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Abstract

A central limit theorem is shown for moderately interacting particles in the
whole space. The interaction potential approximates singular attractive or repulsive
potentials of sub-Coulomb type. It is proven that the fluctuations become asymp-
totically Gaussians in the limit of infinitely many particles. The methodology is in-
spired by the classical work of Oelschldger on fluctuations for the porous-medium
equation. The novelty of this work is that we can allow for attractive potentials
in the moderate regime and still obtain asymptotic Gaussian fluctuations. The key
element of the proof is the mean-square convergence in expectation for smoothed
empirical measures associated to moderately interacting N-particle systems with
rate N~1/27¢ for some ¢ > 0. To allow for attractive potentials, the proof uses a
quantitative mean-field convergence in probability with any algebraic rate and a
law-of-large-numbers estimate as well as a systematic separation of the terms to be
estimated in a mean-field part and a law-of-large-numbers part.
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1. Introduction

Systems of stochastic interacting particles arise in many applications like math-
ematical physics, population biology, and sociology. If the number of particles is
very large, the numerical computation is very costly. Therefore, it is reasonable to
determine the particle dynamics in the (mean-field) limit of infinitely many par-
ticles. Depending on the strength of interaction, the singularity of the interaction
potential, and the type of force (repulsive or attractive), various convergence results
of the empirical measure towards a deterministic PDE solution can be derived. This
can be seen as a law-of-large-numbers result for interacting particles of mean-field
type.

One might ask for a stochastic correction of this deterministic limit, in par-
ticular whether a central limit theorem can be recovered in the large population
limit. In this paper, we show that asymptotically, the fluctuations around the de-
terministic mean-field limit become Gaussian, where the variance is determined
by the dual backward time-evolution of the linearized limiting nonlinear PDE. To
prove this result, the mean-square convergence in expectation with algebraic rate for
smoothed empirical measures for moderately interacting particles with attractive
sub-Coulomb potentials is shown. Compared to the previous works [35,48], which
are concerned with fluctuations in the moderate mean-field regime, we allow for ag-
gregating particles (for sub-coulomb potentials) and a central limit theorem scaling
of the fluctuations process with v/ N, where N denotes the number of particles.

The technical novelties of this paper are as follows: first, we prove L*(R%)
estimates of the smoothed empirical measure using a convergence-in-probability
result with any algebraic rate, inspired by works of Pickl; see [30,39]. Compared to
these works, we do not use a cut-off of the interaction kernel and purely work with
mollified potentials. Second, we use the L2(R?) estimates to derive an asymptotic
central limit theorem for moderate particle systems of aggregating or repulsive
types, following ideas of Oelschlidger [48] developed for the porous medium equa-
tion.
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1.1. The Setting

We consider a system of N interacting particles with positions X l" (1), satisfying
the stochastic differential equations

N
dx"(r) = % > VVIX] () — X1 e)dr +V20dWi(1), 1> 0, "
j=1

X'0)=¢ inRY i=1,...,N.

Here, the space dimension is d > 3, the parameter k = =+1 describes the type
of interaction (x = 1 for aggregation and x = —1 for repulsion), ¢ > 0 is the
diffusion constant, W; are independent Brownian motions on RY, and Cly.-s N
are independent, identically distributed (i.i.d.) random variables with the common
probability density function ug. The potential V" is given by

Vi=xTs®d, &x)=|x|"", 0<i<d-=2, )

where x"(x) = n_dx(|x|/r7) is a smooth mollification kernel with x = & % &
and & € C§° (R?). We refer to Sect. 1.3 for the complete list of assumptions. The
function @ is a Riesz kernel, and the condition 0 < A < d — 2 refers to potentials
of sub-Coulomb type. We could treat Coulomb potentials with A = d — 2 for our
convergence in probability result (Theorem 1), but only using a suitable cut-off,
which does not allow us to show a fluctuation theorem; see Remark 20. However,
we can allow for general potentials V7 satisfying suitable growth conditions with
respect to n; see Remark 4. As in [48], a key assumption in this paper is that the
potential is a convolution square, i.e., there exists W such that ® = W x W. For the
Riesz kernel in (2), this assumption is satisfied; see Lemma 16.

In the so-called moderate regime, the mollification parameter 5 is coupled to
the number of particles N such that n(N) — 0 if N — oo. Standard choices of
are NP or log(N)~# for suitable ranges of j; see the classical work [47] as well
as [10,35,37,45,51] and references therein. It is known [51] that in the moderate
regime 7 = N~ for some 0 < B < 1/(2d — 2), particle system (1) propagates
chaos in the many-particle limit N — oo towards the non-linear SDE system

dX;(t) = VD % u(t, X;(1))dt +20dWi(t), t >0,
X;(0)=¢ inRY, i=1,...,N,
where u is the law of X; foralli =1, ..., N, solving the problem
oru =oAu —kdiviuvVed xu), t >0, u(0)=ugp in R? 3)

in the weak sense. Indeed, introducing the empirical measure
LN
W = ;ax;z(l), t>0, 4)
1=

where § is the Dirac delta distribution, the work [S1] shows that ©”(¢) converges
towards the PDE solution u of (3). Related to particle system (1) is the work of
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[6], where propagation of chaos in shown for Newtonian potentials in the weak
interaction regime with algebraic cut-off rate for second order systems allowing for
repulsive and aggregation phenomena.

The main aim of this paper is to determine the limiting asymptotic behavior of
the fluctuations process

Ft) = N (1) — i (1)) (5)

asN —- oo,n=N —F — 0 for some B > 0, where " is the unique solution to
the so-called intermediate nonlocal diffusion equation

dit" = o A" — k div@' VvV i), t>0, @'0)=uy inRL  (6)

This PDE can be seen as the mean-field limit in the weak interaction regime, i.e.
in the large population limit N — oo but for fixed n > 0 independent of N. The
associated intermediate particle description for fixed n > O reads as

dX] (1) = k(@" « VV'(t, X (1))ddt + ~20dW; (1), t >0,

X'0)=¢ inRY, i=1 N @
; =g ,i=1,...,N.
We notice that all positions X l" are independent and possess the common density
function u”. Equations (7) still depend on the particle number N via the interaction
radius n = NP,

Equations (3) (and (6)) appear in biological applications. Equation (3) with
k = 1is an aggregation—diffusion equation that can be used to describe chemotaxis,
angiogenesis, and animal herding [1,53]. The Coulomb potential ® (x) = |x|*>~“in
(3) with « = 1 corresponds to the parabolic-elliptic Keller—Segel model of chemo-
taxis. When x = —1, the nonlocal term in (3) is repulsive. Such models appear in
multispecies population dynamics, where each species detects other species over a
spatial neighborhood by nonlocal sensing [54].

The choice of the fluctuations process in (5) with respect to " rather than
u is motivated by thE work of Oelschldger [48]. He showed that the corrected
fluctuations process F" = VN (" — u + Cy) recovers Gaussian behavior in the
limit N — 0o, where limy_, o, Cn (x, ) = 0, i solves the viscous porous medium
equation, and /1" denotes the corresponding empirical measure of the interacting
particle system. The correction C is needed since convergence towards the viscous
porous medium equation 7 is expected to be too slow to compensate the /N scaling.
In the present article, in comparison to [48], we do not use an asymptotic expansion
to derive the deterministic correction Cy, but we are able to compare directly with
the solution u#" of the nonlocal Eq. (6). The correction Cy used by Oelschldger
corresponds to the PDE error u”7 — u in the present work.

A different approach for fluctuations in the moderate regime was suggested by
Jourdain and Méléard [35], where a scaling of the form (log N)" for some r > 0
instead of +/N is used to define the fluctuations process. For this scaling, only a
deterministic limit can be expected. To the best of the authors knowledge, [35,48]
are the only works which consider fluctuations in the moderate mean-field regime.

Our main result (Theorem 5) is a central limit theorem for the intermediate
fluctuations process F7 defined in (5). If this process converges to some limit
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process F, it can be heuristically seen as a correction of the mean-field behavior,
since

W) = u(t) + @" —u)t) + N"V2F @) ~ u@t) + NTV2F@),

using that u”7 — u for n — 0. This means that the particle dynamics can be
captured for sufficiently large N by the mean-field limit u(z) plus some stochastic
correction F with scaling N~!/2_If F is a Gaussian process, this corresponds to a
central limit theorem. Indeed, Theorem 5 below shows that the limiting behavior
is asymptotically Gaussian, in particular,

t
(F(1). p) ~ N(o, (0. (T}(0))) = (uo. Tj(0))* +20 /0 (u(s), |VT;(s>|2>ds>,
8)

where u solves (3) and qu is the unique solution to the dual backward problem of
the linearized version of (3), i.e., it solves for fixed > 0 and test function ¢ the
equation

—0,v—0Av=k(VPxu) - Vo —kV® x (uVv) in RY, s € ©0,1), v()=¢.
©)

We refer the reader to Lemma 25 for existence and uniqueness results as well as
regularity estimates for (9). The proof that the laws of (F", ¢) are asymptotically
normally distributed is inspired by Oelschlidger [48, Sect. 3]. He proved a related
result for the porous medium equation, i.e. with potential & = §y and x = —1,
assuming conditions on the Fourier transform of V" and its derivatives. We do not
need such conditions and can include attractive potentials. However, our framework
is currently limited to Riesz kernels and does not allow for attractive Dirac kernels
in the limit. It is an open question whether a central limit theorem can be recovered
also in that case.

To derive the fluctuations result, we need a convergence rate of order N —1/2-
with ¢ > 01in L>®((0, T); L>(R%)) N L2((0, T); H'(R%)) norm of the smoothed
empirical measure towards the smoothed intermediate PDE solution; see Theorem
3 below. The necessity of this type of convergence can be formally understood from
the stochastic differential equation for 7" in the weak form

V20 N
dF ) = =Y VY (X)) -dW; + VNR()dr, (10)
v =

where ¥ is a test function and R(f) an error term depending on the difference
un — u'; see Lemma 11. In the limit N — 00, the error term R(¢) can be shown
to converge to zero, since a smoothed version of the empirical measure converges
in L2(R9) norm faster than N ~1/2 towards a smoothed version of i, which is
guaranteed by our second result, Theorem 3.

The key technical step of this work (Theorem 3) is the mean-square convergence
of a smoothed empirical measure associated to (1) towards the smoothed solution to
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the intermediate Eq. (7). More precisely, let Z7 = £7 % W such that VT = Z" % Z",
where £7(x) = n~?£(|x|/n). The smoothed quantities are

fT=2Z"xu", g":=Z"xu".

Choosing B > 0 in an appropriate range, for any 7 > 0, there exist ¢ > 0 and
C > 0 such that

T
E(&?ﬁ% 1" = 8NN gay +0 /0 IV (" — g'?)(on;(Rd)dr) <CN~!/27¢,

As mentioned above, in the limit n = N N 0, the function " converges to the
solution to

oo =0 Au — kdiviuVod xu), t>0, u(0) =ug in RY;

see Lemma 23, which implies the convergence of f” towards W * u. Observe that
formally g" and f7 converge to W x u, not to u, because of the smoothing with
the interaction kernel V. This convolution structure appears naturally because of
the double convolution structure of V" in the estimates of the fluctuations process;
see (10). The structure of the L2(R%) norm of f7 — g" corresponds to the modu-
lated energy used by Serfaty and co-authors [56—58] for singular repulsive kernels.
However, in the present setting, for fixed N, our interaction kernel is smooth.

The convergence u" — u for particle system (1) in Lebesgue spaces was proved
in [51]. In the proof of the fluctuation result (Theorem 5), we show the result of
Oelschlédger [48], where only the repulsive regime is admissible, for aggregating
equations of sub-Coulomb type. In order to allow for attractive regimes, we use a
convergence result in probability with arbitrary algebraic convergence rate, which
is guaranteed by our third main result. (We refer the reader to Sect. 2 for a more
detailed explanation of the main ideas for the proof of Theorem 3.)

Our preparatory result (Theorem 1) for Theorem 3 concerns the convergence
in probability of X l'] -X ;’ If B > O is sufficiently small and 0 < o < 1/2 suitably
chosen, for any y > O and T > 0, there exists C(y, T) > 0 such that, for all
O0<t<T,

]P’(‘ max [X/(1) = X](0)] > N_“) <C(y,T)N. (11)

=

.....

This provides a convergence result with any algebraic rate. For this result, we
need the sub-Coulomb condition A < d — 2; see Sect. 2 for more details. The
proof uses ideas from [30,39], where the Coulomb potential with a cutoff was
considered. The main idea relies on a Gronwall-type argument and a law-of-large-
numbers estimate; see Lemma 7. Existing (quantitative) convergence results [37,
51,64] concerning particle system (1) do not cover (11), since we need an arbitrary
algebraic convergence rate with a cutoff N ~* depending on the number of particles
for0 <o < 1/2.
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1.2. State of the Art

Since the seminal work of Kac [36] on the many-particle limit of the spatially
homogeneous Boltzmann equation, many works have been devoted to interacting
particle systems and the associated mean-field limit. Depending on the concrete
situation, there exist many types of mean-field limits. Because of the extensive
literature, we mention only some of the relevant works and refer to [8,9,33] for
more references.

The fluctuations problem around a limiting mean-field PDE was investigated
already in the 1970s and 1980s focusing on jump-type particle systems [44,62].
One of the earliest works on fluctuations of interacting diffusions is due to Itd [31]
for one-dimensional Brownian motions, and the limit of the corresponding fluctu-
ations is a Gaussian process. Fluctuations in the path space were first obtained by
Tanaka and Hitsuda [63], later generalized in [60]. It is shown in [21] that the fluc-
tuations for weakly interacting diffusions are governed by a linear stochastic PDE.
Another earlier result is due to Dittrich [18], who proved the convergence in law of
the fluctuations process F"7 = VN (um — F), where F solves a reaction-diffusion
equation in the setting of Poisson initial distributions. The effect of spatial damping
on the interactions is investigated in [42], showing that if the damping is sufficiently
weak, the fluctuations remain Gaussian. While the paper [21] requires smooth ker-
nels, this condition was extended to singular kernels on the torus, including the
two-dimensional Biot—Savart and Coulomb kernels, in [65]. Both [21,65] use time
martingale estimates in order to study the limiting fluctuation process whereas
the present work uses estimates on the path space. In particular, the approach in
[65] builds on recently developed quantitative relative entropy estimates and thus
remarkably shows how to connect entropy methods to “central limit theorem” esti-
mates. Gaussian fluctuations for singular Coulomb potentials in repulsive settings
were studied in [2,58] under some constrains on the dimension by the use of en-
ergy estimates. Recently, in [27] a central limit theorem was shown for stochastic
gradient decent models in the mean-field setting under smoothness assumptions on
the given data of the mean-field equation.

As was already mentioned, the fluctuations process around the mean-field limit
for moderately interacting particles was studied by Oelschliger in [48] in the porous
medium setting, i.e. k = —1 and ® = §p, as well as by Jourdain and Méléard in
[35] in a more general setting but still for & = §y, however, without the central
limit theorem scaling +/N. Oelschliger showed that the corrected fluctuations pro-
cess has a Gaussian behavior in the limit N — oo. Later, Jourdain and Méléard
[35] studied the fluctuations around the mean-field limit for moderately interact-
ing particles but with a logarithmic scaling instead of /N, such that no Gaussian
behavior can be obtained. The authors are not aware of any other work concerning
fluctuations for moderately interacting particles.

Additionally, it seems that no fluctuations result is available in the literature
for singular attractive mean-field interaction in the moderate or weak interaction
regime.When finalizing this draft, we came across an announcement in [55] re-
garding a central limit theorem for logarithmic and Riesz flows in the whole space,
which is currently in preparation.
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In what follows, we give a short summary of mean-field limits related to our
setting.

First, we focus on moderately interacting mean-field limits. Oelschliger intro-
duced in [46—48] the concept of moderately interacting particles for gradient sys-
tems in the repulsive case, ® = 8pand 7 = NP with0 < B < 1/(d+2), followed
by classical works of Méléard and co-authors [35,45] as well as Sznitman [60,61].
In 2000, Stevens [59] derived a chemotaxis model with an algebraic connection
between n and N. Later, Figalli and Philipowski [22] used the ideas of moderately
interacting particles to derive the porous medium equation with n = (log N)~" for
some v > (. Recently, moderate regimes have been used to derive cross-diffusion
models; see [7,10,11,40]. A quantitative propagation-of-chaos result for particle
system (1) was shown in [51] using a semigroup approach developed by Flandoli
and co-authors [23] in the moderate regime. Additionally, in a slightly different
setting, the work [50] also considers interaction kernels which approximate Riesz
potentials.

Second, the choice of « distinguishes the type of force. The repulsive case
k = —1 was first studied by Oelschlidger [47,48] for moderately interacting par-
ticles, ® = §p. Under the assumption that the regularized kernel VV7, which ap-
proximates a Dirac delta, is Lipschitz continuous for fixed n > 0, it is well known
that propagation of chaos holds; see, e.g., [35,45,61]. However, except for [48],
these results require either a logarithmic scaling of n or they are not quantitative.
The first result for aggregating forces k = 1 is due to Stevens [59], who proved the
mean-square convergence in probability for smoothed quantities. The (stronger)
mean-square convergence in the path space under a (weaker) logarithmic scaling
between 1 and N was derived in [12]. Recently, in [50,51] quantitative results for
Riesz kernels in the moderate setting for x = £1 were obtained.

Third, physical applications often require a singular potential. Earlier works
were concerned with the derivation of Navier—Stokes equations from particle sys-
tems with logarithmic potentials in two space dimensions [43,52]. Propagation of
chaos for the Landau equation with moderately soft potentials was shown in [25,26].
Coulomb potentials (with cutoff) are allowed in the derivation of the Vlasov—
Poisson—Fokker—Planck equation in R? in the weakly interacting regime [6,30].
The mean-field limit for weakly interacting particles with (repulsive) Coulomb or
(attractive) Newton potentials towards the Vlasov—Poisson system was proved in
[39]. The results of Jabin and Wang [32] were extended to Riesz potentials [19] and
to Coulomb as well as super-Coulomb potentials [57] using the modulated energy
argument inspired by [56]. The modulated energy of Serfaty [56] and the relative
entropy of Jabin and Wang [32] were recently combined by Bresch et al. [4] to
treat Coulomb potentials via the modulated free energy method. Very recently, a
combination of modulated energy and relative entropy methods was used in [55]
to derive a quantitative convergence result on the whole space for Riesz potentials.
A related work is [3], where the L!(R) convergence of the primitive of the empir-
ical measure including time-dependent weights was proved for opinion dynamics
with Coulomb interactions. More general noise terms (white in time and colored
in space) were considered in [28] for Biot—Savart or repulsive Poisson kernels.



Arch. Rational Mech. Anal. (2026) 250:5 Page 9 of 68 5

Fourth, the results differ according to the type of convergence: convergence in
law of the sequence of empirical measures, e.g. in [45,47] (which is equivalent to
the propagation of chaos in the sense of [61, Prop. 2.2]); convergence in probability
of the empirical measures [59,64]; convergence in probability in the p-Wasserstein
distance of probability measures [39] (see also the review [5] for second order
systems); mean-square convergence in expectation of smoothed empirical measures
[48,49]; mean-square convergence in expectation of the stochastic processes [10,
11]; convergence of the marginals of the N-particle distribution in the L!(R?)
norm [32]; convergence of the empirical measures in the relative entropy [13].
Tightness results, not providing convergence rates, were employed in [34,64] to
prove the convergence of the empirical measures in the weak sense. Further details
and references can be found in [9].

Fifth, the interaction strength n may depend on the particle number in a loga-
rithmic way (n# = log N for some B > 0) or in an algebraic way (7 = N~#). In
this article, we consider the more natural algebraic rate, leading to a central limit
theorem for moderate regimes.

Recent works are concerned with quantitative convergence results for attrac-
tive, singular kernels in the moderately interacting regime. The convergence in
probability for the Newtonian N-particle flow towards the lifted effective flow for
any algebraic rate was shown in [20]. The proof is based on a Gronwall estimate for
the maximal distance between the exact microscopic and the mean-field dynamics.
The L?(R?) convergence of smoothed empirical measures was proved in [50,51]
with the rate N~V for some y < 1/(d + 2), whose precise value depends on p and
the singularity of the (super-Coulomb) potential. The proof uses semigroup theory
and the regularity of stochastic convolution integrals.

Finally, we mention the recent papers on small noise fluctuations of solutions
to Dean—Kawasaki stochastic PDEs. It was shown in [15,16] that the law of fluctu-
ations predicted by a discretized Dean—Kawasaki equation approximates the law of
fluctuations of the original weakly interacting particle system. The convergence in
probability of density fluctuations associated to a Dean—Kawasaki equation towards
the solution to a linearized Langevin equation was proved in [14].

Our work combines some features of the literature: We allow for attractive,
singular potentials and obtain the strong notion of mean-square convergence in ex-
pectation of order N ~!/2~¢ needed for a central limit theorem to hold. We prove the
convergence of smoothed empirical measures associated to (1) towards smoothed
solutions to the nonlocal diffusion Eq. (6), which implies a fluctuations result and
shows that the fluctuations become asymptotically Gaussian in the large population
limit N — oo. The potentials need to be of sub-Coulomb type. The originality of
our results is that we determine an explicit algebraic convergence rate sufficient to
study fluctuations around the mean-field limit.
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1.3. Main Results

We impose the following assumptions:

(A1) Parameters:d > 3,0 >0, x =+£1,T > 0.

(A2) Wy, ..., Wy are independent d-dimensional Brownian motions on the fil-
tered probability space (2, <7, (<% ):>0, P), and the initial data ¢y, ..., {y
are .«7°-measurable independent and identically distributed (i.i.d.) square-
integrable random variables with the common density functionu € L' (RY)N
LOO(JRd), where @70 C o is independent of <% for r > 0.

(A3) Sub-Coulomb potential: ®(x) = |x|~* for x € R with0 < A < d — 2.

(A4a) Initial data: Let the initial data uq fulfill ||u°|| L Rd) < C(p*), where
p*=d/(d — A) and C(p*) > 0 depends on o, d, A, and the constants of
some Sobolev inequalities; see Lemma 23.

(A4b) Stronger assumption on the initial data: ug € WX TRY) NnWE-2(RY)
(needed in Theorem 5) with [|uo || p+rasy < C(p*), where K > 1/(28).

Let& e C° (R%) be a radially symmetric probability density function, i.e.
£(x) = &(Jx]). We introduce the mollification kernel £"7(x) = n~¢&(x/n) for
x € R? and set x = & x &. A simple computation shows that x7 = &7 % £7. We set
VT := x" % ®. Then we can write

VT=27"%x 7", where Z" =&" % W,

where W (x) = cd,,\|x|’()‘+d)/2 for some constant ¢z, € R; see Lemma 16. Our
first result concerns the convergence in probability with any algebraic rate.

Theorem 1. (Convergence in probability) Let Assumptions (Al)—(A4a) hold and
let

0<§8 ﬂ(k+3)<a<%—,3(k+l).

1
< —’
41 412
Let (X?)l-zl,wN and ()_(;7),-:1,“”1\/ be the solutions to systems (1) and (7), respec-
tively. Then for any y > 0 and T > 0, there exists a constant C(y,T) > 0 such
that, forall0 <t < T and N € N,

]P’(' max |X](1) = X/ ()] > N"") <C(y, T)N7.
=

.....

The choice of B implies that the admissible interval for « is not empty. If 8 is
chosen close to zero, the parameter « can be chosen in the interval (0, 1/2), while
for g close to the maximal value 1/(41 4 12) and large values of A (hence higher
space dimensions), & needs to be chosen around 1/4.

Remark 2. (Sub-Coulomb potentials)The proof of Theorem 1 is based on an es-
timate of the form |||DZV"| u(t)|| pooray < C. This can only be obtained for
A < d — 2 which limits our framework to sub-Coulomb potentials. In the case
A = d — 2 with an additional cut-off around the origin, the estimate || D2V
u (1) poqray < Clog N can be shown, which is still sufficient to derive con-
vergence in probability; see [39]. This cut-off, however, violates the convolution



Arch. Rational Mech. Anal. (2026) 250:5 Page 11 of 68 5§

structure V" = Z" s Z" and cannot be easily used for the proof of the L?(R%)
convergence; see Theorem 3. Using a suitable cut-off, this result also holds for
Coulomb potentials. O

The next result of this paper is the convergence of the smoothed empirical
measures to a smoothed solution to the intermediate diffusion Eq. (6). We recall
the definitions

fT=2Z"xu", g":=Z"xu", (12)

where " is defined in (4) and " solves (6).

Theorem 3. (Mean-square convergence with N —1/2=¢pate) Ler Assumptions (Al )—
(A4a) hold and let
0<pB !
< B < .
81+ 12

Then for any T > 0, there exists € > 0 and a constant C = C(B,d, T) > 0 such
that, for all N € N,

T
E(OE?ET I = 8NN gay +0 /0 IV (" — g’?)(r)uiz(Rd)dr) <CN1/27e,

A similar theorem was proved by Oelschlédger [48] for the so-called corrected
fluctuations in the repulsive case k = —1 and with ® = §y. With this choice of «,
a certain quadratic expression (see (38)) is nonpositive and can be neglected. This
is no longer possible if k = 1 (attractive case). We are able to treat this case by
exploiting the mean-field convergence in probability (Theorem 1), which helps us
to absorb the terms with « = 1.

Remark 4. Theorem 3 can be generalized to a more general class of potentials ®.
Indeed, let ® = W % W, where W is symmetric and nonnegative. Additionally, we
assume that for 0 < A < d — 2, there exists C > O such thatforall0 < < T and
k=0,1,2,

1DVl o oy < CNPOED,

127l 2 gay < CNPM2 DAV 5" (1) || oo ey < C. (13)

IVZ| 2 gay < CNPOFD2 D2V s " (1) ooty < C-
Then the result of Theorem 3 holds. We show in Section A that the Riesz kernels
O(x) = |x|_’\ satisfy (13). As mentioned in Remark 2, the last estimate in (13)
can only be obtained for A < d — 2, which limits our framework to the sub-
Coulomb case. This estimate is needed in our proof of convergence in probability

(see Theorem 1). If Theorem 1 holds also for A = d—2, then the proof of fluctuations
around the mean-field limit can be extended to Coulomb potentials. O

Our final result concerns the central limit theorem for the intermediate fluctu-
ations process, which is a consequence of Theorem 3.
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Theorem 5. (Asymptotic fluctuations limit via characteristic function) Let the
assumptions of Theorem 3 and additionally Assumption (A4b) hold, and let Fo be
the Gaussian random distribution such that

E|(F"(0). ¢) — (Fo.¢)| > 0 asn=N"F -0
for all Schwartz functions ¢. Then for all Schwartz functions ¢, 0 < s <t < 00,
and 6 € R,

— 0

t
E’E(exp [i@(]—'”(t), ¢)]’ﬂ}> — exp (i&(]—'"(s), qu(s)) —o6? / (u(r), |VT(£(r)|2)dr)

asn = N8 — 0, where u solves (3),
Ty = a((]—'"(r), ¢):0<r<s,pisa Schwartzfunction),
u is the solution to (3), Té, is the solution to the backward problem L* = 0 in

RY x (0, 1), ¥ (t) = ¢, and L* is the dual of the operator L of the linearized version
of (3) (i.e. Tdi solves (9)).

We observe that, since the initial conditions are i.i.d., (g, ¢) is indeed Gaussian
with mean zero and variance (i, ¢>) — (1o, ¢)>. The proof of Theorem 5 is based
on the N~1/27¢ decay from Theorem 3 and uses the strategy of [48, Sect. 3] to
estimate the characteristic function of the intermediate fluctuations process. An
immediate consequence of Theorem 5 is the following corollary:

Corollary 6. (Asymptotic central limit theorem) Let the assumptions of Theorem
5 hold. Then, for any Schwartz function ¢ andt > 0, asn = NP — 0,

t
Law((F"(1), )|F0) — N (<fo, T} (0)). 20 / (u(s), |VT¢’,<s>|2>ds).
0

Theorem 5 shows that the (asymptotic) limiting fluctuations process is nor-
mally distributed. Indeed, it follows from this theorem and the fact that the initial
conditions are i.i.d. that the asymptotic limit F fulfills (8), i.e.

t
(F@).d) ~ N (0, (. (T(0))2) — {uo, Tj(0))% + 20 /O (u(s), |VTq§(s)|2>ds).

Formally, we can expect that the limiting distribution F of F" is a generalized
Ornstein—Uhlenbeck process, namely a formal solution to the following stochastic
PDE:

F =0AF —kdiv(FV® s« u +uVed %« F) — 20V - (Jué),

in R? x (0, T') with initial datum F(0) = Fo, where £ € L2((0, T) x R?; RY) —
L2(2; RY) is a vector-valued space-time white noise and u solves (3).

The rest of this paper is organized as follows: we sketch the technical proofs
of the main theorems in Sect. 2. The law-of-large-numbers estimate is shown in
Sect. 3. Our first result, the mean-field estimate of Theorem 1, is proved in Sect. 4.
With these preparations, the lengthy proof of Theorem 3 is detailed in Sect. 5, and
Theorem 5 is shown in Sect. 6. Some technical proofs are deferred to the appendices:
Estimates (13) for the Riesz kernels (2) are proved in Appendix A, while the uniform
bounds for the solutions to (6) and the solution qu to the backward dual problem
are investigated in Appendix B.
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2. Ideas of the Proofs

‘We show the central limit theorem (Theorem 5) by exploiting the L?(R?) con-
vergence for the convoluted quantities Z"s (1.7 —ii") (Theorem 3) with rate N ~1/2—¢
for some ¢ > 0. This L>(R?) convergence for aggregating or repulsive particles
can be obtained by using a quantitative convergence-in-probability result for the
difference of the solutions to particle system (1) and the smoothed intermediate
particle system (7) (Theorem 1). In the following, we explain the key ideas for our
three main theorems.

2.1. Central Limit Theorem

The proof of the central limit theorem (Theorem 5) follows ideas of [48]. Using
the results of Theorem 3, the main idea is the calculate the expected value of the
(conditional) characteristic function E(exp(i6(F"(t), ¢))|-%) for a given smooth
test function ¢ (which does not depend on time) and & € R. This conditional
characteristic function corresponds to the unique conditional law of an Ornstein—
Uhlenbeck process; see, e.g., [29] or [24].

First, we show that, for any test function ¥ (x, t),

Jr
JN

+ K<\/LN(.7:”, (VVT 5 F1) V) +F1 (VVT i) - Vi =V VT % @"V))

N
D VU X)) - dW; (1)

i=1

d(F", W) = —(F", L)di +

—(F1, (VO % u)- Vi — VO * (thﬁ)))dl, (14)

where L* = =03 — o AY — k (VO xu) - VY — VO x (uVy)); see Lemma
11. Let qu (s) be for fixed test function ¢ the dual linear backwards time evolution
process; see Lemma 25. The choice ¥ (x, s) = TJ, (s) for a smooth function ¢ leads
to L*y% = 0, and the first term on the right-hand side of (14) vanishes, while the
other terms on the right-hand side converge to zero in expectation.

Next, by Theorem 3 and a suitable iteration argument detailed in Lemma 12), it
is shown that the last three terms in (14) do not contribute to the limiting fluctuation
behavior, i.e.

— 0.

t
E‘E(exp(w(f"(z), $NIFs) — exp <i9<f”<s), T4(s)) — %0 / (u(r), |VT¢§<r>|2>dr>
s

This shows that (since at ¢+ = 0 a classical central limit theorem holds) at any
time ¢t > 0, the asymptotic fluctuation behavior of (F"(¢), ¢) remains Gaus-
sian for N — oo with mean zero and variance (u, (Tqi (0))?) — (uo, Tqi 0))% +

20 fot (u(s), |VT¢§ (5)|%)ds. We refer to Sect. 6 for more details.
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2.2. Mean-Field Limit in L*(R?)

The proof of Theorem 3 is based on two ideas: a law-of-large-numbers estimate,
which measures the difference of the arithmetic mean and the expectation with
respect to X :7 ; and a mean-field estimate, expressing the convergence of X ;7 -X ;’
in probability (Theorem 1).

Law-of-Large-Numbers Estimate Roughly speaking, we wish to derive esti-
mates for the probability that the difference between the arithmetic mean of some
particle interactions and the convolution with the common density function lies
outside a ball of radius N7 for any 6 > 0. More precisely, let

N N
1 i, _ _
ngn ®:=J {w eQ: ‘N > X - X;’(t)) — (Y * ﬁn)(X?(l‘))} > N—e},
j=1

i=1

where v, is a given bounded function. We claim in Lemma 7 below that, for any
m € Nand T > 0, there exists C > 0 such that
N 2 2m(0—1/2)+1

P(BYy, (1) < COm) Yyl 7% ggay N2 O~ 2HL (15)
A possible choice is ¥, = VV, whose L*®(R%) norm is bounded by NA*+D
(see Lemma 17). Choosing 0 < 6 < 1/2 and m € N sufficiently large, inequality
(15) provides an estimate with factor N~ for any y > 0. This factor allows us to
absorb in the proof of Theorem 3 other terms growing algebraically with N.

We prove estimate (15) by applying Markov’s inequality:

2m N m
>=N2m(9_1)+1E<( Z hijhik> >

J.k=1

1
N2m

N
> hij )

P(Byy, (1)) < N2m9+1E(
j=1

Here h;j = Y, (X] — X ;.7) — (Y % ") (X ). Note that due the symmetry of particle
system (1), the right-hand side is independent of i = 1, ..., N. It turns out that the
expectation on the right-hand side vanishes if /;; appears only once in the product
and that the cardinality of all products ]_[,%ZI hij., where h;;, appears at least twice,
is bounded by N (up to some multiplicative constant). As each of the products is
bounded by ||, ||§’20(R‘,), we conclude estimate (15).

Mean-Field Estimate We sketch the proof of Theorem 1, the convergence in
probability

IF’( max_|X"(t) — X(1)] > N—“) <C(y, T)N7?,
i=1 N

.....

for arbitrary y > 0. To this end, we apply first Markov’s inequality:

n v —a k
IF’(' max [X/'(0) = X/ ()] > N ) < Esk()),

i=l1,...,
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where SK(t) = N* max; 1y [(X] = X)(t Ato)|¥, 74 is a suitable stopping time
such that |S§ | < 1,and k € Nis an arbitrary number. To estimate the expectation of
Séj (1), we insert Egs. (1) and (7) for X ln and X ;7, respectively, and add and subtract
VV”()_(I." — )_(;7). Then we need to estimate, fori =1,..., N,

k

ds),

N
01=E N"‘k/t !
o |N
k
ds).

— Y [VVIX] = X)) = VVIX] = XT)(s))]
t
0 = E(N“k |
0

j=1
The term Q5 is estimated by a law-of-large-numbers argument, i.e., we apply
estimate (15). The idea is to split 2 into the set B := Bé\{% with ¥, = VV7 and its

complement 5¢. By definition of 5, the integrand of Q> is bounded on this set by

CN~% while on the set B3, the term Q5 is bounded by ||VV”||’2°O(Rd) < CNPG+Dk

(see Lemma 17) and by P(B) < C||vv'7||i'z;(Rd)N2m<0—1/2>+l (see Lemma 7 or

,,,,,

N
% D OVVIX] = XD(s) = (VYT xi")(s, X[ (5)
j=1

estimate (15)). Hence,

0, < CNak(Nfek n Nﬁ(k+1)k+2m(6+ﬂ(l+l)f1/2)+1)'

The exponent becomes negative (with an arbitrary value) if we choose k € N and
m € N sufficiently large, leading to Q> < CN~Y for any y > 0. We refer to the
proof of Theorem 1 for more details on the choice of the parameters.

The estimate of Q1 is more involved. The idea is to perform a Taylor expansion
of VV" around X l" - X :7 up to second order. After some manipulations, the most
delicate term is

INTy 1 N _ _ k
03 = E(/O S{;(s)izrﬁ?%N (ﬁ Z ID2V7(X](s) — X;.’(s))|> ds>. (16)

j=1

This expression can be controlled by estimating the convolution | D2V " |ii". Terms
like D2V % it = V" % D%ii" are bounded if #" is smooth and if 0 < A < d (see
Lemma 19). However, since the absolute value in (16) is inside the convolution,
we need the stronger condition 0 < A < d — 2 to estimate the modulus [D?V"|.
Under this sub-Coulomb assumption, the expression |[D? V| %" is bounded. After
further manipulations, we find that

t t
03 < CIID*V"| % " |1} o ) /0 E(Sh(s))ds < C /0 E(Sj (5))ds.
Thus, we obtain, finally, that
t
P(i:ql’?%[v IX1(6) — X1 (1)) > N"") < E(SE@) < CN77 + C/O E(Sk (s))ds.

This leads — after applying Gronwall’s lemma — to the desired result. Observe that
the sub-Coulomb condition is only needed in the estimate of Q3.
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Reformulation and Estimation After these preparations, we sketch the proof of
Theorem 3. We wish to estimate 7 — g” = Z" % (u" — ") in the L?(R?) norm.
For this, we reformulate this difference by using Itd’s formula for the stochastic
process X l" and by inserting definition (4) of the empirical measure " to find after
some reformulations detailed in Sect. 5 that

E( sup [|(f" = 8" (@72 gy = 1" = g">(0>||iz(w)>

O<t<t

t
+ QGE/O V(" = g")lliz(Rd)ds = %|AV"(0)| + K@)+ L) + M),
A7)

where

N t
K(t) = @E( sup s Zf (VVT s (" — ") (s, X (s)dW; (s)),
i=1 70

O<t<t N

L) = 2/<IE< sup /T (wh =", (VVT k) (VZT % (f7 — g")))ds),
0

O<t<t

T

M) = 2/<IE( sup / (W, IVZ7 % (f7 — g")|2)ds),
O<t<t JO

and (-, -) is the dual product. The idea is to estimate each of the terms on the right-

hand side of (17) such that they are either of order N~'/27¢ or can be absorbed by

the gradient term on the left-hand side of (17). Observe that the condition o > 0 is

needed here; see Remark 8 for a generalization.

By Lemma 17 (bound for DKV, the first term on the right-hand side of (17)
is bounded by C NA?+2~1 This expression is of order N~/27¢ for some & > 0 if
we assume that 8 < 1/(2X1 4 4). By the Burkholder—Davis—Gundy inequality, the
stochastic integral K (¢) can be estimated by C/N + M(¢), such that it remains to
estimate L(t) and M (¢).

For these terms, we employ similar techniques as described in the previous
subsections. Indeed, we add and subtract several terms in M (¢) to split the difficulty
into mean-field estimates between particle system (1) and intermediate system (7) as
well as law-of-large numbers estimates between system (7) and intermediate PDE
(6). We apply the law-of-large-numbers argument of Lemma 7 and the mean-field
estimate of Theorem 1 applied to the set Cy = {w € Q2 : max;=1, N |Xl." — )Z'l."| >
N~%}. The arguments are possible by choosing 8 > 0 sufficiently small (with an
explicit bound depending on A) and by taking 1/4 + Bc; < o < 1/2 — B¢y for
some positive constants ¢ and ¢ depending on d and A. After some computations,
this leads to

t
M) <CON™V*F, L) < CON'** +oE / VO™ = 8172 gayds,
0

and the last integral can be absorbed by the left-hand side of (17). Putting the
estimates together, we deduce from (17) that

t
E(()iligt ICFm — gn)(f)”iz(Rd)) +0E/0 V(T — gr’)”iZ(R(I)dS
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< C(MN2F L BN = DO 72 gy

and an estimate of (7 — g")(0) concludes the proof of Theorem 3.

The proof of Theorem 3 heavily relies on the mean-field estimate of Theorem 1
and hence on the sub-Coulomb condition0 < A < d—2. Whenever the convergence
in probability of Theorem 1 can be proved, we infer the result of Theorem 3. In
other words, the sub-Coulomb restriction is not directly needed in the proof of
Theorem 3.

3. Law of Large Numbers

We prove two estimates in probability for the i.i.d. processes X :7 (t) and their
associated laws u"(¢).

Lemma 7. (Law of large numbers) Let (X ”)I].VZ | be the solution to system (7) and
let " be the density function associated to each X :7 , i.e. the solution to (6). Given
0 > 0and ¢, € L¥(R?), ¥, € LXRY; R") withn € {1,d, d x d}, we define the

sets
>N~ },

> N_Q}.

N
Ag{% (1) := {a) e Q: ‘% ;dm()_(l.n(t, w)) — /Rd ¢,7(x)ﬁ’7(z,x)dx

N N
1 - - _
By, = U {w eQ: ‘N > (X (1) = X1(0)) = (g + @ (K] (1))
j=1

i=1

Then, for every m € N and T > O, there exists C(m) > 0 such that for all
O0<t<T,

P(Ag.g, (1) < Cm)lihy 1% ay N0,

P(Bg.y,, (1)) < COm)l|yry |7 g, N> O~ 12H

Proof. For simplicity, we denote ¥ := v, and ¢ := ¢, but keep in mind those
dependencies. To estimate the probability of By y (¢), we set

hij(t, w) = (X (1, 0) — X;?(t, w)) — W xa")(X](t, w))

fort > 0,0 € Q,andi, j=1,...,N.Then BY , (1) = UN, BN (1), where

> Ne}.

N
1
BN(t) = {a) ceQ: ‘NZhij(t,w)
j=1

It follows from the Markov inequality for m € N that

.....
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2m )

_ N2mE-D+1 ,-zr?aXNE« ,-21 hij (t)hik(t)> ) (18)

N

Z i (1)

_ sz(0—1)+1 _max IE(

,,,,,

We distinguish two cases for the summands on the right-hand side. First, we
consider summands for which there exists an index j € {1, ..., N} such that h;;
appears only once in the product (recall thati = 1, ..., N is fixed). We claim that
the fact that X l" and X 7 are i.i.d. for i # j implies that these summands have zero
mean, i.e.

2m—1

E(h,-j(r) I h,-kn(z)>=0.

n=l1, kn?éj

To prove the claim, we assume that i is scalar. Our argument can be extended to
vector- or matrix-valued functions by taking the sum over their components. Let
K denote the set of different indices k¢ appearing in the product [ | knej Miky» and
for each £ € {1, ..., N}, let oy denote its multiplicity in this product. Then, by
Fubini’s theorem,

2m 1
E(hw)n I zk,,(f)) / fRd(/Rd (w<xi—x,)—<W*a">(xi>)ﬁ"(x,>dx,->
x [T (Wi —xe) = (@ s ™) () i (eg)ie” (x)dx; Q) .
ek leK

Since [|u"|| 1 (gay = 1, the inner integral with index j vanishes, and
/Rd (W (xi —xj) — (W xa™)(x;))a" (xj)dx; = (P i) (x;)

—(w*ﬁ"xxl-)f " (xj)dx; =0,
R4

which proves the claim.

Next, we consider summands in which each term /;; appears at least twice in
the product. We do not know whether those terms have zero expectation, but we
can estimate the number of (potentially) nonvanishing terms. Indeed, we collect
these summands in the set

2m
N; = { 1_[ hij, - all indices j, appear at least twice}.

n=1

We claim that the cardinality |N;| of this set is, up to some factor bounded by
N'™. Indeed, let A be the set of indices in the products ]_[o[E A e N; withr, €
{2, ..., 2m}. Since all appearing indices appear at least twice, we have |A] < m.
To estimate the cardinality of NV;, consider first the case |A| = m. This means
that we have m different indices, i.e., each index appears exactly twice. We can
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choose (Z ) such sets of indices, which is bounded by C (m)N™ for some constant
C(m) > 0. We also need to take into account all permutations of such a selection
of indices. Then the size of the set of products [], 4 he* can be estimated from
above by (2m)!C(m)N™, which is again of order C(m)N™. If |A| = m — n for
some n € {0, ...,m — 1}, we can argue in a similar way, and the cardinality of the
set of products is estimated by C (m) N~ ". Adding all these cardinalities, we find
that |N;| < C(m)(N™ + N~ +... 4+ N) < C(m)N™.

The expectation of | Z;v:l hij|*™ can be written as the sum of expectations of

products of the form [];”, h;j,, which are individually bounded from above by
C||1ﬂ||L30(Rd) This leads to

“

We infer from (18) that

N

2_hii

2m
) = C|N|”w”Loc(Rd) =< C(m)Nm”w”Loo(Rd)
j=1

P(BY, (1) < ComN>" DNy 3%, o) = Cam)N O V2 g 3, .

It remains to show the estimate for Ag{ »(1). By Markov’s inequality,
Zm)
)

where h; (t) := (;5()_(;7 1) — fRd ¢ (x)u"(t, x)dx. Similarly as before, the expecta-

N
P(AS (1) < NWE(‘% > (X)) - /Rd ¢ (x)ia (¢, x)dx
i=1

hi ) = N2m(9—1>E( > hihj

- sz(e—l)E<
i=1 i,j=1

tion of all terms in the sum such that one index i € {1, ..., N} appears only once
vanish,
2m—1 2m—1
E(hi Z hk"> =E(h,-)IE( Z hkn) =0,
n=1, k, #i n=1, k, #i

since (h; ) L isiid. and E(h;) = 0. To estimate the remaining terms, we introduce
m
= { 1_[ h;, : all indices i, appear at least twice};

its size can be estimated as before, leadmgto N < C(m)(N’" N™ 4. .4N) <
C(m)N™. Finally, we deduce from ]E(]_[ —1 hi,) < C||¢”L°0(Rd) that

P(AY 5 (1) < ComN>" O~ 2YGIIT, o

This finishes the proof. O
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4. Convergence in Probability

We split the proof of Theorem 1 in several parts.

4.1. Preparations

We start with some definitions. Let « > 0 be given as in the theorem and let
k € N. We define the stopping time

,,,,,

and the random variable

Sk (1) = (N"‘ max (X = ) A ra)|)k <1.
i=l1,...,

Then By (t) :={w e Q: Sg(t) = 1} describesthe setof w € Qsuchthatt < 7, (w).

This set does not depend on k, since Sfl () = 11is equivalent to Sg(t)l/ k—1,and

S{; (1)'/* does not depend on k. It follows from the continuity of the paths of X l"

and )_(;’ and the fact that if max;—; __n |Xl'.7(t, w) — )_(i"(t, w)| > N™¢ for a fixed

t > 0thent > 7,(w), that

,,,,,

n n n n —o
IP( max [(X] = X)(0)] > N~ )51@( max |(X] = X))t ATl = N )

i=l,. i=l,...,

=P(By (1)) = P(SE(r) = 1) < E(Sk (1)),

where the last estimate follows from Markov’s inequality.

Now, if we show that for every y > 0 and T > O, there exists k € N and
C =C(y,k,T) > 0 such that IE(Sg (t)) < CN7Y, the proof is finished. To prove
this claim, we insert the integral formulations (1) and (7) and add and subtract
VV”()_(Z." — )_(;7). Indeed, it holds fori =1, ..., N that

I(X] = XDt A t)lf

ATy k
< C(k, T)f Zvv"(x”(s) X"(s))—(vv"*u’?)(s X!(s))| ds
/ 1
IN\Ty
<Ck*,T) /0 (111, )IF + 11, (9)F)ds, (19)
where
N
Ii(s) = ‘NZ [VVI(X] () = X[ () = VVI(X](s) = XT(s))]|.
"
L(s) = ‘NZ v"o'f:’(s)—X;?m)—(vv"*ﬁ"xs,ff?(s))‘.
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4.2. Estimate of I ; (1)

The term I ; (¢) is estimated by a law-of-large numbers argument. We apply
Lemma 7 with ¥, = VV" and 6 > 0, which will be chosen at the end of the proof.

With the notation of Lemma 7 we have Bg{vvn (s) = UlNzl{Ili(S) > N7%}. As

we want to bound E(S(’f[ (1)), we compute the expectation of N “k max;—1.._.n (; Na

|12, (s) kds by splitting €2 into the two sets Bévvvn (s) and its complement Bévvw (s)€.
Taking into account that 15 ; (s) < N~ on Bévvw (s)¢fori =1,..., N and ap-
plying Lemma 7, for any m € N,

ATy
E(N“k ~max / |12, (s)|kds>
i=l,..., N 0

ATy
ak . k
< ]E(N . maxN/O |12, (s)] 1l3gfwn(‘v)fds>

ATy
ak . k
+E<N 'I}laXN/o |12, (s)] 189’ (S)ds>
< TN N~ 9k+C(T>N“k||vv”||Lw(Rd) sup B(Bjlgyn(s)
< TN(O{—@)]( + C(m, T)Nl)lk”VVr]”]z‘-goz(l’ﬂré )N2m(9 l/2)+l

where in the last but one step we have applied Young’s convolution inequality to
estimate

IVVT 5 d" | poomay < IVV T pooay 18"l 1 ray < CIVV | Lo (ma)-

It follows from [[VV"| ;o (gay < CNFPHD (Lemma 17) that

ATy
E(N“k max f |12,l~(t)|kds>
i=l,..N Jo

< C(k, m, T)(N(Ol—e)k + Nozk+/f5()»+l)(k+2m)+m(29—1)+1)' (20)

We will determine the parameters k and m at the end of the proof.

4.3. Estimate of the Term With Integrand I ; (t)

This estimate is more technical than the previous one. We perform a Taylor ex-
pansion of VV around (X l" —-X ’j?)(s) with a linear term and a quadratic remainder:

[ATy

ak
]E(N /(; i_I{l,Z.l.)f I, (s) ds)

.....

x (X! = X)) — (X} - X})(s))

k
ds)
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IATy

N
1 _
3 k k n n
+C(0ID v”an(Rd)E(N“ fo max > lﬁ (X7 = X))
]=

~ (X" - )‘(;?)(s))|2"ds>. Q1)

We collect in the first term on the right-hand side the differences with the same

index, i.e. (X} — X;.’) — (X - )‘(7) =X -X - (X;? - 5(;?) such that

ATy
E(N"‘kf _max Il,,-(s)kds) < C(k)(I11 + 112 + I13)(¢), where
0 1

.....

i=

k
ds),
k
ds),

INTy 1 N _ _ _
) = IE(N“" [ ‘N SODPYIR! - KX - X))
0 ;
j=1

.....

i=l1,...,

INTy 1 N B _ _
— ak . 2v/n n_ yn n__ yn
I12(1) _]E(N /0 maxN‘N § 1D VX! = XDXT = XT)(s)
j:

t
= 2k
L) = ||D3V"||]ZOO(Rd)IE<N“k/ _max |(X] = XD)(s A ) ds).
o i=l,..,
We start with the term 3. It follows from Fubini’s theorem, the estimate

ID*V | ooty < C NPT from Lemma 17, the definition of S% (s), and S (5)* <
Sk (s) (since S (s) < 1) that

t t
113(t) < C(k)NPOAIK f E(N = sk()?)ds < C (k) NPO+Ik—ak / E(SK (s))ds.
0 0
(22)

Note that we need the definition of the stopping time 7,, which guarantees that
Sk < 1.

N_ext, we estimate I11(t) < I111(¢)+ I112(¢) by adding and subtracting (D2V7 %
u (X ;7):

k
ds),

For I111(¢), we apply Lemma 7 for m € N (which will be chosen at the end of the
proof) with ¥, = D?V" and § = 0 and split  into By p2yn (s) and By payn ()€,
Then Fubini’s theorem and the bound ||[D?V7|| Lo@®d < CN PG+ from Lemma
17 lead to

— D2V % id")(s, X (s))

,,,,,

ATy 1 N _ _
k Z 2
i) = E(/o Sa(5) iy ‘ﬁ i=1 DIVIXI ) - X;"(s))
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k
— D2V % i")(s, X (s)) 1BO,D2V,7<S>Cds>

+ C(MID* V] o ay Sup P(By pry(s))
O<s<T

t
< N0 / E(Sg(s))ds + C(m, T)Nﬂ(}""z)kszﬂ()‘+2)N2m(0_1/2)+1'
0

The estimate for /112 (¢) simply follows from Fubini’s theorem and the bound for
D?V" x it" from Lemma 19, yielding

t t
Hi2) = 1PV 5 @ ey [ EGSE s = €0 [ EGsLeas,
0 0
We conclude that

t
111(t) < C(k) /O E(SX(s))ds 4+ C(k, m, T)NPOFDE+2m)=m+1 (23)

where the constant C (k) > 0 depends on the L>(0, T; L®(R%) N L' (R%)) norm
of u", which is bounded uniformly in 7 thanks to Lemma 23. B

Finally, we estimate /1 (¢) by first taking the modulus of X 7 (s) — Xj (s) inside
the sum:

ATy N _ _ B k
In(@) < E(N"’k/o _max (% > DV () — X)X () — Xj?(s)\) ds)
=l = .

ATy X 1
< E( / Sa(s)  max (—
0 i=1,...N\ N

Here we used the definition of Sg (s) for s < Tg- Similarly as to the estimate
for I11(t), we add and subtract |D?V"| % it (s, X?(s)), which yields I152(f) <
C(l121(1) + Li22(1)), where

N k
D2 V(X (5) — )'(;?(s))|> ds>.

j=1

.....

— (ID*V7 % @) (s, X (s))

-
ds),

Lemma 7 with ¢, = |D2V"| and 6 = 0 and the property S{; () < 1 imply that, for
anym € N,

.....

t
I (1) < /0 E(Sq ($))ds + C(DID*V I} o 0, OiggTP(B&Dzm(s))

1
< / E(S}())ds + C(DD* V20, N2 0712
0
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t
= / E(Sg(s))ds + C(m, T)NPOADkA2Zm—m+1
0
By Lemma 19, [D>V"| % it is bounded (here we need A < d — 2). Hence,

t t
Lo () < DV 5 " 1 o ) /0 E(Sy())ds < C(k) /0 E(Sq ($))ds.
These estimates show that
t
1) < C(k)/ E(SK(s))ds 4 C(k, m, T)NPOFDEFZm=m+1 o4y
0

Summarizing, we insert estimates (22), (23), and (24) into (21) to find that

ATy

t
B (N / _max T()kds) < CQo) (1 + NIk / E(Sg(s))ds
0 N 0

i=1,...,

+ C(k, m, T)Nﬂ()u+2)(k+2m)—m+1'

Combining this estimate with (20), we conclude from (19) that

t
<cw(t +Nﬂ()‘+3)k_°‘k)/ E(SK (s))ds
0

4 Clk.m, T)(N(a—(?)k 4 NOkFBOADRA2m)+m26—-1)+1 N/S(A+2)(k+2m)—m+l).

4.4. End of the Proof

Since @ > B( + 3) by assumption, the factor N#*4+3k=ak is bounded for all
N. We claim that for any given y > 0 and («, 8) chosen according to the theorem,
we can choose k, 6, and m such that the remaining terms are bounded by N 7.
Indeed, let 0 € (¢, 1/2 — B(X + 1)) (this requires that ¢ < 1/2 — B(A + 1)). The
parameters k and m are chosen as follows:
o We take k € N sufficiently large such that (@ — 6)k < —y. This is possible
sincea — 0 < 0.
e We choose m € N sufficiently large such that B(A+2)(k+2m)—m+1 < —y,
which is equivalent to

2m(BA+2) —1/2) < —y — 1 — B(h + 2)k.

This choice is possible since 8 < 1/(21 + 4).
e Next, we take m € N sufficiently large (or even larger) such that ok + (A +
Dk 4+2m) +m(26 — 1) + 1 < —y, which is equivalent to

mQ2BA+1)+20-1)<—y —ak—-—pA+ 1k —1.
Choosing m € N large enough is possible since 8 < 1/2 — (A 4 1).
We infer that

t
E(Sk (1)) < C(k) / E(Sk(s))ds 4+ C(k, m, T)N~7.
0

Gronwall’s lemma implies that E(Séj (1)) < Ctk,m, TYN~7. Since y > 0 was
arbitrary, this concludes the proof.
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5. Mean-Square Mean-Field Estimate

In this section, we prove Theorem 3. We first reformulate || (f" — g") (1) | .2 (ra)>
estimate the resulting terms, and then derive a bound for ||(f" — g")(0)|| L2(RY)-

5.1. First Reformulation

We first reformulate the L2(R?) norm of ( f1T—gM(¢t)interms of V', u", and
u". For this, we expand

1" = 8N O agay = 1" = &N OFagay = Ji + T2+ J3,  where

T = 1" O 2gay = 1" O 2 gy

D = 18"l 2gay = 18" O3 ga)s

J3==2((f"(1). g"(1)) — (f"(0), g"(0))). (25)

Step 1: Reformulation of Ji. By definition (12) of f7, V1 = Z" % Z", the
symmetry of Z" (which is a consequence of the symmetry of & and W), and the
change of variable y = x — X l” (t), we compute

N
1
1O 2 gy = H OIRAIER IO

i=1

N

2 1 2
- Tx — X7
L@y N? -/IR"’ (ZZ G UD) &

i=1

N
1
=3 2 /R 2y + X0 = X[ (1) 2" (»)dy
ij=1

N N
1 1
=37 ’ZI(Z" 2N 0 = X[ ) = —5 _Zl VI o) - X10).
L= i,j=
(26)

To reformulate the last expression, we apply 1t6’s formula. For this, we rewrite
the particle system (1). In the following, we omit the argument r whenever this
simplifies the notation. Recall that, by definition of the empirical measure, system
(1) can be written as

dX! = k(VVTx ) (Xdt + V20dW;, i=1,...,N,
and consequently, for the vector X;; = (X?, X;.')T € R forsome i, jell,...,N},
(VT (X)) — (dW;
Xmj =K <(er] *M”)(Xj) dl + 20’ dW] .
We introduce g(X;;) = V(X ln — X?). The derivatives are

vviIx! —x7
De(Xij) = <—vvn()l(?7 . )é’?)) R,
i J



5 Page 26 of 68 Arch. Rational Mech. Anal. (2026) 250:5

2 n n 2 n n
D2e(X;) = D*VI(X] - X]) —D*V(X] - X7) o R2x
e -D*VI(X! - X7) D*VI(X] - X :

Abbreviating Y;; = X — X7, 1t6’s formula gives

vvi M(X;
dg(Xij) = (ng(X,-p : (Evvn Mt D T (2aD2g<X,,)))

++v20Dg(X;)) - (dW;>

= VYY) - (VY75 ) (XT) = (VVT s ) (X)) de

+ 20 AVT(Y;j)dt + V20 VV(Y;)) - (dW; —dW)). 27
After summation over i, j = 1, ..., N withi # j and using the symmetry of V",

ie. VV(Y;;) = —VV'(Y};) in the first term on the right-hand side, the integral
formulation of (27) becomes

D (X (1)) — g(Xi(0))) =2« Y / VVI(Yij(5)) - (VY5 ) (X] (5))ds
i#]j i#]

+2GZ/ AV”(Y,](s))ds—i—%/_Z/ VVI(Y;(5)) - dWi(s),
i#£]j i#]j

where we have used for the It0 integral the definition of Y;; and

Z / VVIX] = XT) - dW; — Z / vVIX] - XT) - dW;

i,j=1,i#j i,j=1,i#j

=2 Z /vv’?(x” X - dw;,

i,j=1,i#]j

which follows from the anti-symmetry of V'V and the fact that W; are independent
Brownian motions fori =1,..., N.

We deduce from the definitions of g and J1, the fact that the difference V" (Y;; (¢))—
V(Y;;(0)) vanishes fori = j (since Y;; (t) = Oforall t > 0), and from formulation
(26) that

¥ Z VI (0) = VI 0) = = Z 2(Xi; (1)) — g(X;;(0)))

i#] i#]
2% [ vV v s
i#]

ZZ / AV (s + 2227 Z f VVI(Yij() - dWis).

i#] i#]
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It follows from N=' 3N VV7(¥ij) = (VV7 % pu")(X]) that
2 Xt
2
Ji = ~ ;_1/0 [(VVT s M) (X (5))]7ds

+2Gi/IAV” (X" )d—za/tAV”Od
W,_ 0( * u')(X; (s))ds Wo (0)ds

2«/ 20

/ (VVT 5 (X[ (5))dWi (s). (28)

Note that for all terms on the right-hand side, we have written the sum over i # j
as the sums over i and j minus the sum of the diagonal i = j. In the sum over
i = j, we first need to evaluate VV"(Y;;(s)) = VV"(0), which vanishes due to
anti-symmetry of VV'. However, the expression AV"(Y;;(s)) = AV(0) does
generally not vanish, explaining the third term on the right-hand side.

Step 2: Reformulation of J>. We deduce from the symmetry of Z" that

(Z" % u,v) = (u, Z"xv) forallu,v e L2(Rd), (29)

where the dual product (-, -) corresponds here to the inner product in L2(RY).
Therefore,

Hg”(t)IIQLz(Rd) =A(Z" %" (1), Z" % @ (1) = (@ (1), Z" % Z" % i (1)) = (" (1), VT * i (1)),
Thus, taking V" % u as a test function in the weak formulation of Eq. (6) for ",
1
18" (122 g, = (@7(0), V' () + / (@, V1 % 3,i")ds
0
1 t
+ O’/ (A", V7 x zZ")ds—K/ (VT i, diva"VV" «a))ds
0 0
and, after integrating by parts in the third term on the right-hand side,
13
D= 18" 72ga) = 18" O 72 g0y = /0 (@, V% 3yit")ds
t t
+ o/ (@, AVTximyds — K/ (VT divw"VVvT = u™))ds.  (30)
0 0

Step 3: Reformulation of J3. We determine J3 by first calculating the mixed
term

(f1(), ") = (u"@)* Z", u" (1) x Z") = ( N0), 2" Z" % u" (1))

= (@), VT % i (1)) = Z Vs (e, X(1)),

i=1

where we have again used the symmetry of Z7 (see (29)). By It6’s lemma, applied
to every term V" x "l (t, X[ (1)), as in (27),
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S
Il
|
=
M=

I
—

(Vs (e, X] (1)) — VT @0, X[ (0)))

Il

|
=0
.MZ

I
-

t
/ [0 (VT i) + .k (VVT s ) (VVT s k) + 0 AVT 5| (s, X?(s))ds
0

N
2\1/\,% Z/ YV (5, X[ (5))dWi s).
i=1"0

We use 0;(V" % u) = V" % 0,u" and insert Eq. (6) for u" (observe that o,u" €
L?(RY) for fixed n > 0):

t t t
2/ (Vi) (s, X[ (s))ds = / Vs it (s, X[ (s))ds +/ V7 it (s, X[ (s))ds
0 0 0
t
:/ Vs 3" (s, X (s))ds
0
t
+f [ AV il (s, X[ (s)) =k VV T (@"VVT 5 i) (s, X[ (5))]ds,
0
which allows us to write J3 as
1
h=— ;/0 V7% 30" (s, X[ (s))ds

N t
_ %Z/ [CTAV'7 x0T —kVVT % (,;nvvn * ﬁ”)](s, X?(S))ds
i—1 70

N
2 t
- § / [£(VVT sy - (VVT sy + o AV "] (s, X (5))ds
i=1 Y0

N t
2?2/0 VY i(s, X[ (5)) - dWi (). b
i=1

We combine expressions (28), (30), (31) for Ji, Ja, J3, respectively, to find
from (25) that

1" = 8N O 2gay = 17 = &N ON2gay = (K1 + - + Ke)(0),  where

200 (! 20t
- _= n __= n
Ki(t) = N/o AVT(0)ds v AV(0),
o N ot
Ka() = ; /0 (2(AVT % u(XT(5)) + (@ (5), (AVT % @")(s))
—3AVT xu'l(s, Xl."(s)))ds,

t N ot
K3(1) = / (@"(s), V" % 8,i" (5))ds — %Z/ V7 0, (s, X! (5))ds,
0 —Jo



Arch. Rational Mech. Anal. (2026) 250:5 Page 29 of 68 5

t

K4i(t) = —/c/ (VT %" div@a"VV" xu™))ds
0
K Lt
el Ny (A" % 7! U
+ 5 121:/0 Vs @VV7 ") (s, X' (s))ds,
U [t
Ks(n) =+ Zf (VY7o @12 = (VYT i) - (VT ") (X] (5))ds,
N “~Jo !
R N )

Ko(t) = —— Z/ Vs (! — ") (s, X (5)) - dW; (s). (32)
In the next subsection, we rewrite K», ..., K5 and directly estimate K| and K¢ at
the end.

5.2. Second Reformulation
We reformulate the terms K>, ..., K5 in (32) in such a way that some terms

can be combined or cancel out.
Step 1: Reformulation of K, (t). Using the definition of u", we write

t
Ko (1) = 2af (W), AV s (' — ") (s))ds
0

t
+o / (@™ = p"M(s), AV 5 i (s))ds
0

Because of V" = Z" x Z" and the symmetry of Z", an integration by parts shows
that

t

t
Ka(t) = 20 / (V" — M. Vs + o / (V(f7 — g")., Vg"ds
0 0

Step 2: Reformulation of K3(t). With the definition V' = Z7 % Z" property
(29), and Eq. (6) for u", we infer that

t t
K3(r) = / (@, Z" % Z" % 3;i")ds — / (", Z" % Z" % 8;i"yds
0 0
t t
= / (@" =My« Z", Z" % 3;u")ds = / (g" — ", Z" % 3;u")ds
0 0
t t
= o'/ (g" — 1, AZ" % i"yds — K/ (g7 = 1. Z" % div(@"V V" xi))ds
0 0

t t
= (7/ (V(fT = gM), Vghds — K/ (VZT s (f1 = gM), a"V VT xi")ds,
0 0

where we integrated by parts in the last step. The first term on the right-hand side
is the same as the last term in K> (¢), which shows that
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t
Ko (1) + K3(1) = —20/0 (V(f" =M, V(" —gM)ds
t
- K/ (VZT s (f1 = g"), a"VV" % u")ds. (33)
0

Step 3: Reformulation of K4(t). Using the symmetry of Z" and property (29)
again, the first term of K4(¢) becomes

—ic (V5" div@"V V" % i) = —k(g", VZ" % @'VV" % i")).

Similarly, the second term in K4(¢) becomes

z|=

N
DOV @IVVT i) (X]) = k(% 2T, V2T @IV V7 i)
i=l1

=k (f1,VZ" % @"VV" % i")).

It follows from the anti-symmetry of VZ" that
Ki(t) =« /Ot(f" — g, VZTx (@"VV" xu"))ds
= —k /Ot(VZ’7 * (fT—gM,u"VVT xu")ds,
which equals the second term of K3(z). Hence, together with (33),
Ka(1) + K3(t) + K4(t) = —20 /Ot (VT —gM), V(T —gM)ds
— 2K /Ot (VZT 5 (f1— g™, a"VV" 5 u")ds.

Step 4: Reformulation of Ks(t). We use VVT = Z % VZ" to rewrite K5(t)
according to

N ot
Ks5(t) = Rl Z/ (VVT sy (XD - (Z" % VZT % (u(X]) — " (X])))ds
N = Jo

t
=2 [ (W VT @7V = g,
0

Step 5: Reformulation of K>(t) + --- + K5(t). We add the expressions for
K>, ..., K5 derived in the previous steps:

t
(Ko +---+ Ks5)(t) = —ZGfO (VT —gM, V(T — g"M)ds
t
— 2/<f (VZT 5 (f1— g, a"VV" xi")ds
0

t
+ 2/</ (W, (VVTs ) - (VZT 5 (f7 — gM))ds. (34)
0
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We rewrite the second term on the right-hand side by adding and subtracting some
terms in the second argument of the dual bracket,
WVVT s = @ — puMVVTxam + u"VVTx @ — u"y 4+ VYTl

Inserting this expression, we see that the last term cancels with the last integral on
the right-hand side of (34). Furthermore, taking into account that VV 7 (" — u) =
VZ'"x ZTx (1" — puh) = =VZTx (f" — g"), we have
t
- ZK/ (VZT s (f1 =g, @" — W)VVT i + p"VV7 sk (@ — pu'))ds
0
t
= —2K/ (@ — ", (VVT i) (VZT 5 (f7 = g")))ds
0

t
2 [ 927 (71— P,
0

and we end up with
1
(Ko +---+ Ks)(t) = —20/0 IV(f" - g")||iz(Rd)ds
t
— 2% / (@ =, (VVT sy - (VZT o (f7 — g™))ds
0

t
+ ZK/ (W7 1VZT % (f7 — g")I*)ds. (35)
0

In the repulsive case k = —1, the last term is nonpositive and can be used to absorb
other terms; see [48]. However, in the attractive case k = 1, we need to estimate
this expression, which complicates the proof considerably.

Step 6: End of the reformulation. We insert expression (35) for Ko + - - - + K5
into (32), take the supremum over 0 < ¢t < T, and the expectation:

T
E(OsupT 17 = gD O3 2ga,) ) + 20 [O IV = 8" 72 ey ds
<I<

< B — gD 20, +E( sup [Ki()+ Ks(O) + L(T) + 1M (D),

O0<t<T
(36)
where (since || = 1)
t
L(T) = 2IE( sup / (wh —a", (VVTxay  (VZT % (f7 — g"))ds >
0<t<T | JO
(37)
t
M(T) = 2]E( sup / (W AV Z" % (f1 — g")|2>ds>. (38)
0<t<T JO

The term K (¢) can be estimated directly by using Lemma 17:

20t n -1 211
Ki(t) = _WAV 0) = C(MNID* VI oo (ray
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< C(T)NPO2=1 < c(T)N~1/2~¢ (39)

for some ¢ > 0if B < 1/(21 + 2). To estimate K¢(?), defined in (32), we use the
Burkholder-Davis—Gundy inequality and Jensen’s inequality:

1/2
E( sup |Ke()]) = CE((Ke)f/") = CE(Ke))'?,
O<t<T
where (K¢)7 is the quadratic variation process of K¢ at time 7 > 0. Since for dif-
ferent particles, the Brownian motions W; are independent, the quadratic variation
becomes

N T 1/2
8o _ 2
(E(Ke)7)'/? = (m ZE/O (VY7 (1G5, X (5)) — (s, X[ (5)))] ds)
i=1
8o r 172
= <W]E / (17($), VY7 (" — ﬁ")<s>|2>ds>
0
8o r ) 172
= <WE/0 (W) IV ZT 5 (f7 = g")(s)] )dS>
We infer from Young’s inequality and definition (38) of M (¢) that
C(o) /T ) C(o)
E( sup |Kg(t)|) < —= +2E TAVZT % (f1 — gM|“)ds < ——= 4+ M(T),
(300 1Ko]) = = [ - gPlas = = )
(40)
where we used the fact that M (T') is non-negative. Note that if « = —1, we could

use the nonpositive term « M (T') in (36) to absorb the last term in (40).
It remains to estimate L(7) and M (T). We start with the estimate of M (T)
before turning to the slightly more involved (but similar) calculation of L(T').

5.3. Estimation of M(T)

By inserting definition (4) of the empirical measure, we can formulate (38) as

T N
M(T) =2E(/ %ZWV"*(M” —ﬁ")|2(Xi")ds>
0 i=1

T q N 2
=2E / — ds).
(0 N;

By adding and subtracting VV”(}_(;7 - )_(;?) as well as VV % 12'7()_(']7), we write
M(T) < My + My + M3, where

2

ds)

Tl N
M1:=2E</ —
o W

N

1

5 Z VVIX] = XT) = VVT i (X])
j=1

N

1 n n v v

v 2; (VVIX] - X7 - vVI(X] - X))
J=
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1 Y 2

5 Z (VVIX] = XT) = vV i’ (X])) ds)
j=1

Tl N
M2:=2E(/ —
0 N;

T 1 N _
M; = ZIE(/ NZWW*m(X?)—vvn*m(X?)|2ds).
0 i=I

Step 2a: Estimation of M. To apply the mean-field estimate in Theorem 1, we
introduce the set

Co(t) = {a) eQ: max X (t, w) — X](t, )| > N"‘}, 41)

i=1,...,
where o > 0 will be chosen later. By Theorem 1, for any y > 0 and T > O, there
exists C(y, T) > 0 such that

sup P(Cy (1)) < C(y, T)N77. (42)
O<t<T
The idea is to split € into the set C, (s) and its complement Cy (s)€ with s € (0, 1)
and to estimate M on these two sets separately. This yields M| = M1 + M,
where

T 1 N 1 N 2
— n n el v
Mi —2JE</0 NZ} NZ](VV”(XZ. - X7 - vV - X)) lca(s)ds>,
i= j=
T ! 3 n n el v’ :
My = 21@(/0 N2 |v Z;(vvﬂ(xi - X" = VVI(X] —Xj))‘ lca(s)cds>.
l J=

We deduce from definition (42) of Cy (s), Fubini’s theorem, and Lemma 17 that
T
M1 < CIVV I o ga) / P(Cy(s))ds < CN?PHHD=7 < cN=127e,
0

where the last step follows after choosing y > 0 sufficiently large (¢ > 0 can be
arbitrary here). On the complement of Cy (s), the mean-value theorem and again
Lemma 17 lead to

T N N
1 Y I
2 2 n n n n
M12 < 2||D Vn“Loo(Rd)E</(; N z N z :|Xl - X] - Xi +Xj| lca(S)Cds)

S CNZﬁ()L-FZ)N—ZCI S CN—]/Z—

™

The last step follows if we are able to choose & > 0 such that 28(A + 2) — 2 <
—1/2, which is equivalent to ¢ > 1/4 4+ B(1 + 2). This choice is admissible
in Theorem 1, since 1/4 + (A +2) < o < 1/2 — B(A + 1) is nonempty if
B < 1/(8A 4+ 12). The estimates for M| and M, show that there exists ¢ > 0
such that

M, < CN~1/?¢,
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Step 2b: Estimation of M3. Similar as in the previous step, we apply Theorem 1
with the set Cy (s), defined in (41), possibly choosing a different « > 0; see below.
Again, by Theorem 1, estimate (42) holds. We split 2 into the set Cy(s) and its
complement Cg (s)€ with s € (0, ¢) to find that M3 = M3, + M3,, where

T N
1 _
M3y = 2]E</ v Z |VVT i (X]) — VVT x ﬁ"(X?)|Zlca(s)ds>,
0 i=1

T N
1 _
M3y = 2]E</ ~ § |VVT i (X]) — VVT x ﬁ"(X?)|2lca(S)cds>.
0 .
i=1

We infer from Lemma 19 that the L (R?) norm of VV" % ﬁ”()_(;’) is bounded.
Then, by definition of Cy (s), similarly as in Step 2a,

M3 < C(T) sup P(Cy(s)) < C(T)N™Y < C(T)N~V/*7¢,
O<s<T

by taking y > 1/2. The second term M3, is also estimated as in Step 2a:

Mz < C(T)|D*V" + i N~ < C(T)N™> < C(T)N~/*~*

2
7 ||L°°(Rd)

for o > 1/4, which is possible according to the choice of 8 in Theorem 1. Conse-
quently, for some & > 0,

Mz < C(T)N~/*7¢,

Step 2c: Estimation of M». The term M5 is treated by the law-of-large-numbers
estimate of Lemma 7. For this, we introduce, for some fixed 6 > 0 (which will be
chosen later),

N N
By(s) = {w eq: ‘% Yo VVIE] () = X () = VVT x i (s, X])
i=1 j=1

> ﬁJ_g},
43)

and we split €2 into the sets By (s) and By (s)¢. Then My = M>| + M»;, where

T 1 N 1 N _ B . 2
My = 215:(/0 5 > 5 D (VI = XT) = VT i (X])) 159(S)ds),
i=1 j=1
T X & o P
Moy = 215:(/0 5 Z 5 Z (VVIX] = X") = YV s i (X])) 159(S)cds>.
i=1 j=1

We use Lemma 7 with v, = VV to find that

Moy < CD(IVV N oty + IVV! 5 @77 ga)) sup P(By(s))
T

O<s<

< C(T)(NZ,B()»JFI) + I)sz(ﬂ()»+l)+0—l/2)+l < N—I/Z—E’
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where the last step follows by taking0 < 6 < 1/2—B(A+1) andm € Nsufficiently
large. For M», the construction of 3y leads to

My < C(T)N~% < C(T)N~'/>~¢,

where the latter inequality follows from the fact that we can choose 1/4 < 6 <
1/2—B(A+1)aslongas B < 1/(41 + 4). We summarize the bounds on M1, M>,
and M3:

M(T) < C(T)N~'?7¢ for some & > 0. (44)

5.4. Estimation of L(T)

An expression like L(T'), defined in (37), has been estimated in [48] using a
Taylor approximation and Fourier estimates in one space dimension. This approach
is also feasible in higher space dimensions but it would become very tedious in
notation. Here, we can reduce the assumptions on the potential V" compared to
[48], since we do not need any condition on the Fourier transform of the potential
and we do not need to impose a compact support.

We stress the fact that the next calculations do not require that @ is of sub-
Coulomb type. This assumption is needed to apply Theorem 1. The calculations
below are also true for more singular kernels under the condition that Theorem 1
holds.

Our idea is, as above, to split the integral over Q2 in a mean-field part and a
law-of-large-numbers part. We add and subtract the empirical measure

of the intermediate problem (7) to L(T), recalling definition (37) of L(T). Then
L(T) < Ly + L,, where

t

L= 2E< sup / (" =@, (VVT s - (VZ7 % (f1 — g"))ds >
O<t<T 0
t

L) = 2E< sup / (" —a", (VVTxay - (VZ" % (f1 — g"))ds )
O<t<T 0

The term L can be considered as the mean-field part, while L5 is the law-of-large-
numbers part.

Step 1: Estimation of L. We start with L and add and subtract (VV" %
ﬁ”)(X?)(VZ’7 * (f1— g”))()_(?), leading to L1 < L1 4+ L12, where

N

T
Ly = ZEf % D ((VVT i) (s, X[ () — (VV7 s i")(s, X[ (5)))
0 i=1

x (VZ" 5 (f1 — g"M)(s, X! (s))

ds,
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D (VYT xi")(s, X[ (5))

T 1 N
L12=2Ef —
0 Nl:]

x ((VZ" 5 (f7—gM)(s, X () — (VZ" 5 (f7 — g"M)(s, X[ (5)))|ds

Step 2a: Estimate for Li;. We split Q for each time O < s < T into the sets
Ca(s) and Cy (s)¢, use the definition Cy (s)¢ = {max; |X] — X]'| < N=%} in the
integral over Cy (s)¢ (leading to the factor N~%) and Lemma 7 in the integral over
Cy (s) (leading to the factor N~V for any y > 0). Then, by the mean-value theorem
applied to VV7 s u',

N
L1y < CNID?V 5| oo (ga B / Z @7 (7 = gM)(s, X[ (5))]ds
=1

+C(T)sup sup [|ZTxV(f"—¢g n)”LOO(Rd)HVVn*un”LDO(]Rd) SUP P(Cx(s)).

weR0<s<T
We deduce from

N
1
1Z7 5% V(" = gl pegay = sup |— Y VVI(x = X]) = VV" 5 id" (x)

xeRd
< CIVV" o gay < CNPEHD
(see Lemma 17) and [|D? V"7 s it" || ;oo (gay < C (Lemma 19) that

Ljy <CN™°E « V(f" = g")(s, X] () |ds + C(T)NFA+D=7,

The admissible range for & will be chosen later. It remains to estimate the first term
on the right-hand side. To this end, we add and subtract the term N ~! Z RAL (X H

—X):
T 1 N
CN™°E —
P>

T
= CN_“]E/ ! Z (VVTs (" — ")) (s, X
0

£ V(1 —g"M)(s. X

T N N
=CN_"‘IE/ lz inv"(xj — X = VVT %@ (X])|ds
o N Nj=1
Tl N 1 N _ _ _
< CN_"‘IE/ —Z —Zvvn(xj — X)) = VVI(XT = X])|ds
o N Nj:l
—a Tl - 1 Y v v - v
+CN™°E N NZVV”(XJ.—Xl.)—VV”*u”(Xi)ds

=1 o
=: Li11 + Li12. (45)
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For L111, we again exploit the mean-field convergence in probability (Theorem
1) and the properties of the sets Cy (s) and Cy (s)¢ (with possibly a different choice
of « as for the terms before), defined in (41), similarly as before:

Llll = CN_a”VVn”LOO(Rd)N_V

—a

N
+ ()5

N T
ID? V7| oo gy B f [X7(6) = X5(9)[1c,eds
— 0

i,j=1

< CN"*VNFOAD L o(T)N—* NBO+D N«

= C(T)(N—Ot—y+ﬁ(x+1) + N‘2“+ﬁ(l+2)).

The exponent of the first term on the right-hand side is smaller than —1/2 if we
choose y > 0 sufficiently large. The exponent of the second term is smaller than
—1/2if e > 1/4 — B(A + 2)/2, which is possible if B < 1/(24), since then
1/4—-B(/2+1) < 1/2 — B(A + 1), which is needed to apply Theorem 1. This
leads to L11; < C(T)N~Y27¢ for some ¢ > 0.

We turn to the term Ly, defined in (45). We split Q2 in the set By (s) and its
complement By (s)¢; see definition (43) for a suitable & > 0. Hence, using Lemma
7, because of | VV"|| oo gey < CNPATD by Lemma 17,

Liiz £ CAON T + CDIVY gy sup P(Ba(s)

<s<T

S C(T)N—Ct—9 + C(T)Nﬁ()»-‘rl)N2mﬁ()n+1)Nm(9—l/2)+l.

We choose 0 < 8 < 1/2 — (A + 1) and m sufficiently large to find that

ﬁ(k+1)+2m(ﬁ(k+1)+9—%>+l<—%.

Furthermore, we have —o —6 < —1/2 by choosing & > 1/2 —«, which is possible
by the choice of «. This yields L1 < CN~1/27¢ for some ¢ > 0. It follows from
the estimates for L1; and L3 that, for some ¢ > 0,

Ly < C(T)N~'/?—¢,

Step 2b: Estimate for L12. We exploit the positivity of the diffusion constant
o > 0. For this, we split Q again into Cy(s) and C,(s)¢, defined in (41), and we
estimate similarly as above. Lemma 19 shows that ||V V" % i"|| [ o gay < C. Then,
by the mean-value theorem for the term involving the complement C,, (s)€,
Lip <CMDE [y & XN (V275 (f7 = gM)(s. X1 (5) — (VZ7 % (f1 — gM)(s. X[ (5))|ds
< C(DNTUE [§ ID2Z7 % (7 = gl oo (g ds
+C(TINTY supgeq IVZT + (f7 — gn)”LOO(O.T;LOO(]Rd))-

We use Young’s convolution inequality and Lemmas 17-19:

||DZZn *(f7 - g”)||Lo<>(Rd) = ||VZ"||L2(R{1)||V(f’7 - gn)”LZ(Rd)
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< CNPRIV (" = gDl 2 oy
IVZ" % (f7 — 877)||L00(Rd) = C(||VV”||LOO(R4) +VVT ﬁn”LOO(]R{d))
< CNﬁ(A+1)_

Then, by Young’s inequality,
T
Li» < C(T)N~« fo IV — ") ll2qeyds + C(TYN Y +0D
T
o — —
< EE./O V(" — g")lliz(Rd)ds + C(o, T)N™2¢tPd L c(T)N—VTAO+D,

We choose o« > 1/4+ Bd/2 and y > 1/2 + B(A + 1) to conclude that, for some
>0,

T
o Ry
Lip < JE /0 IV = g2 oy ds + Ca, TIN2E,
The choice of « is consistent with the condition in Theorem 1, since 8 < 1/(6A44).

We summarize the estimates for L and L3:

T
o -1/2—
Ly < E]E/O V(T —g")||iz(Rd)ds+C(a, T)N~1/2=¢, (46)

)

To simplify the presentation, we abuse the notation by using an integral notation
instead of the dual product in

Step 3: Estimation of L. It remains to estimate the term

Ly, = 2]E< sup
O<t<T

t
/ (" —a", (VVTxa)  (VZT % (f7 — g"))ds
0

/d Z(x = )" VVT s (y)dy = / , ZM(x = y)VVT 5 a" (y)di" ()
R Re
1O _ _
= > 20— XHVVTxal(X]), x e R
i=1
In this way, we can easier keep track of the variables. With this notation, we can
rewrite the integrand of L, by exploiting the symmetry of Z"7 (see (29)):
(" —a", VZT s (f1 = g") - VVT s i) = (ZTx (VVTxa (1" —a")), V(T —gM).
Here the last expression reads as

(Z" % (VVT s (7" — a"), V(1 — g")

= /Rd V(" —g"x) /Rd Z(x = ) (VVT i) () (1" (y) — " (y))dydx.
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It follows from the Cauchy—Schwarz and Young inequalities that

T
Ly < C()E f 1275 (VY s @ (37— @) )2 g A
0

° ! n_ o2
+EE A IV = &DII72gayds- 47)

The first term in (47) can be estimated in a similar way as in the proof of Lemma
7. Indeed, we write

Z"x (VVT s u" (@ — a'y)(x)

N
= %Zz’i(x — }_(:‘7)(VV’7 * 12’7)()_(;7) _ /d ZM(x — y)(VVT 5 @) (»)i (y)dy
i=1 R

and introduce forx € R? andi = 1, ..., N the functions

hi(x) == Z"(x — XH)VV"Txa"(X]) — / ZM(x — Y)VVT % i (y)i" (y)dy.
Rd

For fixed x € R?, the functions /; (x) are independent (since starting from i.i.d.
initial conditions) with vanishing mean. Hence, by Fubini’s theorem,

E/O ||Z"*<vv"*u"</ﬂ—u")>||L2(Rd)ds—// ‘ Zh(x)

dx ds.

(48)

Due to the independence of /; (x), which means that EA; (x)h(x) = 0 fori # j,
we see that

1 Y 2
E‘N ;him
=

N
1 2 1 2 - 2 -
— . —— n _ n n n
= ‘E]Elh,(x)l = NAQ(IZ (x =27 IVVTx il (2)|7u" (z)dz
i=

L2
N

ZM % ((VVT % ﬁ”)ﬁ”)(x)/d ZM(x —2)(VVT % ") ()" (z)dz
R
+ %|z'l * ((VVT s amal) ().

We insert this expression into (48) and apply Young’s convolution inequality:

T
B[ 124 (VYT G~ DI
0
C(T

< ——— sup IIVV"*M"IILOQ(Rd)II(Z") i L1 (ray
0<t<T

+C()

sup [|Z" % (@"VV" x ﬁ’7)||i2(Rd)
O<t<T

L IVV7 |7
= ——— Sup * U oo (Rd
0<t<T L=®Y
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2 ~ 2 =12
X (”Zn”LZ(Rd)”un”Ll(Rd) + ”Zn”LZ(Rd)”uﬂ”Ll(Rd))'

Lemma 18 shows that ||Z’7||%2 &%) < NP* while Lemma 19 yields the estimate
IVVT %" oo gay < C. Hence, together with mass conservation for u”, we infer

that

T
E/O 1Z7 5 (VYT s @ (@7 = @)1 72 ey ds
< C(T)N~"P* < c(ryN~1/2,

choosing B < 1/(21). Consequently, we have

T
o _ _
Lo = SB[ IV = 600 s + Clo TINT,

Adding this inequality to estimate (46) for L gives

T
L(T) < L+ Ly <oE fo IV(f" = M3 gayds + Clo, TIN™/275. (49)

Remark 8. (Asymptotically vanishing diffusion) The condition ¢ > 0 in Assump-
tion (Al) is required to estimate the terms L1y and L. We claim that we may
replace o by oy = N~ for some s > 0. Indeed, the estimate for L, becomes

T
oN cr - _
Liz = TE/ IVCF" = &M17 2 ayds + ~ (N~2e+Bd | N=y+BO+D)Y
0

The first term on the right-hand side can be absorbed by the left-hand side of (36)
with oy instead of 0. The second term is bounded by C(T)N~V2=¢if —2a+Bd +
s < —1/2and —y+BA+1)+s < —1/2,whichis fulfilledifa > 1/4+8d/2+s/2
and y > 1/2 4+ B(A + 1) 4+ s. While y can be chosen arbitrarily large, the upper
bound @ < 1/2 — B(X + 1) can be fulfilled for sufficiently small s (with an upper
bound depending on B). The estimate for L, reads as

T
ON 2 C —14Bx
L= 2E /0 V(T = &0 s + N1,

and the last term is of order N~1/27¢ for some ¢ > 0if —1 + BA +5 < —1/2.
Again, this yields a restriction on s > 0. O

The following remark is used in Sect. 6 to characterize the limiting intermediate
fluctuations process.

Remark 9. (Generalized estimate for L(T)) We claim that similar estimations as
above show that there exists C > 0 such that for any F € W2'°°(Rd),

)

L*(T) = E( sup
O0<t<T

t
/ (w? —a", (VVTx (u" —u")) - VF)ds
0
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<C(o, T)N~'>=¢(|VF VF|? D’F
<C(0.T) (IVFll Lo ay + IV F 1 oy + ID* Fll oo )
T
oE /0 IVCFT = 8" g .

Our final estimate (49) for L(T') shows this result with VF = VV7 x u". We need
to verify that the right-hand side depends on the L>(R?) norms of VF and D*F
as stated above. As in the estimate for L(7T), we add and subtract u” such that
|IL*(T)| < L} + L3, where

t

LT=E< sup / <Mn—/:Ln,(vzn*(fn—gn))'VF)dS>,
0<t<T | JO
t

L;:E( sup / ([L”—ﬁ”,(VZ’]*(f”—g”))~VF)ds )
0<t<T | JO

We add and subtract VF(X?)(VZ” * (f1 — g”))()_(?) in L7, leading to L} <
L}, + L2, where

. T
Lu:E/O
. T
L12=E/0

Step 2a (using the mean-valued theorem, which yields D? F) shows that

ds,

N
% D (VEX) = VEE)(VZT+ (1~ gM)(X])
i=1

ds.

N
% D OVEEXND((VZT 5 (f1 = g(X]) = (VZ (1 — gM)(X]))
i=1

L} < CNTV2 8D F || oo gy

Furthermore, we infer from Step 2b that

T
_ _ o
L}, = C@ INTP IV Fll ey + 5 /O IVCF" = &M17 2 zayds-

The term L3 is estimated according to

T ~ _ o T i
L5 = CO)E /0 1275 (VE (A" = @)I7 2 gayds + S E /0 V(" = 817 gayds-

In Step 3, we have shown that the first term is bounded by

T
E /0 1Z7 5 (VF (" = @)1 72ayds < COINTP2IVFI] o -

Summarizing the previous inequalities, we have proved the claim. O
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5.5. End of the Proof

We insert estimates (39) for K1, (40) for K¢, (44) for M (T), and (49) for L(T)

into (36) to find that
N _ gl N _ gl 2
E( sup 10" = g O zqz) + 0B / IVCFT = gD gy ds

<E[(f" = DO }2ga, + Clo, TIN™27.
It remains to estimate the first term on the right-hand side. We write
1" = MO F2gay = 11O gay = 20"(0), 7(O0)) + 18" O)17 5 ga

N

- 2
=3 ”2221 VI(XT(0) — X'}(O)) -y ;(v’7 % 10) (X[ (0)) + (uo, V" ug).

Since X ;7 (0) = ¢ and ¢y, ..., ¢y are independent with common density function
uo, we find from Young’s convolution inequality that

1
EIS" = gD O 2, = 373 Z /R ) / VI (x — y)uo()ug(y)dxdy

i,j=Li#]j

N
VxO) B % Z /Rd(v'7 % 10) () (x)dx + /Rd(V" % 10) (x)uo (x)dx
N(N

b / (V" % ug)(x)ug(x)dx + —— (O) / (VT % ug)(x)ug(x)dx

:__/ (V7 % 0 (o (r)dx + L)

< NNV s uoll oo ey ol L1y + N ™MV oo gy
<CN '+ NPT <cNT12E

if B < 1/(21), where we used Lemma 17 to estimate || V7| co(ay < CNP* and
the property || V" uq|| 00 rey < C from Lemma 19, since ug € LY (RN L®(RY).
This finishes the proof of Theorem 3.

Remark 10. (Convergence of u" — u)We claim that

lim E( sup sup | (" (1) —u(t),¢>)|> -0, (50)
N—o0 0<t<T peW

where W = {f € WIRY) N HYRY) : || fllwroomay + ID° fll2wey < 1),

s = (d — A)/2, and we can allow for the values 0 < A < d — 2, including the
Coulomb case. To prove the claim, let ¢ € WV and write
(um—u, ) = R+ Ry + R3, where

R1=<M77_IZ77,X’7*¢)’ R2=<M7]—’Zn,¢—X”*¢>’ R3=(ﬁn_u9¢)'
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We deduce from Lemma 24 in Appendix B that
R3 < [la" — ullp1wa) 19Nl oo ey — O as g — 0.

Since n and u are probability measures, the term R is estimated according to

Ry <2ll¢ — x" % §ll ey = 2 sup fR X1 = (@) — d(n)dy

xeR4

= 2|Vl wa) sup / x"(x = y)lx — yldy
xeRd JRY

=20Vl Loowra) /Rd x(zDlzldz — 0

as 7 — 0. For the remaining term Ry, weseth = (—A)4"M/2¢ je.p = Oxh =
W W x h, recalling that W(x) = cg4 5 |x |_(d'*"\)/2 (see Lemma 16 in Appendix A).
Using x7 = &7 % £" and the definitions "7 = &7 % W % u', g = ET % W xu'l, we
have

Ri={(u!—a", "+ EMx W Wxh)=(E"TxWx(u’"—u"), "WV xh)
=(fT—g" &M xWxh) <" —&"l 2wy IE" | 1wy IV * 1l L2 ey,

where we used the Cauchy—Schwarz and Young convolution inequalities. The
Ll(Rd ) norm of £" equals the LY(R?Y) norm of & and does not depend on 1. Thus,
by Theorem 3, we have

Ry < NV W sl 2gay —> 0 asn=N"* -0,

provided that the L?(R%) norm of W x  is finite. We conclude from ¢ = ® % & and
® = W W that (—A)@=2/4¢p = W x h. Thus, we need (—A)@—M/4¢ e L2(RY),
which is fulfilled for ¢ € H“(Rd) with s = (d — 1)/2 € [1,d/2) (because
0 < A <d — 2). This proves the claim. ]

6. Fluctuations

In this section, we prove Theorem 5. We define the intermediate fluctuations
FH 1) = VN —u") (@),

which can be written in weak form for test functions v as

(F(@), ) = f Z Y, X[ (1) = VN @ (1), ¥).

We derive first the stochastic differential equation satisfied by the intermediate
fluctuations. The definition of the dual operator £*, applied to test functions ¥, is
as follows (see Appendix B.2. for details)

LY ==y —oAY —k (VO *u) - Vi — VO % (uV)).
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In the following lemma, we give a connection between the SDE fulfilled by the
intermediate fluctuations process and the dual operator £*. This will be crucial for
the proof of the main theorem (Theorem 5).

Lemma 11. Ler v € C®(R? x (0, o0)) be a test function. Then for any t > 0,

dFT, ) = —(F", L¥)dt + % Z V(X[ (1)) - dW; (1)

+ x(\/%(f", (VVT 5 F1) V) 4+ (F1(VVT il — VO xu) - V)
—(F1 VT % @"V) — Vb x (uVlﬁ)))dt

Proof. We wish to calculate
| N
d(F™, ' Nd —a" ) = —— dy (-, X — VNd@", ¢). (51
V) = (u"—a", ) ﬁ;:l v, X)) (", ). (51)

We infer from It6’s lemma that

dy (e, X1 (1)) = [0y (1, X[ (1)) 4+ k(1" (1) x VVI(X] (1)) - V(. X[ (1))
+ oAy (t, X](0))]dr + V20V (e, X] (1)) - dW; ().

Summing this equation overi = 1, ..., N and using «/ﬁ(u”, v) = =172 Zl |
¥ (X)), we find that

N
1
T D dy . X (1) = VN((0). 9 (1)) + ¥ Nic (' (0), (1) % VVT) - V(1))
i=1

V20 N n
+VNo (W, Ay (0)) + =Y VY@, X)) - dW; (). (52)
N i=1 l

The intermediate Eq. (6) is written in weak form as
t
0= —/0 (U(s), 3 (s))ds + (@" (1), ¥ (1)) — (@"(0), ¥ (0))
t t
- 0/ (" (s), Ayr(s))ds — K/ @"VVTxul(s), Vir(s))ds
0 0

or in differential form, multiplied by VN,
VNA@", ) = VN (@, 99 + o AY) +x @'VVT i, Vip))de.  (53)
Inserting (52) and (53) into (51) yields

AF, ) = (F1, 99 + o AY) +—Zv¢(.,xf)-dw,-
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+ VN (@, (W' % VVT) - V) — N @", (@ « VV7) - V).
(54)

We wish to formulate the last two expressions in terms of F". For this, we compute,
abusing slightly the notation,

VN, (" % VT V) — VN @, @« VT - vy)

=vN f / VVI(x = y) - Vi o)du” (v)dp! (x)
R4 JRrd
—\/Nf / VVI(x —y) - Vy@)a (x)a (y)dydx
Rd JRA
=vN / / VVI(x = y) - Vi )dw" (x) — @ 0))d(u" () — i (y))
Rd JRd
+«/N/ / VVI(x —y) - Vi )d (! (x) — it (x))dia" (v)
Rd JRd

+VN / f VVI(x = ) - Vi )da” ()du! () — " (1)
R4 JRA
= N"V2(F (F1 vV V) + (F1 @ % VVTY - Vi) + @, (F1 % VVT) . Vi)
= N"V2(F (F1 5 VVT) V) + (F1, @ % VVT) - V) — (F1, VT % @),

where the last step follows from the anti-symmetry of VV" (see (29)). We add and
subtract the dual operator £* to rewrite the last two terms (multiplied by «):

K{FT, @"«VV" - V) — ik (F", VVT % (@d"Vr))
= —(F1, L) + k(F, (VVT 5 ") - Vi — VVT % @"V))
—k(F1, (VO xu) - Vi — VO x V) — (F", 9,9 + o Ay).
Inserting these expressions into (54) shows the statement of the lemma. O

Let v = Tqﬁ, where Td’; is the solution to the backward dual problem £L*y = 0

with initial datum ¢, which is a sufficiently regular test function on R?. (Later, we
will take ¢ to be a Schwartz function in the proof of Theorem 5.) Then the first
term on the right-hand side of the expression in Lemma 11 vanishes such that, in
integrated form and for 0 < s < 1,

(FU(1), §) — (F"(s), Ty(s)) = Fi + F» + F3, where
V2o L[t
A=z ;/ VI X)) - AW (),
t
Fr = % f (Fr), (VY75 FI(r) - VT4(r))dr,
t
Fy=« f (F10), (VYT () - VT(r) = VVT s @V T (r)dr

t
e / (F1r), (VO s u) - VI4(r) — VO % @VTHO)dr.  (55)

The term F; describes the Gaussian fluctuations in the limit, while we claim that
the terms | F>| and | F3| vanish (in expectation) in the limit.
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Lemma12. Let 0 < s < tandn = NP with0 < B < 1/(8x + 12) and let
all assumptions of Theorem 5 hold. Then E(|F>| + |F3]) — 0as N — oo (or
equivalently n — 0).

Proof. The proof is inspired by Oelschldger [48] who proved a related result for
the viscous porous medium equation. We note that > almost equals L(T"), defined
in (37), except for the different scaling factor /N, VV" instead of VZ", and VTd’)
instead of VV' % . Then the estimate for L*(7T') from Remark 10 leads to

T
E|F| < CN™*+CN'’E /O IV = 8Nl gayds = 0,

as N — oo, by Theorem 3. We estimate F3 by an iteration argument. Setting
Yy 15 (r) = (YVT it (r) - VT (r) = VV 5 @'V T))(r)
— (VO xu) - Vqu,(r) + Vo x (uVqu,)(r), (56)

we can write F3l := F3 more compactly as

t
F} = K/ (F1(r). Wy 1.5 (1))

(The upper index in Fgl will be later used in the iteration argument.) We decompose
h :
1//177 1.¢ 3
sup sup ||1p,;,’¢(r)||Loo(Rd) < F31 + F3, + F33 + F34, where

O0<t<T O<r<t

F31= sup sup [((VV" = V®)%u") - VT ()| ooy,

O0<t<T O<r<t

Fo= sup sup [V (@' —u) VI}()l o,

O0<t<T O<r<t

Fs3= sup sup [[V® s ((u—u")VTL)(r)l ooy,
O<t<T O<r<t

Fig= sup sup [(V® —=VV")x @ VT (1)l oo md)-

0<t<T O<r<t

It follows from the mean-value theorem and fRd [x]x"(x)dx < Cnthat ||x" % w —
UJ”Loo(Rd) < CT]” Vw ||L°°(Rd)' Hence,

[(VVT = V@) % it || oo ey < ClID>® % || oo ),

where the latter norm is bounded, since A < d — 2 and

ID2® * it (x)] gf D?®| *ﬁ"dx+/ ID>®| * it"dx
B1(0) B1(0)¢
< Cla"ll g1 raynzomay < C(T),
by Lemma 23. We infer from sup_, _ SUpg -, ~; ||VT(£(r)||LOO(Rd) < Cllgllwr.0ora)
by Lemma 25 that

F31 < C(T)n.
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A similar argument leads to
F34 < C(T)n sup  sup [[@"VT (r)ll 11 rayngoore)
0<t<T O<r<t
< C(OMEl 1 waynroo ey 19l wr.oo s

where the last estimate follows from Lemmas 21 and 25. We deduce from a similar
estimate as in the proof of Lemma 19 that

F3 < sup sup [V (a" — “)(”)||L00(Rd)||VT¢t,(”)||LOC(Rd)
0<t<T O<r<t

= C(T)||¢||W1~°O(Rd) sup |[(a" — u)(”)”Ll(Rdme(Rd) < C(T)n,
0

<r<T

where the last step follows from Lemmas 23 and 25. Similar arguments show that

F33 < sup [ — a")VTL() |1 waynregdy < CTINNP oo ray-
O<r<T

Consequently,

1
sup  sup [[¥, ;5 (M)l pooway = C(TINNPllyy1.00may-
0<t<T O<r<t
A similar estimate can be derived for the derivatives of W,; 16 by putting them on
u", u, and Tdiz

sup  sup IID"xlf,},t,¢(r)||Loo(Rd) < C(Mlp|lwi+1.oo ey forallk < K*(57)

0<t<T O<r<t

where K* € N will be determined at the end of the proof. Here, we have used esti-
mates for e, u in WK (R NW K™ 1(R?) and for T inthe space WK +loo(Rd)n

WK +1.1(R9); see Lemma 24 and Lemma 25. These estimates need the higher reg-
ularity Assumption (A4b).
Notice that a naive estimation now would lead to

|Fj| =

t t
GGG E /O (FI0), L, () dr

<CMVN sup sup [y, ()l poay < C(T)nV/'N = C(T)N'2F,

O<t<T O<r<t

which diverges as N — oo because of B < 1/2. Therefore, we need a more
sophisticated argument. For this, we use formulation (55) for s = 0, replace ¢ by
wf% 16 (r) for fixed r, and integrate over r € (s, t) (where s is now another variable).
This yields

t

t
/ (F10r). ¥y 4o (0))dr — f (F10). Ty (O)dr = F}+ F} + F}, where
N s n

Jvd’(r)

2_K
Fl—

N
20, t r
2], e K e
i=1Ys ”"
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K t r
Fzz—/ / F'(), (VVTF").VT" v))dvdr,
2T UN S o VL« ) ‘”nlm(’)( )

t r
F} =« / fo (F10), Y7, o ())dudr, (58)

where we introduced the next iteration as

2 — Ny My . r _ n ] r
1//,7,,’r’¢(v) = (VVTxum VT%IW(V)(U) VVT % (u VTwnl.t’W)(v))
— . r r

(VO xu) VT%]H,W)(U) + Vo % (uVTwl;m(r)(v)).

With this iteration, we obtain a better bound than for 1//,% 1o Indeed, by similar
estimates as for W,} ” and the fact that

ID* Wl = €T 10, 1.6 koo ey < C(T)n (59)
(because of (57) and Lemma 25), the following bound holds:

|F3(t.5)| < C(T)Y'N sup sup Y7, 5 W) oo gay-

s<r<ts<v<r

The norm is estimated by using (59) and Lemmas 23 and 25:
”wrz],t,r.qﬁ(v)”Loo(Rd) = C(T)n||VT‘/rf,:,;,¢(") (v)”LOO(Rd) ”ﬁn(v)”Ll (Rd)ﬂLoo(]Rd)

+ C(T)”T'/r/,;, ¢(r)(v) ”WI,OC(Rd) 0<SBI<)T @ — u)(v)”Ll(Rd)ﬂLOO(Rd)

< COMIY 5O lly1.00ay < COI.

Again, by putting the derivatives on u, u", and Tv’/l - (s), we find from (57) that
n.t.¢

ID*Y o Ol ooy < CAOMIDETY] ) oo ey < CIP a0 ma -

Observe that in every iteration, we gain a power of 1, which is ensured by a finite
norm of i and u in WXL (R?) N wk+LI(RY).
After the second iteration, we infer from (58) and

|F3| < < COVNIYT 1 1o Wl oo ey

t pr
/ /(; (F(s), wit,rﬁ(”))dvdr

an estimate for F31:

E|Fj| <E

t
/ (F(r), Wy 1. (r))dr

t
< E|F} + F}| +E‘/ (F0). T, ¢(r)(0))dr + C(T)V'Nn?,
K n.t,
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where the term with respect to F7(0) can be bounded uniformly in N and 7,

since (n_1 le Lo )(0)) is a sequence of uniformly bounded smooth functions with
n,t,p
bounded derlvatwes and since the initial conditions are i.i.d. This leads to

t
E / (FIO). g T
N

13
W <o [ B[00
N

1//1

pyO)dr

(o O)]dr = C(Tn

and hence to
E|F)| < E|F? + F3| + C(T)n+ C(T)vV/Nn?,

for a different constant C(7T") > 0.

After ¢ iterations, we need the condition ug € W tL(R9) in order to bound
the gradient of 1//5 (to shorten the notation, we omit most of the indices here). This
gives

E|F;| <E

t
(Fr), Yy 0.5 ())dF

t r
< |E(FE + F)| + C(T)n+ C(T)E /0 (F1(), ¥}, o)) dvdr

a
< S (|EE + FH| + cmn*!) + c(mvNi, (60)
k=2

where F] k and F, K are defined iteratively by replacing I/Ik ~I(s) with the associated
dual backward process le e (s) (we omit the 1ndlces for a clearer readability).
Note that in the k-th iteration, terms involving the initial fluctuations F"(0) can be
bounded by C(T)n¥, since 1/[717(—1 (s) is bounded by n*~! times a uniform constant,
and we use Lemma 25 and the fact that the initial conditions are i.i.d. with density
uo.

It remains to estimate F, lk and F2k for k > 2. First, for k = 2, we use the
Burkholder-Davis—Gundy inequality (similarly as for the term K¢ in Step 6 of the
proof of Theorem 3; see Sect. 5.2):

12
oty < VN (S5 [ [N v, wRa)

We infer from

VT3 (,)(v)niow) < CDVy 1 100 ey < C(TI0* = C(T)N

that E| F 12| converges to zero as N — 00:
E|F} < C(T)N™P - 0 as N — oo.

Taking into account the estimate of L*(7") from Remark 9, we find for F22 that

E|F2\<f]E (" —ahy, (VVTx (u — i) - VT (s))|dsdr

nftb
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<C, N sup (IVT!; jooqma, + VT |2 +ID?T" | oo (pd
0<l,r<T( '//r];,t,d) LR wrly.t,qﬁ Loo(le) ‘/’rly,t,d) Lo® ))

+oN'’E /OT VO = M5 gy -
Thus, it follows from Theorem 3 that
E|F}| < C(o, T)N™* — 0.
Repeating the previous arguments, the kth iterations F ]k and Ff are of order

N ~¢ and also converge to zero. Hence,

¢
> E|Ff + Ff| >0
k=2
for any ¢ > 2. Finally, choosing K* € N such that K* > 1/(28), we conclude
from (60) that

K*
EIF| = EIF}| < ) (BIFf + Ff|+ C(Tn*~") + C(n)N'/27K8 o,
k=2
where C(T') depends on the WX™-°(RY) N WK™ (R?) norm of " and u. o

Lemma 13. Let the assumptions of Theorem 5 hold. Then for all) < s <t < 00
and 0 € R,

— 0

]E‘]E(exp [i0(F" (1), $)]

t
y}) —exp (19<}"7 (9), Tj(s)) — 092/ (u(r), \VTdt)(r)\2>dr>

asn = N—P — 0, where u solves (3), Té solves (71), and s = o ({(F, ¢) : 0 <
r <s, ¢ is a Schwartz function).

The proof of Lemma 13 follows the lines of [48, Sect. 3], but since we are
working in a different setting and since we compare with the intermediate PDE
solution u" instead of a correction term, we present it here for completeness.

Proof. Let ¢ be a Schwartz function. We recall from (55) that

(FN1), @) — (F'(s), Tqé(s)) = (F1 4+ F, + F3)(s,t), where

V20 N oo
A6 =223 [ VTe xle) - awio)
IN =

P t
(s, t) = ﬁ/ (F1(r), (VVT % F(r)) - VT(;(r)>dr,

1
F3(s,1) =« / (F(r), ¥y 1. (M)A,
S
and W,;, 1o is defined in (56). In particular, we can write

exp(i6 (F(1). §)) = exp(i6{F" (5), Ty (s)))e! 10000 0RED - (61)
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Furthermore, we introduce

t
Fy(s, 1) = 0/ (u(r), IVTj(r)P)dr, (62)

which represents the variance factor of the limiting characteristic function. It follows
from the definition of .%; and formulation (61) that

E|E(exp(0(F" (1), p))|.Fs) — exp (i0(F"(s). Tj(s)) — 0> Fa(s, 1))
= B[ |E(exp0(F" (1), #)) — exp (6/F"(5), T4 (s)) = 02 Fys. D) | 7 )

_ EUE( exp(i6 (F'(s), Té (S»)ei@Fl (5.0) O Fa(s.,1) IO F3(5.1)

]

— exp(0(F"(5), Ty)e " 00| 7)|] = 61 + 6o, (63)

where

’

G = E[E[ exp(i6 (F7(s), Ty(s)))(e"7100 — e~ Fi0) | 7

Gy = E’E[exp(i@ (F(s), Th(5)))e?F160 (0F200:0 O30 _ 1)|£/"s]

The term G, converges to zero as N — oo (or n — 0), since, taking into account
Lemma 12, the mean-value theorem, and the limit E| F; (s, t) + F3(s, t)| — 0 from
Lemma 12,

G, < ]E[E(|ei9F2(x,t)ei6F3(s,t) —1117,)] = E[|ei9(Fz(s,t)+F3(s,t)) —1]]
< OE[|Fa(s, 1) + F3(s,1)|] > 0.

For the term G, we first note that exp(i0(F"(s), qu (s))) is .Fs-measurable,
which gives

G| = E‘]E(ei@ﬂ(s,t) _ 6—92F4(s,t)|g~s)’
= E|]E((ei9F1(s,t)+92F4(s,z) _ 1)6—02F4(s,t)|{9~3)|.

0 F) (s,1)+62
i6x

Fa(s.D To this end, we apply
and the process

In the following, we rewrite the expression e
1td’s formula to the nonlinear function f(x) = e

V20 Z t 1 : RNY)
dYs(r) = — E VTd)(r, X/ (r)) - dW;(r) —io8{u(r), |VT¢(r)| ydr,
N i=1

with Y;(s) = 0 and s > O fixed, implying that

. 4 .
HMCOHETGD = £y (1) = f(¥y(s)) + 06 / O (), IVT()P)dr
N

N o ot
— %922/ N ONTL 6, X] ()P dr
i=1"%
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N
V2 t
+i0 2257 [ OV X - W)
i=1vs

VN &

It follows from f(Ys(s)) = f(0) = 1 and the definition of u” that

i V2o Lt
elQF] (S,l)+92F4(S,t) —1=i6 / eleyx(i‘)VTt (r’ X’](r)) . dW; (r)
TN 2], e o

- N
+092/ e‘emr)<(u(r), VTP — %ZIVTN X?("Dlz)d’
s i=1

N
V2 r.
:iGJN(TZ/ N OINVTI(r, X[ (r)) - AW (r)
i=1""%

t .
_092/ O (W) — u(r), IVT)(r, X[ () P)dr.
s
Since

|ei9Ys(w,r) | S

. N
exp <i9/; % ;VTé(T» X!(1)) - dW; (T))‘
X exp (920’ fr(u(r), |VT(£(I, ~)|2)dr>

<exp (920 /Ot ||VT$(V)||LDO(Rd)dV),
and trivially ||e_92F 4(s.1) | LRIy = 1, we arrive eventually at
E(|E([ei9ﬂ(s,t)-i-02F4(s,t) _ 1]6—92F4(s,t)|jy)|)
<062 exp <092 /: ||VT(£(r)||Lm(Rd)dr>1E</st [ (r) — u(r), |VT¢§(r)|2>|dr),

where we have used the martingale property of Itd integrals to conclude that

V2o & /f :
E(i6 B OVT G, X (r)) - AW (r y) =0.
( W;:l: S 20 X[ () - AW, (r)|.Z

We deduce from limit (50) in Remark 10 that
E(|(1"(r) — u(r). VT (r)1?)]) — 0.
and consequently,

G, < E(|E([eieﬂ(s,z)+02F4(s,z) . 1]6—02F4(x,t)|ys)|)

t
< 092E(/ (" (r) — u(r), |VT¢§(r)|2>|dr> — 0.
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‘We have shown that the left-hand side of (63) converges to zero,
E‘E(exp(i@(}"”(t), ¢))|ﬂs) — exp (i@ (F"(s), T(g(s)) — 0% Fu(s, t))| — 0,
which, by definition (62), finishes the proof. O

Remark 14. (Explanation of Lemma 13) By the notion of the regular conditional
law, it holds asymptotically for s = O that, for N — oo (or n — 0),

1
ZL{(F"®), 9)|F0) — N((J’”o, 74(0,4), 20/0 (u(o), IVTy(z, ~)|2>df>.

As we start with i.i.d. initial conditions distributed with density function uq, Fo is
a Gaussian field with zero mean and variance

2
E((Fo, $)%) = / ¢ ()0 (x)dx — ( / ¢(x)u0(x)dx> .
R4 R4

This implies that our asymptotic limiting process of the intermediate fluctuations
(Fz, ¢)is Gaussian forany ¢ > 0 and any Schwartz function ¢, since asymptotically,

E(eimﬁ,d))) = E(E(ei0<ﬁ,¢>|g‘o))

t
= E(exp (ie (Fo. Tj(0,) — 06° / (u(r), IVTi(z, -)|2>dr))
0

t .
= exp ( - 092/0 (u(0), IVTy(z, ')|2)d1>E(ele(fO’T$(0")>).

Since (Fy, ¥) is Gaussian for any v, this shows that (F;, ¢) is also Gaussian. In
particular, we have

t
(Frod) ~ N (0, (o, (T4(00)%) — {uo, TH(0))2 + 20 /0 (u(s), |VT¢<s>|2>ds>.
O

Remark 15. (Interpretation of an Ornstein—Uhlenbeck process) By the characterisa-
tion of an Ornstein—Uhlenbeck process JF; such that the process (F;, ¢) conditional
to .%, is normal with mean (Fj, Tdﬁ (s)) and variance

t
2
fs | Cou@)VT (@) 2]}2 gayd

(see, e.g., [24]), the limiting process F; can be formally interpreted as an Ornstein—
Uhlenbeck process. This process is a formal solution to the following linear stochas-
tic PDE:

JF =0AF —kdiv(FV® s u +uVd % F) — 20V - (Vu&)

inR9 x (0, T') with the initial datum F (0) = Fo, where & € L%((0, T)xR%; RY) —
L2(; RY) is a vector-valued space-time white noise and u solves (3). Deriv-
ing a rigorous justification of this formal argument is open and left for future
research. |
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Appendix A. Estimates for the Riesz kernel

We show some estimates related to the Riesz kernel ® (x) = |x|~* for x € R4 with A > 0.
Some results are stated for the more general setting 0 < A < d although the results of this
paper are concerned with sub-Coulomb potentials. Recall that ® = W s W, xT = &7 x &7
and accordingly V7 = x" x« &, ZT = §7 x .

Lemma 16. Let 0 < A < d and let ® = W x ¥ for some function V. Then V(x) =
c;h,d|x|_()“+d)/2f0r some ¢y, 4 > 0.

Proof. We use the fact that the Fourier transform of the Riesz kernel |x]* for 0 <
A < d equals Fllx|™1(2) = C)hdlzl}‘_d for some C) 4 > 0. Then FIV]? = F[V x

V] = F[®] implies that F[V](z) = Ci/jlzl(k_d)/2. Transforming back yields W(x) =
cp.alx|~PFD/2 for some ¢y g > 0. o

We prove some estimates for V7 and Z" and their derivatives.

Lemma 17. Let 0 < A < d and k € N U {0}. Then there exists C > 0 such that for any
n=nN"F

DXV oo ray < CNACTR.

Proof. We have by definition V" = x" % ® and

DAV ()| = ‘/ DA = OO, 0y + [ DEATG = )OI, 0 ()dy
R4 R4
< DA oo ey 1P 1, 0y + 1D X1 ety 1911203, 03
where B, (0) denotes the ball around the origin with radius p := N—P Using DK x| Lo (RY)

< CNBUE+K) anq ||Dkx'7||L|(Rd) < CNPK as well as

N—B
”(D”LI(B,,(O)) = C/O rArd=lar = CN‘B()L_d)» ||(D||L°C(Bp(0)f) = CN/SA,
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we find that |Dk Vix)| < CNBG+K) Note that the condition A < d is used to estimate the
L' norm of ® around the origin. O

Lemma 18. There exists C > 0 such that for any n = NP,
1Z70 2y < CNPY2 V27 o gay < CNPOTD/2 Gp0 <) < d —2.

Proof. We infer from Z" = & % W, recalling that ¥ = c;hdeI_()”'i'd)/z, and the Hardy-
Littlewood—Sobolev inequality [41, Theorem 4.3] that for any g € L2(RY),

i E71(x)g(y)
@ =ena [, [, Oy = CE DI Lo Il 2.

where 1/p + (A + d)/2d + 1/2 = 2, which is equivalent to p = 2d/(2d — 1) > 1. The
LP(R9) norm of " can be estimated as

”Sn”LP(Rd) = N/Sd(P—l)/P”%-”LP(Rd) < CNﬁd(P_l)/P_

Then (p — 1)/p = A/2d yields ||Z"||L2(Rd) < CNP*/2_ For the last bound, we estimate
similarly as to before to get that

|vz" l2®ay = C@, d)llS”IILq(]Rd),

where 1/g + (A +14d)/2d + 1/2 = 2, which is equivalent to 1/g = 2d — A — 1)/2d.
Hence, since (¢ — 1)/g = (A + 1)/2d,

IVZ 2 gay < Ch, d)NPOFD/Z,
which finishes the proof. m]

Lemma 19. Let k € NU{0} and it be the solution to (6) (see Appendix B). Then there exist
constants C1, Co > 0 independent of n such that

OsupT ||D V”*u”HLoo(Rd) Cy||la" lLooo.7: L1 Rd)ALoo Ry O <A <d,
<r<

OSUP |||D2V’I| * u””Loc(Rd) C2||M ”L°°(O T; LI(R‘I)OLOO(R‘I)) lfO <A<d-—2.
<t<T

Proof. By definition of V! = x" % ®, for any x € RY,
IOV 5 @) (x)| = |(x" % @ % DFa™)(x)]

< /Rd /Rd X"z = )@@ (1p,0) + 110y ) ¥ DX (x — y)|dydz

= ||Xn||L1(1Rd)(||®||Ll(Bl(o)) ||Dk’2n||Loc(Rd) + ||<D||L°°(Bl(0)¢')||Dk’;n||Ll(]Rd))
= @111 5, 0y ID*@" | oo ey + 1P o0 (B, o)) ID* A" | 1 gty -

We know from the proof of Lemma 17 that ||®|| L1(B;(0)) is finite if A < d. Moreover,

|®(x)| < C|x|~* is bounded for |x| > 1 since A > 0. This shows the first estimate.

For the second estimate, we need to argue in a different way, since we cannot transfer
the derivatives from D2V to ii" because of the modulus. Here, we need the assumption
A < d — 2. We split the integral again into two parts:

(ID?V| % ") (x) = /d ID2V7 ()" (x — y)dy
R
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=/Rd

D>V s | oo ay < X" % (ID* @1, (0)) * 8" | oo (e
+ X" (ID*®1 g (0)e) * i | oo e (64)

/]Rd X"y — 2D?@(2)(1,(0) + 13, (0)c) @)dz|@"(x — y)dy.

This shows that

The first term is estimated by exploiting the fact that the L (B1(0)) norm of |D2d>| =
C|x|=*~2 is bounded if A < d — 2:

llx" (|D2<D|131(0)) * ’ZnnLoc(Rd) =< ”Xn”Ll(]Rd)”qu)”L](B|(0)) ||’/_‘n||L00(Rd)
=< C”’Zn”LOO(Rd) <C.

The boundedness of the second term on the right-hand side of (64) follows from the bound-
edness of [D2®| on B (0):

x5 (ID* @113, 0ye) # " | ooty < I3l 1 ety ID* @1l oo By ) 127 1 ety < C.
Collecting these estimates finishes the proof. O

Remark 20. (Coulomb potential with cutoff)The previous lemma can be extended to the
Coulomb potential with cutoff, as shown in [39, Lemma 6.1]. In this case, we need to define

V1 = xTx®y and @y satisfies |y (x)| < C max{N", |x|~*} for some v > 0 and C > 0.
Then || |D2V'7| w0l ”LOC(Rd) < Clog N. It can be seen that we may allow this logarithmic
bound in our computations. O

Appendix B. PDE Analysis

In this section, we provide a priori estimates for the solutions #" and u to (6) and (3),
respectively, and for a backward dual evolution problem associated to the linearized version
of (3). The well-posedness of similar problems as (3) has been studied exhaustively in the
last years; see, e.g., [38]. We see from the mild formulation that the solutions (6) and (3) are
positive.

B.1. Estimates for the Solutions to (3) and (6)

Observe that the nonlocal Eq. (6) is well-posed for any given 1 > 0, since the nonlocal term
V'V i is bounded in any L? (RY) norm thanks to the integrability of . We aim to derive
n-independent L®(R?) bounds for i" and u. For this, we introduce the parameter

d

d
p* ::d—)»e(l’i)’ where 0 < A < d — 2.

The following L” estimates follow from ideas in [17], where the Coulomb case is considered:

Lemma 21. (LOO(Rd) bounds) Let ug € LOO(Rd). There exists a constant C(p*) > 0, only
depending on d, A, o, and p* such that if |lug |l ; ®Rd) < C(p™), then

sup (Il ()| oo gty + 14Ol oo ray) < C(T),

O<t<T

sup || (" — u)(t)”Ll(Rd)ﬂLw(Rd) <C(T)n.
O<t<T
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The constant C(p*) is determined explicitly from the (sharp) constants of the Hardy—
Littlewood—Sobolev and Gagliardo—Nirenberg inequalities. This means that the initial data

cannot be arbitrarily large in the L? : (R9) norm, but we do nor need to impose “small” initial
data. Our result is natural, since Eq. (3) is aggregating for x = 1, and a restriction on the
initial datum is expected. We split the proof of Lemma 21 into two steps, first proving the
bounds for any p < 0o and then for p = oo.

Lemma 22. (L? (]Rd) estimate for p < o0) There exists a constant C(p*) > 0, only de-
pending ond, %, p*, and o such that if |ugll ; p* ®Y) = C(p™), then

sup (”ﬁn(t)”Lp*(Rd) + ”M(t)”Lp*(Rd)) = ||M0||Lp*(Rd)~

0<t<T

Let p < oo. If additionally |lug|| ; y* ®d) < C(p*) and ug € LP(Rd) holds, then

sup (1@ . ey + 16Ol Lo gay) < C(T).

O<t<T

Proof. We show the bounds only for w := ", since the computations for u are similar. The

ideais to use pw? —1 ag a test function in the weak formulation of (6). Writing pwP~ lyw =
VwP, integrating by parts, and recalling that V! = x % &, we arrive at

d 4
— wPdx + —U(p — 1)/ IVwP/22dx = kp(p — 1)/ wP"2Vw - (wV V" % w)dx
dr Jrd )4 R R
=—k(p— 1)/ wP (AVT x w)dx = k(p — 1)/ w? (M * AD) * wdx.
R4 R4
From now on, C > 0 denotes a generic constant with values changing from line to line. We

apply the Hardy-Littlewood—Soblev inequality, with the exponents 1/p* + (d — 2)/d +
(A +2)/d = 2, and the Sobolev inequality:

./Rd wP (xx A®) x wdx < CllwP || aja—2 ey 1wl 1 p* ray
212 212
= ClwP 17 202 ey 101l oty < CIVWP 2170 g 011 ray -

This shows that

d 4o
el p _ = _c . p/22
a Rdw dx + (p 1)<P C”w”Lp GRd))/Rdlvw [“dx <0,
and choosing [[ug |l = ®RY) = C(p*) :=4o/(p*C’"),weinfer with p = p* that lw(® ®RY) =
“"‘OHLP*(Rd) < C(p*) forallr > 0.

Under the slightly stronger condition [[uq||; p* ®d) < C(p*), we can find some pgy > p*
such that 40/ p* — C'lw(®)||  p* ®d) > 40/po — Clw @)l (re)y = 0 forallz > 0 such

that we can improve the previous bound,

sup  lw(®ll zrorey < lluollprordy- (65)
O<t<oo

We extend this result to any 1 < p < oo. To this end, we use p(w — K)ff] as a test

function in the weak formulation of (6), where z+ = max{z, 0} for z € R, and K > 0 will
be determined later. Then, by integrating by parts,

d P 4o p/22
E/Rd(w—K)erx—}—?(p—l).éd|V(w—K)+ [“dx
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- —Kp/d(w — K2 (Vw - (VYT w) + w(AVT 5 w))dx
R
= —x/ Vw = K - (VVT 5 w)dx
R4
P p—1
—Kp/Rd (w—K) + w— K K)(AVT 5 w)dx
— P n p—1 n
=—k(p— 1)/ (w—-K),(AV *w)dx—KpK/ (w—=K), (AV'xw)dx
R4 R4
=—k(p— 1)/ (w — K)i()(" * AD x w)dx
R4
—KpK/ (= K27 (" 5 AD 5 w)dx.
R4
We decompose the space R4 into {lyl] < 1}and {|y| > 1}:

(X% A® x w)(x)

=f Ad’(y)(x"*U))(x—y)dy—i—f AG () (X" * w)(x — y)dy

{lyl=<1} {lyl>1}

< /{I ‘ I}Ad)(y)()("*w)(x—y)dY+||A<D||L°°(Bl(0)c)IIXWIILI(Rd)IlwllLl(Rd)
y=

< [ AT = )y + Clulli .
{lyl=1}

where we used |AD(y)| < C| yl_)‘_2 < C for |y| > 1 and Young’s convolution inequality.
It follows from [|wl| 1 gay = 1 that

d 40 2
- —KP Z(p—-1 v _K p/2:2
dtfﬂ@(w ax+ 2y )fRd'(“’ )2/ 2dx
=—(p- 1)/ (wx) — K)i/ AD(y)(xT* w)(x — y)dydx
R4 {lyl=1}
—1
k[ w08 [ A0 s i - ydvas
R4 {lyl=1}
b4 p—1
-f-(p—I)C/]Rd(w—K)erx-f—pCK/]Rd(w—K)Jr dx.
‘We add and subtract K to obtain only expressions involving w — K. Then
i/ (w—K)”dx+4—”(p—1)f IVw — K)??2dx < G| + Gy, where
dr Jgrd + p Rd + =1 2

Gi=(p- 1)/ (w(x) - K)’;/ ADG) (" # (w — K)4)(x — y)dydx
R4 {lyl=1}

+p- 1>1<f (w(x) —K>i(/ |Ad>(y>|dy>dx
R4 {lyl<1}

+(p— 1)C/H;d(w - K)ldx,

Gy = PK[ (w(x) — K)i_l / A (X" * (w — K)4)(x — y)dydx
R4 {lyl=1}
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+p1<2/ (w(x)—K)i‘l(f{H I}IACD(y)ldy)dx
Y=

+pCK/ (w—K)? 'dx. (66)

Since f{lylsl} [A®(y)|dy < C for A < d — 2, we can decompose G; < G;1 + G;» for
i =1, 2, where

Gu=(@p- 1)/ (w(x)—K)i/ A (" * (w — K)4)(x — y)dydx,
R4 {lyl=1}
Gr2=Cp— DK+ 1)/Rd(w - K)dx,

Gy =PK/ (w(X)—K)fvf1 /{I | 1}A<1>(y)(x"*(w—K)+)(x—y)dydx,
y<
G22—CpK(K+1)/ w—K)P " dx.

The term G 11 is handled by using the Hardy—Littlewood—Sobolev inequality with exponents
1/p*+(d —2)/d + (A +2)/d = 2 and the Sobolev inequality:

Gi1 < (p = DIw = K) 4l e oy 1w = KX pasia—2 gy

2
< Cp = DI = K4l gy IV = K212

Similarly, the Hardy-Littlewood—Sobolev inequality with the same exponents as before leads
to

—1
G2 = Cpll(w - K)+||Lp* (R4) Il (w — K)f_ ||Ld/(d72)(Rd)

p/2,2(p=1)/p
K)Y ||de<p—1>/<d—2)p(Rd)
2 2(p—1)8 2(p—1)(1-06)
KRR i — k0413020,

= CpIlw = K) 41l o (a1 (w0 —
< Cpllw = K) 4l ey IV (w0 —

where we used in the last step the Gagliardo—Sobolev inequality with = 2d(1—1/r)/(d+2)
and r = 2d(p — 1)/((d — 2)p). Notice that r > 1 if and only if p > 2d/(d + 2). Since
2(p — 1)0/p < 2, we can apply Young’s inequality, denoting M* := lluoll 7 p (RdY>

2.2(p—1)6
Gar = CpM* [V (w — K)YP120 01

+C(M*, p).

20 2
= 0= DIV = K g g,

Finally, we turn to the term Gp;. By interpolation with 6 = p(p —2)/(p — 1% < 1 (for
p > 2) and Young’s inequality,

1=0)(p—1)

6 1
Gar = CUOPIw = K4l ) lw = K411 o

LP(R4)
< I w = K)4 11}, g, + C(K. p).

We insert these estimates into (66) to infer that

d 20
@ /Rd(w — K)dex +(p - 1)(; —Cll(w — K)"'”LP*(]Rd)) /Rd IV (w — )p/2|2dx
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< C(K) fRd(w - K)Ydx + C(K, p).

Now, for any fixed p > max{p*, 2}, we choose K > 0 such that the coefficient of the second
term on the left-hand side is positive. This is possible since, by interpolation and in view of
(65),

1/po 1/p*=1/po
Cllw = K) 4l gty < c( [ - K)[’de) ( / 1dx>
{w>K} {w>[(}

w  \1/P=1/p0
<Cll(w— K)+ll d </ *dX>
FILOEON fooky K
INVP 1P oy
< Clluol| d (*) <—,
LR\ P

and the last inequality is true for sufficiently large K. Here, the fact that pg > p* is
crucial. We deduce from Gronwall’s inequality that there exists K (p) > 0 such that for any
K > K(p),

sup / (w(t)—K)idx §C(K,T)/ (uO—K)idx-f-C(K, p,T).
0<t<T JRY R4
Thus, for any 0 <t < T and for K = K(p),

/ w(t)Pdx :/ w(t)pdx—|—/ w(t)Pdx
R4 {w(®>K} {wn=<K})

SC(p)/ ((w(t)—K)”+K”)dx+K”—1/ w(r)dx
{w()>K} {w(t)<K}
<C p P w(r) p—1
=Cp | (wr—-K)idx+K —Zdx + K

R4 wn>k} K

< C(K, p, T, lluoll . gay) = C(p. T, o . ga)-
These estimates also hold for u, finishing the proof. O

Lemma 23. (L>(R?) estimate) Let luoll L p* (gay < C(p*) for the constant C(p™) from
Lemma 22 and let ugy € L®°RY). Then
sup (||IZ77(t)||Loo(R,1) + ||”(f)||L00(Rd)) < C(T),
0<t<T
sup (@7 — u)(t)“Ll(Rd)ﬂLoO(Rd) < C(T)n.
0<t<T

Proof. We show the first estimate only for w = i, a similar argument leads to the bounds
for u. The solution w to (6) can be written in mild formulation as

'
w(t,x) = G(t, x)*ug — / /d Gt —s,x —y)div (w(VV” * w))(s, y)dyds, (67)
0 JR

where G(t, x) = (47'rt)_d/2 exp(—|x|2/(4t)) is the heat kernel. This formulation is possi-
ble for sufficiently smooth solutions w, for instance in the framework of an approximated
problem. Integrating by parts and taking the supremum over R4 on both sides and Young’s
inequality gives

t
sup ”w(t)”LOO(]Rd) < sup [IG(, ')”Ll(Rd)”uOHLOO(]Rd) + sup / VG —s, ')”Lq(]Rd)
0<t<T 0<t<T 0<t<T /0
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X N7 ey | TV 50O o0 gy ds. (68)

where ¢, ¢’ > 1 and 1/q + 1/q’ = 1. We estimate the three norms in the time integral.

Lemma 22 shows that any Lq/(Rd) norm of w is bounded uniformly in (0, 7') such that
“w(s)“Lq’(Rd) < C(T) for 0 < s < T. Furthermore, since |[V®(y)| < C for |y| > 1 and

Vo (y)| < C|y|7)‘7] for|y| <1,forl < p <d/(A+1and1/p+1/p' =1,
[(VVT % w)(s, x)]

<

/ V() (x" *w)(s,xfy)dy‘+‘/ Vo) (x" *w)(s,xfy)dy‘
{ly|>1} {lyl=1}

1/p
o [ o we( [ ) e wl
{Iyl>1} {lyl=1}

=< CHXn”Ll(Rd)HwHLl(Rd) + CHXUHLI(Rd)”wlll‘p’(Rd) = C(ll”OHLp’(Rd))~
Moreover, the heat kernel satisfies for all ¢ > 1 the estimate

c@)

IVG(t —s, ‘)”L‘I(Rd) < i s[da—D/CoT12” (69)

To estimate (68), we choose 1 < g < d/(d — 1), whichimplies thatd(qg —1)/2¢+1/2 < 1,
such that the time integral over [|[VG(t — s, -)|I 14 (R4) is finite. We conclude from (68) that

sup ||w(t)||L0<>(Rd) =< C”“O”LOO(Rd) + C(T, ||”0||Lp/(Rd))-
T

O<t<
It remains to estimate the difference v := " — u. It satisfies the mild formulation v(z) =
Py + P> + P3, where
t
P = / VG(t —s, ) vVVTxul(s)ds,
0
t
P = / VG(t — 5, ) )uVVT % v(s)ds,
0
t
Py = / VGt — s, )JuV(x" *+ ® — ®) % u(s)ds.
0
Let 1 < p < oo. Then, by estimate (69) and Lemma 19 (here we need A < d — 2),
t
1P gty < cmfo IVG % @VVT 5 @)l p gayds
t
= C(T)V/O ||VG||LI(]Rd)||U||LIJ(]Ra7)||VV]7 * ﬁn”Loo(Rd)dS
! 1/2
<) [0 =7 P00 oy s
! 1/2
<) [0 =97 (100 g1y + 10Oy )b

and the last step follows by interpolation. The constant C(7T') also depends on the LY (RY)
and L (RY) norms of uq. Similarly, by interpolation and since [|u]|; P (RY) is bounded,

t
||P2||L[>(Rd) = C(T)/O ||VG||L1(Rd) ||14||Lp(1[§d)||vvr7 * U||L00(Rd)d5
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t
< C(T)/O (t =)o) 1 @iy Lo ey ds-

Finally, using the mean-value estimate || x"7 % w — w”LOO(Rd) < 17||Vw||Loc(Rd) s

t
I P3 ||Lp(Rd) = C(T)./O ||VG||L1(]Rd)||’4||Lp(Rd) X" % (VO s u) — (VP * M)”LOO(Rd)dS
t
< C(T)nfo (t = )72 ID? @ s 1(5) | oo ) s

Similarly as in the proof of Lemma 19, we have

ID*® s ull oo ray < ID* @I 1, 0y Il oo (81 (0)) + ID* @l ooy @) el L1 (8, 0ye) < C

again using the condition A < d — 2. Hence, ||P3||L,,(Rd) < C(T)n. It follows that

t
1) o gty < C(TYm -+ C(T) /0 (t = )™ V20() 1ty oo ety -
Adding this inequality for p = 1 and p = oo yields
||U(l)||L1(Rd)mLOO(Rd) = ||U(f)||L1(Rd) + ||U(f)||LOO(Rd)

13
<C(Tn+ C(T)/O (t =)0l 1 Rayn Lo rayds-

and the result follows after applying Gronwall’s inequality, observing that [ (t —s)~!/2ds
is integrable for ¢ > 0. O

Finally, we show some higher-order estimates.

Lemma 24. (Higher-order estimates) Let k € N, |lug|l; »* Ry < C(p™) with the constant
C(p*) from Lemma 22, and let ug € Xg := WET@RY) N Wkoo(RY). Then

sup (12"l x, + lu@®)lx,) < Ck, T).

0<t<T

Moreover, if k = 1, then it holds that

sup [|@" —u)(@)llx, < C(T)Hn.
O<t<T

It is possible to achieve the estimate C(T)n2 by exploiting the radial symmetry of the
potential and using the boundedness of ||D3 D xul| Loo(Rd)> S€€ [13, (22)] for a computation.

Proof. The proof follows from the mild formulation (67) of the solution w = #" and an
iteration argument. We need to estimate the drift term. For this, let first & = 1 and let
1 < p < o0o. Then

I divwV VT s w)lly pgay < IVw - (VVTx W)l pgay + 1WAV 5wl p ga)
= ”VwHLp(Rd)”vvn * w”LOO(Rd) + “w”Lp(]Rd)”Avn * w”LOO(Rd)
=< C(T>“vaLp(Rd) + C(T),



Arch. Rational Mech. Anal. (2026) 250:5 Page 63 of 68 5

where we used Lemmas 19 and 19 to estimate the convolutions as well as the bound
lwllprgay + lwllgooray = C(T) from Lemma 23. Then, applying the gradient to the
mild formulation (67) and using Young’s convolution inequality,

t
IVl p gy < IVu0llpggay +C(T) /O IVG (@ = 5.9 5 div@wV V7 5 w)()l p gty ds

t
< IVuoll L p gay + cm/O (t =) VW) p gayds + C(T).

An application of Gronwall’s inequality yields the claim for k = 1.
Next, we prove the estimates by an induction argument. Assume that for some k € N and
forany 1 < p < oo,

sup ||w(t)||wk,p(Rd) <C(T).

O<t<T

Leta € Ng with |¢| = k + 1 be a multi-index. We need to estimate the mild formulation

t
ID*w(t)ll p ety < D% uollp ety + C(T) /0 IVG % D* WV V" % w) . p gy ds.
(70)
We deduce from the induction assumption and Lemma 19 for A < d — 2 that
||D<¥(wvv77 * w)“Lp(Rd) = ||DO[w||Lp(]Rd)||VV)7 * w”Lm(Rd)
k
+C() Y ID Wl pray ID? V7 5 D~ wl o oy

=0
< C(D)ID*wll L p gy + Ck, T).

Then (70) shows that

t
ID*w () 1 (gay < IDuoll p gy + C(T) /0 (t =)D w ()l p(rayds + C(k, T),

and Gronwall’s inequality implies an estimate for w(¢) in wkt1.00(Rd) uniformly in ¢ €
(0, T). The bound for D*u(¢) is proved similarly.

The bound for the difference i2” —u is derived in the same way as in Lemma 23 by performing
an induction argument as above, taking into account the estimate

IDY (X" % VO = V) s ] ooy < CnIID*® % DXull oo (gay < C,
where |a| < k+ 1 and C > 0 depends on [lul|x,, which is bounded by the induction
hypothesis. This finishes the proof. O
B. 2. Estimates for the Solution to a Linear Dual Evolution Problem

In the study of fluctuations, we need the dual of the operator associated to the linearized
version of (3),

Lf:=0f—0Af+kdiv(fVP*xu+uVdx f),
where u solves (3). The dual operator £* reads as

LY ==y —o Ay —k (VP xu) - Vi — VO x (uVy)),
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since, by the antisymmetry of V&,
(uVOxp, V)= (VO xp,uVf)=—(f,VOx uVy)).
We need a priori estimates for the corresponding backward dual evolution problem
—0sv—0Av=k(V® xu) - Vo — VP % (uVv) in RY s e ©,0, vi)y=¢, (71)

where ¢ is the end datum. We show the existence of a solution qu (s,x) := v(s, x) to (71)
and some a priori estimates. Let u € L% (0, T; Xy41) be the solution to (3) or ug € Xy
and k € N, recalling the definition X := Wk’l(Rd) N Wk’oo(Rd).

Lemma 25. Letk e N,O <t < T,and ¢ € Wk'oo(]Rd). Then there exists a unique solution
T(; to (71) satisfying

IDATY | ooy < C Ok Tl yoo gy
where C(k, T) > 0 depends on L°°(0, T; Xyy1) norm of u.
Proof. We transform the backward problem via w(s, x) := TJ) (t —s, x) into the initial-value
problem
dyw — o Aw — k (VO +u(t —+)) - Vw — VO % (u(t —)Vw)) =0 inRY x (0,1),
w(©0) =¢ inRY.

We prove only the a priori estimates, since the existence and uniqueness of the linear non-
local problem can be deduced from them by using standard fixed-point arguments and the

superposition principle. Let o € Ng with || < k be a multi-index. We obtain from the mild
formulation that

ID*w(s) | Lo gy < 1D oo gy + C(0) /O "(Py(r) + Psr)dr, where

Po(r) = G (s = r.) # DX (VO st = r) - V() e ey

P5(r) = ||G(s —r,-) * VDY ® x (u(r — VW)l oo rdy-
For the estimate of P4(r), we observe that

VO sut —+) - Vw =div(VO xu(t — -)w) — (AD xu(t —-)w.

Then, integrating by parts to remove the divergence, we have

Pi(r) < |VG(s —r, ) * DY(VO % u(t — V)U)(V))”LOO(Rd)

+ G —r, ) « D¥(AD * u(t — WD oo ey

||

C(la]) Vi o] —¢
< m;onla V& s u(t = )l oo ey ID* ™ w () oo ra)
||
+C(al) Y ID AD 5 u(t = 1)l oo gy ID () | oo gy -
£=0

‘We infer from

IDEV® s u(t = )| poogay < Cllull oo, 7:x,_1) < C,
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IDA® s u(t = 1)l oo ey < CllullLoo,7:x,) < C
which can be obtained by similar computations as in Lemma 19, that
Pa(r) < C(aD (s = 172 + DIw () lyian oo ga)-
Next, taking into account that
1 % £l ooy + IV % Fll pooqray < CULN L1y + 11l oo eay)-
by Lemma 19 and u(t — r)Vw(r) = V(u(t — r)w(r)) — Vu(t — r)w(r), we find that

P5(r) < |[VG(s —r, ) * DY® % V(u(t — }’)U)(V))”Loo(Rd)
+IVG(s —r, ) « D¥® * (Vu(t — PWE) | oo ra)

c
- %(HDQ) * D‘al(”(t - r)w(r))”Loo(Rd)
+|® * DIl (Vu — NWIN | poord))
C(lal)

< m DI (u(r — MWD L1 A )AL RA)

C(le])
+ m ||D‘°‘|(Vu(t — r)w(r))”Ll(Rd)mLOO(Rd)
C(le|)
= m”w(’)nw\aI,M(Rd),

where C (Jor|) also depends on the L°° (0, T'; Xj41) norm of u. We sum the previous estimates
over || < k, which yields

N
lw($) koo < 161l yroe ay + CK) /0 (Is = 71712 + D) lw () oo a7
Gronwall’s inequality implies that

sup ||w(5)||wk,oo(]1§d) < C(k, D)l pllyyr.cometys

O<s<t

which ends the proof. o
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