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Abstract

We propose a comprehensive framework for solving constrained variational inequal-
ities via various classes of evolution equations displaying multi-scale aspects. In an
infinite-dimensional Hilbertian framework, the class of dynamical systems we pro-
pose combine Tikhonov regularization and exterior penalization terms in order to
induce strong convergence of trajectories to least norm solutions in the constrained
domain. Our construction thus unifies the literature on regularization methods and
penalty-based dynamical systems. An extension to a full splitting formulation of the
constrained domain is also provided, with associated weak convergence results involv-
ing the Attouch-Czarnecki condition.
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1 Introduction

Let H be a real Hilbert space with inner product (-, -) and corresponding norm |||
Problem 1 We are given

e A:H—2M"a maximally monotone operator;
e D :’H — H is monotone and %-Lipschitz;
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e C £ zer(B) # @ a nonempty closed convex set which can be represented as the
zeros of a cocoercive operator B : H — H.

Our aim is to find x € H such that
0 € ®(x) = A(x) + D(x) + Ne(x). P)

This is a three-operator formulation of a general class of variational problems, in
which a constrained equilibrium of the sum of two maximally monotone operators
A + D is requested over a closed convex domain C C H. In this paper we approach
this problem via a combination of an exterior penalization method and Tikhonov
regularization, essentially leading to a hierarchical equilibrium formulation. A key
assumption in our approach is thus that the feasible set C admits a simple representation
in terms of the set of zeros of another single-valued monotone operator B. This general
formulation admits many applications in optimal control and optimization, in particular
those problems featuring a hierarchical structure. We briefly describe some examples
below, and provide a more detailed exposition on applications in Section 5.

Example 1 (Simple Bilevel Optimization) A simple bilevel optimization problem is
formulated as

min f(x)
s.t..x € C = argmin{W(y) : y € H}

where W is a convex and Fréchet differentiable function, with L-Lipschitz continuous
gradient, i.e. U € C]L’1 (H). By Fermat’s optimality condition

xelC & 0=VV¥(x).

Hence, C = zer(VW) defines the set of solutions to the lower-level optimization
problem over which a minimizer of the function f is searched for. These are simplest
hierarchical optimization problems, in which the decision variables in the lower and
an upper level variational problems are completely decoupled. This class of problems
has been studied extensively. See, for instance [22, 36, 45] in an infinite-dimensional
setting, or [41] in finite dimension. For a recent dynamical systems perspective with
acceleration, we refer to [14]

Example 2 (Constrained Variational Inequalities) Let C C H be a set for which we
know a convex function ¥ € C}A; (H) having the properties that ¥ > 0 and C =
w~1(0). Then, B = VW is a maximally monotone operator whose zero set is C. Given
a mapping D : 'H — 'H and a proper convex and lower semi-continuous function
h : H — (—o0, 00], we search for a solution of the variational inequality of the
second kind

Find x € C such that (D(x),x —x) + h(x) —h(x) >0 Vx eC. 1)
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This is equivalent to the inclusion problem
Find x € C such that 0 € D(x) + 0h(x) + N¢(x), Vx eC.

and arises frequently in optimal control problems [11, 39, 40].

Our Approach

To tackle problem class (P), we follow a recent trend in variational analysis by
approaching the general resolution of problem (P) via dynamical systems derived
from operator splitting methods featuring multiscale aspects. Our schemes can be
considered as hybrid versions of penalty-based methods, inspired by [5, 6, 10, 16, 17,
35], and Tikhonov regularization of dynamical systems [4, 24, 29]. Specifically, if D
is cocoercive, we propose a forward-backward dynamical system of the form

x() +x(t) = a (x@) — A Vi (X)), (FB)
where V; : H — H is a time-dependent vector field, defined as
Vi(x) £ D(x) + e(t)x + B()B(x).

The evolution equation (FB) generalizes most of the first-order dynamical systems that
have been studied so far in the literature. Indeed, if J;;)a = Idy (arising if A = {0}),
then (FB) simplifies to

X(1) + A()(Dx (@) + e()x (1) + BO)B(x (1)) = 0.

In the full potential case, i.e. when D = V f and B = VW, for convex potentials f, W :
H — R having a Lipschitz continuous gradient, with C = W~1(0) = argmin(¥) =
zer(VW), we obtain an exterior penalization of the gradient method, as studied in
[38], augmented with Tikhonov regularization, for solving set-constrained convex
minimization problems of the form

min f(x) s.t.x e€C.

Setting B = 0 (no penalty), the dynamics reduce to a gradient system with Tikhonov
regularization, a class of dynamical systems which has received enormous attention in
the literature (references [2, 3, 5, 9, 26, 29] give a partial overview on this literature).
In the context of full splitting and maximal monotone operators instead of potentials,
particular instances of (FB) have been studied in [19] without explicit constraints and
Tikhonov regularization, in [17] for the case with a penalty term but no Tikhonov reg-
ularization, and in [24] in the context of Tikhonov regularization and without penalty
terms.

For large-scale equilibrium and minmax problems, the cocoercivity of the single-
valued operator D is typically an incompatible hypothesis. For such problems, we study

@ Springer



36 Page4of45 Applied Mathematics & Optimization (2026) 93:36

an extragradient-based dynamical system in the spirit of Tseng [44], featuring multi-
scale aspects. This dynamical system is defined in terms of the projection-differential
dynamical system

(FBF)

{ () = Jioa (x(1) — MOV, (x(1)))
X(1) = p(t) — x(t) + MOV, (x (1) — Vi(p())].

The asymptotic properties of this evolution equation with Tikhonov regularization has
been studied in [24], while the penalty case has been investigated in [16], although in
discrete time. While we do not treat this problem directly here, it should be mentioned
that our approach can be used to solve constrained min-max problems in infinite
dimensions [31, 32]. A thorough analysis of this important problem class in our multi-
scale dynamical system framework is left for future research.

Contributions and Related Literature

Our dynamical system combines exterior-penalty methods with Tikhonov regular-
ization. With this hybrid construction, we generalize the pure penalization-based
dynamical systems studied in [6, 38], who concentrate on the case where B is the gra-
dient of a convex function W : H — [0, oo], satisfying C = \IJ_I(O) = argming, (V¥),
and [16] who extended this to the monotone inclusion setting. Adding the Tikhonov
term to the dynamical system allows us to enforce strong convergence to the least-
norm solution. We borrow ideas from [24] to analyze the effects of the Tikhonov
term, and extend this technique to deal with constrained variational inequalities. To
the best of our knowledge this is a new result in the literature since the analysis of
penalty dynamics, in tandem with Tikhonov regularization, has not been done so far.
In particular, this combined approach gains relevance in inverse problems and PDE
constrained optimization; See [33] for a recent approach in this direction.

Our work is closely related to the hierarchical minimization formulation of Cabot
[26]. He proposed an inexact proximal point method for the hierarchical minimization
of a finitely many convex potentials. Specifically, in the case of three convex functions
fos f1, f2, the method of [26] is designed for solving the nested optimization problems
So = argminy fo, S1 = argmin So f1and S = argmin s /2. Under time rescaling and
constraint qualification, the exact version of the proximal point method of [26] thus

becomes

Xp — X
—n/\—"H € Bnd fo+ 3 f1+€,0 fo.
n

In our work, we are interested in continuous-time systems and general monotone
operators. Both directions lie out of the scope of [26].

In parallel to this work, a series of papers studied penalty methods and Tikhonov
regularization from the lens of dynamical systems (separately). In particular, [15]
establishes an interesting connection between the Tikhonov regularization and the
Halpern schemes and thereby shows the acceleration potential of the Tikhonov reg-
ularization. Inertial dynamics with Tikhonov regularization have been studied in [7,
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25], among many others. Penalty dynamics have been extended to second order in
time systems in [20, 23].!

Organization of the Paper

After briefly recalling some known facts from convex analysis and monotone oper-
ator theory, Section 2 presents a detailed analysis of the central paths, which are
curves parameterized by regularization variables, representing solutions to auxiliary
monotone inclusion problems. In particular, we show that central paths are absolutely
continuous, differentiable - an important ingredient in our proof building on Lyapunov
analysis - and approximate the least-norm solution of (P). Section 3 is concerned with
two dynamical systems intended to approximate solutions of (P). The nature of these
systems, of either forward-backward or forward-backward-forward type, depends on
whether the operator D is cocoercive. For each system, and under suitable assumptions
on the regularization parameters, we show that every trajectory convergence strongly
to the least norm solution of (P). This is achieved by establishing a tracking property
of the dynamics with respect to the central paths. Section 4 extends our analysis of the
(FB) dynamical systems to a domain decomposition problem, modeled via multiple
penalty functions. Section 5 describes some scenarios in optimal control and non-linear
analysis to which our method naturally applies. We also present implementations on
a class of image deblurring problems, to illustrate the computational efficacy of the
method.

2 Preliminaries

We follow the standard notation from convex and non-smooth analysis (see e.g. [12,
37]). Let 'H be a real Hilbert space with inner product (-, -) and associated norm
[I-]l. The symbols — and — denote weak and strong convergence, respectively. For
an extended-real valued function f : 'H — R2RU {—o00, 00}, we denote by
dom(f) = {x € H|f(x) < oo} its effective domain and say that f is proper if
dom(f) # @ and f(x) # —oo forall x € H.If f is convex, we let  f(x) = {u €
HIf(y) = f(x) + (y — x, v) Vy € H} the subdifferential of f at x € dom(f).

Let C C 'H be a nonempty set. The indicator function 8¢ : H — R, is the function
satisfying 8¢ (x) = 0if x € C and +o0 otherwise. The subdifferential of the indicator
function is the normal cone

o |{E€eH(E y—x)<0Vyellifxel,
Ne(x) = {@ else.
For a set-valued operator M : H — 2™ we denote bygr(M) £ {(x,u) € HxH|u €
M(x)} its graph,dom(M) £ {x € H|M(x) # @} its domain, and by M~ H — 2H s

1 Parts of the results reported in this paper are published in the conference proceeding [43]. Besides giving
detailed proofs of all results, which partly were missing from the proceedings, we extend the approach by
a new splitting scheme with multiple penalty functions, and present applications and numerical examples.
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inverse, defined by (1, x) € gr(M™") & (x, u) € gr(M). Weletzer(M) = {x € H|0 €
M(x)} denote the set of zeros of M. A operator M is monotone if (x — y,u —v) >0
for all (x, u), (y, v) € gr(M). A monotone operator M is maximally monotone if there
exists no proper monotone extension of the graph of M on ‘H x H. A single-valued
operator M : H — H is cocoercive (inverse strongly monotone) if there exists & > 0
such that

(M) = M), x = y) = 1 IMG) = M)
A cocoercive operator is Lipschitz, but the converse is not true in general.

Fact1 [12, Proposition 23.39] If M is maximally monotone, then zer(M) is convex
and closed.

Fact2 If M is maximally monotone, then
pezerM) & (u—p,w) >0 V(u, w) € gr(M).

The resolvent of M, Jy : H — 2M is defined by Ju = (Id +M)~L If M is max-
imally monotone, then Jy is single-valued and maximally monotone. In particular,
the resolvent of the normal cone mapping M = N¢ of a closed convex set C C 'H
is the orthogonal projection IT¢. The support function of a closed set C C H is
oc(u) = supyec(y, u). Clearly, p € Nc(u) if, and only, if oc(p) = (p, u). Accord-
ing to [12, Proposition 23.31], we have the relation

D502 () = Jans )| < [A — | - MOl @

where M, £ %(IdH — Jum) denotes the Yosida approximation, with parameter A, of the
maximally monotone operator M. The Fitzpatrick function associated to a monotone
operator M is the convex and lower semi-continuous function defined as

(pM(X,M)Z Sup {(x»v)+(y’“)_(y,v>}~
(y.v)egr(M)

Lemma1 Letx,y,z € Handa € R. Then

20—y, z—y) = llx — yII> = llx — zI* + Iz — yII? A3)
loax + (1 —a)yl* +a(l —a) lx —ylI*> =allxl>+ A —a) IyI*> @)

To assess the global asymptotic stability of the dynamical systems we consider, we
recall the following central result (see e.g. [1], Lemma 5.1):

Lemma 2 Suppose that F : R>o — R is locally absolutely continuous and bounded
below and that there exists G € Ll(Rzo) such that

d
EF(t) <G() aeteRs.
Then lim;_, o F (t) exists in R.
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2.1 Perturbed Solutions and the Central Funnel

We follow a double penalization approach to solve the constrained variational inequal-
ity (P). We work under following standing assumption:

Assumption 1 The main set of standing hypothesis in this paper is the following:

(1) A + N¢ is maximally monotone and zer(A + D + N¢) # &.
(i) B:H — H is u-cocoercive (for some u > 0), and coercive:

{(x, B(x))

Ixll—o0 x|

(iii) D : 'H — 'H is maximally monotone and %-Lipschitz.

Since A is maximally monotone and C is anonempty convex and closed set, A+Nc is
maximally monotone if additional regularity conditions are satisfied. A comprehensive
list of conditions guaranteeing the maximal monotonicity of the sum of two maximally
monotone operators can be found in [12, 13]. In particular, if dom(D) = H and
dom(B) = H (which we assume throughout this manuscript), Corollary 25.5 of [12]
implies that the operators ® = A 4+ D 4+ N¢ and F, = A 4+ D + B,B are maximally
monotone. In particular, zer(A + D + N¢) is a nonempty closed convex set.

To ensure strong convergence, we follow the classical iterative Tikhonov regulariza-
tion approach. However, besides strong convergence, we have to respect the constraints
imposed on the variational inequality. To enforce these constraints, we augment our
operator by a time-varying penalty term which regulates over time the importance we
attach to constraint violation of the generated trajectory. The combination of these two
dynamic effects leads us to study a family of auxiliary problems, formulated as:

Problem 2 Given (¢, 8) € Rzzo find x € H such that

0 € @, p(x) £ (A+ D+ eldy +BB)(x). )

The logic behind this model is as follows: Suppose 0 € &, g (Xe. ). On the one hand,
the presence of the Tikhonov term € Idy; will attract the vector X, g towards the origin
and, as ¢ — 0, X, g will approach the set of solutions of (P), selecting its least-norm
element. On the other hand, the penalization term BB will force B(xX;, g) — 0, as
B — o0. As aresult, the limit of X, g will be a zero of B, thus an element of C.

In the remainder of this section, we show that solutions of (5) do approximate the
least-norm solution of (P), as (e, B) € R2>o’ and establish some important structural

properties of this approximation. For (g, 8) € Rzzo’ we define the mapping V; g :
‘H — H by
Ve p(x) 2 D(x) + &x + BB(x) (6)

for all x € H. Assumption 1 immediately implies the following regularity properties
of the parameterized family (V¢ g) (e.B)eR2,"
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Lemma 3 For each (e, B) € Rzzo, the mapping x + Vg g(x) is Lipschitz continuous

withmodulus L, g N N g Additionally, ife > 0, V, g(x) is e-strongly monotone.
Furthermore, dom(V, g) = H.

Hence, the auxiliary problems (5) constitute a family of strongly monotone inclusions.
Since @ g is strongly monotone, the set zer (P ) is a singleton whose unique element
we denote by x (e, B8). The function (¢, 8) +— X(&, B) maps the positive quadrant of
RR? to a region in H, which we call the central funnel for the reasons we will explain
in the following.

2.2 Central Paths Approximate the Least-Norm Zero of ®

Given absolutely continuous functions €, 8 : R>o — R., suchthatlim; ., e(t) =0
and lim;— ~ B(t) = oo, the curve r — x(e(t), B(t)) is called the central path for
the approximation of Problem (P) given by (5). Similarly, given positive sequences
(&n)nen and (B)nen, such that ¢, — 0 and B, — oo, the sequence ()E (en, ﬁn))nEN
is a (discrete) central path. As shown below, every central path converges strongly to
the least-norm zero of ®, which motivates our choice of the word funnel.

Proposition 4 Let (¢,)neN, (Bn)nen be sequences in R~ g such that e, — 0, B, — 00,
and lim,_, o0 €, By = 00. Then x(&,, Bn) — Tlzer(d)(0) as n — oo.

We prove this proposition via a sequence of Lemmas.

Lemma5 Let (¢3)neN, (Bn)neN be sequences in R~ such that ¢, — 0, 8, — o0,
and limy, o0 €x 8 = 00. Denote by (x,)neN the discrete central path obtained by
Xn = X(&n, Bn). Any weak limit point of (x,),eN is contained in C.

Proof For every n € N, define x, = X(ey, B,), the unique root of the set-valued
mapping &, = &, 5, : H — 2™ To simplify the notation, we define the set-valued
operator F,, : H — 2H by

F. 2 A+D+ 8,B.

Hence, for each n > 1, we have the inclusion

0 €Fy(Xn) + &nXn & (1 — &x)Xy € (Idy +Fn)(Xn)
& Xy = Jr, (1 — &4)Xn)
At the same time, for every z € zer(A 4+ D + N¢), it holds that z € C, and therefore
B:B(z) = 0 for all n > 1. This implies that there exists p € N¢(z) such that for all

neN
z—pedy+F)() & z=J, (@ — p).

Since F, is maximally monotone, Jf, is firmly non-expansive. Hence,

130 — zlI* < Ur, (1 — £0%n)) — Ik, (2 — p), (1 = £2)Fn — (2 — p))
= (X — 2, (1 =&)Xy — (2 — p))
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Rearranging yields the inequality
(¥n — 2, p) = &n{Xn, Xn — 2) = & Xl (I %nll = llzID- @)
Jr, is also non-expansive, so that

1%, — zll < (1 — &x)xp — 2+ pll
= [[(1 —ex)(xn —2) + p — &nzll
<A —en)llxn —zll +1Ip —enzll .
Hence,
en llXn — 2|l = llenXn — €nzll < llp — &nzll Vn > 1.

It follows that (¢,X,),cn is bounded.
We can also reorganize the equilibrium condition defining the sequence X, and the
point z as

—&nXn — PnB(xn) € A(xy) + D(Xn), and ®)
—p € A(z) +D(2) ©)

Monotonicity of A 4+ D implies
Bu(B(xn), 2 — Xn) = {enXpn, Xp — 2) + (P, 2 — Xp). (10)
The p-co-coercivity of the penalty operator B yields

_ _ Sn(in - Z)
HIBE)I* < (p — enkn, ———2).
,ann

Ife, — O0and ¢,8, — o0 as n — 00, we conclude from the above relation that

lim sup [|B(%,)[I* < 0.

n—oo

Since the operator B is assumed to be coercive, the sequence (x,), is bounded. Let X
be a weak accumulation point of (x,),en. Pick a subsequence (x,,_ ].) with Xn; —Xoo aS
Jj — oo. (10) implies

o En; _ 1
0 < (B(En)). i, —2) < =L (Fn;0 2 — X)) + —— (P T, — 2).

IBi’lj ﬁn]

Hence,
lim sup(B(x,), X, — z) = 0,

n—oo

and for all w € 'H, we deduce

(B(w), w — Xoo) = lim (B(w), w — X,,) > lim (B(X,,), w — X,,) = 0.
j—oo T e ! !
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Fact 2, implies X, € C. O

Next to the feasibility of weak accumulation points of (x,),enN, we want these limit
points to belong to the set of solutions to (P).

Lemma 6 Let (¢,)neN, (Bn)neN be sequences in R.q such that ¢, — 0, 8, — o0,
and lim,,_, ; €, 8, = 00. Any weak limit point of the central path (X,,),eN is contained
in zer(®). In particular, liminf,_, » || X, | > inf{||z|| : z € zer(A+ D + N¢)}.

Proof Let (u, w) € gr(®) arbitrary. Then, there exists & € N¢(u) such that
w—& —D(u) € A(u).
Together with (8), the monotonicity of A gives
(—€nXp — BuB(xn) —D(xp) —w +& + D), X, —u) = 0.
Whence,

(W, u — Xp) > €4{Xn, X — u) + Bu(B(xn), X — u)
+ (D(xn) — D), Xp —u) + (5, u — Xy)

> en{Xn, Xy — u) + (&, u — Xp),

where we have used the monotonicity of B and D, as well as B(u) = 0. If X is a weak
accumulation point of (x,), then

The right-hand side is nonnegative since § € N¢(u) and X € C, thanks to Lemma
5. Using Fact 2, this means that X, € zer(®). In particular, ||Xoo| > inf{||z]| : z €
zer(A + D + N¢)} for every weak limit point Xo, Of (X,)neN- O

With the help of Lemmas 5 and 6, we can proof Proposition 4.

Proof of Proposition 4 Let z € zer(A + D + N¢) and p € N¢(z). Using relation (7),
we obtain
(s Xn — 2) = &n Xl (lXn |l — llzID-

Since

liminf(p, x, — z) < limsup(p, x, —z) <0,

n—00 n—00
it follows that |x,|| < [zl for all n sufficiently large. Hence, lim sup,,_, o, [|X,|l <
lz|| for all z € zer(A + D + N¢). Let x, y be two different weak cluster points of
(*1)nen. Then, x, y € zer(A+D+4N¢), and there are weakly converging subsequences
Xk, —x and x;, —y for monotonically increasing and diverging sequences (k;,)., (In)n
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in N. Consequently, for n sufficiently large, the Cauchy-Schwarz inequality and the
minimum norm property of weak accumulation points imply

X _ y oo _
<_,xk,,> < | %, | < Iyl and <—,x1,,> < | x| < lxll.
[lx]] Iyl
It follows,
. X . y -
lim { — X, | =[xl < llyll and lim { —— . x;, | = [yl < lIx|l.
n—=o00 \ x| n—=o00 \ ||yl
Hence, ||x|| = |yl = inf{||z|| : z € zer(A + D + N¢)}. Since the zero set of a

A+D+Ng is closed convex and nonempty, the least-norm element is unique, implying
x =y = Izer(9)(0). This shows that (x,),en has at most one weak accumulation
point. Hence, the sequence (x,) is weakly convergent, and the strong convergence to
the least norm solution follows from Lemma 2.51 in [12]. O

The consequence for the continuous central paths is the following:

Corollary7 Let ¢, 8 : Rsg — R.g be absolutely continuous functions such that
lim; 00 €(t) = 0 and lim; o0 B(t) = 00. Then, x(e(t), B(t)) — Izer(a)(0) as
t — oQ.

We next prove that (¢, ) — x(¢, B) is a locally Lipschitz continuous function. This
will be a fundamental result in the Lyapunov analysis of the dynamical systems.

Proposition 8 The solution mapping (g, B) — x (e, B) is locally Lipschitz continuous.
In particular, for all o1 = (e1, B1) and oy = (&2, B2), we have

12
[x(02) —x (oDl = a(lﬂz—ﬂ1|+ le2 — €1, (1)

where r £ inf{||x]|| : x € zer(®)}, and £ = max{r, sup, p . B[}

Proof Fix 8 > 0and pick 1, &, > 0, sothat z; = x(e1, B) and z5 = x (&2, B), denote
the corresponding unique solutions of (5). Denoting by D, = D + ¢ Id3,, we obtain

—Dg, (z1) — BB(z1) € A(z1), and — Dy, (22) — BB(22) € A(z2).
Since A is maximally monotone, we have
(z1 — 22, =D¢, (z1) — BB(21) + D¢, (z2) + BB(z2)) = 0.

Since D and B are both maximally monotone, we conclude (¢1z1 — €222, 21 —22) < 0.
Assume first that &, > ¢;. Then

2
0> (121 — €222, 21 — 22) = €1 lz1 — 22lI” + (61 — €2)(z2, 271 — 22),
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which means (g2 — 1) (z2, 21 — 22) = €1 llz1 — z2/%. By Cauchy-Schwarz,

2
(g2 — &) llz2ll - llz1 — 220l = €1 llz1 — z2|1”,

so that
— &

€
llz2 —z1ll < llz2ll -

Next, assuming €1 > &>. Then, interchanging the labels in the above inequality, we
get
— 82

3
lz2 —z1ll < llzyll -
Hence, ||x(e1, B) — x(s2, B)| < m‘liz{;f‘elz} max{||zi]l, [|z2]l}. This shows that & +—
X (g, B) is locally Lipschitz.
Now, fix ¢ > 0 and let 81, 2 > 0. Denote z; = x(e, B1) and zo = Xx(¢, f2). By
definition, we have

—De(z1) — B1B(z1) € A(z1), and — D¢(z2) — p2B(z2) € A(z2).

It follows that B2(B(22), 21 — 22) — Bi(B(z1), 21 — 22) > €llz1 — 22/ . Now, if

B2 > Bi,then (B2 — B1)(B(z21), 21 —22) + B2(B(22) — B(z1), 21— 22) > ¢ lz1 — 2>
Using the monotonicity of B, we conclude

B1— B2

&

IBGOI -

lz1 — z2ll <

If 81 > B>, we repeat the above computation, and obtain

B1— B2

21 = z2ll = ——— IBGz2)ll.

This yields [lz1 — z2ll < 2=l max{||B(z1)l, IIB(z2)l}, which shows that 8 +>
X (g, B) is locally Lipschitz, for all ¢ > 0.

Next, we show the Lipschitz continuity of the bivariate map (e, 8) — x(¢, B). Let
o1 £ (e1, 1) and 02 £ (g3, B2) with corresponding solutions ¥ (o) and X(02). By
definition of these points, we have

—Vo, (x(01)) € A(x(01)), and — Vo, (X(02)) € A(x(02)).
Hence,
(Ds, (x(02) + P2B(x(02)) — D¢, (X (€1, 1) — P1B(x (€1, B1)), X (€1, 1) —X(02)) = 0.
Rearranging, we obtain

(e2X(02) — £1X(01), X(01) — X(02)) = B1(B(x(01)), X(01) — X(02))
+ f2(B(x(02)), X(02) — X(01)).
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This gives

e1{X(02) — x(01), X(01) — X(02)) = B1(B(x(01)), X(01) — X(02))
+ B2(B(x(02)), X(02) — X(01))
— (&2 — e1){x(02), X (01) — x(02)).

Hence,

g1 [X(a1) — X(02)1* < B1 (B(X(01)), X(02) — X(01))
+ B2(B(x(02)), X(01) — X(02))
+ (82 — €1)(x(02), X(01) — X(02))
= (B1 — B2)(B(x(01)), X(02) — X(01))
+ B2(B(x(02)) — B(x(01)), X(01) — X(02))
+ (&2 — €1){x(02), X(01) — X(02))
< 1B2 — Bil IB(x (@)l - [X(02) — X (o)l

+ le2 — el [1xX (02l - [[X(02) — X (o]l -
We thus finally arrive at the estimate

1£(02) — £(0)]| < "32;’31' IB(E(o 1>>||+' ||| @)l. (12

From the proof of Step (i) of the proof of Proposition 4, we deduce that || x (e, B)|| <
inf{|lx|| : x € zer(®)} £ r. Hence, defining £ £ max{sup, g, [B(x)| . r}, the
claim follows. O

2.2.1 Differentiability of Central Paths

We now assume that the parameters (¢, 8) are defined in terms of real-valued functions
g, B : R>0 — R.o. In terms of these functions, we define the time-dependent vector
field

ViiRsoxH—>"H, t= Vi(x) = Ve, pe)(X).

For each ¢, we obtain the unique solution x (1) = x(&(¢), B(t)) € zer(A + V;). From
Lemma 3, we know that V; : H — H is e(¢)-strongly monotone and L (¢)-Lipschitz
continuous, where

B(t)

1
L(t) £ Lery.poy = — + e(t) + o (13)
Assumption 2 The functions ¢t +— ¢&(t),¢t +— p(¢) are absolutely continuous and
satisfy the following properties:

(i) t > &(t) non-increasing and lim;_, o, £(f) = 0;
(ii) t +— B(t) non-decreasing and lim;_, o, B(f) = 00;
(iil) limy— o0 B()e(t) = 00
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Lemma9 Consider the central path (x(t));>0. Under Assumption 2, the curve t
X(t) is almost everywhere differentiable, with

&(r) (1)

d._
Ex(t)

Proof Let v € H be an arbitrary unit norm vector of the real Hilbert space H. Define
the real-valued function f; : [0, c0) — R by

fo®) £ (v, 3(1)).

From inequality (12) in the proof of Proposition 8, we deduce that for all 0 < #; <
th <Ty+hand h > 0,

o) = folt)] < 1) — £l < P =PI gy 4 £ Z W e
e(t1) e(t1)

Hence, for #; =te€ [0,00) and 1, = ¢t + h > t, Assumption 2 implies that S(r +
h) — B(t) < hB(t + h) and e(t + h) — (¢t) < hé(t). Using these estimates, we can
continue with the above bound

hB(t +h hé
) = £ = 15+ ) =501 = PP e+ PEDL s+
3(T1 + h
<n(BE21) s max(IBEO 1501
£(0) 1€[0,T1+h]

for all + € [0, T1]. Hence, t — f,(¢) is locally Lipschitz and by the Rademacher
theorem (see e.g. [27]) it is almost everywhere Fréchet differentiable, with the almost
everywhere derivative f; () satisfying the bound

, @) . _ EGI
£l = T IBEOI+ 2 IFOI aer =0, (15)

Let {e;}; be an orthonormal basis of H. This allows us to identify the time derivative
%i(r) with %i(z‘) =>e fe/,» (#) for almost every ¢t > 0. Furthermore, we observe
that

as stated. O

= sup |fy ()] < &HB(J?O))IHMIIX(OII ae.t >0,
veH:lvl=1 e(1r) e(t)

g'(t)
dtx
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3 Penalty-Regulated Dynamical Systems for Constrained Variational
Inequalities

Recall thata function f : [0, b] — H (whereb > 0)is said to be absolutely continuous
if there exists an integrable function g : [0, b] — H such that

t

f@) = f(Q©O) +f g(s)ds Vr e [0, b].
0

Definition1 Let f : R>o x H — H be a vector field depending on time and space,
and let xo € H be given. We say x : R>o — 'H is a strong global solution of

x(t) = f(t,x())
{x(O):xoeH (D)

(1) x : R>o — 'H is absolutely continuous on each interval [0, ], 0 < b < oo;
(ii) x(t) = f(t, x(¢)) for almost every t € R..

Existence and strong uniqueness of non-autonomous systems can be proven by means
of the classical Cauchy-Lipschitz Theorem (see e.g. [42, Theorem54]). To use this,
we need to ensure the following properties enjoyed by the vector field f (¢, x).

Theorem 10 Let f : R>o x H — H be a given function satisfying:

(fl) f(-,x):Rso — H is measurable for each x € H;
(f2) f(t,-): H — H is continuous for each t > 0;
(f3) there exists a function £(e) € L} (R>0; R) such that

loc

If, x)—=f@ Il <L@)llx—yl Vtel0,>b],Vb € Rxo,Vx,y € H;
(16)
(f4) for each x € H there exists a function A(e) € L} (R>o; R) such that

loc

lf(, x)|| <A@) Vtel0,b],Vb € Rxp. a7y

Then, the dynamical system (D) admits a unique strong solution t — x(t), t > 0.

3.1 Penalty Regulated Forward-Backward Dynamics

In this section we study explicitly the case where the involved single-valued operators
D and B are both cocoercive.

Assumption 3 The operator D : H — H is n-cocoercive for some n > 0.

Under this additional assumption on the data, we investigate the asymptotic properties
of the following evolution equation

() =y @) (oa (x@) = 1OV, (x (@) —x@®), xO) =x0 € H  (18)
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Remark 1 The dynamical system (18) contains a small generalization compared to
(FB) by including the time-scale parameter ¢ — y (¢). In a discrete-time formulation
of the dynamical system, the scaling function ¢ +— y(¢) can be interpreted as a
relaxation parameter of the resulting numerical scheme. Let 75 = {0 = 0 < 11 <
t) < ...<t,s = T} beapartition of [0, T']; let h,‘i £ tlerl — t,f, and let § be the mesh
size given by § = max{hi :0 < k < n®—1}. We define a sequence (X,‘Z)ke{o’]’mna,l}
recursively by

Xipr = (1= WRDXG + v Jisa (X5 = 2 Ve(XD),
X g =x9 € H.
This is arelaxed forward-backward splitting method, involving the iteration-dependent

mapping Vi (x) = D(x) + exx + BxB(x). A version of this scheme, without relaxation
and in presence of only a penalty term, has been studied in [16].

3.1.1 Existence and Uniqueness of Strong Solutions

In this section we verify that the data defining the evolution equation (18) satisfy all
conditions stated in Theorem 10. Whence, existence and uniqueness of strong solutions
for (18) follow.

Proposition 11 Consider the dynamical system (18), where the parameter function
A Rso — Rog is continuous, and Assumption 3 being in place. Then, for every
t > 0andevery x,y € H we have

If,x)=fE I =yOC+AOL®)Ix =yl and (19)
(Yx e H)(Yb > 0), f(-,x) e L'([0,b], H). (20)
Proof Properties (f1), (f2) are clearly satisfied. To simplify the verification of the

remaining properties, we set J; = J;)a and R, (x) = x — A(t)Vi(x), so that T; £

J; oR;. The evolution equation (18) admits then the simpler representation f (¢, x) =
T;(x) — x. Since the resolvent J; is firmly non-expansive, it follows that

Ift.x) = fE DI =yOITx) —x —Ti(y) + yll
<yO(IT,x) =TI+ Ilx — yll)
=y (I o Ri(x) = Jy o ReWIl + llx — yII)
<yO(IRx) = R+ llx — yl)
<y (llx = 2OVi(x) =y + AOViD) I + llx — ¥l
<yOQ+AOL®) lx =yl

where L(t) = 1 +e(t) + %
As A, g, B : R>o — R. ¢ are continuous on each interval [0, b], where 0 < b < oo,
we get
Lf:Rxo—> Rxo, Ly(t) =y @2+ A0)L{)),
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which is clearly a locally function. This verifies condition ( f3). It remains to establish
condition ( f4). From the continuity of A, ¢, B, there exist Amin, €min> Bmin, Such that

0 < Amin < A(#), 0 < émin <e@) and 0 < Bmin < B(t), Vt €][0,b].

Hence, we have for all ¢ € [0, b], using the triangle inequality, nonexpansiveness of
J; and eq. (2), we obtain

If@E 0l <yOIT,) —xI < yO(IT N+ lx])
<y (IxIl + [Jr.0)A G = Amin Verin, fin ) ||)
+ 7 () [Iriate = A0 Ve, o) (X)) = JaAE = Amin Vemin i ) |
<y@ Ixl + ¥ @) [50aG = Amin Vewin, fuin ) |
+yOlx = A Ve, p1)(X) — X + Amin Vemin, Bmin G
< YO 1xl + ¥ @) | Ir0AG = Amin Ve frin ) |
+ ¥ O G = Amin) [Arin & = Amin Verin. fmia ) |
+ (O (1) = Amin) IDE ]+ ¥ () (D) — Aminemin) X
+ Y (OO BE) = AminPrin) IBE)] -

Property ( f4) follows by integrating. O

3.1.2 Strong Convergence of the Trajectories to the Least-Norm Solution of (P)

Our asymptotic analysis of the FB-dynamical system (18) relies on Lyapunov tech-
niques, building on the following technical result.
Lemma 12 Let Assumptions 1 and 3 be in place. Furthermore, we impose the condi-

tions

12

Then, we have
20 (1), x(1) — %(1)) < y (OO AD)e(t) — 2) [lx(t) — D).

Proof Recall, that (18) can be written as x(t) = y (¢)(T;(x) — x), with T; (x) = x &
x € zer(®,). With this remark in mind, and using the definition of the dynamics, we
observe that

20k(1), x(1) — X(1)) = %) +x(6) — XO1> = |FO1* = llx (1) = ¥
= ly (T (x (1) — £(@0) + (1 — y () x (@) — T — (2O = [x() — %(@)])?
=y® ITx®) —xO1*+ 1 —y @) [x@) — 2O
— O —yO) IT,(x(®) — x5 — 1FO* — lx(t) — ¥(@®)|*
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where the last equality uses (4). On the other hand,

1(Id3 —2(0) V) (x) — (g =20 VDI
= [I(1 = 2(De®))(x — y) — A(1) (D(x) — D(y) + B()(B(x) — BO))) |
=1 = 2x0e®)* x — y|?
— 2A(1)(1 — M()e(1)(x — y, D(x) — D(y) — B(1)(B(x) — B()))
+22(t) [D(x) — D(y) + B(1)(B(x) — B ?

Since D and B are cocoercive, we have (x — y, D(x) — D(y)) > n||D(x) — D(y)||2
and (x — y, B(x) — B(»)) > 1 [IB(x) — B()||* . Moreover

ID(x) — D(y) + B(t)(B(x) — B(y))II* < 2[ID(x) — D> 4+28(1)* IB(x) — BOI1%,
so that we obtain
[(Id3¢ —A () Vi) (x) — (Idp —A (D) V) D)1

< (1= A(@0)e@®)? lx — yII* 4+ 2 (A1) — n(1 — A()e())) ID(x) — D>
+ 20D BE) (1) B() — (1 — A(De())) IIB(x) — B>

Thanks to (21), we remain with
[(Idy —A (1) Vo) (x) — (dgy =2 VDWII* < (1 — A(@D)e®)* lx — yII> V1 > 0.

Therefore, using the non-expansiveness of the resolvent, we can continue the previous
estimate to obtain
201, x(1) — X)) = yO) 1T, (x (1) = TEE)I* + (1 — y () |x() — £ ()]
—y O =y @) ITx@) = xOI = 15017 = Ilx(®) = xO)]1?
< yOLDOOMe@) —2) x(t) — O]

]

The next assumption strengthens the condition spelled out in Lemma 12, and makes
sure that both inequalities formulated in eq. (21) are satisfied.

Assumption 4 The function A : R>¢g — R is continuous, with

1 vt > 0.
I/n+e(@®)+B@)/1n

Theorem 13 Let t — x(t) be the strong solution of (FB). Let Assumptions 1-4 be in
place. Moreover, consider the following scaling relations:

At <

&)

Ay moen - e
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fim — P9 o ana (23)

=00 y (HM(1)e2 (1)

/ - y(OAD)e()(2 — A()e(t)) dt = oo. 24)
0

Then, x(t) — Tzera+D+Ne)(0) ast — oo.

Proof Set0(t) £ 1 ||x(r) — %(#)||*>. We then have
2

. d
0(1) = (x(1) — x(1), x(2) — d—t)?(t))

d
= (x(0) = X(@), £(1) — {x (1) = X (1), -X(1))

d
<x@® —x@),x@) + llx@ —x@) - H 5)?(!) .
Setting 8(£) 2 —y (HA(D)e() (XL — 1) and A(r,0) £ [ 8(s) ds, Lemma 12 gives

. d
0@t) = =25(0)0(@) + llx(®) —x @) - H ai(t) .

Following Lemma 9, we can bound the second addendum to get

0(1) < =286 (1) + /260(1) <& BN+ % B (t)||>

By putting (1) = /26(t), we thus finally arrive at the inequality
P(1) = =8(@)e(1) + w(r), (25
where (recall that £(¢r) < 0)

B(x 7 26
w(t) = ()||(())|| ()||()|| (26)

Introducing the integration factor exp(—A(t, 0)), we thus obtain

t
@(1) < ¢(0)exp(=A(z,0)) +exp(—A(, to))/0 w(s) exp(A(s, 7)) ds.

If the integral on the right-hand side is bounded, we are done. Else, apply 1’Hospital’s
rule, the definition of §(¢), and conditions (22) and (23), to get
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lim exp(—A(z, 0)) / " w(s) exp(As. 0) ds = lim D SPAL0)
oo o ’ =00 §(1) exp(A(r, 0))

— tim O (2D sz - 1z =
= lim o (8 o IBEOI ||x(r)||> =0.

This shows that lim;_,  ||x(z) — x(¢)|| = 0. Since

|x(®) = Mzera+Dn) O] < () = T + | (1) — Mzera+p+Ne) (0)

’

the strong convergence claim follows from Corollary 7. O

Remark 2 Since e(t) — 0 and 8(t) — oo ast — 00, the hypothesis (21) implies that
lim;, 00 A(t) = 0, as well as lim sup,_, ., A(£) B(¢) < n. We also see that A(r) < n for
all ¢+ > 0. Hence, the rate of the decay of the step size must be on par with the rate of
divergence of the penalty parameter.

Remark 3 The assumptions formulated in Theorem 13 can be satisfied by the following
set of functions: y (¢) = cos(1/t), A(t) = m, where A < ¢ min{u, n} for some
¢ € (0, 1) (recommended to be close to 1), as well as e(r) = (t + b)™" and B(¢) =
(t+b)forb>1and0 < r < s. Then, §(t) = 0(52(”) = O((t + b)20+9), and

B2(1)
consequently we need to impose the restriction s +r < % to ensure that § ¢ L(R.).
Additionally, we compute W&zm = O((t + b)"™ ). This yields r + s < 1.
Finally, we have % = O((t + b)z(’ +S>_l), and to make this a bounded

sequence, we have the restriction r + s < % These conditions together span a region
of feasible parameters (r, s) which is nonempty.

3.2 Penalty Regulated Forward-Backward-Forward Dynamics

A critical assumption underlying the forward-backward dynamical system (FB) is the
cocoercivity (inverse strong monotonicity) of the single-valued operators D and B.
Cocoercivity is guaranteed to hold when the monotone inclusion problem (P) mod-
els optimality conditions for constrained convex optimization problems. However,
it generically fails in structured monotone splitting problems arising from primal-
dual optimality conditions derived from the Fenchel-Rockafellar theorem. Section 5
describes a very general class of splittings illustrating this claim. Motivated by this
observation, this section derives a new dynamical system formulation exhibiting mul-
tiscale aspects, respecting Tikhonov regularization and penalization. Specifically, the
class of dynamical systems we are investigating in this section builds on [24], and
extends it to the constrained setting.
We consider the following first-order dynamical system

p(1) = Lipa(x(t) = A(O) Vi (x (1)),
x(t) = p@@) = x(0) + 2OV (x(1)) — Vi(p ()]
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To obtain a simpler expression of this dynamics, we define the reflection R, (x) £
x — A(t) V;(x), and the vector field f (¢, x) : R>o x H — 'H given by

[, %) = (Ri 0 JypaoRy) (x) — Ry (x) 27)

The first-order dynamical system (FBF) is then exactly of the form (D). To prove exis-
tence and uniqueness of strong global solutions, we can use the same arguments as in
Section 5.1 of [24], based on the Cauchy-Lipschitz theorem for absolutely continuous
trajectories. We therefore omit these straightforward derivations.

Remark 4 A discrete-time formulation of the FBF dynamical system can be given
along the same lines as in Remark 1. Adopting the notation used there, let 75 = {0 <
1] <ty <...<tys = T} be apartition of [0, T]; let h,‘z e tlf—H — t,f, and let § be
the mesh size given by § £ max{h,‘z : 0 < k < n® — 1}. We define a pair process
(P, le)ke{O,l,‘..,nﬁ—l} recursively by
PP = La (X} — A Ve(XD),
Xp1 = B+ 2 (Ve(X) — Ve(PY)).

This is just a dynamic version of Tseng’s modified extragradient method, augmented

with penalty terms (as studied in [16]), together with a Tikhonov term (a new ingre-
dient).

3.2.1 Strong Convergence of the Trajectories to the Least-Norm Solution

This section contains the necessary Lyapunov analysis for understanding the long-run
behavior of trajectories issued by (FBF). We begin with some technical lemmata.

Lemma 14 For almost all t € Rxq, we obtain

0 < —llx(t) — pOI* + lx(t) — EOI* — (1 4+ 21(De(@®)) Ip(r) — F(@1) ]I
+200(Vi(p®) = Vix(0), p() = £(0))

Proof From the definition of the process ¢ — p(t), we deduce

(Idy +A (@A) p@) 3 x (1) — A Vi (x (1)),
it follows,

_ x(1) = p(@) 0!
u(p(0) = AP(O) + V(1 (1) 3 == == = Vi) + Vi(p(0) = =3 5.

Recall that ®; = () g(r) is £(t)-strongly monotone, so that {x(t)} = zer(®,).
Consequently,

X (1) B} o
<_m_0’p(t)_x(f)>28(f) p(r) —x @I . (28)
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Using these properties, we obtain
2.0 | p() — X)) < 24x(1) — p(t), p(t) — X(1)) (29)
+200(Vi(p(0) = Vix (1), p) = £(0))
= —llx(®) = pOI* + Ix(®) = XOI* = | p() — 2@
+220(Vi(p (1) = Vix (), p) = ),

which completes the proof. O
Lemma 15 Lett +— x(t) be the strong global solution of (FBF). Then
(x(t) — X(), (1)) < AL — D [lx(1) — p)* = 2(O)e@) | pt) — 5(0)|1?
for almost all t > 0.
Proof For almost all t > 0, we have
2(x(r) — 5 (1), (1) = 2{x () — £(1), p(t) — x(1))
+2(x(0) = F0), 2OV, (x(0) = Vi(p(e)))
= 1X@) = p@I* = I¥®) = x @I = IIx(®) = pO)|I?
+200(x(0) = F(1), Vi (x (1) = Vi(p(1))

combining with Lemma 14, we get

I%(1) — pOII* — IX(t) — x(DII* < —llx(t) — pOII* — 22(D)e®)] p(t) — ()|
+200(Vi(p0) = Vix(0), p(0) = £(0))

then,

2(x(t) — (1), £(1)) < =2[lx(1) — pOI* = 22| p(t) — X
+ 2x<z>(vf<p<r>> — V,(x(1)). p(t) — m))
+22O(x () = F0), Vix(1) = Vi(p(0)))

= =2|x(t) — p()|* = 24D | p(1) — X
+ 2000 = 1), Vix(0) = Vi(p())

< =2|lx(2) — pO)I* = 20(De@) | p(1) — X(0)||*
+ 2O N1x (1) — pOIl - Ve (x(2)) — Ve (p)]
< =2|lx(t) — p®)|I* = 20(De@) | p(t) — X (D)
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+ 20O LD [1x (1) — p®)II*
< =2(1 = AL |1x(1) — p®)I* = 20(De@®) | p(1) — X ()]

the proof is completed. O

Theorem 16 Let t — x(t) be the strong global solution of (FBF). Let Assumptions
1-4 be in place. Furthermore, we impose the following conditions:

(i) lim Jo 8(s)ds = oo, where §(1) = %&f“) and
1 B(@)

a0 =24 e T e e

(30)

T e _ : B _
(ll) hm,_,oo 08 — 0 and llm,_mo 08 — 0.
Then x(t) — Hayrpn(0) ast — +oo.

Proof Define 6(t) = %Hx(t) — )E(t)||2 where t > 0. From x(¢) = x(e(t), B(t)), we
have

. d
0(1) = <X(t) —x(1), x(1) — Ei(t)>,

where

%i(t) = 88—8)?(8(0, B(1))e@) + %i(e(t), B)B()

combining (14) with Lemma 15, we get

. a a .
0= (x(0) =30, 40) = TIEO, BORO — 22760, FOHW)
il
= (x(0) = ¥ (1)) — O x(1) = F(0). -7 (e(0), (1)

. 0
= Bfx) 0, 25w, pa)
< —(1 = 2OLO)x() = pOI? = OO p() = F0)]?

d . a
— EOx(0) = 7). 50, BO)) = PO x(1) = 50, SF (e (). f1)

B
(€29
Since ®; = A + V; is e(¢)-strongly monotone, (28) shows that

DM p) — X1 < (x (@) — p(6) + AOLVi(p(®)) — Vi(x ()], p(t) — X(1)),
Using Cauchy-Schwarz, and the L(#)-Lipschitz continuity of V;, we obtain

41 A1)
A()e(r) ne(t)  pe(r)

Ip@) —xOI = < ) [x(®) = p@OIl.
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It follows that

lx() — X1 < () — pO)I| + I p(@) — 20|
I 1 BW

2
=2 0e0 T wm tew

)Ix(@) = p]l = a®x(@) — p@)]I.

For almost all + > 0, we thus get

1
2 = 2
—x@) —p@OI° < 20 lx () — x ()]~ (32)
Defining ¢ £ /26, we obtain
. . 1= A(OL() _
6(1) = p((1) < —— 5ol (1) - (0)?

) . )
—&lx@® —xOIl - Hgi(a(f),ﬁ(l))ll +BOIx@) — x|l - II%)?(s(l), BN

1—A()L X , 3 _
< LTAOLO iy EEOPONL %w(z)us(x(e(t), B

a?(r) ()

We define §(r) £ %&I)‘(’), and the integrating factor A(1) £ f; 8(s)ds. Upon using
the simplified notation x(t) = x(e(t), B(t)), we then continue from the previous
display with

d &) B} By
5 (PO expA) < ) exp(AM) (IX (1)) — %qu(r)n)

We set w(t) = [|x(t)]| — % IB(x(#))]l, and subsequently integrate both sides in the
previous display from O to ¢, to conclude with

; )
0=<e@® = eXP(—A(t))[w(O) - /O (eXP(A(S))%w(S))dS} (33)

Ift — fot exp(A(s))iE—i;w(s)ds happens to be bounded, then we immediately obtain
from hypothesis (i) that ¢ (#) — 0. Otherwise, we apply 1’Hdpital’s rule to get

1 Xp(— X] §))——w(s)ds = II —_— — — =11
5, EXP A P (s) t—o0  8(t) exp(A(r)) D))

Additionally, we know from the proof of Proposition 4 that both # +— ||B(x(2))||
and r — ||x(#)| are both bounded. Furthermore, since £(f) < 0 by Assump-
tion 2, we observe that w(f) > 0. Using conditions (a) and (b), we deduce
that ¢(r) — O and therefore |x(t) —x(¢)|| — 0. By the triangle inequality
|x(@®) = Maer(@)O)| < 1x(®) = XOIl + | ¥(2) — Mzer(@) (0)]|. Using Corollary 7, we
conclude x (1) — Tzer()(0) as t — +o00. O
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Remark 5 We give some concrete specifications for functions &(¢), A(¢) and 8(t) sat-
isfying all conditions for Theorem 16 to hold. Writing Assumption 4 in dynamical
terms, we obtain the condition A(¢)L(#) < 1. We claim that

liminf(1 — A(#)L(¢)) =1 —limsupA(t)L(¢) > O.
>0 t—00

Indeed, using the definition of the Lipschitz constant L(¢) in (13), we obtain

A@L(1) = (1/n+ e@)A(0) + M B(1)/ 1,

so that lim sup,_, ., A(t)L(¢) < 1. Additionally,

(1 B0 ADE® + L)+ 1
an =2+ 20 <w) at ) = MDD
Lo e

1
=20 a+ o) + L(t)/\(t)) =O0(B@)/e))

using that L(t) = O(B(t)). This in turn implies 8(r) = %&f“) = O(%).

Hence, lim;_, » §(¢) = 0, and for obtaining § ¢ L! (R>p) it suffices to guarantee that

00 £2(t) 4. _
Jo gz(t)dt_oo.Then,

i 020 U+ G+ o)’ DR
e®)8(t)  &3(r) 1 —A(t)L(7) PRI '

: 2
It therefore suffices to have lim 220 — ¢, By a similar argument, it is easy to see

(oo £(1)
. . 2 3 2
that Z (f)%%t) = %0(1). Therefore, it suffices to ensure that %& is bounded.

Finding such functions is not too difficult.
Assume €(t) = (¢t + b)~", B(t) = (t + b)*, where s, b > 0 and r is chosen such
2
that r +s > 0 and r < s. Then £,

= (t + b)~20 ) and consequently we need

B2(1)
to impose the restriction s + r < % to ensure that § ¢ L'(R,). Additionally, we
: 2
compute % = —r(t + b)?UT9~1 This yields the same restriction r + s < %
3 2
Finally, BWBW” _ s(t + )3 +t9-1 and to make this a bounded sequence, we need

e3(1)
to impose the condition s +r < % These conditions together span a region of feasible
parameters (r, s) which is nonempty. O

4 Multiscale Forward-Backward Dynamics
In this section we extend the forward-backward penalty dynamics to the challenging

case in which the feasible set C can be represented as the set of joint minimizers of two
penalty terms. This structural assumption can be motivated by decomposition methods

@ Springer



36 Page 26 of 45 Applied Mathematics & Optimization (2026) 93:36

in optimization and optimal control, in which different structural properties of the
feasible set can be incorporated via different penalty functions. To make this concrete,
we refine the general problem formulation (P) by assuming that the constrained domain
C is of the form

C=CNCy,

with Cp, C, closed convex and nonempty sets. This geometry could represent conic
domains intersected with an affine subspace, leading to a very generic class of vari-
ational problems. To be consistent with our penalty formulation, we impose the
following structural assumption on the geometry.

Assumption 5 The constrained domain C C H admits the representation
C = argmin W| N argmin Wy, (34)

with convex potentials W1, ¥, : H — (—00, 00) satisfying

1. ¥; :'H — Ris convex and Ly,-smooth;

2. Wy : ' H — R U {400} is proper, lower semicontinuous and convex with subdif-
ferential 0W,;

U + ¥, : ' H — RU {+00} is coercive;

4. The operator A 4+ dW; : H — 2" is maximally monotone.

hed

To align the notation with the previously studied penalty dynamics, we set B; =

VW, and B, £ 9W,. Note that B is ﬁ—co—coercive and monotone, and B, is max-
imally monotone. Since our penalizati(l)n framework only uses information on the
gradient and subgradients of the penalty potentials, we can assume without loss of
generality that argmin ¥; = W~ ! (0) for i e {1, 2}. If this is not originally the case,
we can always re-shift the graph of the function so that the problem formulation
remains the same. To solve the constrained variational inequality (P) within this more
structured setup, we propose a forward-backward based dynamical system via a full
splitting of the resulting problem. Given positive functions A(¢), 5(t), £(t), we assume
that the time-varying operator

A(x) £ Ax) + B(1)Ba(x) (35)

has an easy-to-compute resolvent mapping Jy s, = (Idy +A(t)A,)~L. This evalua-
tion condition is the main reason why we assume that A+ 9 W; is maximally monotone.
We further assume that the resolvent is everywhere single-valued and nonexpansive.
Proceeding then in the spirit of the dynamical system (FB), we design a vector field
which exploits a full splitting of the operators involved by moving all single-valued
operators into the backward step and all set-valued information into the forward step.
Hence, we arrive at the following first-order dynamical system

x() +x(1) = i, (x(1) = A1) Vi (x(1))) (SFBP)

where
Vi(x) £ D(x) + e()x + B(£)B; (x). (36)
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With the introduction of the time-varying operators A, and V;, we achieve a full
splitting of the penalized auxiliary problems of the form (5). This is done on purpose
to reduce computational costs in the implementation of the dynamics. To the best of
our knowledge, the first full splitting dynamics of this kind has been studied in [30]
in the potential case and without Tikhonov regularization. We extend their analysis to
the monotone operator case and add Tikhonov regularization on top of the operators
to induce strong convergence. Moreover, the dynamical system (SFBP) contains the
penalty-regulated forward-backward dynamical system (FB) by setting B, = 0.

We shall prove the convergence of the trajectories associated with (SFBP) under
the Attouch-Czarnecki condition [5, 8]:

Assumption 6 (Attouch-Czarnecki condition)

(V& € ran(Ng)) - /0 M(B() |:(q’1+‘1’2)*(%)—06(%)i|dl<00~ (37)

This condition involves the Fenchel conjugate of the convex function W; + Wy,
defined as

(W1 +W2)*(y) £ Sug{@, x) — (W1 (x) + Wa(x))}

The integrability criterion (37) has been exploited heavily in the analysis of penalty
regulated dynamical systems. Early references include [6, 16, 17, 38], among many
others. Itis implied by an Holderian growth condition of the combined penalty function
W = W 4+ W,. A proper convex and lower semi-continuous function f : RY —
R U {400} with argmin(f) # & is said to satisfy a Holderian growth condition with
exponent p € (1, 2] if for some t > 0 we have

T dist(x, argmin £)? < f(x) —min f  Vx € RY.
0

Assuming that W satisfies a Holderian growth condition around argmin W = C, we
have

* 1 *
0<W*(z) —ocl(z) <t'™” o lzI”"  VzeR?,

where p* is he dual conjugate exponent given by 1 + L. = 1. Therefore, the Holderian
growth condition implies (37) whenever B(¢) is a function satisfying the integrability
condition

/ r‘*p"np/ﬁ(r)nﬂ*dz:||p||ﬂ*r‘*”*/ MOB®' " dt < oo,
0 0

In the important case where W (z) = Ldiste(2)2, then W*(2) — oc(2) = % lzlI3, and

thus the integrability condition (37) simplifies to fooo ;‘% dt < oo.
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General Weak Convergence Analysis

The asymptotic behavior of the multi-penalty system turned out to be more complex.
However, we can establish the weak ergodic convergence of the trajectories, following
the arguments in [5, 6]. The proof of the following result can be found in Appendix
A.

Theorem 17 Let g, 1 : R>o — R..o be absolutely continuous functions in L>(R-0) \
L'(R-0), and such that lim;_, o £(t) = limy_ oo A(f) = 0 and lim;_, « % = o0.
Suppose, moreover, that liminf,_ -, A(t)B(t) > 0 and, for every & € ran(N¢), we
have

* « & §
/0 ADB() [(‘1’1 + ¥y) (%) — ac(%)} dr < co.

Then,
tl_i)rgo Bi(xNI = tl_i)ﬂgo(‘lll + W) (x(®) +x(1)) =0.

Define the ergodic trajectory

s fOT A(s)x(s) ds

x(T
X fOT A(s) ds

(T > 0).

Then, x(t) converges weakly, as t — 00, to a point in zer(A + D + N¢).

Remark 6 Assume that the function ¥ £ W + W, are boundedly inf-compact, which
means that every set of the form

{x e H| llxll = RA (W1 +¥2)(x) = M},
with R > 0 and M € R, is relatively compact. Under the assumptions of Theorem 17,
since lim;_, oo (W1 4+ W2)(x(¢)) = 0, the convergence of {x(¢)} to zer(A + D + N¢)
must be strong. O

5 Applications

In this section we describe some prototypical applications of our splitting framework.

5.1 Sparse Optimal Control of Linear Systems

Given yg € R” and matrix-valued functions A : [0, T] — R"*" B : [0, T] — R™™
as well as a vector-valued function ¢ : [0, T] — R", consider the control system

y(@) = Ay(1) + BOu(t) +c(r) y(0) = yo. (38)

The process u € L°°(0, T; R™) is an open-loop control. We assume that A, B and ¢
are bounded and sufficiently regular, so thatthe u € L°°(0, T'; R™), and the system has
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a absolutely continuous solution, denoted by ¥, : [0, T] — R". We are interested
in solving the optimal control problem

1 o 2
m]n{z ” Y.u’}o - y(.) ”LZ(O,T;R”) + o] ”u”%}(o’T;Rm) + ) ”u”Ll(O’T;RW‘)} (39)
where the minimum is taken over the set of admissible controls
U = {u € L®0, T; R™)|u(e) is measurable and ||u(f)|, <1 a.e.t € [0, T]}

Let P : [0,T] — R"™ " denote the resolvent of the matrix equation X = AX s
X (0) = Idg» satisfying P(t) = exp(tA). Then

t
Y = P(t)yo + P(t)f P(s)"'[B(s)u(s) + c(s)]ds
0

Satisﬁes
d Yo,u u 0, U
_[/{0 —AYtyO , Y.)O 0.

This in turn is equivalent to
S, y) +z0 =0,

where
t
S(u, y)(t) = —y(t) + P(t)/ P(s)"'B(s)u(s)ds, and
0

t
20(t) £ P(t)yo + P(t)/ P(s) 'c(s)ds
0

Set H £ L%(0, T; R™) x L%(0, T; R"). S is a bounded linear operator from H to
L2(0, T; R™), and consequently the function V| : H — R defined by

1
Wi, y) £ 218G ) + 2001320 1)
is convex and continuously differentiable. Next, define W, (u, y) = 84(u) to obtain a

convex, proper and lower semi-continuous function. Moreover, (u, y) € H solves the
control system if and only if (u, y) € argmin(¥; 4+ W;). With this notation,

Ry 2 Sy - 512 +aa flull;

u,y) = B y y L2(0,T;R") 2 L2(0,T;Rm) >
J(u, y) = a lullpro,7;mmy

so that the optimal control problem becomes
min{Jy(u, y) + Jo(u, y) : (4, y) € argmin(¥; + ¥7)}
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WithD £ VJ; and A £ 3.J,, so that C = argmin(W; + W;), we arrive at a constrained
variational inequality problem of the form (P).

5.2 Monotone Inclusions Involving Compositions with Linear Continuous
Operators

We next show how our method can be applied to solve monotone inclusion problems
involving compositions of operators, as proposed by [21, 28] Let H and G be real
Hilbert spaces. We introduce operators Ay : ' H — 2M and A : G — 29 which we
assume to be maximally monotone. Additionally, we let L : H — G represent a linear
continuous operator. Lastly, we consider D : H — { monotone and and 1-Lipschitz
continuous operator with n > 0, and a monotone operator B : H — H a monotone
and ﬁ—Lipschitz continuous operator with & > 0 satisfying C = zer(B) # @. The
monotone inclusion problem to solve is

0€A(x)+L*0AyoLx +D(x)+ Ne(x). (40)
This splitting gains relevance in the generic convex optimization model

meiél{f(X) +h(x) + g(Lx)}

where f € To(H),g € T'9(G), K : H — G is a bounded linear operator and
h e Ci’hl (H; R). Via the classical Fenchel-Rockafellar duality, we can transform this
problem into the constrained saddle point problem

gleig max{f (x) + h(x) + (Lx, y) = g )

which amounts to solving the monotone inclusion problem consisting in finding a pair
(x*, y*) such that

0 €df(x*)+ Vh(x*) + L*y + Ne(x*)
0eLx*—03g*(y*)

Since dg* = (dg)~!, we can combine these two inclusions to a single one reading as
0€df(x*)+ VA(x™) + L*3g(Lx™) + Ne(x™).
We thus arrive at an instantiation of problem (40), by identifying A = 9f, Ay =
dg,D=Vh.
We use the product space approach in order to show that the general problem (40)

can be formulated as the monotone inclusion problem (P). To this end, we consider
the product space ‘H x G endowed with the inner product

(e, ), (&, Y N xg = (. x ) + (0, Y)g
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and corresponding norm. We define the operators
A - ~ D x) + L* ~ B X
ACx,y) 2 A x A (), Dex, y) é( ( 1Lx y)’ B(x,y) & ( (0)),

and for C £ C x g= zer(é),
Ng(x, v) = Ne(x) x {0}

One can easily show that if (x, v) € zer(A+ D+N ) then x € zer(A; + L*A2L+D+
Nc). Conversely, when x € zer(A; + L*A)L+D + Nc), then there exists v € Ay (Lx)
such that (x, v) € zer(A+ D+N C) Thus, determining the zeros of operator A+D+ N 5
will provide a solution for the monotone inclusion problem (40).

A is maximally monotone [12, Proposition 20.23], D is monotone and n-Lipschitz
continuous, where 77 = +/2(1/n2 + | K||?), and B is monotone and (1/w)-Lipschitz
continuous. We can thus directly use our dynamical system to determine zeros of
A+ D+ NC~. We write the trajectory in terms of pairs t — (p(¢),q(¢)) and t —
(x(1), y(2)) given by

(1) = Lioa (1) = AOO@ D) + ex (1) + L*y(1) + BOBE()))
9(1) = 1, p1 (O + AOLE (W) = M0 (1)

x(@) = (1= x0)e®)(p@) —x(1))
+ A(OIDx(®) = D(p() + BO)B(x (1)) — B(p(1)) + L*(y(t) — q(1))]
y(@) =1 = r@)e®)(q@) — y(©) + MO L(p(1) — x(1)).

Remark 7 Let us underline the fact that, even in the situation when B is cocoercive
and, hence, B is cocoercive, the forward-backward penalty scheme studied in [17]
cannot be applied in this context, because the operator D is definitely not cocoercive.
This is due to the presence of the skew operator (x, y) > (K*y, Kx) in its defini-
tion. This fact provides a good motivation for formulating, along the forward-backward
penalty scheme, a forward-backward-forward penalty scheme for the monotone inclu-
sion problem investigated in this paper.

5.2.1 Application to Linear Inverse Problems

Building on the primal-dual splitting approach of [18, 21], we consider a linear inverse
problem with forward operator K : R" — R™ which is the problem of finding 6 € R”
that solves the linear system

Ko =»>b

Typically, this linear system is ill-posed, and therefore a regularization framework is
adopted. A popular formulation is to consider flattened gradient via an isotropic total
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variation regularization, which reads as the simple bilevel optimization problem

1 2
in TV(0 t:0eS = in{- K0 —b 41
pmin TV@) s a;ggé;n{z || | } (41

where the mapping TV : R” — R is defined as
M—-1N-1 M—1

VO =3 3 O — 0+ Gt =02+ Y iy — i

i=1 j=1 i=1

N—1

+ 1On,j+1 — Om,

j=l1
and 6; ; denotes the normalized value of the pixel located in the i-th row and the j-th
column, fori € {1,...,M}and j € {1,...,N}.Let H = R" and ) = R" x R".
Define the linear operator L : R* — Y by 6 — (L6, Ly60) € Y defined coordinate-
wise by

o Oiv1,j —0i; ifi <M, o Oi,j+1 — 0i ifi <N,
L6 j = {0 else. o Labij = 0 else.

L represents a discretization of the gradient using Neumann boundary conditions. We
note that || L||> < 8.
For (y, 2), (u, v) € )V, we introduce the inner product

M N
(2, ) == Y Y (i jti + 20, Vi)

i=1 j=1

with the corresponding norm ||(y, 2)Ily = +/((y, 2), (¥, 2)). It then follows TV(9) =
L&y . The dual norm to ||-||y is defined as

[, Vllys:= sup ((y,2), u,v)).
I (u,v)lly <1

Accordingly, we define the dual space Y*, as the Euclidean space ) endowed with
the norm ||-[|y.

Define the function f(8) = d[0,11» () and g(u, v) = ||(u, v)[|y. It follows that (41)
is representable as

1
min{f(0) + g(LO)} s.t:6 € S :=argmin{= |K6' —b|’}.
OeH 0’ cH 2
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The Fenchel-Rockafellar dual approach gives us the saddle point bilevel problem
1
min max {f(6)+(L6, (u,v)) —g"(u,v)} s.t:6 €S :=argmin{z K6~ b’
0eH (u,v)eY 0'eH 2
(42)

where
g, v) =8y (u,v), M ={u,v)e)| |l(u,v)ly, =<1}

This yields the optimality conditions
0 € df(@) + L*(it, v) + Ns(6)
0ecdg*@,v)— Lo

Define C = S x Y, so that N¢(0, u, v) = Ng(0) x {0y}, to obtain the monotone
inclusion . B
0eA@,u,v)+D@®,u,v)+Nc@,u,v).

where D is the skew symmetric linear operator D(0, u, v) = [L*(u, v), —L8]. To solve
this problem with our penalty regularized dynamical system, we relax the variational
problem to arrive the unconstrained min-max optimization formulation

mlﬂmax{f(é’) + (L0, (u,v)) —g"(u,v) + - |I6’I|2 -5 II(u I3+ BY O, u, )},

0eH y
(43)
where W (0, u, v) % | K6 — b||%. Define the monotone and co-coercive operator

B(O,u,v) £ VW@, u,v) =[K*(KO —b); 0yl € H x Y,

so that C = zer(B). We thus can approach the solution of our linear inverse problem
with the outer penalization scheme using the monotone operator

D 50, u,v) =AW, u,v) +D(O,u,v) +elb,u, v] + BB, u, v).
For the implementation of the algorithm, we use the formulas
oy = o117, Jraer = My,
where I1g : Y — M is defined componentwise as [21]
(Pi.j>4i,j)

max{la 1/ plz’J +CI,2,,}

Writing out the iterations of the FBF penalty system, we construct two absolutely
continuous functions p(t) = [6(t), u(t), v(¢)] and x(¢) = [6(¢), u(t), v(¢)] solving
the following system of ODEs

(Wi, j,vij) = VI<i<M,1<j<N.

6(1) = Mo [0() — MO L w(@), v(t)) — A(D)e)O (1) — L) BWK* (KO () — b)],
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original blurred and noisy ~ penaltyFBF-deblur

0 500 1000 1500 2000
iterations-clock

Fig.1 The figure shows that original image, the blurred image, and the reconstructed image, as well as the
evolution of the ISNR for the penalty-regulated FBF dynamical system (FBF)

a@)\ u(t) L16(1) u(t)
(50) = e[ () + 20 (236) 000 (363 |
0(1) +0(t) = 0(t) + 1) |:L*(u(t) — (1), v(t) — 3(1))

+e)O@1) —61) + BOK K O1) — é(r))]

u(t) u(t) u(t) Li(0@) —6(1)) u(t) —u(t)

. =1 ~ — At ~ A(t)e(t ~ .
(v@) i ( v<t>> <v<f>> ® (L2(9(t) - 6(r)>> 0O (v(t) - v(r))
For the numerical experiments, we considered two different test images, discretised
on a grid of size 256 x 256, and constructed a blurred and noisy image by making first
use of a Gaussian blur operator of size 9 x 9 and standard deviation 4. Afterwards,

we’ve added a zero mean white Gaussian noise with standard deviation 1073, The
obtained numerical results are illustrated in Figure 1 and 2.
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original

blurred and noisy

penaItyFBF-dequr

PenaltyFBF

0 500 1000 1500 2000
iterations-cameraman

Fig.2 The figure shows that original image, the blurred image, and the reconstructed image, as well as the
evolution of the ISNR for the penalty-regulated FBF dynamical system (FBF)

6 Conclusion

The asymptotic analysis of dynamical systems derived from operator splitting prob-
lems has been a very productive line of research over the past 20 years. In this paper
we develop a family of dynamical systems featuring Tikhonov regularization and
penalty effects. Tikhonov regularization induces strong convergence towards the min-
imum norm solution, whereas the penalty term steers the system to satisfy constraints
subjected to the variational problem we aim to solve. We prove the asymptotic conver-
gence in three paradigmatic settings: (i) Operator splitting with cocoercive data, (ii)
Operator splitting with monotone and Lipschitz data, and (iii) Operator splitting with
multiple penalty terms. Future directions of research include the extension to stochas-
tic operator equations, such as [34]. Other potentially interesting directions would be
the inclusion of inertia or momentum effects into the dynamical system in second
order investigate the potential for acceleration. We leave these interesting directions
for future research.
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Appendix A Proof of Theorem 17
Pick (u, w) € gr(A+D+N¢) sothatw = a+D(u) +&, fora € A(u) and & € Ne(u).

From the definition of the forward-backward dynamical system, we have

1
—mfc(t) — Vilx (@) — B(O)b2(1) € A(x(t) + (1))

for some by (1) € By(x(¢) + x(t)) = 9V, (x(¢) + x(¢)). Combined with a € A(u), we

obtain

1
(a + mfc(t) + Vi (@) + B@)ba(t), u — x (1) — X(1)) = 0

Rearranging this, we arrive at

(X, x@) + 1) —u) < A){a +Dx®) +e@x (@) + BOBI(x (@), u — x(1) — x(1))
+ 2B b2(t), u — k() — x (1))

The subgradient inequality yields

0=Wo(u) = Wo(x(t) + %) + (b2(t), u — x(t) — %(1))
& —W(x(t) + X)) = (ba(t), u —x(t) — x(1))

Hence, we can continue the previous display as

(X0, x@) +x2@) —u) < AH){a +Dx®) + BOB1(x (1) +ex (1), u — x(1) — x(1))
= OBOWY2(x (@) + x(1)).
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Therefore,

d 2 o
g7 @ —ull® =2(x(0), x(t) — u)

= 2(k(1), x(t) + £ (t) — u) — 2 | %)

< 2A(0){a + D(x (1)) + e()x (1), u — () — x (1)) (AD
— 2. BOW(x (1) + X(1)) = 21X ()|

+ 20D B () (B1 (x(1)), u — % (1) — x(1))

Since B; is ﬁ-cocoercive, we have
1

1
(Br(x (), x(t) —u) = 7— IBix@)II>  VueC. (A2)

31

Additionally, the convex gradient inequality yields
0=Wi@) = ¥i(x(®) + (Bi(x(1), u —x(1)) (A3)

Performing a convex combination of these two inequalities, we obtain for all ¢; > O,

1By (e ()1 + —

(B1(x()), x(t) —u) > m 1+

Wy (x(2)). (A4)
c1

Next, take co > 0, and observe

1
0= T 1 (0) + (14 coA O BOBI(x (1)) >

o
1
= T3 £ 1% + (1 + co)r()?B(1)? 1B (x (D)1 + 20(1)B(1) (5 (1), B1 (x(1))).
Hence,
1
2HOBN D, BIxD) = —7— ” %1% = (14 co)r()?B(1)? 1B (x(0))]I* .

(AS5)
On the other hand, the descent lemma for functions with a Lipschitz continuous gra-
dient yields

L
W) 4 (1) < W1 () + (B (x(1)), £(2)) + T‘I’ @)1,
so that

20D B()(B1 (x(1)), £ (1)) = 22 BO[W1 (x (1) + £(1)) — W1 (x(1)]  (A6)
— Ly, M0 B @) 15112
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A convex combination of (A5) with (A6) shows that

20 B0 (B1(x(1)), x(1)) = — e K(t) 2B 1B (x (1)

3 ( 1 4 QLA OB

(I+c1)(+co) 14+
261)»(1)/3()
1+¢

) 5@ 1° (A7)
(W1 (x(1) + 1) — Wi (x(1))) .

Therefore, adding (A4) to (A7), we arrive at

200 BO)(B1(x(1)), x(1) + x (1) — u)

2 _ I+co 2
> AMB([) <(1 FenLe, 1+ Cl)»(t)ﬂ(l)> [IBr(x ()l
2c1M(D)B(1) . _ 1 Canpl)»(l),B(t)> . 2
+ I+¢ Pile 4+ x@) ((1 +c1)(1 + co) I+¢ HX(I(),ﬂg)

Plugging this into (A1), we can continue this thread as

d—i Ix(2) = ull® < 22.(5){a + D(x (1) + £()x (1), u — k(1) — x(1))

2c1A
=22 (O BOW2(x (1) + (1)) — %‘yl@(ﬂ + x(1)

2
—k(t)ﬂ(t)((“rcl)L\I’1 e k(t)ﬂ(t)> B (x ()l

1 c1Ly A()B(1) B ) s
((1 + )+ ¢p) + 1+ 2) x|l

We have
. 2c1A(1)B(1) .
200 BV (x(2) + x(2)) = T%(x(t) + x()).

Collecting terms, we therefore arrive at the expression

da. 2 1+a ,
& lx () —ull” + 1(@)B(2) ((1+C1)L\yl l_l_cl)»(l)lg(f)) 1By (x(£))]]
3 1 _aLy OO Lo
+ (2 A+ + o) [ ) @I
< 22(t)(a + D(x(1)) + £(O)x (), 1t — x () — £(1))
_ 20200 g 4wy ) + 50)).
14

For ease of notation, let us set Dg ;) 2D+¢(r) Id7;. We next observe that
20(t)(a + De(ry (x (1)), u — x(1) — x(1))
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= 2x(){a + Doy (x (1)), u — x(1)) + 24(t)(a + Dg(r) (x (1)), —x(2))
=20(t)(a + Deqry(u), u — x(1)) + 21(1)(De(r) (x () — De(ry(u), u — x(2))
+ 2A(1)(a + Dg(r) (x (1)), —x (1))
=20 (e (t) lx(t) — ul|* + 27(t)(a + Doy (u), u — x(1))
+ 24(1){a + De(r) (x (1)), —x (1))
—20(0)e(t) lx(t) — ull* + 27(1) (@ + De(ry (u), u — x(1))

D 14+ Doy x|

< —2M(0e(r) ||x<z> — ull® + 20(t){a@ + De¢ry (u), u — x(1))
422 ( )

cy o 222
+5 %1% +

|| & a0l ||a+Dg<t)(u>|| + + 22 |Deg (x (1)) — Doy ) ||

< —m)e(t) (-l 201 + Dsmw) u—x(0))
20 (n + 28(r)2) () — ul?

2(¢
22 O P e

from the definition, we have a + D(u) = w — &, which means

20(0)(a + Dey (x (1)), u — x (1) — X(1))

2 2 2
< (“ O, S0 2A<z>e<t>) () — ull? + 220 a + Deey (1), 1 — x(1)
an C2
5 141 + 2 04y )2
2 2 2
< (8A D2 020 2A(r)e(r>) (1) — ull® + 22(0)w — &, u — x()
can 2

2
D+ Dey [

2. 2
+ 200, 1 = x(O) + - IXOI? +
By Young’s inequality,
2A()et)(u,u — x (1)) = 2{(e(u, A(t)(u — x(1)))
1
< c38(0) ul® + gxzm llu — x(0)]|?
hence,

2MMa+mmum>u—un—ﬂm
- (8k2(t) N 8A2(t)82(t)

con?

A%) 2x(r>e<r)) llx(r) — ull?

2

+ 200 (w — €, u — x(D) + 3@ ull + 2 IIX(I)II
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4)2
+ 22 a4 Dy

Plugging this bound into the above display, we can continue with

i . 2 _ + co 2
” lx(@) — ull +?»(l),3(f)<(1+cl)Lwl 1+Cl)»(f)ﬂ(l)> 1Bi (x (@)l

- ! _61Lwlx<t)ﬁ(r> -
+(2 (14 ¢)(1 + cp) 1o )le(t)ll

2
< 200w, u —x(1)) — %(\v + W) (x (1) + £ (1))
N <8,\2(z) N 8A2(t)82(t)

con?

xz(r) m)s(r)) lx(2) — ull?

2
+e3e?() lulP + 5 IEO1 + T ! Ja+ Dey )]
= 20(0) (&, u — x(1) — x(1)) — 21 (1)(§, X(1)).

Applying Young’s inequality again to the last term, we obtain

2 ()
2x()(§, —x(1)) = —II O + = lI1*.

Consequently,

d 0 5 2 _ 1+ co
a”x(f) ull”+ 2@ B@) B (x ()l ((1+C1)L\p1 T e

- ! _aLwrOB®) Yoo
i (2 (I +c( +co) l+c C2> x @)

=200 (w, u —x(1)) — M(‘I‘l + W) (x (1) + x(1)

2 2 2
N <8A (;) N 812 (t)e (t) /\z(t) m(t)g(t)) () — ull?

an 2

)»(t)ﬂ(t))

4).2
+e3e?(0) ull® + % la + Degry @)

2A2
(” IE12 = 20 (&, 1 — x(1) — (1))

Letus set § := lim sup,_, ., Ly, A(¢t)B(¢) < 2. Then, we obtain

1 c1 Ly A(1)B(1)
- - —=2
(1 +c1)(1 +co) 14+
1 c16

- — — .
(I+c1) +co) 14+
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Letting ¢; — 0%, we obtain

1
1+c¢o

—c > 0.

For (cp, c2) > O sufficiently small this can be achieved. Henceforth, by continuity,
there exists a set of parameters (co, c1, ¢2) sufficiently small so that

N 1 c1é
=2- - —c2 >0,
(I+c1)d +co) 14+
meanwhile
R 2 1+ co 2— (1 +co)s
e = — =
(I+c)Lly, (I+c)Ly, (I+c)ly,
Let us further call
2 8A2(r)  8A*(1)e(r 1
d2 2 and s 2 — O _ BV @We @) —22(1) + 20 (D),
1+ ¢ con? 2 c3

and to arrive at the expression
d
5 1K@ = ul® + eAOB@) B ) + b 50
d
+ Ek(t)ﬂ(t)(‘lh + W) (x(2) + x(1))

d
< ——k(t)ﬂ(t)(‘lll + W) (x (1) + x (1))

——/\(t)ﬂ(t)< i )+—(t)ﬁ(t)< i x<r>+x<z)>+”2(’)
dp(t)’ dp()’ s
+ 200w, u — x (1)) — 8(t) 1x(2) — ull®* + 3% (1) Jul?
42
+ 22 o 4 Doy

Since GC(dﬁ(t)) <d/3(z)’ u) and

48 48
<dﬁ( 0’ X+ x(®) — (W + W) (x (1) + 1(1) < (W) + ¥)* (d,B(t)

)s
we can continue with

d 2 2 . 2

T lx(@) — ull” + er(@®)B@) IBi(x(NN~+ b llx @)l

d
+SAOBOW + W) (x(1) + (1))
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d 4¢ 4¢ A1) o
Em)ﬂm[(wlwz) Zaa) dﬁm>}+ H

+ 20 () (w, u — x(1)) — 8(2) lx(t) — ull> + c382(1) |lull? 44

2
Ha + Dery () |
Now, consider the case where w = 0,i.e. where u € zer(A+D+N¢). Our assumptions
on ¢ and A imply that there exists 7o > 0 sufficiently large so that §(¢) > O for all

t > Tp. Fix such a Tp, so that for all + > Ty, we can further simplify the above
expression to

d 2 2 . 2
T lx(@) —ull” +ex(@®)B@) 1Bi(x@)I” + b llx (@)l

d
+ S AOBO 1 + W) (x (1) + x(1))

2
2 dp(r) dp(r) i<l

422(1)
+e382(0) P + —( la + Dey@)|?

d 4AE 4Ag 2,\2@) )
Ek(t)ﬁ(t) |:("IJ] + Wy)* (dﬁ( )) - ac(dﬁ(t))} + &l

812(1)
c

4 222
—k(t)ﬂ(t) |:("Ijl+‘l’2)( i ) —oc( 5 )} ®

+ (c3 + 822 (1) /e2)e (1) llul* + lla + D@)|?. (A9)

Integrating the penultimate display from Tj to Ty with 77 > Ty, we obtain
2 2 h 2
lx(T1) — ull” = llx(To) — ull” + / er®B ) 1B (x ()~ dr
To

T T
+ / b IEIP de + / %lk(t)ﬁ(t)(%+\Pz)(x(t)+5c(t))dtSG,
To

To

where G is the integral of the right-hand side of (A9) on R, which is finite in view
of our assumptions. Using Lemma 2, we see that lim,_, o, || x(¢) — u|| exists, as well
as

/T MOB@) B (x (1) dr < oo,

/ A BE) (Y] 4+ W) (x () + x(¢))dt < oo and
T

/ % (6)||? df < oo.
T

Assuming that lim inf,_, oo A () 8(¢) > 0, we thus see that

Aim B (x ()l =0, and lim (¥ + W) (x(1) +x(1)) = 0.
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If follows that every weak limit point of x(7) lies in C. We claim that every weak
limit point of a suitably defined ergodic trajectory must belong to zer(A + D + N¢).
To derive this conclusion, we fix Ty, and define the ergodic trajectory

fTZ A(s)x(s)ds

(T 2
fTTO A(s)ds

as a function of the upper boundary of the integral. Let 7,, 1 oo, so that x(7;;) — Xo.
We claim that Xo, € zer(A 4+ D 4 N¢). To show this, we integrate again for a given
pair (u, w) € gr(A 4+ D 4 Ng¢), so that

T
I (T1) — ull® — [1x(To) — ull? +fT er(t)B(t) IB1(x(1))|1* dt
0

T T
+ / bIE)IP di + / gx(nﬁm(wl W) (x (1) + () dr

To To

T
<G +/ 1 20(t)(w, u — x(1)) dt.
T

0

Dividing both sides by 2A(To, Ty) := 2 [5! (1) dt, we arrive at

Ix (To) — u|)? G o A(Ox (1) dt
- = +{w,u — ————
2A(To, Tv) — A(To, T1) ATy, Th)

Letting 77 — o0, we obtain
0<{(u,w—XxX).

Fact 2 allows us to conclude X € zer(A + D + N¢) and so every weak accumulation
point of the trajectory x(-) must lie in this set. Since lim;_, o [|x(#) — u|| exists for
every u € zer(A + D + N¢), we conclude that x(¢) converges weakly, ast — oo to a
zero of A + D + Ng¢, as claimed.
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