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PERTURBATIONS IN PDE-CONSTRAINED OPTIMAL CONTROL

DECAY EXPONENTIALLY IN SPACE

Simone Göttlich1 , Manuel Schaller2,* and Karl Worthmann3

Abstract. For linear-quadratic optimal control problems (OCPs) governed by elliptic and parabolic
partial differential equations, we investigate the impact of perturbations on optimal solutions. Local
perturbations may occur, e.g., due to discretization of the optimality system or disturbed problem
data. Whereas these perturbations may exhibit global effects in the uncontrolled case, we prove that
the ramifications are exponentially damped in space under stabilizability and detectability conditions.
To this end, we prove a bound on the optimality condition’s solution operator that is uniform in the
domain size. Then, this uniformity is used in a scaling argument to show the exponential decay of
perturbations in space. We numerically validate and illustrate our results by solving OCPs involving
Helmholtz, Poisson, and advection-diffusion-reaction equations.
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1. Introduction

We analyze control of partial differential equations (PDEs) on bounded domains Ω ⊂ Rd, d ∈ N, with Lipschitz
boundary ∂Ω. We consider elliptic linear quadratic optimal problems of the form

min
(y,u)∈V×U

1

2

(
∥C(y − yd)∥2Y +∥u∥2U

)
subject to Ay +Bu = f, (1.1)

where V ⊂ H1(Ω) depends on the choice of boundary conditions, A ∈ L(V, V ∗) is a surjective (not necessarily
boundedly invertible) second-order differential operator in weak form and B ∈ L(U, V ∗), C ∈ L(V, Y ) are input
and output operators with input space U and output space Y .

We show that under stabilizability and detectability assumptions, perturbations of the optimal control prob-
lem (1.1) (e.g., of the source term f ∈ V ∗) only have an exponentially localized effect. Our results in particular
encompass equations where such a localized behavior does not hold for the uncontrolled equation, e.g., Helmholtz
equations arising as time-harmonic instance of the wave equation [1, 2]. Therein, the solutions can be highly
oscillatory and, as a consequence, even strongly-localized source terms may have a global effect.
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Since such an exponential decay of perturbations yields important insight into localized sensitivity properties
of the optimal control problem and reveals robustness of the solution w.r.t. perturbations for large spatial and
temporal domains, there are various important applications. In view of numerical discretization, this locality
justifies local refinements of the spatial grid, e.g., on parts of the domain that are of particular interest. Other
applications are splitting or domain decomposition methods [3, 4] appearing, e.g., in distributed optimiza-
tion [5], where problems on smaller domains are solved and then boundary data on the subdomains is updated
iteratively. As in the course of the iteration, the boundary conditions at the coupling conditions are inexact,
analyzing the sensitivity of the solution on the subdomains w.r.t. these perturbed boundary conditions is crucial
[6, 7]. As further application of the presented analysis, we mention the construction of separable optimal value
functions [8]. There, a strongly localized sensitivity property of the optimal control problem enables an efficient
approximation of the optimal value function by means of neural networks.

We briefly mention related works considering localized sensitivity in optimal control. In recent years, sensi-
tivity in time was extensively studied. There, the decay of perturbations in the temporal boundary values is
manifested in the turnpike property [9]. It relates the dynamic problem to a steady state problem and states
that for long time horizons, the solutions of the former are (exponentially) close to the solutions of the latter,
see, e.g., [10–13] and [14] for recently provided necessary conditions. The turnpike property was successfully
leveraged for time domain decomposition [7], multiple shooting [13], neural networks [15–17], and efficient mixed-
integer programming [18] and is a central ingredient for performance and stability of model predictive control
without terminal ingredients [19, 20]. Complementary to the decay of the temporal boundary values, another
consequence of localized sensitivities in time is the decay of residuals, stemming e.g. from time or space dis-
cretization. For linear quadratic optimal control, and under stabilizability and detectability assumptions, such a
property was proven in [21, 22] for linear and nonlinear parabolic problems and in [23] in a semigroup context.
This decay of discretization errors provides the foundation for efficient a-posteriori goal-oriented discretizations
in model predictive control, where only a part on the domain is refined [24] or a-priori coarsening strategies for
the time grid [25]. To extend the well-established sensitivity analysis in the (one-dimensional) time to higher
dimensions, recent works provide a exponentially localized sensitivity of graph-structured finite-dimensional
problems [26] with promising applications to graph decompositions [6, 27] and near-optimal and efficient linear
quadratic regulators [28]. However, to this date, there is no corresponding result providing an exponential decay
of perturbations in space for problems involving PDEs.

This work serves as a starting point in this direction. Under stabilizability and detectability conditions on the
pairs (A,B) and (A,C) in (1.1), we show that such an exponential decay property holds. Our main results are
as follows: first, for elliptic problems, and even if the PDEs solution operator does not enjoy exponential locality
of perturbations, we show that optimal solutions exhibit an exponentially localized sensitivity. We illustrate the
developed theory using various examples such as Helmholtz and Poisson equations as well as coupled systems.
Second, we provide an extension to parabolic optimal control problems involving advection-diffusion-reaction
systems abstractly given by

min
(y,u)∈W (0,T )×L2(0,T ;U)

1

2
(∥C(y − yd)∥2L2(0,T ;Y ) + ∥u∥2L2(0,T ;U))

s.t. ẏ +Ay +Bu = f, y(0) = y0.

The remainder of this work is organized as follows. In the subsequent Section 2, we provide a motivation of the
presented theory, illustrating the exponential decay in optimal control by means of prototypical one-dimensional
elliptic problems. In Section 3, we prove this property for stationary optimal control problems governed by
second-order differential operators and illustrate the results by means of various numerical examples in two
dimensions in Section 4. Then, in Section 5, we provide an extension to optimal control of parabolic advection-
diffusion-reaction systems, which is illustrated in Section 6 by means of numerical examples. Last, conclusions
are drawn in Section 7.
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Notation. By Ω ⊂ Rd, d ∈ N, we denote a measurable, open and bounded set with Lipschitz boundary. We
denote the usual Lebesgue spaces of real-valued and p-integrable functions on Ω by Lp(Ω), p ∈ N. Correspond-
ingly, we refer to L∞(Ω) as the space of measurable and essentially-bounded functions. The Sobolev space of
square-integrable and weakly-differentiable functions with square-integrable derivative is denoted by H1(Ω). For
a measurable subset of the boundary ΓD ⊂ ∂Ω, we set H1

ΓD
(Ω) = {v ∈ H1(Ω) | v = 0 a.e. on ΓD}, which is also

a Hilbert space when endowed with the H1-topology by continuity of the trace operator γ : H1(Ω) → L2(ΓD).
If ΓD = ∂Ω, we write H1

0 (Ω) = H1
Γd
(Ω). To formulate time-dependent problems and for a Banach space X, we

utilize the Bochner spaces Lp(0, T ;X), p ∈ N, of p-integrable X-valued functions. Correspondingly, H1(0, T ;X)
denotes the space of functions in L2(0, T ;X) with weak time derivative in L2(0, T ;X). We write C(Ω;X), for
the space of continuous functions with values in X and abbreviate C(Ω) = C(Ω;R).

2. Motivation: spatial decay in one dimension

We provide a brief motivation of our analysis by means of three prototypical partial differential equations (PDEs)
on a one-dimensional spatial domain, i.e., the Poisson equation, the screened Poisson equation, and the
Helmholtz equation. First, we recap well-known properties of these equations to showcase the different stability
behavior in the uncontrolled case with a particular focus on the influence of perturbations. Then, we illustrate
that in optimal control, all equations behave very similarly and enjoy an exponential decay of perturbations.

Poisson equation with Dirichlet boundary conditions: linear decay

As a first prototypical example and for domain size L, L > 0, we consider the one-dimensional elliptic PDE

−y′′(ω) = f(ω) ∀ω ∈ (0, L) with Dirichlet boundary conditions y(0) = a, y(L) = b

with a, b ∈ R and source term f : (0, L) → R. The solution can be obtained via the linearly decaying Green’s
function, cf. [29], Section 1.2,

g(ω, ξ) :=

{
(L− ξ)ω, 0 ≤ ω < ξ,

(L− ω)ξ, ξ ≤ ω ≤ L
(2.1)

by means of the convolution

y(ω) =

∫ L

0

g(ω, ξ)f(ξ) dξ + a
(
1− ω

L

)
+

b

L
ω. (2.2)

In this work, we are interested in the stability behavior of the solution y in Lp(0, L)-norms, 1 ≤ p < ∞, when
perturbing the data (f, a, b), with particular focus on increasing domain sizes L. To illustrate this, we first
consider a perturbation of the boundary condition on the right. Due to linearity of the problem, we may
consider a = 0 and f = 0. Then, the sensitivity of the perturbation b ∈ R in the L2(0, L)-norm is increasing in
the domain size, as, in view of (2.2),

∥y∥2L2(0,L) =

∫ L

0

|y(ω)|2 dω =

∫ L

0

∣∣∣∣ bLω

∣∣∣∣2 dω =
b2

L2

L3

3
=

b2L

3
.

Second, we consider perturbations of the source term f and thus, again due to linearity, set a = b = 0. We con-
sider a perturbation f(ξ) = δL/2(ξ), with a Dirac delta functional δL/2 ∈ H1(0, L)∗ modeling a point evaluation

at L/2, i.e., ⟨δL/2, g⟩H1(0,L)∗,H1(0,L) = h(L/2) for h ∈ H1(0, L) ↪→ C([0, L]). Then y(ω) =
∫ L

0
g(ω, ξ)δL/2(ξ) dξ =



4 S. GÖTTLICH ET AL.

g(ω,L/2) and

∥y∥2L2(0,L) =

∫ L

0

|g(ω,L/2)|2 dω =

∫ L/2

0

((L− L/2)ω)
2
dω +

∫ L

L/2

((L− ω)L/2)
2
dω

=
L2

4

(∫ L/2

0

ω2 dω +

∫ L

L/2

(L− ω)2 dω

)
=

L2

4
· L

3

12
=

L5

48
.

Thus, we may conclude for this Poisson equation that the influence of the perturbations, and thus also the norm
of the linear solution operator measured in integral norms, is not uniformly bounded in the domain size L.

Screened Poisson equation: exponential decay

As a second example, we let k ∈ R \ {0} and consider the screened Poisson equation

−y′′(ω) + k2y(ω) = f(ω) ∀ω ∈ (0, L)

with f : (0, L) → R and either Dirichlet or Neumann boundary conditions, i.e.,

y(0) = a, y(L) = b or y′(0) = a, y′(L) = b

for a, b ∈ R. Here, we directly see that the solution operator norm is bounded uniformly in the domain size. For
example, for a = b = 0 and a test function v ∈ H1

0 (0, L) (in case of Dirichlet conditions) or v ∈ H1(0, L) (in
case of Neumann boundary conditions), integration by parts yields

⟨y′, v′⟩L2(0,L) + k2⟨y, v⟩L2(0,L) = ⟨f, v⟩H1(0,L)∗,H1(0,L).

Thus, choosing the solution y as a test function, i.e., v = y, we get

min{1, k2}∥y∥H1(0,L) ≤ ∥f∥H1(0,L)∗ .

As k is independent of the domain size and if the perturbation f is bounded uniformly in L, this yields an
upper bound uniform in L. This, in turn implies that ∥y∥2H1(0,L) is bounded uniformly in the domain size, that
is, for increasing domain sizes L, the state y and its weak gradient ∇y have to be small on the majority of the
domain. More precisely and e.g. for the state y, for any ε > 0 and by Markov’s inequality we have

meas ({ω ∈ [0, L] | |y(t)| > ε}) ≤ 1

ε2
∥y∥2L2(0,L) ≤

∥f∥2H1(0,L)∗

min{1, k4}ε2

with an upper bound that is uniform in L.

Helmholtz problem: no decay

Last, for a wave number k ∈ R \ {0}, we consider the Helmholtz problem

−y′′(ω)− k2y(ω) = f(ω) ∀ω ∈ (0, L) with Dirichlet boundary conditions y(0) = a, y(L) = b
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Figure 1. Behavior of the three uncontrolled PDEs for a source term localized in the middle
of the domain. Left: simulated state. Right: norm of states for increasing domain sizes.

for a, b ∈ R and f : (0, L) → R. This Helmholtz equation is known to exhibit oscillatory solution behavior
as it occurs, e.g., as the time-harmonic case of the wave equation [1, 2]. Further, it can also occur in semi-
discretizations of a reaction-diffusion equation, i.e.,

∂ty(t, ω) = ∂ωωy(t, ω) + c2y(t, ω)

with c ∈ R, as, using the implicit Euler method with stepsize ∆t > 0 yields

(I +∆t · (−∂ωω − c2))y(tk+1, ·) = y(tk, ·).

If we divide this equation by ∆t, the left-hand side is given by −∂ωωy + ( 1
∆t − c2)y. If the time step ∆t is not

small enough w.r.t. the level of instability c2, this leads to Helmholtz-type problems with k2 = (c2 − 1
∆t ).

Optimal control: exponential decay

As motivated by theoretical considerations above, these three classes of stationary equations have a very
different sensitivity w.r.t. perturbations. This behavior is numerically illustrated in Figure 1 for a localized,
piecewise constant perturbation f centered in the middle of the domain. We see in the left plot that only the
screened Poisson equation exhibits a localized effect of the perturbation, whereas the influence for the Poisson
equation is linearly localized (due to linear decay of the Green’s function (2.1) in one spatial dimension) and
for the Helmholtz equation it is global (due to a lack of coercivity). Correspondingly, the norm of the solution
increases for larger domain sizes, as depicted in the right plot of Figure 1. In Figure 2, we depict the optimal
solutions with distributed control and observation, i.e., setting C = B = IL2(0,L) in (1.1). We observe in the
left plot of Figure 2 that, despite the very different behavior in the uncontrolled case (Fig. 1), the optimal
states show a strongly (exponentially) localized behavior. As a consequence, the solution norms are all bounded
uniformly in the domain size, as depicted in the right plot of Figure 2. For details regarding the implementation,
we refer to Section 4.
In this work, we will rigorously show that – regardless of the stability of the uncontrolled equation – this
exponentially localized effect of perturbations of the optimal control problem (3.1) can be guaranteed under
stabilizability and detectability assumptions on the involved operators.
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Figure 2. Behavior of the three optimally controlled PDEs for a source term localized in the
middle of the domain. Left: optimal state. Right: norm of optimal states for increasing domain
sizes.

3. Spatial decay of perturbations: elliptic optimal control

In the following, we always assume a measurable, open and bounded domain Ω ⊂ Rd, d ∈ N, with Lipschitz
boundary ∂Ω. Further, let U and Y be Hilbert spaces, which will be tacitly identified with their respective dual
spaces. Moreover, (V, ∥ · ∥V ) is assumed to be a reflexive Banach space and will be chosen as a subspace of
H1(Ω) including suitable boundary conditions depending on the particular application.

In this section, we present the main result of this work for elliptic optimal control problems of the form

min
(y,u)∈V×U

1

2
(∥C(y − yd)∥2Y + ∥u∥2U ) subject to Ay +Bu = f, (3.1)

where B ∈ L(U, V ∗), C ∈ L(V, Y ), f ∈ V ∗, and yd ∈ V . Here, A : V → V ∗ is a surjective (not necessarily
boundedly invertible) differential operator on Ω. Whereas the part of this subsection is independent of the
particular structure of A, we will later assume A to be of the form

⟨Ay, v⟩V ∗,V = ⟨a∇y,∇v⟩L2(Ω) + ⟨b⊤∇y, v⟩L2(Ω) + ⟨cy, v⟩L2(Ω)

with coefficients a ∈ L∞(Ω;Rd×d) and b ∈ L∞(Ω,Rd) and c ∈ L∞(Ω).
A central tool in our analysis will be the first-order optimality system, which – due to the linear-quadratic

nature of the problem – poses the necessary and sufficient conditions of optimality. As A : V → V ∗ is surjective,
[A,B] : V × U → V ∗ is as well and has, hence, in particular closed range. Thus, we may use the following
standard result on optimality conditions, cf. [30], Theorem 1.1 and Remark 1.2.

Lemma 3.1. Let (y∗, u∗) ∈ V × U be an optimal solution of (3.1). Then there is an adjoint state p ∈ V such
that C∗C 0 A∗

0 I B∗

A B 0


︸ ︷︷ ︸

=:M

y∗

u∗

p

 =

C∗Cyd
0
f

 . (3.2)

Based on this optimality condition characterizing optimal solutions, we will prove a result showing locality of
the influence of perturbations of the right-hand side. Therein, it will be crucial to have a bound of the solution
operator, which is uniform in the size of the spatial domain Ω. Hence, before providing the main result of this
work in Theorem 3.9 of Subsection 3.2, we prove such a uniform bound under stabilizability assumptions in
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Theorem 3.2 of the following subsection. The approach is closely related to the sensitivity analysis for temporal
decay of perturbations presented in [22], where uniform bounds in terms of the time horizon were central.

3.1. Bounds on the solution operator – uniform in the domain size

The following theorem shows that, under uniform stabilizability and detectability assumptions, the solution
operator of the optimality system, and hence of the optimal control problem, is uniformly bounded in the
domain size. It is motivated by the prototypical examples depicted in Figures 1 and 2, where a uniform bound
on the solution was an indicator for an exponential decay of the perturbation. This uniform bound will play a
central role in the main result of this section stated in Theorem 3.9, in which we prove an exponential decay of
perturbations.

Another consequence of the following main theorem is uniqueness of the optimal triple due to the shown
bounded invertibility (hence in particular injectivity1) of the the operator M corresponding to the optimality
system. Hence, despite the fact that the PDE can posses multiple solutions as A is not assumed to be injective,
the optimal state is indeed unique.

Theorem 3.2. Let the operators A ∈ L(V, V ∗), B ∈ L(U, V ∗), and C ∈ L(Y, V ∗) be bounded uniformly in |Ω|.
Suppose the existence of a constant α > 0 independent of the domain size |Ω| and operators KB ∈ L(V,U),
KC ∈ L(Y, V ∗), which are bounded uniformly in |Ω|, such that the stabilizability and detectability conditions

(i) ⟨(A+BKB)y, y⟩V ∗,V ≥ α∥y∥2V and
(ii) ⟨(A+KCC)y, y⟩V ∗,V ≥ α∥y∥2V

hold. Then, M : V ×U ×V → V ∗×U ×V ∗ is boundedly invertible and there exists a constant c ≥ 0 independent
of |Ω| such that

∥M−1∥L(V ∗×U×V ∗,V×U×V ) ≤ c.

for the operator matrix M defined in the optimality system (3.2).

Proof. Let (y, u, p) ∈ V ×U × V solve (3.2) with right-hand side (ε1, ε2, ε3) ∈ V ∗ ×U × V ∗. We will now prove
∥(y, u, p)∥V×U×V ≤ c∥(ε1, ε2, ε3)∥V ∗×U×V ∗ with c ≥ 0 independent of |Ω| which implies the claimed bound on
the solution operator M−1. For brevity of notation, we will denote (y, v) := ⟨y, v⟩V ∗,V and ⟨y, v⟩ = ⟨y, v⟩L2(Ω).
First, we eliminate the control by means of the second equation, i.e.,

u = −B∗p+ ε2. (3.3)

Inserting this into (3.2) with right-hand side (ε1, ε2, ε3), we get(
C∗C A∗

A −BB∗

)(
y
p

)
=

(
ε1

ε3 −Bε2

)
. (3.4)

Let KC ∈ L(Y, V ∗) as in Assumption (ii). Then, reformulating the state equation and adding (KCCy, v) on
both sides, we get

((A+KCC)y, v) = (ε3 −Bε2 +BB∗p+KCCy, v)

1Surjectivity of M may be straightforwardly shown without further assumptions due to existence of optimal solutions for any
datum, and the fact that any optimal solution solves the optimality system. More precisely, for a given right-hand side (ℓ1, ℓ2, ℓ3)
of (3.2), we may define an optimal control problem with cost functional ∥Cy∥2Y + ∥u∥2U + ⟨ℓ1, y⟩V + ⟨ℓ2, u⟩U and constraint
Ay+Bu = ℓ3. The corresponding optimal triple (y∗, u∗, p), which exists due to standard argumentation, solves (3.2) with (ℓ1, ℓ2, ℓ3)
as right-hand side, i.e., M is surjective.
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for all v ∈ V . Thus, testing this equation with y and invoking Assumption (i), we get

α∥y∥2V ≤ (ε3 −Bε2 +BB∗p+KCCy, y)

≤ ∥ε3 −Bε2∥V ∗∥y∥V + ∥B∥L(U,V ∗)∥B∗p∥U∥y∥V + ∥KC∥L(Y,V ∗)∥Cy∥Y ∥y∥V .

We divide this estimate by α∥y∥V and deduce

∥y∥V ≤ 1

α

(
∥ε3∥V ∗ + ∥B∥L(U,V ∗)∥ε2∥U +max{∥B∥L(U,V ), ∥KC∥L(Y,V )} (∥B∗p∥U + ∥Cy∥Y )

)
.

Squaring this bound and applying (a+ b)2 ≤ 2(a2 + b2) for a, b ∈ R three times yields

∥y∥2V ≤ 4

α2

(
∥ε3∥2V ∗ + ∥B∥2L(U,V ∗)∥ε2∥2U +max{∥B∥L(U,V ), ∥KC∥L(Y,V )}2

(
∥B∗p∥2U + ∥Cy∥2Y

))
. (3.5)

We now prove a similar bound for the adjoint equation

(C∗Cy +A∗p, v) = (ε1, v)

for all v ∈ V . To this end, let KB ∈ L(V,U) as in Assumption (i) such that

((A+BKB)p, v) = (ε1 − C∗Cy +BKBp, v)

for all v ∈ V . Testing this equation with the adjoint state p and proceeding analogously as before for the state
yields

∥p∥2V ≤ 2

α2

(
∥ε1∥2V ∗ + 2max{∥C∗∥L(Y,V ∗), ∥KB∥L(V,U)}2

(
∥Cy∥2Y + ∥B∗p∥2U

))
. (3.6)

We now remain to bound the term ∥Cy∥2Y + ∥B∗p∥2U by means of the norms of εi, i = 1, 2, 3. To this end, we
test the adjoint equation, i.e., the first equation of (3.4) with the state, and the state equation, i.e., the second
equation of (3.4) with the adjoint and subtract the results, leading to

(C∗Cy, y) + (A∗p, y)− (Ay, p) + (BB∗p, p) = (ε1, y)− (ε3, p) + (Bε2, p),

which implies

∥Cy∥2Y + ∥B∗p∥2U ≤ ∥ε1∥V ∗∥y∥V +
(
∥ε3∥V ∗ + ∥B∥L(U,V ∗)∥ε2∥U

)
∥p∥V . (3.7)

Adding the two inequalities (3.5) and (3.6) and plugging in (3.7), we obtain

∥y∥2V + ∥p∥2V ≤ 2

α2

(
∥ε1∥2V ∗ + 2∥B∥2L(U,V ∗)∥ε2∥2U + 2∥ε3∥2V ∗

)
+

2d

α2

(
∥ε1∥V ∗∥y∥V +

(
∥ε3∥V ∗ + ∥B∥L(U,V ∗)∥ε2∥U

)
∥p∥V

) (3.8)

with d = 2
(
max{∥B∥L(U,V ), ∥KC∥L(Y,V )}2 +max{∥C∗∥L(Y,V ∗), ∥KB∥L(V,U)}2

)
. We now apply the estimate

ab ≤ 1
2 (r

2a2 + 1
r2 b

2) for all a, b, r ∈ R twice, i.e., with

a = ∥y∥V , b = ∥ε1∥V ∗ , r =

√
α2

2d
and a = ∥p∥V , b = ∥ε3∥V ∗ + ∥B∥L(U,V ∗)∥ε2∥U , r =

√
α2

2d
,
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respectively, to deduce

2d

α2

(
∥ε1∥V ∗∥y∥V +

(
∥ε3∥V ∗ + ∥B∥L(U,V ∗)∥ε2∥U

)
∥p∥V

)
≤ 2d2

α4

(
∥ε1∥2V ∗ +

(
∥ε3∥V ∗ + ∥B∥L(U,V ∗)∥ε2∥U

)2)

+
1

2

(
∥y∥2V + ∥p∥2V

)
.

Inserting this estimate into (3.8) and subtracting 1
2

(
∥y∥2V + ∥p∥2V

)
yields

1

2

(
∥y∥2V + ∥p∥2V

)
≤ 2

α2

(
∥ε1∥2V ∗ + 2∥B∥L(U,V ∗)∥ε2∥U + ∥ε3∥2V ∗

)
+

2d2

α4

(
∥ε1∥2V ∗ + (∥ε3∥V ∗ + ∥B∥L(U,V ∗)∥ε2∥U )2

)
≤ 2

α2

(
∥ε1∥2V ∗ + 2∥B∥L(U,V ∗)∥ε2∥U + ∥ε3∥2V ∗

)
+

2d2

α4

(
∥ε1∥2V ∗ + 2∥ε3∥2V ∗ + 2∥B∥L(U,V ∗)2∥ε2∥2U

)
≤ 2

α2

(
1 +

d2

α2

)(
∥ε1∥2V ∗ + 2∥ε3∥2V ∗ + 2∥B∥2L(U,V ∗)∥ε2∥2U

)
≤ 4

(
1

α2
+ d2

)
max{1, ∥B∥2L(U,V ∗)}

(
∥ε1∥2V ∗ + ∥ε2∥2U + ∥ε3∥2V ∗

)
.

Hence,

∥y∥2V + ∥p∥2V ≤ c̃
(
∥ε1∥2V ∗ + ∥ε2∥2U + ∥ε3∥2V ∗

)
with c̃ := 8

(
1
α2 + d2

)
max{1, ∥B∥L(U,V ∗)}. Last, the bound for the control follows by resubstituting (3.3):

∥u∥2U = ∥ −B∗p+ ε2∥2U ≤ 2
(
∥B∥2L(U,V ∗)∥p∥2V + ∥ε2∥2U

)
.

Hence, the bound on the solution operator M−1 is satisfied with c = c̃+2(∥B∥L(U,V ∗)c̃+1). This constant may
be chosen independent of |Ω| due to the imposed uniform boundedness of ∥A∥L(V,V ∗), ∥B∥L(U,V ∗), ∥C∥L(V,Y ),
∥KB∥L(V,U) and ∥KC∥L(Y,V ∗) in |Ω| and independence of α of |Ω|.

We briefly comment on the central aspect of Theorem 3.2 regarding uniformity in the domain size |Ω|. The
exponential localization defined in Definition 3.8 and proven in Theorem 3.9 is stated in terms of a bound in
scaled norms. These bounds imply exponential decay at points that are (asymptotically infinitely) far away
from the localization point of the perturbation, hence requiring larger and larger domains. The uniformity of
constants in the estimate in this limit process is ensured by the uniformity of the solution operator bound in
Theorem 3.2.

3.2. Exponential decay of perturbations

First, we prove a result for scalings including the one-norm, which we denote by ∥z∥1 =
∑d

i=1 |zi| for z ∈ Rd.
Further, we denote the vector-valued componentwise sign function by sgn(ω) = (sgn(ω1), . . . , sgn(ωd))

⊤. The
result is well-known and straightforwardly follows from the chain rule for weak derivatives [31], Proposition 9.5.
We present it here for completeness.
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Lemma 3.3. If v ∈ H1(Ω), then |v| ∈ H1(Ω) with ∇|v| = sgn(v)∇v. Further, if ρ(ω) = eµ∥z−ω∥1 for z ∈ Ω,
then

∇ρ(ω) = −µ

sgn(z1 − ω1)
...

sgn(zd − ωd)

 ρ(ω).

Proof. Clearly, the absolute value function in one space dimension φ(ω) = |ω| is weakly differentiable with
φ′(ω) = sgn(ω). Moreover, φ is essentially bounded and the derivative is square essentially bounded as well
such that φ ∈ W 1,∞(Ω). Thus, the first claim follows by the chain rule for weak derivatives. The second claim
follows by straightforward computations.

Whereas the abstract result of Theorem 3.2 did not hinge on a particular structure of A, we will consider PDEs
governed by second-order differential operators in the following.

Assumption 3.4. Let V ⊂ H1(Ω) endowed with the H1(Ω)-topology. The operator A : V → V ∗ is assumed
to be a second order differential operator of the form

⟨Ay, v⟩V ∗,V = ⟨a∇y,∇v⟩L2(Ω) + ⟨b⊤∇y, v⟩L2(Ω) + ⟨cy, v⟩L2(Ω)

with coefficients a ∈ L∞(Ω;Rd×d), b ∈ L∞(Ω,Rd) and c ∈ L∞(Ω).

A central tool to derive a localized sensitivity analysis will be an exponentially scaled version of the optimality
system (3.2). To this end, we utilize the following auxiliary result.

Lemma 3.5. Let Assumption 3.4 hold and y ∈ V solve

⟨Ay, v⟩V ∗,V = ⟨f, v⟩V ∗,V ∀v ∈ V

with f ∈ V ∗ satisfying ⟨f, ρy⟩V ∗,V = ⟨ρf, y⟩V ∗,V for all ρ ∈ W 1,∞(Ω). Then the scaled variable ỹ(ω) =
eµ∥z−ω∥1y(ω), z ∈ Ω, µ ∈ R, solves

⟨(A+ µF1 − µ2F2)ỹ, v⟩V ∗,V = ⟨f̃ , v⟩V ∗,V ∀v ∈ V

with scaled right-hand side f̃(ω) = eµ∥z−ω∥1f(ω) and operators F1, F2 : V → V ∗ defined by

⟨F1y, v⟩V ∗,V = ⟨a sgn(z − ·)y,∇v⟩ − ⟨a∇y, sgn(z − ·)v⟩+ ⟨b⊤ sgn(z − ·)y, v⟩
and ⟨F2y, v⟩V ∗,V = ⟨a sgn(z − ·)y, sgn(z − ·)v⟩. (3.9)

Moreover,

∥F1∥L(V,V ∗) ≤ max{∥a∥L∞(Ω), ∥b∥L∞(Ω;Rd)} and ∥F2∥L(V,V ∗) ≤ ∥a∥L∞(Ω). (3.10)

Proof. We set ρ(ω) = eµ∥z−ω∥1 . By means of the product rule and Lemma 3.3, we compute

∇ỹ(ω) = ∇ρ(ω)y(ω) + ρ(ω)∇y(ω) = −µ sgn(z − ω)ρ(ω)y(ω) + ρ(ω)∇y(ω).

Thus,

⟨a∇y,∇v⟩ = ⟨a∇ỹ + aµ sgn(z − ·)ỹ, ρ−1∇v⟩.
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We want to pass to test functions ṽ = ρ−1v = e−µ∥z−·∥1v and compute

ρ−1∇v = ∇(ρ−1v)− µ sgn(z − ·)ρ−1v

such that

⟨a∇ỹ + aµ sgn(z − ·)ỹ, ρ−1∇v⟩ = ⟨a∇ỹ + aµ sgn(z − ·)ỹ,∇ṽ − µ sgn(z − ·)ṽ⟩.

Further, as

⟨b⊤∇y, v⟩ = ⟨b⊤∇ỹ + b⊤µ sgn(z − ·)ỹ, ρ−1v⟩ = ⟨b⊤∇ỹ + b⊤µ sgn(z − ·)ỹ, ṽ⟩ and ⟨cy, v⟩ = ⟨cỹ, ρ−1v⟩ = ⟨cỹ, ṽ⟩

we may rewrite

⟨Ay, v⟩V ∗,V = ⟨a∇y,∇v⟩+ ⟨b⊤∇y, v⟩+ ⟨cy, v⟩
= ⟨a∇ỹ + aµ sgn(z − ·)ỹ,∇ṽ − µ sgn(z − ·)ṽ⟩+ ⟨b⊤∇ỹ + b⊤µ sgn(z − ·)ỹ, ṽ⟩+ ⟨cỹ, ṽ⟩
= ⟨Aỹ, ṽ⟩V ∗,V + µ

(
⟨a sgn(z − ·)ỹ,∇ṽ⟩ − ⟨a∇ỹ, sgn(z − ·)ṽ⟩+ ⟨b⊤ sgn(z − ·)ỹ, ṽ⟩

)
− µ2⟨a sgn(z − ·)ỹ, sgn(z − ·)ṽ⟩

= ⟨(A+ µF1 − µ2F2)ỹ, ṽ⟩V ∗,V .

Further, for the right-hand side, we get

⟨f, v⟩V ∗,V = ⟨ρf, ρ−1v⟩V ∗,V = ⟨f̃ , ṽ⟩V ∗,V .

Now the result follows as testing with all v ∈ V equivalent to testing with all ṽ = ρ−1v ∈ V .
To prove the bounds (3.10), we have | sgn(z − ·)| = 1 and compute

⟨F1y, v⟩V ∗,V

= ⟨a sgn(z − ·)y,∇v⟩ − ⟨a∇y, sgn(z − ·)v⟩+ ⟨b⊤ sgn(z − ·)y, v⟩
≤ max{∥a∥L∞(Ω), ∥b∥L∞(Ω;Rd)}

(
∥y∥L2(Ω)∥∇v∥L2(Ω;Rd) + ∥∇y∥L2(Ω;Rd)∥v∥L2(Ω) + ∥y∥L2(Ω)∥v∥L2(Ω)

)
≤ max{∥a∥L∞(Ω), ∥b∥L∞(Ω;Rd)}

2
(∥∇y∥2L2(Ω;Rd)+∥v∥2L2(Ω)+∥y∥2L2(Ω)+∥∇v∥2L2(Ω;Rd)+∥y∥2L2(Ω)+∥v∥2L2(Ω))

≤ max{∥a∥L∞(Ω), ∥b∥L∞(Ω;Rd)}(∥y∥2H1(Ω) + ∥v∥2H1(Ω)).

Thus, as ∥ · ∥V = ∥ · ∥H1(Ω), ∥F1∥L(V ∗,V ) = sup∥y∥V =1 sup∥v∥V =1⟨F1y, v⟩V ∗,V ≤ max{∥a∥L∞(Ω), ∥b∥L∞(Ω;Rd)}.
The bound for F2 follows directly from

⟨F2y, v⟩V ∗,V = ⟨a sgn(z − ·)y, v sgn(z − ·)⟩ ≤ ∥a∥L∞(Ω)∥y∥L2(Ω)∥v∥L2(Ω) ≤ ∥a∥L∞(Ω)∥y∥H1(Ω)∥v∥H1(Ω).

We note that the assumption on the right-hand side in above Lemma 3.5 is crucial to shift the scaling from
the test functions to the functional and may be violated for non-locally acting linear functionals, e.g., given
by convolutions. However, it is satisfied for a large class of right-hand sides appearing in applications, e.g., if
⟨f, y⟩V ∗,V =

∫
Ω
f(ω)y(ω) dω. A similar assumption is also necessary for the input and the output operator as

stated in the following.



12 S. GÖTTLICH ET AL.

Assumption 3.6. The input and output operators satisfy the following: for any ρ ∈ W 1,∞(Ω), we have

⟨B(ρu), v⟩V ∗,V = ⟨Bu, ρv⟩V ∗,V and C(ρ(·)y(·)) = ρ(·)Cy.

The most common control types satisfy this locality condition, i.e., boundary control and distributed control,
as shown in the following. A similar argument also applies for distributed and boundary observations.

Lemma 3.7 (Neumann boundary control or distributed control). Let the control space U and the input operator
B ∈ L(U, V ∗) be defined by either of the following:

i) U = L2(Γ) with Γ ⊂ ∂Ω and ⟨Bu, v⟩V ∗,V =
∫
Γ
u(s) (tr v)(s) ds.

ii) U = L2(Ωc) with Ωc ⊂ Ω and ⟨Bu, v⟩V ∗,V =
∫
Ωc

u(ω) v(ω) dω.

Then B satisfies the condition of Assumption 3.6.

Proof. For case i), we compute

⟨B(ρu), v⟩V ∗,V =

∫
Γ

(tr ρ)(s)u(s) (tr v)(s) ds =

∫
Γ

u(s) (tr ρv)(s) ds = ⟨Bu, ρv⟩V ∗,V .

Case ii) follows analogously.

We now may analyze the perturbed version of the optimality system (3.2) given byC∗C 0 A∗

0 I B∗

A B 0

ỹ
ũ
p̃

 =

C∗Cyd + ε1
ε2

f + ε3

 , (3.11)

where the residual ε = (ε1, ε2, ε3) ∈ V ∗ × U × V ∗ satisfies

⟨ε, ρv⟩V ∗×U×V ∗,V×U×V = ⟨ρε, v⟩V ∗×U×V ∗,V×U×V

for ρ ∈ W 1,∞(Ω) and all v ∈ V ×U ×V . This right-hand side ε may model discretization errors or perturbations
of the boundary values due to, e.g., a domain decomposition approach. Thus, (ỹ, ũ, p̃) may be a numerical
approximation of the optimal triple (y∗, u∗, p) solving (3.2). Subtracting the two equations and leveraging
linearity, the difference variables (δy, δu, δp) = (ỹ − y∗, ũ− u∗, p̃− p) satisfyC∗C 0 A∗

0 I B∗

A B 0

δy
δu
δp

 =

ε1
ε2
ε3

 . (3.12)

The following theorem provides the main result of this work: if εi, i ∈ {1, 2, 3} are exponentially localized,
then also the difference variables are exponentially localized. More precisely, we consider the following notion
of exponential localization.

Definition 3.8 (Exponentially localized). A function f ∈ H1(Rd) is called exponentially localized around
a point z ∈ Rd if there is µ > 0 and a constant c ≥ 0 such that for all domains Ω ⊂ Rd we have
∥eµ∥z−·∥1f(·)∥H1(Ω) ≤ c. Similarly, a functional f ∈ H1(Rd)∗ is called exponentially localized around a point

z ∈ Rd if there is µ > 0 and a constant c ≥ 0 such that for all domains Ω ⊂ Rd we have ∥eµ∥z−·∥1f(·)∥H1(Ω)∗ ≤ c.

We briefly present an interpretation of this definition. The function f ∈ H1(Rd) is scaled with a weight that is
exponentially increasing when moving away from z ∈ Rd. Thus, to be bounded uniformly in n for all domains Ω
in the integral norm, the function f has to decrease exponentially in the 1-norm distance to z with a higher rate
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than µ. For functionals, this interpretation has to be understood in the sense that the support of the functional
is exponentially localized.

Theorem 3.9. Let A be as in Assumption 3.4 and let B and C satisfy Assumption 3.6. Set ρ(r) = eµr with
µ ∈ R>0 such that

µmax{∥a∥L∞(Ω;Rd), ∥b∥L∞(Ω;Rd)}+ µ2∥a∥L∞(Ω) <
1

2∥M−1∥ (3.13)

and let (δy, δu, δp) solve (3.12). Assume that the perturbations of the right-hand side are exponentially localized
around z ∈ Ω in the sense of Definition 3.8, i.e., there is such that ∥ρ(∥z − ·∥1)ε(·)∥V ∗×U×V ∗ ≤ e with e ≥ 0
independent of |Ω|. Then

∥ρ(z − ·)δy(·)∥V + ∥ρ(z − ·)δu(·)∥U + ∥ρ(z − ·)δp(·)∥V ≤ ∥M−1∥
2

e. (3.14)

In particular, if the Assumptions (i) and (ii) of Theorem 3.2 are satisfied, and if ∥a∥L∞(Ω), ∥b∥L∞(Ω,Rd) are
uniformly bounded in |Ω|, the scaling constant µ > 0 and the upper bound in (3.14) can be chosen independently
of |Ω| such that the perturbation variables δy, δu and δp are also exponentially localized around z ∈ Ω.

Proof. First, we define scaled variables δ̃y = ρ(z − ·)δy(·), δ̃u = ρ(z − ·)δu(·) and δ̃p = ρ(z − ·)δp(·). Using
Lemma 3.5 and locality of input and output maps in the sense of Assumption 3.6, the scaled variables satisfy

C∗C 0 A∗

0 λI B∗

A B 0


︸ ︷︷ ︸

=M

+µ

 0 0 F ∗
1

0 0 0
F1 0 0


︸ ︷︷ ︸

=:F1

+µ2

 0 0 F ∗
2

0 0 0
F2 0 0


︸ ︷︷ ︸

=:F2


δ̃y

δ̃u

δ̃p

 =

ε̃1
ε̃2
ε̃3

 (3.15)

with ε̃i := ρ(z − ·)εi(·) for i = 1, 2, 3. We now denote δ̃z = (δ̃y, δ̃u, δ̃p) and ε̃ = (ε̃1, ε̃2, ε̃3). Then, (3.15) holds,
if and only if (

I +M−1
(
µF1 + µ2F2

))
δ̃z = M−1ε̃. (3.16)

The bounds on the operator norms of F1 and F2 proven in (3.10) imply

∥F1∥L(V×U×V,V ∗×U×V ∗) ≤ max{∥a∥L∞(Ω), ∥b∥L∞(Ω;Rd)}, ∥F2∥L(V×U×V,V ∗×U×V ∗) ≤ ∥a∥L∞(Ω).

Thus, choosing µ ∈ R such that (3.13) holds implies that

∥M−1
(
µF1 + µ2F2

)
∥ ≤ ∥M−1∥

(
µmax{∥a∥L∞(Ω), ∥b∥L∞(Ω;Rd)}+ µ2∥a∥L∞(Ω)

)
<

1

2
.

Hence, we may apply a Neumann series argument to deduce

∥
(
I +M−1

(
µF1 + µ2F2

))−1 ∥ ≤
∞∑
i=0

(
1

2

)i

= 2.
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Ω

Ωc
S≤r

Figure 3. Configuration of instability region fully contained in control region.

Together with (3.16) this implies

∥z̃∥V×U×V ≤ ∥M−1∥
2

∥ε̃∥V ∗×U×V ∗ ≤ ∥M−1∥
2

e

which yields the claim.

3.3. Discussion of assumptions and examples

Before providing numerical results in the subsequent section, we illustrate the stabilizability and detectabil-
ity assumption of Theorem 3.2 in view of the motivational examples of Section 1 extended to higher space
dimensions.

Example 3.10. Let V = H1(Ω) (in the case of homogeneous Neumann boundary conditions) or V = H1
0 (Ω)

(in the case of homogeneous Dirichlet boundary conditions) and ⟨Ay, v⟩V ∗,V := ⟨∇y,∇v⟩L2(Ω) + ⟨cy, v⟩L2(Ω)

with c ∈ L∞(Ω) and ⟨Bu, v⟩V ∗,V = ⟨u, v⟩L2(Ωc), where Ωc ⊂ Ω is a control region. Then, Assumption (i) of
Theorem 3.2 is satisfied if we can compensate for a nonpositive coefficient function c by means of a control
action, i.e., there is r > 0 such that

S≤r := {ω ∈ Ω | c(ω) ≤ r} ⊂ Ωc. (3.17)

A possible configuration is depicted in Figure 3.
More precisely, to verify Assumption (i) of Theorem 3.2, we may choose an arbitrary δ > 0 and define the
multiplication operator KB(ω) = χS≤r (ω)(−c(ω) + δ), where χS≤r is the characteristic function of S≤r. Then,

⟨(A+BKB)y, y⟩V ∗,V = ⟨∇y,∇y⟩L2(Ω;Rd) + ⟨cy, y⟩L2(Ω) + ⟨χS≤r (·) · (−c(·) + δ)y, y⟩L2(Ωc)

= ∥∇y∥2L2(Ω;Rd) +

∫
S≤r

c(ω)y2(ω) + (−c(ω) + δ)y2(ω) dω +

∫
Ω\S≤r

c(ω)y2(ω) dω

= ∥∇y∥2L2(Ω,Rd) + δ∥y∥2L2(S≤r) + r∥y∥2L2(Ω\S≤r)

≥ min{1, δ, r}∥y∥2H1(Ω).

Let us now consider a slight relaxation of (3.17), i.e., assume there is C > 0 independent of |Ω| such that∣∣∣∣{ω ∈ Ω | c(ω) ≤ r} ∩ Ω \ Ωc

∣∣∣∣ = ∣∣∣∣S≤r \ (S≤r ∩ Ωc)

∣∣∣∣ ≤ C. (3.18)

A possible geometric configuration is depicted in Figure 4. In this case, as in the previous example, we choose
the feedback operator KB = χS≤r (ω)(−c(ω) + δ). Here, however we do not necessarily have that S≤r ⊂ Ωc.



PERTURBATIONS IN PDE-CONSTRAINED OPTIMAL CONTROL DECAY EXPONENTIALLY IN SPACE 15

Ω

Ωc

S≤r ∩ Ωc

S≤r \ (S≤r ∩ Ωc)

Figure 4. Configuration of instability region not fully contained in the control region.

Thus, we compute

⟨(A+BKB)y, y⟩V ∗,V = ⟨∇y,∇y⟩L2(Ω;Rd) + ⟨cy, y⟩L2(Ω) + ⟨χS≤r (−c+ δ)y, y⟩L2(Ωc)

= ∥∇y∥2L2(Ω;Rd) +

∫
S≤r∩Ωc

c(ω)y2(ω) + (−c(ω) + δ)y2(ω) dω +

∫
Ω\(S≤r∩Ωc)

c(ω)y2(ω) dω

≥ ∥∇y∥2L2(Ω;Rd) +

∫
S≤r∩Ωc

δy2(ω) dω + r∥y∥2L2(Ω\S≤r) +

∫
S≤r\(S≤r∩Ωc)

c(ω)y2(ω) dω

≥ min{1, r}∥y∥2H1(Ω\S≤r) + ∥∇y∥2L2(S≤r;Rd) +

∫
S≤r∩Ωc

δy2(ω) dω +

∫
S≤r\(S≤r∩Ωc)

c(ω)y2(ω) dω.

The first term already contains a H1(Ω)-norm on a part of the domain with a constant uniform in the domain
size. Thus, we focus on the remainder and estimate

∥∇y∥2L2(S≤r;Rd)) +

∫
S≤r∩Ωc

δy2(ω) dω +

∫
S≤r\(S≤r∩Ωc)

c(ω)y2(ω) dω

≥ ∥∇y∥2L2(S≤r;Rd)) +

∫
S≤r∩Ωc

δy2(ω) dω − |S≤r \ (S≤r ∩ Ωc)|∥c∥L∞(S≤r\(S≤r∩Ωc))∥y∥2L2(S≤r\(S≤r∩Ωc)

≥ min{CF , δ}∥y∥2H1(S≤r) − |S≤r \ (S≤r ∩ Ωc)|∥c∥L∞(S≤r\(S≤r∩Ωc))∥y∥2L2(S≤r)

(3.18)

≥ min{CF − C∥c∥L∞(S≤r\(S≤r∩Ωc))), δ − C∥c∥L∞(S≤r\(S≤r∩Ωc))}∥y∥2H1(S≤r),

where we used the generalized Friedrichs inequality with a constant CF ≥ 0 depending only on S≤r \(S≤r∩Ωc) in
the second last estimate. Thus, choosing δ > 0 large enough independently of |Ω| and if C∥c∥L∞(S≤r\(S≤r∩Ωc)) <
CF , we combine the above chain of inequalities to obtain Assumption (i) of Theorem 3.2. Note that a similar
argumentation can also performed by means of a Poincaré inequality, if S≤r is adjacent to a boundary with
homogeneous Dirichlet conditions.

We briefly would like to stress that deriving coercivity of the involved operators via Poincaré inequalities as in
standard applications of the Lax–Milgram theorem is not admissible in view of the domain-uniformormity of
the stabilizability and detectability condition in Assumption (i) of Theorem 3.2. This is due to the Poincaré
constant depending linearly on the diameter of the domain, cf. [32]. As a consequence, the solution operator
norm of the Poisson equation with homogeneous Dirichlet boundary conditions mapping the data to the solution
measured in Lp(Ω)-norms, p < ∞, is not uniformly bounded in the domain size, cf. Section 1.
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Γcoup
Ω2Ω1

Figure 5. Depiction of coupled domains.

Example 3.11 (Coupled problems). We briefly discuss the case of elliptic problems coupled at an interface.
To this end, we consider a simple example of a coupled system as depicted in Figure 5:

−∆yi + χΩi,cui = fi on Ωi

for i ∈ {1, 2}. Here, χΩi,c
is the characteristic functions of the respective control region Ωi,c, i ∈ {1, 2}.

At the coupling interface, we impose continuity and conservation of mass (or forces, depending on the
application), leading to

y1 = y2 and
∂y1
∂ν1

= −∂y2
∂ν2

on Γcoup, (3.19)

where ν1 and ν2 denote the outer unit normal of Ω1 and Ω2, respectively. Further, we impose homogeneous
Dirichlet boundary conditions

y1 = 0 on Γ1,D ⊂ ∂Ω1 \ Γcoup, y2 = 0 on Γ2,D := ∂Ω2 \ Γcoup.

The weak forms of the above PDEs are given by∫
Ω1

∇y⊤1 ∇v dω −
∫
Γcoup

∂y1
∂ν1

v ds+

∫
Ω1,c

u1v dω =

∫
Ω1

f1v dω ∀v ∈ H1
Γ1,D

(Ω1) (3.20)

and ∫
Ω2

∇y⊤2 ∇v dω +

∫
Γcoup

∂y2
∂ν1

v ds+

∫
Ω2,c

u2v dω =

∫
Ω2

f2v dω ∀v ∈ H1
Γ2,D

(Ω2). (3.21)

The different sign in the boundary integral along Γcoup is due to the orientation of the outer unit normals ν1, ν2
of Ω1,Ω2 at Γcoup.

We now verify Assumption (i) of Theorem 3.2 for the coupled problem. In particular, this illustrates that this
example may be straightforwardly extended to coupling arbitrary many domains and with constants uniform
in the number of domains. To this end, choosing a positive but arbitrary feedback gain k > 0, we define
multiplication-type feedback operators KBi

yi := kyi for i ∈ {1, 2}. As a consequence, we compute, using the
generalized Friedrichs inequality as in Example 3.10, the estimates

⟨(A1 + χΩ1,c
KB1

)y1, y1⟩H1
Γ1,D

(Ω1)∗,H1
Γ1,D

(Ω1) = ∥∇y1∥2L2(Ω1)
−
∫
Γcoup

∂y1
∂ν

y1 ds+ k∥y1∥2L2(Ω1,c)

≥ c(|Ω1|, |Ω1,c|)∥y1∥2H1(Ω1)
−
∫
Γcoup

∂y1
∂ν1

y1 ds
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and ⟨(A2 + χΩ2,cKB2)y2, y2⟩H1
Γ2,D

(Ω2)∗,H1
Γ2,D

(Ω2) = ∥∇y2∥2L2(Ω2)
+

∫
Γcoup

∂y2
∂ν1

y2 ds+ k∥y2∥2L2(Ω2,c)

≥ c(|Ω2|, |Ω2,c|)∥y2∥2H1(Ω2)
+

∫
Γcoup

∂y2
∂ν

y2 ds,

where A1 : H1
Γ1,D

(Ω1) → H1
Γ1,D

(Ω1)
∗ and A2 : H1

Γ2,D
(Ω2) → H1

Γ2,D
(Ω2)

∗ are operators defined by the first two

integrals in (3.20) and (3.21), respectively.
Adding the above inequalities and invoking the coupling conditions at Γcoupling, cf. (3.19), we get

⟨(A1 + χΩ1,cKB1)y1, y1⟩H1
Γ1,D

(Ω1)∗,H1
Γ1,D

(Ω1) + ⟨(A2 + χΩ2,cKB2)y2, y2⟩H1
Γ2,D

(Ω2)∗,H1
Γ2,D

(Ω2)

≥ c(|Ω1|, |Ω1,c|)∥y1∥2H1(Ω1)
+ c(|Ω2|, |Ω2,c|)∥y2∥2H1(Ω2)

.
(3.22)

We now define

y(ω) :=

{
y1(ω) ω ∈ Ω1

y2(ω) ω ∈ Ω2,

the Dirichlet boundary ΓD := Γ1,D ∪ Γ2,D and the control region Ωc := Ω1,c ∪ Ω2,c. If we denote the Laplace
operator in weak form on the coupled domain Ω by A : H1

ΓD
(Ω) → H1

ΓD
(Ω)∗ and use (3.22),

⟨(A+ χΩc
KB)y, y⟩H1

ΓD
(Ω)∗,H1

ΓD
(Ω)

= ⟨(−∆+ χΩ1,c
KB1

)y1, y1⟩H1
ΓD

(Ω1)∗,H1
ΓD

(Ω1) + ⟨(−∆+ χΩ2,c
KB2

)y2, y2⟩H1
ΓD

(Ω2)∗,H1
ΓD

(Ω2)

≥ min{c(|Ω1|, |Ω1,c|), c(|Ω2|, |Ω2,c|)}
(
∥y1∥2H1(Ω1)

+ ∥y2∥2H1(Ω2)

)
= min{c(|Ω1|, |Ω1,c|), c(|Ω2|, |Ω2,c|)}∥y∥2H1(Ω).

Here, the constant in the lower bound only depends on the size of the coupled domains, and not on the
total number of domains. It is clear that this argumentation carries over to an arbitrary number of domains
Ω1, . . . ,ΩN , as long as the corresponding minimal constant mini∈N c(|Ωi|, |Ωi,c|) resulting from the generalized
Friedrichs inequality is bounded uniformly from below in N .

4. Numerical examples: elliptic case

We perform numerical simulations on a square domain in two dimensions with side length L > 0, i.e., Ω = (0, L)2.
Further, we consider observation and control regions Ωo,Ωc ⊂ Ω which will be specified later and the cost
functional

min
u∈L2(Ω)

1

2

∫
Ωo

y2(ω) dω +
1

2

∫
Ωc

u2(ω) dω

subject to the prototypical PDE in strong form

−∆y + cy = χΩc
u on Ω

y = 0 on ∂Ω,
(4.1)
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Figure 6. Behavior of the three PDEs for a source term localized in the middle of the domain.
Left: slice of simulated states. Right: norm of states for increasing domain sizes.

where χΩc
is the characteristic function of the control region Ωc and c ∈ R. Here, due to the homogeneous

Dirichlet boundary conditions, we choose V = H1
0 (Ω), and get the weak formulation

Ay −Bu = 0

with A ∈ L(V, V ∗) and B ∈ L(U, V ∗) defined by

⟨Ay, v⟩V,V ∗ =

∫
Ω

∇y⊤∇v+cyv dω, ⟨Bu, v⟩ =
∫
Ωc

uv dω.

In the following subsections, we will pick up the motivational examples of Section 1 and inspect the cases c ≡ 0
(Poisson equation), c ≡ −1 (Helmholtz equation) and c ≡ 1 (screened Poisson equation). We endow the state
equation with a perturbation centered around z = (L/2, L/2)⊤ ∈ R2 defined by

ε(ω) =

{
10, ω ∈ [L/2− d, L/2 + d]2

0, otherwise

for d = 2, which clearly satisfies ∥eµ∥·−z∥1ε∥V ∗ ≤ ∥eµ∥·−z∥1ε∥L2(Ω) ≤ c for a constant c = c(d, µ) ≥ 0 independent
of L.

In the following, we will inspect the impact of this perturbation in an uncontrolled scenario and in optimal
control. We will see that, if the conditions of Theorem 3.2 and Theorem 3.9 are met, the optimally controlled
equations will enjoy an exponential decay of this perturbation (in the sense as stated in Thm. 3.9) even though
the uncontrolled equation does not.

For the numerical simulations, we set up the optimality system (3.2), discretize the involved weak formulations
and operators by means of standard linear finite elements using FEniCS [33] and solve the resulting linear
equation system via the sparse linear solver sparse.linalg.spsolve from SciPy [34].

In Figure 6, we first depict the simulation results for the uncontrolled equation, where, for the Poisson (c = 0)
and Helmholtz equation (c = −1), we clearly see a global effect of the perturbation, and, correspondingly,
solution norms increasing in the size of the domain.

4.1. Distributed control and observation on the whole domain

Let us first analyze the case Ωc = Ωo = Ω, that is, control an observation on the whole domain. In view of
Example 3.10, the condition (3.17) (and its counterpart considering the observation region) is trivially satisfied
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Figure 7. Behavior of the three optimally controlled PDEs with full observation and control.
Left: slice of optimal states. Right: norm of optimal states for increasing domain sizes.

Figure 8. Behavior of the three optimally controlled PDEs with partial observation and control
satisfying the assumptions of exponential decay (Thm. 3.9). Left: slice of optimal states. Right:
norm of optimal states for increasing domain sizes.

for all three equations as Ω \Ωc = Ω \Ωo = ∅. Hence we may apply Theorem 3.2 to deduce a solution operator
bound uniform in the domain size, cf. right plot of Figure 7 despite increasing norm of the solution of the uncon-
trolled problem, cf. right plot of Figure 6. On the left, in view of radial symmetry, we depict the uncontrolled
and optimal state along a one-dimensional slice of the domain connecting (L/2, L/2) and (L/2, 0). Due to the
uniformly bounded solution operator, we may invoke the scaling result Theorem 3.9 implying an exponential
decay of perturbations.

4.2. Distributed control on a part of the domain

Next, we analyze the case of control and observation not fully distributed over the domain. We set

Ωc = Ωo = Ω \ [0, 2]2 such that
∣∣Ω \ Ωc

∣∣ = ∣∣Ω \ Ωc

∣∣ = 4

and hence, the region on which the system is not observed or controlled is bounded uniformly in the domain size.
Hence, in view of Example 3.10 for all three equations, conditions (i) and (ii) of Theorem 3.2 are satisfied. Thus,
in Figure 8 we observe an exponential decay of perturbations (left) and a solution norm uniformly bounded in
the domain size (right). Further, in this example, the solution norm even decreases for an increasing domain
size, which is in contrast to control and observation on the full domain depicted in Figure 7. We conjecture that
this stems from the increasing relative size of the control region compared to the domain size.
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Figure 9. Behavior of the three optimally controlled PDEs with partial observation and control
not satisfying the assumptions for exponential decay (Thm. 3.9). Left: slice of optimal states.
Right: norm of optimal states for increased domain sizes.

4.3. Limitations

Last, we show limitations on the choice of the input and output operators: if the unobserved or uncontrolled
subdomain grows with the domain size, conditions (i) and (ii) of Theorem 3.2 might be violated such that
exponential decay can not be deduced. Here, we illustrate that this is not only a flaw in the theory, but can
also be observed numerically. To illustrate this, we consider the case of control and observation on a half of the
domain. More precisely, we set

Ωc = Ωo = (0, L/2)2.

In particular, for the Poisson and Helmholtz equation, conditions (i) and (ii) of Theorem 3.2 are not satisfied, as
the part of the domain where the control and observation does not act is not bounded uniformly in the domain
size, that is,

∣∣Ω \ Ωc

∣∣ = ∣∣Ω \ Ωo

∣∣ = 3

(
L

2

)2

=
3L2

4
.

Thus we see that the perturbations are only exponentially damped in case of the screened Poisson equation, cf.
the left plot of Figure 9; in this case, conditions (i) and (ii) of Theorem 3.2 are satisfied with KC = KB = 0.
Further, again only for the screened Poisson equation, the solution norm is bounded uniformly in the domain
size, as depicted in the right plot of Figure 9.

5. Spatial decay of perturbations: parabolic optimal control

In this part, we provide an extension of the localized sensitivity results proven in Theorem 3.9 to parabolic
problems. To this end, we again consider V ⊂ H1(Ω) endowed with theH1(Ω)-topology such that V ↪→ L2(Ω) ↪→
V ∗ is a Gelfand triple with continuous and dense embeddings. Let T > 0 be a time horizon and consider the
dynamic OCP

min
(y,u)∈W (0,T )×L2(0,T ;U)

1

2
(∥C(y − yd)∥2L2(0,T ;Y ) + ∥u∥2L2(0,T ;U))

s.t. ẏ +Ay +Bu = f on [0, T ]× Ω

y(0) = y0,

(5.1)
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where B ∈ L(L2(0, T ;U), L2(0, T ;V ∗)), C ∈ L(L2(0, T ;V ), L2(0, T ;Y )), y0 ∈ L2(Ω), yd ∈ L2(0, T ;V ), f ∈
L2(0, T ;V ∗) and A ∈ L(L2(0, T ;V ), L2(0, T ;V ∗)) is again a second order elliptic differential operator, i.e.,

⟨Ay, v⟩L2(0,T ;V ∗),L2(0,T,V ) = ⟨a∇y,∇v⟩L2((0,T )×Ω) + ⟨b⊤∇y, v⟩L2((0,T )×Ω) + ⟨cy, v⟩L2((0,T )×Ω)

with coefficients a ∈ L∞((0, T ) × Ω;Rd×d) s.t. there is a > 0 such that v⊤a(t, ω)v ≥ a∥v∥2 for a.e. (t, ω) ∈
(0, T )×Ω and v ∈ Rd, c ∈ L∞((0, T )×Ω) and b ∈ L∞((0, T )×Ω;Rd). It may be straightforwardly shown [35],
Section 6.2.2 that A satisfies the G̊arding (or generalized ellipticity) inequality

∃β > 0 γ ≥ 0 : ⟨Av, v⟩L2(0,T ;V ∗),L2(0,T ;V ) + γ∥v∥2L2(0,T ;L2(Ω)) ≥ β∥v∥2L2(0,T,V ),

Understanding the time derivative in the distributional sense, we define the usual space

W (0, T ) := {v ∈ L2(0, T ;V ) | v̇ ∈ L2(0, T ;V ∗)}

which forms a Banach space when endowed with the norm ∥v∥W (0,T ) := ∥v∥L2(0,T ;V ) + ∥v̇∥L2(0,T ;V ∗). Thus, the
dynamics in (5.1) are understood in a weak sense:

⟨ẏ +Ay +Bu, v⟩L2(0,T ;V ∗),L2(0,T ;V ) = ⟨f, v⟩L2(0,T ;V ∗),L2(0,T ;V ) ∀v ∈ L2(0, T ;V ). (5.2)

For each f ∈ L2(0, T ;V ∗) and y ∈ L2(Ω), there is a unique weak solution of the dynamics (5.2), cf. [36] or
[37], Chapter 23. In view of maximal parabolic regularity, it can be shown that d

dt +A together with the initial
condition yields an isomorphism from W (0, T ) to L2(0, T ;V ∗). Further, we have the continuous embedding
W (0, T ) ↪→ C(0, T ;L2(Ω)) and the embedding constant does not depend on Ω and T , cf. [37], Problem 23.10,
p. 446. Further, we will make use of the integration-by-parts formula: for all y ∈ W (0, T ),

⟨ẏ, y⟩L2(0,T ;V ∗),L2(0,T ;V ) =
1

2

(
∥y(T )∥2L2(Ω) − ∥y(0)∥2L2(Ω)

)
. (5.3)

We briefly recap optimality conditions as provided in [30]. To this end, for t ∈ [0, T ], we define a time eval-
uation operator Et : W (0, T ) → L2(Ω) by Ety := y(t) which is continuous and bounded due to W (0, T ) ↪→
C(0, T ;L2(Ω)).

Lemma 5.1. Let (y∗, u∗) ∈ W (0, T ) × L2(0, T ;U) be optimal for (5.1). Then there is an adjoint state p ∈
W (0, T ) such that 

C∗C 0 −d/dt +A∗

0 0 ET

0 I B∗
d/dt +A B 0

E0 0 0


︸ ︷︷ ︸

=:M

y∗

u∗

p

 =


C∗Cyd

0
0
f
y0

 . (5.4)

Again, our main goal is to prove locality of perturbations of the optimality system. To this end, analogously
to (3.12), we consider perturbation variables (δy, δu, δp) ∈ W (0, T )× L2(0, T ;U)×W (0, T ) solving

M

δy
δu
δp

 = ε (5.5)
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with ε = (ε1, ε2, ε3, ε4, ε5) ∈ L2(0, T ;V ∗)×L2(Ω)×L2(0, T ;U)×L2(0, T, V ∗)×L2(Ω) satisfying ⟨ε, ρv⟩ = ⟨ρε, v⟩
for ρ ∈ L∞(0, T ;W 1,∞(Ω)) and all v ∈ L2(0, T ;V )× L2(Ω)× L2(0, T ;U)× L2(0, T ;V )× L2(Ω).

5.1. Spatially exponential decay in the parabolic case

We now provide the surrogate of Theorem 3.2 for the parabolic optimal control problem (5.1). In this context,
we will consider bounds on the solution operator that are uniform in both time horizon T and size of the spatial
domain |Ω|. For a motivation why this uniformity in the time horizon is crucial, we refer to Subsection 5.2.

Theorem 5.2. Let the operators A,B and C in (5.1) be bounded uniformly in |Ω| and T . Suppose the existence
of a constant α > 0 independent of |Ω| and T and feedback operators KB ∈ L(L2(0, T ;V ), L2(0, T ;U)) and
KC ∈ L(L2(0, T ;Y ), L2(0, T ;V ∗)), bounded uniformly in |Ω| and T such that

(i) (A+BKB)y, y⟩L2(0,T,V ∗),L2(0,T ;V ) ≥ α∥y∥2L2(0,T ;V ) and

(ii) ⟨(A+KCC)y, y⟩L2(0,T ;V ∗),L2(0;T,V ) ≥ α∥y∥2L2(0,T ;V )

hold. Then, M : W (0, T )×L2(0, T ;U)×W (0, T ) → L2(0, T ;V ∗)×L2(Ω)×L2(0, T ;U)×L2(0, T ;V ∗)×L2(Ω)
is boundedly invertible and there is a constant c ≥ 0 independent of |Ω| and T such that

∥M−1∥L(L2(0,T ;V ∗)×L2(Ω)×L2(0,T ;U)×L2(0,T ;V ∗)×L2(Ω),W (0,T )×L2(0,T ;U)×W (0,T )) ≤ c

for the operator matrix M defined in the optimality system (5.4).

Proof. We proceed similarly to the proof of Theorem 3.2 and abbreviate (y, v) := ⟨y, v⟩L2(0,T ;V ∗),L2(0,T ;V ). We
omit all subscripts for operator norms as they will be clear from context. Let (y, u, p) ∈ W (0, T )×L2(0, T ;U)×
W (0, T ) solve (5.5). We eliminate the control by means of the third equation of (5.5) via

u = −B∗p+ ε3 (5.6)

and obtain the reduced system


C∗C −d/dt +A∗

0 ET
d/dt +A −BB∗

E0 0

(yp
)

=


ε1
ε2

ε4 −Bε3
ε5

 . (5.7)

Using Assumption (ii), we add (BKBy, v) on both sides of the second last equation and get

⟨ẏ, v⟩+ ((A+KCC)y, v) = (ε4 −Bε3 +BB∗p+KCCy, v).

for all v ∈ L2(0, T ;V ). Thus, testing this equation with y, invoking Assumption (i) and (5.3), we get

1

2
∥y(T )∥2L2(Ω) + α∥y∥2L2(0,T ;V )

≤ (ε4 −Bε3 +BB∗p+KCCy, y) +
1

2
∥y(0)∥2L2(Ω)

≤ c
(
∥ε3∥L2(0,T ;U) + ∥ε4∥L2(0,T ;V ∗) + ∥B∗p∥L2(0,T ;U) + ∥Cy∥L2(0,T ;Y )

)
∥y∥L2(0,T ;V ) +

1

2
∥ε5∥2L2(Ω)
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for a constant c = c(∥B∥, ∥KC∥) ≥ 0. Using the simple estimate (a + b)2 ≤ 2(a2 + b2) for a, b ∈ R, there is a
constant c ≥ 0 independent of |Ω| such that

∥y(T )∥2L2(Ω) + ∥y∥2L2(0,T ;V )

≤ c
(
∥ε3∥2L2(0,T ;U) + ∥ε4∥2L2(0,T ;V ∗) + ∥B∗p∥2L2(0,T ;U) + ∥Cy∥2L2(0,T ;Y ) + ∥ε5∥2L2(Ω)

)
.

(5.8)

The bound for the adjoint equation follows analogously by using Assumption (i) and we get

∥p(0)∥2L2(Ω) + ∥p∥2L2(0,T ;V ) ≤ c
(
∥ε1∥2L2(0,T ;V ∗) + ∥B∗p∥2L2(0,T ;U) + ∥Cy∥2L2(0,T ;Y ) + ∥ε2∥2L2(Ω)

)
(5.9)

with a constant c ≥ 0 independent of |Ω|. To eliminate the term ∥B∗p∥2L2(0,T ;U) + ∥Cy∥2L2(0,T ;Y ), we test the
state equation with the adjoint state, and the adjoint equation with the state and subtract the former from the
latter. This yields

∥Cy∥2L2(0,T ;Y ) + ∥B∗p∥2L2(0,T ;Y ) = ( d
dtp, y)− ( d

dty, p) + (ε1, y)− (ε4 −Be3, p)

= ⟨p(T ), y(T )⟩L2(Ω) − ⟨p(0), y(0)⟩L2(Ω) + (ε1, y)− (ε4 −Bε3, p)

≤ ∥ε2∥L2(Ω)∥y(T )∥L2(Ω) + ∥ε5∥L2(Ω)∥p(0)∥L2(Ω) + ∥ε1∥L2(0,T ;V ∗)∥y∥L2(0,T ;V )

+
(
∥ε4∥L2(0,T ;V ∗) + ∥B∥∥ε3∥L2(0,T ;U)

)
∥p∥L2(0,T ;V ).

Combining this with (5.8) and (5.9) and again using (a+ b)2 ≤ 2(a2 + b2) for a, b ∈ R, there is a constant c ≥ 0
such that

∥y∥2L2(0,T ;V ) + ∥p∥2L2(0,T ;V )

≤ c
(
∥ε1∥2L2(0,T ;V ∗) + ∥ε2∥2L2(Ω) + ∥ε3∥2L2(0,T ;U) + ∥ε4∥2L2(0,T ;V ∗) + ∥ε5∥2L2(Ω)

)
.

(5.10)

Using the state and the adjoint equation, we deduce

∥ẏ∥L2(0,T ;V ∗) ≤ ∥A∥∥y∥L2(0,T ;V ) + ∥BB∗∥∥p∥L2(0,T ;V ) + ∥ε4∥L2(0,T ;V ∗)+∥B∥∥ε3∥L2(0,T ;U)

and

∥ṗ∥L2(0,T ;V ∗) ≤ ∥A∥∥p∥L2(0,T ;V ) + ∥C∗C∥∥y∥L2(0,T ;V ) + ∥ε1∥L2(0,T ;V ∗).

Thus, combining this with (5.10), yields the desired W (0, T )-bound on the state and adjoint, as ∥v∥W (0,T ) =
∥v∥L2(0,T ;V ) + ∥v̇∥L2(0,T ;V ∗). The bound for the control follows by resubstitution via (5.6).

We briefly comment on the assumptions of above theorem.

Remark 5.3. Assumptions (i) and (ii) of Theorem 5.2 are sufficient to deduce exponential stabilizability of
(A,B) and detectability of (A,C) without overshoot, that is, weak solutions to ẏ = A+BKBy, y(0) = y0 satisfy
∥y(t)∥L2(Ω) ≤ e−αt∥y0∥L2(Ω), cf. [22] and [38], Remark 3.19.

We may now deduce the main result of this section, implying spatially exponential decay in parabolic optimal
control problems.
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Theorem 5.4. Assume that B and C act local in space in the sense of Assumption 3.6. Further, set ρ(r) = eµr

with µ ∈ R>0 satisfying

µmax{∥a∥L∞((0,T )×Ω);Rd×d), ∥b∥L∞(0,T )×Ω;Rd)}+ µ2∥a∥L∞((0,T )×Ω;Rd×d)) <
1

2∥M−1∥

and let (δy, δu, δp) solve (5.5). Assume that the perturbations of the right-hand side are exponentially localized
around z ∈ Ω, i.e., there is z ∈ Ω such that

∥ρ(∥z − ·∥1)ε∥L2(0,T ;V ∗)×L2(Ω)×L2(0,T ;U)×L2(0,T ;V ∗)×L2(Ω) ≤ e

with e ≥ 0 independent of |Ω|. Then

∥ρ(z − ·)δy(·)∥W (0,T ) + ∥ρ(z − ·)δu(·)∥L2(0,T ;U) + ∥ρ(z − ·)δp(·)∥W (0,T ) ≤
∥M−1∥

2
e. (5.11)

In particular, if the Assumptions (i) and (ii) of Theorem 5.2 are satisfied and if ∥a∥L∞(0,T )×Ω;Rd×d)) and
∥b∥L∞(0,T )×Ω;Rd) are bounded uniformly in |Ω| and T , the scaling constant µ and the upper bound in (5.11) can
be chosen independently of |Ω| and T such that the perturbation variables δy, δu and δp are also exponentially
localized around z ∈ Ω.

Proof. The proof is analogous to the proof of Theorem 3.9.

Remark 5.5. The result of Theorem 5.4 also holds true when replacing the fixed point z ∈ Ω by a possibly
time-dependent point z : [0, T ] → Ω.

5.2. The necessity for a spatial decay uniform in the time horizon

In the main result presented in the previous subsection in Theorem 5.4, we required that the decay parameter
µ entering the scaling function ρ(r) = eµr is uniform in the time horizon of the OCP. Correspondingly, in
Theorem 5.2, we formulated sufficient conditions to also render the solution operator norm independent of T .
Loosely speaking, this uniformity ensures that the spatial decay does not deteriorate for larger and larger time
horizons.

To illustrate that this uniformity in the time horizon is crucial when considering locality in space, we consider
the example of the heat equation with homogeneous Neumann boundary conditions. Setting V = H1(Ω), its
weak formulation is given by

⟨ẏ +Ay, v⟩L2(0,T ;H1(Ω)∗),L2(0,T ;H1(Ω)) = ⟨f, v⟩L2(0,T ;H1(Ω)∗,L2(0,T ;H1(Ω)) ∀v ∈ L2(0, T ;H1(Ω)), (5.12a)

y(0) = y0, (5.12b)

with y0 ∈ L2(Ω) and f ∈ L2(0, T ;H1(Ω)∗) where

⟨Ay, v⟩L2(0,T ;H1(Ω)∗),L2(0,T ;H1(Ω)) = ⟨∇y,∇v⟩L2([0,T ]×Ω) ∀y, v ∈ L2(0, T ;H1(Ω)).

Whereas it is clear that, e.g., an initial perturbation has a global impact due to the homogeneous Neumann
boundary conditions and diffusion, which loosely speaking only distributes initial temperature distribution over
the domain, we will show that the solution operator of the PDE can still be bounded uniformly in the size of
the spatial domain, i.e., the operator

A : W (0, T ) → L2(0, T ;H1(Ω)∗)× L2(Ω)
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y 7→
(

d
dty +Ay
y(0)

)
satisfies ∥A−1∥L(L2(0,T ;H1(Ω)∗)×L2(Ω),W (0,T )) ≤ c for a constant c ≥ 0 independent of |Ω|. To this end, we first
introduce a scaled variable ỹ(t, x) = e−ty(t, x) which, due to the product rule, satisfies

˙̃y = −ỹ + e−tẏ (5.13)

such that, setting f̃(t, x) := e−tf(t, x), the dynamics (5.12) are equivalent to

˙̃y + (A+ I)ỹ = f̃ . (5.14)

Now we test this equation with ỹ, invoke (5.3), use ỹ(0) = y0 and obtain

1

2

(
∥ỹ(T )∥2L2(Ω) − ∥y0∥2L2(Ω)

)
+ ∥∇ỹ∥2L2(0,T ;L2(Ω)) + ∥ỹ∥2L2(0,T ;L2(Ω)) = ⟨f̃ , ỹ⟩L2(0,T ;H1(Ω)∗),L2(0,T ;H1(Ω))

which implies

∥ỹ∥L2(0,T ;H1(Ω)) ≤
1

2
∥y0∥L2(Ω) + ∥f̃∥L2(0,T ;H1(Ω)∗).

Using (5.14), we further obtain

∥ỹ∥W (0,T ) = ∥ỹ∥L2(0,T ;H1(Ω)) + ∥ ˙̃y∥L2(0,T ;H1(Ω)∗)

≤ ∥ỹ∥L2(0,T ;H1(Ω)) + ∥A+ I∥∥ỹ∥L2(0,T ;H1(Ω)) + ∥f̃∥L2(0,T ;H1(Ω)∗)

≤ 2∥ỹ∥L2(0,T ;H1(Ω)) + ∥f̃∥L2(0,T ;H1(Ω)∗)

≤ ∥y0∥L2(Ω) + 3∥f̃∥L2(0,T ;H1(Ω)∗)

as

∥A+ I∥L(L2(0,T ;H1(Ω)),L2(0,T ;H1(Ω)∗) = sup
∥v∥L2(0,T ;H1(Ω))=1

sup
∥y∥L2(0,T ;H1(Ω))=1

⟨∇y,∇v⟩+ ⟨y, v⟩

≤ sup
∥v∥L2(0,T ;H1(Ω))=1

sup
∥y∥L2(0,T ;H1(Ω))=1

∥∇y∥∥∇v∥+ ∥y∥∥v∥

≤ sup
∥v∥L2(0,T ;H1(Ω))=1

sup
∥y∥L2(0,T ;H1(Ω))=1

1

2
∥y∥2L2(0,T ;H1(Ω)) +

1

2
∥v∥2L2(0,T ;H1(Ω))

= 1.

Hence, resubstituting the original state we get

∥y∥L2(0,T ;H1(Ω)) = ∥etỹ∥L2(0,T ;H1(Ω)) ≤ eT ∥ỹ∥L2(0,T ;H1(Ω)) ≤ eT
(
1

2
∥y0∥L2(Ω) + ∥f̃∥L2(0,T ;H1(Ω)∗)

)
and via (5.13), we compute

∥ẏ∥L2(0,T ;H1(Ω)∗) = ∥et(ỹ + ˙̃y)∥L2(0,T ;H1(Ω)∗) ≤ eT ∥ỹ∥W (0,T ) ≤ eT
(
∥y0∥L2(Ω) + 3∥f̃∥L2(0,T ;H1(Ω)∗)

)



26 S. GÖTTLICH ET AL.

such that

∥y∥W (0,T ) ≤ eT
(
3

2
∥y0∥L2(Ω) + 4∥f̃∥L2(0,T ;H1(Ω)∗)

)
≤ eT

(
3

2
∥y0∥L2(Ω) + 4∥f∥L2(0,T ;H1(Ω)∗)

)
.

Thus, we have the following bound on the solution operator corresponding to the parabolic PDE (5.12)

∥A−1∥L(L2(0,T ;H1(Ω)∗)×L2(Ω),W (0,T )) ≤ 4eT .

As this bound grows exponentially in the time horizon, this means that, when generalizing Theorem 3.9 to the
parabolic case, the parameter µ ∼ 1

∥A−1∥ corresponding to the spatial decay vanishes for T → ∞. Intuitively,

this corresponds to the diffusion with homogeneous Neumann boundary conditions which distributes the initial
perturbation over the domain and hence in particular does not exhibit spatial locality.

6. Numerical examples: parabolic case

We present numerical results for a heat equation on a one-dimensional domain Ω = (0, L), L > 0, with distributed
control and observation and homogeneous Neumann boundary conditions given by

ẏ −∆y + cy = u+ f on [0, T ]× Ω

∂νy = 0 on [0, T ]× ∂Ω

y(0) = 0 on Ω

for a coefficient c ∈ {−1, 0, 1}. The one-dimensional spatial domain is chosen to provide illustrations of the
results in space and time. In particular, we stress that the main result of Theorem 5.4 holds for general spatial
dimensions.

Similar to the numerical implementation for the elliptic case described in Section 4, we set up the optimality
system, discretize the involved operators and solve the linear equations system. Space discretization is performed
via linear finite elements using FEniCS [33] and for time discretization, we use an implicit Euler method.

In Figure 10, we depict the results of a simulation with a perturbation concentrated at the beginning of the
temporal domain and in the middle of the spatial domain, i.e.,

f(t, ω) =

{
10 ω ∈ L/2 ∧ t ∈ [0, 2]

0 otherwise.

We observe that, as in the stationary case, the influence of the perturbation has a very different effect in the
three uncontrolled equations. For c = 0, we obtain the heat equation which converges to a non-zero steady state
due to the homogeneous Neumann boundary conditions and the resulting one-dimensional kernel spanned by
the constant function. For c = −1, the zero eigenvalue is shifted by one to the right such that the equation is
exponentially unstable. Contrary, for c = 1, the equation is exponentially stable.
Second we present the optimal states for optimal control with the cost functional

min
u∈L2(0,T ;L2(Ω))

1

2

(
∥y∥2L2(0,T ;L2(Ω)) + ∥u∥2L2(0,T ;L2(Ω))

)
.

As a particular case of Example 3.10 and as can be seen directly by choosing the feedback KBy = K∗
Cy = cy− εy

for any ε > 0, this system satisfies the assumptions of Theorem 5.2 and hence, we obtain an exponential decay of
perturbations in view of Theorem 5.4. This can be clearly, observed in Figure 11, i.e., all three equations converge
to the origin. The convergence behavior in time is implied by the turnpike property and can be characterized
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Figure 10. Influence of perturbations in the uncontrolled case.

Figure 11. Influence of perturbations on the optimal state.

by means of Riccati equations [13]. A similar characterization of the decay in space goes beyond the scope of
this work but is subject to future research.

7. Conclusion and future work

In this work we provided sufficient conditions to deduce exponential decay of perturbations in space for elliptic
and parabolic optimal control problems. To this end, we first proved that the solution operator of the opti-
mality system is uniformly bounded in the domain size provided that certain stabilizability and detectability
conditions hold. Then, we leveraged this key property to show that optimality implies exponential localization,
meaning that the influence of perturbations on optimal solutions decays exponentially in space. To this end, we
combined a novel scaling result with a Neumann argument. Further, we discussed various examples showing the
straightforward verifiability of the assumptions for different settings, including boundary control, distributed
control, and coupled problems.

Future work considers the extension to hyperbolic equations (see the recent preprint [39]) and networks
thereof, showing that errors also only act local in the network.
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R. Kern, E. Larson, C.J. Carey, İ. Polat, Y. Feng, E.W. Moore, J. VanderPlas, D. Laxalde, J. Perktold, R. Cimrman,
I. Henriksen, E.A. Quintero, C.R. Harris, A.M. Archibald, A.H. Ribeiro, F. Pedregosa, P. van Mulbregt and SciPy
1.0 Contributors, SciPy 1.0: Fundamental Algorithms for Scientific Computing in Python. Nat. Methods 17 (2020)
261–272.

[35] L.C. Evans, Partial Differential Equations, Vol. 19. American Mathematical Society (2022).

[36] J. Wloka, Partial Differential Equations. Cambridge University Press (1987).

[37] E. Zeidler, Nonlinear Functional Analysis and its Applications: II/B: Nonlinear Monotone Operators. Springer
Science & Business Media (2013).

[38] M. Schaller, Sensitivity Analysis and Goal Oriented Error Estimation for Model Predictive Control. PhD thesis,
University of Bayreuth (2021).
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