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Abstract

We analyse the metastable behaviour of the disordered Curie-Weiss-Potts (DCWP)
model subject to a Glauber dynamics. The model is a randomly disordered version of
the mean-field g-spin Potts model (CWP), where the interaction coefficients between
spins are general independent random variables. These random variables are chosen
to have fixed mean (for simplicity taken to be 1) and well defined cumulant generating
function, with a fixed distribution not depending on the number of particles. The
system evolves as a discrete-time Markov chain with single spin flip Metropolis
dynamics at finite inverse temperature . We provide a comparison of the metastable
behaviour of the CWP and DCWP models, when N — oo. First, we establish the
metastability of the CWP model and, using this result, prove metastability for the
DCWP model (with high probability). We then determine the ratio between the
metastable transition time for the DCWP model and the corresponding time for the
CWP model. Specifically, we derive the asymptotic tail behavior and moments of
this ratio. Our proof combines the potential-theoretic approach to metastability with
concentration of measure techniques, the latter adapted to our specific context.
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1 Introduction

Over the past 50 years, the mathematical study of statical and dynamical aspects of
disordered mean-field spin systems has attracted considerable interest. In this paper,
we continue the analysis of metastable behaviour of these systems, as initiated in [7],
[4], [11] and [5], by examining the disordered Curie-Weiss-Potts (DCWP) model with
unbounded interactions. This model generalises the disordered mean-field Ising model to
q > 2 spins. Here, “disordered” refers to the fact that spin interactions are independent
and identically distributed random variables. These random variables are chosen to
have a fixed mean and a well-defined cumulant generating function, with a distribution
independent of the number of spins. In particular, this model also encompasses the Potts
model on homogeneous dense random graphs. Specific examples that fit within our
framework include the Potts model on Erd6s-Rényi random graphs, the Potts model on
multi-edge random graphs, and the Potts model with Gaussian noise.

As a first result, we prove metastability in the sense of [22] for the Curie-Weiss-Potts
(CWP) model at fixed temperature in large volumes. Further, we show that metastability
of the CWP model implies metastability of the DCWP model with respect to the same
metastable sets, for almost all realisations of the random interactions. After identifying
specific metastable sets for both models, we derive estimates for the ratio of mean
metastable transition times in the DCWP and CWP models in the regime of large-volumes
and fixed temperatures. These estimates are of two types: the first one provides insight
into the tail behaviour, showing that, asymptotically in /N, this ratio behaves like a
random variable of order an exponential of a sub-Gaussian random variable. Moreover,
we derive moment estimates for this random ratio, again in large volumes and at fixed
temperatures. Our strategy is based on techniques developed in [5] and [22]. Where
adaptations are necessary, references are provided to the specific results in these
publications.

Our methods are based on the potential-theoretic approach to metastability. This
method was initiated in [6] and allows us to express mean metastable exit times in
terms of capacities and weighted sums of the equilibrium potential, the latter frequently
referred to as harmonic sums (for a general overview of this method, we refer to [3]).
Estimates on the former can be obtained with the help of well-known variational princi-
ples, while estimates on the latter are generally more involved and, in this manuscript,
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rely on a new definition of metastability given by [22]. This definition differs slightly
from the standard one given in [3], yet it provides crucial insights, particularly regarding
the localisation of the harmonic sums around the initial metastable set. Additionally,
our proof offers a strategy for verifying metastability in other similar mean-field models.
Similar to previous works on metastability in disordered models, the use of concentration
of measure is pivotal in the comparison of the disordered and mean-field model. However,
in contrast to these studies, we allow for potentially unbounded random interactions. To
handle this, we develop concentration inequalities using Chernoff-type bounds tailored
to our setting, inspired by results from [15]. Furthermore, the presence of multiple
critical temperatures, unlike the single critical temperature of the Curie-Weiss model,
necessitates a careful analysis of the free energy landscape and its phase transition
structure (we refer to [19] for a complete description of the free energy landscape for
the CWP model). This in turn means that different temperature regimes are linked to
different properties of the critical points of the free energy landscape and therefore need
to be treated in different manners.

Another class of disordered models is the random-field Curie-Weiss-Potts (RFCWP)
model, in which the magnetic field is given by i.i.d. random variables. To our knowledge,
the metastability of the RFCWP model has only been studied in [23]. The techniques
developed in this paper are also applicable to the study of the metastable behaviour
of the disordered Curie-Weiss-Potts model with an additional random field, under a
suitable assumption on the structure of the free-energy landscape of the underlying
RFCWP model.

1.1 The model

The disordered Curie-Weiss—Potts (DCWP) model is a generalisation of the disordered
mean-field Ising model to ¢ components. For any N € IN, consider an enumeration of
the vertex set consisting of N elements. To each vertex i € {1,..., N} we associate a
spin variable o; taking values in {1,...,q}, ¢ > 2, the so-called set of colours. We write
Sy ={1,...,q}" to denote the corresponding state space. Elements of Sy are denoted
by Greek letters 0,7, and will be called configurations.

Let (2, F,P) be an abstract probability space and let IE and Var denote expectation
and variance with respect to P. Let J = (J;;)i1<i<j<co be a triangular array of real
random variables on (2, 7, P) whose law satisfies the following assumption.

Assumption 1.1. For some v € (0,00) assume that the triangular array (J;;)i<i<j<cc
consists of i.i.d. random variables with

(1) E[le} =1 and Var[J12] =,
(ii) the set 7 = {\ € R: Elexp(AJ12)] < oo} has non-empty interior containing 0.

Given a realisation of J and N € IN\ {1}, we consider the following random Hamilto-
nian, Hy: Sy — R, given by

1
HN(O') = _N Z Jij ]l{a'i:f"j}' (1.1)
1<i<j<N

The corresponding random Gibbs measure, uy, at inverse temperature g > 0 is defined

by
e—BHN(o)
un(o) = pnplo) = —o (1.2)
N

where Zy = Zy g denotes the partition function. In view of Assumption 1.1-(ii), the
expected value of the partition function is finite, for all values of 3 and provided that

EJP 31 (2026), paper 99. https://www.imstat.org/ejp
Page 3/36


https://doi.org/10.1214/26-EJP1558
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Metastability for the disordered Curie-Weiss-Potts model

N is chosen large enough. Notice that for ¢ = 2, the model becomes the disordered
Curie-Weiss model.

The spin configuration evolves as a discrete-time Markov chain ¥V = (X7 (¢));>¢, with
state space Sy and Glauber-Metropolis transition probabilities given for any 0,7 € Sy
by

(Ng)~te PHINI=IN @ i dpy (o,1) = 1,
(o) = mnplem) = 4 1=, (o) when o =7, (1.3)
0 otherwise,

where [a]; := max{0,a} and dg(o,n) denotes the Hamming distance between configura-
tions o and 7. To lighten notation we will also write o ~ 7, if dg(o,7) = 1. The Markov
chain, %, defined by 7 is irreducible and reversible with respect to the Gibbs measure
un. The associated (discrete) generator £y acts on bounded functions f: Sy — R as

(Lnf)(o) = > wnlon)(f(n) = £(o)). (1.4)

neSN

For any N € IN, we write P/¥ to denote the law of ¥V starting from an initial distribution
v in Sy, and E]VV to denote the corresponding expectation. Furthermore, for A C Sy, we
define the first return time Tilv to be the following

4 = 74 (V) = inf{t > 0: ZV(t) € A}. (1.5)

The goal of the present paper is to compare the metastable behaviour of the DCWP
model with that of the standard mean-field Curie-Weiss-Potts (CWP) model. The latter is
the model with Hamiltonian

ﬁN(U) = —% Z ]l{oi:o—j} = E[HN(O')] (16)

1<i<j<N

Quantities such as ZN, (ENJN(t))tZO, ™, Ly and any other one with the ~ superscript are
defined analogously, taking H n instead of Hy. With an abuse of terminology and in
accordance with the literature (see e.g. [7] and [5]), we sometimes refer to the models
defined in terms of Hy and H ~ as the quenched and the annealed model, respectively.

A particular feature of the CWP model is that its Hamiltonian can be expressed in
terms of the empirical measure, Ly, encoding the relative frequencies of the different
colours. For this purpose, define Ly : Sy — Py by

N
— (Ln(@)[{1}],-.., Ln(o){a}]) with Ly(o)[{k}] := %Zﬂ{al:k}, (1.7)

where P := {z € [0,1]7 : Y}_, x, = 1} and Py := {IN{ N P. Then, the Hamiltonian of
the CWP model can be rewritten as

fn(o) = ~ S IIn(@)IE +5. (1.8)
Since the transition probabilities 7 depend only on the energy difference of two adjacent
configurations, we have that the process is lumpable, that is, (Lx(ZV (1)) 1> IS also a
reversible, discrete-time Markov process, see e.g. [19, Proposition 2.1].

Our choice of the quenched model is very general and we now illustrate it with three
specific examples. The first two pertain to the Potts model on two different types of
random graphs, while the third example outlines a Potts model incorporating Gaussian
noise.

EJP 31 (2026), paper 99. https://www.imstat.org/ejp
Page 4/36


https://doi.org/10.1214/26-EJP1558
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Metastability for the disordered Curie-Weiss-Potts model

Example 1.2 (Potts model on the Erdés—-Rényi random graph). By choosing .J;2 distribu-
ted as p~! Ber(p) with p € (0,1], Hy in (1.1) becomes the Hamiltonian of the CWP model
on the Erd6s-Rényi random graph in which edges are present with probability p.

Example 1.3 (Potts model on the multi-edge random graph). Let K ~ Pois(p(];’)) and let
(I,ﬁv)ke{L,,,,K} be a sequence of i.i.d. uniform random variables in {{,j}: 1 <i< j < N}.
These define the so-called multi-edge random graph with edge set F, also known as
Norros-Reittu model (see [20]). The CWP model on the multi-edge random graph is
therefore defined by the Hamiltonian

1
Hy(0) = —7 > om0y (1.9)
(id}eE

that is, we sum over the edges present in the random graph and set the interaction
identically equal to 1. We obtain the same model by defining the random variable

K
1
Jij = ;,Zﬂ{ﬂ”:{i,j}} (1.10)
k=1

and replacing it in the Hamiltonian (1.1). This is the same as choosing J;, distributed
as p~! Pois(p) with p € (0,1] in (1.1). Notice that these random variables are not sub-
Gaussian.

Example 1.4 (Potts model with Gaussian noise). By letting J;; ~ A/(1,v) results in an
only partially ferromagnetic model, as the random variables are allowed negative values.
However, our results show that, for fixed v and for N going to infinity, it behaves as
the ferromagnetic mean-field model. In addition, the form of the cumulant generating
function simplifies the expression of some results, for instance dropping the error term
from lemma 3.2 and it’s consequences.

1.2 Main results

Our main objective is to compare the metastable transition times of the CWP model
with the ones of the DCWP model. For this purpose, let us first recall the definition of
metastable Markov chains and metastable sets following [22, Definition 1.1].
Definition 1.5 (py-Metastability). For py > 0 and K € N, let {M; n,..., Mg n} be
a collection of disjoint subsets of Sy and set My = UiK:1 M; n. The Markov chain
(ZN(t))e>0 is pn-metastable with respect to {M n,..., Mg n} when

N N N
Kmaxje{lv-“vK} PH«N‘M]‘,N [TMN\M_j7N < TM]‘,N:I

. N 7
minycsy\my Py x [Thy <78

where, for a non-empty set X C Sy, un|X denotes the invariant measure py conditioned
on the set X.

Remark 1.6. This definition of metastability covers both metastable transitions and
tunneling transitions. In the former, the system evolves towards states of lower energy,
whereas in the latter the system moves between states with the same energy. Due to the
symmetry of the CWP model, we see both types of states.

In general, identifying suitable candidates for metastable sets can be a challenging
task that is highly dependent on the specific model being considered. However, for mean-
field spin systems, it is well established, cf. [3, 21], that metastable sets correspond
to the local minima of the free energy landscape. Specifically, in the context of the
Curie-Weiss-Potts model, it is known (see, for example, [13]) that for any 3 € (0, 00), the
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limiting free energy ﬁqu: P — R is given by

. 1 - o
Nh—rgo_,b’iNanN = érel;f)ngq(:c), (1.12)
where
Fra(@) = —Lal2+ 13w, (1.13)
B,q ) = 2 T 2 ﬁizl T;Ina;. .

While the phase diagram of the Curie-Weiss-Potts model - specifically, the dependence
of the global minima of ﬁ@q on 3 - is well-established and thoroughly described in
[24, 13, 8], a comprehensive characterisation of the metastable states given by the local
minima of ﬁ&q and the relevant connecting saddle points has recently been studied in
[17] for ¢ = 3 and [19] for ¢ > 3. While the Curie-Weiss model has only one critical
value . = 1, the CWP model exhibits at least three (critical) temperatures, 0 < $1(q) <
B2(q) < g at which the free energy landscape (and therefore the metastable behaviour of
the model) change drastically depending on the chosen temperature regime'. The local

minima of F , can be characterised as follows: Set my = myg(q) := (1/¢,...,1/q) € P
and, forany i € {1,...,q}, m; =m;(8,q) = (m;1,...,m;,) € P, where
{(1 - S)/q, k 7’é {
m; i = o
(I+(g—1)s)/a, k=i

with s being the largest solution of the equation In(1 + (¢ — 1)s) — In(1 — s) = f8s. For
B < B1(q), mo is the unique global minimum. For S;(q) < 8 < fB2(q) mo is a global
minimum and {m., ..., m,} are local minima. For £>(q) < 3 < g, my is a local minimum
and {m,..., my} are global minima. Finally, for 5 > ¢, {m,...,m,} are the global
minima of ﬁ/j’q. This is summarized in the following table. For a graphical illustration,
see Figure 1.

Be | (0,8  (Bilg),B(q) {B2(a)} (B2(9),9) [g,0)

my || global min. global min. global min. local min. -
m; - local min. global min. global min. global min.

Forany N €e Nand ¢ € {0,1,...,q}, let m; n € Pn be a closest lattice point approxi-
mations of m;, respectively, and set

Ta = {Oa"'7Q}a lfﬁl(Q) <ﬂ<% (1 14)
g {1,...,q}, ifp>q ’

Further, we define for any 3 € (51(¢), o) and i € Z the sets M; y C Sy as the (set-
valued) pre-image of the empirical measure, Ly, of the points m; y, that is,

Mi,N = L;[l(mi,]v), iEIB. (1.15)

Our first result says that the Curie-Weiss-Potts model exhibits metastable behaviour in
the sense of Definition 1.5.

Theorem 1.7 (Metastability of the CWP model). For every 8 > [51(q) there exists k; =
k1(8,q) such that, for all k < ki, there exists Ny € IN with the property that for every
N > N, the Markov chain (3% (t));>0 is e *" -metastable with respect to the metastable
sets {M; n : i € Iz} defined in (1.15).

1Note that in [19], four relevant temperatures 81 < B2 < 83 < f34 are introduced and discussed, where

B1 = Bi(q),B2 = B2(q) and B4 = q. The additional temperature 33 € (832, (4] appearing only for ¢ > 5
describes the relevant saddle point for metastable transition between local minima, see also Section 2.
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(@) B < Bi(q). (d) Bi1(q) < B < B2(q).

(c) B2(q) < B < q. (dB=>aq.

Figure 1: Illustrations of the graph of ﬁqu for ¢ = 3 and different values of 3.

Remark 1.8. Although the above result is primarily used in the proof of the next
theorem, that addresses the metastability of the disordered Curie-Weiss-Potts model, it
is a novel development in its own right. The parameter k;, whose explicit value is given
in the proof of Theorem 1.7, encodes the strength of metastability with respect to the
chosen sets {M; y : i € I3} and, consequently, the separation of time scales induced
by the underlying free energy landscape. For a discussion of the optimality of k1, see
Remark 2.4.

The next theorem states that the disordered Curie-Weiss-Potts model is also p-

metastable in the sense of Definition 1.5 with the same metastability parameter and
metastable set of the CWP model as described in Theorem 1.7.

Theorem 1.9 (Metastability of the DCWP model). For every 8 > (1(q) and any k € (0, k1),
where k; is defined as in Theorem 1.7, the event

Qmeta(N) = {(ZN(t))tZO is e *N -metastable w.r.t. {Min:ie Iﬁ}} (1.16)
satisfies
P [lim inf Qmeta(N)] = 1. (1.17)
N—oo

Remark 1.10. Note that, IP-almost surely, the additional disorder induced by the random
variables (J;;)1<i<j<n does not affect the strength of metastability of the Markov chain
¥ with respect to {M; y : i € Zz}. Actually, as we argue in Remark 3.3, the constant
k1 is optimal (on exponential scale): for every k > k; there exists a random variable Ny
such that, P-almost surely, N; < oo and for all N > N; the Markov chain ¥V is not e 7*V-
metastable.

In our second set of results, we compare the mean transition times between specific
disjoint subsets of the metastable sets of the Markov chain (X7 (t));>o with those of
the corresponding Markov chain (3 (#));>o. For this purpose, we distinguish between
metastable and tunnelling transitions. In the former, we examine the mean hitting times
of the metastable set, By, associated with the global minima of ﬁﬁ’q (stable states) when
the corresponding Markov chain starts in the metastable set, Ay, linked to local minima
of ﬁﬂ’q (metastable states). In contrast, the latter pertains to transitions between stable
states.
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Definition 1.11. For metastable transitions we consider the following metastable and
stable sets:

(i) Ay =Ul_, M; v and By = Mg n if B1(q) < B < Ba2(q),
(i) Ay = Mo,y and By = U{_; Min if B2(q) < B < ¢
For tunnelling transitions we consider the following stable sets:
(iii) Ay = M n and By = %, M, x if Ba(q) < B.

Remark 1.12. Notice that in case (iii) it is possible to define Ay as any of the sets M; v,
i €{1,...,q}, and By as the union of the remaining ones.

Moreover, we define, for non-empty disjoint sets A, B C Sy, the so-called last-exit
biased distribution on A for the transition from A to B by

,uN(a)P;V[TéV <Tf4v]
> geain (@) B [ <]

This distribution, weighting the underlying Gibbs measure uy with the probability of a
successful escape from A to 5, plays an essential role in the potential-theoretic approach
to metastability, as will be explained in Section 1.3.

Our next two results describe the mean hitting time of the stable set By when
starting the Markov chain, (X% (¢));>0, with initial distribution v 4, 5, and compare it
to the corresponding quantity for the Markov chain (f]N (t))e>0. Theorem 1.13 provides
an estimate of the tail behaviour of the ratio of these hitting times, while Theorem 1.14
provides moment estimates. In particular, the following results show that the mean
hitting time of the DCWP model is equal to the one of the CWP model times a random
variable. This random variable is the exponential of a sub-Gaussian random variable
whose tail distribution is described in Theorem 1.13 and whose moments are estimated
in Theorem 1.14.

oe A (1.18)

vas(o) = vigzlo) =

Theorem 1.13 (Tail estimates of the mean hitting time). For any § > 1(q) let Ay and
By be chosen as in Definition 1.11. Then for anyt > 0,

N N
lim inf P e imF/4 o AN BN 75, <et+52v/2] > 1 — 4ot/ (88%0), (1.19)
—00 ~
Pan iy By

Theorem 1.14 (Moment estimates of the mean hitting time). For any § > (31(q) let Ay
and By be chosen as in Definition 1.11. Then for any k > 1,

BE),, . ()] B[ey, . [0

2, .. VAN,B . VAN ,B 2
e P/ < liminf ~NN N < limsup ~NN N < efvk,
N o0 3 [7~.N } N—oo _ [T }
UVANn,By L'BN UVANn,By L'BN
(1.20)

Remark 1.15. We emphasize that this framework naturally extends to inhomogeneous
settings by allowing random variables to be independent, but not necessarily identically
distributed. However, for clarity and readability, we adopt the i.i.d. assumption in our
analysis.

Aspects of the metastable behaviour of the CWP model have also been studied
in [19] and [18], where under a suitable time rescaling, a limiting process has been
derived for both reversible and non-reversible Glauber dynamics, in the spirit of the
martingale approach to metastability (see e.g. [1]). Moreover mixing times for Glauber
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and Swendsen-Wang type dynamics are estimated in [10], [16] and [14]. Moreover, an
explicit expression for the mean hitting time of the CWP model has been obtained in [19,
Theorem 4.7] and [23, Theorem 5.5], as a special case of the random field CWP model.

In the context of disordered spin models, previous works have estimated the meta-
stable transition time for the Curie-Weiss model with either bond or site disorder, as in
[71, [11], [5] and [4]. The same results have been obtained in [2] for the Curie-Weiss
model with random magnetic field. Further results have also been obtained for the CWP
with random magnetic field in [23], where, under some assumptions on the free energy
landscape, sharp bounds on the mean hitting times are given.

1.3 Methods and outline

Our proofs crucially rely on the potential theoretic approach to metastability, which
links the probabilistic objects describing the metastable behaviour of the system to the
solutions of certain boundary value problems. This approach was initiated by the paper
[6] and leads to precise asymptotics of the metastable transition time (for a general
overview of this method we refer to [3]). Furthermore, we establish Chernoff-type
concentration inequalities for arbitrary Lipschitz functions of the edge weights, which
can be achieved under a condition pertaining to the existence of the cumulant generating
function. This approach was inspired by [15], where the concept of subgaussian random
variables is generalised to encompass arbitrary metric probability spaces.

1.3.1 Key notions of potential theory

For every N € IN and non-empty, disjoint subsets A, B C Sy, the equilibrium potential
hil 5 : Sy — [0,1] is the unique solution of the boundary value problem

{ (Lnf)(o) = O, ceSy\(AUB), 121)

flo) = 1a(o), oce AUB.

Notice that hf}(’ 5 has the following probabilistic interpretation: for any ¢ € Sy \ (AU B),
we have W) (o) = PN [7¥ < 74']. Another pivotal quantity in potential theory is the
capacity of the pair (A, B) that is defined by

capy(A,B) = Z pun (o TB < T_A = Z ,uN(a)(—ENhﬁ,B)(a). (1.22)
ocA ocA

Recalling that we write ux|A to denote the Gibbs measure py conditioned on the set A4,
we clearly have that

capy (A, B
Ploalms <] = ifjv(w ), (1.23)

Furthermore, since hlY 5(c0) + hg 4(0) =1, forany o € S, and Ly applied to a constant
function vanishes, the definition of metastability also implies cap (A, B) = capy(B,.A).
Moreover, for arbitrary sets A, B,C C Sy with A C Band BNC =0,

capy (C, A) = Y un(o) PN [ < 7]
oeC
< > un(o) PN [ < 78] = capy(C,B). (1.24)
oeC

By using potential theory, see e.g. [3, Corollary 7.11], one obtains an expression for the
mean hitting time between two sets, albeit with respect to the last-exit biased distribution
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defined in (1.18)

N
N O[N] _ _ 1ha sl
] = AR = e a2

capy( o
where ||-[|, - denotes the /;(uy)-norm. The presence of the last-exit biased distribution
in the formula is an artefact of the method. However, if the starting set is atomic it
reduces to a Dirac measure. From Equations (1.23) and (1.25) we see that, via the
potential-theoretic approach, the definitions and quantities relevant to metastability
admit both probabilistic and analytical representations. One difficulty in this route
is estimating the /;-norm of the harmonic function A’} ;, for which we rely on results
from [22]. In order to estimate capacities effectively, we employ two dual variational
principles. The Dirichlet principle states that

capy (A, B) = inf{En(f) : f € HY s} (1.26)
where HY 5 := {h: Sy = R:0<h <1, hla=1, h|g =0} and
1
En(f) =5 D nx(o)mn(om) (f(0) = f(n)” (1.27)
o,NESN

is the Dirichlet form. Analogously, the Thomson principle states that
1 —1
capn (A, B) = supd ——— : o e U } - (inf Da(p) : o e UY ) . (1.28)
on(AB) = sun{ oo e Ul (Dx(e) ¢ €U )
where U ﬁ[’ 5 denotes the space of all unit anti-symmetric A, B-flows, while

= 1 o 2
DN(¢> B U?T]gSN HJN(O_)T(_N(O_’ 7))@(05 77) . (129)

These dual variational principles yield matching upper and lower bounds on the capacity
when suitable test functions and flows are chosen. A common corollary of these principles
is the Rayleigh shortcut method (see, e.g., [12]). Let v: {0,..., K} — Sy be a cycle free
path from A to B with vy € A, vk € B and 7y (Yn,Ynt+1) > 0 forall n € {0,..., K — 1}.
From either variational principle we obtain

K—1 -1
1
A, B) > =: A, B (1.30)
e ) (72 BN (V)TN (Vs ’Yn+1)> 2Pl )

We will denote by 5N,DN,5 '~ and 5]\; the forms defined for the specific cases of the
quenched and annealed models respectively. Sections 4 and 5 are devoted to controlling
the denominator (the capacity) and the numerator (the harmonic sum), respectively.

Outline

The paper is structured as follows: Section 2 focuses on proving Theorem 1.7. It begins
by describing the free energy of the CWP model and identifying its relevant critical points,
as obtained from [19]. Section 3 introduces preliminary concentration inequalities for
the comparison of both models and concludes with the proof of Theorem 1.9, as detailed
in Section 3.2. Section 4 provides annealed estimates and concentration inequalities for
the capacities of the DCWP model. Section 4.1 provides a derivation of the concentration
inequalities used throughout the work. Section 5 starts with estimates for the harmonic
sum, both annealed and concentration estimates, which lead to the proof of our main
Theorems 1.13 and 1.14.
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2 Metastability for the CWP model

In this section we study the metastability of the CWP model. We begin by charac-
terising the critical points of the free energy in Proposition 2.2, following mainly [19].
We then introduce the lumped model, i.e. the model described by the mesoscopic order
parameter representing the array of colours/spins frequencies. In Section 2.1 we prove
Proposition 2.3, which allows us to obtain rough estimates for the capacities of the
annealed model. The same section contains the proof of Theorem 1.7, which states that
the CWP model is p-metastable.

We will now elaborate on the description of the free energy landscape of the CWP
model, started in Section 1.2 and thoroughly explained in [19, Section 3]. In there,
properties of critical points of the free energy landscape are described in terms of the
relevant temperatures 0 < 5 < B2 < f3 < 4 = ¢q, where we simplify notation by omitting
the g-dependence of the temperatures. The point mg := (1/q,...,1/q) changes, as
increases, from a global minimum to a local maximum of the free energy ﬁg}q defined
in (1.13). The points my,..., m, are the other local minima of 1357,1, and the points
zZjk,Jj #k €{0,...,q}, are index-1 saddle points. All these properties are summarised
in Proposition 2.2. For its proof we refer to [19], where the points m;, z¢;, 2, are the
solutions of Equations [19, (3.2)-(3.4)] denoted there by u’f v’f and ulf’l respectively.

In the following proposition we will describe the energy landscape in terms of
communication height and essential gates, as defined in [3, Definition 10.2]. Let G; ; =
G(mj,my), j # k, be the set of essential gates between the local minima m; and my,
as defined e.g. in [3, Definition 10.2], and let ¢(m;, m;,) be the value that Fs , takes at
G(m,, my,), also called communication height.

Definition 2.1 (Communication height). For x,y € P we define the communication
height c¢(x,y) by

= inf F t 2.1
@v) = il py 2% Fra() @D
Y(0)=z,y(1)=y

That is, the infimum (over all paths from x to y) of the maximal value attained along the
path for the landscape Iy ,.

Proposition 2.2. Let (5, ..., 34 be the ordered relevant temperatures of the CWP model.
Then, fori,j, k # 0, j # k, the critical points of Fg , are described by the following table:

B e (0, £1] (B1, B2) {Ba} (B2, 3)
mg global min. global min. global min. local min.
m; - local min.  global min. global min.
Go,i - {20} {=0,i} {z0.:}
Gk - {zoj. 20k} {20,200k} {Z0j, 20k}
B e {Bs} (B3, B4) {Ba} (B4, 00)
myg local min. local min. degenerate local max.
m; global min. global min. global min. global min.
g(),i {Z(),i} {Zo,i} - -

Gik || {20.4: 2ok, Zjk} {zjx} {zjn} {zjn}

Since the Markov process (SV (t))i>0 is lumpable, its metastable behavior can also be
studied through the Markov process (LN(fJN(t)))DO defined via the empirical measure
(1.7), see e.g. [3, Section 9.3] for further properties of lumpable Markov chains. Note
that the Markov chain, (Ly (XN (t))) .o behaves like a weighted nearest neighbour
random walk in the space Py . Its (mesoscopic) transition probabilities can be computed
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(@) f1 < B < Pe. (b) B2 < B < Bs.

20,1

Fj
Pyq COJ

(c) B3 < B < Pa. (d) 8 > Ba.

Figure 2: Slices of the graph of }T}M, showing the local minima m;, the saddle points
z;; and the communication heights ¢; ; = ¢(m;, m;). These are referenced in and used
for the proofs of Proposition 2.3 and the argument in Subsection 2.1. The landscape
depicted in case (c) does not occur for ¢ = 3 or g = 4, since f3 = [4.

from 7 as follows. For every «,y € Py, let

Pn(e,y) = = Yo div(e) Y Fn(om), (2.2)

(@) el neLy! ()

where Quy := iy © LJ_\,1 denotes the macroscopic equilibrium measure that can also be
expressed as

~ N e%(f”w‘lg*]\]_l) e — Nﬁ €T
Qn(x) = ( > = - SRCINEV@) - (a3
Nzq,...,Nxz, AN Z N

where (2rN)(@D/2Z = Z and

~ 1 9 1 1 N (g—1)
F = —— — — —1 - In(27N). 2.4
n(z) 5 12l + 5 Nﬁn<Nm1,...7N:cq) ong eTN) (24)
By [9, Lemma 2.2] we have the following uniform bounds, valid for all x € Py,
q—1 N+qg—1 ~ ~ 1 q—1
— 1 < F —F — — ——1In(27N) < 0 2.5
5 (T < B - Fxla) 4 gy - g ) <0 @)

where 15,37(1 is defined as in (1.13). When restricting to compact subsets of the interior of
‘P, by means of the Stirling formula, the convergence speed is improved. More precisely,
under these conditions

Fy = Fzq+O(1/N). (2.6)
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Moreover, for any x,y € Py such that y = = + ¢, — é; for some i,j € {1,...,q} with
1 # j, where é, = %64 denotes the rescaled unit vector in R? in coordinate direction /,
we obtain by an elementary computation that

~ N N r; _BNT_ 5512 2
pn(m,x+é —é5) = —Le 2 [Fllztes—eslzHlizla] (2.7)

q

For any N € IN and non-empty, disjoint subsets A, B C Py set A := Lgl(A) and
B= L&l(B). Further, define macroscopic capacity cap, (A, B) of the sets A and B by

. 1 ~ ~ 2
capy(A,B) = inf { > Qn(@) pr(@,y) (9(=) — 9(y)) } (2.8)
9EHY 5 2
) z,yeEPN
where ’HX,B denotes the set of all functions g: Py — [0,1] with g|la = 1 and g|g = 0.
Then, in view of the lumpability of the Markov chain (S (t))e>0, cf. [3, Theorem 9.7], the
microscopic capacity cap(A, B) coincides with the macroscopic capacity capy (A, B),
that is,

capy(A,B) = capy(A, B). (2.9)
In particular, for gﬁ’ B € ’HX) p being the minimizer of the right-hand side of (2.8) it
follows from (2.9) that, for any « € Py \ (AU B) and 0,1 € L' (),

~N ~N
P, [7X <75] = gis(Ln(0)) = gip(®) = gap(Ln(n) = P, [74 <75]. (2.10)

2.1 Proof of Theorem 1.7

The proof relies on the following proposition providing rough estimates for the
macroscopic capacity of the CWP model.

Proposition 2.3. Let 5 > f3;.

(i) Let (xn)nen and (yy)nven be two sequences in P with xn,yy € Py for every
N € IN. Suppose limy_,oc Ty = « and limy_,~ Yy = Yy, Where x,y lie in a compact
subset of the interior of P and are separated by a communication height c(x,y) >
F(x) V F(y). Then there exist {, = (1(q), {2 = l2(q) € (0,00) and Ny(8, q) € N such
that, for any N > Ny(8,q),

1 ~
— < capy(@n. Yn) exp(BN (c(a, y) — Fg4(xy))) < N%. (2.11)
N Qn(zN)
(ii) Set My = {m; y : i € Ig} C Pn where m,; n denotes a closest lattice point

approximation of m; for any i € Zg. Then, there exist {3 = l3(5,q) € [0,00) and
No(B) € IN such that, for any N > Ny(§) and z € Py,

capg(z, My)
Qn(z)

Proof. First, let us introduce some notation that we will use throughout the proof. For
€ (0,1), define the e-interior of P by

PE = {wGP:wi>e,Vi€{1,...,q}}.

> N~ %, (2.12)

For any / € {1,...,q} write 9P; for the lateral boundary of P¢ and v’ € R? for the
corresponding (outward) normal direction that are given through

oP; ={xeP:xy=c,xp>¢e,Vke{l,...,q} \{{}}

v’ :(vﬁ,...,vg) with — v{ = Ty — —.
q
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Figure 3: Illustration of P for ¢ = 3: (Left) V(c¢(x,y)) is shown in blue and P \ P¢ in
orange. Local minima are indicated by black dots, and essential gates are highlighted in
red. (Right) Illustration of the path (v{',...,~¢ ) from z to some z* € P* N Py used in
the proof of Proposition 2.3, part (ii).

For any s € R, let V(s) be the sub-level set of the limiting free energy Fjs 4, that is,
V(s) = {zeP: Fayx) < s}

Now, let 3 > $3; and set g9 = £¢(3,q) := 1/(e” + q — 1). Since all critical points of ﬁqu
lie in the interior of P, we may choose ¢ € (0, g¢) sufficiently small so that

{m;:ieZz} and {z;:4,j€p, i#j} C P (2.13)

Consequently, there exists J. € (0, 1) such that, for any two distinct connected compo-
nents V7 and V5 of the sub-level set V := V(c¢(x,y)), the Euclidean distance between
ViN(P\Pe)and Vo N (P \ P¢) exceeds ¢.. Indeed, suppose to the contrary that this dis-
tance is zero for some distinct connected component V; and V5 of V. Then the closures
of ViN(P\P¢) and V1N (P\P?) intersect, so any point in V1 N (P \ PE)NVyN (P \ Pe) C
P\ P¢ is an essential gate between x and y, contradicting (2.13).

Finally, since ﬁg,q is locally Lipschitz continuous and in view of (2.6), there exist
constants K. 1, K. » € (0,00) such that for every z,2’ € P/ and N € N,

~ ~ ~ ~ K.
|Foa(2) = Fag(2)| < Kenllz—#ll2 and  [Fx(2) - Faqlz)| < =% (214)

(i) Let (xn)nvew and (yn)ven C Py be two sequences with xy,yy € Py for every
N € N. Suppose that zy — x and y — y as N — oo, where z,y € int(P) and the
communication height between « and y satisfies 1 := ¢(x,y) — max{ﬁ,&q( ), E; oY)} >0.
Write V, to denote the connected component of V' containing «, and set Vm N = V.NPy.
Since Fj,, is uniformly continuous, there exists §, > 0 such that |Fs ,(z) — Fs 4(2)| < /2
for all z,2’ € P with ||z — 2’| < §,. Hence, there exists N = N(,,6.) € N such that,
for all N > N, we have ||y — :B|| < 9y, llyn — yl| < 6, and any two distinct points
z,2z' € Py with py(z,2") > 0 satisfy ||z — 2’|z < min{d.,c}/2. In particular, for every
N > N, zy € Vg, yy € V \ Vg, and the function g: Py — [0,1], z = g(2) := 1y, (z)
belongs to HY . Therefore, by applying the Dirichlet principle,

TNYN

(2.9)
capy(@n,yy) < . Y. Qn(2)Pn(22). (2.15)

2€Ve N 2/¢ Ve, N

To lighten notations, we write 0V, n 1= {(2,2') : 2 € VN, 2’ & Vo N, Dn(2,2") > 0}
By distinguishing two different cases it follows from the continuity of Fj , that, for
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any N > N and (z,2') € OV, y with z € V, N P¢, there exists z on the line segment
{z +t(z' — 2):t€0,1]} C P/ such that Fj ,(z) = c(x,y), and

. o e VIt Ko

F(z) —elw.w)] < [Fx(2) ~ Fig(e)] + | Frgle) - Fog(a)| 2" V2Ret P he2

Hence, by setting cs . = eB(V2K 1+ Ke 2)

exp(—BNc(z,y))
Zy

Next, consider (z,2') € OV, y with z € V, N (P \ P?). By the choice of §. and N it
follows that, for any N > N, |z — 2'| = V2/N < §./2 and, hence, 2z’ ¢ V. Therefore,
Fgq(2') > c(x,y) and

Qn(z) < cae . VY(z,2) € 9V, with z € V, NP, (2.16)

Fn(z) 2 Fag(#) 4 — — L m2rn) > clm,y) — Lt (2
— ———1n — n .
NiZ) = FBa ON ~ oNpg VT = AR Y TN HET
Consequently, for all N > N,
N _BN
On(2") < (2rN)@—D/2 exp ﬁZ (z.9) V(z,2') € OVyy With z € Vg 1 (P \ PF).
N

(2.17)

Substitutingv (2.16) and (2.17),~ after an application of the detailed-balance condition,
that reads Qn(2)pn(2,2") = Qn(2")pn (2, 2), into (2.15), and using the fact that the
cardinality of the set V, n is bounded by N 7—1 it follows that for every N > N,

jla=1/2 Nla=1)/2) ya-1 eXP(—BZVC(%y))_ (2.18)
ZN

The lower bound on capy(zn,y,) is proved using Rayleigh’s shortcut method. For
any N > N, we have ¢(z,y) = c¢(xn,yy). Hence, there exists a continuous path
IV [0,1] — int(P) with ITV(0) = xn, TV (1) = yy, maxiep,1) Fp,o(TV (£) = c(x,y) and
I'N(t) € int(V) for all except of finitely many ¢ € [0,1]. Let vV = (v{',..., 7}, ) be a
vertex-disjoint, lattice approximation of I'Y with v € Py and mincpo 11 [ =TV (¢)]|2 <
Va/N foralli € {0,...,Kn} and py(y¥,v,) > 0foralli € {0,..., Ky — 1}. Moreover,
if I'Y contains line segments lying in P \ P¢, the corresponding part of the lattice path

~V is contained in V' N Py. Then, by applying Rayleigh’s shortcut method,

capy(zn,yy) < HlaX{Cg,E,(27T

.30 [Kr! 1 !
capy(zn,yy) > ( - — ) . (2.19)
; AN(YM)PN (YN, AX)

Notice that, for any i € {0,..., Ky} such that vV € V NPy we have Fj ,(vN) < c(, y).
Hence, for any N > N,

- @5) - 1 gq—1., /[Ntg-1
Fn(YM) <€ Fao(AM) + — 1( )< — 4+ oy
Moreover, for each i € {0,..., Ky} such that 'le ¢ V there exists t; € [0,1] with
mingepo, 1) v — TV (@)]l2 = [|[vY — TN (t:)]2. In particular, for any N > N, we have that

both vV and T'V(#;) lie in P/2. Hence, by (2.14),

Fn(vY) < F TV (1)) + [Fpq(vl) = Fa Y (0] + [Ew (v]) = Fog (7))

1 q—1

K.»
< c@,y) + Keally =TV 02 + =~
K.1+K
< c(m,y) + %
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Therefore, by setting ¢}, . := e P(VaK: 11Kz 2) and using the estimates above, we obtain
forall N > N,

exp(—ﬁNc(ac, y))

@N('yfv) > min{c’&g,e*ﬁ/zN*(q*l)} —
Zn

Vie{0,...,Kn}. (2.20)
Substituting (2.20) into (2.19) and using the facts that py(v,v,) > e ?/(Ng¢) and

Ky < N971, it follows that for every N > N,

—q eXp(—BNC(:E, y))
Zy '

(2.21)

-B
capy(Tn,yy) > min{cbﬁ,e*ﬁ/z]\f*(q*l)}%N

Finally, in view of (2.5), we have that for any N > N,

o B/2 N—(a-1) eXp(—ﬁJYngq(mN)) < Qn(zy) < (20N)@D/2 exp(—ﬁ]Yngq(:cN)).
ZN ZN

By combining the above estimate with (2.18) and (2.21) the assertion (2.11) follows.

(ii) Set N = N(e) := max{1/(e”? —¢),2,/g/e}. For N > N fix some z € Py and
let My := {m; n : i € Ig} be the set of nearest lattice approximation of the different
local minima of Fz ,. Again, the proof of a lower bound on cap ~(z, My) uses Rayleigh’s
shortcut method. However, due to the divergence of VFj , at the boundary of P, extra
care is required when constructing a vertex-disjoint lattice path which starts at z and
ends in M . Therefore, we treat the cases z € P¢ and z € P\ P¢ separately.

For z € P° let I': [0,1] — int(P) be the time-reparametrised solution of the initial-
value problem &(t) = —VFj (x(t)) with 2(0) = 2z, chosen so that I'(1) € {m, : i € Z3}.
Notice that forany ¢ € {1,...,¢} and = € 0P},

= 11 (1)1
VFs,(x)-v' = —x ++ln<>
/BaQ( ) l q q/B q

i=1Li

1 1 1

ln<q+1) +-——¢e < — <0,

b \e q

where the first inequality follows from the fact that the resulting expression is maximised
when all coordinates except one equal ¢, and the second uses € < €3. Hence, the vector
field points strictly into P¢, so I'(t) € P for all t € [0, 1].

Let vV = (v{',..., vk, ) be a vertex-disjoint, lattice approximation of I' with v{ = z,
YR € My such thatvY € Py and minyepo 1) v —T(¢)l|2 < \/g/N foralli € {0,..., Ky},
and pn (vN,vN,) > 0foreveryi € {0,..., Ky—1}. Then, by applying Rayleigh’s shortcut
method,

IN

Ky—1 ~ -1
capy(z, M y) (1§0) ( Z Qn(z) >
QN(Z) B i=0 QN(Viv)ﬁN(7£Va7ﬁ1)

By construction, I'(t) € P* for every t € [0,1] and, for each i € {0, ..., Ky}, we can find
t; € [0,1] so that minye(o,1) ¥ —L(¢)||2 = [[vY —I'(t;)|2. This implies that, for any N > N,
the lattice path 4" lies in P</2. Therefore, by applying (2.14) and using the fact that

Fg 4(z) = Fp4(T(to)) > Fp4(I'(t;)) for any i € {0,..., Kn},
Fy(2) = FN(7Y) 2 Fpq(2) = Fpg(T(ti) — |Fp,q(T(t:) = Fpq(vi)]
- |FN(Z) - Fﬁ,q(z)’ - |Fﬁ,q(7ﬁv) - FN(7£V)|

> \/aKs,l + 2Ks,2
puiy N .
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Hence,

Cap]X(zyMN) > e—ﬁ(ﬁK5,1+2K&2) ﬁ]\[—q7 (222)

Qn(2) q

where we again used that py (v, v ;) > e ?/(gN) and Ky < N9~ 1.

It remains to consider the case that z € P\ P°. We first construct explicitly a
vertex-disjoint lattice path (v, ... ,'ykNN) from z to some z* € P° NPy along which Fy is
non-increasing, see Figure 3 (Right). The remaining lattice path (v} _,..., vk, ) from
z* to M y is then obtained, as above, as a vertex-disjoint lattice approximation of the time-
reparametrised solution I': [0, 1] — P of the initial-value problem % (¢) = —Vﬁg,q(x(t))
with z(0) = z*, chosen so that I'(1) € {m, : i € Zg}. We are now going to construct
(vd',-.., vz, inductively. Set v{’ := z, and suppose that for some i € N the vertex-
disjoint path (v{',...,vY) has already been constructed such that 'yév € Py \ P¢ for all
7 €H{0,...,i}, PN(YY, Y} 41) > 0 and Fy(v)) > Fn(v},) for every j € {0,...,i —1}. By
the pigeonhole principle and the choice ¢ < ¢y, it follows that, for any N > N, there exist
k.0 e€{l,...,q} such that (y)¥), <eand (v)), > e+ 1/N. Set N, =~ +¢é, — é € Pn.
By construction, the extended lattice path (v, ... ,'yﬁl) remains vertex-disjoint and, in
view of (2.7), we have pn (v, v,) > 0. Moreover,

Frr) — (i) = (0 +1/N) = 7(62)0)),

where f: (0,1] — R is the function z — f(2) = # — f~'Inx. Since f attains its global
minimum at 37! and for any N > N one has ¢ + 1/N < e™# < 37!, using also that
N >1/(e”? —¢), it follows that

N N
; 1/N) > 1/N) = > . .
SO+ N) 2 fle+1N) = | max @) = F((4i)e)
Hence, Fx(vN) > Fn().,). If 42, € P\ P¢, repeat the construction. Otherwise, set
ky =i+ 1and z* := vy} ,.

Consequently, by using that ﬁN(z) — fN(yﬁv) > —(\/aKeq + 2K, 2)/N for all i €
{0,..., Kn}, it follows from Rayleigh’s shortcut method,

Kn—1 ~ -1 _
casz(Z,MN) S i: _ Qn(z) S o BVAKe42Ke ) il\f—q.
Qn(2) = On(Y PN (Y i) q
(2.23)
This completes the proof of (2.12). O

Proof of Theorem 1.7. Recall that My = U'L'Gl'g M; n, where, for each i € Zg, the
subset M; y C Sy (defined in (1.15)) is the preimage under Ly of m,; . To verify
that the Markov chain (2~]N (t))i>0 is on-metastable with respect to the metastable set
{M n :i € Ig} for a suitably chosen decreasing sequence (9n)nven C (0, 00), it suffices
to estimate the numerator in (1.11) from above and denominator from below.

First, by sub-additivity, we obtain for any j € Zg,

~N
~N ~N
PﬁN\MJ.N [TMN\Mj,N < TMJ-,N]
~N (1.23) Gy (M, n, M x)
< > F; [Ty <TM,n] < |1Zs| max AARACL (2.24)
- ANIMj N LM N Mjin] = gl AL b p ]
i€Zp Z’zijﬂ UN [MLN]
i#]
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Using the lumpability of (f)N (t))e>0, we further obtain that for every distinct ¢, j € Zg,

capy (Min, MjN) @29 capy(min, m;N)

- A . (2.25)
An[M; N] Qn(m; N)

Moreover, by construction, for every i € Zz the sequence (m; n)nyen converges to the
global minima, m;, of the limiting free energy ﬁg’q. Since the global minima m,; and
m;, as described in Proposition 2.2, are separated by the essential gate G(m,;, m;) with
communication height ¢(m;, m;), an application of (2.11) yields for all N large enough

N0 < CapJ\L(m@N’mij) eﬁN(C(mi-,mj)*ﬁﬁ,q(mj)) < N, (2.26)
Qn(m;N)

Hence, by combining the estimates above, we obtain that, for every sufficiently large N

sN ~N ~N ¢ —BN(c(mi,m;)—F ;
PﬂNle,N [TMN\Mj,N < TMj,N] < |I[3| Ntz Zglg%(ﬁ e BN (c(m;,m;)—Fg 4(m;)) (2.27)
i#]

Next, we establish a lower bound for the denominatorin (1.11). For any X C Sy \ My
there exists {z) : k=1,..., K} C Py such that

K
XNLy' () # 0, Vke{l,...,K} and X C |JILy (=)
k=1
In the sequel, set My := {m; : i € Z3}, and write X} := Ly'(x;) forany k € {1,..., K}.

Then,
K

~N ~ B 1.23) EEY)N(X,MN) (1.24) 1 @(Xﬂ)(k,MN)
Y N N7 (2 w1 2.28
i [Fhan <721 I O Dy ity 228
Since for any k € {1,..., K},
— . - =N - - =N -
cap(X N Xy, My) "2 Z in(o) P, [Fh, < Frnx] > Z in(0) P, [FAry < 7]
TcEXNX ceEXNX}

~N ~N
and, in view of (2.10), P, [¥ N &X}] = P |« [X N A] for any o € A}, we obtain that

— . =N - ~

cap()(' n Xk,MN) > [N [X n Xk] PﬁNle [T/\]\/IIN < T;(\;]

capy (X M
= [ nx) SR M) e ) SN (@ M)
fin [ ] Qn (i)
(2.29)

Thus, by combining (2.28) and (2.29) and applying Proposition 2.3, we obtain, for any
sufficiently large enough N,
~N N

- 1
P;1N|X[TJ\A/[1N <7‘X] > —

min PPN @k My) BID )
K ke{1,..K}  Qn(x)

(2.30)

where we used that K < |[Py| < NY. Finally, set k; := Smin; ez, (c(m;, m;) —ﬁ/g,q(mj)).
By combining (2.27) and (2.30), we obtain that for any &k € (0, k1) there exists Ny € IN
such that for any N > Ny

~N

, 2 ~N ~N
| B| MaX;eTy P/‘NIMJ',N [TMN\MJ.,N < TMJ',N] < ‘Iﬁ|2 Nbetlata o=BhiN  —kN
N > > s
: =N =N
Minycsy\My Pﬂle [TMN < TX]
which concludes the proof. O
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Remark 2.4. Notice that, for any j € Zg,

~N (1.24) N

~N ~N ~ ~N
PﬂN\Mj,N [TMN\Mj,N < TMj,N] 2 erlea“%{ﬁ PﬂN\Mj,N [TMi,N\Mj,N < TMj,N]'
i#£]

Combining this estimate with (1.23), (2.9) and (2.26), and recalling the definition of k1,
it follows that for any k > k; there exists N € IN such that for any NV > NN,

max;cr ﬁ{v M [i‘N <7 ] |Z5|

175 J€Ls * in| My, N NMN\Mj,N M, N > 7[;

. 5 ~ ~ - NA
minycsy\ My Py ix [Ty <73

e FN > o7hN (2.31)

which shows that, on the exponential scale, the constant &, is optimal.

3 Metastability for the DCWP model

In this section we analyse the metastable behaviour of the DCWP model by comparison
with the CWP model studied in Section 2. In particular, our aim is to prove Theorem 1.9.
Its proof depends on preliminary comparisons of several quantities of interest in the two
models; these comparisons appear as Lemma 3.1 and Lemma 3.2 in Section 3.1, while
the proof of Theorem 1.9 is presented in Section 3.2.

3.1 Preliminary comparison between the CWP and DCWP models

In order to simplify notation, define the following random variable
An(0) := Hy(o)— Hx(0). (3.1)

Further, let ¢: R — [0, oo] be the log-moment generating function of the centred random
variable J;5 — 1, that is,

o(t) = mE[e!u—D]. (3.2)

The next lemma gives an expression of the annealed Gibbs density in terms of ¢. The
strategy is inspired by the arguments given by the proof of [5, Lemma 4.2].

Lemma 3.1. Let 8 > 0 and recall that v = V[.Jy2).
(i) For any 2 < N € N, such that /N € 9, with & as in Assumption 1.1,

E[eiBAN(o)} — ¢ NOEB/NHNG) 4 e Sy. (3.3)
(ii) For N — oo,
B2v 82w
et (o) < mip E{e_BAN(“)} < max E[e_BAN(")} < et (o) (3.4)
T 0ESN ~ 0ESn -

(iii) For N — oo,

E[e0HN@VHN0] s,

< et (1+o0(1)). (3.5)

max ~ =
omeESN  eEB(HN(0)VHN(M))
anv'n

Proof. Throughout the proof set M(o) =D 0<icj<n Lloj=o; = —NHy(c) for any o € Sy.
(i) Since the random variables (J;;)i1<i<j<n are assumed to be independent and
identically distributed,

B(Ji;—1) M(U) 7
} — M@)S(B/N), (3.6)

E[e_BAN(U)] = E[e N

EJP 31 (2026), paper 99. https://www.imstat.org/ejp
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where ¢ is the log-moment generating function defined in (3.2).

(i) By a Taylor expansion, we have that ¢(z) = vz?/2 + o(2?) as x — 0. Since, for any
N > g, there are at most N?/2 unordered pairs and, by the pigeonhole principle, at least
N(N —1)/(2q) pairs of equal spin, if follows that N(N —1)/(2q) < M (o) < N?/2 for any
o € Sy. Hence, the assertion follows from (3.6).

(iii) Since the expectation of the minimum of two random variables is upper bounded
by the minimum of the expectations, we have

E[e—fj’(HN(a)vHN(n))} < E[e—ﬂHN(o)} AE[e—ﬁHNm)]. (3.7)

Thus, in view of (ii), we obtain the desired upper bound (3.5).
We now treat the the other sign. For this, since o and 7, differ at most in one spin we
canfind k € {1,...,N}, £ € {1,...,q} such that n = o*, where

k.0 a;, k 7&2
a . =
6, k=i

K2

We further introduce the decomposition

-1 & 1
o) = T 2 dulomay DHO) = Do Sisloms,
i<y J#k
i,j#k
One can observe that Hy = S* + D¥, S*(5) = S¥(o**), and that S*(o) is independent of
D¥(n) for any o,7. Then we have

E[eﬁ(HN(o)vHN(n))} _ E[eﬁHN(a) \/e[fHN(n)} _ E[egsk(g)} E[egm(g) \/egpk(gk-,e)]

Also note that for any positive random variables X,Y,

E[X VY] < (E[X] v]E[Y]) (1 n (\/?E/E[fﬂ + \/?E/F;gy]». (3.8)

This leads to the following estimate

\/Var[eﬂD’“(U)] \/Var[e,@[)k(gl«,e)]
E[eﬂDk’(ff)] + E[eﬂpk(gk,e)]

In order to control the right hand side, we first observe that

E[eﬁ(HN(U)VHN(ﬂ))]
]EI:QBHN(U):I \/]E[e/BHN(Uk’K):I g 1+

E[(eﬁDk(n))z] _ G%MWJFM(W#(%) and E{eﬁDk(n)r _ e%”wm(%)

)

where M (n) = Z?;k 1,,—y, with n € {o,0"'}, and ¢ is defined in (3.2). Therefore, using
the convexity of ¢ and bounding M by N, we have

Varlo O] an(o(5)20(5)) 1 < Y1 4 o1y,

E[efD" ()] N
Since Hy (o) = Hx(c) + An(c), an application of (3.4) yields the desired bound. O

In the next lemma we obtain both estimates for Ay (o) in the form of concentration
inequalities and estimates for the probability of the following event

En(a) = {maX|AN(a)| Sa\/ﬁ}, a>0. (3.9)

cESN

In particular, Zx(a)¢ turns out to be negligible in the limit as N — oo.
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Lemma 3.2. (i) Let ({y)nen C [0,00) be a sequence such thatty/N — 0 as N — oo.
Then, for any o € Sy,

2
P[|Ax(0)] > tn] < 2exp<—t7]jv(1+0(1))>. (3.10)
(ii) For any a > 0
2
P[En(a)?] < 2exp(N1nq—aUN(1—|—0(1))>. (3.11)

Proof. (i) First note that P[|Ax(c)| > t| = P[An(0) > t] + P[An(c) < —t], so by
symmetry it suffices to bound the first term. Fix A € R and choose N large enough that
—A/N lies in the domain of ¢ defined in (3.2). Then, an application of Markov’s inequality
and Lemma 3.1 give

E [GAAN(J)]

< oAE(Ho(1)=Atx
e)\tN — :

IP[AN(O') > t] <

Optimising the exponent by taking A = 2tx/v(1 + o(1)) yields the claimed bound.
(ii) A union bound yields

P Hl%X|AN(O')|>CL\/N:| < E IP[|AN(O')|>CLVN] < 2N (@) =Na®/v(l+o(1)
oESN
cESN

where the final inequality uses (3.10) and |Sy| = ¢". O

3.2 Proof of Theorem 1.9

In the previous section we provided a comparison of the quenched Hamiltonian Hy
and the annealed Hamiltonian H ~. In the following proof we will proceed by comparing
the quadratic forms of the quenched and annealed models, introduced in Section 1.3.1.
This proof follows along the lines of [5, Theorem 2.10] with minor modifications. However,
we present it here for the convenience of the reader.

Proof of Theorem 1.9. First note that for any two adjacent configurations o,n € Sy,

1
Zyun(o)rn(o,n) = que*B(HN(U)VHN(ﬂ))_

Hence, the quadratic form in (1.27) can be written as

1 1
ZN£N(f) _ 3 § ' N e_B(HN(U)\/HN('VI))(f(O.)_f(n))2.
o,nESN
o~

Let a > 0 and recall the definition of =y (a) given in (3.9). Then, on the event Ey(a),
e faVN ZNEN(F) < ZnEn(f) < efVN ZnEn(f) (3.12)

for any f: Sy — R. Hence, the Dirichlet principle (1.26) implies that, for any non-empty,
disjoint X', Y C Sy,

e PVN Z Gapn (X,Y) < Zycapy(X,Y) < PN Zycapy (X, D). (3.13)
Likewise, on the event Zy(a), we have that, for any X C Sy,

e PN ZnTin[X] < Znpn[X] < YV Zyfin]X]. (3.14)
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Thus, in view of (1.23), we deduce that, on the event =y (a),

PN N < N
e—QBa\/ﬁ S /‘N‘X [TX Ty ] < e2Ba\/ﬁ. (315)

<A

P

AN|X

Next, choose a > v/vIng. Fix any k < k; (with k; as in Theorem 1.7) and any k' € (k, k7).
Taking N sufficiently large so that k' — 2a/3/v/N > k, Theorem 1.7 together with (3.15)
yield that, on the event Zy(a),

. N N N
maX'LeIﬁ PHN|M1',N [TMN\MLN < TMiTN}

Zs
- N N N
MINY Sy \ My P#N‘X [TMN < TX]
~N
) R N N
< |74 o2BaVN maxiez, P#NlMi,N [TMN\/VL:,N < TcMi,N] < o K'N+28aVN o —kN
= ~N = =
: N N
minycsy\My Pryix [TMN < TX]

)

(3.16)

implying that Zx(a) C Qmeta(N). On the other hand, due to the above choice of a, the
right-hand side of (3.11) is summable in N. Therefore, an application of the Borell-
Cantelli lemma finally yields

P limsumeeta(N)C] < IP[limsupEN(a)c} = 0. (3.17)

N—o0 N—o00

O

Remark 3.3. Notice that, for every k > k;, there exists a random variable /Ny such that,
P-almost surely, N; < oo and for all N > V;

N N N
maxier, P vim v |7 v < Ty, .
‘I,B| 1€Lp * | ,,N[ MNy\M;i N M/‘N:I > e_kN. (3.18)

: N N N
mmXCSN\MN P#N|X [’TMN < TX]

Indeed, since for any fixed a > /v In g the right-hand side of (3.11) is summable in N, the
Borell-Cantelli lemma implies that there exists a random variable /N7 such that, IP-almost
surely, N; < oo and for every N > N;

N

N
N N
N | M N [TMN\Mi,N < TMi,N] 2 fi

—2BaVN ~N ~N
€ an|Mi N [TMN\Mi,N < TMi,N] .

max P
i€Zp

max P
i€Zs
On the other hand, by combining again (1.23), (2.9) and (2.26), and recalling the defini-
tion of k4, it follows that for any k > k; there exists N} € IN such that for any N > N}

N . L ~Nki—20VNB 5 Nk

D N ~N
%%?PHN‘MLN [TMN\Mi,N < TMi,N] 2 N = €

e—ZBa\/N

Thus, by setting N; := Nl V N, the claim (3.18) follows.

4 Capacity estimates for the DCWP model

In this section, we derive bounds for the capacity of the quenched model in relation
to that of the annealed model. These estimates are regarded as general, as they do not
require any assumptions regarding metastability and are applicable to arbitrary subsets
of the configuration space. To establish bounds on the capacity, we adopt the same
strategy as developed in [5]. However, the adaptation is not straightforward due to the
particularities of the DCWP model and the selection of (potentially) unbounded random
variables.
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4.1 Concentration inequalities

We begin with establishing a concentration inequality for functionals of independent
random variables. By employing Chernoff-type bounds, this approach generalise McDi-
armid’s concentration inequality by replacing the bounded-difference assumption with
a Lipschitz condition together with mild regularity on the law of the involved random
variables. Furthermore, this method yields tighter estimates in the case of vanishing
variance, that is, as v — 0, in comparison to [7, Proposition 2.1].

Theorem 4.1. Let (2, F,P) be a probability space and n € IN. Consider a vector
X = (Xy,...,X,) of independent, R-valued random variables on (2, 7, P) such that, for

anyi € {1,...,n}, the symmetrised cumulant generating function
¢i(A) = mE[e*] + mE[e ] (4.1)
have domains D; containing an open neighbourhood of 0. Further, let f: R™ — R be a
measurable function and suppose that there exists ¢y, ..., c, € [0,00) such that
‘f(x)—f(yﬂ < Zci‘xi—yi’. (4.2)
i=1

K2

Then, for A € (\I_, ¢; 'D; N [0,00) and t > 0,

P[f(X) —E[f(X)] >t] < exp (—At +y gpi(m)). (4.3)
=1
If, additionally, the random variables X1, ..., X,, are identically distributioned then, for
anyt >0,
P[f(X) - E[f(X)] >t] < exp(—n¢}(t/(Cn))), (4.4)
where C := max{cy, ..., ¢y} and ¢} denotes the Legendre tranform of ¢.

Proof. The proof is based on the method of martingale differences. For this purpose, set
Fo:=1{0,Q} and, fori € {1,...,n}, let F; := o(Xj : j < i) be the o-algebra generated by
the random variables X, ..., X;. Further, define Z; := E[f(X) | ;] foranyi € {0,...,n}.
Then, the stochastic process (Zi)ie{o,...,n} is a martingale, and

n

FX)=EF(X)] = > (Zi— Zi-). (4.5)

i=1

For anyi € {1,...,n} define the random vector X by Xj(i) := X, forany j € {1,...,n}

with j # i and Xi(i) := X/, where X! is an independent copy of X;. Using the indepen-
dence of the random variables X, ..., X,,, we obtain that, IP-a.s.,

E[f(X(i)) | Fi :/ J( X1, Xic 1, Yi -y Yn) Hd(POXj_l)(yj) =E[f(X) | Fi-1]

—it1
R" i+ j:'l

for any i € {1,...,n}. In particular, for any A € (}_, cj_le N[0,00) and i € {1,...,n},
we have that exp(\(Z; — Z;_1)) € L*(P) and, P-a.s.,

Elexp(\(Z; — Zi—1)) | Fie1] = Elexp(AE[f(X) — F(XD) | F]) | Fioi]

< Blexp(A(F(X) = F(XD)) | Firi]
= E[COSh()‘(f(X) - f(X(i))) | -7'—2'—1], (4.6)
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where in the final equality we used that P o(X;, X;41,..., Xn) ' = Po(X], Xit1,..., X)L
Since cosh(t) < cosh(s) for any s > [¢], if follows from (4.2) that, P-a.s.,

E[cosh(A(f(X) = F(XD)) | Fira] < Eleosh(Aei]X; = X/]) | Fioi]
= E[cosh(Ac;(X; — X]))]

E[exp()\ciXi)]E[exp(—/\ciXi)] = exp(goi()\ci)).
“4.7)

Thus, by combining the estimates (4.6) and (4.7), it follows that, for any i € {1,...,n},
E[exp()\(Zv — Zi—l)) | ‘/.'.7;_1} = exp(gpl()\cl)) P-a.s. (48)

In particular, by applying (4.8) iteratively, we get

n

H ot NZi=Zi1)

i=1

E =E

n—1
H ANZi~Zii) | [et)\(anZn,l)
i=1

=1

Thus, by applying the exponential Markov inequality, we obtain for any ¢t > 0

Z(ZZ — Zi—l) > t‘|
=1
He“(zizi“] = exp(ﬂ + Z%—(Ac»),

=1 i=1

P[f(X) - E[f(X)] > ] = P

e E

IN

which conclude the proof of (4.3).
If, additionally, the random variables X1, ..., X,, are identically distributed, setting
C :=max{cy,...,c,}, the right-hand side of (4.3) simplifies to

P[f(X) - E[f(X)] > t] < exp(=At+np1(AC)).
Since ¢, is an even function and ¢ > 0,

sup(th — ¢1(A)) = sup(—tA — @1(=A)) < sup(tA — p1(N)),
A<0 A>0 A>0

the assertion follows by optimising over all A > 0. O

Corollary 4.2. Let X = (X4,...,X,,) be i.i.d. random variables taking values in R with
cumulant generating function defined in an open interval containing 0. Let f: R™ — R
satisfy the Lipschitz condition (4.2) with ¢; = ¢ for all ¢« € {1,...,n}. Then, for any
sequence (t,)nen C [0,00) such thatt,/n — 0 asn — oo,

2

P[f(X) = Bf(X)] > t] < exp(_war[tm

1+ 0(1))). (4.9)

Proof. First observe that ¢, as defined in (4.1) is the cumulant-generating function of X,
minus an independent copy of itself. Consequently, its Legendre transform inherits some
useful properties. As ¢, is smooth, strictly convex and satisfies ¢1(0) = ¢ (0) = 0 and
©'(0) = 2 Var[X4] it follows that ¢} (0) = ¢}'(0) = 0 and ;" (0) = 1/(2 Var[X;]). Hence,
for small ¢ > 0,

t? 9
() = ——— t 4.10
(pl( ) 4Var[X1] +0( )7 ( )
and Theorem 4.1 then yields the claimed bound. O
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4.2 Concentration of the capacity

Lemma 4.3. Let 8 > 0 and (ty)nven C [0,00) be a sequence such that ty/N — 0 as
N — oo. Then, for any two non-empty, disjoint subsets A, B C Sy,

2
ﬂhwwmwMﬁ»MMZNWMA@M>W]§%@(2$U

(1 +o(1))>.
4.11)

Proof. To emphasise the dependence on the random array .J = (J;;)1<;j<;j<n, We hence-
forth write HY,, Z3,, €%, cap} (A, B). Further, let J' = (J/.)1<i<j<n be the triangular
array of random variables which coincides with J except that J}, is an independent copy
of Jy; for some fixed pair (k,!). To apply of Lemma 4.2 we first show that, for every
N, the map J — Fy(J) := In(Z, cap (A, B)) satisfies the bounded difference condition
(4.2). By linearity,

J ' [Tk = il
[HRi (o) = Hy ()] < 4 (4.12)
In particular, for every o,n € Sy
/ / T — Jj / / it — Jf
Hy (o) V HR (n) — % < Hi(o)V H{(n) < HY (o) Vv HY (n)+%.

Hence, for any test function h: Sy — R, it follows that
In(Z4 €4/ (1) — %ol — Tl < W(ZLELR) < W(ZHEY () + 1 — Tl
In view of the Dirichlet principle (1.26) we further obtain that
In(Z3 cap{ (A, B)) < ln(ZJ‘Gé']‘{,(h%B)) < ln(Z]{[/ cap¥s (A, B)) + %\Jkl — Jl.
By repeating the computation above with J and J’ interchanged, we obtain
|In(Z3; capie (A, B)) — In(Z capi (A, B))| < %JM — Ji (4.13)

Finally, to verify that Fy satisfies the condition (4.2), let J = (J;;)1<i<j<n and J' =
(Ji/j)lgi<j§ ~ be two independent triangular arrays. By interpolating between J and
J' coordinatewise and using (4.13) yields that (4.2) holds with n = N(N — 1)/2 and
¢; = PB/N foreveryi e {1,...,N(N —1)/2}. O

4.3 Annealed capacity estimates

We proceed with annealed estimates that relate the expectations of the main quanti-
ties in the DCWP model to their counterparts in the CWP model.

Proposition 4.4. Let § > 0 and, for each N € N, let A and B be two non-empty, disjoint
subsets of Sy .

(i) Then, as N — oo,

B 2
B (Zy capy (4.B))] ~n(Zneany (A.B))| < 20 (o). @1s)
(ii) Then, forany k > 1 as N — oo,
L1 1/k
E|(Zycapy (A, B
o= FP0/A(1+o(1) < [( iv iN( ) ij < okBPu/A(To(1)). (4.15)
(Zncapy (A, B))
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Proof. Recall from Section 1.3.1 the both definition of the Dirichlet form Ex(f) for
functions f € #)) 5 and the quadratic form Dy () for unit flows ¢ € U} 5. In view of
Lemma 3.1(ii) we have that

E[ZvEn(f)] < ZnEn(f)e /4 (1+ o(1)) Vf et g, (4.16)
E[Zy'Dn(¢)] < Zx'Dn(p)e® /4 (14 0(1)) Vo eUls. (4.17)
The remaining part of the proof literally follows from [5, Proposition 4.3]. O

5 Estimates of the harmonic sum

In this section we control the numerator in Equation (1.25), namely the ¢; (x)-norm
of the harmonic function, also called harmonic sum. This requires first a preliminary
estimate obtained in Proposition 5.4, which significantly simplifies the harmonic sum
and is used in Lemma 5.5 and Propositions 5.6 and 5.9.

The main differences between the proof of Proposition 5.4 and that of [5, Proposition
5.4] are the treatment of multiple regimes and the removal of the non-degeneracy as-
sumption [5, Equation (2.22)]. That assumption fails in some regimes and is unnecessary
here, since the measure of the metastable valleys is controlled by the explicit estimates
of Lemma 5.3. Although the proof of Proposition 5.4 proceeds by a regime-wise analysis,
the remaining results in this section are independent on the inner structure of the
metastable sets.

5.1 Metastable partition and preliminary estimates

We begin with the following definition, needed to state Proposition 5.4. It is conve-
nient to partition the state space into the neighbouring valleys associated with each
relevant metastable set with respect to the free energy landscape ﬁﬁ,q, leaving only a
remainder of negligible weight.

Definition 5.1 (Metastable partition). For 5 > 1(q) let {M; v : i € I3} be the metastable

sets as defined in (1.15) and Uiezﬁ M, n. The metastable sets {M; v : i € I} give rise
to a metastable partition {S; y : i € Z3} (with respect to the CWP model) such that

M@N C Si,N C Vin, 1€ 1g, (5.1)
where, for any i € Zg, the local valley V; y around the metastable set M; y is defined by
Vi’N = {O' € SN\MN : h%i,N,MN\Mi,N(O—) Z I‘I]’l;%f( h%/lij,MN\Mj,N(Ov}' (52)

Remark 5.2. Note that a metastable partition of the state space Sy is not uniquely
determined by the conditions above: there may exist subsets X C V; y NV, y lying in
the intersection of two distinct local valleys V; y and V; y. However, it is well known
(cf. [22, Lemma 3.2] and [3, Lemma 8.7]) that the Gibbs measure jiy[X] of such a
set is negligible compared with the Gibbs measures jiy[M; n] and fin[M; n] of the
corresponding metastable sets M; y and M, . In particular, we may choose the
metastable partition {S; v : ¢ € Zg} so that, for every i € Zg, S; y = L;,l(Si,N) for some
Si,N C Pn.

Before proceeding, we need to control the measure of each component within the
metastable partition. The following technical lemma establishes that this measure
deviates from that of the metastable sets by at most a polynomial factor.

Lemma 5.3. Suppose that 8 > (. Further, Ny(f) be as in Proposition 2.3-(ii). Then,
there exists {4 = 4(5,q) € [¢q,00) such that, for all N > Ny(f),

fin[Sin] < Nay[Min], Vi€ (5.3)
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Figure 4: Graphical representation of a metastable partition of Py (with NV € {5,6} and
q = 3) for the regimes in which my is not a local minimum. The red, blue and green
points denotes S n, S2 v and S3 y, respectively. Points shown in grey may be assigned
to more than one set in the partition, as explained in Remark 5.2.

In particular, for all N > Ny(8), on the event Zn(a),
py [Sin] < NUe?VNuy[M;y], Vi€ (5.4)

Proof. Fix some arbitrary ¢ € Zg. Then, the definition of the local valley implies that, for
any o € V; n,

1:21D [N (7)) € My

]EIﬂ

SN N ~N
P [TM N < TMN\M N} < |Iﬁ‘PU [TMi,N < TMN\Mi,N]'
J€EIp
Consequently, for every o € S; v \M; v we have hM MM, (@) > 1/|Zg|. On the
other hand, using the properties of the equilibrium potientials hY Mo M \Min and

hJ\C N\Mi x oMy it follows that

_ /N ~ TN
0 = <hMi,NaMN\Mi,N’_ﬁNhsi,N\Mi,NyMN>ﬁN

1 - =N -
> by (Sin \Min, My) = Y jin(0) Py [78 ey < P
‘I | ocEM; N
1
> ] capy (Si.n \Min, Mn) — fin [Mi n]. (5.5)

Thus, we are left with bounding cap, (Si, N\ M; v, M N) from below. Repeating the
argument of (2.28), estimating |S; x\{m; ~}| < N9, and invoking Proposition 2.3-(ii),
we deduce that for any N > Ny(5),

capy (Si,n \Mi N, My) @2 capy (Sin\{min}, My)

> N_€3_q@N[5i7N\{mi7N}] = N7 fin [Si v \Mi N]

(5.6)
Thus, by combining (5.5) and (5.6), the assertion (5.3) is immediate. Finally, by combining
(5.3) with (3.15), concludes the proof of (5.4). O
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This result allows us to compare measures of different elements of the metastable
partition. For 4, j € Zg, by monotonicity of the measure and the previous lemma, we have

N [Sin] < (2BaVN Nl N [MiN]
un[Sin] ~ fin [Mj,n]

with an analogous lower bound.

In the next proposition, we estimate the ¢;(uy)-norm of the harmonic function,
where Ay, By are the initial and final sets in each regime, as in Definition 1.11. The
proof is inspired by [22, Lemma 3.3] and [5, Proposition 5.2], and we include detailed
explanations only where it deviates from their methods. The main modifications are due
to the presence of multiple regimes in the DCWP model and the choice of unbounded
random variables J;;.

— 2PaVN Nla oBN(Fs,q(my)=Fp,q(mi)+O(N™) (5 7)

Proposition 5.4. For any § > 3, let Ay and By be chosen as in Definition 1.11, and
a > +/vingq. Then, there exists a constant C; € (0, k1) such that, on the event =y (a), as
N —

Hh%N,BN”,U‘N = /’[’N [S-A,N] (1 + O(e_CIN))7 (5'8)

where S n denotes the union of the elements of the metastable partition {S; v : i € I3}
corresponding to the metastable sets in Ay, that is,

San = U SiN- (5.9)
M NCAN

Proof. The proof comprises two steps. In the first step, we provide a regime independent
upper bound for the average of the equilibrium potential between different metastable
sets with respect to the Gibbs measure conditioned on the element of the metastable
partition corresponding to the hitting set. This is done by comparison with the CWP
model. In the second step, we control the harmonic sum by decomposing it over the
elements of the metastable partition. This decomposition is regime dependent, and
depends on the relative weights of the metastable partition under uy.

Step 1. Let a be as stated and k € (0, k1). We claim that for any two metastable sets
M; N, M, n,any € € (0,1] and large enough N, on the event =y (a),

)

5.10
UN[Si N] ( )

Hh’./]t]/lj,NyMi‘N livisiy < €+ e "N In(1/¢) min{l,
Indeed, this literally follows from [5, Proposition 5.2, Step 1.] except for the following
modification: By using (3.15), we have that, for any non-empty X C Sy x \ My n, on the
event Zy(a),
CapN(X7 Mi,N)

un[X] =
PXJJVN|X [T/]\\/fli,N < Tgfv}

G5 2pavN capy (X, M; )

N ~ ~
PﬂN|X [T/J\v/li,N < Tﬁ('v}

N

-1
> N N
max P 1, [TMN\MZ,N < TMAN}) cap (X, M; n)

< ezﬁa\/ﬁ e—kN(
(€T,

—1
(3.15)

4BaVN ,—kN N N N

<e Bav'N <%%§PMN|MZ,N [TMN\MLN < TMLN}> capy (X, M; n), (5.11)

where we applied Theorem 1.7 and [22, Lemma 3.1] to obtain the second inequality.

Note that [22, Lemma 3.1] cannot be applied directly in the first line because the sets
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{Si, ~ni € I} form a metastable partition for the CWP model, not the DCWP model; this
necessitates the estimates in the second and third lines.

Step 2. In view of (5.10), the proof of (5.8) follows the same lines as that of [22,
Theorem 1.7]; however, modifications are required for each regime in Definition 1.11.
First metastable regime: Let 51 < < B2, Ay = UZ:1 M N, By = Mo, n, and write

q

Hh’ﬁ]\],BN”,u.N = /‘LNIZSO,N} ||hﬁN,8NH/LN‘SO,N +ZMN I:S],N:I thN’BN”}LNlS],N' (512)
7j=1

In order to prove a lower bound, we neglect the first term appearing on the right-hand
side of (5.12), while bounding each term in the remaining sum from below by
N N N
1P s llunis, v = 1= sy anlluyis; v 2 1= 1Pg n My x llin s, (5.13)

where we used that, forall o € Sy \ (Ay U By),

N N N N N[ N N N
hBNy-AN(O—) = PU |:TMO,N <7-Ug:1 Mz,N:| < PG' [TMO‘N <TM_7‘,N] = hMo,N,Mj,N(O-)'

kN

By applying (5.10) with ¢ = e "%, we further get that, on the event Ey(a),

10w iy lluts, e < € Fe N In(1/e) = e N (14 kN) (5.14)

for any j € {1,...,¢}. Thus, by combining (5.13) and (5.14) with (5.12) and using the
additivity of the Gibbs measure yy, we obtain on the event Zy(a),

1B mn Ly = pn[San] (1—e ™M1 +EkN)). (5.15)

To get the upper bound, by recalling that hﬁN sy < 1, we immediately have that the
last sum appearing on the right-hand side of (5.12) is bounded from above by ux [S A, N].
Since for any o € Sy,

q

q
N | _N N _ N[_N N N[_N N
PU |:TUZ:1 My, N < TMU,N] - Z PG [TM/,,N < TMN\MZ,N] < Z PO’ [TME,N < TMO,N]
/=1 =1

an application of Minkowski’s inequality and (5.10) yields that, on the event =y (a),

q
N N —kEN
[N O D] L AR U q<s+e In(1/2)

By combining the above estimates and choosing € = e kN UN [SA, N} N [507 N} , we there-
fore obtain that, on the event Zy(a),

_ N [So,v]
W2 Byl < 18 [San] <1+qe RN <1+k:N+ln M)) (5.16)

We conclude by noting that, due to (5.7), there exists a deterministic constant ¢ € (0, co)
such that IH(MN[SO,N]/MN[SA,N]) < ¢N.

Second metastable regime: Let 3 < 8 < 4, Ay = Mo, n, Bn = Uj_; M, n, and write

q

N _ N pn[Sin] N
||hAN,BN||/J.N - N’N I:SO,N] <||hAN,BN|‘u,N|SO,N +j2::1 m |h'-AN,BN||/LN|Sj,N>' (517)
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In order to prove a lower bound, we neglect the final term, while the first term is bounded
from below by

q

N _ N N
12 lunison = 1= 108 as lwison = 1= D ¥ womon lniso v (5-18)
=1

kN we obtain that, on the event =y (a),

By applying again (5.10) withe =e~
1B s lunison = 1—ale+e M n(1/e)) > 1—ge ™M (1 +kN).
Thus, on the event Ey(a),

1B x> pn [Son] (1 —ge ™ N (1 +EN)). (5.19)

For the upper bound, we bound the first term inside the bracket on the right-hand of
(5.17) from above by 1. On the other hand, for any j € {1,..., ¢}, an application of (5.10)
with e = e "N [So N] /1w [S),n] yields, on the event En(a),

N N
||hAN,BNHuN\Sj,N = ”hMo,N’Mj,NH#N\Sj,N

KN [SOJV} —kN KN [871\7}
_ = 1+kN +1In——= . (5.20
1N [SjN] ‘ ! 1N [So,n ] )

IN

Hence, we obtain that, on the event Zx(a),

N 1N [S).n]
hy < S 14+qge "N |1+ kN + In 22200 ) 5.21
1P ol < i [So.n] ( a° je?ll?.}iq} nMN [So,n ] ( )

Using (5.7) again, there exists a deterministic constant ¢ € (0, c0) such that, for every
j€{1,....q}, In(un[S;~n]/pun[So,n]) is bounded from above by cN.

Tunneling regime: Let 82 < 8 < 4, Ay = My n, Bn = Uj_, M, n, and write

q
N _ N pn[Sin] oy
||h-AN1BN||[LN - MN I:SLN] ('hANvBN”#NlSl,N + ; ,LLN I:S]_AN] ||h-AN1BN||lLN‘SgN

N [So,n ]

+
N [S1,n]

||hﬁNyBN||’u,N|SU,N>~ (522)

The lower bound is obtained via a similar procedure by dropping the second and third
terms and using a similar argument as in (5.18) to control the first term using (5.10).
For an upper bound, we bound the harmonic sums appearing both in the first and
third term by 1, while dealing with the second term as in (5.20). The remaining ratio
pn|[So n]/pn[S1, ] appearing in the final term is controlled via (5.7).

Finally, when taking g > (3, the proof is analogous with the third term not appearing
as My v is not a metastable set. O

In the next lemma we provide an annealed version of Proposition 5.4. This will be
used to prove both concentration inequalities and annealed estimates for the harmonic
sum in Propositions 5.6 and 5.9.

Lemma 5.5. For any § > [ let Ay and By be chosen as in Definition 1.11. Fix
Cy € (0,C4), where C; is as in Proposition 5.4. Then, as N — oo,

E[l(Zy Yy s, l,)] = E[n(Zan[San))] + 0@ Y. 623)

EJP 31 (2026), paper 99. https://www.imstat.org/ejp
Page 30/36


https://doi.org/10.1214/26-EJP1558
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Metastability for the disordered Curie-Weiss—Potts model

Proof. Let =y (a) be the event defined in (3.9) and a > /v(C; + Ing). Then, by applying
Proposition 5.4, we obtain, for any N large enough,

(2 11 ) 120
= E[In(Zyuy[San]) 1zy(] + W1+ 0@ N) P[Ex(0)]

1
E[IH(ZN;LN [S.A,N]) ]lEN(a):| + O(efclN).

Hence,

B[ (Zn 11, )]

hN
= ]E[ln(ZNuN [SA,N])} +O(eclw)+E{1n<m> ]1EN(Q)C} (5.24)

Thus, we are left with bounding the final term appearing on the right-hand side of (5.24).
For this purpose, first note that, by the properties of the equilibrium potential, hﬁN’ B’
we have that

oidy] < Pl 1
T un[San] T wn[An]
Hence,
hN
‘E{ln(”MWV)ﬂaN(@c} < E{ln(lﬁama)e}

N [San] p [An]
< IhE|—F——— | En(a)]| P[En(a)°
= [NN[AN] N(a)} [E(a)’]
<

(mE LNEAN]] P [EN(a)C]) P[En(a)7].

Since, for any ¢ € Sy, Hy(€) = Hy(£) + An(€) and —N/2 < Hy(€) < 0, by applying the
Cauchy-Schwarz inequality together with Lemma 3.1 which gives IE [exp(:l:?ﬂA N ))] =
exp(B2?v(1 + o(1))) as N tends to infinity, we obtain, for any o € Ay,

1
E[ } < Y E[esin opitv)]
i [An] v
1/2 1/2 5
< N2 Y E[eﬁﬁﬁw(n)] E[ezﬂANm} — oN(B/2+Inq) oB7v(1+0(1))

neSN

Hence, using (3.15) and the fact that © — —z Inz is increasing on [0, efl), we obtain that
for any sufficiently large IV

‘IE {IH(M&V”I‘N) Tz )C]
1w [Sa,n] -

2
< (521}(1 +o(1)) + N(§ +2Ilng — %(1 + 0(1)))> e~ N@/v(l+o()=Ing) (5 25)

Thus, by combining (5.24) and (5.25), the assertion follows. O
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5.2 Concentration estimates

We are now ready to state some concentration inequalities for the logarithm of the
harmonic sum.

Proposition 5.6. For any 3 > 3, let Ay and By be chosen as in Definition 1.11, and let
Cs be as in Lemma 5.5. Then, there exists a constant ¢ € (0,00) such that for any t > 0,
as N — oo,

P [|ln(ZNHhﬁN7BN ||HN) - E[ln(ZN”th,BNHMN)] | > t]
(t — ce™C2N)2
2320

Proof. Leta > y/v(Cs2 + Ingq). By Proposition 5.4 and Lemma 5.5 there exists a ¢ € (0, 00)
such that for all N sufficiently large, on the event Zx(a),

< 2exp (— (1+ 0(1))) + 2exp(—C’2N). (5.26)

n(Zn 11N ) = B[(ZN IR 5,00 ) ]|
< |In(Znun [Say]) = B[n(Zypn [San])]| +ce V.
Hence, for any ¢ > 0 and N sufficiently large,
P [In(Zn 115, 5 ) = B0 (28 10X 5y )] | > 1]

IP[]ln(ZNHhﬁN’BNHHN) ~E[n(ZnlhY, 5 ll)]] >t EN(a)} +P[En(a)]

IN

IN

P|[In(Zyin [Sax]) — BIn(Znpn[Say])]| > t = ce” V| + P[En(a)]. (5.27)

By Lemma 3.2-(ii) and our choice of a, the second term on the right-hand side of (5.27)
is, for all sufficiently large N, bounded by e~ 2N Hence, it remains to bound the first
term. To that end we employ an argument analogous to the one used in the proof of
Lemma 4.3. For any integer N > 2, consider the map

(Jih<icjen +— W(ZX p[San]),

and, as before, write Hy;, Z3 and u, to emphasise the dependence on the random array
J = (Jij)1§i<j§N- Since S4,n is defined in terms of the CWP model and is therefore
independent of J, (4.12) immediately implies that

B San] - ik [San]] < 5 X Ty
1<i<j<N

Hence, by applying Corollary 4.2 with n = N(N — 1)/2, we get for any ¢ > 0,
]P[]ln(ZNMN [Sax]) = BEn(Zypn [Sax])]| > t} < 26?0+ (528
By combining (5.27) and (5.28), we assertion follows. O

5.3 Annealed estimates

We first state two lemmas and then prove the main proposition with the annealed
estimates for the norm of the harmonic function.

Lemma 5.7. Let A C Sy, thenas N — oo

0 < E[ln(ZNuN[A])] —In(ZnfinlA)) < ”372”(1+o(1)). (5.29)
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Proof. The assertion follows immediately from [5, Eq. (5.13)-(5.14)]. O

Lemma 5.8. Let A C Sy, then for any k € IN, as N — oo,

1/k ~

Znfin| AP/ G (re) < E{(ZNMN[A])k} < Znfin[A]e"F0/a0+0) - (530)

Proof. The proof of the upper bound is obtained from [5, Eq.(5.19)] and Lemma 3.1. The
lower bound follows by Jensen’s inequality and Lemma 5.7. O

Proposition 5.9. For any 8 > 31 let Ay and By be chosen as in Definition 1.11.

(i) Let Cy be as in Lemma 5.5. Then there exists a constant ¢ € (0,00) such that, for all
sufficiently large N,

—Cy = 3 B%v
—ce 2N < E[IH(ZN||h%N7BN”MN)i| _ln(ZN”hﬁNﬁNHﬂN) < 4 (1+0(1))' (5.31)
(ii) For any k > 1 and all sufficiently large N, we have

1/k
E[(Zx 1A%y )]

ZN”h%N,BNH,)N

FIED (1 4 0(1)) < < M (14 o(1)). (5.32)

Proof. (i) The assertion (5.31) is an immediate consequence of Lemma 5.5, applied to
both the CWP and DCWP models, and Lemma 5.7.

(ii) Fix k > 1 and choose a > /v(C; + kB + (1+2k)Ing). To bound for the k-th
moment of the harmonic sum from above, apply Minkowski’s inequality and use the fact
that || A} < 1. This yields

N,BNHMN

1/k
E|(ZnIhy 5 ly)"]

1/k 1/k
< E[(Znlhy sull) 1zvr| -+ B[(Zn 1zye)]

(5.33)

For the first term appearing on the right-hand side of (5.33), Proposition 5.4 gives, for
all sufficiently large N,

1/k 1/k
E[(ZN“hﬁN,BNHp,N)kILEN(a)1| = E[(ZNNJN [SA,N])’C]]-EN(&)} (1—’_0(6701]\]))'

(5.34)

By combining Lemma 5.8 and Proposition 5.4 (applied to the CWP model), yields, for all
sufficiently large N,

kB2v/4(140(1))

IN

Uk -
} Znpn[San]e

D [(ZNMN [SA,N])k Iz (a)

IA

Zn WY Lz @770/ 40F0MW) (14 O(e= 1)), (5.35)
To bound the second term appearing on the right-hand side of (5.33), we use both the
Minkowski and Cauchy-Schwarz inequality. This gives

1/k _
E|(Zn lzye)] < Y e PIV@OBle A g
ogESN

Z o BHN) | [ef2kﬁAN(o—)

cESN

r/k

IN

1/(2k)
] IP[EN(U,)C} 1/(2k)

< ZN max ]E[e_%ﬁAN(”)} 1/(2k)P[EN(a>c]1/(2k)_

ocESN
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By using the fact that In < exp(N(8/2+1Inq)) and Lemma 3.2 (apply (i) with 3 replaced
by 28k and (ii)), we obtain that, for all sufficiently large NV,

E[(ZN 11=N(a)c)’“} Y < eFB*v/2(140(1)) o N(B/2+Inq) o ~N(a® /v(1+o(1)~Ing)/(2k) (5 36)

Thus, by combining the above estimates and using the fact that Z NHiL%N, Bulliy =1 we
conclude that, by our choice of a, there exists a C5 € (0, Cy) such that, for all sufficiently
large N,

1/k

k 5 o3 .32 o _
B(Znh, salluy) | < ZWIRN, syl €770110F20) (1 emN) - (5.37)

It remains to prove a lower bound on the k-th moment of the harmonic sum. By
Minkowski’s inequality and Proposition 5.4 we get that

51 1/k
E[(Znl1ny 5, l)"]

& 1/k
E[(Zn 1My i) 1zn(o)]

(E[@vuv[san))']

v

Y

‘B {(ZN ILEN(G)C)k] Uk) (14+0(e™ ™).  (5.38)

By using Lemma 5.8 together with Proposition 5.4 (applied to the CWP model), we obtain
that, for all sufficiently large N,

E[(ZWN [SA,N])’“} S T [Sa] v ) 1re(0)
> ZnlRY, gy 5, o /GO0 (14 0@ ON)). (5.39)
Hence, by combining (5.36) and (5.39) with (5.38) and using that 'ZVNHEXN’BN ”ﬁN >1,
we finally get that, for all sufficiently large N,
B[(Zn 0y s l,) ] 2 Ry s, o7/ @005 (12 m6N). (5.40)
This completes the proof. O

Having completed the analysis of both the numerator (Section 5) and the denominator
(Section 4) of equation (1.25), we now proceed to prove Theorem 1.13 and Theorem
1.14. The proof relies on Lemmas 5.10 and 5.11, providing a concentration inequality
and an annealed estimate for the mean hitting time.

Lemma 5.10. For any 3 > 1 let Ay and By be chosen as in Definition 1.11. Then for

anyt >0,
imsupP[[mEY, , [,] - E[WEY, , [m]]|>1] < 4o/ (5.41)

Proof. In view of (1.25), we obtain for any ¢ > 0,
PlmEY, . (5] -EWEY, , []]>1]
< P[’ln(zN\\thﬁth) - E{ln(ZNHhﬁN’BNHHN)H > t/z}
+ IPHln(ZN capN(.AN,BN)) — E{IH(ZN capN(AN,BN))} ’ > t/Q].

Hence, (5.41) follows immediate from (5.26) and (4.11). O
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Lemma 5.11. For any 3 > 1 let Ay and By be chosen as in Definition 1.11. Then for
any sufficiently large N,

B2v N N =N ~N B
SER (o) < BmEY, |, []] -mE, L (7] < 50 (1), (G.42)
Proof. In view of (1.25), the assertion follows immediately from Proposition 5.9 and
Proposition 4.4-(i). O

Although the proofs of Theorem 1.13 and 1.14 follow along the lines of [5, Theo-
rem 2.12], we provide details for the reader’s convenience.

Proof of Theorem 1.13. First, note that Lemma 5.11 implies that for any € > 0 and for
all sufficiently large N,

iVAN,BN [TéVN} e*,B2U/4*5 iVAN,BN [ 5 } JV\;N,BN [TéVN] e+52v/2+8

< rawen Bl |
ep(EMEY, , [8]]) ~ B . [ ew(BMEY , [A.]])

Hence for any ¢ > 0 and any ¢ € (0, t),

oy 72
liminf P |e t—A°v/4 < _YANBN By < ot+Bv/2
N—o00 =N [~N ] -
VAyn,By L'BN
N

. N N N
> 1- h]{,n_?llopIPHlnE”AN,BN [TBN} - E[lnE . [TBNH ‘ >t — E}
OS] femt=21*/85%0),

Since ¢ € (0,t) was arbitrary, letting ¢ | 0 gives the claimed result. O

Proof of Theorem 1.14. Fix k > 1. Using the representation (1.25) of the mean hitting
time, the Cauchy-Schwarz inequality, Proposition 5.9-(ii) and Proposition 4.4-(ii) we
obtain for all sufficiently large N,

1/k 1/(2k) o111/(2k)
BBy, [ < Bl@wInXsyl,,)™] B (Zy capy(An. Br) ]
< By, [FL] €7 (14 0(1). (5.43)

For the lower bound, Jensen’s inequality together with Lemma 5.11 gives, for all sufficient
large N,

N kM N G42) =N AN 7 .—B%v/4(140(1
]E[EV“JXNYBN [ ] } > exp(E[lnEydeN’BN [TBN}D SV B, (7] e,

(5.44)

Combining the two bounds yields the assertion (1.20). O
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