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Abstract
Inverse problems are key issues in several scientific areas, including signal pro-
cessing and medical imaging. Data-driven approaches for inverse problems aim 
for learning model and regularization parameters from observed data samples, and 
investigate their generalization properties when confronted with unseen data. This 
approach dictates a statistical approach to inverse problems, calling for stochastic 
optimization methods. In order to learn model and regularisation parameters simul-
taneously, we develop in this paper a stochastic bilevel optimization approach in 
which the lower level problem represents a variational reconstruction method for-
mulated as a convex non-smooth optimization problem, depending on the observed 
sample. The upper level problem represents the learning task of the regularisation 
parameters. Combining the lower level and the upper level problem leads to a 
stochastic non-smooth and non-convex optimization problem, for which standard 
gradient-based methods are not straightforward to implement. Instead, we develop 
a unified and flexible methodology, building on a derivative-free approach, which 
allows us to solve the bilevel optimization problem only with samples of the objec-
tive function values. We perform a complete complexity analysis of this scheme. 
Numerical results on signal denoising and experimental design demonstrate the 
computational efficiency and the generalization properties of our method.

Keywords  Inverse problems · Data-driven design · Derivative-free optimization · 
Gaussian smoothing

1  Introduction

Bilevel optimization is a very important optimization methodology for solving inverse 
problems [5, 21]. The strength of bilevel optimization is that it allows to endog-
enously learn hyper-parameters, which otherwise would have to be tuned manually. 
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A very prominent instantiation of this is the task of learning regularization param-
eters [30, 32, 35]. A mathematical formulation of this problem is to first define a 
variational reconstruction method involving a data fidelity function x �→ L(K(x), ξ), 
where ξ ∈ Ξ is the observed data, and K : X → D is the forward operator, mapping 
model parameters x to observations in D. We then define the reconstruction operator 
x∗(y, ·) : Ξ → X  as a solution of the optimization problem

	
x∗(y, ξ) ∈ argmin

x∈X
{L(K(x), ξ) + Sy(x)} for all (y, ξ) ∈ Y × Ξ.� (1.1)

The function Sy : X → R ∪ {+∞} is a parameter-dependent regularizer, that avoids 
overfitting and imposes a-priori known structure into the model parameter. Choosing 
this parameter y ∈ Y  a-priori is a severe bottleneck in the effective solution of the 
underlying inverse problem and poses significant practical challenges. Traditionally, 
this problem of hyperparameter tuning has been heuristically solved and generally 
requires a large number of solutions of this variational problem for a pre-defined grid 
of parameter values y. Bilevel optimization replaces this heuristic search procedure 
by a disciplined optimization approach which selects model parameters on par with 
regularization parameters, given the data sample representing the inverse problem. 
However, the bilevel methodology is not only useful for solving the hyperparam-
eter learning problem. It also has a significant impact for other inverse problems in 
which the forward operator itself exhibits a dependence on model parameters. This 
is generically the case in optimal experimental design. In this framework we address 
the question of where and when to take measurements, which variables to include, 
and what experimental conditions should be employed. Mathematically, this leads to 
a forward model Ky  which depends on a vector of design parameters y ∈ Y , which 
have to be chosen before the variational model is solved. Hence, problem (1.1) needs 
to be modified to

	
x∗(y, ξ) ∈ argmin

x∈X
{L(Ky(x), ξ) + Sy(x)} for all (y, ξ) ∈ Y × Ξ.� (1.2)

To obtain a generic set-up for learning selected components of (1.2) from data, 
we adopt a supervised learning approach [2]: We are given random variables 
ξ = (ξ1, ξ2) ∈ Ξ1 × Ξ2 = Ξ, defined on a fixed probability space (Ω, F ,P), where 
the first component contains model parameters, and the second component are the 
observations. This random element lives in some measurable space Ξ with joint dis-
tribution Pξ. Our aim is to learn the model parameters x∗(y, ξ2) (as a function of 
regularization parameters and data), and regularization parameters y∗ ∈ Y  simulta-
neously so that they are optimal given the expected risk defined in terms of the loss 
function and the data. Following [2], this leads to the stochastic bilevel formulation

	

y∗ ∈ argmin
y∈Y

{Eξ[F (x∗(y, ξ2), ξ1)] + r1(y)}

s.t.: x∗(y, ξ2) ∈ argmin
x∈X

{g(x, y, ξ2) + r2(x)}.
� (1.3)
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The upper level objective Eξ[F (x∗(y, ξ2), ξ1)] + r1(y) contains an expectation-
valued part involving a tracking-type function F : X × Ξ1 → R, usually assumed 
to be sufficiently smooth, and a regularizer/penalty function r1(y), i.e.  chosen to 
promote a-priori known structure in the parameter vector. The lower level objective 
g(x, y, ξ2) + r2(x) is a variational model for obtaining model parameters, as a func-
tion of the realized data ξ2 ∈ Ξ2 and the tunable hyperparameter y ∈ Y .

Example 1.1  (Bilevel Learning) The bilevel learning approach for inverse problem is 
a statistical learning methodology to select the regularization parameter based on a 
variational formulation. The unknown parameter and the corresponding observation 
are modeled as jointly distributed random variables (ξ1, ξ2) : Ω → Ξ1 × Ξ2, defined 
as

	 ξ2(ω)≜Ky1ξ1(ω) + Z(ω), ω ∈ Ω,

where Z ∈ L∞(Ω; Ξ2) denotes measurement noise. In this model Ξ1≜X  is the data 
space and Ξ2≜D is the set of observations. The forward operator may depend explic-
itly on a hyperparameter y1 ∈ Y1. In order to build a reconstruction of the unknown 
parameter ξ1(ω) for a fixed ω ∈ Ω, we consider the variational problem

	
min
x∈X

g(x, (y1, y2), ξ2(ω)) + r2(x), g(x, (y1, y2), ξ2(ω)) ≜ L(Ky1(x), ξ2(ω)) + Sy2(x) ,

where L : Ξ2 × Ξ2 → R is a data fidelity function, Sy2 : X → R is a regularization 
function with regularization parameter y2 ∈ Y  and r2(·) is another regularization 
function reflecting a-priori knowledge about the data. The reconstruction highly 
depends on the choice of the hyperparameter vector (y1, y2) ∈ Y ≜ Y1 × Y2, and 
the overall goal in bilevel learning is to choose these hyperparameters based on the 
stochastic bilevel optimization problem (1.3). This approach has been investigated 
in many previous studies (see e.g. [19, 32, 43]). We will provide more details about 
this application in Sect. 8. A typical upper-level objective function in this context is 
F (x, ξ1) = 1

2 ||x − ξ1||2X , and the bilevel problem (1.3) becomes

	

min
y=(y1,y2)

E(ξ1,ξ2)

[
1
2

||x∗(y, ξ2) − ξ1||2X

]
+ r1(y)

s.t.: x∗(y, ξ2) ∈ argmin
x∈X

{L(Ky1(x), ξ2(ω)) + Sy2(x) + r2(x)}.

�

1.1  Challenges and related literature

Directly solving the stochastic bilevel optimization problem (1.3) is challenging for 
at least two reasons: First, in order to solve the upper level problem, we need to know 
a solution of the lower level problem. However, this is just our variational inverse 
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problem, and thus is typically a large-scale optimization problem itself (although 
very often convex). Even if this can entail computational challenges, it can in prin-
ciple be overcome via state-of-the-art convex programming techniques; The second 
challenge that arises is how to optimize the upper level objective function, which is 
only available as an implicit function of the lower level solution mapping x∗(y, ξ). 
This problem becomes even more pronounced when the lower level solution is not 
unique. While non-uniqueness could be dealt with penalty methods (see e.g. [36, 
40]), the presence of stochastic perturbations in the problem data, renders also this 
approach challenging. Instead, in this paper we investigate in detail solution methods 
for settings in which the lower level mapping can be solved up to some accuracy 
at reasonable computational costs, and then use this mapping to construct a simple 
optimization method that avoids delicate issues such as computing gradients, or even 
higher-order information of the upper level objective. Specifically, we make the fol-
lowing standing hypothesis throughout this paper1:

Standing Hypothesis  For all (y, ξ2 ) ∈ Y × Ξ2  the lower level problem

	
min
x∈X

{g(x, y, ξ2) + r2(x)}� (LL)

admits a unique solution x∗(y, ξ2 ), which is a measurable function of the data ξ2 .
Working under this hypothesis, the main remaining question is how to effectively 

solve the upper level problem

	
min
y∈Y

Ψ(y) ≜ Eξ[F (x∗(y, ξ2), ξ1)] + r1(y).� (1.4)

The challenge within this formulation lies in the fact that the first function 
y �→ Eξ[F (x∗(y, ξ2), ξ1)] is expectation-valued (hence hard to evaluate) and in gen-
eral non-smooth and non-convex. The lack of regularity properties makes a direct 
gradient-based approach less qualified, without even talking about the difficulties in 
computing a gradient (aka the hypergradient [20, 29]) of this composite function. 
The key complications arising in this formulation are (i) the dependence of the lower 
level solution x∗(y, ξ2) on the random variable ξ2, (ii) the potential non-smoothness 
of the lower level variational problem, (iii) the non-smoothness of the upper level 
problem. All three complications make any attempt to adapt standard methods for 
solving bilevel optimization problems complicated. One main technical contribution 
of this paper is to construct a practically efficient strategy for solving the stochastic 
bilevel problem (1.3) building on a zeroth-order stochastic oracle model for estimat-
ing the hypergradient, allowing for bias in the random estimator, and inexactness of 
the solution of the lower level problem. Although this setting received a significant 
amount of attention recently, mainly driven from applications in machine learning 
such as meta-learning [45], hyper-parameter optimization [22, 47] and reinforcement 
learning [33], the composite setting embodied in (1.4) is complicating the hypergra-

1 A more precise formulation of this hypothesis will be given in Sect. 3.
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dient estimation task a lot. The survey [39] gives a comprehensive state-of-the-art 
overview.

1.1.1  Stochastic bilevel optimization

 The bilevel instance (1.3) differs from the typical machine learning setting in our 
requirement that the lower level problem needs to be solved for any realization of the 
random variable ξ2. In machine learning, the typically encountered formulation has 
no non-smooth terms and no explicit constraints:

	
min
y∈Rd

ψ(y)≜f(x∗(y), y) s.t.: x∗(y) ∈ argmin
x∈Rn

g(x, y) ,

where f(x, y)≜E[F (x, y, ξ1)] and g(x, y)≜E[G(x, y, ξ2)]. Under strong regularity 
conditions the hyperobjective ψ is smooth enough so that its gradient can be charac-
terized by the implicit function theorem

	∇ψ(y) = ∇yf(x∗(y), y) − ∇2
xyg(x∗(y), y)

[
∇2

xxg(x∗(y), y)
]−1 ∇xf(x∗(y), y).

In the composite non-smooth setting arising in inverse problems, and which is of 
interest in this paper, there is no hope that a similar formula for the hypergradient can 
be defined. For numerical approximation methods departing from this approach, see 
[26, 33].

Recently, [12] propose a stochastic zeroth-order method for a class of stochas-
tic mathematical programs under equilibrium constraints, in which the lower-level 
problem is described by the solution set of a stochastic variational inequality, and the 
upper-level problem is a stochastic unconstrained optimization problem. We extend 
this setting to the non-smooth proximal framework in both the upper and the lower-
level problem. This is a non-trivial extension, since it requires a fundamentally dif-
ferent analysis of the iteration complexity of the method in terms of the prox-gradient 
mapping (cf. (4.12)). Moreover, we provide complexity estimates on the criticality 
measure represented by the prox-gradient mapping via an integrated smoothing and 
zeroth-order optimization scheme, without any a-priori convexity assumptions on the 
hyperobjective.

1.1.2  Zeroth-order stochastic optimization

 The numerical solution of stochastic optimization problems requires the availabil-
ity of a stochastic oracle. In low informational settings such as simulation-based, or 
black-box optimization, an attractive stochastic oracle is one that relies only on noisy 
function queries. Such zeroth-order methods have been studied in the literature under 
the name of derivative-free optimization [10, 48], Bayesian optimization [23], and 
optimization with bandit feedback [8, 18]. Moreover, gradient-free methods received 
a lot of attention within mathematical imaging [19, 20], and scientific computing 
[34, 44], as well as in machine learning and computational statistics [1, 17, 24]. We 
discuss the connection to the most important references in the following.
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[6] performs a detailed comparison of different derivative-free methods based on 
noisy function evaluations, assuming that the noise component is additive and with 
zero mean and bounded range. They established conditions on the gradient estima-
tion errors that guarantee convergence to a neighborhood of the solution. We per-
form a complexity analysis of a derivative free method in which the function values 
are noisy evaluations of the hyperobjective of the bilevel problem (1.3), without a 
uniformly bounded noise assumption. Instead, we only assume standard variance 
bounds in Lp, for some p ≥ 2.

[3] provide an in-depth analysis of zero-order estimators for solving general sto-
chastic optimization problems, using a Frank-Wolfe method, a stochastic proximal 
gradient method, or a higher-order method building on the cubic regularization glo-
balization technique. Their general complexity statements are not immediately trans-
ferable to our problem, since we solve a stochastic bilevel problem, with potentially 
inexact feedback between the upper and the lower level problem. This noisy and 
inexact feedback mechanism leads to an additional bias in the gradient estimator, 
which needs to be carefully balanced in order to prove convergence guarantees of 
the method.

1.2  Main contributions and outline

Our main results can be summarized as follows: 

1.	 Under weak regularity assumption on the hyperobjective 
h(y) = E[F (x∗(y, ξ2), ξ1)] (essentially only Lipschitz continuity), we derive an 
iteration complexity statement in terms of the proximal gradient mapping for the 
Gaussian smoothed objective hη. In particular, we give complexity statements 
assuming that the lower level problem can be solved exactly, or inexactly, with a 
controlled precision in an Lp sense.

2.	 We particularize this result in the convex case to obtain a complexity statement 
in terms of the original objective function optimality gap.

3.	 To relate the complexity statement derived for the smoothed hyperobjective, we 
define a notion for a relaxed stationary point, using a fuzzy version of the Gold-
stein subgradient, originally introduced in [28] for Lipschitz continuous math-
ematical programs. This allows us to transfer the complexity statements derived 
in pervious sections for the smoothed prox-gradient mapping to a criticality mea-
sure involving the Goldstein subgradient.

The remainder of the manuscript is structured as follows. We introduce our nota-
tion and some known results, used in the analysis, in Sect.  2. Section  3 presents 
the formulation of the stochastic bilevel optimization problem with the correspond-
ing assumptions. In Sect.  4, we introduce our proposed zeroth-order optimization 
method. Section 5 begins the convergence analysis in a non-convex setting with a 
fixed smoothing parameter, covering both exact and inexact lower level solutions. 
We then proceed to Sect.  6, where we analyze the convex case and quantify the 
smoothing error. Section 7 addresses the explicit complexity and relaxed stationarity 
for non-convex problems. In Sect. 8, we apply our algorithm to linear inverse prob-
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lems, with a particular focus on imaging. Finally, we conclude the main body of the 
manuscript with a summary in Sect. 9. For clarity, most of the proofs are deferred to 
Appendices A–C.

2  Notation and preliminaries

For a finite dimensional real vector space E , we denote by E∗ its dual space. The value 
of a linear function s ∈ E∗ at point x ∈ E  is denoted by s(x) ≜ ⟨s, x⟩. We endow the 
spaces E  and E∗ with Euclidean norms ||x|| = ⟨Bx, x⟩1/2 and ||s||∗ = ⟨s, B−1s⟩1/2, 
where B = B∗ represents the Riesz isomorphism, i.e. a positive definite linear oper-
ator from E  to E∗. For a subset C ⊂ E  we define the distance of x ∈ E  to C by 
dist (x, C) ≜ infz∈C ||x − z||. The closed ball with center x and radius r > 0 is 
denoted as B(x, r). The convex hull of a set X is denoted as Conv (X). If Ω is a 
topological space, we denote by B(Ω) the Borel σ-algebra. In this paper, we consider 
functions with different levels of smoothness. We say a function h : E → R belongs 
to class C0,0(E) if there exists a constant lip0(h) > 0 such that

	 |h(x1) − h(x2)| ≤ lip0(h) ||x1 − x2|| , ∀x1, x2 ∈ E ,

h belongs to class C1,1(E) if there exists a constant lip1(h) > 0

	 ||∇h(x1) − ∇h(x2)||∗ ≤ lip1(h) ||x1 − x2|| , ∀x1, x2 ∈ E .

For h ∈ C1,1(E), we have the Lipschitz descent Lemma [41, Lemma 1.2.3]

	
h(x2) ≤ h(x1) + ⟨∇h(x1), x2 − x1⟩ + lip1(h)

2
||x2 − x1||2 , ∀x1, x2 ∈ E .� (2.1)

For extended real-valued convex functions h : E → [−∞, ∞], we define its (effec-
tive) domain dom (h) = {y ∈ Y|h(y) < ∞}. The convex subdifferential is the set-
valued mapping ∂h(y) ≜ {v ∈ E∗|h(ỹ) ≥ h(y) + ⟨v, ỹ − y⟩ ∀ỹ ∈ E}. Elements 
of the set ∂h(y) are called subgradients, and the inequality defining the set is called 
the subgradient inequality. A convex function is called proper if it never attains the 
value −∞.

Definition 2.1  Let δ ≥ 0. For a convex function h : E → (−∞, +∞], the δ-subdif-
ferential ∂δh(y) the set of vectors v ∈ E∗ satisfying

	 h(ỹ) ≥ h(y) − δ + ⟨v, ỹ − y⟩ ∀ỹ ∈ E .

Note that the above definition reduces naturally to the convex subdifferential by set-
ting δ = 0.

1 3

973



M. Staudigl et al.

Definition 2.2  The proximal operator of a closed convex and proper function 
g : E → (−∞, ∞] is defined by

	
prox g(x) ≜ argmin

u∈E
{g(u) + 1

2
||u − x||2}.� (2.2)

The prox-operator is always 1-Lipschitz (non-expansive) [4]. We also make use of 
the Pythagorean identity on the Euclidean space E  with inner product ⟨B·, ·⟩:

	 2⟨y − u, B(x − y)⟩ = ||x − u||2 − ||x − y||2 − ||y − u||2 .� (2.3)

For p ∈ [1, ∞], let Lp(Ω, F ,P; E) be the set of all random variables for which the 
integral EP [|f |p] ≜

´
Ω |f(ω)|p dP(ω) exists and is finite. This is a Banach space 

with norm |f |p ≜ (EP [|f |p])1/p.

3  Problem formulation

We denote by (X , ||·||X ) and (Y, ||·||Y) finite dimensional Euclidean vector 
spaces, with dual spaces (X ∗, ||·||X ∗), (Y∗, ||·||Y∗). Let (Ω0, A,P0) be a com-
plete probability space, carrying random elements ξ1 ∈ L0(Ω0, A0,P0; Ξ1) 
and ξ2 ∈ L0(Ω0, A0,P0; Ξ2) taking values in a measurable space 
(Ξi, B(Ξi)), i = 1, 2. We define ξ(ω) ≜ (ξ1(ω), ξ2(ω)), and denote the distribution 
of this random element as Pξ ≜ P0 ◦ ξ−1. Accordingly, the marginal distributions are 
defined as Pξ1(A) ≜ Pξ(A × Ξ2) and Pξ2(B) ≜ Pξ(Ξ1 × B) for A ∈ B(Ξ1) and 
B ∈ B(Ξ2), respectively.

Remark 3.1  Throughout this paper we abuse notation in that we do not notationally 
distinguish a random variable ξ from its realization (hitherto also denoted by ξ). We 
belief this common abuse of notation is simplifying the notation and its meaning 
should be clear from the context.

3.1  The hyperobjective program

In problem (1.3), the variable y ∈ Y  (i.e. the learning parameters) is chosen before 
the event ω is realized, whereas x is a decision variable (i.e. the model parameters) 
that is implemented just-in-time, given y ∈ Y  and the realization ξ2(ω) ∈ Ξ. A solu-
tion of the lower-level optimization problems constitutes therefore of a feedback 
mapping x∗(·, ξ2) ∈ L∞(Y; X ), satisfying a measurability property with respect to 
the noise variable:

	 ω �→ x∗(y, ξ2(ω)) ∈ L0(Ω, A0,P0; L∞(Y; X )).
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In particular, by the Doob-Dynkin Lemma, the mapping ω �→ x∗(y, ξ2(ω)) is σ(ξ2)
-measurable, for all y ∈ Y . The following standing assumption shall apply through-
out the paper.

Assumption 1  r1 : Y → (−∞, ∞] is a closed convex and proper function.

Assumption 2  F : X × Ξ1 → R is a Carathéodory function: 

(a)	 ω �→ F (x, ξ1(ω)) is σ(ξ1)-measurable for every x ∈ X ;
(b)	 x �→ F (x, ξ1) is continuous for almost every ξ1 ∈ Ξ1.

Assumption 3  For all x ∈ X , the value EP0 [F (x, ξ1)] is finite. There exists a positive 
valued random variable lip0(F (·, ξ1)) : Ω → (0, ∞) such that |lip0(F (·, ξ1))|1 < ∞, 
and for all x1, x2 ∈ X  it holds that

	 |F (x1, ξ1) − F (x2, ξ1)| ≤ lip0(F (·, ξ1)) ||x1 − x2||X .� (3.1)

Assumption 3 implies that x �→ f(x) ≜ EP0 [F (x, ξ1)] is Lipschitz continuous [46, 
Thm.7.44], with Lipschitz constant lip0(f)≜ |lip0(F (·, ξ1))|1. In particular, the func-
tion x �→ f(x) is measurable.

Assumption 4  r2 : X → (−∞, ∞] is proper, closed and convex. For all y ∈ dom (r1), 
the function x �→ g(x, y, ξ2) is continuously differentiable and convex.

Assumption 5  For all (y, ξ2) ∈ int dom (r1) × Ξ2 the parameterized variational 
inequality

	 Find x ∈ X such that 0 ∈ ∇xg(x, y, ξ2) + ∂r2(x)� (3.2)

has a unique solution x∗(y, ξ2), enjoying the following properties: 

(S.1)	 ω �→ x∗(y, ξ2(ω)) is measurable, uniformly in y ∈ int dom (r1);
(S.2)	 y �→ x∗(y, ξ2) is Lipschitz continuous on int dom (r1), for almost all 

ξ2 ∈ Ξ2.

Our set of assumptions correspond to typical hypothesis that have been used in ora-
cle-based approaches to bilevel problems. Assumption 4 is a structural assumption 
on the data, which reflects the typical structure of variational formulations of inverse 
problems. Assumption 5 are technical assumptions which are needed to carry out 
our derivative-free approach. Measurability (S.1) of the reconstruction is arguably 
a minimal assumption. Lipschitz continuity is a more restrictive assumption, which 
is essentially an a-priori hypothesis on the solution regularity of the lower level 
problem. An important special case where Lipschitz continuity of the reconstruction 
operator is obtained when ∇xg(x, y, ξ) is uniformly Lipschitz and r2 is an indicator 
function of a closed convex set. In this case, Theorem 2B.1 and Corollary 2B.3 of 
[15] establishes the Lipschitz continuity of the reconstruction operator. Another set 
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of transparent conditions is described in Theorem 1 of [19], which considers smooth 
lower level problems. We need this assumption to obtain the Lipschitz property of the 
implicit function y �→ H(y, ξ).

Combining Assumptions 3 and 5, we can define the stochastic hyperobjective

	 H : Y × Ξ → R, (y, ξ) �→ H(y, ξ) ≜ F (x∗(y, ξ2), ξ1).� (3.3)

Note that H(·, ξ) ∈ C0,0(Y). In order to bound the variance of our gradient estimator, 
we need an a-priori assumption on the integrability of the random Lipschitz modulus.

Assumption 6  We assume that |lip0(H(·, ξ))|2 < ∞.

Thanks to the inherited measurability, we can leverage Fubini’s theorem to obtain 
h(y) ≜ EP[H(y, ξ)] =

´
Ξ2

f(x∗(y, w2)) dPξ2(w2). The fact that f ∈ C0,0(Y) com-
bined with (S.2) allows us to conclude h ∈ C0,0(Y).

Absorbing the lower level solution into the upper level, we arrive at the reduced 
formulation of the upper level optimization problem

	
ΨOpt ≜ inf

y∈Y
{Ψ(y) ≜ h(y) + r1(y)},� (3.4)

which is commonly known in bilevel optimization as the hyperobjective optimization 
problem.

3.2  Approximate stationarity conditions

The hyperobjective program (3.4) is a non-convex and non-smooth optimization 
problem, involving a Lipschitz continuous function y �→ h(y), and a convex com-
posite term y �→ r1(y). As is typical in non-convex optimization, our aim is to local-
ize a specific class of approximate stationary points, as we are about to define in 
this section. For a locally Lipschitz function h : Y → R, the generalized directional 
derivative in the sense of Clarke [9] of h at y ∈ Y  in direction u ∈ Y  is defined as

	
h◦(y; u) ≜ lim sup

y′→y,t→0+

h(y′ + tu) − h(y′)
t

.

The Clarke subdifferential of h at y is the set

	 ∂Ch(y) ≜ {s ∈ Y∗|h◦(y, u) ≥ ⟨s, u⟩ ∀u ∈ Y}.

The primary goal of non-smooth non-convex optimization is the search for station-
ary points. A point y ∈ Y  is called (Clarke)-stationary for Ψ = h + r if the inclusion

	 0 ∈ ∂Ch(y) + ∂r1(y)
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is satisfied.

Definition 3.1  Given ε > 0, a point y∗ ∈ Y  is called an ε-stationary point of (3.4) if

	 dist (0, ∂CΨ(y∗)) ≤ ε.� (3.5)

Recently, a series of papers challenged the question whether optimization algorithms 
are able to identify ε-stationary points in finite time. [50] provided a definite nega-
tive answer to this question, by demonstrating that no first-order method is able to 
identify ε-stationary points in finite time. Therefore, we will content ourselves with a 
more modest stationarity notion.

Definition 3.2  ( [28]) For any δ > 0, the Goldstein δ-subdifferential of h at y ∈ Y  is 
the set

	
∂δ
Gh(y) ≜ Conv


 ∪

ỹ∈B(y,δ)

∂Ch(ỹ)


 .� (3.6)

We employ the Goldstein subdifferential for relating the stationarity measures of a 
smoothed auxiliary model, with stationarity with respect to the original problem. As 
such, our proposal of an approximate stationary point combines the definitions of [13, 
14] for stochastic subgradient methods, and [38] for zeroth-order methods.

Definition 3.3  For any (ε, δ) > 0, we call a random variable y∗ ∈ L0(Ω, F ,P; Y) an 
(ε, δ)-stationary point of (1.4) if

	
E

[
dist

(
y∗, {y | dist (0, ∂δ

Gh(y) + ∂r1(y))2 ≤ ε}
)2]

≤ ε.� (3.7)

4  Derivative free randomized proximal gradient method

4.1  Gaussian smoothing of the implicit function

To simplify the notation, we write ||u||Y ≜ ||u||≜
√

⟨Bu, u⟩, given the Riesz map-
ping B = B∗ ≻ 0 from Y  to Y∗. We denote the dimension of the Euclidean space Y  
by n. The n-dimensional Lebesgue measure on (Y, B(Y)) is denoted by LebY , and 
we typically write dy, instead of dLebY(y). We define the Gaussian Lebesgue den-

sity on (Y, B(Y), LebY) as πη(z|y) ≜
√

det(B)
(2π)n/2ηn exp

(
− 1

2η2 ||z − y||2
)

.

Given a function h : Y → R and a positive parameter η > 0, for any η > 0 we 
define the Gaussian smoothing of h as the convolution
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hη(y) ≜ (h ⊛ πη)(y) =

ˆ

Y
h(z)πη(z|y)dz.� (4.1)

Let us introduce an independent probability space (Ω1, A1,P1). We say 
U : (Ω1, A1) → (Y, B(Y)) is a standard Gaussian random variable on Y , denoted 
as U ∼ N(0, Id Y), if P1 ◦ U−1 admits the density π1(·|0) ≡ π on Y  with respect to 
LebY . Via the change of variables z = y + ηu, we can rewrite the above integral as

	
hη(y) =

ˆ

Y
h(y + ηu)π(u)du = EP1 [h(y + ηU)].

For η > 0, the function y �→ hη(y) is differentiable and η > 0 plays the role of a 
smoothing parameter. Using the expression above, we immediately deduce the for-
mula for the gradient (see Appendix A, eq. (A.3)) as

	
∇hη(y) = EP1

[
h(y + ηU)

η
BU

]
= EP1

[
h(y + ηU) − h(y)

η
BU

]
.� (4.2)

Specifically, we leverage upon the work [42], and use the following estimates.2

Lemma 4.1  Let h ∈ C0 ,0 (Y). Then hη ∈ C0 ,0 (Y) and lip0 (hη) ≤ lip0 (h) for all 
η > 0 .

Lemma 4.2  ( [42], Theorem 1) Let h ∈ C0 ,0 (Y) and η > 0 . Then for all y ∈ Y  it 
holds

	 |hη(y) − h(y)| ≤ ηlip0 (h)
√

n .

Lemma 4.3  Let h ∈ C0 ,0 (Y) and η > 0 . Then hη ∈ C1 ,1 (Y) with 
lip1 (hη) =

√
n

η lip0 (h). Moreover, for all y ∈ Y , there holds

	 ||∇hη(y)||2∗ ≤ lip0(h)2(4 + n)2.� (4.3)

In the convex case, we report a classical relation between the gradients of the 
Gaussian smoothed function and the δ-subdifferential.

Lemma 4.4  ( [42], Theorem 2) If h ∈ C0 ,0 (Y) and convex, then, for all y ∈ Y  and 
η > 0 , we have

	 ∇hη(y) ∈ ∂δh(y), forδ = ηlip0(h)
√

n� (4.4)

where ∂δh is the δ-subdifferential (cf. Definition 2.1).

2 For being self-contained, we provide proofs of these facts in Appendix A.
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The next proposition establishes a quantitative connection between the gradients 
of the smoothed function hη and the Goldstein δ-subgradient. This is the key tool to 
relate complexity estimates of the smoothed objective with the original, unsmoothed, 
objective.

Proposition 4.5  ( [38], Theorem 3.6) Let h ∈ C0 ,0 (Y) and D ⊂ Y  a convex compact 
set. Then, for all δ > 0  and for all ε > 0 , it holds that

	 ∇hη(y) ∈ ∂δ
Gh(y) + εBY ∀η ∈ (0 , η̄], ∀y ∈ D.

where BY  denotes the unit ball in 

Y , η̄ ≜ min{1 , δ/Γ}, Γ ≜
[
−nW−1

(
−ν2/n

2πe

)]1/2
 and 

ν ≜ min{ ε
4 lip0 (h) , (2π)n/2 − 1

2 }. W−1  is the negative branch of the Lambert W-
function, i.e. of the inverse of x �→ xex , x ∈ R.

Remark 4.1  Since ν ≤ (2π) n
2 − 1

2 , we have ν
2/n

2πe < 1
e , and hence W−1

(
ν2/n

2πe

)
< −1. 

Thus, Γ ∈ (
√

n, ∞). �

4.2  Zeroth-order gradient estimator of the implicit function

The first step in our construction is the design of a zeroth-order gradient estimator. 
This requires a solution of the lower-level problem. We discuss two different settings. 
First, we consider the case in which the solution of the lower level problem is avail-
able exactly. This is a very common assumption in stochastic bilevel optimization; 
see e.g. [11, 12, 39], as well as [19] for inverse problems. We then relax this assump-
tion by allowing for controllable errors in the lower level solution. This scenario 
is more realistic, but also more challenging since the inexact model introduces an 
additional bias in the stochastic gradient estimator. We account for this additional 
difficulty by presenting two different complexity estimates, one for the exact and one 
for the inexact case, respectively.

4.3  Exact lower level solution

Consider the implicit function h : Y → R given by h(y) = EP[H(y, ·)], where 
H(y, ξ) = F (x∗(y, ξ2), ξ1) is the hyperobjective, defined in (3.3). We have h ∈ C0,0(Y), 
so that its Gaussian smoothing with parameter η > 0 satisfies hη ∈ C1,1(Y). Let u ∈ Y  
represent a direction and δ > 0 a parameter. We define the finite-difference estimator

	
∇̂(u,η)H(y, ξ) ≜ H(y + ηu, ξ) − H(y, ξ)

η
Bu = F (x∗(y + ηu, ξ2), ξ1) − F (x∗(y, ξ2), ξ1)

η
Bu.
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If u(m) = {u1, . . . , um} is an m-tuple of directions in Y  and ξ(m) = {ξ1, . . . , ξm} 
are m-i.i.d copies of the random variable ξ, then we define the random gradient esti-
mator, based on finite differences of the subsampled hyperobjective:

	
Vη(y, u(m), ξ(m)) ≜ 1

m

m∑
i=1

∇̂(ui,η)H(y, ξi).� (4.5)

To realize this estimator on a sufficiently large common probability space, we build 
the typical product space enlargement (Ω, A,P) = (Ω0 × Ω1, A0 ⊗ A1,P0 × P1). 
On this extended setup, we abuse notation and identify the random element ξ and U 
as measurable functions on (Ω, A) by means of the following notational convention:

	 ξ(ω) = ξ(ω0) and U(ω) = U(ω1) ∀ω ∈ Ω.

Let U (m) ≜ (U1, . . . , Um) be an iid random sample of Gaussian Y-valued random 
vectors and ξ(m) ≜ (ξ1, . . . , ξm) an iid sample of ξ, assumed to be independent of 
each other. Define the random estimator

	 V̂η,m(y, ω) ≜ Vη(y, U (m)(ω), ξ(m)(ω)) ∀ω ∈ Ω.� (4.6)

Given a positive smoothing parameter η > 0, we are iteratively solving the stochastic 
composite optimization problem

	

min
y∈Y

Ψη(y) with Ψη(y) ≜ hη(y) + r1(y) and

hη(y) = EP[F (x∗(y + ηU, ξ2), ξ1)].
� (4.7)

In the following, we assume that ΨOpt
η ≜ infy∈Y Ψη(y) > −∞. The smooth part of 

this composite minimization problem is the Gaussian smoothing of the hyperobjec-
tive h, and r1 is a closed convex and proper regularizing term.

4.4  Inexact lower level solution

We now define a relaxation of the stochastic oracle, allowing for computational errors 
in the lower level solution.

Definition 4.6  (Inexact lower level solution) Given p ≥ 2 and β ≥ 0, we call a map-
ping xβ ∈ L∞(Y × Ξ; X ) a β-optimal solution of the lower level problem (LL) if

	
E

[∣∣∣∣xβ(y, ξ) − x∗(y, ξ)
∣∣∣∣p

X

]1/p

≤ β.� (4.8)

Remark 4.2  We note that an inexact solution can readily be obtained by embedding 
our main iteration in a double-loop algorithmic strategy in which the inner loop is 
some fast solver that returns an approximate solution of the lower level problem, for 
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fixed parameters (y, ξ). The exact formulation of such an inner loop solver should 
be adapted to the nature of the lower level optimization problem. We treat the lower-
level problem essentially as an oracle, which can be queried at any position (y, ξ2) 
and returning us some feedback xβ(y, ξ). Hence, we do not need to specify a spe-
cific numerical scheme employed to realize this oracle. However, our approach can 
easily be embedded in a double loop architecture in which an inner loop constructs 
an approximate lower level solution xβ(y, ξ2), and the outer level is our scheme 
(Algorithm 1). Such double-loop structures are a very popular solution strategy in 
stochastic bilevel optimization (cf. [12, 36] and references therein).

Remark 4.3  Inexactness of lower level solutions in bilevel optimization has been 
investigated in [19, 20] in deterministic regimes. Our notion takes into consideration 
the potential noisy nature of the data.

Given the inexact lower level solution mapping, we accordingly define the inexact 
hyperobjective as

	 Hβ(y, ξ) ≜ F (xβ(y, ξ2), ξ1) for all y ∈ Y, (ξ1, ξ2) ∈ Ξ1 × Ξ2.

The resulting biased random gradient estimator is given by

	

∇̂(u,η)H
β(y, ξ) ≜Hβ(y + ηu, ξ) − Hβ(y, ξ)

η

Bu =F (xβ(y + ηu, ξ2), ξ1) − F (xβ(y, ξ2), ξ1)
η

Bu,

and replace the multi-point random gradient estimator by

	
V β

η (y, u(m), ξ(m)) ≜ 1
m

m∑
i=1

∇̂(ui,η)H
β(y, ξi).� (4.9)

As in the exact case, in order to reduce notational clutter, we will adopt the simplified 
notation V̂ β

η,m(y, ω) ≜ V β
η (y, U (m)(ω), ξ(m)(ω)) for the multi-point random gradi-

ent estimator based on the zeroth-order oracle.

4.5  The algorithmic scheme

Since hη ∈ C1,1(Y), we are in the classical proximal-gradient framework, which is 
defined in terms of the fixed point iteration

	 ȳ+ = Tη,t(y) ≜ prox tr1
(y − tB−1∇hη(y)),

where t ∈ [0, ∞) is a step size parameter, η > 0 and y ∈ Y .
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Since we have no direct access to the gradient ∇hη(y), we define a stochastic 
approximation using the operator Pt : Y × Y∗ → Y  defined by

	 Pt(y, v) ≜ prox tr1
(y − tB−1v) ∀(y, v) ∈ Y × Y∗.� (4.10)

Clearly, Pt(y, ∇hη(y)) = Tη,t(y) for y ∈ Y .
Our numerical scheme for solving (1.3) is a derivative-free stochastic implementa-

tion of the proximal-gradient method. The random gradient estimator either employs 
the finite-difference estimator (4.5) (Method ’ExactLL’), or (4.9). The Pseudo-code 
of the resulting scheme DFProxGrad is reported in Algorithm 1.

Algorithm 1  Derivative-free approximate prox-grad algorithm (DFProxGrad)

Remark 4.4  Algorithm DFProxGrad under Method ’ExactLL’ requires numeri-
cal parameters (αk)N−1

k=0  and a batch size sequence (mk)N
k=1. The inexact regime 

requires additionally a user-defined sequence (βk)N−1
k=0  as an additional input, which 

defines the error tolerance of the lower level solution mapping involved in the con-
struction of the estimator V̂k+1. Although our algorithm is defined over a fixed time 
window, the exact instantiation of the parameters (e.g. step size, inexactness of lower 
level solutions and sampling rate) is independent of the terminal time N. Our com-
plexity results Theorem 5.2, Theorem 5.6 and Corollary 5.4, Corollary 5.7 contain 
explicit expressions for these sequences culminating in good complexity bounds. An 
exception is Corollary 6.2, which requires an step-size schedule (αk)N−1

k=0  explicitly 
depending on N. Our theoretical result ensures that the algorithm can be run up to 
time N and then continued without requiring a restart, since the step sizes do not 
depend on N. This stands in contrast to many theoretical guarantees for stochastic 
algorithms, which often rely on fixing a step size depending on N rather than consid-
ering the diminishing step sizes that we employ here.

4.6  Gap functions

In order to derive performance guarantees when running DFProxGrad, we need to 
introduce certain merit functions. The first, and most obvious merit function to use 
would be the observed difference in the objective function values Ψ(yN ) − ΨOpt . 
Since we have no access to Ψ, but rather its smoothed counterpart Ψη, a conceptually 
implementable merit function based on the objective function gap is
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	 ∆η(yN ) ≜ Ψη(yN ) − ΨOpt
η .� (4.11)

However, since the smoothed implicitly defined objective function y �→ Ψη(y) is in 
general non-convex, measuring the distance to the global optimum value is practi-
cally not very relevant. Instead, we are focussing on functions which measure the 
distance to stationarity of points produced by the algorithm.

The prox-gradient mapping is the operator Gη,t : Y → Y  defined by

	
Gη,t(y) ≜ 1

t
(y − Tη,t(y)).� (4.12)

Indeed, thanks to the smoothing, one can show that a small norm of the prox-gradient 
mapping implies that approximate stationarity applies [16].3

The stochastic analogue to the prox-gradient mapping is the random operator 
G̃η,t : Y × Ω → Y ,

	
G̃η,t(y, ω) ≜ 1

t

(
y − Pt(y, V̂η,m(y, ω))

)
.� (4.13)

Note that if r1 = 0, then G̃η,t(y, ω) = V̂η,m(y, ω) for all (y, ω) ∈ Y × Ω. For the 
complexity analysis of the inexact regime, we have to adapt the definition of the 
gradient mapping accordingly to

	
G̃β

η,t(y, ω) ≜ 1
t

(
y − Pt(y, V̂ β

η,m(y, ω))
)

.� (4.14)

4.7  Properties of the gradient estimator with exact lower level solutions

In this section we work out some a-priori error estimates on the random gradient 
estimator (4.5). Whenever convenient, we suppress the dependence on ω, and simply 

write V̂η,m(y) ≡ Vη(y, U (m), ξ(m)). The first Lemma shows that our random estima-
tor is unbiased in terms of the gradient operator of the smoothed function hη.

Lemma 4.7  For all y ∈ Y , we have EP[V̂η,m(y)] = ∇hη(y) and

	
EP

[∣∣∣
∣∣∣V̂η,m(y)

∣∣∣
∣∣∣
2

∗

]
− ∥∇hη(y)∥2

∗ ≤ s2

m
,

where we defined s ≜ (4 + n) |lip0 (H (·, ξ))|2 .

Proof  See Appendix B. � □

3 See Appendix C for a self-contained proof.
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Remark 4.5  We point out that our random estimator V̂η,m(y) is an unbiased estimator 
of the gradient of the smoothed function hη. It is not unbiased with respect to first-
order information of the original function h. Furthermore, the variance of the estima-
tor scales inversely with the batch size m, and scales quadratically with the dimension 
n. We absorb this dependency in the constant s, which will be used throughout our 
derived estimates.

We define the error process

	 ∆Wη,m(y, ω) ≜ V̂η,m(y, ω) − ∇hη(y) ∀(y, ω) ∈ Y × Ω.� (4.15)

An immediate corollary of Lemma 4.7 is that the error process defines essentially a 
martingale difference sequence:

	 EP[∆Wη,m(y)] = 0, and � (4.16)

	
EP

[
||∆Wη,m(y)||2∗

]
= EP

[∣∣∣
∣∣∣V̂η,m(y)

∣∣∣
∣∣∣
2

∗

]
− ||∇hη(y)||2∗ ≤ s2

m
. � (4.17)

Moreover, the error process can be used to estimate the prox-gradient mapping as 
follows:

Lemma 4.8  We have

	 ||Gη,t(y)||2 ≤ 2
∣∣∣∣G̃η,t(y)

∣∣∣∣2 + 2 ||∆Wη,m(y)||2∗ a.s..� (4.18)

Proof  Using the non-expansiveness of the prox-operator, we obtain

	

||Gη,t(y)||2 =
∣∣∣∣
∣∣∣∣
1
t
[y − Pt(y, V̂η,m(y))] + 1

t
[Pt(y, V̂η,m(y)) − Tη,t(y)]

∣∣∣∣
∣∣∣∣
2

≤ 2
∣∣∣∣G̃η,t(y)

∣∣∣∣2 + 2
t2

∣∣∣
∣∣∣Pt(y, V̂η,m(y)) − Tη,t(y)

∣∣∣
∣∣∣
2

≤ 2
∣∣∣∣G̃η,t(y)

∣∣∣∣2 + 2
∣∣∣
∣∣∣B−1(V̂η,m(y) − ∇hη(y))

∣∣∣
∣∣∣
2

= 2
∣∣∣∣G̃η,t(y)

∣∣∣∣2 + 2 ||∆Wη,m(y))||2∗ .

� □

4.8  Properties of the gradient estimator with inexact lower level solutions

The inexactness of the solution of the lower-level problem will have its trace on the 
variance of the random estimator. The bias can be described by means of the follow-
ing error decomposition.
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Lemma 4.9  For all y ∈ Y  and β > 0 , it holds

	

EP

[
V̂ β

η,m(y)
]

=∇hη(y)

+ 1
m

m∑
i=1

EP

[
F (xβ(y + ηU i, ξi), ξi

1) − F (x∗(y + ηU i, ξi), ξi
1)

η
BU i

]
,
�(4.19)

and

	

1
m

m∑
i=1

∣∣∣∣
∣∣∣∣EP

[F (xβ(y + ηU i, ξi), ξi
1) − F (x∗(y + ηU i, ξi

2), ξi
1)

η
BU i

]∣∣∣∣
∣∣∣∣
∗

≤
√

n |lip0(F (·, ξ1)|1
η

EP

[ ∣∣∣∣xβ(y + ηU, ξ2) − x∗(y + ηU, ξ2)
∣∣∣∣p

X

] 1
p

.

� (4.20)

Proof  See Appendix B. � □

Let (yk)k be the stochastic process whose sample paths are generated via Algo-
rithm  1. The natural filtration associated with this process is Fk ≜ σ(y1, . . . , yk). 
Along the sample paths of this process, we can perform the following error decom-
position of the random gradient estimators:

	 V̂ β
k+1 = V̂k+1 − ak+1 + bk+1,� (4.21)

with

	

ak+1 ≜ 1
mk+1

mk+1∑
i=1

F (xβk (yk, ξi
2,k+1), ξi

1,k+1) − F (x∗(yk, ξi
2,k+1), ξi

1,k+1)
η

BU i
k+1,

bk+1 ≜ 1
mk+1

mk+1∑
i=1

F (xβk (yk + ηU i
k+1, ξi

2,k+1), ξi
1,k+1) − F (x∗(yk + ηU i

k+1, ξi
2,k+1), ξi

1,k+1)
η

BU i
k+1 .

Note that E(ak+1|Fk) = 0, and we can derive a bound in L2(P) as the following 
Lemma shows.

Lemma 4.10  Let be p > 2  the exponent from Definition 4.6. There exists a constant 
CF > 0 , such that

	
E

[
||ak+1||2∗ |Fk

]
≤ CF

β2
k

η2 , andE
[
||bk+1||2∗ |Fk

]
≤ CF

β2
k

η2 . � (4.22)

Proof  See Appendix B.3. � □
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5  Complexity analysis for the non-convex case

5.1  Exact lower level solution

We begin our convergence analysis in the non-convex setting, focusing on cases 
where the lower-level problem can be solved exactly. Our first Lemma provides an 
estimate on the per-iteration function progress in terms of the smoothed hyperobjec-
tive Ψη.

Lemma 5.1  Consider the sequence (yk)N
k=0  generated by Algorithm (1) with gradi-

ent estimator (4.5). Then, for all η > 0 , we have

	

Ψη(yk+1) − Ψη(yk) ≤ − αk

∣∣∣∣G̃η,αk
(yk)

∣∣∣∣2
(

1 − αklip1(hη)
2

)

+ αk⟨∆Wk+1, Gη,αk
(yk)⟩ + αk ||∆Wk+1||2∗

� (5.1)

for all k = 0 , . . . , N − 1 .

Proof  See Appendix B.4. � □

Set

	
Ek+1 ≜ ||∆Wk+1||2∗ + ⟨∆Wk+1, Gαk

(yk)⟩ and ΨOpt
η ≜ min

y∈Y
Ψη(y).

Summing (5.1) from k = 0, . . . , N − 1, we obtain

	

N−1∑
k=0

αk

(
1 − lip1(hη)αk

2

) ∣∣∣∣G̃η,αk
(yk)

∣∣∣∣2 ≤ Ψη(y1) − Ψη(yN+1)

+
N−1∑
k=0

αkEk+1 ≤ Ψη(y1) − ΨOpt
η +

N−1∑
k=0

αkEk+1.

Let Fk ≜ σ(y0, . . . , yk) denote the natural filtration up to time k of the process, so 
that

	
Ek[Ek+1] ≜ E[Ek+1|Fk] = E[||∆Wk+1||2∗ |Fk] ≤ s2

mk+1
, a.s. .

Therefore, using the law of iterated expectations, we obtain

	
E

[
N−1∑
k=0

αk

(
1 − lip1(hη)αk

2

) ∣∣∣∣G̃η,αk
(yk)

∣∣∣∣2
]

≤ Ψη(y1) − ΨOpt
η +

N−1∑
k=0

αks2

mk+1
.� (5.2)
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This yields our first main result in this paper:

Theorem 5.2  Fix N ∈ N arbitrary and consider step sizes (αk)k≥0  chosen in 
such a way that αk ∈ (0 , 2/lip1 (hη)], with αk < 2/lip1 (hη) for at least one 
k ∈ {0 , . . . , N − 1}. Let (yk)N

k=0  be generated by Algorithm 1 with gradient estimator 
(4.5). On (Ω, F ,P) define an independent random variable κ : Ω → {0 , . . . , N − 1} 
with probability mass function

	
p(k) ≜ P(κ = k) ≜ αk − α2

klip1(hη)/2∑N−1
t=0 (αt − α2

t lip1(hη)/2)
, k ∈ {0, . . . , N − 1}.� (5.3)

Then

	
E

[∣∣∣∣G̃η,ακ(yκ)
∣∣∣∣2]

≤
Ψη(y1) − ΨOpt

η +
∑N−1

k=0
αks2

mk+1∑N−1
t=0 (αt − α2

t lip1(hη)/2)
.� (5.4)

Proof  Using eq. (5.2), together with the observation that

	
E

[∣∣∣∣G̃η,ακ
(yκ)

∣∣∣∣2]
=

N−1∑
k=0

αk − α2
klip1(hη)/2∑N−1

t=0 (αt − α2
t lip1(hη)/2)

E
[∣∣∣∣G̃η,αk

(yk)
∣∣∣∣2]

,

the thesis follows. � □
A few remarks are in order.

Remark 5.1  Due to the ratio αk

mk+1
, there is a trade-off between too aggressive step-

sizes and the size of the mini-batches. In fact, consider an arbitrary step-size rule with 
αk ≤ 1

lip1(hη) . This bound implies lip1(hη)
2 α2

k ≤ 1
2 αk. Therefore, the numerator in 

our complexity bound (5.4) can be simplified to

	
E

[∣∣∣∣G̃η,ακ(yκ)
∣∣∣∣2]

≤
Ψη(y1) − ΨOpt

η +
∑N−1

k=0
αks2

mk+1∑N−1
t=0 (αt/2)

.

Concretely, choosing αk = 2θ
lip1(hη)

√
k+1  with θ ∈ (0, 1/2), and mini-batches 

mk+1 = a
√

k + 1, with a > 0, we can recover the typical O(log(N)/
√

N) com-
plexity estimate for proximal gradient methods. Indeed, such a step size choice yields 
the iteration complexity upper bound

	
E

[∣∣∣∣G̃η,ακ
(yκ)

∣∣∣∣2]
≤

lip1(hη)
β (Ψη(y1) − ΨOpt

η ) + 2s2

a (1 + log(N))
√

N
.

On the contrary, if a constant step size and constant mini-batch estimation strategy 
is adopted, then we see that convergence with respect to our merit function can only 
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happen up to a plateau, a well-known fact when using stochastic approximation [7, 
25]. Specifically, taking constant mini-batches mk+1 = m and constant step-sizes 
αk = 2β

lip1(hη)  for all k ∈ {0, . . . , N − 1} and some β ∈ (0, 1/2), then our complex-
ity bound is readily seen to become

	
E

[∣∣∣∣G̃η,ακ(yκ)
∣∣∣∣2]

≤
lip1(hη)(Ψη(y1) − ΨOpt

η )
β(2 − β)N

+ 2s2

(2 − β)m
.

Remark 5.2  Theorem 5.2 gives a finite-time complexity estimate of the gap function 
evaluated at a randomly chosen iterate. Hence, the complexity bound should be inter-
preted as a criticality measure of an averaged output based on the sequence generated 
by the stochastic process. Such performance estimates in terms of averaged quantities 
are typical in stochastic programming [24, 37].

Our next result is a complexity estimate in terms of the prox-gradient mapping 
involving the deterministic gradient ∇hη , instead of the stochastic approximation.

Corollary 5.3  Under the same assumptions as in Theorem  5.2 we assume addi-
tionally that the step sizes αk  are chosen such that αk ∈ (0 , 2/lip1 (hη)], with 
αk < 2/lip1 (hη) for at least one k ∈ {0 , . . . , N − 1}. Let (yk)N

k=0  be generated 
by Algorithm 1 with gradient estimator (4.5) and let κ : Ω → {0 , . . . , N − 1} be the 
discrete random variable with distribution (5.3). Then,

	
E[||Gη,ακ(yκ)||2] ≤

4(Ψη(y1) − ΨOpt
η )∑N−1

t=0 (2αt − α2
t lip1(hη))

+
∑N−1

k=0
2s2

mk+1
(4αk − α2

klip1(hη))
∑N−1

t=0 (2αt − α2
t lip1(hη))

.� (5.5)

Proof  From Lemma 4.8 we readily obtain

	

αk

2
(1 − αklip1(hη)

2
) ||Gη,αk

(yk)||2 ≤αk(1 − αklip1(hη)
2

)
∣∣∣∣G̃η,αk

(yk)
∣∣∣∣2

+ αk(1 − αklip1(hη)
2

) ||∆Wk+1||2∗ .

Consequently, using (5.4):
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1
2
E[||Gη,ακ

(yκ)||2] = 1
2

N−1∑
k=0

αk − α2
klip1(hη)/2∑N−1

t=0 (αt − α2
t lip1(hη)/2)

E[||Gη,αk
(yk)||2]

≤
N−1∑
k=0

αk − α2
klip1(hη)/2∑N−1

t=0 (αt − α2
t lip1(hη)/2)

E[
∣∣∣∣G̃η,αk

(yk)
∣∣∣∣2]

+
N−1∑
k=0

αk(1 − αklip1(hη)
2 )E[||∆Wk+1||2∗]∑N−1

t=0 (αt − α2
t lip1(hη)/2)

≤
Ψη(y1) − ΨOpt

η +
∑N−1

k=0
αks2

mk+1∑N−1
t=0 (αt − α2

t lip1(hη)/2)
+

N−1∑
k=0

αk(1 − αklip1(hη)
2 ) s2

mk+1∑N−1
t=0 (αt − α2

t lip1(hη)/2)

=
Ψη(y1) − ΨOpt

η∑N−1
t=0 (αt − α2

t lip1(hη)/2)
+

∑N−1
k=0 αk

s2

mk+1
(2 − αklip1(hη)

2 )
∑N−1

t=0 (αt − α2
t lip1(hη)/2)

.

� □

Corollary 5.4  For a time window N ≥ 2 , we choose the step size 
αk = 2θ

lip1 (hη)
√

k+1 , θ ∈ (0 , 1/2 ), k ≥ 0 , and the sampling rate 

mk+1 = a
√

k + 1 , a > 0 . Let (yk)N
k=0  be generated by Algorithm 1 with gradient 

estimator (4.5). Then, we have

	
E[||Gη,ακ(yκ)||2] ≤

2lip1(hη)(Ψη(y1) − ΨOpt
η )

θ
√

N
+

8s2

a (1 + log(N))
√

N
.

The total number of calls to the stochastic oracle and lower level solutions to find a 
point y ∈ Y  such that E[||Gη(y)||2 ] ≤ ε is bounded by O(ε−3 ).

Proof  We start with recalling a simple integral bound. Note that

	

N∑
t=1

1√
t

≥
ˆ N

0

1√
x + 1

dx = 2
√

N + 1 − 2 ≥
√

N

for N ≥ 2. Using this bound, the specific choices for the step sizes and the mini-
batch size, lead to the following inequalities:
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E[||Gη,ακ(yκ)||2] ≤
4(Ψη(y1) − ΨOpt

η )∑N−1
t=0 αt

+
∑N−1

k=0
2s2

mk+1
(4αk − α2

klip1(hη))
∑N−1

t=0 αt

≤
4(Ψη(y1) − ΨOpt

η )∑N−1
t=0 αt

+
∑N−1

k=0
8s2

mk+1
αk∑N−1

t=0 αt

≤
2lip1(hη)(Ψη(y1) − ΨOpt

η )
β

√
N

+
8s2

a (1 + log(N))
√

N
.

Hence, by choosing N ∈ O(ε−2) we ensure that E[||Gη,ακ
(yκ)||2] ∈ O(ε−1). Hence, 

the iteration complexity of the method is bounded by O(ε−2). Now, to bound the 
oracle complexity, note that in each iteration of Algorithm 1 we need mk+1 Gauss-
ian vectors U and the same number of random vectors ξ = (ξ1, ξ2) to construct the 

random vector 
∑mk+1

i=1
H(yk+ηUi

k+1,ξi
k+1)

η BU i
k+1. We therefore have mk+1 calls of 

the stochastic function H(·, ξ) in every single iteration. The total number of calls is 
thus 

∑N−1
k=0 mk+1 = a

∑N
k=1

√
k ≤ 2a

3 N3/2 As N ∈ O(ε−2), the oracle complexity 
is upper bounded by O(ε−3). Similarly, in every iteration we need mk+1 solutions of 
the lower level problem. Hence, by the above computation, the total number of lower 
level solves is bounded by O(ε−3). � □

5.2  Inexact lower level solution

Using this merit function and the definition of the error increment

	∆W β
k+1 ≜ V̂ βk

k+1 − ∇hη(yk) = V̂k+1 − ak+1 + bk+1 − ∇hη(yk) = ∆Wk+1 − ak+1 + bk+1,

we can repeat the one-step analysis of the exact case to obtain the bound

	

Ψη(yk+1) − Ψη(yk) ≤ − αk

(
1 − αklip1(hη)

2

) ∣∣∣∣G̃βk
η,αk

(yk)
∣∣∣∣2

+ αk⟨∆W β
k+1, Gη,αk

(yk)⟩ + αk

∣∣∣
∣∣∣∆W β

k+1

∣∣∣
∣∣∣
2

∗
.

� (5.6)

Lemma 4.8 generalizes in the inexact case in the following way:

Lemma 5.5  We have

	
||Gη,t(y)||2 ≤ 2

∣∣∣
∣∣∣G̃β

η,t(y)
∣∣∣
∣∣∣
2

+ 2
∣∣∣∣∆W β

η,m(y)
∣∣∣∣2

∗ a.s..� (5.7)

Proof  The assertion follows line by line as in Lemma 4.8 by replacing Vη,m(y) with 
V β

η,m(y). � □

Using this lemma directly in (5.6), we see that for αk ∈ (0, 2/lip1(hη)]
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Ψη(yk+1) − Ψη(yk) ≤ − αk

2

(
1 − αklip1(hη)

2

)
||Gη,αk

(yk)||2

+ αk⟨∆W β
k+1, Gη,αk

(yk)⟩ + αk

∣∣∣
∣∣∣∆W β

k+1

∣∣∣
∣∣∣
2

∗

+ αk

(
1 − αklip1(hη)

2

) ∣∣∣
∣∣∣∆W β

k+1

∣∣∣
∣∣∣
2

∗
.

Applying Young’s inequality of the inner product, we conclude that for arbitrary 
δ > 0

	

Ψη(yk+1) − Ψη(yk) ≤ − αk

2

(
1 − 1

δ
− αklip1(hη)

2

)
||Gη,αk

(yk)||2

+ αk

(
2 + δ

2
− αklip1(hη)

2

) ∣∣∣
∣∣∣∆W β

k+1

∣∣∣
∣∣∣
2

∗
.

Rearranging this expression and summing both sides from k = 0 to N − 1, we 
remain with

	

N−1∑
k=0

αk

2

(
δ − 1

δ
− αklip1(hη)

2

)
||Gη,αk

(yk)||2 ≤ Ψη(y1) − ΨOpt
η

+
N−1∑
k=0

αk

(
4 + δ

2
− αklip1(hη)

2

) ∣∣∣
∣∣∣∆W β

k+1

∣∣∣
∣∣∣
2

∗
.

� (5.8)

Since 
∣∣∣
∣∣∣∆W β

k+1

∣∣∣
∣∣∣
2

∗
≤ 3 ||∆Wk+1||2∗ + 3 ||ak+1||2∗ + 3 ||bk+1||2∗, we can take itera-

tively conditional expectations to obtain the main complexity bound for the inexact 
regime.

Theorem 5.6  Suppose that the step sizes αk  are chosen such that αk ∈ (0 , 2(δ−1)
δlip1 (hη) ], 

with αk < 2(δ−1)
δlip1 (hη)  for at least one k ∈ {1 , . . . , N}. Let (yk)N

k=0  be generated by 
Algorithm  1 with inexact gradient estimator (4.9), δ > 1  and r , s ≥ 1  such that 
2s(r−1)

r = p ≥ 2 , where p is the exponent in Definition 4.6. On (Ω, F ,P) define 
an independent random variable κ : Ω → {0 , . . . , N − 1} with probability mass 
function

	
p(k) = P(κ = k) ≜

αk
δ−1

δ − α2
k lip1 (hη)/2∑N−1

t=0 (αt
δ−1

δ − α2
t lip1 (hη)/2 )

∀k ∈ {0 , . . . , N − 1}.

Let Dk ≜ 3(4+δ)
2

(
s2

mk+1
+ CF

2β2
k

η2

)
 for k = 0 , . . . , N − 1 . Then,

1 3

991



M. Staudigl et al.

	

1
2
E[||Gη,ακ

(yκ)||2] ≤
Ψη(y1) − ΨOpt

η∑N−1
t=0 (αt

δ−1
δ − α2

t lip1(hη)/2)

+
∑N−1

k=0 αkDk∑N−1
t=0 (αt

δ−1
δ − α2

t lip1(hη)/2)
.

� (5.9)

Proof  Starting from (5.8) the proof follows the same lines as the proof of Corol-
lary 5.3. � □

Similarly as in the exact case, we again find a trade-off between aggressive step-
sizes and the size of the mini-batches. However, in the inexact computational model, 
we additionally observe a trade-off between the step-size schedule and the accuracy 
tolerance βk in the lower level problem. In order to ensure convergence, the estimate 
developed in Theorem 5.6 reveals the condition 

∑∞
k=0αkβ2

k < ∞. This observa-
tion allows us to design explicit parameter sequences with interpretable complexity 
bounds. In addition, similarly as in the exact case, we require an upper bound on the 
step-size αk to ensure the divergence of the denominator. These conditions lead to the 
following refined error estimate.

Corollary 5.7  Under the same conditions as in Theorem 5.6, let be δ > 1  and con-
sider a step-size αk ≤ min{δ−1 ,1}

δlip1 (hη) . Let (yk)N
k=0  be generated by Algorithm 1 with 

gradient estimator (4.9). Then

	

1
2
E[||Gη,ακ

(yκ)||2 ] ≤
Ψη(y1 ) − Ψ Opt

η

δ−1
2δ

∑N−1
t=0 αt

+
∑N−1

k=0 αkD( 1
mk+1

+ β2
k )

δ−1
2δ

∑N−1
t=0 αt

,

where D ≜ 3(4+δ)
2 max{s2 , 2

η2 CF}.

Proof  We observe that Dk ≤ D( 1
mk+1

+ β2
k) and with the bound on αk we have

	
αt

δ − 1
δ

− α2
t lip1(hη)/2 ≥ αt(δ − 1)(1

δ
− 1

2δ
) = αt

δ − 1
2δ

.

Combining these estimates with the bound (5.9) verifies the assertion. � □
The constants appearing in the upper complexity bound can be well balanced via a 

judicious choice of δ. For instance, setting δ = 2, the step-size policy αk = 2θ
lip1(hη)

√
k

 

with θ ∈ (0, 1/2), and choosing the sampling rate mk = a
√

k and the accuracy toler-
ance βk = bk− 1

4  with constants a, b > 0, we obtain the overall complexity estimate

	
1
2
E[||Gη,ακ(yκ)||2] ≤

lip1(hη)
θ (Ψη(y1) − ΨOpt

η ) + 2D( 1
a + b2)(1 + log(N))

√
N

,
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which resembles those of the exact oracle case.

6  The convex case with inexact lower level solution

We now turn to the case in which the implicit function h is convex. In this special 
setting, the smoothed function hη is also convex and Lipschitz continuous. By the 
subgradient inequality, we have for all y ∈ Y  and g ∈ ∂h(y)

	 hη(y) = E[h(y + ηU)] ≥ E[h(y) + ⟨g, ηU⟩] = h(y).� (6.1)

Moreover, in the convex case, it holds true that ∇hη(y) always belongs to some δ
-subdifferential of the function h (cf. Lemma 4.4). In this section, we make an addi-
tional boundedness assumption on the bilevel problem.

Assumption 7  The domain dom (r1) is bounded.

Theorem 6.1  Assume that the implicit function y �→ h(y) is convex and Assumption 
7 holds. Assume that the step-size policy (αk)k≥0  satisfies

	
0 < αN−1 ≤ αN−2 ≤ . . . ≤ α1 ≤ 1

lip1(hη)
andαk + αk−1 ≤ 1

lip1(hη)
, forall k = 1, . . . , N − 1.� (6.2)

Let (yk)N
k=0  be generated by Algorithm 1 with gradient estimator (4.9) and let 

κ : Ω → {0 , . . . , N − 1} be an independent random variable, with probability 
mass function

	
p(k) = P(κ = k) ≜ ak

AN
, AN ≜

N−1∑
t=0

at, ak ≜ αk − α2
klip1(hη).� (6.3)

Then, we have

	

E[Ψ(yκ) − ΨOpt] ≤
∑N−1

k=0
α2

k

mk+1
Dk + M

√
CF

η

∑N−1
k=0 akβk + M/2 + α1∆Ψ1

AN

+ η
√

nlip0(h),
� (6.4)

where Dk ≜ 3
(
s2 /2 + β2

k mk+1
η2 CF

)
 and M ≜ supy1 ,y2 ∈ dom (r1 ) ||y1 − y2 ||2 .

Proof  Let y∗ denote a solution of the original problem (3.4). Let (αk)k be a sequence 
of step-sizes, satisfying 0 ≤ αk < 1

lip1(hη) . For η > 0 we then have

	Ψη(yk+1) − Ψη(y∗) = hη(yk+1) − hη(yk) + hη(yk) − hη(y∗) + r1(yk+1) − r1(yk).

Using the descent property (2.1) and the convexity of the smoothed implicit function 
hη, we deduce that
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hη(yk+1) − hη(yk) ≤ ⟨∇hη(yk), yk+1 − yk⟩ + lip1(hη)
2

||yk+1 − yk||2 , and

hη(yk) − hη(y∗) ≤ ⟨∇hη(yk), yk − y∗⟩.

Recall that ∆W β
k+1 = V̂ β

k+1 − ∇hη(yk). Then, we continue from the above with

	

Ψη(yk+1) − Ψη(y∗) ≤⟨∆W β
k+1, yk − yk+1⟩ + lip1(hη)

2
||yk+1 − yk||2

+ ⟨∆W β
k+1, y∗ − yk⟩ + r1(yk+1) − r1(y∗) + ⟨V̂ β

k+1, yk+1 − y∗⟩.

By definition of the point yk+1, we have

	
r1(y∗) ≥ r1(yk+1) + 1

αk
⟨B(yk − yk+1), y∗ − yk+1⟩ − ⟨V̂ β

k+1, y∗ − yk+1⟩.

Combining these two estimates, we can continue with

	

Ψη(yk+1) − Ψη(y∗) ≤ ⟨∆W β
k+1, yk − yk+1⟩ + lip1(hη)

2
||yk+1 − yk||2 + ⟨∆W β

k+1, yk − y∗⟩

+ 1
αk

⟨B(yk − yk+1), yk+1 − y∗⟩

= ⟨∆W β
k+1, yk − yk+1⟩ + lip1(hη)

2
||yk+1 − yk||2 + ⟨∆W β

k+1, y∗ − yk⟩

+ 1
αk

[
1
2

||yk − y∗||2 − 1
2

||yk+1 − yk||2 − 1
2

||yk+1 − y∗||2
]

.

Note that ax − bx2

2 ≤ a2

2b  for all x ≥ 0, implying that

	

⟨∆W β
k+1, yk − yk+1⟩ + lip1(hη)αk − 1

2αk
||yk+1 − yk||2

≤
∣∣∣
∣∣∣∆W β

k+1

∣∣∣
∣∣∣
∗

· ||yk+1 − yk|| + lip1(hη)αk − 1
2αk

||yk+1 − yk||2

≤ αk

2(1 − αklip1(hη))

∣∣∣
∣∣∣∆W β

k+1

∣∣∣
∣∣∣
2

∗
.

Thus, multiplying both sides in the penultimate display by (αk − α2
klip1(hη)), we 

can continue the bound by

	

(αk − α2
klip1(hη))[Ψη(yk+1) − Ψη(y∗)]

≤ α2
k

2

∣∣∣
∣∣∣∆W β

k+1

∣∣∣
∣∣∣
2

∗
+ (αk − α2

klip1(hη))⟨∆W β
k+1, y∗ − yk⟩

+ (1 − αklip1(hη))
[

1
2

||yk − y∗||2 − 1
2

||yk+1 − y∗||2
]

.
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Using (6.1), we note that Ψη(yk+1) ≥ Ψ(yk+1). Additionally, Lemma 4.2 yields 
Ψη(y∗) ≥ ΨOpt − ηlip0(h)

√
n. This allows us to bound the objective function gap 

by

	

(αk − α2
klip1(hη))[Ψ(yk+1) − ΨOpt]

≤ (αk − α2
klip1(hη))[Ψη(yk+1) − Ψη(y∗)] + ηlip0(h)

√
n(αk − α2

klip1(hη))

≤ α2
k

2

∣∣∣
∣∣∣∆W β

k+1

∣∣∣
∣∣∣
2

∗
+ (αk − α2

klip1(hη))⟨∆W β
k+1, y∗ − yk⟩

+ (1 − αklip1(hη))
[

1
2

||yk − y∗||2 − 1
2

||yk+1 − y∗||2
]

+ ηlip0(h)
√

n(αk − α2
klip1(hη)).

To bound the terms on the right-hand side, we first use 
error decomposition (4.21) to bound the first addendum by ∣∣∣
∣∣∣∆W β

k+1

∣∣∣
∣∣∣
2

∗
≤ 3 ||∆Wk+1||2∗ + 3 ||ak+1||2∗ + 3 ||bk+1||2∗, as well as the second adden-

dum ⟨∆W β
k+1, y∗ − yk⟩ = ⟨∆Wk+1, y∗ − yk⟩−⟨ak+1, y∗ − yk⟩ + ⟨bk+1, y∗ − yk⟩. 

Hence, taking conditional expectations on both sides, we continue with

	

Ek

[
(αk − α2

klip1(hη))(Ψ(yk+1) − Ψ(y∗))
]

≤3α2
k

2
s2

mk+1

+ 3α2
k

nβ2
k

η2 CF + Ek

[
(αk − α2

klip1(hη))⟨bk+1, yk − y∗⟩
]

+ (1 − αklip1(hη))Ek

[
1
2

||yk − y∗||2 − 1
2

||yk+1 − y∗||2
]

+ ηlip0(h)
√

n(αk − α2
klip1(hη))

≤3α2
k

2
s2

mk+1
+ 3α2

k

nβ2
k

η2 CF + M(αk − α2
klip1(hη)Ek [||bk+1||∗]

+ (1 − αklip1(hη))Ek

[
1
2

||yk − y∗||2 − 1
2

||yk+1 − y∗||2
]

+ ηlip0(h)
√

n(αk − α2
klip1(hη)),

where the second inequality uses Cauchy-Schwarz and the bound M ≥ ||yk − y∗||2, 
which holds thanks to Assumption 7. Since the step size sequence (αk)k is non-decreas-
ing and satisfies condition (6.2), we can continue to obtain

	

N−1∑
k=0

(1 − αklip1(hη))
(

1
2

||yk − y∗||2 − 1
2

||yk+1 − y∗||2
)

= (1 − α1lip1(hη))1
2

||y1 − y∗||2 +
N∑

k=2

lip1(hη)(αk − αk+1)1
2

||yk+1 − y∗||2

− (1 − lip1(hη)αN )1
2

||yN+1 − y∗||2

≤ (1 − αN lip1(hη))M

2
.
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Next, calling ∆Ψk ≜ Ψ(yk) − ΨOpt and ak ≜ αk − α2
klip1(hη), we deduce that

	

N−1∑
k=0

ak∆Ψk =
N−1∑
k=0

ak∆Ψk+1 +
N−1∑
k=0

ak(∆Ψk − ∆Ψk+1)

and

	

N−1∑
k=0

ak(∆Ψk − ∆Ψk+1) =
N−1∑
k=0

ak∆Ψk −
N−1∑
k=0

ak∆Ψk+1

= a1∆Ψ1 +
N−1∑
k=1

ak∆Ψk −
N−1∑
k=0

ak∆Ψk+1

≤ a1∆Ψ1 +
N−1∑
k=1

ak−1∆Ψk −
N−1∑
k=0

ak∆Ψk+1 ≤ a1∆Ψ1.

The third inequality uses the relation ak ≤ ak−1.4 Taking full expectations and sum-
ming from k = 0, . . . , N − 1, we continue the above bound

	

E

[
N−1∑
k=0

(αk − α2
klip1(hη))∆Ψk

]
≤ E

[
N−1∑
k=0

(αk − α2
klip1(hη)∆Ψk+1

]
+ (α1 − lip1(hη)α2

1)∆Ψ1

≤
N−1∑
k=0

(
3α2

k

2
s2

mk+1
+ 3α2

kβ2
k

η2 CF

)
+ (1 − αN lip1(hη))M

2

+ ηlip0(h)
√

n

N−1∑
k=0

(αk − α2
klip1(hη))

+ M
N−1∑
k=0

(αk − α2
klip1(hη))E (||bk+1||∗)

+ (α1 − α2
1lip1(hη))∆Ψ1

≤
N−1∑
k=0

(
3α2

k

2
s2

mk+1
+ 3α2

kβ2
k

η2 CF

)

+ M
N−1∑
k=0

(αk − α2
klip1(hη))βk

η

√
CF + (1 − αN lip1(hη))M

2

+ ηlip0(h)
√

n
N−1∑
k=0

(αk − α2
klip1(hη)) + (α1 − α2

1lip1(hη))∆Ψ1.

4 This can be deduced as follows: Since αk ≤ αk−1 one easily sees that

	ak − ak−1 = (αk − αk−1) − lip1(hη)(α2
k − α2

k−1) = (αk − αk−1) (1 − lip1(hη)(αk + αk−1)) ≤ 0.

1 3

996



Derivative-free stochastic bilevel optimization for inverse problems

Therefore, defining Dk ≜ 3
(
s2/2 + β2

kmk+1
η2 CF

)
, and constructing an independent 

random variable κ : Ω → {0, . . . , N − 1} with density function

	
p(k) = P(κ = k) = ak∑N−1

t=0 at

≡ ak

AN
, AN ≜

N−1∑
t=0

at,

we obtain in a similar fashion as in the proof of Theorem 5.2

	
E[∆Ψκ] ≤

∑N−1
k=0

α2
k

mk+1
Dk + M

√
CF

η

∑N−1
k=0 akβk + M/2 + α1∆Ψ1

AN
+ η

√
nlip0(h).

� □

Similar to the analysis in the non-convex case, we can simplify the complexity bound 
of Theorem 6.1 via a judicious selection of parameters.

Corollary 6.2  Under the same conditions as in Theorem  6.1, let be δ > 1  and 
∆Ψk ≜ Ψ(yk) − ΨOpt. Then

	

E[∆Ψκ] ≤
∑N−1

k=0 α2
k( 1

mk+1
+ β2

k)D̄ + M
√

CF

η

∑N−1
k=0 αkβk + M/2 + α1∆Ψ1∑N−1

k=0 αk/2
+ η

√
nlip0(h).

� (6.5)

In particular, for fixed time horizon N, choosing step size αk = α0√
N , the constant 

mini-batch mk+1 = m ≥ 1 , and βk = a√
k+a , a ≥ 1 , as well as η = 1√

N . we obtain

	

E[∆Ψκ] ≤
D̄α0

m + D̄α0
N a2 log(N + a) + M

√
CF

η
2α0a

√
N+a√

N
+ M

2 + α1∆Ψ1
√

N
2

+
√

nlip0(h)√
N

.

� (6.6)

Proof  First we note that

	

N−1∑
k=0

α2
k

mk+1
Dk ≤ D̄

N−1∑
k=0

α2
m( 1

mk+1
+ β2

k),

where D̄ ≜ 3 max{s2/2, CF

η2 }; Second 
∑N−1

k=0 akβk ≤
∑N−1

k=0 αkβk. Moreover, by 
choosing the step size αk ≤ 1

2lip1(hη) , we see that ak = αk − α2
klip1(hη) ≥ αk

2 . 
Combining all these estimates, we arrive at (6.5). For fixed time horizon N, choose 
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step size αk = α0√
N

, the constant mini-batch mk+1 = m ≥ 1, and βk = a√
k+a

, a ≥ 1, 
as well as η = 1√

N
. Substituting these numbers into expression (6.5), we immedi-

ately obtain (6.6). � □
It is worth noting that the fixed step sizes αk = α0√

N
 can be replaced by diminish-

ing step sizes of the order 1√
k

.

7  Explicit complexity and relaxed stationarity

The previous results provided a finite-time complexity estimate in terms of the gradi-
ent mapping of the proximal gradient algorithm, involving the Gaussian smoothed 
objective. It is intuitive that a small proximal gradient in the smoothed regime should 
imply an approximate stationary point in the original optimization problem, when the 
smoothing parameter is sufficiently small. In this section we make this intuition pre-
cise and relate our complexity estimate from Theorem 5.2 to a complexity estimate 
with respect to a relaxed stationary point.

Fix η > 0 and define α1 = 2θ
lip1(hη) . Define the auxiliary process (ŷk)k≥1 by

	
ŷk ≜ Pα1(yk, V̂k+1) = argmin

u
{r1(u) + 1

2α1

∣∣∣
∣∣∣u − (yk − α1B−1V̂k+1)

∣∣∣
∣∣∣
2
}.

This point is uniquely characterized by the optimality condition

	 yk − α1B−1V̂k+1 ∈ ŷk + α1B−1∂r1(ŷk),

or equivalently

	 ŷk + α1B−1D(yk) ∈ ŷk + α1B−1∂r1(ŷk) ⇔ D(yk) ∈ ∂r1(ŷk),

where

	
D(yk) ≜ B

(
yk − ŷk

α1

)
− ∇hη(ŷk) + (∇hη(ŷk) − ∇hη(yk)) + (∇hη(yk) − V̂k+1).

This yields

	
B

(
yk − ŷk

α1

)
+ (∇hη(ŷk) − ∇hη(yk)) − ∆Wk+1 ∈ ∂r1(ŷk) + ∇hη(ŷk).

From now on we continue our developments with Assumption 7 in place. Choose 
ε1 > 0, ε2 > 0, and η < η̄ (depending on ε1, ε2), as defined in Proposition 4.5, so 
that

1 3

998



Derivative-free stochastic bilevel optimization for inverse problems

	
B

(
yk − ŷk

α1

)
+ (∇hη(ŷk) − ∇hη(yk)) − ∆Wk+1 ∈ ∂r1(ŷk) + ∂ε2

G hη(ŷk) + ε1

3
BY .

Therefore, using Lemma 4.3, we arrive at

	

dist (0, ∂ε2
G h(ŷk) + ∂r1(ŷk))2 ≤ 6

α2
1

||yk − ŷk||2 + 3 ||∇hη(ŷk) − ∇hη(yk)||2∗

+ 3 ||∆Wk+1||2∗ + 2ε2
1

3

≤
(

6
α2

1
+ 3nlip0(h)2

η2

)
||yk − ŷk||2 + 3 ||∆Wk+1||2∗ + 2ε2

1
3

.

Next, we relate the auxiliary process (ŷk)k to the stochastic sequence (yk)k gener-
ated by Algorithm 1. To that end, observe that

	||yk − ŷk|| ≤ ||yk − Tη,α1(yk)|| + ||Tη,α1(yk) − ŷk|| = α1 ||Gη,α1(yk)|| + α1 ||∆Wk+1||∗ .

Combining this estimate and Lemma 4.3 with the penultimate display, we arrive at

	

dist (0, ∂ε2
G h(ŷk) + ∂r1(ŷk))2 ≤

(
12 + 6nlip0(h)2

η2 α2
1

)
||Gη,α1(yk)||2

+
(

15 + 6nlip0(h)2

η2 α2
1

)
||∆Wk+1||2∗ + 2ε2

1
3

≤
(
12 + 24β2)

||Gη,α1(yk)||2 +
(
15 + 24β2)

||∆Wk+1||2∗ + 2ε2
1

3

≤ 18 ||Gη,α1(yk)||2 + 21 ||∆Wk+1||2∗ + 2ε2
1

3
.

Adopting a non-increasing step size regime in Algorithm  1, we can leverage the 
monotonicity result of the prox-gradient mapping with respect to the step size, 
described in Appendix C, so that for all k ∈ {0, 1, . . . , N − 1}

	
dist (0, ∂ε2

G h(ŷk) + ∂r1(ŷk))2 ≤ 18 ||Gη,αk
(yk)||2 + 21 ||∆Wk+1||2∗ + 2ε2

1
3

.� (7.1)

From these preparatory calculations, we can state the next relation between the com-
plexity analysis in terms of the prox-gradient mapping (Corollary 5.3), and our defi-
nition of an (ε, δ)-stationary point (Definition 3.3).

Theorem 7.1  Given positive parameters (ε1 , ε2 ) and let Assumption 7 together with 
all assumptions formulated in Corollary 5.4 be true. Pick η ∈ (0 , η̄] so that the gra-
dient estimate of Proposition 4.5 for the given pair (ε1 , ε2 ) applies. Let (yk)N

k=0  be 
the stochastic process generated by Algorithm 1 with gradient estimator (4.5) and Let 
(ŷk)N

k=0  be the auxiliary process constructed recursively with
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	 ŷ0 = y0andŷk = Pα1(yk, V̂k+1) ∀k = 1, . . . , N − 1.� (7.2)

If κ : Ω → {0 , . . . , N − 1} is the random variable with law defined in Theorem 
5.2, then for N ≥ 2  chosen sufficiently large so that

	

36lip1(hη)[Ψη(y1) − ΨOpt
η ]

β
√

N
+

228s2

a (1 + log(N))
√

N
≤ ε2

1
3

.� (7.3)

Then,

	 E
[
dist (0 , ∂ε2

G h(ŷκ) + ∂r1 (ŷκ))2 ]
≤ ε2

1 ,

i.e. the algorithm delivers an (ε1 , ε2 )-stationary point in the sense of Definition 3.3.

Proof  Continuing from (7.1) and using (5.5), we readily deduce

	

E
[
dist (0, ∂ε2

G h(ŷκ) + ∂r1(ŷκ))2]

≤ 2ε2
1

3
+ 21

N−1∑
k=0

s2

mk+1
(2αk − α2

klip1(hη))
∑N−1

t=0 (2αt − α2
t lip1(hη))

+ 18


 4(Ψη(y1) − ΨOpt

η )∑N−1
t=0 (2αt − α2

t lip1(hη))
+

∑N−1
k=0 2 s2

mk+1
(4αk − α2

klip1(hη))
∑N−1

t=0 (2αt − α2
t lip1(hη))




≤ 2ε2
1

3
+

72(Ψη(y1) − ΨOpt
η )∑N−1

t=1 (2αt − α2
t lip1(hη))

+
N−1∑
k=0

57 s2

mk+1
(4αk − α2

klip1(hη))
∑N−1

t=0 (2αt − α2
t lip1(hη))

.

Choose αk = 2β

lip1(hη)
√

k
, so that 2αk − α2

klip1(hη) ≥ αk for all k ≥ 0. Additionally, 

choosing mk = a
√

k, and following the computations performed in Corollary 5.3, 
we continue the previous display as

	
E

[
dist (0, ∂ε2

G h(ŷκ) + ∂r1(ŷκ))2]
≤

36lip1(hη)[Ψη(y1) − ΨOpt
η ]

β
√

N
+ 2ε2

1
3

+
228 s2

a (1 + log(N))
√

N
.

Choosing N so large that (7.3) holds, the thesis follows. � □

Remark 7.1  Since lip1(hη) = O(1/η) and Proposition  4.5 shows that η = O(ε2), 
the implied iteration complexity by Theorem 7.1 is on the order of maginitude of 
N−1/2 ∼ ε2

1η
3 , so that N ∼ 9

ε4
1ε2

2
. Choosing ε ≡ ε1 = ε2 therefore yields the leading 

order of ε−6 for the iteration complexity.
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8  Numerical experiments

In our numerical experiments, we consider the bilevel learning approach to inverse 
problems and specify two case studies:

	● Experiment 1: One-dimensional signal denoising.
	● Experiment 2: Optimal experimental design.

Both experiments fall naturally within our general learning framework, as described 
in the next subsections.

8.1  One-dimensional signal denoising

In the first experiment, we consider a simple one-dimensional image denoising prob-
lem, inspired by [19]. The goal is to reconstruct a random one dimensional piece-
wise constant signal, observed at discretely sampled points and perturbed with 
Gaussian observational noise. Specifically, we represent the signal as a random vec-
tor ξ1 = (ξ1(t1), . . . , ξ1(tn)) with n = 256 sample points, corrupted by Gaussian 
white noise

	 ξ2(t) = ξ1(t) + σZ(t) t ∈ {t1, . . . , tn}.

(Z(t))t∈{t1,...,tn} are independent and identically distributed N(0, 1) random vari-
ables, and σ =

√
0.001. For the data generating process, we choose the sampling 

times uniformly by ti = i
n , i = 1, . . . , n,

	 ξ1(ti, ω) = 1[C(ω),R(ω)](ti),

where C,  R are two independent uniformly distributed random variables with 
C ∼ U([ 1

8 , 1
4 ]) and R ∼ U([ 3

8 , 7
8 ]). As a variational model for reconstructing the sig-

nal from the noisy observations, we consider the loss function

	
min
x∈Rn

g(x, (λ, τ, ν), ξ2) ≜ 1
2

||x − ξ2||2 + λ

2
||Lx||2 + τTVν(x),� (8.1)

where (λ, τ, ν) ∈ R3
+ is the hyperparameter vector of our problem. L ∈ Rn×n is a 

symmetric positive definite regularization matrix, chosen as L2 = 0.012∆, with ∆ 
being the discrete Laplace operator for the 1D-signal, and λ > 0 is the Tikhonov 
regularization parameter. In addition to the Tikhonov regularization, we consider a 
smoothed Total Variation regularization

	
TVν(x) ≜

∑
i

√
|xi+1 − xi|2 + ν2 ν > 0, a learned smoothing parameter.

Bilevel learning problems with this particular structure have also been studied in 
[19], and our numerical implementation follows the setup described in there. In par-
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ticular, it is reported in [19], that the lower level problem (8.1) is µ-strongly convex 
and ℓ-smooth with

	
µ ≥ λ · emin(L2) and ℓ ≤ 1 + τ∂

ν
+ λ∥L2∥,

where emin(L2) > 0 denotes the smallest eigenvalue of L and ∂ > 0 is a constant 
arising due to the spatial discretization of the Total Variation. Hence, in order to 
approximately retrieve the reconstruction operator x∗(y, ξ2), we can implement a 
gradient descent scheme achieving a full control over the inexactness in the lower 
level solution, as defined in Definition 4.6. More precisely, when implementing gra-
dient descent with constant step size 1

ℓ , we achieve accuracy β using the stopping 
criterion ∥∇xg(x,y,ξ2)∥2

µ2 ≤ β after at most ⌈ log(β)
log((q−1)/(q+1)) ⌉ iterations, where q = ℓ

µ  
is the condition number of the problem.

Implementation and validation For numerically solving the upper level prob-
lem, we’ve introduced the parametrization

	 y ∈ R3 �→ (λ, τ, ν) = (10y1 , 10y2 , 10y3) = (λ(y1), τ(y2), ν(y3)),� (8.2)

with the additional restriction y = (y1, y2, y3) ∈ [−7, 7]3. This leads to the upper-
level problem

	

min
y∈[−7,7]3

E[∥x∗(y, ξ2) − ξ1∥2
︸ ︷︷ ︸

=F (x∗(y,ξ2),ξ1)

] + 10−6


1 + ∂·τ(y2)

ν(y3) + λ(y1)∥L2∥
λ(y1)emin(L2)




2

︸ ︷︷ ︸
=r2(y)

.
� (8.3)

In every iteration k of our main scheme, we first solve the lower level problem (8.1) 
up to accuracy βk = β0√

k+1 , β0 > 0 using gradient descent. We then increase the 
batch size of the random gradient estimator (4.9) by mk =

√
k · m0, m0 ∈ N. We 

adopt the step-size policy αk = α0√
k+1 , α0 > 0. The smoothing parameter is fixed 

at level η = 0.01. In order to numerically confirm the convergence of the gener-
ated trajectory, we plot the summation over the random operator G̃βk

η,k scaled by the 

step-size policy, i.e. we demonstrate that ∆k :=
∑k

s=0 αsG̃βs
η,s remains bounded. To 

verify the generalization properties of the method, we generate a validation data set 
independent of the data set applied in the application of Algorithm  1, defined as 
i.i.d. sample (ξi,val

1 , ξi,val
2 )mval

i=1 , mval ∈ N, of (ξ1, ξ2). We then plot the normalized 
empirical errors in the upper level

	
Erri(y) ≜ ∥x∗(y, ξi,val

2 ) − ξi,val
1 ∥

∥ξi,val
1 ∥

∀i ∈ {1, . . . , mval}.� (8.4)
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The lower level solution x∗(y, ξi,val
2 ) is obtained via the gradient descent method 

with tolerance β = 10−7. In this visualization, we compare the generalization error 
for different choices of y with the resulting learned parameters by Algorithm 1. We 
set α0 = 1, β0 = 0.01 and m0 = 1 as parameters in Algorithm DFProxGrad, and 
terminate after N = 700 iterations.

In Fig. 1a–c we plot the resulting regularization parameters generated by Algo-
rithm 1, where we observe that all three parameters converge. This result can also be 
observed from Fig. 1d, where we demonstrate that the summation over the random 
operators G̃βk

η,k remains bounded. The resulting reconstruction of the signal using the 
learned regularization parameters for solving the lower level problem (8.1) is plotted 
in Fig. 2b. As comparison, in Fig. 2c–f, we plot the reconstructions of the signal using 
different regularization parameters chosen by hand. In all four cases, we have cho-
sen a smoothing parameter ν = 10−3. The comparison of the reconstruction already 
conveys some evidence that our learned regularization parameter using Algorithm 1 
outperforms the fixed regularization parameters. This empirical evidence is further 
demonstrated in Fig. 3 where we compare the generalization error (8.4) over valida-
tion data set independent of the training data set.

8.2  Image reconstruction based on the radon transform

In X-ray tomography, the forward operator is a discretization of the Radon trans-
form [31], where data are collected at various angles θ ∈ [0, π). The unknown x 
represents a 2D image, and the measurements d(θ) = Aθx for one angle represents 
the line integrals of that image along straight lines at angle θ. We discretize this line 
integral, so that Aθ is numerically represented as a 1 × nx row vector, acting on 
model parameters x ∈ Rnx . Collecting a large number of angles θ ∈ [0, π) leads to 
a well-posed inverse problem and generally yields a good reconstruction. For practi-
cal applications it is of interest to reduce the number of angles, dictating the use of 
additional regularization to fill in the missing information. To model such a situation, 
we let n ∈ N denote the maximal number of angles from which we can observe the 
2D image. Let θ = (θ1, . . . , θd) ∈ [0, π)d the vector of angles, and the full forward 
model

	

K =




Aθ1
...

Aθd


 ∈ Rd×nx , x ∈ Rnx �→ Kx ∈ Rd

mapping the image x ∈ Rnx  to data in Rd. Let ξ1 ∈ L∞(Ω,Rnx) represent the ran-
dom vector of model parameters and let Z ∈ L∞(Ω;Rd) be an independent obser-
vational noise. Define

	 D(ω) ≜ Kξ1(ω) + Z(ω).

The random vector D ∈ Rd corresponds to d noise-contaminated perspectives of the 
image, representing the measurements available in a design using all d angles simul-
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taneously. To model an experimental design problem in which we can only take mea-
surements from 1 ≤ q ≤ d chosen angles, we have to define a selection procedure 
from the coordinates of the vector D. Hence, given a fixed integer 1 ≤ q ≤ d (typi-
cally much smaller than d), we define Sq,d ≜ {J ⊂ {1, 2, . . . , d} | |J | = q}. Each 
element J ∈ Sq,d gives rise to a q-tuple of observations

	 UJ(ω)D(ω) = (Aθj
ξ1(ω) + Zj(ω))j∈J ∈ Rq,� (8.5)

where UJ ∈ Rq×d is a matrix selecting the components contained in J out of the 
random vector D = Kξ1 + Z. Hence, using our statistical formulation of the experi-
mental design problem, the random pair (ξ1, ξ2) consists of model parameters 
ξ1 ∈ Rnx ≡ Ξ1 and observations ξ2 = (J, UJD) ∈ Ξ2 ≡ Sq,d × Rq.

Our aim is to learn the best angles to be used for taking measurements via a spe-
cific variational formulation of the experimental design problem, given by
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Fig. 1  a–c Learned parameters (y1, y2, y3) resulting from Algorithm  1 and d summation over the 
random operators G̃βt

η,t

 

1 3

1004



Derivative-free stochastic bilevel optimization for inverse problems

	

min
x∈Rnx

+

g(x, (w, λ, τ, ν), ξ2) = min
x∈Rnx

{g(x, (w, λ, τ, ν), ξ2) + δRnx
+

}, where

g(x, (w, λ, τ, ν), ξ2) ≜ ||UJKx − UJD||22 + λ

2
||x||2 + τTVν(x) = ||Kx − D||2U⊤

J
UJ

+ λ

2
||x||2 + τTVν(x),

TVν(x) ≜
∑
i,j

√
|xi+1,j − xi,j |2 + |xi,j+1 − xi,j |2 + ν2,

in which x ∈ Rnx
+  represents a two-dimensional discretized image of size √nx × √

nx 
px. Note that we incorporate state constraints to the lower level solution forcing the 
images x to remain non-negative, which is implemented using the projected gradient 
method. The loss function depends on hyperparameters y = (w, λ, τ, ν), which are 
trained via the minimization of the upper level loss function
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100
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Fig. 3  Pointwise generalisation error in the 
upper level (8.4) over the validation data set 
(ξi,val

1 , ξi,val
2 )mval

i=1 , mval = 50. We plot the 
errors for the different choices of regularisation 
parameters from Fig. 2
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Fig. 2  a Ground truth signal and b reconstruction of the signal using the learned regularization pa-
rameters (λ, τ, ν) after N = 300 iterations. As comparison we show the reconstruction c using low 
Tikhonov regularization with λ = 10−3 and low TV regularization with τ = 10−3, d using high 
Tikhonov regularization with λ = 10−1 and low TV regularization with τ = 10−3, e using low Tik-
honov regularization with λ = 10−3 and high TV regularization with τ = 1, and f using high Tik-
honov regularization with λ = 10−1 and high TV regularization with τ = 1. In (c–f) we have fixed 
the smoothing parameter ν = 10−3
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	 Ψ(y) = E[F (x∗(y, ξ2), ξ1)] = E[∥x∗(y, ξ2) − ξ1∥2] .

The interpretation of the hyperparameters λ, τ, ν is clear. The hyperparam-
eter w ∈ Rd is used to parametrize the probability distribution over angles. 
To explain this transformation, define the set of probability mass functions 
P ≜ {p = (p1, . . . , pd) ∈ Rd | pi ≥ 0,

∑d
i=1 pi = 1}, in which pi ∈ [0, 1] describes 

the probability of selecting the line integral Aθi  in the experimental design. The 
weight vector w = (w1, . . . , wd) ∈ Rd determines the distribution over the random 
sample J ∈ Sq,d via the soft-max parametrization

	
pi = exp(wi)∑d

j=1 exp(wj)
, i = 1, . . . , d.

Having constructed this probability distribution, we sample J ∈ Sq,d without replace-
ment according to (p1, . . . , pd).

Implementation and validation In our concrete experiment, we assume that we 
are allowed to pick q = 6 angles out of a pool of d = 64 possible angles θi = (i−1)π

d . 
The goal is to reconstruct images of size 64 × 64 px given the noisy measurements 
generated by (8.5), where (Zi) are independent and identical distributed according 
to N(0, 0.012). Our set of images consist of randomly generated triangles of varying 
size, rotation in the space and varying gray levels ranging from 0.5 to 1. The angles 
and direction of the triangles are kept fixed. In Fig. 4, we show i.i.d. realization of 16 
different images.

In order to enhance the reconstruction accuracy we have implemented the OED 
problem of choosing the best possible policy over the set of all possible angles [49]. 
The regularization parameters (λ, τ, ν) are again parametrized as in (8.2). Includ-
ing the vector of weights (w1, . . . , wd), we abuse notation and identify the tuple of 
hyperparameters by the list

	 y = (y1, . . . , yd, 10yd+1 , 10yd+2 , 10yd+3),

so that our upper level problem (8.3) is a minimisation problem over a space Y  of 
dimension n = d + 3 = 67.

In our numerical implementation, we have chosen the uniform distribution 
(1/d, . . . , 1/d) (i.e. w = 0 ∈ Rd, corresponding to a naive selection mechanism of 
angles) as initial condition. The same distribution is used as comparison in our vali-
dation over the validation data set. Algorithm 1 with inexact lower level solution is 
applied with α0 = 0.2, β0 = 0.1 and m0 = 1, and terminated after N = 2000 itera-
tions. The generalization performance is illustrated in Fig. 6, where we have applied 
various configurations of regularization parameters together with the uniform pol-
icy. Among fixed choices of regularization parameters, we’ve also implemented the 
bilevel learning approach for selecting the regularization parameters (λ, τ, ν) with a 
fixed uniform policy. For validation, we use an i.i.d. sample (ξi,val

1 )mval
i=1 , mval ∈ N, 

of ξ1 and plot the normalized empirical errors in the upper level
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Erri(y) := ∥x∗(y, ξi,val

2 ) − ξi,val
1 ∥

∥ξi,val
1 ∥

∀i ∈ {1, . . . , mval}.� (8.6)

where ξi,val
2  is generated according to (8.5). The lower level solution x∗(y, ξi,val

2 ) is 
again obtained by gradient descent with targeted accuracy β = 10−7.

Overall, we observe a significant improvement by applying our learned policy. 
The resulting reconstructions for the different choices of regularization parameters 
and policies are shown in Fig. 5. These reconstructions further demonstrate the sig-
nificant improvement through the proposed OED approach based on the stochastic 
bilevel optimization approach.

9  Conclusion

In this paper we’ve studied a zeroth-order gradient method for a particular class of 
stochastic bilevel programs which arise naturally in data-driven learning of inverse 
problems. Our complexity estimates adapt to smoothing and inexact solutions of the 
lower level problem. Our theoretical and numerical results display the favourable 
properties of our scheme. In future work, we plan to continue this line of research 
along the following directions:

	● Higher-order numerical methods: The merit function employed in this paper is a 
stationary point. In non-convex optimization, an important question is whether 
our method is able to avoid saddle-points. For this, we plan to develop stochas-
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Fig. 4  Realisations of the random triangles in Example 8.2
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tic Newton methods, employing derivative-free gradient estimation strategies, as 
done in this paper.

	● Weakening the Lipschitz continuity assumptions of the hyperobjective. Interest-
ing recent results in this direction are reported in [38].

	● Construction of the random estimator: In this paper we adopt a Monte-Carlo ap-
proach to estimate the directional deriviative using iid Gaussian directions. It 
would be interesting to include more structure in this sampling approach. Quasi- 
or Multi-level Monte Carlo approaches would be interesting new stochastic simu-
lation approaches to reduce the computational costs [27].

1 2 3 4 5 6 7 8 9 10
data set

10-1

100
Evaluation over unseen data

leanred reg, learned angles
learned reg, random angles
high reg
med reg
low reg

Fig. 6  Pointwise generalization error in the 
upper level Erri(p, λ, τ, ν) (Eq. (8.6)) over 
the validation data set (ξval

i )mval
i=1 , mval = 10. 

We plot the errors for the different choices of 
regularization parameters from Fig. 5
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(d) recon (low reg, random angles)
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(c) recon (learned reg, random angles)
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(b) recon (learned reg, learned angles)
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Fig. 5  a Ground truth image and b reconstruction of the image using the learned regularization param-
eters (λ, τ, ν) and the learned distribution p after N = 2000 iterations of DFProxGrad. As compari-
son we show the reconstruction of the image c using the learned regularization parameters (λ, τ, ν) 
after N = 2000 iterations and a fixed uniform policy, d using low regularization with λ = 10−9, 
τ = 10−9, ν = 10−2 and uniform policy, e using medium regularization with λ = 10−3, τ = 10−3, 
ν = 10−2 and uniform policy, f using high regularization with λ = 10−2, τ = 10−2, ν = 10−2 and 
uniform policy
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Properties of the Gaussian smoothing

Let E  be a finite-dimensional real vector space, and define Mp ≜ E[||U ||p].

Lemma A.1  ( [42], Lemma 1) We have M0 = 1 , M2 = n and for p ∈ [0 , 2 ],

	 Mp ≤ np/2.� (A.1)

If p ≥ 2 , then

	 np/2 ≤ Mp ≤ (p + n)p/2.� (A.2)

Proof of Lemma 4.1  For all y1, y2 ∈ Y , we have

	

|hη(y1) − hη(y2)| = |EP1 [h(y1 + ηU)] − EP1 [h(y2 + ηU)]|
= |EP1 [h(y1 + ηU) − h(y2 + ηU)]|
≤ EP1 [|h(y1 + ηU) − h(y2 + ηU)|]
≤ lip0(h) ||y1 − y2|| .

� □

Proof of Lemma 4.2  For any y ∈ Y  we have

	|hη(y) − h(y)| ≤ EP1 [|h(y + ηU) − h(y)|] ≤ ηlip0(h)EP1 [||U ||] = ηlip0(h)
√

n.

� □

Proof of Lemma 4.3  Let Υ denote the normalizing constant of the Gaussian density 
πη(•|y). Using the formula (4.1), for any y ∈ Y , we can directly differentiate under 
the integral to obtain

	

∇hη(y) = 1
Υηn

ˆ

Y
h(z) exp

(
− 1

2η2 ||z − y||2
)

B(z − y)
η2 dz

= 1
Υ

ˆ

Y

1
η

h(y + ηu) exp
(

−1
2

||u||2
)

Bu du

= EP1

[
h(y + ηU) − h(y)

η
BU

]

= EP1

[
h(y + ηU)

η
BU

]
.

� (A.3)

Now let y1, y2 ∈ Y  so that
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||∇hη(y1) − ∇hη(y2)||∗ ≤ EP1

[∣∣∣∣
h(y1 + ηU) − h(y2 + ηU)

η

∣∣∣∣ ||BU ||∗

]

≤ lip0(h) ||y1 − y2||
η

EP1 [||U ||]

≤ lip0(h) ||y1 − y2||
η

√
n

where the last inequality uses [42, Lemma1]. To obtain the bound on the gradient 
norm, we continue from the first relation, showing that

	

||∇hη(y)||2∗ ≤ EP1

[∣∣∣∣
h(y + ηU) − h(y)

η

∣∣∣∣
2

||BU ||2∗

]

≤ lip0(h)2EP1

[
||U ||2 · ||BU ||2∗

]

= lip0(h)2EP1

[
||U ||4

]
≤ lip0(h)2(4 + n)2.

The last equality uses again [42, Lemma1]. � □

Technical proofs

Proof of Lemma 4.7

Given y ∈ Y , we use the law of iterated expectations to compute

	

EP

[
V̂η,m(y)

]
= EP

[
1
m

m∑
i=1

∇̂(Ui,η)H(y, ξi)

]

= EP

[
1
m

m∑
i=1

EP

(
∇̂(Ui,η)H(y, ξi)|σ(U i)

)]

= 1
m

m∑
i=1

EP

[
h(y + ηU i) − h(y)

η
BU i

]

= ∇hη(y)

where the last equality uses eq. (4.2). For the second bound, observe that
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EP

[∣∣∣
∣∣∣V̂η,m(y)

∣∣∣
∣∣∣
2

∗

]
= EP




∣∣∣∣∣

∣∣∣∣∣
1
m

m∑
i=1

(
∇̂(Ui,η)H(y, ξi) − ∇hη(y)

)
+ ∇hη(y)

∣∣∣∣∣

∣∣∣∣∣
2

∗




= 1
m2EP




∣∣∣∣∣

∣∣∣∣∣
m∑

i=1

(
∇̂(Ui,η)H(y, ξi) − ∇hη(y)

)∣∣∣∣∣

∣∣∣∣∣
2

∗


 + ||∇hη(y)||2∗ .

Define the centered random variable Xi ≜ ∇̂(Ui,η)H(y, ξi) − ∇hη(y) for 1 ≤ i ≤ m, 
to obtain an i.i.d collection of zero-mean random variables in Y∗. Therefore, we can 
continue from the last line of the previous display by noting that

	

EP




∣∣∣∣∣

∣∣∣∣∣
m∑

i=1
Xi

∣∣∣∣∣

∣∣∣∣∣
2

∗


 = EP

[
⟨B−1

m∑
i=1

Xi,

m∑
i=1

Xi⟩

]

=
∑
i,j

EP
[
⟨B−1Xi, Xj⟩

]
=

m∑
i=1

EP
[
⟨B−1Xi, Xi⟩

]

=
m∑

i=1
EP[||Xi||2∗].

Since EP[||Xi||2∗] = EP

[∣∣∣
∣∣∣∇̂(U,η)H(y, ξ)

∣∣∣
∣∣∣
2

∗

]
− ||∇hη(y)||2∗, it follows

	
EP

[∣∣∣
∣∣∣V̂η,m(y)

∣∣∣
∣∣∣
2

∗

]
≤ 1

m
EP

[∣∣∣
∣∣∣∇̂(U,η)H(y, ξ)

∣∣∣
∣∣∣
2

∗

]
+ (1 − 1

m
)∥∇hη(y)∥2

∗.

	

EP

[∣∣∣
∣∣∣∇̂(U,η)H(y, ξ)

∣∣∣
∣∣∣
2

∗

]
= EP

[∣∣∣∣
∣∣∣∣
H(y + ηU, ξ) − H(y, ξ)

η
BU

∣∣∣∣
∣∣∣∣
2

∗

]

= EP

[∣∣∣∣
H(y + ηU, ξ) − H(y, ξ)

η

∣∣∣∣
2

· ||BU ||2∗

]

≤ EP

[
lip0(H(·, ξ))2 ||U ||4

] Lemma A.1
≤ |lip0(H(·, ξ))|22 (4 + n)2.

Proof of Lemma 4.9

For arbitrary y ∈ Y  we compute
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EP

[
V̂ β

η,m(y)
]

= EP

[
1
m

m∑
i=1

∇̂(Ui,η)H
β(y, ξi)

]

= 1
m

m∑
i=1

EP

[
∇̂(Ui,η)H

β(y, ξi)
]

= 1
m

m∑
i=1

EP

[
F (xβ(y + ηU i, ξi

2), ξi
1) − F (xβ(y, ξi

2), ξi
1)

η
BU i

]

= 1
m

m∑
i=1

EP

[
F (x∗(y + ηU i), ξi

2), ξi
1) − F (x∗(y, ξi

2), ξi
1)

η
BU i

]

+ 1
m

m∑
i=1

EP

[
F (xβ(y + ηU i), ξi

2), ξi
1) − F (x∗(y + ηU i, ξi

2), ξi
1)

η
BU i

]

− 1
m

m∑
i=1

EP

[
F (xβ(y, ξi

2), ξi
1) − F (x∗(y, ξi

2), ξi
1)

η
BU i

]
.

From Lemma 4.7, we deduce that

	

1
m

m∑
i=1

EP

[
F (x∗(y + ηU i, ξi

2), ξi
1) − F (x∗(y, ξi

2), ξi
1)

η
BU i

]
= ∇hη(y),

and by mutual independence of U i from ξi = (ξi
1, ξi

2)

	

1
m

m∑
i=1

EP

[
F (xβ(y, ξi

2), ξi
1) − F (x∗(y, ξi

2), ξi
1)

η
BU i

]
= 0.

For the second assertion, we apply Lipschitz continuity of F (Assumption 3), the iid 
assumption on the random pair (U i, ξi), and Hölder’s inequality to obtain
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1
m

m∑
i=1

∥EP

[F (xβ(y + ηU i, ξi
2), ξi

1) − F (x∗(y + ηU i), ξi
1)

η
BU i

]
∥∗

≤ EP

[
∥F (xβ(y + ηU, ξ2), ξ1) − F (x∗(y + ηU, ξ2), ξ1)

η
BU∥∗

]

= 1
η
EP

[ ∣∣F (xβ(y + ηU, ξ2), ξ1) − F (x∗(y + ηU, ξ2), ξ1)
∣∣ ∥BU∥∗

]

≤ 1
η
EP

[
lip0(F (·, ξ1))

∣∣∣∣xβ(y + ηU, ξ2) − x∗(y + ηU, ξ2)
∣∣∣∣

X · ∥BU∥∗

]

≤ 1
η
EP[lip0(F (·, ξ1))] · EP

[ ∣∣∣∣xβ(y + ηU, ξ2) − x∗(y + ηU, ξ2)
∣∣∣∣

X · ∥BU∥∗

]

≤
|lip0(F (·, ξ1)|1

η
EP

[ ∣∣∣∣xβ(y + ηU, ξ2) − x∗(y + ηU, ξ2)
∣∣∣∣p

X

] 1
p · EP

[
||U ||

p−1
p

] p
p−1

≤
√

n |lip0(F (·, ξ1)|1
η

EP

[ ∣∣∣∣xβ(y + ηU, ξ2) − x∗(y + ηU, ξ2)
∣∣∣∣p

X

] 1
p

.

Proof of Lemma 4.10

We have

	

||ak+1||∗ = 1
mk+1

∣∣∣∣∣

∣∣∣∣∣
mk+1∑
i=1

[
F (xβk (yk, ξi

2,k+1), ξi
1,k+1) − F (x∗(yk, ξi

2,k+1), ξi
1,k+1)

η

]
BU i

k+1

∣∣∣∣∣

∣∣∣∣∣
∗

≤ 1
mk+1

mk+1∑
i=1

∣∣∣∣∣
F (xβk (yk, ξi

2,k+1), ξi
1,k+1) − F (x∗(yk, ξi

2,k+1), ξi
1,k+1)

η

∣∣∣∣∣
∣∣∣∣U i

k+1
∣∣∣∣

≤ 1
mk+1

mk+1∑
i=1

lip0(F (·, ξi
1,k+1))

η

∣∣∣∣xβk (yk, ξi
2,k+1) − x∗(yk, ξi

2,k+1)
∣∣∣∣

X ·
∣∣∣∣U i

k+1
∣∣∣∣ /, .

Hence, by Jensen’s inequality and the tower property and the independence of the 
triple (ξi

1,k+1, ξi
2,k+1, U i

k+1), we obtain

	

E[||ak+1||2∗ |Fk] ≤ 1
η2m2

k+1
E




(
mk+1∑
i=1

lip0(F (·, ξi
1,k+1))

∣∣∣∣xβk (yk, ξi
2,k+1) − x∗(yk, ξi

2,k+1)
∣∣∣∣

X ·
∣∣∣∣U i

k+1
∣∣∣∣

)2

|Fk




≤ 1
η2mk+1

mk+1∑
i=1

E
[
lip0(F (·, ξi

1,k+1))2 ∣∣∣∣xβk (yk, ξi
2,k+1) − x∗(yk, ξi

2,k+1)
∣∣∣∣2

X ·
∣∣∣∣U i

k+1
∣∣∣∣2 |Fk

]

= n

η2mk+1

mk+1∑
i=1

E
[
lip0(F (·, ξi

1,k+1))2|Fk

]
· E

[∣∣∣∣xβk (yk, ξi
2,k+1) − x∗(yk, ξi

2,k+1)
∣∣∣∣2

X |Fk

]

≤
n |lip0(F (·, ξ1)|22

η2mk+1

mk+1∑
i=1

E
[∣∣∣∣xβk (yk, ξi

2,k+1) − x∗(yk, ξi
2,k+1)

∣∣∣∣p

X |Fk

]2/p

≤
n |lip0(F (·, ξ1)|22

η2 β2
k ≜ CF

β2
k

η2 ,

where p ≥ 2, is the exponent from Definition 4.6. We can bound the L2(P)-norm for 
the bias term bk+1 in a similar way. First, observe that
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||bk+1||∗ ≤ 1
mk+1

mk+1∑
i=1

∣∣∣∣∣
F (xβk (yk + ηU i

k+1, ξi
2,k+1), ξi

1,k+1) − F (x∗(yk + ηU i
k+1, ξi

2,k+1), ξi
1,k+1)

η

∣∣∣∣∣
∣∣∣∣U i

k+1
∣∣∣∣

≤ 1
ηmk+1

mk+1∑
i=1

lip0(F (·, ξi
1,k+1))

∣∣∣∣xβk (yk + ηU i
k+1, ξi

2,k+1) − x∗(yk + ηU i
k+1, ξi

2,k+1)
∣∣∣∣

X ·
∣∣∣∣U i

k+1
∣∣∣∣ .

Using Jensen’s inequality and Hölder’s inequality as in the previous estimate, we see 
for s ≥ 1,

	

E[||bk+1||2∗ |Fk]

≤ 1
η2mk+1

mk+1∑
i=1

E
[
lip0(F (·, ξi

1,k+1))2 ∣∣∣∣xβk (yk + ηU i
k+1, ξi

2,k+1) − x∗(yk + ηU i
k+1, ξi

2,k+1)
∣∣∣∣2

X ·
∣∣∣∣U i

k+1
∣∣∣∣2 |Fk

]

=
∣∣lip0(F (·, ξi

1))
∣∣2
2

η2mk+1

mk+1∑
i=1

E
[∣∣∣∣xβk (yk + ηU i

k+1, ξi
2,k+1) − x∗(yk + ηU i

k+1, ξi
2,k+1)

∣∣∣∣2
X ·

∣∣∣∣U i
k+1

∣∣∣∣2 |Fk

]

≤
∣∣lip0(F (·, ξi

1))
∣∣2
2

η2mk+1

mk+1∑
i=1

E
[∣∣∣∣xβk (yk + ηU i

k+1, ξi
2,k+1) − x∗(yk + ηU i

k+1, ξi
2,k+1)

∣∣∣∣2s

X |Fk

]1/s

· E[
∣∣∣∣U i

k+1
∣∣∣∣2r]1/r

for 1
s + 1

r = 1. Choosing 2 s = p, we obtain

	

E[||bk+1||2∗ |Fk]

≤
∣∣lip0(F (·, ξi

1))
∣∣2
2

η2mk+1

mk+1∑
i=1

E
[∣∣∣∣xβk (yk + ηU i

k+1, ξi
2,k+1) − x∗(yk + ηU i

k+1, ξi
2,k+1)

∣∣∣∣p

X |Fk

]2/p

· E[
∣∣∣∣U i

k+1
∣∣∣∣ 2p

p−2 ]
p−2

p

≤
n

∣∣lip0(F (·, ξi
1))

∣∣2
2

η2 β2
k = CF

β2
k

η2 .

Proof of Lemma 5.1

The optimality condition for the iterate yk+1 gives

	
B

(
yk − yk+1

αk

)
∈ V̂k+1 + ∂r1(yk+1).

This means that there exists ρk+1 ∈ ∂r1(yk+1) satisfying

	
V̂k+1 + ρk+1 = B

(
yk − yk+1

αk

)
.

Since r1(·) is convex, the convex subgradient inequality gives for all u ∈ Y ,

	

r1(u) ≥ r1(yk+1) − ⟨V̂k+1 − B

(
yk − yk+1

αk

)
, u − yk+1⟩

= r1(yk+1) − ⟨V̂k+1, u − yk+1⟩ + 1
αk

⟨B(yk+1 − yk), yk+1 − u⟩ .

� (B.1)

Set u = yk to obtain
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r1(yk) ≥ r1(yk+1) − ⟨V̂k+1, yk − yk+1⟩ + 1
αk

||yk+1 − yk||2

= r1(yk+1) − αk⟨V̂k+1, G̃η,αk
(yk)⟩ + αk

∣∣∣∣G̃η,αk
(yk)

∣∣∣∣2
.

The descent property (2.1) for hη ∈ C1,1(Y) gives

	

hη(yk+1) ≤ hη(yk) + ⟨∇hη(yk), yk+1 − yk⟩ + lip1(hη)
2

||yk+1 − yk||2

= hη(yk) − αk⟨∇hη(yk), G̃η,αk
(yk)⟩ + α2

klip1(hη)
2

∣∣∣∣G̃η,αk
(yk)

∣∣∣∣2

= hη(yk) − αk⟨V̂k+1, G̃η,αk
(yk)⟩ + α2

klip1(hη)
2

∣∣∣∣G̃η,αk
(yk)

∣∣∣∣2

+ αk⟨V̂k+1 − ∇hη(yk), G̃η,αk
(yk)⟩

≤ hη(yk) − αk

∣∣∣∣G̃η,αk
(yk)

∣∣∣∣2 − (r1(yk+1) − r1(yk)) + αk⟨∆Wk+1, G̃η,αk
(yk)⟩

+ α2
klip1(hη)

2
∣∣∣∣G̃η,αk

(yk)
∣∣∣∣2

,

where we have used (B.1) in the last inequality. Rearranging the last inequality yields

	

Ψη(yk+1) − Ψη(yk) ≤ −αk

∣∣∣∣G̃η,αk
(yk)

∣∣∣∣2
(

1 − αklip1(hη)
2

)
+ αk⟨∆Wk+1, Gη,αk

(yk)⟩

+ αk⟨∆Wk+1, G̃η,αk
(yk) − Gη,αk

(yk)⟩

≤ −αk

∣∣∣∣G̃η,αk
(yk)

∣∣∣∣2
(

1 − αklip1(hη)
2

)
+ αk⟨∆Wk+1, Gη,αk

(yk)⟩

+ αk ||∆Wk+1||∗ ·
∣∣∣∣G̃η,αk

(yk) − Gη,αk
(yk)

∣∣∣∣ ,

where the Cauchy-Schwarz inequality in the last inequality is employed. Using the 
non-expansiveness of the prox-operator, we obtain

	
∣∣∣∣G̃η,αk

(yk) − Gη,αk
(yk)

∣∣∣∣ ≤
∣∣∣∣B−1(∇hη(yk) − Vk+1)

∣∣∣∣ = ||∇hη(yk) − Vk+1||∗ = ||∆Wk+1||2∗ .

Hence, we can continue the previous display as

	
Ψη(yk+1) − Ψη(yk) ≤ −αk

∣∣∣∣G̃η,αk
(yk)

∣∣∣∣2
(

1 − αklip1(hη)
2

)
+ αk⟨∆Wk+1, Gη,αk

(yk)⟩ + αk ||∆Wk+1||2∗ .

Properties of the prox-gradient mapping

Monotonicity of the prox-gradient mapping

Consider the function φy : α �→ 1
α ||y − Tη,α(y)||. For 

y ∈ zer (∂r1 + ∇hη) ≜ {y ∈ Y | ∂r1(y) + ∇hη(y) = 0}, we have φy(α) = 0 for 
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all α > 0. We next prove a classical monotonicity result with respect to the parameter 
α of this mapping.

Proposition C.1  If y /∈ zer (∂r1 + ∇hη), then it holds

	 α1 > α2 > 0 ⇒ φy(α1) < φy(α2).� (C.1)

Proof  To simplify notation, let us define ȳ(α) := Tη,α(y). This point satisfies the 
monotone inclusion (Fermat’s optimality principle)

	
1
α

B(y − ȳ(α)) − ∇hη(y) ∈ ∂r1(ȳ(α)).

Hence, for α1 > α2 > 0, the maximal monotonicity of the subdifferential ∂r1 yields

	
⟨ 1
α1

B(y − ȳ(α1)) − 1
α2

B(y − ȳ(α2)), ȳ(α1) − ȳ(α2)⟩ ≥ 0.

Rearranging,

	

0 ≤ 1
α1

⟨B(y − ȳ(α1)), ȳ(α1) − y⟩ + 1
α1

⟨B(y − ȳ(α1)), y − ȳ(α2)⟩

− 1
α2

⟨B(y − ȳ(α2)), y − ȳ(α1)⟩

− 1
α2

⟨B(y − ȳ(α2)), y − ȳ(α2)⟩

= − 1
α1

||ȳ(α1) − y||2 − 1
α2

||ȳ(α2) − y||2

+
(

1
α1

+ 1
α2

)
⟨B(y − ȳ(α1)), y − ȳ(α2)⟩ .

Consequently,

	

α1φy(α1)2 + α2φy(α2)2 ≤ (α1 + α2)⟨B
(

y − ȳ(α1)
α1

)
,

y − ȳ(α2)
α2

⟩

≤ α1 + α2

2
(
φy(α1)2 + φy(α2)2)

.

This, in turn leads to,

	 (α1 − α2)
(
φy(α1)2 − φy(α2)2)

≤ 0 .

� □
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Approximate stationarity

In this appendix, we derive the important relation between the norm of the 
prox-gradient mapping and stationary points. Consider the smoothed implicit 
function Ψη = hη(y) + r1(y). The prox-gradient mapping is defined as 
Gη,t(y) = 1

t (y − Pt(y, ∇hη(y)), where hη is the Gaussian smoothing of the function 
h. Since ∇hη  is a Lipschitz continuous operator, the optimality condition defining the 
point ȳ+

t = Pt(y, ∇hη(y)) is

	

0 ∈ t∂r1(ȳ+
t ) + t[−BGη,t(y) + ∇hη(y)]

⇔Gη,t(y) + B−1(∇hη(ȳ+
t ) − ∇hη(y)) ∈ B−1∂Ψη(ȳ+

t ) .

Hence,

	

dist (0, ∂Ψη(ȳ+
t )) ≤ ||Gη,t(y)|| +

√
n

η
lip0(h)

∣∣∣∣ȳ+
t − y

∣∣∣∣

≤
(

1 + t
√

n

η
lip0(h)

)
||Gη,t(y)|| .

In particular, choosing t ≜ η√
nlip0(h) , the above relation implies 

dist (0, ∂Ψη(ȳ+
t )) ≤ 2 ||Gη,t(y)||.
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