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Abstract

Population cross-diffusion systems of Shigesada—Kawasaki—Teramoto type are
derived in a mean-field-type limit from stochastic, moderately interacting many-
particle systems for multiple population species in the whole space. The diffusion
term in the stochastic model depends nonlinearly on the interactions between the indi-
viduals, and the drift term is the gradient of the environmental potential. In the first
step, the mean-field limit leads to an intermediate nonlocal model. The local cross-
diffusion system is derived in the second step in a moderate scaling regime, when
the interaction potentials approach the Dirac delta distribution. The global existence
of strong solutions to the intermediate and the local diffusion systems is proved for
sufficiently small initial data. Furthermore, numerical simulations on the particle level
are presented.
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1 Introduction

The aim of this paper was to derive the population cross-diffusion system of Shigesada
etal. (1979) from a stochastic, moderately interacting particle system in a mean-field-
type limit. More precisely, we derive the system of equations

n
oru; = div(u; VU;) + A(U,-ui + u; Zf(a,-juj)), u;i(0) =up,; in R ¢ >0,
j=1

D

wherei = 1, ..., nisthe species index, d > 1 the space dimension, u = (uy, ..., u,)
is the vector of population densities, and U; = U;(x) are given environmental poten-
tials. The parameters o; > 0 are the constant diffusion coefficients in the stochastic
system, and a;; > 0 are limiting values of the interaction potentials. In the linear case
f(s) = s, we obtain the population model in Shigesada et al. (1979). System (1) with
nonlinear functions f have also been studied in the mathematical literature; see, e.g.,
(Chen et al. 2018; Desvillettes et al. 2015; Lepoutre and Moussa 2017). Such systems
can be formally derived from random walks on a lattice, where the nonlinearity origi-
nates from the transition rates in the random-walk model (Zamponi and Jiingel 2017,
Appendix A). Assuming that the transition rates depend in a nonlinear way on the
densities leads to equations similar to (1). We assume that f is smooth but possibly
not globally Lipschitz continuous (including power functions). Our results are valid
for functions f; depending on the species type, but we choose the same function for
all species to simplify the presentation.

This paper extends the many-particle limit of Chen et al. (2019) leading to the
cross-diffusion system

n
oju; = div (aiVui + Za,-juiVu]) in Rd, t>0,i=1,...,n, 2)
j=1
which differs from (1) by the drift term, the nonlinear function f, and the diffusion

term div ), a;ju jVu;. System (2) is the mean-field limit of the particle system for
N individuals

n N
N, 1 N, N, k
v, " =->" 5 Y VB (Y =Y, )+ 20,d WD),
=N S S
vy =gk, i=1...n k=1,...N,

i
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where (Wl.k (1))s>0 are d-dimensional Brownian motions and éil, R éiN are indepen-
dent and identically distributed (iid) random variables with the common probability
density function u ;. The functions

Bl (x) = n—dBij<m), x € RY, “)
! n

are interaction potentials regularizing the delta distribution &y, i.e. B?/. — a;jd as
n — 0 in the sense of distributions. '
System (1) is derived from an interacting particle system for n species with particle

numbers Ny, ..., N,, moving in the whole space RY. To simplify, we set N = N;
for alli = 1,...,n. The key idea of this paper is to consider interacting diffusion
coefficients:

N, N,
dX ;" = =VUi(X; ;"dt

n N 12
1
+ (201‘ +2 E fn(ﬁ z : BtZ(X/]cvtn - Xévln))) dWik(t)’ (5)

€ ) E kD)
X)) =gk i=1...n k=1,..N,

where f), is a globally Lipschitz continuous approximation of f with a Lipschitz
constant smaller or equal than n~% for some small @ > 0. In view of (4), we can
interpret the scaling parameter n as the interaction radius of each particle.

Equations (1) are derived from system (5) in the limit N — oo, n — 0, with the
scaling relation between 1 and N given in (9) below. First, for fixed n > 0, we perform
a classical mean-field limit from (5) to the following auxiliary intermediate system:

. . n . 1/2
dX}; = —VU; (X} Hdt + <20i + zZ fr(B] un,,-(x,’j,l.))) dwk @), ©
j=1

X0 =¢gF i=1,....,n, k=1,....N,

where we set u, (X} ;) = u,;(t, X} ;1)) for j = 1,...,n. The function u,
satisfies the nonlocal cross-diffusion system

n
Q. = div(u, ;VU;) + A(aiun,i +upi Y fo(Bx u,],,-)>, .
j=1

uy i (0)=udinR, i=1,...,n,
and will be later identified as the probability density function of YZ, ;- Note that we
consider N independent copies YZ’,-, k = 1,..., N, and the intermediate system

depends on k only through the initial datum.
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Then, passing to the limit N — oo, n — 0 in (5) leads to the macroscopic system

R R n _ 172
dX,i = —VU; (Xg,)dt + (ZGi + 22 f(aijuj(Xk,i))) dwk(), ®
j=1

X0 =t i=1..nk=1..N,
where the functions u; satisfy (1) and can be identified as the probability density

functions of X, k.i- In this limit, we assume that there exists § > 0, depending on n,
min; o;, and T, such that

n—z(d+l+(¥) 5 SIOgN (9)
holds, where o« > 0 depends on the Lipschitz condition of f, see Assumption (A4)

below, and that the function f and its derivatives or, alternatively the initial data, are suf-
ficiently small (see Sect. 2 for details). The main result of the paper is the error estimate

n
N, = 2 _
sup ]E(Z sup X ;"(s) — Xpi ()] > < C(Tn* =, (10)
k=1,....N i—1 O<s<T '
We prove this estimate for the potential U; (x) = —% |x|2, but more general functions

are possible; see Remark 1. Note that estimate (10) implies propagation of chaos; see
Remark 6. In the case o = 0, our scaling (9) for the multi-species case recovers the
result in Jourdain and Méléard (1998), where a single-species, moderately interacting
particle system with interaction in the diffusion part was considered. Our strategy is
similar to that one of Jourdain and Méléard (1998) (and based on ideas of Oelschlidger
1989). Since we allow for locally Lipschitz continuous nonlinearities only, we obtain
a smaller convergence rate compared to Jourdain and Méléard (1998), which in fact
is natural, since we approximate the nonlinearity with functions having a Lipschitz
constant of order n~%. A difference to Jourdain and Méléard (1998) is that the authors
assume that the diffusion matrix in the stochastic part is positive definite. We do not
suppose such a condition, but we need a smallness condition on the nonlinearity for
the existence proofs of systems (1) and (7).

Next, we present a brief overview on the existing literature concerning mean-field
limits and moderately interacting many-particle limits in the context of diffusion equa-
tions. Mean-field limits from stochastic differential equations have been investigated
since the 1980s; see the reviews (Golse 2003; Jabin and Wang 2017) and the classi-
cal works by Sznitman (1984, 1991). Oelschliger proved that in the many-particle
limit, weakly interacting stochastic particle systems converge to a deterministic non-
linear process (Oelschldger 1984). Later, he generalized his approach for systems of
reaction-diffusion equations (Oelschldger 1989) and porous-medium-type equations
with quadratic diffusion (Oelschlédger 1990), by using moderately interacting particle
systems. We also refer to the recent work (Chen et al. 2018), which also includes
numerical simulations. As already mentioned, moderate interactions in stochastic par-
ticle system with nonlinear diffusion coefficients were investigated for the first time
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in Jourdain and Méléard (1998). Later, Stevens derived the chemotaxis model from
a many-particle system (Stevens 2000). Further works concern the mean-field limit
leading to reaction-diffusion equations with nonlocal terms (Ichikawa et al. 2012), the
hydrodynamic limit in a two-component system of Brownian motions to the cross-
diffusion Maxwell-Stefan equations (Seo 2018), and the large population limit of point
measure-valued Markov processes to nonlocal Lotka—Volterra systems with cross-
diffusion (Fontbona and Méléard 2015). The latter model is similar to the nonlocal
system (7). The limit from the nonlocal to the local diffusion system was shown in
Moussa (2020) but only for triangular diffusion matrices. The many-particle limit from
a particle system driven by Lévy noise to a fractional cross-diffusion system related to
(2) was recently shown in Daus et al. (2020). Furthermore, the population system (1)
was derived in Daus et al. (2019) from a time-continuous Markov chain model using
the BBGKY hierarchy. This paper presents, up to our knowledge, the first rigorous
derivation of the Shigesada—Kawasaki—Teramoto (SKT) model (1) from a stochastic
particle system in the moderate many-particle limit.

Porous-medium-type equations can be derived from stochastic interacting particle
systems by assuming interactions in the drift term (Figalli and Philipowski 2008) or in
the diffusion term (Jourdain and Méléard 1998). We allow for interactions in the diffu-
sion part but in a multi-species setting. The paper (Fontbona and Méléard 2015) is con-
cerned with a multi-species framework too, but the authors assume bounded Lipschitz
continuous interaction potentials and derive a nonlocal cross-diffusion system only.
We are able to relax the assumptions and derive the local cross-diffusion system (1).

Compared to the work (Daus et al. 2019), we take the limits N — oo, n — 0
simultaneously. However, our approach also implies the two-step limit. Indeed, we
can first perform the limit N — oo for fixed n > 0 and afterward the limit n — 0
on the PDE level; see Lemma 9 and Theorem 3. The simultaneous limit N — o0,
n — 0, satisfying the scaling relation (9), gives a more complete picture, since we
can prove the convergence in expectation for the difference of the solutions to the
stochastic systems (5) and (8).

Finally, we remark that the cross-diffusion models (1) and (2) have quite different
structural properties; also see (Burger et al. 2020a, b). First, system (2) has a formal
gradient-flow structure for each species separately, while system (1) can be writ-
ten, under the detailed-balance condition (Chen et al. 2019), only in a vector-valued
gradient-flow form. Second, the segregation behavior of both models is different, i.e.,
segregation is stronger for the solutions to (2) than for model (1); see the numerical
experiments in Sect. 7.

The paper is organized as follows. We present our assumptions and main results in
Sect. 2. The existence of smooth solutions to the cross-diffusion systems (1) and (7)
and an error estimate for the difference of the corresponding solutions is proved in
Sects. 3 and 4, respectively. The proofs are based on Banach’s fixed-point theorem and
higher-order estimations. We present the full proof since the environmental potential
Ui(x) =— % |x|? is not square-integrable, which requires some care; see the arguments
following (22). Section 5 is concerned with the identification of the solutions to the
local and nonlocal cross-diffusion systems (1) and (7), respectively, with the prob-
ability density functions associated to the particle systems (8) and (6), respectively.
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Error estimate (10), the main result of the paper, is proved in Sect. 6. In Sect. 7, we
present Monte—Carlo simulations for an Euler—-Maruyama discretization of system (5)
and compare them to the numerical results from the particle system associated to (2).
In the appendix, we recall some inequalities used in the paper.

2 Assumptions and Main Results

We impose the following assumptions:

(A1) Data: 0; € (0,00) and &/, ..., &/ are independent and identically distributed
(iid) square-integrable random variables with the common density function ug ;
fori =1, ..., n on the probability space (2, F, P).

(A2) Environmental potential: U; (x) = —%|x|2, i=1,...,n.

(A3) Interaction potential: B;; € CSO(R") satisfies supp(B;;) C B1(0), where
B1(0) is the unit ball in R? and i, j =1, ..., n.

(A4) Nonlinearity: f € Wlf;crl’oo(R; [0, 00)) and f;; € WSTL2(R, [0, 00)) is such
that f,, = f on[—ay, a,] and the Lipschitz constant of f; is less than or equal
ton~* forafixeda € [0, 1). Here, s > d/2+1anda, — occasn — 0. If f
is globally Lipschitz continuous, we set o = 0 and f;,, = f.

Remark 1 (Discussion) Environmental potential: The sign of U; guarantees that the
populations are dispersed since the drift term becomes —x - Vu; — u;. We have taken a
quadratic potential U; to simplify the presentation. “Dispersive” potentials (i.e. poten-
tials U; with AU; < 0) are needed in the analysis, since we cannot bound terms
including AU; if AU; > 0. It is possible to choose general (dispersive) potentials
U; € C®(R?) such that VU; is globally Lipschitz continuous, D¥U; € L*®(R%) for
k=2, ...,5 + 2, the Hessian D2Ul~ is negative semidefinite, AU; < 0, and DkUi
for k = 3,...,s is sufficiently small in the LOO(R") norm. Thus, we may choose
Ui(x) = —|x|2 + g(x) and g is a smooth perturbation.

Nonlinearity: Since f is not assumed to be globally Lipschitz continuous, we
need to approximate the nonlinearity. The condition on the Lipschitz constant of
fy ensures that we have a control on the growth of the Lipschitz constant of f;
in the limit N — oo and n — 0. This growth condition is needed in the proof
of Lemma 9; see (34) and thereafter. The condition s > d/2 + 1 ensures that the
embedding H*(RY) — W1 (R?) is continuous, and this embedding is needed to
obtain solutions in H* (Rd ) and to derive the estimates. O

We introduce some notation. We set
aij =/ Bij(lxhdx, i,j=1,...,n,
R4

BL(x) = =By (Ix1/n). Aij = | Bijll 11 gy = I B 111 gty and A = max; joi.__.n Aij.
Let Cy > 0 be the constant of the continuous embedding H* (]Rd ) — LOO(Rd) and
set

I = [—2Acx||u0||Hs(Rd), 2Acs||140||Hs(JRd)]~ (11)
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Then, for small n > 0 such that a;, > 2AC/||ug |l ys(ray, we have f = fon .
First, we ensure that the nonlocal and local cross-diffusion systems (7) and (1),
respectively, have global smooth solutions.

Theorem 2 (Existence for the nonlocal system) Let Assumptions (A2) and (A4) hold,
ug € H (R4 R™) fors > d/2+1, and let n > 0 be such thata,, > 2ACs|luoll gs qrdy-
There exists ¢ > 0 depending on ug such that if || || cs+1(y) < &, system (7) possesses
a unique solution u, = (uy,1, ..., Uy, ) satisfying

upi € L0, 00; H (RY)) N L*(0, 00; H* T (RY)),
2 2 2
”un ||LOO(()7T;HJ(RL])) + O ||VM,7 ”LQ(O,OO;H“'(R‘])) = ”uO”HS(]Rd)’
where 0 < 0, < Opin := Min;—q, oj.

The dependence of ¢ on uo can be made more explicit. The proof shows that we
need to choose 0 < ¢ < Camm [luoll 7 Hf(Rd)’ where C > 0 is independent of uq and o;.

Thus, if [| f || ¢s+1(s) is finite, the global existence result is valid for small initial data.

Theorem 3 (Existence for the local system) Let ug and n satisfy the assumptions of
Theorem 2. Then there exists ¢ > 0 depending on ug such that if || f | cs+1y < &,
system (1) possesses a unique solution u = (uy, ..., u,) satisfying

u; € L0, 00; H*(RY)) N L*(0, 00; HT'(RY)), i=1,...,n,
”M'lioo(o’oo;Hx(Rd)) +6*||Vu||i2(O,OO;H“(Rd)) S ||M0||§.1S(Rd)7

where 0 < 0y < Omin. Moreover, with the solution u, from Theorem 2, it holds that
for an arbitrary T > 0,

||M - “n”LOO(O,T;LZ(]Rd)) + ”V(M — MTI)”LZ(O,T;LZ(R‘I)) < C(T)n

Next, we state an existence result for the stochastic particle systems (5), (6), and

(8).

Proposition 4 Let Assumptions (Al)—(A4) hold and let n > 0, N € N. Then:

(i) There exist unique square-integrable adapted stochastic processes with contin-
uous paths, which are strong solutions to systems (5), (6), and (8), respecttvely

(ii) For each t > 0, the (nNd)-dimensional random variables X" (t) and X (t)
possess density functions un(t)®N and w(t)®N with respect to the Lebesgue measure
on R"™N4  respectively.

The proof follows from Karatzas and Shreve (1991) and Nualart (2006). Indeed,
Theorem 2.9 in (Karatzas and Shreve 1991, page 289) shows that there exist continuous
square-integrable stochastic processes, which are strong solutions to (5), (6), and (8),
respectively. Strong uniqueness is guaranteed by Theorem 2.5 in (Karatzas and Shreve
1991 page 287). We conclude from (Nualart 2006, Theorem 2.3.1) that X »(t) and
X (t) are absolutely continuous with respect to the Lebesgue measure and thus they

@ Springer



94 Page 8o0of38 Journal of Nonlinear Science (2021) 31:94

possess density functions u, (¢, x)®N and u(t, x)®V, respectively. We prove in Sect. 5
that the density functions u, and & can be identified with u, and u, the solutions to
(7) and (1), respectively.

The following theorem is our main result.

Theorem 5 Let X " and X, k.i be the solutions to (5) and (8), respectively. Then there
exist parameters 8 > 0, depending on n, owmin, and T, and ¢ > 0, depending on uy,
such that if n~2@+1+®) < §log N and I flles+1(ry < &

n
sup E(Z sup |(Xkl _sz)(s)| ) SC(T,n,(Tmin)rlz(l_a),
N

i1 O<s<T

where a > 0 is defined in Assumption (A4).

Remark 6 1t is well-known that this result implies propagation of chaos in the single-
species case; see, e.g., (Jabin and Wang 2017, Section 3.1). In the multi-species case,
this generalizes for ﬁxed k to the convergence of the k-marginal distribution F (¢) of
(XN 1@, . T(1)) at any time ¢ > 0 towards the product measure ®z (Ui (1)

Jisi1 ]kl
as N — oo, n—>01e

k

W3 (Fk(r), Q) ui, (-, r)) < kC(T,n, omin)n — 0,

=1

where W, denotes the 2-Wasserstein distance. m]

3 Proof of Theorem 2

We prove the global existence of smooth solutions to the nonlocal system (7). Since
n is fixed in the proof, we omit it for u, to simplify the notation. We split the proof
in several steps. In the first step, we prove the existence of local-in-time solutions
satisfying [[u; (1) || gsray < 2l|luoll gs raey for 0 < ¢ < T (n) for some (possibly) small
T (n) > 0. Actually, we show in the second step, that the factor 2 can be replaced by
one. This uniform estimate allows us in the third step to conclude the global existence.
Step 1: Local existence of solutions. In this step, the smallness conditions on 7 and
f are not needed. The idea is to apply the Banach fixed-point theorem on the space

Xr:={ve L0, T: HRYR") : [0l poogo.1: 115 mey) < 2M10ll s ey}

where T > 0 will be determined later in this proof. We define the fixed-point operator
S: Xr — X7, S(v) = u, where u is the unique solution to the linear problem

i = divw; VU + A(ui (07 + Ki (v(t, %)), ui(0) = up; inR?, 1 >0,
(12)
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with K; (v) = Y_, fn(Bl.”j %v;) >0,i =1,...,n. We need to show that S is well
defined. We infer from Young’s convolution inequality (Lemma 11) and the embedding
HS(RY) « L°°(RY) that

sup [|VEK; (W)l oo ey < Z||f||L°°(R)||VB iy sUp 10 (O)loqey
O<t<T
j=1

n
< CO Y Nvjll oo, 715 ey < 00, (13)
j=1

i.e., K;(v) is globally Lipschitz continuous. Therefore, a Galerkin argument to verify
higher-order regularity shows that, for given v € X7, there exists a unique solution
e L2, T; H*(RY)) N L0, T; H'(RY)) to (12). It remains to show that u =
(uy,...,uy) € X for some T > 0. The estimations are not difficult, but since VU;
is not square integrable, some care is needed.
First, we prove higher-order estimates for K; (v). Leta € Ng be a multi-index with
order |¢| = m < s. By Lemma 13 and Young’s convolution inequality,

T
f() ”DaK (v)”LZ Rd)

n
2(m—1
c fo Z o1y 1B % 011170 1D (B 5 07 2 gy
2(m—1
< can /0 ZuB"n 2 i 1012 D0 12,
n
<Ccmy, / 10157 gy dt < 00, (14)
; 0
j=1

where here and in the following, C > 0, C(n) > 0, etc. are generic constants with
values changing from line to line. In a similar way, applying Lemmas 11 and 12,

sup ||DYVK; (v)||L2(Rd)<c sup_ Z|D°‘ (fy (B} % v))VB]! *v,)||L2(Rd)
O<t<T O<t< I 1

<C sup Z(nf<B,';*v,>||Lm(Rd>||VB 1 ey 1D 2 ey
O<t<T
j=1

2
+ D™y (Bl 5 v 2y IV B e 10 o)) < Ca) (15)

since, according to Lemma 13, we can bound supy_,_7 || D™ (f,; (Bij * Uj))||L2(Rd)
in terms of || fyllcs+1(w)s ||BZ.||L1(R,1), and supg_, .7 V)l gsre), and it holds that
IV Bl gay < Cn).
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We proceed with the proof of u € X7 for some T > 0. Applying D* to (12),
multiplying the resulting equation by D%u;, and integrating over (0, 7) x R¢ for
T < T yields

1 1
E/Rd |D%u; (7)*dx — EfRd |D%ug;|>dx

T
+61./ / IVD%u;’dxdt = Iy + I + I, (16)
0 JRA
where

VD“ui . D“(u,-VU,-)dxdt,

VD%u; - D¥(u; VK; (v))dxdt.

Iy

L = —/ / VD%u; - D*(Vu; K;(v))dxdt,
0 Jre
/)

First, let || = m = 0. Then, integrating by parts in I, using Young’s inequality,
and observing that U; (x) = —%lez,

1 T 2 d T 2
I = - uiy AUdxdt = —— uydxdr <0,
2Jo Jpd 2Jo Jra

T
L= —/ / K; (v)|Vu;|>dxdr <0,
0 d

o; T 2
I3 < — |Vu;|“dxdt
2 0 R4
T

1 2 2
+ 2_Ui||VK1‘(U)||LOO(0’T;LOO(R0’)) /() ”ui”LZ(Rd)dt»

where we used K;(v) > 0 for I,. It follows from (13) that

o T T
bt <% vl [l g,
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where C > 0 depends on the L*°(0, T'; H® (R%)) norm of v. Inserting this estimate
into (16) with « = 0 and applying the Gronwall inequality, we infer that

. T
/ i (0)2dx + ﬁ/ / Vi [dxdr < Cug)eCT.
Re 2 Jo Jra

This shows that u; is bounded in L (0, 7; L2(R%)) and L2(0, T; H' (R?)).
Now, let |¢| = m > 1. Then, integrating by parts, using AU; < 0, and applying
Young’s inequality again,

1 [°
I = -/ / (D%u;)*> AU;dxdt
2 0 R4
T
—/ / VD%u; - (Da(u;VU,‘) — D“uiVUi)dxdt
0 JRA

Gl T 2
< —/ f |VD%u;|*dxdt
4 0 R4

T
+ ) f cplD* P uil 3 o I D VUG e
0<IBl<lal *°

< ﬁ/r/ |V D%u;|dxdr +C/t I 1 m-1 g -
4 Jo Jra 0

where we used the fact that DV U; is bounded for || = 1 and vanishes for |8] > 1.
It follows from integration by parts, K; (v) > 0, and Lemma 14 that

T
12 = —/ / VDaMi . (Da(VuiK,' (U)) — VD“u,'K[(v))dxdt
0 JRd

T
—/ / K;(v)|VD%u;|?dxds
0 R4
i

0 ‘ o 12 ! . m—1 .
< — |VD%u;|“dxdt + C (||DK,(v)||Loo(Rd)||D Vu,; ||L2(Rd)
4 0 R4 0

2
+1D" Ki ) 12y | Vit ll oo ) “dxdr.

We infer from estimates (13) and (14) for K;(v) and the embedding H* (RYy <
W1 (R?) that

O-l T 2 T 2
L < — VD%u;|~dxdr + C ; dr.
) < 4/0 fRd| uiPdxds + /OnulnHS(Rd)
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Finally, we use Lemma 12 and estimates (13) and (15) to obtain

g; ' o, 2
L < — [VD%u;|*dxdt
4 Jo Jprd
T
+C / / (i ot 1 D™V K (0)] 12
0 R4
2
+ 11D u; |l 2wy | VK (W) | oo (ray) “dxdt

< ﬁ/r/ |VD°‘ui|2dxdt+C(77)/r 14 s ey d-
4 Jo Jre 0

Inserting these estimates into (16) and summing over |¢| < s, we arrive at

. T
llui (02 + 2 Vw12, e dr < o]
1 HS(]Rd) 4 0 1 HS(R“’) = N HS(R(I)

T
2
+ C(n)/(; ||Mi||HS(Rd)dt'

Summing overi = 1, ..., n and applying Gronwall’s inequality gives

LT cT.

(e gy < N0l o, < 1ol s (may €

Choosing 7' > 0 sufficiently small, we can ensure that |[u(7)|| gsray < 2lluoll g5 wa)
forall 0 < t < T. This shows that u € X7, i.e., the operator is well-defined.

Next, we prove that S : X7 — X7 is a contraction. Let v, w € X7 and set
v = S(v) and w = S(w). Taking the difference of equations (12) satisfied by v; and
w;, respectively, using the test function v; — w;, and integrating by parts, it follows
that

1 o 4 o
-/ (¥ —wi)(t)zdx+aif / IV(@; —w)2dxdt = Iy + Is + I, (17)
2 Jrd o Jrd

where

1 T
Iy = ‘f / AU; (5; — w;)*dxdr <0,
2 Jo Jre

Is = _/f/ V(@0 — w)K;i(v)) - V(0 — w;)dxds,
0 Jrd

o= [ 000~ i) 96~ i,
0 JRA

Because of K; (v) > 0 and estimate (13) for VK; (v), we find that, by Young’s inequal-
ity,

@ Springer



Journal of Nonlinear Science (2021) 31:94 Page 130f38 94

T
Is = —/ / K0V (5 — )|Pdxdr
0 d
T
— / (v —w;))VK;(v) - V(v; — w;)dxdt
0 Rd
o;

T
=3 V@ - D172 gaydr + C(07) /0 15 = D1 117 22y IV Ki (W) 17 0 a1

T
<% / IV @; = 00)172gaydt + C ) /0 19 = i1 72 g d

It follows again from Young’s inequality that

o; T B B T B
I <% [ 196 = 501 g 1+ o) [ 19000 gy 1K) = K)o
+ C(Ul) / ”wl ||L°°(Rd) ”v(Kl (U) K (w))”LZ(Rd) (18)

Since w € XT, we have ”VII), ”LOO(Rd) < C”'II), ”Hr(Rd) < C(M()) and ||11), ||L00(Rd) <
C(uo). We use the fact that f;, and f,; are globally Lipschitz continuous:

1K (v) — Ki (W)l 12 gey sC(n)leB * (v; — w2 ay
j=l1

= Cllv —wll 2R,

n
IV (Ki (0) = Ki )l 2may < D I (B v;) = f(Bs % w)) Bl % Vvl 2 ga
n
+ ) ISy (Blx w) VB % () — w2y

n
< C Y vy = will 2@l B L gy IVl e
j=1

+C(n) Z IVB I ey v — wiill 2 @)
j=1

< Cllv — wll g2 gdy-

Inserting these inequalities into (18) and summarizing the estimates for /4, I5, and I,
we conclude from (17) and summation overi = 1, ..., n that

| "o [T _ B
S = DO ey + % / 19— )12 g d
i=1 0
T
< C1 [ = D1+ oo = w2
i .
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We apply Gronwall’s inequality and the supremum over 0 < t < T to find that

y) 20/T 2
||U w”LOO(O’T;LZ(Rd)) S 2C2€ T”U w”LOO(O’T;LZ(]Rd))‘

Thus, choosing T > 0 such that 2C,%CTT < 1, we infer that S : X7 — X7 is
a contraction. By Banach’s fixed-point theorem, there exists a unique solution u €
L0, T; H*(RY)) N L2(0, T; HTH(RY)) to (7).

Step 2: A priori estimates. Let u = u,, be the unique solution to (7). We know from
Step 1 that [[u; (1) oo ray < Csllui ()l gsway < 2Cslluoll gs ey forany 0 <7 < T.
Recall that T = T (1) and hence we do not have uniform estimates in n even for small
T > 0 at this step. We show in this step the estimate [u; ()|l gsre)y < lluoll gsra)s
which allows us to conclude that the end time 7' can be arbitrary and actually does not
depend on 1. We apply D“ to (7) (with |«| = m < s), multiply the resulting equation
by D%u;, and integrate over (0, 7) x R? for t < T, similarly to the corresponding
estimate in Step 1:

1 1
_/ |D%u;(7)|>dx — —/ |D*uq,;|*dx
2 Rd 2 R4 ,
T
+m/ / |VD“u;Pdxdt = Iy + Ig + Iy, (19)
0 JRrd
where
T
I = —/ / VD%u; - D*(u; VU;)dxdz,
0 Jrd
T
Is = —/ / VD%u; - D*(Vu; K;(u))dxdr,
0 Jrd

T
Iy = _/ / VD"u; - D* (u; VK; (u))dxdt,
0 JRd

and we recall that K; (u) = Y_'}_, fn(Bl."j *Uj).
First, let m = 0. Arguing similarly as for /1 and I, we find that /7 < 0 and I3 < 0.
We estimate VK; (1) = 27:1 f,;(Bi"j * uj)Bi"j * Vi j:

n
VK @)l 2ty < AY 1Bl u )l Loga 1V 2 (20)
j=1

T
Iy < ||Mi||L00(0,r;LOO(Rd))/ ||V’4i||L2(Rd)||VKi(’4)||L2(Rd)dl
0

n T

< Clluoll gs wra) E ||fr;(BZ- *Mj)”LOO((),T;LOO(Rd))/ ||Vuj||%z(Rd)dt-
; 0
j=1
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From this point on, we will need the smallness condition on f, and f,;. Because of
1B+ uj Dl ooray < 1B 111 ey Cslluj Dl s ray < 2ACsluoll s ray,  (21)

where Cy > 0 1is the constant of the embedding H* (R?) — L°(RY), (Bi';. *u (1)) (x)
lies in the interval I = [-2ACs||uoll gsrdy, 2ACs|[uoll gsray] for 0 < 7 < T and
x € R?. On this interval, fy = f if n > Ois sufficiently small. From now on, we use

f <eand|f’| <eonl forasmall e > 0. Thus, we have

n T

Iy < C8||M0||HS(Rd)§ / ||V”J'”%2(R«’)dt'
— Jo
j=1

Inserting these estimates into (19), we conclude that
2 i 2 2
”ui (T) ||L2(Rd) + (O'[ - CS"”O"HS(Rd)) /0 ”Vui ”L2(Rd)dt S ”MOJ ”LZ(Rd)'

Choosing ¢ > 0 sufficiently small, this gives an estimate for u; in L*° (0, T'; LER))N
L2(0, T; H' (R?)).

Next, let m > 1. The estimate for I7 is delicate since VU; ¢ L*(R%), and the
corresponding estimate for /1 cannot be directly used. We split 17 into two parts:

T
I; = / / D“uiD“(Vu,- -VU; + u; AU;)dxdt
0 Jre
T
= f / D“u,-(D“(Vu,- -VU;) — D*Vu; - VU,')dxdt
0 JRd

T
+/ / D%u;(D*(ui AU;) — D*u; AU;)dxdt, (22)
0 JRI

noting that the second terms in both integrals are the same (with different signs)
because of

1 1
—/Rd D%u; D*Vuj - VUjdx = -2 /Rd V(D%u;)? - VU;dx = 5 /Rd(D“u,-)2AU,-dx.

Moreover, the last integral in (22) vanishes since AU; = —d. In the first integral of the
right-hand side of (22), the first-order derivative of U; cancels, while the second-order
derivative equals 92U; /dx j0xx = —08 ) and all higher-order derivatives of U; vanish.
Then a straightforward computation leads to

T
I =—d / (D%u;)*dxdr < 0.
0 R4
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For the estimates of Ig and I9, we need a smallness condition on f and its derivatives.
We apply Young’s inequality and Lemma 12 to estimate the (more delicate) term Ig:

Iy

IA

O D 12y dt + Con) [ 1D VK @) [Py d
Z 0 ” ul”LZ(Rd) t+ (Ul) 0 ” (ul l(u))”LZ(Rd) 1

IA

(o} T o 2 ! m
7 ) VD Mi”Lz(Rd)dt +C o (||Mi||L°°(]Rd)||D VK@)l 2w
2
+ ||Dmui||L2(]Rd)||VKi(M)||LOO(]Rd)) dr.
Estimate (21) shows that f;, = f and |f’| < ¢ on I. Then, by similar arguments

leading to (20),

IV K @)l o ey < A Z £ (B % )l oo ety | Vit oo
< AE”VM”LOO(Rd) < eACs || Vull s (ray-

Moreover, using Lemma 13, the embedding H* (Rd) s Wl’OO(Rd ),andm <,

n
ID" VK )]l 2y < A Y 1V ll oo ey 1D (f (B % u )l 12wy
j=1

n
< C Y IVl syl f " lem1 () 1By 175 oy 1 B D™l 2 gy
j=1

= <9C||VM||HA(1Rd)||M||Lw(Rd)||Dmu||L2(Rd) = SC”vu”HA(]Rd)”u()”Hy(Rd)»
recalling definition (11) of the interval /. Consequently, the estimate for 9 becomes

o;
— ”VDaul “L2(Rd)dt + CS ||u0||HA(Rd) / ”VMHHY Rd)

I
=7

IA

The term /3 is treated in a similar way, resulting in

Oj

T
18 5 o ||VDaui||iZ(Rd)dt+C8 ||u0||HY(Rd)/ ”VM”Hs(Rd)

IA

4

Set Omin = min;=1,._, 0; > 0. We conclude from (19) after summation over || < s

andi =1, ..., n that

T
()35 gty + (Omin = Ce?llu0l3ys gay) /0 IVull 3y aydt < loll s ga-

Thus, for sufficiently small ¢ > 0, we arrive at the desired estimate uniform in 7.
Step 3: Global existence and uniqueness. We have proved that |lu(7)| gs ey <

luoll s ray for 0 < v < T for some sufficiently small 7 > 0. The value for 7" does
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not depend on the solution. Thus, we can use u(7) as an initial datum and solve the
equationin [T, 2T ]. Repeating this argument leads to a global solution. The uniqueness
of a solution follows after standard estimates, based on the global Lipschitz continuity
of f, and f,; (see the calculations for Iy, Is, and Ig) and choosing & > 0 sufficiently
small.

4 Proof of Theorem 3

We show the global existence of smooth solutions to the local system (1) and an error
estimate for the difference of the solutions to (1) and (7), respectively. First, we prove
that a solution u,, to (7) converges to a solution u to (1) in a certain sense. Then we
prove the error bound in Theorem 3 by estimating the difference u;,, — u. The key of
the proof is the estimate of the difference f; (Bi"j *uy ;) — fylaijuy, ;).

Step 1. Existence and uniqueness of solutions. Let u; be a smooth solution to (7)
and let ¢ € C§° (RY) with supp(¢) C Bg, ¢ € C°([0, T) be test functions, where
Bpg is a ball around the origin with radius R > 0. Then the weak formulation of (7)
reads as

T T
/ (Orup.i, $)¢()dt = —/ / un,iVU; - Vi (t)dxds
0 0 Jrd (23)

T
_/0 /R (07 Vityi + V(uy i Ki(up))) - V¢ ()dxdr,

where (-, -) is the duality pairing between H~'(RY) and H'(R?) and K;(u) =
Z’;’:] I (Bl."j *u ;). We want to perform the limit » — 0. By the uniform estimate of
Theorem 2, there exists a subsequence, which is not relabeled, such that u,—u weakly
in L2(0, T; HT1(R?)) and weakly* in L>(0, T; H*(R%)) ¢ L>®(0, T; L®(R%)) as
n — 0. Our aim is to prove that u is a weak solution to (1).

It follows from the proof of Lemma 7 in Chen et al. (2019) that

B} Vuy j—a;jVu; weakly in L*(0, T; L*(R?)).

We claim that fn(BZ. * Uy j) — f(ajju;j) strongly in L?(0, T; L*>(Bg)). First, we
observe that u € L>(0, T; L>°(R?)). The weak formulation (23) gives

”31”77,1'”LZ(O,T;H*l(BR)) §||“r;,i||L2((),T;L2(]Rd))||VUi ||L°°(BR) + oj ||Vun,i||L2((),T;L2(Rd))
+ Hvun,i”LZ(O,T;LZ(Rd)) |K; (Mn)HLOC((),T;LOO(Rd))

+ H“n,i”LZ(O,T;LZ(Rd)) IVK; ("‘77)”L°C(O,T;L°°(Rd))~

Because of

n
I Ki )l oo o, 1; o (Ry) = Z ||fn(BZ~ * Uy ) Lo, 1: Loy < CllfllLeo(r)s
j=1
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n
n
IVKi )l Loo0,7: Lo Ry < Z ||f1;(Bij * ty, )l oo 0,7; o0 R
=1

7
X ”Bl] k V”n,j”LOO(O,T;LOO(Rd))

= C||f/||L°°(l)||V“n||LOO(0,T;LOO(Rd)) < Clluoll gs (rey

we obtain a uniform bound for 0;u, ; in LZ(O, T: H™! (BRr)) (the bound might depend
on R). In particular, up to a subsequence, as n — 0,

duy i —0du; weakly in L2(0, T; H'(Bg)).

Since u;; is uniformly bounded in L%(0,T: H! (BR)), the Aubin—Lions lemma implies
the existence of a subsequence (not relabeled) such that

uy; — u; strongly in L2(0, T; Lz(BR)).
We use the Lipschitz continuity of f = f;, on I to infer that

1fy By, ) = flaiju 20,7502 (Br))
< CIIBj * ey = uj) + By xuj = aijusllL20,7:12(Bp)
n n
< ClIBlipirayllun,j —ujllip20,7;02(Bgy) T I1Bij *uj —aijujlip20,7;02(Bg)) > 0-
This shows the claim. In a similar way, it follows from the Lipschitz continuity of f,;

that f,;(Bl?} *uy ;) — f'(aiju;) strongly in L?(0, T; L*(Bg)).
The previous convergences allow us to perform the limit » — 0 in (23), leading to

T T
/ (Opui, $)E(1)dr = —/ / uiVU; - V£ (t)dxdt
0 0 JRd
T
—/ / VFi(u) - V& (r)dxdr,
0 Jrd

where F; (1) = u,-(ai—i—Z’}:l faiju;)). Moreover, u; (0) = ug; in Bg forany R > 0.
Thus, u is a weak solution to (1). Standard estimates show that u is the unique solution,
again choosing ¢ > 0 sufficiently small.

Step 2: Convergence rate. We take the difference of (7) and (1), multiply the resulting
equation by u, ; —u;, integrate over (0, 7) x R? for any 7 > 0, and integrate by parts:

1 T
5/ (u,,,l-—u,»)(z)zdera,»/ f IV (i — u;)|*dxdr
R‘[ 0 ]Rd

1 T
- 5/0 /Rd AU; (i — u;p)*dxdr

- /O /Rd VY (i o (Bl suy j) = wi f(@ijuj)) - V(g —ui)dxde. (24)

j=1
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The first integral on the right-hand side is nonpositive since AU; = —d. We split the
second integral into three parts:

T n
_/ / ZV(“n,ifn(BiZ‘ * . j)
0 JRI
j_
—u; f(aijuj)) - Vuy; —uj)dxdt = Ji + J + J3, (25)

where
T n
S = _,/0 /Rd ; V((uy,i = ui) fy(Bfy % uy,j)) - Vg, — up)dxdr,
T n
do= = [ ST B ) = Sy, ) - Vs~ i,
0 Jre '

J3 = _-/(; f;@d ZV(ui(f,,(a,-jun’j) — f(a,-juj))) . V(u,,,,- — u;)dxdz.
j=1

We start with the estimate of Ji. The families (B} * uy, ;) and (B} * Vuy,;) are

bounded in L®(0, T'; L>°(R%)). Using Il fullLeecry = N flleeery < € and Young’s
inequality, we have

T
2
T = o (B 5ty Dl e 0,31 /0 197Gt — )2 g

T
4 /0 it — il 2ty £ OB, ) e, 7 vy

X ||BZ * Vun’j||LOO(0,T;LOO(Rd))||V(un’l’ - M,’)”Lz(Rd)dt

o T T
5(1’ +e)/ IV Qi = ui) 172 gyt + C(Ul-)/ lity,i = will7 > gaydt. (26)
0 0
Next, we estimate J, = J1 + Jop, where
T n
B == [ [V S (B ) = ) - Vi udxc,
0 JR ;
j=1
T n
Jn = —/ /d u; Z (f';(BZ * M,,J)BZ * Vuy j — f,;(aijun,j)aijVu,,,j)
0 JR .
j=1

- V(up,; — u;j)dxde.
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It follows that

n T
Bt = IV oo 7 1oty S /0 (B st ) = faiging )l 2 gaey
j=1
X |V (uy,; — ui)HLZ(Rd)dl
oi [° 2 [T 2
=3/, 1V G, = )72 gy d14C D /0 | (B %, )= faijun, I > gy dr-
Jj=1

Since both Bﬁ *uy j and uy ; are uniformly bounded in L>(, T; LOO(R”’)), we can
choose n > 0 sufficiently small such that f = f;, on I. On that interval, f is Lipschitz
continuous uniformly in 7. We use this information in

‘ /Rd (f”(BiZ' * 1y, j) = fn(aijun,j))g(x)dx
= C/Rd | B,y = agjuy | 1g(0)ldx,

where g € L2(R?). Recalling that supp(Bl-T;) C By(0)anda;; = an Bi’} dx, we obtain

’ /Rd (fo(Bjj % un ;) = folaijuy, j))g(x)dx

SC/ '/ BZ‘(”(”MX—y>—un,j<x>)dy'|g(x)|dx
R4 B,

1
=cf [ |B,-’}<y>|</ |Vu,,,,-<x—ry>|ndr)dy|g(x>|dx
r¢ JB, 0

1
=Cn/ f IB,-'}(y)I</ IWn,j(x—ry)llg(X)Idx)dydr
0 JB, R4

1
= Cn/ / IBZ-(y)IIIVMn,j(- = r¥)ll2way gl 2 raydydr
0o Ja,
= Cﬂ/}; IBZ-’;-(y)IdyIIVu,],jIILz(Rd)IIgIILz(Rd) = CT]||g||L2(Rd)-
n
By duality, we find that
oi [* 2 2
Ju = 2 A IV @i — ui)lly2gayds + Cn~
The integral J; is split into Joo = J221 + J222, where

T n
Jni = —/ /d wi Y Sy (Bl suy ) (B % Vi j — aijVuy j) - V(uy; — u)dxds,
0 JR :
J=1
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T n
Jyn = —/ /d u; Z (f,;(BZ * u,”') — f,;(a,-jun,j))aijVun’j . V(u,,’,- — u;)dxdz.
0 JR ;
j=1

We infer from the uniform boundedness of Bl.'} *up ;in L0, T; L®(R%)) and the
fact that f, = f' on I for sufficiently small n > 0 that

Oi

T n T
I = 16 | IV Gtyi = w17 2 gyt + €D /0 1B} % Vity, j = aijVity, 117 2 a1
j=1

IA

Oi

T n T
6 | IV G = u) 72 gade + Cn*Y f 1Dy, 172 a1
0 ; 0
Jj=1

IA

where we estimated the difference Bi"j * Vi, j — a;jVuy, j similarly as for J,1. Fur-
thermore, the Lipschitz continuity of f,; = f’ on I leads to

n T
n
S = €Y [l 18]
j=17°
— ajjuy, jllp2@ay I Vg, jll oo way IV (un,i — ui)ll 2 gaydt

i

o T n T
< 36 J, 1V = U172y dt + C0* Y fo 1V, 1172 a4
j=1
Summarizing these estimates, we infer that
I < I UV — un) Py di + Cof?
22 = g 0 [ (un,l _ul)”LZ(Rd) t+Cn7,
and combining the estimate for J; and J2,
o [F
ne% /0 19 s — )2 gy + . @7)
It remains to estimate J3 = J31 + J32, where

T n
= _/0 /Rd D (falaijuy. ) = f @iju ) Vi - Yy i = ui)dxdr,
j=1

T n
2= _/0 /Rd ui 3 (Fyaijiun, aij Vi j = f'(@ijuj)aijVuj) -V Gy ;= up)dxdr,
j=1

Similar arguments as above yield

o; T T
B g / IV i = ui) 172 gaydt + C / VUi 17 oo gty 109 = 1172y A1
0 0
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g; t 2 f 2
< E/(; ”V(un,i - ui)”Lz(Rd)dt + C/O ||M;7 - u||L2(Rd)dt'

The second term J3; is again split into two parts, J3» = J321 + J322, where
T n
J31 = —/0 /Rd uj Z (fyaijuy, ;) = fylaijuj))aijVuy, j - V(uy ; —u;)dxdt,
Jj=1
T n
J320 = _‘/(; /Rd uj Z ajj (f,;(aijuj)Vu,]’j - f/(a,'juj)Vuj) - V(uy,; — u;)dxdz.
j=1

Using the Lipschitz continuity again, f, = f’ on 7, and | f'| < &, we deduce that

T n
J31 < C||”i||L°°(O,T;L°°(Rd)/ Z Viy, j |l oo way ey, j
0 =
Jj=1

—ujll2way IV @y — ui)llp2rade
T

. T
<ﬁf IV (i — u)ll?, ddr+C/ ity — wll? 2 .
-8/ ; L2(R4) o L2(R4)

T n

B = € [ 3 @ e 19 = )
=1

X NV (uy,i — ui)ll g2 gaydt

T
< Co [ 1900y = 01 g
0

This shows that

T

i i 2 2
J3p < (g + CS) '/(; ”v(un,i - ui)”LZ(]Rd)dt + C‘/(; ”un - u”LZ(Rd)'

Summarizing the estimate for J31 and J3,, we arrive at

o T T
5 < (ZI + Cs) [ 19 =) B € [ty =l . 28)

Finally, putting together the estimates (26), (27), and (28), we infer from (25) that

T n
/ /Rd D Vi fo (B sy ) — wi faiju ) - V(g — u)dxde
0 X
j=1
3 e [T 1V —unZs oy di+C [y — uls s dr + Cn?
S 4 + & ” (Mn,./ u./)”LZ(Rd) t+ ”un u”LZ(Rd) t+ n.
0 0
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This is the desired estimate for the last integral in (24). We conclude for sufficiently
small ¢ > 0 and after summation overi = 1, ..., n that

T
Gty = (@72 g + OminC /O IV Gy = )72 o d
<C P dr + Cn?
= ”un M”LZ(Rd) t+ n.
0

The proof ends after applying Gronwall’s inequality.

5 Links Between the SDEs and PDEs

We show that the density function % from Proposition 4 coincides with the unique
weak solution u to (1).

Theorem 7 Let the assumptions of Theorem 3 hold. Let 5(} fori =1,...,n be the
square-integrable process solving (8) with density function u; and let u; be the unique
weak solution to (1). Thenw = (uy, ..., uy) solves the linear equation

n
Btﬁi=div(ﬁ}VUi)+A(aiﬁ,-—i—'lZiZf(aijuj)) inRY, i=1,....n, (29)
j=1

in the weak integrable sense, i.e.

t
/ T (1)dx — / 0.1 (0)dx — / / T drpexds
R4 R4 0 R4

! t n
= —/ / u;VU; - Vodxdt +/ / it\i<0i + Zf(aijuj)>A¢dxds
0 JR4 o Jrd put

forall ¢ € Cgo([O, 00) X Rd) and t > 0, where we assume that the initial datum
u; (0) = uo,; fulfils

/ up.; (x)dx = 1, / uo.; (x)|x)*dx < oo. (30)
R4 R4

Additionally, & = u in (0, 00) X RY, u; > 0, and (30) is fulfilled for u; instead of ug ;
foralmostallt > Oandalli =1, ..., n.

Proof Since X k.; depends on k only via the initial data Sl.k with the same law ug ;, we
can omit the index k. Let ¢ € C3°([0, 00) x R?) and set F; (1) = oj + Zj’:l flajjuj).
By It6’s lemma, we obtain

t

o~ t —~ o~
¢, Xi(1) = (0, &) +/0 9 ¢ (s, Xi(s))ds —/O VUi(s) - Vo (s, Xi(s))ds
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t
+ f Fi(u(Ri () A (5. X (5))ds
0

1/2

t o~
+/0 Fi(u(Xi(s) "V (s, X(5)) - dW;(s). 3D

We claim that the density function 7; : [0, 00) — P>(R?), where P,(R?) is the
space of all density functions with finite second moment, is continuous with respect
to the 2-Wasserstein distance W,. Indeed, since 5(\,- is square-integrable, we have
; (1) € P2(RY) for almost all # > 0 and the limit s — ¢ in the Wasserstein distance
leads to

W@ (1), Wi () = inf {(B(Y; — Y,%))"? 1 Law(Y,) = @ (1), Law(¥,) = @i ()}

< (E(Xi (1) — Xi()))"* -0,

using the facts that X, ; 1s continuous in time and has bounded second moments. This
shows the claim. We conclude that the point evaluation u; (¢) is well defined.

The previous argumentation shows that we can apply the expectation to (31) to
obtain

t
/ T (1)dx = / 0,16 (0)dx + / / ()9, (s)dxds
R4 R4 0 JRA
t t
—/ / ﬁi(s)VU,--Vq’)(s)dxds+/ f u; (s)F; (u(s)) A (s)dxds.
0 JRd 0 JRd

This is the very weak formulation of (29), showing the first part of the theorem.

Next, we verify that the solution to (29) is unique. More precisely, we take ug = 0
and show that ; (#) = O for almost all # > 0. The statement is usually proved by a
duality argument. However, the coefficients of the dual problem associated to (29) are
not regular enough such that we need to regularize it. As the proof is rather standard but
tedious, we only sketch the arguments. Let x; be a family of mollifiers and consider
the regularized dual backward problem on the ball B around the origin with radius
R > 0:

rwr g — VU; - Vwr g + (xx * Fi(w))Awg,r =0 inBg, 0 <s < t,
wr,g =0 ondBgr, wir(t)=geCT(Br) in Bg.

We extend the unique smooth solution wy g to the whole space by setting wy g = 0
on RY \ Bg. Since the extension may be not smooth, we choose a cut-off function
YR € C*(R?) and use wk, YR as an admissible test function in the very weak
formulation of (29). Standard estimations give bounds for wy g uniform in k and R.
Then, passing to the limit k — 0o, R — oo in the weak formulation shows that
fRd g(x)u; (s, x)dx = 0, and since g was arbitrary, we conclude that u; (s) = 0 for
0<s<t.

The weak solution u to (1) is also a very weak solution to (29). Therefore, by the
previous uniqueness result, 7 = u. O
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Similar arguments lead to the following result that relates the solutions %, and u,,.

Theorem 8 Let the assumptions of Theorem 2 hold and let n > 0. Let YZ’ jfori =
1,...,nandk =1,..., N be the square-integrable process solving (6) with density
Sunctionuy ;. Then uy = (uy,1, ..., uy,) solves the linear problem

n
dity.; = div(i, ;VU;) + A(o,-ﬁ,w- ST Z (B} un,j)) nRY, i=1,....n,
j=I

with initial datum u, ; (0) = uo;, which fulfils (30), where u, ; is the unique weak
solution to (7). Then uy = uy in (0, 00) x RY, uy,; =0, and

/lu,“-(x, Hdx =1, /d up,i(x, t)|x|2dx < 00
R4 R

foralmostallt > 0andalli =1,...,n.

6 Proof of Theorem 5

The proofis splitinto two parts. We estimate first the square mean error of the difference

X ]I{Vl 7 —YZJ , Where Y,’Z’ ; 1s the solution to the intermediate system (6). In fact, this error

bound is a generalization of a result due to Sznitman (1991). Essential for this step
are the facts that the Lipschitz constant of Blﬁj is of order n~¢~!, while the Lipschitz

constant of f, is of order 7. Second, we estimate the square mean error of the
difference YZ’,- — X},i, based on an estimate of f, (B?j *uj)— fplajju;)in L2, which
is of the order of n'~®.

Lemma9 Let X T and Xk ; be the solutions to (5) and (8), respectively, in the sense of
Proposition 4. Under the assumptions of Theorem 5, there exists § > 0, depending on
n, Omin, and T, such that if n~ 2d+1+e) < 5 log N, where o > 0 is fixed in Assumption
(A4), we have

n
swl%iiwpkx ﬁboﬁ)satmmmw*“”WWMMW
N

i=1 O<s<

where C(T, n, omin) > 0 is a positive constant.

N . N _ 51
Proof The process Dy ;" := X; " — X ; solves

DYi'(s) = E1i(s) + Ezi(s), 0<s<T, (32)

where
El,i(s) - _/S (VUI'(XIJCVZ:"([)) - VU,'(XZ i(t)))dl
0 ’ ’
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Ezi(s) = /O (E21(1) — Exa()dWF (1),

n 1 N i 1/2
Exn(1) = (2oi+2an<ﬁ > B,-}(X,CN,;"(n—XZ;"(r)))) ,
j=1 =1

€ )#Gk,D)

n . 12
En(t) = <2o,- +2)° Fo (B} sy 1, Xzyi(t)))) }

j=1

We use the global Lipschitz continuity of VU; and the Fubini theorem to estimate the
first term:

T

= 2

E( sup |E1,I-(s)|2) < CTJE/ |(x,f;" — X )()]ds
O0<s<T 0

T
< CT/O E( sup |(X," —X,’Z,l-)(s)lz)dt-

O<s<t

Summing overi = 1, ..., n and taking the supremum over k = 1, ..., N leads to

sup E(Z sup |E1,,‘(s)|2)

k=1,...,N i=1 O<s<T
T N -
< CT/ sup E( sup (X7 —Xzi)(s)|2)dt. (33)
0 k=I,..., N O<s<t ’ ’

Next, we apply the Burkholder-Davis—Gundy inequality (Karatzas and Shreve
1991, Theorem 3.28) to the second term E;; and use the Lipschitz continuity of
x> Q2o + )2 forx > 0:

T
B( swp |E2i(o)F) = CE [ (En(n) ~ Enio)’a
O<s<T 0

T n N
1 N N
5CE/0 [Zf,,(N > B;}(Xk,,r"(o—xg,;”(t)))
i=1 =1
! )2 kD)

n 2
=Y fa(B xu i, Y,’Z,,-(r)))} dt
j=1

T n 2
= CE/ [Z(L}(r) +L30+ L?(t))} dr
0 Lo

=
T
< C(n)IEf Z (L0 + L3 + L3 (1)?)dr, (34)
R
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where

L}-(t)zfn( Z Bl(X}; (t)—XZ;”(x)))

(, J)#(k i)
—fn( Z BlL(X) (1) — ”(r))),
@, /)#(k i)
L?(n:fn( Z BL(X (1) — ”(r)))
(¢, J)#(k i)

—fn( Z B(X[ (1) — XZ,j(r»),

=1
(, J)#(k i)
Li-(r)=f,7( Z BL(X (1) — XZ,,-(t)))—fn(B,-'}*un,,-(t,YZ,,-(t))).
=1
(€, #k,i)

We estimate these three terms separately. By construction, the Lipschitz constant
of f; can be estimated by L ; < n~*. Moreover, the Lipschitz constant of B" (x) =

,,,,,

shows that

N
N, N, - N,
IL 0| = Lf‘_ (B (X" (0 = X, () = BZ-(XZ,,-(t) — X, ;')
(£, J)#(kl)
, - —d—1—a|yN. -
= LfLB’Xk,in(t)_XZ‘i(t” <Cp ! a|Xk,in(t)_XZ,i(t)|'

Therefore, by Fubini’s theorem,
/ Z IL}()Pdr < Cyn 2@ f X = X0 ar

T
< C(nyp~2@+1+a) /0 sup E(
=1,....N

sup | XY - X7, (z)}z)dt. (35)

O<s<t

We can estimate the second term L%(t) in a similar way, leading to

T n
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T
x/ sup E( sup Z|X (t)—YZ’j(t)f)dt. (36)
0

=1,....N 0<s<t

The third term L3 (7) has to be treated in a different way. First, we use the Lipschitz
continuity of f;, to find that

N

- - 1
Z (XZ,i - XZ,/') - B;} * ”n,.i(XZ,i)) - ,]_dB”(O)"
=

C(n)
L) < o

This implies that

Cn,T)
E/o ZLS(I) dr = NI
C . 2
Nz(nz)a Z/ ( X,”(z) XZj(t)) —Bl.’;. *u,,,j(XZ,,.))> dr.

(37)
It remains to estimate the expectation. To this end, we introduce
Diy ¢, j)(t) == B, (Xk (@) — Xz,j(l)) - B;} * Mn,j(l,yz,,-(t)), £, j) # (k,i).

The processes 72’,- and YZ’ j are independent, since for i = j, we are considering N
independent copies of the same process and for i # j, the equation fulfilled by YZ ;

does not depend on the process XZ Af (ki) # (&, j), (k,i) # (m, j), and £ # m,
the processes Dy, (¢, j)(t) and D(k i),(m, j)(t) are orthogonal, since

E(D.iy.(e.j) () Dik.iy.(m.j) (1))

= /]Rd </Rd /Rd Bl.'}(x — y)BZ.(x — Dy, j(t, Y)uy, j(t, z)dydz

- 2/ BZ],-(X — Vg, (1, y)(B;} *up,j)(t, y)dy
Rd
+ (B *uy j)(t, x)(B *uy, j)(t, x))u,,,(t x)dx = 0.

Together with E(D ;), (¢, j)) = 0, this shows that the processes D ;). (¢, j) are uncor-

related.
However, if (k,i) # (¢, j), (k,i) # (m, j), and £ = m, the expectation does not

vanish:

B0 0.0 = [, (B e e 0@ w00+ [ (B0~ 020,00
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—2B](x = )iy (1, ) (B w1, x))dy)unl(t X)dx

= /]Rd (((Bl.r;)2 *up )t x) — (Bl-r} *up ), x)z)un,i(t, x)dx.

This expression is independent of the particle index k and ¢, it depends only on the
species numbers i and j. The case (k, i) = (¢, j) can be treated in a similar way with
the difference that, since D i), (ki) (t) = n~4B;i (0) — Binl. * Mi,n(yz,,'(l)), we obtain
for E(Dk iy, (k,i) (1) Di.iy, (m, j) (1)) an additional term of order n~2¢. Hence, we infer
from (37) and the previous computation that

n

T n N T
Cn,T) C(n)
E 3 2 E(D 2
/O ZLj(t) dr N2p2(d+a) N2 2a Z/O ( (ORI )d[

j=1t=1

C(n)
< NP lleen,ill oo o, 7; L0 Ry

1
x Z/g (”(Bn) sty jll L1 gy + 1B 5y, J”LZ(R")<1 i W))dt
=1

cn) & [T ) 1
= N Z/O 1B 17 2 gty Nt 1 oo ety + IBJ T 1 sy it 7172 1+ ) Ja
j=1

C(T,n)
= Nyl (38)

recalling that ||B;7j||Lz(Rd) < Cn~9/% and ||Bl-nj||Ll(]Rd) = A;; < A and choosing
n < 1.

Inserting estimates (35), (36), and (38) for L;”(t) (m = 1,2,3) into (34), we
conclude that

n
sup E(Z sup |E2;(s)|
i—1 O<s<T

> C(T,n)

Ny 2(d+a)

T
+ C(n, Opin)n 2@ / sup E( sup | X(0) — X ()] )
0 k=l1,..., N O<s<t

We infer from (32), estimate (33), and the previous estimate for E, ; that

S(T) = sup E(Z sup |D,”’7(s)|>
N

i=1 O<s<t

+ C(n, omin) (n2@H1F Ty f S(r)dt.

@ Springer



94 Page 30 of 38 Journal of Nonlinear Science (2021) 31:94

Note that the function S is continuous because of the continuity of the paths of X ,ivli”

and YZ’ ;- Therefore, by Gronwall’s inequality, we have

C(T,n)

S(T) < N exp (C(n, T, omin)n 2 T1HOT).

We choose 8 > 0 such that C(n, T, omin) T8 < 1 and > 0 such that np~2@+1+e0) <
8log N. Then

1 A
S(T) < NC(T, n)exp (C(n, T, omin) T8 log N) = C(T, n) N~ HC-Tomn)T3,
This finishes the proof. O

Next, we prove an error estimate for the difference YZ i — Xk.i-

Lemma 10 Let YZJ- and 5(\/(’,- be the solutions to (6) and (8) in the sense of Proposi-
tion 4. Under the assumptions of Theorem 5, it holds for small n > 0 that

n
— _ 5 )
sup E(Z sup \(XZYI» —Xk,,-)(s)| ) < C(T, o) 2179,
N T

i:10<s<

Proof Since we are considering N independent copies, we can omit the particle index
k. Set Dl."(s) = XZJ-(S) — Xk.i(s). Then, similarly as in the proof of Lemma 9,
D?(s) = D1(s) + Da(s), where

Di(s) = — / ' (VU:(X] (1)) — VU;(X; (1)))dr,
0
Ds(s) = /0 [(20,- +23 " £y (B un,,»(Y?))>
j=1
n R 1/2
- (2@ + 2Zf(aijuj(xi))> ]dWi(f)~

j=1

1/2

We infer from the Lipschitz continuity of VU; and Fubini’s theorem that

T
E( sup |D1(s)|2) < CT]ET(/ \Y?(s)—)?,-(s)yzds>
0

O0<s<T

T
< CT/ IE( sup |D{’(s)|2)dr. (39)
0

O<s<t
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Similarly as in the proof of Lemma 9, we use for D; the Burkholder—Davis—Gundy
inequality and the Lipschitz continuity of x — (20; + x)!'/2 on [0, 00) to obtain

n

T 2
E( s 1D25)F) < CE /0 (Z(f(a,-,-u,xxi)) — fo(B], %y, ,-(Y?»)) di
<5< ]:1

< C(n)(D21 + Dy + D23 + Daa), (40)

where

Dy = ZE/O (f (@ijuj(Xi) — folaijuj(X;))) de,

j=1
n T )

D= YO [ (fytanyny R0 = By, Ry,
j=1

Dy = ZE/O (o (Bl % uj (X)) — fy(B]} s uj (X)) dz,
j=1

~ 1 ~ 1

Doy = ZIE/O (f,,(B;} *u;(X;)) — f,,(Bi’} s up, (X)) dr.

Jj=1
The first expression Dy; vanishes if 7 > 0 is sufficiently small, since then f = f;

on the range of a;ju ; (5(1). Using

laiju; — Binj * Mj||L2(o,T;L2(]Rd)) =< C’7||V“j||L2(0,T;L2(Rd)) < Cn,

which was shown in the proof of Theorem 3, and the Lipschitz continuity of f; with
Lipschitz constant less or equal n~%, we find that

n T
Dy = Z/ / (f'l(ai./u./) - fn(B,-’;- * M.j))zu,’dxdt
o Jra

-2 2 2(1—
<072 uillpo, ey laiju — Bl s 11320 p 2y, < Com* .
j=1

Thanks to the uniform boundedness of the family B;} * uj, we can choose n > 0

sufficiently small, say n < n* for some n* > 0, such that f(Bf/. *uj) = fn(BZ'/. *
uj) for0 < n < n*. Then, using Young’s convolution inequality and the uniform
estimate ||Vl poo 7:100rdy) < Clluoll s (ray from Theorem 3, the third term D3
is estimated as

n T
D23 < C) Y IIV(B] s u )l oo 0,71 re /0 E(1X;(1) — X; (1)]%)dz
Jj=1
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n T
< CY VUl oo, 7 oo we) fo E(1Xi () — X; (0)]7)dz
j=1

T
§C/ ]E( sup |D;'(s)|2)dz.
0

O<s<t

Finally, it follows from the error estimate for u — u,, from Theorem 3 that

n T
Dy <CYy. Bl s uj — By suy jPuy idxd
: 0 1:
j=1
n

T
2 2
< O3 Nyl 0.1z / VB gl — 12 g

j=1 0
< C(T)n.
Inserting the estimates for Dyy, ..., D24 into (40), we conclude that

T
]E( sup |D2(s)|2> 5C(T,n)n2<1—“>+C(T)/ E( sup |D[’(s)|2)dt.
0

O<s<T O<s<t

Together with estimate (39) for D (s) and recalling that Df = D + D, we arrive at

T
IE( sup |D;7(s)|2) < C(T,n)n2<1—“>+C(T)f E( sup |Di"(s)|2)dt.
0

O0<s<T O<s<t

m}

The proof is finished after applying Gronwall’s inequality and summing over i
1,...,n.

Theorem 5 now follows from Lemmas 9 and 10 and the triangle inequality:

n
S 2
sup IE( E sup |Xf]:fv(s) —X{‘(s)| )
= N i=1 O<s<t

.....

n
<2 sup E(Z sup \X],;:,N(S)—Yﬁ,i(s)F)

i=1 O<s<t

.....

n
+2 supNIE(Z sup |Y];’l-(s)—5(\f-‘(s)|2)

i—1 O<s<t

< CIN—H-CzS + C3’72(1_a)'

The condition log N > §~1~2@+1+®) is equivalent to N~11C2% < exp((—6~! +
Cr)n~2d+1+@)y) We choose § > 0 such that —§~' + C, < 0 and observe that
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exponential decay is always faster than algebraic decay to conclude that exp((—8~! +
Co)p~2dH1H@)y < 2= This yields

n
sup E(Z sup |an (s) — Xk(s)| ) < Cyn*1mo,
k=1,..., N — O<s<t
finishing the proof.

7 Numerical Tests

In this section, we perform some numerical simulations of the particle system (5)
in one space dimension, without environmental potential, and with linear function
f(x) = x. We are interested in the numerical comparison of the solutions to the
particle systems (3) and (5) in terms of the segregation behavior. We explore the
ability of both systems to model the segregation of the species. Numerical tests for the
associated cross-diffusion systems (1) and (2) are work in progress.

We discretize the particle systems (3) and (5) by the Euler—Maruyama scheme. Let
M e N and introduce the time steps 0< t1 < - <ty =T with Aty =ty — ty-

We approximate X, Y (1) by xhiT and Yk " (t,,) by yr;', defined by, respectively,

1/2
xr];_'H = xk (20, + = Z Z B'7 (ki — x4 )) N R

/1131

ki .
ym—ll—l :yrlil’l Z ZVB m _y( J)Atm+ 20i Aty Zm
j=1

with initial conditions x(’)’k = &F and y(’)’k = £F, where £F are iid random variables and
wy, and z,, are normally distributed. It is well known that the solutions to the Euler—
Maruyama scheme converge to the associated stochastic processes in the strong sense;
see, e.g., (Kloeden and Platen 1992, Theorem 9.6.2).

The numerical scheme is implemented in MATLAB using the parallel computing
toolbox to accelerate the simulations. The interaction potential is given by B(x) =
exp(—1/(1 — x?)) for |x| < 1 and B(x) = 0 else. Then Bi"j(x) = n"'B(x/n). The
numerical parameters are At = 1/100, n = 2, N = 5000 particles, ngm = 500
simulations.

7.1 Two Species: Nonsymmetric Case

We consider a nonsymmetric diffusion matrix with aj; = 0, a2 = 355, a1 = 25,
ary = 0, and o1 = 1, 0o = 2. The initial data are Gaussian distributions with mean
—1 (for species i = 1) and 1 (for species i = 2) and variance 2. Figure 1 shows
the approximate densities of both species (histogram) for systems (5) and (3) at time
t = 2. We observe a segregation of the densities in both models. In the population
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Fig. 1 Nonsymmetric case: densities of particle system (5) corresponding to the SKT population model
(left) and particle system (3) (right) at time ¢ = 2. Solid blue line: species 1; Dashed red line: species 2

system (5), species 1 develops two clusters because of the very different “population
pressure” parameters a2 = 355 and ap; = 25, while species 2 develops only one
cluster around x = 0; see Fig. 1 left. The segregation effect is stronger in the particle
system (3) in the sense that both species avoid each other as far as possible; see Fig. 1
right. This is not surprising since the diffusion of system (5) is generally larger than
that one of system (3). The numerical results confirm the segregation property defined
in Bertsch et al. (1985). Indeed, this work considers the cross-diffusion system (3)
with o1 = 072 =0and a;; = ajp = a1 = axp = 1. It was proved that the two species
are segregated for all times if they do so initially. Here, segregation means that the
intersection of the supports of the densities is empty.

7.2 Two Species: Symmetric Case

We investigate the symmetric case by choosing a1 = a2 = 0,a12 = az; = 355, and,
as before, 01 = 1, oo = 2. The initial data are chosen as in the previous example. In
this example, we expect that cross-diffusion dominates self-diffusion. We present the
approximate densities for different times in Fig. 2. In both models, the species have
the tendency to segregate. As expected, the segregation in the particle system (3) is
stronger than in system (5) corresponding to the SKT model.

7.3 Three Species

Our third numerical experiment illustrates the segregation behavior in case of three
interacting species with coefficients o1 = 1, 00 = 2,03 = 3 and

0 355355
(a,-j): 25 0 25
35 0 O

Similar as in the two-species case, the initial data are overlapping normal distributions
with means —1, 2, and —3, respectively, and variance 2. The approximate densities at
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Fig.2 Symmetric case: densities of particle system (5) corresponding to the SKT population model (left)
and particle system (3) (right) for different times ¢+ = 0.01, 0.15, 2. Solid blue line: species 1; dashed red

line: species 2

t = 2 are shown in Fig. 3. We observe that the approximate densities of particle model
(3) show a much clearer component-wise segregation behavior than the stochastic
particle model (5), which corresponds to the SKT system, where the diffusion effects
are much stronger. This may be explained by the fact that, on the PDE level, the
gradient-flow structure of model (2) can be written species-wise, whereas the SKT
model (1) (with f(x) = x) only posseses a vector-valued gradient-flow structure.
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Fig. 3 Three-species case: densities of particle system (5) corresponding to the SKT population model

(left) and particle system (3) (right) at time # = 2. Solid blue line: species 1; dashed red line: species 2;
dash-dotted black line: species 3
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Fig. 4 Densities of particle system (5) corresponding to the SKT population model with f(s) = 53 (left)
and f(s) = s (right) at time ¢ = 2. Solid blue line: species 1; dashed red line: species 2. The right figure is
the same as in Fig. 2 (bottom right) but with the range x = —50, ..., 50

7.4 Cubic Nonlinearity

For our last experiment, we compare the numerical results for the cubic nonlinearity
f(s) = s> with the linear case imposed in the previous examples. The parameters
are the same as in Sect. 7.2. The numerical simulations are performed without using
approximating functions f,. This may be justified by the fact that the simulations
deal with (relatively) small time scales and with compactly supported initial data. We
observe in Fig. 4 that the cubic nonlinearity causes more clustering than the linear
case f(s) = s. The simulations suggest that in the cubic case, diffusion happens on a
faster time scale than segregation, while in the linear case, the particles diffuse slower
and hence they form bigger but fewer clusters.
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Appendix A: Auxiliary Results

For the convenience of the reader, we recall some well-known estimates used in this
paper.

Lemma 11 (Young’s convolution inequality, (Lieb and Loss 2001, Formula (7), page
107)) Let 1 < p,q,r < oo be such that 1/p +1/q = 1 + 1/r and let f € LP(RY),
g € LY(RY). Then f + g € L™ (RY) and

If*gllrrmey = 1fIlLpwayl&ll Laway-

Lemma 12 (Moser-type estimate I, (Majda 1984, Prop. 2.1(A))) Let s € N and
a € Nj with |a| = s. Then there exists a constant C > 0 such that for all f,
g € H'R) N LORY),

1D (f)l2@ay < C(If I Looay I D* gl p2ray + I1D° £l 2way 181l Lo ey )-

Lemma 13 (Moser-type estimate II, (Majda 1984, Prop. 2.1(C))) Let s € N and
a € Nj with |a| = s. Then there exists a constant C > 0 such that for smooth
g :R— Randu € H*(RY) N L®(RY),

—1
| D% g (u) ||L2(Rd) = C||g/||cs—1(R) ||14||XLOO(R,1) | D%u ||L2(Rd)‘

Lemma 14 (Moser-type commutator inequality, (Majda 1984, Prop. 2.1(B))) Let s €
Nand o € Njj with |a| = s. Then there exists C > 0 such that for all f € H® RN
WL (RY) and g € H*~(RY) N L®(RY),

||Da(f8) - fDa(g)“LZ(Rd) = C(”Df”LOO(]Rd)||Ds*lg||L2(Rd) + ||DSf||L2(Rd) ||8||L00(Rd))v

where D =%, _ D
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