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Abstract

We analyse the metastable behaviour of the disordered Curie–Weiss–Potts (DCWP)
model subject to a Glauber dynamics. The model is a randomly disordered version of
the mean-field q-spin Potts model (CWP), where the interaction coefficients between
spins are general independent random variables. These random variables are chosen
to have fixed mean (for simplicity taken to be 1) and well defined cumulant generating
function, with a fixed distribution not depending on the number of particles. The
system evolves as a discrete-time Markov chain with single spin flip Metropolis
dynamics at finite inverse temperature β. We provide a comparison of the metastable
behaviour of the CWP and DCWP models, when N → ∞. First, we establish the
metastability of the CWP model and, using this result, prove metastability for the
DCWP model (with high probability). We then determine the ratio between the
metastable transition time for the DCWP model and the corresponding time for the
CWP model. Specifically, we derive the asymptotic tail behavior and moments of
this ratio. Our proof combines the potential-theoretic approach to metastability with
concentration of measure techniques, the latter adapted to our specific context.
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1 Introduction

Over the past 50 years, the mathematical study of statical and dynamical aspects of
disordered mean-field spin systems has attracted considerable interest. In this paper,
we continue the analysis of metastable behaviour of these systems, as initiated in [7],
[4], [11] and [5], by examining the disordered Curie–Weiss–Potts (DCWP) model with
unbounded interactions. This model generalises the disordered mean-field Ising model to
q ≥ 2 spins. Here, “disordered” refers to the fact that spin interactions are independent
and identically distributed random variables. These random variables are chosen to
have a fixed mean and a well-defined cumulant generating function, with a distribution
independent of the number of spins. In particular, this model also encompasses the Potts
model on homogeneous dense random graphs. Specific examples that fit within our
framework include the Potts model on Erdős–Rényi random graphs, the Potts model on
multi-edge random graphs, and the Potts model with Gaussian noise.

As a first result, we prove metastability in the sense of [22] for the Curie–Weiss–Potts
(CWP) model at fixed temperature in large volumes. Further, we show that metastability
of the CWP model implies metastability of the DCWP model with respect to the same
metastable sets, for almost all realisations of the random interactions. After identifying
specific metastable sets for both models, we derive estimates for the ratio of mean
metastable transition times in the DCWP and CWP models in the regime of large-volumes
and fixed temperatures. These estimates are of two types: the first one provides insight
into the tail behaviour, showing that, asymptotically in N , this ratio behaves like a
random variable of order an exponential of a sub-Gaussian random variable. Moreover,
we derive moment estimates for this random ratio, again in large volumes and at fixed
temperatures. Our strategy is based on techniques developed in [5] and [22]. Where
adaptations are necessary, references are provided to the specific results in these
publications.

Our methods are based on the potential-theoretic approach to metastability. This
method was initiated in [6] and allows us to express mean metastable exit times in
terms of capacities and weighted sums of the equilibrium potential, the latter frequently
referred to as harmonic sums (for a general overview of this method, we refer to [3]).
Estimates on the former can be obtained with the help of well-known variational princi-
ples, while estimates on the latter are generally more involved and, in this manuscript,
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rely on a new definition of metastability given by [22]. This definition differs slightly
from the standard one given in [3], yet it provides crucial insights, particularly regarding
the localisation of the harmonic sums around the initial metastable set. Additionally,
our proof offers a strategy for verifying metastability in other similar mean-field models.
Similar to previous works on metastability in disordered models, the use of concentration
of measure is pivotal in the comparison of the disordered and mean-field model. However,
in contrast to these studies, we allow for potentially unbounded random interactions. To
handle this, we develop concentration inequalities using Chernoff-type bounds tailored
to our setting, inspired by results from [15]. Furthermore, the presence of multiple
critical temperatures, unlike the single critical temperature of the Curie–Weiss model,
necessitates a careful analysis of the free energy landscape and its phase transition
structure (we refer to [19] for a complete description of the free energy landscape for
the CWP model). This in turn means that different temperature regimes are linked to
different properties of the critical points of the free energy landscape and therefore need
to be treated in different manners.

Another class of disordered models is the random-field Curie–Weiss–Potts (RFCWP)
model, in which the magnetic field is given by i.i.d. random variables. To our knowledge,
the metastability of the RFCWP model has only been studied in [23]. The techniques
developed in this paper are also applicable to the study of the metastable behaviour
of the disordered Curie–Weiss–Potts model with an additional random field, under a
suitable assumption on the structure of the free-energy landscape of the underlying
RFCWP model.

1.1 The model

The disordered Curie–Weiss–Potts (DCWP) model is a generalisation of the disordered
mean-field Ising model to q components. For any N ∈ N, consider an enumeration of
the vertex set consisting of N elements. To each vertex i ∈ {1, . . . , N} we associate a
spin variable σi taking values in {1, . . . , q}, q ≥ 2, the so-called set of colours. We write
SN = {1, . . . , q}N to denote the corresponding state space. Elements of SN are denoted
by Greek letters σ, η, and will be called configurations.

Let (Ω,F ,P) be an abstract probability space and let E and Var denote expectation
and variance with respect to P. Let J ≡ (Jij)1≤i<j≤∞ be a triangular array of real
random variables on (Ω,F ,P) whose law satisfies the following assumption.

Assumption 1.1. For some v ∈ (0,∞) assume that the triangular array (Jij)1≤i<j≤∞
consists of i.i.d. random variables with

(i) E
[
J12
]
= 1 and Var[J12] = v,

(ii) the set D =
{
λ ∈ R : E

[
exp(λJ12)

]
< ∞

}
has non-empty interior containing 0.

Given a realisation of J and N ∈ N \ {1}, we consider the following random Hamilto-
nian, HN : SN → R, given by

HN (σ) := − 1

N

∑
1≤i<j≤N

Jij 1{σi=σj}. (1.1)

The corresponding random Gibbs measure, µN , at inverse temperature β ≥ 0 is defined
by

µN (σ) ≡ µN,β(σ) :=
e−βHN (σ)

ZN
, (1.2)

where ZN ≡ ZN,β denotes the partition function. In view of Assumption 1.1-(ii), the
expected value of the partition function is finite, for all values of β and provided that
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N is chosen large enough. Notice that for q = 2, the model becomes the disordered
Curie–Weiss model.

The spin configuration evolves as a discrete-time Markov chain ΣN ≡ (ΣN (t))t≥0, with
state space SN and Glauber-Metropolis transition probabilities given for any σ, η ∈ SN

by

πN (σ, η) ≡ πN,β(σ, η) =


(Nq)−1e−β[HN (η)−HN (σ)]+ , if dH(σ, η) = 1,

1−
∑

η 6=σ πN (σ, η) when σ = η,

0 otherwise,

(1.3)

where [a]+ := max{0, a} and dH(σ, η) denotes the Hamming distance between configura-
tions σ and η. To lighten notation we will also write σ ∼ η, if dH(σ, η) = 1. The Markov
chain, ΣN , defined by πN is irreducible and reversible with respect to the Gibbs measure
µN . The associated (discrete) generator LN acts on bounded functions f : SN → R as(

LNf
)
(σ) :=

∑
η∈SN

πN (σ, η)
(
f(η)− f(σ)

)
. (1.4)

For any N ∈ N, we write PN
ν to denote the law of ΣN starting from an initial distribution

ν in SN , and EN
ν to denote the corresponding expectation. Furthermore, for A ⊂ SN , we

define the first return time τNA to be the following

τNA ≡ τNA
(
ΣN
)

:= inf
{
t > 0: ΣN (t) ∈ A

}
. (1.5)

The goal of the present paper is to compare the metastable behaviour of the DCWP
model with that of the standard mean-field Curie–Weiss–Potts (CWP) model. The latter is
the model with Hamiltonian

H̃N (σ) := − 1

N

∑
1≤i<j≤N

1{σi=σj} = E
[
HN (σ)

]
. (1.6)

Quantities such as Z̃N , (Σ̃N (t))t≥0, π̃N , L̃N and any other one with the ∼ superscript are
defined analogously, taking H̃N instead of HN . With an abuse of terminology and in
accordance with the literature (see e.g. [7] and [5]), we sometimes refer to the models
defined in terms of HN and H̃N as the quenched and the annealed model, respectively.

A particular feature of the CWP model is that its Hamiltonian can be expressed in
terms of the empirical measure, LN , encoding the relative frequencies of the different
colours. For this purpose, define LN : SN → PN by

σ 7−→
(
LN (σ)[{1}], . . . , LN (σ)[{q}]

)
with LN (σ)[{k}] :=

1

N

N∑
i=1

1{σi=k}, (1.7)

where P := {x ∈ [0, 1]q :
∑q

k=1 xk = 1} and PN := 1
NN

q
0 ∩ P. Then, the Hamiltonian of

the CWP model can be rewritten as

H̃N (σ) = −N

2
‖LN (σ)‖22 +

1

2
. (1.8)

Since the transition probabilities π̃N depend only on the energy difference of two adjacent
configurations, we have that the process is lumpable, that is,

(
LN (Σ̃N (t))

)
t≥0

is also a
reversible, discrete-time Markov process, see e.g. [19, Proposition 2.1].

Our choice of the quenched model is very general and we now illustrate it with three
specific examples. The first two pertain to the Potts model on two different types of
random graphs, while the third example outlines a Potts model incorporating Gaussian
noise.

EJP 31 (2026), paper 99.
Page 4/36

https://www.imstat.org/ejp

https://doi.org/10.1214/26-EJP1558
https://imstat.org/journals-and-publications/electronic-journal-of-probability/


Metastability for the disordered Curie–Weiss–Potts model

Example 1.2 (Potts model on the Erdős–Rényi random graph). By choosing J12 distribu-
ted as p−1 Ber(p) with p ∈ (0, 1], HN in (1.1) becomes the Hamiltonian of the CWP model
on the Erdős–Rényi random graph in which edges are present with probability p.

Example 1.3 (Potts model on the multi-edge random graph). Let K ∼ Pois(p
(
N
2

)
) and let

(INk )k∈{1,...,K} be a sequence of i.i.d. uniform random variables in {{i, j} : 1 ≤ i < j ≤ N}.
These define the so-called multi-edge random graph with edge set E, also known as
Norros–Reittu model (see [20]). The CWP model on the multi-edge random graph is
therefore defined by the Hamiltonian

HN (σ) = − 1

Np

∑
{i,j}∈E

1{σi=σj}, (1.9)

that is, we sum over the edges present in the random graph and set the interaction
identically equal to 1. We obtain the same model by defining the random variable

Jij :=
1

p

K∑
k=1

1{IN
k ={i,j}} (1.10)

and replacing it in the Hamiltonian (1.1). This is the same as choosing J12 distributed
as p−1 Pois(p) with p ∈ (0, 1] in (1.1). Notice that these random variables are not sub-
Gaussian.

Example 1.4 (Potts model with Gaussian noise). By letting Jij ∼ N (1, v) results in an
only partially ferromagnetic model, as the random variables are allowed negative values.
However, our results show that, for fixed v and for N going to infinity, it behaves as
the ferromagnetic mean-field model. In addition, the form of the cumulant generating
function simplifies the expression of some results, for instance dropping the error term
from lemma 3.2 and it’s consequences.

1.2 Main results

Our main objective is to compare the metastable transition times of the CWP model
with the ones of the DCWP model. For this purpose, let us first recall the definition of
metastable Markov chains and metastable sets following [22, Definition 1.1].

Definition 1.5 (ρN -Metastability). For ρN > 0 and K ∈ N, let
{
M1,N , . . . ,MK,N

}
be

a collection of disjoint subsets of SN and set MN :=
⋃K

i=1 Mi,N . The Markov chain
(ΣN (t))t≥0 is ρN -metastable with respect to

{
M1,N , . . . ,MK,N

}
when

K
maxj∈{1,...,K} P

N
µN |Mj,N

[
τNMN\Mj,N

< τNMj,N

]
minX⊂SN\MN

PN
µN |X

[
τNMN

< τNX
] ≤ ρN � 1, (1.11)

where, for a non-empty set X ⊂ SN , µN |X denotes the invariant measure µN conditioned
on the set X .

Remark 1.6. This definition of metastability covers both metastable transitions and
tunneling transitions. In the former, the system evolves towards states of lower energy,
whereas in the latter the system moves between states with the same energy. Due to the
symmetry of the CWP model, we see both types of states.

In general, identifying suitable candidates for metastable sets can be a challenging
task that is highly dependent on the specific model being considered. However, for mean-
field spin systems, it is well established, cf. [3, 21], that metastable sets correspond
to the local minima of the free energy landscape. Specifically, in the context of the
Curie–Weiss–Potts model, it is known (see, for example, [13]) that for any β ∈ (0,∞), the
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limiting free energy F̃β,q : P → R is given by

lim
N→∞

− 1

βN
ln Z̃N = inf

x∈P
F̃β,q(x), (1.12)

where

F̃β,q(x) = −1

2
‖x‖22 +

1

β

q∑
i=1

xi lnxi. (1.13)

While the phase diagram of the Curie–Weiss–Potts model – specifically, the dependence
of the global minima of F̃β,q on β – is well-established and thoroughly described in
[24, 13, 8], a comprehensive characterisation of the metastable states given by the local
minima of F̃β,q and the relevant connecting saddle points has recently been studied in
[17] for q = 3 and [19] for q ≥ 3. While the Curie–Weiss model has only one critical
value βc = 1, the CWP model exhibits at least three (critical) temperatures, 0 < β1(q) <

β2(q) < q at which the free energy landscape (and therefore the metastable behaviour of
the model) change drastically depending on the chosen temperature regime1. The local
minima of F̃β,q can be characterised as follows: Set m0 ≡ m0(q) := (1/q, . . . , 1/q) ∈ P
and, for any i ∈ {1, . . . , q}, mi ≡ mi(β, q) = (mi,1, . . . ,mi,q) ∈ P, where

mi,k :=

{
(1− s)/q, k 6= i

(1 + (q − 1)s)/q, k = i
,

with s being the largest solution of the equation ln(1 + (q − 1)s) − ln(1 − s) = βs. For
β ≤ β1(q), m0 is the unique global minimum. For β1(q) < β ≤ β2(q) m0 is a global
minimum and {m1, . . . ,mq} are local minima. For β2(q) ≤ β < q, m0 is a local minimum
and {m1, . . . ,mq} are global minima. Finally, for β ≥ q, {m1, . . . ,mq} are the global

minima of F̃β,q. This is summarized in the following table. For a graphical illustration,
see Figure 1.

β ∈ (0, β1(q)] (β1(q), β2(q)) {β2(q)} (β2(q), q) [q,∞)

m0 global min. global min. global min. local min. -
mi - local min. global min. global min. global min.

For any N ∈ N and i ∈ {0, 1, . . . , q}, let mi,N ∈ PN be a closest lattice point approxi-
mations of mi, respectively, and set

Iβ =

{
{0, . . . , q}, if β1(q) < β < q,

{1, . . . , q}, if β ≥ q.
(1.14)

Further, we define for any β ∈ (β1(q),∞) and i ∈ Iβ the sets Mi,N ⊂ SN as the (set-
valued) pre-image of the empirical measure, LN , of the points mi,N , that is,

Mi,N := L−1
N (mi,N ), i ∈ Iβ . (1.15)

Our first result says that the Curie–Weiss–Potts model exhibits metastable behaviour in
the sense of Definition 1.5.

Theorem 1.7 (Metastability of the CWP model). For every β > β1(q) there exists k1 ≡
k1(β, q) such that, for all k < k1, there exists N0 ∈ N with the property that for every
N > N0 the Markov chain (Σ̃N (t))t≥0 is e−kN -metastable with respect to the metastable
sets {Mi,N : i ∈ Iβ} defined in (1.15).

1Note that in [19], four relevant temperatures β1 < β2 < β3 ≤ β4 are introduced and discussed, where
β1 = β1(q), β2 = β2(q) and β4 = q. The additional temperature β3 ∈ (β2, β4] appearing only for q ≥ 5
describes the relevant saddle point for metastable transition between local minima, see also Section 2.
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(a) β ≤ β1(q). (b) β1(q) < β < β2(q).

(c) β2(q) < β < q. (d) β ≥ q.

Figure 1: Illustrations of the graph of F̃β,q for q = 3 and different values of β.

Remark 1.8. Although the above result is primarily used in the proof of the next
theorem, that addresses the metastability of the disordered Curie–Weiss–Potts model, it
is a novel development in its own right. The parameter k1, whose explicit value is given
in the proof of Theorem 1.7, encodes the strength of metastability with respect to the
chosen sets {Mi,N : i ∈ Iβ} and, consequently, the separation of time scales induced
by the underlying free energy landscape. For a discussion of the optimality of k1, see
Remark 2.4.

The next theorem states that the disordered Curie–Weiss–Potts model is also ρ-
metastable in the sense of Definition 1.5 with the same metastability parameter and
metastable set of the CWP model as described in Theorem 1.7.

Theorem 1.9 (Metastability of the DCWP model). For every β > β1(q) and any k ∈ (0, k1),
where k1 is defined as in Theorem 1.7, the event

Ωmeta(N) :=
{
(ΣN (t))t≥0 is e

−kN -metastable w.r.t. {Mi,N : i ∈ Iβ}
}

(1.16)

satisfies

P

[
lim inf
N→∞

Ωmeta(N)

]
= 1. (1.17)

Remark 1.10. Note that, P-almost surely, the additional disorder induced by the random
variables (Jij)1≤i<j≤N does not affect the strength of metastability of the Markov chain
ΣN with respect to {Mi,N : i ∈ Iβ}. Actually, as we argue in Remark 3.3, the constant
k1 is optimal (on exponential scale): for every k > k1 there exists a random variable N1

such that, P-almost surely, N1 < ∞ and for all N ≥ N1 the Markov chain ΣN is not e−kN -
metastable.

In our second set of results, we compare the mean transition times between specific
disjoint subsets of the metastable sets of the Markov chain (ΣN (t))t≥0 with those of
the corresponding Markov chain (Σ̃N (t))t≥0. For this purpose, we distinguish between
metastable and tunnelling transitions. In the former, we examine the mean hitting times
of the metastable set, BN , associated with the global minima of F̃β,q (stable states) when
the corresponding Markov chain starts in the metastable set, AN , linked to local minima
of F̃β,q (metastable states). In contrast, the latter pertains to transitions between stable
states.
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Definition 1.11. For metastable transitions we consider the following metastable and
stable sets:

(i) AN =
⋃q

i=1 Mi,N and BN = M0,N if β1(q) < β ≤ β2(q),

(ii) AN = M0,N and BN =
⋃q

i=1 Mi,N if β2(q) < β < q.

For tunnelling transitions we consider the following stable sets:

(iii) AN = M1,N and BN =
⋃q

i=2 Mi,N if β2(q) < β.

Remark 1.12. Notice that in case (iii) it is possible to define AN as any of the sets Mi,N ,
i ∈ {1, . . . , q}, and BN as the union of the remaining ones.

Moreover, we define, for non-empty disjoint sets A,B ⊂ SN , the so-called last-exit
biased distribution on A for the transition from A to B by

νA,B(σ) ≡ νNA,B(σ) =
µN (σ) PN

σ

[
τNB < τNA

]∑
σ∈A µN (σ) PN

σ

[
τNB < τNA

] , σ ∈ A. (1.18)

This distribution, weighting the underlying Gibbs measure µN with the probability of a
successful escape from A to B, plays an essential role in the potential-theoretic approach
to metastability, as will be explained in Section 1.3.

Our next two results describe the mean hitting time of the stable set BN when
starting the Markov chain, (ΣN (t))t≥0, with initial distribution νAN ,BN

and compare it

to the corresponding quantity for the Markov chain (Σ̃N (t))t≥0. Theorem 1.13 provides
an estimate of the tail behaviour of the ratio of these hitting times, while Theorem 1.14
provides moment estimates. In particular, the following results show that the mean
hitting time of the DCWP model is equal to the one of the CWP model times a random
variable. This random variable is the exponential of a sub-Gaussian random variable
whose tail distribution is described in Theorem 1.13 and whose moments are estimated
in Theorem 1.14.

Theorem 1.13 (Tail estimates of the mean hitting time). For any β > β1(q) let AN and
BN be chosen as in Definition 1.11. Then for any t > 0,

lim inf
N→∞

P

[
e−t−β2v/4 ≤

EN
νAN,BN

[
τNBN

]
Ẽ
N

ν̃AN,BN

[
τ̃NBN

] ≤ et+β2v/2

]
≥ 1− 4e−t2/(8β2v). (1.19)

Theorem 1.14 (Moment estimates of the mean hitting time). For any β > β1(q) let AN

and BN be chosen as in Definition 1.11. Then for any k ≥ 1,

e−β2v/4 ≤ lim inf
N→∞

E
[
EN
νAN,BN

[
τNBN

]k]1/k
Ẽ
N

ν̃AN,BN

[
τ̃NBN

] ≤ lim sup
N→∞

E
[
EN
νAN,BN

[
τNBN

]k]1/k
Ẽ
N

ν̃AN,BN

[
τ̃NBN

] ≤ eβ
2vk.

(1.20)

Remark 1.15. We emphasize that this framework naturally extends to inhomogeneous
settings by allowing random variables to be independent, but not necessarily identically
distributed. However, for clarity and readability, we adopt the i.i.d. assumption in our
analysis.

Aspects of the metastable behaviour of the CWP model have also been studied
in [19] and [18], where under a suitable time rescaling, a limiting process has been
derived for both reversible and non-reversible Glauber dynamics, in the spirit of the
martingale approach to metastability (see e.g. [1]). Moreover mixing times for Glauber
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and Swendsen-Wang type dynamics are estimated in [10], [16] and [14]. Moreover, an
explicit expression for the mean hitting time of the CWP model has been obtained in [19,
Theorem 4.7] and [23, Theorem 5.5], as a special case of the random field CWP model.

In the context of disordered spin models, previous works have estimated the meta-
stable transition time for the Curie–Weiss model with either bond or site disorder, as in
[7], [11], [5] and [4]. The same results have been obtained in [2] for the Curie–Weiss
model with random magnetic field. Further results have also been obtained for the CWP
with random magnetic field in [23], where, under some assumptions on the free energy
landscape, sharp bounds on the mean hitting times are given.

1.3 Methods and outline

Our proofs crucially rely on the potential theoretic approach to metastability, which
links the probabilistic objects describing the metastable behaviour of the system to the
solutions of certain boundary value problems. This approach was initiated by the paper
[6] and leads to precise asymptotics of the metastable transition time (for a general
overview of this method we refer to [3]). Furthermore, we establish Chernoff-type
concentration inequalities for arbitrary Lipschitz functions of the edge weights, which
can be achieved under a condition pertaining to the existence of the cumulant generating
function. This approach was inspired by [15], where the concept of subgaussian random
variables is generalised to encompass arbitrary metric probability spaces.

1.3.1 Key notions of potential theory

For every N ∈ N and non-empty, disjoint subsets A,B ⊂ SN , the equilibrium potential
hN
A,B : SN → [0, 1] is the unique solution of the boundary value problem{ (

LNf
)
(σ) = 0, σ ∈ SN \ (A ∪ B),

f(σ) = 1A(σ), σ ∈ A ∪ B.
(1.21)

Notice that hN
A,B has the following probabilistic interpretation: for any σ ∈ SN \ (A ∪ B),

we have hN
A,B(σ) = PN

σ

[
τNA < τNB

]
. Another pivotal quantity in potential theory is the

capacity of the pair (A,B) that is defined by

capN (A,B) :=
∑
σ∈A

µN (σ) PN
σ

[
τNB < τNA

]
=
∑
σ∈A

µN (σ)
(
−LNhN

A,B
)
(σ). (1.22)

Recalling that we write µN |A to denote the Gibbs measure µN conditioned on the set A,
we clearly have that

PN
µN |A

[
τNB < τNA

]
=

capN (A,B)
µN [A]

. (1.23)

Furthermore, since hN
A,B(σ) + hN

B,A(σ) = 1, for any σ ∈ S, and LN applied to a constant
function vanishes, the definition of metastability also implies capN (A,B) = capN (B,A).
Moreover, for arbitrary sets A,B, C ⊂ SN with A ⊂ B and B ∩ C = ∅,

capN (C,A) =
∑
σ∈C

µN (σ) PN
σ

[
τNA < τNC

]
≤
∑
σ∈C

µN (σ) PN
σ

[
τNB < τNC

]
= capN (C,B). (1.24)

By using potential theory, see e.g. [3, Corollary 7.11], one obtains an expression for the
mean hitting time between two sets, albeit with respect to the last-exit biased distribution
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defined in (1.18)

EN
νA,B

[
τNB
]
=

1

capN (A,B)
∑

σ∈SN

µN (σ)hN
A,B(σ) =

‖hN
A,B‖µN

capN (A,B)
, (1.25)

where ‖·‖µN
denotes the `1(µN )-norm. The presence of the last-exit biased distribution

in the formula is an artefact of the method. However, if the starting set is atomic it
reduces to a Dirac measure. From Equations (1.23) and (1.25) we see that, via the
potential-theoretic approach, the definitions and quantities relevant to metastability
admit both probabilistic and analytical representations. One difficulty in this route
is estimating the `1-norm of the harmonic function hN

A,B, for which we rely on results
from [22]. In order to estimate capacities effectively, we employ two dual variational
principles. The Dirichlet principle states that

capN (A,B) = inf
{
EN (f) : f ∈ HN

A,B
}
, (1.26)

where HN
A,B :=

{
h : SN → R : 0 ≤ h ≤ 1, h|A = 1, h|B = 0

}
and

EN (f) :=
1

2

∑
σ,η∈SN

µN (σ)πN (σ, η)
(
f(σ)− f(η)

)2
(1.27)

is the Dirichlet form. Analogously, the Thomson principle states that

capN (A,B) = sup

{
1

DN (ϕ)
: ϕ ∈ UN

A,B

}
=
(
inf
{
DN (ϕ) : ϕ ∈ UN

A,B
})−1

, (1.28)

where UN
A,B denotes the space of all unit anti-symmetric A,B-flows, while

DN (ϕ) :=
1

2

∑
σ,η∈SN

1

µN (σ)πN (σ, η)
ϕ(σ, η)2. (1.29)

These dual variational principles yield matching upper and lower bounds on the capacity
when suitable test functions and flows are chosen. A common corollary of these principles
is the Rayleigh shortcut method (see, e.g., [12]). Let γ : {0, . . . ,K} → SN be a cycle free
path from A to B with γ0 ∈ A, γK ∈ B and πN (γn, γn+1) > 0 for all n ∈ {0, . . . ,K − 1}.
From either variational principle we obtain

capN (A,B) ≥

(
K−1∑
n=0

1

µN (γn)πN (γn, γn+1)

)−1

=: capγ,N (A,B) (1.30)

We will denote by EN ,DN , ẼN and D̃N the forms defined for the specific cases of the
quenched and annealed models respectively. Sections 4 and 5 are devoted to controlling
the denominator (the capacity) and the numerator (the harmonic sum), respectively.

Outline

The paper is structured as follows: Section 2 focuses on proving Theorem 1.7. It begins
by describing the free energy of the CWP model and identifying its relevant critical points,
as obtained from [19]. Section 3 introduces preliminary concentration inequalities for
the comparison of both models and concludes with the proof of Theorem 1.9, as detailed
in Section 3.2. Section 4 provides annealed estimates and concentration inequalities for
the capacities of the DCWP model. Section 4.1 provides a derivation of the concentration
inequalities used throughout the work. Section 5 starts with estimates for the harmonic
sum, both annealed and concentration estimates, which lead to the proof of our main
Theorems 1.13 and 1.14.
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2 Metastability for the CWP model

In this section we study the metastability of the CWP model. We begin by charac-
terising the critical points of the free energy in Proposition 2.2, following mainly [19].
We then introduce the lumped model, i.e. the model described by the mesoscopic order
parameter representing the array of colours/spins frequencies. In Section 2.1 we prove
Proposition 2.3, which allows us to obtain rough estimates for the capacities of the
annealed model. The same section contains the proof of Theorem 1.7, which states that
the CWP model is ρ-metastable.

We will now elaborate on the description of the free energy landscape of the CWP
model, started in Section 1.2 and thoroughly explained in [19, Section 3]. In there,
properties of critical points of the free energy landscape are described in terms of the
relevant temperatures 0 < β1 < β2 < β3 ≤ β4 = q, where we simplify notation by omitting
the q-dependence of the temperatures. The point m0 := (1/q, . . . , 1/q) changes, as β

increases, from a global minimum to a local maximum of the free energy F̃β,q defined

in (1.13). The points m1, . . . ,mq are the other local minima of F̃β,q, and the points
zj,k, j 6= k ∈ {0, . . . , q}, are index-1 saddle points. All these properties are summarised
in Proposition 2.2. For its proof we refer to [19], where the points mi, z0,i, zj,k are the
solutions of Equations [19, (3.2)–(3.4)] denoted there by uk

1 , v
k
1 and uk,l

1 respectively.

In the following proposition we will describe the energy landscape in terms of
communication height and essential gates, as defined in [3, Definition 10.2]. Let Gj,k ≡
G(mj ,mk), j 6= k, be the set of essential gates between the local minima mj and mk

as defined e.g. in [3, Definition 10.2], and let c(mj ,mk) be the value that F̃β,q takes at
G(mj ,mk), also called communication height.

Definition 2.1 (Communication height). For x,y ∈ P we define the communication
height c(x,y) by

c(x,y) = inf
γ∈C([0,1],P)

γ(0)=x,γ(1)=y

max
t∈[0,1]

F̃β,q(γ(t)) (2.1)

That is, the infimum (over all paths from x to y) of the maximal value attained along the
path for the landscape F̃β,q.

Proposition 2.2. Let β1, . . . , β4 be the ordered relevant temperatures of the CWP model.
Then, for i, j, k 6= 0, j 6= k, the critical points of F̃β,q are described by the following table:

β ∈ (0, β1] (β1, β2) {β2} (β2, β3)

m0 global min. global min. global min. local min.
mi - local min. global min. global min.
G0,i - {z0,i} {z0,i} {z0,i}
Gj,k - {z0,j , z0,k} {z0,j , z0,k} {z0,j , z0,k}
β ∈ {β3} (β3, β4) {β4} (β4,∞)

m0 local min. local min. degenerate local max.
mi global min. global min. global min. global min.
G0,i {z0,i} {z0,i} - -
Gj,k {z0,j , z0,k, zj,k} {zj,k} {zj,k} {zj,k}

Since the Markov process (Σ̃N (t))t≥0 is lumpable, its metastable behavior can also be
studied through the Markov process

(
LN (Σ̃N (t))

)
t≥0

defined via the empirical measure
(1.7), see e.g. [3, Section 9.3] for further properties of lumpable Markov chains. Note
that the Markov chain,

(
LN (Σ̃N (t))

)
t≥0

, behaves like a weighted nearest neighbour
random walk in the space PN . Its (mesoscopic) transition probabilities can be computed
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F̃β,q

m0

m1 m2

z0,1 z0,2c0,1

(a) β1 < β < β2.

F̃β,q

m0

m1 m2

z0,1 z0,2c0,1

(b) β2 < β < β3.

F̃β,q

m0

m1 m2

z0,1 z0,2

z1,2

c0,1

c1,2

(c) β3 < β < β4.

F̃β,q

m1 m2

z1,2c1,2

(d) β > β4.

Figure 2: Slices of the graph of F̃β,q, showing the local minima mi, the saddle points
zi,j and the communication heights ci,j ≡ c(mi,mj). These are referenced in and used
for the proofs of Proposition 2.3 and the argument in Subsection 2.1. The landscape
depicted in case (c) does not occur for q = 3 or q = 4, since β3 = β4.

from π̃N as follows. For every x,y ∈ PN , let

p̃N (x,y) =
1

Q̃N (x)

∑
σ∈L−1

N (x)

µ̃N (σ)
∑

η∈L−1
N (y)

π̃N (σ, η), (2.2)

where Q̃N := µ̃N ◦ L−1
N denotes the macroscopic equilibrium measure that can also be

expressed as

Q̃N (x) =

(
N

Nx1, . . . , Nxq

)
e

Nβ
2 (−‖x‖2

2−N−1)

Z̃N

=
exp(−βNF̃N (x))

Z̃N

, (2.3)

where (2πN)(q−1)/2Z̃N = Z̃N and

F̃N (x) = −1

2
‖x‖22 +

1

2N
− 1

Nβ
ln

(
N

Nx1, . . . , Nxq

)
− (q − 1)

2Nβ
ln(2πN). (2.4)

By [9, Lemma 2.2] we have the following uniform bounds, valid for all x ∈ PN ,

−q − 1

Nβ
ln

(
N + q − 1

q − 1

)
≤ F̃β,q(x)− F̃N (x) +

1

2N
− q − 1

2Nβ
ln(2πN) ≤ 0, (2.5)

where F̃β,q is defined as in (1.13). When restricting to compact subsets of the interior of
P, by means of the Stirling formula, the convergence speed is improved. More precisely,
under these conditions

F̃N = F̃β,q +O
(
1/N

)
. (2.6)
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Moreover, for any x,y ∈ PN such that y = x + êi − êj for some i, j ∈ {1, . . . , q} with
i 6= j, where ê` =

1
N e` denotes the rescaled unit vector in Rq in coordinate direction `,

we obtain by an elementary computation that

p̃N (x,x+ êi − êj) =
xj

q
e−

βN
2

[
−‖x+êi−êj‖2

2+‖x‖2
2

]
+ . (2.7)

For any N ∈ N and non-empty, disjoint subsets A,B ⊂ PN set A := L−1
N (A) and

B = L−1
N (B). Further, define macroscopic capacity capN (A,B) of the sets A and B by

capN (A,B) = inf
g∈HN

A,B

{
1

2

∑
x,y∈PN

Q̃N (x) p̃N (x,y)
(
g(x)− g(y)

)2}
, (2.8)

where HN
A,B denotes the set of all functions g : PN → [0, 1] with g|A = 1 and g|B = 0.

Then, in view of the lumpability of the Markov chain (Σ̃N (t))t≥0, cf. [3, Theorem 9.7], the
microscopic capacity c̃ap(A,B) coincides with the macroscopic capacity capN (A,B),
that is,

c̃apN (A,B) = capN (A,B). (2.9)

In particular, for gNA,B ∈ HN
A,B being the minimizer of the right-hand side of (2.8) it

follows from (2.9) that, for any x ∈ PN \ (A ∪B) and σ, η ∈ L−1
N (x),

P̃
N

σ

[
τNA < τNB

]
= gNA,B(LN (σ)) = gNA,B(x) = gNA,B(LN (η)) = P̃

N

η

[
τNA < τNB

]
. (2.10)

2.1 Proof of Theorem 1.7

The proof relies on the following proposition providing rough estimates for the
macroscopic capacity of the CWP model.

Proposition 2.3. Let β > β1.

(i) Let (xN )N∈N and (yN )N∈N be two sequences in P with xN ,yN ∈ PN for every
N ∈ N. Suppose limN→∞ xN = x and limN→∞ yN = y, where x,y lie in a compact
subset of the interior of P and are separated by a communication height c(x,y) >
F̃ (x) ∨ F̃ (y). Then there exist `1 ≡ `1(q), `2 ≡ `2(q) ∈ (0,∞) and N0(β, q) ∈ N such
that, for any N ≥ N0(β, q),

1

N `1
≤ capN (xN ,yN )

Q̃N (xN )
exp
(
βN(c(x,y)− F̃β,q(xN ))

)
≤ N `2 . (2.11)

(ii) Set MN := {mi,N : i ∈ Iβ} ⊂ PN where mi,N denotes a closest lattice point
approximation of mi for any i ∈ Iβ. Then, there exist `3 ≡ `3(β, q) ∈ [0,∞) and
N0(β) ∈ N such that, for any N ≥ N0(β) and z ∈ PN ,

capN (z,MN )

Q̃N (z)
≥ N−`3 . (2.12)

Proof. First, let us introduce some notation that we will use throughout the proof. For
ε ∈ (0, 1), define the ε-interior of P by

Pε :=
{
x ∈ P : xi > ε, ∀ i ∈ {1, . . . , q}

}
.

For any ` ∈ {1, . . . , q} write ∂Pε
` for the lateral boundary of Pε and v` ∈ Rq for the

corresponding (outward) normal direction that are given through

∂Pε
` :=

{
x ∈ P : x` = ε, xk ≥ ε, ∀ k ∈ {1, . . . , q} \ {`}

}
v` = (v`

1, . . . ,v
`
q) with v`

k := 1k=` −
1

q
.
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ϵ

δϵ

. .
.. . . . .
.. . . m∗

ΓN

γN

z∗

Figure 3: Illustration of P for q = 3: (Left) V (c(x,y)) is shown in blue and P \ Pε in
orange. Local minima are indicated by black dots, and essential gates are highlighted in
red. (Right) Illustration of the path (γN

0 , . . . ,γN
kN

) from z to some z∗ ∈ Pε ∩ PN used in
the proof of Proposition 2.3, part (ii).

For any s ∈ R, let V (s) be the sub-level set of the limiting free energy Fβ,q, that is,

V (s) :=
{
x ∈ P : F̃β,q(x) < s

}
.

Now, let β > β1 and set ε0 ≡ ε0(β, q) := 1/(eβ + q − 1). Since all critical points of F̃β,q

lie in the interior of P, we may choose ε ∈ (0, ε0) sufficiently small so that{
mi : i ∈ Iβ

}
and

{
zi,j : i, j ∈ Iβ , i 6= j

}
⊂ Pε. (2.13)

Consequently, there exists δε ∈ (0, 1) such that, for any two distinct connected compo-
nents V1 and V2 of the sub-level set V := V (c(x,y)), the Euclidean distance between
V1 ∩ (P \ Pε) and V2 ∩ (P \ Pε) exceeds δε. Indeed, suppose to the contrary that this dis-
tance is zero for some distinct connected component V1 and V2 of V . Then the closures
of V1∩(P\Pε) and V1∩(P\Pε) intersect, so any point inV1 ∩ (P \ Pε)∩V2 ∩ (P \ Pε) ⊂
P \ Pε is an essential gate between x and y, contradicting (2.13).

Finally, since F̃β,q is locally Lipschitz continuous and in view of (2.6), there exist
constants Kε,1,Kε,2 ∈ (0,∞) such that for every z, z′ ∈ Pε/2 and N ∈ N,∣∣F̃β,q(z)− F̃β,q(z

′)
∣∣ ≤ Kε,1 ‖z − z′‖2 and

∣∣F̃N (z)− F̃β,q(z)
∣∣ ≤ Kε,2

N
. (2.14)

(i) Let (xN )N∈N and (yN )N∈N ⊂ PN be two sequences with xN ,yN ∈ PN for every
N ∈ N. Suppose that xN → x and yN → y as N → ∞, where x,y ∈ int(P) and the
communication height between x and y satisfies η := c(x,y)−max{F̃β,q(x), F̃β,q(y)} > 0.
Write Vx to denote the connected component of V containing x, and set Vx,N := Vx∩PN .

Since F̃β,q is uniformly continuous, there exists δη > 0 such that |F̃β,q(z)− F̃β,q(z
′)| < η/2

for all z, z′ ∈ P with ‖z − z′‖ < δη. Hence, there exists N̄ ≡ N̄(δη, δε) ∈ N such that,
for all N ≥ N̄ , we have ‖xN − x‖ < δη, ‖yN − y‖ < δη, and any two distinct points
z, z′ ∈ PN with p̃N (z, z′) > 0 satisfy ‖z − z′‖2 < min{δε, ε}/2. In particular, for every
N ≥ N̄ , xN ∈ Vx, yN ∈ V \ Vx, and the function g : PN → [0, 1], z 7→ g(z) := 1Vx(z)

belongs to HN
xN ,yN

. Therefore, by applying the Dirichlet principle,

capN (xN ,yN )
(2.9)
≤

∑
z∈Vx,N

∑
z′ /∈Vx,N

Q̃N (z) p̃N (z, z′). (2.15)

To lighten notations, we write ∂V x,N := {(z, z′) : z ∈ Vx,N , z′ 6∈ Vx,N , p̃N (z, z′) > 0}.
By distinguishing two different cases it follows from the continuity of F̃β,q that, for
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any N ≥ N̄ and (z, z′) ∈ ∂Vx,N with z ∈ Vx ∩ Pε, there exists z̄ on the line segment

{z + t(z′ − z) : t ∈ [0, 1]} ⊂ Pε/2 such that F̃β,q(z̄) = c(x,y), and∣∣F̃N (z)− c(x,y)
∣∣ ≤

∣∣F̃N (z)− F̃β,q(z)
∣∣+ ∣∣F̃β,q(z)− F̃β,q(z̄)

∣∣ (2.14)≤
√
2Kε,1 +Kε,2

N
.

Hence, by setting cβ,ε := eβ(
√
2Kε,1+Kε,2),

Q̃N (z) ≤ cβ,ε
exp
(
−βNc(x,y)

)
Z̃N

, ∀ (z, z′) ∈ ∂Vx,N with z ∈ Vx ∩ Pε. (2.16)

Next, consider (z, z′) ∈ ∂Vx,N with z ∈ Vx ∩ (P \ Pε). By the choice of δε and N̄ it
follows that, for any N ≥ N̄ , ‖z − z′‖ =

√
2/N < δε/2 and, hence, z′ 6∈ V . Therefore,

F̃β,q(z
′) ≥ c(x,y) and

F̃N (z′)
(2.5)
≥ F̃β,q(z

′) +
1

2N
− q − 1

2Nβ
ln(2πN) ≥ c(x,y)− q − 1

2Nβ
ln(2πN).

Consequently, for all N ≥ N̄ ,

Q̃N (z′) ≤ (2πN)(q−1)/2 exp
(
−βNc(x,y)

)
Z̃N

, ∀ (z, z′) ∈ ∂Vx,N with z ∈ Vx ∩ (P \ Pε).

(2.17)

Substituting (2.16) and (2.17), after an application of the detailed-balance condition,
that reads Q̃N (z)p̃N (z, z′) = Q̃N (z′)p̃N (z′, z), into (2.15), and using the fact that the
cardinality of the set Vx,N is bounded by Nq−1, it follows that for every N ≥ N̄ ,

capN (xN ,yN ) ≤ max
{
cβ,ε, (2π)

(q−1)/2 N (q−1)/2
}
Nq−1 exp(−βNc(x,y))

Z̃N

. (2.18)

The lower bound on capN (xN ,yN ) is proved using Rayleigh’s shortcut method. For
any N ≥ N̄ , we have c(x,y) = c(xN ,yN ). Hence, there exists a continuous path
ΓN : [0, 1] → int(P) with ΓN (0) = xN , ΓN (1) = yN , maxt∈[0,1] F̃β,q(Γ

N (t)) = c(x,y) and
ΓN (t) ∈ int(V ) for all except of finitely many t ∈ [0, 1]. Let γN = (γN

0 , . . . ,γN
KN

) be a
vertex-disjoint, lattice approximation of ΓN with γN

i ∈ PN and mint∈[0,1] ‖γN
i −ΓN (t)‖2 ≤√

q/N for all i ∈ {0, . . . ,KN} and p̃N (γN
i ,γN

i+1) > 0 for all i ∈ {0, . . . ,KN − 1}. Moreover,
if ΓN contains line segments lying in P \ Pε, the corresponding part of the lattice path
γN is contained in V ∩ PN . Then, by applying Rayleigh’s shortcut method,

capN (xN ,yN )
(1.30)
≥

(
KN−1∑
i=0

1

Q̃N (γN
i )p̃N (γN

i ,γN
i+1)

)−1

. (2.19)

Notice that, for any i ∈ {0, . . . ,KN} such that γN
i ∈ V ∩ PN we have F̃β,q(γ

N
i ) < c(x,y).

Hence, for any N ≥ N̄ ,

F̃N (γN
i )

(2.5)
≤ F̃β,q(γ

N
i ) +

1

2N
+

q − 1

Nβ
ln
(N + q − 1

q − 1

)
≤ c(x,y) +

1

2N
+

q − 1

Nβ
lnN.

Moreover, for each i ∈ {0, . . . ,KN} such that γN
i 6∈ V there exists ti ∈ [0, 1] with

mint∈[0,1] ‖γN
i − ΓN (t)‖2 = ‖γN

i − ΓN (ti)‖2. In particular, for any N ≥ N̄ , we have that
both γN

i and ΓN (ti) lie in Pε/2. Hence, by (2.14),

F̃N (γN
i ) ≤ F̃β,q(Γ

N (ti)) +
∣∣F̃β,q(γ

N
i )− F̃β,q(Γ

N (ti))
∣∣+ ∣∣F̃N (γN

i )− F̃β,q(γ
N
i )
∣∣

≤ c(x,y) +Kε,1‖γN
i − ΓN (t)‖2 +

Kε,2

N

≤ c(x,y) +

√
qKε,1 +Kε,2

N
.
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Metastability for the disordered Curie–Weiss–Potts model

Therefore, by setting c′β,ε := e−β(
√
qKε,1+Kε,2) and using the estimates above, we obtain

for all N ≥ N̄ ,

Q̃N (γN
i ) ≥ min

{
c′β,ε, e

−β/2N−(q−1)
} exp

(
−βNc(x,y)

)
Z̃N

∀ i ∈ {0, . . . ,KN}. (2.20)

Substituting (2.20) into (2.19) and using the facts that p̃N (γN
i ,γN

i+1) ≥ e−β/(Nq) and
KN ≤ Nq−1, it follows that for every N ≥ N̄ ,

capN (xN ,yN ) ≥ min
{
c′β,ε, e

−β/2N−(q−1)
} e−β

q
N−q exp

(
−βNc(x,y)

)
Z̃N

. (2.21)

Finally, in view of (2.5), we have that for any N ≥ N̄ ,

e−β/2 N−(q−1) exp
(
−βNF̃β,q(xN )

)
Z̃N

≤ Q̃N (xN ) ≤ (2πN)(q−1)/2 exp
(
−βNF̃β,q(xN )

)
Z̃N

.

By combining the above estimate with (2.18) and (2.21) the assertion (2.11) follows.

(ii) Set N̄ ≡ N̄(ε) := max{1/(e−β − ε), 2
√
q/ε}. For N ≥ N̄ fix some z ∈ PN and

let MN := {mi,N : i ∈ Iβ} be the set of nearest lattice approximation of the different

local minima of F̃β,q. Again, the proof of a lower bound on capN (z,MN ) uses Rayleigh’s

shortcut method. However, due to the divergence of ∇F̃β,q at the boundary of P, extra
care is required when constructing a vertex-disjoint lattice path which starts at z and
ends in MN . Therefore, we treat the cases z ∈ Pε and z ∈ P \ Pε separately.

For z ∈ Pε let Γ: [0, 1] → int(P) be the time-reparametrised solution of the initial-
value problem ẋ(t) = −∇F̃β,q(x(t)) with x(0) = z, chosen so that Γ(1) ∈ {mi : i ∈ Iβ}.
Notice that for any ` ∈ {1, . . . , q} and x ∈ ∂Pε

` ,

∇F̃β,q(x) · v` = −xl +
1

q
+

1

qβ
ln

(
(xl)

q∏q
i=1 xi

)
≤ − 1

qβ
ln

(
1

ε
− q + 1

)
+

1

q
− ε ≤ −ε < 0,

where the first inequality follows from the fact that the resulting expression is maximised
when all coordinates except one equal ε, and the second uses ε < ε0. Hence, the vector
field points strictly into Pε, so Γ(t) ∈ Pε for all t ∈ [0, 1].

Let γN = (γN
0 , . . . ,γN

KN
) be a vertex-disjoint, lattice approximation of Γ with γN

0 = z,
γN
KN

∈ MN such that γN
i ∈ PN andmint∈[0,1] ‖γN

i −Γ(t)‖2 ≤ √
q/N for all i ∈ {0, . . . ,KN},

and p̃N (γN
i ,γN

i+1) > 0 for every i ∈ {0, . . . ,KN−1}. Then, by applying Rayleigh’s shortcut
method,

capN (z,MN )

Q̃N (z)

(1.30)
≥

(
KN−1∑
i=0

Q̃N (z)

Q̃N (γN
i )p̃N (γN

i ,γN
i+1)

)−1

.

By construction, Γ(t) ∈ Pε for every t ∈ [0, 1] and, for each i ∈ {0, . . . ,KN}, we can find
ti ∈ [0, 1] so that mint∈[0,1] ‖γN

i −Γ(t)‖2 = ‖γN
i −Γ(ti)‖2. This implies that, for any N ≥ N̄ ,

the lattice path γN lies in Pε/2. Therefore, by applying (2.14) and using the fact that
F̃β,q(z) = F̃β,q(Γ(t0)) ≥ F̃β,q(Γ(ti)) for any i ∈ {0, . . . ,KN},

F̃N (z)− F̃N (γN
i ) ≥ F̃β,q(z)− F̃β,q(Γ(ti))−

∣∣F̃β,q(Γ(ti))− F̃β,q(γ
N
i )
∣∣

−
∣∣F̃N (z)− F̃β,q(z)

∣∣− ∣∣F̃β,q(γ
N
i )− F̃N (γN

i )
∣∣

≥ −
√
qKε,1 + 2Kε,2

N
.
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Metastability for the disordered Curie–Weiss–Potts model

Hence,

capN (z,MN )

Q̃N (z)
≥ e−β(

√
qKε,1+2Kε,2)

e−β

q
N−q, (2.22)

where we again used that p̃N (γN
i ,γN

i+1) ≥ e−β/(qN) and KN ≤ Nq−1.
It remains to consider the case that z ∈ P \ Pε. We first construct explicitly a

vertex-disjoint lattice path (γN
0 , . . . ,γN

kN
) from z to some z∗ ∈ Pε ∩PN along which F̃N is

non-increasing, see Figure 3 (Right). The remaining lattice path (γN
kN+1, . . . ,γ

N
KN

) from
z∗ toMN is then obtained, as above, as a vertex-disjoint lattice approximation of the time-
reparametrised solution Γ: [0, 1] → Pε of the initial-value problem ẋ(t) = −∇F̃β,q(x(t))

with x(0) = z∗, chosen so that Γ(1) ∈ {mi : i ∈ Iβ}. We are now going to construct
(γN

0 , . . . ,γN
kN

) inductively. Set γN
0 := z, and suppose that for some i ∈ N the vertex-

disjoint path (γN
0 , . . . ,γN

i ) has already been constructed such that γN
j ∈ PN \ Pε for all

j ∈ {0, . . . , i}, p̃N (γN
j ,γN

j+1) > 0 and F̃N (γN
j ) ≥ F̃N (γN

j+1) for every j ∈ {0, . . . , i− 1}. By
the pigeonhole principle and the choice ε < ε0, it follows that, for any N ≥ N̄ , there exist
k, ` ∈ {1, . . . , q} such that (γN

i )k < ε and (γN
i )` ≥ ε+1/N . Set γN

i+1 := γN
i + êk − ê` ∈ PN .

By construction, the extended lattice path (γN
0 , . . . ,γN

i+1) remains vertex-disjoint and, in
view of (2.7), we have p̃N (γN

i ,γN
i+1) > 0. Moreover,

F̃N (γN
i )− F̃N (γN

i+1) =
1

N

(
f
(
(γN

i )k + 1/N
)
− f

(
(γN

i )`
))

,

where f : (0, 1] → R is the function x 7→ f(x) = x − β−1 lnx. Since f attains its global
minimum at β−1 and for any N ≥ N̄ one has ε + 1/N ≤ e−β < β−1, using also that
N̄ ≥ 1/(e−β − ε), it follows that

f
(
(γN

i )k + 1/N
)

≥ f
(
ε+ 1/N

)
= max

x∈[ε+1/N,1]
f(x) ≥ f

(
(γN

i )`
)
.

Hence, F̃N (γN
i ) ≥ F̃N (γN

i+1). If γ
N
i+1 ∈ P \ Pε, repeat the construction. Otherwise, set

kN := i+ 1 and z∗ := γN
i+1.

Consequently, by using that F̃N (z) − F̃N (γN
i ) ≥ −(

√
qKε,1 + 2Kε,2)/N for all i ∈

{0, . . . ,KN}, it follows from Rayleigh’s shortcut method,

capN (z,MN )

Q̃N (z)
≥

(
KN−1∑
i=0

Q̃N (z)

Q̃N (γN
i )p̃N (γN

i ,γN
i+1)

)−1

≥ e−β(
√
qKε,1+2Kε,2)

e−β

q
N−q.

(2.23)

This completes the proof of (2.12).

Proof of Theorem 1.7. Recall that MN :=
⋃

i∈Iβ
Mi,N , where, for each i ∈ Iβ, the

subset Mi,N ⊂ SN (defined in (1.15)) is the preimage under LN of mi,N . To verify

that the Markov chain (Σ̃N (t))t≥0 is %N -metastable with respect to the metastable set
{Mi,N : i ∈ Iβ} for a suitably chosen decreasing sequence (%N )N∈N ⊂ (0,∞), it suffices
to estimate the numerator in (1.11) from above and denominator from below.

First, by sub-additivity, we obtain for any j ∈ Iβ ,

P̃
N

µ̃N |Mj,N

[
τ̃NMN\Mj,N

< τ̃NMj,N

]
≤
∑
i∈Iβ

i 6=j

P̃
N

µ̃N |Mj,N

[
τ̃NMi,N

< τ̃NMj,N

] (1.23)
≤ |Iβ | max

i,j∈Iβ

i6=j

c̃apN (Mj,N ,Mi,N )

µ̃N

[
Mj,N

] . (2.24)
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Using the lumpability of (Σ̃N (t))t≥0, we further obtain that for every distinct i, j ∈ Iβ ,

c̃apN (Mi,N ,Mj,N )

µ̃N [Mj,N ]

(2.9)
=

capN (mi,N ,mj,N )

Q̃N (mj,N )
. (2.25)

Moreover, by construction, for every i ∈ Iβ the sequence (mi,N )N∈N converges to the

global minima, mi, of the limiting free energy F̃β,q. Since the global minima mi and
mj , as described in Proposition 2.2, are separated by the essential gate G(mi,mj) with
communication height c(mi,mj), an application of (2.11) yields for all N large enough

N−`1 ≤ capN (mi,N ,mj,N )

Q̃N (mj,N )
eβN(c(mi,mj)−F̃β,q(mj)) ≤ N `2 . (2.26)

Hence, by combining the estimates above, we obtain that, for every sufficiently large N

P̃
N

µ̃N |Mj,N

[
τ̃NMN\Mj,N

< τ̃NMj,N

]
≤ |Iβ |N `2 max

i,j∈Iβ

i 6=j

e−βN(c(mi,mj)−F̃β,q(mj)) (2.27)

Next, we establish a lower bound for the denominator in (1.11). For any X ⊂ SN \MN

there exists {xk : k = 1, . . . ,K} ⊂ PN such that

X ∩ L−1
N (xk) 6= ∅, ∀ k ∈ {1, . . . ,K} and X ⊂

K⋃
k=1

L−1
N (xk).

In the sequel, set MN := {mi : i ∈ Iβ}, and write Xk := L−1
N (xk) for any k ∈ {1, . . . ,K}.

Then,

P̃
N

µ̃N |X
[
τ̃NMN

< τ̃NX
] (1.23)

=
c̃apN (X ,MN )

µ̃N [X ]

(1.24)
≥ 1

K

K∑
k=1

c̃ap(X ∩ Xk,MN )

µ̃N [X ]
. (2.28)

Since for any k ∈ {1, . . . ,K},

c̃ap(X ∩ Xk,MN )
(1.22)
=

∑
σ∈X∩Xk

µ̃N (σ) P̃
N

σ

[
τ̃NMN

< τ̃X∩Xk

]
≥

∑
σ∈X∩Xk

µ̃N (σ) P̃
N

σ

[
τ̃NMN

< τ̃Xk

]
and, in view of (2.10), P̃

N

σ [X ∩ Xk] = P̃
N

µ̃N |Xk
[X ∩ Xk] for any σ ∈ Xk, we obtain that

c̃ap(X ∩ Xk,MN ) ≥ µ̃N

[
X ∩ Xk

]
P̃
N

µ̃N |Xk

[
τ̃NMN

< τ̃NXk

]
= µ̃N

[
X ∩ Xk

] c̃apN (Xk,MN )

µ̃N [Xk]
= µ̃N

[
X ∩ Xk

] capN (xk,MN )

Q̃N (xk)
.

(2.29)

Thus, by combining (2.28) and (2.29) and applying Proposition 2.3, we obtain, for any
sufficiently large enough N ,

P̃
N

µ̃N |X
[
τ̃NMN

< τ̃NX
]
≥ 1

K
min

k∈{1,...,K}

capN (xk,MN )

Q̃N (xk)

(2.12)
≥ N−(`3+q), (2.30)

where we used that K ≤ |PN | ≤ Nq. Finally, set k1 := βmini 6=j∈Iβ
(c(mi,mj)− F̃β,q(mj)).

By combining (2.27) and (2.30), we obtain that for any k ∈ (0, k1) there exists N0 ∈ N
such that for any N ≥ N0

|Iβ |
maxj∈Iβ

P̃
N

µ̃N |Mj,N

[
τ̃NMN\Mj,N

< τ̃NMj,N

]
minX⊂SN\MN

P̃
N

µ̃N |X
[
τ̃NMN

< τ̃NX
] ≤ |Iβ |2 N `2+`3+q e−βk1N ≤ e−kN ,

which concludes the proof.
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Remark 2.4. Notice that, for any j ∈ Iβ ,

P̃
N

µ̃N |Mj,N

[
τ̃NMN\Mj,N

< τ̃NMj,N

] (1.24)
≥ max

i,j∈Iβ

i 6=j

P̃
N

µ̃N |Mj,N

[
τ̃NMi,N\Mj,N

< τ̃NMj,N

]
.

Combining this estimate with (1.23), (2.9) and (2.26), and recalling the definition of k1,
it follows that for any k > k1 there exists N ′

0 ∈ N such that for any N ≥ N ′
0,

|Iβ |
maxj∈Iβ

P̃
N

µ̃N |Mj,N

[
τ̃NMN\Mj,N

< τ̃NMj,N

]
minX⊂SN\MN

P̃
N

µ̃N |X
[
τ̃NMN

< τ̃NX
] ≥ |Iβ |

N `1
e−k1N ≥ e−kN , (2.31)

which shows that, on the exponential scale, the constant k1 is optimal.

3 Metastability for the DCWP model

In this section we analyse the metastable behaviour of the DCWPmodel by comparison
with the CWP model studied in Section 2. In particular, our aim is to prove Theorem 1.9.
Its proof depends on preliminary comparisons of several quantities of interest in the two
models; these comparisons appear as Lemma 3.1 and Lemma 3.2 in Section 3.1, while
the proof of Theorem 1.9 is presented in Section 3.2.

3.1 Preliminary comparison between the CWP and DCWP models

In order to simplify notation, define the following random variable

∆N (σ) := HN (σ)− H̃N (σ). (3.1)

Further, let φ : R→ [0,∞] be the log-moment generating function of the centred random
variable J12 − 1, that is,

φ(t) = lnE
[
et(Jij−1)

]
. (3.2)

The next lemma gives an expression of the annealed Gibbs density in terms of φ. The
strategy is inspired by the arguments given by the proof of [5, Lemma 4.2].

Lemma 3.1. Let β ≥ 0 and recall that v = V[J12].

(i) For any 2 ≤ N ∈ N, such that β/N ∈ D , with D as in Assumption 1.1,

E
[
e±β∆N (σ)

]
= e−Nφ(±β/N)H̃N (σ) ∀σ ∈ SN . (3.3)

(ii) For N → ∞,

e
β2v
4q (1+o(1)) ≤ min

σ∈SN

E
[
e−β∆N (σ)

]
≤ max

σ∈SN

E
[
e−β∆N (σ)

]
≤ e

β2v
4 (1+o(1)). (3.4)

(iii) For N → ∞,

max
σ,η∈SN
σ∼η

E
[
e±β(HN (σ)∨HN (η))

]
e±β(H̃N (σ)∨H̃N (η))

≤ e
β2v
4

(
1 + o(1)

)
. (3.5)

Proof. Throughout the proof set M̃(σ) :=
∑

0≤i<j≤N 1σi=σj
= −NH̃N (σ) for any σ ∈ SN .

(i) Since the random variables (Jij)1≤i<j≤N are assumed to be independent and
identically distributed,

E
[
e−β∆N (σ)

]
= E

[
e

β(Jij−1)

N

]M̃(σ)

= eM̃(σ)φ(β/N), (3.6)
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where φ is the log–moment generating function defined in (3.2).
(ii) By a Taylor expansion, we have that φ(x) = vx2/2 + o(x2) as x → 0. Since, for any

N > q, there are at most N2/2 unordered pairs and, by the pigeonhole principle, at least
N(N − 1)/(2q) pairs of equal spin, if follows that N(N − 1)/(2q) ≤ M̃(σ) ≤ N2/2 for any
σ ∈ SN . Hence, the assertion follows from (3.6).

(iii) Since the expectation of the minimum of two random variables is upper bounded
by the minimum of the expectations, we have

E
[
e−β(HN (σ)∨HN (η))

]
≤ E

[
e−βHN (σ)

]
∧ E

[
e−βHN (η)

]
. (3.7)

Thus, in view of (ii), we obtain the desired upper bound (3.5).
We now treat the the other sign. For this, since σ and η differ at most in one spin we

can find k ∈ {1, . . . , N}, ` ∈ {1, . . . , q} such that η = σk,`, where

σk,`
i =

{
σi, k 6= i

`, k = i.

We further introduce the decomposition

Sk(σ) =
−1

N

N∑
i<j
i,j 6=k

Jij1σi=σj
, Dk(σ) =

−1

N

N∑
j 6=k

Jkj1σk=σj
.

One can observe that HN = Sk +Dk, Sk(σ) = Sk(σk,`), and that Sk(σ) is independent of
Dk(η) for any σ, η. Then we have

E
[
eβ(HN (σ)∨HN (η))

]
= E

[
eβHN (σ) ∨ eβHN (η)

]
= E

[
eβS

k(σ)
]
E
[
eβD

k(σ) ∨ eβD
k(σk,`)

]
.

Also note that for any positive random variables X,Y ,

E
[
X ∨ Y

]
≤
(
E[X] ∨ E[Y ]

)(
1 +

(√
Var[X]

E[X]
+

√
Var[Y ]

E[Y ]

))
. (3.8)

This leads to the following estimate

E
[
eβ(HN (σ)∨HN (η))

]
E
[
eβHN (σ)

]
∨ E

[
eβHN (σk,`)

] ≤ 1 +

√
Var

[
eβDk(σ)

]
E
[
eβDk(σ)

] +

√
Var

[
eβDk(σk,`)

]
E
[
eβDk(σk,`)

]
In order to control the right hand side, we first observe that

E
[
(eβD

k(η))2
]

= e
−2βM(η)

N +M(η)φ
(

−2β
N

)
and E

[
eβD

k(η)
]2

= e
−2βM(η)

N +2M(η)φ
(

−β
N

)
,

where M(η) =
∑N

j 6=k 1ηk=ηj
with η ∈ {σ, σk,`}, and φ is defined in (3.2). Therefore, using

the convexity of φ and bounding M by N , we have

Var
[
eβD

k(η)
]

E
[
eβDk(η)

]2 = e
M(η)

(
φ
(

−2β
N

)
−2φ

(
−β
N

))
− 1 ≤ vβ2

N
(1 + o(1)).

Since HN (σ) = H̃N (σ) + ∆N (σ), an application of (3.4) yields the desired bound.

In the next lemma we obtain both estimates for ∆N (σ) in the form of concentration
inequalities and estimates for the probability of the following event

ΞN (a) =

{
max
σ∈SN

|∆N (σ)| ≤ a
√
N

}
, a > 0. (3.9)

In particular, ΞN (a)c turns out to be negligible in the limit as N → ∞.
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Lemma 3.2. (i) Let (tN )N∈N ⊂ [0,∞) be a sequence such that tN/N → 0 as N → ∞.
Then, for any σ ∈ SN ,

P
[
|∆N (σ)| ≥ tN

]
≤ 2 exp

(
− t2N

v

(
1 + o(1)

))
. (3.10)

(ii) For any a > 0

P
[
ΞN (a)c

]
≤ 2 exp

(
N ln q − a2N

v

(
1 + o(1)

))
. (3.11)

Proof. (i) First note that P
[
|∆N (σ)| ≥ t

]
= P

[
∆N (σ) ≥ t

]
+ P

[
∆N (σ) ≤ −t

]
, so by

symmetry it suffices to bound the first term. Fix λ ∈ R and choose N large enough that
−λ/N lies in the domain of φ defined in (3.2). Then, an application of Markov’s inequality
and Lemma 3.1 give

P
[
∆N (σ) ≥ t

]
≤
E
[
eλ∆N (σ)

]
eλtN

≤ e
λ2v
4 (1+o(1))−λtN .

Optimising the exponent by taking λ = 2tN/v(1 + o(1)) yields the claimed bound.
(ii) A union bound yields

P

[
max
σ∈SN

|∆N (σ)| > a
√
N

]
≤

∑
σ∈SN

P
[
|∆N (σ)| > a

√
N
]

≤ 2 eN ln(q)−Na2/v(1+o(1)),

where the final inequality uses (3.10) and |SN | = qN .

3.2 Proof of Theorem 1.9

In the previous section we provided a comparison of the quenched Hamiltonian HN

and the annealed Hamiltonian H̃N . In the following proof we will proceed by comparing
the quadratic forms of the quenched and annealed models, introduced in Section 1.3.1.
This proof follows along the lines of [5, Theorem 2.10] with minor modifications. However,
we present it here for the convenience of the reader.

Proof of Theorem 1.9. First note that for any two adjacent configurations σ, η ∈ SN ,

ZNµN (σ)πN (σ, η) =
1

Nq
e−β(HN (σ)∨HN (η)).

Hence, the quadratic form in (1.27) can be written as

ZNEN (f) =
1

2

∑
σ,η∈SN
σ∼η

1

Nq
e−β(HN (σ)∨HN (η))

(
f(σ)− f(η)

)2
.

Let a > 0 and recall the definition of ΞN (a) given in (3.9). Then, on the event ΞN (a),

e−βa
√
N Z̃N ẼN (f) ≤ ZNEN (f) ≤ eβa

√
N Z̃N ẼN (f) (3.12)

for any f : SN → R. Hence, the Dirichlet principle (1.26) implies that, for any non-empty,
disjoint X ,Y ⊂ SN ,

e−βa
√
N Z̃N c̃apN (X ,Y) ≤ ZN capN (X ,Y) ≤ eβa

√
N Z̃N c̃apN (X ,Y). (3.13)

Likewise, on the event ΞN (a), we have that, for any X ⊂ SN ,

e−βa
√
N Z̃N µ̃N [X ] ≤ ZNµN [X ] ≤ eβa

√
N Z̃N µ̃N [X ]. (3.14)
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Thus, in view of (1.23), we deduce that, on the event ΞN (a),

e−2βa
√
N ≤

PN
µN |X

[
τNX < τNY

]
P̃
N

µ̃N |X
[
τ̃NX < τ̃NY

] ≤ e2βa
√
N . (3.15)

Next, choose a >
√
v ln q. Fix any k < k1 (with k1 as in Theorem 1.7) and any k′ ∈ (k, k1).

Taking N sufficiently large so that k′ − 2aβ/
√
N ≥ k, Theorem 1.7 together with (3.15)

yield that, on the event ΞN (a),

|Iβ |
maxi∈Iβ

PN
µN |Mi,N

[
τNMN\Mi,N

< τNMi,N

]
minX⊂SN\MN

PN
µN |X

[
τNMN

< τNX
]

≤ |Iβ | e2βa
√
N

maxi∈Iβ
P̃
N

µ̃N |Mi,N

[
τNMN\Mi,N

< τNcMi,N

]
minX⊂SN\MN

P̃
N

µ̃N |X
[
τNMN

< τNX
] ≤ e−k′N+2βa

√
N ≤ e−kN ,

(3.16)

implying that ΞN (a) ⊂ Ωmeta(N). On the other hand, due to the above choice of a, the
right-hand side of (3.11) is summable in N . Therefore, an application of the Borell-
Cantelli lemma finally yields

P

[
lim sup
N→∞

Ωmeta(N)c
]

≤ P

[
lim sup
N→∞

ΞN (a)c
]

= 0. (3.17)

Remark 3.3. Notice that, for every k ≥ k1, there exists a random variable N1 such that,
P-almost surely, N1 < ∞ and for all N ≥ N1

|Iβ |
maxi∈Iβ

PN
µN |Mi,N

[
τNMN\Mi,N

< τNMi,N

]
minX⊂SN\MN

PN
µN |X

[
τNMN

< τNX
] ≥ e−kN . (3.18)

Indeed, since for any fixed a >
√
v ln q the right-hand side of (3.11) is summable in N , the

Borell-Cantelli lemma implies that there exists a random variable Ñ1 such that, P-almost
surely, Ñ1 < ∞ and for every N ≥ Ñ1

max
i∈Iβ

PN
µN |Mi,N

[
τNMN\Mi,N

< τNMi,N

]
≥ e−2βa

√
N max

i∈Iβ

P̃
N

µ̃N |Mi,N

[
τ̃NMN\Mi,N

< τ̃NMi,N

]
.

On the other hand, by combining again (1.23), (2.9) and (2.26), and recalling the defini-
tion of k1, it follows that for any k > k1 there exists N ′

0 ∈ N such that for any N ≥ N ′
0

e−2βa
√
N max

i∈Iβ

P̃
N

µ̃N |Mi,N

[
τ̃NMN\Mi,N

< τ̃NMi,N

]
≥ 1

N `1
e−Nk1−2a

√
Nβ ≥ e−Nk.

Thus, by setting N1 := Ñ1 ∨N ′
0, the claim (3.18) follows.

4 Capacity estimates for the DCWP model

In this section, we derive bounds for the capacity of the quenched model in relation
to that of the annealed model. These estimates are regarded as general, as they do not
require any assumptions regarding metastability and are applicable to arbitrary subsets
of the configuration space. To establish bounds on the capacity, we adopt the same
strategy as developed in [5]. However, the adaptation is not straightforward due to the
particularities of the DCWP model and the selection of (potentially) unbounded random
variables.
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4.1 Concentration inequalities

We begin with establishing a concentration inequality for functionals of independent
random variables. By employing Chernoff-type bounds, this approach generalise McDi-
armid’s concentration inequality by replacing the bounded-difference assumption with
a Lipschitz condition together with mild regularity on the law of the involved random
variables. Furthermore, this method yields tighter estimates in the case of vanishing
variance, that is, as v → 0, in comparison to [7, Proposition 2.1].

Theorem 4.1. Let (Ω,F ,P) be a probability space and n ∈ N. Consider a vector
X = (X1, . . . , Xn) of independent, R-valued random variables on (Ω,F ,P) such that, for
any i ∈ {1, . . . , n}, the symmetrised cumulant generating function

ϕi(λ) := lnE
[
eλXi

]
+ lnE

[
e−λXi

]
(4.1)

have domains Di containing an open neighbourhood of 0. Further, let f : Rn → R be a
measurable function and suppose that there exists c1, . . . , cn ∈ [0,∞) such that

∣∣f(x)− f(y)
∣∣ ≤

n∑
i=1

ci
∣∣xi − yi

∣∣. (4.2)

Then, for λ ∈
⋂n

i=1 c
−1
i Di ∩ [0,∞) and t > 0,

P
[
f(X)− E

[
f(X)

]
> t
]
≤ exp

(
−λt+

n∑
i=1

ϕi(λci)

)
. (4.3)

If, additionally, the random variables X1, . . . , Xn are identically distributioned then, for
any t > 0,

P
[
f(X)− E

[
f(X)

]
> t
]
≤ exp

(
−nϕ∗

1

(
t/(Cn)

))
, (4.4)

where C := max{c1, . . . , cn} and ϕ∗
1 denotes the Legendre tranform of ϕ.

Proof. The proof is based on the method of martingale differences. For this purpose, set
F0 := {∅,Ω} and, for i ∈ {1, . . . , n}, let Fi := σ(Xj : j ≤ i) be the σ-algebra generated by
the random variablesX1, . . . , Xi. Further, define Zi := E

[
f(X) | Fi

]
for any i ∈ {0, . . . , n}.

Then, the stochastic process (Zi)i∈{0,...,n} is a martingale, and

f(X)− E[F (X)] =

n∑
i=1

(Zi − Zi−1). (4.5)

For any i ∈ {1, . . . , n} define the random vector X(i) by X
(i)
j := Xj for any j ∈ {1, . . . , n}

with j 6= i and X
(i)
i := X ′

i, where X ′
i is an independent copy of Xi. Using the indepen-

dence of the random variables X1, . . . , Xn, we obtain that, P-a.s.,

E
[
f(X(i)) | Fi

]
=

∫
Rn−i+1

f(X1, . . . , Xi−1, yi, . . . , yn)

n∏
j=i

d
(
P ◦X−1

j

)
(yj) = E

[
f(X) | Fi−1

]
for any i ∈ {1, . . . , n}. In particular, for any λ ∈

⋂n
j=1 c

−1
j Dj ∩ [0,∞) and i ∈ {1, . . . , n},

we have that exp(λ(Zi − Zi−1)) ∈ L1(P) and, P-a.s.,

E
[
exp
(
λ(Zi − Zi−1)

)
| Fi−1

]
= E

[
exp
(
λE
[
f(X)− f(X(i)) | Fi

])
| Fi−1

]
≤ E

[
exp
(
λ(f(X)− f(X(i))

)
| Fi−1

]
= E

[
cosh

(
λ(f(X)− f(X(i))

)
| Fi−1

]
, (4.6)
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where in the final equality we used thatP ◦(Xi, Xi+1, . . . , Xn)
−1 = P ◦(X ′

i, Xi+1, . . . , Xn)
−1.

Since cosh(t) ≤ cosh(s) for any s > |t|, if follows from (4.2) that, P-a.s.,

E
[
cosh

(
λ(f(X)− f(X(i))

)
| Fi−1

]
≤ E

[
cosh

(
λci|Xi −X ′

i|
)
| Fi−1

]
= E

[
cosh

(
λci(Xi −X ′

i)
)]

= E
[
exp(λciXi)

]
E
[
exp(−λciXi)

]
= exp

(
ϕi(λci)

)
.

(4.7)

Thus, by combining the estimates (4.6) and (4.7), it follows that, for any i ∈ {1, . . . , n},

E
[
exp
(
λ(Zi − Zi−1)

)
| Fi−1

]
= exp

(
ϕi(λci)

)
P -a.s. (4.8)

In particular, by applying (4.8) iteratively, we get

E

[
n∏

i=1

etλ(Zi−Zi−1)

]
= E

[
n−1∏
i=1

etλ(Zi−Zi−1)E
[
etλ(Zn−Zn−1)

∣∣∣Fn−1

]]
(4.8)
=

n∏
i=1

eϕi(λci).

Thus, by applying the exponential Markov inequality, we obtain for any t > 0

P
[
f(X)− E[f(X)] > t

]
= P

[
n∑

i=1

(Zi − Zi−1) > t

]

≤ e−tλE

[
n∏

i=1

etλ(Zi−Zi−1)

]
= exp

(
−tλ+

n∑
i=1

ϕi(λci)

)
,

which conclude the proof of (4.3).
If, additionally, the random variables X1, . . . , Xn are identically distributed, setting

C := max{c1, . . . , cn}, the right-hand side of (4.3) simplifies to

P
[
f(X)− E[f(X)] > t

]
≤ exp

(
−λt+ nϕ1(λC)

)
.

Since ϕ1 is an even function and t > 0,

sup
λ≤0

(
tλ− ϕ1(λ)

)
= sup

λ≥0

(
−tλ− ϕ1(−λ)

)
≤ sup

λ≥0

(
tλ− ϕ1(λ)

)
,

the assertion follows by optimising over all λ > 0.

Corollary 4.2. Let X = (X1, . . . , Xn) be i.i.d. random variables taking values in R with
cumulant generating function defined in an open interval containing 0. Let f : Rn → R

satisfy the Lipschitz condition (4.2) with ci = c for all i ∈ {1, . . . , n}. Then, for any
sequence (tn)n∈N ⊂ [0,∞) such that tn/n → 0 as n → ∞,

P
[
f(X)− E[f(X)] > tn

]
≤ exp

(
− t2n
4Var[X1] c2n

(1 + o(1))

)
. (4.9)

Proof. First observe that ϕ1 as defined in (4.1) is the cumulant-generating function of X1

minus an independent copy of itself. Consequently, its Legendre transform inherits some
useful properties. As ϕ1 is smooth, strictly convex and satisfies ϕ1(0) = ϕ′

1(0) = 0 and
ϕ′′
1(0) = 2Var[X1] it follows that ϕ∗

1(0) = ϕ∗
1
′(0) = 0 and ϕ∗

1
′′(0) = 1/(2Var[X1]). Hence,

for small t > 0,

ϕ∗
1(t) =

t2

4Var[X1]
+ o(t2), (4.10)

and Theorem 4.1 then yields the claimed bound.
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4.2 Concentration of the capacity

Lemma 4.3. Let β > 0 and (tN )N∈N ⊂ [0,∞) be a sequence such that tN/N → 0 as
N → ∞. Then, for any two non-empty, disjoint subsets A,B ⊂ SN ,

P
[∣∣∣ln(ZN capN (A,B)

)
− E

[
ln
(
ZN capN (A,B)

)]∣∣∣ > tN

]
≤ 2 exp

(
− t2N
2β2v

(1 + o(1))

)
.

(4.11)

Proof. To emphasise the dependence on the random array J = (Jij)1≤j<j≤N , we hence-
forth write HJ

N , Z
J
N , EJ

N , cap
J
N (A,B). Further, let J ′ = (J ′

ij)1≤i<j≤N be the triangular
array of random variables which coincides with J except that J ′

kl is an independent copy
of Jkl for some fixed pair (k, l). To apply of Lemma 4.2 we first show that, for every
N , the map J 7→ FN (J) := ln(ZJ

N capJN (A,B)) satisfies the bounded difference condition
(4.2). By linearity, ∣∣HJ

N (σ)−HJ′

N (σ)
∣∣ ≤ |Jkl − J ′

kl|
N

. (4.12)

In particular, for every σ, η ∈ SN

HJ′

N (σ) ∨HJ′

N (η)− |Jkl − J ′
kl|

N
≤ HJ

N (σ) ∨HJ
N (η) ≤ HJ′

N (σ) ∨HJ′

N (η) +
|Jkl − J ′

kl|
N

.

Hence, for any test function h : SN → R, it follows that

ln
(
ZJ′

N EJ′

N (h)
)
− β

N
|Jkl − J ′

kl| ≤ ln
(
ZJ
NEJ

N (h)
)

≤ ln
(
ZJ′

N EJ′

N (h)
)
+

β

N
|Jkl − J ′

kl|.

In view of the Dirichlet principle (1.26) we further obtain that

ln
(
ZJ
N capJN (A,B)

)
≤ ln

(
ZJ
NEJ

N (hJ′

A,B)
)

≤ ln
(
ZJ′

N capJ
′

N (A,B)
)
+

β

N
|Jkl − J ′

kl|.

By repeating the computation above with J and J ′ interchanged, we obtain∣∣ln(ZJ
N capJN (A,B)

)
− ln

(
ZJ′

N capJ
′

N (A,B)
)∣∣ ≤ β

N
|Jkl − J ′

kl| (4.13)

Finally, to verify that FN satisfies the condition (4.2), let J = (Jij)1≤i<j≤N and J ′ =

(J ′
ij)1≤i<j≤N be two independent triangular arrays. By interpolating between J and

J ′ coordinatewise and using (4.13) yields that (4.2) holds with n = N(N − 1)/2 and
ci = β/N for every i ∈ {1, . . . , N(N − 1)/2}.

4.3 Annealed capacity estimates

We proceed with annealed estimates that relate the expectations of the main quanti-
ties in the DCWP model to their counterparts in the CWP model.

Proposition 4.4. Let β > 0 and, for each N ∈ N, let A and B be two non-empty, disjoint
subsets of SN .

(i) Then, as N → ∞,∣∣∣E[ln(ZN capN (A,B)
)]

− ln
(
Z̃N c̃apN (A,B)

)∣∣∣ ≤ β2v

4

(
1 + o(1)

)
. (4.14)

(ii) Then, for any k ≥ 1 as N → ∞,

e−β2v/4(1+o(1)) ≤
E
[(
ZN capN (A,B)

)±k
]1/k

(
Z̃N c̃apN (A,B)

)±1 ≤ ekβ
2v/4(1+o(1)). (4.15)
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Proof. Recall from Section 1.3.1 the both definition of the Dirichlet form EN (f) for
functions f ∈ HN

A,B and the quadratic form DN (ϕ) for unit flows ϕ ∈ UN
A,B. In view of

Lemma 3.1(ii) we have that

E
[
ZNEN (f)

]
≤ Z̃N ẼN (f) eβ

2v/4
(
1 + o(1)

)
∀ f ∈ HN

A,B, (4.16)

E
[
Z−1
N DN (ϕ)

]
≤ Z̃−1

N D̃N (ϕ) eβ
2v/4

(
1 + o(1)

)
∀ϕ ∈ UN

A,B. (4.17)

The remaining part of the proof literally follows from [5, Proposition 4.3].

5 Estimates of the harmonic sum

In this section we control the numerator in Equation (1.25), namely the `1(µ)-norm
of the harmonic function, also called harmonic sum. This requires first a preliminary
estimate obtained in Proposition 5.4, which significantly simplifies the harmonic sum
and is used in Lemma 5.5 and Propositions 5.6 and 5.9.

The main differences between the proof of Proposition 5.4 and that of [5, Proposition
5.4] are the treatment of multiple regimes and the removal of the non-degeneracy as-
sumption [5, Equation (2.22)]. That assumption fails in some regimes and is unnecessary
here, since the measure of the metastable valleys is controlled by the explicit estimates
of Lemma 5.3. Although the proof of Proposition 5.4 proceeds by a regime-wise analysis,
the remaining results in this section are independent on the inner structure of the
metastable sets.

5.1 Metastable partition and preliminary estimates

We begin with the following definition, needed to state Proposition 5.4. It is conve-
nient to partition the state space into the neighbouring valleys associated with each
relevant metastable set with respect to the free energy landscape F̃β,q, leaving only a
remainder of negligible weight.

Definition 5.1 (Metastable partition). For β > β1(q) let {Mi,N : i ∈ Iβ} be the metastable
sets as defined in (1.15) and

⋃
i∈Iβ

Mi,N . The metastable sets {Mi,N : i ∈ Iβ} give rise
to a metastable partition {Si,N : i ∈ Iβ} (with respect to the CWP model) such that

Mi,N ⊂ Si,N ⊂ Vi,N , i ∈ Iβ , (5.1)

where, for any i ∈ Iβ , the local valley Vi,N around the metastable set Mi,N is defined by

Vi,N :=
{
σ ∈ SN \MN : hN

Mi,N ,MN\Mi,N
(σ) ≥ max

j 6=i
hN
Mj,N ,MN\Mj,N

(σ)
}
. (5.2)

Remark 5.2. Note that a metastable partition of the state space SN is not uniquely
determined by the conditions above: there may exist subsets X ⊂ Vi,N ∩ Vj,N lying in
the intersection of two distinct local valleys Vi,N and Vj,N . However, it is well known
(cf. [22, Lemma 3.2] and [3, Lemma 8.7]) that the Gibbs measure µ̃N [X] of such a
set is negligible compared with the Gibbs measures µ̃N [Mi,N ] and µ̃N [Mj,N ] of the
corresponding metastable sets Mi,N and Mj,N . In particular, we may choose the
metastable partition {Si,N : i ∈ Iβ} so that, for every i ∈ Iβ, Si,N = L−1

N (Si,N ) for some
Si,N ⊂ PN .

Before proceeding, we need to control the measure of each component within the
metastable partition. The following technical lemma establishes that this measure
deviates from that of the metastable sets by at most a polynomial factor.

Lemma 5.3. Suppose that β > β1. Further, N0(β) be as in Proposition 2.3-(ii). Then,
there exists `4 ≡ `4(β, q) ∈ [q,∞) such that, for all N ≥ N0(β),

µ̃N

[
Si,N

]
≤ N `4 µ̃N

[
Mi,N

]
, ∀ i ∈ Iβ . (5.3)
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Figure 4: Graphical representation of a metastable partition of PN (with N ∈ {5, 6} and
q = 3) for the regimes in which m0 is not a local minimum. The red, blue and green
points denotes S1,N , S2,N and S3,N , respectively. Points shown in grey may be assigned
to more than one set in the partition, as explained in Remark 5.2.

In particular, for all N ≥ N0(β), on the event ΞN (a),

µN

[
Si,N

]
≤ N `4e2βa

√
NµN

[
Mi,N

]
, ∀ i ∈ Iβ . (5.4)

Proof. Fix some arbitrary i ∈ Iβ . Then, the definition of the local valley implies that, for
any σ ∈ Vi,N ,

1 =
∑
j∈Iβ

P̃
N

σ

[
Σ̃N (τ̃NMN

) ∈ Mj,N

]
=
∑
j∈Iβ

P̃
N

σ

[
τ̃NMj,N

< τ̃NMN\Mj,N

]
≤ |Iβ | P̃

N

σ

[
τ̃NMi,N

< τ̃NMN\Mi,N

]
.

Consequently, for every σ ∈ Si,N \Mi,N we have h̃N
Mi,N ,MN\Mi,N

(σ) ≥ 1/|Iβ |. On the

other hand, using the properties of the equilibrium potientials h̃N
Mi,N ,MN\Mi,N

and

h̃N
Si,N\Mi,N ,MN

, it follows that

0 = 〈h̃N
Mi,N ,MN\Mi,N

,−L̃N h̃N
Si,N\Mi,N ,MN

〉µ̃N

≥ 1

|Iβ |
c̃apN

(
Si,N \Mi,N ,MN

)
−

∑
σ∈Mi,N

µ̃N (σ) P̃
N

σ

[
τ̃NSi,N\Mi,N

< τ̃NMN

]
≥ 1

|Iβ |
c̃apN

(
Si,N \Mi,N ,MN

)
− µ̃N

[
Mi,N

]
. (5.5)

Thus, we are left with bounding c̃apN
(
Si,N \Mi,N ,MN

)
from below. Repeating the

argument of (2.28), estimating |Si,N \{mi,N}| ≤ Ng, and invoking Proposition 2.3-(ii),
we deduce that for any N ≥ N0(β),

c̃apN
(
Si,N \Mi,N ,MN

) (2.9)
= capN

(
Si,N \{mi,N},MN

)
≥ N−`3−q Q̃N

[
Si,N \{mi,N}

]
= N−`3−q µ̃N

[
Si,N \Mi,N

]
(5.6)

Thus, by combining (5.5) and (5.6), the assertion (5.3) is immediate. Finally, by combining
(5.3) with (3.15), concludes the proof of (5.4).
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This result allows us to compare measures of different elements of the metastable
partition. For i, j ∈ Iβ , by monotonicity of the measure and the previous lemma, we have

µN

[
Si,N

]
µN

[
Sj,N

] ≤ e2βa
√
NN `4

µ̃N

[
Mi,N

]
µ̃N

[
Mj,N

] = e2βa
√
NN `4 eβN(F̃β,q(mj)−F̃β,q(mi)+O(N−1)). (5.7)

with an analogous lower bound.
In the next proposition, we estimate the `1(µN )-norm of the harmonic function,

where AN ,BN are the initial and final sets in each regime, as in Definition 1.11. The
proof is inspired by [22, Lemma 3.3] and [5, Proposition 5.2], and we include detailed
explanations only where it deviates from their methods. The main modifications are due
to the presence of multiple regimes in the DCWP model and the choice of unbounded
random variables Jij .

Proposition 5.4. For any β > β1 let AN and BN be chosen as in Definition 1.11, and
a >

√
v ln q. Then, there exists a constant C1 ∈ (0, k1) such that, on the event ΞN (a), as

N → ∞

‖hN
AN ,BN

‖µN
= µN

[
SA,N

] (
1 +O(e−C1N )

)
, (5.8)

where SA,N denotes the union of the elements of the metastable partition {Si,N : i ∈ Iβ}
corresponding to the metastable sets in AN , that is,

SA,N =
⋃

i:Mi,N⊂AN

Si,N . (5.9)

Proof. The proof comprises two steps. In the first step, we provide a regime independent
upper bound for the average of the equilibrium potential between different metastable
sets with respect to the Gibbs measure conditioned on the element of the metastable
partition corresponding to the hitting set. This is done by comparison with the CWP
model. In the second step, we control the harmonic sum by decomposing it over the
elements of the metastable partition. This decomposition is regime dependent, and
depends on the relative weights of the metastable partition under µN .

Step 1. Let a be as stated and k ∈ (0, k1). We claim that for any two metastable sets
Mi,N ,Mj,N , any ε ∈ (0, 1] and large enough N , on the event ΞN (a),

‖hN
Mj,N ,Mi,N

‖µN |Si,N
≤ ε+ e−kN ln(1/ε)min

{
1,

µN [Sj,N ]

µN [Si,N ]

}
. (5.10)

Indeed, this literally follows from [5, Proposition 5.2, Step 1.] except for the following
modification: By using (3.15), we have that, for any non-empty X ⊂ Sk,N \Mk,N , on the
event ΞN (a),

µN [X ] =
capN (X ,Mi,N )

PN
µN |X

[
τNMi,N

< τNX
]

(3.15)
≤ e2βa

√
N capN (X ,Mi,N )

P̃
N

µ̃N |X
[
τ̃NMi,N

< τ̃NX
]

≤ e2βa
√
N e−kN

(
max
`∈Iβ

P̃
N

µ̃N |M`,N

[
τ̃NMN\M`,N

< τ̃NM`,N

])−1

capN (X ,Mi,N )

(3.15)
≤ e4βa

√
N e−kN

(
max
`∈Iβ

PN
µN |M`,N

[
τNMN\M`,N

< τNM`,N

])−1

capN (X ,Mi,N ), (5.11)

where we applied Theorem 1.7 and [22, Lemma 3.1] to obtain the second inequality.
Note that [22, Lemma 3.1] cannot be applied directly in the first line because the sets
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{Si,N i ∈ Iβ} form a metastable partition for the CWP model, not the DCWP model; this
necessitates the estimates in the second and third lines.

Step 2. In view of (5.10), the proof of (5.8) follows the same lines as that of [22,
Theorem 1.7]; however, modifications are required for each regime in Definition 1.11.

First metastable regime: Let β1 < β ≤ β2, AN =
⋃q

`=1 M`,N , BN = M0,N , and write

‖hN
AN ,BN

‖µN
= µN

[
S0,N

]
‖hN

AN ,BN
‖µN |S0,N

+

q∑
j=1

µN

[
Sj,N

]
‖hN

AN ,BN
‖µN |Sj,N

. (5.12)

In order to prove a lower bound, we neglect the first term appearing on the right-hand
side of (5.12), while bounding each term in the remaining sum from below by

‖hN
AN ,BN

‖µN |Sj,N
= 1− ‖hN

BN ,AN
‖µN |Sj,N

≥ 1− ‖hN
M0,N ,Mj,N

‖µN |Sj,N
, (5.13)

where we used that, for all σ ∈ SN \ (AN ∪ BN ),

hN
BN ,AN

(σ) = PN
σ

[
τNM0,N

< τN⋃q
`=1 M`,N

]
≤ PN

σ

[
τNM0,N

< τNMj,N

]
= hN

M0,N ,Mj,N
(σ).

By applying (5.10) with ε = e−kN , we further get that, on the event ΞN (a),

‖hN
M0,N ,Mj,N

‖µN |Sj,N
≤ ε+ e−kN ln(1/ε) = e−kN (1 + kN) (5.14)

for any j ∈ {1, . . . , q}. Thus, by combining (5.13) and (5.14) with (5.12) and using the
additivity of the Gibbs measure µN , we obtain on the event ΞN (a),

‖hN
AN ,BN

‖µN
≥ µN

[
SA,N

] (
1− e−kN (1 + kN)

)
. (5.15)

To get the upper bound, by recalling that hN
ANBN

≤ 1, we immediately have that the
last sum appearing on the right-hand side of (5.12) is bounded from above by µN

[
SA,N

]
.

Since for any σ ∈ SN ,

PN
σ

[
τN⋃q

`=1 M`,N
< τNM0,N

]
=

q∑
`=1

PN
σ

[
τNM`,N

< τNMN\M`,N

]
≤

q∑
`=1

PN
σ

[
τNM`,N

< τNM0,N

]
an application of Minkowski’s inequality and (5.10) yields that, on the event ΞN (a),

‖hN
AN ,BN

‖µN |S0,N
≤

q∑
`=1

‖hN
M`,N ,M0,N

‖µN |S0,N
≤ q

(
ε+ e−kN ln(1/ε)

µN

[
SA,N

]
µN

[
S0,N

] ).
By combining the above estimates and choosing ε = e−kNµN

[
SA,N

]
/µN

[
S0,N

]
, we there-

fore obtain that, on the event ΞN (a),

‖hN
AN ,BN

‖µN
≤ µN

[
SA,N

](
1 + qe−kN

(
1 + kN + ln

µN

[
S0,N

]
µN

[
SA,N

])) (5.16)

We conclude by noting that, due to (5.7), there exists a deterministic constant c ∈ (0,∞)

such that ln
(
µN [S0,N ]/µN [SA,N ]

)
≤ cN .

Second metastable regime: Let β2 < β < β4, AN = M0,N , BN = ∪q
`=1M`,N , and write

‖hN
AN ,BN

‖µN
= µN

[
S0,N

](
‖hN

AN ,BN
‖µN |S0,N

+

q∑
j=1

µN

[
Sj,N

]
µN

[
S0,N

] ‖hN
AN ,BN

‖µN |Sj,N

)
. (5.17)
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In order to prove a lower bound, we neglect the final term, while the first term is bounded
from below by

‖hN
AN ,BN

‖µN |S0,N
= 1− ‖hN

BN ,AN
‖µN |S0,N

≥ 1−
q∑

`=1

‖hN
M`,N ,M0,N

‖µN |S0,N
. (5.18)

By applying again (5.10) with ε = e−kN , we obtain that, on the event ΞN (a),

‖hN
AN ,BN

‖µN |S0,N
≥ 1− q

(
ε+ e−kN ln(1/ε)

)
≥ 1− qe−kN (1 + kN).

Thus, on the event ΞN (a),

‖hN
AN ,BN

‖µN
≥ µN

[
S0,N

](
1− qe−kN (1 + kN)

)
. (5.19)

For the upper bound, we bound the first term inside the bracket on the right-hand of
(5.17) from above by 1. On the other hand, for any j ∈ {1, . . . , q}, an application of (5.10)
with ε = e−kNµN

[
S0,N

]
/µN

[
Sj,N

]
yields, on the event ΞN (a),

‖hN
AN ,BN

‖µN |Sj,N
≤ ‖hN

M0,N ,Mj,N
‖µN |Sj,N

≤
µN

[
S0,N

]
µN

[
Sj,N

] e−kN

(
1 + kN + ln

µN

[
Sj,N

]
µN

[
S0,N

]). (5.20)

Hence, we obtain that, on the event ΞN (a),

‖hN
AN ,BN

‖µN
≤ µN

[
S0,N

](
1 + qe−kN

(
1 + kN + max

j∈{1,...,q}
ln

µN

[
Sj,N

]
µN

[
S0,N

])). (5.21)

Using (5.7) again, there exists a deterministic constant c ∈ (0,∞) such that, for every
j ∈ {1, . . . , q}, ln

(
µN [Sj,N ]/µN [S0,N ]

)
is bounded from above by cN .

Tunneling regime: Let β2 < β < β4, AN = M1,N , BN = ∪q
`=2M`,N , and write

‖hN
AN ,BN

‖µN
= µN

[
S1,N

](
‖hN

AN ,BN
‖µN |S1,N

+

q∑
j=2

µN

[
Sj,N

]
µN

[
S1,N

] ‖hN
AN ,BN

‖µN |Sj,N

+
µN

[
S0,N

]
µN

[
S1,N

] ‖hN
AN ,BN

‖µN |S0,N

)
. (5.22)

The lower bound is obtained via a similar procedure by dropping the second and third
terms and using a similar argument as in (5.18) to control the first term using (5.10).
For an upper bound, we bound the harmonic sums appearing both in the first and
third term by 1, while dealing with the second term as in (5.20). The remaining ratio
µN [S0,N ]/µN [S1,N ] appearing in the final term is controlled via (5.7).

Finally, when taking β ≥ β4 the proof is analogous with the third term not appearing
as M0,N is not a metastable set.

In the next lemma we provide an annealed version of Proposition 5.4. This will be
used to prove both concentration inequalities and annealed estimates for the harmonic
sum in Propositions 5.6 and 5.9.

Lemma 5.5. For any β > β1 let AN and BN be chosen as in Definition 1.11. Fix
C2 ∈ (0, C1), where C1 is as in Proposition 5.4. Then, as N → ∞,

E
[
ln
(
ZN‖hN

AN ,BN
‖µN

)]
= E

[
ln
(
ZNµN

[
SA,N

])]
+O

(
e−C2N

)
. (5.23)
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Proof. Let ΞN (a) be the event defined in (3.9) and a >
√

v(C1 + ln q). Then, by applying
Proposition 5.4, we obtain, for any N large enough,

E
[
ln
(
ZN‖hN

AN ,BN
‖µN

)
1ΞN (a)

]
= E

[
ln
(
ZNµN

[
SA,N

])
1ΞN (a)

]
+ ln

(
1 +O(e−C1N )

)
P
[
ΞN (a)

]
= E

[
ln
(
ZNµN

[
SA,N

])
1ΞN (a)

]
+ O(e−C1N ).

Hence,

E
[
ln
(
ZN‖hN

AN ,BN
‖µN

)]
= E

[
ln
(
ZNµN

[
SA,N

])]
+O(e−C1N ) + E

[
ln

(‖hN
AN ,BN

‖µN

µN

[
SA,N

] )1ΞN (a)c

]
. (5.24)

Thus, we are left with bounding the final term appearing on the right-hand side of (5.24).
For this purpose, first note that, by the properties of the equilibrium potential, hN

AN ,BN
,

we have that

µN

[
AN

]
≤

‖hN
AN ,BN

‖µN

µN

[
SA,N

] ≤ 1

µN

[
AN

] .
Hence,∣∣∣∣E[ln(‖hN

AN ,BN
‖µN

µN

[
SA,N

] )1ΞN (a)c

]∣∣∣∣ ≤ E

[
ln

(
1

µN

[
AN

])1ΞN (a)c

]
≤ lnE

[
1

µN

[
AN

] ∣∣∣∣ΞN (a)c
]
P
[
ΞN (a)c

]
≤
(
lnE

[
1

µN

[
AN

]] − lnP
[
ΞN (a)c

])
P
[
ΞN (a)c

]
.

Since, for any ξ ∈ SN , HN (ξ) = H̃N (ξ) + ∆N (ξ) and −N/2 ≤ H̃N (ξ) ≤ 0, by applying the
Cauchy-Schwarz inequality together with Lemma 3.1 which gives E

[
exp(±2β∆N (ξ))

]
=

exp(β2v(1 + o(1))) as N tends to infinity, we obtain, for any σ ∈ AN ,

E

[
1

µN

[
AN

]] ≤
∑
η∈SN

E
[
e−βHN (η) eβHN (σ)

]
≤ eβN/2

∑
η∈SN

E
[
e−2β∆N (η)

]1/2
E
[
e2β∆N (σ)

]1/2
= eN(β/2+ln q) eβ

2v(1+o(1)).

Hence, using (3.15) and the fact that x 7→ −x lnx is increasing on [0, e−1), we obtain that
for any sufficiently large N∣∣∣∣E[ln(‖hN

AN ,BN
‖µN

µN

[
SA,N

] )1ΞN (a)c

]∣∣∣∣
≤
(
β2v

(
1 + o(1)

)
+N

(
β

2
+ 2 ln q − a2

v

(
1 + o(1)

)))
e−N(a2/v(1+o(1))−ln q). (5.25)

Thus, by combining (5.24) and (5.25), the assertion follows.
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5.2 Concentration estimates

We are now ready to state some concentration inequalities for the logarithm of the
harmonic sum.

Proposition 5.6. For any β > β1 let AN and BN be chosen as in Definition 1.11, and let
C2 be as in Lemma 5.5. Then, there exists a constant c ∈ (0,∞) such that for any t > 0,
as N → ∞,

P
[∣∣ln(ZN‖hN

AN ,BN
‖µN

)
− E

[
ln
(
ZN‖hN

AN ,BN
‖µN

)]∣∣ > t
]

≤ 2 exp

(
− (t− c e−C2N )2

2β2v
(1 + o(1))

)
+ 2 exp

(
−C2N

)
. (5.26)

Proof. Let a >
√
v(C2 + ln q). By Proposition 5.4 and Lemma 5.5 there exists a c ∈ (0,∞)

such that for all N sufficiently large, on the event ΞN (a),∣∣∣ln(ZN‖hN
AN ,BN

‖µN

)
− E

[
ln
(
ZN‖hN

AN ,BN
‖µN

)]∣∣∣
≤
∣∣∣ln(ZNµN

[
SAN

])
− E

[
ln
(
ZNµN

[
SA,N

])]∣∣∣+ c e−C2N .

Hence, for any t > 0 and N sufficiently large,

P
[∣∣ln(ZN‖hN

AN ,BN
‖µN

)
− E

[
ln
(
ZN‖hN

AN ,BN
‖µN

)]∣∣ > t
]

≤ P
[∣∣ln(ZN‖hN

AN ,BN
‖µN

)
− E

[
ln
(
ZN‖hN

AN ,BN
‖µN

)]∣∣ > t, ΞN (a)
]
+ P

[
ΞN (a)c

]
≤ P

[∣∣ln(ZNµN

[
SAN

])
− E

[
ln
(
ZNµN

[
SAN

])]∣∣ > t− c e−C2N
]
+ P

[
ΞN (a)c

]
. (5.27)

By Lemma 3.2-(ii) and our choice of a, the second term on the right-hand side of (5.27)
is, for all sufficiently large N , bounded by e−C2N . Hence, it remains to bound the first
term. To that end we employ an argument analogous to the one used in the proof of
Lemma 4.3. For any integer N ≥ 2, consider the map

(Jij)1≤i<j≤N 7−→ ln
(
ZJ
N µJ

N [SA,N ]
)
,

and, as before, write HJ
N , ZJ

N and µJ
N to emphasise the dependence on the random array

J = (Jij)1≤i<j≤N . Since SA,N is defined in terms of the CWP model and is therefore
independent of J , (4.12) immediately implies that∣∣ZJ

NµJ
N

[
SA.N

]
− ZJ′

N µJ′

N

[
SA.N

]∣∣ ≤ β

N

∑
1≤i<j≤N

∣∣Jij − J ′
ij

∣∣.
Hence, by applying Corollary 4.2 with n = N(N − 1)/2, we get for any t > 0,

P
[∣∣ln(ZNµN

[
SAN

])
− E

[
ln
(
ZNµN

[
SAN

])]∣∣ > t
]

≤ 2 e−t2/(2β2v)(1+o(1)). (5.28)

By combining (5.27) and (5.28), we assertion follows.

5.3 Annealed estimates

We first state two lemmas and then prove the main proposition with the annealed
estimates for the norm of the harmonic function.

Lemma 5.7. Let A ⊂ SN , then as N → ∞

0 ≤ E
[
ln
(
ZNµN [A]

)]
− ln

(
Z̃N µ̃N [A]

)
≤ β2v

4
(1 + o(1)). (5.29)
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Proof. The assertion follows immediately from [5, Eq. (5.13)-(5.14)].

Lemma 5.8. Let A ⊂ SN , then for any k ∈ N, as N → ∞,

Z̃N µ̃N [A] eβ
2v/(4q)(1+o(1)) ≤ E

[(
ZNµN [A]

)k]1/k ≤ Z̃N µ̃N [A] ekβ
2v/4(1+o(1)). (5.30)

Proof. The proof of the upper bound is obtained from [5, Eq.(5.19)] and Lemma 3.1. The
lower bound follows by Jensen’s inequality and Lemma 5.7.

Proposition 5.9. For any β > β1 let AN and BN be chosen as in Definition 1.11.

(i) Let C2 be as in Lemma 5.5. Then there exists a constant c ∈ (0,∞) such that, for all
sufficiently large N ,

−c e−C2N ≤ E
[
ln
(
ZN‖hN

AN ,BN
‖µN

)]
− ln

(
Z̃N‖h̃N

AN ,BN
‖µ̃N

)
≤ β2v

4

(
1 + o(1)

)
. (5.31)

(ii) For any k ≥ 1 and all sufficiently large N , we have

eβ
2v/(4q)

(
1 + o(1)

)
≤
E
[(
ZN‖hN

AN ,BN
‖µN

)k]1/k
Z̃N‖h̃N

AN ,BN
‖µ̃N

≤ ekβ
2v/4

(
1 + o(1)

)
. (5.32)

Proof. (i) The assertion (5.31) is an immediate consequence of Lemma 5.5, applied to
both the CWP and DCWP models, and Lemma 5.7.

(ii) Fix k ≥ 1 and choose a >
√
v(C1 + kβ + (1 + 2k) ln q). To bound for the k-th

moment of the harmonic sum from above, apply Minkowski’s inequality and use the fact
that ‖hN

AN ,BN
‖µN

≤ 1. This yields

E
[(
ZN‖hN

AN ,BN
‖µN

)k]1/k ≤ E
[(
ZN‖hN

AN ,BN
‖µN

)k
1ΞN (a)c

]1/k
+ E

[(
ZN 1ΞN (a)c

)k]1/k
.

(5.33)

For the first term appearing on the right-hand side of (5.33), Proposition 5.4 gives, for
all sufficiently large N ,

E
[(
ZN‖hN

AN ,BN
‖µN

)k
1ΞN (a)

]1/k
= E

[(
ZNµN

[
SA,N

])k
1ΞN (a)

]1/k (
1 +O(e−C1N )

)
.

(5.34)

By combining Lemma 5.8 and Proposition 5.4 (applied to the CWP model), yields, for all
sufficiently large N ,

E
[(
ZNµN

[
SA,N

])k
1ΞN (a)

]1/k
≤ Z̃N µ̃N

[
SA,N

]
ekβ

2v/4(1+o(1))

≤ Z̃N‖h̃N
AN ,BN

‖µ̃N
ekβ

2v/4(1+o(1))
(
1 +O(e−C1N )

)
. (5.35)

To bound the second term appearing on the right-hand side of (5.33), we use both the
Minkowski and Cauchy-Schwarz inequality. This gives

E
[(
ZN 1ΞN (a)c

)k]1/k ≤
∑

σ∈SN

e−βH̃N (σ)E
[
e−kβ∆N (σ) 1ΞN (a)c

]1/k
≤

∑
σ∈SN

e−βH̃N (σ)E
[
e−2kβ∆N (σ)

]1/(2k)
P
[
ΞN (a)c

]1/(2k)
≤ Z̃N max

σ∈SN

E
[
e−2kβ∆N (σ)

]1/(2k)
P
[
ΞN (a)c

]1/(2k)
.
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By using the fact that Z̃N ≤ exp(N(β/2 + ln q)) and Lemma 3.2 (apply (i) with β replaced
by 2βk and (ii)), we obtain that, for all sufficiently large N ,

E
[(
ZN 1ΞN (a)c

)k]1/k ≤ ekβ
2v/2(1+o(1)) eN(β/2+ln q) e−N(a2/v(1+o(1))−ln q)/(2k). (5.36)

Thus, by combining the above estimates and using the fact that Z̃N‖h̃N
AN ,BN

‖µ̃N
≥ 1, we

conclude that, by our choice of a, there exists a C3 ∈ (0, C1) such that, for all sufficiently
large N ,

E
[(
ZN‖hN

AN ,BN
‖µN

)k]1/k ≤ Z̃N‖h̃N
AN ,BN

‖µ̃N
ekβ

2v/4(1+o(1))
(
1 + e−C3N

)
. (5.37)

It remains to prove a lower bound on the k-th moment of the harmonic sum. By
Minkowski’s inequality and Proposition 5.4 we get that

E
[(
ZN‖hN

AN ,BN
‖µN

)k]1/k
≥ E

[(
ZN‖hN

AN ,BN
‖µN

)k
1ΞN (a)

]1/k
≥
(
E
[(
ZNµN

[
SA,N

])k]1/k− E[(ZN 1ΞN (a)c
)k]1/k)(

1 +O(e−C1N )
)
. (5.38)

By using Lemma 5.8 together with Proposition 5.4 (applied to the CWP model), we obtain
that, for all sufficiently large N ,

E
[(
ZNµN

[
SA,N

])k]1/k ≥ Z̃N µ̃N

[
SA,N

]
eβ

2v/(4q)(1+o(1))

≥ Z̃N‖h̃N
AN ,BN

‖µ̃N
eβ

2v/(4q)(1+o(1))
(
1 +O(e−C1N )

)
. (5.39)

Hence, by combining (5.36) and (5.39) with (5.38) and using that Z̃N‖h̃N
AN ,BN

‖µ̃N
≥ 1,

we finally get that, for all sufficiently large N ,

E
[(
ZN‖hN

AN ,BN
‖µN

)k]1/k ≥ Z̃N‖h̃N
AN ,BN

‖µ̃N
eβ

2v/(4q)(1+o(1))
(
1− e−C3N

)
. (5.40)

This completes the proof.

Having completed the analysis of both the numerator (Section 5) and the denominator
(Section 4) of equation (1.25), we now proceed to prove Theorem 1.13 and Theorem
1.14. The proof relies on Lemmas 5.10 and 5.11, providing a concentration inequality
and an annealed estimate for the mean hitting time.

Lemma 5.10. For any β > β1 let AN and BN be chosen as in Definition 1.11. Then for
any t > 0,

lim sup
N→∞

P
[∣∣∣ln EN

νAN,BN

[
τNBN

]
− E

[
ln EN

νAN,BN

[
τNBN

]]∣∣∣ > t
]

≤ 4 e−t2/(8β2v). (5.41)

Proof. In view of (1.25), we obtain for any t > 0,

P
[∣∣∣ln EN

νAN,BN

[
τNBN

]
− E

[
ln EN

νAN,BN

[
τNBN

]]∣∣∣ > t
]

≤ P
[∣∣∣ln(ZN‖hN

AN ,BN
‖µN

)
− E

[
ln
(
ZN‖hN

AN ,BN
‖µN

)]∣∣∣ > t/2
]

+ P
[∣∣∣ln(ZN capN (AN ,BN )

)
− E

[
ln
(
ZN capN (AN ,BN )

)]∣∣∣ > t/2
]
.

Hence, (5.41) follows immediate from (5.26) and (4.11).
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Lemma 5.11. For any β > β1 let AN and BN be chosen as in Definition 1.11. Then for
any sufficiently large N ,

−β2v

4

(
1 + o(1)

)
≤ E

[
ln EN

νAN,BN

[
τNBN

]]
− ln Ẽ

N

ν̃AN,BN

[
τ̃NBN

]
≤ β2v

2

(
1 + o(1)

)
. (5.42)

Proof. In view of (1.25), the assertion follows immediately from Proposition 5.9 and
Proposition 4.4-(i).

Although the proofs of Theorem 1.13 and 1.14 follow along the lines of [5, Theo-
rem 2.12], we provide details for the reader’s convenience.

Proof of Theorem 1.13. First, note that Lemma 5.11 implies that for any ε > 0 and for
all sufficiently large N ,

EN
νAN,BN

[
τNBN

]
e−β2v/4−ε

exp
(
E
[
ln EN

νAN,BN

[
τNBN

]]) ≤
EN
νAN,BN

[
τNBN

]
Ẽ
N

ν̃AN,BN

[
τ̃NBN

] ≤
EN
νAN,BN

[
τNBN

]
e+β2v/2+ε

exp
(
E
[
ln EN

νAN,BN

[
τNBN

]]) .
Hence for any t > 0 and any ε ∈ (0, t),

lim inf
N→∞

P

[
e−t−β2v/4 ≤

EN
νAN,BN

[
τNBN

]
Ẽ
N

ν̃AN,BN

[
τ̃NBN

] ≤ et+β2v/2

]

≥ 1− lim sup
N→∞

P
[∣∣∣ln EN

νAN,BN

[
τNBN

]
− E

[
ln EN

νAN,BN

[
τNBN

]]∣∣∣ > t− ε
]

(5.41)
≥ 1− 4e−(t−ε)2/(8β2v).

Since ε ∈ (0, t) was arbitrary, letting ε ↓ 0 gives the claimed result.

Proof of Theorem 1.14. Fix k ≥ 1. Using the representation (1.25) of the mean hitting
time, the Cauchy-Schwarz inequality, Proposition 5.9-(ii) and Proposition 4.4-(ii) we
obtain for all sufficiently large N ,

E
[
EνN

AN,BN

[
τNBN

]k]1/k ≤ E
[(
ZN‖hN

AN ,BN
‖µN

)2k]1/(2k)
E
[(
ZN capN (AN ,BN )

)−2k
]1/(2k)

≤ Ẽ
N

ν̃A,BN

[
τ̃NBN

]
ekβ

2v
(
1 + o(1)

)
. (5.43)

For the lower bound, Jensen’s inequality together with Lemma 5.11 gives, for all sufficient
large N ,

E
[
EνN

AN,BN

[
τNBN

]k]1/k ≥ exp
(
E
[
ln EνN

AN,BN

[
τNBN

]]) (5.42)
≥ Ẽ

N

ν̃A,BN

[
τ̃NBN

]
e−β2v/4(1+o(1)).

(5.44)

Combining the two bounds yields the assertion (1.20).
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