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Abstract
We propose a comprehensive framework for solving constrained variational inequal-
ities via various classes of evolution equations displaying multi-scale aspects. In an
infinite-dimensional Hilbertian framework, the class of dynamical systems we pro-
pose combine Tikhonov regularization and exterior penalization terms in order to
induce strong convergence of trajectories to least norm solutions in the constrained
domain. Our construction thus unifies the literature on regularization methods and
penalty-based dynamical systems. An extension to a full splitting formulation of the
constrained domain is also provided, with associated weak convergence results involv-
ing the Attouch-Czarnecki condition.

Keywords Constrained variational inequalities · Dynamical systems · Penalty
dynamics · Tikhonov regularization
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1 Introduction

Let H be a real Hilbert space with inner product 〈·, ·〉 and corresponding norm ‖·‖.
Problem 1 We are given

• A : H → 2H a maximally monotone operator;
• D : H → H is monotone and 1

η
-Lipschitz;
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• C � zer(B) �= ∅ a nonempty closed convex set which can be represented as the
zeros of a cocoercive operator B : H → H.

Our aim is to find x ∈ H such that

0 ∈ �(x) � A(x) + D(x) + NC(x). (P)

This is a three-operator formulation of a general class of variational problems, in
which a constrained equilibrium of the sum of two maximally monotone operators
A + D is requested over a closed convex domain C ⊂ H. In this paper we approach
this problem via a combination of an exterior penalization method and Tikhonov
regularization, essentially leading to a hierarchical equilibrium formulation. A key
assumption in our approach is thus that the feasible set C admits a simple representation
in terms of the set of zeros of another single-valued monotone operator B. This general
formulation admitsmanyapplications in optimal control andoptimization, in particular
those problems featuring a hierarchical structure. We briefly describe some examples
below, and provide a more detailed exposition on applications in Section 5.

Example 1 (Simple Bilevel Optimization) A simple bilevel optimization problem is
formulated as

min f (x)

s.t.: x ∈ C = argmin{�(y) : y ∈ H}

where � is a convex and Fréchet differentiable function, with L-Lipschitz continuous
gradient, i.e. � ∈ C1,1

L (H). By Fermat’s optimality condition

x ∈ C ⇔ 0 = ∇�(x).

Hence, C = zer(∇�) defines the set of solutions to the lower-level optimization
problem over which a minimizer of the function f is searched for. These are simplest
hierarchical optimization problems, in which the decision variables in the lower and
an upper level variational problems are completely decoupled. This class of problems
has been studied extensively. See, for instance [22, 36, 45] in an infinite-dimensional
setting, or [41] in finite dimension. For a recent dynamical systems perspective with
acceleration, we refer to [14]

Example 2 (Constrained Variational Inequalities) Let C ⊂ H be a set for which we
know a convex function � ∈ C1,1

L�
(H) having the properties that � ≥ 0 and C =

�−1(0). Then, B = ∇� is a maximally monotone operator whose zero set is C. Given
a mapping D : H → H and a proper convex and lower semi-continuous function
h : H → (−∞,∞], we search for a solution of the variational inequality of the
second kind

Find x̄ ∈ C such that 〈D(x̄), x − x̄〉 + h(x) − h(x̄) ≥ 0 ∀x ∈ C. (1)
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This is equivalent to the inclusion problem

Find x̄ ∈ C such that 0 ∈ D(x̄) + ∂h(x̄) + NC(x), ∀x ∈ C.

and arises frequently in optimal control problems [11, 39, 40].

Our Approach

To tackle problem class (P), we follow a recent trend in variational analysis by
approaching the general resolution of problem (P) via dynamical systems derived
from operator splitting methods featuring multiscale aspects. Our schemes can be
considered as hybrid versions of penalty-based methods, inspired by [5, 6, 10, 16, 17,
35], and Tikhonov regularization of dynamical systems [4, 24, 29]. Specifically, if D
is cocoercive, we propose a forward-backward dynamical system of the form

ẋ(t) + x(t) = Jλ(t)A (x(t) − λ(t)Vt (x)) , (FB)

where Vt : H → H is a time-dependent vector field, defined as

Vt (x) � D(x) + ε(t)x + β(t)B(x).

The evolution equation (FB) generalizesmost of the first-order dynamical systems that
have been studied so far in the literature. Indeed, if Jλ(t)A = IdH (arising if A = {0}),
then (FB) simplifies to

ẋ(t) + λ(t)(D(x(t)) + ε(t)x(t) + β(t)B(x(t))) = 0.

In the full potential case, i.e. whenD = ∇ f and B = ∇�, for convex potentials f , � :
H → R having a Lipschitz continuous gradient, with C = �−1(0) = argmin(�) =
zer(∇�), we obtain an exterior penalization of the gradient method, as studied in
[38], augmented with Tikhonov regularization, for solving set-constrained convex
minimization problems of the form

min f (x) s.t. x ∈ C.

Setting B = 0 (no penalty), the dynamics reduce to a gradient system with Tikhonov
regularization, a class of dynamical systems which has received enormous attention in
the literature (references [2, 3, 5, 9, 26, 29] give a partial overview on this literature).
In the context of full splitting and maximal monotone operators instead of potentials,
particular instances of (FB) have been studied in [19] without explicit constraints and
Tikhonov regularization, in [17] for the case with a penalty term but no Tikhonov reg-
ularization, and in [24] in the context of Tikhonov regularization and without penalty
terms.

For large-scale equilibrium and minmax problems, the cocoercivity of the single-
valued operatorD is typically an incompatible hypothesis. For such problems,we study
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an extragradient-based dynamical system in the spirit of Tseng [44], featuring multi-
scale aspects. This dynamical system is defined in terms of the projection-differential
dynamical system

{
p(t) = Jλ(t)A (x(t) − λ(t)Vt (x(t)))
ẋ(t) = p(t) − x(t) + λ(t)[Vt (x(t)) − Vt (p(t))]. (FBF)

The asymptotic properties of this evolution equation with Tikhonov regularization has
been studied in [24], while the penalty case has been investigated in [16], although in
discrete time. While we do not treat this problem directly here, it should be mentioned
that our approach can be used to solve constrained min-max problems in infinite
dimensions [31, 32]. A thorough analysis of this important problem class in our multi-
scale dynamical system framework is left for future research.

Contributions and Related Literature

Our dynamical system combines exterior-penalty methods with Tikhonov regular-
ization. With this hybrid construction, we generalize the pure penalization-based
dynamical systems studied in [6, 38], who concentrate on the case where B is the gra-
dient of a convex function � : H → [0,∞], satisfying C = �−1(0) = argminH(�),
and [16] who extended this to the monotone inclusion setting. Adding the Tikhonov
term to the dynamical system allows us to enforce strong convergence to the least-
norm solution. We borrow ideas from [24] to analyze the effects of the Tikhonov
term, and extend this technique to deal with constrained variational inequalities. To
the best of our knowledge this is a new result in the literature since the analysis of
penalty dynamics, in tandem with Tikhonov regularization, has not been done so far.
In particular, this combined approach gains relevance in inverse problems and PDE
constrained optimization; See [33] for a recent approach in this direction.

Our work is closely related to the hierarchical minimization formulation of Cabot
[26]. He proposed an inexact proximal point method for the hierarchical minimization
of a finitely many convex potentials. Specifically, in the case of three convex functions
f0, f1, f2, themethod of [26] is designed for solving the nested optimization problems
S0 = argminH f0, S1 = argminS0 f1 and S2 = argminS1 f2. Under time rescaling and
constraint qualification, the exact version of the proximal point method of [26] thus
becomes

− xn − xn+1

λn
∈ βn∂ f0 + ∂ f1 + εn∂ f2.

In our work, we are interested in continuous-time systems and general monotone
operators. Both directions lie out of the scope of [26].

In parallel to this work, a series of papers studied penalty methods and Tikhonov
regularization from the lens of dynamical systems (separately). In particular, [15]
establishes an interesting connection between the Tikhonov regularization and the
Halpern schemes and thereby shows the acceleration potential of the Tikhonov reg-
ularization. Inertial dynamics with Tikhonov regularization have been studied in [7,
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25], among many others. Penalty dynamics have been extended to second order in
time systems in [20, 23].1

Organization of the Paper

After briefly recalling some known facts from convex analysis and monotone oper-
ator theory, Section 2 presents a detailed analysis of the central paths, which are
curves parameterized by regularization variables, representing solutions to auxiliary
monotone inclusion problems. In particular, we show that central paths are absolutely
continuous, differentiable - an important ingredient in our proof building on Lyapunov
analysis - and approximate the least-norm solution of (P). Section 3 is concerned with
two dynamical systems intended to approximate solutions of (P). The nature of these
systems, of either forward-backward or forward-backward-forward type, depends on
whether the operatorD is cocoercive. For each system, and under suitable assumptions
on the regularization parameters, we show that every trajectory convergence strongly
to the least norm solution of (P). This is achieved by establishing a tracking property
of the dynamics with respect to the central paths. Section 4 extends our analysis of the
(FB) dynamical systems to a domain decomposition problem, modeled via multiple
penalty functions. Section 5 describes some scenarios in optimal control and non-linear
analysis to which our method naturally applies. We also present implementations on
a class of image deblurring problems, to illustrate the computational efficacy of the
method.

2 Preliminaries

We follow the standard notation from convex and non-smooth analysis (see e.g. [12,
37]). Let H be a real Hilbert space with inner product 〈·, ·〉 and associated norm
‖·‖. The symbols ⇀ and → denote weak and strong convergence, respectively. For
an extended-real valued function f : H → R̄ � R ∪ {−∞,∞}, we denote by
dom( f ) = {x ∈ H| f (x) < ∞} its effective domain and say that f is proper if
dom( f ) �= ∅ and f (x) �= −∞ for all x ∈ H. If f is convex, we let ∂ f (x) � {u ∈
H| f (y) ≥ f (x) + 〈y − x, v〉 ∀y ∈ H} the subdifferential of f at x ∈ dom( f ).

Let C ⊆ H be a nonempty set. The indicator function δC : H → R̄, is the function
satisfying δC(x) = 0 if x ∈ C and +∞ otherwise. The subdifferential of the indicator
function is the normal cone

NC(x) �
{ {ξ ∈ H|〈ξ, y − x〉 ≤ 0 ∀y ∈ C} if x ∈ C,

∅ else.

For a set-valued operatorM : H → 2Hwedenote by gr(M) � {(x, u) ∈ H×H|u ∈
M(x)} its graph, dom(M) � {x ∈ H|M(x) �= ∅} its domain, andbyM−1 : H → 2H its

1 Parts of the results reported in this paper are published in the conference proceeding [43]. Besides giving
detailed proofs of all results, which partly were missing from the proceedings, we extend the approach by
a new splitting scheme with multiple penalty functions, and present applications and numerical examples.
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inverse, defined by (u, x) ∈ gr(M−1) ⇔ (x, u) ∈ gr(M).We let zer(M) = {x ∈ H|0 ∈
M(x)} denote the set of zeros of M. A operator M is monotone if 〈x − y, u − v〉 ≥ 0
for all (x, u), (y, v) ∈ gr(M). A monotone operatorM is maximally monotone if there
exists no proper monotone extension of the graph of M on H × H. A single-valued
operatorM : H → H is cocoercive (inverse strongly monotone) if there exists μ > 0
such that

〈M(x) − M(y), x − y〉 ≥ μ ‖M(x) − M(y)‖2 .

A cocoercive operator is Lipschitz, but the converse is not true in general.

Fact 1 [12, Proposition 23.39] If M is maximally monotone, then zer(M) is convex
and closed.

Fact 2 If M is maximally monotone, then

p ∈ zer(M) ⇔ 〈u − p, w〉 ≥ 0 ∀(u, w) ∈ gr(M).

The resolvent of M, JM : H → 2H is defined by JM = (Id+M)−1. If M is max-
imally monotone, then JM is single-valued and maximally monotone. In particular,
the resolvent of the normal cone mapping M = NC of a closed convex set C ⊂ H
is the orthogonal projection �C . The support function of a closed set C ⊂ H is
σC (u) = supy∈C 〈y, u〉. Clearly, p ∈ NC (u) if, and only, if σC (p) = 〈p, u〉. Accord-
ing to [12, Proposition 23.31], we have the relation

‖JλM (x) − JαM (x)‖ ≤ |λ − α| · ‖Mλ(x)‖ , (2)

whereMλ � 1
λ
(IdH − JλM) denotes theYosida approximation, with parameterλ, of the

maximally monotone operator M. The Fitzpatrick function associated to a monotone
operator M is the convex and lower semi-continuous function defined as

ϕM(x, u) = sup
(y,v)∈gr(M)

{〈x, v〉 + 〈y, u〉 − 〈y, v〉}.

Lemma 1 Let x, y, z ∈ H and α ∈ R. Then

2〈x − y, z − y〉 = ‖x − y‖2 − ‖x − z‖2 + ‖z − y‖2 (3)

‖αx + (1 − α)y‖2 + α(1 − α) ‖x − y‖2 = α ‖x‖2 + (1 − α) ‖y‖2 (4)

To assess the global asymptotic stability of the dynamical systems we consider, we
recall the following central result (see e.g. [1], Lemma 5.1):

Lemma 2 Suppose that F : R≥0 → R is locally absolutely continuous and bounded
below and that there exists G ∈ L1(R≥0) such that

d

dt
F(t) ≤ G(t) a.e. t ∈ R≥0.

Then limt→∞ F(t) exists in R.
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2.1 Perturbed Solutions and the Central Funnel

We follow a double penalization approach to solve the constrained variational inequal-
ity (P). We work under following standing assumption:

Assumption 1 The main set of standing hypothesis in this paper is the following:

(i) A + NC is maximally monotone and zer(A + D + NC) �= ∅.
(ii) B : H → H is μ-cocoercive (for some μ > 0), and coercive:

lim‖x‖→∞
〈x, B(x)〉

‖x‖ = ∞

(iii) D : H → H is maximally monotone and 1
η
-Lipschitz.

SinceA ismaximallymonotone andC is a nonempty convex and closed set,A+NC is
maximallymonotone if additional regularity conditions are satisfied.A comprehensive
list of conditions guaranteeing themaximal monotonicity of the sum of twomaximally
monotone operators can be found in [12, 13]. In particular, if dom(D) = H and
dom(B) = H (which we assume throughout this manuscript), Corollary 25.5 of [12]
implies that the operators � = A + D + NC and Fn = A + D + βnB are maximally
monotone. In particular, zer(A + D + NC) is a nonempty closed convex set.

To ensure strong convergence,we follow the classical iterative Tikhonov regulariza-
tion approach.However, besides strong convergence,we have to respect the constraints
imposed on the variational inequality. To enforce these constraints, we augment our
operator by a time-varying penalty term which regulates over time the importance we
attach to constraint violation of the generated trajectory. The combination of these two
dynamic effects leads us to study a family of auxiliary problems, formulated as:

Problem 2 Given (ε, β) ∈ R
2≥0 find x ∈ H such that

0 ∈ �ε,β(x) � (A + D + ε IdH +βB)(x). (5)

The logic behind this model is as follows: Suppose 0 ∈ �ε,β(x̂ε,β). On the one hand,
the presence of the Tikhonov term ε IdH will attract the vector x̂ε,β towards the origin
and, as ε → 0, x̂ε,β will approach the set of solutions of (P), selecting its least-norm
element. On the other hand, the penalization term βB will force B(x̂ε,β) → 0, as
β → ∞. As a result, the limit of x̂ε,β will be a zero of B, thus an element of C.

In the remainder of this section, we show that solutions of (5) do approximate the
least-norm solution of (P), as (ε, β) ∈ R

2≥0, and establish some important structural
properties of this approximation. For (ε, β) ∈ R

2≥0, we define the mapping Vε,β :
H → H by

Vε,β(x) � D(x) + εx + βB(x) (6)

for all x ∈ H. Assumption 1 immediately implies the following regularity properties
of the parameterized family (Vε,β)(ε,β)∈R2≥0

.
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Lemma 3 For each (ε, β) ∈ R
2≥0, the mapping x �→ Vε,β(x) is Lipschitz continuous

withmodulus Lε,β � 1
η
+ε+ β

μ
. Additionally, if ε > 0, Vε,β(x) is ε-stronglymonotone.

Furthermore, dom(Vε,β) = H.

Hence, the auxiliary problems (5) constitute a family of strongly monotone inclusions.
Since�ε,β is stronglymonotone, the set zer(�ε,β) is a singletonwhose unique element
we denote by x̄(ε, β). The function (ε, β) �→ x̄(ε, β) maps the positive quadrant of
R
2 to a region in H, which we call the central funnel for the reasons we will explain

in the following.

2.2 Central Paths Approximate the Least-Norm Zero of8

Given absolutely continuous functions ε, β : R≥0 → R>0, such that limt→∞ ε(t) = 0
and limt→∞ β(t) = ∞, the curve t �→ x̄(ε(t), β(t)) is called the central path for
the approximation of Problem (P) given by (5). Similarly, given positive sequences
(εn)n∈N and (βn)n∈N, such that εn → 0 and βn → ∞, the sequence

(
x̄(εn, βn)

)
n∈N

is a (discrete) central path. As shown below, every central path converges strongly to
the least-norm zero of �, which motivates our choice of the word funnel.

Proposition 4 Let (εn)n∈N, (βn)n∈N be sequences inR>0 such that εn → 0, βn → ∞,
and limn→∞ εnβn = ∞. Then x̄(εn, βn) → �zer(�)(0) as n → ∞.

We prove this proposition via a sequence of Lemmas.

Lemma 5 Let (εn)n∈N, (βn)n∈N be sequences in R>0 such that εn → 0, βn → ∞,
and limn→∞ εnβn = ∞. Denote by (x̄n)n∈N the discrete central path obtained by
x̄n = x̄(εn, βn). Any weak limit point of (x̄n)n∈N is contained in C.
Proof For every n ∈ N, define x̄n ≡ x̄(εn, βn), the unique root of the set-valued
mapping �n ≡ �εn ,βn : H → 2H. To simplify the notation, we define the set-valued
operator Fn : H → 2H by

Fn � A + D + βnB.

Hence, for each n ≥ 1, we have the inclusion

0 ∈Fn(x̄n) + εn x̄n ⇔ (1 − εn)x̄n ∈ (IdH +Fn)(x̄n)

⇔ x̄n = JFn ((1 − εn)x̄n)

At the same time, for every z ∈ zer(A + D + NC), it holds that z ∈ C, and therefore
βnB(z) = 0 for all n ≥ 1. This implies that there exists p ∈ NC(z) such that for all
n ∈ N

z − p ∈ (IdH +Fn)(z) ⇔ z = JFn (z − p).

Since Fn is maximally monotone, JFn is firmly non-expansive. Hence,

‖x̄n − z‖2 ≤ 〈JFn ((1 − εn x̄n)) − JFn (z − p), (1 − εn)x̄n − (z − p)〉
= 〈x̄n − z, (1 − εn)x̄n − (z − p)〉
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Rearranging yields the inequality

〈x̄n − z, p〉 ≥ εn〈x̄n, x̄n − z〉 ≥ εn ‖x̄n‖ (‖x̄n‖ − ‖z‖). (7)

JFn is also non-expansive, so that

‖x̄n − z‖ ≤ ‖(1 − εn)x̄n − z + p‖
= ‖(1 − εn)(x̄n − z) + p − εnz‖
≤ (1 − εn) ‖x̄n − z‖ + ‖p − εnz‖ .

Hence,
εn ‖x̄n − z‖ = ‖εn x̄n − εnz‖ ≤ ‖p − εnz‖ ∀n ≥ 1.

It follows that (εn x̄n)n∈N is bounded.
We can also reorganize the equilibrium condition defining the sequence x̄n and the

point z as

−εn x̄n − βnB(x̄n) ∈ A(x̄n) + D(x̄n), and (8)

−p ∈ A(z) + D(z) (9)

Monotonicity of A + D implies

βn〈B(x̄n), z − x̄n〉 ≥ 〈εn x̄n, x̄n − z〉 + 〈p, z − x̄n〉. (10)

The μ-co-coercivity of the penalty operator B yields

μ ‖B(x̄n)‖2 ≤ 〈p − εn x̄n,
εn(x̄n − z)

βnεn
〉.

If εn → 0 and εnβn → ∞ as n → ∞, we conclude from the above relation that

lim sup
n→∞

‖B(x̄n)‖2 ≤ 0.

Since the operator B is assumed to be coercive, the sequence (x̄n)n is bounded. Let x̄∞
be a weak accumulation point of (x̄n)n∈N. Pick a subsequence (xn j ) with xn j ⇀x̄∞ as
j → ∞. (10) implies

0 ≤ 〈B(x̄n j ), x̄n j − z〉 ≤ εn j

βn j

〈x̄n j , z − x̄n j 〉 + 1

βn j

〈p, x̄n j − z〉.

Hence,
lim sup
n→∞

〈B(x̄n), x̄n − z〉 = 0,

and for all w ∈ H, we deduce

〈B(w),w − x̄∞〉 = lim
j→∞〈B(w),w − x̄n j 〉 ≥ lim

j→∞〈B(x̄n j ), w − x̄n j 〉 = 0.
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Fact 2, implies x̄∞ ∈ C. ��
Next to the feasibility of weak accumulation points of (x̄n)n∈N, we want these limit
points to belong to the set of solutions to (P).

Lemma 6 Let (εn)n∈N, (βn)n∈N be sequences in R>0 such that εn → 0, βn → ∞,
and limn→∞ εnβn = ∞. Any weak limit point of the central path (x̄n)n∈N is contained
in zer(�). In particular, lim infn→∞ ‖x̄n‖ ≥ inf{‖z‖ : z ∈ zer(A + D + NC)}.
Proof Let (u, w) ∈ gr(�) arbitrary. Then, there exists ξ ∈ NC(u) such that

w − ξ − D(u) ∈ A(u).

Together with (8), the monotonicity of A gives

〈−εn x̄n − βnB(x̄n) − D(x̄n) − w + ξ + D(u), x̄n − u〉 ≥ 0.

Whence,

〈w, u − x̄n〉 ≥ εn〈x̄n, x̄n − u〉 + βn〈B(x̄n), x̄n − u〉
+ 〈D(x̄n) − D(u), x̄n − u〉 + 〈ξ, u − x̄n〉

≥ εn〈x̄n, x̄n − u〉 + 〈ξ, u − x̄n〉,

where we have used the monotonicity of B and D, as well as B(u) = 0. If x̄∞ is a weak
accumulation point of (x̄n), then

〈w, u − x̄∞〉 ≥ 〈ξ, u − x̄∞〉.

The right-hand side is nonnegative since ξ ∈ NC(u) and x̄∞ ∈ C, thanks to Lemma
5. Using Fact 2, this means that x̄∞ ∈ zer(�). In particular, ‖x̄∞‖ ≥ inf{‖z‖ : z ∈
zer(A + D + NC)} for every weak limit point x̄∞ of (x̄n)n∈N. ��
With the help of Lemmas 5 and 6, we can proof Proposition 4.

Proof of Proposition 4 Let z ∈ zer(A + D + NC) and p ∈ NC(z). Using relation (7),
we obtain

〈p, x̄n − z〉 ≥ εn ‖x̄n‖ (‖x̄n‖ − ‖z‖).
Since

lim inf
n→∞ 〈p, x̄n − z〉 ≤ lim sup

n→∞
〈p, x̄n − z〉 ≤ 0,

it follows that ‖x̄n‖ ≤ ‖z‖ for all n sufficiently large. Hence, lim supn→∞ ‖x̄n‖ ≤
‖z‖ for all z ∈ zer(A + D + NC). Let x, y be two different weak cluster points of
(x̄n)n∈N. Then, x, y ∈ zer(A+D+NC), and there areweakly converging subsequences
x̄kn⇀x and x̄ln⇀y for monotonically increasing and diverging sequences (kn)n, (ln)n
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in N. Consequently, for n sufficiently large, the Cauchy-Schwarz inequality and the
minimum norm property of weak accumulation points imply

(
x

‖x‖ , x̄kn

)
≤ ∥∥x̄kn∥∥ ≤ ‖y‖ , and

(
y

‖y‖ , x̄ln

)
≤ ∥∥x̄ln∥∥ ≤ ‖x‖ .

It follows,

lim
n→∞

(
x

‖x‖ , x̄kn

)
= ‖x‖ ≤ ‖y‖ and lim

n→∞

(
y

‖y‖ , x̄ln

)
= ‖y‖ ≤ ‖x‖ .

Hence, ‖x‖ = ‖y‖ = inf{‖z‖ : z ∈ zer(A + D + NC)}. Since the zero set of a
A+D+NC is closed convex and nonempty, the least-norm element is unique, implying
x = y = �zer(�)(0). This shows that (x̄n)n∈N has at most one weak accumulation
point. Hence, the sequence (x̄n) is weakly convergent, and the strong convergence to
the least norm solution follows from Lemma 2.51 in [12]. ��

The consequence for the continuous central paths is the following:

Corollary 7 Let ε, β : R≥0 → R>0 be absolutely continuous functions such that
limt→∞ ε(t) = 0 and limt→∞ β(t) = ∞. Then, x̄(ε(t), β(t)) → �zer(�)(0) as
t → ∞.

We next prove that (ε, β) �→ x̄(ε, β) is a locally Lipschitz continuous function. This
will be a fundamental result in the Lyapunov analysis of the dynamical systems.

Proposition 8 The solution mapping (ε, β) �→ x̄(ε, β) is locally Lipschitz continuous.
In particular, for all σ1 = (ε1, β1) and σ2 = (ε2, β2), we have

‖x̄(σ2) − x̄(σ1)‖ ≤ �

ε1
(|β2 − β1| + |ε2 − ε1|) , (11)

where r � inf{‖x‖ : x ∈ zer(�)}, and � � max{r , supx∈B(0,r) ‖B(x)‖}.
Proof Fix β > 0 and pick ε1, ε2 > 0, so that z1 = x̄(ε1, β) and z2 = x̄(ε2, β), denote
the corresponding unique solutions of (5). Denoting by Dε � D + ε IdH, we obtain

−Dε1(z1) − βB(z1) ∈ A(z1), and − Dε2(z2) − βB(z2) ∈ A(z2).

Since A is maximally monotone, we have

〈z1 − z2,−Dε1(z1) − βB(z1) + Dε2(z2) + βB(z2)〉 ≥ 0.

Since D and B are both maximally monotone, we conclude 〈ε1z1−ε2z2, z1 − z2〉 ≤ 0.
Assume first that ε2 > ε1. Then

0 ≥ 〈ε1z1 − ε2z2, z1 − z2〉 = ε1 ‖z1 − z2‖2 + (ε1 − ε2)〈z2, z1 − z2〉,
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which means (ε2 − ε1)〈z2, z1 − z2〉 ≥ ε1 ‖z1 − z2‖2. By Cauchy-Schwarz,

(ε2 − ε1) ‖z2‖ · ‖z1 − z2‖ ≥ ε1 ‖z1 − z2‖2 ,

so that
‖z2 − z1‖ ≤ ε2 − ε1

ε1
‖z2‖ .

Next, assuming ε1 > ε2. Then, interchanging the labels in the above inequality, we
get

‖z2 − z1‖ ≤ ε1 − ε2

ε2
‖z1‖ .

Hence, ‖x̄(ε1, β) − x̄(ε2, β)‖ ≤ |ε2−ε1|
min{ε1,ε2} max{‖z1‖ , ‖z2‖}. This shows that ε �→

x̄(ε, β) is locally Lipschitz.
Now, fix ε > 0 and let β1, β2 > 0. Denote z1 = x̄(ε, β1) and z2 = x̄(ε, β2). By

definition, we have

−Dε(z1) − β1B(z1) ∈ A(z1), and − Dε(z2) − β2B(z2) ∈ A(z2).

It follows that β2〈B(z2), z1 − z2〉 − β1〈B(z1), z1 − z2〉 ≥ ε ‖z1 − z2‖2 . Now, if
β2 > β1, then (β2−β1)〈B(z1), z1−z2〉+β2〈B(z2)−B(z1), z1−z2〉 ≥ ε ‖z1 − z2‖2.
Using the monotonicity of B, we conclude

‖z1 − z2‖ ≤ β1 − β2

ε
‖B(z1)‖ .

If β1 > β2, we repeat the above computation, and obtain

‖z1 − z2‖ ≤ β1 − β2

ε
‖B(z2)‖ .

This yields ‖z1 − z2‖ ≤ |β1−β2|
ε

max{‖B(z1)‖ , ‖B(z2)‖}, which shows that β �→
x̄(ε, β) is locally Lipschitz, for all ε > 0.

Next, we show the Lipschitz continuity of the bivariate map (ε, β) �→ x̄(ε, β). Let
σ1 � (ε1, β1) and σ2 � (ε2, β2) with corresponding solutions x̄(σ1) and x̄(σ2). By
definition of these points, we have

−Vσ1(x̄(σ1)) ∈ A(x̄(σ1)), and − Vσ2(x̄(σ2)) ∈ A(x̄(σ2)).

Hence,

〈Dε2(x̄(σ2) + β2B(x̄(σ2)) −Dε1(x̄(ε1, β1) − β1B(x̄(ε1, β1)), x̄(ε1, β1) − x̄(σ2)〉 ≥ 0.

Rearranging, we obtain

〈ε2 x̄(σ2) − ε1 x̄(σ1), x̄(σ1) − x̄(σ2)〉 ≥ β1〈B(x̄(σ1)), x̄(σ1) − x̄(σ2)〉
+ β2〈B(x̄(σ2)), x̄(σ2) − x̄(σ1)〉.
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This gives

ε1〈x̄(σ2) − x̄(σ1), x̄(σ1) − x̄(σ2)〉 ≥ β1〈B(x̄(σ1)), x̄(σ1) − x̄(σ2)〉
+ β2〈B(x̄(σ2)), x̄(σ2) − x̄(σ1)〉
− (ε2 − ε1)〈x̄(σ2), x̄(σ1) − x̄(σ2)〉.

Hence,

ε1 ‖x̄(σ1) − x̄(σ2)‖2 ≤ β1〈B(x̄(σ1)), x̄(σ2) − x̄(σ1)〉
+ β2〈B(x̄(σ2)), x̄(σ1) − x̄(σ2)〉
+ (ε2 − ε1)〈x̄(σ2), x̄(σ1) − x̄(σ2)〉

= (β1 − β2)〈B(x̄(σ1)), x̄(σ2) − x̄(σ1)〉
+ β2〈B(x̄(σ2)) − B(x̄(σ1)), x̄(σ1) − x̄(σ2)〉
+ (ε2 − ε1)〈x̄(σ2), x̄(σ1) − x̄(σ2)〉

≤ |β2 − β1| ‖B(x̄(σ1))‖ · ‖x̄(σ2) − x̄(σ1)‖
+ |ε2 − ε1| ‖x̄(σ2)‖ · ‖x̄(σ2) − x̄(σ1)‖ .

We thus finally arrive at the estimate

‖x̄(σ2) − x̄(σ1)‖ ≤ |β2 − β1|
ε1

‖B(x̄(σ1))‖ + |ε2 − ε1|
ε1

‖x̄(σ2)‖ . (12)

From the proof of Step (i) of the proof of Proposition 4, we deduce that ‖x̄(ε, β)‖ ≤
inf{‖x‖ : x ∈ zer(�)} � r . Hence, defining � � max{supx∈B(0,r) ‖B(x)‖ , r}, the
claim follows. ��

2.2.1 Differentiability of Central Paths

Wenow assume that the parameters (ε, β) are defined in terms of real-valued functions
ε, β : R≥0 → R>0. In terms of these functions, we define the time-dependent vector
field

Vt : R≥0 × H → H, t �→ Vt (x) ≡ Vε(t),β(t)(x).

For each t , we obtain the unique solution x̄(t) ≡ x̄(ε(t), β(t)) ∈ zer(A + Vt ). From
Lemma 3, we know that Vt : H → H is ε(t)-strongly monotone and L(t)-Lipschitz
continuous, where

L(t) � Lε(t),β(t) = 1

η
+ ε(t) + β(t)

μ
. (13)

Assumption 2 The functions t �→ ε(t), t �→ β(t) are absolutely continuous and
satisfy the following properties:

(i) t �→ ε(t) non-increasing and limt→∞ ε(t) = 0;
(ii) t �→ β(t) non-decreasing and limt→∞ β(t) = ∞;
(iii) limt→∞ β(t)ε(t) = ∞.
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Lemma 9 Consider the central path (x̄(t))t≥0. Under Assumption 2, the curve t �→
x̄(t) is almost everywhere differentiable, with

∥∥∥∥ d

dt
x̄(t)

∥∥∥∥ ≤ β̇(t)

ε(t)
‖B(x̄(t))‖ + |ε̇(t)|

ε(t)
‖x̄(t)‖ a.e. t ≥ 0. (14)

Proof Let v ∈ H be an arbitrary unit norm vector of the real Hilbert space H. Define
the real-valued function fv : [0,∞) → R by

fv(t) � 〈v, x̄(t)〉.

From inequality (12) in the proof of Proposition 8, we deduce that for all 0 ≤ t1 <

t2 ≤ T1 + h and h > 0,

| fv(t2) − fv(t1)| ≤ ‖x̄(t2) − x̄(t1)‖ ≤ |β(t2) − β(t1)|
ε(t1)

‖B(x̄(t1))‖ + |ε(t2) − ε(t1)|
ε(t1)

‖x̄(t2)‖ .

Hence, for t1 = t ∈ [0,∞) and t2 = t + h > t , Assumption 2 implies that β(t +
h) − β(t) ≤ hβ̇(t + h) and ε(t + h) − ε(t) ≤ hε̇(t). Using these estimates, we can
continue with the above bound

| fv(t + h) − fv(t)| ≤ ‖x̄(t + h) − x̄(t)‖ ≤ |hβ̇(t + h)|
ε(t)

‖B(x̄(t)‖ + |hε̇(t)|
ε(t)

‖x̄(t + h)‖

≤ h

(
β̇(T1 + h)

ε(0)
+ 1

)
sup

t∈[0,T1+h]
max{‖B(x̄(t))‖ , ‖x̄(t)‖},

for all t ∈ [0, T1]. Hence, t �→ fv(t) is locally Lipschitz and by the Rademacher
theorem (see e.g. [27]) it is almost everywhere Fréchet differentiable, with the almost
everywhere derivative f ′

v(t) satisfying the bound

| f ′
v(t)| ≤ β̇(t)

ε(t)
‖B(x̄(t))‖ + |ε̇(t)|

ε(t)
‖x̄(t)‖ a.e. t ≥ 0. (15)

Let {ei }i be an orthonormal basis of H. This allows us to identify the time derivative
d
dt x̄(t) with

d
dt x̄(t) = ∑

i ei f
′
ei (t) for almost every t ≥ 0. Furthermore, we observe

that

∥∥∥∥ d

dt
x̄(t)

∥∥∥∥ = sup
v∈H:‖v‖=1

| f ′
v(t)| ≤ β̇(t)

ε(t)
‖B(x̄(t))‖ + |ε̇(t)|

ε(t)
‖x̄(t)‖ a.e. t ≥ 0,

as stated. ��
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3 Penalty-Regulated Dynamical Systems for Constrained Variational
Inequalities

Recall that a function f : [0, b] → H (where b > 0) is said to be absolutely continuous
if there exists an integrable function g : [0, b] → H such that

f (t) = f (0) +
∫ t

0
g(s) ds ∀t ∈ [0, b].

Definition 1 Let f : R≥0 × H → H be a vector field depending on time and space,
and let x0 ∈ H be given. We say x : R≥0 → H is a strong global solution of

{
ẋ(t) = f (t, x(t))
x(0) = x0 ∈ H (D)

(i) x : R≥0 → H is absolutely continuous on each interval [0, b], 0 < b < ∞;
(ii) ẋ(t) = f (t, x(t)) for almost every t ∈ R>0.

Existence and strong uniqueness of non-autonomous systems can be proven by means
of the classical Cauchy-Lipschitz Theorem (see e.g. [42, Theorem54]). To use this,
we need to ensure the following properties enjoyed by the vector field f (t, x).

Theorem 10 Let f : R≥0 × H → H be a given function satisfying:

(f1) f (·, x) : R≥0 → H is measurable for each x ∈ H;
(f2) f (t, ·) : H → H is continuous for each t ≥ 0;
(f3) there exists a function �(•) ∈ L1

loc(R≥0; R) such that

‖ f (t, x) − f (t, y)‖ ≤ �(t) ‖x − y‖ ∀t ∈ [0, b],∀b ∈ R≥0,∀x, y ∈ H;
(16)

(f4) for each x ∈ H there exists a function �(•) ∈ L1
loc(R≥0; R) such that

‖ f (t, x)‖ ≤ �(t) ∀t ∈ [0, b],∀b ∈ R≥0. (17)

Then, the dynamical system (D) admits a unique strong solution t �→ x(t), t ≥ 0.

3.1 Penalty Regulated Forward-Backward Dynamics

In this section we study explicitly the case where the involved single-valued operators
D and B are both cocoercive.

Assumption 3 The operator D : H → H is η-cocoercive for some η > 0.

Under this additional assumption on the data, we investigate the asymptotic properties
of the following evolution equation

ẋ(t) = γ (t)
(
Jλ(t)A

(
x(t) − λ(t)Vt (x(t))

) − x(t)
)
, x(0) = x0 ∈ H (18)
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Remark 1 The dynamical system (18) contains a small generalization compared to
(FB) by including the time-scale parameter t �→ γ (t). In a discrete-time formulation
of the dynamical system, the scaling function t �→ γ (t) can be interpreted as a
relaxation parameter of the resulting numerical scheme. Let πδ = {0 = 0 < t1 <

t2 < . . . < tnδ = T } be a partition of [0, T ]; let hδ
k � tδk+1 − tδk , and let δ be the mesh

size given by δ � max{hδ
k : 0 ≤ k ≤ nδ −1}. We define a sequence (X δ

k)k∈{0,1,...,nδ−1}
recursively by

X δ
k+1 = (1 − γ δ

k h
δ
k)X

δ
k + hδ

kγ
δ
k Jλδ

kA

(
X δ
k − λδ

kVk(X
δ
k)

)
,

X δ
0 = x0 ∈ H.

This is a relaxed forward-backward splittingmethod, involving the iteration-dependent
mapping Vk(x) = D(x)+ εk x +βkB(x). A version of this scheme, without relaxation
and in presence of only a penalty term, has been studied in [16].

3.1.1 Existence and Uniqueness of Strong Solutions

In this section we verify that the data defining the evolution equation (18) satisfy all
conditions stated inTheorem10.Whence, existence and uniqueness of strong solutions
for (18) follow.

Proposition 11 Consider the dynamical system (18), where the parameter function
λ : R≥0 → R>0 is continuous, and Assumption 3 being in place. Then, for every
t ≥ 0 and every x, y ∈ H we have

‖ f (t, x) − f (t, y)‖ ≤ γ (t)(2 + λ(t)L(t)) ‖x − y‖ , and (19)

(∀x ∈ H)(∀b > 0), f ( · , x) ∈ L1([0, b],H). (20)

Proof Properties ( f 1), ( f 2) are clearly satisfied. To simplify the verification of the
remaining properties, we set Jt ≡ Jλ(t)A and Rt (x) � x − λ(t)Vt (x), so that Tt �
Jt ◦Rt . The evolution equation (18) admits then the simpler representation f (t, x) =
Tt (x) − x . Since the resolvent Jt is firmly non-expansive, it follows that

‖ f (t, x) − f (t, y)‖ = γ (t) ‖Tt (x) − x − Tt (y) + y‖
≤ γ (t)

( ‖Tt (x) − Tt (y)‖ + ‖x − y‖ )
= γ (t)

( ‖Jt ◦ Rt (x) − Jt ◦ Rt (y)‖ + ‖x − y‖ )
≤ γ (t)

( ‖Rt (x) − Rt (y)‖ + ‖x − y‖ )
≤ γ (t)

( ‖x − λ(t)Vt (x) − y + λ(t)Vt (y)‖ + ‖x − y‖ )
≤ γ (t)(2 + λ(t)L(t)) ‖x − y‖ .

where L(t) = 1
η

+ ε(t) + β(t)
μ

.

As λ, ε, β : R≥0 → R>0 are continuous on each interval [0, b], where 0 < b < ∞,
we get

L f : R≥0 → R≥0, L f (t) = γ (t)(2 + λ(t)L(t)),
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which is clearly a locally function. This verifies condition ( f 3). It remains to establish
condition ( f 4). From the continuity of λ, ε, β, there exist λmin, εmin, βmin, such that

0 < λmin < λ(t), 0 < εmin < ε(t) and 0 < βmin < β(t), ∀t ∈ [0, b].

Hence, we have for all t ∈ [0, b], using the triangle inequality, nonexpansiveness of
Jt and eq. (2), we obtain

‖ f (t, x)‖ ≤ γ (t) ‖Tt (x) − x‖ ≤ γ (t)
( ‖Tt (x)‖ + ‖x‖ )

≤ γ (t)
(‖x‖ + ∥∥Jλ(t)A(x − λminVεmin,βmin(x))

∥∥)
+ γ (t)

∥∥Jλ(t)A(x − λ(t)Vε(t),β(t)(x)) − Jλ(t)A(x − λminVεmin,βmin(x))
∥∥

≤ γ (t) ‖x‖ + γ (t)
∥∥Jλ(t)A(x − λminVεmin,βmin(x))

∥∥
+ γ (t)‖x − λ(t)Vε(t),β(t)(x) − x + λminVεmin,βmin(x)‖

≤ γ (t) ‖x‖ + γ (t)
∥∥JλminA(x − λminVεmin,βmin(x))

∥∥
+ γ (t)(λ(t) − λmin)

∥∥Aλmin(x − λminVεmin,βmin(x))
∥∥

+ γ (t)(λ(t) − λmin) ‖D(x)‖ + γ (t)(λ(t)ε(t) − λminεmin) ‖x‖
+ γ (t)(λ(t)β(t) − λminβmin) ‖B(x)‖ .

Property ( f 4) follows by integrating. ��

3.1.2 Strong Convergence of the Trajectories to the Least-Norm Solution of (P)

Our asymptotic analysis of the FB-dynamical system (18) relies on Lyapunov tech-
niques, building on the following technical result.

Lemma 12 Let Assumptions 1 and 3 be in place. Furthermore, we impose the condi-
tions

λ(t) <
η

1 + ηε(t)
and λ(t) <

μ

με(t) + β(t)
∀t ≥ 0. (21)

Then, we have

2〈ẋ(t), x(t) − x̄(t)〉 ≤ γ (t)λ(t)ε(t)(λ(t)ε(t) − 2) ‖x(t) − x̄(t)‖2 .

Proof Recall, that (18) can be written as ẋ(t) = γ (t)(Tt (x) − x), with Tt (x) = x ⇔
x ∈ zer(�t ). With this remark in mind, and using the definition of the dynamics, we
observe that

2〈ẋ(t), x(t) − x̄(t)〉 = ‖ẋ(t) + x(t) − x̄(t)‖2 − ‖ẋ(t)‖2 − ‖x(t) − x̄(t)‖2
= ‖γ (t)(Tt (x(t)) − x̄(t)) + (1 − γ (t))(x(t) − x̄(t))‖2 − ‖ẋ(t)‖2 − ‖x(t) − x̄(t)‖2
= γ (t) ‖Tt (x(t)) − x̄(t)‖2 + (1 − γ (t)) ‖x(t) − x̄(t)‖2

− γ (t)(1 − γ (t)) ‖Tt (x(t)) − x(t)‖2 ;− ‖ẋ(t)‖2 − ‖x(t) − x̄(t)‖2
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where the last equality uses (4). On the other hand,

‖(IdH −λ(t)Vt )(x) − (IdH −λ(t)Vt )(y)‖2
= ‖(1 − λ(t)ε(t))(x − y) − λ(t) (D(x) − D(y) + β(t)(B(x) − B(y)))‖2
= (1 − λ(t)ε(t))2 ‖x − y‖2

− 2λ(t)(1 − λ(t)ε(t))〈x − y,D(x) − D(y) − β(t)(B(x) − B(y))〉
+ λ2(t) ‖D(x) − D(y) + β(t)(B(x) − B(y)‖2

Since D and B are cocoercive, we have 〈x − y,D(x) −D(y)〉 ≥ η ‖D(x) − D(y)‖2
and 〈x − y, B(x) − B(y)〉 ≥ μ ‖B(x) − B(y)‖2 . Moreover

‖D(x) − D(y) + β(t)(B(x) − B(y))‖2 ≤ 2 ‖D(x) − D(y)‖2+2β(t)2 ‖B(x) − B(y)‖2 ,

so that we obtain

‖(IdH −λ(t)Vt )(x) − (IdH −λ(t)Vt )(y)‖2
≤ (1 − λ(t)ε(t))2 ‖x − y‖2 + 2λ(t)(λ(t) − η(1 − λ(t)ε(t))) ‖D(x) − D(y)‖2

+ 2λ(t)β(t)(λ(t)β(t) − μ(1 − λ(t)ε(t))) ‖B(x) − B(y)‖2 .

Thanks to (21), we remain with

‖(IdH −λ(t)Vt )(x) − (IdH −λ(t)Vt )(y)‖2 ≤ (1 − λ(t)ε(t))2 ‖x − y‖2 ∀t ≥ 0.

Therefore, using the non-expansiveness of the resolvent, we can continue the previous
estimate to obtain

2〈ẋ(t), x(t) − x̄(t)〉 = γ (t) ‖Tt (x(t)) − Tt (x̄(t))‖2 + (1 − γ (t)) ‖x(t) − x̄(t)‖2
− γ (t)(1 − γ (t)) ‖Tt (x(t)) − x(t)‖2 − ‖ẋ(t)‖2 − ‖x(t) − x̄(t)‖2

≤ γ (t)λ(t)ε(t)(λ(t)ε(t) − 2) ‖x(t) − x̄(t)‖2 .

��
The next assumption strengthens the condition spelled out in Lemma 12, andmakes

sure that both inequalities formulated in eq. (21) are satisfied.

Assumption 4 The function λ : R≥0 → R>0 is continuous, with

λ(t) <
1

1/η + ε(t) + β(t)/μ
∀t ≥ 0.

Theorem 13 Let t �→ x(t) be the strong solution of (FB). Let Assumptions 1-4 be in
place. Moreover, consider the following scaling relations:

lim
t→∞

ε̇(t)

γ (t)λ(t)ε2(t)
= 0, (22)
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lim
t→∞

β̇(t)

γ (t)λ(t)ε2(t)
= 0, and (23)

∫ ∞

0
γ (t)λ(t)ε(t)(2 − λ(t)ε(t)) dt = ∞. (24)

Then, x(t) → �zer(A+D+NC)(0) as t → ∞.

Proof Set θ(t) � 1
2 ‖x(t) − x̄(t)‖2. We then have

θ̇ (t) = 〈x(t) − x̄(t), ẋ(t) − d

dt
x̄(t)〉

= 〈x(t) − x̄(t), ẋ(t)〉 − 〈x(t) − x̄(t),
d

dt
x̄(t)〉

≤ 〈x(t) − x̄(t), ẋ(t)〉 + ‖x(t) − x̄(t)‖ ·
∥∥∥∥ d

dt
x̄(t)

∥∥∥∥ .

Setting δ(t) � −γ (t)λ(t)ε(t)( λ(t)ε(t)
2 −1) and�(t, 0) �

∫ t
0 δ(s) ds, Lemma 12 gives

θ̇ (t) ≤ −2δ(t)θ(t) + ‖x(t) − x̄(t)‖ ·
∥∥∥∥ d

dt
x̄(t)

∥∥∥∥ .

Following Lemma 9, we can bound the second addendum to get

θ̇ (t) ≤ −2δ(t)θ(t) + √
2θ(t)

(
β̇(t)

ε(t)
‖B(x̄(t))‖ + |ε̇(t)|

ε(t)
‖x̄(t)‖

)
.

By putting ϕ(t) �
√
2θ(t), we thus finally arrive at the inequality

ϕ̇(t) ≤ −δ(t)ϕ(t) + w(t), (25)

where (recall that ε̇(t) ≤ 0)

w(t) � β̇(t)

ε(t)
‖B(x̄(t))‖ − ε̇(t)

ε(t)
‖x̄(t)‖ . (26)

Introducing the integration factor exp(−�(t, 0)), we thus obtain

ϕ(t) ≤ ϕ(0) exp(−�(t, 0)) + exp(−�(t, t0))
∫ t

0
w(s) exp(�(s, t0)) ds.

If the integral on the right-hand side is bounded, we are done. Else, apply l’Hôspital’s
rule, the definition of δ(t), and conditions (22) and (23), to get
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lim
t→∞ exp(−�(t, 0))

∫ t

0
w(s) exp(�(s, 0)) ds = lim

t→∞
w(t) exp(�(t, 0))

δ(t) exp(�(t, 0))

= lim
t→∞

ε̇(t)

δ(t)ε(t)

(
β̇(t)

ε̇(t)
‖B(x̄(t))‖ − ‖x̄(t)‖

)
= 0.

This shows that limt→∞ ‖x(t) − x̄(t)‖ = 0. Since

∥∥x(t) − �zer(A+D+NC)(0)
∥∥ ≤ ‖x(t) − x̄(t)‖ + ∥∥x̄(t) − �zer(A+D+NC)(0)

∥∥ ,

the strong convergence claim follows from Corollary 7. ��
Remark 2 Since ε(t) → 0 and β(t) → ∞ as t → ∞, the hypothesis (21) implies that
limt→∞ λ(t) = 0, as well as lim supt→∞ λ(t)β(t) ≤ μ. We also see that λ(t) < η for
all t ≥ 0. Hence, the rate of the decay of the step size must be on par with the rate of
divergence of the penalty parameter.

Remark 3 The assumptions formulated inTheorem13 can be satisfied by the following
set of functions: γ (t) = cos(1/t), λ(t) = λ

β(t)+λε(t) , where λ < cmin{μ, η} for some

c ∈ (0, 1) (recommended to be close to 1), as well as ε(t) = (t + b)−r and β(t) =
(t + b)s for b ≥ 1 and 0 < r < s. Then, δ(t) = O(

ε2(t)
β2(t)

) = O(
(t + b)−2(r+s)

)
, and

consequently we need to impose the restriction s + r < 1
2 to ensure that δ /∈ L1(R+).

Additionally, we compute ε̇(t)
γ (t)λ(t)ε2(t)

= O(
(t + b)r+s−1

)
. This yields r + s < 1.

Finally, we have β̇(t)
γ (t)λ(t)ε2(t)

= O(
(t + b)2(r+s)−1

)
, and to make this a bounded

sequence, we have the restriction r + s < 1
2 . These conditions together span a region

of feasible parameters (r , s) which is nonempty.

3.2 Penalty Regulated Forward-Backward-Forward Dynamics

A critical assumption underlying the forward-backward dynamical system (FB) is the
cocoercivity (inverse strong monotonicity) of the single-valued operators D and B.
Cocoercivity is guaranteed to hold when the monotone inclusion problem (P) mod-
els optimality conditions for constrained convex optimization problems. However,
it generically fails in structured monotone splitting problems arising from primal-
dual optimality conditions derived from the Fenchel-Rockafellar theorem. Section 5
describes a very general class of splittings illustrating this claim. Motivated by this
observation, this section derives a new dynamical system formulation exhibiting mul-
tiscale aspects, respecting Tikhonov regularization and penalization. Specifically, the
class of dynamical systems we are investigating in this section builds on [24], and
extends it to the constrained setting.

We consider the following first-order dynamical system

p(t) = Jλ(t)A(x(t) − λ(t)Vt (x(t)),

ẋ(t) = p(t) − x(t) + λ(t)[Vt (x(t)) − Vt (p(t))]
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To obtain a simpler expression of this dynamics, we define the reflection Rt (x) �
x − λ(t)Vt (x), and the vector field f (t, x) : R≥0 × H → H given by

f (t, x) �
(
Rt ◦ Jλ(t)A ◦Rt

)
(x) − Rt (x) (27)

The first-order dynamical system (FBF) is then exactly of the form (D). To prove exis-
tence and uniqueness of strong global solutions, we can use the same arguments as in
Section 5.1 of [24], based on the Cauchy-Lipschitz theorem for absolutely continuous
trajectories. We therefore omit these straightforward derivations.

Remark 4 A discrete-time formulation of the FBF dynamical system can be given
along the same lines as in Remark 1. Adopting the notation used there, let πδ = {0 <

t1 < t2 < . . . < tnδ = T } be a partition of [0, T ]; let hδ
k � tδk+1 − tδk , and let δ be

the mesh size given by δ � max{hδ
k : 0 ≤ k ≤ nδ − 1}. We define a pair process

(Pδ
k , X δ

k)k∈{0,1,...,nδ−1} recursively by

Pδ
k = Jλδ

kA
(X δ

k − λδ
kVk(X

δ
k)),

X δ
k+1 = Pδ

k + λδ
k(Vk(X

δ
k) − Vk(P

δ
k )).

This is just a dynamic version of Tseng’s modified extragradient method, augmented
with penalty terms (as studied in [16]), together with a Tikhonov term (a new ingre-
dient).

3.2.1 Strong Convergence of the Trajectories to the Least-Norm Solution

This section contains the necessary Lyapunov analysis for understanding the long-run
behavior of trajectories issued by (FBF). We begin with some technical lemmata.

Lemma 14 For almost all t ∈ R≥0, we obtain

0 ≤ −‖x(t) − p(t)‖2 + ‖x(t) − x̄(t)‖2 − (1 + 2λ(t)ε(t)) ‖p(t) − x̄(t)‖2

+ 2λ(t)
〈
Vt (p(t)) − Vt (x(t)), p(t) − x̄(t)

〉

Proof From the definition of the process t �→ p(t), we deduce

(IdH +λ(t)A)p(t) � x(t) − λ(t)Vt (x(t)),

it follows,

�t (p(t)) = A(p(t)) + V (t, p(t)) � x(t) − p(t)

λ(t)
− Vt (x(t)) + Vt (p(t)) = − ẋ(t)

λ(t)
.

Recall that �t ≡ �ε(t),β(t) is ε(t)-strongly monotone, so that {x̄(t)} = zer(�t ).
Consequently,

〈
− ẋ(t)

λ(t)
− 0, p(t) − x̄(t)

〉
≥ ε(t) ‖p(t) − x̄(t)‖2 . (28)
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Using these properties, we obtain

2λ(t)ε(t) ‖p(t) − x̄(t)‖2 ≤ 2〈x(t) − p(t), p(t) − x̄(t)〉 (29)

+ 2λ(t)
〈
Vt (p(t)) − Vt (x(t)), p(t) − x̄(t)

〉

= −‖x(t) − p(t)‖2 + ‖x(t) − x̄(t)‖2 − ‖p(t) − x̄(t)‖2

+ 2λ(t)
〈
Vt (p(t)) − Vt (x(t)), p(t) − x̄(t)

〉
,

which completes the proof. ��
Lemma 15 Let t �→ x(t) be the strong global solution of (FBF). Then

〈x(t) − x̄(t), ẋ(t)〉 ≤ (λ(t)L(t) − 1) ‖x(t) − p(t)‖2 − λ(t)ε(t) ‖p(t) − x̄(t)‖2

for almost all t ≥ 0.

Proof For almost all t ≥ 0, we have

2〈x(t) − x̄(t), ẋ(t)〉 = 2〈x(t) − x̄(t), p(t) − x(t)〉
+ 2

〈
x(t) − x̄(t), λ(t)[Vt (x(t)) − Vt (p(t))]

〉

= ‖x̄(t) − p(t)‖2 − ‖x̄(t) − x(t)‖2 − ‖x(t) − p(t)‖2

+ 2λ(t)
〈
x(t) − x̄(t), Vt (x(t)) − Vt (p(t))

〉

combining with Lemma 14, we get

‖x̄(t) − p(t)‖2 − ‖x̄(t) − x(t)‖2 ≤ −‖x(t) − p(t)‖2 − 2λ(t)ε(t)‖p(t) − x̄(t)‖2

+ 2λ(t)
〈
Vt (p(t)) − Vt (x(t)), p(t) − x̄(t)

〉

then,

2〈x(t) − x̄(t), ẋ(t)〉 ≤ −2‖x(t) − p(t)‖2 − 2λ(t)ε(t)‖p(t) − x̄(t)‖2

+ 2λ(t)
〈
Vt (p(t)) − Vt (x(t)), p(t) − x̄(t)

〉

+ 2λ(t)
〈
x(t) − x̄(t), Vt (x(t)) − Vt (p(t))

〉

= −2‖x(t) − p(t)‖2 − 2λ(t)ε(t)‖p(t) − x̄(t)‖2

+ 2λ(t)
〈
x(t) − p(t), Vt (x(t)) − Vt (p(t))

〉

≤ −2‖x(t) − p(t)‖2 − 2λ(t)ε(t)‖p(t) − x̄(t)‖2
+ 2λ(t)‖x(t) − p(t)‖ · ‖Vt (x(t)) − Vt (p(t))‖

≤ −2‖x(t) − p(t)‖2 − 2λ(t)ε(t)‖p(t) − x̄(t)‖2
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+ 2λ(t)L(t)‖x(t) − p(t)‖2
≤ −2(1 − λ(t)L(t))‖x(t) − p(t)‖2 − 2λ(t)ε(t)‖p(t) − x̄(t)‖2

the proof is completed. ��
Theorem 16 Let t �→ x(t) be the strong global solution of (FBF). Let Assumptions
1-4 be in place. Furthermore, we impose the following conditions:

(i) lim
t→∞

∫ t
0 δ(s) ds = ∞, where δ(t) = 1−λ(t)L(t)

a2(t)
, and

a(t) � 2 + 1

λ(t)ε(t)
+ 1

ηε(t)
+ β(t)

με(t)
. (30)

(ii) limt→∞ ε̇(t)
ε(t)δ(t) = 0 and limt→∞ β̇(t)

ε(t)δ(t) = 0.

Then x(t) → �A+D+NC (0) as t → +∞.

Proof Define θ(t) = 1
2‖x(t) − x̄(t)‖2 where t ≥ 0. From x̄(t) = x̄(ε(t), β(t)), we

have

θ̇ (t) =
〈
x(t) − x̄(t), ẋ(t) − d

dt
x̄(t)

〉
,

where
d

dt
x̄(t) = ∂

∂ε
x̄(ε(t), β(t))ε̇(t) + ∂

∂β
x̄(ε(t), β(t))β̇(t)

combining (14) with Lemma 15, we get

θ̇ =
〈
x(t) − x̄(t), ẋ(t) − ∂

∂ε
x̄(ε(t), β(t))ε̇(t) − ∂

∂β
x̄(ε(t), β(t))β̇(t)

〉

= 〈x(t) − x̄(t), ẋ(t)〉 − ε̇(t)
〈
x(t) − x̄(t),

∂

∂ε
x̄(ε(t), β(t))

〉

− β̇(t)
〈
x(t) − x̄(t),

∂

∂β
x̄(ε(t), β(t))

〉

≤ −(1 − λ(t)L(t))‖x(t) − p(t)‖2 − ε(t)λ(t)‖p(t) − x̄(t)‖2

− ε̇(t)
〈
x(t) − x̄(t),

∂

∂ε
x̄(ε(t), β(t))

〉
− β̇(t)

〈
x(t) − x̄(t),

∂

∂β
x̄(ε(t), β(t))

〉
(31)

Since �t = A + Vt is ε(t)-strongly monotone, (28) shows that

λ(t)ε(t)‖p(t) − x̄(t)‖2 ≤ 〈x(t) − p(t) + λ(t)[Vt (p(t)) − Vt (x(t))], p(t) − x̄(t)〉,

Using Cauchy-Schwarz, and the L(t)-Lipschitz continuity of Vt , we obtain

‖p(t) − x̄(t)‖ ≤
(

1

λ(t)ε(t)
+ 1 + 1

ηε(t)
+ β(t)

με(t)

)
‖x(t) − p(t)‖.
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It follows that

‖x(t) − x̄(t)‖ ≤ ‖x(t) − p(t)‖ + ‖p(t) − x̄(t)‖
≤ (

2 + 1

λ(t)ε(t)
+ 1

ηε(t)
+ β(t)

με(t)

)‖x(t) − p(t)‖ = a(t)‖x(t) − p(t)‖.

For almost all t ≥ 0, we thus get

− ‖x(t) − p(t)‖2 ≤ − 1

a2(t)
‖x(t) − x̄(t)‖2. (32)

Defining ϕ �
√
2θ , we obtain

θ̇ (t) = ϕ̇(t)ϕ(t) ≤ −1 − λ(t)L(t)

a2(t)
‖x(t) − x̄(t)‖2

− ε̇(t)‖x(t) − x̄(t)‖ · ‖ ∂

∂ε
x̄(ε(t), β(t))‖ + β̇(t)‖x(t) − x̄(t)‖ · ‖ ∂

∂β
x̄(ε(t), β(t))‖

≤ −1 − λ(t)L(t)

a2(t)
ϕ(t)2 − ε̇(t)ϕ(t)

‖x̄(ε(t), β(t))‖
ε(t)

+ β̇(t)

ε(t)
ϕ(t)‖B(x̄(ε(t), β(t)))‖.

We define δ(t) � 1−λ(t)L(t)
a2(t)

, and the integrating factor �(t) �
∫ t
0 δ(s)ds. Upon using

the simplified notation x̄(t) ≡ x̄(ε(t), β(t)), we then continue from the previous
display with

d

dt

(
ϕ(t) exp(�(t))

) ≤ − ε̇(t)

ε(t)
exp(�(t))

(‖x̄(t)‖ − β̇(t)

ε̇(t)
‖Bx̄(t)‖)

We set w(t) � ‖x̄(t)‖ − β̇(t)
ε̇(t) ‖B(x̄(t))‖, and subsequently integrate both sides in the

previous display from 0 to t , to conclude with

0 ≤ ϕ(t) ≤ exp(−�(t))

[
ϕ(0) −

∫ t

0

(
exp(�(s))

ε̇(s)

ε(s)
w(s)

)
ds

]
(33)

If t �→ ∫ t
0 exp(�(s)) ε̇(s)

ε(s)w(s)ds happens to be bounded, then we immediately obtain
from hypothesis (i) that ϕ(t) → 0. Otherwise, we apply l’Hôpital’s rule to get

lim
t→∞ exp(−�(t))

∫ t

0
exp(�(s))

ε̇(s)

ε(s)
w(s)ds = lim

t→∞
exp(�(t)) ε̇(t)

ε(t)w(t)

δ(t) exp(�(t))
= lim

t→∞

ε̇(t)
ε(t)w(t)

δ(t)

Additionally, we know from the proof of Proposition 4 that both t �→ ‖B(x̄(t))‖
and t �→ ‖x̄(t)‖ are both bounded. Furthermore, since ε̇(t) ≤ 0 by Assump-
tion 2, we observe that w(t) ≥ 0. Using conditions (a) and (b), we deduce
that ϕ(t) → 0 and therefore ‖x(t) − x̄(t)‖ → 0. By the triangle inequality∥∥x(t) − �zer(�)(0)

∥∥ ≤ ‖x(t) − x̄(t)‖ + ∥∥x̄(t) − �zer(�)(0)
∥∥. Using Corollary 7, we

conclude x(t) → �zer(�)(0) as t → +∞. ��
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Remark 5 We give some concrete specifications for functions ε(t), λ(t) and β(t) sat-
isfying all conditions for Theorem 16 to hold. Writing Assumption 4 in dynamical
terms, we obtain the condition λ(t)L(t) < 1. We claim that

lim inf
t→∞ (1 − λ(t)L(t)) = 1 − lim sup

t→∞
λ(t)L(t) > 0.

Indeed, using the definition of the Lipschitz constant L(t) in (13), we obtain

λ(t)L(t) = (1/η + ε(t))λ(t) + λ(t)β(t)/μ,

so that lim supt→∞ λ(t)L(t) < 1. Additionally,

a(t) = 2 + 1

ε(t)

(
1

λ(t)
+ 1

η
+ β(t)

μ

)
= λ(t)(ε(t) + L(t)) + 1

λ(t)ε(t)

= L(t)

ε(t)
(1 + ε(t)

L(t)
+ 1

L(t)λ(t)
) = O(β(t)/ε(t))

using that L(t) = O(β(t)). This in turn implies δ(t) = 1−λ(t)L(t)
a2(t)

= O(
ε2(t)
β2(t)

).

Hence, limt→∞ δ(t) = 0, and for obtaining δ /∈ L1(R≥0) it suffices to guarantee that∫ ∞
0

ε2(t)
β2(t)

dt = ∞. Then,

ε̇(t)

ε(t)δ(t)
= ε̇(t)L2(t)

ε3(t)

(1 + ε(t)
L(t) + 1

L(t)λ(t) )
2

1 − λ(t)L(t)
= ε̇(t)β2(t)

ε3(t)
O(1).

It therefore suffices to have lim
t→∞

ε̇(t)β2(t)
ε3(t)

= 0. By a similar argument, it is easy to see

that β̇(t)
ε(t)δ(t) = β̇(t)β(t)2

ε(t)3
O(1). Therefore, it suffices to ensure that β̇(t)β(t)2

ε(t)3
is bounded.

Finding such functions is not too difficult.
Assume ε(t) = (t + b)−r , β(t) = (t + b)s , where s, b > 0 and r is chosen such

that r + s > 0 and r < s. Then ε2(t)
β2(t)

= (t + b)−2(r+s), and consequently we need

to impose the restriction s + r < 1
2 to ensure that δ /∈ L1(R+). Additionally, we

compute ε̇(t)β(t)2

ε(t)3
= −r(t + b)2(r+s)−1. This yields the same restriction r + s < 1

2 .

Finally, β̇(t)β(t)2

ε3(t)
= s(t + b)3(r+s)−1, and to make this a bounded sequence, we need

to impose the condition s+r < 1
3 . These conditions together span a region of feasible

parameters (r , s) which is nonempty. ♦

4 Multiscale Forward-Backward Dynamics

In this section we extend the forward-backward penalty dynamics to the challenging
case in which the feasible set C can be represented as the set of joint minimizers of two
penalty terms. This structural assumption can bemotivated by decompositionmethods
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in optimization and optimal control, in which different structural properties of the
feasible set can be incorporated via different penalty functions. To make this concrete,
we refine the general problem formulation (P) by assuming that the constrained domain
C is of the form

C = C1 ∩ C2,
with C1, C2 closed convex and nonempty sets. This geometry could represent conic
domains intersected with an affine subspace, leading to a very generic class of vari-
ational problems. To be consistent with our penalty formulation, we impose the
following structural assumption on the geometry.

Assumption 5 The constrained domain C ⊂ H admits the representation

C = argmin�1 ∩ argmin�2, (34)

with convex potentials �1, �2 : H → (−∞,∞) satisfying

1. �1 : H → R is convex and L�1 -smooth;
2. �2 : H → R ∪ {+∞} is proper, lower semicontinuous and convex with subdif-

ferential ∂�2;
3. �1 + �2 : H → R ∪ {+∞} is coercive;
4. The operator A + ∂�2 : H → 2H is maximally monotone.

To align the notation with the previously studied penalty dynamics, we set B1 �
∇�1 and B2 � ∂�2. Note that B1 is 1

L�1
-co-coercive and monotone, and B2 is max-

imally monotone. Since our penalization framework only uses information on the
gradient and subgradients of the penalty potentials, we can assume without loss of
generality that argmin�i = �−1

i (0) for i ∈ {1, 2}. If this is not originally the case,
we can always re-shift the graph of the function so that the problem formulation
remains the same. To solve the constrained variational inequality (P) within this more
structured setup, we propose a forward-backward based dynamical system via a full
splitting of the resulting problem. Given positive functions λ(t), β(t), ε(t), we assume
that the time-varying operator

At (x) � A(x) + β(t)B2(x) (35)

has an easy-to-compute resolvent mapping Jλ(t)At = (IdH +λ(t)At )
−1. This evalua-

tion condition is themain reasonwhywe assume thatA+∂�2 is maximallymonotone.
We further assume that the resolvent is everywhere single-valued and nonexpansive.
Proceeding then in the spirit of the dynamical system (FB), we design a vector field
which exploits a full splitting of the operators involved by moving all single-valued
operators into the backward step and all set-valued information into the forward step.
Hence, we arrive at the following first-order dynamical system

ẋ(t) + x(t) = Jλ(t)At (x(t) − λ(t)Vt (x(t))) (SFBP)

where
Vt (x) � D(x) + ε(t)x + β(t)B1(x). (36)

123



Applied Mathematics & Optimization            (2026) 93:36 Page 27 of 45    36 

With the introduction of the time-varying operators At and Vt , we achieve a full
splitting of the penalized auxiliary problems of the form (5). This is done on purpose
to reduce computational costs in the implementation of the dynamics. To the best of
our knowledge, the first full splitting dynamics of this kind has been studied in [30]
in the potential case and without Tikhonov regularization. We extend their analysis to
the monotone operator case and add Tikhonov regularization on top of the operators
to induce strong convergence. Moreover, the dynamical system (SFBP) contains the
penalty-regulated forward-backward dynamical system (FB) by setting B2 = 0.

We shall prove the convergence of the trajectories associated with (SFBP) under
the Attouch-Czarnecki condition [5, 8]:

Assumption 6 (Attouch-Czarnecki condition)

(∀ξ ∈ ran(NC)) :
∫ ∞

0
λ(t)β(t)

[
(�1 + �2)

∗( ξ

β(t)
) − σC(

ξ

β(t)
)

]
dt < ∞. (37)

This condition involves the Fenchel conjugate of the convex function �1 + �2,
defined as

(�1 + �2)
∗(y) � sup

x∈H
{〈y, x〉 − (�1(x) + �2(x))}

The integrability criterion (37) has been exploited heavily in the analysis of penalty
regulated dynamical systems. Early references include [6, 16, 17, 38], among many
others. It is implied by anHölderian growth condition of the combined penalty function
� = �1 + �2. A proper convex and lower semi-continuous function f : R

d →
R ∪ {+∞} with argmin( f ) �= ∅ is said to satisfy a Hölderian growth condition with
exponent ρ ∈ (1, 2] if for some τ > 0 we have

τ

ρ
dist(x, argmin f )ρ ≤ f (x) − min f ∀x ∈ R

d .

Assuming that � satisfies a Hölderian growth condition around argmin� = C, we
have

0 ≤ �∗(z) − σC(z) ≤ τ 1−ρ∗ 1

ρ∗ ‖z‖ρ∗ ∀z ∈ R
d ,

where ρ∗ is he dual conjugate exponent given by 1
ρ
+ 1

ρ∗ = 1. Therefore, the Hölderian
growth condition implies (37) whenever β(t) is a function satisfying the integrability
condition

∫ ∞

0
τ 1−ρ∗ ‖p/β(r)‖ρ∗

dt = ‖p‖ρ∗
τ 1−ρ∗

∫ ∞

0
λ(t)β(t)1−ρ∗

dt < ∞.

In the important case where �(z) = 1
2 distC(z)2, then �∗(z) − σC(z) = 1

2 ‖z‖2, and
thus the integrability condition (37) simplifies to

∫ ∞
0

λ(t)
β(t) dt < ∞.
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GeneralWeak Convergence Analysis

The asymptotic behavior of the multi-penalty system turned out to be more complex.
However, we can establish the weak ergodic convergence of the trajectories, following
the arguments in [5, 6]. The proof of the following result can be found in Appendix
A.

Theorem 17 Let ε, λ : R≥0 → R>0 be absolutely continuous functions in L2(R>0) \
L1(R>0), and such that limt→∞ ε(t) = limt→∞ λ(t) = 0 and limt→∞ λ(t)

ε(t) = ∞.
Suppose, moreover, that lim inf t→∞ λ(t)β(t) > 0 and, for every ξ ∈ ran(NC), we
have ∫ ∞

0
λ(t)β(t)

[
(�1 + �2)

∗( ξ

β(t)
) − σC(

ξ

β(t)
)

]
dt < ∞.

Then,
lim
t→∞ ‖B1(x(t))‖ = lim

t→∞(�1 + �2)(x(t) + ẋ(t)) = 0.

Define the ergodic trajectory

x̄(T ) �
∫ T
0 λ(s)x(s) ds∫ T

0 λ(s) ds
(T > 0).

Then, x̄(t) converges weakly, as t → ∞, to a point in zer(A + D + NC).

Remark 6 Assume that the function � � �1 +�2 are boundedly inf-compact, which
means that every set of the form

{x ∈ H| ‖x‖ ≤ R ∧ (�1 + �2)(x) ≤ M},

with R ≥ 0 and M ∈ R, is relatively compact. Under the assumptions of Theorem 17,
since limt→∞(�1 + �2)(x(t)) = 0, the convergence of {x(t)} to zer(A + D + NC)

must be strong. ♦

5 Applications

In this section we describe some prototypical applications of our splitting framework.

5.1 Sparse Optimal Control of Linear Systems

Given y0 ∈ R
n and matrix-valued functions A : [0, T ] → R

n×n, B : [0, T ] → R
n×m

as well as a vector-valued function c : [0, T ] → R
n , consider the control system

ẏ(t) = Ay(t) + B(t)u(t) + c(t) y(0) = y0. (38)

The process u ∈ L∞(0, T ; R
m) is an open-loop control. We assume that A, B and c

are bounded and sufficiently regular, so that the u ∈ L∞(0, T ; R
m), and the system has
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a absolutely continuous solution, denoted by Yu,y0• : [0, T ] → R
n . We are interested

in solving the optimal control problem

min{1
2

∥∥Yu,y0• − ȳ(•)
∥∥2
L2(0,T ;Rn)

+ α1 ‖u‖2L2(0,T ;Rm )
+ α2 ‖u‖L1(0,T ;Rm )} (39)

where the minimum is taken over the set of admissible controls

U := {u ∈ L∞(0, T ; R
m)|u(•) is measurable and ‖u(t)‖∞ ≤ 1 a.e. t ∈ [0, T ]}

Let P : [0, T ] → R
n×n denote the resolvent of the matrix equation Ẋ = AX ,

X(0) = IdRn satisfying P(t) = exp(t A). Then

Y y0,u
t = P(t)y0 + P(t)

∫ t

0
P(s)−1[B(s)u(s) + c(s)] ds

satisfies
d

dt
Y y0,u
t = AY y0,u

t , Y y0,u
0 = y0.

This in turn is equivalent to
S(u, y) + z0 = 0,

where

S(u, y)(t) � −y(t) + P(t)
∫ t

0
P(s)−1B(s)u(s) ds, and

z0(t) � P(t)y0 + P(t)
∫ t

0
P(s)−1c(s) ds

Set H � L2(0, T ; R
m) × L2(0, T ; R

n). S is a bounded linear operator from H to
L2(0, T ; R

n), and consequently the function �1 : H → R defined by

�1(u, y) � 1

2
‖S(u, y) + z0‖2L2(0,T ;Rn)

is convex and continuously differentiable. Next, define �2(u, y) = δU (u) to obtain a
convex, proper and lower semi-continuous function. Moreover, (u, y) ∈ H solves the
control system if and only if (u, y) ∈ argmin(�1 + �2). With this notation,

J1(u, y) � 1

2
‖y − ȳ‖2L2(0,T ;Rn)

+ α2 ‖u‖2L2(0,T ;Rm )
,

J2(u, y) � α1 ‖u‖L1(0,T ;Rm )

so that the optimal control problem becomes

min{J1(u, y) + J2(u, y) : (u, y) ∈ argmin(�1 + �2)}
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With D � ∇ J1 and A � ∂ J2, so that C = argmin(�1 +�2), we arrive at a constrained
variational inequality problem of the form (P).

5.2 Monotone Inclusions Involving Compositions with Linear Continuous
Operators

We next show how our method can be applied to solve monotone inclusion problems
involving compositions of operators, as proposed by [21, 28] Let H and G be real
Hilbert spaces. We introduce operators A1 : H → 2H and A2 : G → 2G which we
assume to be maximally monotone. Additionally, we let L : H → G represent a linear
continuous operator. Lastly, we consider D : H → H monotone and and 1

η
-Lipschitz

continuous operator with η > 0, and a monotone operator B : H → H a monotone
and 1

μ
-Lipschitz continuous operator with μ > 0 satisfying C = zer(B) �= ∅. The

monotone inclusion problem to solve is

0 ∈ A1(x) + L∗ ◦ A2 ◦ Lx + D(x) + NC(x). (40)

This splitting gains relevance in the generic convex optimization model

min
x∈C

{ f (x) + h(x) + g(Lx)}

where f ∈ �0(H), g ∈ �0(G), K : H → G is a bounded linear operator and
h ∈ C1,1

Lh
(H; R). Via the classical Fenchel-Rockafellar duality, we can transform this

problem into the constrained saddle point problem

min
x∈C

max
y

{ f (x) + h(x) + 〈Lx, y〉 − g∗(y)}

which amounts to solving the monotone inclusion problem consisting in finding a pair
(x∗, y∗) such that

0 ∈ ∂ f (x∗) + ∇h(x∗) + L∗y + NC(x∗)
0 ∈ Lx∗ − ∂g∗(y∗)

Since ∂g∗ = (∂g)−1, we can combine these two inclusions to a single one reading as

0 ∈ ∂ f (x∗) + ∇h(x∗) + L∗∂g(Lx∗) + NC(x∗).

We thus arrive at an instantiation of problem (40), by identifying A1 = ∂ f ,A2 =
∂g,D = ∇h.

We use the product space approach in order to show that the general problem (40)
can be formulated as the monotone inclusion problem (P). To this end, we consider
the product space H × G endowed with the inner product

〈(x, y), (x ′, y′)〉H×G = 〈x, x ′〉H + 〈y, y′〉G
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and corresponding norm. We define the operators

Ã(x, y) � A1(x) × A−1
2 (y), D̃(x, y) �

(
D(x) + L∗y

−Lx

)
, B̃(x, y) �

(
B(x)
0

)
,

and for C̃ � C × G = zer(B̃),

NC̃(x, v) = NC(x) × {0}.

One can easily show that if (x, v) ∈ zer(Ã+ D̃+NC̃), then x ∈ zer(A1+L∗A2L+D+
NC). Conversely, when x ∈ zer(A1 + L∗A2L +D+NC), then there exists v ∈ A2(Lx)
such that (x, v) ∈ zer(Ã+D̃+NC̃). Thus, determining the zeros of operator Ã+D̃+NC̃
will provide a solution for the monotone inclusion problem (40).

Ã is maximally monotone [12, Proposition 20.23], D̃ is monotone and η̃-Lipschitz
continuous, where η̃ =

√
2(1/η2 + ‖K‖2), and B̃ is monotone and (1/μ)-Lipschitz

continuous. We can thus directly use our dynamical system to determine zeros of
Ã + D̃ + NC̃ . We write the trajectory in terms of pairs t �→ (p(t), q(t)) and t �→
(x(t), y(t)) given by

p(t) = Jλ(t)A1(x(t) − λ(t)(D(x(t)) + ε(t)x(t) + L∗y(t) + β(t)B(x(t)))

q(t) = J
λ(t)A−1

2
(y(t) + λ(t)Lx(t) − λ(t)ε(t)y(t))

ẋ(t) = (1 − λ(t)ε(t))(p(t) − x(t))

+ λ(t)[D(x(t)) − D(p(t)) + β(t)(B(x(t)) − B(p(t))) + L∗(y(t) − q(t))]
ẏ(t) = (1 − λ(t)ε(t))(q(t) − y(t)) + λ(t)L(p(t) − x(t)).

Remark 7 Let us underline the fact that, even in the situation when B is cocoercive
and, hence, B̃ is cocoercive, the forward-backward penalty scheme studied in [17]
cannot be applied in this context, because the operator D̃ is definitely not cocoercive.
This is due to the presence of the skew operator (x, y) �→ (K ∗y, Kx) in its defini-
tion. This fact provides a goodmotivation for formulating, along the forward-backward
penalty scheme, a forward-backward-forward penalty scheme for the monotone inclu-
sion problem investigated in this paper.

5.2.1 Application to Linear Inverse Problems

Building on the primal-dual splitting approach of [18, 21], we consider a linear inverse
problemwith forward operator K : R

n → R
m which is the problem of finding θ ∈ R

n

that solves the linear system
K θ = b

Typically, this linear system is ill-posed, and therefore a regularization framework is
adopted. A popular formulation is to consider flattened gradient via an isotropic total
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variation regularization, which reads as the simple bilevel optimization problem

min
θ∈[0,1]n TV(θ) s.t.: θ ∈ S := argmin

θ ′∈Rn

{
1

2

∥∥K θ ′ − b
∥∥2} (41)

where the mapping TV : R
n → R is defined as

TV(θ) =
M−1∑
i=1

N−1∑
j=1

√
(θi+1, j − θi, j )2 + (θi, j+1 − θi, j )2 +

M−1∑
i=1

|θi+1,N − θi,N |

+
N−1∑
j=1

|θM, j+1 − θM, j |

and θi, j denotes the normalized value of the pixel located in the i-th row and the j-th
column, for i ∈ {1, . . . , M} and j ∈ {1, . . . , N }. Let H = R

n and Y = R
n × R

m .
Define the linear operator L : R

n → Y by θ �→ (L1θ, L2θ) ∈ Y defined coordinate-
wise by

L1θi, j =
{

θi+1, j − θi, j if i < M,

0 else.
, L2θi, j =

{
θi, j+1 − θi, j if i < N ,

0 else.

L represents a discretization of the gradient using Neumann boundary conditions. We
note that ‖L‖2 ≤ 8.

For (y, z), (u, v) ∈ Y , we introduce the inner product

〈(y, z), (u, v)〉 :=
M∑
i=1

N∑
j=1

(yi, j ui, j + zi, jvi, j ),

with the corresponding norm ‖(y, z)‖Y = √〈(y, z), (y, z)〉. It then follows TV(θ) =
‖Lθ‖Y . The dual norm to ‖·‖Y is defined as

‖(u, v)‖Y,∗ := sup
‖(u,v)‖Y≤1

〈(y, z), (u, v)〉.

Accordingly, we define the dual space Y∗, as the Euclidean space Y endowed with
the norm ‖·‖Y .

Define the function f (θ) = δ[0,1]n (θ) and g(u, v) = ‖(u, v)‖Y . It follows that (41)
is representable as

min
θ∈H

{ f (θ) + g(Lθ)} s.t.: θ ∈ S := argmin
θ ′∈H

{1
2

∥∥K θ ′ − b
∥∥2}.
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The Fenchel-Rockafellar dual approach gives us the saddle point bilevel problem

min
θ∈H

max
(u,v)∈Y∗{ f (θ)+〈Lθ, (u, v)〉−g∗(u, v)} s.t.: θ ∈ S := argmin

θ ′∈H
{1
2

∥∥K θ ′ − b
∥∥2}.
(42)

where
g∗(u, v) = δM (u, v), M = {(u, v) ∈ Y| ‖(u, v)‖Y,∗ ≤ 1}.

This yields the optimality conditions

0 ∈ ∂ f (θ̄) + L∗(ū, v̄) + NS(θ̄)

0 ∈ ∂g∗(ū, v̄) − L θ̄

Define C = S × Y , so that NC(θ, u, v) = NS(θ) × {0Y }, to obtain the monotone
inclusion

0 ∈ A(θ̄ , ū, v̄) + D(θ̄ , ū, v̄) + NC(θ, u, v).

whereD is the skew symmetric linear operatorD(θ, u, v) = [L∗(u, v),−Lθ ]. To solve
this problem with our penalty regularized dynamical system, we relax the variational
problem to arrive the unconstrained min-max optimization formulation

min
θ∈H

max
y∈Y

{ f (θ) + 〈Lθ, (u, v)〉 − g∗(u, v) + ε

2
‖θ‖2 − ε

2
‖(u, v)‖2Y + β�(θ, u, v)},

(43)
where �(θ, u, v) � 1

2 ‖K θ − b‖2. Define the monotone and co-coercive operator

B(θ, u, v) � ∇�(θ, u, v) = [K ∗(K θ − b); 0Y ] ∈ H × Y,

so that C = zer(B). We thus can approach the solution of our linear inverse problem
with the outer penalization scheme using the monotone operator

�ε,β(θ, u, v) = A(θ, u, v) + D(θ, u, v) + ε[θ, u, v] + βB(θ, u, v).

For the implementation of the algorithm, we use the formulas

Jλ∂ f = �[0,1]n , Jλ∂g∗ = �M ,

where �S : Y → M is defined componentwise as [21]

(ui, j , vi, j ) �→ (pi, j , qi, j )

max{1,
√
p2i, j + q2i, j }

∀1 ≤ i ≤ M, 1 ≤ j ≤ N .

Writing out the iterations of the FBF penalty system, we construct two absolutely
continuous functions p(t) = [θ̃ (t), ũ(t), ṽ(t)] and x(t) = [θ(t), u(t), v(t)] solving
the following system of ODEs

θ̃ (t) = �[0,1]n [θ(t) − λ(t)L∗(u(t), v(t)) − λ(t)ε(t)θ(t) − λ(t)β(t)K ∗(K θ(t) − b)],
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Fig. 1 The figure shows that original image, the blurred image, and the reconstructed image, as well as the
evolution of the ISNR for the penalty-regulated FBF dynamical system (FBF)

(
ũ(t)
ṽ(t)

)
= �M

[(
u(t)
v(t)

)
+ λ(t)

(
L1θ(t)
L2θ(t)

)
− λ(t)ε(t)

(
u(t)
v(t)

)]
,

θ̇ (t) + θ(t) = θ̃ (t) + λ(t)

[
L∗(u(t) − ũ(t), v(t) − ṽ(t))

+ ε(t)(θ(t) − θ̃ (t)) + β(t)K ∗K (θ(t) − θ̃ (t))

]
,

(
u̇(t)
v̇(t)

)
+

(
u(t)
v(t)

)
=

(
ũ(t)
ṽ(t)

)
− λ(t)

(
L1(θ(t) − θ̃ (t))
L2(θ(t) − θ̃ (t))

)
+ λ(t)ε(t)

(
u(t) − ũ(t)
v(t) − ṽ(t)

)
.

For the numerical experiments, we considered two different test images, discretised
on a grid of size 256×256, and constructed a blurred and noisy image by making first
use of a Gaussian blur operator of size 9 × 9 and standard deviation 4. Afterwards,
we’ve added a zero mean white Gaussian noise with standard deviation 10−3. The
obtained numerical results are illustrated in Figure 1 and 2.
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Fig. 2 The figure shows that original image, the blurred image, and the reconstructed image, as well as the
evolution of the ISNR for the penalty-regulated FBF dynamical system (FBF)

6 Conclusion

The asymptotic analysis of dynamical systems derived from operator splitting prob-
lems has been a very productive line of research over the past 20 years. In this paper
we develop a family of dynamical systems featuring Tikhonov regularization and
penalty effects. Tikhonov regularization induces strong convergence towards the min-
imum norm solution, whereas the penalty term steers the system to satisfy constraints
subjected to the variational problem we aim to solve. We prove the asymptotic conver-
gence in three paradigmatic settings: (i) Operator splitting with cocoercive data, (ii)
Operator splitting with monotone and Lipschitz data, and (iii) Operator splitting with
multiple penalty terms. Future directions of research include the extension to stochas-
tic operator equations, such as [34]. Other potentially interesting directions would be
the inclusion of inertia or momentum effects into the dynamical system in second
order investigate the potential for acceleration. We leave these interesting directions
for future research.
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Appendix A Proof of Theorem 17

Pick (u, w) ∈ gr(A+D+NC) so thatw = a+D(u)+ξ , for a ∈ A(u) and ξ ∈ NC(u).
From the definition of the forward-backward dynamical system, we have

− 1

λ(t)
ẋ(t) − Vt (x(t)) − β(t)b2(t) ∈ A(x(t) + ẋ(t))

for some b2(t) ∈ B2(x(t) + ẋ(t)) = ∂�2(x(t) + ẋ(t)). Combined with a ∈ A(u), we
obtain

〈a + 1

λ(t)
ẋ(t) + Vt (x(t)) + β(t)b2(t), u − x(t) − ẋ(t)〉 ≥ 0

Rearranging this, we arrive at

〈ẋ(t), x(t) + ẋ(t) − u〉 ≤ λ(t)〈a + D(x(t)) + ε(t)x(t) + β(t)B1(x(t)), u − x(t) − ẋ(t)〉
+ λ(t)β(t)〈b2(t), u − ẋ(t) − x(t)〉

The subgradient inequality yields

0 = �2(u) ≥ �2(x(t) + ẋ(t)) + 〈b2(t), u − x(t) − ẋ(t)〉
⇔ − �2(x(t) + ẋ(t)) ≥ 〈b2(t), u − x(t) − ẋ(t)〉

Hence, we can continue the previous display as

〈ẋ(t), x(t) + ẋ(t) − u〉 ≤ λ(t)〈a + D(x(t)) + β(t)B1(x(t)) + ε(t)x(t), u − ẋ(t) − x(t)〉
− λ(t)β(t)�2(x(t) + ẋ(t)).
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Therefore,

d

dt
‖x(t) − u‖2 = 2〈ẋ(t), x(t) − u〉

= 2〈ẋ(t), x(t) + ẋ(t) − u〉 − 2 ‖ẋ(t)‖2
≤ 2λ(t)〈a + D(x(t)) + ε(t)x(t), u − ẋ(t) − x(t)〉
− 2λ(t)β(t)�2(x(t) + ẋ(t)) − 2 ‖ẋ(t)‖2
+ 2λ(t)β(t)〈B1(x(t)), u − ẋ(t) − x(t)〉

(A1)

Since B1 is 1
L�1

-cocoercive, we have

〈B1(x(t)), x(t) − u〉 ≥ 1

L�1

‖B1(x(t))‖2 ∀u ∈ C. (A2)

Additionally, the convex gradient inequality yields

0 = �1(u) ≥ �1(x(t)) + 〈B1(x(t)), u − x(t)〉 (A3)

Performing a convex combination of these two inequalities, we obtain for all c1 > 0,

〈B1(x(t)), x(t) − u〉 ≥ 1

(1 + c1)L�1

‖B1(x(t))‖2 + c1
1 + c1

�1(x(t)). (A4)

Next, take c0 > 0, and observe

0 ≤ 1

1 + c0
‖ẋ(t) + (1 + c0)λ(t)β(t)B1(x(t))‖2

= 1

1 + c0
‖ẋ(t)‖2 + (1 + c0)λ(t)2β(t)2 ‖B1(x(t))‖2 + 2λ(t)β(t)〈ẋ(t), B1(x(t))〉.

Hence,

2λ(t)β(t)〈ẋ(t), B1(x(t))〉 ≥ − 1

1 + c0
‖ẋ(t)‖2 − (1 + c0)λ(t)2β(t)2 ‖B1(x(t))‖2 .

(A5)
On the other hand, the descent lemma for functions with a Lipschitz continuous gra-
dient yields

�1(x(t) + ẋ(t)) ≤ �1(x(t)) + 〈B1(x(t)), ẋ(t)〉 + L�1

2
‖ẋ(t)‖2 ,

so that

2λ(t)β(t)〈B1(x(t)), ẋ(t)〉 ≥ 2λ(t)β(t)[�1(x(t) + ẋ(t)) − �1(x(t))] (A6)

− L�1λ(t)β(t) ‖ẋ(t)‖2
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A convex combination of (A5) with (A6) shows that

2λ(t)β(t)〈B1(x(t)), ẋ(t)〉 ≥ −1 + c0
1 + c1

λ(t)2β(t)2 ‖B1(x(t))‖2

−
(

1

(1 + c1)(1 + c0)
+ c1L�1λ(t)β(t)

1 + c1

)
‖ẋ(t)‖2

+ 2c1λ(t)β(t)

1 + c1
(�1(x(t) + ẋ(t)) − �1(x(t))) .

(A7)

Therefore, adding (A4) to (A7), we arrive at

2λ(t)β(t)〈B1(x(t)), x(t) + ẋ(t) − u〉
≥ λ(t)β(t)

(
2

(1 + c1)L�1

− 1 + c0
1 + c1

λ(t)β(t)

)
‖B1(x(t))‖2

+ 2c1λ(t)β(t)

1 + c1
�1(x(t) + ẋ(t)) −

(
1

(1 + c1)(1 + c0)
+ c1L�1λ(t)β(t)

1 + c1

)
‖ẋ(t)‖2

(A8)
Plugging this into (A1), we can continue this thread as

d

dt
‖x(t) − u‖2 ≤ 2λ(t)〈a + D(x(t)) + ε(t)x(t), u − ẋ(t) − x(t)〉

− 2λ(t)β(t)�2(x(t) + ẋ(t)) − 2c1λ(t)β(t)

1 + c1
�1(x(t) + ẋ(t))

− λ(t)β(t)

(
2

(1 + c1)L�1

− 1 + c0
1 + c1

λ(t)β(t)

)
‖B1(x(t))‖2

+
(

1

(1 + c1)(1 + c0)
+ c1L�1λ(t)β(t)

1 + c1
− 2

)
‖ẋ(t)‖2

We have

2λ(t)β(t)�2(x(t) + ẋ(t)) ≥ 2c1λ(t)β(t)

1 + c1
�2(x(t) + ẋ(t)).

Collecting terms, we therefore arrive at the expression

d

dt
‖x(t) − u‖2 + λ(t)β(t)

(
2

(1 + c1)L�1

− 1 + c0
1 + c1

λ(t)β(t)

)
‖B1(x(t))‖2

+
(
2 − 1

(1 + c1)(1 + c0)
− c1L�1λ(t)β(t)

1 + c1

)
‖ẋ(t)‖2

≤ 2λ(t)〈a + D(x(t)) + ε(t)x(t), u − x(t) − ẋ(t)〉
− 2c1λ(t)β(t)

1 + c1
(�1 + �2)(x(t) + ẋ(t)).

For ease of notation, let us set Dε(t) � D + ε(t) IdH. We next observe that

2λ(t)〈a + Dε(t)(x(t)), u − x(t) − ẋ(t)〉
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= 2λ(t)〈a + Dε(t)(x(t)), u − x(t)〉 + 2λ(t)〈a + Dε(t)(x(t)),−ẋ(t)〉
= 2λ(t)〈a + Dε(t)(u), u − x(t)〉 + 2λ(t)〈Dε(t)(x(t)) − Dε(t)(u), u − x(t)〉

+ 2λ(t)〈a + Dε(t)(x(t)),−ẋ(t)〉
≤ −2λ(t)ε(t) ‖x(t) − u‖2 + 2λ(t)〈a + Dε(t)(u), u − x(t)〉

+ 2λ(t)〈a + Dε(t)(x(t)),−ẋ(t)〉
≤ −2λ(t)ε(t) ‖x(t) − u‖2 + 2λ(t)〈a + Dε(t)(u), u − x(t)〉

+ c2
2

‖ẋ‖2 + 2λ2(t)

c2

∥∥a + Dε(t)(x(t))
∥∥2

≤ −2λ(t)ε(t) ‖x(t) − u‖2 + 2λ(t)〈a + Dε(t)(u), u − x(t)〉

+ c2
2

‖ẋ‖2 + 4λ2(t)

c2

∥∥a + Dε(t)(u)
∥∥2 + +4λ2(t)

c2

∥∥Dε(t)(x(t)) − Dε(t)(u)
∥∥2

≤ −2λ(t)ε(t) ‖x(t) − u‖2 + 2λ(t)〈a + Dε(t)(u), u − x(t)〉

+ c2
2

‖ẋ‖2 + 4λ2(t)

c2

∥∥a + Dε(t)(u)
∥∥2 + 4λ2(t)

c2

(
2

η2
+ 2ε(t)2

)
‖x(t) − u‖2

from the definition, we have a + D(u) = w − ξ , which means

2λ(t)〈a + Dε(t)(x(t)), u − x(t) − ẋ(t)〉

≤
(
8λ2(t)

c2η2
+ 8λ2(t)ε2(t)

c2
− 2λ(t)ε(t)

)
‖x(t) − u‖2 + 2λ(t)〈a + Dε(t)(u), u − x(t)〉

+ c2
2

‖ẋ‖2 + 4λ2(t)

c2

∥∥a + Dε(t)(u)
∥∥2

≤
(
8λ2(t)

c2η2
+ 8λ2(t)ε2(t)

c2
− 2λ(t)ε(t)

)
‖x(t) − u‖2 + 2λ(t)〈w − ξ, u − x(t)〉

+ 2λ(t)ε(t)〈u, u − x(t)〉 + c2
2

‖ẋ(t)‖2 + 4λ2(t)

c2

∥∥a + Dε(t)(u)
∥∥2

By Young’s inequality,

2λ(t)ε(t)〈u, u − x(t)〉 = 2〈ε(t)u, λ(t)(u − x(t))〉
≤ c3ε

2(t) ‖u‖2 + 1

c3
λ2(t) ‖u − x(t)‖2

hence,

2λ(t)〈a + Dε(t)(x(t)), u − x(t) − ẋ(t)〉

≤
(
8λ2(t)

c2η2
+ 8λ2(t)ε2(t)

c2
+ 1

c3
λ2(t) − 2λ(t)ε(t)

)
‖x(t) − u‖2

+ 2λ(t)〈w − ξ, u − x(t)〉 + c3ε
2(t) ‖u‖2 + c2

2
‖ẋ(t)‖2
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+ 4λ2(t)

c2

∥∥a + Dε(t)(u)
∥∥2 .

Plugging this bound into the above display, we can continue with

d

dt
‖x(t) − u‖2 + λ(t)β(t)

(
2

(1 + c1)L�1

− 1 + c0
1 + c1

λ(t)β(t)

)
‖B1(x(t))‖2

+
(
2 − 1

(1 + c)(1 + c0)
− c1L�1λ(t)β(t)

1 + c1

)
‖ẋ(t)‖2

≤ 2λ(t)〈w, u − x(t)〉 − 2c1λ(t)β(t)

1 + c1
(�1 + �2)(x(t) + ẋ(t))

+
(
8λ2(t)

c2η2
+ 8λ2(t)ε2(t)

c2
+ 1

c3
λ2(t) − 2λ(t)ε(t)

)
‖x(t) − u‖2

+ c3ε
2(t) ‖u‖2 + c2

2
‖ẋ(t)‖2 + 4λ2(t)

c2

∥∥a + Dε(t)(u)
∥∥2

− 2λ(t)〈ξ, u − x(t) − ẋ(t)〉 − 2λ(t)〈ξ, ẋ(t)〉.

Applying Young’s inequality again to the last term, we obtain

2λ(t)〈ξ,−ẋ(t)〉 ≤ c2
2

‖ẋ(t)‖2 + 2λ2(t)

c2
‖ξ‖2 .

Consequently,

d

dt
‖x(t) − u‖2 + λ(t)β(t) ‖B1(x(t))‖2

(
2

(1 + c1)L�1

− 1 + c0
1 + c1

λ(t)β(t)

)

+
(
2 − 1

(1 + c1)(1 + c0)
− c1L�1λ(t)β(t)

1 + c1
− c2

)
‖ẋ(t)‖2

≤ 2λ(t)〈w, u − x(t)〉 − 2c1λ(t)β(t)

1 + c1
(�1 + �2)(x(t) + ẋ(t))

+
(
8λ2(t)

c2η2
+ 8λ2(t)ε2(t)

c2
+ 1

c3
λ2(t) − 2λ(t)ε(t)

)
‖x(t) − u‖2

+ c3ε
2(t) ‖u‖2 + 4λ2(t)

c2

∥∥a + Dε(t)(u)
∥∥2

+ 2λ2(t)

c2
‖ξ‖2 − 2λ(t)〈ξ, u − x(t) − ẋ(t)〉

Let us set δ := lim supt→∞ L�1λ(t)β(t) < 2. Then, we obtain

2 − 1

(1 + c1)(1 + c0)
− c1L�1λ(t)β(t)

1 + c1
− c2 ≥ 2

− 1

(1 + c1)(1 + c0)
− c1δ

1 + c1
− c2.
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Letting c1 → 0+, we obtain

2 − 1

1 + c0
− c2 > 0.

For (c0, c2) > 0 sufficiently small this can be achieved. Henceforth, by continuity,
there exists a set of parameters (c0, c1, c2) sufficiently small so that

b � 2 − 1

(1 + c1)(1 + c0)
− c1δ

1 + c1
− c2 > 0,

meanwhile

e � 2

(1 + c1)L�1

− 1 + c0
(1 + c1)L�1

δ = 2 − (1 + c0)δ

(1 + c1)L�1

> 0.

Let us further call

d � 2c1
1 + c1

, and δ(t) � −8λ2(t)

c2η2
− 8λ2(t)ε2(t)

c2
− 1

c3
λ2(t) + 2λ(t)ε(t),

and to arrive at the expression

d

dt
‖x(t) − u‖2 + eλ(t)β(t) ‖B1(x(t))‖2 + b ‖ẋ(t)‖2

+ d

2
λ(t)β(t)(�1 + �2)(x(t) + ẋ(t))

≤ −d

2
λ(t)β(t)(�1 + �2)(x(t) + ẋ(t))

− d

2
λ(t)β(t)〈 4ξ

dβ(t)
, u〉 + d

2
λ(t)β(t)〈 4ξ

dβ(t)
, ẋ(t) + x(t)〉 + 2λ2(t)

c2
‖ξ‖2

+ 2λ(t)〈w, u − x(t)〉 − δ(t) ‖x(t) − u‖2 + c3ε
2(t) ‖u‖2

+ 4λ2(t)

c2

∥∥a + Dε(t)(u)
∥∥2

Since σC(
4ξ

dβ(t) ) = 〈 4ξ
dβ(t) , u〉 and

〈 4ξ

dβ(t)
, ẋ + x(t)〉 − (�1 + �2)(x(t) + ẋ(t)) ≤ (�1 + �2)

∗( 4ξ

dβ(t)
),

we can continue with

d

dt
‖x(t) − u‖2 + eλ(t)β(t) ‖B1(x(t))‖2 + b ‖ẋ(t)‖2

+ d

2
λ(t)β(t)(�1 + �2)(x(t) + ẋ(t))
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≤ d

2
λ(t)β(t)

[
(�1 + �2)

∗( 4ξ

dβ(t)
) − σC(

4ξ

dβ(t)
)

]
+ 2λ2(t)

c2
‖ξ‖2

+ 2λ(t)〈w, u − x(t)〉 − δ(t) ‖x(t) − u‖2 + c3ε
2(t) ‖u‖2 + 4λ2(t)

c2

∥∥a + Dε(t)(u)
∥∥2

Now, consider the casewherew = 0, i.e. where u ∈ zer(A+D+NC). Our assumptions
on ε and λ imply that there exists T0 > 0 sufficiently large so that δ(t) > 0 for all
t ≥ T0. Fix such a T0, so that for all t ≥ T0, we can further simplify the above
expression to

d

dt
‖x(t) − u‖2 + eλ(t)β(t) ‖B1(x(t))‖2 + b ‖ẋ(t)‖2

+ d

2
λ(t)β(t)(�1 + �2)(x(t) + ẋ(t))

≤ d

2
λ(t)β(t)

[
(�1 + �2)

∗( 4ξ

dβ(t)
) − σC(

4ξ

dβ(t)
)

]
+ 2λ2(t)

c2
‖ξ‖2

+ c3ε
2(t) ‖u‖2 + 4λ2(t)

c2

∥∥a + Dε(t)(u)
∥∥2

≤ d

2
λ(t)β(t)

[
(�1 + �2)

∗( 4ξ

dβ(t)
) − σC(

4ξ

dβ(t)
)

]
+ 2λ2(t)

c2
‖ξ‖2

+ (c3 + 8λ2(t)/c2)ε
2(t) ‖u‖2 + 8λ2(t)

c2
‖a + D(u)‖2 . (A9)

Integrating the penultimate display from T1 to T0 with T1 ≥ T0, we obtain

‖x(T1) − u‖2 − ‖x(T0) − u‖2 +
∫ T1

T0
eλ(t)β(t) ‖B1(x(t))‖2 dt

+
∫ T1

T0
b ‖ẋ(t)‖2 dt +

∫ T1

T0

d

2
λ(t)β(t)(�1 + �2)(x(t) + ẋ(t)) dt ≤ G,

where G is the integral of the right-hand side of (A9) on R>0, which is finite in view
of our assumptions. Using Lemma 2, we see that limt→∞ ‖x(t) − u‖ exists, as well
as

∫ ∞

T
λ(t)β(t) ‖B1(x(t))‖2 dt < ∞,

∫ ∞

T
λ(t)β(t)(�1 + �2)(x(t) + ẋ(t)) dt < ∞ and

∫ ∞

T
‖ẋ(t)‖2 dt < ∞.

Assuming that lim inf t→∞ λ(t)β(t) > 0, we thus see that

lim
t→∞ ‖B1(x(t))‖ = 0, and lim

t→∞(�1 + �2)(x(t) + ẋ(t)) = 0.
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If follows that every weak limit point of x(t) lies in C. We claim that every weak
limit point of a suitably defined ergodic trajectory must belong to zer(A + D + NC).
To derive this conclusion, we fix T0, and define the ergodic trajectory

x̄(T ) �
∫ T
T0

λ(s)x(s) ds∫ T
T0

λ(s) ds

as a function of the upper boundary of the integral. Let Tn ↑ ∞, so that x̄(Tn) → x̄∞.
We claim that x̄∞ ∈ zer(A + D + NC). To show this, we integrate again for a given
pair (u, w) ∈ gr(A + D + NC), so that

‖x(T1) − u‖2 − ‖x(T0) − u‖2 +
∫ T1

T0
eλ(t)β(t) ‖B1(x(t))‖2 dt

+
∫ T1

T0
b ‖ẋ(t)‖2 dt +

∫ T1

T0

d

2
λ(t)β(t)(�1 + �2)(x(t) + ẋ(t)) dt

≤ G +
∫ T1

T0
2λ(t)〈w, u − x(t)〉 dt .

Dividing both sides by 2�(T0, T1) := 2
∫ T1
T0

λ(t) dt , we arrive at

−‖x(T0) − u‖2
2�(T0, T1)

≤ G

�(T0, T1)
+ 〈w, u −

∫ T1
T0

λ(t)x(t) dt

�(T0, T1)
〉.

Letting T1 → ∞, we obtain
0 ≤ 〈u, w − x̄∞〉.

Fact 2 allows us to conclude x̄∞ ∈ zer(A+D+NC) and so every weak accumulation
point of the trajectory x(·) must lie in this set. Since limt→∞ ‖x(t) − u‖ exists for
every u ∈ zer(A + D + NC), we conclude that x̄(t) converges weakly, as t → ∞ to a
zero of A + D + NC , as claimed.
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20. Boţ, R.I., Csetnek, E.R.: Penalty schemes with inertial effects for monotone inclusion problems. Opti-
mization 66(6), 965–982 (2017)
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