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ARTICLE INFO ABSTRACT

Keywords: Bertino and Fredricks—Nelsen copulas are the most prominent examples of copulas which are
Bertino copula constructed from a diagonal. For a given diagonal, it is known that the Bertino copula is dominated
Diagonal

by the Fredricks-Nelsen copula. In this paper, we show that these copulas are either distinct or
both equal to the upper Fréchet-Hoeffding bound. We also prove known and new representations
Kendall’s tau of Spearman’s rho, Gini’s gamma and Kendall’s tau for Bertino and Fredricks-Nelsen copulas in
Spearman’s footrule terms of their diagonal, and we show that, under any convex-linear measure of concordance or
Spearman’s rho Kendall’s tau, the range of the collection of all copulas having the same diagonal is bounded by
the values of the respective Bertino and Fredricks—Nelsen copulas.

Fredricks-Nelsen copula
Gini’s gamma

1. Introduction

Similar to (convex) Archimedean generators, diagonals [0, 1] — [0, 1] provide a useful tool for the construction of (bivariate)
copulas. The most prominent copulas with a given diagonal are those proposed by Bertino [1] and Fredricks and Nelsen [5]. These
copulas are of particular interest since, for every diagonal §, the Bertino copula is the least element of the collection of all copulas
with diagonal 6 and the Fredricks—Nelsen copula is the greatest element of the collection of all symmetric copulas with diagonal 4.

In this paper, we first show that the Bertino and Fredricks—Nelsen copulas having the same diagonal are either distinct or equal to
the upper Fréchet-Hoeffding bound (Theorem 1). We then turn to measures of concordance and prove representations of Spearman’s
rho (Theorem 3), Gini’s gamma (Theorem 4) and Kendall’s tau (Theorem 5) for Bertino and Fredricks—Nelsen copulas in terms of their
diagonal, thus completing the literature in which some of these results are stated without proof; see Fredricks and Nelsen [5]. For
measures of concordance which, like Spearman’s rho and Gini’s gamma, are convex-linear, and also for Kendall’s tau, which fails to
be convex-linear, we show that their range on the collection of all copulas (symmetric or not) having the same diagonal is bounded
by the values of the respective Bertino and Fredricks—Nelsen copulas (Theorems 2 and 6).

As an application of Theorems 2 and 6, consider a random vector (X, Y) with continuous distribution function H, identical margins
F and copula C. If the distribution of max{X,Y} is known, then the identity

Plmax{X,Y} < z] = H(z,z) = C(F(2), F(z)) = 6(F(2))

implies that the diagonal 6 of C is known as well, and evaluation of the Bertino and Fredricks-Nelsen copulas with diagonal § under
a convex-linear measure of concordance or Kendall’s tau yields bounds for the degree of dependence between X and Y. Via the
survival copula of C, the same argument applies when the distribution of min{ X, Y} is known.

Let us recall some definitions:
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$\I \to \I $


$D_4$


$\delta $


$\delta $


$\delta $


$(X,Y)$


$H$


$F$


$C$


$\max \{X,Y\}$


\begin {align*}P[ \max \{X,Y\}\leq z ] & = H(z,z) = C(F(z),F(z)) = \delta (F(z))\end {align*}


$\delta $


$C$


$\delta $


$X$


$Y$


$C$


$\min \{X,Y\}$


$C : \I ^2\to \R $


$2$


$C(u,v) - C(s,v) - C(u,t) + C(s,t) \geq 0$


$(s,t),(u,v)\in \I ^2$


$(s,t)\leq (u,v)$


$C(t,0) = 0 = C(0,t)$


$C(t,1) = t = C(1,t)$


$t\in \I $


$C$


$| C(u,v) - C(s,t) | \leq | u-s | + | v-t |$


$(s,t),(u,v)\in \I ^2$


$C$


$\Pi , M, W : \I ^2\to \I $


$\Pi (u,v) := uv$


$M (u,v) := u \wedge v$


$W (u,v) := (u\!+\!v\!-\!1)^+$


$C$


$W \leq C \leq M$


$Q : \BB (\I ^2)\to \I $


$Q[A \times \I ] = \leb [A] = Q[\I \times A]$


$A\in \BB (\I )$


$\leb $


$\BB (\I )$


$C$


$Q^C$


$Q^C[[s,u]\times [t,v]] = C(u,v) - C(s,v) - C(u,t) + C(s,t)$


$(s,t),(u,v)\in \I ^2$


$(s,t)\leq (u,v)$


$\delta : \I \to \R $


$\delta $


$\delta (0)=0$


$\delta (1)=1$


$\delta (t) \leq t$


$t\in \I $


$|\delta (t)-\delta (s)| \leq 2\,|t-s|$


$s,t\in \I $


$\delta $


$(2\,t-1)^+ \leq \delta (t)$


$t\in \I $


$C$


$\delta _C : \I \to \I $


\begin {align*}\delta _C(t) & := C(t,t)\end {align*}


$C$


$\Pi $


$\delta _\Pi (t) = t^2$


$t\in \I $


$C$


$\delta _C (t) = t$


$t\in \I $


$C=M$


$\delta _M(t) = t$


$t\in \I $


$C$


$\delta _C(t) = t$


$t\in \I $


\begin {align*}M(u,v) & = u \wedge v = \delta _C( u \wedge v ) = C( u \wedge v, u \wedge v ) \leq C(u,v) \leq M(u,v)\end {align*}


$(u,v)\in \I ^2$


$C=M$


$W$


$\delta _W (t) = (2\,t-1)^+$


$t\in \I $


$\alpha ,\beta \in \I $


$\alpha +\beta \leq 1$


\begin {align*}C_{\text {Fr\'echet};\alpha ,\beta } & := \alpha M + (1-\alpha -\beta )\Pi +\beta W\end {align*}


$\delta _{C_{\text {Fr\'echet};\alpha ,\beta }} = \alpha \delta _M + (1-\alpha -\beta )\,\delta _\Pi + \beta \,\delta _W$


$\delta _W \leq \delta \leq \delta _M$


$\delta $


$\delta _M$


$\delta \neq \delta _M$


$\delta $


$\delta $


$\hat \delta , \tilde \delta : \I \to \R $


\begin {align*}\hat \delta (t) := t - \delta (t) \qquad \text {and}\qquad \tilde \delta (t) := 2t - \delta (t) \,.\end {align*}


$0 \leq \hat \delta (t) \leq t\wedge (1-t)$


$0 \leq \delta (t) \leq t \leq \tilde \delta (t) \leq (2t) \wedge 1$


$t\in \I $


$| \hat \delta (t) - \hat \delta (s) | \leq |t-s|$


$| \tilde \delta (t) - \tilde \delta (s) | \leq 2\,|t-s|$


$s,t\in \I $


$\delta $


$\tilde \delta $


$\I $


$\delta $


$\hat \delta $


$\tilde \delta $


$0 \leq \delta ^\prime (t) \leq 2$


$-1 \leq \hat \delta ^\prime (t) \leq 1$


$0 \leq \tilde \delta ^\prime (t) \leq 2$


$t\in \I $


$\delta $


$t$


$\delta $


$C_{\Ber ,\delta }, C_{\FN ,\delta } : \I ^2\to \R $


\begin {align*}C_{\Ber ,\delta }(u,v) & := u \wedge v - \min \Bigl \{ r-\delta (r) \Bigm | u \wedge v \leq r \leq u \vee v \Bigr \}\end {align*}


\begin {align*}C_{\FN ,\delta }(u,v) & := u \wedge v \wedge \frac {\delta (u)+\delta (v)}{2} \,.\end {align*}


$C_{\Ber ,\delta }$


$\delta $


$C_{\FN ,\delta }$


$\delta $


$\delta $


$C_{\Ber ,\delta }$


$C_{\Ber ,\delta }$


$\delta $


$C$


$\delta $


$C_{\Ber ,\delta } \leq C$


$C_{\Ber ,\delta } = M$


$\delta = \delta _M$


$C_{\Ber ,\delta } = W$


$\delta = \delta _W$


$C_{\Ber ,\delta } \leq \Pi $


$\delta \leq \delta _\Pi $


$\delta $


$\eta $


$\delta \leq \eta $


$C_{\Ber ,\delta } \leq C_{\Ber ,\eta }$


$\delta $


$C_{\FN ,\delta }$


$C_{\FN ,\delta }$


$\delta $


$C$


$\delta $


$C \leq C_{\FN ,\delta }$


$C_{\FN ,\delta } = M$


$\delta = \delta _M$


$C_{\FN ,\delta _W} \neq W$


$\Pi \leq C_{\FN ,\delta }$


$\delta _\Pi \leq \delta $


$\delta $


$\eta $


$\delta \leq \eta $


$C_{\FN ,\delta } \leq C_{\FN ,\eta }$


$D : \I ^2\to \I $


\begin {align*}D(u,v) & = \begin {cases}\dps \dps u \wedge ( v - \tfrac {3}{4} ) & \text {if $ (u,v) \in [0,\tfrac {1}{4}]\times [\tfrac {3}{4},1] $} \\ \dps ( u - \tfrac {1}{4} ) \wedge v & \text {if $ (u,v) \in [\tfrac {1}{4},1]\times [0,\tfrac {3}{4}] $} \\ \dps W(u,v) & \text {else} \end {cases}\end {align*}


\begin {align*}\delta _D(t) & = \begin {cases}\dps \dps 0 & \text {if $ t \in [0 ,\tfrac {1}{4}] $} \\ \dps t - \tfrac {1}{4} & \text {if $ t \in [\tfrac {1}{4},\tfrac {3}{4}] $} \\ \dps 2t -1 & \text {if $ t \in [\tfrac {3}{4},1 ] $} \end {cases}\end {align*}


$C_{\FN ,\delta _D}(\tfrac {1}{2},\tfrac {1}{4}) = 1/8 < 1/4 = D(\tfrac {1}{2},\tfrac {1}{4})$


$D \not \le C_{\FN ,\delta _D}$


$\delta $


$\overline {C}_\delta : \I ^2\to \R $


$\overline {C}_\delta (u,v) := \sup \{ C(u,v) \mid \text {$C$ is a copula with $ \delta _C = \delta $} \}$


$\overline {C}_\delta $


$C_{\FN ,\delta } \leq \overline {C}_\delta $


$\overline {C}_\delta $


$C_{\FN ,\delta } = \overline {C}_\delta $


$\overline {C}_\delta $


$C_{\Ber ,\delta } \leq C_{\FN ,\delta }$


$\delta $


$C_{\Ber ,\delta _M} = C_{\FN ,\delta _M}$


$C_{\Ber ,\delta }$


$C_{\FN ,\delta }$


$\delta $


$\delta = \delta _M$


$C_{\Ber ,\delta } = C_{\FN ,\delta }$


$\delta \neq \delta _M$


$t\in (0,1)$


$\delta (t) < t$


$\varepsilon := t - \delta (t)$


$\lim _{s\to 0} (s-\delta (s)) = 0 = \lim _{s\to 1} (s-\delta (s))$


$A := \{ s\in (0,t) \mid s-\delta (s) = \varepsilon /2 \}$


$B := \{ s\in (t,1) \mid s-\delta (s) = \varepsilon /2 \}$


\begin {align*}u := \sup A \qquad \text {and}\qquad v := \inf B \,.\end {align*}


$u \leq t \leq v$


\begin {align*}u - \delta (u) & = \varepsilon /2 = v - \delta (v) \,.\end {align*}


$t - \delta (t) = \varepsilon $


\begin {align*}u < v \qquad \text {and}\qquad \min \{ r-\delta (r) \mid u \leq r \leq v \} = \varepsilon /2 \,.\end {align*}


\begin {align*}\lefteqn { C_{\FN ,\delta }(u,v) - C_{\Ber ,\delta }(u,v) }\\*[.5ex] & = u \wedge v \wedge \frac {\delta (u)+\delta (v)}{2} - \Bigl ( u \wedge v - \min \{ r-\delta (r) \mid u \wedge v \leq r \leq u \vee v \} \Bigr ) \\ & = u \wedge \frac {\delta (u)+\delta (v)}{2} - \Bigl ( u - \min \{ r-\delta (r) \mid u \leq r \leq v \} \Bigr ) \\ & = 0 \wedge \biggl ( \frac {\delta (u)+\delta (v)}{2} - u \biggr ) + \frac {\varepsilon }{2} \,.\end {align*}


$(\delta (u)+\delta (v))/2 \geq u$


$C_{\FN ,\delta }(u,v) - C_{\Ber ,\delta }(u,v) = \varepsilon /2 > 0$


$(\delta (u)+\delta (v))/2 < u$


\begin {align*}C_{\FN ,\delta }(u,v) - C_{\Ber ,\delta }(u,v) & = \frac {\delta (u)+\delta (v)}{2} - u + \frac {\varepsilon }{2} \\ & > \frac {\delta (u)+\delta (v)}{2} - \frac {u+v}{2} + \frac {\varepsilon }{2} \\*[.5ex] & = 0 \,.\end {align*}


$\delta $


$\delta $


$\delta \neq \delta _M$


$\delta $


$\CC $


$\I ^2\to \I $


$C\in \CC $


$\pi (C)$


$\nu _1(C)$


\begin {align*}(\pi (C))(u,v) := C(v,u) &\qquad \text {and}\qquad (\nu _1(C))(u,v) := v - C(1-u,v)\end {align*}


$\pi ,\nu _1 : \CC \to \CC $


$\pi $


$\nu _1$


$\Gamma $


$\CC \to \CC $


$\kappa : \CC \to \R $


$\kappa $


$\CC $


$\CC $


$\kappa [M] = 1$


$\kappa [\pi (C)] = \kappa [C]$


$C$


$\kappa [\nu _1(C)] = - \kappa [C]$


$C$


$\nu _1(\Pi ) = \Pi $


$\nu _1(M) = W$


$\kappa $


$\kappa [\Pi ]=0$


$\kappa [W]=-1$


$\kappa (\CC )\subseteq [-1,1]$


$\kappa [C]=0$


$C$


$\Gamma $


$A$


$\kappa _A : \CC \to \R $


\begin {align*}\kappa _A[C] & := \frac {4 \int _{\I ^2} C(u,v)\,dQ^A(u,v) - 1}{4 \int _{\I ^2} M(u,v)\,dQ^A(u,v) - 1}\end {align*}


$\kappa _\varrho := \kappa _\Pi $


$\kappa _\gamma := \kappa _{(M+W)/2}$


$\kappa $


\begin {align*}\kappa [ aC + (1-a)D ] & = a\kappa [C] + (1-a)\kappa [D]\end {align*}


$C,D\in \CC $


$a\in \I $


$\pi $


$\nu _1$


$\gamma \in \Gamma $


$\kappa _{(s,t)} : \CC \to \R $


$(s,t)\in (0,\tfrac {1}{2}]^2$


\begin {align*}\kappa _{(s,t)}[C] & := \frac {1}{4(s \wedge t)} \Biggl ( \sum _{\gamma \in \Gamma ^{\pi ,\tau }} (\gamma (C))(s,t) - \sum _{\gamma \in \Gamma \setminus \Gamma ^{\pi ,\tau }} (\gamma (C))(s,t) \Biggr ),\end {align*}


$\Gamma ^{\pi ,\tau }$


$\Gamma $


$\pi $


$\tau : \CC \to \CC $


$(\tau (C))(u,v) := u+v-1+C(1-u,1-v)$


$C$


$\kappa _{(1/2,1/2)}[C] = 4\,C(\tfrac {1}{2},\tfrac {1}{2}) - 1$


$\kappa _{(1/2,1/2)}$


\begin {align*}\kappa [C_{\Ber ,\delta }] &\leq \kappa [C]\end {align*}


$\kappa $


$C$


$\delta $


$D$


$\delta $


$D \not \leq C_{\FN ,\delta }$


$\delta $


\begin {align*}\kappa [C_{\Ber ,\delta }] &\leq \kappa [C] \leq \kappa [C_{\FN ,\delta }]\end {align*}


$\kappa $


$C$


$\delta $


$\kappa $


$C$


$\delta $


$(C+\pi (C))/2$


$\delta $


$(C+\pi (C))/2 \leq C_{\FN ,\delta }$


$\kappa $


$\kappa [\pi (C)] = \kappa [C]$


$\kappa [C] = \kappa [(C+\pi (C))/2] \leq \kappa [C_{\FN ,\delta }]$


$Q^\Pi $


$\leb ^2$


$\BB (\I ^2)$


\begin {align*}\kappa _\varrho [C] & = 12 \int _{\I ^2} C(u,v)\,d\leb ^2(u,v) - 3 \,.\end {align*}


$\delta $


$L, U : \I \to \R $


\begin {align*}L(t) & := \inf \{ s\in [0,t] \mid \hat \delta (t) \leq \hat \delta (r) \;\;\text {for all $ r\in [s,t] $} \} \\* U(t) & := \sup \{ s\in [t,1] \mid \hat \delta (t) \leq \hat \delta (r) \;\;\text {for all $ r\in [t,s] $} \} \,.\end {align*}


$0 \leq L(t) \leq t \leq U(t) \leq 1$


$t\in \I $


$\delta ^\leftarrow $


$\delta $


$\delta ^\leftarrow (t) := \inf \{ u\in \I \mid t \leq \delta (u) \}$


$\tilde \delta ^\leftarrow $


$\tilde \delta $


$t,u\in \I $


$\delta ^\leftarrow (t) \leq u$


$t \leq \delta (u)$


$\delta $


\begin {align*}\kappa _\rho [C_{\Ber ,\delta }] & = 1 + 12 \int _{\I } t\,\hat \delta ^\prime (t)\,\Bigl ( (t-L(t))\,\chi _{[-1,0]}(\hat \delta ^\prime (t)) + (U(t)-t)\,\chi _{( 0,1]}(\hat \delta ^\prime (t)) \Bigr ) d\leb (t)\end {align*}


\begin {align*}\kappa _\rho [C_{\FN ,\delta }] & = 12 \int _{\I } \tilde \delta ^\leftarrow (t)\,\delta ^\leftarrow (t)\,d\leb (t) - 3 \,.\end {align*}


$C$


\begin {align*}\int _{\I ^2} C(u,v) \,d\leb ^2(u,v) & = \frac {1}{2} - \int _{\I ^2} u\,(\partial _1 C)(u,v)\,d\leb ^2(u,v),\end {align*}


\begin {align*}\kappa _\rho [C] & = 3 - 12 \int _{\I ^2} u\,(\partial _1 C)(u,v)\,d\leb ^2(u,v) \,.\end {align*}


\begin {align*}(\partial _1 C_{\Ber ,\delta })(u,v) & = \begin {cases} (1+\hat \delta ^\prime ( u)) \chi _{[0,v]}(u) - \hat \delta ^\prime (u) \chi _{[0,v]}(L(u)) & \text {if $ \hat \delta ^\prime (u)\leq 0 $} \\ (1-\hat \delta ^\prime ( u)) \chi _{[0,v]}(u) + \hat \delta ^\prime (u) \chi _{[0,v]}(U(u)) & \text {if $ \hat \delta ^\prime (u) >0 $} \end {cases}\end {align*}


\begin {align*}& \int _{\I ^2} u\,(\partial _1 C_{\Ber ,\delta })(u,v) d \leb ^2(u,v) \\* & = \int _{\I ^2} u\Bigl ((1 + \hat \delta ^\prime (u))\chi _{[0,v]}(u) - \hat \delta ^\prime (u) \chi _{[0,v]}(L(u))\Bigr )\chi _{[-1,0]}(\hat \delta ^\prime (u))\,d\leb ^2(u,v) \\* &\quad +\int _{\I ^2} u\Bigl ((1 - \hat \delta ^\prime (u))\chi _{[0,v]}(u) + \hat \delta ^\prime (u) \chi _{[0,v]}(U(u))\Bigr )\chi _{( 0,1]}(\hat \delta ^\prime (u))\,d\leb ^2(u,v) \\ & = \int _{\I ^2} u\,\chi _{[0,v]}(u)\,d\leb ^2(u,v) \\* &\quad +\int _{\I ^2} u\,\hat \delta ^\prime (u)\Bigl ( \chi _{[ u,1]}(v)-\chi _{[L(u),1]}(v) \Bigr ) \chi _{[-1,0)}(\hat \delta ^\prime (u))\,d\leb ^2(u,v) \\* &\quad +\int _{\I ^2} u\,\hat \delta ^\prime (u)\Bigl ( \chi _{[U(u),1]}(v)-\chi _{[ u,1]}(v) \Bigr ) \chi _{( 0,1]}(\hat \delta ^\prime (u))\,d\leb ^2(u,v) \\ & = \frac {1}{6} +\int _{\I } u\,\hat \delta ^\prime (u)(L(u) - u)\,\chi _{[-1,0)}(\hat \delta ^\prime (u))\,d\leb (u) +\int _{\I } u\,\hat \delta ^\prime (u)(u - U(u))\,\chi _{( 0,1]}(\hat \delta ^\prime (u))\,d\leb (u) \\* & = \frac {1}{6} - \int _{\I } u\,\hat \delta ^\prime (u) \Bigl ( (u-L(u))\,\chi _{[-1,0)}(\hat \delta ^\prime (u)) + (U(u)-u)\,\chi _{( 0,1]}(\hat \delta ^\prime (u)) \Bigr ) d\leb (u) ,\end {align*}


\begin {align*}\kappa _\rho [C_{\Ber ,\delta }] & = 3 - 12 \int _{\I ^2} u\,(\partial _1 C_{\Ber ,\delta })(u,v)\,d\leb ^2(u,v) \\* & = 1 + 12 \int _{\I } u\,\hat \delta ^\prime (u) \Bigl ( (u-L(u))\,\chi _{[-1,0)}(\hat \delta ^\prime (u)) + (U(u)-u)\,\chi _{( 0,1]}(\hat \delta ^\prime (u)) \Bigr ) d\leb (u) \,.\end {align*}


\begin {align*}\kappa _\varrho [C_{\FN ,\delta }] & = 12 \int _{\I ^2} C_{\FN ,\delta }(u,v) \,d\leb ^2(u,v) - 3 = 12 \int _{\I ^2} u \wedge v \wedge \frac {\delta (u)+\delta (v)}{2} \,d\leb ^2(u,v) - 3 \,.\end {align*}


$\delta (u) \leq \delta (v) \leq \tilde \delta (v)$


$(u,v)\in \I ^2$


$u \leq v$


\begin {align*}& \int _{\I ^2} u \wedge v \wedge \frac {\delta (u)+\delta (v)}{2} \,d\leb ^2(u,v) \\ & = \int _{\I \times [u,1]} (2u) \wedge \Bigl ( \delta (u)+\delta (v) \Bigr ) \,d\leb ^2(u,v) \\ & = \int _{\I \times [u,1]} \tilde \delta (u) \wedge \delta (v) \,d\leb ^2(u,v) + \int _{\I \times [u,1]} \delta (u) \,d\leb ^2(u,v) \\ & = \int _{\I \times [u,1]} \tilde \delta (u) \wedge \delta (v) \,d\leb ^2(u,v) + \int _{\I \times [u,1]} \tilde \delta (v) \wedge \delta (u) \,d\leb ^2(u,v) \\ & = \int _{\I \times [u,1]} \tilde \delta (u) \wedge \delta (v) \,d\leb ^2(u,v) + \int _{\I \times [0,v]} \tilde \delta (v) \wedge \delta (u) \,d\leb ^2(v,u) \\ & = \int _{\I ^2} \tilde \delta (u) \wedge \delta (v) \,d\leb ^2(u,v) \\ & = \int _{\I ^2} \int _{\I } \chi _{[0,\tilde \delta (u)]}(t)\,\chi _{[0,\delta (v)]}(t) \,d\leb (t) \,d\leb ^2(u,v) \\ & = \int _{\I ^2} \int _{\I } \chi _{[\tilde \delta ^\leftarrow (t),1]}(u)\,\chi _{[\delta ^\leftarrow (t),1]}(v) \,d\leb (t) \,d\leb ^2(u,v) \\ & = \int _{\I } (1 - \tilde \delta ^\leftarrow (t)) \,( 1 - \delta ^\leftarrow (t) ) \,d\leb (t) \\ & = \int _{\I } \Bigl ( 1 - \tilde \delta ^\leftarrow (t) - \delta ^\leftarrow (t) + \tilde \delta ^\leftarrow (t) \, \delta ^\leftarrow (t) \Bigr ) \,d\leb (t) \\ & = \int _{\I } (1 - \tilde \delta ^\leftarrow (t)) \,d\leb (t) + \int _{\I } (1 - \delta ^\leftarrow (t)) \,d\leb (t) - 1 + \int _{\I } \tilde \delta ^\leftarrow (t)\,\delta ^\leftarrow (t) \,d\leb (t) \\ & = \int _{\I } \tilde \delta (t) \,d\leb (t) + \int _{\I } \delta (t) \,d\leb (t) - 1 + \int _{\I } \tilde \delta ^\leftarrow (t)\,\delta ^\leftarrow (t) \,d\leb (t) \\ & = \int _{\I } 2t \,d\leb (t) - 1 + \int _{\I } \tilde \delta ^\leftarrow (t)\,\delta ^\leftarrow (t) \,d\leb (t) \\* & = \int _{\I } \tilde \delta ^\leftarrow (t)\,\delta ^\leftarrow (t) \,d\leb (t) ,\end {align*}


\begin {align*}\kappa _\varrho [C_{\FN ,\delta }] & = 12 \int _{\I ^2} u \wedge v \wedge \frac {\delta (u)+\delta (v)}{2} \,d\leb ^2(u,v) - 3 \\* & = 12 \int _{\I } \tilde \delta ^\leftarrow (t)\,\delta ^\leftarrow (t) \,d\leb (t) - 3 \,.\end {align*}


$\delta $


$\hat \delta $


$[0,1/2]$


\begin {align*}\kappa _\rho [C_{\Ber ,\delta }] & = 48 \int _{[0,1/2]} (1-2t)\,\delta (t)\,d\leb (t) - 1 \,.\end {align*}


$\delta $


$\hat \delta ^\prime (t) \leq 0$


$L(t) = 1-t$


$t\in [1/2,1]$


$\hat \delta ^\prime (t) \geq 0$


$U(t) = 1-t$


$t\in [0,1/2]$


$\hat \delta ^\prime (1-t) = -\,\hat \delta ^\prime (t)$


$t\in \I $


\begin {align*}& \int _{\I } t\, \hat \delta ^\prime (t) \Bigl ( (t-L(t))\,\chi _{[-1,0)}(\hat \delta ^\prime (t)) + (U(t)-t)\,\chi _{( 0,1]}(\hat \delta ^\prime (t)) \Bigr ) \,d\leb (t) \\ & = \int _{\I } t\,\hat \delta ^\prime (t) \Bigl ( (2t-1)\,\chi _{[1/2,1]}(t) + (1-2t)\,\chi _{[0,1/2]}(t) \Bigr ) \,d\leb (t) \\ & = \int _{\I } t (2t-1) \,\hat \delta ^\prime (t) \,\chi _{[1/2,1]}(t) \,d\leb (t) + \int _{\I } t (1-2t) \,\hat \delta ^\prime (t) \,\chi _{[0,1/2]}(t) \,d\leb (t) \\ & = \int _{\I } (1-t)(1-2t) \,\hat \delta ^\prime (1-t)\,\chi _{[0,1/2]}(t) \,d\leb (t) + \int _{\I } t (1-2t) \,\hat \delta ^\prime (t) \,\chi _{[0,1/2]}(t) \,d\leb (t) \\* & = - \int _{\I } (1-t)(1-2t) \,\hat \delta ^\prime (t) \,\chi _{[0,1/2]}(t) \,d\leb (t) + \int _{\I } t (1-2t) \,\hat \delta ^\prime (t) \,\chi _{[0,1/2]}(t) \,d\leb (t) \\* & = - \int _{[0,1/2]} (1-2t)^2 \,\hat \delta ^\prime (t) \,d\leb (t),\end {align*}


$t$


$1-t$


\begin {align*}\int _{[0,1/2]} (1-2t)^2\,\hat \delta ^\prime (t)\,d\leb (t) & = \int _{[0,1/2]} 4\,(1-2t) \,\hat \delta (t)\,d\leb (t) \\* & = 4 \int _{[0,1/2]} (1-2t) (t-\delta (t)) \,d\leb (t) \\ & = 4 \int _{[0,1/2]} (t-2t^2) \,d\leb (t) - 4 \int _{[0,1/2]} (1-2t) \, \delta (t) \,d\leb (t) \\* & = \frac {1}{6} - 4 \int _{[0,1/2]} (1-2t) \, \delta (t) \,d\leb (t) \,.\end {align*}


\begin {align*}\kappa _\rho [C_{\Ber ,\delta }] & = 1 + 12 \int _{\I } t\,\hat \delta ^\prime (t)\,\Bigl ( (t-L(t))\,\chi _{[-1,0)}(\hat \delta ^\prime (t)) + (U(t)-t)\,\chi _{( 0,1]}(\hat \delta ^\prime (t)) \Bigr ) d\leb (t) \\ & = 1 + 12\,\biggl ( - \frac {1}{6} + 4 \int _{[0,1/2]} (1-2t)\,\delta (t)\,d\leb (t) \biggr ) \\* & = 48 \int _{[0,1/2]} (1-2t)\,\delta (t)\,d\leb (t) - 1 ,\end {align*}


$\delta $


$\hat \delta $


$[0,1/2]$


$\delta _M$


$\delta _\Pi $


$\delta _W$


$\delta = \alpha \,\delta _M + (1-\alpha -\beta )\,\delta _\Pi + \beta \,\delta _W$


$\alpha ,\beta \in \I $


$\alpha +\beta \leq 1$


\begin {align*}\kappa _\varrho [C_{\Ber ,\delta }] & = \frac {3\alpha -\beta -1}{2} \,.\end {align*}


$\delta = \alpha \,\delta _M + (1-\alpha )\,\delta _W$


$\alpha \in \I $


\begin {align*}2\alpha - 1 & = \kappa _\varrho [C_{\Ber ,\delta }] \leq \kappa _\varrho [C_{\FN ,\delta }] = 3 + 4\alpha + \frac {8\alpha -14}{(2-\alpha )^2}\end {align*}


$\alpha =1$


$\kappa _\varrho [C_{\FN ,\delta _\Pi }] = 5 - (3/2)\pi \approx 0.2876$


$\kappa _\varrho [C_{\FN ,\delta }]$


$\delta $


\begin {align*}\kappa _\gamma [C] & = 4 \int _{\I } \delta _C(t)\,d\leb (t) + 4 \int _{\I } C(t,1-t)\,d\leb (t) - 2 \,.\end {align*}


$\delta $


\begin {align*}\kappa _\gamma [C_{\Ber ,\delta }] & = 4 \int _{\I } \delta (t) \,d\leb (t) - 8 \int _{[0,1/2]} \min \{ s - \delta (s) \mid t \leq s \leq 1-t \} \,d\leb (t) - 1\end {align*}


\begin {align*}\kappa _\gamma [C_{\FN ,\delta }] & = 4 \int _{[0,1/2]} \Bigl ( (\delta (1-t) - \tilde \delta (t)) + (\delta (1-t) - \tilde \delta (t)) \wedge 0 \Bigr )\,d\leb (t) \,.\end {align*}


\begin {align*}\int _{\I } C_{\Ber ,\delta }(t,1-t) \,d\leb (t) & = 2 \int _{[0,1/2]} \Bigl ( t - \min \{ s - \delta (s) \mid t \leq s \leq (1-t) \Bigr ) \,d\leb (t) \\* & = \frac {1}{4} - 2 \int _{[0,1/2]} \min \{ s - \delta (s) \mid t \leq s \leq (1-t) \Bigr ) \,d\leb (t),\end {align*}


\begin {align*}\kappa _\gamma [C_{\Ber ,\delta }] & = 4 \int _{\I } \delta (t) \,d\leb (t) + 4 \int _{\I } C_{\Ber ,\delta }(t,1-t) \,d\leb (t) - 2 \\* & = 4 \int _{\I } \delta (t) \,d\leb (t) - 8 \int _{[0,1/2]} \min \{ s - \delta (s) \mid t \leq s \leq 1-t \} \,d\leb (t) - 1 \,.\end {align*}


\begin {align*}\int _{\I } C_{\FN ,\delta }(t,1-t) \,d\leb (t) & = 2 \int _{[0,1/2]} t \wedge \frac {\delta (t) + \delta (1-t)}{2} \,d\leb (t) \\ & = \int _{[0,1/2]} (2t) \wedge (\delta (t) + \delta (1-t)) \,d\leb (t) \\ & = \int _{[0,1/2]} \Bigl ( 2t - ( 2t - \delta (t) - \delta (1-t) )^+ \Bigr ) \,d\leb (t) \\* & = \frac {1}{4} - \int _{[0,1/2]} ( \tilde \delta (t) - \delta (1-t) )^+ \,d\leb (t) ,\end {align*}


\begin {align*}\kappa _\gamma [C_{\FN ,\delta }] & = 4 \int _{\I } \delta (t) \,d\leb (t) + 4 \int _{\I } C_{\FN ,\delta }(t,1-t) \,d\leb (t) - 2 \\ & = 4 \int _{\I } \delta (t) \,d\leb (t) - 4 \int _{[0,1/2]} (\tilde \delta (t) - \delta (1-t))^+ \,d\leb (t) - 1 \\ & = 4 \int _{[0,1/2]} \Bigl ( \delta (t) + \delta (1-t) - 2t - (\tilde \delta (t) - \delta (1-t))^+ \Bigr ) \,d\leb (t) \\ & = 4 \int _{[0,1/2]} \Bigl ( (\delta (1-t) - \tilde \delta (t)) + (\delta (1-t) - \tilde \delta (t)) \wedge 0 \Bigr )\,d\leb (t) \,.\end {align*}


$\delta $


$\hat \delta $


$[0,1/2]$


\begin {align*}\kappa _\gamma [C_{\Ber ,\delta }] & = 16 \int _{[0,1/2]} \delta (t)\,d\leb (t) - 1 \,.\end {align*}


$\delta $


\begin {align*}\kappa _\gamma [C_{\Ber ,\delta }] & = 4 \int _{\I } \delta (t) \,d\leb (t) - 8 \int _{[0,1/2]} \min \{ s-\delta (s) \mid t \leq s \leq 1-t \} \,d\leb (t) - 1 \\ & = 4 \int _{\I } ( \delta (t)-t ) \,d\leb (t) - 8 \int _{[0,1/2]} ( t-\delta (t) ) \,d\leb (t) + 1 \\ & = 8 \int _{[0,1/2]} ( \delta (t)-t ) \,d\leb (t) + 8 \int _{[0,1/2]} ( \delta (t)-t ) \,d\leb (t) + 1 \\* & = 16 \int _{[0,1/2]} \delta (t) \,d\leb (t) - 1\end {align*}


$\delta $


$\hat \delta $


$[0,1/2]$


$\delta = \alpha \,\delta _M + (1-\alpha -\beta )\,\delta _\Pi + \beta \,\delta _W$


$\alpha ,\beta \in \I $


$\alpha +\beta \leq 1$


\begin {align*}\kappa _\gamma [C_{\Ber ,\delta }] & = \frac {4\,\alpha -2\,\beta -1}{3} \,.\end {align*}


$\delta = \alpha \,\delta _M + (1-\alpha )\,\delta _W$


$\alpha \in \I $


\begin {align*}2\,\alpha - 1 & = \kappa _\gamma [C_{\Ber ,\delta }] \leq \kappa _\gamma [C_{\FN ,\delta }] = 2\,\alpha - \frac {1}{2-\alpha }\end {align*}


$\alpha =1$


$\kappa _\gamma [C_{\FN ,\delta _\Pi }] = 2 - (4/3)\sqrt {2} \approx 0.1144$


$\kappa _\tau $


\begin {align*}\kappa _\tau [C] & := 4 \int _{\I ^2} C(u,v)\,dQ^C(u,v) - 1 \,.\end {align*}


\begin {align*}\kappa _\tau \biggl [ \frac {\Pi +M}{2} \biggr ] & = \frac {5}{12} \neq \frac {1}{2} = \frac { \kappa _\tau [\Pi ] + \kappa _\tau [M] }{2},\end {align*}


$K_C : \I \to \I $


\begin {align*}K_C(t) & := Q^C[\{C \leq t \}]\end {align*}


\begin {align*}\int _{\I ^2} C(u,v)\,dQ^C(u,v) & = \int _{\I } ( 1-K_C(t) )\,d\leb (t) \,.\end {align*}


$\delta $


\begin {align*}\kappa _\tau [C_{\Ber ,\delta }] & = 8 \int _{\I } \delta (t)\,d\leb (t) - 3\end {align*}


\begin {align*}\kappa _\tau [C_{\FN ,\delta }] & = 4 \int _{\I } \delta (t)\,d\leb (t) - 1 \,.\end {align*}


$2\,\kappa _\tau [C_{\FN ,\delta }] = 1 + \kappa _\tau [C_{\Ber ,\delta }] \geq 0$


\begin {align*}K_{C_{\Ber ,\delta }}(t) & = 2\,\delta ^\rightarrow (t) - t\end {align*}


$\delta ^\rightarrow $


$\delta $


$\delta ^\rightarrow (t) := \sup \{ s\in \I \mid \delta (s) \leq t \}$


$s \leq \delta ^\rightarrow (t)$


$\delta (s) \leq t$


$s,t\in \I $


\begin {align*}\int _{\I } \delta ^\rightarrow (t) \,d\leb (t) & = \int _{\I } \int _{\I } \chi _{[0,\delta ^\rightarrow (t)]}(s)\,d\leb (s)\,d\leb (t) = \int _{\I } \int _{\I } \chi _{[\delta (s),1]} (t)\,d\leb (t)\,d\leb (s) = \int _{\I } ( 1 - \delta (s) ) \,d\leb (s) \,.\end {align*}


\begin {align*}\int _{\I } K_{C_{\Ber ,\delta }}(t) \,d\leb (t) & = \int _{\I } (2\,\delta ^\rightarrow (t)-t) \,d\leb (t) = \int _{\I } ( 2 - 2\delta (t) - t ) \,d\leb (t) = \frac {3}{2} - 2 \int _{\I } \delta (t) \,d\leb (t) \,,\end {align*}


\begin {align*}\kappa _\tau [C_{\Ber ,\delta }] & = 4 \int _{\I } ( 1-K_{C_{\Ber ,\delta }}(t) )\,d\leb (t) - 1 = 8 \int _{\I } \delta (t) \,d\leb (t) - 3 \,.\end {align*}


$t\in \I $


\begin {align*}A_t & := \{ (u,v)\in (t,1]^2 \mid \delta (u) + \delta (v) > 2t \} \\* B_t & := \{ (u,v)\in (t,1]^2 \mid \delta (u) + \delta (v) \leq 2t \} \,.\end {align*}


\begin {align*}C_{\FN ,\delta }(u,v) & = \frac {\delta (u)+\delta (v)}{2}\end {align*}


$(u,v) \in B_t$


$Q^{C_{\FN ,\delta }}[[p,u]\times [q,v]] = 0$


$[p,u]\times [q,v] \subseteq B_t$


$Q^{C_{\FN ,\delta }}[B_t] = 0$


\begin {align*}Q^{C_{\FN ,\delta }}[\{ C_{\FN ,\delta } > t \}] & = Q^{C_{\FN ,\delta }}[A_t] \\ & = Q^{C_{\FN ,\delta }}[A_t] + Q^{C_{\FN ,\delta }}[B_t] \\ & = Q^{C_{\FN ,\delta }}[(t,1]^2] \\* & = 1 - 2t + \delta (t) ,\end {align*}


\begin {align*}K_{C_{\FN ,\delta }}(t) & = Q^{C_{\FN ,\delta }}[\{ C_{\FN ,\delta } \leq t \}] = 2t - \delta (t),\end {align*}


\begin {align*}\kappa _\tau [C_{\FN ,\delta }] & = 4 \int _{\I } ( 1-K_{C_{\FN ,\delta }}(t) )\,d\leb (t) - 1 = 4 \int _{\I } \delta (t) \,d\leb (t) - 1 \,.\end {align*}


$\delta $


$\delta = \alpha \,\delta _M + (1-\alpha -\beta )\,\delta _\Pi + \beta \,\delta _W$


$\alpha ,\beta \in \I $


$\alpha +\beta \leq 1$


\begin {align*}\frac {4\,\alpha -2\,\beta -1}{3} & = \kappa _\tau [C_{\Ber ,\delta }] \leq \kappa _\tau [C_{\FN ,\delta }] = \frac {2\,\alpha - \beta +1}{3}\end {align*}


$\alpha =1$


$\kappa _\tau [C_{\Ber ,\delta }]$


$\kappa _\tau [C_{\FN ,\delta }]$


$\delta $


$\kappa _\tau [C_{\FN ,\delta }] - \kappa _\tau [C_{\Ber ,\delta }] = 1 - \kappa _\tau [C_{\FN ,\delta }] \in \I $


$\delta $


$\kappa _\tau [C_{\FN ,\delta }] - \kappa _\tau [C_{\Ber ,\delta }]$


$\delta $


$\delta = \delta _M$


$\kappa _\tau [C_{\Ber ,\delta }] = 1$


$\kappa _\tau [C_{\FN ,\delta }] = 1$


$\kappa _\tau [C_{\FN ,\delta }] - \kappa _\tau [C_{\Ber ,\delta }] = 0$


$\delta =\delta _M$


$C_{\Ber ,\delta } = M$


$\kappa _\tau [C_{\Ber ,\delta }] = 1$


$\kappa _\tau [C_{\Ber ,\delta }] = 1$


$\int _{\I } \delta (t)\,d\leb (t) = 1/2$


\begin {align*}\int _{\I } ( \delta _M(t) - \delta (t))\,d\leb (t) & = \int _{\I } ( t - \delta (t))\,d\leb (t) = 0 \,.\end {align*}


$\delta _M - \delta \geq 0$


$\delta _M(t) - \delta (t) = 0$


$t\in \I $


$\delta $


$\delta = \delta _W$


$\kappa _\tau [C_{\Ber ,\delta }] = - 1$


$\kappa _\tau [C_{\FN ,\delta }] = 0$


$\kappa _\tau [C_{\FN ,\delta }] - \kappa _\tau [C_{\Ber ,\delta }] = 1$


$\phi : \CC \to \R $


\begin {align*}\phi [C] & := 6 \int _{\I ^2} C(u,v)\,dQ^M(u,v) - 2 \,.\end {align*}


$\phi [W] = -1/2 \neq -1$


$Q^M$


$\leb _{T^M}$


$\leb $


$T^M : \I \to \I ^2$


$T^M(t) = (t,t)$


\begin {align*}\phi [C] & = 6 \int _{\I } \delta (t)\,d\leb (t) - 2\end {align*}


$C$


$\delta $


$C_{\Ber ,\delta }$


$C_{\FN ,\delta }$


$\delta $


\begin {align*}\phi [C] & = \frac {\kappa _\tau [C_{\Ber ,\delta }]+\kappa _\tau [C_{\FN ,\delta }]}{2}\end {align*}


\begin {align*}3\,\kappa _\tau [C_{\Ber ,\delta }] + 3 & = 4\,\phi [C] + 2 = 6\,\kappa _\tau [C_{\FN ,\delta }]\end {align*}


$C$


$\delta $


\begin {align*}4\,\phi [C] - 1 &\leq 3\,\kappa _\tau [C] \leq 2\,\phi [C] + 1\end {align*}


$C$


$4\,\phi [C] - 1 = 3\,\kappa _\tau [C_{\Ber ,\delta }]$


$2\,\phi [C] + 1 = 3\,\kappa _\tau [C_{\FN ,\delta }]$


$\delta $


\begin {align*}\kappa _\tau [C_{\Ber ,\delta }] &\leq \kappa _\tau [C] \leq \kappa _\tau [C_{\FN ,\delta }]\end {align*}


$C$


$\delta $


$\delta _M$


$\delta _\Pi $


$\delta _W$


$(\delta _M+\delta _W)/2$
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1. A function C : [0, 1]* > R is said to be a copula if it is 2-increasing in the sense that C(u, v) — C(s,v) — C(u,t) + C(s,t) > 0 holds for
all (s, 1), (u, v) € [0, 11> such that (s, #) < (u, v) and if it satisfies the boundary conditions C(7,0) = 0 = C(0,#) and C(t,1) =t = C(1, 1) for
all r € [0, 1]. Every copula C satisfies |C(u, v) — C(s,1)| < |u— s| + |v — 1| for all (s,7), (u,v) € [0, 11?, which shows that C is Lipschitz
continuous and hence partially differentiable almost everywhere.

2. Each of the functions I, M, W : [0,1]> - [0, 1] given by Il(u, v) :=uv, M(u,v) :=uAvand W(u,v) := (u+v—1)* is a copula, and
every copula C satisfies W < C < M.

3. A probability measure Q : B([0, 11%) - [0, 1] is said to be a copula measure (or a doubly stochastic measure) if Q[A X [0, 1]] = A[A] =
Q[[0, 1] x A] holds for every Borel set A € ([0, 1]), where 1 denotes the Lebesgue measure on 5([0, 1]).

The correspondence theorem for copulas assert that there exists a bijection between copulas and copula measures and that a copula C
and its copula measure Q€ satisfy QC[[s,u] X [t,v]] = C(u, v) — C(s, v) — C(u, 1) + C(s, 1) for all (s, 1), (u, v) € [0, 11 such that (s, 1) < (u, v).

2. Diagonals

A function 6 : [0, 1] — R is said to be a diagonal if it has the following properties:

(i) ¢ is increasing with 6(0) =0 and 6(1) = 1.
(ii) 6(¢) <t holds for all ¢t € [0, 1].
(>iii) |6(r) — 6(s)| < 2|t — s| holds for all s, € [0, 1].
If 6 is a diagonal, then (27 — 1)* < §(¢) holds for all ¢ € [0, 1]. For every copula C, the function § : [0, 1] — [0, 1] given by
5c(t) 1= C(t,1)
is a diagonal and is said to be the diagonal of C.

Example 1.

1. Product Copula: The copula 1 satisfies & (r) = #* for all ¢ € [0, 1].

2. Upper Fréchet-Hoeffding Bound: A copula C satisfies §.(t) = ¢ for all 1 € [0, 1] if and only if C = M.
Indeed: It is evident that 5,,(f) = # holds for all ¢ € [0, 1]. Assume now that C is a copula such that §.(r) = 7 holds for all € [0, 1].
Then we have

M@u,v) =uAv=306cuAv)=CuAv,uiv)<Cu,v) < M(u,v)

for all (4, v) € [0, 1]%, and hence C = M; see also Durante and Sempi [[2]; Example 2.6.4].
3. Lower Fréchet-Hoeffding Bound: The copula W satisfies 6y, (t) = (2t — )* for all r € [0, 1].
4. Fréchet Copulas: For «, f € [0, 1] such that « + # < 1, the function

Crréchetiap ‘= aM + (1 —a =PI+ W
is a copula with 6¢, , =@y + (I —a—p)oy+foy.
The inequalities for diagonals imply that 6, < 6 < 6,, holds for every diagonal 6. Moreover, the diagonal §,, is particular since
it turns out that for every diagonal § # §,, there exist distinct copulas with diagonal §; see Theorem 1.
For a diagonal 6, we also consider the functions 8,5 : [0,1] — R given by
5ty :=t—o8(t) and  &(r) :=2t-6(r).

Then we have 0 < 5(1) <tA(1—1) and 0 < 5(r) <t <5(r) <21 A1 for all 1 € [0, 1], as well as |5(r) — 5(s)| < |t — s| and |5(r) — 5(s)| <
2|t —s| for all s,7 € [0, 1]. Moreover, each of 6 and § is a distribution function on [0, 1] and hence has lower and upper quantile
functions, and each of 6, 5 and § is differentiable almost everywhere. In particular, we have 0 < §'(r) < 2 and hence —1 < §'(t) < 1 and
0<6'(r) <2 for all t € [0, 1] for which § is differentiable at 7.

3. Bertino and Fredricks-Nelsen copulas

For a diagonal 6, we consider the functions Cgy, 5, Cpn 5 : [0, 11 - R given by
Cger 5(u, ) ::u/\v—min{r—é(r) ‘ u/\USrSu\/v}

and

o(u) + 6(v)

—

The function Cg,, s is said to be the Bertino copula with diagonal 6, and Cgy ; is said to be the Fredricks—Nelsen copula with diagonal 6.
The following results are well-known from the papers by Fredricks and Nelsen [5,6]; see also Durante and Sempi [[2]; Section 1.7]
for a short proof of the fact that every Fredricks-Nelsen copula is indeed a copula.

CpngsW, ) I=uAVA

Proposition 1. For every diagonal &, the function Cg,, ; has the following properties:

2
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. Cper s is a symmetric copula with diagonal 6.

. Every copula C with diagonal 6 satisfies Cye. 5 < C.
. Cpers = M ifand only if 6 = 6.

. Cper s = W if and only if 6 = 6.

. Cpers < Ilif and only if 6 < 6.

G AN Wh =~

Moreover, if 5 and n are diagonals such that 5 < 1, then Cpe; 5 < Cper -
Proposition 2. For every diagonal &, the function Cyy ; has the following properties:

. Cpn s Is a symmetric copula with diagonal 6.

Every symmetric copula C with diagonal 6 satisfies C < Cgy 5.
Ceng = M if and only if 6 = 6y,.

Crngy 7 W-

1 < Cgn if and only if 6 < 6.

I N

Moreover, if 5 and n are diagonals such that 6 < r, then Cpy 5 < Cgn,p-

The following example shows that the assumption of symmetry cannot be dropped in assertion (2) of Proposition 2; see also Nelsen
et al. [[14]; Example 11] for another example:

Example 2. The function D : [0, 11> > [0, 1] given by
uA@=3) if o) €10, 71%[2,1]
Du.v)=@=- ) Av if o) €[1,11x[0,3]
W (u, v) else
is an asymmetric copula and its diagonal satisfies
0 ift€[0,1]
_ 1 13
5D(t)— t_Z lfte[z,z]

2t—1 ifte[%,l]

We thus obtain Gy 5, (5, 5) = 1/8 < 1/4 = D(3, 1), and hence D £ Cyy.5,-

‘With regard to assertion (2) of Proposition 2, we also note in passing that, for every diagonal 4, the function C; . [0, 11? - R given
by Cs(u,v) :=sup{C(u,v) | C is a copula with 6. = 6} is a quasi—copula. Since C; is symmetric and satisfies Cpy 5 < Cj, it follows that
C; is a copula if and only if Ceng = C;. Kokol Bukovsek et al. [8] present an explicit formula for Cj.

By Propositions 1 and 2, we have Cg,, 5 < Cyn 5 for every diagonal 6, as well as Cge, 5,, = Cpn 5., - The following result completes
the comparison of Cg,, 5 and Cyy 4:

Theorem 1. For every diagonal 5, the following properties are equivalent:

(@ 6 =56y
() Cgers = Cpnys-

Proof. By Propositions 1 and 2, we know that (a) implies (b). Assume now that 6 # 6,,. Then there exists some ¢ € (0, 1) such that
5(r) < t, and we put € 1=t — §(z). Since lim,_,((s — §(s)) = 0 = lim_,; (s — 6(s)), continuity implies that each of the sets A := {s € (0,7) |
s—06(s)=¢/2}and B :={s € (t,1) | s — 6(s) = £/2} is nonempty. Define now

u:=supA and v:=inf B.
Then we have u <t < v and continuity yields
u—56(u)=¢€/2=v-45(v).
Since t — 6(t) = £, we conclude that
u<v and min{r—6(r) |lu<r<v}=¢/2.
We thus obtain

Crn,s (W, 0) — Cper 5(u, 1)

:u/\v/\w—(u/\v—min{r—ﬁ(r)|u/\v§rSMVU})
A@—(w—min{r—é(r)luﬁrﬁv})

—op(2WHo@ e

—0/\< 2 u>+2.
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In the case (6(u) + 6(v))/2 > u this yields Cyy 5(u, 0) — Cpey 51, v) = £/2 > 0, and in the case (6(u) + 6(v))/2 < u we obtain

6(u) + o6(v
Crn st 0) = Cper 5, 0) = % —u+§
N 5(u)+5(v) _ u+u+£
2 2 2
=0.

This proves the assertion. O

For every diagonal 8, the collection of all copulas with diagonal é is convex. Thus, for every § # 6,,, there exist infinitely many
copulas with diagonal §.

4. Measures of concordance

Let C denote the collection of all copulas [0, 11> - [0, 1]. For every C € C, each of the functions z(C) and v,(C) given by
(z(C))(u,v) := C(v,u) and @), v) :=v-C( —u,v)

is a copula. It follows that each of the mappings =, v, : C — C is an involution and that = and v, generate a group I' of transformations
C — C which is a realization of the dihedral group with 8 elements; see Fuchs and Schmidt [7].
A functional x : C - R is said to be a measure of concordance if it has the following properties:

(i) « is continuous (with respect to uniform convergence on C) and order preserving (with respect to the natural order relation on C)
with x[M] = 1.
(i) x[#(C)] = x[C] holds for every copula C.
(>iii) x[v,(C)] = —«[C] holds for every copula C.

Since v (IT) = IT and v, (M) = W, every measure of concordance x satisfies x[I1] = 0 and x[W] = —1, and hence «(C) C [-1, 1]. More
generally, the identity x[C] = 0 holds for every copula C which is invariant under the group I'.

Invariant copulas also produce a wide class of measures of concordance since, for every invariant copula A, the functional «, :
C — R given by

— 4 foap Cw,0)d0*(u,v) — 1
A= 4 fio1p M, 0)d0A(w,v) - 1

is a measure of concordance; see Edwards et al. [3]. The class of these copula-induced measures of concordance includes Spearman’s
rho x, 1= xpy and Gini’s gamma x, := Ky /2-
Every copula-induced measure of concordance « is convex-linear in the sense that

k[aC + (1 — a)D] = ax[C] + (1 — a)x[D]

holds for all C,D € C and all a € [0, 1]. Moreover, since each of = and v,, and hence every y €T, is convex-linear, the class of all
convex-linear measures of concordance also includes the functionals «(,, : C — R with (s,7) € (0, 1 given by

) 1
KplCl 1= m( Y eE)sn- Y (y(C))(s,t)>,

yéres ye\r=

where I'* denotes the subgroup of I' generated by z and the transformation = : C — C, which is defined by (z(C))(u,v) :=u+v—
1+ C(1 —u,1—v) and turns every copula C into its survival copula. These measures of concordance were introduced by Mesiar et al.
[11]. Since k(15,12 [C1 = 4C(%, %) — 1, we see that k(; /5 | /) is Blomqvist’s beta.

5. Convex-linear measures of concordance

Because of Proposition 1, the inequality
K[Cger,s] < x[C]

holds for every measure of concordance x and every copula C with diagonal §. Therefore, the first inequality of the following result
is obvious, but the second is a bit surprising since Example 2 yields the existence of a copula D with diagonal 6 and D £ Cyy 4:

Theorem 2. For every diagonal 5, the inequality
K[CBe.-,,s] <k[C] < K[CFNJS]
holds for every convex-linear measure of concordance k and for every copula C with diagonal 5.

Proof. Consider a convex-linear measure of concordance « and a copula C with diagonal 6. To prove the second inequality, we
note that the copula (C + #(C))/2 is symmetric with diagonal 6. Therefore, Proposition 2 yields (C + 7(C))/2 < Cpy 5. Since « is
convex-linear and x[7(C)] = k[C], we obtain x[C] = k[(C + #(C))/2] < k[Cgns]. O

4
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6. Spearman’s rho
Since Q" is the bivariate Lebesgue measure A% on B([0, 11%), Spearman’s rho satisfies
K,[Cl = 12/ Cu,v)dA*(u,v) - 3.
[0.11%

We now study Spearman’s rho for Bertino and Fredricks—Nelsen copulas.
For a diagonal 6§, we consider the functions L,U : [0, 1] - R given by

L(7) :=inf{s € [0,1] | 5(t) < é(r) for all r € [s,1]}
U@ :=sup{s € [t,11] @) < b@r) forall r €[t,5]}.

Then we have 0 < L(t) <t < U(t) < 1 for all 1 € [0, 1]. Moreover, we denote by 6 the lower quantile function of 6, given by 6 (¢) :=
inf{u € [0,1]|t < 6(u)}, and by §~ the lower quantile function of §. For all #,u € [0, 1], we have 6 (t) < u if and only if 1 < 5(u).

The following result provides the values of Spearman’s rho for Bertino and Fredricks—Nelsen copulas. The identity for Fredricks—
Nelsen copulas is stated without proof in Fredricks and Nelsen [5] and we include a proof for the sake of completeness:

Theorem 3. For every diagonal 5, Spearman’s rho satisfies

Ky[Cher sl =1+ 12/

. 180 (= LO) 212106 @) + U = 1 10 @) )dde)

and
K,[Cpn 5] = 12/ 56 () dAm - 3.
[0,1]
Proof. Let us first consider Bertino copulas. For every copula C, partial integration yields
/ Cu,v)dA>(u,v) = 1_ / u (0,C)(u, v) d A*(u, v),
0.1 2 Joap
and hence
K,[C] =3 - 12/ L U@, 0w v)d 22w, v).
[0,1]
Moreover, Ferndndez-Sanchez and Trutschnig [[4]; Theorem 5.5] have shown that

a1+ Sl(“))){[o,u] (w) — 3’(u))([0,v](L(u)) if 8wy <0

(01 CRer.s)(u, 0) = N N A
! Ber:d {(1—5'(u))xloyuj(u)+5’(u)xlOVUJ(U(u)) if §'(uw) > 0

We thus obtain

/ 1 (3, Cer 5)(, v)d A (u, V)
[0,11 ’
= /0 (1 8 @) 210,00 = 8@ 210, (L@ ) 211,018 ) d 2% 0)
[0,1]
+ / (1= 8 @) 10,00 + 8 @210, U @) ) 20 @) d 2w 0)
[0,1]
= / U Y100/ ) d 22(u, v)
0.1
+/ 5 "gr(u)(}([uJ](U) - )([L(u),l](U))X[—I,O)(Sl(u))d/lz(u’ v)
[0.1]

+ / 148 (w.1©) = 2 ® ) 2o @ @) d 2w 0)
[0.1]

=+ / w8 (LW = 1) 711,08 W) d 4w + / w8 W) — UW)) 70.1)(8' W) dAw)
[0,1] [0,1]
= é - / w8 (= L@) 712106 @) + U@ = 1) 0@ @) )dAw,
[0,1]
and hence

Kp[Cger g1 =3 — 12/ 1 (0) Cgey 5)(u, V) d A% (u, v)
0,11
=1+12 / u 5’(u)<(u = LW) 4j—1.0/ 8" @) + UW) — ) ;((0,1](5’(14))),1,1(,4) .
[0,1]

5
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This proves the first identity.
Let us now consider Fredricks—Nelsen copulas. We have
K, [Crns1 = 12/ Cyns(s ) d 2w, v) =3 = 12/ unpa 2T dA*(u,v) - 3.
' 012 (0172 2

Since every Fredricks-Nelsen copula is symmetric and since §(u) < 8(v) < §(v) holds for all (u, v) € [0, 11? such that u < v, we obtain

/ uAU/\MdAZ(u,U)

0172 2

= / Qu) A (5(u) + 5(u)) d22(u, v)
[0,1]%[u,1]

= / 5w AS()dA>(u,v) + / 5(u) d A% (u, v)
[0,1]%[u,1]

[0,1]%[u,1]

= / 5w AS()dA>(u,v) + / 5(0) A S(u) dA%(u, v)
[0,1]X[u,1]

[0,11x[u,1]

= / 5u) A 5(v) dA>(u, v) + / 5(0) A 8(u) d A% (v, u)
[0,1]X[u,1] [0,1]x[0,v]

= / 5@) A 8(v) d A*(u, v)
(0.1

= X10,5w1® X105 @) dAD) d22(u,v)
[0.11> Jo,1]

= / ) / X511 K500 () dA®) d 22w, v)
[0,1] J[0,1]

=]

(1=~ (1 =8~ dA)
[0.1]

(1 -5~ -6+ 5*@)5*@)) d A1)
1]

I
S~

[0

(1=8@)dA) +/ (1=86"@)dAar)—1 +/ 56 @) dAQ)
[0,1] [0.1] [0,1]

/ 5(1)d/1(t)+/ 6(t)d/1(t)—1+/ 576~ dA®)
[0,1] [0,1] [0,1]

:/ 2td/1(z)—1+/ 58~ (t)dA(r)
[0,1] [0,1]
= / 58~ dA®),

[0.1]

and hence

8(u) + 6(v)
"

K, [Cpn sl = 12/ uAD dA*(u,v) =3

[0.1)?

= 12/ 576~ dAr) - 3.
[0.1]

This proves the second identity. O

For certain diagonals, the first identity of Theorem 3 can be simplified as follows:

Corollary 1. If § is a diagonal for which § is symmetric and increasing on [0, 1/2], then
K,[Cher 5] = 48/ (1 =206 dAd) — 1.
’ [0.1/2]

Proof. The assumption on 6 yields §'(r) <0 and L(r) =1 —rforallt € [1/2,1], §'(r) > 0 and U(r) = 1 —¢ for all t € [0, 1/2], and &'(1 —
1) =—§'(¢) for all ¢ € [0, 1]. We thus obtain

/0 (800 = L) 2110/60) + U0 =1 101)E©)) dito)
[0,1]
= / 13/(1)((21 =D @O+ 0A-20 )([0,1/2](1)) dAt)

[0,1]

=/ 1(21—1)5’0))([1/2,1]0)511(?)+/ 1(1—27)5’(0)([0_1/210)611(?)
0,11 [0.1]

6
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- / (=01 = 208'(1 = 1) g0,/ AW + / 11 =208 1) 110,/ 0 dAD)
[0,1] [0,1]

=- . (1=-0(1-208@) Xi0,1/21(0 d A1) + /0 1(1-208'@t) Xi0,1/21(D) d A1)
[0,1] [0,1]

=- / (1-2028'(t)d ),
[0,1/2]
where the second last identity follows from substituting + with 1 —¢. Now partial integration yields
/ (1 =202 dA@) = / 4(1 =20 6(0) d A
[0.1/2] [0.1/2]
= 4/ (1 =261 - 6(t)) dAt)
[0.1/2]

= 4/ (t =22 dA(t) - 4/ (I =2t)6()d At)
[0.,1/2] [0.1/2]

-1 —4/ (1=20)6(t) dA(t) .
6 [0.1/2]

We thus obtain

K)[Cper sl =1+ 12/
[0.1]

=1+12 <—1 +4/ - 21)5(t)d/1(t)>
6 [0.1/2]

=48/ (1 =20)6@)dA®) -1,
[0.1/2]

18 (0 = L) 1121,0/@ ©) + U0 = 1) 10,1 @) ) dC0)

as was to be shown. [J

By Corollary 1, Spearman’s rho is convex-linear on the collection of all Bertino copulas having a diagonal 6 for which 4 is symmetric
and increasing on [0, 1/2]. The collection of these diagonals includes 6,,, 5 and 6y, .

Example 3. (Fréchet Diagonals)
1. f 6 =ady + (1 —a— )y + P Sy holds for some a, p € [0, 1] such that « + g < 1, then
B3a—-p—-1
Kol Cer g1 = =5 —— .

2. If 6 = a6y + (1 — @) 8y holds for some « € [0, 1], then

8a — 14
Q-2

20—1= K'D[CBerﬁ] < K'O[CFNﬁ] =3+4a+

and equality holds if and only if « = 1.
3. K [Cpny) = 5 = (3/2)m ~ 0.2876.

For a particular class of diagonals, Kokol Bukovsek and Stopar [[10]; Lemma 9] obtained another representation of ,[Cgy 5] in
terms of §.

7. Gini’s gamma
Straightforward calculation shows that Gini’s gamma satisfies
K},[C]=4/ 5C(l)d/1(t)+4/ Ct,1-1dAi)-2.
[0.1] [0.1]

The following result provides the values of Gini’s gamma for Bertino and Fredricks—Nelsen copulas.

Theorem 4. For every diagonal §, Gini’s gamma satisfies
K, [Cher 5] = 4/ 5 d ) — 8/ min{s —8(s) [t <s<1—1t}dA@t) — 1
[0.11 [0,1/2]
and
K, [Cpns] = 4/ ((5(1 -0 =560)+ (1 -1 =5@)A 0) dA(t).
[0.1/2]

7
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Proof. Let us first consider Bertino copulas. Symmetry yields

/ Chers(t: 1 = 1) dA(D) = 2/ (t—min{s —8s)|t<s<(- r)) dAt)
[0,1] [0,1/2]

1
4
and hence

Ky [CBer,b'] = 4/ o dAr) + 4/ CBer,é(tv 1-0di@) -2
[0,1] [0,11

:4/ 5(t)d/1(t)—8/ min{s—8(s) |t <s<1—t}dA@t)—1.
[0,1]

[0,1/2]
Let us now consider Fredricks—Nelsen copulas. Symmetry yields
o) +o6(1—t
/ Cpns(t: 1 =D d A = 2/ PN R Sl YT
o [0,1/2] 2

= / 2O AB@)+6(1 —1)dA®)
[0,1/2]

= / (2t - Q2t-6()—06(1 - t))+) d A1)
[0,1/2]

=1_ / @(t) - 81 = 1))* d o),
4 Joi

and hence

K, [Cpnsl = 4 / (1) dA(t) + 4 / Cpns(t, 1 = 1) dAD) =2
[0,1] [0,1]

4/ o(t)dA(t) — 4/ 6@ —6(1 =) dAg) — 1
[0.1] [0,1/2]

4/ (5(:) +5(1 =1 —20— Bty —6(1 - z))*) da)
[0,1/2]

4/ ((5(1 — 1) = 8() + (5(1 = 1) = 5() A 0) dir).
[0.1/2]

This completes the proof. O

—2/ min{s—é(s)|t§s5(1—t))d/1(t),
[0.1/2)
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As in the case of Spearman’s rho the first identity of Theorem 4 can be simplified for certain diagonals:

Corollary 2. If § is a diagonal for which § is symmetric and increasing on [0, 1/2], then

K, [Cher 5] = 16/ 8 dit) 1.

[0,1/2]

Proof. The assumption on § yields

K,[cBer,5]=4/ 5(1)d/1(t)—8/ min{s —8(s) |t < s < 1—1}dA@t) — 1
[0,1] [0,1/2]

4 6() =1 dA@®) — 8/ (t—=06@®)dA) +1
1 [0,1/2]

[0.1

= 8/ 6(t) =) dA@) + 8/ 6@ —1di@) +1
[0.1/2] [0.1/2]

= 16/ o)y dAi) -1
[0,1/2]

as was to be shown. [

Corollary 2 shows that also Gini’s gamma is convex-linear on the collection of all Bertino copulas having a diagonal § for which

5 is symmetric and increasing on [0, 1/2].

Example 4. (Fréchet Diagonals)

1. f6=ady + (1 —a—p) by + p by holds for some a, p € [0, 1] such that « + g < 1, then

da-2p-1

Ky [CBer,é] = 3
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2. If § = a6y, + (1 — a) 6y holds for some « € [0, 1], then

1
2—a

Qa—-1= Ky [Cger,s] < 1, [Cyns] = 2 —

and equality holds if and only if a = 1.
3. &, [Crng, ] =2 - (4/3)V2 ~ 0.1144.

8. Kendall’s tau
Another important measure of concordance is Kendall’s tau k., given by
K, [C] := 4/ Cu,v)dQu,v) — 1.
0.11°

Since

n+m
2

5,1 &M +xM]

12727 2 ’

Kz

we see that Kendall’s tau fails to be convex-linear. Nevertheless, we shall show in Theorem 6 that the inequality of Theorem 2 also
holds for Kendall’s tau. Before, we determine Kendall’s tau for Bertino and Fredricks—Nelsen copulas.

For the computation of the values of Kendall’s tau, it is sometimes convenient to use Kendall’s distribution function K : [0,1] — [0, 1]
which is defined by

Ke(1) 1= 0C[{C < 1)]
and satisfies

/ C(u,v)dQC(u,v)=/ (1= K@) dA®).
(0.1 [0.1]

The following result provides the values of Kendall’s tau for Bertino and Fredricks-Nelsen copulas. The identity for Fredricks-Nelsen
copulas is stated without proof in Fredricks and Nelsen [5] and Nelsen [[12]; Exercise 5.5] and we include a proof for the sake of
completeness:

Theorem 5. For every diagonal 5, Kendall’s tau satisfies
KT[CBer,b‘] = 8/ 6(t)dA(t) =3
[0,1]
and
k. [Cynsl = 4/ s dAt)—1.
[0,1]

In particular, 2k, [Cpn 5] = 1 + K, [Cper 51 2 0.
Proof. Let us first consider Bertino copulas. Nelsen et al. [13] have shown that
KCBM(t) =26"()—t

with the upper quantile function 6~ of §, given by 67 () :=sup{s € [0, 1] | 5(s) < t}. Since s < §7(¢) if and only if 6(s) < 7 holds for all
s,t € [0, 1], Fubini’s theorem yields

/ 57 dar) = / / L0~ () dA() d A1) = / / Kooy (D A dA(s) = / (1= 8(5)) dA(s) .
[0,1] [0,1] J[0,1] [0,17 J10,1] [0,1]

We thus obtain
/ KCB (dA) = / 2671 =dA) = / (2-=26()—1)dA@®) = § — 2/ 6(t)dA@),
[0.1] er-o [0.1] [0.1] 2 [0.1]
and hence

K [Cher.s] = 4/ (- Kg,, ,(0)di@)—1= 8/ 8(t)dA(t) = 3.
[0,1] ’ [0,1]

Let us now consider Fredricks—Nelsen copulas. For € [0, 1], define
A, = {w,0) € (1,117 | 6(u) + 8(v) > 2t}
B, :={(u,0) € (1,117 | 6(u) + 6(v) < 2t} .

Then we have

o(u) + 6(v)

Cpn,s(u, 0) = )
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for all (u,v) € B,, and it follows that QN5 [[p,u] X [¢, v]] = 0 holds for every rectangle [p, u] X [¢,v] C B,. This yields QFFNs [B,]=0.
Therefore, we obtain
QNG [{Cy 5 > 1}] = QPNG[A,]
= QNI[A] + QNI B
= QM [(1, 1]%]
=1-2t+6(@),
hence
Kepn; 0 = QNI [(Cpy 5 < 1}] = 2t = 5(0),
and thus

K [Cpn 5] =4/O (1= Ky, ) dA0) = 1 =4/l Sy dAD —1.
[0,1] : 1

[0,
The final assertion is then immediate. [

By Theorem 5, Kendall’s tau for Bertino and Fredricks—Nelsen copulas is convex-linear in §.

Example 5. (Fréchet Diagonals) If 6 = a 6y, + (1 — @ — ) 67 + B 6y, holds for some a, § € [0, 1] such that « + g < 1, then

da-2p-1 2a—-p+1
Tﬂ = K [Cer 5] < k- [Cpns] = Tﬁ

and equality holds if and only if « = 1.

It is evident from Theorem 5 that the values k [Cge, 5] and «,[Cpy ;] are increasing in §, and it follows that the differences

k. [Cpn5] = K [Cpers] = 1 — k. [Cpn 5] € [0, 1] are decreasing in 6. The following results characterize the diagonals for which the bounds
of x,[Cpn 5] — k. [Cper 5] are attained:

Corollary 3. For every diagonal 5, the following properties are equivalent:

(@ 6 =56y

® Kr[CBer,ﬁ] =1

© K. [Cpnsl = 1.

(@ x.[Cpngl = x:[Cher 51 = 0.

Proof. If 6 = §,,, then Proposition 1 yields Cg,, 5 = M, and hence « [Cgy 5] = 1. Assume now that « [Cge 5] = 1. Then Theorem 5
yields flo’” 8(1)dA(t) = 1/2, and thus

/ Oy () —06()dAR) = / (t—=6(1)dA)=0.
[0,1] [0,1]

Since 6,, — 6 > 0 and since diagonals are continuous, this implies 6,,(r) — 6(t) = 0 for all t € [0, 1]. The remaining implications are
obvious. [

Corollary 4. For every diagonal §, the following properties are equivalent:

(@ 6 =éy.

(b) Kr[CBer,é] =-1

© x.[Cpn 5] = 0.

(@ x.[Cpnsl = K:[Chersl = 1.

The proof of Corollary 4 is analogous to that of Corollary 3.

9. Spearman’s footrule

It turns out that Kendall’s tau for Bertino and Fredricks—Nelsen copulas is closely related to Spearman’s footrule ¢ : C — R given
by

¢[C] ::6/ C(u, ) dOM (u,v) - 2.
0.1

Since ¢[W] = —1/2 # —1, Spearman’s footrule fails to be a measure of concordance. Nevertheless, it is of interest since QM is the
push-forward measure A;x of 4 under the measurable mapping T™ : [0, 1] — [0, 12 given by T™(f) = (t,t), which yields

¢[Cl = 6/ 6()dAt) -2
[0,1]

for every copula C with diagonal 6 and hence, in particular, for Cg 5 and Cyy 5.

For copulas with a given diagonal, the previous identity together with those of Theorem 5 reveals a close connection between the
values of Spearman’s footrule and those of Kendall’s tau for Bertino and Fredricks-Nelsen copulas:

10
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Corollary 5. For every diagonal 5, the identities

Kr [CBer,(S] + K [CFN,5]

olCl= 2

and
3k [Cher sl +3 =4PC1+2 = 6k [Cpn 5]
hold for every copula C with diagonal 6.

For arbitrary copulas, Kokol Bukovsek and Stopar [9] obtained the following bounds for Kendall’s tau in terms of Spearman’s
footrule:

Proposition 3. The inequality
4¢[C]-1<3k, [C]<L2¢[C]+1
holds for every copula C and the bounds are attained.

The final assertion of the previous result is also evident from Corollary 5 which yields 4 ¢[C] — 1 = 3 k,[Cge 5] and 2¢[C] + 1 =
3 k,[Cgn 5] For Kendall’s tau, we thus obtain the following analogue of Theorem 2:

Theorem 6. For every diagonal 5, the inequality
KT[CBer,é] <k [C]< KT[CFN,S]

holds for every copula C with diagonal 5.
10. Fréchet copulas

For the diagonals &,,, y, 6y and (8, + 6y,)/2, the following table presents the values of Spearman’s rho, Gini’s gamma and
Kendall’s tau for Bertino and Fredricks—Nelsen copulas and the value of Spearman’s footrule:

o KolCRersl K [CBersl  K:[Chersl  Ko[Crn,sl K, [Cpn sl Kk [Cpnsl  PIC]
Sp 1 1 1 1 1 1 1
oy -1/2 -1/3 -1/3 5-(3/Qx 2-@4/3V2 1/3 0
% -1 -1 -1 -1/2 -1/2 0 -1/2
Gy +6y)/2 0 0 0 5/9 1/3 1/2 1/4
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