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SPATIAL EXPONENTIAL DECAY OF PERTURBATIONS IN

OPTIMAL CONTROL OF GENERAL EVOLUTION EQUATIONS

Simone Göttlich1, Benedikt Oppeneiger2,*, Manuel Schaller3

and Karl Worthmann2

Abstract. We analyze the robustness of optimally controlled evolution equations with respect to spa-
tially localized perturbations. We prove that if the involved operators are domain-uniformly stabilizable
and detectable, then these localized perturbations only have a local effect on the optimal solution. We
characterize this domain-uniform stabilizability and detectability for the transport equation with con-
stant transport velocity, showing that even for unitary semigroups, optimality implies exponential
damping. We extend this result to the case of a space-dependent transport velocity. Finally we lever-
age the results for the transport equation to characterize domain-uniform stabilizability of the wave
equation. Numerical examples in one space dimension complement the theoretical results.
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1. Introduction

The robustness of models with regard to perturbations is a fundamental aspect of many fields of applied
mathematics ranging from functional analysis or operator theory (e.g. bounded perturbation theorems) to con-
trol theory (synthesis of robust controllers) and scientific computing (analysis of error propagation in numerical
algorithms).

When considering optimal control problems, the robustness of solutions is a vivid topic of research. In
case of dynamic optimal control, e.g. problems governed by evolution equations, the long-term behavior of
optimal solutions for increasing time horizon may be described by the turnpike property, cf. the recent overview
articles [1, 2]. This qualitative property states that optimal solutions reside close to an optimal steady state
for the majority of the time. Therefore optimal solutions are – in a certain sense – robust with regard to
changes in the initial and terminal conditions. To quantify the closeness to the optimal steady state, exponential
versions of the turnpike property have been considered – even for problems governed by PDEs – for example
via dissipativity-based analysis [3] or by considering the first-order optimality conditions [4, 5]. Further, the
underlying stability of the optimal control problem leading to the turnpike property also implies a particular
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robustness with respect to numerical errors, cf. [6, 7] and may be used for efficient predictive control of PDEs
via goal-oriented mesh refinement [8].

Only recently, an exponential decay of sensitivities with regard to perturbations in space was considered and
proven, e.g., in [9] for finite-dimensional nonlinear optimization problems on graphs under second order sufficient
conditions that are uniform in the network size. Further, such an exponential sensitivity was leveraged in [10] for
efficient neural-network-based approximations of separable optimal value functions. For linear-quadratic optimal
control of stationary (such as Poisson and Helmholtz equation) and parabolic PDEs, an exponential decay of
perturbations in space was shown in [11] under stabilizability and detectability assumptions, linking the decay
in optimal control to system-theoretic properties.

In this work, we extend the result of the previous work [11] to general evolution equations governed by
semigroups of operators. This class includes a large number of highly relevant systems (e.g. wave, transport,
beam equations), which do not exhibit high regularity or a parabolic structure. Furthermore, our analysis
features a weaker stabilizability/detectability assumption in the sense that we allow for the stabilized solution
to exhibit an overshoot behaviour. On the contrary, in [11], such an overshoot behaviour is not admissible. The
essence of the stabilizability/detectability assumption is, that the constants in the exponential estimate of the
stabilized semigroups are uniform in the size of the spatial domain. As a second contribution, we thoroughly
investigate this assumption for several hyperbolic equations on a one-dimensional domain, namely the transport
equation with constant and space-dependent velocity, the continuity equation and the wave equation. For all
of these examples, we propose an easily-verifiable novel necessary and sufficient condition on the control and
observation domain to ensure domain-uniform stabilizability/detectability.

This work is structured as follows. In Section 2 the optimal control problem under consideration is specified
and the optimality system is derived. In Section 3 we provide our first main results on the exponential decay of
perturbations in optimal control of hyperbolic equations under a domain-uniform stabilizability/detectability
assumption. In Section 4 we characterize this stabilizability/detectability assumption for the transport equation
with constant coefficients and in Section 5 also for space-dependent transport velocities. In Section 6 we extend
these results to the wave equation with Dirichlet boundary conditions. Finally, we illustrate our findings by
numerical experiments in Section 7.

Nomenclature. Let N denote the natural numbers, N0 = N ∪ {0}, R≥0 = [0,∞) and R>0 = (0,∞). The
Lebesgue measure of a measurable set Ω denoted by |Ω| and L2(Ω) denotes the space of square integrable
Lebesgue measurable functions. For a Hilbert spaceX and T > 0, we denote by Lp(0, T ;X), p ∈ [1,∞), the space

of X-valued p-Bochner-integrable functions endowed with the norm ∥f∥pLp(0,T ;X) :=
∫ T

0
∥f(t)∥pX dt. Further,

L∞(0, T ;X) stands for the space of X-valued Bochner-integrable, essentially bounded functions with norm ∥ ·
∥L∞(0,T ;X) = esssupt∈[0,T ]∥f(t)∥. The space ofX-valued continuous functions over [0, T ] is denoted by C(0, T ;X)
with norm ∥ · ∥C(0,T ;X) := maxt∈[0,T ] ∥f(t)∥.

2. Problem statement

In this work, we analyse the sensitivity of optimal control problems in view of increasing domain sizes. To
this end, we consider a family of domains, and we parameterize the optimal control problem by means of the
spatial domain and the optimization horizon.

Definition 2.1. Let d ∈ N and O ⊂ {Ω ⊂ Rd : Ω open, bounded with Lipschitz boundary}. We consider a
family

(
OCPT

Ω

)
Ω∈O,T>0

of optimal control problems (OCPs) given by

min
(x,u)

1

2

∫ T

0

∥∥CΩ

(
x(t)− xref

Ω

)∥∥2
YΩ

+
∥∥RΩ

(
u(t)− uref

Ω

)∥∥2
UΩ

dt

s.t. : ẋ−AΩx−BΩu = fΩ, x(0) = x0
Ω,

(OCPT
Ω)

where for each Ω ∈ O
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� XΩ = L2(Ω) and AΩ : XΩ ⊃ D(AΩ) → XΩ generates a strongly-continuous semigroup (TΩ(t))t≥0 on XΩ.
� BΩ ∈ L(UΩ, XΩ) with Hilbert space UΩ.

� CΩ ∈ L(XΩ, YΩ) with Hilbert space YΩ and RΩ ∈ L(UΩ, UΩ) with α > 0 such that ∀Ω ∈ O : ∥RΩu∥2UΩ
≥

α ∥u∥2UΩ
, u ∈ UΩ.

� fΩ ∈ L1(0, T ;XΩ), x
0
Ω ∈ XΩ, x

ref
Ω ∈ XΩ and uref

Ω ∈ UΩ.

If AΩ models a differential operator, such as in partial differential equations, boundary conditions are usually
included in its domain D(AΩ). For applications of this abstract framework, we refer to the example of the
transport equation with periodic boundary conditions that is extensively studied in Sections 4 and 5. Here, the
dynamics of (OCPT

Ω) is meant in a mild sense, that is, (x, u) is admissible for (OCPT
Ω) if for all t ∈ [0, T ]

x(t) = TΩ(t)x0
Ω +

∫ t

0

TΩ(t− s)BΩu(s) ds.

Correspondingly, the constraint and the state may be eliminated by above variation of constants formula of
semigroup theory. Thus, via standard methods cf. [12], one may conclude that (OCPT

Ω) has a unique solution
xT
Ω and uT

Ω, see, e.g., [13], Theorem 2.24. If clear from context, we will mostly omit the indices T and Ω for
readability.

In the following, we will always identify the Hilbert spaces XΩ = L2(Ω), UΩ, YΩ with their respective dual
spaces via the Riesz isomorphism.

Optimality conditions. Our analysis will be based on the first-order optimality conditions, i.e. Pontryagin’s
Maximum Principle [14]. If (x, u) ∈ C(0, T ;XΩ)× L2(0, T ;UΩ) is optimal for (OCPT

Ω), there exists a Lagrange
multiplier λ ∈ C(0, T ;XΩ) such that the optimality system


C∗C 0 − d

dt −A∗

0 0 ET

0 R∗R −B∗

d
dt −A −B 0
E0 0 0


x
u
λ

 =


C∗Cxref

0
R∗Ruref

f
x0



is fulfilled in a mild sense. The operators E0 and ET capture the initial and terminal conditions, that is,

E0 : C(0, T ;XΩ) → XΩ, E0x := x(0) and ET : C(0, T ;XΩ) → XΩ, ETλ := λ(T ).

Setting Q := R∗R, we may eliminate the control via u = Q−1B∗λ+ uref . Note that Q is continuously invertible
due to the ellipticity of R. This leads to the condensed optimality system


C∗C − d

dt −A∗

0 ET

d
dt −A −BQ−1B∗

E0 0

(xλ
)

=


C∗Cxref

0
Buref + f

x0


︸ ︷︷ ︸

:=h

, (2.1)
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where the first two rows correspond to the adjoint equation and the last two rows are correspond to the state
equation. In the following, we will abbreviate the optimality system by means of the unbounded operator

M : D(M) ⊂ C(0, T ;XΩ)
2 →

(
L1(0, T ;XΩ)×XΩ

)2
,

(
x
λ

)
7→


C∗C − d

dt −A∗

0 ET

d
dt −A −BQ−1B∗

E0 0

(xλ
)

with D(M) = C1(0, T ;XΩ) ∩ C(0, T ;D(A)) × C1(0, T ;XΩ) ∩ C(0, T ;D(A∗)). Note that, when endowed with
this domain, M is not closed. However, as we only use it to concisely denote the optimality system, we do not
rely on analytic properties of M .

3. Exponential decay of optimal solutions in space

In this section, the main result of this paper is presented. We show, that under the assumption of domain-
uniform stabilizability and detectability, the influence of spatially-localized perturbations decays exponentially
in optimally-controlled systems. Here, domain-uniform stabilizability refers to constants in the closed-loop semi-
group that are uniform w.r.t. the family of domains. This result provides robustness w.r.t. disturbances that
could, e.g., be caused by discretizing the equation system in (2.1) to compute an approximate solution (x̂, λ̂).

We first introduce the notion of exponential localization, which serves to quantify the locality of perturbations
and their effect. We consider the perturbed version of (2.1)

C∗C − d
dt −A∗

0 ET

d
dt −A −BQ−1B∗

E0 0

(xd

λd

)
=


C∗Cxref

0
Buref + f

x0

+


ε1
ε2
ε3
ε4

 (3.1)

with disturbance ε =
(
ε1 ε2 ε3 ε4

)⊤ ∈ (L1(R≥0;L
2(Rd)) × L2(Rd))2, where in the above equation, ε is

considered to be restricted to [0, T ] and Ω. By defining the error variables

δx := xd − x and δλ := λd − λ

and subtracting (2.1) from (3.1) we find the error system

Mδz =


C∗C − d

dt −A∗

0 ET

d
dt −A −BQ−1B∗

E0 0

(δxδλ
)

=


ε1
ε2
ε3
ε4

 = ε. (3.2)

Remark 3.1. In optimize-then-discretize fashion, the condensed optimality system (2.1) can be solved using
finite element methods. This leads to an approximate solution zT ∈ VT , where in the simplest case VT is a space
of piecewise affine-linear polynomials on a triangular mesh T = {T1, . . . , TN}, Ti ⊂ R2. However, since zT only
solves the Galerkin-projected version of (2.1), there is a residual εT such that

MzT = h+ εT .

This corresponds to the disturbed optimality system (3.1), i.e. the residual can be interpreted as a perturbation
of (2.1). Note that if the resolution of the discretization mesh is fine in certain areas, then the residual in
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these areas also becomes locally (in space) small (see for example [15], Sect. 10). Therefore, the residual can be
interpreted as a local perturbation induced by the discretization.

Definition 3.2 (Exponential localization). The family of functions (gTΩ)Ω∈O,T>0, g
T
Ω ∈ FT

Ω := (ET
Ω )

m × (XΩ)
n,

m,n ∈ N0, with ET
Ω ∈ {L1(0, T ;XΩ), L

2(0, T ;XΩ), C(0, T ;XΩ)} and Hilbert space of functions XΩ on Ω ∈ O,
where O is a set of measurable spatial domains in Rd, is called O-domain-uniformly exponentially localized
around P ∈ Rd if there exist constants µg > 0 and Cg > 0 such that∥∥∥eµg∥P−·∥gTΩ

∥∥∥
FTΩ

< Cg < ∞ ∀T > 0,Ω ∈ O.

The above estimate provides a bound in an exponentially weighted norm as considered in [4] and [16]. In this
way, it quantifies the decay of a family of functions around a certain point P in space.

The main result of the paper is to show the following sensitivity result of (3.2): If the family of perturba-
tions (εTΩ)Ω∈O,T>0 is exponentially localized around P ∈ Rd either in ((L1(0, T ;XΩ)

2 × (XΩ)
2)Ω∈O,T>0 or in

((L2(0, T ;XΩ)
2 × (XΩ)

2)Ω∈O,T>0 then the family of error variables (δzTΩ) is exponentially localized around P
in both (L2(0, T ;XΩ)

2)Ω∈O,T>0 and (C(0, T ;XΩ)
2)Ω∈O,T>0. In particular this means, that the influence of the

perturbations on areas in space, which are far away from the fixed point P is negligible.
Overall we want to find four estimates which correspond to the four elements of the cartesian product given

by {(L1(0, T ;X) × X)2, (L2(0, T ;X) × X)2} × {(L2(0, T ;X) × X)2, C(0, T ;X)2}. To avoid complicated case
distinctions and in order to simplify the presentation of our results the following abbreviations are used for
estimations:

∥v∥2∧∞ := max
{
∥v∥L2(0,T ;X) , ∥v∥C(0,T ;X)

}
and ∥v∥1∨2 := min

{
∥v∥L1(0,T ;X) , ∥v∥L2(0,T ;X)

}
.

Using these shorthands we can prove estimates in various norms while also avoiding lengthy case distinctions.
In addition we define the linear spaces

W i :=
((
Li(0, T ;X), ∥·∥Li

)
× (X, ∥·∥X)

)2
, W 2∧∞ := (C(0, T ;X), ∥·∥2∧∞)

2

W 1∨2 :=
((
L1(0, T ;X), ∥·∥1∨2

)
× (X, ∥·∥X)

)2
for i ∈ {1, 2}. To prove the main result of this section we will replace the error variables δx and δλ in (3.2)
by their scaled versions δx̃ := eµ∥P−ω∥δx and δλ̃ := eµ∥P−ω∥δλ and rewrite the equation system accordingly.
However to succeed with this strategy we need some information on how the scaling function ρ(ω) := eµ∥P−ω∥

from Definition 3.2 influences the action of the operators A, B and C. For the input and output operator we
assume that they are homogeneous as stated in the following assumption.

Assumption 3.3 (Uniformity and homogeneity of input, output and weighting). For all Ω ∈ O, the operators
BΩ and CΩ are homogeneous with regard to the exponential decay function in the sense that for all µ > 0 for
all P ∈ Rd we have〈

BΩ(e
µ∥P−·∥u), v

〉
XΩ

=
〈
BΩu, e

µ∥P−·∥v
〉
XΩ

and CΩ(e
µ∥P−·∥x(·)) = eµ∥P−·∥CΩx(·). (3.3)

Further, let BΩ, CΩ and RΩ be bounded uniformly in O, i.e. there exist constants CB > 0, CC > 0 and CR > 0
such that

∀Ω ∈ O : ∥BΩ∥L(UΩ,XΩ) ≤ CB , ∥CΩ∥L(XΩ,YΩ) ≤ CC and ∥RΩ∥L(UΩ,UΩ) ≤ CR
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and let the ellipticity constant of RΩ ∈ L(UΩ, UΩ) be uniform in O, i.e., there is α > 0 such that ∥RΩu∥2UΩ
≥

α ∥u∥2UΩ
for all u ∈ UΩ and all Ω ∈ O.

Example 3.4 (Distributed control). Let Ωc ⊂ Rd be measurable. Then the input operator

BΩ : L2(Ωc ∩ Ω) → XΩ, (BΩu)(ω) :=

{
u(ω), ω ∈ Ωc

0, else
.

fulfills the homogeneity condition from Assumption 3.3. Also we find

∀u ∈ L2(Ωc ∩ Ω) : ∥BΩu∥2XΩ
=

∫
Ω

∥(BΩu)(ω)∥2 dω =

∫
Ωc∩Ω

∥u(ω)∥2 dω = ∥u∥2L2(Ωc∩Ω)

which shows uniform boundedness of BΩ.

Differential operators do not satisfy the above homogeneity assumption (3.3) but instead yield a perturbation of
the original differential operator. Exemplarily for the unbounded gradient operator L2(Ω) with domain H1(Ω),
we get for x ∈ H1(Ω) and v ∈ L2(Ω;Rd)〈

∇(eµ∥P−·∥x), v
〉
XΩ

=
〈
eµ∥P−·∥∇x, v

〉
XΩ

+
〈
µ sgn(P − ·) eµ∥P−·∥x, v

〉
XΩ

which is a bounded perturbation of the unbounded gradient operator.
This observation motivates the following structural assumption capturing a wide range of differential

operators.

Assumption 3.5 (Generators are differential-operator-like). For each Ω ∈ O there exist operator families(
Sµ
i,Ω

)
µ>0

⊂ L(XΩ), i ∈ {1, 2} with the following properties:

(i) If x ∈ dom(AΩ) solves

AΩx = f

for some f ∈ XΩ, then the scaled quantity x̃ := eµ∥P−·∥1x satisfies x̃ ∈ dom(AΩ) and solves

(AΩ + Sµ
1,Ω)x̃ = eµ∥P−·∥1f =: f̃ .

(ii) If λ ∈ dom(A∗
Ω) solves

A∗
Ωλ = g,

then the scaled quantity λ̃ := eµ∥P−·∥1λ satisfies λ̃ ∈ dom(A∗) and solves

(A∗
Ω + Sµ

2,Ω)λ̃ = eµ∥P−·∥.1g =: g̃.

(iii) The operator norms converge towards the zero operator in the uniform operator topology uniformly in
the domain size, that is, setting O>r0 := {Ω ∈ O : |Ω| > r0},

∀ r0 > 0 ∀ε > 0 ∃ δ > 0 ∀Ω ∈ O>r0 : µ < δ =⇒
∥∥∥Sµ

i,Ω

∥∥∥
L(X,X)

< ε.

The following example illustrates Assumption 3.5.
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Example 3.6 (First-order problems: One-dimensional transport equation). We first consider the example of
the transport equation that is extensively studied in Sections 4 and 5. The generator of this partial differential
equation on [0, T ]× ΩL with ΩL := [0, L] with periodic boundary conditions is given by

AΩL : D(AΩL) := {x ∈ H1(ΩL) : x(0) = x(L)} ⊂ L2(ΩL) → L2(ΩL), AΩLx = −c
∂

∂ω
x

with c ∈ L∞(ΩL) essentially bounded from below and above by positive constants. Correspondingly, we may
compute by means of the chain rule for weak derivatives (cf. also [11], Lem. 3),

(AΩL x̃)(ω) = c(ω)
∂

∂ω

(
eµ∥P−ω∥1x(ω)

)
= c(ω)

(
eµ|P−ω| ∂

∂ω
x(ω)− µ sgn(P − ω)eµ|P−ω|x(ω)

)
= eµ|P−ω|c(ω)

∂

∂ω
x(ω)− c(ω)µ sgn(P − ω)eµ|P−ω|x(ω).

Hence,

(AΩL + Sµ
1,ΩL

)x̃ = eµ|P−ω|AΩLx(ω)

with the bounded and linear multiplication operator

Sµ
1,ΩL

: L2(ΩL) → L2(ΩL), x 7→ cµ sgn(P − ·)x.

As ∥Sµ
1,ΩL

∥L(L2(ΩL),L2(ΩL)) ≤ µ∥c∥L∞(ΩL), the uniform convergence property of Assumption 3.5(iii) is satisfied
if ∥c∥L∞(ΩL) is bounded uniformly in L.

Example 3.7 (Second-order problems: Multi-dimensional wave equation). As a second example, we consider
distributed control of a wave equation on Ω ⊂ Rd, d ∈ N, given by

ρ(ω) ∂2

∂t2w(ω, t) = div(T (ω)∇w(ω, t)) + χΩc(ω)u(t, ω), ω ∈ Ω, t ≥ 0

w(γ, t) = 0 γ ∈ ∂Ω, t ≥ 0,
(3.4)

where w : Ω× [0, T ] → R models the displacement of a membrane with respect to the rest position, where ρ, T ∈
L∞(Ω) with ρ−1, T −1 ∈ L∞(Ω) are mass density and Young’s modulus, respectively. A naive reformulation as
a first order equation by introducing a velocity variable yields the generator

AΩ,1 =

(
0 I

1
ρ div(T ∇·) 0

)
,

e.g. on L2(Ω) × H−1(Ω) with D(AΩ,1) = H1
0 (Ω) × L2(Ω). Proceeding analogously to Example 3.6, however,

yields a perturbation SΩ,1 that includes a first derivative, i.e., that is not bounded on L2(Ω).
A remedy is a reformulation in momentum and strain variables (p, q) = (ρ∂tw, T −1∇w) that yields the

generator

AΩ,2 =

(
0 div
∇ 0

)
on the state space L2(Ω)× L2(Ω;Rd) defined on a suitable subset of H(div,Ω)×H1(Ω), in which the Dirich-
let boundary condition on the displacement may be encoded by means of a unique reconstruction, cf. [17],
Section 7.2. Here, H(div,Ω) denotes the space of vector-valued functions for which the weak divergence exists
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in L2(Ω). Importantly, this reformulation via AΩ,2 only includes first-order differential operators such that an
analogous computation to Example 3.6 yields that AΩ,2 satisfies the assertions (i) and (iii) of Assumption 3.5.

Remark 3.8. If AΩ is given by a differential operator of order r ≥ 2 the perturbation operators Sµ
Ω,i are not

bounded in XΩ anymore, as they also involve derivative operators. Consequently, Assumption 3.5 is not satisfied
in this case. In the previous Example 3.7 we were able to work around this issue via a change of variables.
Nonetheless the natural question arises, if it is possible to relax Assumption 3.5 to the case of unbounded
perturbation operators Sµ

Ω,i : D(Sµ
Ω,i) → XΩ. However, this leads to some heavy technical obstacles, the most

important among which may be that the operators AΩ + Sµ
1,Ω respectively (AΩ + Sµ

2,Ω)
∗ are not necessarily

generators of strongly continuous semigroups anymore, see e.g. [18]. This generator property is, however, strictly
necessary for the proof of our main result in order to ensure, that the disturbed optimality system is well-posed
when written in scaled variables x̃(t) := eµ∥P−·∥1x(t), ũ(t) := eµ∥P−·∥1u(t), λ̃(t) := eµ∥P−·∥1λ(t). The question
of for what kind of perturbation operators SΩ the AΩ + SΩ remains a generator of a strongly continuous
semigroup has been extensively studied in the literature. For bounded perturbations S ∈ L(XΩ) this is always
true (see [19], Thm. 1.3). For unbounded perturbation operators, there exists a variety of approaches: If SΩ is
bounded on (D(AΩ), ∥·∥1) where ∥x∥1 := ∥(sI −AΩ)∥XΩ for some s ∈ ρ(A) then AΩ+SΩ is also an infinitesimal
generator [19], Corollary 1.5. If SΩ is relatively AΩ-bounded, i.e.

D(AΩ) ⊂ D(SΩ) and ∃ a, b > 0 ∀x ∈ D(AΩ) : ∥SΩx∥XΩ
≤ a ∥AΩx∥XΩ

+ b ∥x∥XΩ

then this is also true, but only for contraction [19], Theorem 2.7 and analytic [19], Theorem 2.10 semigroups.
Another approach is the Lie-Trotter product formula which comes with a sufficient stability condition on the
operators AΩ and SΩ under which their sum generates a semigroup [20]. Finally, it is possible to make regularity
assumptions on the abstract Volterra integral operator associated with (TΩ(t))t≥0 [19], Theorem 3.1, respectively
its adjoint [19], Theorem 3.14. We are confident, that it is possible to relax Assumption 3.5 by using operators
Sµ
i,Ω from a suitable class of unbounded operators inspired by the perturbation results cited above. However, this

requires a deep dive into pertubation theory, which goes beyond the scope of this work. Also, as was demonstrated
in Example 3.7, most linear-higher order systems can be written as a first-order system by defining new state
variables from the spatial derivatives. Therefore, our results can be applied to a wide variety of examples, even
though Assumption 3.5 may seem restrictive at first glance.

Having formulated suitable assumptions on the generator in Assumption 3.5 and on the control and observa-
tion operator in Assumption 3.3 of the optimal control problem (OCPT

Ω), we may now state our main result of
this part. Therein, we prove the spatial decay of perturbations of the optimality system (2.1). In its formulation,
we assume a uniform bound on the solution operator that will be verified under domain-uniform stabilizability
and detectability assumptions in the subsequent Theorem 3.12. The formulation and the proof of both results
is similar to the results considering exponential decay in time [7] or spatial decay in elliptic and parabolic
equations [11].

Theorem 3.9. Let the Assumptions 3.3 and 3.5 be fulfilled. Assume that there exists a constant c > 0 such
that the solution operator of the optimality system (2.1) exists and satisfies the bound

∀T > 0 ∀Ω ∈ O :
∥∥M−1

∥∥
L(W 1∨2,W 2∧∞)

≤ c. (3.5)

Let µ > 0 be such that

∀Ω ∈ O :
∥∥∥Sµ

1,Ω

∥∥∥
L(X)

+
∥∥∥Sµ

2,Ω

∥∥∥
L(X)

≤ 1

2c
.
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Let ε ∈ W 1,∞
Rd be a disturbance for which the family of restrictions

(
εTΩ
)
Ω∈O,T>0

∈ (W 1
Ω)Ω∈O is exponentially

localized in either (FΩ)Ω∈O = (W 1
Ω)Ω∈O or (FΩ)Ω∈O = (W 2

Ω)Ω∈O with
∥∥eµ∥P−·∥εTΩ

∥∥
FTΩ

< Cε < ∞. Then, there

exists a constant K > 0 such that for all T > 0 and for all Ω ∈ O the inequality∥∥∥eµ∥P−·∥1δxT
Ω

∥∥∥
2∧∞

+
∥∥∥eµ∥P−·∥1δλT

Ω

∥∥∥
2∧∞

+
∥∥∥eµ∥P−·∥1δuT

Ω

∥∥∥
VUΩ

≤ K
∥∥∥eµ∥P−·∥1εTΩ

∥∥∥
1∨2

≤ K · Cε (3.6)

holds both for VUΩ
=L∞(0, T ;UΩ) and VUΩ

=L2(0, T ;UΩ). In particular, the family of states and adjoint states(
δzTΩ

)
Ω∈O,T>0

=
(
δxT

Ω, δλ
T
Ω

)
Ω∈O,T>0

is exponentially localized in
(
W 2∧∞

Ω

)
Ω∈O. Furthermore, the family of

controls
(
δuT

Ω

)
Ω∈O,T>0

is exponentially localized in (L∞(0, T ;UΩ))Ω∈O and
(
L2(0, T ;UΩ)

)
Ω∈O.

Proof. Let Ω ∈ O and T > 0 be arbitrary but fixed. In the following we will again leave out the indices Ω and
T for readability. Define δx̃ := eµ∥P−·∥1δx, δλ̃ := eµ∥P−·∥1δλ and ε̃ := eµ∥P−·∥1ε. Due to Assumption 3.5, the
optimality system (3.2) implies

(M+ Fµ)

(
δx̃

δλ̃

)
︸ ︷︷ ︸
=:δz̃

=


ε̃1
ε̃2
ε̃3
ε̃4

 ,

where Fµ : L2(0, T ;X)2 → W 2 acts pointwise in time

∀z ∈ L2(0, T ;X)2 : (Fµz)(t) :=


0 −Sµ

2

0 0
−Sµ

1 0
0 0

 z(t).

This leads to

(M+ Fµ)δz̃ = (I + FµM−1)Mδz̃ = ε̃ =⇒ δz̃ = M−1(I + FµM−1)−1ε̃.

We first show the inequality∥∥∥eµ∥P−·∥1δx
∥∥∥
L2(0,T ;X)

+
∥∥∥eµ∥P−·∥1δλ

∥∥∥
L2(0,T ;X)

≤ K2

∥∥∥eµ∥P−·∥1ε
∥∥∥
W 2

(3.7)

for a constant K2 > 0 which does not depend on T or Ω. From equation 3.5 we know, that there exists a constant
c > 0 independent of T and Ω such that∥∥M−1

∥∥
L(W 2,L2(0,T ;X)2)

≤
∥∥M−1

∥∥
L(W 1∨2,W 2∧∞)

≤ c.

Assumption 3.5 (iii) implies for i ∈ {1, 2} convergence in the sense of∥Sµ
i ∥L(L2(Ω),L2(Ω))

µ→0→ 0. This leads to

∀z ∈ L2(0, T ;X)2 : ∥Fµz∥2W 2 ≤
(
∥Sµ

1 ∥L(X) + ∥Sµ
2 ∥L(X)

)2
∥z∥L2(0,T ;X)2

µ→0→ 0.



10 S. GÖTTLICH ET AL.

Therefore we can choose µ > 0 such that

∥Fµ∥L(L2(0,T ;X)2,W 2) ≤
1

2 ∥M−1∥L(W 1∨2,W 2∧∞)

≤ 1

2 ∥M−1∥L(W 2,L2(0,T ;X)2))

.

Using the Neumann series this implies

∥∥(I + FµM−1)−1
∥∥
(W 2,W 2)

≤
∞∑
k=0

(
1

2

)k

= 2

since
∥∥FµM−1

∥∥
L(W 2,W 2)

≤ ∥Fµ∥L(L2(0,T ;X)2,W 2)

∥∥M−1
∥∥
L(W 2,L2(0,T ;X)2)

≤ 1
2 . Therefore we have

∥δz̃∥L2(0,T ;X)2 ≤
∥∥M−1

∥∥
L(W 2,L2(0,T ;X)2)

∥∥(I + FµM−1)−1
∥∥
L(W 2,W 2)

∥ε̃∥W 2 ≤ K2 ∥ε̃∥W 2

where K2 := 2c. This shows (3.7). For the other estimates we use the inversion formula

(I + FµM−1)−1 = I − (I + FµM−1)−1FµM−1

which gives us∥∥M−1(I + FµM−1)−1
∥∥
L(W 1∨2,W 2∧∞)

=
∥∥M−1 −M−1(I + FµM−1)−1FµM−1

∥∥
L(W 1∨2,W 2∧∞)

≤
∥∥M−1

∥∥
L(W 1∨2,W 2∧∞)

+
∥∥M−1

∥∥
L(W 2,W 2∧∞)

∥∥(I + FµM−1)−1
∥∥
L(W 2,W 2)

∥Fµ∥L(L2(0,T ;X)2,W 2)

∥∥M−1
∥∥
L(W 1∨2,L2(0,T ;X)2)

≤ 2c.

The last inequality follows from the particular choice of µ. Overall we have

∥δz̃∥2∧∞=
∥∥M−1(I + FµM−1)−1ε̃

∥∥
2∧∞≤

∥∥M−1(I + FµM−1)−1
∥∥
L(W 1∨2,W 2∧∞)

∥ε̃∥1∨2≤ 2c∥ε̃∥1∨2 .

Using δũ = (R∗R)−1B∗δλ̃ we find

∥δũ∥L∞(0,T ;U) ≤
∥∥(R∗R)−1

∥∥
L(U,U)

∥B∗∥L(X,U)

∥∥∥δλ̃∥∥∥
C(0,T ;X)

≤ 1

α
CB2c ∥ε̃∥1∨2

and

∥δũ∥L2(0,T ;U) ≤
∥∥(R∗R)−1

∥∥
L(U,U)

∥B∗∥L(X,U)

∥∥∥δλ̃∥∥∥
L2(0,T ;X)

≤ 1

α
CB2c ∥ε̃∥1∨2 .

For both VUΩ
= L∞(0, T ;UΩ) and VUΩ

= L2(0, T ;UΩ) this leads to∥∥∥eµ∥z−·∥1δxT
Ω

∥∥∥
2∧∞

+
∥∥∥eµ∥z−·∥1δλT

Ω

∥∥∥
2∧∞

+
∥∥∥eµ∥z−·∥1δuT

Ω

∥∥∥
VUΩ

≤
(
1 +

1

α
CB

)
2c ∥ε̃∥1∨2 =: K ∥ε̃∥1∨2 .

Since the constant K does not depend on Ω or T this shows the exponential localization of
(
δzTΩ

)
Ω∈O,T>0

in

W 2∧∞
O .
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Remark 3.10. Note that the meaning of the exponential decay from Theorem 3.9 may depend very much on
the state space formulation chosen for the problem under consideration. To demonstrate this, we revisit the wave
equation in Example 3.7 for d = 1 on ΩL := [0, L], i.e, we have the boundary conditions w(0, t) = w(L, t) = 0.
Let O := {[0, L] : L > 0}. Consider the formulation in deflection variables

ẋ(t) = AΩ,1x(t), x(0) = xΩ,1

and in strain variables

ẋ(t) = AΩ,2x(t), x(0) = xΩ,2

both with Dirichlet boundary conditions (x1(t))(0) = (x1(t))(L) = 0. Let xi
L, i ∈ {1, 2} be classical (in particular

continuous in space) solutions of these two formulations. We write xi
L(ω, t) instead of (xi

L(t))(ω) where ω is the
spatial variable of the solution. Assume domain-uniform exponential decay of the state of this equation around
some point in space, i.e., there exist P ∈ R and M,µ > 0 such that

∀L > 0 :
∥∥xi

L(ω, t)
∥∥ ≤ Me−µ∥P−ω∥1 . (3.8)

For i = 1 this corresponds to the decay of the deflection and its time derivative. For i = 2, (3.8) is equivalent
to the decay of the spatial and time derivative of the deflection. For Dirichlet boundary conditions, the second
decay property implies the first since

∀ω ∈ [0, P ] : ∥w(ω, t)∥ =

∥∥∥∥∫ ω

0

∂

∂s
w(s, t)ds

∥∥∥∥ ≤
∫ ω

0

Me−µ∥P−s∥1ds =
M

µ

(
e−µ∥P∥1 − e−µ∥P−ω∥1

)
≤ M

µ

∀ω ∈ (P,L] : ∥w(ω, t)∥ ≤
∫ L

ω

Me−µ∥P−s∥1ds =
M

µ

(
e−µ∥P−ω∥1 − e−µ∥P−L∥1

)
≤ M

µ
e−µ∥P−ω∥1 .

For Neumann boundary conditions ∂
∂ωw(0, t) = ∂

∂ωw(L, t) = 0 this implication does not hold anymore. For
example a constant initial value xΩ,1 ≡ (c, 0), c > 0 corresponding to xΩ,2 ≡ (0, 0), c > 0 leads to the constant
solutions xΩ,1(ω, t) = (c, 0), xΩ,2(ω, t) = (0, 0). Obviously, the second solution is exponentially decaying while
the first does not.

Theorem 3.9 shows that exponential localization of the family of perturbations implies exponential local-
ization of the error variables. To this end we assumed, that the solution operator M−1 is bounded from
W 1∨2 to W 2∧∞. In the following, we show, that such a boundedness can be achieved under a domain-uniform
stabilizability/detectability assumption.

Definition 3.11 (Domain-uniform exponential stability/stabilizability/detectability).

(i) We call a family ((TΩ(t))t≥0)Ω∈O of strongly continuous semigroups domain-uniformly exponentially stable
in O, if and only if there exist constants M,k > 0 such that

∀Ω ∈ O ∀ t ≥ 0 : ∥TΩ(t)∥L(XΩ) ≤ Me−kt.

(ii) We call a pair (AΩ, BΩ)Ω∈O with AΩ : XΩ ⊃ D(AΩ) → XΩ and BΩ ∈ L(UΩ, XΩ), Ω ∈ O domain-uniformly
exponentially stabilizable inO if and only if there exists a family of uniformly (in Ω ∈ O) bounded feedback
operators (KB

Ω )Ω∈O,K
B
Ω ∈ L(XΩ, UΩ), Ω ∈ O, such that

(
AΩ +BΩK

B
Ω

)
Ω∈O generates a domain-uniformly

exponentially stable family of semigroups in O.
(iii) We call (AΩ, CΩ)Ω∈O, CΩ ∈ L(XΩ, YΩ), Ω ∈ O domain-uniformly exponentially detectable in O if and

only if (A∗
Ω, C

∗
Ω) is domain-uniformly exponentially stabilizable.
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The key property of this domain-uniform stabilizability/detectability property is, to make sure, that the system
under consideration can be uniformly stabilized via the optimal control and that it is possible to observe unstable
dynamics inside the system via the cost functional. In an unstable system small perturbations may cause very
large changes in the systems behaviour which means that exponential localization of the disturbance would not
necessarily imply exponential localization of the error variables anymore.

Theorem 3.12. Let (AΩ, BΩ)Ω∈O and (AΩ, CΩ)Ω∈O be domain-uniformly stabilizable respectively detectable
families in the sense of Definition 3.11. Then there exists a constant c > 0 such that the norm of the solution
operator M−1 can be estimated by

∀T > 0 ∀Ω ∈ O :
∥∥M−1

∥∥
L(W 1∨2,W 2∧∞)

≤ c. (3.9)

Proof. The proof follows along the lines of [7], Theorem 10 and is provided for completeness in Appendix A.

4. Domain-uniform stabilizability of the transport equation on a
scalar domain

In the previous section, domain-uniform stabilizability and detectability of the underlying operator families
(AΩ, BΩ)Ω∈O and (AΩ, CΩ)Ω∈O has been the main assumption we needed, to show that exponential localization
of the perturbation implies the same for the error variables (see Thms. 3.12 and 3.9). In the present and the next
section we will present a characterization for this assumption for a controlled transport equation with periodic
boundary conditions (see Thms. 4.6 and 5.1). Thereby we show that domain-uniform stabilizability/detectability
is indeed a reasonable assumption which is fulfilled for a relevant example if the control domain fulfills some
mild requirements. We note that, in the following we only consider the case of stabilizability, and provide a
result for detectability using duality arguments in the proof of Corollary 4.12.

We stress that stabilizability of hyperbolic equations on scalar domains is a well-studied subject, see e.g. the
monograph [21], and many aspects of the subsequent deductions are standard tools in the study of hyperbolic
equations. However, in this work, we are particularly interested in domain-uniform stabilizability being the
central ingredient of the exponential decay estimates, such that we meticulously will track the dependence of
all involved constants on the domain size.

In this section we will always consider the family of domains O := {ΩL := [0, L] : L > 0}. On such a domain
ΩL ∈ O, the controlled transport equation with periodic boundary conditions is given by

∀ (ω, t) ∈ ΩL × [0, T ] :
∂

∂t
x(ω, t) = −c(ω)

∂

∂ω
x(ω, t) + χΩcL

(ω)u(ω, t) (4.1a)

∀ t ∈ [0, T ] : x(0, t) = x(L, t) (4.1b)

∀ω ∈ ΩL : x(ω, 0) = x0
ΩL (4.1c)

with time horizon T > 0, an initial distribution x0
ΩL

∈ L2(ΩL) =: XΩL and a control u ∈ L2(Ωc
L× [0, T ]) =: UΩL .

For brevity we often write x0 instead of x0
ΩL

in the following. The control domain Ωc ⊂ R≥0 is assumed to be
Lebesgue-measurable and to have positive measure. For L > 0 we define Ωc

L := Ωc ∩ [0, L]. By χΩcL
we denote

the characteristic function of Ωc
L. In this section we will only consider constant transport velocities c > 0. The

case of space-dependent transport velocities will be treated in Section 5. The operator describing the evolution
of (4.1) is given by

AΩL : D(AΩL) := {x ∈ H1(ΩL) : x(0) = x(L)} ⊂ L2(ΩL) → L2(ΩL), AΩLx = −c
∂

∂ω
x. (4.2)

Note that the boundary evaluations in D(AΩL) are well-defined as weakly differentiable functions on scalar
domains are absolutely continuous. The controlled transport equation with periodic boundary conditions (4.1)
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leads to the inhomogeneous Cauchy problem

ẋ(t) = AΩLx(t) +BΩLu(t), x(0) = x0
ΩL , (4.3)

where the input operator BΩL is defined by

BΩL : L2(Ωc
L) → L2(ΩL), (BΩLv)(ω) =

{
v(ω), ω ∈ Ωc

L

0, else
. (4.4)

We also define the output operator

CΩL : L2(ΩL) → L2(Ωo
L), CΩLv = v|ΩoL , (4.5)

where the measurement domain Ωo ⊂ R≥0 is assumed to be Lebesgue-measurable with positive measure and for
L > 0 we define Ωo

L := Ωo ∩ [0, L]. For Ωo
L = Ωc

L we have B∗
ΩL

= CΩL . The theorem of Stone [22], Theorem 3.8.6
implies that the operator AΩL generates a unitary group since it is skew-adjoint. Note that due to duality
domain-uniform detectability of (A,C) is the same as domain-uniform stabilizability of (A∗, C∗).

To analyze the domain-uniform exponential stabilizability of the transport equation we will use solution
formulas as presented in the following.

Lemma 4.1. For the Cauchy problem (4.3) the following three statements hold:

(i) The mild solution in the uncontrolled case, i.e. u ≡ 0, is given by

∀t ∈ [0, T ] : xL
x0
(·, t) = PΩL(x

0)(· − ct),

where PΩL : L2(ΩL,R) → L2((−∞, L],R) defined by

∀k ∈ N : PΩL(x
0)(ω) = x0(ω + (k − 1)L) for a.a. ω ∈ ((1− k)L, (2− k)L]

is the periodization operator with period L > 0.
(ii) The operator AΩL generates the unitary group (TΩL(t))t∈R with

∀t ∈ R : TΩL(t) : L2(ΩL) → L2(ΩL), TΩL(t)x0 := PΩL(x
0)(· − ct).

(iii) For all t ∈ [0, T ] the solution in the controlled case is given by

xL
x0,u(t) = TΩL(t)x0 +

∫ t

0

TΩL(t− τ)BΩLu(τ)dτ

= PΩL(x
0)(· − ct) +

∫ t

0

PΩL(BΩLu(τ))(· − c(t− τ))dτ.

Proof. It is easy to check, that, for x0
ΩL

∈ D(AΩL), the formula given in (i) is indeed a solution of the uncontrolled
transport equation (4.1) and hence a classical solution of the uncontrolled Cauchy problem. Correspondingly, (i)
and (ii) follow by a standard density argument in combination with uniqueness of solutions as we already know
that AΩL generates a strongly continuous semigroup. The last formula (iii) directly follows from the variation
of constants formula [19], Corollary 1.7.
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4.1. Motivational examples and negative results

In this part we will discuss some instructive examples before proving our main result in the subsequent
subsection in Theorem 4.6. We show, that the family (AΩL , BΩL)ΩL∈O is not domain-uniformly exponentially
stabilizable, if the control can only be applied on a single finite interval, i.e. Ωc = [a, b] for some 0 ≤ a < b < ∞.
Finally we show, that both, in case of a control on the full domain Ωc = [0, L] as well as in case of a control domain
consisting of equidistantly distributed intervals of equal size the condition of domain-uniform stabilizability is
fulfilled.

To show that it is not stabilizable in case of a single finite control interval we will use the finite propagation
velocity c > 0 which implies that a control on an interval [a, b] cannot instantaneously influence the whole length
of the domain [0, L]. This is the essence of the following result.

Lemma 4.2. Consider the controlled transport equation (4.1a) with control domain Ωc = [a, b], 0 ≤ a < b < ∞
and domain size L > b. For t ∈

[
0, L−b

c

]
the mild solution is given by

xu
x0
(ω, t) =

{
PΩL(x

0)(ω − ct) +
∫ t

0
PΩL(BΩLu(τ))(ω − c(t− τ))dτ, ω ∈ [a, b+ ct]

PΩL(x
0)(ω − ct), else

. (4.6)

In particular, for any time t ∈
[
0, L−b

c

]
the solution only depends on the control u on the interval [a, b+ ct].

Proof. First we consider the integral term

IL : [0, L]×
[
0,

L− b

c

]
→ R, IL(ω, t) :=

∫ t

0

PΩL(BΩLu(τ))(ω − c(t− τ))dτ (4.7)

from the solution formula in Lemma 4.1 (iii). Define a mapping αω,t : R → R, αω,t(τ) := ω − c(t − τ). Note
that for all (ω, t) ∈ dom(IL) and for all τ ∈ [0, t] we have αω,t(τ) ∈ [b− L,L]. Since PΩL(BΩLu(τ))(y) = 0 for
y ∈ (b− L, 0) and PΩL(BΩLu(τ))(y) = (BΩLu(τ))(y) for y ∈ [0, L] we find the equality

IL(ω, t) =

∫ t

0

PΩL(BΩLu(τ))(αω,t(τ))dτ =
1

c

∫ ω

ω−ct

PΩL(BΩLu(τ))(y)dy

=
1

c

∫ ω

max(0,ω−ct)

(BΩLu(τ))(y)dy.

Since for any τ ≥ 0 the map BΩL u(τ) only takes non-zero values in [a, b], i.e. the support of BΩLu(τ) is a subset
of [a, b] we can further rewrite IL(ω, t) into the form

IL(ω, t) =

∫ min( b−ωc +t,t)

max(0, a−ωc +t)

(BΩLu(τ))(ω − c(t− τ))dτ.

Therefore, it vanishes if b+ ct ≤ ω or a ≥ ω. This shows that for arbitrary but fixed t ∈
[
0, L−b

c

]
the solution

xu
x0
(ω, t) does only depend on the control on the interval [a, b+ ct], i.e. it can be rewritten as in (4.6).

Since the operators AΩL generate unitary (and therefore norm-preserving) groups (TΩL)ΩL∈O the uncontrolled
transport equation is not exponentially stable and thus also not domain-uniformly exponentially stable. Using
Euclidean division to find a representation ct = mL + L0,m ∈ N, L0 ∈ [0, L) this can also be seen via the
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equations

∥∥TΩL(t)x0
∥∥2
L2([0,L])

=

∫ L

0

∥∥PΩL(x
0)(ω − ct)

∥∥2 dω =

∫ L−ct

−ct

∥∥PΩL(x
0)(y)

∥∥2 dy
=

∫ 0

−L0

∥∥PΩL(x
0)(y)

∥∥2 dy + ∫ L−L0

0

∥∥PΩL(x
0)(y)

∥∥2 dy
=

∫ L

L−L0

∥∥x0(y)
∥∥2 dy + ∫ L−L0

0

∥∥x0(y)
∥∥2 dy =

∥∥x0
∥∥2
L2([0,L])

(4.8)

showing that the periodization operator preserves the L2(ΩL)-norm. This observations lead to the following
negative result.

Proposition 4.3. Consider the transport equation (4.1a) with Ωc = [a, b], 0 ≤ a < b < ∞. Then, the family
(AΩL , BΩL)ΩL∈O is not domain-uniformly stabilizable.

Proof. For each L > 0 let KB
ΩL

∈ L(XΩL , L
2(ΩL

c )) be a given feedback and denote by T φ
L the closed-loop

semigroup generated by AΩL +BΩLK
B
ΩL

. Let (Lk)k∈N ⊂ (b,∞)N be a sequence of domain sizes which is defined

by ∀k ∈ N : Lk := b + 3ck such that k ∈
[
0, Lk−b

c

]
= [0, 3k]. Furthermore, for each k ∈ N let gk ∈ L2(ΩLk) be

such that supp(gk) ⊂ (b+ ck, b+ 2ck]. Then T φ
Lk

gk solves the controlled transport equation with domain ΩLk ,
initial value gk and control

uk(ω, t) = K
ΩLk
B (T φ

Lk
(t)gk)(ω) = (K

ΩLk
B xuk

x0
(·, t))(ω).

Following Lemma 4.2 we therefore know, that it can represented as in (4.6). This implies

∀k ∈ N :
∥∥T φ

Lk
(k)gk

∥∥2
L2([0,Lk])

=

∫ Lk

0

∥∥∥(T φ
ΩLk

(k)gk)(ω)
∥∥∥2 dω =

∫ Lk

0

∥∥xuk
gk
(ω, k)

∥∥2 dω
≥
∫ Lk

b+2ck

∥∥xuk
gk
(ω, k)

∥∥2 dω (4.6)
=

∫ Lk

b+2ck

∥PLk(gk)(ω − ck)∥2 dω

=

∫ b+2ck

b+ck

∥PLk(gk)(y)∥
2
dy = ∥gk∥2L2([0,Lk])

.

Therefore we have ∀ k ∈ N :
∥∥∥T φ

ΩLk
(k)
∥∥∥ ≥ 1.

Proposition 4.3 shows that a domain-uniform stabilization of the transport equation is not possible using a
single bounded interval as control domain. In the following Example 4.4 we will further discuss this situation
for the case of a constant state feedback.

Example 4.4 (Transport equation with local damping via state feedback). Consider a damped transport
equation

∀(ω, t) ∈ ΩL × [0, T ] : ẋ(ω, t) = −kχ[a,b]x(ω, t)− cx′(ω, t) (4.9)

with damping constant k > 0, boundary condition (4.1b) and initial condition (4.1c) and 0 < a < b < ∞. It is
easy to check that the solution is given by

x(ω, t) = e−
k
cEL(ω,t)PΩL(x

0)(ω − ct) with EL(ω, t) :=

∫ ω

ω−ct

PΩL(χ[a,b])(y)dy.
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Further, we may rewrite (4.9) via

ẋ = (AΩL +BΩLK
B
ΩL)x, x(0) = x0

ΩL (4.10)

with feedback operator KB
ΩL

∈ L(L2(ΩL), L
2(Ωc

L)) defined via KB
ΩL

x := −kχ[a,b]x. In view of the above solution

formula, the closed-loop semigroup T φ
ΩL

generated by AΩL +BΩLK
B
ΩL

satisfies

∥∥T φ
ΩL

(t)x0
∥∥2
L2(ΩL)

=

∫ L

0

∥∥∥e− k
cEL(ω,t)PΩL(x

0)(ω − ct)
∥∥∥2 dω

≤e−
2k
c ⌊ ctL ⌋(b−a)

∫ L−ct

−ct

∥∥PΩL(x
0)(y)

∥∥2 dy = e−
2k
c ⌊ ctL ⌋(b−a)

∥∥x0
∥∥2
L2(ΩL)

such that we have the exponential decay

∥∥T φ
ΩL

(t)
∥∥2
L(L2([0,L]),L2([0,L]))

≤ e−
2k
c ⌊ ctL ⌋(b−a).

The crucial observation now is that decay rate of this estimate depends on the domain size L and in particular
deteriorates for L → ∞, hence preventing domain-uniform stabilization. However, if we choose the control
domain Ωc = [0,∞) and Ωc

L = [0, L] for all L > 0, the corresponding state feedback leads to an domain-
uniformly exponentially stable semigroup. By straightforward calculation, one observes that the associated
closed-loop semigroup satisfies (T φ

ΩL
(t)x0)(ω) := e−ktPΩL(x

0)(ω − ct) such that

∥∥T φ
ΩL

(t)x0
∥∥2
L2([0,L])

=

∫ L

0

∥∥e−ktPΩL(x
0)(ω − ct)

∥∥2 dω = e−2kt

∫ L−ct

−ct

∥∥PΩL(x
0)(y)

∥∥2 dy
= e−2kt

(∫ L

L−L0

∥∥x0(y)
∥∥2 dy + ∫ L−L0

0

∥∥x0(y)
∥∥2 dy)

= e−2kt

∫ L

0

∥∥x0(y)
∥∥2 dy = e−2kt

∥∥x0
∥∥2
L2([0,L])

,

where we used Euclidean division to find a representation ct = mL+ L0,m ∈ N, L0 ∈ [0, L). This implies

∥∥T φ
ΩL

(t)
∥∥2
L(L2([0,L]),L2([0,L]))

= e−kt.

In the first case of previous Example 4.4 stabilization of the transport equation via state feedback failed because
of the direct dependency of the decay rate on the domain size L. In the following example we eliminate this
dependency. This is achieved by ensuring that the maximum distance between an arbitrary point in the spatial
domain and the control domain is uniformly bounded by some constant L0 > 0.

Example 4.5 (Transport equation with damping on equidistantly distributed intervals). We will show that if we
replace the single control interval by a sequence of equidistant control intervals, then the family (AΩL , BΩL)ΩL∈O
is domain-uniformly exponentially stabilizable. More precisely, let L0 > b > a > 0 be given and for control

domain Ωc :=
∞
∪

k=0
[a+ kL0, b+ kL0] and L ≥ b define the feedback operator KB

ΩL
∈ L(L2(ΩL), L

2(Ωc
L)) via

KB
ΩLx := −kχΩcL

x with Ωc
L := Ωc ∩ [0, L].
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Similar deliberations as in Example 4.4 yield, that the operator AΩL +BΩLK
B
ΩL

generates a strongly continuous

semigroup
(
T φ
ΩL

(t)
)
t≥0

which fulfils the estimate

∥∥T φ
ΩL

(t)
∥∥2
L(L2([0,L]),L2([0,L]))

≤ e
− k
c

⌊
ct
L0

⌋
(b−a)

.

Here, the decay rate of this estimate only depends on the fixed constant L0 and not on the domain size L such
that the closed-loop semigroup is domain-uniformly exponentially stable.

Examples 4.4–4.5 show that the domain-uniform stabilizability of the transport equation is strongly affected by
the control domain. In the next section we present a general characterization of control domains which allow
for this property.

4.2. Characterization of control domains for domain-uniform stabilizability

In this section we present our main result characterizing the domain-uniform stabilizability for the transport
equation with constant velocity c > 0. A similar result for space-dependent velocities is presented in (5). We
consider linear and bounded state feedbacks KB

ΩL
∈ L(L2([0, L]), L2(Ωc

L)) of the form

KB
ΩLv := −kBv, kB ∈ L∞(R>0) (4.11)

on a control domain Ωc ⊂ R≥0 which is given as a union of countably many intervals. For such state feedbacks
we find the following necessary and sufficient condition for domain-uniform stabilizability.

Theorem 4.6 (Domain-uniform stabilizability of the transport equation). The following three statements are
equivalent:

(i) The controlled transport equation (4.1) with constant transport velocity c > 0 can be domain-uniformly
stabilized via a state feedback of the form (4.11).

(ii) There exist constants K > k > 0 such that for all n,m ∈ N with n ≥ m

k(an − bm)−
n−1∑

j=m+1

K(bj − aj) ≤ 1, (4.12)

where Ωc := ∪
j∈N

[aj , bj ], (aj)j∈N is an unbounded sequence with a0 = 0, ai < bi ≤ ai+1 for i ∈ N.

(iii) There exist constants c0, c1 > 0 such that for all intervals I ⊂ R≥0 the inequality

|Ωc ∩ I| ≥ c1|I| − c0

is fulfilled and ∀L > 0 : |Ωc
L| = |ΩL ∩ Ωc| > 0.

Theorem 4.6 (ii) provides a simple algebraic characterization of control domains which ensure domain-uniform
stabilizability of (4.1). This characterization has two main advantages: First, it is a useful tool in order to check
domain-uniform stabilizability for a given control domain. Second, it even allows for the iterative construction
of such a control domain. For example, this can be done by predefining constants K > k > 0 and – starting
from a1 = 0 – successively choosing an and bn such that condition (ii) is fulfilled for all m ≤ n. In (iii) this
characterization is rephrased to allow for an interpretation in terms of measures. This characterization shows
that the size of the control domain |Ωc| has to grow at least linearly with the domain size |Ω| in order to
guarantee domain-uniform stabilizability. In [11], equation (3.18), a similar condition is used for this purpose.
However in this work the authors assume that the uncontrollable domain, i.e. ΩL \Ωc

L, has L-uniformly bounded
Lebesgue measure. Here, we stress that condition (iii) in Theorem 4.6 actually allows for the set R≥ \Ωc to be
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unbounded as long as the Lebesgue measure |ΩL \ Ωc
L| does not grow more than linearly with the domain size

L. In this sense Theorem 4.6(iii) is more general than the previous result of [11].

Remark 4.7. Note that it is strictly necessary for domain-uniform stabilizability/detectability of the transport
equation, that the Lebesgue measure |Ωc

L| of the control domain increases with the domain size L. To see
this, assume that there is cDom > 0 such that for all L > 0 we have µ(Ωc

L) < cDom. However, condition (ii)
from Theorem 4.6 reads

1 ≥ k(an − bm)−K

n−1∑
j=m+1

(bj − aj) > k(an − bm)−KcDom.

Since the first term on the right-hand side diverges for fixed m ∈ N as n → ∞ while the second one is bounded,
this yields a contradiction. Generally speaking the reasons for this requirement are the finite propagation velocity
of the transport equation and the uniform boundedness of the state feedback operators KB

Ω in Definition 3.11.
The finite propagation velocity implies, that for any point ω ∈ Ω the distance to the closest point of the control
domain must be bounded from above uniformly in T and |Ω|. The uniform boundedness of the feedback operators
mean, that the individual control intervals (aj , bj) can not be to small since the impact of a bounded feedback on
the solution’s exponential decay depends on the size of the control domain it is acting on. The finite propagation
velocity is a core property of hyperbolic equations which is independent of the specific choice of the boundary
conditions, the domain set O and the families (AΩ, BΩ)Ω∈O. Although we acknowledge, that scaling the control
domain with the spatial domain may prove challenging in applications. We therefore have to emphasize, that
this condition is indispensable in our setting.

The remaining part of this section is dedicated to proving Theorem 4.6. To this end we will first derive a
solution formula for a transport equation with a state feedback of the form (4.11), i.e. for the equation

∂

∂t
(ω, t) = −χΩLc

(ω)kB(ω)x(ω, t)− c
∂

∂ω
x(ω, t). (4.13)

This solution formula is then leveraged to derive an algebraic condition on a piecewise constant state feedback
kB , such that the semigroup corresponding with (4.13) is domain-uniformly exponentially stable.

Lemma 4.8. The mild solution of (4.13) with boundary condition (4.1b) and initial condition (4.1c) is given
by

x(·, t) = e
− 1
c

∫ ·
·−ct PΩL

(kB |Ωc
L
)(y)dy

PΩL(x
0)(· − ct).

Proof. See Appendix B.

Due to Lemma 4.8 the family (T φ
ΩL

)ΩL∈O of strongly continuous semigroups generated by the operator family

(AΩL +BΩLK
B
ΩL

)ΩL∈O corresponding to (4.11) is given by

T φ
ΩL

(t) : L2(ΩL) → L2(ΩL), T φ
ΩL

(t)x0 := e
− 1
c

∫ ·
·−ct PΩL

(kB |ΩLc )(y)dy
PΩL(x

0)(· − ct). (4.14)

In the second step of proving Theorem 4.6 we derive some necessary conditions on the control domain. We
only consider control domains, which are countable unions of intervals in this section. Note that controls which
only act on a nullset N ⊂ R≥0 do not have any influence on the solution of the transport equation since the
input operator BΩL is bounded. In particular they are irrelevant for the domain-uniform stabilizability of this
equation. Therefore w.l.o.g. we only consider countable unions of closed intervals. Theorem 4.6 can be extended
to measurable control domains without major changes in conditions (ii) and (iii). In view of applications and
for the sake of readability of our results, we decided to limit ourselves to countable unions of intervals.
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Lemma 4.9. Let Ωc = ∪
j∈N

[aj , bj ] ⊂ R≥0 with 0 ≤ a1 ≤ b1 ≤ a2 ≤ . . .. If (4.1) with control domain Ωc can be

domain-uniformly stabilized via a state feedback of the form (4.11), then the following are true:

(i) a1 = 0
(ii) |Ωc| = ∞

Proof. See Appendix B.

In view of Lemma 4.9, we may thus w.l.o.g. assume that the control domains are of the form Ωc := ∪
j∈N

[aj , bj ]

where (aj)j∈N is an unbounded sequence and 0 = a1 < b1 ≤ a2 < b2 ≤ · · · . We write Ij := [aj , bj ]. In the next
step of proving Theorem 4.6 we will only consider piecewise constant feedbacks

kB : R>0 → R, kB(ω) :=

∞∑
j=1

kjχ[aj ,bj ](ω), (4.15)

where (kj)j∈N ∈ R>0 is a bounded sequence with k̂ := supj∈N kj . The state feedback (4.15) domain-uniformly
stabilizes the controlled transport equation (4.1a) if and only if the corresponding family of closed-loop
semigroups is domain-uniformly exponentially stable. Due to (4.14) this is equivalent to

∃M,k > 0 ∀L > 0 ∀t ≥ 0 :
∥∥∥e− 1

c

∫ ·
·−ct PΩL

(kB |ΩL )(y)dyPΩL(x
0)(· − ct)

∥∥∥
L2([0,L])

≤ Me−kt
∥∥x0
∥∥
L2(ΩL)

.

Since the periodization operator preserves the L2(ΩL)-norm (see (4.8)) it suffices to show an estimate of the
form

∃M,k > 0 ∀L > 0∀ω ∈ [0, L]∀ t ≥ 0 : e−
1
c

∫ ω
ω−ct PΩL

(kB |ΩL )(y)dy ≤ Me−kt (4.16)

which only includes the first (exponential) term from the solution formula in Lemma 4.8. In the following
Lemma 4.10 we are able to show such an estimate in three steps by finding algebraic conditions for estimates
of the form

∀t ≥ 0 : e−
∫ ω+t
ω

e(τ)dτ ≤ Me−kt, (4.17)

where e : R≥0 → R≥0.

Lemma 4.10. Let kB ∈ L∞(R>0,R≥0) be a state feedback as in (4.15). Then the following statements are true:

(i) For a given k > 0 there exists a constant M > 0 such that (4.17) holds for e = kB, ω = 0, if and only if

∃ M̃ > 0 ∀n ∈ N : kan −
n−1∑
j=1

kj(bj − aj) = kan −
n−1∑
j=1

kjBj ≤ M̃. (4.18)

(ii) For a given k > 0 there exists a constant M > 0 such that (4.17) holds for e = kB, ω ∈ R≥0, if and only

if there exists a constant M̃ > 0 such that for all n,m ∈ N with n ≥ m

k(an − bm)−
n−1∑

j=m+1

kj(bj − aj) = k(an − bm)−
n−1∑

j=m+1

kjBj ≤ M̃. (4.19)
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(iii) For a given k > 0 and eL := kB |ΩL there exists a constant M > 0 such that

∀L > 0 ∀ω ∈ [0, L]∀t ≥ 0 : e−
1
c

∫ ω+ct
ω

PΩL
(eL)(y)dy ≤ Me−kt. (4.20)

if and only if (4.19) is fulfilled.

Proof. See Appendix B.

Using the estimate from Lemma 4.10(iii) we can now derive a necessary and sufficient condition on the piecewise
constant state feedback kB such that the corresponding family of semigroups is domain-uniformly exponentially
stable.

Theorem 4.11. The following two statements are equivalent:

(i) The family of of closed-loop semigroups in (4.14) with state feedback kB ∈ L∞(R>0,R≥0) as in (4.15) is
domain-uniformly exponentially stable, i.e.

∃M̃, k̃ > 0∀L > 0∀t ≥ 0 : ∥TΩL(t)∥L(L2([0,L]),L2([0,L])) ≤ M̃e−k̃t.

(ii) There exist constants M,k > 0 such that for all n,m ∈ N with n ≥ m,

k(an − bm)−
n−1∑

j=m+1

kj(bj − aj) = k(an − bm)−
n−1∑

j=m+1

kjBj ≤ M.

Proof. (i) =⇒ (ii): We show this implication by contraposition. Assume that (ii) is not fulfilled. Taking
Lemma 4.10 (iii) into account we know, that for all M̃, k̃ > 0 there exist L0 > 0 and ω0 ∈ [0, L], t0 ≥ 0 such that

e
− 1
c

∫ ω0+ct0
ω0

PL0
(eL0

)(y)dy
> M̃e−k̃t0 .

Since PL0
(eL0

) is a piecewise constant function the expression e
− 1
c

∫ ω0+ct0
ω0

PL0
(eL0

)(y)dy
is continuous in ω0.

Therefore there exists an interval [ε1, ε2] ⊂ [0, L] such that

∀ω ∈ [ε1, ε2] : e
− 1
c

∫ ω0+ct0
ω0

PL0
(eL0

)(y)dy
> M̃e−k̃t0 .

and ε2 > ε1. Define ε := ε2 − ε1 > 0. Using Euclidean division we know, that there exist k ∈ N and t1 ∈
[
0, L0

c

]
such that t0 = kL0

c + t1. Choose g0 ∈ L2([0, L0]) such that

g0(ω) :=


1√
ε

ω ∈ [max{0, ε1 − ct1},max{0, ε2 − ct1}]
1√
ε

ω ∈ [min{L, ε1 − ct1 + L},min{L, ε2 − ct1 + L}].
0 else

We find

∥(TL0
(t0)g0)∥2L2([0,L]) =

∫ L

0

∥∥∥e− 1
c

∫ ω
ω−ct0

PΩL
(eL)(y)dyPΩL(x

0)(ω − ct0)
∥∥∥2 dω

=

∫ L

0

∥∥∥e− 1
c

∫ ω
ω−ct0

PΩL
(eL)(y)dyPΩL(x

0)(ω − ct1)
∥∥∥2 dω =

∫ ε2

ε1

e
−2 1

c

∫ ω
ω−ct0

PΩL
(eL)(y)dy 1

ε
dω > M̃e2−k̃t0 .
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This shows

∥TL0
(t0)∥L(L2([0,L]),L2([0,L])) ≥ M̃e2−k̃t0

since ∥g0∥L2([0,L]) = 1. Therefore (i) is not fulfilled.

(ii) =⇒ (i): Let x0 ∈ L2([0, L]) be arbitrary. Using Lemma 4.10 (iii) we find M̃, k̃ > 0 such that the equalities

∥∥(TΩL(t)x0)
∥∥2
L2([0,L])

=

∫ L

0

∥∥∥e− 1
c

∫ ω
ω−ct PΩL

(eL)(y)dyPΩL(x
0)(ω − ct)

∥∥∥2 dω
=

∫ L

0

e−
2
c

∫ ω
ω−ct PΩL

(eL)(y)dy
∥∥PΩL(x

0)(ω − ct)
∥∥2 dω

= M̃e−2k̃t

∫ L

0

∥∥PΩL(x
0)(ω − ct)

∥∥2 dω
= M̃e−2k̃t

∥∥x0
∥∥2
L2([0,L])

hold. This shows ∥TΩL(t)∥L(L2([0,L]),L2([0,L])) ≤ M̃e−k̃t.

Our main result of this section, i.e., Theorem 4.6, follows from Theorem 4.11. This is shown as follows:

Proof of Theorem 4.6. (i) ⇔ (ii): Note that (ii) is equivalent to

∃M,K, k > 0 ∀n,m ∈ N with n ≥ m : k(an − bm)−
n−1∑

j=m+1

K(bj − aj) ≤ M.

We first show the claim for piecewise constant state feedbacks of the form (4.15). For necessity we assume,
that there exists a piecewise constant stabilizing feedback of the form (4.15). Then Theorem 4.11 implies that
(ii) is fulfilled for K := sup kj . If on the other hand (ii) is fulfilled then we can choose the piecewise constant
feedback with kj := K for all j ∈ N. For this constant feedback the algebraic conditions from Theorem 4.6
and Theorem 4.11 are equivalent which means that it is domain-uniformly stabilizing. Finally note that if
their is a general domain-uniformly stabilizing feedback kB of the form (4.11) with sup kB(ω) = K then there
also exists a piecewise constant domain-uniformly stabilizing feedback. The piecewise constant feedback can be
choosen via ∀ω ∈ R>0 : kpcB (ω) := K.
(ii) ⇔ (iii): Let a := inf I and b := sup I. Again we assume w.l.o.g. that the control domain takes the form
Ωc := ∪

j∈N
Ij , Ij := [aj , bj ], (aj)j∈N is an unbounded sequence and 0 = a0 < b1 ≤ a2 < b2 ≤ · · · .

We first show (iii) =⇒ (ii): Note, that by choosing n = m+ 1, (4.12) implies

∀m ∈ N0 : k(am+1 − bm) ≤ 1 ⇔ am+1 − bm ≤ 1

k
. (4.21)

Define ma = min{m ∈ N0 : bm ≥ a} and mb = max{m ∈ N0 : am ≤ b}. In the case ama
< a we have the

inequality

bma
−max{ama

, a} = bma
− a = bma

− ama
+ ama

− a
(4.21)

≥ bma
− ama

− 1

k
. (4.22)
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This implies bma
−max{ama

, a} ≥ bma
− ama

− 1
k for arbitrary ama

∈ R≥0. Analogously we find the estimate
max{bmb

, b} − amb
≥ bmb

− amb
− 1

k . Overall this leads to

|Ωc ∩ I| = bma −max{a, ama}+
mb−1∑

j=ma+1

(bj − aj) + min{b, bmb
} − amb

(4.21)

≥
mb∑

j=ma

(bj − aj)−
2

k

(4.12)

≥ k

K
(amb+1 − bma − 1)− 1

K
− 2

k
≥ k

K
|I| − 1

K
− 2

k
.

This shows (ii) with c1 = k
K and c0 = 1

K − 2
k .

To show (ii) =⇒ (iii) we choose I = [bm, an] for arbitrary n,m ∈ N0. Thus, (ii) implies

|Ωc ∩ I| =
n−1∑

j=m+1

(bj − aj) ≥ c1|I| − c0 = c1(an − bm)− c0,

i.e., (iii) with k = c1
c0

an K = 1
c0
.

We now briefly state the resulting exponential sensitivity result for the optimal control problem

min
(x,u)

1

2

∫ T

0

∥∥CΩL(x(t)− xref
ΩL)
∥∥2
L2([0,L])

+
∥∥RΩL(u(t)− uref

ΩL)
∥∥2
L2(ΩcL)

dt

s.t. : ẋ = AΩLx+BΩLu = 0, x(0) = x0
ΩL

(OCPT
L)

which is constrained by the transport equation with periodic boundary conditions, i.e. O := {[0, L] : L > 0},
AΩL and BΩL are given by (4.2) and (4.4) and Ωc

L := [0, L]∩Ωc where Ωc ⊂ R≥0 is a countable union of closed
intervals. By combining Theorem 3.9, Theorem 3.12 and Theorem 4.6 we find the following Corollary.

Corollary 4.12. Assume that Ωc and Ωo fulfill one of the conditions (ii) and (iii) in Theorem 4.6. Consider
a disturbance ε∈ (L1(R≥0;L

2(R≥0)) × L2(R≥0))
2 for which the family

(
εTΩL

)
ΩL∈O,T>0

∈W 1
O is exponentially

localized in FO = W 1
O or FO = W 2

O with
∥∥eµ∥P−·∥εTΩ

∥∥
FTΩL

< Cε < ∞. Let δxT
ΩL

, δλT
ΩL

and δuT
ΩL

be the solution

of the corresponding error system (3.2). Then there exists constants µ,K > 0 such that for all T > 0, L > 0∥∥∥eµ∥P−·∥1δxT
ΩL

∥∥∥
2∧∞

+
∥∥∥eµ∥P−·∥1δλT

ΩL

∥∥∥
2∧∞

+
∥∥∥eµ∥P−·∥1δuT

ΩL

∥∥∥
2∧∞

≤ K
∥∥∥eµ∥P−·∥1εT

ΩL

∥∥∥
1∨2

≤ K · Cε.

Proof. From Theorem 4.6 we know that the family (AΩL , BΩL)L>0,T>0 is domain-uniformly stabilizable. To
show domain-uniform detectability of (AΩL , CΩL)L>0,T>0 we first compute A∗

ΩL
. By definition of AΩL and

using partial integration we find

∀x, v ∈ dom(AΩL) : ⟨AΩLx, v⟩XΩL
= ⟨−cx′, v⟩XΩL

= ⟨x, cv′⟩XΩL
.

Therefore the operator −AΩL : dom(AΩL) → L2([0, L]) is a formal adjoint operator of AΩL . Since dom(AΩL)
is a dense subset of L2([0, L]) it can be extended to a maximal formal adjoint operator which is the adjoint
operator [22], Section 2.8. This shows dom(AΩL) ⊂ dom(A∗

ΩL
) ⊂ H1([0, L]). Let v ∈ H1([0, L]) such that for all

x ∈ dom(AΩL)

⟨AΩLx, v⟩XΩL
=
〈
x,A∗

ΩLv
〉
XΩL

= ⟨x,−AΩLv⟩XΩL
=⇒ x(L)v(L)− x(0)v(0) = x(0)(v(L)− v(0)) = 0.
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This implies v ∈ dom(AΩL). Therefore dom(AΩL) = dom(A∗
ΩL

), i.e. AΩL is skew-adjoint. Therefore the
domain-uniform stabilizability of (AΩL , BΩL)L>0,T>0 is equivalent to the domain-uniform detectability of
(AΩL , CΩL)L>0,T>0. The opposite direction of transport does not matter for stabilizability/detectability. Using
domain-uniform stabilizability and detectability Theorem 3.12 implies boundedness of the solution operator
M−1 from Section 2. Using Theorem 3.9 concludes the proof.

5. Characterization of the domain-uniform stabilizability of the
transport equation for space-dependent transport velocities

In this section we consider the controlled transport equation (4.1) with space-dependent transport velocity.
Let c : R≥0 → R>0 be a piecewise Lipschitz-continuous function which fulfills the condition

∃ cmin, cmax > 0 ∀ω ∈ R≥0 : cmin ≤ c(ω) ≤ cmax. (5.1)

In the following we write cL for c|ΩL . In this case domain-uniform stabilizability can be characterized in the
same way as for the case of constant transport velocity (see Thm. 4.6).

Theorem 5.1. The following two statements are equivalent:

(i) The controlled transport equation (4.1) can be domain-uniformly stabilized via a state feedback of the
form (4.11).

(ii) There exist constants K > k > 0 such that for all n,m ∈ N with n ≥ m

k(an − bm)−
n−1∑

j=m+1

K(bj − aj) ≤ 1, (5.2)

where Ωc := ∪
j∈N

[aj , bj ], (aj)j∈N is an unbounded sequence with a0 = 0, ai < bi ≤ ai+1 for i ∈ N.

(iii) There exist constants c0, c1 > 0 such that for all intervals I ⊂ R≥0 the inequality

|Ωc ∩ I| ≥ c1|I| − c0

is fulfilled and ∀L > 0 : |Ωc
L| = |ΩL ∩ Ωc| > 0.

The remaining part of this section is devoted to proving Theorem 5.1. For this purpose we will again consider
feedback operators of the form (4.11). The corresponding equation with feedback is given by

∀t ∈ [0, T ]∀ω ∈ [0, L] :
∂

∂t
x(ω, t) = −k(ω)x(ω, t)− cL(ω)

∂

∂ω
x(ω, t). (5.3)

Again, ignoring the feedback term for now, we can rewrite the controlled transport equation as an inhomogeneous
Cauchy problem (4.3) with generator

AΩL : D(AΩL) := {x ∈ H1(ΩL) : x(0) = x(L)} ⊂ L2(ΩL) → L2(ΩL), AΩLx = −cL
∂

∂ω
x (5.4)

and input operator (4.4).
In the following, we utilize ordinary differential equations to provide solution formulas for the transport

equation, closely related to the method of characteristics. To this end, consider a small particle located at
position p0 ∈ [0, L] at time t0 = 0. Its movement can be described by the ordinary differential equation

ṗ(t) = PΩL(cL)(p(t)), p(0) = p0, (5.5)
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where p(t) models the position of the particle at time t. Conversely if we observe the particle at a position
ω ∈ [0, L] at time t, then its previous position a time t0 = 0 zero can be computed via the solution of

q̇(t) = −PΩL(cL)(q(t)), q(0) = q0. (5.6)

We denote the solutions of (5.5) and (5.6) at time t ≥ 0 with initial values p0, q0 ∈ [0, L] by p(t, p0) and q(t, q0),
respectively.

In the following auxiliary result, we derive a solution for the transport equation with space-dependent velocity
in the uncontrolled and the state feedback case. This is done by replacing the term ω − ct in Lemma 4.1 resp.
Lemma 4.8 by the solution q(t, ω) of (5.6).

Lemma 5.2 (Backward motion). Consider the controlled transport equation with transport velocity c : [0, L] →
R≥0 and the corresponding differential equations (5.5) and (5.6). Then the following hold:

(i) The differential equations (5.5) and (5.6) each have a unique absolutely continuous (i.e., a.e. differentiable)
solution.

(ii) Let p0 ∈ [0, L], T > 0 and q0 := p(T, p0). Then for all t ∈ [0, T ]

q(t, q0) = p(T − t, p0).

(iii) For all q0 ∈ [0, L] and all t ≥ 0 the unique solution q(t, q0) of (5.6) fulfills the equality

∂

∂q0
q(t, q0) = − 1

PΩL(cL)(q0)

∂

∂t
q(t, q0) = − 1

PΩL(cL)(q0)
PΩL(cL)(q(t, q0)).

(iv) The mild solution of (4.1) with u ≡ 0 is given by

∀t ∈ [0, T ] : x(·, t) = PΩL(x
0)(q(t, ·)).

(v) The mild solution of (5.3) with boundary condition (4.1b) and initial condition (4.1c) is

∀t ∈ [0, T ] : x(·, t) = e
−

∫ ·
q(t,·)

PΩL
(k|ΩL )(y)

PΩL
(cL)(y)

dy
PΩL(x

0)(q(t, ·)).

Proof. See Appendix C.

If the control is chosen as a state feedback u = KB
ΩL

x with a feedback operator as defined in (4.11) then the

corresponding operator AΩL +BΩLK
B
ΩL

generates the semigroup

T φ
ΩL

(t) : L2([0, L],R) → L2([0, L],R), T φ
ΩL

(t)x0 := e
−

∫ ·
q(t,·)

PΩL
(k|ΩL )(y)

PΩL
(cL)(y)

dy
PΩL(x

0)(q(t, ·)).

as a direct consequence of Lemma 5.2. This explicit representation can be used to prove the main result of this
part.

Proof of Theorem 5.1. The equivalence (ii) ⇔ (iii) was already shown in Theorem 4.6. Therefore we only need
to show (i) ⇔ (ii) and we start with preliminary derivations. Let KB

Ω be an arbitrary state feedback as in (4.11)
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with K := ∥kB∥∞. For any L > 0 we find

∀t ≥ 0 :
∥∥T φ

ΩL
(t)x0

∥∥2
L2([0,L],R) =

∥∥∥∥∥e−
∫ ·
q(t,·)

PΩL
(kB)(y)

PΩL
(cL)(y)

PΩL
(χΩc

L
)(y)dy

PΩL(x
0)(q(t, ·))

∥∥∥∥∥
2

L2([0,L],R)

=

∫ L

0

e
−2

∫ ω
q(t,ω)

PΩL
(kB)(y)

PΩL
(cL)(y)

PΩL
(χΩc

L
)(y)dy ∥∥PΩL(x

0)(q(t, ω))
∥∥2 dω.

(5.7)

For each t ≥ 0 we define a transformation Tt : [0, L] → [q(t, 0), q(t, L)], Tt(ω) := q(t, ω) where q(·, ω) is the solu-
tion of the initial value problem (5.6) with initial value q0 = ω. Lemma 5.2(ii) shows Tt(p(t, ω)) = q(t, p(t, ω)) = ω
such that the inverse transformation is given by T −1

t : [q(t, 0), q(t, L)] → [0, L], T −1
t (ω) = p(t, ω). Lemma 5.2(iii)

implies

d

dω
Tt(ω) = −

∂
∂tq(t, ω)

cL(ω)
=

cL(q(t, ω))

cL(ω)
.

Therefore, we have

∫ L

0

∥∥PΩL(x
0)(z)

∥∥2 dz =

∫ q(t,L)

q(t,0)

∥∥PΩL(x
0)(q(t, ω))

∥∥2 cL(q(t, ω))

cL(ω)
dω

=

∫ L

0

∥∥PΩL(x
0)(q(t, ω))

∥∥2 cL(q(t, ω))

cL(ω)
dω

which implies

cmin

cmax

∥∥x0
∥∥2
L2([0,L])

≤
∫ L

0

∥∥PΩL(x
0)(q(t, ω))

∥∥2
=

∫ L

0

∥∥PΩL(x
0)(z)

∥∥2 cL(p(t, z))

cL(z)
dz ≤ cmax

cmin

∥∥x0
∥∥2
L2([0,L])

(5.8)

since

∫ L

0

∥∥PΩL(x
0)(z)

∥∥2 dz =

∫ L

0

∥∥x0(z)
∥∥2 dz =

∥∥x0
∥∥2
L2([0,L])

.

Furthermore, we have

e
−2

∫ ω
q(t,ω)

PΩL
(kB)(y)

PΩL
(cL)(y)

PΩL
(χΩc

L
)(y)dy

≥ e
−2 K

cmin

∫ ω
ω−cmaxt

PΩL
(χΩc

L
)(y)dy

. (5.9)

(i) ⇒ (ii): We prove this claim by contraposition. Assume that (ii) is not fulfilled. Let KB
Ω be an arbitrary

feedback operator as in (4.11) with ∥kB∥∞ =: K > 0. Define ∀j ∈ N : kj = K. Since (ii) is not fulfilled we find
that condition (4.19) from Lemma 4.10(ii) is also not fulfilled which implies for arbitrary k > 0 that

∀M > 0 ∃LM > 0∃ωM ∈ [0, LM ]∃ tM ≥ 0 : e
− 1
cmax

∫ ω
ω−cmaxtM

K χΩc
LM

(y)dy
≥ Me−kt. (5.10)
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Inserting (5.8), (5.9) and (5.10) into (5.7) (and leaving the index M out for readability) yields

∥∥T φ
ΩL

(t)x0
∥∥2
L2([0,L],R) ≥

∫ L

0

e
−2 K

cmin

∫ ω
ω−cmaxt

PΩL
(χΩc

L
)(y)dy ∥∥PΩL(x

0)(q(t, ω))
∥∥2 dω

≥
∫ L

0

(
Me−kt

)2 cmin
cmax

∥∥PΩL(x
0)(q(t, ω))

∥∥2 dω
≥ cmin

cmax

(
Me−kt

)2 cmin
cmax

∥∥x0
∥∥2
L2(ΩL)

(5.11)

and therefore (i) is not fulfilled since

∥∥T φ
ΩL

(t)
∥∥ ≥

√
cmin

cmax

(
Me−kt

) cmin
cmax .

(ii) ⇒ (i): Let M,k,K be such that (ii) is fulfilled. Define KB
Ω as in (4.11) with kB ≡ K. Then we have

∥∥T φ
ΩL

(t)x0
∥∥2
L2([0,L],R)

(5.7)
=

∫ L

0

e
−2

∫ ω
q(t,ω)

K
PΩL

(cL)(y)
PΩL

(χΩc
L
)(y)dy ∥∥PΩL(x

0)(q(t, ω))
∥∥2 dω

≤
∫ L

0

e
−2

∫ ω
ω−cmint

K
cmax

PΩL
(χΩc

L
)(y)dy ∥∥PΩL(x

0)(q(t, ω))
∥∥2 dω

≤
∫ L

0

(Me−2kt)
cmax
cmin

∥∥PΩL(x
0)(q(t, ω))

∥∥2 dω
≤ cmax

cmin
M2 cmax

cmn e
−2 cmax

cmin
kt ∥∥x0

∥∥2
L2([0,L])

.

This shows domain-uniform exponential stability of the semigroup and therefore (i).

In the case of space-dependent transport velocity the differential operator AΩL is no longer skew-adjoint.
Therefore domain-uniform detectability has to be discussed separately from domain-uniform stabilizability in
this section. For this purpose we first compute the adjoint operator in the following Lemma.

Lemma 5.3 (Adjoint of AΩL in the case of space-dependent transport velocity). Let c ∈ H1(R≥0). Then for
all L > 0 the adjoint of the operator AΩL defined in (5.4) is given by

A∗
ΩL : D(A∗

ΩL) ⊂ L2(ΩL) → L2(ΩL), (A∗
ΩLx)(ω) := c′L(ω)x(ω) + cL(ω)x

′(ω),

where D(A∗
ΩL

) := {v ∈ H1(ΩL) : c(0)v(0) = c(L)v(L)}.

Proof. By definition of AΩL and using integration by parts we find

∀x ∈ dom(AΩL), v ∈ H1(ΩL) : ⟨AΩLx, v⟩XΩL
= ⟨−cLx

′, v⟩XΩL
= ⟨x, c′Lv + cLv

′⟩XΩL
− [cLxv]

L
0 .

Since x(0) = x(L) the right-hand boundary value term only vanishes if c(0)v(0) = c(L)v(L). An analogous
argumentation as in the proof of Corollary 4.12 yields the result.

By definition, domain-uniform detectability of (AΩL , CΩL) is equivalent to domain-uniform stabilizability of
(A∗

ΩL
, C∗

ΩL
). It is easy to see, that the adjoint output operator C∗

ΩL
corresponds to the input operator BΩL defined
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in (4.4). Therefore domain-uniform detectability of (AΩL , CΩL) leads to the domain-uniform stabilizability of
the continuity equation

∀(ω, t) ∈ ΩL × [0, T ] :
∂

∂t
x(ω, t) = − ∂

∂ω
(cL(ω)x(ω, t)) + χΩoL

(ω)u(ω, t) (5.12a)

∀t ∈ [0, T ] : c(0)x(0, t) = c(L)x(L, t) (5.12b)

∀ω ∈ ΩL : x(ω, 0) = x0(ω) = x0
ΩL . (5.12c)

If the control is chosen as a feedback of the form (4.11) then an analogous argumentation as in Lemma 5.2
yields that the solution of (5.12) is given by

x(ω, t) =

(
c(0)

c(L)

)NL(ω,t)

e

∫ p(t,ω)
ω

PΩL(k
C
L)(y)

PΩL
(cL)(y)

dy
PΩL(x

0)(p(t, ω)), (5.13)

where for all L > 0

kCL : ΩL → R, kCL (ω) := c′L(ω) + χΩoL
(ω)kB(ω)

and

NL : [0, L]× R≥0 → N0, NL(ω, t) := #{s ∈ [ω, p(t, ω))| ∃ms ∈ Z : s = msL} =

⌊
p(t, ω)

L

⌋
.

The corresponding semigroup is given by

TCont
ΩL (t) : L2(ΩL) → L2(ΩL),

(
TCont
ΩL (t)x0

)
=

(
c(0)

c(L)

)NL(ω,t)

e

∫ p(t,ω)
ω

PΩL(k
C
L)(y)

PΩL
(cL)(y)

dy
PΩL(x

0)(p(t, ω)). (5.14)

Theorem 5.4 (Domain-uniform stabilizability of the continuity equation). Let c ∈ H1(R≥0) such that (5.1) is
fulfilled and c′ ∈ L2(R≥0)∩L∞(R≥0). Then for arbitrary γ > 0 the controlled continuity equation equation (5.12)
can be domain-uniformly stabilized with regard to the domain set Oγ := {[0, L] : L ≥ γ} via a state feedback of
the form (4.11) if one of the conditions (ii) and (iii) in Theorem 5.1 is fulfilled by Ωo.

Proof. In Theorem 4.6 equivalence of (ii) and (iii) was already shown. Therefore it suffices to consider condition

(ii). Define αL := c(0)
c(L) . We find the estimates

∀L ≥ γ : (αL)
NL(ω,t) ≤ 1

for αL ≤ 1 and

∀L ≥ γ : (αL)
NL(ω,t)

= elog(αL)⌊
p(t,ω)
L ⌋ ≤ elog(

c(0)
c(L) )

p(t,ω)
L ≤ e

log
(
cmax
cmin

)
ω+cmaxt

γ

for α > 1. Therefore, there exist Mα, kα > 0 such that

∀L ≥ γ : (αL)
NL(ω,t) ≤ Mαe

kαt.

Assume, that condition (ii) is satisfied. In this case there exist constants Me, ke,Ke > 0 such that

∀L ≥ γ ∀ω ∈ [0, L]∀ t ≥ 0 : e
−

∫ ω+cmint
ω

KePΩL
(χΩo

L
)(y)dy ≤ Mee

−ket.
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For k > 0 define a domain-uniformly stabilizing state feedback via

kB : R≥0 → R<0, kB(ω) := −K, K := cmax

k + kα + cmax

cmin
∥c′∥∞

ke
Ke.

Overall we find the estimate

∥∥T Cont
ΩL (t)x0

∥∥2
L2([0,L],R)

(5.14)
=

∫ L

0

(
c(0)

c(L)

)2NL(ω,t)

e
2
∫ p(t,ω)
ω

PΩL(k
C
L)(y)

PΩL
(cL)(y)

dy ∥∥PΩL(x
0)(p(t, ω))

∥∥2 dω
≤M2

αe
2kαt

∫ L

0

e
2
∫ p(t,ω)
ω

PΩL
(c′L)(y)

PΩL
(cL)(y)

dy
e
−2

∫ p(t,ω)
ω

KPΩL

(
χΩo
L

)
(y)

PΩL
(cL)(y)

dy ∥∥PΩL(x
0)(p(t, ω))

∥∥2 dω
≤M2

αe
2kαt

∫ L

0

e
2 cmax
cmin

∥c′∥∞
t
e−2

∫ ω+cmint
ω

KPΩL

(
χΩo
L

)
(y)

cmax
dy
∥∥PΩL(x

0)(p(t, ω))
∥∥2 dω

≤M2
αM

2 K
Ke

e e−2kt

∫ L

0

∥∥PΩL(x
0)(p(t, ω))

∥∥2 dω
≤cmax

cmin
M2

αM
2 K
Ke

e e−2kt
∥∥x0
∥∥2
L2([0,L])

for the corresponding closed-loop semigroup where the last inequality can be obtained analogously to the proof
of Theorem 5.1. This shows domain-uniform exponential stability of the semigroup.

Again consider the optimal control problem (OCPT
L) however with differential operator AΩL as defined in (5.4).

By combining Theorem 3.9, Theorem 3.12, Theorem 4.6 and Theorem 5.4 we find a Corollary similar to
Corollary 4.12.

Corollary 5.5. Assume that Ωc and Ωo fulfill one of the conditions (ii) and (iii) in Theorem 4.6. Let c ∈
H1(R≥0) such that (5.1) is fulfilled and c′ ∈ L2(R≥0) ∩ L∞(R≥0). Let γ > 0 be an arbitrary constant and
O := {[0, L] : L ≥ γ} be the correponding set of spatial domains. Consider a disturbance ε∈(L1(R≥0;L

2(R≥0))×
L2(R≥0))

2 for which the family
(
εTΩL

)
ΩL∈O,T>0

∈W 1
O is exponentially localized in FO = W 1

O or FO = W 2
O with∥∥eµ∥P−·∥εTΩ

∥∥
FTΩL

< Cε < ∞. Let δxT
ΩL

, δλT
ΩL

and δuT
ΩL

be the solution of the corresponding error system (3.2).

Then there exist µ,K > 0 such that

∀T > 0L ≥ γ :
∥∥∥eµ∥P−·∥1δxT

ΩL

∥∥∥
2∧∞

+
∥∥∥eµ∥P−·∥1δλT

ΩL

∥∥∥
2∧∞

+
∥∥∥eµ∥P−·∥1δuT

ΩL

∥∥∥
2∧∞

≤ K · Cε.

Proof. From Theorem 4.6 we know that the family (AΩL , BΩL)L>0,T>0 is domain-uniformly stabilizable.

From Theorem 5.4 we know that the family
(
A∗

ΩL
, C∗

ΩL

)
L≥γ,T>0

is domain-uniformly stabilizable. Therefore the

family (AΩL , CΩL)L≥γ,T>0 is domain-uniformly detectable. Using domain-uniform stabilizability and detectabil-

ity Theorem 3.12 implies boundedness of the solution operator M−1 from Section 2. Using Theorem 3.9
concludes the proof.

6. Domain-uniform stabilizability of the wave equation on a
one-dimensional domain

In the previous Sections 4 and 5, we derived necessary and sufficient conditions for domain-uniform stabi-
lizability and detectability of the transport equation with distributed control and periodic boundary condition.
In this section, we extend these results to the wave equation. This equation plays a key role in the modeling of
vibrations and oscillations with a large variety of applications in electrical engineering, mechanics, hydraulics and
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even acoustics/music theory. In order to enable the further use of our previously presented results on domain-
uniform stabilizability, we will consider a suitable non-local state feedback law, which leads to a coupled system
of two damped transport equations.

6.1. System formulation and unitary group

As before, we consider the family of domains O := {ΩL := [0, L] : L > 0} where the corresponding control
domains are given by Ωc

L := Ωc ∩ ΩL and Ωc ⊂ R≥0 denotes some global control domain of positive Lebesgue-
measures. On these domains the wave equation with distributed control and Dirichlet boundary conditions is
given by

∀ (ω, t) ∈ ΩL × [0, T ] :
∂2

∂t2
x(ω, t) = c2

∂2

∂ω2
x(ω, t) + χΩcL

(ω)u(ω, t) (6.1a)

∀ t ∈ [0, T ] : x(0, t) = x(L, t) = 0 (6.1b)

∀ω ∈ ΩL : x(ω, 0) = x0
ΩL and

∂

∂t
x(ω, 0) = x1

ΩL (6.1c)

with time horizon T > 0, control u ∈ L2(Ωc
L × [0, T ]) =: UΩL , initial distributions x

0
ΩL

∈ H2(ΩL)∩H1
0 (ΩL) and

x1
ΩL

∈ H1(ΩL) and velocity c > 0. We first consider the uncontrolled equation (u ≡ 0). In this case, the wave

equation can be rewritten as a first-order PDE of the form ż = AΩLz where z =
(
x ∂

∂tx
)⊤

. For this purpose,
we define the Dirichlet Laplacian via

A0
ΩL : D(A0

ΩL) :=

{
v ∈ H1

0 (ΩL) :
∂2

∂ω2
v ∈ L2(ΩL)

}
→ L2(ΩL), A0

ΩLx := −c2
∂2

∂ω2
x.

From [22], Proposition 3.6.1, we know that A0
ΩL

is strictly positive, i.e. A0
ΩL

= (A0
ΩL

)∗ and

∃m > 0 ∀x ∈ D(A0
ΩL) :

〈
x,A0

ΩLx
〉
≥ m ∥x∥2L2(ΩL)

.

Furthermore, this proposition states for the square-root (A0
ΩL

)
1
2 of A0

ΩL
, i.e., the unique, strictly posi-

tive operator which fulfills
(
(A0

ΩL
)

1
2

)2
= A0

ΩL
, that D((A0

ΩL
)

1
2 = H1

0 (ΩL) and ∀x ∈ D((A0
ΩL

)
1
2 ) : ∥x∥21

2
:=〈

(A0
ΩL

)
1
2x, (A0

ΩL
)

1
2x
〉
= ∥x∥2H1 . We now define the block operator AΩL : D(AΩL) := D(A0

ΩL
) × D(A0

ΩL
)

1
2 =

H2(ΩL) ∩H1
0 (ΩL)×H1

0 (ΩL) → H1
0 (ΩL)× L2(ΩL) via

AΩLz :=

(
0 I

−A0
ΩL

0

)(
z1
z2

)
=

(
z2

c2 ∂2

∂ω2 z1

)
.

[22], Proposition 3.7.6 tells us, that A is skew-adjoint. Therefore, we can apply the Theorem of Stone [22],
Proposition 3.8.6 to show, that A generates a unitary group (TL(t))t∈R on H1

0 (ΩL)× L2(ΩL). It is easy to see

that x ∈ D(A0
ΩL

) is a classical solution of the uncontrolled wave equation if and only if z =
(
x ∂

∂tx
)⊤ ∈ D(A)

is a classical solution of

ż = AΩLz, z(0) =

(
x0
ΩL

x1
ΩL

)
. (6.2)



30 S. GÖTTLICH ET AL.

Since in this case z(t) = TL(t)z0 (see [19], Prop. 6.2) and (TL(t))t∈R is a unitary group we find the equality (see
also [22], Prop. 3.8.7)

∀t ≥ 0 : ∥z(t)∥2 = ∥z1(t)∥2H1
0 (ΩL)

+ ∥z2(t)∥2L2(ΩL)
=

∥∥∥∥ ∂

∂ω
x(t)

∥∥∥∥2
L2(ΩL)

+

∥∥∥∥ ∂

∂t
x(t)

∥∥∥∥2
L2(ΩL)

= ∥z(0)∥2 =

∥∥∥∥ ∂

∂ω
x0
ΩL

∥∥∥∥2
L2(ΩL)

+
∥∥x1

ΩL

∥∥2
L2(ΩL)

.

Using the formula of d’Alembert we find the solution formula

x(ω, t) =
1

2
(x̃0

ΩL(ω + ct) + x̃0
ΩL(ω − ct)) +

1

2c

∫ ω+ct

ω−ct

x̃1
ΩL(s)ds

for the uncontrolled wave equation where x̃0
ΩL

and x̃1
ΩL

are the unique odd and 2L-periodic extensions of x0
ΩL

and x1
ΩL

, i.e. for i ∈ {0, 1} we have

(i) ∀k ∈ Z∀ω ∈ (2kL, (2k + 1)L) : x̃i
ΩL

(ω) = xi
ΩL

(ω − 2kL)

(ii) ∀k ∈ Z∀ω ∈ ((2k + 1)L, (2k + 2)L) : x̃i
ΩL

(ω) = −xi
ΩL

((2k + 2)L− ω)).

All of the above equations can be extended to mild solutions of (6.1) using standard density arguments.

6.2. Domain-uniformly stabilizing control

In this section, we use a state feedback of the form

u(ω, t) = −2k
∂

∂t
x(ω, t)− k2x(ω, t) (6.3)

to stabilize the system (6.1) domain-uniformly. In order to prove that this approach fulfills its purpose we will
transform the wave equation into a pair of damped transport equations. After that we can use Theorem 4.6 to
find suitable control domains. Inserting the state feedback (6.3) into (6.1) leads to the closed-loop system

∀ (ω, t) ∈ ΩL × [0, T ] :
∂2

∂t2
x(ω, t) = c2

∂2

∂ω2
x(ω, t)− χΩcL

(ω)

(
2k

∂

∂t
x(ω, t) + k2x(ω, t)

)
∀ t ∈ [0, T ] : x(0, t) = x(L, t) = 0

∀ω ∈ ΩL : x(ω, 0) = x0
ΩL and

∂

∂t
x(ω, 0) = x1

ΩL .

(6.4)

This corresponds to the closed-loop Cauchy problem

ż(t) = (AΩL +BΩLK
B
ΩL)z(t), z(0) =

(
x0
ΩL

x1
ΩL

)
, (6.5)

where AΩL is defined as in (6.2), the input operator is specified by

BΩL : L2(Ωc
L) → H1

0 (ΩL)× L2(ΩL), BΩLu :=

(
0

χΩcL
u

)



SPATIAL EXPONENTIAL DECAY OF PERTURBATIONS IN OPTIMAL CONTROL 31

and we have the bounded feedback operator

KB
ΩL : H1

0 (ΩL)× L2(ΩL) → L2(Ωc
L), KB

ΩL

(
x
y

)
= −2kx− k2y.

Note that boundedness of KB
ΩL

follows from the Poincaré inequality. We already know that AΩL is the gen-
erator of a unitary group on H1

0 (ΩL) × L2(ΩL). Therefore, we can apply the bounded perturbation theorem
for semigroups [19], Theorem 1.3 to conclude that AΩL +BΩLK

B
ΩL

: D(AΩL) → H1
0 (ΩL)× L2(ΩL) generates a

strongly continuous semigroup (T cl
L )t≥0, where

∥∥T cl
L (t)

∥∥ ≤ e∥BΩL
KB

ΩL
∥t. The following Proposition 6.1 gives an

equivalent system representation of the closed-loop (6.4) which simplifies the analysis.

Proposition 6.1 (Equivalent Representation of the damped wave equation). x ∈ C2([0, T ], H2(ΩL)∩H1
0 (ΩL))

is a classical solution of (6.4) if and only if there exists v ∈ C1([0, T ], H1(ΩL)) such that (ξ1, ξ2) = (x, v) is a
classical solution of

∀ (ω, t) ∈ ΩL × [0, T ] :
∂

∂t
ξ(ω, t) =

∂

∂t

(
ξ1(ω, t)
ξ2(ω, t)

)
= −

(
0 1
c2 0

)
︸ ︷︷ ︸

=:D

∂

∂ω
ξ(ω, t)− χΩcL

(ω)

(
k 0
0 k

)
︸ ︷︷ ︸

=:F

ξ(ω, t)

∀ t ∈ [0, T ] : ξ1(0, t) = ξ1(L, t) = 0

∀ω ∈ ΩL : ξ1(ω, 0) = x0
ΩL and

∂

∂t
ξ1(ω, 0) = x1

ΩL .

(6.6)

Proof. See Appendix D.

Proposition 6.1 yields a system representation, which is very similar to the strain variable formulation in
Example 3.7. The important difference can be found in the differential equation (D.1) which yields a damping
term in both equations of (6.6). Using strain variables the transformed closed-loop system would only exhibit
such a term in the second equation. This property allows us to show the following theorem.

Theorem 6.2 (Domain-uniform stabilizability of the wave equation). The following three statements are
equivalent:

(i) The controlled wave equation (6.1) with constant transport velocity c > 0 can be domain-uniformly
stabilized via a state feedback of the form (6.3).

(ii) There exist constants K > k > 0 such that for all n,m ∈ N with n ≥ m

k(an − bm)−
n−1∑

j=m+1

K(bj − aj) ≤ 1, (6.7)

where Ωc := ∪
j∈N

[aj , bj ], (aj)j∈N is an unbounded sequence with a0 = 0, ai < bi ≤ ai+1 for i ∈ N.

(iii) There exist constants c0, c1 > 0 such that for all intervals I ⊂ R≥0 the inequality

|Ωc ∩ I| ≥ c1|I| − c2

is fulfilled and ∀L > 0 : |Ωc
L| = |ΩL ∩ Ωc| > 0.

Proof. Using the simple transformation(
ξ1
ξ2

)
=

(
1
c (ζ1 + ζ2)
ζ1 − ζ2

)
=

(
1
c

1
c

1 −1

)(
ζ1
ζ2

)
=: Tζ =⇒

(
ζ1
ζ2

)
=

(
c
2

1
2

c
2 − 1

2

)(
ξ1
ξ2

)
= T−1ξ,
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we can convert (6.6) into a system of two coupled damped transport equations which is given by

∀ (ω, t) ∈ ΩL × [0, T ] :
∂

∂t
ζ(ω, t) =

(
−c 0
0 c

)
︸ ︷︷ ︸
=T−1DT

∂

∂ω
ζ(ω, t)−

(
k 0
0 k

)
︸ ︷︷ ︸
=T−1FT

χΩcL
(ω)ζ(ω, t)

∀ t ∈ [0, T ] : ζ1(0, t) = ζ2(0, t) and ζ1(L, t) = ζ2(L, t)

∀ω ∈ ΩL : ζ1(ω, 0) =
1

2

(
cx0

ΩL(ω)−
∫ ω

0

x1
ΩL(s) + k χΩcL

(s)x0
ΩL(s)ds

)
and ζ2(ω, 0) =

1

2

(
cx0

ΩL(ω) +

∫ ω

0

x1
ΩL(s) + k χΩcL

(s)x0
ΩL(s)ds

)
.

(6.8)

Let ζ ∈ H1(ΩL)
2 be a classical solution of (6.8). Define v ∈ H1(Ω2L) via

v(ω, t) :=

{
ζ1(ω, t), ω ∈ [0, L]

ζ2(2L− ω, t), ω ∈ [L, 2L].

Then, v solves the damped transport equation with periodic boundary condition

∀ (ω, t) ∈ Ω2L × [0, T ] :
∂

∂t
ζ(ω, t) = c

∂

∂ω
v(ω, t)− kχΩcL∪(ΩcL+L)(ω)v(ω, t)

∀ t ∈ [0, T ] : v(0, t) = v(2L, t)

∀ω ∈ Ω2L : ζ1(ω, 0) =

{
1
2

(
cx0

ΩL
(ω)−

∫ ω

0
x1
ΩL

(s) + k χΩcL
(s)x0

ΩL
(s)ds

)
, ω ∈ [0, L]

1
2

(
cx0

ΩL
(2L− ω) +

∫ 2L−ω

0
x1
ΩL

(s) + k χΩcL
(s)x0

ΩL
(s)ds

)
, ω ∈ [L, 2L]

To this equation we can directly apply Theorem 4.6 to characterize domain-uniform stabilizability. Note that
T is a (domain-uniformly) bounded transformation, i.e., the damped transport equation is domain-uniformly
exponentially stable if and only if the same holds for (6.6) which contains the solution of (6.4) in the first state.
This shows the claim.

7. Numerical examples

To visualize our findings from Sections 3 and 4 the results of several numerical simulations are discussed in
this section. For this purpose we solve the optimal control problem

min
(x,u)

1

2

∫ T

0

∥x(·, t)∥2L2([0,L]) +α2 ∥u(·, t)∥2L2(ΩLc )
dt, α > 0

s.t. : ∀(ω, t) ∈ [0, L]× [0, T ] :
∂

∂t
x(ω, t) = −c(ω)

∂

∂ω
x(ω, t) + χΩc(ω)u(ω, t)

∀t ∈ [0, T ] : x(0, t) = x(L, t)

∀ω ∈ [0, L] : x(ω, 0) = x0(ω) = x0
ΩL .

(7.1)

The transport velocity is assumed to be constant (c = 2) in all simulations. The problem is solved for two
different types of control domains:

(1) The control domain consists of a single interval which is given by Ωc := [a, b] := [0, 0.2].
(2) The control domain consists of a series of equidistantly distributed intervals. These intervals are

parametrized via Ωc := ∪∞
j=1 [aj , bj ] where aj := a+ (j − 1)L0, bj := b+ (j − 1)L0 and L0 := 1.
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Figure 1. Initial condition function (blue) of (7.1) with single control interval (red) and
distance |(Ω \ (Ωc ∪ supp(ε))| between perturbation and control domain (grey).

To numerically solve (7.1) we discretize the optimality system (3.1) via a finite difference method with symmetric

difference quotient (Dhx)(ω) :=
x(ω+h)−x(ω−h)

2h in space and an implicit midpoint rule for discretization in time.
The space discretization leads to a skew-symmetric matrix while the implicit midpoint rule is a symplectic
integrator. Therefore this discretization method preserves unitarity of the semigroup on a discrete level and
thus avoids a corruption of our results by numerical dissipation.

In the following we will consider the solution corresponding to a non-zero initial value as a perturbation of
the zeros solution of (7.1) for vanishing initial value. Thus, setting εwidth = 0.8 and εcenter = 0.6, we set the
initial value (see also Fig. 1)

ε(ω) :=

{
eµ(ω), ω∈

(
εcenter− εwidth

2 , εcenter+
εwidth

2

)
0, else

withµ(ω) = 1 +
1(

2
εwidth

(ω−εcenter)
)2

−1
. (7.2)

Here, the choice of the center of perturbation εcenter corresponds to a worst case scenario in the sense that the
distance |(Ω \ (Ωc ∪ supp(ε))| (highlighted in grey in Fig. 1) over which the perturbation has to be transported
until it reaches any part of the control domain is maximal. Therefore the part of the spatial domain influenced
by the undamped perturbation is as large as possible.

Figure 2 shows the state trajectory of an optimal controlled transport equation for two different domain sizes.
Over time the perturbation is transported along the spatial domain until it is damped at the control domain.
In case of a single control interval the spatial area on which the perturbation’s influence on the solution is
undiminished increases with the domain size (see the left two plots in Fig. 2). If the control acts on a series
of equidistant intervals then the speed of decay of the perturbed solution does not depend on the domain size
anymore (see the right two plots in Fig. 2).

Figure 3 visualizes the spatial decay of the optimal state trajectory for T = 2.5 and α = 0.125. For this
purpose and for fixed spatial coordinate ω ∈ [0, L], we computed the L2([0, T ])-norm of the optimal state
xopt(·)(ω) in the time domain. As this norm nearly remains constant over the remaining part of the spatial
domain (upper row of Fig. 3) and as the width of this constant part increases with the domain size, this implies,
that the spatial decay of the optimal state is slower for larger domain sizes. In case of equidistant intervals the
decay does not change as the domain size increases (lower row of Fig. 3).

In Figure 4 the relation between the L2(0, T ; [0, L])-norm of the scaled optimal state and corresponding
adjoint state and the domain size is shown. In the scenario of a single control interval the transport equation
with periodic boundary conditions is not domain-uniformly stabilizable/detectable (see Theorem 4.6). Therefore
the (sufficient) assumptions of Theorem 3.9 are not fulfilled, which means that the bound in equation (3.6) does
not necessarily hold. This is confirmed by the plot on the left of Figure 4 the L2-norm of the state/costate
increases exponentially in the domain size L. Evaluating condition (ii) from Theorem 4.6 for our proposed
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Figure 2. Optimal state (blue, space variable ω) for two different control domains (red) and
domain sizes (T = 2.5, α = 0.125).

sequence of equidistant control intervals we find that there exist M,k,K > 0 such that

k(an − bm)−K

n−1∑
j=m+1

Bj = k(n− 1−m)− 0.2K(n−m− 1) = (k − 0.2K)(n− 1−m) ≤ M

for all n ≥ m ∈ N. This condition is for example fulfilled for k = 1, K = 5 and arbitrary M > 0.
Therefore Theorem 4.6 ensures the domain-uniform stabilizability and detectability of the transport equation
such that the assumptions of Theorem 3.9 are fulfilled. Since the perturbation defined in (7.2) is exponentially
localized around z = εcenter Theorem 3.9 yields the same for the optimal state and costate. Therefore the norms
in the right-hand side plot of Figure 4 uniformly bounded.

Last, in Figure 5, the influence of the control weight α on the solution of the OCP is visualized. A stronger
weighting of the control means, that large amplitudes of the control signal come with a disproportionately high
cost. Therefore increasing the parameter α leads to a slower decay of the state trajectory and a lower peak in
the control signal, once the perturbation reaches the control domain.

8. Conclusion and outlook

In this work, we considered linear-quadratic optimal control problems governed by general evolution equa-
tions. We showed that, under domain-uniform stabilizability and detectability assumptions on the involved
operators, the influence of spatially localized perturbations on the OCP’s solution decays exponentially in
space. We further characterized the domain-uniform stabilizability/detectability assumption for linear transport
equations and provided numerical examples confirming the findings.
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Figure 3. Spatial decay of the optimal state on different domains for a single control interval
(top) and equidistant control intervals (bottom).
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Figure 4. Relation between the domain size and the L2(0, T ; [0, L])-norm of the optimal state
(blue) respectively costate (green, dotted) for parameters T = 5, α = 0.125.

There is wide variety of questions which can be considered in future work. Using perturbation theory for
semigroups one could investigate if it is possible to relax Assumption 3.5 to allow for higher-order differential
operators. Moreover, an extension to unbounded input and output operators is desirable, thereby extending our
results to boundary control systems. Further, we aim to apply the abstract theory to a wide class of problems,
that is, deriving domain-uniform stabilizability/detectability for further important examples of evolution equa-
tions, e.g., telegrapher and beam equations. In this context it will also be interesting to consider domain-uniform
stabilizability of hyperbolic equation on exterior domains. For the turnpike property (which can be interpreted
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Figure 5. Optimal state (top) and control (bottom) for different control weights with equidis-
tant control intervals (red) for T = 5.

as decay of local perturbations of the initial and terminal data in time) there already exists some previous work
in this context [23].

Acknowledgments
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Appendix A. Proof of Theorem 3.12

During the remaining part of this section let z ∈ C(0, T ;X)2 and r ∈ (L1(0, T ;X)×X)2 with

z =

(
x
λ

)
= M−1r =


C∗C − d

dt
−A∗

0 ET
d
dt

−A −BQ−1B∗

E0 0


−1 

l1
λT
l2
x0


or equivalently

Mz =


C∗C − d

dt
−A∗

0 ET
d
dt

−A −BQ−1B∗

E0 0

(
x
λ

)
= r =


l1
λT
l2
x0

 (A.1)

Since we want to derive a bound c > 0 such that

∀T > 0 ∀Ω ∈ O :
∥∥M−1

∥∥
L(W1∨2,W2∧∞)

≤ c.

the aim of this section is to find an estimate of the form (leaving out the indices Ω and T )

∥z∥22∧∞ = ∥x∥22∧∞ + ∥λ∥22∧∞ ≤ c
(
∥l1∥21∨2 + ∥λT ∥2X + ∥l2∥21∨2 + ∥x0∥2X

)
= c ∥r∥21∨2 . (A.2)

We emphasize that the constant c > 0 must be independent of T and Ω ∈ O. Since a certain amount of technical obstacles
has to be overcome in order to reach this goal, we have structured the corresponding proof in five smaller steps: First
for any t ∈ [0, T ] we will analyze the systems

∀s ∈ [0, t] : −φ̇(s) = (ACΩ +KC
ΩCΩ)

∗φ(s), φ(t) = xTΩ(t) (A.3)

and

∀s ∈ [t, T ] : ψ̇(s) = (AΩ +BΩK
B
Ω )ψ(s), ψ(t) = λTΩ(t) (A.4)

corresponding to the stabilizability and detectability conditions in Theorem 3.12. We will find exponential bounds for

the solutions of these systems. Second we will rewrite the quantities
∥∥xTΩ(t)∥∥2

XΩ
and

∥∥λTΩ(t)∥∥2

XΩ
such that they depend

on the solutions φ and ψ of (A.3) and (A.4). In the third step we will use the bounds on φ and ψ which we found in

the first step to estimate
∥∥xTΩ(t)∥∥2

XΩ
and

∥∥λTΩ(t)∥∥2

XΩ
from above. These bounds can then be integrated to find bounds

on
∥∥xTΩ∥∥2

L2(0,T ;XΩ)
and

∥∥λTΩ∥∥2

L2(0,T ;XΩ)
. This will give us an estimate of the form (leaving out Ω and T )

∥x∥22∧∞ + ∥λ∥22∧∞≤ c̃
(
∥Cx∥2L2(0,T ;Y )+

∥∥R−∗B∗λ
∥∥2

L2(0,T ;U)
+∥l1∥21∨2+∥λT ∥2X+∥l2∥21∨2+∥x0∥2X

)
.

In the fourth step we will find an estimate for
∥∥CΩx

T
Ω

∥∥2

L2(0,T ;YΩ)
+

∥∥R−∗
Ω B∗

Ωλ
T
Ω

∥∥2

L2(0,T ;UΩ)
which allows us to prove the

desired result in the fifth and last step.

Lemma A.1 (Step 1). Let the stabilizability/detectability condition in Theorem 3.12 be fulfilled. Let φ : [0, t] → D(A∗
Ω)

be the mild solution of (A.3) on the interval [0, t] and ψ : [t, T ] → D(ATΩ) be the mild solution of (A.4) on the interval
[t, T ]. Then there exist constants Mφ, kφ > 0,Mψ, kψ > 0 such that for all Ω ∈ O and T > 0 the estimates

∀v ∈ L2(0, t;XΩ) :

∫ t

0

| ⟨v(s), φ(s)⟩XΩ
|ds ≤

∥∥∥xTΩ(t)∥∥∥
XΩ

Mφ√
kφ

√∫ t

0

∥v(s)∥2XΩ
e−kφ(t−s)ds (A.5)
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and

∀w ∈ L2(t, T ;XΩ) :

∫ T

t

| ⟨w(s), ψ(s)⟩XΩ
|ds ≤

∥∥∥λTΩ(t)∥∥∥
XΩ

Mψ√
kψ

√∫ T

t

∥w(s)∥2XΩ
e−kψ(s−t)ds (A.6)

hold true for φ and ψ.

Proof. Due to domain-uniform stabilizability there exist constants Mφ, kφ > 0 such that the semigroup family(
(T φ

Ω (t))
t≥0

)
Ω∈O

generated by the operators AΩ +BΩK
B
Ω fulfills the estimate

∀T > 0 ∀Ω ∈ O : ∥T φ
Ω (t)∥L(XΩ,XΩ) ≤Mφe

−kφt.

During the remainder of the proof we leave out the indices Ω and T for readability. To prove (A.5) we first estimate the
solution φ ∈ C(0, t;X) of (A.3) via

∀s ∈ [0, t] : ∥φ(s)∥X = ∥T φ(t− s)x(t)∥X ≤ ∥T φ(t− s)∥L(X) ∥x(t)∥X ≤Mφe
−kφ(t−s) ∥x(t)∥X

where the last equation follows from the exponential stability of the semigroup (T φ(t))t≥0. This inequality leads to

∫ t

0

| ⟨v(s), φ(s)⟩X |ds
CSI

≤
∫ t

0

∥v(s)∥X ∥φ(s)∥X ds ≤ ∥x(t)∥XMφ

∫ t

0

∥v(s)∥X e−kφ(t−s)ds (A.7)

where the first inequality follows from the Cauchy-Schwarz-Inequality (CSI). The right hand side of (A.7) can be further
estimated via

Mφ

∫ t

0

∥v(s)∥X e−kφ(t−s)ds
Hölder
= Mφ

∫ t

0

∥v(s)∥X e−
kφ
2

(t−s)e−
kφ
2

(t−s)ds

Hölder
=

∥∥∥∥Mφve
− kφ

2
(t−·)e−

kφ
2

(t−·)
∥∥∥∥
L1(0,t;X)

Hölder

≤
∥∥∥∥Mφve

− kφ
2

(t−·)
∥∥∥∥
L2(0,t;X)

∥∥∥∥e− kφ
2

(t−·)
∥∥∥∥
L2(0,t;X)

Hölder
= Mφ

√∫ t

0

∥v(s)∥2X e−kφ(t−s)ds

√∫ t

0

e−kφ(t−s)ds

Hölder
= Mφ

√∫ t

0

∥v(s)∥2X e−kφ(t−s)ds

√
1

kφ
(1− e−kφt)

Hölder

≤ Mφ√
kφ

√∫ t

0

∥v(s)∥2X e−kφ(t−s)ds,

(A.8)

where we used the Hölder inequality in the third step of (A.8). Plugging (A.8) into (A.7) yields (A.5). (A.6) can be
derived in an analogous way from domain-uniform detectability.

To find an alternative representation for the terms
∥∥xTΩ(t)∥∥2

X
and

∥∥λTΩ(t)∥∥2

X
we test the state equation from (A.1)

with φ and the adjoint equation with ψ. This leads to the following lemma.

Lemma A.2 (Step 2). Let T > 0 and Ω ∈ O be arbitrary. Let the stabilizability/detectability condition in Theorem 3.12
be fulfilled. If φ : [0, t] → D(A∗

Ω) is the solution of (A.3) on the interval [0, t] and ψ : [t, T ] → D(AΩ) is the solution
of (A.4) on the interval [t, T ] then we have the two equalities (leaving out the indices Ω and T )

∥x(t)∥2X=

∫ t

0

⟨l2(s), φ(s)⟩X−
〈
KCCx(s), φ(s)

〉
X
+
〈
R−∗B∗λ(s), R−∗B∗φ(s)

〉
X

ds+⟨x0, φ(0)⟩X (A.9)
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and

∥λ(t)∥2X=

∫ T

t

⟨l1(s), ψ(s)⟩X−
〈(
KB

)∗
B∗λ(s), ψ(s)

〉
X
−⟨Cx(s), Cψ(s)⟩X ds+⟨λ, ψ(T )⟩X . (A.10)

Proof. For readability we leave out the indices Ω and T during the proof. By testing the state equation from (A.1) with
φ(s) and subtracting

〈
KC

ΩCx(s), φ(s)
〉
on both sides of the resulting equation we find the equality

⟨ẋ(s), φ(s)⟩X −
〈
(A+KCC)x(s), φ(s)

〉
X

−
〈
BQ−1B∗λ(s), φ(s)

〉
X

= ⟨l2(s), φ(s)⟩X −
〈
KCCx(s), φ(s)

〉
X
.

By integrating from 0 to t and rearranging the terms we find∫ t

0

⟨ẋ(s), φ(s)⟩X −
〈
(A+KCC)x(s), φ(s)

〉
X
ds

=

∫ t

0

⟨ẋ(s), φ(s)⟩X −
〈
x(s), (A∗ + C∗

(
KC

)∗
)φ(s)

〉
X
ds

=

∫ t

0

⟨ẋ(s), φ(s)⟩X + ⟨x(s), φ̇(s)⟩X ds

=

∫ t

0

d

ds
⟨x(s), φ(s)⟩X ds

= ⟨x(t), φ(t)⟩X − ⟨x(0), φ(0)⟩X
= ∥x(t)∥2X − ⟨x0, φ(0)⟩X

=

∫ t

0

⟨l2(s), φ(s)⟩X −
〈
KCCx(s), φ(s)

〉
X

+
〈
BQ−1B∗λ(s), φ(s)

〉
X
ds

=

∫ t

0

⟨l2(s), φ(s)⟩X −
〈
KCCx(s), φ(s)

〉
X

+
〈
R−∗B∗λ(s), R−∗B∗φ(s)

〉
X

ds.

This shows (A.9). (A.10) follows by testing the costate equation with ψ, subtracting the term
〈(
KB

)∗
B∗λ(s), ψ(s)

〉
on

both sides and proceeding in the same way as before.

By plugging the estimate from Lemma A.1 (Step 1) into the equality from Lemma A.2 we can find a first estimate

on
∥∥xTΩ∥∥2

2∧∞ +
∥∥λTΩ∥∥2

2∧∞. This results in the following Lemma.

Lemma A.3 (Step 3). Let the stabilizability/detectability condition in Theorem 3.12 be fulfilled. Then there exists a
constant c̃ > 0 such that the inequality∥∥∥xTΩ∥∥∥2

2∧∞
+

∥∥∥λTΩ∥∥∥2

2∧∞

≤ c̃

(∥∥∥CΩx
T
Ω

∥∥∥2

L2(0,T ;YΩ)
+
∥∥∥R−∗

Ω B∗
Ωλ

T
Ω

∥∥∥2

L2(0,T ;UΩ)
+∥l1∥21∨2+

∥∥∥λΩ
T

∥∥∥2

XΩ

+∥l2∥21∨2+
∥∥∥xΩ0 ∥∥∥2

XΩ

) (A.11)

is fulfilled for all T > 0 and Ω ∈ O.

Proof. The proof is organised into four parts. First we show an estimate of the form

∥∥∥xTΩ∥∥∥2

C(0,T ;XΩ)
≤ c1

(∥∥∥CΩx
T
Ω

∥∥∥2

L2(0,T ;YΩ)
+

∥∥∥R−∗
Ω B∗

Ωλ
T
Ω

∥∥∥2

L2(0,T ;UΩ)
+ ∥l2∥21∨2 +

∥∥∥xΩ0 ∥∥∥2

XΩ

)
. (A.12)

Then, we show an analogous estimate on the norm
∥∥λTΩ∥∥2

C(0,T ;XΩ)
. In the third and fourth part we show estimates on

the L2-norms of xTΩ an λTΩ. As before we leave out the indices Ω and T during the proof for readability.
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We start with the first part. By using the results of Step 1 and Step 2 we find the estimate

∥x(t)∥2X
Step 2
=

∫ t

0

⟨l2(s), φ(s)⟩X −
〈
KCCx(s), φ(s)

〉
X

+
〈
R−∗B∗λ(s), R−∗B∗φ(s)

〉
X

ds+ ⟨x0, φ(0)⟩X

Step 1

≤ ∥x(t)∥X
Mφ√
kφ

∥∥∥KC
∥∥∥
L(Y,X)

√∫ t

0

∥Cx(s)∥2 e−kφ(t−s)ds + ∥x0∥X ∥x(t)∥XMφ

√
e−kφt

+ ∥x(t)∥X
Mφ√
kφ

∥∥BR−1
∥∥
L(U,X)

√∫ t

0

∥R−∗B∗λ(s)∥2U e−kφ(t−s)ds

+ min

∥x(t)∥XMφ

∫ t

0

∥l2(s)∥X e−kφ(t−s)ds, ∥x(t)∥X
Mφ√
kφ

√∫ t

0

∥l2(s)∥2 e−kφ(t−s)ds

 .

Dividing by ∥x(t)∥ leads to the inequality

∥x(t)∥X ≤ Mφ√
kφ

∥∥∥KC
∥∥∥
√∫ t

0

∥Cx(s)∥2 e−kφ(t−s)ds ∥x(t)∥X +
∥∥BR−1

∥∥
U

√∫ t

0

∥R−∗B∗λ(s)∥2 e−kφ(t−s)ds


+ min

{
Mφα(t),

Mφ√
kφ
β(t)

}
+ ∥x0∥XMφ

√
e−kφt

≤ ĉ1

√∫ t

0

∥Cx(s)∥2 e−kφ(t−s)ds+

√∫ t

0

∥R−∗B∗λ(s)∥2 e−kφ(t−s)ds


+ ĉ1

(
min {α(t), β(t)}+ ∥x0∥X

√
e−kφt

)
,

where we define functions α, β by α(t) :=
∫ t
0
∥l2(s)∥X e−kφ(t−s)ds, β(t) :=

√∫ t
0
∥l2(s)∥2 e−kφ(t−s)ds and a constant

ĉ1 :=Mφmax

{
1, 1√

kφ

}
max

{
1, Cψ,

CB
α

}
. By taking the square on both sides of the inequality and using the estimate

∀a, b, c, d ∈ R : (a+ b+ c+ d)2 ≤ 2((a+ b)2 + (c+ d)2) ≤ 4(a2 + b2 + c2 + d2)

we find the estimate

∥x(t)∥X ≤ c1

(∫ t

0

∥Cx(s)∥2 e−kφ(t−s)ds+

∫ t

0

∥∥R−∗B∗λ(s)
∥∥2

e−kφ(t−s)ds

)
+ c1

(
min

{
α(t)2, β(t)2

}
+ ∥x0∥2X e−kφt

) (A.13)

with constant c1 := 4Mφmax

{
1, 1√

kφ

}
max

{
1, Cψ,

CB
α

}
. This implies

∥x∥2C(0,T ;X) = max
t∈[0,T ]

∥x(t)∥2X ≤ c1
(
∥Cx∥2L2(0,T ;Y ) +

∥∥R−∗B∗λ
∥∥2

L2(0,T ;U)

)
+ c1

(
min

{
∥l2∥L10,T ;X2 , ∥l2∥L20,T ;X2

}
+ ∥x0∥2X

)
and therefore (A.12).
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The aim of the second part is to show an estimate of the form

∥λ∥2C(0,T ;X) ≤ c2
(
∥Cx∥2L2(0,T ;Y ) +

∥∥R−∗B∗λ
∥∥2

L2(0,T ;U)
+ ∥l1∥21∨2 + ∥λT ∥2X

)
. (A.14)

Again using the results of Step 1 and Step 2 we find the estimate

∥λ(t)∥2X
Step 2
=

∫ T

t

⟨l1(s), ψ(s)⟩X −
〈(
KB

)∗
B∗λ(s), ψ(s)

〉
X

− ⟨Cx(s), Cψ(s)⟩X ds+ ⟨λT , ψ(T )⟩X

Step 1

≤ ∥λ(t)∥X
Mψ√
kψ

∥∥∥KB
∥∥∥
L(X,U)

√∫ T

t

∥B∗λ(s)∥2U e−kψ(s−t)ds + ∥λT ∥X ∥λ(t)∥XMψ

√
e−kψt

+ ∥λ(t)∥X
Mψ√
kψ

∥C∥L(X,Y )

√∫ T

t

∥Cx(s)∥2X e−kψ(s−t)ds

+ min

∥λ(t)∥XMψ

∫ T

t

∥l1(s)∥X e−kψ(s−t)ds, ∥λ(t)∥X
Mψ√
kψ

√∫ T

t

∥l1(s)∥2 e−kψ(s−t)ds

 .

Dividing by ∥λ(t)∥X leads to the inequality

∥λ(t)∥X ≤ Mψ√
kψ

∥∥∥KB
∥∥∥
L(X,U)

√∫ T

t

∥B∗λ(s)∥2U e−kψ(s−t)ds+ ∥C∥L(X,Y )

√∫ T

t

∥Cx(s)∥2X e−kψ(s−t)ds


+ min

{
Mψγ(t),

Mψ√
kψ
δ(t)

}
+ ∥λT ∥XMψ

√
e−kψt

≤ ĉ2

√∫ T

t

∥Cx(s)∥2 e−kψ(s−t)ds+

√∫ T

t

∥R−∗B∗λ(s)∥2 e−kψ(s−t)ds


+ ĉ2

(
min {γ(t), δ(t)}+ ∥λT ∥X

√
e−kψt

)
,

where we define a constant ĉ2 := Mψmax

{
1, 1√

kψ

}
max {1, CφCR, CC} and γ(t) :=

∫ T
t

∥l1(s)∥X e−kψ(s−t)ds, δ(t) :=√∫ T
t

∥l1(s)∥2 e−kψ(s−t)ds. Proceeding in the same way as in the first part we find the estimate

∥λ(t)∥X ≤ c2

(∫ T

t

∥Cx(s)∥2 e−kψ(t−s)ds+

∫ T

t

∥∥R−∗B∗λ(s)
∥∥2

e−kψ(t−s)ds

)
+ c2

(
min

{
γ(t)2, δ(t)2

}
+ ∥λT ∥2X e−kψt

) (A.15)

with constant c1 := 4Mψmax

{
1, 1√

kψ

}
max {1, CφCR, CC}. This implies

∥λ∥2C(0,T ;X) = max
t∈[0,T ]

∥λ(t)∥2X

≤ c2
(
∥Cx∥2L2(0,T ;Y ) +

∥∥R−∗B∗λ
∥∥2

L2(0,T ;U)
+min

{
∥l1∥L10,T ;X2 , ∥l1∥L20,T ;X2

}
+ ∥λT ∥2X

)
and therefore (A.14).
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For the L2-norm of x we prove an estimate of the form

∥x∥2L2(0,T ;X) ≤ c3
(
∥Cx∥2L2(0,T ;Y ) +

∥∥R−∗B∗λ
∥∥2

L2(0,T ;U)
+ ∥l2∥21∨2 + ∥x0∥2X

)
. (A.16)

We first define for k > 0

gk : R≥0 → R≥0, gk(t) := e−kt

and note for all T > 0 that

∥gk∥L1(0,T ;R) =

∫ T

0

e−ktdt ≤ ∥gk∥L1(0,∞;R) =

∫ ∞

0

e−ktdt =

[
− 1

k
e−kt

]∞

0

=
1

k

∥gk∥2L2(0,T ;R) =

∫ T

0

e−2ktdt ≤ ∥gk∥2L2(0,∞;R) =

∫ ∞

0

e−2ktdt =

[
− 1

2k
e−2kt

]∞

0

=
1

2k
.

(A.17)

From (A.13) we conclude

∥x∥2L2(0,T ;X) =

∫ T

0

∥x(t)∥2X dt

(A.13)

≤ c1

(∫ T

0

∫ t

0

(
∥Cx(s)∥2 +

∥∥R−∗B∗λ(s)
∥∥2

)
e−kφ(t−s)dsdt

)
+ c1

(∫ T

0

min
{
α(t)2, β(t)2

}
dt+

∫ T

0

∥x0∥2X e−kφtdt

)
.

(A.18)

We will now estimate the different terms from the right hand side of this inequality individually. Defining the function

hφ : [0, T ] → R≥0, hφ(t) := ∥Cx(t)∥2 +
∥∥R−∗B∗λ(t)

∥∥2

we find the estimate∫ T

0

∫ t

0

(
∥Cx(s)∥2 +

∥∥R−∗B∗λ(s)
∥∥2

)
e−kφ(t−s)dsdt =

∥∥hφ ∗ gkφ
∥∥
L1(0,T ;R≥0)

≤ ∥hφ∥L1(0,T ;R≥0)

∥∥gkφ∥∥L1(0,T ;R≥0)

=
1

kφ

∫ T

0

∥Cx(t)∥2Y +
∥∥R−∗B∗λ(t)

∥∥2

U
dt

=
1

kφ

(
∥Cx∥2L2(0,T ;Y ) +

∥∥R−∗B∗λ
∥∥2

L2(0,T ;U)

)
by using Young’s inequality and (A.17). For the second term we find the estimates∫ T

0

α(t)2dt =

∫ T

0

∫ t

0

∥l2(s)∥2X e−kφ(t−s)dsdt =
∥∥(∥l2(·)∥2X ∗ gkφ

)∥∥
L1(0,T ;R≥0)

≤
∥∥∥l2(·)∥2X∥∥

L1(0,T ;R≥0)

∥∥gkφ∥∥L1(0,T ;R≥0)
=

1

kφ
∥l2∥2L2(0,T ;X)

and ∫ T

0

β(t)2dt =

∫ T

0

(∫ t

0

∥l2(s)∥X e−kφ(t−s)ds

)2

dt =
∥∥(∥l2(·)∥X ∗ gkφ

)∥∥2

L2(0,T ;R≥0)

≤
∥∥∥l2(·)∥X∥∥2

L1(0,T ;R≥0)

∥∥gkφ∥∥2

L2(0,T ;R2
≥0

)
=

1

2kφ
∥l2∥2L1(0,T ;X)
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For the third term we find∫ T

0

∥x0∥2X e−kφtdt = ∥x0∥2X
∫ T

0

gkφ(t)dt = ∥x0∥2X
∥∥gkφ∥∥L1(0,T ;R≥0)

=
1

kφ
∥x0∥2X .

Plugging these three estimates into (A.18) yields (A.16) with c3 := 1
kφ
c1 as the sought for constant.

By proceeding analogously as in the third part we can find the estimate

∥λ∥2L2(0,T ;X) ≤ c4
(
∥Cx∥2L2(0,T ;Y ) +

∥∥R−∗B∗λ
∥∥2

L2(0,T ;U)
+ ∥l1∥21∨2 + ∥λT ∥2X

)
. (A.19)

with c4 = 1
kψ
c2 in the fourth part of this proof. Combining the four estimates (A.12), (A.14), (A.16) and (A.19)

implies (A.11) with

c̃ = max{1, 1

kφ
,
1

kψ
}max{c1, c2}.

Note that c̃ only depends on the quantities CB , CC , Cφ, Cψ, Mφ, Mψ, kφ, kψ, CR and α. By assumption this means
that the estimates hold for all T > 0 and Ω ∈ O.

By testing the state equation from (A.1) with λTΩ and the adjoint equation with xTΩ we can further estimate the right
hand side of the inequality which was shown in Lemma A.3. This way we succeed in linking

∥∥zTΩ∥∥2∧∞ to the components

of rTΩ in the following lemma. For technical reasons we will need the following Lemma which was taken from [6].

Lemma A.4 (Generalized Cauchy-Schwarz Inequality). Let X be a Hilbert space and T > 0. For all v ∈ C(0, T ;X) and
for all w ∈ L1(0, T ;X) we have the inequality

∫ T

0

⟨v(s), w(s)⟩ds ≤ ∥v∥2∧∞ ∥w∥1∨2 .

With the help of Lemma A.4 we are now able to complete the fourth step in showing boundedness for the solution
operator.

Lemma A.5 (Step 4). Let xTΩ, λ
T
Ω, l1, l2, λ

Ω
T and xΩ0 be as in (A.1). Then the estimate∥∥∥CΩx

T
Ω

∥∥∥2

L2(0,T ;YΩ)
+

∥∥∥R−∗
Ω B∗

Ωλ
T
Ω

∥∥∥2

L2(0,T ;UΩ)

≤
∥∥∥λΩ

T

∥∥∥
XΩ

∥∥∥xTΩ(T )∥∥∥
XΩ

+
∥∥∥xΩ0 ∥∥∥

XΩ

∥∥∥λTΩ(0)∥∥∥
XΩ

+ ∥l2∥1∨2

∥∥∥λTΩ∥∥∥
2∧∞

+ ∥l1∥1∨2

∥∥∥xTΩ∥∥∥
2∧∞

(A.20)

is fulfilled for all T > 0 and Ω ∈ O.

Proof. For readability we leave out the indices Ω and T . Testing the adjoint equation from (A.1) with x yields

∀s ∈ [0, T ] : ⟨C∗Cx(s), x(s)⟩X −
〈
λ̇(s), x(s)

〉
X

− ⟨A∗λ(s), x(s)⟩X = ⟨l1(s), x(s)⟩X . (A.21)

Analogously we find

∀s ∈ [0, T ] : ⟨ẋ(s), λ(s)⟩X − ⟨Ax(s), λ(s)⟩X −
〈
B(R∗R)−1B∗λ(s), λ(s)

〉
X

= ⟨l2(s), λ(s)⟩X . (A.22)
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by testing the state equation from (A.1) with λ. By subtracting (A.22) from (A.21) and integrating from 0 to T we find

∥Cx∥2L2(0,T ;Y ) +
∥∥R−∗B∗λ

∥∥2

L2(0,T ;U)

=

∫ T

0

〈
B(R∗R)−1B∗λ(s), λ(s)

〉
X

+ ⟨C∗Cx(s), x(s)⟩X ds

=

∫ T

0

〈
λ̇(s), x(s)

〉
X

+ ⟨ẋ(s), λ(s)⟩X ds+

∫ T

0

⟨l1(s), x(s)⟩X − ⟨l2(s), λ(s)⟩X ds

=

∫ T

0

d

dt
⟨λ(s), x(s)⟩X ds+

∫ T

0

⟨l1(s), x(s)⟩X − ⟨l2(s), λ(s)⟩X ds

= ⟨λT , x(T )⟩X − ⟨x0, λ(0)⟩X +

∫ T

0

⟨l1(s), x(s)⟩X − ⟨l2(s), λ(s)⟩X ds

≤∥λT ∥X ∥x(T )∥X + ∥x0∥X ∥λ(0)∥X + ∥l2∥1∨2 ∥λ∥2∧∞ + ∥l1∥1∨2 ∥x∥2∧∞ .

The last inequality holds due to Lemma A.4.

Lemma A.6 (Step 5). Let the stabilizability/detectability condition in Theorem 3.12 be fulfilled. Assume that there exists
a c̃ > 0 such that the inequality∥∥∥zTΩ∥∥∥2

2∧∞
≤ c̃

(∥∥∥λΩ
T

∥∥∥
XΩ

∥∥∥xTΩ(T )∥∥∥
XΩ

+
∥∥∥xΩ0 ∥∥∥

XΩ

∥∥∥λTΩ(0)∥∥∥
XΩ

)
+ c̃

(
∥l2∥1∨2

∥∥∥λTΩ∥∥∥
2∧∞

+ ∥l1∥1∨2

∥∥∥xTΩ∥∥∥
2∧∞

+
∥∥∥rTΩ∥∥∥2

1∨2

) (A.23)

holds for all T > 0 and Ω ∈ O. Then there also exists a c > 0 such that

∀T > 0∀Ω ∈ O :
∥∥∥zTΩ∥∥∥2

2∧∞
≤ c

∥∥∥rTΩ∥∥∥2

1∨2
. (A.24)

Proof. By first using the inequalities

∥x(T )∥X ≤ ∥x∥∞ ≤ ∥x∥2∧∞ and ∥λ(0)∥X ≤ ∥λ∥∞ ≤ ∥λ∥2∧∞

and then adding the positive term(
∥λT ∥X + ∥l1∥1∨2

)
∥λ∥2∧∞ +

(
∥x0∥X + ∥l2∥1∨2

)
∥x∥2∧∞

to the right hand side of (A.23) we get the inequalities

∥z∥22∧∞ ≤ c̃
((
∥λT ∥X + ∥l1∥1∨2

)
∥x∥2∧∞ +

(
∥x0∥X + ∥l2∥1∨2

)
∥λ∥2∧∞ + ∥r∥21∨2

)
≤ c̃

((
∥λT ∥X + ∥l1∥1∨2 + ∥x0∥X + ∥l2∥1∨2

) (
∥x∥2∧∞ + ∥λ∥2∧∞

)
+ ∥r∥21∨2

)
.

(A.25)

By applying the inequality (a+ b)2 ≤ 2(a2 + b2) we find the estimate

(
∥λT ∥X + ∥l1∥1∨2 + ∥x0∥X + ∥l2∥1∨2

)2 (∥x∥2∧∞ + ∥λ∥2∧∞
)2

≤ 8
(
∥λT ∥2X + ∥l1∥21∨2 + ∥x0∥2X + ∥l2∥21∨2

) (
∥x∥22∧∞ + ∥λ∥22∧∞

)
which implies (

∥λT ∥X + ∥l1∥1∨2 + ∥x0∥X + ∥l2∥1∨2

) (
∥x∥2∧∞ + ∥λ∥2∧∞

)
≤

√
8
√(

∥λT ∥2X + ∥l1∥21∨2 + ∥x0∥2X + ∥l2∥21∨2

)√(
∥x∥22∧∞ + ∥λ∥22∧∞

)
=

√
8 ∥r∥1∨2 ∥z∥2∧∞ .
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Plugging this into (A.25) and using the inequality

√
8c̃ ∥r∥1∨2 ∥z∥2∧∞ ≤ 1

2

(
8c̃2 ∥r∥21∨2 + ∥z∥22∧∞

)
we find

∥z∥22∧∞ = c̃
(√

8 ∥r∥1∨2 ∥z∥2∧∞ + ∥r∥21∨2

)
≤

(
4c̃2 +

√
8c̃
)
∥r∥21∨2 +

1

2
∥z∥22∧∞ .

This implies (A.24) with constant

c := 2
(
4c̃2 +

√
8c̃
)
.

By combining Lemma A.3, Lemma A.5 and Lemma A.6 we can finally prove the desired result on the boundedness
of the solution operator M−1.

Theorem A.7. Let the stabilizability/detectability condition in Theorem 3.12 be fulfilled. Then there exists a constant
c > 0 such that the norm of the solution operator M−1 can be estimated by

∀T > 0 ∀Ω ∈ O :
∥∥M−1

∥∥
L(W1∨2,W2∧∞)

≤ c.

Proof. Using the estimates in Lemma A.3 and Lemma A.5 we find the inequalities

∥z∥22∧∞
Lemma 11

= ∥x∥22∧∞ + ∥λ∥22∧∞
Lem. A.3

≤ c̃
(
∥Cx∥2L2(Y ) +

∥∥R−∗B∗λ
∥∥2

L2(U)
+ ∥r∥21∨2

)
Lem. A.5

≤ c̃
(
∥λT ∥X ∥x(T )∥X+∥x0∥X ∥λ(0)∥X+∥l2∥1∨2 ∥λ∥2∧∞+∥l1∥1∨2 ∥x∥2∧∞+∥r∥21∨2

)
.

This implies that the requirements of Lemma A.6 are fulfilled. Therefore we know that there exists a c > 0 independent
of T > 0 and Ω ∈ O such that

∥z∥22∧∞ ≤ c ∥r∥21∨2 .

This proves our claim.

Appendix B. Proof of Lemmata 4.8–4.10

In the following we use the notation Bj = bj − aj and Aj = aj+1 − bj .

Proof of Lemma 4.8

Proof. For x0 ∈ dom(A) the fundamental theorem of calculus leads to

∂

∂ω
x(ω, t)=− 1

c
(PΩL(k)(ω)−PΩL(k)(ω−ct)) e

− 1
c

∫ω
ω−ct PΩL

(k)(y)dyPΩL(x
0)(ω − ct)

+ e−
1
c

∫ω
ω−ct PΩL

(k)(y)dyPΩL

(
d

dω
x0

)
(ω − ct)
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and

− ∂

∂t
x(ω, t) =PΩL(k)(ω − ct)e−

1
c

∫ω
ω−ct PΩL

(k)(y)dyPΩL(x
0)(ω − ct)+ce−

1
c

∫ω
ω−ct PΩL

(k)(y)dyPΩL

(
d

dω
x0

)
(ω−ct).

This shows (4.13). Checking the initial and boundary conditions is straightforward. The solution formula can be extended
to x0 ∈ L2([0, L]) via a standard density argument (see [24], Prop. II.1.5).

Proof of Lemma 4.9

Proof. (i) Assume a1 > 0. Choose 0 < L1 < a1. Then the transport equation is uncontrolled on ΩL1 = [0, L1]. Since the
semigroup corresponding to the uncontrolled transport equation with domain ΩL1 is not exponentially stable (see (4.8)),
this is a contradiction to domain-uniform stabilizability.
(ii) Assume |Ωc| = µc <∞. Let kB be an arbitrary state feedback as in (4.11) with k̂B := ∥kB∥∞. For tL = L

c
we find

∥∥∥TφΩL(tL)x0∥∥∥2

L2([0,L]
=

∫ L

0

∥∥∥∥e− 1
c

∫ω
ω−L PΩL

(kB |
ΩLc

)(y)dy
PΩL(x

0)(ω − ct)

∥∥∥∥2

dω ≥ e−2µc
c
k̂B

∥∥x0∥∥
L2([0,L])

.

This shows, that the controlled transport equation is not domain-uniformly stabilizable with this norm.

Proof of Theorem 4.10(i)

Proof. For ω = 0 the inequality in (4.17) is equivalent to

∃M,k > 0 ∀t ≥ 0 : ekt−
∫ t
0 e(τ)dτ ≤M.

Since the exponential function is continuous and monotonously increasing this condition is equivalent to

∃M̃, k > 0 ∀t ≥ 0 : kt−
∫ t

0

e(τ)dτ ≤ M̃. (B.1)

Now note that the left hand side of this inequality can be expressed in the form

kt−
∫ t

0

e(τ)dτ =

{
kt−

∑n−1
j=1 kjBj − kn(t− an), t ∈ [an, bn]

kt−
∑n−1
j=1 kjBj , t ∈ [bn−1, an]

. (B.2)

For the rest of the proof it will be our aim to show, that the conditions (B.1) and (4.18) are equivalent. For necessity
assume that for any constants M̃, k > 0 there exists a number n(M̃, k) ∈ N such that

kan(M̃,k) −
n(M̃,k)−1∑

j=1

kj(bj − aj) = kan(M̃,k) −
n(M̃,k)−1∑

j=1

kjBj > M̃.

Now choose t(M̃, k) := an(M̃,k). We find

kt(M̃, k)−
∫ t(M̃,k)

0

e(τ)dτ = kan(M̃,k) −
n(M̃,k)−1∑

j=1

kjBj > M̃.

Therefore condition (B.1) is not fulfilled which shows necessity.
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For sufficiency we assume that (4.18) is fulfilled and perform a case distinction to show (B.1).
Case 1 (t ∈ [bn−1, an]): In this case we have the inequality

kt−
∫ t

0

e(τ)dτ
(B.2)
= kt−

n−1∑
j=1

kjBj ≤ kan −
n−1∑
j=1

kjBj
(4.19)

≤ M̃.

Case 2 (t ∈ [an, bn] and k ≤ kn): In this case we have the inequality

kt−
∫ t

0

e(τ)dτ
(B.2)
= kt−

n−1∑
j=1

kjBj − kn(t− an) = (k − kn)t+ knan −
n−1∑
j=1

kjBj

≤ (k − kn)an + knan −
n−1∑
j=1

kjBj = kan −
n−1∑
j=1

kjBj
(4.7)

≤ M̃.

Case 3 (t ∈ [an, bn] and k ≥ kn): In this case we have the inequality

kt−
∫ t

0

e(τ)dτ
(B.2)
= kt−

n−1∑
j=1

kjBj − kn(t− an) = (k − kn)t+ knan −
n−1∑
j=1

kjBj

≤ (k − kn)bn + knan −
n−1∑
j=1

kjBj = kbn −
n∑
j=1

kjBj ≤ kan+1 −
n∑
j=1

kjBj
(4.7)

≤ M̃.

Therefore (B.1) is fulfilled which concludes the proof.

Proof of Lemma 4.10(ii)

Proof. =⇒ : Suppose that (4.19) does not hold. Then for any M̃ > 0 there exist integers n,m ∈ N, n ≥ m such that

k(an − bm)−
n−1∑

j=m+1

kjBj > M̃.

Define ω0 := bm and t0 := an − bm. Then the inequality

kt−
∫ ω0+t0

ω0

e(τ) dτ = k(an − bm)−
∫ an

bm

e(τ) dτ = k(an − bm)−
n−1∑

j=m+1

kjBj > M̃

follows. Plugging both sides of the inequality into the exponential function yields

e
−

∫ω0+t0
ω0

e(τ) dτ
> eM̃e−kt0

due to monotony of the exponential function. Since this function is also unbounded we find, that (4.17) is not fulfilled.
⇐= : In order to show this direction we assume that (4.19) is fulfilled. Let ω > 0 be arbitrary but fixed. Define eω :
R>0 → R, eω(t) := e(t+ ω). By substitution r := τ − ω we find∫ ω+t

ω

e(τ)dτ =

∫ t

0

e(r + ω)dr =

∫ t

0

eω(r)dr.

For ω ∈ [bm, bm+1), m ∈ N ∪ {0} define b̃0 := 0, ã1 := max{0, am+1 − ω}, b̃1 := bm+1 − ω and

∀n ≥ 2 : ãn := an+m − ω, b̃n := bn+m − ω.
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Furthermore define for n ∈ N the shifted sequence (k̃n)n∈N with k̃n := kn+m. Note that for all n ≥ 2 the equality

B̃n = b̃n − ãn = (bn+m − ω)− (an+m − ω) = bn+m − an+m = Bn+m

holds. Our aim will be to show, that condition (4.19) holds for the shifted function eω, the shifted sequence (k̃n)n∈N and
the shifted intervals Ĩn := [ãn, b̃n]. For n = 1 we have

kã1 −
0∑
j=1

k̃jB̃j = kã1 = kmax{0, am+1 − ω} ≤ k (am+1 − bm)
(4.19)

≤ M̃.

For n ≥ 2 we find

k ãn −
n−1∑
j=1

k̃jB̃j = k (an+m − ω)−
n−1∑
j=2

kj+mBj+m − km+1(bm+1 − ω −max{0, am+1 − ω})

= k (an+m − ω)−
n+m−1∑
j=m+2

kjBj − km+1(bm+1 − ω −max{0, am+1 − ω})

≤

{
k (an+m − bm)−

∑n+m−1
j=m+2 kjBj − km+1(bm+1 − am+1), ω ≤ am+1

k (an+m − bm+1)−
∑n+m−1
j=m+2 kjBj , ω > am+1

=

{
k (an+m − bm)−

∑n+m−1
j=m+1 kjBj , ω ≤ am+1

k (an+m − bm+1)−
∑n+m−1
j=m+2 kjBj , ω > am+1

(4.19)

≤ M̃.

From (i) it now follows, that

∀t ≥ 0 : e−
∫ω+t
ω e(τ)dτ = e−

∫ t
0 eω(r)dr

(i)

≤ M̃e−kt.

Proof of Lemma 4.10(iii)

Proof. =⇒ : Assume, that (4.19) does not hold. According to (ii) this implies, that for any constant M > 0 there exists
ω0 ∈ [0, L], t0 ≥ 0 such that

e
−

∫ω0+t0
ω0

e(τ)dτ
> Me−kt0 =⇒ e

− 1
c

∫ω0+t0
ω0

e(τ)dτ
> M

1
c e−kt0 .

Choosing L = 2(ω0 + t0) it follows that

e−
1
c

∫ω0+c
t0
c

ω0
PΩL

(eL)(y)dy = e
− 1
c

∫ω0+t0
ω0

e(y)dy
> M

1
c e−kt0 .

Therefore (4.17) is also not fulfilled.
⇐= : Assume that (4.19) is fulfilled. Let L > 0 ω ∈ [0, L] and t ≥ 0 be arbitrary. Using Euclidean division we can find
mE ∈ N and t0 ∈

[
0, L

c

)
such that t = mL

c
+ t0. This allows us to rewrite the integral in (4.17). By using the periodicity

of PΩL(eL) we find the equalities∫ ω

ω−ct
PΩL(eL)(y)dy =

∫ ω

ω−mEL−ct0
PΩL(eL)(y)dy

=

∫ ω−mEL

ω−mEL−ct0
PΩL(eL)(y)dy +

∫ ω

ω−mEL
PΩL(eL)(y)dy

=

∫ ω

ω−ct0
PΩL(eL)(y)dy +mE

∫ L

0

eL(y)dy.

We consider two different cases.
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Case 1 (ω − ct0 < 0): In this case we have

∫ ω

ω−ct
PΩL(eL)(y)dy =

∫ ω

ω−ct0
PΩL(eL)(y)dy +mE

∫ L

0

eL(y)dy

=

∫ ω

0

eL(y)dy +

∫ L

ω−ct0+L
eL(y)dy +mE

∫ L

0

eL(y)dy

=

∫ ω

0

e(y)dy +

∫ L

ω−ct0+L
e(y)dy +mE

∫ L

0

e(y)dy.

Using (ii) we find, that there exists a constant M̂ > 0 which is independent of ω, t and L such that

e−
∫ω
ω−ct PΩL

(eL)(y)dy=e
−
(∫ω

0 e(y)dy+
∫L
ω−ct0+L e(y)dy+mE

∫L
0 e(y)dy

)
≤M̂e−k(mEL+ω−ω+ct0)=M̂e−k(mEL+ct0)

Case 2 (ω − ct0 ≥ 0): In this case we have

∫ ω

ω−ct
PΩL(eL)(y)dy =

∫ ω

ω−ct0
PΩL(eL)(y)dy +mE

∫ L

0

eL(y)dy

=

∫ ω

ω−ct0
eL(y)dy +mE

∫ L

0

eL(y)dy =

∫ ω

ω−ct0
e(y)dy +mE

∫ L

0

e(y)dy.

Using (ii) we find, that there exists a constant M̂ > 0 which is independent of ω, t and L such that

e−
∫ω
ω−ct PΩL

(eL)(y)dy = e
−
(∫ω
ω−ct0

e(y)dy+mE
∫L
0 e(y)dy

)
≤ M̂e−k(mEL+ct0)

For both cases we can conclude

e−
1
c

∫ω
ω−ct PΩL

(eL)(y)dy ≤ M̂
1
c e−

k
c
(mEL+ct0) = M̂

1
c e−kt.

Choosing M = M̂
1
c we find that (4.20) is fulfilled.

Appendix C. Proof of Lemma 5.2

Proof of Lemma 5.2(i)

Proof. We first prove uniqueness of a solution to (5.5). Note that for initial values p0 at which c is Lipschitz-continuous,
local uniqueness of the solution follows from the well known Theorem of Picard-Lindelöf [25], Theorem 8.14. Therefore
w.l.o.g. let p0 be a point at which c is not Lipschitz-continuous. Assume that there are two solutions p1(t) and p2(t) such
that

∃ t1 > 0 ∀ t ∈ (0, t1) : p1(t) ̸= p2(t).

Since ∀x ∈ R : c(x) > cmin > 0 we find ∀ t ∈ (0, t1) : min{p1(t), p2(t)} > p0. Let r > p0 be such that c is Lipschitz-
continuous on the interval (p0, r] with Lipschitz constant L ≥ 0. Since c(x) < cmax < ∞ we find 0 < t2 ≤ t1 such that
∀ t ∈ (0, t2) : p1(t), p2(t) ∈ (p0, r]. Thus, for all t ∈ (0, t2],

∥p1(t)−p2(t)∥=
∫ t

0

∥c(p1(τ))−c(p2(τ))∥ dτ=
∫
(0,t]

∥c(p1(τ))−c(p2(τ))∥ dτ≤
∫ t

0

L ∥p1(τ)−p2(τ)∥ dτ.

Now Gronwall’s Lemma [26], Lemma 2.4, yields p1(t) = p2(t) for all t ∈ (0, t2) and therefore a contradiction. An analogous
argumentation yields the result for (5.6).
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Proof of Lemma 5.2(ii)

Proof. For arbitrary t ∈ [0, T ] separation of variables yields

−
∫ q(t,q0)

q0

1

PΩL(c)(y)
dy =

∫ t

0

1dτ = t =

∫ T

T−t
1dτ

=

∫ p(T,p0)

p(T−t,p0)

1

PΩL(c)(y)
dy =

∫ q0

p(T−t,p0)

1

PΩL(c)(y)
dy = −

∫ p(T−t,p0)

q0

1

PΩL(c)(y)
dy.

(C.1)

Due to regularity of c the solution q(t, q0) of (5.6) is unique. Using separation of variables we find that q(t, q0) is the
unique solution of solving the equality

−
∫ xq

q0

1

PΩL(c)(y)
dy =

∫ t

0

1dτ

for xq. From (C.1) we know, that p(T − t, p0) also solves this equality. Uniqueness of the solution implies

q(t, q0) = p(T − t, p0)

and therefore the claim.

Proof of Lemma 5.2(iii)

Proof. Let t > 0 be arbitrary but fixed. By definition of the derivative we have

∂

∂q0
q(t, q0) = lim

h↑0

q(t, q0 + h)− q(t, q0)

h
.

Due to positivity of c the solution q(t, q0) is strictly monotonously falling. Therefore q(t, q0) < q0. Let h ∈ (q(t, q0)− q0, 0).
Since q(t, q0) is continuous in t there exists Th ∈ (0, t) such that q(Th, q0) = q0 + h. Using separation of variables we find

Th =

∫ Th

0

1dτ = −
∫ q0+h

q0

1

PΩL(c)(y)
dy.

The cocycle property of autonomous differential equations implies

q(t, q0 + h) = q(t, q(Th, q0)) = q(t+ Th, q0) = q

(
t−

∫ q0+h

q0

1

PΩL(c)(y)
dy, q0

)
. (C.2)

Let (hk)k∈N ∈ (q(t, q0)− q0, 0)
N be a sequence with lim

k→∞
hk = 0. For the left-side limit value of the differential quotient

we find the equalities

∂

∂q0
q(t, q0) = lim

k→∞

q(t, q0 + hk)− q(t, q0)

hk

(C.2)
= lim

k→∞

q(t−
∫ q0+hk
q0

1
PΩL

(c)(y)
dy, q0)− q(t, q0)

hk

=
∂

∂p
q

(
t−

∫ p

q0

1

PΩL(c)(y)
dy, q0

)
|p=q0 = − 1

c(p)
q̇

(
t−

∫ p

q0

1

PΩL(c)(y)
dy, q0

)
|p=q0

= − 1

PΩL(c)(q0)
q̇ (t, q0) .

The case of the right-hand limit value can be treated analogously.
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Proof of Lemma 5.2(iv)

Proof. For x0 ∈ dom(AL) we find

∂

∂ω
PΩL(x

0)(q(t, ω)) =

(
∂

∂ω
q(t, ω)

)
PΩL

(
d

dω
x0

)
(q(t, ω))

= − 1

PΩL(c)(ω)
q̇ (t, ω)PΩL

(
d

dω
x0

)
(q(t, ω))

and

∂

∂t
PΩL(x

0)(q(t, ω)) = q̇(t, ω)PΩL

(
d

dω
x0

)
(q(t, ω))

using the chain rule and (ii). Therefore we have

∂

∂t
x(ω, t) = −PΩL(c)(ω)

∂

∂ω
x(ω, t)

and

x(ω, 0) = PΩL(x
0)(q(0, ω)) = PΩL(x

0)(ω) = x0(ω)

for almost all ω ∈ [0, L]. Finally we use separation of variables to find

∫ t

0

1dt = −
∫ q(t,0)

0

1

PΩL(c)(y)
dy = −

∫ q(t,L)

L

1

PΩL(c)(y)
dy = −

∫ q(t,L)−L

0

1

PΩL(c)(y)
dy

and therefore via uniqueness of the solution q(t, L)− L = q(t, 0). This implies

x(0, t) = PΩL(x
0)(q(t, 0)) = PΩL(x

0)(q(t, L)− L) = PΩL(x
0)(q(t, L)) = x(L, t).

Again the solution formula can be extended to x0 ∈ L2(0, L) via (see [24], Prop. II.1.5).

Proof of Lemma 5.2(v)

Proof. For x0 ∈ dom(AL) using the fundamental theorem of calculus, the chain rule of differentiation and (ii) leads to

∂

∂ω
x(ω, t) =−

(
PΩL(k)(ω)

PΩL(c)(ω)
− ∂

∂ω
q(t, ω)

PΩL(k)(q(t, ω))

PΩL(c)(q(t, ω))

)
e
−

∫ω
q(t,ω)

PΩL
(k)(y)

PΩL
(c)(y)

dy
PΩL(x

0)(q(t, ω))

+
∂

∂ω
q(t, ω)e

−
∫ω
q(t,ω)

PΩL
(k)(y)

PΩL
(c)(y)

dy
PΩL

(
d

dω
x0

)
(q(t, ω))

=− (kx)(ω, t)

c(ω)
− q̇(t, ω)

c(ω)
e
−

∫ω
q(t,ω)

PΩL
(k)(y)

PΩL
(c)(y)

dy
(
PΩL(k)(q(t, ω))

PΩL(c)(q(t, ω))
PΩL(x

0)(q(t, ω))

)
− q̇(t, ω)

c(ω)
e
−

∫ω
q(t,ω)

PΩL
(k)(y)

PΩL
(c)(y)

dy
(
PΩL

d

dω
x0

)
(q(t, ω))

and

∂

∂t
x(ω, t)=q̇(t, ω)e

−
∫ω
q(t,ω)

PΩL
(k)(y)

PΩL
(c)(y)

dy
(
PΩL(k)(q(t, ω))

PΩL(c)(q(t, ω))
PΩL(x

0)(q(t, ω))+PΩL

(
d

dω
x0

)
(q(t, ω))

)
.
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This shows (4.13). The boundary and initial conditions as well as the extension to x0 ∈ L2(0, L) can be shown in analogy
to the proof of Lemma 4.8.

Appendix D. Proof of Proposition 6.1

Proof. For readability we often leave out the arguments ω and/or t in the following.
⇒: Assume that x ∈ C1(0, T,H2(ΩL) ∩ H1

0 (ΩL)) is a classical solution of (6.4). Define v ∈ C1(0, T,H1(ΩL)) as the
solution of

∂

∂t
v = −k χΩc

L
v − c2

∂

∂ω
x, v(ω, 0) = −

∫ ω

0

x1ΩL(s) + k χΩc
L
(s)x0ΩL(s)ds. (D.1)

Note that for each ω ∈ ΩL (D.1) is a linear ordinary differential equation with stabilizing part −kv. Since x ∈
C1(0, T,H2(ΩL) ∩H1

0 (ΩL)) its spatial derivative is continuous and therefore bounded on the compact set [0, T ] × ΩL.
Therefore, the solution v of (D.1) is well- defined on [0, T ]× ΩL. Rearranging the state equation in (6.4) we find

c2
∂2

∂ω2
x(ω, t) =

∂2

∂t2
x(ω, t) + χΩc

L
(ω)

(
2k

∂

∂t
x(ω, t) + k2x(ω, t)

)
Taking the time integral over this equation and using the fundamental theorem of calculus (FTC) we find

c2
∫ t

0

∂2

∂ω2
x(τ)dτ

(6.4)
=

∫ t

0

∂2

∂τ2
x(τ) + 2k χΩc

L

∂

∂τ
x(τ) + k2 χΩc

L
x(τ)dτ

FTC
=

∂

∂t
x(t)− ∂

∂t
x(0) + 2k χΩc

L
(x(t)− x(0)) +

∫ t

0

k2 χΩc
L
x(τ)dτ,

(D.2)

where we omitted the spatial argument ω for brevity. Integrating the differential equation (D.1) over time yields∫ t

0

∂

∂τ
v(τ)dτ

FTC
= v(t)− v(0)

(D.1)
= −k χΩc

L

∫ t

0

v(τ)dτ − c2
∫ t

0

∂

∂ω
x(τ)dτ. (D.3)

Taking the spatial derivative of this equality and using the initial condition from (D.1) we find

∂

∂ω
v(t)− ∂

∂ω
v(0)

(D.1)
=

∂

∂ω
v(t) +

∂

∂t
x(0) + k χΩc

L
x(0)

(D.3)
= −k χΩc

L

∫ t

0

∂

∂ω
v(τ)dτ − c2

∫ t

0

∂2

∂ω2
x(τ)dτ

(D.4)

almost everywhere since χΩc
L
is piecewise constant. Rearranging the terms in (D.4) leads to

c2
∫ t

0

∂2

∂ω2
x(τ)dτ = − ∂

∂ω
v(t)− ∂

∂t
x(0)− k χΩc

L
x(0)− k χΩc

L

∫ t

0

∂

∂ω
v(τ)dτ. (D.5)

In equations (D.5) and (D.7) the same term incorporating the second spatial derivative of x appears on the right hand
side. Therefore, the left hand sides are equal as well. This observation implies

∂

∂t
x(t)− ∂

∂t
x(0) + 2k χΩc

L
(x(t)− x(0)) +

∫ t

0

k2 χΩc
L
x(τ)dτ = − ∂

∂ω
v(t)− ∂

∂t
x(0)− k χΩc

L
x(0)− k χΩc

L

∫ t

0

∂

∂ω
v(τ)dτ.

By removing the terms which appear on both sides of this equation and using the fundamental theorem of calculus again
we find

∂

∂t
x(t) + k χΩc

L
x(t) + kχΩc

L
(x(t)− x(0)) + k2

∫ t

0

x(τ)dτ
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FTC
=

∂

∂t
x(t) + k χΩc

L
x(t) + k χΩc

L

∫ t

0

∂

∂τ
x(τ) + k χΩc

L
x(τ)dτ

=− ∂

∂ω
v(t)− k χΩc

L

∫ t

0

∂

∂ω
v(τ)dτ.

This implies for h(t) := ∂
∂t
x(t) + k χΩc

L
x(t) + ∂

∂ω
v(t) that

h(t) + k χΩc
L

∫ t

0

h(τ)dτ = 0 =⇒ ∂

∂t
h(t) = −k χΩc

L
h(t)

Together with the initial condition h(0) = ∂
∂t
x(0) + xu(0) + ∂

∂ω
v(0) = 0 we find

h ≡ 0 =⇒ ∂

∂t
x(t) = − ∂

∂ω
v(t)− k χΩc

L
x(t).

Therefore (x, v) is a classical solution of (6.4).
⇐: Assume that (ξ1, ξ2) ∈ C2(0, T,H2(ΩL)∩H1

0 (ΩL))×C1(0, T,H1(ΩL)) is a classical solution of (6.6). Taking the time
derivative of the first and the spatial derivative of the second equation in (6.6) we find

∂2

∂t2
ξ1 =

∂2

∂t∂ω
ξ2 − k χΩc

L

∂

∂t
ξ1 and c2

∂2

∂ω2
ξ1 =

∂2

∂t∂ω
ξ2 − k χΩc

L

∂

∂ω
ξ2 (D.6)

Subtracting the second from the first equation in (D.6) leads to

∂2

∂t2
ξ1 − c2

∂2

∂ω2
ξ1 = −k χΩc

L

(
∂

∂t
ξ1 +

∂

∂ω
ξ2

)
(6.6)
= −2k

∂

∂t
ξ1 − k2ξ1. (D.7)

Therefore ξ1 is a classical solution of (6.4).
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