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SPATIAL EXPONENTIAL DECAY OF PERTURBATIONS IN
OPTIMAL CONTROL OF GENERAL EVOLUTION EQUATIONS

SIMONE GOTTLICH!, BENEDIKT OPPENEIGER?>*, MANUEL SCHALLER®
AND KARL WORTHMANN?

Abstract. We analyze the robustness of optimally controlled evolution equations with respect to spa-
tially localized perturbations. We prove that if the involved operators are domain-uniformly stabilizable
and detectable, then these localized perturbations only have a local effect on the optimal solution. We
characterize this domain-uniform stabilizability and detectability for the transport equation with con-
stant transport velocity, showing that even for unitary semigroups, optimality implies exponential
damping. We extend this result to the case of a space-dependent transport velocity. Finally we lever-
age the results for the transport equation to characterize domain-uniform stabilizability of the wave
equation. Numerical examples in one space dimension complement the theoretical results.
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1. INTRODUCTION

The robustness of models with regard to perturbations is a fundamental aspect of many fields of applied
mathematics ranging from functional analysis or operator theory (e.g. bounded perturbation theorems) to con-
trol theory (synthesis of robust controllers) and scientific computing (analysis of error propagation in numerical
algorithms).

When considering optimal control problems, the robustness of solutions is a vivid topic of research. In
case of dynamic optimal control, e.g. problems governed by evolution equations, the long-term behavior of
optimal solutions for increasing time horizon may be described by the turnpike property, cf. the recent overview
articles [1, 2]. This qualitative property states that optimal solutions reside close to an optimal steady state
for the majority of the time. Therefore optimal solutions are — in a certain sense — robust with regard to
changes in the initial and terminal conditions. To quantify the closeness to the optimal steady state, exponential
versions of the turnpike property have been considered — even for problems governed by PDEs — for example
via dissipativity-based analysis [3] or by considering the first-order optimality conditions [4, 5]. Further, the
underlying stability of the optimal control problem leading to the turnpike property also implies a particular
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robustness with respect to numerical errors, ¢f. [6, 7] and may be used for efficient predictive control of PDEs
via goal-oriented mesh refinement [8].

Only recently, an exponential decay of sensitivities with regard to perturbations in space was considered and
proven, e.g., in [9] for finite-dimensional nonlinear optimization problems on graphs under second order sufficient
conditions that are uniform in the network size. Further, such an exponential sensitivity was leveraged in [10] for
efficient neural-network-based approximations of separable optimal value functions. For linear-quadratic optimal
control of stationary (such as Poisson and Helmholtz equation) and parabolic PDEs, an exponential decay of
perturbations in space was shown in [11] under stabilizability and detectability assumptions, linking the decay
in optimal control to system-theoretic properties.

In this work, we extend the result of the previous work [11] to general evolution equations governed by
semigroups of operators. This class includes a large number of highly relevant systems (e.g. wave, transport,
beam equations), which do not exhibit high regularity or a parabolic structure. Furthermore, our analysis
features a weaker stabilizability /detectability assumption in the sense that we allow for the stabilized solution
to exhibit an overshoot behaviour. On the contrary, in [11], such an overshoot behaviour is not admissible. The
essence of the stabilizability /detectability assumption is, that the constants in the exponential estimate of the
stabilized semigroups are uniform in the size of the spatial domain. As a second contribution, we thoroughly
investigate this assumption for several hyperbolic equations on a one-dimensional domain, namely the transport
equation with constant and space-dependent velocity, the continuity equation and the wave equation. For all
of these examples, we propose an easily-verifiable novel necessary and sufficient condition on the control and
observation domain to ensure domain-uniform stabilizability /detectability.

This work is structured as follows. In Section 2 the optimal control problem under consideration is specified
and the optimality system is derived. In Section 3 we provide our first main results on the exponential decay of
perturbations in optimal control of hyperbolic equations under a domain-uniform stabilizability /detectability
assumption. In Section 4 we characterize this stabilizability /detectability assumption for the transport equation
with constant coefficients and in Section 5 also for space-dependent transport velocities. In Section 6 we extend
these results to the wave equation with Dirichlet boundary conditions. Finally, we illustrate our findings by
numerical experiments in Section 7.

Nomenclature. Let N denote the natural numbers, Ng = NU {0}, R>¢ = [0,00) and R = (0,00). The
Lebesgue measure of a measurable set © denoted by |Q| and L?() denotes the space of square integrable
Lebesgue measurable functions. For a Hilbert space X and T > 0, we denote by LP(0,T; X),p € [1, 00), the space
of X-valued p-Bochner-integrable functions endowed with the norm Hf||’£,,(0)T;X) = fOT | f(£)|[% dt. Further,
L>°(0,T; X) stands for the space of X-valued Bochner-integrable, essentially bounded functions with norm || -
| o (0,1;x) = esssupe(o 1|l f(t)]|- The space of X-valued continuous functions over [0, T is denoted by C(0, T'; X)
with norm || - [lc(o,7;x) := maxyeqo,ry 1 (£)]-

2. PROBLEM STATEMENT

In this work, we analyse the sensitivity of optimal control problems in view of increasing domain sizes. To
this end, we consider a family of domains, and we parameterize the optimal control problem by means of the
spatial domain and the optimization horizon.

Definition 2.1. Let d € N and O C {Q C R? : Q open, bounded with Lipschitz boundary}. We consider a

family (OCP?;)QEQT>O of optimal control problems (OCPs) given by

1" re A
min 7/0 HCQ (m(t) _xﬂf)Hi/ﬂ + HRQ (U(t) - qu)H2Usz dt

(zu) 2 (OCPY)

st.: @ — Agr — Bou = fq, ©(0) = 8,

where for each 2 € O
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Xo=L?(Q) and Ag : Xq D D(Aq) — Xq generates a strongly-continuous semigroup (7q(t)):>0 on Xo.
Bg € L(Uq, Xq) with Hilbert space Ug.

Cq € L(Xq,Yq) with Hilbert space Yy, and Rg € L(Uq,Uq) with a > 0 such that VQ € O : ||RQU||?]9 >
allullf,, u € Ug.

fa € LY(0,T; Xq), 22 € Xq, 25! € Xq and ul$t € Ug.

If Ag models a differential operator, such as in partial differential equations, boundary conditions are usually
included in its domain D(Ag). For applications of this abstract framework, we refer to the example of the
transport equation with periodic boundary conditions that is extensively studied in Sections 4 and 5. Here, the
dynamics of (OCPY) is meant in a mild sense, that is, (z,u) is admissible for (OCPY,) if for all ¢ € [0, T

z(t) = To(t)zh + /Ot Ta(t — s)Bau(s) ds.

Correspondingly, the constraint and the state may be eliminated by above variation of constants formula of
semigroup theory. Thus, via standard methods cf. [12], one may conclude that (OCP) has a unique solution
xh and u}, see, e.g., [13], Theorem 2.24. If clear from context, we will mostly omit the indices 7' and ) for
readability.

In the following, we will always identify the Hilbert spaces Xq = L%(Q), Uq, Yo with their respective dual
spaces via the Riesz isomorphism.

Optimality conditions. Our analysis will be based on the first-order optimality conditions, i.e. Pontryagin’s
Maximum Principle [14]. If (z,u) € C(0,T; Xq) x L?(0,T; Ug) is optimal for (OCPg,), there exists a Lagrange
multiplier A € C(0,T; Xq) such that the optimality system

c*C 0 —% — A* C*Cxret
0 0 ET T 0

0 R*R —B* u | = | R*Ruref
c(Tit -A -B 0 A f
E° 0 0 20

is fulfilled in a mild sense. The operators E° and E7 capture the initial and terminal conditions, that is,
E:C(0,T;Xq) = Xq, E%:=2(0) and ET:C((0,T;Xq)— Xa, E"X:=\T).

Setting @ := R*R, we may eliminate the control via u = Q' B*\ + u"f. Note that Q is continuously invertible
due to the ellipticity of R. This leads to the condensed optimality system

cc -g-A CrCart
0 ET x 0

% —_ A _BQ—lB* (A) - Buref+f ) (21)
E° 0 29
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where the first two rows correspond to the adjoint equation and the last two rows are correspond to the state
equation. In the following, we will abbreviate the optimality system by means of the unbounded operator

crc -4

M:D(M)CC(O,T;XQ)2—>(Ll(O,T;XQ)xXQ)2, (x>|—> a 0 Ei . <m>
A EEBA fBQO B A

with D(M) = CY(0,T; Xq) N C(0,T; D(A)) x C*(0,T; Xq) N C(0,T; D(A*)). Note that, when endowed with
this domain, M is not closed. However, as we only use it to concisely denote the optimality system, we do not
rely on analytic properties of M.

3. EXPONENTIAL DECAY OF OPTIMAL SOLUTIONS IN SPACE

In this section, the main result of this paper is presented. We show, that under the assumption of domain-
uniform stabilizability and detectability, the influence of spatially-localized perturbations decays exponentially
in optimally-controlled systems. Here, domain-uniform stabilizability refers to constants in the closed-loop semi-
group that are uniform w.r.t. the family of domains. This result provides robustness w.r.t. disturbances that
could, e.g., be caused by discretizing the equation system in (2.1) to compute an approximate solution (&, 5\)

We first introduce the notion of exponential localization, which serves to quantify the locality of perturbations
and their effect. We consider the perturbed version of (2.1)

c*C —% — A* C*Cxref &1
0 ET x4\ 0 €9

% —A —-BQ'B* <)\d) = | Buret + f + 3 (3.1)
EO 0 .’IJO €4

with disturbance € = (e1 €2 e3 E4)T € (LY (Rxp; L*(R%)) x L%(R%))2, where in the above equation, ¢ is
considered to be restricted to [0, 7] and €. By defining the error variables

dr:=z%—x and SA =24 — )\

and subtracting (2.1) from (3.1) we find the error system

cc -4 €1
0 ET ox I

Tle-a —BQ'B <6)\> es | = °© (3:2)
E° 0 €4

Remark 3.1. In optimize-then-discretize fashion, the condensed optimality system (2.1) can be solved using
finite element methods. This leads to an approximate solution z7 € V-, where in the simplest case V7 is a space
of piecewise affine-linear polynomials on a triangular mesh 7 = {Ty,...,Tx},T; C R?. However, since z7 only
solves the Galerkin-projected version of (2.1), there is a residual e such that

Mz =h+eT.

This corresponds to the disturbed optimality system (3.1), i.e. the residual can be interpreted as a perturbation
of (2.1). Note that if the resolution of the discretization mesh is fine in certain areas, then the residual in
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these areas also becomes locally (in space) small (see for example [15], Sect. 10). Therefore, the residual can be
interpreted as a local perturbation induced by the discretization.

Definition 3.2 (Exponential localization). The family of functions (¢3)aco >0, 95 € FE = (EZ)™ x (Xq)",
m,n € No, with EL € {L1(0,T; Xq), L*(0,T; Xq), C(0,T; Xq)} and Hilbert space of functions Xq on Q € O,
where O is a set of measurable spatial domains in R?, is called O-domain-uniformly exponentially localized
around P € R? if there exist constants p1; > 0 and Cy; > 0 such that

pollP—-1 ,T
He ol qu’

FT<Cg<oo VT >0,Qe0.

Q

The above estimate provides a bound in an exponentially weighted norm as considered in [4] and [16]. In this
way, it quantifies the decay of a family of functions around a certain point P in space.

The main result of the paper is to show the following sensitivity result of (3.2): If the family of perturba-
tions (ed))neco >0 is exponentially localized around P € R? either in ((L'(0,T; Xq)? x (Xq)?)aco.r>0 or in
((L%(0,T; X0)? x (Xa)?)aco,r>o0 then the family of error variables (dz%) is exponentially localized around P
in both (L2(0,T; Xq)?)aco,r>0 and (C(0,T; Xq)?)aco,r>0. In particular this means, that the influence of the
perturbations on areas in space, which are far away from the fixed point P is negligible.

Overall we want to find four estimates which correspond to the four elements of the cartesian product given
by {(L'(0,T;X) x X)?,(L*(0,T; X) x X)?} x {(L?*(0,T; X) x X)?,C(0,T; X)*}. To avoid complicated case
distinctions and in order to simplify the presentation of our results the following abbreviations are used for
estimations:

lollanee = max {0 20,10 s Iollogozix) | 2nd 10l = min {0l 1o, s ol ooz | -

Using these shorthands we can prove estimates in various norms while also avoiding lengthy case distinctions.
In addition we define the linear spaces

W= ((Li(07T§X)’ ||| Li) X (X» ””X))za W2hee = (C(OvT;X)» ||'||2/\oo)2
W2 = (L0, X). [1a) % (X )’

for i € {1,2}. To prove the main result of this section we will replace the error variables dx and A in (3.2)
by their scaled versions 67 := e*IP=«ll§z and 6\ := eIIP=«l§X and rewrite the equation system accordingly.
However to succeed with this strategy we need some information on how the scaling function p(w) := etll Pl
from Definition 3.2 influences the action of the operators A, B and C. For the input and output operator we
assume that they are homogeneous as stated in the following assumption.

Assumption 3.3 (Uniformity and homogeneity of input, output and weighting). For all € O, the operators
Bgq and Cgq are homogeneous with regard to the exponential decay function in the sense that for all p > 0 for
all P € R? we have

<Bﬂ(eunp~uu),v>x :<Bﬂuveu||Pf~nv>X and  Co(e"P=llz(.)) = eMIP—I Coa(-). (3.3)

Further, let Bg, Cqo and Rq be bounded uniformly in O, i.e. there exist constants Cg > 0, Cc > 0 and Cr > 0
such that

vQeO: HBQ”L(UQ,XQ) < Cp, HCQHL(XQ,YQ) <C¢ and ”RQ”L(UQ,UQ) <Cr
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and let the ellipticity constant of Rg € L(Uq, Uq) be uniform in O, i.e., there is « > 0 such that ||RQ'U/H?JQ >
allul7,, for all u € Ug and all Q € O.

Example 3.4 (Distributed control). Let Q. C R% be measurable. Then the input operator

’ € QC
Bq L2(Qc a Q) — XQ, (BQU)(UJ) = { u(g}) welse

fulfills the homogeneity condition from Assumption 3.3. Also we find

Vu € L*(Q:.N Q) : | Baully, = /Q 1(Bau)(w)|* dw = /Q . lu@)l* do = Jull72(g.n0)
N

which shows uniform boundedness of Bq.

Differential operators do not satisfy the above homogeneity assumption (3.3) but instead yield a perturbation of
the original differential operator. Exemplarily for the unbounded gradient operator L?(Q) with domain H* (),
we get for x € H'(Q) and v € L*(Q;RY)

<v(em|P~nx)’v> — <e#”P*‘“v:c,v>X I <Msgn(p _ .)eunPf-uz,v>

Xa Q Xa

which is a bounded perturbation of the unbounded gradient operator.
This observation motivates the following structural assumption capturing a wide range of differential
operators.

Assumption 3.5 (Generators are differential-operator-like). For each € € O there exist operator families
(SZQ)#>O C L(Xgq),i € {1,2} with the following properties:

(i) If z € dom(Agq) solves
Agz = f
for some f € Xq, then the scaled quantity & := e*lI”=lhz satisfies Z € dom(Ag) and solves
(Ao + St )i =etP=lhf = f.
(ii) If X € dom(Ag) solves
Agh =g,
then the scaled quantity A := e#l?~ll X satisfies A € dom(A*) and solves
(45 + S5)A =P lg =25,

(iii) The operator norms converge towards the zero operator in the uniform operator topology uniformly in
the domain size, that is, setting O=,, := {2 € O : Q| > ro},

Vrog>0Ve>030>0VQ €05y i u <6 = ‘

St H <e.
W L x,x) c

The following example illustrates Assumption 3.5.
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Example 3.6 (First-order problems: One-dimensional transport equation). We first consider the example of
the transport equation that is extensively studied in Sections 4 and 5. The generator of this partial differential
equation on [0,T] x Qf, with Qf, := [0, L] with periodic boundary conditions is given by

AQL : D(AQL) = {SU € HI(QL) : LE(O) = .’t(L)} C L2(QL) — L2(QL), AQLiL' = —C%l’

with ¢ € L>=(Qy) essentially bounded from below and above by positive constants. Correspondingly, we may
compute by means of the chain rule for weak derivatives (cf. also [11], Lem. 3),

(A0, 8)w) = @) (417 ~112)) = ) (47 L () — s = )P ~la(e)
= e“lp*wlc(w)%z(w) — c(w)psgn(P — w)e! P =lz(w).

Hence,
(A, + St )E ="l Aq, a(w)
with the bounded and linear multiplication operator
Sta, L*(Qr) — L3(Qy), x— cusgn(P — -)x.
As HS’iQL lLz2n),c2r)) < pllellze (o), the uniform convergence property of Assumption 3.5(iii) is satisfied

if ||c|| o< (@) is bounded uniformly in L.

Example 3.7 (Second-order problems: Multi-dimensional wave equation). As a second example, we consider
distributed control of a wave equation on Q C R%, d € N, given by

p(w)g—;w(w,t) = div(T (w)Vw(w,t)) + xa.(w)u(t,w), wet>0

(3.4)
w(y,t) =0 ~€dN,t>0,

where w : Q x [0, 7] — R models the displacement of a membrane with respect to the rest position, where p, T €
L*(Q) with p=1, 771 € L>°(Q) are mass density and Young’s modulus, respectively. A naive reformulation as
a first order equation by introducing a velocity variable yields the generator

0 I
Ao = (’13 div(TV-) 0) ’

e.g. on L2(Q) x H1(Q) with D(Aq1) = HE(Q) x L*(Q). Proceeding analogously to Example 3.6, however,
yields a perturbation Sq ; that includes a first derivative, i.e., that is not bounded on L*(Q).
A remedy is a reformulation in momentum and strain variables (p,q) = (pdyw, T~ 'Vw) that yields the

generator
0 div
Az = (v 0 )

on the state space L?(2) x L?(Q; R?) defined on a suitable subset of H(div,) x H*(Q), in which the Dirich-
let boundary condition on the displacement may be encoded by means of a unique reconstruction, cf. [17],
Section 7.2. Here, H(div, ) denotes the space of vector-valued functions for which the weak divergence exists
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in L?(Q). Importantly, this reformulation via Aq 2 only includes first-order differential operators such that an
analogous computation to Example 3.6 yields that Aq 2 satisfies the assertions (i) and (iii) of Assumption 3.5.

Remark 3.8. If Ag is given by a differential operator of order r > 2 the perturbation operators S§, , are not
bounded in X anymore, as they also involve derivative operators. Consequently, Assumption 3.5 is not satisfied
in this case. In the previous Example 3.7 we were able to work around this issue via a change of variables.
Nonetheless the natural question arises, if it is possible to relax Assumption 3.5 to the case of unbounded
perturbation operators Sﬁm : D(Sﬁyi) — Xq. However, this leads to some heavy technical obstacles, the most
important among which may be that the operators Aq + Sf’Q respectively (Aq + SSQ)* are not necessarily
generators of strongly continuous semigroups anymore, see e.g. [18]. This generator property is, however, strictly
necessary for the proof of our main result in order to ensure, that the disturbed optimality system is well-posed
when written in scaled variables Z(t) := etIP=liz(t), a(t) := eMIP=liu(t), A(t) := e#IP= i \(£). The question
of for what kind of perturbation operators Su the Aq + So remains a generator of a strongly continuous
semigroup has been extensively studied in the literature. For bounded perturbations S € L(Xq) this is always
true (see [19], Thm. 1.3). For unbounded perturbation operators, there exists a variety of approaches: If Sg is
bounded on (D(Aq), ||-||;) where ||z||; := ||(s] — Aq)|| Xq for some s € p(A) then Ag+ Sq is also an infinitesimal
generator [19], Corollary 1.5. If Sq is relatively Ag-bounded, i.e.

D(Aq) C D(Sq) and 3Ja,b>0Vz € D(Ag): [|Sar|x, < allAaz|x, +0lzlx,

then this is also true, but only for contraction [19], Theorem 2.7 and analytic [19], Theorem 2.10 semigroups.
Another approach is the Lie-Trotter product formula which comes with a sufficient stability condition on the
operators Ag and S under which their sum generates a semigroup [20]. Finally, it is possible to make regularity
assumptions on the abstract Volterra integral operator associated with (T (¢)):>0 [19], Theorem 3.1, respectively
its adjoint [19], Theorem 3.14. We are confident, that it is possible to relax Assumption 3.5 by using operators
S, from a suitable class of unbounded operators inspired by the perturbation results cited above. However, this
reduires a deep dive into pertubation theory, which goes beyond the scope of this work. Also, as was demonstrated
in Example 3.7, most linear-higher order systems can be written as a first-order system by defining new state
variables from the spatial derivatives. Therefore, our results can be applied to a wide variety of examples, even

though Assumption 3.5 may seem restrictive at first glance.

Having formulated suitable assumptions on the generator in Assumption 3.5 and on the control and observa-
tion operator in Assumption 3.3 of the optimal control problem (OCPg), we may now state our main result of
this part. Therein, we prove the spatial decay of perturbations of the optimality system (2.1). In its formulation,
we assume a uniform bound on the solution operator that will be verified under domain-uniform stabilizability
and detectability assumptions in the subsequent Theorem 3.12. The formulation and the proof of both results
is similar to the results considering exponential decay in time [7] or spatial decay in elliptic and parabolic
equations [11].

Theorem 3.9. Let the Assumptions 3.3 and 3.5 be fulfilled. Assume that there exists a constant ¢ > 0 such
that the solution operator of the optimality system (2.1) exists and satisfies the bound

VT >0VQeO:||M™ <ec (3.5)

s onmy <

Let j1 > 0 be such that

1
R e e

L(X)
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Let € € W]éfo be a disturbance for which the family of restrictions (eg) Wi)aco is exponentially

acor>0 € (
localized in either (Fo)aco = Wa)aco or (Fa)aco = Wi)aco with ||e““P*'H€£HFT < C; < c0. Then, there
Q

exists a constant K > 0 such that for all T > 0 and for all Q € O the inequality

et~ 60 + o7~ 5uf SK-C. (36

1ve2

<K Heunﬁnlgg

I Heu|\P~\|15A£

2N\ 00 2N\ 00 Vug

holds both for Vi, =L>(0,T;Uq) and Vy,=L?(0,T;Uq). In particular, the family of states and adjoint states
(625)960 a0 = (61‘5, (5)\5)960 =0 s exponentially localized in (WSQZAOO)QGO. Furthermore, the family of

controls (dug,) is ezponentially localized in (L°°(0,T;Uq))geo and (L2(0,T;Uq))

QeO,T>0 Qeo”

Proof. Let Q2 € O and T' > 0 be arbitrary but fixed. In the following we will again leave out the indices (2 and
T for readability. Define 6 := e*IP=" 1§z, o) := e#IP= i) and & := e#IP~lhe. Due to Assumption 3.5, the

optimality system (3.2) implies

€1
0T &g
] ~ =
M+ ) (&) & |
TET/ €4
where F* : L?(0,T; X)? — W? acts pointwise in time
0 -S4
2 2 0 0
Vz e L*(0,T; X)* : (FH2)(t) := gh 0 z(t).
91

0

This leads to
(MEFN§z2=(T+F'MIWMs2 = = §2=M'T+FMH e
We first show the inequality

Hemwpf-ul(;z‘ i Heuup—-um’ (3.7)

< K, Heuupanlg
L2(0,T;X) —

v

L2(0,T;X)

for a constant Ky > 0 which does not depend on T or 2. From equation 3.5 we know, that there exists a constant
¢ > 0 independent of T and €2 such that

||M71HL( ) S ||M71HL( sec

WZ,L2(0,T;X)2 Wl\/Q’W2/\oo)

Assumption 3.5 (iii) implies for ¢ € {1,2} convergence in the sense ofHSf“HL(Lz(Q) £2(0) "3 0. This leads to

2 2 —0
Vz e L2(0,T; X)? : | Fzllyye < (”S{LHL(X) + HSSLHL(X)) 120l L2 0,7 x)2 =
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Therefore we can choose p > 0 such that

1 1

IF ) 2 220,702, w2) < 57047 < TR :
IMTH L ve waneey = 2IMTH w2, 22 (0,7,x02))

Using the Neumann series this implies
) 1 k
4 —1\—1 _
I+ 737 e < 3 (3) =2
k=0

since ||]:“M_1HL(W2,W2) < NF N Lz .02, w2) HM_1HL(W2,L2(O,T;X)2) < 3. Therefore we have

1620 2002 < IM ™ ooy 1T+ FEMT gy s el < Ko [y
where Ky := 2¢. This shows (3.7). For the other estimates we use the inversion formula
I+ F MY =T-I+F MY TE,M!
which gives us
M+ Frmt )= M =M+ FrMTY TR M

)71||L(W1\/27w2/\oc 1||L(W1V2,W2/\°°)

< ”M_IHL(lez,WZ/\OO) + ”M_IHL(W2,W2AOO) "([+‘F“M_1)_1’|L(W2,W2) H}—MHL(LZ(O,T;X)%WZ) HM_I||L(W1V2,L2(0,T;X)2)
< 2c.

The last inequality follows from the particular choice of p. Overall we have
”52”2/\00 = HM_l(I + ]:#M_l)_léug/\oo < HM_l(I + ]:#M_l)_lHL(lez’Wono) ||5||1\/2 < 20“‘5"1\/2 .

Using 6@ = (R*R)~'B*6\ we find

- 1
~ * —1 * ~
1981 070 < R BY ) 1B D, 93]y < 3020 I

and

1 .
L2(0,T;X) = aCB%HEHlVZ'

6@l L2070y < (R R)H| Lr.on 1B™ Lo Héj"
For both Vi, = L>(0,T;Ugq) and Vi, = L*(0,T;Ug) this leads to

pllz=-1ly 5,7
He 16ZQ

i Heunzf-umg;

pllz=-1l1 54,7
+ He 15UQ

1
<[|l1+-C )20 g = K|é .
o= (14 500 ) 20 = K [l

2/A00 2A00

Since the constant K does not depend on €2 or T' this shows the exponential localization of (525 )Qe OT>0 in

W, .
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Remark 3.10. Note that the meaning of the exponential decay from Theorem 3.9 may depend very much on
the state space formulation chosen for the problem under consideration. To demonstrate this, we revisit the wave
equation in Example 3.7 for d = 1 on y, := [0, L], i.e, we have the boundary conditions w(0,t) = w(L,t) = 0.
Let O :={[0,L] : L > 0}. Consider the formulation in deflection variables

(t) = Agaz(t), x(0) =zq.
and in strain variables

(t) = Agoz(t), z(0) =zq2
both with Dirichlet boundary conditions (z1())(0) = (z1(¢))(L) = 0. Let zh i€ {1,2} be classical (in particular
continuous in space) solutions of these two formulations. We write 2% (w, t) instead of (2% (¢))(w) where w is the

spatial variable of the solution. Assume domain-uniform exponential decay of the state of this equation around
some point in space, i.e., there exist P € R and M, i > 0 such that

VL > 0: ||z} (w,t)|| < Mem#IP=el, (3.8)
For ¢ = 1 this corresponds to the decay of the deflection and its time derivative. For i = 2, (3.8) is equivalent

to the decay of the spatial and time derivative of the deflection. For Dirichlet boundary conditions, the second
decay property implies the first since

Yw € [0, P] : |Jw(w, t)|| = w(s,t)ds

/ Me—tlP=sligs — M (e—unpul _ e—uHP—wII1> M
p p
Vw € (P, L] : [Jw(w, )] < / MerlP=sligs — M (cmrtP=els — emmll P2l < M —ulp-wl,.
y p p

0,t) = £w(L,t) = 0 this implication does not hold anymore. For
), ¢ > 0 correspondmg to zg,2 = (0,0),c > 0 leads to the constant
0). Obviously, the second solutlon is exponentially decaying while

For Neumann boundary conditions z-w(
example a constant initial value zg 1 = (c
solutions zq 1(w,t) = (¢,0), zq2(w,t) = (
the first does not.

b

Theorem 3.9 shows that exponential localization of the family of perturbations implies exponential local-
ization of the error variables. To this end we assumed, that the solution operator M~! is bounded from
W1V2 to W2/ In the following, we show, that such a boundedness can be achieved under a domain-uniform
stabilizability /detectability assumption.

Definition 3.11 (Domain-uniform exponential stability /stabilizability /detectability).

(i) We call a family ((7a(t)):>0)aeco of strongly continuous semigroups domain-uniformly exponentially stable
in O, if and only if there exist constants M,k > 0 such that

VQeOVt>0: [ Talt)|Lxy) < Me™™

(ii) We call a pair (Aq, Bo)aco with Ag : Xqg D D(Aq) = Xq and B € L(Uq, Xq), 2 € O domain-uniformly
exponentially stabilizable in O if and only if there exists a family of uniformly (in Q € O) bounded feedback
operators (K5)aco, K5 € L(Xq,Uq), 2 € O, such that (AQ + BQKg) generates a domain-uniformly
exponentially stable family of semigroups in O.

(iii) We call (Aq,Ca)aco, Ca € L(Xq,Ya), 2 € O domain-uniformly exponentially detectable in O if and
only if (A&, C§) is domain-uniformly exponentially stabilizable.

Qeo
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The key property of this domain-uniform stabilizability /detectability property is, to make sure, that the system
under consideration can be uniformly stabilized via the optimal control and that it is possible to observe unstable
dynamics inside the system via the cost functional. In an unstable system small perturbations may cause very
large changes in the systems behaviour which means that exponential localization of the disturbance would not
necessarily imply exponential localization of the error variables anymore.

Theorem 3.12. Let (Aq, Ba)aco and (Aq,Cao)aco be domain-uniformly stabilizable respectively detectable
families in the sense of Definition 3.11. Then there exists a constant ¢ > 0 such that the norm of the solution
operator M~ can be estimated by

VT >0VQeO: M~ c. (3.9)

' ||L(W1V2,W2A°°) <

Proof. The proof follows along the lines of [7], Theorem 10 and is provided for completeness in Appendix A. [

4. DOMAIN-UNIFORM STABILIZABILITY OF THE TRANSPORT EQUATION ON A
SCALAR DOMAIN

In the previous section, domain-uniform stabilizability and detectability of the underlying operator families
(Aq, Bo)aco and (Aq, Cq)aco has been the main assumption we needed, to show that exponential localization
of the perturbation implies the same for the error variables (see Thms. 3.12 and 3.9). In the present and the next
section we will present a characterization for this assumption for a controlled transport equation with periodic
boundary conditions (see Thms. 4.6 and 5.1). Thereby we show that domain-uniform stabilizability /detectability
is indeed a reasonable assumption which is fulfilled for a relevant example if the control domain fulfills some
mild requirements. We note that, in the following we only consider the case of stabilizability, and provide a
result for detectability using duality arguments in the proof of Corollary 4.12.

We stress that stabilizability of hyperbolic equations on scalar domains is a well-studied subject, see e.g. the
monograph [21], and many aspects of the subsequent deductions are standard tools in the study of hyperbolic
equations. However, in this work, we are particularly interested in domain-uniform stabilizability being the
central ingredient of the exponential decay estimates, such that we meticulously will track the dependence of
all involved constants on the domain size.

In this section we will always consider the family of domains O := {2, := [0, L] : L > 0}. On such a domain
Q€ O, the controlled transport equation with periodic boundary conditions is given by

V(w,t) € Qp x [0,T7] : %x(w,t) = —c(w)a%x(w,t) + xo¢ (W)u(w,t) (4.1a)
Vte[0,T):x(0,t) = x(L,t) (4.1b)
Vwe Qi z(w,0) =g, (4.1c)

with time horizon T' > 0, an initial distribution 2¢, € L*(€21) =: Xq, and a control u € L*(Q§ x [0,T]) =: Uq, .
For brevity we often write 2° instead of z, in the following. The control domain €. C Rxg is assumed to be
Lebesgue-measurable and to have positive measure. For L > 0 we define Q := Q. N[0, L]. By Xq¢ we denote
the characteristic function of Q¢ . In this section we will only consider constant transport velocities ¢ > 0. The
case of space-dependent transport velocities will be treated in Section 5. The operator describing the evolution
of (4.1) is given by

Aq, : D(Aq,) :={z € H'(Q) : 2(0) = z(L)} C L*(Q) — L*(Q), Aq,z= fc%x. (4.2)

Note that the boundary evaluations in D(Agq, ) are well-defined as weakly differentiable functions on scalar
domains are absolutely continuous. The controlled transport equation with periodic boundary conditions (4.1)
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leads to the inhomogeneous Cauchy problem
:E(t) = AQL‘T(t) + BQLu(t)v J}(O) = x(f)ZLa

where the input operator Bg, is defined by

. v(w), we N
Bg, : L*(Q) — L*(Q),  (Ba,v)(w) = { (() ) elseL

We also define the output operator

Co, : L*(Q) = L*(Q7),  Co,v="1q;,

13

(4.5)

where the measurement domain Q, C R>( is assumed to be Lebesgue-measurable with positive measure and for
L > 0 we define Qf, := Q, N[0, L]. For Qf = Qf we have By, = Cgq,. The theorem of Stone [22], Theorem 3.8.6
implies that the operator Aq, generates a unitary group since it is skew-adjoint. Note that due to duality

domain-uniform detectability of (4, C) is the same as domain-uniform stabilizability of (A*, C*).

To analyze the domain-uniform exponential stabilizability of the transport equation we will use solution

formulas as presented in the following.
Lemma 4.1. For the Cauchy problem (4.3) the following three statements hold:

(i) The mild solution in the uncontrolled case, i.e. u =0, is given by
vt € 0,7 : 2% (1) = P, (2°)(- —ct),

where Pq, : L*(Q,R) — L?*((—o0, L], R) defined by

Vk € N: Pq, (2°)(w) = 2%(w + (k — 1)L) for a.a. w € (1 — k)L, (2 — k) L]

is the periodization operator with period L > 0.
(i) The operator Aq, generates the unitary group (Ta, (t))icr with

VteR:To, (t): L2(Qn) — L3(Q), Ta, ()2’ := Po, (2°)(- — ct).

(ii) For allt € [0,T] the solution in the controlled case is given by

t
ko () = T, ()0 + / To (t — 7)Bay u(r)dr
0

= P, (2°)(- — ct) + /0 Po, (Ba,u(T))(- — c(t — 7))dr.

Proof. It is easy to check, that, for zf, € D(Ag, ), the formula given in (i) is indeed a solution of the uncontrolled
transport equation (4.1) and hence a classical solution of the uncontrolled Cauchy problem. Correspondingly, (i)
and (ii) follow by a standard density argument in combination with uniqueness of solutions as we already know
that Aq, generates a strongly continuous semigroup. The last formula (iii) directly follows from the variation

of constants formula [19], Corollary 1.7.

O
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4.1. Motivational examples and negative results

In this part we will discuss some instructive examples before proving our main result in the subsequent
subsection in Theorem 4.6. We show, that the family (Aq,, Ba, )a,co is not domain-uniformly exponentially
stabilizable, if the control can only be applied on a single finite interval, i.e. Q. = [a, b] for some 0 < a < b < 0.
Finally we show, that both, in case of a control on the full domain Q. = [0, L] as well as in case of a control domain
consisting of equidistantly distributed intervals of equal size the condition of domain-uniform stabilizability is
fulfilled.

To show that it is not stabilizable in case of a single finite control interval we will use the finite propagation
velocity ¢ > 0 which implies that a control on an interval [a, b] cannot instantaneously influence the whole length
of the domain [0, L]. This is the essence of the following result.

Lemma 4.2. Consider the controlled transport equation (4.1a) with control domain Q. = [a,b],0 < a <b < 0o
and domain size L > b. Fort € [O, LT*I’] the mild solution is given by

u  Pa, (2% (w—ct) + [ Po, (Bo,u(r))(w —c(t — 7))d7, w € [a,b+ ct]
Ty (@0:1) = { ’ ]{i(go)(wﬂ— ct), else ' (4.6)

In particular, for any time t € [0, %] the solution only depends on the control u on the interval [a,b + ct].

Proof. First we consider the integral term

Iy, : [0, L] x {0, ch} - R, Ip(w,t):= /Ot Pq, (Ba,u(T))(w —c(t —7))dr (4.7

from the solution formula in Lemma 4.1 (iii). Define a mapping o, ; : R = R, oy, ¢(7) := w — ¢(t — 7). Note
that for all (w,t) € dom(I;) and for all 7 € [0,¢] we have o, +(T) € [b — L, L]. Since Pq, (B, u(7))(y) = 0 for
y € (b—L,0) and Py, (B, u(T))(y) = (Ba,u(T))(y) for y € [0, L] we find the equality

w

IL(w,t) :/0 Po, (Ba,u(T))(0w,i(7))dT = . Pa, (Ba,u(7))(y)dy

C Jw—ct

- (Bay,u(r)(y)dy.

€ Jmax(0,w—ct)

Since for any 7 > 0 the map Bq, u(7) only takes non-zero values in [a, b], 4.e. the support of Bq, u(7T) is a subset
of [a,b] we can further rewrite I, (w,t) into the form

min( 2= +¢,t)
Io(w,t) = / (Bo, u(7))(w — ot — 7))dr.

max(0,2=%+t)

c

Therefore, it vanishes if b+ ¢t < w or a > w. This shows that for arbitrary but fixed ¢ € [0, %] the solution
xy (w,t) does only depend on the control on the interval [a, b+ ct], i.e. it can be rewritten as in (4.6). O

Since the operators Aq, generate unitary (and therefore norm-preserving) groups (7q, )o,co the uncontrolled
transport equation is not exponentially stable and thus also not domain-uniformly exponentially stable. Using
Euclidean division to find a representation ¢t = mL + Lg,m € N, Ly € [0, L) this can also be seen wvia the
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equations

L L—ct
H’EZL(t)oniz([QL]) :/0 ’|PQL(‘T0)(w_Ct)H2dw:/ . HPQL(xO)(y)HQdy
—c

0 ) L—Lo )
— [ Ire@Pars [ R e (48)
Lo 0

t 0 2 10 2 0(|2
= el [ @ = e
L 0 ’

showing that the periodization operator preserves the L?(Q)-norm. This observations lead to the following
negative result.

Proposition 4.3. Consider the transport equation (4.1a) with Q. = [a,b],0 < a < b < 0o0. Then, the family
(Aq,, Ba, )a,co is not domain-uniformly stabilizable.

Proof. For each L > 0 let K§ € L(Xq,,L*(QF)) be a given feedback and denote by 7, the closed-loop
semigroup generated by Ag, + B, K& . Let (Li)ren C (b, 00)" be a sequence of domain sizes which is defined

by Vk € N : Ly, := b+ 3ck such that k € [0, L"T_b] = [0, 3k]. Furthermore, for each k € N let g € L*(Qyz,) be
such that supp(gx) C (b + ck, b+ 2ck]. Then TL“‘;gk solves the controlled transport equation with domain €y, ,
initial value g5 and control

up(w, 1) = Kp (T2 (0)gk) (@) = (K 2 (-, 1)) (w).

Following Lemma 4.2 we therefore know, that it can represented as in (4.6). This implies

, Ly 2 e 2
Uk € N T2 B0 oy = [ |7, (o) dw = [ e .| o

Ly

Ly

>/ ' 22w, )| deo (‘f)/ 1Pz, (g1) (w — ck)|® dw

— 9k ? k
b+2ck b+2ck

b+2ck 9 5
— / 1P (9@ dy = 9822 0.0,1 -
b+ck

Therefore we have Vk € N : H’]}“{’Lk (k)H > 1. O

Proposition 4.3 shows that a domain-uniform stabilization of the transport equation is not possible using a
single bounded interval as control domain. In the following Example 4.4 we will further discuss this situation
for the case of a constant state feedback.

Example 4.4 (Transport equation with local damping via state feedback). Consider a damped transport
equation
V(w,t) € Qp x [0,T] : &(w,t) = —kx[qpz(w, t) — cz’(w,t) (4.9)
with damping constant k& > 0, boundary condition (4.1b) and initial condition (4.1c) and 0 < a < b < co. It is
easy to check that the solution is given by
w

z(w,t) = e_%EL(‘“’t)PQL (xo)(w —ct) with Fr(w,t):= / Pa, (X[ap) (y)dy.

w—ct
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Further, we may rewrite (4.9) via
i = (Aq, + Ba, K5 )z, z(0) =20, (4.10)

with feedback operator KgL € L(L*(Q), L?(02%)) defined via Kng = —kX[q,5)7- In view of the above solution
formula, the closed-loop semigroup ’7?2‘1 generated by Aq, + Baq, K gL satisfies

L 2
2 _k w
H7BDL(LL)$0HL2(QL) :/O He e Bul ’t)PQL(xO)(W—Ct)H dw

L—ct
<e #1100 [ g, ) ay = e R LEIO) 0|2,
—ct

such that we have the exponential decay

|7, | <e¥lgleo,

2
(t) HL(LQ([O,L]),Lz([OvL]

The crucial observation now is that decay rate of this estimate depends on the domain size L and in particular
deteriorates for I — 0o, hence preventing domain-uniform stabilization. However, if we choose the control
domain Q. = [0,00) and Qf = [0,L] for all L > 0, the corresponding state feedback leads to an domain-
uniformly exponentially stable semigroup. By straightforward calculation, one observes that the associated
closed-loop semigroup satisfies (73, (£)2°)(w) := e =" Py, (2°)(w — ct) such that

L L—ct
175, Il 0,01y = / o™ P, (a°) (@ = ct)||” dew = o2 / 1Pa, (=) w)]|” dy

—ct

L L—Lg
o ([ e [ i)

L
_ e’m/o =" dy = e |27 .11

where we used Euclidean division to find a representation ¢t = mL + Lo, m € N, Ly € [0, L). This implies

=ec Ft

2
17, Oz 220,20y, 220,20

In the first case of previous Example 4.4 stabilization of the transport equation via state feedback failed because
of the direct dependency of the decay rate on the domain size L. In the following example we eliminate this
dependency. This is achieved by ensuring that the maximum distance between an arbitrary point in the spatial
domain and the control domain is uniformly bounded by some constant Ly > 0.

Example 4.5 (Transport equation with damping on equidistantly distributed intervals). We will show that if we
replace the single control interval by a sequence of equidistant control intervals, then the family (Aq, , Ba, )a.co
is domain-uniformly exponentially stabilizable. More precisely, let Ly > b > a > 0 be given and for control

domain Q. := kijo [+ kLo, b+ kLg] and L > b define the feedback operator K& € L(L*(Qy), L*(Q5)) via

KgLa: = —kxocz with Qf :=Q.N[0,L].
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Similar deliberations as in Example 4.4 yield, that the operator Aq, + Bq LKgL generates a strongly continuous
semigroup (75 (t)) 4> Which fulfils the estimate

” 2 —kl et (b—a)

|75, (t)||L(L2([O,L]),L2([O,L])) se L#5) :

Here, the decay rate of this estimate only depends on the fixed constant Ly and not on the domain size L such
that the closed-loop semigroup is domain-uniformly exponentially stable.

Examples 4.4-4.5 show that the domain-uniform stabilizability of the transport equation is strongly affected by
the control domain. In the next section we present a general characterization of control domains which allow
for this property.

4.2. Characterization of control domains for domain-uniform stabilizability

In this section we present our main result characterizing the domain-uniform stabilizability for the transport
equation with constant velocity ¢ > 0. A similar result for space-dependent velocities is presented in (5). We
consider linear and bounded state feedbacks K& € L(L?([0, L]), L*(€2§)) of the form

K8 vi=—kpv, kpe L>®(Rso) (4.11)

on a control domain 2, C R>( which is given as a union of countably many intervals. For such state feedbacks
we find the following necessary and sufficient condition for domain-uniform stabilizability.

Theorem 4.6 (Domain-uniform stabilizability of the transport equation). The following three statements are
equivalent:

(i) The controlled transport equation (4.1) with constant transport velocity ¢ > 0 can be domain-uniformly
stabilized via a state feedback of the form (4.11).
(i1) There exist constants K > k > 0 such that for alln,m € N with n > m

n—1

k(an —bm) = > K(bj—a;) <1, (4.12)

j=m+1

where Q== jgN[aj, bjl, (a;);cy is an unbounded sequence with ap =0, a; < b; < a;41 fori € N.

(i1i) There exist constants cy,c1 > 0 such that for all intervals I C Rxg the inequality
|Qcﬁl| > 01|I| — Cp

is fulfilled and VL > 0: Q%] = |, N Q| > 0.

Theorem 4.6 (ii) provides a simple algebraic characterization of control domains which ensure domain-uniform
stabilizability of (4.1). This characterization has two main advantages: First, it is a useful tool in order to check
domain-uniform stabilizability for a given control domain. Second, it even allows for the iterative construction
of such a control domain. For example, this can be done by predefining constants K > k > 0 and — starting
from a; = 0 — successively choosing a,, and b, such that condition (ii) is fulfilled for all m < n. In (iii) this
characterization is rephrased to allow for an interpretation in terms of measures. This characterization shows
that the size of the control domain |Q.| has to grow at least linearly with the domain size || in order to
guarantee domain-uniform stabilizability. In [11], equation (3.18), a similar condition is used for this purpose.
However in this work the authors assume that the uncontrollable domain, i.e. , \ Q¢ , has L-uniformly bounded
Lebesgue measure. Here, we stress that condition (iii) in Theorem 4.6 actually allows for the set R> \ Q. to be
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unbounded as long as the Lebesgue measure |Qf, \ Qf | does not grow more than linearly with the domain size
L. In this sense Theorem 4.6(iii) is more general than the previous result of [11].

Remark 4.7. Note that it is strictly necessary for domain-uniform stabilizability /detectability of the transport
equation, that the Lebesgue measure |Q9| of the control domain increases with the domain size L. To see
this, assume that there is c¢pem > 0 such that for all L > 0 we have p(Q%) < ¢pom. However, condition (ii)
from Theorem 4.6 reads

n—1
1> k(an —bm) =K > (b = a;) > k(an — byn) — Kcpom.
j=m+1

Since the first term on the right-hand side diverges for fixed m € N as n — oo while the second one is bounded,
this yields a contradiction. Generally speaking the reasons for this requirement are the finite propagation velocity
of the transport equation and the uniform boundedness of the state feedback operators K& in Definition 3.11.
The finite propagation velocity implies, that for any point w € Q the distance to the closest point of the control
domain must be bounded from above uniformly in 7" and |©2|. The uniform boundedness of the feedback operators
mean, that the individual control intervals (a;, b;) can not be to small since the impact of a bounded feedback on
the solution’s exponential decay depends on the size of the control domain it is acting on. The finite propagation
velocity is a core property of hyperbolic equations which is independent of the specific choice of the boundary
conditions, the domain set O and the families (Aq, Ba)aco. Although we acknowledge, that scaling the control
domain with the spatial domain may prove challenging in applications. We therefore have to emphasize, that
this condition is indispensable in our setting.

The remaining part of this section is dedicated to proving Theorem 4.6. To this end we will first derive a
solution formula for a transport equation with a state feedback of the form (4.11), i.e. for the equation

%(w,t) = —xar (W)kp(w)r(w,t) — ca%x(w,t). (4.13)

This solution formula is then leveraged to derive an algebraic condition on a piecewise constant state feedback
kg, such that the semigroup corresponding with (4.13) is domain-uniformly exponentially stable.

Lemma 4.8. The mild solution of (4.13) with boundary condition (4.1b) and initial condition (4.1c) is given
by

:IZ(‘, t) — e_% f.-_ct PQL(kB\szi)(y)dyPQL (:L’O)( o Ct).

Proof. See Appendix B. O

Due to Lemma 4.8 the family (73‘1)9 L eo of strongly continuous semigroups generated by the operator family
(Aq, + Ba, K§ )a,co corresponding to (4.11) is given by

T (8): L2(Q) = L2(Q), TS, (t)a0 i= e o Jmee Prnmlap) 0 (00) (o), (4.14)

In the second step of proving Theorem 4.6 we derive some necessary conditions on the control domain. We
only consider control domains, which are countable unions of intervals in this section. Note that controls which
only act on a nullset N C R>o do not have any influence on the solution of the transport equation since the
input operator Bgq, is bounded. In particular they are irrelevant for the domain-uniform stabilizability of this
equation. Therefore w.l.0.g. we only consider countable unions of closed intervals. Theorem 4.6 can be extended
to measurable control domains without major changes in conditions (ii) and (iii). In view of applications and
for the sake of readability of our results, we decided to limit ourselves to countable unions of intervals.
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Lemma 4.9. Let Q. = ,UN[ajvbj] CRsp with 0 <ay <by <ag <....If (4.1) with control domain Q. can be
Je -

domain-uniformly stabilized via a state feedback of the form (4.11), then the following are true:

(Z) CL1:O

(7i) Q| = 00
Proof. See Appendix B. O
In view of Lemma 4.9, we may thus w.l.o.g. assume that the control domains are of the form €, := ,UN[aj, b;]
VIS
where (a;) ;¢ is an unbounded sequence and 0 = a; < by < az < by < ---. We write I; := [a;,b;]. In the next
step of proving Theorem 4.6 we will only consider piecewise constant feedbacks
kpiRsg =R, kp(w) = kjXa,b,] (@), (4.15)
j=1

where (kj)jen € Rsg is a bounded sequence with k := sup ey kj. The state feedback (4.15) domain-uniformly
stabilizes the controlled transport equation (4.1a) if and only if the corresponding family of closed-loop
semigroups is domain-uniformly exponentially stable. Due to (4.14) this is equivalent to

IM, k> 0VYL >0Vt >0 He—% Jmer Py (knlop )W)y po - (20)(. ct)(

< Me™*t HJ:

0
L2(jo,L)) — HL"’(QL)'

Since the periodization operator preserves the L?(Qz)-norm (see (4.8)) it suffices to show an estimate of the
form

AM,k>0YL>0Vwe [0,L]Vt>0:e e Parksla)W)dy < pre—ht (4.16)

which only includes the first (exponential) term from the solution formula in Lemma 4.8. In the following
Lemma 4.10 we are able to show such an estimate in three steps by finding algebraic conditions for estimates
of the form

VE>0:e o7 eMdT < et (4.17)
where e : RZO — Rzo.

Lemma 4.10. Let kg € L>(Rx0,R>¢) be a state feedback as in (4.15). Then the following statements are true:

(i) For a given k > 0 there exists a constant M > 0 such that (4.17) holds for e = kg, w = 0, if and only if

n—1 n—1
IM >0Yn €N :kay — Y kj(bj —a;) =kan — Y _ k;B; < M. (4.18)
j=1 j=1

(i1) For a given k > 0 there exists a constant M > 0 such that (4.17) holds for e = kg, w € R>o, if and only
if there exists a constant M > 0 such that for all n,m € N with n > m

n—1

n—1
k(an —bm) = > ki(bj —a;) = k(an —bpm) — Y k;jB; < M. (4.19)
j=m+1 j=m+1



20 S. GOTTLICH ET AL.

(iii) For a given k >0 and ey, := kp|q, there exists a constant M > 0 such that
VL > 0Vw € [O,L] Yt 2 0: e_%f:)+6t PSZL(EL)(y)dy S Me—k't. (420)

if and only if (4.19) is fulfilled.
Proof. See Appendix B. O

Using the estimate from Lemma 4.10(iii) we can now derive a necessary and sufficient condition on the piecewise
constant state feedback kp such that the corresponding family of semigroups is domain-uniformly exponentially
stable.

Theorem 4.11. The following two statements are equivalent:

(i) The family of of closed-loop semigroups in (4.14) with state feedback kp € L>(Rs0,R>0) as in (4.15) is
domain-uniformly exponentially stable, i.e.

AM, k> OVL > 0Vt > 0 | T, (0l 20,0, 12 0.2y < Me ™™
(i) There exist constants M,k > 0 such that for all n,m € N with n > m,
k(a Z kj(bj — a;) = k(a Z k;jB; < M.
j=m+1 j=m+1

Proof. (i) == (ii): We show this implication by contraposition. Assume that (ii) is not fulfilled. Taking
Lemma 4.10 (iii) into account we know, that for all M,k > 0 there exist Ly > 0 and wo € [0, L], to > 0 such that

_ 1 [wotctg ~ 7.
e © fWO PLO (eLo)(y)dy > Me—kt().

. —1 [wotcto p d
Since Pp,(er,) is a piecewise constant function the expression e ° = 155 Lo (e2o)(W)dy

Therefore there exists an interval [e1,e2] C [0, L] such that

is continuous in wy.

_ 1 rwotctg B ~
Vw € [e1,62] 1€ © S0t Pryeng)W)dy o yyo—Fto.

and €5 > €1. Define € := €53 — g7 > 0. Using Euclidean division we know, that there exist £ € N and ¢; € [O, %]

such that to = k£2 4+ ¢;. Choose go € L?([0, Lo]) such that

% w € [max{0,e1 — ct1 }, max{0, 2 — cty }]
go(w) := \% w € [min{L,e; — ct; + L}, min{L, ey — ct; + L}].
0 else
We find

) 2
’97% w—ctq Poy (eL)(y)dyPQL (xo)(w - CtO)H dw

~

(T2 (t)90) 72 0.1y =
0

L “ 2 €2 w N -
:/ He—% w—cto PQL(EL)(y)dyPQL(xO)(w _ Ct1)H duw :/ 025 S ety PQL(EL)(y)dyldw < Me2Fto
O 8

€1
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This shows

1720 o)l 2z 0.2y, 220,01y = M

since [|gollz2(jo,z)) = 1- Therefore (i) is not fulfilled.
(ii) = (i): Let 2° € L?([0, L)) be arbitrary. Using Lemma 4.10 (iii) we find M,k > 0 such that the equalities

1 w

L 2
2 —-= e
H(,TQL(t)xO)HLz([O’LD = /0 He e Jo—er Par( L)(y)dyPQL (mo)(w - Ct)” dw
L
— / e_% :—ct PszL(eL)(y)dy ||PQL(1'O)(W*C15)H2dw
0

L
:]\;,[e_%t/ HPQL(JCO)(w—ct)H2dw
0

~ _ 9L 2
= Me ™M HxOHLQ([O,L])

hold. This shows || 7, ()| 12 (t0.0).22(f0.27)) < Me ™ . O

Our main result of this section, i.e., Theorem 4.6, follows from Theorem 4.11. This is shown as follows:

Proof of Theorem 4.6. (i) < (ii): Note that (ii) is equivalent to

n—1
IM, K, k>0Vn,meNwithn >m: k(a, —by) — Z K(bj —a;) < M.
j=m+1

We first show the claim for piecewise constant state feedbacks of the form (4.15). For necessity we assume,
that there exists a piecewise constant stabilizing feedback of the form (4.15). Then Theorem 4.11 implies that
(ii) is fulfilled for K := supk;. If on the other hand (ii) is fulfilled then we can choose the piecewise constant
feedback with k; := K for all j € N. For this constant feedback the algebraic conditions from Theorem 4.6
and Theorem 4.11 are equivalent which means that it is domain-uniformly stabilizing. Finally note that if
their is a general domain-uniformly stabilizing feedback kp of the form (4.11) with sup kp(w) = K then there
also exists a piecewise constant domain-uniformly stabilizing feedback. The piecewise constant feedback can be
choosen via Yw € Rsg : k) (w) := K.

(ii) & (iii): Let a :=inf] and b :=sup . Again we assume w.l.o.g. that the control domain takes the form
Q. = jgNIj’ I; := [a;, bj], (aj)jeN is an unbounded sequence and 0 = ag < by < as < by < ---.

We first show (iii) == (ii): Note, that by choosing n =m + 1, (4.12) implies

1
Vm € Ng: k(amer —bn) <1 & ame1 — b < —. (4.21)

o

Define m, = min{m € Ny : b,, > a} and mp = max{m € Ny : a,, < b}. In the case a,,, < a we have the
inequality

(4.21) 1
—max{am,,a} =bm, —a=bpm, —@m, +Gm, — @ > by, — am, — T

b (4.22)

a
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This implies by, — max{ap,,a} > by, — am, — 3 for arbitrary a,,, € R>o. Analogously we find the estimate

max{bm,, b} — am, > bm, — Qm, — % Overall this leads to

mp—1 mp
. (4.21) 2
Q. NI| = by, —max{a,am, } + | Z (b — a;) + min{b, by, } — am, > Z (b —a;) — z
j=ma+1 J=ma
(412) g 1 2 k 1 2
2 zlamr —bm, —1) = =22 2l -2~ ¢

This shows (i) with ¢; = £ and ¢y = & — 2,

To show (ii) == (iii) we choose I = [by,, a,] for arbitrary n,m € Ny. Thus, (ii) implies

n—1
QNI = Y (bj—a;) >all] —co = ci(an — bm) — co,
j=m+1
i.e., (iii) with k = & an K = +. O
Co Co

We now briefly state the resulting exponential sensitivity result for the optimal control problem

1T r p
(2u) 7/0 |Ca () = 28 22 0,01y + | e (wl®) = 5] [,

(wu) 2 (OCPT)

st.:  @=Ag,x+ Bo,u=0, z(0) =3,

which is constrained by the transport equation with periodic boundary conditions, i.e. O := {[0, L] : L > 0},
Aq, and Bg, are given by (4.2) and (4.4) and Qf := [0, L] N Q. where . C R>q is a countable union of closed
intervals. By combining Theorem 3.9, Theorem 3.12 and Theorem 4.6 we find the following Corollary.

Corollary 4.12. Assume that Q. and Q, fulfill one of the conditions (i) and (iii) in Theorem 4.6. Consider
a disturbance ¢ € (L' (Rx0; L*(R>0)) x L*(Rx0))? for which the family (£f;,) € W is exponentially
localized in Fo = W§ or Fo = W with |

of the corresponding error system (3.2). Then there exists constants u, K > 0 such that for allT >0, L >0

QL€O7T>0
e“”P_'HegHFT < C. < 0. Let 6y, ML, and dufy, be the solution
L

Heunpf-ul(;mgL <K-C..

I

n Heunpﬂm&

#llP=lly 54,7
+ He Loug,

<K Heuupanlg

Q

2N\ 00 2/A00 2/N\00

Proof. From Theorem 4.6 we know that the family (Aq,,Ba,);<orso i domain-uniformly stabilizable. To
show domain-uniform detectability of (Aq,,Ca.)p <o rso We first compute Ag . By definition of Ag, and
using partial integration we find

Va,v € dom(Ag,) : (Ao, 2,v)x, = <*C$/,’U>XQL = (a:,cv'>XQL .
Therefore the operator —Ag, : dom(Ag, ) — L?([0, L]) is a formal adjoint operator of Ag,. Since dom(Agq, )

is a dense subset of L2([0,L]) it can be extended to a maximal formal adjoint operator which is the adjoint

operator [22], Section 2.8. This shows dom(Agq, ) C dom(Ag, ) C Hy([0, L]). Let v € Hy([0, L]) such that for all
z € dom(Aq, )

(Aq, z, ’U>XQL = <:c, A;ZLU>XQL = (x, —AQLU>XQL:> x(L)v(L) — 2(0)v(0) = z(0)(v(L) — v(0)) = 0.
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This implies v € dom(Agq, ). Therefore dom(Aq,) = dom(Ag, ), i.e. Ag, is skew-adjoint. Therefore the
domain-uniform stabilizability of (Aq,,Bqa,)p~q 7o 15 equivalent to the domain-uniform detectability of
(Aq,,Ca,) L>0,T>0 The opposite direction of transport does not matter for stabilizability /detectability. Using
domain-uniform stabilizability and detectability Theorem 3.12 implies boundedness of the solution operator
M~ from Section 2. Using Theorem 3.9 concludes the proof. O

5. CHARACTERIZATION OF THE DOMAIN-UNIFORM STABILIZABILITY OF THE
TRANSPORT EQUATION FOR SPACE-DEPENDENT TRANSPORT VELOCITIES

In this section we consider the controlled transport equation (4.1) with space-dependent transport velocity.
Let ¢ : R>9 = R be a piecewise Lipschitz-continuous function which fulfills the condition
3 Cmin; Cmax > 0Vw € R>¢ ¢ emin < ¢(w) < Cmax- (5.1)
In the following we write ¢y, for ¢|q, . In this case domain-uniform stabilizability can be characterized in the
same way as for the case of constant transport velocity (see Thm. 4.6).
Theorem 5.1. The following two statements are equivalent:

(i) The controlled transport equation (4.1) can be domain-uniformly stabilized via a state feedback of the
form (4.11).
(i) There exist constants K > k > 0 such that for all n,m € N with n > m

n—1
k(an —bm) = > K(bj—a;) <1, (5.2)
j=m+1
where Q. := _LGJN[aj, bjl, (a;);cy is an unbounded sequence with ap =0, a; < b; < a;41 fori € N.
J

(i1i) There exist constants co,c1 > 0 such that for all intervals I C Rxg the inequality
QNI > erll] = co

is fulfilled and YL > 0: |25 | = |2 N Q| > 0.

The remaining part of this section is devoted to proving Theorem 5.1. For this purpose we will again consider
feedback operators of the form (4.11). The corresponding equation with feedback is given by

0 0
YVt e [0, T|Vw € [0, L] : Ea:(w,t) = —k(w)x(w,t) — cL(w)a—wx(w,t). (5.3)
Again, ignoring the feedback term for now, we can rewrite the controlled transport equation as an inhomogeneous
Cauchy problem (4.3) with generator

Ag, : D(Aq,) :={z c H' Q) : 2(0) = (L)} € L*(Qy) — L*(Q), A,z = ch%:c (5.4)

and input operator (4.4).

In the following, we utilize ordinary differential equations to provide solution formulas for the transport
equation, closely related to the method of characteristics. To this end, consider a small particle located at
position pg € [0, L] at time ¢y = 0. Its movement can be described by the ordinary differential equation

p(t) = Pa,(cr)(p(t)),  p(0) = po, (5:5)
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where p(t) models the position of the particle at time ¢. Conversely if we observe the particle at a position
w € [0, L] at time ¢, then its previous position a time ¢ty = 0 zero can be computed via the solution of

q(t) = —Pa,(cL)(q(®),  4(0) = qo. (5.6)

We denote the solutions of (5.5) and (5.6) at time ¢ > 0 with initial values pg, qo € [0, L] by p(¢,po) and q(¢, qo),
respectively.

In the following auxiliary result, we derive a solution for the transport equation with space-dependent velocity
in the uncontrolled and the state feedback case. This is done by replacing the term w — ¢t in Lemma 4.1 resp.
Lemma 4.8 by the solution ¢(t,w) of (5.6).

Lemma 5.2 (Backward motion). Consider the controlled transport equation with transport velocity c : [0, L] —
R>¢ and the corresponding differential equations (5.5) and (5.6). Then the following hold:

(i) The differential equations (5.5) and (5.6) each have a unique absolutely continuous (i.e., a.e. differentiable)

solution.
(i) Let po € [0,L], T > 0 and qo := p(T,po). Then for allt € [0,T]

q(t.q0) = p(T — t,po).
(iii) For all go € [0, L] and all t > 0 the unique solution q(t,qo) of (5.6) fulfills the equality

1 0 1

B () (g 2t 1 0) =~ gy P (en) et d0)-

0
— t’ pu—
aqoq( )

(iv) The mild solution of (4.1) with u =0 is given by
Yt €10,7) : 2(-,t) = Pq, (2°)(q(t,-)).

(v) The mild solution of (5.3) with boundary condition (4.1b) and initial condition (4.1c) is

Poy Ko )

VE[0,T] : (- t) = Yot TaTLSwm

PQL (xo)(Q(tv ))
Proof. See Appendix C. O

If the control is chosen as a state feedback u = K& x with a feedback operator as defined in (4.11) then the
corresponding operator Aq, + Bg LKgL generates the semigroup

Pa, (kla; )W)

T, () L2021 B) > LA(O0.LLR), T, (ha® = e e TR By, (00 gt )

as a direct consequence of Lemma 5.2. This explicit representation can be used to prove the main result of this
part.

Proof of Theorem 5.1. The equivalence (ii) < (iii) was already shown in Theorem 4.6. Therefore we only need
to show (i) < (ii) and we start with preliminary derivations. Let K5 be an arbitrary state feedback as in (4.11)
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with K := ||kg]| . For any L > 0 we find

2
Pq, (kB)(W)
i LB b (s ) (w)dy
Ve 203 78, (02 g gy my = ||lo 7 T Py (2% gl )
L2(0,L] R) (5.7)
L Pa, (kp)(y)
= [ e T P SO o 9) 4,0 e
0
For each t > 0 we define a transformation 7z : [0, L] — [¢(¢,0), q(¢, L)], Tt (w) := ¢(t,w) where ¢(-,w) is the solu-
tion of the initial value problem (5.6) with initial value qo = w. Lemma 5.2(ii) shows T;(p(t,w)) = q(t, p(t,w)) = w
such that the inverse transformation is given by 7,7 : [¢(¢,0), q(t, L)] — [0, L], 7, ' (w) = p(t,w). Lemma 5.2(iii)
implies
A Aate) ele)
dw cr(w) cr(w)

Therefore, we have

which implies

L
Cmin HxOHH ([0.0]) 7/0 HPQL(xO)(q(t,w))H2

CmL 2 ¢r(p(t, 2)) c (5:8)
L ) max
= [MPn o L Das < S oo,
since
L 0 2 L 0 2 0112
L IR @@I 4z = [ a0 ax = 16
Furthermore, we have
=2 [, % Pay (xas ) (y)dy > 67205;1 o —emaxt Pr (Xag ) (W)dy (5.9)

(i) = (ii): We prove this claim by contraposition. Assume that (ii) is not fulfilled. Let K& be an arbitrary
feedback operator as in (4.11) with [|kp|,, =: K > 0. Define Vj € N : k; = K. Since (ii) is not fulfilled we find
that condition (4.19) from Lemma 4.10(ii) is also not fulfilled which implies for arbitrary k > 0 that

1

—_— « K c d
VM > 03Ly > 03wy € [0, Lag] Ttag > 0: ¢ omox Jomemaneny Kx05, W)y

> Me™*, (5.10)
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Inserting (5.8), (5.9) and (5.10) into (5.7) (and leaving the index M out for readability) yields

L
H'];;DL (t)xOHQL?([O,L],R) > /0 e—2ﬁ w—cmaxt LOL (Xﬂ‘i)(y)dy HPQL (xo)(q(t,w))H2 dw

L Cmin
> / (Mekt)>5m || Py, (2%)(q(t, w))||* dw (5.11)
0
Cmin (3 r —ke\2EBIL g2
Z Cmax (Me kt) xOHLz(QL)

and therefore (i) is not fulfilled since

1T ()] > | ) in (Me*kt)f»;‘?:; .

cmax

(ii) = (i): Let M, k, K be such that (ii) is fulfilled. Define K5 as in (4.11) with kg = K. Then we have

w

5 L _ - K c
H7?1PL (t)xOHiQ([QL],R) (g)A e 2 q(t,w) szL(}iL)(y)PQL(XQL)(y)dy HPQL (xO)(q(t’ W))Hde

L W
< / 0 2SS it Tmax Doz (Xag ) (w)dy | Pa, (2°)(g(t,w)) || dw
0

L “max
< [ e 2 o, () gt )
0
9Cmax _9Cmax ft

C fms 0112
< %M cmn € . ”37 HLQ([O,LD :

This shows domain-uniform exponential stability of the semigroup and therefore (i). O

In the case of space-dependent transport velocity the differential operator Ag, is no longer skew-adjoint.
Therefore domain-uniform detectability has to be discussed separately from domain-uniform stabilizability in
this section. For this purpose we first compute the adjoint operator in the following Lemma.

Lemma 5.3 (Adjoint of Ag, in the case of space-dependent transport velocity). Let ¢ € H'(R>o). Then for
all L > 0 the adjoint of the operator Aq, defined in (5.4) is given by

Ab, i D(Af,) € L3(QL) — L), (A, 2)(w) i= cp(@)a(w) + en(@)a' (@),
where D(Ag ) :=={v e H'(Qr) : ¢(0)v(0) = ¢(L)v(L)}.
Proof. By definition of Ag, and using integration by parts we find

Va € dom(Ag, ), v € HY(Qy) : (Ao, 7, 0)x, = <—ch’,v>XQL = (@, v+ ch’>XQL — [epav] .

Since x(0) = x(L) the right-hand boundary value term only vanishes if ¢(0)v(0) = ¢(L)v(L). An analogous
argumentation as in the proof of Corollary 4.12 yields the result. O

By definition, domain-uniform detectability of (Aq,,Cq,) is equivalent to domain-uniform stabilizability of
(A;SL , ngL). It is easy to see, that the adjoint output operator Cf; = corresponds to the input operator By, defined
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n (4.4). Therefore domain-uniform detectability of (Aq,,Cq, ) leads to the domain-uniform stabilizability of
the continuity equation

V(w,t) € Qp x [0,T] : prid x(w,t) = ai (cr(w)z(w,t)) + xa2 (W)u(w,t) (5.12a)
Vt € 10,T] : ¢(0)x(0,t) = e(L)x(L, t) (5.12b)
Vw € Qp : 2(w,0) = 2%(w) = 29, . (5.12¢)

If the control is chosen as a feedback of the form (4.11) then an analogous argumentation as in Lemma 5.2
yields that the solution of (5.12) is given by

c Ny, (w,t) p(t,w PQL( )(u) Y
st =(Gg) T T R @)t w) (5.13)

where for all L >0
kS QL =R, kf(w) = cf(w) + xag (W)kp(w)

and

1[0, L] x R>g = Nog, Np(w,t) :=#{s € [w,pt,w))|TIms; €Z:s=m,L} = LP(ZM)J .

The corresponding semigroup is given by

c(0) Ne(wst) IP“W)M@
c(L)) e LT Py, (a9) (p(t,w). (5.14)

TS 1) L) — L), (TS (00°) = (

Theorem 5.4 (Domain-uniform stabilizability of the continuity equation). Let ¢ € H*(R>0) such that (5.1) is
fulfilled and ¢’ € L*(R>() N L®(Rx¢). Then for arbitraryy > 0 the controlled continuity equation equation (5.12)
can be domain-uniformly stabilized with regard to the domain set O := {[0,L] : L > v} via a state feedback of
the form (4.11) if one of the conditions (ii) and (iii) in Theorem 5.1 is fulfilled by Q.

Proof. In Theorem 4.6 equivalence of (ii) and (iii) was already shown. Therefore it suffices to consider condition
(ii). Define ay, : C(O) . We find the estimates

VL > (aL)NL("J’t) <1

for a, <1 and

VL > 7 : (ag)V et = elos(an) | 252 | < los(zy) "5 < lon () stapast
for o > 1. Therefore, there exist M, ko > 0 such that
VL > v: (aL)NL(w’t) < M,e"e?.
Assume, that condition (ii) is satisfied. In this case there exist constants M., k., K. > 0 such that

VL >AYwe [0,L]Vt>0:e” Jsemin® Ke P (xag ) (y)dy < My Fet,
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For k£ > 0 define a domain-uniformly stabilizing state feedback wvia

k+ ko + 22 | o
ke

kg :Rs>o — Rep, kp(w):=-K, K :=cpax K..

Overall we find the estimate

L 2N (w,t) i) PO (kg)(y)
Con 0112 (5.14) ¢(0) o [pee) JRLAE)W o . )
1T O2° e o.rimy = /0 (c(L) © For 0O Po, (2°) (p(t, w)) || dw

P, <) KPq. (xqo |(v)
Le2ff(t=w) ap L)(J)dyefsz(t’w) L( 2L)

LopieL)y) R T Nt Wt |
SMiezkat / Po, (eL) (W) Pa, @ Y HPQL (.’L‘O)(p(t, w))H2 dw

0

KPq, (XQE)(y)

L
<MZetke! / e a2 2 =Gl (9 (ot )| o
0

9 K L 2
MM e [, () o) | o
0

< Cmax g2 25 -2kt |10 2

" Cmin ae L2([o,L])
for the corresponding closed-loop semigroup where the last inequality can be obtained analogously to the proof
of Theorem 5.1. This shows domain-uniform exponential stability of the semigroup. O

Again consider the optimal control problem (OCP?) however with differential operator Aq, as defined in (5.4).
By combining Theorem 3.9, Theorem 3.12, Theorem 4.6 and Theorem 5.4 we find a Corollary similar to
Corollary 4.12.

Corollary 5.5. Assume that Q. and Q, fulfill one of the conditions (ii) and (i) in Theorem 4.6. Let ¢ €
H'(R>o) such that (5.1) is fulfilled and ¢’ € L*(R>o) N L>®(R>). Let v > 0 be an arbitrary constant and
O :={[0,L] : L >~} be the correponding set of spatial domains. Consider a disturbance € € (L' (R>0; L*(R>0)) x
L?*(Rx0))? for which the family (5£L)QL€O}T>0€W(19 is exponentially localized in Fo = W} or Fo = W with

Heul\P—'HggHFgL < Cc < oo. Let bxdy , 0N, and dudy be the solution of the corresponding error system (3.2).
Then there exist u, K > 0 such that

VT > 0L >y e hoaf, <K-C..

+ HeunP—-ulMgL

T Heuup—-nl(gug;L

2N\ 00 2N\ 00 2N\ 00

Proof. From Theorem 4.6 we know that the family (Ao,,Bq,)pq7so 18 domain-uniformly stabilizable.
From Theorem 5.4 we know that the family (A;‘)L , CEL)L27,T>O
family (A, ,Ca,) >, rso 18 domain-uniformly detectable. Using domain-uniform stabilizability and detectabil-

is domain-uniformly stabilizable. Therefore the

ity Theorem 3.12 implies boundedness of the solution operator M~! from Section 2. Using Theorem 3.9
concludes the proof. O

6. DOMAIN-UNIFORM STABILIZABILITY OF THE WAVE EQUATION ON A
ONE-DIMENSIONAL DOMAIN

In the previous Sections 4 and 5, we derived necessary and sufficient conditions for domain-uniform stabi-
lizability and detectability of the transport equation with distributed control and periodic boundary condition.
In this section, we extend these results to the wave equation. This equation plays a key role in the modeling of
vibrations and oscillations with a large variety of applications in electrical engineering, mechanics, hydraulics and
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even acoustics/music theory. In order to enable the further use of our previously presented results on domain-
uniform stabilizability, we will consider a suitable non-local state feedback law, which leads to a coupled system
of two damped transport equations.

6.1. System formulation and unitary group

As before, we consider the family of domains O := {Q, := [0, L] : L > 0} where the corresponding control
domains are given by Q¢ := Q. N Qp and Q. C R>o denotes some global control domain of positive Lebesgue-
measures. On these domains the wave equation with distributed control and Dirichlet boundary conditions is
given by

0? 02
V(w,t) € Qp x [0,T] : @m(w’t) = Cme(w,t) + xas (W)u(w, t) (6.1a)
Vte0,T):xz(0,t) =x(L,t) =0 (6.1Db)
Vw e Qp: z(w,0) =g, and gz(w,()) =g, (6.1c)

ot

with time horizon T' > 0, control u € L*(Q x [0,T]) =: Uq,, initial distributions ¢, € H?(Qr)N Hg () and
xé, € H'(Qr) and velocity ¢ > 0. We first consider the uncontrolled equation (u = 0). In this case, the wave

1o}

. . . T .
equation can be rewritten as a first-order PDE of the form z = Ag, z where z = (m ax) . For this purpose,

we define the Dirichlet Laplacian via

0? 0?
A%L : D(A?ZL) = {U € H&(QL) : wv € L2(QL>} — LZ(QL), A?)Ll‘ = —C2wl‘.

*

From [22], Proposition 3.6.1, we know that A, is strictly positive, i.e. A}, = (A% )* and

2
Im > 0Va € D(AY, ) : (z, A, z) >m 20720, -

Furthermore, this proposition states for the square-root (A?ZL)% of A?ZL, i.e., the unique, strictly posi-
tive operator which fulfills ((A%L)%)Q =AY, , that D((A?lL)% = H}(Qy) and Vz € D((A%L)%) : ||x||2%
<(A%L)%x, (A%L)%a?> = ||z||%,:. We now define the block operator Ag, : D(Ag,) := D(AY,) x D(A%L)% =
H?(Qp) N HY QL) x HYH Q) — HE(Qr) x L?(Q1) via

Ao 5 — 0 I 21\ z2
Qo= = _A?ZL 0 z2 o 0238—:221 ’

[22], Proposition 3.7.6 tells us, that A is skew-adjoint. Therefore, we can apply the Theorem of Stone [22],
Proposition 3.8.6 to show, that A generates a unitary group (1% (t)),cp on Hg () x L*(2). It is easy to see
that x € D(A%L) is a classical solution of the uncontrolled wave equation if and only if z = (;v %x)—r € D(A)
is a classical solution of

: zd
z=Aq,z, z(0) = x%zL . (6.2)
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Since in this case z(t) = TL(t)zo (see [19], Prop. 6.2) and (T (t)),cp is a unitary group we find the equality (see
also [22], Prop. 3.8.7)

2

d 2 9
vE>0: |z = |l + |22 (D)3 =Hmt +th
2 0: =01 = I1Oga) + 12Ol = |20, + |50,
0 2 2
— 2 _ 0 1
= O = et |, + bl
Using the formula of d’Alembert we find the solution formula
1 0 0 1 w—ct o
z(w,t) = i(xQL (wet) +Tg, (w—ct)) + % Tg, (s)ds
w—ct

for the uncontrolled wave equation where j?h and f%h are the unique odd and 2L-periodic extensions of x%L
and zg, , i.e. for i € {0,1} we have

(i) Vk € ZVw € (2kL, (2k + 1)L) : Z§, (w) = xf, (w — 2kL)
(i) Vk € ZVw € ((2k 4+ 1)L, (2k + 2)L) : 2§, (w) = —x§, ((2k +2)L — w)).

All of the above equations can be extended to mild solutions of (6.1) using standard density arguments.

6.2. Domain-uniformly stabilizing control

In this section, we use a state feedback of the form

9 2
u(w,t) = —Zk&x(w,t) — k*zx(w,t) (6.3)

to stabilize the system (6.1) domain-uniformly. In order to prove that this approach fulfills its purpose we will
transform the wave equation into a pair of damped transport equations. After that we can use Theorem 4.6 to
find suitable control domains. Inserting the state feedback (6.3) into (6.1) leads to the closed-loop system

0? 9? 0
V(w,t) € Qr x[0,T]: ﬁx(w,t) = c2wm(w,t) - Xa: () <2katx(w7t) + k2x(w7t)>

Vte[0,T]:x(0,t) = z(L,t) =0 (6.4)
Vw e Qp :z(w,0) =24, and az(w,@) =14, .
This corresponds to the closed-loop Cauchy problem
. B g
Z(t) = (AQL + BQLKQL)z(t)7Z(O> = fﬂ%lL ’ (65)
L

where Aq, is defined as in (6.2), the input operator is specified by

0
Bq, : L*(Q%) — H} (D L*(Q B, u =
o THO) > ) < 1@ Boyu=(, )
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and we have the bounded feedback operator
KE, s Hy(Ow) x 0w+ 205), KE, (7) = —2ka - 12,

Note that boundedness of KgL follows from the Poincaré inequality. We already know that Agq, is the gen-
erator of a unitary group on Hg () x L?(Q). Therefore, we can apply the bounded perturbation theorem
for semigroups [19], Theorem 1.3 to conclude that Ag, + Bo, K&, : D(Aq,) — Hg () x L*(QL) generates a

B
strongly continuous semigroup (T§!);>0, where || Tg(t)|| < ollBar K&, (1t The following Proposition 6.1 gives an
equivalent system representation of the closed-loop (6.4) which simplifies the analysis.

Proposition 6.1 (Equivalent Representation of the damped wave equation). = € C%([0,7], H*(Qr) N Hg(Q1))
is a classical solution of (6.4) if and only if there exists v € C*([0,T], H'(Qr)) such that (&1,&) = (z,v) is a
classical solution of

Vi) € x 0.7): Jetwt) = g (20 )) == (3 ) g —xm@)(§ (et
’ —— N——
=:D =F (66)
Vit € [O,T] : 51(0,15) = fl(L,t) =0

0
Vw e Qp: & (w,0) =0, and 551(0%0) =g, .

Proof. See Appendix D. O

Proposition 6.1 yields a system representation, which is very similar to the strain variable formulation in
Example 3.7. The important difference can be found in the differential equation (D.1) which yields a damping
term in both equations of (6.6). Using strain variables the transformed closed-loop system would only exhibit
such a term in the second equation. This property allows us to show the following theorem.

Theorem 6.2 (Domain-uniform stabilizability of the wave equation). The following three statements are
equivalent:

(i) The controlled wave equation (6.1) with constant transport velocity ¢ > 0 can be domain-uniformly
stabilized via a state feedback of the form (6.3).
(i) There exist constants K > k > 0 such that for all n,m € N with n > m

n—1
k(an —bm) — Y K(bj—a;) <1, (6.7)
j=m+1

where Q. = jgN[aj, b, (aj)jeN is an unbounded sequence with ag =0, a; < b; < a;41 for i € N.

(ii) There exist constants co,c1 > 0 such that for all intervals I C Rxq the inequality
|Qcﬂl| > 01|I| — Co

is fulfilled and VL > 0: Q5| = | N Q| > 0.

Proof. Using the simple transformation

&\ %(Cl-ﬁ-@) B % % S G _ (s 3 ISR -
(&) ‘< G- )‘ (1 —1) <<> =T = <<> - ( —2;) (s> =176
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we can convert (6.6) into a system of two coupled damped transport equations which is given by

0 —c 0\ 0 E 0
V(U.},t) € QL X [O>T} : EC((’%w = ( 0 C) aiwg(“%t) - (O k) XQ?[ (w)((w,t)
—_——— ———
=T-1DT =T-1FT
Vit e[0,T):¢1(0,t) = ¢(0,¢) and (G(L,t) = C(L, 1) (6.8)
1 w '
VweQp: Cl (w,O) = 5 (Cl‘?)L (W) - /0 x%lL (8) + kXﬂi (S)x?lL (S)ds)
1 w
and (o(w,0) = 3 (cx%L (w) +/0 xbL(s) + k xas (s)x%L(s)ds> .
Let ¢ € HY(Q1)? be a classical solution of (6.8). Define v € H(Qs1) via
L Cl(w,t)7 w e [O,L]
v(w,t) = { GRL—w,t), we [L,2L].
Then, v solves the damped transport equation with periodic boundary condition
0 0
V() € 2 X [0,T]5 2 C(wst) = e 0(w, ) = Fxog uges + 1 ()0, 1)
Vvt e [0,T]:v(0,t) =v(2L,t)
3 (cxd, (W) =[5 o, (s) + kxag (5)24, (s)ds) w € [0, L]

Yw e Qor : G(w,0) = L ’
w € Dor 2 Q1w 0) { 1<cm%L (2L — w) —i—f2L x4, (s +kXQc()x%L(s)ds>, w € [L,2L]

To this equation we can directly apply Theorem 4.6 to characterize domain-uniform stabilizability. Note that
T is a (domain-uniformly) bounded transformation, i.e., the damped transport equation is domain-uniformly
exponentially stable if and only if the same holds for (6.6) which contains the solution of (6.4) in the first state.
This shows the claim. O

7. NUMERICAL EXAMPLES

To visualize our findings from Sections 3 and 4 the results of several numerical simulations are discussed in
this section. For this purpose we solve the optimal control problem

1T ) ,
min 7/0 Hx(~,t)||L2([o,L]) +a? ||u('7t)||L2(Q(l:,) dt, a>0

0 0
st.: Y(w,t)€]0,L] x[0,T]: at:c(w,t) = —c(w)%z(w,t) + xa, (w)u(w,t) (7.1)
Vit €10,T]: x(0,t) = z(L, t)
Vw € [0, L] : z(w,0) = 2°(w) =z, .
The transport velocity is assumed to be constant (¢ = 2) in all simulations. The problem is solved for two
different types of control domains:

(1) The control domain consists of a single interval which is given by Q. := [a,b] := [0,0.2].
(2) The control domain consists of a series of equidistantly distributed intervals. These intervals are
parametrized via Q. := U2, [a;, b;] where aj :=a + (j — 1) Lo, bj :=b+ (j — 1)Lo and Lg := 1.
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w

FIGURE 1. Initial condition function (blue) of (7.1) with single control interval (red) and
distance |(2\ (2. Usupp(e))| between perturbation and control domain (grey).

To numerically solve (7.1) we discretize the optimality system (3.1) via a finite difference method with symmetric
difference quotient (Dpx)(w) := % in space and an implicit midpoint rule for discretization in time.
The space discretization leads to a skew-symmetric matrix while the implicit midpoint rule is a symplectic
integrator. Therefore this discretization method preserves unitarity of the semigroup on a discrete level and
thus avoids a corruption of our results by numerical dissipation.

In the following we will consider the solution corresponding to a non-zero initial value as a perturbation of
the zeros solution of (7.1) for vanishing initial value. Thus, setting eyiqth = 0.8 and ecenter = 0.6, we set the

initial value (see also Fig. 1)

1

2
(ﬁ (W_Ecenter)) - 1

) with p(w) =1+

(7.2)

Ewi Ewi
E(W) J— { eﬂ(w)’ we (Ecenter_ ngdthagcenter"' WIthh

0, else

Here, the choice of the center of perturbation ecepnter corresponds to a worst case scenario in the sense that the
distance |(©2\ (2. Usupp(e))| (highlighted in grey in Fig. 1) over which the perturbation has to be transported
until it reaches any part of the control domain is maximal. Therefore the part of the spatial domain influenced
by the undamped perturbation is as large as possible.

Figure 2 shows the state trajectory of an optimal controlled transport equation for two different domain sizes.
Over time the perturbation is transported along the spatial domain until it is damped at the control domain.
In case of a single control interval the spatial area on which the perturbation’s influence on the solution is
undiminished increases with the domain size (see the left two plots in Fig. 2). If the control acts on a series
of equidistant intervals then the speed of decay of the perturbed solution does not depend on the domain size
anymore (see the right two plots in Fig. 2).

Figure 3 visualizes the spatial decay of the optimal state trajectory for T = 2.5 and a = 0.125. For this
purpose and for fixed spatial coordinate w € [0, L], we computed the L2?([0,T])-norm of the optimal state
Zopt () (w) in the time domain. As this norm nearly remains constant over the remaining part of the spatial
domain (upper row of Fig. 3) and as the width of this constant part increases with the domain size, this implies,
that the spatial decay of the optimal state is slower for larger domain sizes. In case of equidistant intervals the
decay does not change as the domain size increases (lower row of Fig. 3).

In Figure 4 the relation between the L2(0,T};[0, L])-norm of the scaled optimal state and corresponding
adjoint state and the domain size is shown. In the scenario of a single control interval the transport equation
with periodic boundary conditions is not domain-uniformly stabilizable/detectable (see Theorem 4.6). Therefore
the (sufficient) assumptions of Theorem 3.9 are not fulfilled, which means that the bound in equation (3.6) does
not necessarily hold. This is confirmed by the plot on the left of Figure 4 the L?-norm of the state/costate
increases exponentially in the domain size L. Evaluating condition (ii) from Theorem 4.6 for our proposed
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Single control interval (L = 2) Equidistant control intervals (L = 2)

Single control interval (L = 5) Equidistant control intervals (L = 5)

FIGURE 2. Optimal state (blue, space variable w) for two different control domains (red) and
domain sizes (T' = 2.5, a = 0.125).

sequence of equidistant control intervals we find that there exist M, k, K > 0 such that

n—1
k(an —bm) =K Y Bj=kn—-1-m)—-02Kn-m-1)=(k—02K)(n—-1-m) <M
j=m+1

for all n > m € N. This condition is for example fulfilled for ¥ = 1, K = 5 and arbitrary M > 0.
Therefore Theorem 4.6 ensures the domain-uniform stabilizability and detectability of the transport equation
such that the assumptions of Theorem 3.9 are fulfilled. Since the perturbation defined in (7.2) is exponentially
localized around z = g¢epter Theorem 3.9 yields the same for the optimal state and costate. Therefore the norms
in the right-hand side plot of Figure 4 uniformly bounded.

Last, in Figure 5, the influence of the control weight « on the solution of the OCP is visualized. A stronger
weighting of the control means, that large amplitudes of the control signal come with a disproportionately high
cost. Therefore increasing the parameter « leads to a slower decay of the state trajectory and a lower peak in
the control signal, once the perturbation reaches the control domain.

8. CONCLUSION AND OUTLOOK

In this work, we considered linear-quadratic optimal control problems governed by general evolution equa-
tions. We showed that, under domain-uniform stabilizability and detectability assumptions on the involved
operators, the influence of spatially localized perturbations on the OCP’s solution decays exponentially in
space. We further characterized the domain-uniform stabilizability /detectability assumption for linear transport
equations and provided numerical examples confirming the findings.
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FI1GURE 3. Spatial decay of the optimal state on different domains for a single control interval
(top) and equidistant control intervals (bottom).
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FIGURE 4. Relation between the domain size and the L?(0,T%; [0, L])-norm of the optimal state
(blue) respectively costate (green, dotted) for parameters T = 5, o = 0.125.

There is wide variety of questions which can be considered in future work. Using perturbation theory for
semigroups one could investigate if it is possible to relax Assumption 3.5 to allow for higher-order differential
operators. Moreover, an extension to unbounded input and output operators is desirable, thereby extending our
results to boundary control systems. Further, we aim to apply the abstract theory to a wide class of problems,
that is, deriving domain-uniform stabilizability /detectability for further important examples of evolution equa-
tions, e.g., telegrapher and beam equations. In this context it will also be interesting to consider domain-uniform
stabilizability of hyperbolic equation on exterior domains. For the turnpike property (which can be interpreted
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FIGURE 5. Optimal state (top) and control (bottom) for different control weights with equidis-
tant control intervals (red) for T' = 5.

as decay of local perturbations of the initial and terminal data in time) there already exists some previous work
in this context [23].
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APPENDIX A. PROOF OF THEOREM 3.12

During the remaining part of this section let z € C'(0,T; X)? and r € (L1(0,T; X) x X)2 with

-1

cc -4 -4 l

_ x _ -1 0 ET AT

Z_(A>_M "Tl4-4 -BQ'B” ls

Eo 0 o

or equivalently
cC —% — A" I
0 ET <a¢> )\T
Mz = —1 = =r= (A1)

44 —-BQ'B*|\\ la
Eo 0 Xo

Since we want to derive a bound ¢ > 0 such that

VT >0VQeO:||M

1 <
HL(WI\/2,W2/\°°) > C

the aim of this section is to find an estimate of the form (leaving out the indices Q and T')
2 2 2 2 2 2 2 2
||ZH2/\00 = ||:C||2/\oo + ”/\HQ/\oo <c (||ll||1\/2 + ”)‘T”X + ||l2||1v2 + ||170||X) =c ||T||1\/2 : (A.2)

We emphasize that the constant ¢ > 0 must be independent of 7" and €2 € 0. Since a certain amount of technical obstacles
has to be overcome in order to reach this goal, we have structured the corresponding proof in five smaller steps: First
for any t € [0,7] we will analyze the systems

Vs € (0,8 : —p(s) = (AG + KGCa) p(s),  ¢(t) = zh(t) (A.3)
and
Vs € [t,T] : 9(s) = (Aa + BaK&)b(s), ¥(t) = AS(t) (A4)

corresponding to the stabilizability and detectability conditions in Theorem 3.12. We will find exponential bounds for
the solutions of these systems. Second we will rewrite the quantities Hm%(t)”ig and H)\g(t)Hi{S2 such that they depend
on the solutions ¢ and ¥ of (A.3) and (A.4). In the third step we will use the bounds on ¢ and % which we found in
the first step to estimate ng(t)Hin and H)\g(t)Hin from above. These bounds can then be integrated to find bounds
2
and [Aq| .

on This will give us an estimate of the form (leaving out 2 and T')

T‘ 2
ng |L2(O,T;XQ) (0,T;Xq)"

2 2 ~ 2 —x xy ||2 2 2 2 2
o3 pce + N3 nco <E (IC2 1320,y IR B A3 00y + I v+ AT + 2o + ol ) -

In the fourth step we will find an estimate for ||6’ng + HR;Z*BQE)\SHQLZ

desired result in the fifth and last step.

which allows us to prove the

2
HLZ(O,T;YQ) (0,T5Uq)

Lemma A.1 (Step 1). Let the stabilizability/detectability condition in Theorem 3.12 be fulfilled. Let ¢ : [0,t] — D(AgQ)
be the mild solution of (A.3) on the interval [0,t] and o : [t,T] — D(AL) be the mild solution of (A.4) on the interval
[t,T]. Then there exist constants My, ko > 0, My, ky > 0 such that for all 2 € O and T > 0 the estimates

Vo & 0.t:Xa): [ 10069l v, s < 0] \]/V[k*\/ [ o e (A.5)
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and

—ky(s=t)q A6
. f\/ [N . (A6)

Vw € L2(t,T; Xa) : /tT | (w(s), (s)) x,, Ids < HAg(

hold true for ¢ and ).

Proof. Due to domain-uniform stabilizability there exist constants M,,k, > 0 such that the semigroup family
((7}“{’ (t))t>0) generated by the operators Aq + BoK§ fulfills the estimate
=Y/ qeo

VT >0YQ €O TS0l xg.x0) < Me Pt

During the remainder of the proof we leave out the indices Q and T for readability. To prove (A.5) we first estimate the
solution ¢ € C(0,t; X) of (A.3) via

Vs € [0,4] < llp(s)llx = IT(t = s)e(@)llx < UT( = 5)llx) lz®llx < Moe™ ™ la(t)l|

where the last equation follows from the exponential stability of the semigroup (7%(t)),s,. This inequality leads to

/ | (0(5), 9(s)) 5 [ds < / o)l ()l ds < [l My / o(s)ll &5+ ds (A7)

where the first inequality follows from the Cauchy-Schwarz-Inequality (CSI). The right hand side of (A.7) can be further
estimated via

t t k k
My [l e s = g [ us)len T F s
0 0
B
L1(0,t;X)
Holder MkpvefkT@(tf') 7k574p(t7.)

L2(0,t;X)

t t (A.8)
- M, /Hv(s)Hi{e*’W(t*S)ds /e*k¢(t*5)ds
0 0
! 2 L —ky,(t—s) 1 —kyt
= M, [o(s)llx ™ot dsy [ o= (1 —e7*")
0 4
M t
[ ) eretds,
VKo 0

where we used the Holder inequality in the third step of (A.8). Plugging (A.8) into (A.7) yields (A.5). (A.6) can be
derived in an analogous way from domain-uniform detectability. O

L2(0,t;X)

<

To find an alternative representation for the terms Hx%(t)“i and H)\g(t)Hi

with ¢ and the adjoint equation with 1. This leads to the following lemma.

we test the state equation from (A.1)

Lemma A.2 (Step 2). Let T > 0 and Q € O be arbitrary. Let the stabilizability/detectability condition in Theorem 3.12
be fulfilled. If ¢ : [0,t] — D(AQ) is the solution of (A.3) on the interval [0,t] and 9 : [t,T] — D(Aq) is the solution
of (A.4) on the interval [t,T] then we have the two equalities (leaving out the indices Q and T')

loOl = [ 1a(s). o) = (K Ca(s).o6)) +(R7 BN BB o(s)) dstlan g0y (A9)
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and

MO = [ 0w =((K) B A () ~(Cols). Co(a)) 5 dsr (0 (D)) (A.10)

Proof. For readability we leave out the indices 2 and T during the proof. By testing the state equation from (A.1) with
©(s) and subtracting <K8Ca:(s), go(s)> on both sides of the resulting equation we find the equality
(@(5), p(5)x = ((A+ K Cla(s), p(s)) = (BQ™ B A(s), 0(5))
_ _/gC
= (l2(s), ¢(s)) 5 = (KOCa(s), 9(5)) -

By integrating from 0 to ¢ and rearranging the terms we find

/Ot (#(s),0(s)) x — <(A + KCC):E(S), cp(s)> ds

X

*

Jo(s))  ds

X

[ 660600~ (w1, (47 + 0" ()

(@(s), p(8)) x + (x(s), p(5)) x ds

- als), pls) x ds
= (a(t),(0) x — (@(0), $(0)
= Oy — (w0, £(0))x

= [ 06605 — (KECo5).6(9)) -+ (BQTBN6). () ds

S— s—

:/0 (12(s), 9(3)x — (KOCals), p(s)) -+ (R B As), R B ls))  ds.

This shows (A.9). (A.10) follows by testing the costate equation with v, subtracting the term <(KB)* B*X(s),9(s)) on
both sides and proceeding in the same way as before. O

By plugging the estimate from Lemma A.1 (Step 1) into the equality from Lemma A.2 we can find a first estimate

on ||ac£”§/\w + ||)\£ . This results in the following Lemma.

I3
2\ o0

Lemma A.3 (Step 3). Let the stabilizability/detectability condition in Theorem 3.12 be fulfilled. Then there exists a
constant ¢ > 0 such that the inequality

2 2
2], + 24
Aoo Aoo
(A.11)
I ) L e e N e i)
B ¢ L2(0,T;Yq) @ mene L2(0,TUgq) vz r Xa vz 0 Xa
is fulfilled for all T >0 and Q2 € O.
Proof. The proof is organised into four parts. First we show an estimate of the form
T 2 T 2 —x kT 2 2 Q 2
C(0,T5Xq) L2(0,T;Yq) L2(0,T5Uq) Xo

Then, we show an analogous estimate on the norm H)\EHZ( In the third and fourth part we show estimates on

0,T;Xq)"
the L?-norms of & an \5. As before we leave out the indices Q and T' during the proof for readability.
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We start with the first part. By using the results of Step 1 and Step 2 we find the estimate

o015 2 [ (129, 0(6)) 5 = (KOCa(a). )+ (R BN BB o(s))  ds + (o, (0)

Step 1
< t P H / C —kyp(t—s)( ¢ M m
< Hx()HX\/E L(YX)\/ |Cz(s)|? e=Fe s + llzolly lm()]lx MpVe*e
M. _ t
+ ”m(t)HX\/kﬁ”BR lHL(U,X)\//O |R=*B*A(s)[|7; e Fe(t=)ds
©

‘ M. ¢
+ min{ [lz(t)|| x M. / la(s)|y e e =9 ds, ||l (t “"\// lo(s)||? e ke t=9)ds
lz(®)]l x M, | 12(s)l x lz()]l x i\ s lle2(s)l

Dividing by ||z(t)|| leads to the inequality

M. t B t
lz (@)l 5 S\/"% HKCH \//0 lCz(s)|? e Fe(t=9)ds ||lz(t) x + HBR 1HU\//O |R—*B*A(s)||2 e Fe(t=9)ds

+ min {Mwa(t),

M,
\/]:iﬂ(t)} + [|lzoll x MoV e ket

<é \// |Ca(s)||* e=ket= s>ds+\// |R—*B*A(s)||* e~ ke (t=9)ds

+é (min {a(t), B(1)} + llzoll x \/m) ’

where we define functions a, 8 by a(t) := fo l2(s)|| x e Fet=2)ds, B(t) \/fo 12(s)]|* e=*¢(t=)ds and a constant

¢1 := M, max {1, \/%} max {1, Cy, TB} By taking the square on both sides of the inequality and using the estimate
=]

Va,bc,d €R: (a+b+c+d)? <2((a+b)>+ (c+d)?) <4(a®> + 0>+ +d°)

we find the estimate

o0y < s ([ 1o et =05+ [ R B et -0as)

(A.13)
+a (min {a(t) 2 B(t) } + llzoll% efk“”t)

with constant ¢; := 4M,, max {1 } max {1, Cy, %} This implies

_1
bl /k(p
2 2 2 — % ok 2
Hch(o,T;X) = g[lg‘); [l (¢ )HX <a (HCIHLZ(O,T;Y) + HR B )\”L?(O,T;U))

+ex (min {12l o roxz » Ilell 2o,z x2 | + lwoll%)

and therefore (A.12).
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The aim of the second part is to show an estimate of the form
2 2 —x oy |2 2 2
||)‘||c(o,T;X) <e (||C97||L2(0,T;Y) + HR B >‘HL2(0,T;U) + Hl1H1v2 + ”/\T”X) . (A~14)
Again using the results of Step 1 and Step 2 we find the estimate

@I 5= / a(s), (s = ((K”) BAS), ()~ (Cals), Cls))x ds + (hr, (D))

Step 1

M, B T o —
< I 7ﬁHK H / B*\ ky (s=t)q A A » My e Fut
< [AOllx " reen 1 B*A(s)lly e s + IArllx MO x My Ve

My T ,
* 'Mt)"xlCIlL<xv>\/ [ Ical eteteoas
Vs WV

T
+ min  [A(t)] x My / 12(s)[|x € Cds, A0 ||y —r= \/ / 11 (s)[|* e *v (= ds
t

Dividing by [|A(t)||x leads to the inequality

T
M@l < \/7 H L(X U) \// IB=A() e =0ds + IC L x,v) \//t [Ca(s)|[5 e+ Pds

M
+ min{way(t),\/ki(g(t)} + |IAT|lx My Ve Fwt
P

<éy \// |Cx(s)||? e *wle— t)der\// | R—*B*X(s)|? e’%“”ds)

+ e (min {7(1), 8} + [Arllx Verur),

N

\/ftT |11 (s)[|* e *v (= ds. Proceeding in the same way as in the first part we find the estimate

where we define a constant é; := My rnax{l }max{l CyCr,Cc} and (t) := [ |[li(s)]|x e "+~ ds, 8(t) :=

T
IOl < 2 (/ 1Cx(s)|2 e fm<tfs>ds+/ 1R B A oot )
t

(A.15)
+ ez (min {5(0%,8(0)°} + [ Ar[% ™)

with constant ¢i := 4My max {1 } max {1, C,Cr, Cc}. This implies

1

b) /k(p
2 2
H>‘||C(0,T;X) = tgﬁi}] AN
2 —* * 2 s 2

< e (IC2132 ) + 1B B M3 20.1.0y + min { Il 1oz - Wl g o2 | + IAr %)

and therefore (A.14).
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For the L?-norm of z we prove an estimate of the form
||95||2L2(0,T;X) <c3 (chui?(o,ﬂy) + HR_*B*)‘”;@,T;U) + ||l2||?v2 + H$0||§() : (A.16)
We first define for £ > 0
gk : R>0 = Rxo,  gi(t) := e

and note for all 7" > 0 that

T ke — 1 ™ 1
loullscomsy = | €70 < okl = [ ¢ o= [—e| =2
0 o k o k

(A.17)

llgell7 = Te’z’“dt<\| |12 [Ty [ L k] T L
9rllL20,mR) = o S 9kl L2(0,005R) = ; = % . =55

From (A.13) we conclude

T
o2 = [ (Ol de
0
(A.13) T rt
< (/ / (lCz)IP + BB xs)[) e_k“’(t_s)dsdt> (A.18)
o Jo
T T
+a </ min {a(t)Q,ﬂ(t)z}dt —|—/ llzo % efk“”tdt) .
0 0
We will now estimate the different terms from the right hand side of this inequality individually. Defining the function
he :[0,T] = Rso,  hy(t) := [Ca(®)|? + ||[R*BA®)|*
we find the estimate
Tt 2 2 ke (t—s)
/0 /0 (||C’x(5)|| + [|R7*B*A(s) || )e @ dsdt = ||hy *gkaLl(o,T;RZO)

||thL1(o,T;R20) ”gkw”Ll(O,T;Rzo)

1 [T .
L / ICz(®)[1% + R~ B"A®);, dt
ke Jo

IN

1 2 —% ok 2
= ko (|‘C$|‘L2(O,T;Y) +[|R"B )\”L2(0,T;U))
by using Young’s inequality and (A.17). For the second term we find the estimates

T T t
[ atrar= [ [l e st = (1O 91 o sy,
0 0 0 =

1
< H”l?(')”§<HLl(o,T;RZO) Hgk<ﬁ|’L1(0,T;RZO) = E HZQHiQ(O,T;X)

and

T T t 2
/ B(t)%dt = / ( / uzz<s>||xe—kv“‘s>ds) at = | (10l * 950 2 o e
0 0 (0] =

1
< 2Ol 0,755 ||gk¢y|;(oyT;R220) = o 1020131 0.7
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For the third term we find

T T
2 —k 2 2 1 2
/ lwol% e7*e dt = flwol% / g, (D8 = lz0ll% 19 [l 10, 70) = 7 170115 -
0 0 = @

Plugging these three estimates into (A.18) yields (A.16) with ¢z := icl as the sought for constant.
By proceeding analogously as in the third part we can find the estimate

e 12
H)‘H2L2(0,T;X) <c (||Cx”i2(0,T;Y) + HR B /\||L2(0,T;U) + Hlluiv2 + H)‘THi() . (A.19)

with ¢4 = %wCQ in the fourth part of this proof. Combining the four estimates (A.12), (A.14), (A.16) and (A.19)
implies (A.11) with

1 1
¢ = max{1, R E} max{c1, c2}.
©

Note that ¢ only depends on the quantities Cg, Cc, Cyp, Cy, My, My, ke, ky, Cr and a. By assumption this means
that the estimates hold for all 7 > 0 and Q € O. O

By testing the state equation from (A.1) with AL and the adjoint equation with 3 we can further estimate the right

hand side of the inequality which was shown in Lemma A.3. This way we succeed in linking Hzg H%oo to the components

of 75 in the following lemma. For technical reasons we will need the following Lemma which was taken from [6].

Lemma A.4 (Generalized Cauchy-Schwarz Inequality). Let X be a Hilbert space and T > 0. For allv € C(0,T;X) and
for all w € L*(0,T; X) we have the inequality

/O (v(s), w(s)) ds < [|v]lyp0 ll0]]1ys -

With the help of Lemma A.4 we are now able to complete the fourth step in showing boundedness for the solution
operator.

Lemma A.5 (Step 4). Let x5, AL, 11, Iz, A} and o} be as in (A.1). Then the estimate

2 2

|Cach| + |[Ra*BaAg|
L2(0,T;Yg) L2(0,T5Uq) (A.20)
< T Q T T T
<é, [l + 5], P, + 1t 5], + 5],
is fulfilled for all T > 0 and Q € O.
Proof. For readability we leave out the indices 2 and T'. Testing the adjoint equation from (A.1) with z yields
Vs € [0,T): (C*Cx(s),x(s)) x — <5\(s),m(s)>x — (A"X(s),2(5)) x = {la(s),2(8)) x - (A.21)
Analogously we find
Vs € [0,T] : (#(s), A(s)) x — (Az(s),A(s)) x — (B(R"R) "' B*A(s),A(5)) y = (l2(5), A(s)) x - (A.22)
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by testing the state equation from (A.1) with A. By subtracting (A.22) from (A.21) and integrating from 0 to T we find

HCIH2Lz(O,T;Y) + ||R7*B*A||12(O,T;U)

:/0 (B(R*R)™'B* (5)) ¢ + (C"Ca(s), 2(s))  ds

- / <A<s>,x<s>>x+<a’s<s>,A<s>>de+ / (L(s),2(s)) x = {la(s), A(s)) ds
=[S0 cds+ [ 066 — A ds
= (2T x = (a0, MO 5 + [ (1().2(9)x = 1a(s). ) ds

<Azl 12(T)l x + llzollx MO x + l2lliva IMane0 + H2llva 2ll2p0 -

The last inequality holds due to Lemma A.4. O

Lemma A.6 (Step 5). Let the stabilizability/detectability condition in Theorem 3.12 be fulfilled. Assume that there exists
a ¢ > 0 such that the inequality

2

=4[5, <z (el [, 2, el )
Aoo
Q Q Q Q ) (A.23)
- T T T
te (Hl2l|1v2 ‘AQHZAOO v, ‘xﬂ 2A00 + HTQ 1v2)
holds for all T > 0 and Q2 € O. Then there also exists a ¢ > 0 such that
T Tl
VT>0VQ€O:HZQ <ec Hrn . (A.24)
2A00 1v2
Proof. By first using the inequalities
=Ml x <zl < lZllonee and [[AO)x < Ml < IMlzno0
and then adding the positive term
(Il + lxllg2) INlonee + (lzollx + 2llivs) l12llono
to the right hand side of (A.23) we get the inequalities
”ZHngo <c¢ ((H)‘THX + Hll”1v2) ||m||2Aoo + (HZEOHX + Hl2”1v2) ”/\HQAoo + Hr|ﬁv2) (A.25)

< (Il + lallyvz + ol + M2llvz) (I2llonc + 1AMlanc) + [I7l13y2) -

By applying the inequality (a + b)? < 2(a? + b?) we find the estimate

2 2
(Il + Millvz + lzollx + M2llivz) ™ (12llanm + [All2n0)
<8 (Al + 1 lTve + lzollx + lE2l1702) (12ll5000 + I1AI3000)

which implies

(”/\T”X + ||ll||1v2 + ||£U0HX + HZ2H1\/2) (HxHZ/\oo + H)‘”zm)o)

< VB (Dl + Ml + ool + 1al2o) (2l + IAI0n)
= \/§HTH1\/2 ||Z||2/\oo :
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Plugging this into (A.25) and using the inequality

- 1,0, 12 2
VBE (17l 1z 12l ap00 < 5 (82° Irllive + l2l5p00)
we find

20300 = & (VE Ils anoe + I1y2)

; B 1
< (42 + VB2) s + 5 1203 0me -
This implies (A.24) with constant
ci=2 (452 + \/éa) .

O

By combining Lemma A.3; Lemma A.5 and Lemma A.6 we can finally prove the desired result on the boundedness
of the solution operator M1,

Theorem A.7. Let the stabilizability/detectability condition in Theorem 3.12 be fulfilled. Then there exists a constant
¢ > 0 such that the norm of the solution operator M~ can be estimated by

<ec

VT >0VQ€O0: M7, pive wanee, <

Proof. Using the estimates in Lemma A.3 and Lemma A.5 we find the inequalities

2 2 2
||Z||2Aoo = HxHQ/\oo + ”/\HQAOO

Lem. A.3 ~ 2 ko 2 2
e (Il vy + IR B AL, 0y + I7132)

Lem. A.5

< e (Inllx Iz @)lx+Hlaollx IO x +2llvs [Mlapc s I2llzpee +lrly2) -

This implies that the requirements of Lemma A.6 are fulfilled. Therefore we know that there exists a ¢ > 0 independent
of T'> 0 and 2 € O such that

215800 < € lIrlve -
This proves our claim. O

APPENDIX B. PROOF OF LEMMATA 4.8-4.10
In the following we use the notation B; = b; —a; and A; = aj11 — b;.
Proof of Lemma 4.8

Proof. For 2° € dom(A) the fundamental theorem of calculus leads to

(o, t) == < (Pay (@)~ Pay (W) (w—ct)) e~ & e P 000 Py, (30) 0 — ct)

ow

1 1w
C

+ e*% JS—ct PﬂL(k)(y)dyPQL <%m0> (w _ ct)
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and

—%m(w, t) =Pa, (k)(w — ct)e™ ¢ J&et Pa, WAy p (30Y(yy — ) e ¢ et Por WAy p <di xo) (w—ect).
w

This shows (4.13). Checking the initial and boundary conditions is straightforward. The solution formula can be extended
to x° € L?([0, L]) via a standard density argument (see [24], Prop. I1.1.5). O

Proof of Lemma 4.9
Proof. (i) Assume a; > 0. Choose 0 < L1 < a1. Then the transport equation is uncontrolled on Qr, = [0, L1]. Since the
semigroup corresponding to the uncontrolled transport equation with domain Qr, is not exponentially stable (see (4.8)),

this is a contradiction to domain-uniform stabilizability. R
(if) Assume || = pe < 0o. Let kp be an arbitrary state feedback as in (4.11) with kg := ||kg|| . For tz = £ we find

2 L
L2(o,L] /0

This shows, that the controlled transport equation is not domain-uniformly stabilizable with this norm.

2

1 (w .
—okc | 0

dw > e 2 [|2%]

HTE{Z’L(tL)xO‘ e © w—L PQL(kBlgg)(y)dyPQL (xO)(w _ Ct)

([o,L])

O
Proof of Theorem 4.10(i)
Proof. For w = 0 the inequality in (4.17) is equivalent to
M, k> 0V > 0: "o e < .
Since the exponential function is continuous and monotonously increasing this condition is equivalent to
~ t ~
3M,k>OVt20:kt—/ e(r)dr < M. (B.1)
0
Now note that the left hand side of this inequality can be expressed in the form
¢ kt —S" " k;Bj — kn(t — an t € [an, bn
kt—/ e(r)dr = 2j=1 KiBy —kn(t—an), ¢ € lanba] (B.2)
0 kt_ijl ijj7 te [bn—haﬂ}

For the rest of the proof it will be our aim to show, that the conditions (B.1) and (4.18) are equivalent. For necessity
assume that for any constants M,k > 0 there exists a number n(M, k) € N such that

n(M,k)—1 n(M,k)—1
ko, — O, kibi—ay) =ka,q.— Y., kiBj> M.
j=1 Jj=1

Now choose t(M, k) := a,, 5 x)- We find

_ t(M k) n(M,k)—1 _
kt(M, k) — / e(r)dr =ka, g — >, kiB;> M.
0

j=1

Therefore condition (B.1) is not fulfilled which shows necessity.
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For sufficiency we assume that (4.18) is fulfilled and perform a case distinction to show (B.1).
Case 1 (t € [bn—1,axn]): In this case we have the inequality

(4. 19)

+ n—1
k:t—/ e(r)dr ) kt — > " kiBj < kan — Zk B; <
0 =1

Case 2 (t € [an,bn] and k < k;,): In this case we have the inequality

t n—1
ktf/e(T)dT(B:Q)kthijjfkn(tfan):(kfk t+kaankB
0

j=1

(4. 7) .

n—1
< (k= kn)an + knan — Y k;Bj = kan — Zk B,
j=1
Case 3 (t € [an,bn] and k > ky,): In this case we have the inequality
K B.2)
k:t—/e(r ZkB—Ic (t = an) = (k = kn)t + knan — ZkB
0
< (k= kn)bn + knan — Zk B; = kby, ijBj < kant1 — Zk B,

j=1

Therefore (B.1) is fulfilled which concludes the proof. O

Proof of Lemma 4.10(ii)
Proof. = : Suppose that (4.19) does not hold. Then for any M > 0 there exist integers n,m € N, n > m such that

k(an —bm) = Y k;jB; > M.

j=m+1
Define wo := b,, and to := a,, — by,. Then the inequality
wo+to an n—-l 5
kt — / e(r)dr = k(an — bm) — / e(r)dr = k(an —bm) — > kiB; > M
wo bm j=m+1

follows. Plugging both sides of the inequality into the exponential function yields

— [wott T)dT v —
o Jud T e AT (M —kto
due to monotony of the exponential function. Since this function is also unbounded we find, that (4.17) is not fulfilled.

<= In order to show this direction we assume that (4.19) is fulfilled. Let w > 0 be arbitrary but fixed. Define e,, :
Rso — R, eu(t) := e(t + w). By substitution r := 7 — w we find

/wwﬁ e(r)dr = /Ot e(r + w)dr = /Ot e (r)dr.

For w € [bm,bm+1), m € NU {0} define bo 1= 0, a1 := max{0, am+1 — w}, by = bm+1 —w and

Yn > 2: Gn = Gnim — W, Bn =bpgm —w
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Furthermore define for n € N the shifted sequence (l::n)neN with l;n := kn+m. Note that for all n > 2 the equality
Bn - Bn - afn == (bn+m - LU) - (an+m - w) - bn+m — Qn4+m = Bn+m

holds. Our aim will be to show, that condition (4.19) holds for the shifted function e, the shifted sequence (I;n)neN and
the shifted intervals I, := [an, bn} For n =1 we have

0 . (4.19) .
ka; — Z iB; = ka1 = kmax{0,am+1 —w} < k(am+1 — bm)
For n > 2 we find
n—1 o
kdn — Z kiB; =k (antm —w) — Z kjtmBijtm — km+1(bms+1 — w — max{0, am+1 — w})
i=1 =
n+m—1
=k (antm —w) — Z kiBj — km+1(bm+1 — w — max{0, am+1 — w})
j=m+2
< ) Flantm =bm) = Sy ki By = kmt1 (bmit — Gm1), @ < ama
- k (an+m — bm+1) Z;+;n+21 k;Bj, W > Am41

n+m—1
_ k (an+m - bm) - Z] nT,,j—.Ll 1k B w S Am+1 (4-§19> M
k(an+m7bm+1)7zj ot K B W > Amt1

From (i) it now follows, that

Vi>0:e" JSTt e(mar _ o= Jg ew(rdr %) Me ™",

Proof of Lemma 4.10(iii)

Proof. = : Assume, that (4.19) does not hold. According to (ii) this implies, that for any constant M > 0 there exists
wo € [0, L], to > 0 such that

e _[5g+t0 e(r)dr —% _f“‘:’é)thD e(r)dr

1
> Me *o — ¢ > Mee Flo,

Choosing L = 2(wq + to) it follows that

w0+

e~ t o ¢ Paple)®dy _ o~ L5070 e(y)dy S Mt ko

Therefore (4.17) is also not fulfilled.

<= : Assume that (4.19) is fulfilled. Let L > 0 w € [0, L] and ¢t > 0 be arbitrary. Using Euclidean division we can find
mg € Nand ¢ty € [O, %) such that t = m% + to. This allows us to rewrite the integral in (4.17). By using the periodicity
of P, (er) we find the equalities

w

Pa(en)o)dy = [ . Pa, (e1)(y)dy

w—ct w—mpgL—ctg

[ P+ [ Pl

w—mpgL—ctg w—mpglL

= /icm Po, (er)(y)dy + mg /OL er(y)dy.

We consider two different cases.
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Case 1 (w — ctp < 0): In this case we have

w w

Po, (ex) (y)dy = Poy (ex) (4)dy + ms / e (y)dy

w—ct w—ctg

w L L
:/ er(y dy+/ dy+mE/ er(y)dy
0 w— ct0+L 0

L L
:/ dy+/ dy+mE/ e(y)dy.
w— ct0+L 0

Using (i) we find, that there exists a constant M > 0 which is independent of w, ¢ and L such that

e~ f:f—ct PQL (er)(y)dy —e” (16‘) e(y)dy+f$’76t0+L e(y)dy+mpg jUL e(y)dy) S Me—k(mEL+w7w+ct0) _ Mefk(mELchtg)

Case 2 (w — ctp > 0): In this case we have

w

w—ct

Pay (e1)(y)dy = / i P, (en)w)dy -+ me / e (y)dy

w L w L
= / er(y)dy + mE/ er(y)dy = / e(y)dy + mE/ e(y)dy.
w—ctg 0 w—ctg 0

Using (ii) we find, that there exists a constant M > 0 which is independent of w, t and L such that

o= 5 e Pag )y _ o= (S5 crg e@)dytme [ e(y)dy) < Nfe—H(meLteto)

For both cases we can conclude

o e i e Pap )W)y  yrio—E(mpLteto) _ pre o=kt

Choosing M = M¢ we find that (4.20) is fulfilled. O

APPENDIX C. PROOF OF LEMMA 5.2

Proof of Lemma 5.2(i)

Proof. We first prove uniqueness of a solution to (5.5). Note that for initial values po at which ¢ is Lipschitz-continuous,
local uniqueness of the solution follows from the well known Theorem of Picard-Lindel6f [25], Theorem 8.14. Therefore
w.l.o.g. let po be a point at which ¢ is not Lipschitz-continuous. Assume that there are two solutions p1(t) and p2(t) such
that

It1 >0Vt € (0,t1) : p1(t) # p2(t).
Since Vz € R : ¢(z) > ¢min > 0 we find V¢ € (0,¢1) : min{pi(t),p2(t)} > po. Let 7 > po be such that ¢ is Lipschitz-

continuous on the interval (po,r] with Lipschitz constant L > 0. Since ¢(z) < ¢max < 00 we find 0 < t2 < ¢; such that
vVt € (0,t2) : p1(t), p2(t) € (po,r]. Thus, for all ¢ € (0, t2],

I (=20l = et (7)) clpatr)) | dr = [ It =cmaolars / L lps(r)—pa(r) dr.
(0,1]

Now Gronwall’s Lemma [26], Lemma 2.4, yields p1(t) = p2(t) for all t € (0, ¢2) and therefore a contradiction. An analogous
argumentation yields the result for (5.6). O
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Proof of Lemma 5.2(ii)

Proof. For arbitrary t € [0, 7] separation of variables yields

/q(tyqo) 1 t T
- 7dy:/1d7':t:/ 1dr
90 Po, (c)(y) 0 T—t

1

/p(T,po) 90 1 p(T—t,po) 1
= 7dy = / 7dy = — / 7(1:!].
p(T—t,po) PQL (C)(y) p(T—t,po) PQL (C)(y) q0 PQL (C) (y)

Due to regularity of ¢ the solution ¢(t,qo) of (5.6) is unique. Using separation of variables we find that q(¢,qo) is the

unique solution of solving the equality
/ vl g / "1
_ - dy= -
qo0 PQL (C) (y) 0

for 4. From (C.1) we know, that p(T — t, po) also solves this equality. Uniqueness of the solution implies

(C.1)

q(t,q0) = p(T = t,po)
and therefore the claim. |
Proof of Lemma 5.2(iii)
Proof. Let t > 0 be arbitrary but fixed. By definition of the derivative we have

J . q(t,q0 +h) —q(t, q)
_ = 1 et .
dqo 9t o) fiTO h

Due to positivity of ¢ the solution ¢(t, go) is strictly monotonously falling. Therefore q(¢, o) < qo. Let h € (¢(t, go) — qo, 0).
Since q(t, qo) is continuous in ¢ there exists T € (0,t) such that ¢(Th, go) = go + h. Using separation of variables we find

Ty, ao+h 1
ne [T [T,
0 w  Por(0))

The cocycle property of autonomous differential equations implies
(t.00 + 1) = a(t,a(Th, ) = (¢ + Tho0) QR (©2)
q(t,q0 + h) = q(t,q(Th, 0)) = q(t + Th, qo =q(t—/ 7dy,qO>. C.2
w  Por(d)()

Let (hi)ren € (¢(t, q0) — qo, 0)Y be a sequence with klim hi, = 0. For the left-side limit value of the differential quotient
— 00

we find the equalities

qo+hy 1
8go 1 1) = B hu = Jm »
0 P 1 1 p )
= =q t—/ 7(1,(]) — :—7lj(t—/ 7d,q) _
op ( 0 Pap(c)(y) 290 ) lp=ao c(p) @ Pq, (c)(y) Y: 00 | Ip=ao
— it a)
Pa, (¢)(q0) o

The case of the right-hand limit value can be treated analogously. O
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Proof of Lemma 5.2(iv)

Proof. For 2° € dom(Ar) we find

g Pon () a(t.) = (pa(t)) Py (450" (ate.)

and
P @) a(t.0) = i) Poy (40" )

using the chain rule and (ii). Therefore we have

(@,1) = —Pay (6)(w) 2w, 1)

EI ow

and
2(w,0) = Po, (2")(¢(0,w)) = Po, (z")(w) = 2" (w)

for almost all w € [0, L]. Finally we use separation of variables to find

t q(t,0) 1 q(t,L) 1 q(t,L)—L 1
1dt:f/ —d :f/ ——d :7/ ——d
/0 o Pl T L Pa@wY T Pa, ()Y

and therefore via uniqueness of the solution ¢(¢, L) — L = ¢(t,0). This implies
2(0,) = Pa, (2°)(q(t,0)) = Pa, (z°)(q(t, L) — L) = Pa, (z°)(q(t, L)) = x(L,1).
Again the solution formula can be extended to 2° € L*(0, L) via (see [24], Prop. I.1.5). O

Proof of Lemma 5.2(v)

Proof. For 2° € dom(Ay) using the fundamental theorem of calculus, the chain rule of differentiation and (ii) leads to

ixw =— M_i WW e_qwﬁ«m%y 20 w
a0 = (PQL(C)(w) a1t )pQL(c)(q(t,w))> Po, (") (q(t,w))

w Pap (F) ()

0 — it w) Par @@ W d
4 QTUQ(LW)G a(t,w) P (e)(v) PQL (ax0> (q(t, w))

. w  Pa, (&)
)(w,t) () i T (ttat

Pa, <m°><q<t,w>>)

c(w) c(w) Pa, (¢)(q(t,w))
. Po (F)(y)
_ 4t w) it Pot@m d o
C(w) e L PQL dwx (q(t7w))

and

w

Pap () (v)
w,t)=q(t,w)e ) TOLOTW dy<%q(t’§))m<w°xq<t, w))+Pa, (%”) <q<t,w>>> '

9
ot Pa, () (q(t,w))
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This shows (4.13). The boundary and initial conditions as well as the extension to z° € L?(0, L) can be shown in analogy
to the proof of Lemma 4.8. O

APPENDIX D. PROOF OF PROPOSITION 6.1

Proof. For readability we often leave out the arguments w and/or ¢ in the following.
=: Assume that = € C1(0,T, H*(Qr) N H5(Q1)) is a classical solution of (6.4). Define v € C*(0,T, H (1)) as the
solution of

0 2 9] “ 1 0
ik —kxasv—c L v(w,0) = —/0 zq, (8) + kxas (s)zg, (s)ds. (D.1)

Note that for each w € Qp (D.1) is a linear ordinary differential equation with stabilizing part —kv. Since T €
CH0,T, H*(Qr) N H}(Qy1)) its spatial derivative is continuous and therefore bounded on the compact set [0, 7] x 2.
Therefore, the solution v of (D.1) is well- defined on [0,T] x Q. Rearranging the state equation in (6.4) we find

2 2

DT T [ :
c Wm’(w,t) = o0 z(w, t) + xo¢ (W) <2kat$(w, t) + k*z(w, t)>

Taking the time integral over this equation and using the fundamental theorem of calculus (FTC) we find

t 92 t 92
0 —z(7)dr €4 0

0 Ow? 7082

FIC %x(t) — %x(O) + 2k xo¢ (z(t) — =(0)) + /0 K? xo¢ z(T)dT,

0
z(7) + 2k X e z(7) + k2 Xoq z(T)dT

where we omitted the spatial argument w for brevity. Integrating the differential equation (D.1) over time yields

/0 (57' (m)dr FTC v(t) — v(0) @.1) —kXQi/O U(T)dT_C2/O a%,r(r)dT. (D.3)

Taking the spatial derivative of this equality and using the initial condition from (D.1) we find

—v(t)+§t (0) + k xa¢ x(0)

s —k:xg / dT—C/

almost everywhere since xq¢ is piecewise constant. Rearranging the terms in (D.4) leads to

b9 0 7] o
; wl‘(T)dT = —2—v(t) — 5;2(0) — kxos x(0) — kxag /0 a—wv(T)dT. (D.5)

In equations (D.5) and (D.7) the same term incorporating the second spatial derivative of & appears on the right hand
side. Therefore, the left hand sides are equal as well. This observation implies

%x(t) — %x((}) + 2k xog (z(t) — z(0)) +/0 k2 XQix(T)dT = f%v(t) — %x( ) — kxgix(O) =k Xxag /0 %U(T)dT.

By removing the terms which appear on both sides of this equation and using the fundamental theorem of calculus again
we find

%m(t) +kxog x(t) + kxos (z(t) — z(0)) + k> /0 z(7)dr
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Frc 0 Lo
= ax(t) + kXQE:ZZ(t) + kXQi /0 E.’E(T) + kXQE:JZ(T)dT

0 ¢
== %U(t) — kxag /0 %'I}(T)dT.
This implies for h(t) := %x(t) +kxos z(t) + a%v(t) that

0

ah(t) = -k XQ‘i h(t)

t
h(t) + kxas / h(r)dr =0 =
0

Together with the initial condition h(0) = £ 2(0) + 2u(0) + = v(0) = 0 we find

dw
_ 9 iy 9 v —
h=0 — al’(t) = —awl)(t) k‘XQFL:L’(t).

Therefore (z,v) is a classical solution of (6.4).
<: Assume that (¢1,&2) € C*(0,T, H*(p) N HJ (1)) x CH(0, T, H*(Q1)) is a classical solution of (6.6). Taking the time
derivative of the first and the spatial derivative of the second equation in (6.6) we find

92 92 0 5 07 0? 0
@51 = mﬁz - kXQ‘L afl and ¢ wﬁl = m& - kXQi 752 (D.6)
Subtracting the second from the first equation in (D.6) leads to
e e e (Le+ 26) 9 ok D e (D.7)
o> T 9w S T X g T aw™?) T T ! a '

Therefore ¢ is a classical solution of (6.4). O
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