, let us recall corresponding characterization for isotropic Besov spaces. It is
well-known that on the isotropic Besov spaces 𝐵𝛼

𝑝,𝑞(ℝ
2), for 𝛼 ∈ (0, 1) and 𝑝, 𝑞 ≥ 1, the norm |𝑓|𝛼,𝑝,𝑞 from (2.1) and the

two norms

|𝑓|(1)𝛼,𝑝,𝑞 ∶= ‖𝑓‖𝑝 +

(
∫
ℝ

|ℎ|−𝛼𝑞 sup|𝑟|≤|ℎ| ‖𝑓(⋅ + 𝑟) − 𝑓(⋅)‖𝑞𝑝 dℎ|ℎ|2
)1∕𝑞

,

|𝑓|(2)𝛼,𝑝,𝑞 ∶= ‖𝑓‖𝑝 +

(
∫
ℝ

|ℎ|−𝛼𝑞‖𝑓(⋅ + 𝑟) − 𝑓(⋅)‖𝑞𝑝 dℎ|ℎ|2
)1∕𝑞

are all equivalent, for 𝑓 ∈ 𝐵𝛼
𝑝,𝑞(ℝ

2), see, for example, [32, Theorem 2.5.12].
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10 NIKOLAEV et al.

To obtain the analogous result in the case of Besov spaceswith dominatingmixed smoothness, we define the rectangular
increments

□ℎ𝑓(𝑥) ∶= 𝑓(𝑥1 + ℎ1, 𝑥2 + ℎ2) − 𝑓(𝑥1, 𝑥2 + ℎ2) − 𝑓(𝑥1 + ℎ1, 𝑥2) + 𝑓(𝑥1, 𝑥2)

and the directional increments

𝛿ℎ1𝑓(𝑥) ∶= 𝑓(𝑥1 + ℎ1, 𝑥2) − 𝑓(𝑥1, 𝑥2),

𝛿ℎ2𝑓(𝑥) ∶= 𝑓(𝑥1, 𝑥2 + ℎ2) − 𝑓(𝑥1, 𝑥2)

for ℎ = (ℎ1, ℎ2), 𝑥 = (𝑥1, 𝑥2) ∈ ℝ2.

Definition 3.1. For 𝛼 = (𝛼1, 𝛼2) ∈ (0, 1)2, 𝑝 = (𝑝1, 𝑝2) ∈ [1,∞]2 and 𝑞 = (𝑞1, 𝑞2) ∈ [1,∞]2 we define

‖𝑓‖(1)
𝛼,𝑝,𝑞

∶= ‖𝑓‖𝑝 +

(
∫
ℝ

ℎ
−𝛼1𝑞1
1 sup|𝑟1|≤|ℎ1| ‖𝛿1𝑟1𝑓‖𝑞1𝑝 𝑑ℎ1|ℎ1|

) 1

𝑞1

+

(
∫
𝕋

ℎ
−𝛼2𝑞2
2 sup|𝑟2|≤|ℎ2| ‖𝛿2𝑟2𝑓‖𝑞2𝑝 𝑑ℎ2|ℎ2|

) 1

𝑞2

+
⎛⎜⎜⎝∫ℝ |ℎ1|−𝛼1𝑞1(∫

𝕋

|ℎ2|−𝛼2𝑞2 sup|𝑟1|≤|ℎ1|,|𝑟2|≤ℎ2 ‖□𝑟1,𝑟2𝑓‖𝑞2𝑝 𝑑ℎ2|ℎ2|
)𝑞1∕𝑞2

𝑑ℎ1|ℎ1|
⎞⎟⎟⎠
1∕𝑞1

and

‖𝑓‖(2)
𝛼,𝑝,𝑞

∶= ‖𝑓‖𝑝 +

(
∫
ℝ

ℎ
−𝛼1𝑞1
1 ‖𝛿1

ℎ1
𝑓‖𝑞1

𝑝

𝑑ℎ1|ℎ1|
) 1

𝑞1
+

(
∫
𝕋

ℎ
−𝛼2𝑞2
2 ‖𝛿2

ℎ2
𝑓‖𝑞2

𝑝

𝑑ℎ2|ℎ2|
) 1

𝑞2

+

(
∫
ℝ

|ℎ1|−𝛼1𝑞1(∫
𝕋

|ℎ2|−𝛼2𝑞2‖□ℎ1,ℎ2𝑓‖𝑞2𝑝 𝑑ℎ2|ℎ2|
)𝑞1∕𝑞2 𝑑ℎ1|ℎ1|

)1∕𝑞1

for 𝑓 ∈  ′
𝜋2
(ℝ2) with the usual modification if 𝑞1, 𝑞2, 𝑝1 or 𝑝2 is equal to infinity.

It turns out that these norms are equivalent Besov norms with dominating mixed smoothness.

Theorem 3.2. Let 𝛼 = (𝛼1, 𝛼2) ∈ (0, 1)2, 𝑝 = (𝑝1, 𝑝2) ∈ [1,∞]2 and 𝑞 = (𝑞1, 𝑞2) ∈ [1,∞]2. Then, ‖ ⋅ ‖(1)
𝛼,𝑝,𝑞

, ‖ ⋅ ‖(2)
𝛼,𝑝,𝑞

and‖ ⋅ ‖𝛼,𝑝,𝑞 are equivalent norms on the space 𝐵𝛼
𝑝,𝑞

(ℝ × 𝕋), that is,

‖𝑓‖𝛼,𝑝,𝑞 ≲ ‖𝑓‖(2)
𝛼,𝑝,𝑞

≲ ‖𝑓‖(1)
𝛼,𝑝,𝑞

≲ ‖𝑓‖𝛼,𝑝,𝑞, for 𝑓 ∈  ′
𝜋2
(ℝ2) ∩ 𝐿𝑝(ℝ × 𝕋).

Furthermore, one can replace the integral domains in definitions of ‖ ⋅ ‖(1)
𝛼,𝑝,𝑞

and ‖ ⋅ ‖(2)
𝛼,𝑝,𝑞

by ℎ1, ℎ2 ∈ [−1, 1].

Remark 3.3. A straightforward modification of our proof yields an analogous characterization of (non-periodic) Besov
spaces with dominating mixed smoothness onℝ2 by replacing the torus by the real line in the definitions of ‖𝑓‖(1)𝛼̄,𝑝̄,𝑞̄ and‖𝑓‖(2)𝛼̄,𝑝̄,𝑞̄.

3.1 Proof of Theorem 3.2

Before we prove Theorem 3.2, we provide several auxiliary results.
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NIKOLAEV et al. 11

Lemma 3.4. For any 𝑓 ∈  ′
𝜋2
(ℝ2), 𝑗1, 𝑗2 ≥ −1 and some 𝑎 > 0 the maximal function is defined as

𝑓∗
𝑗1,𝑗2

(𝑥) ∶= sup
𝑦∈ℝ2

|Δ𝑗1,𝑗2𝑓(𝑥 − 𝑦)|
1 + (22𝑗1 |𝑦1|2 + 22𝑗2 |𝑦2|2)𝑎∕2 , 𝑥 ∈ ℝ2. (3.1)

Then, we have for all 𝑘1, 𝑘2 ≥ −1 and 𝑝̄ ∈ [1,∞]2 that

sup|ℎ1|≤2−𝑘1 ,|ℎ2|≤2−𝑘2 ‖□(ℎ1,ℎ2)(Δ𝑗1,𝑗2𝑓)‖𝑝̄ ≲ min(1, 2(𝑗1−𝑘1))min(1, 2(𝑗2−𝑘2))‖𝑓∗
𝑗1,𝑗2

‖𝑝̄,
sup|ℎ1|≤2−𝑘1 ‖𝛿ℎ1(Δ𝑗1,𝑗2𝑓)‖𝑝̄ ≲ min(1, 2(𝑗1−𝑘1))‖𝑓∗

𝑗1,𝑗2
‖𝑝̄,

sup|ℎ2|≤2−𝑘2 ‖𝛿ℎ2(Δ𝑗1,𝑗2𝑓)‖𝑝̄ ≲ min(1, 2(𝑗2−𝑘2))‖𝑓∗
𝑗1,𝑗2

‖𝑝̄.
Remark 3.5. The function 𝑓∗

𝑗1,𝑗2
is periodic in the second component. Therefore, the 𝐿𝑝̄-norms in Lemma 3.4 are well-

defined.

Proof. Step 1: We prove in the case 𝑗𝑖 ≤ 𝑘𝑖, 𝑖 ∈ {0, 1} that

|□(ℎ1,ℎ2)(Δ𝑗1,𝑗2𝑓)(𝑥)| ≲ 2(𝑗1−𝑘1)+(𝑗2−𝑘2)𝑓∗
𝑗1,𝑗2

(𝑥), 𝑥 ∈ ℝ2.

For |ℎ𝑖| ≤ 2−𝑘𝑖 we estimate

|□(ℎ1,ℎ2)(Δ𝑗1,𝑗2𝑓)(𝑥)|
≤ 2−𝑘2

|||∫ 1

0

(
𝜕2(Δ𝑗1,𝑗2𝑓)(𝑥1 + ℎ1, 𝑥2 + 𝑡ℎ2) − 𝜕2(Δ𝑗1,𝑗2𝑓)(𝑥1, 𝑥2 + 𝑡ℎ2)

)
d𝑡
|||

≤ 2−(𝑘1+𝑘2) ∫
1

0
∫

1

0

|𝜕1𝜕2(Δ𝑗1,𝑗2𝑓)(𝑥1 + 𝑡1ℎ1, 𝑥2 + 𝑡2ℎ2)| d𝑡2 d𝑡1
≤ 2−(𝑘1+𝑘2) sup|𝑧𝑖|≤2−𝑘𝑖 ,𝑖=1,2 |𝜕1𝜕2(Δ𝑗1,𝑗2𝑓)(𝑥1 − 𝑧1, 𝑥2 − 𝑧2)|
≲ 2−(𝑘1+𝑘2) sup|𝑧𝑖|≤2−𝑘𝑖 ,𝑖=1,2

|𝜕1𝜕2(Δ𝑗1,𝑗2𝑓)(𝑥1 − 𝑧1, 𝑥2 − 𝑧2)|
1 + (22𝑗1 |𝑧1|2 + 22𝑗2 |𝑧2|2)𝑎∕2

≤ 2−(𝑘1+𝑘2) sup
𝑧∈ℝ2

|𝜕1𝜕2(Δ𝑗1,𝑗2𝑓)(𝑥1 − 𝑧1, 𝑥2 − 𝑧2)|
1 + (22𝑗1 |𝑧1|2 + 22𝑗2 |𝑧2|2)𝑎∕2 , (3.2)

where we have used 𝑗𝑖 ≤ 𝑘𝑖 in the fourth step. In order to estimate the supremum we proceed similar to Lemma 2.3. Let
𝜓 be a smooth compactly supported function satisfying 𝜓(𝜉) = 1 on the support of 𝜌. Setting Ψ ∶= −1[𝜓 ⊗ 𝜓] ∈ (ℝ2),
we have

Δ𝑗1,𝑗2𝑓 = −1
[
(𝜌𝑗1 ⊗ 𝜌𝑗2)(𝑓)

(
𝜓(2−𝑗1 ⋅) ⊗ 𝜓(2−𝑗2 ⋅)

)]
= Δ𝑗1,𝑗2𝑓 ∗ −1[𝜓(2−𝑗1 ⋅) ⊗ 𝜓(2−𝑗2 ⋅)]

= Δ𝑗1,𝑗2𝑓 ∗
(
2(𝑗1+𝑗2)Ψ(2𝑗1 ⋅, 2𝑗2 ⋅)

)
.
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12 NIKOLAEV et al.

Therefore,

|𝜕1𝜕2(Δ𝑗1,𝑗2𝑓)(𝑥1 − 𝑧1, 𝑥2 − 𝑧2)|
=

|||22(𝑗1+𝑗2) ∫
ℝ2

Δ𝑗1,𝑗2𝑓(𝑦)𝜕1𝜕2Ψ
(
2𝑗1(𝑥1 − 𝑧1 − 𝑦1), 2

𝑗2(𝑥2 − 𝑧2 − 𝑦2)
)
d𝑦

|||
≲ 22(𝑗1+𝑗2) ∫

ℝ2

|Δ𝑗1,𝑗2𝑓(𝑥1 − 𝑦1, 𝑥2 − 𝑦2)|(1 + 22𝑗1 |𝑦1 − 𝑧1|2 + 22𝑗2 |𝑦2 − 𝑧2|2)−𝑏 d𝑦

≤ 22(𝑗1+𝑗2)𝑓∗
𝑗1,𝑗2

(𝑥)∫
ℝ2

(
1 + (22𝑗1 |𝑦1|2 + 22𝑗2 |𝑦2|2) 𝑎2 )(1 + 22𝑗1 |𝑦1 − 𝑧1|2 + 22𝑗2 |𝑦2 − 𝑧2|2)−𝑏 d𝑦

with some arbitrary large 𝑏 > 1. Next, applying the triangle inequality, we find

1 + (|2𝑗1𝑦1|2 + |2𝑗2𝑦2|2)𝑎∕2 ≲ (1 + (|2𝑗1𝑧1|2 + |2𝑗2𝑧2|2)𝑎∕2)(1 + 22𝑗1 |𝑦1 − 𝑧1|2 + 22𝑗2 |𝑦2 − 𝑧2|2)𝑎∕2,
and therefore we can estimate the supremum in (3.2) as follows:

sup
𝑧∈ℝ2

𝜕1𝜕2(Δ𝑗1,𝑗2𝑓)(𝑥1 − 𝑧1, 𝑥2 − 𝑧2)

1 + (|2𝑗1𝑧1|2 + |2𝑗2𝑧2|2)𝑎∕2
≲ 22(𝑗1+𝑗2)𝑓∗

𝑗1,𝑗2
(𝑥) sup

𝑧∈ℝ2 ∫ℝ2

(1 + 2𝑗1 |𝑦1 − 𝑧1| + 2𝑗2 |𝑦2 − 𝑧2|)−𝑐 d𝑦
≲ 2𝑗1+𝑗2𝑓∗

𝑗1,𝑗2
(𝑥)∫

ℝ2

(1 + |𝑦1| + |𝑦2|)−𝑐 d𝑦
for 𝑐 = 𝑏 − 𝑎∕2 which can be arbitrary large. Since the integral is finite, Step 1 is completed by combining the last line
with (3.2).
Step 2: If 𝑗1 > 𝑘1 and 𝑗2 ≤ 𝑘2 we show that

|□(ℎ1,ℎ2)(Δ𝑗1,𝑗2𝑓)(𝑥)| ≲ 2𝑗2−𝑘2
(
𝑓∗
𝑗1,𝑗2

(𝑥1 + ℎ1, 𝑥2) + 𝑓∗
𝑗1,𝑗2

(𝑥1, 𝑥2)
)
.

Applying the same arguments in second coordinate only, we get for arbitrary 𝑏 > 1

|□(ℎ1,ℎ2)(Δ𝑗1,𝑗2𝑓)(𝑥)|
≤ |(Δ𝑗1,𝑗2𝑓)(𝑥1 + ℎ1, 𝑥2 + ℎ2) − (Δ𝑗1,𝑗2𝑓)(𝑥1 + ℎ1, 𝑥2)|

+ |(Δ𝑗1,𝑗2𝑓)(𝑥1, 𝑥2 + ℎ2) − (Δ𝑗1,𝑗2𝑓)(𝑥1, 𝑥2)|[−3𝑝𝑡]
≲ 2−𝑘2 sup

𝑧2∈ℝ

|𝜕2(Δ𝑗1,𝑗2𝑓)(𝑥1 + ℎ1, 𝑥2 − 𝑧2)|
1 + (22𝑗2 |𝑧2|2)𝑎∕2 + 2−𝑘2 sup

𝑧2∈ℝ

|𝜕2(Δ𝑗1,𝑗2𝑓)(𝑥1, 𝑥2 − 𝑧2)|
1 + (22𝑗2 |𝑧2|2)𝑎∕2

≲ 2𝑗1+2𝑗2−𝑘2
(
𝑓∗
𝑗1,𝑗2

(𝑥1 + ℎ1, 𝑥2) + 𝑓∗
𝑗1,𝑗2

(𝑥1, 𝑥2)
)

sup
𝑧2∈ℝ

∫
ℝ2

1 + (22𝑗1 |𝑦1|2 + 22𝑗2 |𝑦2|2)𝑎∕2
1 + (22𝑗2 |𝑧2|2)𝑎∕2 (1 + 22𝑗1 |𝑦1|2 + 22𝑗2 |𝑦2 − 𝑧2|2)−𝑏∕2 𝑑𝑦

≲ 2𝑗1+2𝑗2−𝑘2
(
𝑓∗
𝑗1,𝑗2

(𝑥1 + ℎ1, 𝑥2) + 𝑓∗
𝑗1,𝑗2

(𝑥1, 𝑥2)
)

sup
𝑧2∈ℝ

∫
ℝ2

(
1 + 22𝑗1 |𝑦1|2 + 22𝑗2 |𝑦2 − 𝑧2|2)𝑎∕2(1 + 22𝑗1 |𝑦1|2 + 22𝑗2 |𝑦2 − 𝑧2|2)−𝑏∕2 𝑑𝑦

≲ 2𝑗2−𝑘2
(
𝑓∗
𝑗1,𝑗2

(𝑥1 + ℎ1, 𝑥2) + 𝑓∗
𝑗1,𝑗2

(𝑥1, 𝑥2)
)
∫
ℝ2

(1 + |𝑦1| + |𝑦2|)−𝑐 𝑑𝑦.
The analog statement holds true for the case 𝑗1 ≤ 𝑘1, 𝑗2 > 𝑘2.
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NIKOLAEV et al. 13

Step 3: We conclude the first inequality of the lemma.
First note, that in the case 𝑗𝑖 > 𝑘𝑖 for 𝑖 ∈ {1, 2}we can use the translation invariance of the Lebesgue measure onℝ × 𝕋

such that we obtain

‖𝑓∗
𝑗1,𝑗2

‖𝑝̄ ≥ sup
𝑦∈ℝ2

‖Δ𝑗1,𝑗2𝑓(⋅ − 𝑦)‖𝑝̄
1 + (2𝑗1 |𝑦1| + 2𝑗2 |𝑦2|)𝑎

= sup
𝑦∈ℝ2

‖Δ𝑗1,𝑗2𝑓‖𝑝̄
1 + (2𝑗1 |𝑦1| + 2𝑗2 |𝑦2|)𝑎 = ‖Δ𝑗1,𝑗2𝑓‖𝑝̄,

which proves the assertion using the triangle inequality. Next, the case 𝑗𝑖 ≤ 𝑘𝑖 for 𝑖 ∈ {1, 2} follows from Step 1, while the
case 𝑗1 > 𝑘1 and 𝑗2 ≤ 𝑘2 follows from Step 2 by taking 𝐿𝑝̄-norm on both sides. Similarly, for 𝑗1 ≤ 𝑘1 and 𝑗2 > 𝑘2.
Step 4: We conclude the second and third inequalities.
For |ℎ1| ≤ 2−𝑘1 and 𝑗1 ≤ 𝑘1, we have

|𝛿ℎ1 | ≤ 2−𝑘1

1

∫
0

𝜕1(Δ𝑗1,𝑗2𝑓)(𝑥1 + ℎ1𝑡, 𝑥2)𝑑𝑡

≤ 2−𝑘1 sup|𝑧1|≤2−𝑘1 𝜕1(Δ𝑗1,𝑗2𝑓)(𝑥1 − 𝑧1, 𝑥2).

But at this moment we can repeat the arguments from Steps 1 and 2 to obtain

sup|ℎ1|≤2−𝑘1 ‖𝛿ℎ1(Δ𝑗1,𝑗2𝑓)‖𝑝̄ ≲ 2(𝑗1−𝑘1)‖𝑓∗
𝑗1,𝑗2

‖𝑝̄.
Moreover, for 𝑗1 > 𝑘1 the triangle inequality (see Step 3) implies

sup|ℎ1|≤2−𝑘1 ‖𝛿ℎ1(Δ𝑗1,𝑗2𝑓)‖𝑝̄ ≲ ‖𝑓∗
𝑗1,𝑗2

‖𝑝̄.
Consequently, applying similar arguments for 𝛿ℎ2𝑓 we conclude the lemma. □

Lemma 3.6. Let Ω ⊆ ℝ2 be a compact set, 𝑝̄ = (𝑝1, 𝑝2) ∈ [1,∞]2 and 𝑟 ∈ (0, 1). Assume further that 𝑔 ∈ 𝐿𝑝(ℝ × 𝕋) ∩

 ′
𝜋2
(ℝ2) satisfies supp𝑔 ⊆ Ω. Then, the following inequality holds:

‖‖‖ sup
𝑦∈ℝ2

𝑔(⋅ − 𝑦)

1 + |𝑦|2∕𝑟 ‖‖‖𝑝 ≲ ‖𝑔‖𝑝.
Remark 3.7. The function 𝑔 should be interpreted as a periodic function in the second component defined on ℝ2. This
way the assumption supp𝑔 ⊆ Ω is reasonable in the sense of distributions.

Proof. Let 𝑓 ∈ 𝐿𝑝(ℝ × 𝕋) and 𝑥 = (𝑥1, 𝑥2). We define the iterated maximal function

𝑀(𝑓)(𝑥) ∶= sup
𝐼1∈1

1|𝐼1| ∫𝐼1 sup
𝐼2∈2

1|𝐼1| ∫𝐼2 |𝑓(𝑧1, 𝑧2)|𝑑𝑧1𝑑𝑧2,
where 𝑘 denotes the set of all intervals containing 𝑥𝑘.
Step 1: We first show that the inequality

sup
𝑦∈ℝ2

|𝜑(𝑥 − 𝑦)|
1 + |𝑦|2∕𝑟 ≲ (𝑀(|𝜑|𝑟)(𝑥)) 1𝑟 (3.3)
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14 NIKOLAEV et al.

holds for 𝜑 ∈ (ℝ2) with supp𝜑 ⊆ Ω and all 𝑥 ∈ ℝ2. Denote the cube around the origin with side length 𝑙 ∈ (0, 1] by
𝑄𝑙 ∶= [−𝑙, 𝑙] × [−𝑙, 𝑙]. For any continuous differentiable function ℎ which is defined on𝑄1 the mean value theorem yields

|ℎ(𝑎)| ≲ inf
𝑧∈𝑄1

|ℎ(𝑧)| + sup
𝑧∈𝑄1

|∇ℎ(𝑧)| ≲ (
∫
𝑄1

|ℎ(𝑧)|𝑟 d𝑧)
1

𝑟

+ sup
𝑧∈𝑄1

|∇ℎ(𝑧)|, 𝑎 ∈ 𝑄1.

A simple scaling argument shows that for all functions ℎ, which are continuously differentiable on 𝑄𝑙, we have

|ℎ(0)| = |ℎ(𝑙 ⋅ 0)| ≲ 𝑙
−

2

𝑟

(
∫
𝑄𝑙

|ℎ(𝑧)|𝑟 d𝑧)
1

𝑟

+ 𝑙 sup
𝑧∈𝑄𝑙

|∇ℎ(𝑧)|.
Next, let us fix 𝑥, 𝑦 ∈ ℝ2, 𝑙 ∈ (0, 1) and set ℎ(𝑎) ∶= 𝜑(𝑥 − 𝑦 − 𝑎). We also denote by 𝑄𝑥−𝑦

𝑙
the cube with side length 𝑙

and center 𝑥 − 𝑦. Then, using the previous inequality, we find

|𝜑(𝑥 − 𝑦)| = |ℎ(0)| ≲ 𝑙
−

2

𝑟

(
∫
𝑄𝑙

|ℎ(𝑧)|𝑟 d𝑧)
1

𝑟

+ 𝑙 sup
𝑧∈𝑄𝑙

|∇ℎ(𝑧)|
= 𝑙

−
2

𝑟

(
∫
𝑄𝑙

|𝜑(𝑥 − 𝑦 − 𝑧)|𝑟𝑑𝑧)
1

𝑟

+ 𝑙 sup
𝑧∈𝑄𝑙

|∇𝜑(𝑥 − 𝑦 − 𝑧)|.
Now, the integral on the right-hand side can be bounded by

(
∫
𝑄
𝑥−𝑦
1

|𝜑(𝑧)|𝑟𝑑𝑧)
1

𝑟

=

(
∫
[𝑥1−𝑦1−1,𝑥1−𝑦1+1]

∫
[𝑥2−𝑦2−1,𝑥2−𝑦2+1]

|𝜑(𝑧)|𝑟𝑑𝑧2𝑑𝑧2)
1

𝑟

≤
(
∫
[𝑥1−|𝑦1|−1,𝑥1+|𝑦1|+1] ∫[𝑥2−|𝑦2|−1,𝑥2+|𝑦2|+1] |𝜑(𝑧)|𝑟𝑑𝑧2𝑑𝑧2

) 1

𝑟

≤ (4(1 + |𝑦1|)(1 + |𝑦2|)) 1𝑟 (𝑀(|𝜑|𝑟)(𝑥)) 1𝑟
≲ (1 + |𝑦|2∕𝑟)(𝑀(|𝜑|𝑟)(𝑥)) 1𝑟 ,

where in the last step we used the inequality

(1 + |𝑦1|) 1𝑟 (1 + |𝑦2|) 1𝑟 ≤ (1 + |𝑦|) 2𝑟 ≲ (1 + |𝑦| 2𝑟 ).
As a result, dividing by (1 + |𝑦|2∕𝑟) and then taking the supremum over 𝑦 ∈ ℝ2 we obtain

sup
𝑦∈ℝ2

|𝜑(𝑥 − 𝑦)|
1 + |𝑦|2∕𝑟 ≲ 𝑙

−
2

𝑟 (𝑀(|𝜑|𝑟)(𝑥)) 1𝑟 + 𝑙 sup
𝑦∈ℝ2

|∇𝜑(𝑥 − 𝑦)|
1 + |𝑦|2∕𝑟 .

The assumptions on 𝜑 allow us to insert [33, Theorem 1.3.1], that is,

sup
𝑦∈ℝ2

|∇𝜑(𝑥 − 𝑦)|
1 + |𝑦|2∕𝑟 ≲ sup

𝑦∈ℝ2

|𝜑(𝑥 − 𝑦)|
1 + |𝑦|2∕𝑟
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NIKOLAEV et al. 15

in the previous inequality in order to obtain

sup
𝑦∈ℝ2

|𝜑(𝑥 − 𝑦)|
1 + |𝑦|2∕𝑟 ≲ 𝑙

−
2

𝑟 (𝑀(|𝜑|𝑟)(𝑥)) 1𝑟 + 𝑙 sup
𝑦∈ℝ2

|𝜑(𝑥 − 𝑦)|
1 + |𝑦|2∕𝑟 .

Choosing 𝑙 > 0 small enough and absorbing the term on the right-hand side proves (3.3).
Step 2: In this step, we want to prove the claim of the lemma. For 𝑝 = ∞, the claim is obvious. For 1 ≤ 𝑝𝑖 < ∞ let

𝜓 ∈ (ℝ2) with 𝜓(0) = 1 and supp𝜓 ⊆ 𝐵1(0). Define 𝑔𝜏(𝑥) ∶= 𝜓(𝜏𝑥)𝑔(𝑥) ∈ (ℝ2) and observe that the function 𝑔𝜏(𝑥)

is in (ℝ2) by the Paley–Wiener–Schwartz theorem. Then, since the Fourier transformation transforms products of two
functions into convolutions we have supp𝑔𝜏 ⊆ 𝐵diam(Ω)+1(0). Consequently, (3.3) implies

sup
𝑦∈ℝ2

|𝑔𝜏(𝑥 − 𝑦)|
1 + |𝑦|2∕𝑟 ≲ (𝑀(|𝑔𝜏|𝑟)(𝑥)) 1𝑟 ≲ (𝑀(|𝑔|𝑟)(𝑥)) 1𝑟 . (3.4)

Moreover, 𝑔𝜏 converges in 𝐿∞ to 𝑔 as 𝜏 → 0. Indeed, let 𝜑̃ be a Schwartz function such that 𝜑̃ = 1 on 𝐵diam(Ω)+1(0). Then,
we have

𝑔𝜏(𝑥) − 𝑔𝜏′(𝑥) = −1(𝑔𝜏 𝜑̃ − 𝑔𝜏′ 𝜑̃)(𝑥) = −1((𝑔𝜏 ∗ 𝜑̃) − (𝑔𝜏′ ∗ 𝜑̃))(𝑥) = (𝑔𝜏 − 𝑔𝜏′) ∗ 𝜑̃(𝑥).

By Young’s inequality and dominated convergence, this implies that the family (𝑔𝜏, 𝜏 > 0) is a Cauchy sequence in 𝐿∞.
Hence, it converges to some 𝑔 ∈ 𝐿∞. By the fundamental lemma of calculus of variations, it is straightforward to show
that 𝑔 = 𝑔 almost everywhere. Hence, after taking 𝜏 → 0 in (3.4), we integrate both sides to find

‖‖‖ sup
𝑦∈ℝ2

𝑔(⋅ − 𝑦)

1 + |𝑦|2∕𝑟 ‖‖‖𝑝 ≲ ‖(𝑀(|𝑔|𝑟)) 1𝑟 ‖𝑝.
Since 𝑝𝑖∕𝑟 > 1 we can apply [13, Theorem 2.16] (after reducing it to the ℝ2 case in the style of [27, Proposition 3.2.4.]),

which states that the iterated maximal function is a bounded operator from 𝐿
𝑝

𝑟 → 𝐿
𝑝

𝑟 , and we obtain

‖‖‖ sup
𝑦∈ℝ2

𝑔(⋅ − 𝑦)

1 + |𝑦|2∕𝑟 ‖‖‖𝑝 ≲ ‖𝑔‖𝑝,
which proves the lemma. □

Corollary 3.8. For 𝑎 > 2 and 𝑝̄ ∈ [1,∞]2, the function 𝑓∗
𝑗1,𝑗2

from (3.1) satisfies

‖𝑓∗
𝑗1,𝑗2

‖𝑝̄ ≤ 𝑐 ‖Δ𝑗1,𝑗2𝑓‖𝑝̄,
for a constant 𝑐 > 0 that does not depend on 𝑓, 𝑗1, 𝑗2.

Proof. Rescaling Δ𝑗1,𝑗2𝑓, we define

𝑔𝑗1,𝑗2 (𝑥1, 𝑥2) ∶= Δ𝑗1,𝑗2𝑓(2
−𝑗1𝑥1, 2

−𝑗2𝑥2)

such that the Fourier transform of 𝑔𝑗1,𝑗2 is supported in [−𝐶, 𝐶]
2 for some fixed𝐶 depending only on 𝜌. Then, we calculate

‖𝑓∗
𝑗1,𝑗2

‖
𝑝̄
=

⎛⎜⎜⎜⎝∫ℝ
⎛⎜⎜⎝∫𝕋 sup

𝑦∈ℝ2

|Δ𝑗1,𝑗2𝑓(𝑥 − 𝑦)|𝑝2
(1 + (22𝑗1 |𝑦1|2 + 22𝑗2 |𝑦2|2)𝑎∕2)𝑝2 𝑑𝑥2

⎞⎟⎟⎠
𝑝1∕𝑝2

𝑑𝑥1

⎞⎟⎟⎟⎠
1∕𝑝1
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16 NIKOLAEV et al.

≲

⎛⎜⎜⎜⎝∫ℝ
⎛⎜⎜⎝∫𝕋 sup

𝑦∈ℝ2

|𝑔𝑗1,𝑗2 (2𝑗1𝑥1 − 2𝑗1𝑦1, 2
𝑗2𝑥2 − 2𝑗2𝑦2)|𝑝2

(1 + (22𝑗1 |𝑦1|2 + 22𝑗2 |𝑦2|2)𝑎∕2)𝑝2 𝑑𝑥2

⎞⎟⎟⎠
𝑝1∕𝑝2

𝑑𝑥1

⎞⎟⎟⎟⎠
1∕𝑝1

=

⎛⎜⎜⎜⎝∫ℝ
⎛⎜⎜⎝∫𝕋 sup

𝑦∈ℝ2

|𝑔𝑗1,𝑗2 (2𝑗1𝑥1 − 𝑦1, 2
𝑗2𝑥2 − 𝑦2)|𝑝2

(1 + |𝑦1|2 + |𝑦2|2)𝑎∕2)𝑝2 𝑑𝑥2

⎞⎟⎟⎠
𝑝1∕𝑝2

𝑑𝑥1

⎞⎟⎟⎟⎠
1∕𝑝1

≤
⎛⎜⎜⎝∫ℝ

(
∫
𝕋

sup
𝑦∈ℝ2

|𝑔𝑗1,𝑗2 (2𝑗1𝑥1 − 𝑦1, 2
𝑗2𝑥2 − 𝑦2)|𝑝2

(1 + |𝑦|𝑎)𝑝2 𝑑𝑥2

)𝑝1∕𝑝2

𝑑𝑥1

⎞⎟⎟⎠
1∕𝑝1

≤
(
∫
ℝ

(
∫
𝕋

𝑀(|𝑔|𝑟) 𝑝2𝑟 (2𝑗1𝑥1, 2𝑗2𝑥2)𝑑𝑥2)𝑝1∕𝑝2

𝑑𝑥1

)1∕𝑝1

=

(
∫
ℝ

(
∫
𝕋

𝑀(|Δ𝑗1,𝑗2𝑓|𝑟) 𝑝2𝑟 (𝑥1, 𝑥2)𝑑𝑥2)𝑝1∕𝑝2

𝑑𝑥1

)1∕𝑝1

≲ ‖Δ𝑗1,𝑗2𝑓‖𝑝̄,
where we used inequality (3.4) with 𝑟 =

2

𝑎
, 𝑟 ≤ min(𝑝1, 𝑝2) in the fifth step and the strong continuity of the maximal

operator similar to Lemma 3.6. □

Lemma3.9. Let 𝑝̄ ∈ [1,∞]2. For every𝑓 ∈ 𝐿𝑝̄(ℝ × 𝕋) there exists a sequence (𝑔𝑗1,𝑗2 )𝑗1,𝑗2≥1 ⊂ 𝐿𝑝(ℝ × 𝕋)with supp𝑔𝑗1,𝑗2 ⊆
{𝜉 ∈ ℝ2 ∶ |𝜉1| ≤ 2𝑗1 and |𝜉2| ≤ 2𝑗2} such that lim𝑗1∧𝑗2→∞ 𝑔𝑗1,𝑗2 = 𝑓 in  ′(ℝ2). Furthermore, there is a constant 𝑐 such that

‖𝑔□
𝑗1,𝑗2

‖𝑝̄ ≤ 𝑐 sup|𝑟𝑖|≤2−𝑗𝑖 ‖□𝑟𝑓‖𝑝̄, (3.5)

‖𝑔𝑗1,1 − 𝑔𝑗1−1,1‖𝑝̄ ≤ 𝑐 sup|𝑟1|≤2−𝑗1 ‖𝛿𝑟1𝑓‖𝑝̄, (3.6)

‖𝑔1,𝑗2 − 𝑔1,𝑗2−1‖𝑝̄ ≤ 𝑐 sup|𝑟2|≤2−𝑗2 ‖𝛿𝑟2𝑓‖𝑝̄, (3.7)

for 𝑗1, 𝑗2 ≥ 2, and

𝑔
□
𝑗1,𝑗2

∶= 𝑔𝑗1,𝑗2 − 𝑔𝑗1−1,𝑗2 − 𝑔𝑗1,𝑗2−1 + 𝑔𝑗1−1,𝑗2−1.

Proof. Step 1:We showa first estimate of ‖𝑔□
𝑗1,𝑗2

‖𝑝̄ in terms of ‖□𝑟𝑓‖𝑝̄. To this end,we generalize the approach by [19, Chap-
ter 5.2.1] to the rectangular increments. Let 𝐾 ∶ ℝ → ℝ be a Schwartz function with smooth Fourier transform supported
in [−1, 1] and ∫ 𝐾𝑏(𝑥) d𝑥 = 1. Set 𝐾𝑎 ∶= 𝑎−1𝐾(𝑎−1⋅) for 𝑎 > 0. Then, for 𝑏1, 𝑏2 ∈ (0, 1), the function

𝑔𝑏1,𝑏2(𝑥) ∶= (𝐾𝑏1 ⊗ 𝐾𝑏2) ∗ 𝑓

satisfies supp𝑔𝑏1,𝑏2 ⊆ {𝜉 ∈ ℝ2 ∶ |𝜉1| ≤ 𝑏−11 and |𝜉2| ≤ 𝑏−12 } as well as the convergence to 𝑓 in  ′(ℝ2) for 𝑏1 ∨ 𝑏2 → 0.
Furthermore, the sequence is periodic in the second component, which follows by a simple calculation. Choosing 𝑏 =

(2−𝑗1 , 2−𝑗2), we obtain the sequence (𝑔𝑗1,𝑗2 )𝑗1,𝑗2≥1 and the first part of the lemma. Now, for the second part we notice that
for ℎ = (ℎ1, ℎ2) we have

𝐾2−𝑗𝑖 (ℎ𝑖) = 2𝑗𝑖𝐾(2𝑗1ℎ𝑖) = 22𝑗𝑖−1𝐾(22𝑗1−1ℎ𝑖) = 2𝐾2−(𝑗𝑖−1) (2ℎ𝑖)
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NIKOLAEV et al. 17

for 𝑖 = 1, 2. Hence, we can compute the following:

(𝐾2−(𝑗1−1) ⊗ 𝐾2−𝑗2 ) ∗ 𝑓 = ∫
ℝ2

𝐾2−(𝑗1−1) (ℎ1)𝐾2−𝑗2 (ℎ2)𝑓(𝑥1 − ℎ1, 𝑥2 − ℎ2)𝑑ℎ1𝑑ℎ2

= ∫
ℝ2

2𝐾2−(𝑗1−1) (2ℎ1)𝐾2−𝑗2 (ℎ2)𝑓(𝑥1 − 2ℎ1, 𝑥2 − ℎ2)𝑑ℎ1𝑑ℎ2

= ∫
ℝ2

𝐾2−𝑗𝑖 (ℎ1)𝐾2−𝑗2 (ℎ2)𝑓(𝑥1 − 2ℎ1, 𝑥2 − ℎ2)𝑑ℎ1𝑑ℎ2.

In a similar manner, we obtain

(𝐾2−𝑗1 ⊗ 𝐾2−(𝑗2−1) ) ∗ 𝑓 = ∫
ℝ2

𝐾2−𝑗𝑖 (ℎ1)𝐾2−𝑗2 (ℎ2)𝑓(𝑥1 − ℎ1, 𝑥2 − 2ℎ2)𝑑ℎ1𝑑ℎ2

and

(𝐾2−(𝑗1−1) ⊗ 𝐾2−(𝑗2−1) ) ∗ 𝑓 = ∫
ℝ2

𝐾2−𝑗𝑖 (ℎ1)𝐾2−𝑗2 (ℎ2)𝑓(𝑥1 − 2ℎ1, 𝑥2 − 2ℎ2)𝑑ℎ1𝑑ℎ2.

Consequently, we find

𝑔
□
𝑗1,𝑗2

= (𝐾2−𝑗1 ⊗ 𝐾2−𝑗2 ) ∗ 𝑓 − (𝐾2−(𝑗1−1) ⊗ 𝐾2−𝑗2 ) ∗ 𝑓 − (𝐾2−𝑗1 ⊗ 𝐾2−(𝑗2−1) ) ∗ 𝑓

+ (𝐾2−(𝑗1−1) ⊗ 𝐾2−(𝑗2−1) ) ∗ 𝑓

= ∫
ℝ2

𝐾2−𝑗𝑖 (ℎ1)𝐾2−𝑗2 (ℎ2)(𝑓(𝑥1 − ℎ1, 𝑥2 − ℎ2)

− 𝑓(𝑥1 − 2ℎ1, 𝑥2 − ℎ2) − 𝑓(𝑥1 − ℎ1, 𝑥2 − 2ℎ2) + 𝑓(𝑥1 − 2ℎ1, 𝑥2 − 2ℎ2))𝑑ℎ1𝑑ℎ2

= ∫
ℝ2

𝐾2−𝑗𝑖 (−ℎ1)𝐾2−𝑗2 (−ℎ2)(𝑓(𝑥1 + ℎ1, 𝑥2 + ℎ2)

− 𝑓(𝑥1 + 2ℎ1, 𝑥2 + ℎ2) − 𝑓(𝑥1 + ℎ1, 𝑥2 + 2ℎ2) + 𝑓(𝑥1 + 2ℎ1, 𝑥2 + 2ℎ2))𝑑ℎ1𝑑ℎ2

= ∫
ℝ2

𝐾2−𝑗𝑖 (−ℎ1)𝐾2−𝑗2 (−ℎ2)□ℎ𝑓(𝑥1 + ℎ1, 𝑥2 + ℎ2)𝑑ℎ1𝑑ℎ2.

Next, Minkowski’s integral inequality yields

‖𝑔□
𝑗1,𝑗2

‖𝑝̄ =

(
∫
ℝ

(
∫
𝕋

|||∫
ℝ2

(𝐾2−𝑗1 ⊗ 𝐾2−𝑗2 )(−ℎ)□ℎ𝑓(𝑥1 + ℎ1, 𝑥2 + ℎ2)𝑑ℎ
|||𝑝2𝑑𝑥2

)𝑝1∕𝑝2

𝑑𝑥1

) 1

𝑝1

≤
⎛⎜⎜⎝∫ℝ

(
∫
ℝ2

|(𝐾𝑏1 ⊗ 𝐾𝑏2)(−ℎ)|(∫
𝕋

||□ℎ𝑓(𝑥1 + ℎ1, 𝑥2 + ℎ2)||𝑝2𝑑𝑥2)1∕𝑝2

𝑑ℎ

)𝑝1

𝑑𝑥1

⎞⎟⎟⎠
1

𝑝1

≤ ∫
ℝ2

|(𝐾2−𝑗1 ⊗ 𝐾2−𝑗2 )(−ℎ)|‖□ℎ𝑓(⋅ + ℎ1, ⋅ + ℎ2)‖𝑝̄𝑑ℎ
= ∫

ℝ2

|(𝐾2−𝑗1 ⊗ 𝐾2−𝑗2 )(−ℎ)|‖□ℎ𝑓‖𝑝̄𝑑ℎ
≤ ∫

ℝ2

|(𝐾2−𝑗1 ⊗ 𝐾2−𝑗2 )(−ℎ)| sup|𝑟𝑖|≤|ℎ𝑖| ‖□𝑟𝑓‖𝑝̄𝑑ℎ
= ∫

ℝ2

|(𝐾 ⊗ 𝐾)(−ℎ)| sup|𝑟𝑖|≤2−𝑗𝑖 |ℎ𝑖| ‖□𝑟𝑓‖𝑝̄𝑑ℎ.
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18 NIKOLAEV et al.

Step 2: We will prove (3.5). In order to estimate sup|𝑟𝑖|≤2−𝑗𝑖 |ℎ𝑖| ‖□𝑟𝑓‖𝑝̄ in the previous line, we need to establish the
following property:

sup|𝑟𝑖|≤ℎ𝑖𝑙𝑖 ‖□(𝑟1,𝑟2)𝑓‖𝑝̄ ≤ (1 + ℎ1)(1 + ℎ2) sup|𝑟𝑖|≤𝑙𝑖 ‖□(𝑟1,𝑟2)𝑓‖𝑝̄ (3.8)

for ℎ = (ℎ1, ℎ2), 𝑙 = (𝑙1, 𝑙2) ∈ (0,∞)2 and 𝑓 ∈ 𝐿𝑝(ℝ2). First, we note that, for integers 𝑛1, 𝑛2 ∈ ℕ and |𝑟𝑖| ≤ 𝑛𝑖𝑙𝑖 , we obtain
with 𝑟𝑖 ∶= 𝑟𝑖∕𝑛𝑖 for 𝑖 = 1, 2 that

‖□(𝑟1,𝑟2)𝑓‖𝑝̄ =‖𝛿𝑟2(𝑓(⋅ + 𝑟1, ⋅) − 𝑓(⋅, ⋅))‖𝑝̄
=‖𝛿𝑟2(𝑓(⋅ + 𝑟1𝑛𝑖, ⋅) − 𝑓(⋅, ⋅))‖𝑝̄
=
‖‖‖𝛿𝑟2

(
𝑛1∑
𝑗=1

𝑓(⋅ + 𝑗𝑟1, ⋅) − 𝑓(⋅ + (𝑗 − 1)𝑟1, ⋅)

)‖‖‖𝑝̄
≤

𝑛1∑
𝑗=1

‖𝛿𝑟2(𝑓(⋅ + 𝑗𝑟1, ⋅) − 𝑓(⋅ + (𝑗 − 1)𝑟1, ⋅))‖𝑝̄
=𝑛1‖𝛿𝑟2(𝑓(⋅ + 𝑟1, ⋅) − 𝑓(⋅, ⋅))‖𝑝̄
=𝑛1‖𝛿𝑟1(𝑓(⋅, ⋅ + 𝑛2𝑟2) − 𝑓(⋅, ⋅))‖𝑝̄
≤𝑛1

𝑛2∑
𝑗=1

‖𝛿𝑟1(𝑓(⋅, ⋅ + 𝑗𝑟2) − 𝑓(⋅, ⋅ + (𝑗 − 1)𝑟2)‖𝑝̄
=𝑛1𝑛2

‖‖‖□(𝑟1,𝑟2)𝑓
‖‖‖𝑝̄.

Hence, sup|𝑟𝑖|≤𝑛𝑖𝑙𝑖 ‖□(𝑟1,𝑟2)𝑓‖𝑝̄ ≤ 𝑛1𝑛2 sup|𝑟𝑖|≤𝑙𝑖 ‖□(𝑟1,𝑟2)𝑓‖𝑝̄. Using this estimate, we deduce (3.8) as follows:
sup|𝑟𝑖|≤ℎ𝑖𝑙𝑖 ‖□(𝑟1,𝑟2)𝑓‖𝑝̄ ≤ sup|𝑟𝑖|≤⌈ℎ𝑖⌉𝑙𝑖 ‖□(𝑟1,𝑟2)𝑓‖𝑝̄

≤ ⌈ℎ1⌉⌈ℎ2⌉ sup|𝑟𝑖|≤𝑙𝑖 ‖□(𝑟1,𝑟2)𝑓‖𝑝̄
≤ (1 + ℎ1)(1 + ℎ2) sup|𝑟𝑖|≤𝑙𝑖 ‖□(𝑟1,𝑟2)𝑓‖𝑝̄,

where ⌈𝑧⌉ ∶= inf {𝑛 ∈ ℕ ∶ 𝑛 ≥ 𝑧} for 𝑧 ∈ ℝ. In combination with Step 1 we conclude

‖𝑔□
𝑗1,𝑗2

‖𝑝̄ ≤ ∫
ℝ2

|(𝐾 ⊗ 𝐾)(−ℎ)| sup|𝑟𝑖|≤2−𝑗𝑖 |ℎ𝑖| ‖□𝑟𝑓‖𝑝̄𝑑ℎ
≤ ∫

ℝ2

|(𝐾 ⊗ 𝐾)(−ℎ)|(1 + |ℎ1|)(1 + |ℎ2|) sup|𝑟𝑖|≤2−𝑗𝑖 ‖□𝑟𝑓‖𝑝̄𝑑ℎ
= sup|𝑟𝑖|≤2−𝑗𝑖 ‖□𝑟𝑓‖𝑝̄(∫

ℝ

𝐾(ℎ)(1 + |ℎ|)𝑑ℎ)2

.

Since 𝐾 is rapidly decaying the last integral is finite and the estimate (3.5) is done.
Step 3: We want to show (3.6) and (3.7). We use the same representation as before, namely

(𝐾2−(𝑗1−1) ⊗ 𝐾2−1) ∗ 𝑓 = ∫
ℝ2

𝐾2−𝑗𝑖 (ℎ1)𝐾2−1(ℎ2)𝑓(𝑥1 − 2ℎ1, 𝑥2 − ℎ2)𝑑ℎ1𝑑ℎ2
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NIKOLAEV et al. 19

to obtain

𝑔𝑗1,1 − 𝑔𝑗1−1,1 = (𝐾2−(𝑗1) ⊗ 𝐾2−1) ∗ 𝑓 − (𝐾2−(𝑗1−1) ⊗ 𝐾2−1) ∗ 𝑓

= ∫
ℝ2

𝐾2−𝑗1 (ℎ1)𝐾2−1(ℎ2)(𝑓(𝑥1 − ℎ1, 𝑥2 − ℎ2) − 𝑓(𝑥1 − 2ℎ1, 𝑥2 − ℎ2))𝑑ℎ1𝑑ℎ2

= ∫
ℝ2

𝐾2−𝑗1 (−ℎ1)𝐾2−1(−ℎ2)𝛿ℎ1𝑓(𝑥1 + ℎ1, 𝑥2 + ℎ2)𝑑ℎ1𝑑ℎ2.

Again, applying Minkowski’s integral inequality and a variable transformation in 𝑥1 we find

‖𝑔𝑗1,1 − 𝑔𝑗1−1,1‖𝑝̄ ≤ ∫
ℝ2

|(𝐾2−𝑗1 ⊗ 𝐾2−1)(−ℎ)|‖𝛿ℎ1𝑓‖𝑝̄𝑑ℎ
≲ ∫

ℝ

|(𝐾2−𝑗1 (−ℎ1)|‖𝛿ℎ1𝑓‖𝑝̄𝑑ℎ1
≤ ∫

ℝ

|𝐾(−ℎ1)| sup|𝑟1|≤2−𝑗1 |ℎ1| ‖𝛿𝑟1𝑓‖𝑝̄𝑑ℎ1.
Analogously to (3.8) or using [19, Chapter 4.2, Eq. (8)] we have

sup|𝑟1|≤2−𝑗1 |ℎ1| ‖𝛿𝑟1𝑓‖𝑝̄ ≤ (1 + |ℎ1|) sup|𝑟1|≤2−𝑗1 ‖𝛿𝑟1𝑓‖𝑝̄.
Hence, we obtain

‖𝑔𝑗1,1 − 𝑔𝑗1−1,1‖𝑝̄ ≤ sup|𝑟1|≤2−𝑗1 ‖𝛿𝑟1𝑓‖𝑝̄ ∫ℝ |𝐾(−ℎ1)|(1 + |ℎ1|)𝑑ℎ.
As before, the integral on the right-hand side is finite since 𝐾 is rapidly decreasing and therefore (3.6) is proved. In the
same way, we can verify (3.7). □

With these auxiliary lemmata at hand we can prove our main theorem.

Proof of Theorem 3.2. Step 1: We show ‖𝑓‖(1)𝛼̄,𝑝̄,𝑞̄ ≲ ‖𝑓‖𝛼̄,𝑝̄,𝑞̄ for all 𝑓 ∈ 𝐵𝛼
𝑝,𝑞

(ℝ × 𝕋).
Let 𝑓 ∈ 𝐵𝛼̄

𝑝̄,𝑞̄(ℝ × 𝕋) with anisotropic Littlewood–Paley decomposition 𝑓 =
∑

𝑗,𝑘≥−1 Δ𝑗,𝑘𝑓. Due to Lemma 2.4, we first
note that 𝑓 ∈ 𝐿𝑝(ℝ × 𝕋) and ‖𝑓‖𝑝̄ ≲ ‖𝑓‖𝛼̄𝑝̄,𝑞̄.
By the triangle inequality and Lemma 3.4, we can bound

sup|𝑟𝑖|≤2−𝑘𝑖 ‖□𝑟1,𝑟2𝑓‖𝑝̄ = sup|𝑟𝑖|≤2−𝑘𝑖
(
∫
ℝ

(
∫
𝕋

|□(𝑟1,𝑟2)𝑓(𝑥1, 𝑥2)|𝑝2𝑑𝑥2)𝑝1∕𝑝2

𝑑𝑥1

)1∕𝑝1

≤ ∑
𝑗1,𝑗2≥−1

sup|𝑟𝑖|≤2−𝑘𝑖 ‖□(𝑟1,𝑟2)(Δ𝑗1,𝑗2𝑓)‖𝑝̄
≲

∑
𝑗1,𝑗2≥−1

min(1, 2(𝑗1−𝑘1))min(1, 2(𝑗2−𝑘2))‖𝑓∗
𝑗1,𝑗2

‖𝑝̄.
Discretizing the integrals, we have

⎛⎜⎜⎝∫ℝ |ℎ1|−𝛼1𝑞1(∫
𝕋

|ℎ2|−𝛼2𝑞2 sup|𝑟1|≤|ℎ1|,|𝑟2|≤ℎ2 ‖□𝑟1,𝑟2𝑓‖𝑞2𝑝 𝑑ℎ2|ℎ2|
)𝑞1∕𝑞2

𝑑ℎ1|ℎ1|
⎞⎟⎟⎠
1∕𝑞1
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20 NIKOLAEV et al.

≲
⎛⎜⎜⎝

∞∑
𝑘1=0

2𝛼1𝑞1𝑘1

(
∞∑

𝑘2=0

2𝛼2𝑞2𝑘2 sup|𝑟𝑖|≤2−𝑘𝑖 ‖□𝑟1,𝑟2𝑓‖𝑞2𝑝̄
)𝑞1∕𝑞2⎞⎟⎟⎠

1∕𝑞1

≲

⎛⎜⎜⎜⎝
∞∑

𝑘1=0

2𝛼1𝑞1𝑘1
⎛⎜⎜⎝

∞∑
𝑘2=0

2𝛼2𝑞2𝑘2

(
𝑘1∑

𝑗1=−1

𝑘2∑
𝑗2=−1

2(𝑗1−𝑘1)+(𝑗2−𝑘2)‖𝑓∗
𝑗1,𝑗2

‖𝑝̄)𝑞2⎞⎟⎟⎠
𝑞1∕𝑞2⎞⎟⎟⎟⎠

1∕𝑞1

+

⎛⎜⎜⎜⎝
∞∑

𝑘1=0

2𝛼1𝑞1𝑘1
⎛⎜⎜⎝

∞∑
𝑘2=0

2𝛼2𝑞2𝑘2

(
𝑘1∑

𝑗1=−1

∑
𝑗2>𝑘2

2(𝑗1−𝑘1)‖𝑓∗
𝑗1,𝑗2

‖𝑝̄)𝑞2⎞⎟⎟⎠
𝑞1∕𝑞2⎞⎟⎟⎟⎠

1∕𝑞1

+

⎛⎜⎜⎜⎝
∞∑

𝑘1=0

2𝛼1𝑞1𝑘1
⎛⎜⎜⎝

∞∑
𝑘2=0

2𝛼2𝑞2𝑘2

( ∑
𝑗1>𝑘1

𝑘2∑
𝑗2=−1

2(𝑗2−𝑘2)‖𝑓∗
𝑗1,𝑗2

‖𝑝̄)𝑞2⎞⎟⎟⎠
𝑞1∕𝑞2⎞⎟⎟⎟⎠

1∕𝑞1

+

⎛⎜⎜⎜⎝
∞∑

𝑘1=0

2𝛼1𝑞1𝑘1
⎛⎜⎜⎝

∞∑
𝑘2=0

2𝛼2𝑞2𝑘2

( ∑
𝑗1>𝑘1

∑
𝑗2>𝑘2

‖𝑓∗
𝑗1,𝑗2

‖𝑝̄)𝑞2⎞⎟⎟⎠
𝑞1∕𝑞2⎞⎟⎟⎟⎠

1∕𝑞1

=∶ 𝑇1 + 𝑇2 + 𝑇3 + 𝑇4.

For some 𝜀 ∈ (0,min{1 − 𝛼1, 1 − 𝛼2}), we can bound with Jensen’s inequality (or Hölder inequality)

𝑇
𝑞1
1 =

∞∑
𝑘1=0

⎛⎜⎜⎝
∞∑

𝑘2=0

(
𝑘1∑

𝑗1=−1

𝑘2∑
𝑗2=−1

2((1−𝛼1)(𝑗1−𝑘1)+(1−𝛼2)(𝑗2−𝑘2))2(𝛼1𝑗1+𝛼2𝑗2)‖𝑓∗
𝑗1,𝑗2

‖𝑝̄)𝑞2⎞⎟⎟⎠
𝑞1
𝑞2

≲

∞∑
𝑘1=0

(
∞∑

𝑘2=0

𝑘1∑
𝑗1=−1

𝑘2∑
𝑗2=−1

2((1−𝛼1−𝜀)(𝑗1−𝑘1)+(1−𝛼2−𝜀)(𝑗2−𝑘2))𝑞22(𝛼1𝑗1+𝛼2𝑗2)𝑞2‖𝑓∗
𝑗1,𝑗2

‖𝑞2𝑝̄
) 𝑞1

𝑞2

=

∞∑
𝑘1=0

(
𝑘1∑

𝑗1=−1

2(1−𝛼1−𝜀)(𝑗1−𝑘1)𝑞22𝛼1𝑗1𝑞2
∞∑

𝑗2=0

∑
𝑗2≤𝑘2

2(1−𝛼2−𝜀)(𝑗2−𝑘2)𝑞22𝛼2𝑗2𝑞2‖𝑓∗
𝑗1,𝑗2

‖𝑞2𝑝̄
) 𝑞1

𝑞2

≲

∞∑
𝑘1=0

(
𝑘1∑

𝑗1=−1

2(1−𝛼1−𝜀)(𝑗1−𝑘1)𝑞22𝛼1𝑗1𝑞2
‖‖‖(2𝛼2𝑗2‖𝑓∗

𝑗1,𝑗2
‖𝑝̄)

𝑗2

‖‖‖𝑞2𝓁𝑞2
)𝑞1∕𝑞2

≲
‖‖‖
(
2𝛼1𝑗1

‖‖‖(2𝛼2𝑗2‖𝑓∗
𝑗1,𝑗2

‖𝑝̄)
𝑗2

‖‖‖𝓁𝑞2
)
𝑗1

‖‖‖𝑞1𝓁𝑞1 .
Moreover, for some 𝜀 ∈ (0,min{1 − 𝛼1, 𝛼2}) we have

𝑇
𝑞1
2 =

∞∑
𝑘1=0

⎛⎜⎜⎝
∞∑

𝑘2=0

(
𝑘1∑

𝑗1=−1

∑
𝑗2>𝑘2

2((1−𝛼1)(𝑗1−𝑘1)−𝛼2(𝑗2−𝑘2))2(𝛼1𝑗1+𝛼2𝑗2)‖𝑓∗
𝑗1,𝑗2

‖𝑝̄)𝑞2⎞⎟⎟⎠
𝑞1
𝑞2
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≲

∞∑
𝑘1=0

(
𝑘1∑

𝑗1=−1

2(1−𝛼1−𝜀)(𝑗1−𝑘1)𝑞22𝛼1𝑗1𝑞2
∞∑

𝑗2=−1

𝑗2−1∑
𝑘2=−1

2−(𝛼2−𝜀)(𝑗2−𝑘2)𝑞22𝛼2𝑗2𝑞2‖𝑓∗
𝑗1,𝑗2

‖𝑞2𝑝̄
) 𝑞1

𝑞2

=

∞∑
𝑘1=0

(
𝑘1∑

𝑗1=−1

2(1−𝛼1−𝜀)(𝑗1−𝑘1)𝑞22𝛼1𝑗1𝑞2
‖‖‖(2𝛼2𝑗2‖𝑓∗

𝑗1,𝑗2
‖𝑝̄)

𝑗2

‖‖‖𝑞2𝓁𝑞2
) 𝑞1

𝑞2

≲
‖‖‖
(
2𝛼1𝑗1

‖‖‖(2𝛼2𝑗2‖𝑓∗
𝑗1,𝑗2

‖𝑝̄)
𝑗2

‖‖‖𝓁𝑞2
)
𝑗1

‖‖‖𝑞1𝓁𝑞1 .
The remaining two terms can be estimated analogously. Therefore, we get

⎛⎜⎜⎝∫ℝ |ℎ1|−𝛼1𝑞1(∫
𝕋

|ℎ2|−𝛼2𝑞2 sup|𝑟1|≤|ℎ1|,|𝑟2|≤ℎ2 ‖□𝑟1,𝑟2𝑓‖𝑞2𝑝 𝑑ℎ2|ℎ2|
)𝑞1∕𝑞2

𝑑ℎ1|ℎ1|
⎞⎟⎟⎠
1∕𝑞1

≲
‖‖‖
(
2𝛼1𝑗1

‖‖‖(2𝛼2𝑗2‖𝑓∗
𝑗1,𝑗2

‖𝑝̄)
𝑗2

‖‖‖𝓁𝑞2
)
𝑗1

‖‖‖𝓁𝑞1 .
For the increments in the one direction, we discretize the one-dimensional integral and apply Lemma 3.4 to find

(
∫
ℝ

ℎ
−𝛼1𝑞1
1 sup|𝑟1|≤|ℎ1| ‖𝛿ℎ1𝑓‖𝑞1𝑝̄ 𝑑ℎ1|ℎ1|

) 1

𝑞1

≲

(
∞∑

𝑘1=0

2𝛼1𝑘1𝑞1 sup|𝑟1|≤2−𝑘1 ‖𝛿ℎ1𝑓‖𝑞1𝑝̄
) 1

𝑞1

≲
⎛⎜⎜⎝

∞∑
𝑘1=0

2𝛼1𝑘1𝑞1

(
∞∑

𝑗1=−1

∞∑
𝑗2=−1

min(1, 2(𝑗1−𝑘1))‖𝑓∗
𝑗1,𝑗2

‖𝑝̄)𝑞1⎞⎟⎟⎠
1

𝑞1

≲
⎛⎜⎜⎝

∞∑
𝑘1=0

2𝛼1𝑘1𝑞1

(
𝑘1∑

𝑗1=−1

∞∑
𝑗2=−1

2(𝑗1−𝑘1)‖𝑓∗
𝑗1,𝑗2

‖𝑝̄)𝑞1⎞⎟⎟⎠
1

𝑞1

+
⎛⎜⎜⎝

∞∑
𝑘1=0

2𝛼1𝑘1𝑞1

(
∞∑

𝑗1=𝑘1+1

∞∑
𝑗2=−1

‖𝑓∗
𝑗1,𝑗2

‖𝑝̄)𝑞1⎞⎟⎟⎠
1

𝑞1

.

In order to treat the first term, we fix some 𝜀 ∈ (0, 1 − 𝛼1). Then, we get

⎛⎜⎜⎝
∞∑

𝑘1=0

2𝛼1𝑘1𝑞1

(
∞∑

𝑗2=−1

𝑘1∑
𝑗1=−1

2(𝑗1−𝑘1)‖𝑓∗
𝑗1,𝑗2

‖𝑝̄)𝑞1⎞⎟⎟⎠
1

𝑞1

≤
⎛⎜⎜⎜⎝

∞∑
𝑘1=0

2𝛼1𝑘1𝑞1
⎛⎜⎜⎝

∞∑
𝑗2=−1

(
𝑘1∑

𝑗1=−1

2𝑗2𝛼22(𝑗1−𝑘1)‖𝑓∗
𝑗1,𝑗2

‖𝑝̄)𝑞2⎞⎟⎟⎠
𝑞1
𝑞2
⎞⎟⎟⎟⎠

1

𝑞1 (
∞∑

𝑗2=−1

2
−𝛼2

𝑞2
𝑞2−1

𝑗2

) 𝑞2−1

𝑞2
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≲

⎛⎜⎜⎜⎝
∞∑

𝑘1=0

⎛⎜⎜⎜⎝
𝑘1∑

𝑗1=−1

2𝛼1𝑘12(𝑗1−𝑘1)

(
∞∑

𝑗2=−1

(
2𝑗2𝛼2‖𝑓∗

𝑗1,𝑗2
‖𝑝̄)𝑞2

) 1

𝑞2
⎞⎟⎟⎟⎠
𝑞1⎞⎟⎟⎟⎠

1

𝑞1

=

⎛⎜⎜⎜⎝
∞∑

𝑘1=0

⎛⎜⎜⎜⎝
𝑘1∑

𝑗1=−1

2𝛼1𝑗12(1−𝛼1−𝜀)(𝑗1−𝑘1)2𝜀(𝑗1−𝑘1)

(
∞∑

𝑗2=−1

(
2𝑗2𝛼2‖𝑓∗

𝑗1,𝑗2
‖𝑝̄)𝑞2

) 1

𝑞2
⎞⎟⎟⎟⎠
𝑞1⎞⎟⎟⎟⎠

1

𝑞1

≲

⎛⎜⎜⎜⎝
∞∑

𝑘1=0

𝑘1∑
𝑗1=−1

2𝛼1𝑗1𝑞12(1−𝛼1−𝜀)(𝑗1−𝑘1)𝑞1

(
∞∑

𝑗2=−1

(
2𝑗2𝛼2‖𝑓∗

𝑗1,𝑗2
‖𝑝̄)𝑞2

) 𝑞1
𝑞2
⎞⎟⎟⎟⎠

1

𝑞1

=

⎛⎜⎜⎜⎝
∞∑

𝑗1=−1

2𝛼1𝑗1𝑞1

(
∞∑

𝑗2=−1

(
2𝑗2𝛼2‖𝑓∗

𝑗1,𝑗2
‖𝑝̄)𝑞2

) 𝑞1
𝑞2
⎞⎟⎟⎟⎠

1

𝑞1 (
∞∑

𝑘1=𝑗1

2−(1−𝛼1−𝜀)𝑘1−𝑗1𝑞1

) 1

𝑞1

≲

⎛⎜⎜⎜⎝
∞∑

𝑗1=−1

2𝛼1𝑗1𝑞1

(
∞∑

𝑗2=−1

(
2𝑗2𝛼2‖𝑓∗

𝑗1,𝑗2
‖𝑝̄)𝑞2

) 𝑞1
𝑞2
⎞⎟⎟⎟⎠

1

𝑞1

,

where we used Hölder’s inequality in the first and fourth steps and the triangle inequality in the second step. Similar, for
some 𝜀 ∈ (0, 𝛼1) we can estimate the second term as follows:

⎛⎜⎜⎝
∞∑

𝑘1=0

2𝛼1𝑘1𝑞1

(
∞∑

𝑗1=𝑘1+1

∞∑
𝑗2=−1

‖𝑓∗
𝑗1,𝑗2

‖𝑝̄)𝑞1⎞⎟⎟⎠
1

𝑞1

≲

⎛⎜⎜⎜⎝
∞∑

𝑘1=0

2𝛼1𝑘1𝑞1
⎛⎜⎜⎝

∞∑
𝑗2=−1

(
∞∑

𝑗1=𝑘1+1

2𝑗2𝛼2‖𝑓∗
𝑗1,𝑗2

‖𝑝̄)𝑞2⎞⎟⎟⎠
𝑞1
𝑞2
⎞⎟⎟⎟⎠

1

𝑞1

≤
⎛⎜⎜⎜⎝

∞∑
𝑘1=0

⎛⎜⎜⎜⎝
∞∑

𝑗1=𝑘1+1

2𝛼1𝑘1

(
∞∑

𝑗2=−1

2𝑗2𝛼2𝑞2‖𝑓∗
𝑗1,𝑗2

‖𝑞2𝑝̄
) 1

𝑞2
⎞⎟⎟⎟⎠
𝑞1⎞⎟⎟⎟⎠

1

𝑞1

=

⎛⎜⎜⎜⎝
∞∑

𝑘1=0

⎛⎜⎜⎜⎝
∞∑

𝑗1=𝑘1+1

2𝛼1𝑗12−(𝛼1−𝜀)(𝑗1−𝑘1)2−𝜀(𝑗1−𝑘1)

(
∞∑

𝑗2=−1

2𝑗2𝛼2𝑞2‖𝑓∗
𝑗1,𝑗2

‖𝑞2𝑝̄
) 1

𝑞2
⎞⎟⎟⎟⎠
𝑞1⎞⎟⎟⎟⎠

1

𝑞1

≲

⎛⎜⎜⎜⎝
∞∑

𝑘1=0

∞∑
𝑗1=𝑘1+1

2𝛼1𝑗1𝑞12−(𝛼1−𝜀)(𝑗1−𝑘1)𝑞1

(
∞∑

𝑗2=−1

2𝑗2𝛼2𝑞2‖𝑓∗
𝑗1,𝑗2

‖𝑞2𝑝̄
) 𝑞1

𝑞2
⎞⎟⎟⎟⎠

1

𝑞1
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≤
⎛⎜⎜⎜⎝

∞∑
𝑗1=−1

2𝛼1𝑗1𝑞1

(
∞∑

𝑗2=−1

2𝑗2𝛼2𝑞2‖𝑓∗
𝑗1,𝑗2

‖𝑞2𝑝̄
) 𝑞1

𝑞2
⎞⎟⎟⎟⎠

1

𝑞1 (
∞∑

𝑘1=0

2−(𝛼1−𝜀)𝑘1𝑞1

) 1

𝑞1

≲

⎛⎜⎜⎜⎝
∞∑

𝑗1=−1

2𝛼1𝑗1𝑞1

(
∞∑

𝑗2=−1

2𝑗2𝛼2𝑞2‖𝑓∗
𝑗1,𝑗2

‖𝑞2𝑝̄
) 𝑞1

𝑞2
⎞⎟⎟⎟⎠

1

𝑞1

,

where we used Hölder’s inequality in the first and fourth steps and the triangle inequality in the second step. Hence, we
arrive at

(
∫
ℝ

ℎ
−𝛼1𝑞1
1 ‖𝛿ℎ1𝑓‖𝑞1𝑝̄ 𝑑ℎ1|ℎ1|

) 1

𝑞1
≲

‖‖‖
(
2𝛼1𝑗1

‖‖‖(2𝛼2𝑗2‖𝑓∗
𝑗1,𝑗2

‖𝑝̄)
𝑗2

‖‖‖𝓁𝑞2
)
𝑗1

‖‖‖𝓁𝑞1 .
Performing the analogously steps with the integrand 𝛿ℎ2𝑓 and combining these estimations with Corollary 3.8, we
conclude

‖𝑓‖(1)𝛼̄,𝑝̄,𝑞̄ ≲ ‖𝑓‖𝑝̄ +
‖‖‖
(
2𝛼1𝑗1

‖‖‖(2𝛼2𝑗2‖𝑓∗
𝑗1,𝑗2

‖𝑝̄)
𝑗2

‖‖‖𝓁𝑞2
)
𝑗1

‖‖‖𝓁𝑞1
≲

‖‖‖
(
2𝛼1𝑗1

‖‖‖(2𝛼2𝑗2‖Δ𝑗1,𝑗2𝑓‖𝑝̄)𝑗2‖‖‖𝓁𝑞2
)
𝑗1

‖‖‖𝓁𝑞1 = ‖𝑓‖𝛼̄,𝑝̄,𝑞̄ .
Step 2: We prove ‖𝑓‖𝛼,𝑝,𝑞 ≲ ‖𝑓‖(1)

𝛼,𝑝,𝑞
, which shows together with Step 1 the equivalence of ‖𝑓‖𝛼,𝑝,𝑞 and ‖𝑓‖(1)

𝛼,𝑝,𝑞
.

Let (𝑔𝑗1,𝑗2 )𝑗1,𝑗2≥1 ⊆ 𝐿𝑝(ℝ × 𝕋) be a sequence of functions fulfilling supp𝑔𝑗1,𝑗2 ⊆ {𝜉 ∈ ℝ2 ∶ |𝜉1| ≤ 2𝑗1 and |𝜉2| ≤ 2𝑗2}

and 𝑓 = lim𝑗1∧𝑗2→∞ 𝑔𝑗1,𝑗2 in  ′(ℝ2) as constructed in Lemma 3.9.
Setting 𝑔𝑗1,𝑗2 = 0 if 𝑗1 = 0 or 𝑗2 = 0 we find, for any 𝐽1, 𝐽2 ≥ 1,

𝐽1∑
𝑗1=1

𝐽2∑
𝑗2=1

(𝑔𝑗1,𝑗2 − 𝑔𝑗1−1,𝑗2 − 𝑔𝑗1,𝑗2−1 + 𝑔𝑗1−1,𝑗2−1) =

𝐽1∑
𝑗1=1

(𝑔𝑗1,𝐽2 − 𝑔𝑗1,0 − 𝑔𝑗1−1,𝐽2 + 𝑔𝑗1−1,0)

=

𝐽1∑
𝑗1=1

(𝑔𝑗1,𝐽2 − 𝑔𝑗1−1,𝐽2 ) = 𝑔𝐽1,𝐽2 .

Consequently, we can write 𝑓 as a telescope sum

𝑓 =

∞∑
𝑗1=1

∞∑
𝑗2=1

(𝑔𝑗1,𝑗2 − 𝑔𝑗1−1,𝑗2 − 𝑔𝑗1,𝑗2−1 + 𝑔𝑗1−1,𝑗2−1) =

∞∑
𝑗1=1

∞∑
𝑗2=1

𝑔
□
𝑗1,𝑗2

with

𝑔
□
𝑗1,𝑗2

∶= 𝑔𝑗1,𝑗2 − 𝑔𝑗1−1,𝑗2 − 𝑔𝑗1,𝑗2−1 + 𝑔𝑗1−1,𝑗2−1.

Next, let 𝑘1, 𝑘2 ≥ −1 be the indices from the Littlewood–Paley characterization. Then, the convergence of the telescope
sum in  ′(ℝ2) implies

‖Δ𝑘1,𝑘2𝑓‖𝑝̄ =
‖‖‖ ∞∑
𝑗1=1

∞∑
𝑗2=1

Δ𝑘1,𝑘2

(
𝑔
□
𝑗1,𝑗2

)‖‖‖𝑝̄ ≤
∞∑

𝑗1=1

∞∑
𝑗2=1

‖‖Δ𝑘1,𝑘2

(
𝑔
□
𝑗1,𝑗2

)‖‖𝑝̄.
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24 NIKOLAEV et al.

As previously, 𝑔□
𝑗1,𝑗2

∈ 𝐿𝑝(ℝ × 𝕋) implies the periodicity in the second component of the Littlewood–Paley block

Δ𝑘1,𝑘2

(
𝑔
□
𝑗1,𝑗2

)
and therefore the 𝐿𝑝-norm is well-defined. Now, the idea is to split the double sum into four terms

∞∑
𝑗1=1

∞∑
𝑗2=1

‖‖Δ𝑘1,𝑘2𝑔
□
𝑗1,𝑗2

‖‖𝑝̄
= ‖‖Δ𝑘1,𝑘2𝑔

□
1,1

‖‖𝑝̄ +

∞∑
𝑗1=2

‖‖Δ𝑘1,𝑘2𝑔
□
𝑗1,1

‖‖𝑝̄ +

∞∑
𝑗2=2

‖‖Δ𝑘1,𝑘2𝑔
□
1,𝑗2

‖‖𝑝̄ +

∞∑
𝑗1=2

∞∑
𝑗2=2

‖‖Δ𝑘1,𝑘2𝑔
□
𝑗1,𝑗2

‖‖𝑝̄
= ‖‖Δ𝑘1,𝑘2𝑔1,1

‖‖𝑝̄ +

∞∑
𝑗1=2

‖‖Δ𝑘1,𝑘2(𝑔𝑗1,1 − 𝑔𝑗1−1,1)
‖‖𝑝̄

+

∞∑
𝑗2=2

‖‖Δ𝑘1,𝑘2(𝑔1,𝑗2 − 𝑔1,𝑗2−1)
‖‖𝑝̄ +

∞∑
𝑗1=2

∞∑
𝑗2=2

‖‖Δ𝑘1,𝑘2𝑔
□
𝑗1,𝑗2

‖‖𝑝̄
and to analyze each one individually. More precisely, we want to estimate them in the 𝓁𝑞1(𝓁𝑞2) norm. By no surprise each
term is going to correspond to one term in ‖𝑓‖(1)

𝛼,𝑝,𝑞
. Before we start with each term, let us make the following observation.

For some 𝑓 ∈ 𝐿𝑝(ℝ × 𝕋), we have

‖‖Δ𝑘1,𝑘2

(
𝑓
)‖‖𝑝̄ = ‖‖−1

[
(𝜌𝑘1 ⊗ 𝜌𝑘2

]
∗ 𝑓‖‖𝑝̄

≤ ‖‖−1
[
(𝜌𝑘1 ⊗ 𝜌𝑘2)

]‖‖𝐿1(ℝ2)
‖‖𝑓‖‖𝑝̄ = ‖−1[𝜌]‖2

𝐿1(ℝ)
‖‖𝑓‖‖𝑝̄ ≲ ‖‖𝑓‖‖𝑝̄, (3.9)

where we used Young inequality for 𝐿𝑝(ℝ × 𝕋) (Lemma 2.1) in the second step.
Let us now start with the first term. By Lemma 3.9 we have supp𝑔1,1 ⊆ 𝑄2, where 𝑄2 is a cube with side length 2

centered at the origin. Therefore, by the support of the Littlewood–Paley decomposition we have

‖‖Δ𝑘1,𝑘2𝑔1,1
‖‖𝑝̄ = ‖‖−1((𝜌𝑘1 ⊗ 𝜌𝑘2)𝑔1,1)‖‖𝑝̄ = 0 for 𝑘1 ≥ 2 or 𝑘2 ≥ 2.

Together with (3.9) and an application of Young’s inequality for 𝐿𝑝(ℝ × 𝕋) we find

⎛⎜⎜⎜⎝
∞∑

𝑘1=−1

2𝛼1𝑞1𝑘1

(
∞∑

𝑘2=−1

2𝛼2𝑞2𝑘2‖‖Δ𝑘1,𝑘2𝑔1,1
‖‖𝑞2𝑝̄

) 𝑞1
𝑞2
⎞⎟⎟⎟⎠

1

𝑞1

=

⎛⎜⎜⎜⎝
1∑

𝑘1=−1

2𝛼1𝑞1𝑘1

(
1∑

𝑘2=−1

2𝛼2𝑞2𝑘2‖‖Δ𝑘1,𝑘2𝑔1,1
‖‖𝑞2𝑝̄

) 𝑞1
𝑞2
⎞⎟⎟⎟⎠

1

𝑞1

≲ ‖‖𝑔1,1‖‖𝑝̄ = ‖‖(𝐾1 ⊗ 𝐾1) ∗ 𝑓‖‖𝑝̄ ≤
(
∫
ℝ

|𝐾1(ℎ)|𝑑ℎ)2‖‖𝑓‖‖𝑝̄ ≲ ‖‖𝑓‖‖𝑝̄. (3.10)

This completes the treatment of the first term.
For the second term, we note that by the support of the Littlewood–Paley decomposition and supp𝑔𝑗1,1 ⊆ {𝜉 ∈ ℝ2 ∶|𝜉1| ≤ 2𝑗1 and |𝜉2| ≤ 2} we have

‖‖Δ𝑘1,𝑘2(𝑔𝑗1,1 − 𝑔𝑗−1,1)‖‖𝑝̄ = ‖‖−1((𝜌𝑘1 ⊗ 𝜌𝑘2)((𝑔𝑗1,1 − 𝑔𝑗−1,1)))‖‖𝑝̄ = 0
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NIKOLAEV et al. 25

for 𝑘1 ≥ 𝑗1 + 2 or 𝑘2 ≥ 2. Consequently, we have

⎛⎜⎜⎜⎝
∞∑

𝑘1=−1

2𝛼1𝑞1𝑘1
⎛⎜⎜⎝

∞∑
𝑘2=−1

2𝛼2𝑞2𝑘2

(
∞∑

𝑗1=2

‖‖Δ𝑘1,𝑘2(𝑔𝑗1,1 − 𝑔𝑗−1,1)‖‖𝑝̄
)𝑞2⎞⎟⎟⎠

𝑞1
𝑞2
⎞⎟⎟⎟⎠

1

𝑞1

≤
⎛⎜⎜⎜⎝

∞∑
𝑘1=−1

2𝛼1𝑞1𝑘1

⎛⎜⎜⎜⎝
∞∑

𝑗1=2

(
1∑

𝑘2=−1

2𝛼2𝑞2𝑘2𝟏{𝑘1−1≤𝑗1}‖‖Δ𝑘1,𝑘2(𝑔𝑗1,1 − 𝑔𝑗−1,1)‖‖𝑞2𝑝̄
) 1

𝑞2
⎞⎟⎟⎟⎠
𝑞1⎞⎟⎟⎟⎠

1

𝑞1

=

⎛⎜⎜⎜⎝
∞∑

𝑘1=−1

2𝛼1𝑞1𝑘1

⎛⎜⎜⎜⎝
∞∑

𝑗1=max(𝑘1−1,2)

(
1∑

𝑘2=−1

2𝛼2𝑞2𝑘2‖‖Δ𝑘1,𝑘2(𝑔𝑗1,1 − 𝑔𝑗−1,1)‖‖𝑞2𝑝̄
) 1

𝑞2
⎞⎟⎟⎟⎠
𝑞1⎞⎟⎟⎟⎠

1

𝑞1

≲

⎛⎜⎜⎜⎝
∞∑

𝑘1=−1

2𝛼1𝑞1𝑘1

⎛⎜⎜⎜⎝
∞∑

𝑗1=max(𝑘1−1,2)

(
1∑

𝑘2=−1

2𝛼2𝑞2𝑘2‖‖𝑔𝑗1,1 − 𝑔𝑗−1,1‖‖𝑞2𝑝̄
) 1

𝑞2
⎞⎟⎟⎟⎠
𝑞1⎞⎟⎟⎟⎠

1

𝑞1

≲
⎛⎜⎜⎝

∞∑
𝑘1=−1

2𝛼1𝑞1𝑘1

(
∞∑

𝑗1=max(𝑘1−1,2)

sup|𝑟1|≤2−𝑗1 ‖𝛿𝑟1𝑓‖𝑝̄
)𝑞1⎞⎟⎟⎠

1

𝑞1

≤
⎛⎜⎜⎝

∞∑
𝑘1=−1

2𝛼1𝑞1𝑘1

(
∞∑

𝑗1=𝑘1−1

sup|𝑟1|≤2−𝑗1 ‖𝛿𝑟1𝑓‖𝑝̄
)𝑞1⎞⎟⎟⎠

1

𝑞1

≤
⎛⎜⎜⎝

∞∑
𝑘1=−1

2𝛼1𝑞1𝑘1

(
∞∑

𝑗1=1

sup|𝑟1|≤2−(𝑗1+𝑘1−2) ‖𝛿𝑟1𝑓‖𝑝̄
)𝑞1⎞⎟⎟⎠

1

𝑞1

≲

∞∑
𝑗1=1

2−𝛼1𝑗1

(
∞∑

𝑘1=−1

2𝛼1𝑞1(𝑘1−2+𝑗1) sup|𝑟1|≤2−(𝑗1+𝑘1−2) ‖𝛿𝑟1𝑓‖𝑞1𝑝̄
) 1

𝑞1

≤
∞∑

𝑗1=1

2−𝛼1𝑗1

(
∞∑

𝑘1=−2

2𝛼1𝑞1𝑘1 sup|𝑟1|≤2−𝑘1 ‖𝛿𝑟1𝑓‖𝑞1𝑝̄
) 1

𝑞1

≲

(
∞∑

𝑘1=−2

2𝛼1𝑞1𝑘1 sup|𝑟1|≤2−𝑘1 ‖𝛿𝑟1𝑓‖𝑞1𝑝̄
) 1

𝑞1

,

where we used (3.9) in the third step and (3.6) in the fourth step. We also utilized multiple times the Fourier support of
the functions as well as multiple index shifts.
Now, a Riemann sum argument reveals that

⎛⎜⎜⎜⎝
∞∑

𝑘1=−1

2𝛼1𝑞1𝑘1

(
∞∑

𝑘2=−1

2𝛼2𝑞2𝑘2
∞∑

𝑗1=2

‖‖Δ𝑘1,𝑘2(𝑔𝑗1,1 − 𝑔𝑗−1,1)‖‖𝑞2𝑝̄
) 𝑞2

𝑞1
⎞⎟⎟⎟⎠

1

𝑞1
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26 NIKOLAEV et al.

≲

(
∫
ℝ

ℎ
−𝛼1𝑞1
1 sup|𝑟1|≤|ℎ1| ‖𝛿1𝑟1𝑓‖𝑞1𝑝 𝑑ℎ1|ℎ1|

) 1

𝑞1

. (3.11)

Going through the same steps with the third term we obtain

⎛⎜⎜⎜⎝
∞∑

𝑘1=−1

2𝛼1𝑞1𝑘1

(
∞∑

𝑘2=−1

2𝛼2𝑞2𝑘2
∞∑

𝑗2=2

‖‖Δ𝑘1,𝑘2(𝑔1,𝑗2 − 𝑔1,𝑗2−1)
‖‖𝑞2𝑝̄

) 𝑞2
𝑞1
⎞⎟⎟⎟⎠

1

𝑞1

≲

(
∫
𝕋

ℎ
−𝛼2𝑞2
2 sup|𝑟2|≤|ℎ2| ‖𝛿1𝑟2𝑓‖𝑞2𝑝 dℎ2|ℎ2|

) 1

𝑞2

. (3.12)

Hence, it remains to estimate the last term in our telescope sum decomposition. Again, we observe that by the support of
the Littlewood–Paley decomposition and supp𝑔𝑗1,𝑗2 ⊆ {𝜉 ∈ ℝ2 ∶ |𝜉1| ≤ 2𝑗1 and |𝜉2| ≤ 2𝑗2} we have

‖‖Δ𝑘1,𝑘2𝑔
□
𝑗1,𝑗2

‖‖𝑝̄ = ‖‖−1((𝜌𝑘1 ⊗ 𝜌𝑘2)𝑔□𝑗1,𝑗2 )‖‖𝑝̄ = 0 for 𝑘1 ≥ 𝑗1 + 2 or 𝑘2 ≥ 𝑗2 + 2.

Therefore, we obtain

⎛⎜⎜⎜⎝
∞∑

𝑘1=−1

2𝛼1𝑞1𝑘1
⎛⎜⎜⎝

∞∑
𝑘2=−1

2𝛼2𝑞2𝑘2

(
∞∑

𝑗1=2

∞∑
𝑗2=2

‖‖Δ𝑘1,𝑘2𝑔
□
𝑗1,𝑗2

‖‖
𝑝̄

)𝑞2⎞⎟⎟⎠
𝑞1
𝑞2
⎞⎟⎟⎟⎠

1

𝑞1

=

⎛⎜⎜⎜⎝
∞∑

𝑘1=−1

2𝛼1𝑞1𝑘1
⎛⎜⎜⎝

∞∑
𝑘2=−1

2𝛼2𝑞2𝑘2

(
∞∑

𝑗1=2

∞∑
𝑗2=2

𝟏{𝑘1−1≤𝑗1}𝟏{𝑘2−1≤𝑗2}‖‖Δ𝑘1,𝑘2𝑔
□
𝑗1,𝑗2

‖‖
𝑝̄

)𝑞2⎞⎟⎟⎠
𝑞1
𝑞2
⎞⎟⎟⎟⎠

1

𝑞1

≲

⎛⎜⎜⎜⎝
∞∑

𝑘1=−1

2𝛼1𝑞1𝑘1
⎛⎜⎜⎝

∞∑
𝑘2=−1

2𝛼2𝑞2𝑘2

(
∞∑

𝑗1=2

∞∑
𝑗2=2

𝟏{𝑘1−1≤𝑗1}𝟏{𝑘2−1≤𝑗2}‖‖𝑔□𝑗1,𝑗2‖‖𝑝̄
)𝑞2⎞⎟⎟⎠

𝑞1
𝑞2
⎞⎟⎟⎟⎠

1

𝑞1

≲

⎛⎜⎜⎜⎝
∞∑

𝑘1=−1

2𝛼1𝑞1𝑘1
⎛⎜⎜⎝

∞∑
𝑘2=−1

2𝛼2𝑞2𝑘2

(
∞∑

𝑗1=2

∞∑
𝑗2=2

𝟏{𝑘1−1≤𝑗1}𝟏{𝑘2−1≤𝑗2} sup|𝑟𝑖|≤2−𝑗𝑖 ‖□𝑟𝑓‖𝑝̄
)𝑞2⎞⎟⎟⎠

𝑞1
𝑞2
⎞⎟⎟⎟⎠

1

𝑞1

≤
⎛⎜⎜⎜⎜⎝

∞∑
𝑘1=−1

2𝛼1𝑞1𝑘1

⎛⎜⎜⎜⎝
∞∑

𝑗1=𝑘1−1

⎛⎜⎜⎝
∞∑

𝑘2=−1

2𝛼2𝑞2𝑘2

(
∞∑

𝑗2=𝑘2−1

sup|𝑟𝑖|≤2−𝑗𝑖 ‖□𝑟𝑓‖𝑝̄)𝑞2⎞⎟⎟⎠
1

𝑞2
⎞⎟⎟⎟⎠
𝑞1⎞⎟⎟⎟⎟⎠

1

𝑞1

≤
⎛⎜⎜⎜⎜⎝

∞∑
𝑘1=−1

2𝛼1𝑞1𝑘1

⎛⎜⎜⎜⎝
∞∑

𝑗1=1

⎛⎜⎜⎝
∞∑

𝑘2=−1

2𝛼2𝑞2𝑘2

(
∞∑

𝑗2=1

sup|𝑟𝑖|≤2−(𝑗𝑖+𝑘𝑖−2) ‖□𝑟𝑓‖𝑝̄)𝑞2⎞⎟⎟⎠
1

𝑞2
⎞⎟⎟⎟⎠
𝑞1⎞⎟⎟⎟⎟⎠

1

𝑞1
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NIKOLAEV et al. 27

≤
∞∑

𝑗1=1

∞∑
𝑗2=1

⎛⎜⎜⎜⎝
∞∑

𝑘1=−1

2𝛼1𝑞1𝑘1
⎛⎜⎜⎝

∞∑
𝑘2=−1

2𝛼2𝑞2𝑘2

(
sup|𝑟𝑖|≤2−(𝑗𝑖+𝑘𝑖−2) ‖□𝑟𝑓‖𝑝̄)𝑞2⎞⎟⎟⎠

𝑞1
𝑞2
⎞⎟⎟⎟⎠

1

𝑞1

≲

∞∑
𝑗1=1

∞∑
𝑗2=1

2−𝛼1𝑗12−𝛼2𝑗2

(
∞∑

𝑘1=−1

2𝛼1𝑞1(𝑗1+𝑘1−2)

(
∞∑

𝑘2=−1

2𝛼2𝑞2(𝑗2+𝑘2−2)

×

(
sup|𝑟𝑖|≤2−(𝑗𝑖+𝑘𝑖−2) ‖□𝑟𝑓‖𝑝̄)𝑞2⎞⎟⎟⎠

𝑞1
𝑞2
⎞⎟⎟⎟⎠

1

𝑞1

≤
∞∑

𝑗1=1

∞∑
𝑗2=1

2−𝛼1𝑗12−𝛼2𝑗2

⎛⎜⎜⎜⎝
∞∑

𝑘1=−2

2𝛼1𝑞1𝑘1
⎛⎜⎜⎝

∞∑
𝑘2=−2

2𝛼2𝑞2𝑘2

(
sup|𝑟𝑖|≤2−𝑘𝑖 ‖□𝑟𝑓‖𝑝̄)𝑞2⎞⎟⎟⎠

𝑞1
𝑞2
⎞⎟⎟⎟⎠

1

𝑞1

≲

⎛⎜⎜⎜⎝
∞∑

𝑘1=−2

2𝛼1𝑞1𝑘1
⎛⎜⎜⎝

∞∑
𝑘2=−2

2𝛼2𝑞2𝑘2

(
sup|𝑟𝑖|≤2−𝑘𝑖 ‖□𝑟𝑓‖𝑝̄)𝑞2⎞⎟⎟⎠

𝑞1
𝑞2
⎞⎟⎟⎟⎠

1

𝑞1

,

where we used (3.9) in the second step and (3.5) in the third step. After that, we used multiple index shifts as well as the
triangle inequality for the 𝓁𝑞1 , 𝓁𝑞2 -norms in the seventh step. Employing Riemann sum arguments yields

⎛⎜⎜⎜⎝
∞∑

𝑘1=−1

2𝛼1𝑞1𝑘1
⎛⎜⎜⎝

∞∑
𝑘2=−1

2𝛼2𝑞2𝑘2

(
∞∑

𝑗1=2

∞∑
𝑗2=2

‖‖Δ𝑘1,𝑘2𝑔
□
𝑗1,𝑗2

‖‖𝑝̄
)𝑞2⎞⎟⎟⎠

𝑞1
𝑞2
⎞⎟⎟⎟⎠

1

𝑞1

≲
⎛⎜⎜⎝∫ℝ |ℎ1|−𝛼1𝑞1(∫

𝕋

|ℎ2|−𝛼2𝑞2 sup|𝑟1|≤|ℎ1|,|𝑟2|≤ℎ2 ‖□𝑟1,𝑟2𝑓‖𝑞2𝑝 dℎ2|ℎ2|
)𝑞1∕𝑞2

dℎ1|ℎ1|
⎞⎟⎟⎠
1∕𝑞1

. (3.13)

Putting (3.10)–(3.13) together we finally obtain

‖‖‖(2𝛼1𝑘1‖‖(2𝛼2𝑘2‖Δ𝑘1,𝑘2𝑓‖𝑝̄)𝑘1≥−1‖‖𝓁𝑞2)𝑘2≥−1
‖‖‖𝓁𝑞1

=
‖‖‖⎛⎜⎜⎝2𝛼1𝑘1‖‖

(
2𝛼2𝑘2‖Δ𝑘1,𝑘2

(
∞∑

𝑗1=1

∞∑
𝑗2=1

𝑔
□
𝑗1,𝑗2

)‖𝑝̄)
𝑘1≥−1

‖‖𝓁𝑞2 ⎞⎟⎟⎠
𝑘2≥−1

‖‖‖𝓁𝑞1
≤ ‖‖‖

(
2𝛼1𝑘1‖‖(2𝛼2𝑘2‖‖Δ𝑘1,𝑘2𝑔1,1

‖‖𝑝̄)𝑘1≥−1
‖‖𝓁𝑞2)

𝑘2≥−1
‖‖‖𝓁𝑞1

+
‖‖‖⎛⎜⎜⎝2𝛼1𝑘1‖‖

(
2𝛼2𝑘2

∞∑
𝑗1=2

‖‖Δ𝑘1,𝑘2(𝑔𝑗1,1 − 𝑔𝑗1−1,1)
‖‖𝑝̄

)
𝑘1≥−1

‖‖𝓁𝑞2 ⎞⎟⎟⎠
𝑘2≥−1

‖‖‖𝓁𝑞1
+

‖‖‖⎛⎜⎜⎝2𝛼1𝑘1‖‖
(
2𝛼2𝑘2

∞∑
𝑗2=2

‖‖Δ𝑘1,𝑘2(𝑔1,𝑗2 − 𝑔1,𝑗2−1)
‖‖𝑝̄

)
𝑘1≥−1

‖‖𝓁𝑞2 ⎞⎟⎟⎠
𝑘2≥−1

‖‖‖𝓁𝑞1
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28 NIKOLAEV et al.

+
‖‖‖⎛⎜⎜⎝2𝛼1𝑘1‖‖

(
2𝛼2𝑘2

∞∑
𝑗1=2

∞∑
𝑗2=2

‖‖Δ𝑘1,𝑘2𝑔
□
𝑗1,𝑗2

‖‖𝑝̄
)

𝑘1≥−1
‖‖𝓁𝑞2 ⎞⎟⎟⎠

𝑘2≥−1

‖‖‖𝓁𝑞1
≲ ‖𝑓‖(1)

𝛼,𝑝,𝑞
.

Step 3: We show the equivalence of ‖𝑓‖(1)
𝛼,𝑝,𝑞

and ‖𝑓‖(2)
𝛼,𝑝,𝑞

. Since ‖𝑓‖(2)
𝛼,𝑝,𝑞

≲ ‖𝑓‖(1)
𝛼,𝑝,𝑞

is obvious, it remains to verify‖𝑓‖(1)
𝛼,𝑝,𝑞

≲ ‖𝑓‖(2)
𝛼,𝑝,𝑞

. We start with by estimating the square integrands in the norms ‖𝑓‖(1)
𝛼,𝑝,𝑞

and ‖𝑓‖(2)
𝛼,𝑝,𝑞

. Moreover, we
notice that the only difficulty happens for ℎ𝑖 near zero. Therefore, we are only interested in a small rectangle near zero.
Let 𝑟1, 𝑟2 ∈ ℝ satisfy |ℎ𝑖| ≤ |𝑟𝑖| ≤ 2|ℎ𝑖| for 𝑖 = 1, 2. We write the rectangular increments as

□(𝑟1,𝑟2)𝑓(𝑥1, 𝑥2) = □(𝑟1,
𝑟2|𝑟2| |ℎ2|)𝑓(𝑥1, 𝑥2) +□(𝑟1,𝑟2−

𝑟2|𝑟2| |ℎ2|)𝑓
(
𝑥1, 𝑥2 +

𝑟2|𝑟2| |ℎ2|
)
.

Owing to |𝑟2 − |ℎ2||𝑟2| 𝑟2| = |𝑟2|(1 − |ℎ2||𝑟2| ) = |𝑟2| − |ℎ2| ≤ |ℎ2|, we obtain
‖□(𝑟1,𝑟2)𝑓‖𝑝 ≤ sup

𝜏∶|𝜏|=1 ‖□(𝑟1,𝜏ℎ2)𝑓‖𝑝 + sup|𝑠2|≤|ℎ2| ‖□(𝑟1,𝑠2)𝑓‖𝑝.
The above inequality is obviously true for 𝑟2 ≤ |ℎ2|, too. Therefore,

sup|𝑟1|≤|ℎ1|,|𝑟2|≤2|ℎ2| ‖□(𝑟1,𝑟2)𝑓‖𝑝 ≤ sup|𝑟1|≤|ℎ1|,|𝜏|=1 ‖□(𝑟1,𝜏ℎ2)𝑓‖𝑝 + sup|𝑟1|≤|ℎ1|,|𝑟2|≤|ℎ2| ‖□(𝑟1,𝑟2)𝑓‖𝑝.
Starting with 𝑞1, 𝑞2 < ∞, integrating both sides leads to

⎛⎜⎜⎝∫ℝ |ℎ1|−𝛼1𝑞1(∫
𝕋

|ℎ2|−𝛼2𝑞2 sup|𝑟1|≤|ℎ1|,|𝑟2|≤2|ℎ2| ‖□(𝑟1,𝑟2)𝑓‖𝑞2𝑝 𝑑ℎ2|ℎ2|
)𝑞1∕𝑞2

𝑑ℎ1|ℎ1|
⎞⎟⎟⎠
1∕𝑞1

≤
⎛⎜⎜⎝∫ℝ |ℎ1|−𝛼1𝑞1(∫

𝕋

|ℎ2|−𝛼2𝑞2 sup|𝑟1|≤|ℎ1|,|𝜏|=1 ‖□(𝑟1,𝜏ℎ2)𝑓‖𝑝 𝑑ℎ2|ℎ2|
)𝑞1∕𝑞2

𝑑ℎ1|ℎ1|
⎞⎟⎟⎠
1∕𝑞1

+
⎛⎜⎜⎝∫ℝ |ℎ1|−𝛼1𝑞1(∫

𝕋

|ℎ2|−𝛼2𝑞2 sup|𝑟1|≤|ℎ1|,|𝑟2|≤|ℎ2| ‖□(𝑟1,𝑟2)𝑓‖𝑝 𝑑ℎ2|ℎ2|
)𝑞1∕𝑞2

𝑑ℎ1|ℎ1|
⎞⎟⎟⎠
1∕𝑞1

.

Hence, a change of variable 2ℎ2 → ℎ2 reveals

2𝛼2
⎛⎜⎜⎝∫ℝ |ℎ1|−𝛼1𝑞1(∫

𝕋

|ℎ2|−𝛼2𝑞2 sup|𝑟1|≤|ℎ1|,|𝑟2|≤ℎ2 ‖□(𝑟1,𝑟2)𝑓‖𝑞2𝑝 𝑑ℎ2|ℎ2|
)𝑞1∕𝑞2

𝑑ℎ1|ℎ1|
⎞⎟⎟⎠
1∕𝑞1

≤
⎛⎜⎜⎝∫ℝ |ℎ1|−𝛼1𝑞1(∫

𝕋

|ℎ2|−𝛼2𝑞2 sup|𝑟1|≤|ℎ1|,|𝜏|=1 ‖□(𝑟1,𝜏ℎ2)𝑓‖𝑝 𝑑ℎ2|ℎ2|
)𝑞1∕𝑞2

𝑑ℎ1|ℎ1|
⎞⎟⎟⎠
1∕𝑞1

+
⎛⎜⎜⎝∫ℝ |ℎ1|−𝛼1𝑞1(∫

𝕋

|ℎ2|−𝛼2𝑞2 sup|𝑟1|≤|ℎ1|,|𝑟2|≤|ℎ2| ‖□(𝑟1,𝑟2)𝑓‖𝑝 𝑑ℎ2|ℎ2|
)𝑞1∕𝑞2

𝑑ℎ1|ℎ1|
⎞⎟⎟⎠
1∕𝑞1

.
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NIKOLAEV et al. 29

Therefore,

⎛⎜⎜⎝∫ℝ |ℎ1|−𝛼1𝑞1(∫
𝕋

|ℎ2|−𝛼2𝑞2 sup|𝑟1|≤|ℎ1|,|𝑟2|≤|ℎ2| ‖□(𝑟1,𝑟2)𝑓‖𝑞2𝑝 𝑑ℎ2|ℎ2|
)𝑞1∕𝑞2

𝑑ℎ1|ℎ1|
⎞⎟⎟⎠
1∕𝑞1

≤ 1

2𝛼2 − 1

⎛⎜⎜⎝∫ℝ |ℎ1|−𝛼1𝑞1(∫
𝕋

|ℎ2|−𝛼2𝑞2 sup|𝑟1|≤|ℎ1|,|𝜏|=1 ‖□(𝑟1,𝜏ℎ2)𝑓‖𝑝 𝑑ℎ2|ℎ2|
)𝑞1∕𝑞2

𝑑ℎ1|ℎ1|
⎞⎟⎟⎠
1∕𝑞1

≤ 2

2𝛼2 − 1

⎛⎜⎜⎝∫ℝ |ℎ1|−𝛼1𝑞1(∫
𝕋

|ℎ2|−𝛼2𝑞2 sup|𝑟1|≤|ℎ1| ‖□(𝑟1,ℎ2)𝑓‖𝑝 𝑑ℎ2|ℎ2|
)𝑞1∕𝑞2

𝑑ℎ1|ℎ1|
⎞⎟⎟⎠
1∕𝑞1

, (3.14)

where the last estimated follows from sup|𝜏|=1 ‖□(𝑟1,𝜏ℎ2)𝑓‖𝑝 ≤ ‖□(𝑟1,ℎ2)𝑓‖𝑝 + ‖□(𝑟1,−ℎ2)𝑓‖𝑝 and substituting −ℎ2 → ℎ2
for the second term. Proceeding similarly in the first coordinate, we deduce from

sup|𝑟1|≤2|ℎ1| ‖□(𝑟1,ℎ2)𝑓‖𝑝 ≤ sup|𝜏|=1 ‖□(𝜏ℎ1,ℎ2)𝑓‖𝑝 + sup|𝑟1|≤|ℎ1| ‖□(𝑟1,ℎ2)‖𝑝
that

⎛⎜⎜⎝∫ℝ |ℎ1|−𝛼1𝑞1(∫
𝕋

|ℎ2|−𝛼2𝑞2 sup|𝑟1|≤ℎ1 ‖□(𝑟1,ℎ2)𝑓‖𝑝 𝑑ℎ2|ℎ2|
)𝑞1∕𝑞2

𝑑ℎ1|ℎ1|
⎞⎟⎟⎠
1∕𝑞1

≤ 2

2𝛼1 − 1

(
∫
ℝ

|ℎ1|−𝛼1𝑞1(∫
𝕋

|ℎ2|−𝛼2𝑞2‖□(ℎ1,ℎ2)𝑓‖𝑝 𝑑ℎ2|ℎ2|
)𝑞1∕𝑞2 𝑑ℎ1|ℎ1|

)1∕𝑞1

. (3.15)

Combing (3.14) and (3.15), we find

⎛⎜⎜⎝∫ℝ |ℎ1|−𝛼1𝑞1(∫
𝕋

|ℎ2|−𝛼2𝑞2 sup|𝑟1|≤ℎ1,|𝑟2|≤ℎ2 ‖□(𝑟1,𝑟2)𝑓‖𝑞2𝑝 𝑑ℎ2|ℎ2|
)𝑞1∕𝑞2

𝑑ℎ1|ℎ1|
⎞⎟⎟⎠
1∕𝑞1

≤ 2

2𝛼1 − 1

2

2𝛼2 − 1

(
∫
ℝ

|ℎ1|−𝛼1𝑞1(∫
𝕋

|ℎ2|−𝛼2𝑞2‖□(ℎ1,ℎ2)𝑓‖𝑝 𝑑ℎ2|ℎ2|
)𝑞1∕𝑞2 𝑑ℎ1|ℎ1|

)1∕𝑞1

=
2

2𝛼1 − 1

2

2𝛼2 − 1
‖‖‖ ‖□(ℎ1,ℎ2)𝑓‖𝑝|ℎ1|𝛼1+1∕𝑞1 |ℎ2|𝛼2+1∕𝑞2 ‖‖‖(𝑞1,𝑞2).

Furthermore, we obtain the corresponding result for 𝑞1 = ∞ or 𝑞2 = ∞ by canonical modifications of the above formulas.
Moreover, the directional integrands 𝛿ℎ1𝑓, 𝛿ℎ2𝑓 in the norms ‖𝑓‖(1)𝛼,𝑝,𝑞

, ‖𝑓‖(2)
𝛼,𝑝,𝑞

behave as in the isotropic case. There-
fore, one can repeat [32, Theorem 2.5.12, Step 3] in a similar fashion as above to obtain the corresponding estimates. This
implies the equivalence of ‖𝑓‖(1)

𝛼,𝑝,𝑞
, ‖𝑓‖(2)

𝛼,𝑝,𝑞
and the theorem is proven. □

3.2 Besov spaces with dominating mixed smoothness on compact domains

Functions spaces on domains play a crucial role, for example, in the study of partial differential equations and of stochastic
processes, cf. Section 4. In view of the difference characterizations of Besov spaces with dominating mixed smoothness,
presented in Theorem 3.2, there is a natural localized version of the Besov norm with dominating mixed smoothness as
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30 NIKOLAEV et al.

well. We define for the domain 𝐷 ∶= [0, 𝑇] × 𝕋 the local Besov norms with dominating mixed smoothness on 𝐷 by

‖𝑓‖(2)
𝐷,𝛼,𝑝,𝑞

∶= ‖𝑓‖𝐷,𝑝 +
⎛⎜⎜⎝∫

1

0

ℎ
−𝛼1𝑞1
1

(
∫

1

0

ℎ
−𝛼2𝑞2
2

(‖□(ℎ1,ℎ2)𝑓‖𝐷−ℎ1,𝑝)𝑞2 𝑑ℎ2|ℎ2|
)𝑞1∕𝑞2

𝑑ℎ1|ℎ1|
⎞⎟⎟⎠

1

𝑞1

+

(
∫

1

0

ℎ
−𝛼2𝑞2
2

(‖𝛿ℎ2𝑓‖𝐷,𝑝)𝑞2 𝑑ℎ2|ℎ2|
) 1

𝑞2

+

(
∫

1

0

ℎ
−𝛼1𝑞1
1

(‖𝛿ℎ1𝑓‖𝐷−ℎ1,𝑝)𝑞1 𝑑ℎ1|ℎ1|
) 1

𝑞1

,

where

‖𝑓‖𝐷,𝑝̄ ∶=

(
∫

𝑇

0

(
∫
𝕋

|𝑓(𝑥1, 𝑥2)|𝑝2𝑑𝑥2)𝑝1∕𝑝2

𝑑𝑥1

) 1

𝑝1

and 𝐷 − ℎ1 ∶= [0,min{(𝑇 − ℎ1), 0}] × 𝕋}]. Following, for example, [32, Section 4.3.2], we introduce

𝐵𝛼
𝑝,𝑞

(𝐷) ∶= {𝑓 ∈ 𝐵𝛼
𝑝,𝑞

(ℝ × 𝕋) ∶ supp𝑓 ⊆ 𝐷}

and

 ′
𝜋2
(𝐷) ∶= {𝑓 ∈  ′

𝜋2
(ℝ2) ∶ supp𝑓 ⊆ 𝐷}.

The following result is a direct consequence of Theorem 3.2 and verifies that ‖𝑓‖(2)
𝐷,𝛼,𝑝,𝑞

is indeed a localized version of‖𝑓‖𝛼,𝑝,𝑞:
Corollary 3.10. Let 𝑝̄, 𝑞̄ ∈ [1,∞]2 and 𝛼̄ ∈ (0, 1)2. Then, ‖ ⋅ ‖(2)

𝐷,𝛼,𝑝,𝑞
and ‖ ⋅ ‖𝛼,𝑝,𝑞 are equivalent norms in 𝐵𝛼

𝑝,𝑞
(𝐷), that is,

‖𝑓‖𝛼,𝑝,𝑞 ≲ ‖𝑓‖(2)
𝐷,𝛼,𝑝,𝑞

≲ ‖𝑓‖𝛼,𝑝,𝑞, for 𝑓 ∈  ′(𝐷) ∩ 𝐿𝑝(ℝ2).

Remark 3.11. Another way to define a local version of the Besov spaces with dominating mixed smoothness is to introduce
the norm

‖𝑓‖𝐷,𝛼,𝑝,𝑞 ∶= inf {‖𝑔‖𝛼,𝑝,𝑞 ∶ 𝑔 ∈  ′(ℝ2) s.t. 𝑔 = 𝑓 on 𝐷}.

Unfortunately, to the best of our knowledge in the case with dominating mixed smoothness not many results are known
regarding the above norm. However, there are many results regarding these type of norms in the isotropic case, see, for
instance, [23, 32]. The alternative characterization of the Besov spaces (Theorem 3.2) could be a crucial tool to obtain the
corresponding results in the case with dominating mixed smoothness, which appears to be an interesting question for
future research.

The global Besov normwith dominating mixed smoothness and its corresponding local version are additionally related
by following multiplier theorem.

Proposition 3.12. Let 𝑓 ∈  ′
𝜋2
(ℝ2) with ‖𝑓‖(2)

𝐷,𝛼,𝑝,𝑞
< ∞ for some 𝐷 ∶= [0, 𝑇] × 𝕋, where 𝑇 ∈ (0,∞), 𝛼̄ ∈ (0, 1)2, 𝑝̄, 𝑞̄ ∈

[1,∞]2. Then for any 𝜑 ∈ (ℝ) satisfying supp𝜑 ⊆ [0, 𝑇] we have (𝜑 ⊗ 1)𝑓 ∈ 𝐵𝛼̄
𝑝̄,𝑞̄(ℝ

2) and

‖(𝜑 ⊗ 1)𝑓‖𝛼,𝑝,𝑞 ≲ ‖𝜑‖𝐶1‖𝑓‖(2)
𝐷,𝛼,𝑝,𝑞

for ‖𝜑‖𝐶1 ∶= ‖𝜑‖∞ + ‖𝜑′‖∞.

 15222616, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/m

ana.202400122 by U
niversitätsbibliothek, W

iley O
nline L

ibrary on [02/07/2025]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



NIKOLAEV et al. 31

Proof. For the 𝐿𝑝̄-norm, the support assumption on 𝜑 immediately implies

‖(𝜑 ⊗ 1)𝑓‖𝑝 =

(
∫
ℝ

(
∫
𝕋

|𝜑(𝑥1)𝑓(𝑥1, 𝑥2)|𝑝2𝑑𝑥2)𝑝1∕𝑝2

𝑑𝑥1

)1∕𝑝1

=

(
∫

𝑇

0

(
∫
𝕋

|𝜑(𝑥1)|𝑝2 |𝑓(𝑥1, 𝑥2)|𝑝2𝑑𝑥2)𝑝1∕𝑝2

𝑑𝑥1

)1∕𝑝1

≤ ‖𝜑‖∞‖𝑓‖𝐷,𝑝̄.
Next, we have to estimate ‖□ℎ1,ℎ2((𝜑 ⊗ 1)𝑓)‖𝐷−ℎ1,𝑝 for any ℎ1 ∈ [0, 1]2. We can write with directional increments

□ℎ1,ℎ2((𝜑 ⊗ 1)𝑓)(𝑥1, 𝑥2) = 𝛿1
ℎ1
𝛿2
ℎ2
((𝜑 ⊗ 1)𝑓)(𝑥1, 𝑥2)

= 𝛿1
ℎ1

(
𝜑(𝑥1)𝛿

2
ℎ2
𝑓(𝑥1, 𝑥2)

)
= 𝜑(𝑥1 + ℎ1)□ℎ1,ℎ2𝑓(𝑥1, 𝑥2) + 𝛿1

ℎ1
𝜑(𝑥1)𝛿

2
ℎ2
𝑓(𝑥1, 𝑥2).

The first term we can estimate as follows:

|𝜑(𝑥1 + ℎ1)□ℎ1,ℎ2𝑓(𝑥1, 𝑥2)| ≤ ‖𝜑‖𝐿∞ |□ℎ1,ℎ2𝑓(𝑥1, 𝑥2)|.
For the second term, we use the mean value theorem in order to find

|𝛿1
ℎ1
𝜑(𝑥1)𝛿

2
ℎ2
𝑓(𝑥1, 𝑥2)| ≤ ‖𝜑′‖𝐿∞ℎ1|𝛿2ℎ2𝑓(𝑥1, 𝑥2)|.

Consequently, we obtain

‖□ℎ1,ℎ2((𝜑 ⊗ 1)𝑓)(𝑥1, 𝑥2)‖𝐷−ℎ1,𝑝
≤ ‖𝜑‖𝐿∞‖‖□ℎ1,ℎ2𝑓‖𝐷−ℎ1,𝑝 + ℎ1‖𝜑′‖𝐿∞‖𝛿2

ℎ2
𝑓‖𝐷−ℎ1,𝑝.

Now, we have to integrate over ℎ1, ℎ2 with the associated weights/powers (see definition of ‖𝑓‖(2)𝐷,𝛼,𝑝,𝑞
). We notice that

ℎ
−𝛼1𝑞1
1

ℎ
𝑞1
1|ℎ1| is integrable over [0, 1] for 𝑖 = 1, 2 since 1 − 𝛼𝑖 > 0. Hence, we have

∫
1

0

ℎ
−𝛼1𝑞1
1

(
∫

1

0

ℎ
−𝛼2𝑞2
2

(‖□ℎ1,ℎ2((𝜑 ⊗ 1)𝑓)‖𝐷−ℎ1,𝑝)𝑞2 𝑑ℎ2|ℎ2|
)𝑞1∕𝑞2

𝑑ℎ1|ℎ1|
≲ ‖𝜑‖𝑞1

𝐶1

⎛⎜⎜⎝∫
1

0

ℎ
−𝛼1𝑞1
1

(
∫

1

0

ℎ
−𝛼2𝑞2
2

(‖□ℎ1,ℎ2𝑓‖𝐷−ℎ1,𝑝)𝑞2 𝑑ℎ2|ℎ2|
)𝑞1∕𝑞2

𝑑ℎ1|ℎ1|
+

(
∫

1

0

ℎ
−𝛼2𝑞2
2

(‖𝛿ℎ2𝑓‖𝐷,𝑝)𝑞2 𝑑ℎ2|ℎ2|
)𝑞1∕𝑞2⎞⎟⎟⎠

≲ ‖𝜑‖𝑞1
𝐶1

(‖𝑓‖(2)
𝐷,𝛼,𝑝,𝑞

)𝑞1
.
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32 NIKOLAEV et al.

Since

‖𝛿ℎ2((𝜑 ⊗ 1)𝑓)‖𝐷,𝑝 = ‖𝜑𝛿ℎ2𝑓‖𝐷,𝑝 ≤ ‖𝜑‖∞‖𝛿ℎ2𝑓‖𝐷,𝑝,
it remains to examine the term ‖𝛿ℎ1((𝜑 ⊗ 1)𝑓)‖𝐷−ℎ1,𝑝. Using the mean-value theorem, we find

|𝛿ℎ1((𝜑 ⊗ 1)𝑓)| ≤ |𝑓(𝑥1 + ℎ1, 𝑥2)𝛿ℎ1𝜑| + |𝜑𝛿ℎ1𝑓| ≤ ‖𝜑′‖𝐿∞ |ℎ1|𝑓(𝑥1 + ℎ1, 𝑥2)| + ‖𝜑‖𝐿∞ |𝛿ℎ1𝑓|.
Consequently, multiplying with ℎ

−𝑞1𝛼1
1 and integrating over ℎ1 we find

1

∫
0

ℎ
−𝛼1𝑞1
1 ‖𝛿ℎ1(𝜑𝑓)‖𝑞1𝐷−ℎ1,𝑝 𝑑ℎ1|ℎ1|

≤ ‖𝜑′‖𝑞1𝐿∞
1

∫
0

ℎ
(1−𝛼1)𝑞1
1 ‖𝑓(⋅ + ℎ1, 𝑥2)‖𝑞1𝐷−ℎ1,𝑝 𝑑ℎ1|ℎ1| + ‖𝜑‖𝑞1𝐿∞

1

∫
0

ℎ
−𝛼1𝑞1
1 ‖𝛿ℎ1𝑓‖𝑞1𝐷−ℎ1,𝑝 𝑑ℎ1|ℎ1|

≲ ‖𝜑‖𝑞1
𝐶1

⎛⎜⎜⎝‖𝑓‖𝑞1𝐷,𝑝 +

1

∫
0

ℎ
−𝛼1𝑞1
1 ‖𝛿ℎ1𝑓‖𝑞1𝐷−ℎ1,𝑝 𝑑ℎ1|ℎ1|

⎞⎟⎟⎠
where the first integral over ℎ1 is finite since ‖𝑓(⋅ + ℎ1, 𝑥2)‖𝐷−ℎ1,𝑝 ≤ ‖𝑓‖𝐷,𝑝 and ℎ

(1−𝛼1)𝑞1−1
1 is integrable over [0, 1].

Combining this with the previous estimates we establish the result. □

4 REGULARITY OF RANDOM FIELDS

While having access to various equivalent characterizations of Besov spaces comes with many advantages, in this section,
we want to briefly discuss one in the context of probability. As a rather straightforward consequence of the presented char-
acterization of Besov spaces with mixed dominating smoothness by differences (Theorem 3.2), we shall derive a version
of Kolmogorov’s continuity criterion for the Besov regularity with dominating mixed smoothness of random fields. Recall
that the Kolmogorov’s continuity criterion is a standard tool to verify the sample path regularity of stochastic processes,
see e.g. [30]. Moreover, let us remark that the study of Besov, Sobolev, and Hölder regularity of stochastic processes and
random fields is a classical topic of on-going interest, see, for example, [2, 7, 14, 22, 24, 25], and references therein as well
as [10] for a more detailed discussion on related works.
Let (Ω, , ℙ) be a probability space with expectation operator 𝔼, 𝑇 ∈ [1,∞), and (ℝ𝑚, | ⋅ |) be the Euclidean space. Fur-

thermore, let𝑋 ∶ [0, 𝑇] × 𝕋 × Ω → ℝ𝑚 be a continuous random field which is periodic in the second argument, that is, for
each 𝑥1, 𝑥2 ∈ [0, 𝑇] × 𝕋,𝑋(𝑥1, 𝑥2) is a real-valued random variable and themapping (𝑥1, 𝑥2) ↦ 𝑋(𝑥1, 𝑥2)(𝜔) is continuous
for almost all 𝜔 ∈ Ω.

Proposition 4.1. Let 𝑋 ∶ [0, 𝑇] × 𝕋 × Ω → ℝ𝑚 be a continuous random field. If 𝑝 = (𝑝1, 𝑝2), 𝑞 = (𝑞1, 𝑞2) ∈ [1,∞)2 with
𝑞1 ≤ 𝑞2 ≤ 𝑝1 ≤ 𝑝2 and 𝛼 = (𝛼1, 𝛼2) ∈ (0, 1)2 such that

𝔼
[|□(ℎ1,ℎ2)𝑋(𝑥1, 𝑥2)|𝑝2] ≲ ℎ

(1+𝛼1𝑞1)
𝑝2
𝑞1

1 ℎ
(1+𝛼2𝑞2)

𝑝2
𝑞2

2 , (4.1)

𝔼
[|𝛿ℎ1𝑋(𝑥)|𝑝2] ≲ ℎ

(1+𝛼1𝑞1)
𝑝2
𝑞1

1 and 𝔼
[|𝛿ℎ2𝑋(𝑥)|𝑝2] ≲ ℎ

(1+𝛼2𝑞2)
𝑝2
𝑞2

2 ,

for all 𝑥1 ∈ [0, 𝑇 − ℎ1], 𝑥2 ∈ 𝕋 and ℎ1, ℎ2 ∈ [0, 𝑇], then ‖𝑋‖(2)
[0,𝑇]×𝕋,𝛼,𝑝,𝑞

< ∞ almost surely, where 𝛼 = (𝛼1, 𝛼2).
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NIKOLAEV et al. 33

Proof. Using Fubini’s theorem, Jensen’s inequality the assumption of the proposition, we get for 𝐷 = [0, 𝑇] × 𝕋

𝔼

⎡⎢⎢⎢⎣∫
1

0

ℎ
−𝛼1𝑞1
1

(
∫

1

0

ℎ
−𝛼2𝑞2
2

(‖□(ℎ1,ℎ2)𝑋‖𝐷−ℎ1,𝑝)𝑞2 𝑑ℎ2|ℎ2|
) 𝑞1

𝑞2 𝑑ℎ1|ℎ1|
⎤⎥⎥⎥⎦

≤ ∫
1

0

⎛⎜⎜⎜⎝∫
1

0

⎛⎜⎜⎝∫
𝑇−ℎ1

0

(
∫
𝕋

𝔼
[|□(ℎ1,ℎ2)𝑋(𝑥1, 𝑥2)|𝑝2]𝑑𝑥2)

𝑝1
𝑝2
𝑑𝑥1

⎞⎟⎟⎠
𝑞2
𝑝1

𝑑ℎ2

ℎ
1+𝛼2𝑞2
2

⎞⎟⎟⎟⎠
𝑞1
𝑞2

𝑑ℎ1

ℎ
1+𝛼1𝑞1
1

≲ ∫
1

0

(
∫

1

0

ℎ
(1+𝛼1𝑞1)

𝑝2
𝑞1

𝑝1
𝑝2

𝑞2
𝑝1

1 ℎ
(1+𝛼2𝑞2)

𝑝2
𝑞2

𝑝1
𝑝2

𝑞2
𝑝1

2

𝑑ℎ2

ℎ
1+𝛼2𝑞2
2

) 𝑞1
𝑞2 𝑑ℎ1

ℎ
1+𝛼1𝑞1
1

≲ 1,

𝔼

[
∫

1

0

ℎ
−𝛼1𝑞1
1

(‖𝛿ℎ1𝑋‖𝐷−ℎ1,𝑝)𝑞1 𝑑ℎ1|ℎ1|
]

= ∫
1

0

ℎ
−𝛼1𝑞1
1

⎛⎜⎜⎝∫
𝑇−ℎ1

0

(
∫
𝕋

𝔼
[|𝛿ℎ1𝑋(𝑥1, 𝑥2)|𝑝2]𝑑𝑥2)

𝑝1
𝑝2
𝑑𝑥1

⎞⎟⎟⎠
𝑞1
𝑝1
𝑑ℎ1
ℎ1

≲ 1,

and

𝔼

[
∫

1

0

ℎ
−𝛼2𝑞2
2

(‖𝛿ℎ2𝑋‖𝐷,𝑝)𝑞2 𝑑ℎ2|ℎ2|
]

= ∫
1

0

ℎ
−𝛼2𝑞2
2

⎛⎜⎜⎝∫
𝑇

0

(
∫
𝕋

𝔼
[|𝛿ℎ2𝑋(𝑥1, 𝑥2)|𝑝2]𝑑𝑥2)

𝑝1
𝑝2
𝑑𝑥1

⎞⎟⎟⎠
𝑞2
𝑝1

𝑑ℎ2|ℎ2| ≲ 1.

Furthermore, since 𝑋 is continuous on [0, 𝑇]2, we have ‖𝑋‖𝐷,𝑝 < ∞ almost surely.
Hence, we get 𝔼[‖𝑋‖(2)

𝐷,𝛼,𝑝,𝑞
] < ∞ and thus ‖𝑋‖(2)

𝐷,𝛼,𝑝,𝑞
< ∞ almost surely. □

Remark 4.2. The assumption in Proposition 4.1 that the random field 𝑋 is continuous can be replaced by a suitable
condition on the parameters 𝑝, 𝑞, 𝛼. Indeed, since

𝔼[|𝑋(𝑥 + ℎ) − 𝑋(𝑥)|𝑝2] ≲ 𝔼[|□ℎ𝑋(𝑥)|𝑝2] + 𝔼
[|𝛿ℎ1𝑋(𝑥)|𝑝2] + 𝔼

[|𝛿ℎ2𝑋(𝑥)|𝑝2],
one can apply the classical Kolmogorov continuity theorem for random fields (see, e.g., [16, Theorem 2.3.1]) to obtain a
continuous modification of 𝑋 for suitable 𝑝, 𝑞, 𝛼.

Remark 4.3. The special case 𝑝1 = 𝑝2 = 𝑞1 = 𝑞2 = ∞, which corresponds to Hölder regularity with mixed dominating
smoothness, is a common tool in probability theory, used, for example, in the context of stochastic partial differentiable
equations [21] and of general random fields [12]. For the special case of Hölder regularity, a Kolmogorov continuity
criterion, related to Proposition 4.1, was presented in [12, Theorem 3.1].

Remark 4.4. Proposition 4.1 holds analogously for random fields 𝑋 on the domains [0, 𝑇] × [0, 𝑇] and 𝕋 × 𝕋, respectively.

To conclude this section, we provide two exemplary applications of the presented Kolmogorov’s continuity criterion for
Besov regularity with dominating mixed smoothness.
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34 NIKOLAEV et al.

4.1 Exemplary application: Gaussian fields

Gaussian fields constitute a central object in probability theory, see, for example, [16]. In the following, we consider a
continuous centred Gaussian random field𝑊 with covariance function

𝑄(𝑥, 𝑦) ∶= 𝔼[𝑊(𝑥)𝑊(𝑦)] for (𝑥, 𝑦) ∈ [0, 𝑇] × 𝕋.

In particular, for each 𝑥 ∈ [0, 𝑇],𝑊(𝑥) is a Gaussian distributed random variable with mean zero and variance 𝑄(𝑥, 𝑥).

Corollary 4.5. Let 𝑝 ∈ ℕ be even and 𝛼̄ = (𝛼1, 𝛼2) ∈ (0, 1)2. Let𝑊 be continuous centered Gaussian random field such that

𝑄(𝑥, 𝑦) = 𝑄1(𝑥1, 𝑦1)𝑄2(𝑥2, 𝑦2), 𝑥, 𝑦 ∈ [0, 𝑇] × 𝕋,

for some continuous functions 𝑄1, 𝑄2 ∶ [0, 𝑇] × 𝕋 → ℝ satisfying

|□(ℎ𝑖,ℎ𝑖)𝑄𝑖(𝑥𝑖, 𝑥𝑖)| ≲ ℎ
2(1+𝛼𝑖)∕𝑝

𝑖
, ℎ1, ℎ2 ∈ [0, 1], 𝑥1 ∈ [0, 𝑇 − ℎ1], 𝑥2 ∈ 𝕋,

for 𝑖 = 1, 2. Then, ‖𝑊‖(2)
[0,𝑇]×𝕋,𝛼,𝑝,𝑝

< ∞ almost surely with 𝑝 = (𝑝, 𝑝).

Proof. Since𝑊 is a Gaussian field, we know that□ℎ𝑊(𝑥) is a Gaussian random variable for ℎ = (ℎ1, ℎ2) ∈ [0, 1]2, 𝑥1 ∈
[0, 𝑇 − ℎ1] and 𝑥2 ∈ 𝕋. By the equivalence of Gaussian moments, the assumption of the lemma and [12, Proposition 4.1],
we obtain

𝔼[|□ℎ𝑊(𝑥)|𝑝] = 𝐶𝑝𝔼[|□ℎ𝑊(𝑥)|2]𝑝∕2 = 𝐶𝑝Π
2
𝑖=1

|□(ℎ𝑖,ℎ𝑖)𝑄𝑖(𝑥𝑖, 𝑥𝑖)|𝑝∕2 ≲ ℎ
1+𝛼1
1 ℎ

1+𝛼2
2 .

and

𝔼[|𝛿ℎ1𝑊(𝑥)|𝑝] = 𝐶𝑝𝔼[|𝛿ℎ1𝑊(𝑥)|2]𝑝∕2
= 𝐶𝑝𝔼

[
𝑊2(𝑥1 + ℎ1, 𝑥2) − 2𝑊(𝑥1 + ℎ1, 𝑥2)𝑊(𝑥1, 𝑥2) +𝑊2(𝑥1, 𝑥2)

]𝑝∕2
= 𝐶𝑝|𝑄2(𝑥2, 𝑥2)□(ℎ1,ℎ1)𝑄1(𝑥1, 𝑥1)|𝑝∕2 ≲ ℎ

1+𝛼1
2 .

for some constant 𝐶𝑝 depending only on 𝑝. The bound for 𝔼[|𝛿ℎ2𝑊(𝑥)|𝑝] follows analogously. Hence, by Proposition 4.1
we get ‖𝑊‖(2)

[0,𝑇]×𝕋,𝛼,(𝑝,𝑝),(𝑝,𝑝)
< ∞ almost surely. □

4.2 Exemplary application: stochastic heat equation

Random fields are often modelled by stochastic partial differential equations, see, for example, [5]. To illustrate the previ-
ous result, let us characterize the regularity of the solution to the stochastic heat equation onℝ+ × [−𝜋, 𝜋]with Dirichlet
boundary conditions:

⎧⎪⎨⎪⎩
𝜕𝑡𝑢(𝑡, 𝑥) = Δ𝑢(𝑡, 𝑥) + 𝜉(𝑡, 𝑥),

𝑢(𝑡, −𝜋) = 𝑢(𝑡, 𝜋) = 0, 𝑡 ∈ ℝ+

𝑢(0, 𝑥) = 0, (𝑡, 𝑥) ∈ ℝ+ × 𝕋,

with spacetime white noise 𝜉. The latter can be realized as time derivative 𝜉 = 𝑑𝑊𝑡(𝑥) of a cylindrical Brownian motion
𝑊𝑡(𝑥) =

∑
𝑗≥1 𝐵𝑗(𝑡)𝜑𝑗(𝑥), where 𝐵𝑗 = (𝐵𝑗(𝑡), 𝑡 ≥ 1) are independent Brownian motions on a probability space (Ω, , ℙ)

and (𝜑𝑗)𝑗≥1 is the orthonormal basis given by the eigenfunctions of the Laplace operator on {𝑔 ∈ 𝐻2((−𝜋, 𝜋)) ∶ 𝑔(−𝜋) =

𝑔(𝜋) = 0}.
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It is well known that the weak solution to stochastic heat equation is almost 1∕2-Hölder in space and almost 1∕4-Hölder
regular in time. The mixed regularity allows us to characterize the interplay between these two directional regularities.
To apply Proposition 4.1, we can exploit that the solution field 𝑢 is a centered Gaussian field admitting precise estimates
of the rectangular increments, cf. [11].

Corollary 4.6. Let 𝑇 > 0, 𝑎 ∈ (0, 1) and 1 ≤ 𝑞 ≤ 𝑝 with even 𝑝. If 𝛼̄ = (
𝑎

4
−

1

𝑞
,
1−𝑎

2
−

1

𝑞
) ∈ (0, 1]2, then 𝑢 ∈ 𝐵𝛼̄

𝑝,𝑞
([0, 𝑇] × 𝕋)

almost surely with 𝑝 = (𝑝, 𝑝) and 𝑞 = (𝑞, 𝑞).

Proof. Since 𝑢 is a Gaussian field, we know that □ℎ𝑢(𝑥) is a Gaussian random variable for ℎ = (ℎ1, ℎ2) ∈ [0, 1]2, 𝑡 ∈
[0, 𝑇 − ℎ1] and 𝑥 ∈ 𝕋. By the equivalence of Gaussian moments and [11, Proposition 3.5], we obtain

𝔼[|□ℎ𝑢(𝑡, 𝑥)|𝑝] = 𝐶𝑝𝔼[|□ℎ𝑢(𝑡, 𝑥)|2]𝑝∕2 ≲ min
{√

ℎ1, ℎ2
}𝑝∕2 ≤ ℎ

𝑎𝑝∕4
1 ℎ

(1−𝑎)𝑝∕2
2

for any 𝑎 ∈ (0, 1) and where 𝐶𝑝 > 0 is some constant depending only on 𝑝. Note that the upper bound in min{
√
ℎ1, ℎ2}

is sharp. We obtain (4.1) for 𝛼1 =
𝑎

4
−

1

𝑞
and 𝛼2 =

1−𝑎

2
−

1

𝑞
. The necessary bounds for 𝔼[|□ℎ𝑖𝑢(𝑡, 𝑥)|𝑝], 𝑖 = 1, 2, fol-

low analogously using 𝔼[(𝑢(𝑡 + ℎ1, 𝑥) − 𝑢(𝑡, 𝑥))2] ≲
√
ℎ1 and 𝔼[(𝑢(𝑡, 𝑥 + ℎ2) − 𝑢(𝑡, 𝑥))2] ≲ ℎ2 [6, Lemma 5.21]. Hence,

Proposition 4.1 yields ‖𝑢‖(2)
[0,𝑇]×𝕋,𝛼,(𝑝,𝑝),(𝑝,𝑝)

< ∞ almost surely. □
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