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Preface

This dissertation consists of three self-contained chapters studying the microeco-
nomic foundations of market mechanisms. The common theme is the standard
mechanism design setting: players in a strategic interaction have payoff-relevant
private information. In procurement settings, this may be a privately known pro-
duction cost (as in Chapters 1 and 2). In the classic setting, this is a privately
known valuation for the good being auctioned (as in Chapter 3). The contribution
of this work is twofold. First, each chapter improves the understanding of the stud-
ied market mechanism by identifying Bayes-Nash equilibria. These mathematical
contributions allow predictions of market outcomes in practice. Second, Chapters 1
and 2 derive conclusions regarding the optimal design of such markets.

Chapter 1 “Pay-as-bid Auctions with Private Information” studies equilibrium be-
havior in pay-as-bid auctions for divisible goods. This auction format is widely used
in settings such as energy and securities markets, yet its strategic properties with
payoff-relevant private information are not fully understood. The chapter considers
a procurement environment in which bidders privately know their production costs
and submit weakly increasing bid functions for marginal units of a divisible good.
The central methodological idea is to represent the pay-as-bid auction as a contin-
uum of local asymmetric first-price auctions: with two bidders, a bidder’s offer for
marginal unit y competes against the rival’s offer for unit 1 − y.

The chapter introduces everywhere-optimal Bayes–Nash equilibria, in which bid-
ders optimize pointwise across marginal units. For the two-bidder case, I characterize
the unique everywhere-optimal equilibrium through a system of ordinary differen-
tial equations. This characterization also yields robustness results: equilibrium bids
vary continuously with the underlying cost functions, so the model can generate
reliable predictions even when costs are estimated with small errors. I further derive
sufficient conditions for existence and illustrate numerically that existence of the
everywhere-optimal equilibrium is not a knife-edge phenomenon.

The chapter also discusses strategic ironing, an alternative equilibrium logic in
which monotonicity constraints sustain flat regions of bid functions away from point-
wise first-order conditions. I conjecture that every Bayes–Nash equilibrium is either
everywhere-optimal or exhibits strategic ironing. Finally, I construct closed-form
examples and compare the pay-as-bid auction to the ex-post efficient Vickrey auc-
tion. In these examples, the pay-as-bid auction yields lower social welfare but higher
expected revenue for the auctioneer, offering a possible explanation for its prevalence



vi

in practice.

Chapter 2 “The Cost of Fairness in Electricity Markets” studies the procurement-
cost consequences of uniform pricing in electricity markets. European electricity
markets typically rely on large bidding zones with uniform spot-market prices. Be-
cause the dispatch resulting from such a market often violates transmission con-
straints, a second stage, redispatch, is needed to restore feasibility. The chapter
uses mechanism-design theory to analyze the cost of maintaining this fair first-stage
price instead of moving directly to a one-stage mechanism such as nodal pricing.

The main result shows that, for asymmetric dispatches, even a minimal fairness
restriction on the first stage strictly increases procurement costs. For any fair two-
stage mechanism implementing such a dispatch, there exists a one-stage mechanism
that implements the same dispatch at lower procurement cost. The proof isolates
the cost effect of fairness: producers can exploit the uniform first-stage price when
they expect to be adjusted downward in the redispatch stage, generating arbitrage
profits through inc-dec gaming.

The chapter then studies a specific market-based redispatch mechanism and com-
pares it to nodal pricing. This analysis identifies which producers benefit from inc-
dec gaming. The key object is a producer’s expected positive externality on the rest
of the network. Arbitrage profits accrue to producers with low expected production
externalities, that is, to producers whose output benefits the network least. The
results therefore challenge the fairness rationale for uniform bidding zones: a fair
spot-market price can shift costs to the redispatch stage and reward precisely those
producers that are least useful for resolving network constraints.

Chapter 3 “First-price Auctions with Gaps and Mass Points” studies equilibria
in first-price auctions with independent private values when valuation distributions
may contain gaps or atoms. Standard results on first-price auction equilibria usually
rely on smooth valuation distributions. This chapter extends the classic differential-
equation approach to settings in which distributions are discontinuous or have dis-
connected support.

The chapter constructs equilibria by splitting the bid space into subdomains.
On each subdomain, the sets of players who mix and who are inactive remain fixed,
and the distribution of bids solves a system of differential equations. Moving down-
ward from the upper endpoint of winning bids, new subdomains begin whenever the
solution requires a change in these sets. The resulting construction accommodates
both pure and mixed strategy components: gaps in valuation distributions generate
kinks in bid functions, while mass points induce mixing.

The main result gives sufficient conditions under which the constructed strate-
gies form a Bayes–Nash equilibrium. The examples illustrate how the recursive
construction works in simple cases with a gap or a mass point.
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Chapter 1

Pay-as-bid Auctions with
Private Information1

Abstract: The pay-as-bid auction is one of the most prominent mech-

anisms allocating divisible goods like energy. This paper analyzes equi-

librium behavior in pay-as-bid auctions within a general environment

where bidders are privately informed about their valuations. The key

methodological innovation is to represent the auction as a continuum of

asymmetric first-price auctions. I define everywhere-optimal Bayes-Nash

equilibria, in which bid functions satisfy pointwise optimality, and char-

acterize equilibrium strategies. With two bidders, I establish equilibrium

uniqueness. The characterization enables accurate predictions of equi-

librium bids even when estimated valuations contain small errors. For

a class of linear marginal valuations, I derive closed-form solutions and

show that pay-as-bid generates higher revenue than the VCG mechanism.

1I would like to thank Nicolas Schutz as well as Marek Pycia, Kyle Woodward, Stephan Lauer-
mann, Hans Peter Grüner, Thomas Tröger, Marion Ott, Leticia Pieraerts, Bert Willems, Paul
Milgrom, Stefan Fraunholz, Kornelia Aigner and audiences at the ESEWM, EEA, EARIE, and
BCFM conferences, ENTER Jamboree, LIDAM PhD Workshop on Energy Systems, as well as in
numerous seminars. I gratefully acknowledge financial support through the Kopernikus-Project
SynErgie by the BMFTR (Federal Ministry of Research, Technology and Space, Germany).
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1.1 Introduction

Auction theory has extensively studied first-price auctions, but still lacks a deeper
understanding of their natural extension to divisible goods, the pay-as-bid auction,
also known as discriminatory price auction. This mechanism allocates trillions of
dollars per year (Song and Zhu 2018), including over 300 billion USD in German
Federal securities alone (Deutsche Finanzagentur 2025). In electricity markets, pol-
icymakers have argued that pay-as-bid may “decouple the dominant influence of gas
on the price of electricity” (von der Leyen 2022).

Private information is at the heart of auction theory: Bidders compete not only
with their values, but also with what they know. In electricity markets, for instance,
generators have private information about marginal generation costs, opportunity
costs or plant maintenance. Given the relevance of private information, it is surpris-
ing how little we understand about its effect on outcomes in pay-as-bid auctions.
What are equilibrium strategies in the presence of private information? Are they
unique? I answer these open questions with a detailed analysis of the setting with
two bidders and an equilibrium characterization that extends to the case with more
bidders.

An auctioneer wishes to procure one unit of a perfectly divisible good and faces
competing bidders with private information about their cost functions. The private
information parameters are independent draws from a commonly known distribution.
Each bidder submits a weakly increasing bid function, indicating a price for every
marginal unit. The mechanism sets the clearing price such that the totality of units
offered at the clearing price or below adds up to one. All units offered below the
clearing price are accepted. The respective payment for each accepted unit is “as-
bid” in the bid function.

I restrict attention to two forms of Bayes-Nash equilibria. First, I introduce
everywhere-optimal equilibria as a class of Bayes-Nash equilibria where bidders op-
timize their bids pointwise across marginal units, satisfying first-order conditions
throughout. With two bidders, I represent the pay-as-bid auction as a continuum
of asymmetric first-price auctions where a bidder competes for marginal unit y with
the bid of its rival for unit 1 − y. Then, existing results on single-unit auctions
help solve the more complicated problem of pay-as-bid. I characterize equilibrium
strategies with a system of ordinary differential equations and show that this is
the unique everywhere-optimal equilibrium (Proposition 1). Since equilibrium bids
depend continuously on valuations (Proposition 2), predicted bids in applications
are accurate up to a confidence band that depends on the accuracy of estimated
valuations. I extend the characterization to the setting with N > 2 players where
the auction can be interpreted as a continuum of first-price auctions with correlated
valuations (Proposition 4).

Second, in strategic ironing equilibria, players flatten their bid functions such
that first-order conditions do not hold over the flat interval, but the monotonic-
ity constraint rules out deviations. I conjecture that any Bayes-Nash equilibrium
must have either the everywhere-optimal property or the strategic ironing property
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(Conjecture 1). When the characterized bid functions for the everywhere-optimal
equilibrium do not satisfy monotonicity, the everywhere-optimal equilibrium does
not exist. Combined with the proof of equilibrium existence by Woodward (2016),
this would imply that, in such a case, there must be a strategic ironing equilibrium.
It remains unclear whether a given cost function can give rise to both equilibrium
types.

I demonstrate a reverse engineering method that creates examples with closed-
form solutions of everywhere-optimal equilibria. I include closed-form solutions for
a class of linear marginal cost functions. To the best of my knowledge, this is the
first closed-form representation of a Bayes-Nash equilibrium in a pay-as-bid auction
of a perfectly divisible good with private information. In previous studies, solutions
have been available only in very restrictive setups, which I discuss below.

In my linear class, the pay-as-bid auction creates strictly lower social welfare
than the Vickrey auction, an implementation of the ex-post efficient Vickrey-Clarke-
Groves mechanism (VCG), but is more favorable for the auctioneer in terms of
revenue. This is possible motivation for auctioneers in practice to use the pay-as-bid
auction instead of the Vickrey auction.

The following section situates my findings in the related literature. Section
1.3 formalizes the pay-as-bid auction as a Bayesian game. Section 1.4 defines
everywhere-optimal Bayes-Nash equilibria and analyzes uniqueness for this equi-
librium form. Section 1.5 discusses strategic ironing. Section 1.6 compares welfare
and revenue of the pay-as-bid auction in the closed-form solution example to the
Vickrey auction. Section 1.7 concludes.

1.2 Related Literature

Without private information, Pycia and Woodward (2026) provide a closed-form
representation of equilibrium strategies and show uniqueness in pay-as-bid auctions.
However, the importance of information asymmetries in pay-as-bid auctions is un-
derlined by the extent of empirical and theoretical work that studies this problem
without a complete analysis of Bayes-Nash equilibria (Alvarez and Mazón 2012;
Armantier and Sbäı 2006; Armantier and Sbäı 2009; Cole, Neuhann, and Ordoñez
2018; Hortaçsu and McAdams 2010; Kasberger and Woodward 2025).

The literature finds equilibria with private information only in very restrictive
settings such as monopoly and perfect competition (Federico and Rahman 2003)
and settings with constant marginal valuations (Fabra, von der Fehr, and Harbord
2006; Holmberg and Wolak 2018; Ausubel et al. 2014). Another body of literature
identifies equilibria in settings with linear marginal valuations and uncertainty of
the auctioned quantity that follows some form of the generalized Pareto distribution
(Wang and Zender 2002; Hästö and Holmberg 2006; Ewerhart, Cassola, and Valla
2010; Ausubel et al. 2014). Including more general forms of private information,
Engelbrecht-Wiggans and Kahn (1998) and Chakraborty (2006) develop an equi-
librium characterization and numerical solutions for a pay-as-bid auction for two
homogeneous goods.
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For divisible goods with private information, the work of Woodward (2016) and
Woodward (2019) establishes existence of pure-strategy Bayes-Nash equilibria with
a discretization of the action space (Athey 2001; McAdams 2003; Reny 2011). In
pay-as-bid auctions, bidders are required to submit weakly monotonic bid functions.
Woodward (2016) proves that in any pure-strategy equilibrium there is a type of
some player with a flat part in her bid function, a feature he calls strategic ironing.
However, I show that this part of the bid function need not differ from the solution
to first-order conditions.

The intuition of my equilibrium analysis reconciles the work of Woodward (2016)
with standard results from auction theory. I show that optimal bidder behavior in
the everywhere-optimal equilibrium follows patterns known from the theory of first-
price auctions and still exhibits the flat bid functions postulated above. To better
capture the intuition of bid flattening, I only term an equilibrium as strategic ironing
if bids on the flat part differ from the solution to pointwise profit maximization. I
extend the above work by providing an equilibrium characterization, examples in
closed form and an analysis of uniqueness for the everywhere-optimal equilibrium.

In this procurement setting for a divisible good, the VCG mechanism, in the
spirit of Vickrey (1961), allows ex-post efficient allocations. However, the VCG
mechanism is hardly used in practice. A possible reason is that the pay-as-bid
auction dominates the VCG mechanism in terms of revenue (Ausubel et al. 2014).
My analysis supports this proposition.

Besides pay-as-bid auctions, the uniform price auction, also known as pay-as-
clear auction, is the most common format in divisible good auctions. In this format,
the payment for all assigned quantities equals the clearing price. Similarly to studies
of uniform price auctions, my analysis of pay-as-bid auctions relies on a pointwise
maximization argument. However, the two approaches are inherently different. In
uniform price auctions, Klemperer and Meyer (1989) and Vives (2011) argue that
bid functions are ex-post optimal. That is, a bidder would not wish to change her
bid function after learning the realization of uncertainty. Each point on the bid
function is optimal regarding one realization of residual demand (or supply). In
pay-as-bid auctions, this approach fails because the total payment depends not only
on one point of the bid function. Instead, I view the maximization problem for each
marginal quantity separately. In contrast to the total payment, the payment for a
marginal unit and the probability of being assigned this unit depend only on the bid
for this particular unit.

Due to the difficulties in analyzing equilibria of pay-as-bid and uniform price
auctions, an emerging body of literature uses structural approaches to calculate
counterfactuals to compare revenue of competing auction formats in divisible good
auctions in practice (Hortaçsu and McAdams 2010; Armantier and Sbäı 2006; Lamp,
Samano, and Tiedemann 2025). Most papers in this section of the literature can
only approximate counterfactual outcomes based on estimated valuations. My equi-
librium characterization allows future research in this field to precisely calculate
counterfactual equilibrium outcomes for the pay-as-bid auction when only the uni-
form price auction is observed. I show that the calculated equilibrium strategies
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are robust to small errors in the estimation of valuation functions in the sense of
Lipschitz continuity (Proposition 2).

1.3 Model

I consider the procurement problem of a divisible good in a setup with private
information. All of my results extend to the sale of a divisible good. Motivation for
this model is the central energy procurement by a government that faces competing
energy producers.

1.3.1 Environment

A designer needs to procure one unit of a perfectly divisible good. N players are
potential producers of the good. Each player i has private information about her
efficiency parameter θi which is drawn independently from a uniform distribution
on the interval [0, 1], which is the type space.2 The efficiency parameter θ enters the
commonly known marginal cost function c(θ, y). Units are denoted by y ∈ [0, 1]. Let
the marginal cost function c : [0, 1] × [0, 1] → R be Lipschitz continuous and strictly
decreasing in θ, its first argument, for any value y ∈ [0, 1] of its second argument.
That is, for any marginal unit, a producer has lower production costs when efficiency
parameter θ is higher. This assumption implies that marginal cost functions of
different types never intersect. It is sometimes useful to assume that c(θ, y) is strictly
increasing in y for any θ ∈ [0, 1]. In energy production, this is motivated by the
internal merit order of producers. Cheaper power plants are activated first. I will
state this additional assumption when needed. For the main result, it suffices to
assume that c(θ, ·) is Lebesgue integrable for any θ ∈ [0, 1].

1.3.2 The Pay-as-bid Game

The pay-as-bid game G is a Bayesian game defined by the number of players N ,
their type space, the distribution of types, their action set, and their payoff func-
tions. All players have the same action set, which is given by the set of weakly
increasing functions p̃ : [0, 1] → R.3 I call such a function a bid function. A pure
strategy is a function mapping from the type space [0, 1] into the action set. To
simplify notation, I write a strategy as a multivariate function from the strategy
set S containing functions p̃ : [0, 1] × [0, 1] → R that are weakly increasing in their

2The restriction to the uniform distribution is without loss of generality within setups with
Lipschitz continuous cumulative distribution function F and convex support. This is because θ′ =
F (θ) is uniformly distributed on [0, 1] and the results in this paper hold for marginal costs c′(θ′, y) :=
c(F −1(θ′), y) which are Lipschitz continuous and strictly monotonic in θ′.

3Bid functions have to be increasing in electricity markets due to the merit order adhered to by
the designer. A bid function in existing markets is usually a collection of small chunks offered by
the producer at different prices. Cheap chunks are accepted first by the mechanism.
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second argument. Throughout the paper, I use superscripts to indicate players and
subscripts to indicate partial derivatives. Then, p̃i(θ, y) is the price demanded by
player i for marginal unit y when having private information parameter θ. It makes
sense to also define the two inverses of p̃i when they exist. Throughout this study,
I denote the functions by (p̃, θ̃, ỹ) and variables entering the functions by (p, θ, y).

The payoff functions gi : SN ×[0, 1]N → R capture the rules of the pay-as-bid auc-
tion in the spirit of Woodward (2016). Player i receives payoff g

(
(p̃i, p̃−i), (θi, θ−i)

)
when the type profile is (θi, θ−i) and the strategy profile is (p̃i, p̃−i). As bid functions
can be flat in quantities, consider the following two functions instead of the inverse
with respect to y.

yi(θ, p) := inf{y ∈ [0, 1] : p̃i(θ, y) ≥ p}

yi(θ, p) := sup{y ∈ [0, 1] : p̃i(θ, y) ≤ p}

If there is no y ∈ [0, 1] such that p̃i(θ, y) ≥ p, then yi(θ, p) := 1. If there is no y ∈ [0, 1]
such that p̃i(θ, y) ≤ p, then yi(θ, p) := 0. When p̃i(θ, y) is strictly increasing in y,
the inverse with respect to y exists and is given by ỹi(θ, y) = yi(θ, p) = yi(θ, p).
The clearing price p̂ is a function of the strategy profile and the private information
profile and is given by

p̂
(
(p̃k)N

k=1, (θk)N
k=1

)
= inf

{
p :

N∑
k=1

yk(θk, p) ≤ 1 ≤
N∑

k=1
yk(θk, p)

}
.

The infimum is required to handle discontinuous bid functions. When the inverses
(ỹk)N

k=1 exist, the above is equivalent to implicitly defining the clearing price with∑N
k=1 ỹk(θk, p̂) = 1.

The quantity assigned to each player is also a function of the strategy profile and
the private information profile. When the inverse ỹi exists, the quantity assigned to
player i is given by

ŷi
(
(p̃k)N

k=1, (θk)N
k=1

)
:= ỹi(θi, p̂).

Flat bid functions and ties are handled by a rationing rule. Note that, in equilibrium,
ties are a probability zero event. When bid functions are flat at the clearing price,
quantities are rationed such that the smallest quantity assigned to some player is
maximized. As it is not essential for equilibrium properties, the formal statement of
the rationing rule is moved to Appendix 1A. Player i has to produce ŷi and in return
receives a payment equal to the area below i’s bid function. The ex-post profit of
producer i is then formally given by

gi
(
(p̃k)N

k=1, (θk)N
k=1

)
=
∫ ŷi

0

(
p̃i(θi, y) − c(θi, y)

)
dy.

Note that p̃i is weakly monotonic in y on the domain [0, 1] and therefore bounded.
Then, the above Lebesgue integral exists and the payoff function is well defined.
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1.4 Everywhere-optimal Bayes-Nash Equilibrium

I distinguish two candidate forms of Bayes-Nash equilibria. In this section, I intro-
duce the everywhere-optimal equilibrium as a solution of pointwise profit maximiza-
tion. I show that the unique everywhere-optimal equilibrium is characterized by a
system of ordinary differential equations. In Section 1.5, I discuss strategic ironing,
where players flatten their bid functions over certain regions.

Consider the maximization problem of player i. Denote by Pri(y, p) the proba-
bility that player i is assigned marginal unit y conditional on offering it at price p.4

This is a function of quantity y, price p, and bid functions of the competitors. The
first important finding here is that Pri(y, p) does not depend on i’s bids for units
other than y. The formal statement for Pri(y, p) follows from the definition of the
market clearing price and the rationing rule.

Pri(y, p) = Pr
[
y +

∑
j ̸=i

yj(θj , p) < 1
]

+ Pr
[
y +

∑
j ̸=i

yj(θj , p) ≤ 1 ≤ y +
∑
j ̸=i

yj(θj , p)
]
1

i(y, p
)

The first part is the probability of strictly outbidding the competition. The second
part is the part of the winning probability that stems from a potential tie. The
function 1

i
(
y, p

)
indicates whether player i is assigned unit y in case of a tie at p

and depends on bids of players j ̸= i. The formal definition of 1i
(
y, p

)
follows from

the rationing rule and requires special caution regarding the possibility of flat bid
functions. This is moved to Appendix 1A because the probability of a tie at given
price p is zero and the second part takes value zero in equilibrium.

The expected payoff of player i with marginal cost function c(θi, ·) when bidding
p̃i(θi, ·) is then given by

g̃i
(
(p̃k)N

k=1, θi
)

=
∫ 1

0
Pri(y, p̃i(θi, y)

)(
p̃i(θi, y) − c(θi, y)

)
dy.

This suffices to define Bayes-Nash equilibria of the auction.

Definition 1 (Bayes-Nash equilibrium). A pure-strategy Bayes-Nash equilibrium of
the pay-as-bid game G is a profile of strategies (p̃i)N

i=1 with

p̃i ∈ arg max
p̃i∈S

g̃i
(
(p̃k)N

k=1, θi
)

∀θi ∈ [0, 1] ∀i ∈ {1, ..., N}.

A natural approach to Bayes-Nash equilibria is to let players maximize the
integrand of their payoff function pointwise. This intuition is captured by the
everywhere-optimal equilibrium. It can be easily seen that all everywhere-optimal

4When i is assigned unit y that means i is also assigned all “lower” units and potentially also
“higher” units. That is, P ri(y, p) is a probability and not a density.
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equilibria are Bayes-Nash equilibria. In this paper, I only consider pure strategies.
It follows from the uniqueness result on first-price auctions by Lebrun (2006) that
every everywhere-optimal equilibrium is in pure strategies.

Definition 2 (Everywhere-optimal equilibrium). An everywhere-optimal equilib-
rium of the pay-as-bid game G is a profile of strategies (p̃i)N

i=1 that pointwise maxi-
mize expected profit in the sense that

p̃i(θ, y) ∈ arg max
p

Pri(y, p)(p − ci(θ, y))

for every θ ∈ [0, 1], for every i and for every y ∈ (0, 1).

Note that any modification of Bayes-Nash equilibrium strategies at a measure-
zero set of units creates another Bayes-Nash equilibrium as long as the resulting bid
functions do not violate the monotonicity restriction of the strategy space. When
equilibrium bid functions are continuous, such a modification would still be possible
for y ∈ {0, 1}. To account for this, the above definition demands optimality only on
(0, 1).

1.4.1 Uniqueness and Other Properties

To formalize a notion of uniqueness, some preliminaries are required. A common
phenomenon in auction theory is that some types may win an auction with probabil-
ity zero in equilibrium. Their bid can be changed without changing the equilibrium
allocation. In multi-unit auctions, Pycia and Woodward (2026) call the set of units
that are won with positive probability relevant units.

Definition 3 (Relevant units). For a given strategy profile (p̃i)N
i=1, the set of relevant

units for player i with type θi ∈ [0, 1] is the set of units y ∈ (0, 1) assigned to player
i with positive probability Pri(y, p̃i(θi, y)) > 0.

To account for the fact that two equilibria could differ with respect to bids for
units that are not relevant without ever resulting in different allocations, Pycia and
Woodward (2026) use the notion of an essentially unique equilibrium. I also allow
differences in the bid functions of type θ = 0 which affect allocations with probability
zero.

Definition 4 (Essential uniqueness). An everywhere-optimal equilibrium is essen-
tially unique when the set of relevant units and bids for all relevant units are identical
in all everywhere-optimal equilibria for all players and all types θ ∈ (0, 1].

I assume N = 2 for the remainder of this subsection. The pay-as-bid auction
with two players exhibits some convenient properties that make equilibria especially
tractable. Player i competes locally for unit y with the bid of player j for unit
1 − y. For this form of local competition, I use the term local auction. When
p̃i(θi, y) < p̃j(θj , 1 − y) player i wins this auction and vice versa. The pay-as-bid
auction with two players can thus be described as a continuum of local auctions
that are essentially asymmetric first-price auctions. This approach culminates in
Proposition 1, which characterizes the unique everywhere-optimal equilibrium.
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Proposition 1 (Uniqueness of the everywhere-optimal equilibrium). The pay-as-
bid game G with two players has at most one everywhere-optimal equilibrium in
the sense of essential uniqueness. Define p :=

∫ 1
0 c(θ, 1

2)dθ. When the equilibrium
exists, strategies (p̃i)2

i=1 for relevant units are symmetric and given by the inverse
of the function θ̃ solving the differential equation (1.1), considered over the domain
D = {(θ̃, y, p) | θ̃ ∈ (0, 1], y ∈ (0, 1), p ∈ (c(θ̃(y, p), y), c(0, 1

2))}, with initial condition
(1.2).

θ̃p(y, p) = θ̃(y, p)
c
(
θ̃(1 − y, p), 1 − y

)
− p

, (1.1)

θ̃
(
y, p

)
= 1 for y ∈ (0, 1). (1.2)

Proof. See Section 1.4.2.

For the unique candidate for an everywhere-optimal equilibrium, the solution to
differential equation (1.1) with initial condition (1.2) gives bids within domain D,
which refers to the set of relevant units for types θ ∈ (0, 1]. In the following, I discuss
the derivation and properties of this solution. In Section 1.4.3, I discuss bids for
θ = 0 and units that are not relevant.

Existing literature on first-price auctions by Lebrun (2006) entails two initial
conditions, because it is restricted to equilibria where players never bid below their
cost. In my analysis, this is possible when the bid for the respective unit is accepted
with probability zero. For such units that are not relevant, there may be an infinity
of possible equilibrium bids. As those bids are accepted with probability zero and
never affect the allocation, I still call the equilibrium essentially unique.

The proof of Proposition 1 is based on existing results regarding first-price auc-
tions for single units. I first show that p̃(·, y) has to be continuous and strictly
decreasing, and Pri has to be continuously differentiable. Then, to satisfy the first-
order condition of profit maximization at every unit y, the differential equation (1.1)
has to hold. Now, view θ̃(y, ·) and θ̃(1 − y, ·) as two separate functions. Equation
(1.1) and

θ̃p(1 − y, p) = θ̃(1 − y, p)
c
(
θ̃(y, p), y

)
− p

form a system of ordinary differential equations. Then, the local Picard-Lindelöf
theorem can be applied to show that there is a unique solution to (1.1) and (1.2) on
domain D. The next subsection provides a detailed proof.

I can now discuss some interesting properties of the everywhere-optimal equilib-
rium. Let θ∗ with inverse p∗ be the unique solution of (1.1) and (1.2). To emphasize
that this is only a characterization on domain D, I do not write (θ̃, p̃) here. The
following properties can all be derived directly from the characterization. The prop-
erties are visualized in Figure 1.1.

Property 1. The solution for the most efficient type, p∗(1, ·), is flat at p∗(1, y) = p

for y ∈ (0, 1).
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Proof. This follows directly from inverting initial condition (1.2) in Proposition 1.

Property 1 shows that the characterized solution always entails a flat bid func-
tion. However, contrary to the bid flattening intuition of Woodward (2016), this bid
function satisfies pointwise profit maximization.

Property 2. Let c be strictly increasing in y, its second argument. Then, for y < 1
2

and θ < 1 within domain D, it holds that p∗(θ, y) < p∗(θ, 1 − y).

Proof. This proof can be found in Appendix 1B.1.

Property 2 is helpful for the proof of existence. Note that monotonicity of p∗ in
y is stronger than the above and does not follow directly from the monotonicity of
c. This is discussed in Section 1.4.3.

Proposition 2 (Equilibrium robustness). Within any closed subset of domain D,
the equilibrium solution p∗ is locally Lipschitz continuous in marginal cost function
c. Let c be Lipschitz continuous in both of its arguments. Then, within domain D,
the bid function p∗ is locally Lipschitz continuous in both of its arguments.

Proof. This proof can be found in Appendix 1B.2.

Proposition 2 shows that the equilibrium bid function changes continuously in
its arguments and in the cost function. Hence, equilibrium bids can be predicted
with limited errors, even when there is some uncertainty regarding the cost function
c or the distribution of private information parameter θ. This provides a fundamen-
tal rationale for the strand of the literature that derives bids from estimated cost
functions.

y0

$

1

P r(y, p) = 1

P r(y, p) = 0

p̃(θ = 1, y)

p̃(θ = 0, y)

Figure 1.1: Solution properties

Figure 1.1 shows an example of bid functions p̃ = p∗ solving the characterization
in Proposition 1. Bid functions are continuous and p̃(1, y) = p. In this example, bid
functions are weakly increasing everywhere. The gray area is outside of domain D

and the respective bids are not characterized by (1.1) and (1.2). Bids in this area
do not affect the outcome of the auction.
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1.4.2 Proof of Uniqueness

In this part, I provide the proof of Proposition 1. Proofs for all Lemmas can be
found in Appendix 1C. To show that every everywhere-optimal equilibrium has to
satisfy some regularity conditions, I use some existing results on first-price auctions.

In the following, I consider the local auction where bidder i competes for unit
y with bidder j’s bid for unit 1 − y. Essential uniqueness is concerned with bids of
types θ ∈ (0, 1] for relevant units, which is equivalent to the domain D considered
in Proposition 1. For given y ∈ (0, 1) and equilibrium bid functions, I show with the
following results that this relevant domain is an interval [p, p) and proceed to show
that the characterization in Proposition 1 is a necessary condition.

Lemma 1 (Maskin and Riley (2000), Proposition 1). In any everywhere-optimal
equilibrium of the pay-as-bid game G with two players, p̃i(·, y) is a weakly decreasing
function for i ∈ {1, 2} in the sense that θ′′ > θ′ implies that p̃i(θ′′, y) ≤ p̃i(θ′, y) for
any θ′ such that p̃i(θ′, y) < p.

Lemma 1 is helpful in proving the following result.

Lemma 2 (Maskin and Riley (2000), Proposition 3). In any everywhere-optimal
equilibrium of the pay-as-bid game G with two players, for any given y ∈ (0, 1), the
support of the distribution of winning bids min{p̃i(·, y), p̃j(·, 1 − y)} is an interval
[p, p). On the interval [p, p), the distribution of bids of each player has no gaps or
mass points.

Combining this result with the weak monotonicity from Lemma 1 gives strict
monotonicity. As the distribution of bids has no mass points on [p, p), it holds that
θ′′ > θ′ implies that p̃i(θ′′, y) < p̃i(θ′, y). Then, the inverse bid functions (θ̃i)2

i=1
exist.

Lemma 3 (Lebrun (1997), Lemma A1-18). In any everywhere-optimal equilibrium
of the pay-as-bid game G with two players, for any i ∈ {1, 2} and at any y ∈ (0, 1),
the inverse bid function θ̃i(y, ·) is continuously differentiable on [p, p).

It follows from the proof of Lemma 3 that the partial derivatives (θ̃i
p)2

i=1 exist
and satisfy the following system. The same system can be derived from first-order
conditions of profit maximization by both bidders.

θ̃j
p(1 − y, p) = θ̃j(1 − y, p)

c
(
θ̃i(y, p), y

)
− p

θ̃i
p(y, p) = θ̃i(y, p)

c
(
θ̃j(1 − y, p), 1 − y

)
− p

(1.3)

For given y ∈ [0, 1], this is an ordinary differential equation. To apply the usual
theorems an initial condition is needed.

Lemma 4. In any everywhere-optimal equilibrium of the pay-as-bid game G, at any
y ∈ (0, 1), it holds that θ̃

(
y, p

)
= 1 with p =

∫ 1
0 c(θ, 1

2)dθ.
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Lemma 4 establishes that the initial condition for the differential equation in
Proposition 1 is actually a necessary condition for an everywhere-optimal equilib-
rium. It can be easily seen that the bid function of type θ = 1 has to be flat.
Suppose for a contradiction that p̃(1, ·) is strictly increasing for some y. Recall that,
by Lemma 1, bids of all other types are strictly higher for given y in equilibrium.
Then, type θ = 1 has a profitable deviation. The bid for low units y close to zero can
be slightly increased while maintaining winning probability one as long as the bid is
below the respective bid for the competing unit 1 − y. Setting p̃(1, y) =

∫ 1
0 c(θ, 1

2)dθ

ensures that p̃(0, 1/2) = c(0, 1/2). Otherwise, the bid of type θ = 0 at y = 1
2 could

not be optimal as profits for this unit could be increased by slightly lowering the
bid. This is also a consequence of Theorem 1 of Pycia and Woodward (2026) and
earlier results on symmetric first-price auctions. A complete proof of Lemma 4 is
included in Appendix 1C.4.

Taking the ordinary differential equation (1.3) with initial condition (1.2) as
derived in Lemma 4, I can apply the local Picard-Lindelöf theorem to see that there
is a unique solution. Since the same system has to hold also when indices j and i are
exchanged, the solution has to be symmetric and can therefore be written without
indices as in equation (1.1). This completes the proof of Proposition 1.

1.4.3 Existence

Existence of the everywhere-optimal equilibrium in pay-as-bid auctions is more com-
plicated than equilibrium existence in first-price auctions. However, Proposition 3
provides a simple sufficient condition for existence in terms of the solution to the
characterization in Proposition 1. Note that the condition on the image is not a
necessary condition for existence. When the condition is violated, there can be an
everywhere-optimal equilibrium with mass points at the upper end of the support of
bids. At the end of this subsection, I give an example of an everywhere-optimal equi-
librium in closed form and I show, by solving differential equation (1.1) numerically,
that existence of this equilibrium is not a knife-edge case.

Proposition 3 (Existence of the everywhere-optimal equilibrium). Let c(θ, y) be
strictly increasing and Lipschitz continuous in y for every θ ∈ [0, 1]. Let θ∗ with
inverse p∗ be the solution to (1.1) and (1.2), let θ∗(·, p) be weakly increasing and let
θ∗(y, ·) have image (0, 1] for all y < 1

2 . Then, the pay-as-bid game G with 2 players
has an everywhere-optimal equilibrium.

Define p∗(0, y) := limθ↘0 p∗(θ, y). The boundary of the relevant domain is given
by yD(θ) := sup{y ∈ [1

2 , 1] : p∗(θ, y) ≤ p∗(0, 1 − y)}. The strategy p̃ forms an
everywhere-optimal equilibrium if

p̃(θ, y) =

p∗(θ, y) for y < yD(θ)
limz↗yD(θ) p∗(θ, z) for y ≥ yD(θ).

Proof. Proposition 3 defines a function p̃ : [0, 1]×[0, 1] → R that is weakly increasing
in its second argument. Hence, the Proposition gives an admissible strategy p̃ ∈ S.
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To complete the proof of Proposition 3, I show that there is no player i and no
type θ ∈ [0, 1] that has a profitable deviation from p̃(θ, y) at some y ∈ [0, 1]. I split
the proof into the three following Lemmas that hold for any given θ ∈ [0, 1] and
y ∈ [0, 1]. Denote the common support of winning bids by [p, p) as in Lemma 2.
Proofs for all Lemmas can be found in Appendix 1D.

Lemma 5. For given y ∈ [0, 1], let p := min{p̃i(0, y), p̃j(0, 1−y)}. For any θ ∈ [0, 1],
bidding above the common support of bids is weakly dominated by bidding p̃(0, y) in
the sense that

Pri(y, p̃i(0, y)
)(

p̃i(0, y) − ci(θ, y)
)

≥ Pri(y, p′)(p′ − ci(θ, y)) ∀p′ > p.

For units y < 1
2 , it is possible to deviate to bids above the common support of

bids and still maintain a positive probability to win the unit. Together with the
following argument, Lemma 5 rules out such deviations relying on the flat extension
of bid function on units that are not relevant.

Lemma 6. For given θ ∈ [0, 1] and y ∈ [0, 1], let p := min{p̃i(0, y), p̃j(0, 1 − y)}.
There is no profitable deviation within the common support of bids in the sense that

p̃i(θ, y) ∈ arg max
p∈[p,p]

Pri(y, p)(p − ci(θ, y))

for every θ ∈ [0, 1], for every relevant y and for every i.

Lemma 6 follows from a second order condition of profit maximization that is
given by Wolfstetter (1996).

Lemma 7. For given θ ∈ [0, 1] and y ∈ [0, 1], there is no profitable deviation to bids
below the common support of bids in the sense that

Pri(y, p̃i(θ, y)
)(

p̃i(θ, y) − ci(θ, y)
)

≥ Pri(y, p)(p − ci(θ, y)) ∀p < p.

In conclusion, there is no type θ ∈ [0, 1] that has a profitable deviation at any
unit y from p̃(θ, y) to some p ∈ R.

One might presume that when marginal costs c are monotone in y the resulting
bid function p̃ also satisfies the monotonicity condition. However, monotonicity of
c is not sufficient. An example in which the equilibrium candidate violates mono-
tonicity is included in Appendix 1F.

Since both of the properties required in Proposition 3 cannot be easily written
in terms of the marginal cost function c, a simple and useful approach is to check
whether the equilibrium candidate bid function satisfies the properties. As an exam-
ple where both properties hold as required, consider the game with two players and
marginal cost function c(θ, y) = α + βθ + 3γy − 2γyθ with α > 0, β < 0 and γ > 0.
This is the class of linear marginal cost functions that results in linear equilibrium
bids. The equilibrium strategy is p̃(θ, y) = α + γ + 1

2βθ + γy − γyθ. One example
from this class is shown in Figure 1.2. A more general class of cost functions with
closed-form solutions is given in Proposition 5.
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(a) Marginal costs (b) Bid functions

Figure 1.2: Equilibrium example

A simple reverse engineering procedure to create examples of pay-as-bid auctions
with equilibria in closed form is to first think of a strategy p̃ such that p̃(1, y) is flat,
and then find c by plugging into the following equation.

θ̃p
(
1 − y, p̃(θ, y)

)
=

θ̃
(
1 − y, p̃(θ, y)

)
c(θ, y) − p̃(θ, y)

This can be easily solved for c. The Picard-Lindelöf theorem implies that for any
cost function satisfying Lipschitz continuity in the ODE (1.1) a solution θ̃ exists.
However, as usual with differential equations, a closed form expression often does not
exist and the researcher would have to use numerical methods to derive equilibrium
bid functions from a given cost function.

Figure 1.3: Numerical solution: everywhere-optimal,
violated monotonicity and singularity

For a numerical exercise, let again N = 2 and consider the general form c(θ, y) =
α+βθ+γy+δyθ of linear marginal costs. Note that parallel shifts in α are irrelevant
for equilibrium existence and normalize β = −1, so that the phase diagram can be
shown in the (γ, δ)-plane. When δ = −2

3γ as in the example above, the linear cost
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function permits linear bid functions in the everywhere-optimal equilibrium.
In Figure 1.3, this corresponds to the thick line. For (γ, δ) in the blue area, the

numerical solution satisfies the criteria from Proposition 3 and forms an everywhere-
optimal equilibrium. Failed monotonicity and failure of the image condition due to
a singularity are marked green and red. Note that the monotonicity condition fails
when δ < −γ < 0. In such a case, the marginal cost function of type θ = 1 is
decreasing. When γ is high relative to δ, the absolute value of the denominator in
equation (1.1) is small for large 1 − y, creating singularities and failed monotonicity
as seen in the top-right corner of Figure 1.3.

1.4.4 N > 2 Players

In the case with more than two players, the pay-as-bid auction cannot be easily
represented as a continuum of first-price auctions. However, Proposition 4 provides
a characterization of relevant bids in a weaker version of Proposition 1.

In the case with two players, the bid for unit y made by player 1 competes with
the bid of player 2 for unit 1 − y. Now the bid of player 1 for unit y competes with
the aggregate supply from all other players, which is a more complex function of
bid functions. This can be interpreted as a continuum of first-price auctions with
correlated valuations. Note that this interpretation does not satisfy the assumption
of affiliated valuations in the sense of Milgrom and Weber (1982).

A natural approach to the everywhere-optimal equilibrium is to solve first-order
conditions as in the case with two players. I state the resulting characterization in
Proposition 4.

Proposition 4. Any symmetric everywhere-optimal equilibrium of G with inverse
bid function θ̃ having a well-defined Hessian, within domain D′ = {(θ̃, y, p) | θ̃ ∈
(0, 1], y ∈ (0, 1), P r(y, p) ∈ (0, 1]}, satisfies

0 = Pr(y, p) +
(

p − c
(
θ̃(y, p), y

)) d

dp
Pr(y, p) (1.4)

with

Pr(y, p) =
∫ 1−y−(N−2)y(0,p)

y(0,p)

∫ 1−y−(N−3)y(0,p)−s1

y(0,p)
...

∫ 1−y−y(0,p)−
∑N−3

j=1 sN−3

y(0,p)

θ̃
(
1 − y −

N−2∑
j=1

sj , p
) N−2∏

j=1
θ̃y(sj , p)dsN−2...ds2ds1

+
N−2∑
k=1

(
N − 2

k

)
θ̃(y(0, p), p)k

∫ 1−y

0

∫ 1−y−s1

0
...

∫ 1−y−
∑N−3−k

j=1 sj

0

θ̃
(
1 − y −

N−2−k∑
j=1

sj , p
) N−2−k∏

j=1
θ̃y(sj , p)dsN−2−k...ds2ds1.

(1.5)

Proof. The proof of Proposition 4 is included in Appendix 1E.

It is difficult to interpret the characterization in Proposition 4. However, it can
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be used to derive equilibrium strategies numerically. Additionally, as in the setting
with two players, equilibrium examples can be reverse engineered by thinking of
some strategy p̃ and solving the above characterization for c. I provide such an
equilibrium example in closed form with three players in Appendix 1G.

Note that Proposition 4 does not state equilibrium uniqueness. The order of
the cross-derivatives forbids potential applications of the Cauchy-Kovalevskaya the-
orem. Additionally, the setting with more than two players allows different initial
conditions compared to the unique flat bid function of type θ = 1 in the setting with
two players.

Most steps for equilibrium sufficiency of the above characterization work as in
the proof of Proposition 3. Lemmas 6 and 7 can also be applied in this setting.
However, the proof of Lemma 5 does not go through here and deviations to prices
above the support of bids for quantities y < 1/N need to be ruled out differently.

1.5 Strategic Ironing

Woodward (2016) postulates that, in a class of equilibria, players flatten their bids
for a range of units, away from the solution of first-order conditions. This is termed
strategic ironing. According to the formal definition of Woodward (2016), a profile
of equilibrium strategies exhibits strategic ironing when there is at least one type
that submits a bid function with a flat part at low quantities.

y0

p

1

p̃(θ = 1, y)

p̃(θ = 1, 1 − y)
P r(y, p) = 1

Figure 1.4: Strategic ironing

The intuition for this equilibrium type is simple. Consider a symmetric equilib-
rium candidate, where the most efficient type θ = 1 submits a strictly increasing bid
function. This is depicted by the solid blue line in Figure 1.4. Assume that types
θ < 1 demand higher prices for each unit. Then, the dashed red line shows the most
restrictive residual demand curve a player can face. This is given by the mirrored
bid function of type θ = 1. Every unit offered at a price in the shaded red area is
sold with probability Pr(y, p) = 1. Then, the blue bid function cannot be part of an
equilibrium as the shaded red area leaves room to deviate by slightly increasing bids
for low units while still winning them with probability one. Woodward (2016) pos-
tulates that bids are flattened as depicted by the dashed blue line where first-order
conditions hold on average over the flattened part. Local deviations at low units
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are eliminated by the monotonicity constraint on bid functions. This averaging of
first-order conditions dates back to Kastl (2012).

Note, however, that this also changes incentives for the remaining part of the bid
function. The derivation of such equilibria is more complicated and left for further
research. To reflect the intuition that strategic ironing is a flattening resulting in an
equilibrium strategy that differs from the solution to local first-order conditions, I
use a slightly different definition than Woodward (2016).

Definition 5 (Strategic ironing equilibrium). A Bayes-Nash equilibrium of the pay-
as-bid game G exhibits strategic ironing if there is a player i with a type θi ∈ [0, 1]
and an interval of relevant units [y, y] ⊆ [0, 1] with y > y such that for all units
y ∈ [y, y] it holds that p̃i(θi, y) is constant and does not maximize expected profit in
the sense that

p̃i(θi, y) ̸∈ arg max
p

Pri(y, p)(p − c(θi, y)).

I have shown above that there can be a solution to local first-order conditions
such that the most efficient type submits a flat bid function. According to the
definition of Woodward (2016), the resulting equilibrium would exhibit strategic
ironing, but it does not according to my definition when every relevant point on the
bid functions maximizes expected profits. Bids are not flattened in the everywhere-
optimal equilibrium. This supports the claim that bid flattening is less important
than postulated by Woodward (2016).

It follows immediately from the definitions that a given profile of strategies form-
ing a Bayes-Nash equilibrium cannot be at the same time everywhere-optimal and
strategic ironing. A related finding that is not as trivial is Conjecture 1.

Conjecture 1. Let marginal costs c be Lipschitz continuous in both arguments.
Then, every Bayes-Nash equilibrium of the pay-as-bid game G with two players is
either of the everywhere-optimal form or of the strategic ironing form.

As discussed in Section 1.4.3, the everywhere-optimal equilibrium does not always
exist. Woodward (2016) shows that a pure-strategy Bayes-Nash equilibrium always
exists. Under Conjecture 1, this would imply that a strategic ironing equilibrium
has to exist in those cases. It remains unclear whether the two equilibrium types
could coexist for certain cost functions.

1.6 Welfare and Revenue

My characterization of equilibrium strategies in the pay-as-bid auction allows a more
profound analysis of mechanism choices in divisible good settings such as electricity
markets. To provide an example, I compare procurement costs of the pay-as-bid
auction to the Vickrey auction.

Given that all mechanisms considered procure the same quantity of the good,
welfare differences arise only from differences in production costs that result from
the allocations. The VCG mechanism can be applied to this setting in the form of
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Figure 1.5: Revenue of pay-as-bid and VCG

the Vickrey auction to minimize the production costs and thereby maximize social
welfare.

When interpreting the problem as a procurement auction, the revenue of the
auctioneer is given by the negative of the payments to the players. For realized
type profile (θi)n

i=1 and equilibrium strategy p̃, the revenue of a pay-as-bid auction
assigning quantities ŷi is given by

RP AB

(
(θi)n

i=1

)
= −

n∑
i=1

∫ ŷi((θk)n
k=1)

0
p̃(θi, y)dy.

Exchange p̃ with c in the above equation to receive social welfare. Write RV CG to
denote revenue in the dominant strategy equilibrium of the VCG mechanism. Con-
sider now again the setup with two players and the class of all linear marginal cost
functions that also result in linear bid functions from Section 1.4.3. The marginal
cost function is c(θ, y) = α + βθ + 3γy − 2γyθ with α > 0, β < 0 and γ > 0. Equilib-
rium bids are given by p̃(θ, y) = α + γ + 1

2βθ + γy − γyθ. Note that parameter α is
irrelevant here as it identically shifts welfare and revenue in the pay-as-bid auction
and the Vickrey auction. Figure 1.5 compares expected revenue of the pay-as-bid
auction and the Vickrey auction for β ∈ [−2, −1] and γ ∈ [1, 2] while normalizing
α = 0. In this setting, expected welfare of the Vickrey auction is strictly higher than
expected welfare of the pay-as-bid auction.

The intuition behind Proposition 5 is that the local-auction structure depends
only on the comparison between unit y and its mirror unit 1 − y. This allows the
linear example above to be generalized by replacing the linear dependence on y
with an arbitrary increasing shape function, while preserving the local first-order
conditions up to shifts and rescaling. In fact, the strict revenue ranking between
pay-as-bid and the VCG mechanism from Figure 1.5 is also preserved.

Proposition 5 (Revenue ranking). Let σ : [0, 1] → R be Lipschitz continuous,
strictly increasing and strictly positive. Let the cost function be c(θ, y) = p +
2(1 − θ)σ(y) − σ(1 − y). Then, the pay-as-bid auction with two players admits an
everywhere-optimal equilibrium where bids within the relevant domain D are given
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by p̃(θ, y) = p + (1 − θ)σ(y), and E[RP AB

(
(θi)N

i=1

)
] > E[RV CG

(
(θi)N

i=1

)
].

Proof. The proof of Proposition 5 is included in Appendix 1H.

Recall that the VCG mechanism maximizes social welfare. However, in the above
setting, the designer achieves strictly higher expected revenue with the pay-as-bid
auction. This possibly explains why, in practice, designers favor the pay-as-bid
auction. Consequently, policymakers might consider an intervention in favor of the
Vickrey auction.

1.7 Conclusion

In this study, I improve the understanding of pay-as-bid auctions in a setup with
private information about individual costs or valuations. In contrast to conjectures
in the existing literature, I show that the equilibrium does not necessarily entail
flattening of bids. In the everywhere-optimal equilibrium, players choose optimal
bid functions by pointwise maximization. I prove that there is a unique everywhere-
optimal equilibrium in the setup with two players, and characterize equilibrium
strategies. Existence of this equilibrium form can be easily checked via the properties
of the solution to the main differential equation. A numerical exercise shows that
existence of the everywhere-optimal equilibrium is not a knife-edge case.

I discuss the idea of strategic ironing equilibria introduced in the existing liter-
ature, provide a formal definition, and conjecture that any Bayes-Nash equilibrium
of the pay-as-bid auction must take one of the two forms. Taking into account exist-
ing results on the existence of Bayes-Nash equilibria, when the everywhere-optimal
equilibrium does not exist, this would imply existence of a strategic ironing equilib-
rium. However, it remains unclear whether there are cases in which both types of
equilibria exist at the same time.

I give the first example of a closed-form solution of an everywhere-optimal Bayes-
Nash equilibrium in a pay-as-bid auction with private information. This equilibrium
is directly given by the solution to the differential equation. In this example, I com-
pare expected revenue and welfare of the pay-as-bid auction to the ex-post efficient
Vickrey auction. The results indicate that, in practice, auction designers might not
use the Vickrey auction because the pay-as-bid auction — and possibly other auc-
tion formats — entails lower procurement costs. Equilibrium uniqueness and low
procurement costs can incentivize designers to choose pay-as-bid in practice. How-
ever, the pay-as-bid auction is generally not optimal in terms of social welfare. This
could motivate social planners to intervene in the choice of mechanisms in practice.
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Appendices

1A Rationing Rule

Consider a fixed realization of the type profile (θj)N
j=1. When the inverse ỹi does not

exist, the assigned quantity ŷi cannot be determined as in Section 1.3.2. Suppose
player i offers quantity y at price p. That is, p̃(θi, y) = p. If y > 1 −

∑
j ̸=i yj(θj , p)

player i is not assigned the infinitesimal unit y and 1
i
(
y, p

)
= 0. Vice versa, if

y < 1 −
∑

j ̸=i yj(θj , p) player i is assigned the infinitesimal unit y and 1
i
(
y, p

)
= 1.

Now suppose 1 −
∑

j ̸=i yj(θj , p) ≤ y ≤ 1 −
∑

j ̸=i yj(θj , p). For given quantity y

and price p, let L(y, p) be the set of players j with yj(p) < y. Let M(y, p) be the
set of players j with yj(p) ≤ y and yj(p) ≥ y. Let H(y, p) be the set of players j

with yj(p) > y. Note that i ∈ M(y, p) when player i offers quantity y at price p.
Then, i is assigned unit y if and only if 1i

(
y, p

)
= 1 with

1
i(y, p

)
:= 1

( ∑
j∈L(y,p)

yj(p) + |M(y, p)|y +
∑

j∈H(y,p)
yj(p) ≤ 1

)
.

Note that for all j ∈ M(y, p), 1j is constant. Now I define the total quantity assigned
to player i which is ŷi

(
(p̃k)N

k=1, (θk)N
k=1

)
. Define the auxiliary quantity y∗ such that

at the clearing price p̂ it holds that∑
j∈L(y∗,p̂)

yj(p̂) + |M(y∗, p̂)|y∗ +
∑

j∈H(y∗,p̂)
yj(p̂) = 1.

By continuity and by the definition of the clearing price there is always exactly one
y∗ that solves the above equation. Then ŷj = yj(p̂) for all j with yj(p̂) < y∗ and
ŷj = yj(p̂) for all j with yj(p̂) > y∗. The total assigned quantity is ŷj = y∗ for all j

with yj(p̂) ≤ y∗ ≤ yj(p̂).
The given rationing rule ensures that quantities at the market clearing price are

distributed as equally as possible. At the same time it has the convenient property
that the probability player i is assigned some unit y at price p does not depend on
what i bids for units other than y. Woodward (2016) uses a different rationing rule
that is pro-rata at the margin.5

5The statement of the rationing rule by Woodward (2016) contains a slight flaw implying that
the assigned quantities do generally not sum up to the total quantity. However, this could be fixed
easily to receive rationing pro-rata at the margin if desired.
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1B Proofs for Equilibrium Properties

1B.1 Proof of Property 2

Let y < 1
2 . It is to be shown that, for any θ < 1 within domain D, it holds that

p∗(θ, y) < p∗(θ, 1 − y). It follows directly from the differential equation (1.1) that
θ∗(y, ·) and therefore p∗(·, y) are strictly decreasing. Then, I can provide the desired
proof by showing that θ∗(y, p) < θ∗(1 − y, p) at p = p̃(θ, y). At the initial condition
it holds that θ∗(y, p) = θ∗(1 − y, p) = 1. Note that

θ∗
p(y, p) = 1

c(1, 1 − y) − p
<

1
c(1, y) − p

= θ∗
p(1 − y, p).

Hence, Property 2 holds in a neighborhood of p. Now, suppose for a contradiction
that θ∗(y, p) ≥ θ∗(1 − y, p) for some price larger than p (but in domain D). Let pinf

be the infimum of all such prices and note that pinf > p, because the Property holds
in a neighborhood of p. By continuity, it must hold that θ∗(y, pinf ) = θ∗(1−y, pinf ).
By the properties of the cost function, it holds again that

θ∗
p(y, pinf ) = θ∗(y, pinf )

c(θ∗(1 − y, pinf ), 1 − y) − pinf

<
θ∗(1 − y, pinf )

c(θ∗(y, pinf ), y) − pinf
= θ∗

p(1 − y, pinf ).

This implies that θ∗(y, p) > θ∗(1 − y, p) for some p ∈ (p, pinf ) which contradicts the
definition of pinf and completes the proof.

1B.2 Proof of Proposition 2

Note that within the domain D it holds that θ∗
p(y, p) < 0. Hence, the inverse p∗ of

θ∗ exists. Consider an arbitrary marginal cost function c′ from a neighborhood of c

and write θ′ and p′ to denote the solution to (1.1) and (1.2) with marginal costs c′

and its inverse. Let A ⊂ D denote an arbitrary closed subset of domain D. I begin
by showing that θ∗ is locally Lipschitz continuous in c in the sense that it possesses
a Lipschitz constant Lc < ∞ such that

sup
(θ∗,y,p)∈A

|θ∗(y, p) − θ′(y, p)| ≤ Lc sup
(θ,y,p)∈A

|c(θ, y) − c′(θ, y)|.

Let x(y, p) :=
(

θ∗(y, p)
θ∗(1 − y, p)

)
and let h(x, y′, p, c) :=

 θ∗(y,p)
c(θ∗(1−y,p),1−y′)−p

θ∗(1−y,p)
c(θ∗(y,p),y′)−p

. Define x′

analogously to x. Since A is a compact set, it is sufficient for the above statement
to show that there is a Lc < ∞ such that within A it holds that

∥x(y, p) − x′(y, p)∥ ≤ Lc sup
(θ,y,p)∈A

|c(θ, y) − c′(θ, y)|.
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Let p′ :=
∫ 1

0 c′(t, 1
2)dt and without loss of generality let p′ ≥ p. Note that by initial

condition (1.2), it holds that x(y, p) − x′(y, p′) = ( 0
0 ). Then, using ODE (1.1) in

integral form gives ∥x(y, p) − x′(y, p)∥

=
∥∥∥∥∥
∫ p′

p
h(x(y, s), y, s, c)ds +

∫ p

p′
h(x(y, s), y, s, c) − h(x′(y, s), y, s, c′)ds

∥∥∥∥∥ .

Let

Lh :=

∥∥∥∥∥∥
 sup

s∈[p,p′]
|h(x(y, s), y, s, c)|

∥∥∥∥∥∥ .

For c′ in a neighborhood of c, p′ is in a neighborhood of p and Lh < ∞. Then, apply
the triangle inequality repeatedly.

∥x(y, p) − x′(y, p)∥ ≤
∫ p′

p
∥h(x(y, s), y, s, c)∥ds

+
∫ p

p′
∥h(x(y, s), y, s, c) − h(x′(y, s), y, s, c′)∥ds

≤ Lh(p′ − p)

+
∫ p

p′
∥h(x(y, s), y, s, c) − h(x′(y, s), y, s, c)∥ds

+
∫ p

p′
∥h(x′(y, s), y, s, c) − h(x′(y, s), y, s, c′)∥ds

All the function values used above are well defined by the characterization in Propo-
sition 1 when c′ is in a neighborhood of c. Lipschitz continuity of c implies that h

has finite Lipschitz constants Lhx, Lhc such that within A it holds that

∥x(y, p) − x′(y, p)∥ ≤ Lh(p′ − p) +
∫ p

p′
Lhx∥x(y, s) − x′(y, s)∥ds

+
∫ p

p′
Lhc sup

(θ,y,p)∈A
|c(θ, y) − c′(θ, y)|ds

≤ Lh sup
(θ,y,p)∈A

|c(θ, y) − c′(θ, y)| +
∫ p

p′
Lhx∥x(y, s) − x′(y, s)∥ds

+ (p − p′)Lhc sup
(θ,y,p)∈A

|c(θ, y) − c′(θ, y)|

=
(
Lh + Lhc(p − p′)

)
sup

(θ,y,p)∈A
|c(θ, y) − c′(θ, y)|

+
∫ p

p′
Lhx∥x(y, s) − x′(y, s)∥ds.

The second inequality follows from the definition of p. Applying the integral form
of Grönwall’s inequality gives

∥x(y, p) − x′(y, p)∥ ≤
(
Lh + Lhc(p − p′)

)
exp

(∫ p

p′
Lhxds

)
sup

(θ,y,p)∈A
|c(θ, y) − c′(θ, y)|

=
(
Lh + Lhc(p − p′)

)
eLhx(p−p′) sup

(θ,y,p)∈A
|c(θ, y) − c′(θ, y)|.
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Taking Lc =
(
Lh + Lhc(c(0, 1

2) − p′)
)

eLhx(c(0, 1
2 )−p′) completes the proof of Lipschitz

continuity of θ in c. Then, p̃ is also locally Lipschitz continuous in c.
I continue by showing that θ∗(·, p) is locally Lipschitz continuous in the sense that

it possesses a Lipschitz constant Lθ < ∞ such that |θ∗(y, p) − θ∗(y′, p)| ≤ Lθ|y − y′|
for relevant units y′ in some neighborhood of y. The proof follows a similar structure.

Again, let x(y, p) :=
(

θ∗(y, p)
θ∗(1 − y, p)

)
and let f(x, y′, p) :=

 θ∗(y,p)
c(θ∗(1−y,p),1−y′)−p

θ∗(1−y,p)
c(θ∗(y,p),y′)−p

.

Lipschitz continuity of θ̃(·, p) is then proven by showing that it holds that ∥x(y, p) −
x(y′, p)∥ ≤ Lx|y − y′| for some Lx < ∞. Using ODE (1.1) in integral form gives

∥x(y, p) − x(y′, p)∥ = ∥x(y, p) − x(y′, p) +
∫ p

p
f(x(y, s), y, s) − f(x(y′, s), y′, s)ds∥.

By the initial condition (1.2), ∥x(y, p) − x(y′, p)∥ = 0. Then, the triangle inequality
can be repeatedly applied.

∥x(y, p) − x(y′, p)∥ ≤
∫ p

p
∥f(x(y, s), y, s) − f(x(y′, s), y′, s)∥ds

≤
∫ p

p
∥f(x(y, s), y, s) − f(x(y, s), y′, s)∥ds

+
∫ p

p
∥f(x(y, s), y′, s) − f(x(y′, s), y′, s)∥ds

All the function values used above are well defined by the characterization in Propo-
sition 1 when y′ is in a neighborhood of y. Lipschitz continuity of c implies that f

has Lipschitz constants L1, L2 such that

∥x(y, p) − x(y′, p)∥ ≤
∫ p

p
L1|y − y′|ds +

∫ p

p
L2∥x(y, s) − x(y′, s)∥ds

= L1|y − y′|(p − p) +
∫ p

p
L2∥x(y, s) − x(y′, s)∥ds

Applying the integral form of Grönwall’s inequality gives

∥x(y, p) − x(y′, p)∥ ≤ L1|y − y′|(p − p)exp
(∫ p

p
L2ds

)
= L1|y − y′|(p − p)eL2(p−p).

Taking Lx = L1(c(0, 1
2) − p)eL2(c(0, 1

2 )−p) completes the proof of Lipschitz continuity
of θ∗(·, p).

I continue to show that p∗(θ, ·) is Lipschitz continuous in the sense that it pos-
sesses a Lipschitz constant Lp < ∞ such that |p∗(θ, y)−p∗(θ, y′)| ≤ Lp|y−y′| for y′ in
some neighborhood of y. Note that p∗(·, y) is locally Lipschitz continuous with some
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Lipschitz constant L3 because θ∗(y, ·) is continuously differentiable with θ∗
p < 0.

|p∗(θ, y) − p∗(θ, y′)| = |p∗(θ, y) − p∗(θ∗(y, p∗(θ, y′)), y)|
≤ L3|θ − θ∗(y, p∗(θ, y′))|
= L3|θ∗(y′, p∗(θ, y′)) − θ∗(y, p∗(θ, y′))|
≤ L3Lθ|y − y′|

Thus, p∗(θ, ·) is a locally Lipschitz continuous function.

1C Proofs for Proposition 1 (Uniqueness)

1C.1 Proof of Lemma 1

This is an adaptation of Proposition 1 by Maskin and Riley (2000). Consider some
θ′ ∈ (0, 1] and denote p′ := p̃i(θ′, y). Recall that the density of the private informa-
tion parameter θj ∈ [0, 1] is one. As p′ is a best response of player i with type θ′ it
holds for any p′′ > p′ that∫

p̃j(θj ,1−y)≥p′

(
p′ − c(θ′, y)

)
dθj −

∫
p̃j(θj ,1−y)≥p′′

(
p′′ − c(θ′, y)

)
dθj ≥ 0.

I show weak monotonicity by showing that it can never be optimal for a type θ′′ > θ′

to bid p′′ > p′. Type θ′′ would strictly prefer bidding p′ instead of p′′ because∫
p̃j(θj ,1−y)≥p′

(
p′ − c(θ′′, y)

)
dθj −

∫
p̃j(θj ,1−y)≥p′′

(
p′′ − c(θ′′, y)

)
dθj

=
∫

p̃j(θj ,1−y)≥p′

(
p′ − c(θ′, y)

)
dθj −

∫
p̃j(θj ,1−y)≥p′′

(
p′′ − c(θ′, y)

)
dθj

+
∫

p̃j(θj ,1−y)∈(p′,p′′)

(
c(θ′, y) − c(θ′′, y)

)
dθj

>0.

The probability of winning with p′ must be strictly larger than the probability of
winning with p′′. Otherwise it would not be optimal to bid p′ for type θ′. Therefore,
player j bids within (p′, p′′) with positive probability. Strict monotonicity of the
cost function implies that c(θ′, y) − c(θ′′, y) > 0 and therefore the above inequality
holds and I have shown weak monotonicity. Note that this proof also goes through
for N > 2 by adjusting the notation of integration.

1C.2 Proof of Lemma 2

This is a version of Proposition 3 by Maskin and Riley (2000). Consider the local
auction where i’s bid for unit y0 competes with j’s bid for unit 1 − y0. Let p be
the supremum of the support of the distribution of winning bids. If the supremum
does not exist, let p = ∞. Consider p = p̃i(1, y0) and note that it must hold that
p̃j(1, 1 − y0) = p̃i(1, y0) = p. By Lemma 1, type θ = 1 makes the lowest bid.
In an everywhere-optimal equilibrium, no player can bid below the support of the
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competitor because then the payoff could be increased by increasing the bid while
still winning the unit with probability one.

I continue by showing that there is no p0 ∈ [p, p) such that at least one player bids
p0 with positive probability. Suppose both players bid p0 with positive probability. A
profitable deviation for at least one player (depending on the tie-breaking rule) would
be to bid slightly less than p0 instead. Suppose only player j bids p̃j(θ, 1 − y0) = p0

with positive probability. Then, the support of bids by player i for unit y0 has to
have a gap on some interval [p0, p0 + ε] with ε > 0. The intuition for this is that
deviating to bids slightly below p0 increases expected payoff due to the jump in
probability.

Let θlim := sup{θ : p̃i(θ, y0) ≥ p0}. Suppose there is no ε > 0 such that a gap
on [p0, p0 + ε] exists. Then, by Lemma 1, as θ approaches θlim from above, p̃i(θ, y0)
approaches p0 from above. Note that limθ↘θlim

c(θ, y0) < p0. This is because the
expected payoff cannot converge to zero at p0. For p∗ := min{p+p0

2 , p0 + 7}, I can
identify a lower bound for the expected payoff as

Pri(y0, p̃i(θ, y0))(p̃i(θ, y0) − c(θ, y0)) ≥ Pri(y0, p∗)(p∗ − c(θ, y0)).

The minimum is necessary for the case p = ∞. Then, for ε small enough, types that
bid p̃i(θ, y0) ∈ (p0, p0 + ε] can increase expected payoff by bidding slightly below p0.

Maskin and Riley (2000) then show that the support has no gaps. Suppose for
a contradiction that no player bids in the interval (p′, p′′) ⊂ (p, p) with positive
probability, but there are bids in the neighborhood of p′ or at p′. Because of the
above, the probability of winning the unit with the bids p′ and p′′ is the same. Then,
it is a profitable deviation to bid p′′ instead of bidding p′ or close to p′. Furthermore,
the support of bids cannot have a gap for one player only because then it would not be
optimal for the other player to bid in the interior of the gap. Thus, the probabilities
of winning the unit, Pri(y, ·) and Prj(1 − y, ·), are continuous functions for every
y ∈ (0, 1).

1C.3 Proof of Lemma 3

This is a version of Lemma A1-18 by Lebrun (1997). A similar approach is given by
Lemma 7 of Maskin and Riley (2003). By the definition of the everywhere-optimal
equilibrium and the finding of Lemma 1, an equilibrium bid function p̃ has to satisfy
the following for all relevant units.

p̃i(θ, y) = arg max
p

θ̃j(1 − y, p)(p − c(θ, y))

Consider any p′ such that θ̃j(1 − y, p′) ∈ (0, 1]. It follows from Lemmas 2 and 1
that this holds for p′ ∈ [p, p). I show that, in any everywhere-optimal equilibrium,
d
dp θ̃j(1 − y, p)) exists and is continuous at p = p′. In the following I show right-
differentiability. Analogously, it can be shown that the left-hand derivative exists
and is equal to the right-hand derivative. As shown above, θ̃j(1 − y, ·) and θ̃i(y, ·)
are strictly decreasing and continuous. For a strictly decreasing sequence {pt}∞

t=0
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converging to p′, the sequence {θ̃i(y, pt)}∞
t=0 converges to θ̃i(y, p′) monotonically from

below. In an everywhere-optimal equilibrium, p′ is optimal for player i with type
θ̃i(y, p′) and it holds that

θ̃j(1 − y, p′)
(
p′ − c(θ̃i(y, p′), y)

)
≥ θ̃j(1 − y, pt)

(
pt − c(θ̃i(y, p′), y)

)
.

Recall that pt > p′ and substitute pt − c(θ̃i(y, p′), y) = pt − p′ + p′ − c(θ̃i(y, p′), y) to
get

θ̃j(1 − y, p′) − θ̃j(1 − y, pt)
pt − p′ ≥ θ̃j(1 − y, pt)

p′ − c(θ̃i(y, p′), y)
.

By Lemma 2, θ̃j(1 − y, pt) is continuous in pt and it holds that

lim sup
t→∞

θ̃j(1 − y, pt) − θ̃j(1 − y, p′)
pt − p′ ≤ θ̃j(1 − y, p′)

c(θ̃i(y, p′), y) − p′ . (1.6)

Optimality of pt for player i with type θ̃i(y, pt) implies that

θ̃j(1 − y, pt)
(
pt − c(θ̃i(y, pt), y)

)
≥ θ̃j(1 − y, p′)

(
p′ − c(θ̃i(y, pt), y)

)
.

For p′ < p it holds that p′ > c(θ̃i(y, p′), y) and by continuity it holds that p′ >

c(θ̃i(y, pt), y) as pt is close to p′. Now, substitute pt − c(θ̃i(y, pt), y) = pt − p′ + p′ −
c(θ̃i(y, pt), y) to get

θ̃j(1 − y, pt)
p′ − c(θ̃i(y, pt), y)

≥ θ̃j(1 − y, p′) − θ̃j(1 − y, pt)
pt − p′ .

Then, use continuity of θ̃j(1 − y, pt) and c(θ̃i(y, pt), y) with respect to pt to find that

lim inf
t→∞

θ̃j(1 − y, pt) − θ̃j(1 − y, p′)
pt − p′ ≥ θ̃j(1 − y, p′)

c(θ̃i(y, p′), y) − p′ . (1.7)

Using a sandwich argument on (1.6) and (1.7) implies that d
dp θ̃j(1 − y, p) exists at

p = p′ and is given by

lim
t→∞

θ̃j(1 − y, pt) − θ̃j(1 − y, p′)
pt − p′ = θ̃j(1 − y, p′)

c(θ̃i(y, p′), y) − p′ .

With the same steps, it can be shown that the left-hand derivative exists and is
equal to the same term for any p′ ∈ (p, p). This result is equivalent to ODE (1.1).
The same differential equation can be derived using first-order conditions of profit
maximization at every unit.

1C.4 Proof of Lemma 4

I show in the first step that the bid function for θ = 1 has to be flat in the sense
that there exists some p such that θ̃i

(
y, p

)
= 1 for every i and every y ∈ (0, 1).

Suppose this is not the case. Then, there is an infinitesimal unit ε > 0 and a player
i with type θi = 1 that can increase her bid to some p′ > p̃i(1, ε) while maintaining
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Pri(ε, p′) = 1. This deviation would strictly increase profits. For an illustration
Figure 1.4 in Section 1.5 is useful.

Now I show that in any everywhere-optimal equilibrium p =
∫ 1

0 c(θ, 1
2)dθ. It has

to hold that p̃1(0, 1/2) = p̃2(0, 1/2) = c(0, 1/2). Suppose for a contradiction that
there is a player i with p̃i(0, 1/2) > c(0, 1/2). Then player j ̸= i can profit from
deviating by slightly undercutting p̃i(0, 1/2). Now suppose that there is a player i

with p̃i(0, 1/2) < c(0, 1/2). Then, there is at least one player that makes losses at
y = 1/2 for types close to θ = 0. A profitable deviation is to increase the bids for
these types.

Consider (1.3) at y = 1
2 and since y is fixed drop it from the notation of all

functions. By the local Picard-Lindelöf theorem this system with initial condition
θ̃i(c(0, 1/2)) = 0 derived above has a unique solution. As the indices in (1.3) can
be freely exchanged the unique solution has to be symmetric and I can write the
system as the single equation (1.8).

θ̃p(p) = θ̃(p)
c(θ̃(p)) − p

(1.8)

This is then an exact differential equation with potential function

Φ(p, θ) :=
∫ θ

0
c(t)dt − pθ.

The exact differential equation is handled by rearranging equation (1.8).

−θ̃(p) + θ̃p(p)
(
c(θ̃(p)) − p

)
= 0

This can be written as a derivative of the function Φ(p, θ̃(p)). Let Φp and Φθ be the
partial derivatives of Φ with respect to the first and second argument.

Φp(p, θ̃(p)) + θ̃p(p)Φθ(p, θ̃(p)) = d

dp
Φ(p, θ̃(p)) = 0

Integrating this gives
Φ(p, θ̃(p)) − Φ(p0, θ0) = 0.

With an initial condition (p0, θ0) this implicitly defines the solution θ̃(·). From
the initial condition stated above take (p0, θ0) = (c(0, 1/2), 0) and plug in to get
Φ(p0, θ0) = 0. The solution to (1.8) is then implicitly defined by

Φ(p, θ̃(p)) = 0.

Plugging in, this is equivalent to

∫ θ̃(p)

0
c(t)dt − p θ̃(p) = 0.

This is then finally solved for p by plugging in p = p and θ̃(p) = 1.



Proofs for Proposition 3 (Existence) 31

1D Proofs for Proposition 3 (Existence)

1D.1 Proof of Lemma 5

For two players, the local auction interpretation implies that, except at ties, Pri(y, p) =
Pr(y, p) = θ̃(1−y, p) for i ∈ {1, 2}, where θ̃ denotes the inverse bid function induced
by the strategy p̃. Ties occur only at a measure-zero set of types.

First consider y ≥ 1
2 . Since p̃(0, ·) is weakly increasing, min{p̃(0, y), p̃(0, 1−y)} =

p̃(0, 1 − y) and for every p′ > p̃(0, 1 − y), no type of the opponent bids strictly above
p′ at unit 1 − y. Hence Pr(y, p′) = 0. Moreover, Pr(y, p̃(0, y)) = 0 as well, because
p̃(0, y) ≥ p̃(0, 1 − y). Therefore, the desired inequality holds.

It remains to consider y < 1
2 . In this case, min{p̃(0, y), p̃(0, 1 − y)} = p̃(0, y). If

p′ ≥ p̃(0, 1
2), then Pr(y, p′) = 0. Since p̃(0, y) ≥ c(0, y) ≥ c(θ, y), the payoff from

bidding p̃(0, y) is weakly positive, and the result follows. Hence, in the following,
take p′ ∈

(
p̃(0, y), p̃(0, 1

2)
)
.

I first record an implication of Proposition 2. The function p̃(0, ·) is left-continuous
on (0, 1

2 ]. To see this, suppose for a contradiction that for some y′ ∈ (0, 1
2 ],

lim
x↗y′

p̃(0, x) < p̃(0, y′).

Choose θ′ > 0 such that
lim

x↗y′
p̃(0, x) < p̃(θ′, y′).

For x < y′, monotonicity in types gives p̃(θ′, x) ≤ p̃(0, x). Hence,

lim sup
x↗y′

p̃(θ′, x) ≤ lim
x↗y′

p̃(0, x) < p̃(θ′, y′).

This contradicts the local Lipschitz continuity of p̃(θ′, ·) within D, which follows
from Proposition 2. Thus, p̃(0, ·) is left-continuous on (0, 1

2 ].
Now consider first the case in which there exists y′ ∈ [y, 1

2) such that p̃(0, y′) = p′.
The first-order condition for type 0 at unit y′, taken as a left limit, is

lim
q↗p′

[
θ̃p(1 − y′, q)(q − c(0, y′)) + θ̃(1 − y′, q)

]
= 0.

By the flat extension of bids outside D, the types that determine the inverse bid at
price p′ for unit 1 − y coincide with those that determine the inverse bid at price p′

for unit 1 − y′. Hence, θ̃(1 − y, p′) = θ̃(1 − y′, p′).
For all p′′ ∈ (p, p′), monotonicity of bid functions implies that θ̃(1 − y, p′′) ≥

θ̃(1 − y′, p′′). Then, substracting from the common value at p′ gives

θ̃(1 − y, p′) − θ̃(1 − y, p′′) ≤ θ̃(1 − y′, p′) − θ̃(1 − y′, p′′).

Dividing by p′ − p′′ > 0 and letting p′′ go to p′ gives

θ̃p(1 − y, p′) ≤ lim
q↗p′

θ̃p(1 − y′, q).
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Since y′ ≥ y, c is strictly increasing in its second argument, and c is decreasing in
its first argument, c(θ, y) ≤ c(0, y) ≤ c(0, y′). Therefore,

θ̃p(1 − y, p′)
(
p′ − c(θ, y)

)
+ θ̃(1 − y, p′)

≤ lim
q↗p′

[
θ̃p(1 − y′, q)(q − c(0, y′)) + θ̃(1 − y′, q)

]
= 0.

Thus, the expected profit θ̃(1 − y, p)
(
p − c(θ, y)

)
, is weakly decreasing in p at p′.

It remains to consider the case in which no y′ ∈ [y, 1
2) satisfies p̃(0, y′) = p′. By

monotonicity and left-continuity of p̃(0, ·), there exists y′ ∈ [y, 1
2) such that

p̃(0, y′) < p′ ≤ lim
x↘y′

p̃(0, x).

Take any sequence xn ↘ y′ with p′ < p̃(0, xn). Then p′ lies in the image of p̃(·, xn),
and therefore there is a sequence θn := θ̃(xn, p′) ∈ (0, 1) satisfying

p̃(θn, xn) = p′.

I claim that θn → 0. Suppose not. Then there exists a subsequence, still denoted by
(θn)n, and some ε > 0 such that θn ≥ ε for all n. Passing to a further subsequence
if necessary, θn → θ̄ ≥ ε. By Proposition 2, p̃ is locally Lipschitz continuous in
y on closed subsets of D. Hence, p̃(θn, y′) − p̃(θn, xn) → 0. Using p̃(θn, xn) = p′,
continuity in θ gives p̃(θ̄, y′) = p′. This contradicts p′ > p̃(0, y′), because θ̄ > 0
implies p̃(θ̄, y′) ≤ p̃(0, y′). Therefore, θn → 0.

For every n, the first-order condition at unit xn and type θn is

θ̃p(1 − xn, p′)
(
p′ − c(θn, xn)

)
+ θ̃(1 − xn, p′) = 0.

Since c is Lipschitz continuous in both arguments, c(θn, xn) → c(0, y′) < p′. More-
over, by the definition of the flat extension in Proposition 3, the inverse bid at 1 − y

is obtained as the corresponding limit along the units 1 − xn. In particular, it holds
that

θ̃(1 − y, p′) = θ̃(1 − y′, p′) = lim
n→∞

θ̃(1 − xn, p′)

and, using differential equation (1.1), it holds that

lim
n→∞

θ̃p(1 − xn, p′) = limn→∞ θ̃(1 − xn, p′)
c(0, y′) − p′

is well defined and therefore

θ̃p(1 − y, p′) = lim
n→∞

θ̃p(1 − xn, p′). (1.9)
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follows from an additional convergence argument.6

Using again y′ ≥ y, monotonicity of c in y, and monotonicity of c in θ, it holds
that

c(θ, y) ≤ c(0, y) ≤ c(0, y′) = lim
n→∞

c(θn, xn).

Consequently,

θ̃p(1 − y, p′)
(
p′ − c(θ, y)

)
+ θ̃(1 − y, p′)

≤ lim
n→∞

[
θ̃p(1 − xn, p′)

(
p′ − c(θn, xn)

)
+ θ̃(1 − xn, p′)

]
= 0.

Thus, the expected profit from unit y is weakly decreasing in p also at prices that
lie in a right jump of p̃(0, ·).

Combining the two cases, the function

p 7→ θ̃(1 − y, p)
(
p − c(θ, y)

)
is weakly decreasing on

[
p̃(0, y), p̃(0, 1

2)
]
. At possible discontinuities of θ̃(1−y, ·), the

winning probability can only jump downward, so the expected profit cannot jump
upward. Therefore, for every p′ ∈

(
p̃(0, y), p̃(0, 1

2)
)
, it holds that

θ̃(1 − y, p̃(0, y))
(
p̃(0, y) − c(θ, y)

)
≥ θ̃(1 − y, p′)

(
p′ − c(θ, y)

)
.

Equivalently,

Pr(y, p̃(0, y))
(
p̃(0, y) − c(θ, y)

)
≥ Pr(y, p′)

(
p′ − c(θ, y)

)
.

Together with the cases y ≥ 1
2 and p′ ≥ p̃(0, 1

2), this completes the proof.

1D.2 Proof of Lemma 6

Let (p̃j)N
j=1 be the strategies characterized by (1.1) and (1.2) and let Pri(y, p) be

the winning probability function of player i following from (p̃j)j ̸=i. Consider player
i with type θi who optimally chooses a bid for unit y. The expected utility from

6Choose δ > 0 such that [p′ − δ, p′] is contained in the right-jump interval, hence q > p̃(0, y′) ≥
c(0, y′) for all q ∈ [p′ − δ, p′]. For every such q, the same argument as for p′ gives θ̃(xn, q) → 0.
Moreover, θ̃(1 − xn, q) → θ̃(1 − y′, q): along any convergent subsequence of θ̃(1 − xn, q), local
continuity of the characterized bid functions in y implies that the limit type bids q at unit 1 − y′,
and hence the limit equals θ̃(1 − y′, q). By the flat extension, θ̃(1 − y′, q) = θ̃(1 − y, q) on this
interval. Thus, for every q ∈ [p′ − δ, p′], θ̃(1 − xn, q) → θ̃(1 − y, q) and θ̃(xn, q) → 0. The
ODE therefore gives pointwise convergence θ̃p(1 − xn, q) → L(q) := θ̃(1 − y, q)/(c(0, y′) − q). Since
q > p̃(0, y′) ≥ c(0, y′), the denominators are bounded away from zero on [p′ −δ, p′], so the derivatives
are uniformly bounded. Hence, for q < p′ in this interval, dominated convergence applied to
θ̃(1−xn, p′)−θ̃(1−xn, q) =

∫ p′

q
θ̃p(1−xn, s)ds yields θ̃(1−y, p′)−θ̃(1−y, q) =

∫ p′

q
L(s)ds. Therefore

the left-hand derivative of θ̃(1−y, ·) at p′ is L(p′), which proves θ̃p(1−y, p′) = limn→∞ θ̃p(1−xn, p′).
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that unit when bidding p is

EU i(θi, y, p) := Pri(y, p)(p − c(θi, y))

which is continuous in p. The characterized p̃i satisfies

EU i
p

(
θi, y, p̃i(θi, y)

)
= Pri

p

(
y, p̃i(θi, y)

)(
p̃i(θi, y) − c(θi, y)

)
+ Pri(y, p̃i(θi, y)

)
= 0.

Since EU i(θi, y, p) is continuous in p, the proof is completed by showing that within
D it holds that EU i

p(θi, y, p) > 0 for every p < p̃i(θi, y) and EU i
p(θi, y, p) < 0 for

every p > p̃i(θi, y).
Fix p in the common support of bids. Since Pri(y, p) is strictly decreasing in

p within the common support, it holds that Pri
p(y, p) < 0. Moreover, for any two

types θ′ < θ′′,

EU i
p(θ′′, y, p) − EU i

p(θ′, y, p) = Pri
p(y, p)

[
p − c(θ′′, y)

]
+ Pri(y, p)

− Pri
p(y, p)

[
p − c(θ′, y)

]
− Pri(y, p)

= Pri
p(y, p)

[
c(θ′, y) − c(θ′′, y)

]
.

Since c is strictly decreasing in its first argument, c(θ′, y) > c(θ′′, y). Together with
Pri

p(y, p) < 0, this implies

EU i
p(θ′′, y, p) < EU i

p(θ′, y, p).

Thus EU i
p(·, y, p) is strictly decreasing in the type.

Let p < p̃i(θi, y) and let θ̂ be the type with p̃i(θ̂, y) = p. Since bids are strictly
decreasing in types within the common support, θ̂ > θi. Hence,

EU i
p(θi, y, p) > EU i

p(θ̂, y, p) = 0,

where the equality follows from the first-order condition at the characterized bid of
type θ̂. Similarly, if p̃i(θi, y) < p, then the type θ̂ with p̃i(θ̂, y) = p satisfies θ̂ < θi,
and therefore

EU i
p(θi, y, p) < EU i

p(θ̂, y, p) = 0.

Thus, expected utility is strictly increasing in p below p̃i(θi, y) and strictly decreas-
ing in p above p̃i(θi, y) within the common support. Hence, p̃i(θi, y) maximizes
EU i(θi, y, p) over the common support of bids.

1D.3 Proof of Lemma 7

Bidding p gives higher expected profit than bidding p < p because Pri(y, p) = 1 for
all y ∈ [0, 1]. Lemma 7 then follows from Lemma 6.
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1E Proof of Proposition 4

First, note that the symmetry of strategies implies that Pri is symmetric and can
simply be denoted by Pr. Weak monotonicity of p̃ in θ follows from the same argu-
ment as Lemma 1. Existence of the inverse bid function θ̃ implies strict monotonicity.
Then, Lemma 3 can be applied to show that Pr(y, ·) has to be differentiable and
has to satisfy (1.4).

I conclude with the derivation of the expression for Pr(y, p). Strict monotonicity
implies that Pr is continuous. Therefore, ties have probability zero and I can write,
using density one for θ and repeatedly applying integration by substitution with
θi = θ̃(si, p), that

Pr(y, p) =
∫ θ̃(1−y−(N−2)y(0,p),p)

0

∫ θ̃(1−y−(N−3)y(0,p)−y(θ1,p),p)

0
...

∫ θ̃(1−y−
∑N−2

j=1 y(θj ,p),p)

0

1 dθN−1 ... dθ2 dθ1

=
∫ θ̃(1−y−(N−2)y(0,p),p)

0

∫ θ̃(1−y−(N−3)y(0,p)−y(θ1,p),p)

0
...

∫ θ̃(1−y−y(0,p)−
∑N−3

j=1 y(θj ,p),p)

0

θ̃(1 − y −
N−2∑
j=1

y(θj , p), p) dθN−2 ... dθ2 dθ1

=
∫ θ̃(1−y−(N−2)y(0,p),p)

0
...

∫ θ̃(1−y−2y(0,p)−
∑N−4

j=1 y(θj ,p),p)

0(
θ̃(y(0, p), p)θ̃(1 − y −

N−3∑
j=1

y(θj , p), p) +
∫ θ̃(1−y−y(0,p)−

∑N−3
j=1 y(θj ,p),p)

θ̃(y(0,p),p)

θ̃(1 − y −
N−2∑
j=1

y(θj , p), p) dθN−2
)

dθ2 ... dθ1

=
∫ θ̃(1−y−(N−2)y(0,p),p)

0
...

∫ θ̃(1−y−2y(0,p)−
∑N−4

j=1 y(θj ,p),p)

0(
θ̃(y(0, p), p)θ̃(1 − y −

N−3∑
j=1

y(θj , p), p) +
∫ 1−y−y(0,p)−

∑N−3
j=1 y(θj ,p)

y(0,p)

θ̃(1 − y − sN−2 −
N−3∑
j=1

y(θj , p), p)θ̃y(sN−2, p) dsN−2

)
dθ2 ... dθ1

=
∫ 1−y−(N−2)y(0,p)

y(0,p)

∫ 1−y−(N−3)y(0,p)−s1

y(0,p)
...

∫ 1−y−y(0,p)−
∑N−3

j=1 sN−3

y(0,p)

θ̃
(
1 − y −

N−2∑
j=1

sj , p
)

ΠN−2
j=1 θ̃y(sj , p)dsN−2...ds2ds1

+
N−2∑
k=1

(
N − 2

k

)
θ̃(y(0, p), p)k

∫ 1−y

0

∫ 1−y−s1

0
...

∫ 1−y−
∑N−3−k

j=1 sj

0

θ̃
(
1 − y −

N−2−k∑
j=1

sj , p
)

ΠN−2−k
j=1 θ̃y(sj , p)dsN−2−k...ds2ds1.
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Continuity of θ̃y implies that all the above integrals exist.

1F Monotonicity of c and p̃

Consider some 0 < y < y′ < 1
2 with marginal costs as follows.

c(θ, y) = 6
1.2θ + 1.8 − 2

c(θ, y′) = 1.4 − θ

c(θ, 1 − y′) = 1.7 − 1.2θ

c(θ, 1 − y) = 0.6(2 − θ)2

Note that c(θ, y) < c(θ, y′) < c(θ, 1 − y′) < c(θ, 1 − y) for any θ ∈ [0, 1]. Marginal
costs satisfy strict monotonicity in y. Let c(θ, 1

2) be such that p = 1. Consider now
the equilibrium candidate solving (1.1) and (1.2).

p̃(θ, y) = 3
1.2θ + 1.8

p̃(θ, y′) = 1.5 − 0.5θ

p̃(θ, 1 − y′) = 1.6 − 0.6θ

p̃(θ, 1 − y) = 2 − θ

Note that for θ < 0.5 it holds that p̃(θ, y) > p̃(θ, y′). Monotonicity is violated in this
example. Hence, the above is not an equilibrium as p̃ is not a valid strategy.

1G Equilibrium Example with Three Players

I take the bid functions p̃(θ, y) = 2 + 1−θ
2−y and plug into the characterization from

Proposition 4 to verify whether they can supported as an equilibrium for some cost
function. It follows that

Pr(y, p) = 1(p < 2.5)
(1

2p2 + 2y2 + 1
2p2y2 − 4p + 3yp2 + 16y − 14py − 2py2 + 7

)
+ 1(p ≥ 2.5)

(
− 1

2(2y − p − py + 3)2 + (2y − p − py + 3)(2 − (3 + y)(p − 2))

+ 1
2(2p − 5)2

)
.

Then, the marginal cost function that gives rise to the above bid functions is given
by

c(θ, y) = p̃(θ, y) + Pr(y, p̃(θ, y))
Prp(y, p̃(θ, y)) .

Figure 1.6 depicts bid functions and marginal costs. Note that the region where
bids are higher than marginal costs is the region of irrelevant units where bids
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are accepted with probability zero. The only remaining condition for equilibrium

Figure 1.6: Marginal costs and bid functions

sufficiency of the above bid functions is to rule out profitable deviations to prices
above the support of bids for quantities y < 1/3. By the argument from the proof
of Lemma 6, it is sufficient to rule out such deviations for type θ = 0. Figure 1.7
shows profits of type θ = 0 from possible deviations. Prices above 2.6 do not need to
be considered because p̃(0, 1/3) = 2.6. When bid functions in the irrelevant regions
are assumed to be flat, bidding above 2.6 gives zero profit. The red line in Figure
1.7 indicates the profit from bidding p̃(0, y). Deviations are not profitable.

Figure 1.7: Profit of θ = 0 from deviating.

1H Proof of Proposition 5

Consider the candidate bid function p̃(θ, y) = p + (1 − θ)σ(y). Since σ is strictly
increasing, p̃(θ, ·) is weakly increasing for every θ. The corresponding inverse bid
function on the relevant domain is θ̃(y, p) = 1 − p−p

σ(y) . Moreover,

∫ 1

0
c

(
θ,

1
2

)
dθ =

∫ 1

0

(
p + 2(1 − θ)σ

(1
2

)
− σ

(1
2

))
dθ = p.
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Thus, the initial condition in Proposition 1 is satisfied. For p ∈ (p, p + σ(y)),

θ̃p(y, p) = − 1
σ(y) .

Using the definition of c and the inverse bid function,

c
(
θ̃(1 − y, p), 1 − y

)
= p + 2

(
1 − θ̃(1 − y, p)

)
σ(1 − y) − σ(y)

= p + 2(p − p) − σ(y)
= 2p − p − σ(y)
= p − θ̃(y, p)σ(y).

Therefore,
θ̃(y, p)

c
(
θ̃(1 − y, p), 1 − y

)
− p

= − 1
σ(y) = θ̃p(y, p).

The inverse bid function satisfies differential equation (1.1). Furthermore, θ̃(·, p) is
weakly increasing on its relevant domain because σ is strictly increasing, and θ̃(y, ·)
has image (0, 1] for every y < 1

2 . Proposition 3 then implies that the pay-as-bid
auction admits an everywhere-optimal equilibrium with bids p̃(θ, y) = p+(1−θ)σ(y)
within the relevant domain.

It remains to compare expected revenues. Since revenue is the negative of total
payments, it is enough to show that expected total payments are lower under pay-
as-bid than under the VCG mechanism. With two bidders and weakly increasing
bid functions, total pay-as-bid payments can be written as

−RP AB(θ1, θ2) =
∫ 1

0
min{p̃(θ1, y), p̃(θ2, 1 − y)}dy.

The VCG mechanism assigns units efficiently. Since c(θ, ·) is strictly increasing, total
VCG payments can be written as

−RV CG(θ1, θ2) =
∫ y1

V CG(θ1,θ2)

0
c(θ2, 1 − y)dy +

∫ 1

y1
V CG(θ1,θ2)

c(θ1, y)dy

=
∫ 1

0
max{c(θ1, y), c(θ2, 1 − y)}dy.

This is because c(θ1, y) ≤ c(θ2, 1 − y) for precisely all y ∈ [0, y1
V CG(θ1, θ2)], where

y1
V CG(θ1, θ2) is the quantity allocated to player 1.

Fix y ∈ [0, 1
2 ] and write a := σ(y) and b := σ(1 − y). Then 0 ≤ a ≤ b, and

0 < a < b for y ∈ (0, 1
2). Since 1 − θi is uniformly distributed on [0, 1],

p̃(θ1, y) ∼ U [p, p + a], p̃(θ2, 1 − y) ∼ U [p, p + b].

Therefore,

E
[
min{p̃(θ1, y), p̃(θ2, 1 − y)}

]
= p + a

2 − a2

6b
.
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Similarly,

c(θ1, y) ∼ U [p − b, p − b + 2a], c(θ2, 1 − y) ∼ U [p − a, p − a + 2b].

If b ≥ 3a, these supports are disjoint, and therefore

E
[
max{c(θ1, y), c(θ2, 1 − y)}

]
= p − a + b.

Hence, the pointwise payment difference equals

b − 3a

2 + a2

6b
= a2 − 9ab + 6b2

6b
.

If a = 0, this expression equals b > 0. If a > 0, write b/a ≥ 3 to see that the
expression is strictly positive.

If 0 < a ≤ b < 3a, the supports overlap. Using max{X, Y } = Y + (X − Y )+ for
independent uniform random variables gives

E
[
max{c(θ1, y), c(θ2, 1 − y)}

]
= p − a + b + (3a − b)3

24ab
.

Subtracting the expected pay-as-bid payment and simplifying yields (b−a)2(31a−b)
24ab .

This expression is nonnegative and is strictly positive whenever b > a. Since σ is
strictly increasing, b > a for every y ∈ (0, 1

2).
By symmetry around y = 1

2 , the expected VCG payment minus the expected pay-
as-bid payment is strictly positive after integrating over y ∈ [0, 1]. Hence, expected
total payments are strictly lower under pay-as-bid than under the VCG mechanism,
which completes the proof.
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Chapter 2

The Cost of Fairness in
Electricity Markets1

Abstract: European policymakers argue that bidding zones with uni-

form prices ensure fairness in electricity markets. Since the result of

such a fair spot market is often infeasible due to network constraints, a

second stage is needed: the redispatch. This paper uses mechanism de-

sign theory to show that even a minimal fairness restriction on the first

stage strictly increases procurement costs for asymmetric dispatches. In

detail, I analyze a market-based redispatch mechanism where inc-dec

gaming creates arbitrage profits for those producers that benefit the net-

work the least. These results challenge the rationale for uniform bidding

zones in asymmetric regions.

1I would like to thank Marion Ott, Nicolas Schutz, Hans Peter Grüner, Thomas Tröger, Nico-
las Fugger and Lukas Basler Caballero. I gratefully acknowledge financial support through the
Kopernikus-Project SynErgie by the BMFTR (Federal Ministry of Research, Technology and Space,
Germany).
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2.1 Introduction

European electricity markets consist of bidding zones with uniform spot market
prices. Most countries maintain a single national bidding zone, with only Norway,
Sweden, Denmark, and Italy being split into multiple zones. This spot market de-
sign ignores limited transmission capacities of the network within zones and the
resulting allocation of electricity generation (dispatch) is usually not physically fea-
sible. Then, a second stage of the market—the redispatch—must achieve a feasible
dispatch through additional trading. The redispatch costs are then passed equally
to all consumers.

The alternative to this two-stage mechanism is nodal pricing, also known as
locational marginal pricing. This one-stage mechanism—used in most regions of the
United States—directly delivers feasible dispatches by setting different prices for
any two nodes that are connected with congested transmission lines. Similarly, the
redispatch could be avoided with a bidding zone split that is fine enough to reflect
all transmission constraints.

Economists (Wambach et al. 2024) and transmission system operators (ENTSO-
E 2025) have argued that European electricity markets should introduce more local
price components and therefore remove the second stage of the market or make it
less relevant. This is in line with the economic intuition that prices should reflect
local scarcity of a good to create efficient incentives for production, consumption
and investment. Additionally, the theoretical literature on inc-dec gaming—a strat-
egy to increase supply in the first stage and then decrease—finds examples in which
arbitrage opportunities between the two stages inflate procurement costs (Holmberg
2026; Holmberg and Lazarczyk 2015; Hirth and Schlecht 2020). Even though inc-
dec gaming is not yet thoroughly understood, increasing redispatch costs hint at its
practical relevance. Redispatch costs in the German–Luxembourgish bidding zone
increased from 1.3 billion euros in 2019 to 2.8 billion euros in 2024 (Bundesnetza-
gentur 2025).

Still, policymakers insist on maintaining the two-stage mechanism. The central
argument in favor of the uniform price is the perceived unfairness of locational price
differentiation (Eicke and Schittekatte 2022). Boris Rhein (2025), the Minister-
President of the German federal state Hesse, has argued that the uniform price
“offers equal opportunities to all citizens and businesses.”2

This paper analyzes the consequences of maintaining the two-stage mechanism.
To satisfy the fairness criterion, a two-stage mechanism must give all players the
same expected payment for an assigned unit of production in the first stage condi-

2Germany uses cost-based redispatch instead of market-based redispatch. However, this mech-
anism may still allow strategic behavior since the redispatch compensation also covers “proven
foregone revenue opportunities” (nachgewiesene entgangene Erlösmöglichkeiten; § 13a Abs. 2 S. 3
Nr. 3 EnWG).
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tional on their cost type. How does the fairness restriction affect procurement costs?
When and how does inc-dec gaming increase procurement costs? By a revelation-
principle argument, unrestricted two-stage mechanisms implement the same set of
social choice functions as one-stage mechanisms. Therefore, the relevant comparison
is between fair two-stage mechanisms and one-stage mechanisms.

I contribute an understanding of inc-dec gaming and excessive procurement costs
in uniform bidding zones from a mechanism design perspective. For general network
structures, I show that for any two-stage mechanism that satisfies a notion of first-
stage fairness, there exists a one-stage mechanism that implements the same dispatch
with lower procurement costs. The inequality is strict under a simple asymmetry
condition on the dispatch. This approach isolates the effect on procurement costs
for given dispatches and abstracts from potential long-term benefits of improved
investment incentives in one-stage mechanisms.

The proof of the main result gives general intuition for inc-dec gaming behavior.
Producers may increase their electricity supply in the first stage, in anticipation of
a decrease in the second stage. When the necessary payment to decrease supply in
the second stage is lower than the payment received in the first stage, the producer
makes an arbitrage profit. I show that producers who are rarely dispatched by
the second stage can systematically exploit the fairness restriction on the first stage.
This behavior prohibits minimization of procurement costs with uniform spot market
prices. Policymakers who design a fair spot market sacrifice fairness in the second
stage and incur excessive procurement costs.

I illustrate the general result with a detailed analysis of a specific market-based
redispatch mechanism in comparison with nodal pricing. The detailed model gives
additional interpretation of the central asymmetry condition and explains which
producers benefit from inc-dec gaming. Again, I allow general network structures.
The crucial parameter in the analysis of inc-dec gaming is the expected positive
externality a producer’s production has on the rest of the network. Arbitrage gains
are present under a plausible condition on the asymmetry of expected production
externalities and accrue to the producers with the lowest expected production ex-
ternalities. These are the producers that benefit the rest of the network the least, as
they are located in nodes with abundant supply or have high expected production
costs. Market-based redispatch creates incentives to invest in inefficient production
capacities in such nodes.

The following section situates my findings in the existing literature. Section 2.3
builds a general model of an electricity network. The main result is presented in
Section 2.4. Section 2.5 illustrates the main contribution with additional results for
the more specific market-based redispatch model. Section 2.6 concludes.

2.2 Related Literature

This paper relates the theoretical mechanism design literature to the applied theory
branch on inc-dec gaming. The literature on dynamic mechanism design shows that
mechanisms with multiple stages allow maximization of revenue or welfare when
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information is subsequently revealed (Bergemann and Välimäki 2010; Pavan, Segal,
and Toikka 2014). However, in electricity markets, the redispatch stage begins
immediately after the spot market clears. Hence, one may reasonably assume that
the only information revealed between the stages is the outcome and possibly actions
in the spot market stage. Then, a revelation principle argument shows that a one-
stage mechanism can directly implement the same social choice function (Hurwicz
1972; Maskin 1999; Myerson 1979).

As many markets forbid discriminating participants based on their identity, Deb
and Pai (2017) and Azrieli and Jain (2018) explore mechanisms that are restricted
to a form of symmetry or fairness. The restriction to symmetric auction rules places
almost no restrictions on the social choice functions that can be implemented in
Bayes-Nash equilibrium, but it does for implementation in dominant strategies.
Since auctions on electricity markets usually lack equilibria in dominant strategies,
and since policymakers demand a notion of fairness regarding outcomes instead
of auction rules, I impose a fairness restriction on the spot market outcome. All
producers that sell electricity in the spot market must receive the same price (in
expectation). This models the uniform pricing rule most electricity markets employ.

The literature has identified inc-dec gaming only in very specific models. Holm-
berg and Lazarczyk (2015) and Holmberg (2026) use a model with a continuum of
infinitesimally small producers without private information about production costs.
These papers find that export-constrained producers make additional profits from
inc-dec gaming in market-based redispatch. Hirth and Schlecht (2020) find the same
result with a finite number of producers.

Ehrhart et al. (2026) identify inc-dec gaming also in a setting with private infor-
mation about production costs. In their setting market-based redispatch is designed
to minimize the immediate procurement costs in the redispatch stage. My study
finds that it can be beneficial to allow high redispatch volumes in the second stage
in order to minimize the total procurement costs across both stages of the market
mechanism. I show that, in the setting of Ehrhart et al. (2026), increased procure-
ment costs due to inc-dec gaming can be avoided by redesigning the redispatch stage
(Appendix 2C).

The above studies give examples of inc-dec gaming in specific designs with net-
works consisting of two nodes. For more complex networks, physical feasibility con-
straints that involve Kirchhoff’s law and additional security constraints are difficult
to handle analytically. Solving such models typically requires numerical optimiza-
tion (Neuhoff et al. 2005; Grimm, Martin, Schmidt, et al. 2016; Egerer, Grimm,
and Lang 2025). My analysis does not require specific assumptions about feasibility
constraints. I provide a necessary and sufficient condition for increased procure-
ment costs due to inc-dec gaming for general network and information structures.
Additionally, I contribute an understanding of which producers benefit from inc-dec
gaming.

To isolate the effects of inc-dec gaming on procurement costs, I compare mech-
anisms that implement a given dispatch function. Grimm, Martin, Sölch, et al.
(2022) identify inefficiencies of market-based redispatch that are not related to inc-
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dec gaming.
Within the policy debate on electricity market reforms, an argument in favor of

market-based redispatch has been the need for efficient long-run investments (Hau-
cap and Pagel 2013). I show that market-based redispatch creates adverse incentives
as it rewards inefficient production capacities in export-constrained regions.

2.3 Environment

Consider an electricity network consisting of a set of electricity producers I =
{1, 2, ..., I}. Every producer i can provide one unit of electricity and privately learns
her production cost ci that is independently drawn with probability measure Fi on
the support [c, c] with c > c ≥ 0. The lowest possible cost c refers to a producer
that can generate the unit with variable costs close to zero, as with wind or solar
power, and has no possibility to store the electric power. I assume Fi({c}) > 0 for
all i. Besides the symmetric support, I do not further restrict asymmetries of the
distributions. I write c to denote a profile of cost realizations and c−i to denote
the costs for all players other than i. I write F and F−i to denote the probability
measures of c and c−i. In the spirit of the mechanism design literature, I also refer
to ci as the type of player i.

Total demand for electricity is D ∈ N. I call y a dispatch if it is an element
of the outcome set Y =

{
y ∈ {0, 1}I : ∑I

i=1 yi = D
}
. A dispatch is feasible if

it respects the limited capacities of transmission lines between producers. For a
general notion of feasibility, I call Ŷ ⊂ Y the set of feasible dispatches. Let Ŷ−i

be the subset of feasible dispatches that satisfy yi = 0 and let Ŷ+i be the subset of
feasible dispatches satisfying yi = 1. I assume that for every i the two subsets Ŷ−i

and Ŷ+i are nonempty. This is to avoid that a producer i has infinite market power
while also making her production feasible.

An outcome of the electricity market is a tuple x = (y, t) that consists of a
dispatch y ∈ Y and a vector of payments to the producers t ∈ RI . Let X̂ be the set
of outcomes with feasible dispatches and X the unrestricted outcome set.

2.4 Optimality of One-stage Mechanisms

2.4.1 One-stage Mechanisms and Two-stage Mechanisms

To develop my main result, I need to define the classes of mechanisms I compare.

Definition 6 (One-stage mechanisms). A one-stage mechanism MI = (S, x) con-
sists of the set of possible action profiles S = ∏I

i=1 Si, where Si is the action set of
player i, and an outcome function x : S → X̂.

This is the standard definition of one-stage mechanisms. With outcome (y, t) ∈
X̂, the payoff of player i with cost ci is −ciyi + ti.

Definition 7 (Two-stage mechanisms). A two-stage mechanism is denoted by MII =
(S(1), S(2), x(1), x(2), J). The respective sets of possible action profiles in the first and
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second stage are S(1) = ∏I
i=1 S

(1)
i and S(2) = ∏I

i=1 S
(2)
i . The outcome functions of

the first and second stage, x(1) : S(1) → X and x(2) : S(2) × Y → X̂, give for each
player i the respective outcomes (y(1)

i , t
(1)
i ) and (y(2)

i , t
(2)
i ) such that t

(1)
i = 0 when

y
(1)
i = 0, t

(2)
i = 0 when y

(2)
i = y

(1)
i and t

(2)
i ≤ 0 when y

(2)
i = 0 and y

(1)
i = 1. The

profile of signalling functions J contains for each player i a function Ji : S(1) → Ji

such that Ji(s) = (x(1)
i , γi(s)) gives i’s outcome of the first stage and potential further

signals γi(s).

With outcomes (y(1), t(1)) ∈ X and (y(2), t(2)) ∈ X̂, the payoff of player i with
cost ci is −ciy

(2)
i + t

(1)
i + t

(2)
i . Without the above restrictions on transfers in the

second stage, the mechanism designer could circumvent fairness restrictions on the
first stage by making it strategically irrelevant. This specification ensures that the
first-stage dispatch y(1) matters for producers even though it does not enter payoffs
directly. I allow the designer to strategically transmit information about actions and
outcomes of the first stage via the signalling function J that is known to all players.

I write a strategy of player i in the one-stage mechanism as a function σi :
[c, c] → Si and in the two-stage mechanism as a tuple of functions (σ(1)

i , σ
(2)
i ) with

σ
(1)
i : [c, c] → S

(1)
i and σ

(2)
i : [c, c]×Ji → S

(2)
i . To abbreviate the notation of strategy

profiles, I write σ(c) in the one-stage mechanism and σ(1)(c) and σ(2)
(
c, J(σ(1)(c))

)
in the respective stages of the two-stage mechanism. From here on, I write yi, y

(1)
i

and y
(2)
i as the respective parts of the outcome functions from MI and MII that give

the dispatches for player i; and similarly ti, t
(1)
i and t

(2)
i for the respective transfer

functions.
It is convenient to define for each player i the (conditional) expectations yi, ti,

y
(1)
i , t

(1)
i , y

(2)
i and t

(2)
i . For a given strategy profile σ, yi(ci) and ti(ci) give the

expected quantity and transfer for player i with type ci in the one-stage mechanism.
Similarly, for given strategy profile (σ(1), σ(2)), I write y

(1)
i (ci) and t

(1)
i (ci) to denote

the expected quantity and transfer for player i with type ci in the first stage of the
two-stage mechanism. I write y

(2)
i (ci, ji) to denote the interim expected quantity for

player i with type ci conditional on observing signal ji ∈ Ji after the first stage of the
two-stage mechanism. I define t

(2)
i analogously. I denote the expected utility from

participating in both stages of the two-stage mechanism by U II
i (ci). The formal

definition of (conditional) expectations requires caution with respect to measure-
theoretic details that I move to Appendix 2A.

Definition 8 (Implementation with voluntary participation). A one-stage mech-
anism MI = (S, x) implements a dispatch function d : [c, c]I → Ŷ with volun-
tary participation if there is a Bayes-Nash equilibrium strategy profile σ of the
game induced by MI such that for all c ∈ [c, c]I it holds that d(c) = y(σ(c))
and for all i and ci it holds that −ciyi(ci) + ti(ci) ≥ 0. A two-stage mechanism
MII = (S(1), S(2), J, x(1), x(2)) implements dispatch function d with voluntary par-
ticipation if there is a Bayes-Nash equilibrium strategy profile (σ(1), σ(2)) of the game
induced by MII such that

d(c) = y(2)
(
σ(2)

(
c, J(σ(1)(c))

)
, y(1)(σ(1)(c))

)
∀c ∈ [c, c]I
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and for all i and ci it holds that U II
i (ci) ≥ 0 and additionally, it holds for all

ji = ((y(1)
i , t

(1)
i ), γi(σ(1)(c))), that −ciy

(2)
i (ci, ji) + t

(2)
i (ci, ji) ≥ −ciy

(1)
i .

I analyze Bayesian implementation with the usual restrictions regarding volun-
tary participation. In an equilibrium with voluntary participation, the one-stage
mechanism cannot give negative expected utility to any type of any player. Simi-
larly, both stages in the two-stage mechanism are voluntary.

In the following, I model the fairness restriction policymakers demand from mar-
ket mechanisms. Deb and Pai (2017) show that restrictions on the symmetry of
outcome function x(1) impose almost no restrictions on the social choice functions
that can be implemented. That is because differences in the distribution of private
information parameters allow implementation via asymmetric equilibria. Instead, I
impose restrictions on equilibrium outcomes to reflect that spot markets are designed
to implement fair allocations in the first stage.

A useful notion of fairness consists of a uniform price condition and additional
regularity conditions that prevent the designer from circumventing this uniform
price. The core requirement is that producers who sell in the first stage receive
the same expected transfer for an assigned unit of production. This captures the
uniform pricing rule used in spot markets.

On its own, however, such a uniform price condition has little bite. The designer
could satisfy it formally while making the uniform price strategically irrelevant.
For example, the mechanism could exclude some producers from first-stage produc-
tion whenever receiving the uniform price would be valuable, or assign first-stage
production only when the continuation in the second stage makes this assignment
unattractive.

To rule this out, I require voluntary access to first-stage trade at the uniform
price. A producer must be able to sell at the common first-stage price when doing
so is beneficial for her expected utility. Conversely, if selling in the first stage at
this price would lower her expected utility because of the continuation in the second
stage, the mechanism must allow her not to sell in the first stage. Since the first-
stage allocation affects payoffs through the continuation in the second stage, this
requirement cannot be formulated only in terms of first-stage transfers. I therefore
formulate it in terms of expected utilities from the entire two-stage mechanism.

Definition 9 (Fair first stage). A Bayes-Nash equilibrium of a two-stage mechanism
is said to have a fair first stage if there exists a uniform price τ such that, with type
ci = c, all players

(i) receive expected transfer τ conditional on y
(1)
i = 1 in the sense that

t
(1)
i (c)

y
(1)
i (c)

= τ ∀i : y
(1)
i (c) > 0, (2.1)

(ii) receive at least the expected utility from common transfer τ in the sense that

U II
i (c) ≥ τ − c ∀i, (2.2)



Optimality of One-stage Mechanisms 47

(iii) do not sell in the first stage if τ − c would lower their utility in the sense that

U II
i (c) > τ − c =⇒ y

(1)
i (c) = 0 ∀i. (2.3)

The definition above imposes fairness only on the lowest cost type c. This is a
deliberately weak restriction. Stronger notions could require analogous conditions
for all types. For the main result (Proposition 6), however, it is enough to impose
fairness at c: even this minimal restriction on the first stage increases procurement
costs for asymmetric dispatch functions. Consequently, the same conclusion applies
to any stricter fairness definition that implies the above condition.

The central condition here is the uniform price τ in the first stage. Under
condition (2.1), the expected transfer τ , conditional on being assigned production
y

(1)
i = 1 with type c, is the same for all players. In spot markets in practice, this

condition is satisfied by trading at the same price (in expectation) with all players
conditional on the lowest cost realization c.

Under condition (2.2), there is no player with type c that could increase her
expected utility by being assigned y

(1)
i = 1 with probability one at transfer τ . It

makes sense to impose this restriction only on type c. The mechanism assigns y
(1)
i

conditional on actions of all players, and, for types ci > c, being assigned y
(1)
i = 1

could be “good news” regarding the types of others and therefore expected utility
with y

(1)
i (σ(c)) = 1 could be higher than with y

(1)
i (σ(c)) = 0.

Similarly, under condition (2.3), if being assigned y
(1)
i = 1 at transfer τ would

lower the expected utility of player i with type c, the player must have y
(1)
i (c) = 0.

That is, being assigned y
(1)
i = 1 cannot be “bad news” for any player with type c

with positive probability.

2.4.2 The Cost of Fairness

First, I define asymmetric dispatch functions. The crucial parameter to evaluate
asymmetry of dispatch functions, Ψi, is an average of production probabilities of
player i weighted across type realizations.

Definition 10 (Asymmetric dispatch function). For a given dispatch function d,
define di(ci) :=

∫
[c,c]I−1 di(ci, c−i)dF−i and Ψi :=

∫ c
c di(t)dt. Let Ψ(k) be the k-th

order statistic of (Ψi)I
i=1. Dispatch function d is asymmetric when Ψ(1) < Ψ(D).

Proposition 6 now gives the main result of this paper. Including a fair first stage
to implement an asymmetric dispatch function comes with increased procurement
costs. The proof gives general intuition for inc-dec gaming behavior. Section 2.5
models a specific market-based redispatch mechanism to add more applied interpre-
tation to this result.

Proposition 6. Let M ̸= ∅ be the class of two-stage mechanisms that implement
dispatch function d with voluntary participation and fair first stage. There exists
a one-stage mechanism that implements d with voluntary participation with strictly
lower procurement costs than every M ∈ M if and only if d is asymmetric.



48 Chapter 2. The Cost of Fairness in Electricity Markets

Proof. The proof of Proposition 6 is included in Appendix 2B.1.

In electricity networks that are asymmetric in the distribution of production
costs or the set of feasible dispatches, sensible dispatch functions—such as those
designed to minimize procurement costs or maximize societal welfare—are generally
asymmetric as they do not satisfy Ψ(1) = Ψ(D). As an example, consider Germany,
where electricity demand is high in the south, while supply is high in the north
and transmission capacities are limited. For any fixed cost realization ci, sensible
dispatch functions assign a higher probability of being dispatched di(ci) if producer
i is located in the south. The network is asymmetric. Then, using a fair first stage
strictly increases procurement costs. This speaks in favor of splitting the uniform
bidding zones of asymmetric networks. Splitting an asymmetric network into parts
that are symmetric in themselves decreases procurement costs and therefore con-
sumer bills. Alternatively, policymakers may abandon two-stage mechanisms with
fair first stage and turn to one-stage mechanisms like nodal pricing.

To illustrate this argument, I provide a detailed comparison of two mechanisms
in Section 2.5. The following subsection sketches the proof of Proposition 6 which
deepens the understanding of inc-dec gaming.

2.4.3 A General Intuition for Inc-dec Gaming

For given dispatch function d, producers with low Ψi =
∫ c

c di(t)dt are rarely called
to production. There are two natural reasons why a designer might choose such a
dispatch function. First, those producers might be located in unfavorable regions
with high supply, low demand, and insufficient connections to the rest of the network.
Second, the distribution of private information parameters might be such that those
players have low virtual valuations, which makes them unattractive for dispatch
functions that minimize procurement costs.

Conditional on this dispatch function, procurement costs are minimized with a
no-rent-at-the-bottom condition on transfers. This condition holds when type c, the
least efficient type, has expected utility zero. Two-stage mechanisms with fair first
stage cannot satisfy this condition when Ψ(1) < Ψ(D) because of the following.

The expected transfer τ for type c conditional on y
(1)
i = 1 has to be sufficiently

high to satisfy incentive compatibility and voluntary participation for the player with
Ψi = Ψ(D). With a fair first stage, players with Ψi < Ψ(D) and type realization
c cannot be excluded from this transfer. The first stage is specifically designed to
satisfy this notion of fairness. Then, for the players with Ψi < Ψ(D), the expected
transfer with type c is so high that incentive compatibility can only be maintained
by sacrificing the no-rent-at-the-bottom condition. The players with Ψi < Ψ(D)
receive positive expected utility conditional on type realization c.

When the second stage satisfies the no-rent-at-the-bottom for players with y
(1)
i =

0, this positive utility must stem from experiencing y
(1)
i = 1. The players with low

Ψi accept y
(1)
i = 1 in anticipation that the second stage sets y

(2)
i = 0 with high

probability. When the received transfer in the first stage outweighs the second-stage
payment to go from y

(1)
i = 1 to y

(2)
i = 0, the player incurs an arbitrage profit and
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positive utility. The player increases supply for the first stage and decreases in the
second stage, which is exactly the intuition for inc-dec gaming.

2.5 Nodal Pricing and Market-based Redispatch

To illustrate Proposition 6, I give a detailed comparison of nodal pricing and uniform
spot markets with market-based redispatch, the respective one-stage and two-stage
mechanisms most commonly used in electricity markets. To apply nodal pricing, I
need to introduce the concept of nodes.

Let the electricity network consist of a set of nodes N = {1, 2, ..., N}, with a
typical node denoted as n. Let In ⊂ I be the subset of producers that are located in
node n. Every producer is located at exactly one node in the sense that ∪N

n=1In = I
and In ∩ Im = ∅ for every m ̸= n.

In the following two subsections, I formalize the specific mechanisms I analyze
because there exist variations to both. The variations I work with are favorable
due to their ex-post efficiency and because they are analytically tractable even in
general network structures. The results give interesting policy implications also for
mechanisms that have similar outcomes in the sense that they implement roughly
efficient dispatches.

2.5.1 Nodal Pricing and VCG

Nodal pricing mechanisms, also known as locational marginal pricing, are one-step
mechanisms that directly achieve a feasible outcome by setting different prices for
subsets of nodes that are connected by congested transmission lines. Liu, Tesfatsion,
and Chowdhury (2009) show the difficulties and variations in formalizing nodal
pricing. I begin with a simple definition.

Definition 11 (Nodal pricing). An electricity market outcome x = (y, t) is said to
satisfy the nodal pricing properties if it satisfies the following two conditions.

• For every node n ∈ N it holds that ti = tj := pn for any pair of producers i, j

from In such that yi = yj = 1.

• Let there be two nodes n and m with positive production and pn > pm. Consider
an alternative dispatch y′ with y′

k = yk for all but two producers. Let yi = 0
and y′

i = 1 for some i ∈ Im and yj = 1 and y′
j = 0 for some j ∈ In. Then, it

holds that y′ ̸∈ Ŷ .

The first part of the definition requires that producers from the same node trade
at the same spot market price. The second part demands that it is not feasible to
reallocate production towards nodes with lower prices. That is, when two nodes
differ in their nodal price, the node with the lower price is export-constrained.

In my setting with single-unit production capacities, the VCG mechanism in the
spirit of Vickrey (1961) is a nodal pricing mechanism under a plausible assumption
on the set of feasible dispatches (Proposition 7). A more specific setting with the
same property is analyzed by Ehrhart et al. (2026).
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Assumption 1 (Discrete midpoint closure). Let y and y′ be feasible dispatches from
Ŷ . Let y′′ ∈ Y satisfy

∑
i∈In

y′′
i ∈

{⌊∑
i∈In

yi +∑
i∈In

y′
i

2

⌋
,

⌈∑
i∈In

yi +∑
i∈In

y′
i

2

⌉}

for every node n ∈ N . Then, y′′ ∈ Ŷ .

Assumption 1 is a modification of the convexity property to the discrete set of
feasible dispatches in my model. The literature on optimal power flow in electric-
ity networks establishes that one may reasonably restrict attention to convex sets
of feasible dispatches (Gan et al. 2015; Dymarsky and Turitsyn 2019). When two
dispatches are feasible, then it is also feasible to generate in each node the average
nodal production of the initial two dispatches without violating transmission con-
straints. When the average is not an integer, Assumption 1 allows rounding either
up or down as long as total production equals demand D such that y′′ ∈ Y . Note
that the restriction is imposed only on the total production per node and therefore
production can be freely reallocated within a node. In particular, by taking the
midpoint of some y ∈ Ŷ and y itself, Assumption 1 implies that all dispatches with
the same total production per node are also feasible.

In the following I apply the VCG mechanism to my electricity network and show
that it satisfies the nodal pricing property under Assumption 1. Every player i

makes a bid bi ∈ R. The resulting dispatch is

yV CG ∈ arg min
y∈Ŷ

I∑
i=1

yibi.

As the minimization is on a finite set, there is at least one minimum. In case there
are multiple solutions, the mechanism deterministically selects one of them. Random
tie-breaking would not change the following results, but deterministic tie-breaking
is in line with the class of mechanisms from Section 2.4.

The intuition of the VCG mechanism is that every producer with yi = 1 receives
a payment that equals the size of the (positive) externality her production creates on
the (announced) total production costs of others. To quantify the payments, recall
that for each producer i the subset of feasible dispatches setting yi = 0 is called Ŷ−i

and is nonempty. The payment to producer i is then given by

ti =
(

min
y∈Ŷ−i

∑
k ̸=i

ykbk

)
−
∑
k ̸=i

yV CG
k bk.

Note that, by this definition, it holds that ti = 0 for all producers with yV CG
i = 0.

Proposition 7 (VCG is nodal pricing). Let Assumption 1 be satisfied. Then, the
dominant-strategy equilibrium of the VCG mechanism satisfies the nodal pricing
property.

Proof. The proof of Proposition 7 is included in Appendix 2B.2.
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Proposition 7 shows that, in the electricity network with single-unit production
capacities, the VCG mechanism satisfies the properties of a nodal pricing mechanism.
First, producers that are located at the same node receive the same nodal price as
compensation for producing a unit. Second, when two nodes have different nodal
prices it is not feasible to reallocate production towards the node with the lower
price. This refers to a congestion of transmission lines between the two nodes.
Roughly speaking, nodal prices in import-constrained nodes are higher than prices
in export-constrained nodes. In the following I simply refer to this mechanism as
nodal pricing and denote dispatches from this mechanism as ynodal.

2.5.2 Market-based Redispatch

In this subsection, I formalize a market-based redispatch mechanism that imple-
ments the same efficient dispatch function as the above nodal pricing mechanism.
The following section assesses the equilibrium of the mechanism regarding inc-dec
strategies and procurement costs and outlines the parallels to the general results
from Section 2.4 while providing additional interpretation. Observation 2 shows
that the analyzed equilibrium in the market-based redispatch mechanism has a fair
first stage. Observation 3 notes that the expected production externality determin-
ing the possibility of arbitrage profits through inc-dec gaming is equivalent to the
parameter Ψi from Section 2.4 up to an added constant.

In practice, there exists a variety of different market-based redispatch mech-
anisms. The “global” market-based redispatch I analyze here allows considerable
changes compared to the allocation of the first stage. In contrast, the “minimal”
market-based redispatch analyzed by Ehrhart et al. (2026) aims to minimize trading
in the second stage. In Appendix 2C, I show that “global” market-based redispatch
has lower expected procurement costs than “minimal” market-based redispatch in
the setting analyzed by Ehrhart et al. (2026).

In the first stage of a market-based redispatch mechanism, the transmission
constraints are ignored and a preliminary outcome x(1) ∈ X is reached that might
not be feasible. Participation in the second stage is voluntary. Thus, a producer
only participates in the second stage if she expects a weakly better outcome than
x(1).

In both stages, all producers simultaneously make a bid. I write b
(1)
i ∈ R to

denote the bid of producer i in the first stage and b
(2)
i ∈ R to denote the bid of

producer i in the second stage. In the first stage, the lowest D bids are accepted.
Let b

(1)
(D+1) be the (D + 1)-th order statistic of (b(1)

i )I
i=1. Then, y

(1)
i = 1 for all

producers with b
(1)
i < b

(1)
(D+1) and y

(1)
i = 0 for all producers with b

(1)
i > b(D+1).

Again, ties at b
(1)
(D+1) are resolved deterministically such that ∑I

i=1 y
(1)
i = D. The

first stage sets t
(1)
i = 0 for all producers with y

(1)
i = 0 and t

(1)
i = b

(1)
(D+1) for all

producers with y
(1)
i = 1. I call b

(1)
(D+1) the zonal price in my electricity spot market

with a uniform bidding zone. The first stage is a uniform price auction without
transmission constraints. In the spirit of the signalling function Ji from Section 2.4,
producer i learns (y(1)

i , t
(1)
i ) from the first stage. That is, producer i learns her
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allocation from the spot market before bidding in the redispatch stage. For all the
following results, it does not matter whether Ji reveals further information about
the first-stage bids.

I denote the final outcome after the second stage of the market-based redispatch
mechanism with xMBR = (y(2), t(1) + t(2)). The total transfer tMBR

i = t
(1)
i + t

(2)
i

is given by the sum of transfers from both stages for each producer. To mimic the
nodal pricing mechanism, the second stage sets

y(2) ∈ arg min
y∈Ŷ

I∑
i=1

yib
(2)
i .

Payments from the second stage are conditional on the redispatch quantities. Players
with y

(1)
i = y

(2)
i receive transfer t

(2)
i = 0 in the second stage. Again, Ŷ−i ⊂ Ŷ is

the subset of feasible dispatches setting yi = 0 and Ŷ+i ⊂ Ŷ is the subset of feasible
dispatches setting yi = 1. Players with y

(1)
i = 0 and y

(2)
i = 1 receive as a transfer

for the upward redispatch

t
(2)
i =

(
min

y∈Ŷ−i

∑
k ̸=i

ykb
(2)
k

)
−
∑
k ̸=i

y
(2)
k b

(2)
k .

This is equivalent to the definition of the transfers in the nodal pricing mechanism.
Players with y

(1)
i = 1 and y

(2)
i = 0 receive as a transfer for the downward redispatch

t
(2)
i =

(
min

y∈Ŷ+i

∑
k ̸=i

ykb
(2)
k

)
−
∑
k ̸=i

y
(2)
k b

(2)
k .

Analogously to Proposition 7 it can be shown that, under Assumption 1, producers
from the same node receive the same transfers when they engage in the same di-
rection of redispatch. Additionally, it is possible to derive the following relationship
between transfers for upward and downward redispatch within a given node.

Observation 1. Let Assumption 1 be satisfied. Let y(1) and y(2) be the respective
dispatches from the first and second stage of the market-based redispatch mechanism
and t(2) be the transfers from the second stage. Let i and j be producers from the
same node. Let j engage in upward redispatch (y(1)

j = 0, y
(2)
j = 1) and i engage in

downward redispatch (y(1)
i = 1, y

(2)
i = 0). Then, it holds that t

(2)
i + t

(2)
j ≥ 0.

Proof. The proof of Observation 1 is included in Appendix 2B.3.

In practice, and in the equilibrium b(2) = c analyzed in Section 2.5.3, producers
receive positive transfers for upward redispatch and negative transfers for downward
redispatch. Observation 1 then implies that, within any node, the transfer producers
receive for upward redispatch is higher than the transfer producers pay for downward
redispatch.
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2.5.3 Inc-dec Gaming and Procurement Costs

In this section, I show that the crucial parameter for existence and size of arbi-
trage profits through inc-dec gaming is an expected production externality. Players
who, in expectation, do not significantly lower incurred production costs of others
with their production have low expected production externalities. Players with the
lowest expected production externalities receive the largest arbitrage profits from
inc-dec gaming. Existence and size of arbitrage profits depends on the asymmetry
of expected production externalities across players.

I begin with the derivation of equilibria.

Proposition 8 (Nodal pricing equilibrium). The strategies bi = ci form a Bayes-
Nash equilibrium in dominant strategies in the nodal pricing mechanism.

Proof. Recall that nodal pricing is equivalent to the VCG mechanism in this setting.
The strategies bi = ci are the truthtelling equilibrium in dominant strategies of the
VCG mechanism.

In nodal pricing, producers truthfully report their costs and the outcome is
ex-post efficient. Payments are equal to the nodal prices pn. This is already an
argument in favor of nodal pricing mechanisms. It is always possible to achieve, in
a dominant-strategy equilibrium, an ex-post efficient dispatch with a nodal pricing
mechanism.

Definition 12 (Expected production externality). For every producer i ∈ I define
φi := E

[
miny∈Ŷ−i

∑
k ̸=i ykck − miny∈Ŷ+i

∑
k ̸=i ykck

]
.

The expected production externality φi measures the expected decrease in pro-
duction costs that others experience when i participates in production. This param-
eter is crucial in the analysis of inc-dec gaming in market-based redispatch.

Proposition 9 (Market-based redispatch equilibrium). Consider redispatch bids
b

(2)
i (ci) = ci and b

(1)
i (ci) = φi. Then, together with any weakly consistent belief

system, (b(1)
i , b

(2)
i )I

i=1 form a weak perfect Bayesian equilibrium of the market-based
redispatch mechanism.

Proof. The proof of Proposition 9 is included in Appendix 2B.4.

The redispatch stage resembles nodal pricing and achieves an ex-post efficient
allocation. Note that, in this equilibrium, the first stage reveals no private infor-
mation. Every player bids independently of her type realization. The intuition for
this is that the first stage only influences utility through its effect on transfers and
does not affect the final dispatch. The first-stage dispatch determines whether a
player receives a payment for upward redispatch or makes a payment for downward
redispatch in the second stage. The proof of Proposition 9 shows that the optimal
bid to maximize the sum of expected transfers is independent of the type.

In the following, I evaluate transfers and procurement costs. Note that bids in
the first stage depend only on the distributions of other players’ cost parameters.
No private information is revealed in the first stage.
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Proposition 10 (Comparison of nodal pricing and market-based redispatch). Let
xnodal = (ynodal, tnodal) and xMBR = (yMBR, tMBR = t(1) + t(2)) be the respective
equilibrium outcomes of nodal pricing and market-based redispatch following from the
equilibrium bids described in Proposition 8 and Proposition 9. For every producer
i ∈ I it holds that ynodal

i = yMBR
i and E[tMBR

i ] − E[tnodal
i ] = max{0, φ(D+1) − φi}.

Market-based redispatch has strictly higher expected procurement costs than nodal
pricing if and only if φ(D+1) > φ(1).

Proof. Let (bnodal
i )I

i=1 and (b(1)
i , b

(2)
i )I

i=1 be the equilibrium bids described in Propo-
sition 8 and Proposition 9. Recall that bnodal

i = b
(2)
i = ci. Then the equivalence of

dispatches follows from the equivalent definitions of ynodal and yMBR. The zonal
price in the first stage is equal to φ(D+1). Producers with φi > φ(D+1) always receive
t
(1)
i = 0 and therefore E[tMBR

i ] − E[tnodal
i ] = 0. The same holds for all producers

with φi = φ(D+1) that receive y(1) = 0. For all producers with φi < φ(D+1) it holds
that y

(1)
i = 1 and

E[t(1)
i + t

(2)
i |ci] − E[tnodal

i |ci] = φ(D+1) + t
(2)
i (ci, y

(1)
i = 1) − E[tnodal

i |ci]

= φ(D+1) + t
(2)
i (ci, y

(1)
i = 0) − φi − E[tnodal

i |ci]
= φ(D+1) − φi

The second equality follows from the proof of Proposition 9. Producers with φi =
φ(D+1) receive either y(1) = 0 or y(1) = 1. Combining the two arguments from
above, for those producers it also holds that E[tMBR

i ] − E[tnodal
i ] = 0. Hence, it

holds for every producer i that E[tMBR
i ] − E[tnodal

i ] = max{0, φ(D+1) − φi}. The
final statement follows immediately.

Proposition 10 concludes that the possibility of systematic arbitrage payments
due to inc-dec gaming depends on expected production externalities φi. A producer
i makes arbitrage gains in market-based redispatch when φi < φ(D+1). The expected
production externality φi measures the expected positive welfare effect of i’s produc-
tion on the rest of the network. This is low in nodes with low expected nodal prices
and within each node this is low for producers who are rather inefficient in terms
of their cost distribution. That is, the market-based redispatch mechanism makes
excessive payments to the producers who benefit the network the least. Hence,
market-based redispatch may be called into question not only because of its exces-
sive procurement costs, but also because of the allocation of the additional payments
to producers who are inefficient in terms of production costs and location.

Recall that, in the analyzed market-based redispatch equilibrium, bids in the first
stage reveal no private information. Bids are entirely driven by the hunt for arbitrage
profits. This model illustrates most strongly the undesirable features of two-stage
mechanisms in electricity markets. When the second stage allows changes to the
dispatch—partial changes or even complete changes as in the analyzed mechanism—
the first stage leaves room for profit maximization beyond the usual information rents
for the provided electricity.
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In the following, I strengthen the connection to the general result in Proposition
6 by showing that, under Assumption 2, the market-based redispatch mechanism
has a fair first stage and the crucial asymmetry in φ relates to asymmetry in Ψ.

Assumption 2 (Contribution of (in)efficient producers). For every producer i and
F−i-almost every type profile c−i, it holds that

c + min
y∈Ŷ+i

∑
k ̸=i

ykck ≤ min
y∈Ŷ−i

∑
k ̸=i

ykck ≤ c̄ + min
y∈Ŷ+i

∑
k ̸=i

ykck.

Assumption 2 states that a producer with the lowest possible cost c can be
included in an efficient dispatch, while a producer with the highest possible cost c

can be excluded from an efficient dispatch. The assumption is stated in terms of
weak cost comparisons and therefore allows for ties. In particular, it does not require
that all producers with cost c are dispatched simultaneously. This is crucial, since
there can be more than D producers with cost c with positive probability.

Observation 2. Under Assumption 2, the market-based redispatch equilibrium has
a fair first stage.

Proof. Condition (2.1) is satisfied with uniform spot market price given by τ =
φ(D+1). Condition (2.2) is satisfied as it follows from the proof of Proposition 9 that
no player with y

(1)
i = 0 would prefer y

(1)
i = 1 at this spot market price.

Condition (2.3) is proven by contraposition. All producers with y
(1)
i (c) ̸= 0

have y
(1)
i (c, c−i) = 1 for all c−i. Then, realized utility of producer i is τ − c if

y
(2)
i (c, c−i) = 1. When y

(2)
i (c, c−i) = 0, realized utility is equivalently

τ +

 min
y∈Ŷ+i

∑
k ̸=i

ykck

−
∑
k ̸=i

y
(2)
k ck

 = τ − c.

To see this, note that y
(2)
i (c, c−i) = 0 implies that

c + min
y∈Ŷ+i

∑
k ̸=i

ykck ≥
∑
k ̸=i

y
(2)
k ck

and the first inequality in Assumption 2 implies that

c + min
y∈Ŷ+i

∑
k ̸=i

ykck ≤
∑
k ̸=i

y
(2)
k ck.

Together, the two inequalities imply equality, and therefore the realized utility is
τ − c.

Observation 3. Let d be the ex-post efficient dispatch function implemented by the
two mechanisms and consider Ψi =

∫ c
c di(t)dt as in Section 2.4. Under Assumption

2, expected production externalities satisfy φi = Ψi + c for every i.

Proof. This proof is included in Appendix 2B.5.
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Recall that the necessary and sufficient condition for existence of arbitrage in the
general model from Section 2.4 is Ψ(1) < Ψ(D). Since Ψ is a monotone transformation
of φ, this is equivalent to φ(1) < φ(D) and stronger than the condition φ(1) < φ(D+1)
from Proposition 10.3 However, this result shows that the above market-based
redispatch mechanism achieves almost everything that is possible with a fair first
stage. To prevent inc-dec gaming in asymmetric electricity networks, the fair first
stage needs to be relinquished. Switching to nodal pricing represents a holistic
approach to such a reform. However, bidding zone splits can achieve the same effect
in some cases. For example, suppose certain regions are symmetric in themselves in
the sense that producers within a region have equal expected production externalities
φi. Splitting the spot market into such symmetric regions while maintaining a
redispatch stage yields the same expected procurement costs as nodal pricing.4

Considering dynamic environments, the possibility of arbitrage gains in market-
based redispatch creates an incentive to invest in production capacities in nodes that
already have abundant supply and insufficient transmission capacities to distribute
production to the rest of the network. Inc-dec gaming artificially creates congestion
in the spot market in both the short run, with distorted bidding behavior, and the
long run, with distorted investment incentives. Then, the spot market sends dis-
torted signals for investments in transmission lines. The need for grid investment in
zones with market-based redispatch might be smaller than the spot market signals.

2.6 Conclusion

This paper provides a general theoretical analysis of inc-dec gaming in electricity
market mechanisms. I extend the existing literature with a mechanism design ap-
proach and by allowing a multiplicity of network structures without restrictions on
the number of nodes and the details of transmission constraints between them.

I show that asymmetric dispatch functions can be implemented with strictly
lower procurement costs without the fair first stage that implements a uniform
spot market price. It is impossible to design a second stage that compensates the
disadvantage of fair spot markets. Thus, the cost of fairness in this setting is the
additional procurement cost imposed by the uniform spot-market price. The proof
relies on the intuition of inc-dec gaming: In asymmetric networks, some producers
can sell their electricity at the uniform price in anticipation that their expected
regional price for downward redispatch is lower.

In my specific model of market-based redispatch, the crucial parameter for eval-

3When φ(1) = φ(D) < φ(D+1), inc-dec gaming and arbitrage profits can be avoided with a
mechanism that forces a fair first stage upon the players as illustrated in Appendix 2B.1 with the
proof of Proposition 6.

4This is because b(1) = φ remains an equilibrium in the two-stage mechanism with split spot
markets. Since the technical tools used above are sufficient for this result, a dedicated section on
bidding zone splits is spared.
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uating the existence and size of arbitrage profits through inc-dec gaming is the
expected production externality. This parameter measures, for each player, the ex-
pected cost-reducing effect of that player’s production on the incurred production
costs of all other producers. Increased procurement costs with the uniform spot
market are due to arbitrage profits of producers with low expected production ex-
ternalities. In the practical example of the German electricity network, producers
that rely heavily on fossil fuels and are located in the export-constrained northern
nodes have the lowest expected production externalities. Market-based redispatch
rewards those producers most strongly. Even though this yields interpretations for
a variety of market-based redispatch mechanisms, this paper does not fully discuss
which redispatch design is best.

Inc-dec gaming artificially creates network congestion in the spot market stage,
even in the absence of arbitrage profits. When arbitrage profits are present, the mar-
ket design creates incentives for inefficient investment in export-constrained nodes.
In conclusion, this paper derives the strict optimality of one-stage mechanisms like
nodal pricing. This optimality can also be (approximately) reached with regional
spot market prices via appropriate bidding zone splits.
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redispatch may result in inefficient dispatch”. The Energy Journal 43.5, pp. 205–
230.

Haucap, J. and B. Pagel (2013). “Ausbau der Stromnetze im Rahmen der En-
ergiewende: Effizienter Netzausbau und Struktur der Netznutzungsentgelte”. List
Forum für Wirtschafts- und Finanzpolitik 39.3, pp. 235–253.

https://www.smard.de/page/home/topic-article/444/216636/volumen-und-kosten-gesunken
https://www.smard.de/page/home/topic-article/444/216636/volumen-und-kosten-gesunken
https://papers.ssrn.com/sol3/papers.cfm?abstract_id=5717062
https://papers.ssrn.com/sol3/papers.cfm?abstract_id=5717062
https://eepublicdownloads.blob.core.windows.net/public-cdn-container/clean-documents/Network%20codes%20documents/NC%20CACM/BZR/2025/Bidding_Zone_Review_of_the_2025_Target_Year.pdf
https://eepublicdownloads.blob.core.windows.net/public-cdn-container/clean-documents/Network%20codes%20documents/NC%20CACM/BZR/2025/Bidding_Zone_Review_of_the_2025_Target_Year.pdf
https://eepublicdownloads.blob.core.windows.net/public-cdn-container/clean-documents/Network%20codes%20documents/NC%20CACM/BZR/2025/Bidding_Zone_Review_of_the_2025_Target_Year.pdf


Bibliography 59

Hirth, L. and I. Schlecht (2020). Market-based redispatch in zonal electricity markets:
The preconditions for and consequence of inc-dec gaming. Working paper. ZBW
– Leibniz Information Centre for Economics. https://www.econstor.eu/hand
le/10419/222925.

Holmberg, P. (2026). Mitigating the inc-dec game in zonal electricity markets. Re-
search Square preprint. https://www.researchsquare.com/article/rs-9073
870/latest.

Holmberg, P. and E. Lazarczyk (2015). “Comparison of congestion management
techniques: Nodal, zonal and discriminatory pricing”. The Energy Journal 36.2,
pp. 145–166.

Hurwicz, L. (1972). “On informationally decentralized systems”. Decision and Or-
ganization: A Volume in Honor of Jacob Marschak. Ed. by R. Radner and C. B.
McGuire. Amsterdam: North-Holland, pp. 297–336.

Liu, H., L. Tesfatsion, and A. Chowdhury (2009). “Locational marginal pricing basics
for restructured wholesale power markets”. 2009 IEEE Power & Energy Society
General Meeting. IEEE, pp. 1–8.

Maskin, E. (1999). “Nash equilibrium and welfare optimality”. The Review of Eco-
nomic Studies 66.1, pp. 23–38.

Myerson, R. B. (1979). “Incentive compatibility and the bargaining problem”. Econo-
metrica, pp. 61–73.

— (1981). “Optimal auction design”. Mathematics of Operations Research 6.1, pp. 58–
73.

Neuhoff, K., J. Barquin, M. G. Boots, A. Ehrenmann, B. F. Hobbs, F. A. Rijkers,
and M. Vazquez (2005). “Network-constrained Cournot models of liberalized
electricity markets: the devil is in the details”. Energy Economics 27.3, pp. 495–
525.

Pavan, A., I. Segal, and J. Toikka (2014). “Dynamic mechanism design: A Myerso-
nian approach”. Econometrica 82.2, pp. 601–653.

Rhein, B. (2025). Wir müssen dringend den einheitlichen Strompreis für ganz Deutsch-
land beibehalten. Accessed: November 13, 2025. https://x.com/Boris_Rhein
/status/1956263455683461282.

Vickrey, W. (1961). “Counterspeculation, auctions, and competitive sealed tenders”.
The Journal of Finance 16.1, pp. 8–37.

Wambach, A., L. Hirth, A. Ockenfels, M. Bichler, O. Edenhofer, V. Grimm, A.
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Appendices

2A Conditional Expectations

Conditional expectations require careful definition especially when conditioning on
signal realizations ji that occur with probability zero—cases where Bayes’ rule can-
not be applied. For an equilibrium strategy profile σ,

yi(θi) :=
∫

[c,c]I−1
yi(σ(c))dF−i

gives the expected quantity allocated to player i with type ci in the one-stage mech-
anism. I define ti, y

(1)
i and t

(1)
i analogously.

For a given strategy profile (σ(1), σ(2)), write the expected final quantity for
producer i with type ci in the two-stage mechanism as

yII
i (ci) :=

∫
[c,c]I−1

y
(2)
i

(
y(1)(σ(1)(c)), σ(2)(c, J(σ(1)(c)))

)
dF−i

and define t
II
i (ci) analogously. Then, expected utility from participating in both

stages of the two-stage mechanism with strategy profile (σ(1), σ(2)) is given by

U II
i (ci) := −ciy

II
i (ci) + t

(1)
i (ci) + t

II
i (ci).

Under the mild assumptions of the disintegration theorem, I obtain regularity of
second-stage expectations conditional on first-stage signals. These assumptions con-
sist of the signal space Ji—equipped with its Borel sigma-algebra—being a standard
Borel space, and the signalling function J and strategies being Borel-measurable
functions. Note that I do not need to restrict attention to settings that satisfy those
assumptions. Instead, for the proof by construction in the second part of the proof
of Proposition 6 (Appendix 2B.1), I identify a mechanism that satisfies them.

When the above assumptions hold, conditional on strategies (σ(1), σ(2)), I can
write

y
(2)
i (ji, ci) :=

∫
[c,c]I−1

y
(2)
i

(
y(1)(σ(1)(c)), σ(2)(c)

)
dµji,ci (2.4)

to denote the interim expected quantity allocated to player i with type ci conditional
on first-stage signal ji ∈ Ji. Here, µji,ci is a probability measure from ∆([c, c]I−1)
that describes the distribution of types conditional on observing ci and ji. By
the disintegration theorem, for every player i and type ci, there exists a family of
conditional probability measures from ∆([c, c]I−1) denoted by {µji,ci}ji∈Ji

such that
∫

Ji

y
(2)
i (ji, ci)dνci = yII

i (ci). (2.5)

Here, I write νci
:= F−i ◦

(
Ji ◦ σ(1)(ci, ·)

)−1
to denote the probability measure of

signal realizations ji conditional on ci. Then, equation (2.5) states that the con-
ditional expectation is consistent with the Law of Iterated Expectations. By the



Proofs 61

disintegration theorem, the family of conditional probability measures {µji,ci}ji∈Ji

is νci-almost everywhere uniquely determined and therefore the conditional expec-
tation y

(2)
i (ji, ci) is νci-almost everywhere uniquely determined. I define t

(2)
i (ji, ci)

analogously. For the definition of implementation with voluntary participation (Def-
inition 8), I say that voluntary participation in the second stage is satisfied when
there exist conditional expectations y

(2)
i (ji, ci) and t

(2)
i (ji, ci) as above that satisfy

−ciy
(2)
i (ci, ji) + t

(2)
i (ci, ji) ≥ −ciy

(1)
i for all i and all (ci, ji).

2B Proofs

2B.1 Proof of Proposition 6

This proof relies heavily on the techniques by Myerson (1981). I begin with some
preliminaries. As defined in Appendix 2A, I denote, for a given strategy profile
(σ(1), σ(2)), the expected allocation and utility after observing the type realization
ci by yII

i (ci), t
II
i (ci) and U II

i (ci).
For a given social choice function f = (d, p), I write di(ci) :=

∫
[c,c]I−1 d(ci, c−i)dF−i

to denote the expected quantity assigned to player i with type ci and similarly
pi(ci) :=

∫
[c,c]I−1 p(c)dF−i to denote the expected transfer to player i with type ci.

Then, Uf
i (ci) := −cidi(ci) + pi(ci) denotes the expected utility of player i with type

ci under social choice function f = (d, p).
By the definition of implementation, an equilibrium of a two-stage mechanism

that implements f satisfies yII
i (ci) = di(ci) and U II

i (ci) = Uf
i (ci) for every i and ci.

Lemma 8 (Myerson (1981), Lemma 2). A social choice function f = (d, t) can
be implemented with some one-stage mechanism with voluntary participation if and
only if di(·) is weakly decreasing and for every i and ci it holds that

Uf
i (ci) = Uf

i (c) +
∫ c

ci

di(t)dt

for some Uf
i (c) ≥ 0.

Lemma 8 is a standard result from mechanism design.

Lemma 9 (Incentive compatibility of two-stage mechanisms). A social choice func-
tion f = (d, t) can be implemented with voluntary participation with some two-stage
mechanism with fair first stage only if di(·) is weakly decreasing and for every i and
ci it holds that

Uf
i (ci) = Uf

i (c) +
∫ c

ci

di(t)dt

for some Uf
i (c) ≥ 0.

Lemma 9 follows from Lemma 8 with a revelation principle argument. Imposing
additionally a fair first stage does not change that the above is a necessary condition.
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Proof of “if”

For an implementable dispatch function d, I show that its direct one-stage mechanism
with Uf

i (c) = 0 for all i has strictly lower procurement costs than any implementation
via a two-stage mechanism with fair first stage when Ψ(1) < Ψ(D). I begin with an
auxiliary lemma.

Lemma 10. Consider an implementation of d with voluntary participation via a
two-stage mechanism with fair first stage. Ψ(1) < Ψ(D) implies that there is at least
one player k with U II

k (c) = Uf
k (c) > 0.

Proof. Consider an implementation of d with voluntary participation via such a two-
stage mechanism. Let Ic be the set of players with y

(1)
i (c) > 0. Note that there are

at least D players in this set. Then Ψ(1) < Ψ(D) implies that there is a player i ∈ Ic

with Ψi > Ψ(1). Compare i to player k with Ψk = Ψ(1). Conditions 2.2 and 2.3 of
the fair first stage imply that U II

k (c) ≥ U II
i (c) = τ − c. Lemma 9 then implies that

U II
k (c) > U II

i (c) ≥ 0 which completes the proof.

For a given social choice function f = (d, p), expected procurement costs are
given by the sum of expected transfers to the players. With the integral incentive
compatibility conditions, this can be written as

PC(f) =
∫

[c,c]I

I∑
i=1

pi(ci)dF

=
∫

[c,c]I

I∑
i=1

(
Uf

i (ci) + cidi(ci)
)

dF

=
∫

[c,c]I

I∑
i=1

(
Uf

i (c) +
∫ c

ci

di(t)dt + cidi(ci)
)

dF

≥
∫

[c,c]I

I∑
i=1

(∫ c

ci

di(t)dt + cidi(ci)
)

dF.

Hence, the one-stage mechanism that implements d with Uf
i (c) = 0 for all i has

strictly lower procurement costs than the two-stage mechanism that, by Lemma 10,
must set U II

k (c) = Uf
k (c) > 0 for some player k.

Proof of “only if”

Dispatch functions with Ψ(1) = Ψ(D) can be implemented with minimal costs via
two-stage mechanisms with fair first stage. I show this by identifying an appropriate
two-stage mechanism. For given dispatch function d, let IΨ be some set of D players
with Ψi ≤ Ψ(D). Consider the mechanism setting y

(1)
i (s) = 1 and t

(1)
i (s) = Ψ(1) + c

for all players i ∈ IΨ for any first-stage action profile s. For all other players, the
mechanism sets y

(1)
i (s) = 0 and t

(1)
i (s) = 0. This mechanism forces a fair first stage

upon the players.
The second stage follows the intuition of a direct mechanism. For any player

i and any action profile s, the signalling function gives Ji(s) = (x(1)
i (s)). That is,
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no additional information about actions is revealed. For any player i, the second-
stage action set is given by S

(2)
i = [c, c]. For all action profiles c ∈ [c, c]I , the

outcome function gives dispatch y(2)(c, y(1)) = d(c). For players i ̸∈ IΨ, the transfer
is t

(2)
i (c, y(1)) = 0 if y

(2)
i (c, y(1)) = 0 or di(ci) = 0 and

t
(2)
i (c, y(1)) =

∫ c
ci

di(t)dt

di(ci)
+ ci

else. Consider now expected second-stage allocations and transfers—conditional
on observing type and the first-stage allocation—y

(2)
i (ci, y

(1)
i ) and t

(2)
i (ci, y

(1)
i ) as

defined in Appendix 2A. With the simple structure of the first stage, regularity of
these conditional expectations is trivial and I can write them as below. I claim that
there is an equilibrium where all players truthfully announce their type. Expected
utility of a player i ̸∈ IΨ—conditional on truthful play—is then

U II
i (ci) = −ciy

(2)
i (ci, y

(1)
i = 0) + t

(2)
i (ci, y

(1)
i = 0)

= −cidi(ci) + di(ci)
(∫ c

ci
di(t)dt

di(ci)
+ ci

)

=
∫ c

ci

di(t)dt.

Conditional on truthful play by all other players, it is optimal for a player i ̸∈ IΨ

to also play truthfully because the gain from announcing the true type ci instead of
some c′

i > ci is

− ciy
(2)
i (ci, y

(1)
i ) + t

(2)
i (ci, y

(1)
i ) − (−ciy

(2)
i (c′

i, y
(1)
i ) + t

(2)
i (c′

i, y
(1)
i ))

= − ciy
(2)
i (ci, y

(1)
i ) + t

(2)
i (ci, y

(1)
i ) − (−c′

iy
(2)
i (c′

i, y
(1)
i ) + t

(2)
i (c′

i, y
(1)
i ))

− c′
iy

(2)
i (c′

i, y
(1)
i ) + t

(2)
i (c′

i, y
(1)
i ) − (−ciy

(2)
i (c′

i, y
(1)
i ) + t

(2)
i (c′

i, y
(1)
i ))

=Uf
i (ci) − Uf

i (c′
i) − (c′

i − ci)y(2)
i (c′

i, y
(1)
i )

=
∫ c′

i

ci

di(t)dt − (c′
i − ci)di(c′

i) ≥ 0.

The inequality follows from the fact that di is weakly decreasing. It can be shown
similarly that deviations to c′

i < ci are not profitable.
Consider now players i ∈ IΨ. Their transfer is set to t

(2)
i (c, y(1)) = 0 if y

(2)
i (c, y(1)) =

1 or di(ci) = 1 and

t
(2)
i (c, y(1)) =

−
∫ ci

c di(t)dt − c + cidi(ci)
1 − di(ci)
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else. Expected utility of a player i ∈ IΨ is then

U II
i (ci) = −ciy

(2)
i (ci, y

(1)
i = 1) + t

(2)
i (ci, y

(1)
i = 1) + t

(1)
i (ci)

= −cidi(ci) + (1 − di(ci))
−
∫ ci

c di(t)dt − c + cidi(ci)
1 − di(ci)

+
∫ c

c
di(t)dt + c

=
∫ c

ci

di(t)dt.

It can be shown as above that deviations are not profitable. To complete the proof,
it remains to be shown that this implementation does not violate participation con-
straints. The first part can be seen immediately from U II

i (ci) =
∫ c

ci
di(t)dt ≥ 0.

To satisfy voluntary participation in the second stage it needs to be shown that
−ciy

(2)
i (ci, y

(1)
i ) + t

(2)
i (ci, y

(1)
i ) ≥ −ciy

(1)
i . For players i ̸∈ IΨ, I have y

(1)
i = 0 and the

participation constraint is satisfied by

−ciy
(2)
i (ci, y

(1)
i ) + t

(2)
i (ci, y

(1)
i ) =

∫ c

ci

di(t)dt ≥ 0 = −ciy
(1)
i .

For players i ∈ IΨ, I have y
(1)
i = 1 and their participation constraint is given by

−ciy
(2)
i (ci, y

(1)
i ) + t

(2)
i (ci, y

(1)
i ) = −cidi(ci) + (1 − di(ci))

−
∫ ci

c di(t)dt − c + cidi(ci)
1 − di(ci)

= −c −
∫ ci

c
di(t)dt

≥ −ci.

Note that the inequality holds with equality at ci = c and therefore holds also at all
ci > c because di(t) ≤ 1 at all t ∈ [c, c].

2B.2 Proof of Proposition 7

I begin with an auxiliary result for the first statement.

Lemma 11. Let Assumption 1 be satisfied. For any b ∈ R, let y ∈ arg miny∈Ŷ

∑I
i=1 yibi.

Let y′ ∈ Ŷ . Let y′′ ∈ Y satisfy

∑
i∈In

y′′
i ∈

{⌊∑
i∈In

yi +∑
i∈In

y′
i

2

⌋
,

⌈∑
i∈In

yi +∑
i∈In

y′
i

2

⌉}

for every node n ∈ N and y′′
i = yi = y′

i for all i ∈ I with yi = y′
i. Then, the discrete

midpoint y′′ is weakly preferred to y′ in the sense that

I∑
i=1

y′′
i bi ≤

I∑
i=1

y′
ibi.

Proof. By Assumption 1, discrete midpoints of feasible dispatches are also feasible
dispatches and y′′ ∈ Ŷ . Consider the auxiliary dispatch y′′′ ∈ Y that satisfies
y′′′

i = yi = y′
i = y′′

i for all i ∈ I with yi = y′
i and y′′′

i ̸= y′′
i for all i ∈ I with
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yi ̸= y′
i. Note that y′′′ is also a discrete midpoint of y and y′ and therefore y′′′ ∈ Ŷ .

It holds that ∑I
i=1 yibi + ∑I

i=1 y′
ibi = ∑I

i=1 y′′
i bi + ∑I

i=1 y′′′
i bi. Now, suppose for a

contradiction that ∑I
i=1 y′′

i bi >
∑I

i=1 y′
ibi. This implies that ∑I

i=1 y′′′
i bi <

∑I
i=1 yibi

which contradicts the definition of y.

Lemma 11 states that the midpoint of an optimal dispatch y and any alternative
dispatch y′ is weakly preferred to the alternative dispatch y′. This is helpful to prove
Proposition 7. Suppose for a contradiction that there are two players i and j from the
same node with yi = yj = 1 and ti < tj . Then, take y(−i) ∈ arg miny∈Ŷ−i

∑I
k=1 ykbk

satisfying y
(−i)
j = 1. It follows from Lemma 11 that such a y(−i) exists. Since Ŷ−i

is nonempty and has finite elements, there is at least one minimum. Let y′ be an
element of arg miny∈Ŷ−i

∑I
k=1 ykbk with y′

j = 0. It is then possible to take y(−i) from
above as a discrete midpoint of y and y′ in the spirit of Lemma 11.

Let y(−j) be a dispatch that satisfies y
(−j)
k = y

(−i)
k for all players k ̸∈ {i, j}. Set

y
(−j)
j = 0 and y

(−j)
i = y

(−i)
j = 1. By Assumption 1 on the nature of transmission

constraints, I have y(−j) ∈ Ŷ . This is because y(−j) has the same level of production
per node as y(−i) and can therefore be written as a midpoint of y(−i) and y(−i) itself.
This implies that

min
y∈Ŷ−j

I∑
k=1

ykbk ≤
I∑

k=1
y

(−j)
k bk.

Then, I have

tj ≤
I∑

k=1
y

(−j)
k bk −

∑
k ̸=j

ynodal
k bk

= bj +
I∑

k=1
y

(−j)
k bk −

I∑
k=1

ynodal
k bk

= bi +
I∑

k=1
y

(−i)
k bk −

I∑
k=1

ynodal
k bk

=
I∑

k=1
y

(−i)
k bk −

∑
k ̸=i

ynodal
k bk

= ti.

This gives the desired contradiction. I proceed with the second statement. Suppose
for a contradiction that y′ ∈ Ŷ . With exactly the same steps as above, it can be
shown that tj ≤ ti has to hold and therefore pn > pm is not possible.

2B.3 Proof of Observation 1

Let b(2) be the vector of second-stage bids. Suppose that an optimal dispatch con-
ditional on including i’s production does not involve production by j. Formally,
suppose there exists a

y(+i) ∈ arg min
y∈Ŷ+i

∑
k ̸=i

ykb
(2)
k
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with y
(+i)
j = 0. By Lemma 11, this would imply that there is also a y(+i) from

this set with y
(+i)
k = y

(2)
k for all k ̸∈ {i, j} and therefore t

(2)
i = −b

(2)
j .5 From the

definition of the dispatch and the transfers it follows directly that t
(2)
j ≥ b

(2)
j and

therefore t
(2)
i ≥ −t

(2)
j .

Similarly, suppose there is a y(−j) ∈ arg miny∈Ŷ−j

∑
k ̸=j ykb

(2)
k with y

(−j)
i = 1. As

above, there exists then also such a y(−j) with y
(−j)
k = y

(2)
k for all k ̸∈ {i, j} and

therefore t
(2)
j = b

(2)
i . From the definition of the dispatch and the transfers it follows

that t
(2)
i ≥ −b

(2)
i and therefore t

(2)
i ≥ −t

(2)
j .

Again, consider y(+i) ∈ arg miny∈Ŷ+i

∑
k ̸=j ykb

(2)
k and y(−j) ∈ arg miny∈Ŷ−j

∑
k ̸=j ykb

(2)
k .

It remains to be shown that the statement holds when all such y(+i) and y(−j) have
y

(+i)
j = 1 and y

(−j)
i = 0. In this case, by Lemma 11, there has to be such a y(+i)

with y
(+i)
h = 0 for some h with y

(2)
h = 1, while y

(+i)
k = y

(2)
k for all k ̸∈ {i, h}.6 Simi-

larly, there has to be some y(−j) as above with y
(−j)
g = 1 for some g with y

(2)
g = 0,

while y
(−j)
k = y

(2)
k for all k ̸∈ {j, g}. These two statements imply respectively that

t
(2)
i = −b

(2)
h and t

(2)
j = b

(2)
g .

Now, take as a feasible midpoint of y(+i) and y(−j) from above the dispatch y

with yj = yg = 1 and yi = yh = 0. Since ∑k y
(2)
k b

(2)
k ≤

∑
k ykb

(2)
k , it holds that

b
(2)
h ≤ b

(2)
g and therefore t

(2)
i + t

(2)
j = −b

(2)
h + b

(2)
g ≥ 0.

2B.4 Proof of Proposition 9

Similarly to the dominant-strategy equilibrium in the VCG mechanism, bidding
b

(2)
i = ci maximizes utility independently of beliefs and second-stage behavior of

others. Then, bids in the first stage only affect expected profits through the expected
transfers from the two stages since the dispatch y(2) is independent of bids b(1).
Conditional on b

(2)
i = ci for all i in the second stage, bidding the expected effect on

second stage transfers of setting y
(1)
i = 1 instead of y

(1)
i = 0 weakly dominates any

other first-stage bid for producer i. Again, as defined in Appendix 2A, let yII
i (ci)

be the probability that player i with cost realization ci is assigned y
(2)
i = 1 after the

5To see this, note that, under Assumption 1, it is possible to take a feasible discrete midpoint
y of y(2) and any such y(+i). When y

(+i)
j = 0, it is possible to take the midpoint such that yi = 1

and yj = 0 is maintained. After now taking the midpoint of y(2) and y, and then taking repeatedly
the midpoint of y(2) and the previous midpoint while maintaining the dispatch for i and j, after a
finite number of repetitions one arrives at some y(+i) ∈ Ŷ with y

(+i)
j = 0 and y

(+i)
k = y

(2)
k for all

k ̸∈ {i, j}. Applying Lemma 11 to each midpoint gives
∑

k
y

(+i)
k b

(2)
k ≤

∑
k

y
(+i)
k b

(2)
k and therefore

y(+i) ∈ arg miny∈Ŷ+i

∑
k ̸=i

ykb
(2)
k .

6To see this, note that, under Assumption 1, it is possible to take a feasible discrete midpoint y
of y(2) and any such y(+i) such that yi = 1. One can then repeatedly take a feasible midpoint of
y(2) and the previous midpoint such that i remains with dispatch one until arriving at some y(+i)

that satisfies y
(+i)
i = 1 and y

(+i)
h = 0 for some producer h with y

(2)
h = 1, while y

(+i)
l = y

(2)
l for all

l ̸∈ {i, h}. By Lemma 11, I can take y(+i) such that y(+i) ∈ arg miny∈Ŷ+i

∑
k ̸=j

ykb
(2)
k .
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redispatch stage.

b
(1)
i (ci) =yII

i (ci)E

 min
y∈Ŷ−i

∑
k ̸=i

ykb
(2)
k

−
∑
k ̸=i

y
(2)
k b

(2)
k

∣∣∣∣ci, y
(2)
i = 1


−
(
1 − yII

i (ci)
)

E

 min
y∈Ŷ+i

∑
k ̸=i

ykb
(2)
k

−
∑
k ̸=i

y
(2)
k b

(2)
k

∣∣∣∣ci, y
(2)
i = 0


=yII

i (ci)E

 min
y∈Ŷ−i

∑
k ̸=i

ykb
(2)
k

−

 min
y∈Ŷ+i

∑
k ̸=i

ykb
(2)
k

 ∣∣∣∣ci, y
(2)
i = 1


−
(
1 − yII

i (ci)
)

E

 min
y∈Ŷ+i

∑
k ̸=i

ykb
(2)
k

−

 min
y∈Ŷ−i

∑
k ̸=i

ykb
(2)
k

 ∣∣∣∣ci, y
(2)
i = 0


=yII

i (ci)E

 min
y∈Ŷ−i

∑
k ̸=i

ykb
(2)
k

 ∣∣∣∣ci, y
(2)
i = 1


+
(
1 − yII

i (ci)
)

E

 min
y∈Ŷ−i

∑
k ̸=i

ykb
(2)
k

 ∣∣∣∣ci, y
(2)
i = 0


− yII

i (ci)E

 min
y∈Ŷ+i

∑
k ̸=i

ykb
(2)
k

 ∣∣∣∣ci, y
(2)
i = 1


−
(
1 − yII

i (ci)
)

E

 min
y∈Ŷ+i

∑
k ̸=i

ykb
(2)
k

 ∣∣∣∣ci, y
(2)
i = 0


=E

 min
y∈Ŷ−i

∑
k ̸=i

ykb
(2)
k

 ∣∣∣∣ci

− E

 min
y∈Ŷ+i

∑
k ̸=i

ykb
(2)
k

 ∣∣∣∣ci


=E

 min
y∈Ŷ−i

∑
k ̸=i

ykck − min
y∈Ŷ+i

∑
k ̸=i

ykck

 = φi

In this equilibrium, there is no uncertainty in the first stage. A player with φi <

φD+1 always receives y
(1)
i = 1 with bid b

(1)
i = φi. Deviating to bids that do not

change y
(1)
i does not change i’s payoff. Deviating to bids b

(1)
i > φ(D+1),7 changes

the dispatch to y
(1)
i = 0 and t

(1)
i = 0. The expected utility gain from this deviation

is φi − φ(D+1) < 0 as can be seen from the derivation above. Similarly, players with
φi > φD+1 would make a loss with deviations that change the first-stage allocation.
When there are multiple players with φi = φD+1, they are indifferent between all
possible bids in the first stage. When there is only one player with φi = φD+1, this
player makes a loss with deviations that change the allocation.

7Or to b
(1)
i = φ(D+1) when the tie-breaking rule alters the dispatch in this case.
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2B.5 Proof of Observation 3

It is to be shown that φi = Ψi + c, or equivalently Ψi = φi − c. Fix producer i. For
a given profile c−i, producer i is included in an efficient dispatch at cost ci if and
only if

ci + min
y∈Ŷ+i

∑
k ̸=i

ykck ≤ min
y∈Ŷ−i

∑
k ̸=i

ykck,

up to tie-breaking. Since tie-breaking at equality does not affect the integral over
ci, it follows that

di(t) = Pr

t + min
y∈Ŷ+i

∑
k ̸=i

ykck ≤ min
y∈Ŷ−i

∑
k ̸=i

ykck


for almost every t ∈ [c, c̄]. Hence,

Ψi =
∫ c̄

c
Pr

t + min
y∈Ŷ+i

∑
k ̸=i

ykck ≤ min
y∈Ŷ−i

∑
k ̸=i

ykck

 dt.

By Fubini’s theorem, this equals

E

∫ c̄

c
1

t + min
y∈Ŷ+i

∑
k ̸=i

ykck ≤ min
y∈Ŷ−i

∑
k ̸=i

ykck

 dt

 .

By Assumption 2, the set of t ∈ [c, c̄] for which the indicator is equal to one has
length

min
y∈Ŷ−i

∑
k ̸=i

ykck − min
y∈Ŷ+i

∑
k ̸=i

ykck − c.

Therefore,

Ψi = E

 min
y∈Ŷ−i

∑
k ̸=i

ykck − min
y∈Ŷ+i

∑
k ̸=i

ykck

− c = φi − c.

This proves φi = Ψi + c.

2C “Global” Market-based Redispatch in Ehrhart et al.
(2026)

Consider the setting that Ehrhart et al. (2026) use to calculate expected procure-
ment costs of different mechanisms. Nodes (regions) A and B are connected with a
transmission line with capacity 1. Demand in node B is two while demand in node
A is zero. There are three producers in A and two producers in B. Each producer
i can provide one unit of electricity at cost ci that is independently drawn from a
uniform distribution on the interval [0, 1]. Table 2.1 compares expected procurement
costs of “minimal” and “global” market-based redispatch mechanisms in this setting.
The design of the “global” market-based redispatch also affects bidding in the spot
market stage. Even though the “global” market-based redispatch mechanism has
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higher redispatch costs in this setting, it has lower total procurement costs because
of low costs in the spot market stage.

Procurement costs Spot market Redispatch total
“Minimal” MBR 0.76 0.42 1.18
“Global” MBR 0.6 0.53 1.13

Table 2.1: Expected procurement costs

For the sake of completeness, I derive below the results for “global” market-based
redispatch. The results for “minimal” market-based redispatch are taken from the
paper by Ehrhart et al. (2026). In this setting, “global” market-based redispatch has
the same total expected procurement costs as nodal pricing and the VCG mechanism.
Hence, total costs can also be taken from the paper by Ehrhart et al. (2026). To
calculate the share that stems from the spot market stage, I apply Proposition 9.
Bids are equal to expected production externalities. Since all producers have the
same distribution of cost parameters, bids are identical within each node. Payments
in the spot market equal twice the bid in node A where the expected production
externality is lower. To simplify notation let producers 1, 2 and 3 be in node A and
let producers 4 and 5 be in node B.

φ1 = E

 min
y∈Ŷ−1

∑
k ̸=1

ykck − min
y∈Ŷ+1

∑
k ̸=1

ykck


= (E[min{c4, c5}] + E[min {max{c4, c5}, min{c2, c3}}]) − E[min{c4, c5}]
= E[min {max{c4, c5}, min{c2, c3}}]

=
∫ 1

0
x(2 + 4x3 − 6x2)dx

= 0.3

For i ∈ IA, total payments in the spot market equal 2φ1 = 0.6.
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Chapter 3

First-price Auctions with Gaps
and Mass Points

Abstract: This paper constructs equilibria of the first-price auction in

general independent private value settings. In particular, the literature is

extended by allowing gaps and mass points in the valuation distributions.

Equilibrium strategies have kinks and involve mixing.
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3.1 Introduction

The first-price auction with independent values is the foundation for large parts
of auction theory and industrial organization. However, its study often assumes
valuation distributions without gaps and mass points.

A simple motivating example is the market for hygienic masks. Consider one
producer who sells a fixed stock of masks to intermediate firms, which submit take-
it-or-leave-it offers and resell the masks later. With positive probability, an inter-
mediate firm has a resale contract with a public institution at a fixed price. Such
discrete resale opportunities create mass points in the valuation distributions. In
addition, firms may have private information about the likelihood of an upcom-
ing pandemic. Hence, each valuation distribution may combine a low-value and a
high-value component with a gap between them.

Olszewski, Reny, and Siegel (2026) prove existence of an equilibrium in first-
price auctions in a large set of such independent private value settings. However,
the equilibrium characterization and uniqueness results have not been extended since
the work of Lebrun (2006). The present paper introduces gaps and mass points in
the valuation distributions to follow up the work of Olszewski, Reny, and Siegel
(2026) with a characterization of the class of equilibria that follows the spirit of the
existing literature. The main result constructs the corresponding strategies and gives
sufficient conditions under which they form an equilibrium. A necessary condition
is left for further research. The main contribution of this paper is to show that the
classic system of differential equations also provides equilibrium strategies in the
presence of gaps and mass points.

The differential-equation approach to equilibria in first-price auctions dates back
to a two-player example by Griesmer, Levitan, and Shubik (1967). The system of
differential equations that forms the heart of my equilibrium construction is intro-
duced by Lebrun (1999).

The following analysis utilizes a representation of both mixed and pure strategy
components via the cumulative distribution function Hi of player i’s bids. This is
allowed by splitting the domain of bids such that on each subdomain there are fixed
sets of players who bid with mixed components and players who do not bid in the
subdomain at all.

Equilibria are constructed with a top-down approach. For each value of η1,
the upper endpoint of the distribution of winning bids, there exists an equilibrium
candidate. The upper endpoints of valuation distributions determine which players
bid as high as η1 and form the initial values for the differential system on this first
subdomain. Moving downward from η1, the end of the subdomain is triggered as
soon as the solution Hi of the differential system forces a change in the sets of mixing
players and inactive players. Subsequently, the highest remaining valuations that
have not bid in higher subdomains determine initial values and the fixed player sets
for each new subdomain. The solution forms a Bayes-Nash equilibrium if it satisfies
an optimality condition at some terminal bid ηK .
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3.2 Model

3.2.1 Environment

Consider a first-price sealed-bid auction with n ≥ 2 risk-neutral players in the stan-
dard independent private values setting. The object for sale is indivisible and has
no intrinsic value to the seller. For each player i ∈ {1, . . . , n}, the valuation vi is
independently drawn from a distribution Fi. Each Fi is a cumulative distribution
function and therefore a non-decreasing and right-continuous function. For player
i, I write the support as Vi := {v ∈ R | ∀ε > 0, Fi(v + ε) − Fi(v − ε) > 0}. I
assume that the support is bounded by finite values ci := inf{x ∈ R | Fi(x) > 0}
and di := sup{x ∈ R | Fi(x) < 1}. I allow that Fi has a finite set of mass points
Mi := {m | limv↗m Fi(v) < Fi(m)}. To measure the size of mass points, I introduce
the function λi(v) := Fi(v) − limu↗v Fi(u). Similarly, I allow that Fi has a finite set
of gaps

Gi :=
{
(v, v) | ci < v < v < di,

v = inf{u : Fi(u) = lim
v↗v

Fi(v)},

v = sup{u : Fi(v) = lim
v↗u

Fi(v)}
}
.

I assume that every Fi is differentiable at all valuations except mass points and the
endpoints of gaps and ci, di. Write fi to denote the density corresponding to Fi. At
mass points fi is undefined. At all other valuations, fi is defined as the derivative
of Fi, using the right-hand and left-hand derivatives at the respective endpoints of
gaps and at ci, di. I assume that fi(v) > 0 and that fi is locally bounded away from
zero at all v ∈ Vi \ Mi.

3.2.2 First-price auction

After observing her valuation vi, player i has to submit a bid bi ∈ R. Player i wins
the auction if her bid bi is strictly larger than the bids submitted by the other players
and her payoff is then equal to vi − bi. If another player has submitted a strictly
larger bid, she loses and her payoff is zero.

Ties are resolved by a fair lottery. If S(b1, . . . , bn) is equal to the set of indices
corresponding to the highest bidders, that is,

S(b1, . . . , bn) = {j | bj ≥ bk for all 1 ≤ k ≤ n} ,

and if i ∈ S(b1, . . . , bn), the probability that player i wins the auction is

1
|S(b1, . . . , bn)| .

If she wins, her payoff is again vi − bi and otherwise it is zero.
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3.2.3 Strategies

I write a strategy as a family of cumulative distribution functions (Gvi
i )vi∈Vi that

describe the distribution of bids for each valuation. A Bayes-Nash equilibrium is a
profile of strategies

(
(Gvi

i )vi∈Vi

)
i∈N such that for every player i and type vi expected

profits are maximized by Gvi
i . I will refer to Bayes-Nash equilibria simply as equilib-

ria. In the equilibria that this paper is concerned with, every bid b that is above the
lower endpoint of the distribution of winning bids is made by at most one type vi in
the sense that there is only one vi such that Gvi

i has b in its support. Then, for all
such bids b in the support of player i’s bid distribution, I write αi(b) as the unique
type that bids b. For valuations vi such that Gvi

i is degenerate, the inverse α−1
i (vi)

suffices to describe the bidding behavior. The main result constructs equilibrium
strategies where all αi are increasing functions.1

3.3 Equilibrium

One can show as in the setting without gaps and mass points that equilibrium bids
have to be increasing in the type.2 For such an equilibrium strategy, the cumulative
distribution function of player i’s bids is given by the function

Hi(b) := Fi(αi(b)) − λi(αi(b))(1 − G
αi(b)
i (b)).

Equilibrium strategies can be constructed via the function Hi with the system of
differential equations (3.1) that follows the structure from Lebrun (1999).

d

db
ln Hi(b) = 1

n − 1

(
− n − 2

αi(b) − b
+
∑
j ̸=i

1
αj(b) − b

)
∀i (3.1)

Crucially, the support of bid distributions can be split into the domains D1, D2,...,
DK−1 that are defined recursively such that Dk := (ηk+1, ηk]. For now, take Dk

as a left-neighborhood of some bid ηk and define ηk+1 later on. When evaluating
derivatives at some ηk, I always use the left-hand derivative. Equilibrium bids and
their domains are constructed starting with high bids made by high types at some η1,
proceeding on D1, and then transitioning to domains D2, D3,..., DK−1 where DK−1

will be the terminal domain. On each domain Dk, there is a fixed set of players Ik

that bid in Dk only with a valuation originating from a mass point αi(b) ∈ Mi, and
a fixed set of players Jk that do not bid in Dk as αi(b) ̸∈ Vi for b ∈ Dk.

As in Lebrun (2006), the task of identifying such an equilibrium reduces to the
identification of the upper bound of the distribution of winning bids, which is η1,
the upper bound of domain D1. The initial values (αi(η1))n

i=1 then follow from the

1This implies that the used notion of mixed strategies avoids the measurability concern raised
by Aumann (1964). For every fixed b, the function v 7→ Gv

i (b) is Borel measurable.
2A proof of this statement is given by Maskin and Riley (2000) in the proof of their Proposition 1.
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upper endpoints of valuation supports (di)n
i=1. For k ≥ 2, initial values (αi(ηk))n

i=1
follow from (dk

i )n
i=1. In the recursive definition of domains, dk

i denotes the highest
valuation within the support of player i that has not been exhausted by bids in
domain Dk−1. When infb∈Dk−1 αi(b) is not the right endpoint of a gap, this simply
gives dk

i = infb∈Dk−1 αi(b).

Definition 13. Define dk
i := di for k = 1 and for given functions αi and Gαi

i on
domain Dk−1 define

dk
i :=

αi(ηk−1) if infb∈Dk−1 G
αi(ηk−1)
i (b) > 0

sup{v ∈ [ci, infb∈Dk−1 αi(b))|Fi(v) > Fi(v − ε) ∀ε > 0} else.

When infb∈Dk−1 αi(b) = ci, the set over which the supremum is taken is empty
and I use the convention sup ∅ = −∞. Note that Definition 13 for k ≥ 2 is only
complete once Dk−1 as well as αi(b) and G

αi(ηk−1)
i (b) for b ∈ Dk−1 are defined.

Lebrun (2006) finds that not all players must share the same upper bound η1

of their bid distributions. For some players it can be the case that αi(η1) > di.
The highest bid of such a player is strictly below η1. The extension of inverse bid
function αi to bid η1 with value above di helps identifying the highest bid player i

actually makes and simplifies proving that the strategies given by the main result
satisfy sufficient conditions for an equilibrium.

This pattern extends to the upper bounds of bid distributions within each do-
main. With more than two players, the distribution of a player’s bids can exhibit
gaps. To accommodate this property, I extend the definition of the function d from
Lebrun (2006) which allows initial values outside of a player’s valuation support.
Write the order statistics of (dk

1, ..., dk
n) in descending order such that dk

(1) ≥ ... ≥ dk
(n).

Definition 14. For ηk < dk
(2), let κ(ηk) ∈ {2, . . . , n} be such that ηk < dk

(κ(ηk)) and

1
dk

(κ(ηk)) − ηk
≤ 1

κ(ηk) − 1

κ(ηk)∑
i=1

1
dk

(i) − ηk
,

and if ηk < dk
(κ(ηk)+1) then

1
κ(ηk) − 1

κ(ηk)∑
i=1

1
dk

(i) − ηk
<

1
dk

(κ(ηk)+1) − ηk
.

For ηk ≥ dk
(2), let d(ηk) = ηk. For ηk < dk

(2) define

d(ηk) := ηk + κ(ηk) − 1
κ(ηk)∑
i=1

1
dk

(i) − ηk

.

Lebrun (2004) shows that there always exists a unique κ(ηk) and therefore a
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unique d(ηk). The initial values are then

αi(ηk) = max(dk
i , d(ηk)), ∀i, (3.2)

and

G
αi(ηk)
i (ηk) =

infb∈Dk−1 G
αi(ηk−1)
i (b) if i ∈ Ik−1 and αi(ηk) = αi(ηk−1),

1 else, ∀i.
(3.3)

For given ηk and initial values αi(ηk) and G
αi(ηk)
i (ηk), define

Ik := { i ∈ N | αi(ηk) ∈ Mi and G
αi(ηk)
i (ηk) > 0 }

and
Jk := { i ∈ N | αi(ηk) > dk

i }.

As mentioned above, Ik is the set of players that bid in Dk only with a valuation
originating from a mass point αi(b) ∈ Mi, and Jk is the set of players that do not
bid in Dk as αi(b) ̸∈ Vi for b ∈ Dk. For inactive players i ∈ Jk, the main result
characterizes αi(b)—even though it lies outside the support Vi—to monitor when
such a player should re-enter the support and become active. Note that, by the
definition of d(ηk), there are always at least two players in N \ Jk.

For i ∈ Ik, the main result characterizes G
αi(ηk)
i , the distribution of bids from

the mass point type αi(ηk) on domain Dk that will be defined such that for b ∈ Dk

it holds that
αj(b) = αj(ηk) ∀j ∈ Ik. (3.4)

For i ̸∈ Ik, the main result gives αi, a strictly increasing inverse bid function, while
G

αi(b)
i will be degenerate and given by

Gvi
i (b) = 1(αi(b) ≥ vi) ∀b < ηk ∀i ∈ N \ Ik. (3.5)

To ensure that αi and Gαi
i are in line with the distinction of the sets Ik and Jk,

take the conditions

G
αi(ηk)
i (b) > 0 ∀i ∈ Ik, (3.6)

αi(b) > b and αi(b) ∈ (Vi \ Mi) ∪ {αi(ηk)} ∀i ̸∈ Ik ∪ Jk, (3.7)

αi(b) ∈ (dk
i , αi(ηk)] and G

αi(ηk)
i (b) ≤ G

αi(ηk)
i (ηk) ∀i ∈ Jk. (3.8)

Equation (3.6) ensures for the mass-point players Ik that the bids in domain Dk

are still made by the mass-point type αi(ηk). When limb↘b G
αi(ηk)
i (b) = 0 for some

b < ηk, the bids from type αi(ηk) are exhausted at b and the end of subdomain Dk is
triggered. Equation (3.7) triggers the end of the subdomain when the characterized
type αi(b) reaches the next mass point or gap in the valuation distribution or when
markups converge to zero. Equation (3.8) triggers the end of Dk when the charac-
terized type αi(b) ̸∈ Vi of a player i ∈ Jk reaches dk

i , which is the continuation of Vi
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for such a player. Then, player i resumes bidding in domain Dk+1 with types from
Vi.

The exact formalization of a domain Dk requires identifying the maximal left-
neighborhood of ηk on which the local solution of system (3.1) remains in the regime
determined by the boundary values αi(ηk) and G

αi(ηk)
i (ηk). The following lemma

provides uniqueness of the required local solution.

Lemma 12. For fixed η1 < d(2), let
(
(Gvi

i )vi∈Vi

)
i∈N and (αi)i∈N solve system (3.1)

and conditions (3.2)–(3.8) on all domains Dj with j < k. Let αi(ηk) > ηk for all
i ∈ N and Fi(dk

i ) = Hi(ηk) for all i ∈ Jk. Then, for every ε > 0 there exists at
most one solution of system (3.1) and conditions (3.2)–(3.8) on (ηk − ε, ηk].

Note again that all definitions up to this point are incomplete for k ≥ 2 as long
as Dk−1 as well as αi(b) and G

αi(ηk−1)
i (b) for b ∈ Dk−1 are undefined. Similarly,

Lemma 12 can be directly applied only to k = 1 since then there are no domains Dj

with j < k and it is immediate that Fi(di) = Hi(η1) = 1. Furthermore, it follows
from η1 < d(2) that αi(ηk) > ηk for all i ∈ N .

However, this suffices to start the recursive construction. Apply Lemma 12 at η1

and define η2 such that D1 = (η2, η1] is the maximal left-open interval on which the
unique local solution of system (3.1) from Lemma 12 continues to satisfy conditions
(3.4)–(3.8).

By Lemmas 14 and 15 the solution exists and η2 < η1 when K ̸= 1. By the same
Lemmas, the assumptions for Lemma 16 with k = 2 are satisfied which states that
Fi(dk

i ) = Hi(ηk) for all i ∈ Jk. Hence, Lemma 12 applies again at η2. Proceeding
recursively as long as αi(ηk) > ηk for all i, define ηk+1 such that (ηk+1, ηk] is the
maximal left-open interval on which the unique solution of system (3.1) initiated at
ηk by (3.2) and (3.3) continues to satisfy conditions (3.4)–(3.8). Again, Lemma 15
implies that ηk+1 < ηk for all k ≤ K − 1.

The lower bound for the distribution of winning bids will be ηK with K being the
smallest k for which αi(ηk) = ηk for some i. Note that K = 1 when η1 ≥ d(2). Bids
at ηK and below ηK are restricted by Condition 1. Define Gv

i (b) := lims↗b Gv
i (s) as

the chance that player i with valuation v bids strictly below b.

Condition 1. This condition is satisfied if the lowest winning bid ηK and strategies
Gv

i (b) for all i, all b ≤ ηK , and all v ≤ αi(ηK) are such that v 7→ Gv
i (b) is Borel

measurable, and Gv
i (ηK) = 1, and if a player j with αj(ηK) > ηK exists

(i) cj > ηK and Gv
j (b) = 1(b ≥ ηK) ∀v ≤ αj(ηK), and

(ii) Gv
i (ηK) = 1 ∀i ̸= j ∀v ≤ αi(ηK), and

(iii) (cj − ηK)∏i̸=j Fi(αi(ηK)) ≥ (cj − b)∏i̸=j

(∫
v∈[ci,ηK ] Gv

i (b)dFi

)
∀b < ηK ,

and if such a player j does not exist

(iv) Gv
i (b) = 1(b ≥ ηK) ∀v ≤ αi(ηK) for at least two players i, and

(v) if all players i from C1-(iv) have Fi(αi(ηK)) > 0, it holds that
Gv

i (ηK) = 1 ∀i ∈ N ∀v < ηK .
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Condition 1 distinguishes the cases where a player j with αj(ηK) > ηK does or
does not exist. When such a player exists, she bids ηK for all valuations weakly
below αj(ηK) (C1-(i)) while all other players i bid strictly below ηK for valuations
weakly below αi(ηK) (C1-(ii)), not taking away winning probability from player j

with type αj(ηK). However, the players i ̸= j bid sufficiently close to ηK such that
j cannot benefit from downward deviations (C1-(iii)).

When such a player j does not exist, there are at least two players i bidding
ηK for all valuations weakly below αi(ηK) (C1-(iv)) such that for every player bids
below ηK have winning probability zero. When the winning bid is ηK with positive
probability, C1-(v) ensures that this winning bid is never made with valuations below
ηK .

Condition 1 is not a necessary condition for an equilibrium but it is stated
such that it can be easily relaxed to a necessary condition in future research. In
particular, for players with dK

i = ηK , C1-(ii) only needs to hold for Fi-almost every
valuation v. Furthermore, a necessary condition would require C1-(iii) to be relaxed
to handle potential ties below ηK . Still, Condition 1 captures the main reasons
why equilibrium existence can fail. In Section 3.4.1, I discuss an example where
Condition 1 is violated and no equilibrium exists.

This suffices to state the main result of the paper.

Proposition 11 (Equilibrium construction). A strategy profile
(
(Gvi

i )vi∈Vi

)
i∈N is a

Bayes-Nash equilibrium of the first-price auction if it satisfies for some η1—together
with auxiliary functions (αi)i∈N —the system of differential equations (3.1) for i ∈
N , boundary values (3.2) and (3.3), and (3.4)–(3.8) on domain Dk for every k ∈
{1, ..., K − 1}, and Condition 1 is satisfied for b ≤ ηK .

Proposition 11 shows that the classic differential system (3.1) from the literature
on first-price auctions also constructs equilibrium strategies in settings with gaps
and mass points. To allow this, the domain of bids is split into a set of subdomains.
Initial values (3.2) and (3.3) for each subdomain naturally follow from the existing
literature. The distribution function Hi of player i’s bids pins down strategies via
(3.4) and (3.5). The end of each subdomain is triggered by (3.6)–(3.8) such that
on each subdomain the subsets of players who mix over bids on the subdomain and
players who do not bid in the subdomain are fixed. The proof relies on techniques
from Lebrun (1997) and Lebrun (2004) which are the working-paper versions of
Lebrun (1999) and Lebrun (2006).

3.4 Examples

This section illustrates the main result with equilibrium examples. I begin by review-
ing an example from Olszewski, Reny, and Siegel (2026) that yields caveats about
equilibrium existence. Jeong and Pycia (2026) study restricted bid spaces from an
optimal-auction-design perspective. In an example with an atom in the type distri-
bution, they show that a surplus-maximizing first-price auction can involve gaps in
the set of admissible bids and provide the associated symmetric equilibrium.
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I proceed with examples including a gap and a mass point. These examples
demonstrate the split of the bidding domain into subdomains. Gaps create kinks in
the bidding functions while mass points induce mixing. I verify that the strategies
given for Examples 2 and 3 satisfy the equilibrium conditions from Proposition 11
in Appendices 3E.1 and 3E.2.

3.4.1 Example 1 from Olszewski, Reny, and Siegel (2026)

Equilibria of the first-price auction with η1 > d(2) exist, but it can be argued that
they are not plausible. Consider the case in Example 1 from Olszewski, Reny,
and Siegel (2026), where player 1’s value is known to be 1 and player 2’s value is
known to be 2 such that d(2) = 1. There exists an equilibrium where player 2 bids
η1 = 1.5 with certainty and player 1 bids uniformly on the interval [x, 1.5] for any
x ∈ [1, 1.5). In fact, similar equilibria exist for every η1 ∈ [1, 2). However, for η1 > 1
the equilibrium relies on player 2’s belief that player 1 is going to bid above her
valuation that is known to be 1. The more plausible set of equilibria is the one
described by Olszewski, Reny, and Siegel (2026): player 2 bids η1 = 1 with certainty
and player 1 mixes with upper endpoint 1 such that deviations by player 2 to bids
below 1 are not profitable.

Furthermore, it can be shown that in any equilibrium of the first-price auction the
lower bound of the distribution of winning bids ηK must be in [c(2), c(1)] and therefore
also η1 ≥ c(2). This allows some simple examples that illustrate the main intuition
from Olszewski, Reny, and Siegel (2026): the crucial parameter for equilibrium
existence in first-price auctions is c(1), the minimum value in the support of the
high-value distribution.

Consider the version of Example 1 from Olszewski, Reny, and Siegel (2026)
where player 1’s value is known to be 1 and player 2’s value is either 1 or 2, each
with probability 1/2. In this case, one can show that there is no equilibrium with
η1 > d(2) = 1: player 1 cannot bid above 1 without incurring losses when player 2
draws valuation 1. Hence, player 1 cannot bid such that profitable deviations by
player 2 to bids below η1 are ruled out. Consequently, only η1 = ηK = d(2) = 1
remains to be considered.

However, in this case C1-(i) from Condition 1 is violated since player 2 is the
positive-markup player and ηK = c2. Furthermore, C1-(iii) simplifies to

0 ≥ (1 − b)G1
1(b) ∀b < 1,

implying G1
1(b) = 0 for all b < 1, which contradicts C1-(ii). Player 1 cannot bid

strictly below 1 because this would allow downward deviations by player 2 with
valuation 1 (C1-(iii)). However, player 1 cannot bid 1 with positive probability
because this would take away winning probability from player 2 with valuation 2,
who strictly prefers winning a tie at bid 1 (C1-(ii)). The present paper does not
state Condition 1 as a necessary condition for an equilibrium. However, Proposition
C.1 from the supplemental appendix of Olszewski, Reny, and Siegel (2026) shows
that there exists no equilibrium when c(1) = c(2) and there is exactly one player with
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di > c(1), as in the example discussed above.

3.4.2 Example 2: Gap

Consider now an equilibrium example with a gap. Player 1 has a smooth distribution
without mass points or gaps. Player 2 has a gap in the support, but no mass points.

Player 1 has support V1 = [0, 2] with uniformly distributed valuation such that
F1(v) = v/2 for v ∈ V1. Player 2 has support V2 = [3/8, 3/4] ∪ [1, 2] and distribution

F2(v) =



1 − 3
8v

, 3
8 ≤ v ≤ 3

4 ,

1
2 , 3

4 < v < 1,

v

2 , 1 ≤ v ≤ 2.

Thus, player 2 has gap (3/4, 1). Equilibrium bids are available in closed form for
upper endpoint η1 = 1. The upper endpoint of the second domain is η2 = 1/2, and
the terminal bid is η3 = ηK = 1/4. Thus the construction has the two nonterminal
domains D1 =

(
1
2 , 1
]

and D2 =
(

1
4 , 1

2

]
.

On the top domain D1, both players use strictly increasing inverse bid functions,
α1(b) = 2b and α2(b) = 2b. At the lower end of this domain, player 2 reaches the
upper endpoint of the gap since limb↘1/2 α2(b) = 1, triggering the second part of
(3.7).

On domain D2, player 2 re-enters at the lower endpoint of the gap and uses
α2(b) = 3b/2. Player 1 uses α1(b) = 4b2. Hence α2(1/2) = 3/4, so the gap (3/4, 1)
is crossed at the boundary bid η2 = 1/2.

At the terminal bid ηK = 1/4, player 1 reaches zero markup, α1(1/4) = 1/4,
while player 2 has positive markup, α2(1/4) = 3/8 > 1/4. This is the terminal case
in which the first part of Condition 1 needs to be satisfied. To name one possibility
for bidding behavior below ηK , let the remaining lower types of player 1, v ≤ 1/4,
mix uniformly on [1/5, 1/4]. That is, Gv

1(b) = 20b − 4 for all b ∈ [1/5, 1/4] and
v ∈ [0, 1/4].

The corresponding bid functions above the terminal region are

β1(v) =


√

v

2 , 1
4 ≤ v ≤ 1,

v

2 , 1 < v ≤ 2,

β2(v) =


2v

3 , 3
8 ≤ v ≤ 3

4 ,

v

2 , 1 ≤ v ≤ 2.

Bids b ≤ ηK are described in Appendix 3E.1. This example illustrates how the
construction treats a gap: the upper smooth domain ends when player 2 reaches the
upper endpoint of the gap, and the next domain begins with player 2 at the lower
endpoint of the gap. With two players, gaps in the support do not create gaps in
the bid distribution. Instead, there is a kink in the bid function of one player that
allows optimality of bids for the player who jumps from valuations above the gap to
valuations below the gap.
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3.4.3 Example 3: Mass Point

Consider now a mass point example that is not as trivial as Example 1 from Ol-
szewski, Reny, and Siegel (2026). Player 1 has one mass point in the interior of V1.
Player 2 has a smooth distribution without mass points or gaps.

Player 1 has support V1 = [0, 2], and her distribution is

F1(v) =


v

3 , 0 ≤ v < 1,

v

2 , 1 ≤ v ≤ 2.

Thus, player 1 has an atom of size λ1(1) = 1/6 at v = 1.
Player 2 has the same support V2 = [0, 2] and distribution

F2(v) =



3
8

√
3v

2 , 0 ≤ v <
2
3 ,

1
2(2 − v) ,

2
3 ≤ v ≤ 1,

v

2 , 1 < v ≤ 2.

This cumulative distribution function is continuous and strictly increasing on V2.
Choosing this piecewise-defined distribution for player 2 allows simple closed-form
solutions with upper endpoint η1 = 1. The upper endpoints of the remaining do-
mains are η2 = 1/2, η3 = 1/3, and η4 = ηK = 0. Thus, the construction has
nonterminal domains D1 =

(
1
2 , 1
]
, D2 =

(
1
3 , 1

2

]
and D3 =

(
0, 1

3

]
.

On the top domain D1, both players use strictly increasing inverse bid functions,
α1(b) = 2b and α2(b) = 2b. At the lower end of this domain, player 1 reaches her
atom since α1(1/2) = 1, triggering the second part of (3.7).

On domain D2, player 1 mixes with mass point valuation α1(b) = 1. Player 2
maintains strictly increasing inverse bid function α2(b) = 2b. Player 1’s bid CDF
on this domain is H1(b) = b, and the mixing distribution of player 1’s atom is
G1

1(b) = 6b−2 for b ∈ [1/3, 1/2] with G1
1(1/2) = 1 and G1

1(1/3) = 0. Thus, the atom
is exhausted at η3 = 1/3.

On the lower smooth domain D3, both players again use strictly increasing in-
verse bid functions, α1(b) = 3b and α2(b) = 2b. The terminal bid is ηK = 0. At
this bid, α1(0) = 0 and α2(0) = 0. Thus, this is the terminal case without a player
who has a positive markup at the lowest winning bid. Both players’ lowest types
bid zero, and bidding below zero would yield zero probability of winning. Then, the
second part of Condition 1 is satisfied.
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The corresponding bid functions are

β1(v) =



v

3 , 0 ≤ v < 1,

mix on
[1

3 ,
1
2

]
according to G1

1(b) = 6b − 2, v = 1,

v

2 , 1 < v ≤ 2,

and β2(v) = v
2 for all v ∈ [0, 2].

This example illustrates how the construction splits the bid space into domains
in the presence of a mass point: an upper smooth domain, a mass point mixing
domain, and a lower smooth domain after the atom is exhausted.

3.5 Conclusion

This paper constructs equilibria of the first-price auction in independent private
value settings with gaps and mass points. The construction extends the classic
differential-equation approach by splitting the bid space into subdomains with fixed
sets of mixing and inactive players. Gaps generate kinks in bidding functions, while
mass points induce mixing.

The main result gives sufficient conditions under which the constructed strategies
form a Bayes-Nash equilibrium. The examples illustrate how the recursive construc-
tion works in simple cases with a gap or a mass point. A full characterization,
including necessity and uniqueness, is left for future research.
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Appendices

3A Reduced Differential System

System (3.1) can be reformulated in various ways. The respective algebra is equiv-
alent to the derivations by Lebrun (2006). However, identifying the domains on
which (3.11) and (3.12) hold requires additional caution.

Lemma 13. System (3.1) is equivalent to

∑
i̸=m

d

db
ln Hi(b) = 1

αm(b) − b
(3.9)

for m ∈ N and system (3.1) implies

d

db
ln Hj(b) − d

db
ln Hi(b) = 1

αi(b) − b
− 1

αj(b) − b
(3.10)

for all i, j ∈ N . For fixed η1 < d(2), let
(
(Gvi

i )vi∈Vi

)
i∈N and (αi)i∈N solve system

(3.1) and conditions (3.2)–(3.8) on all domains Dj with j < k and let Fi(dk
i ) =

Hi(ηk) for all i ∈ Jk. Let
(
(Gvi

i )vi∈Vi

)
i∈N and (αi)i∈N satisfy conditions (3.2)–(3.8)

for b ∈ (ηk − ε, ηk] for some ε > 0. Then, the functions solve system (3.1) for
b ∈ (ηk − ε, ηk] if and only if they solve on the same interval the reduced system that
consists of

1
αi(b) − b

= 1
n − |Jk| − 1

∑
j∈N \Jk

1
αj(b) − b

(3.11)

for i ∈ Jk, and

d

db
ln Hj(b) = 1

n − |Jk| − 1

−n − |Jk| − 2
αj(b) − b

+
∑
k ̸=j

k∈N \Jk

1
αk(b) − b

 (3.12)

for j ∈ N \ Jk.

Proof. Equation (3.1) can be rewritten by fixing m ∈ N , and summing this identity
over all i ̸= m. Then the system is equivalent to

∑
i̸=m

d

db
ln Hi(b) = 1

n − 1
∑
i̸=m

−(n − 2) 1
αi(b) − b

+
∑
j ̸=i

1
αj(b) − b


= 1

αm(b) − b

and (3.9) is proven. Subtracting equation (3.9) for j from equation (3.9) for i gives
(3.10).

Note that by equation (3.8) it holds that αi(b) ∈ (dk
i , αi(ηk)] for i ∈ Jk and

b ∈ (ηk − ε, ηk]. Then Fi(dk
i ) = Hi(ηk) implies that for every i ∈ Jk it holds that

Hi(b) = Hi(ηk). To see this, note first that αi(b) > dk
i implies that Hi(b) ≥ Fi(dk

i ).
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Second, it follows from equation (3.8) that G
αi(ηk)
i (b) ≤ G

αi(ηk)
i (ηk) and therefore

Hi(b) ≤ Hi(ηk).
Hence, the left-hand side of system (3.1) vanishes and the equation for any i ∈ Jk

becomes
0 = − n − 2

αi(b) − b
+
∑
j ̸=i

1
αj(b) − b

.

Using symmetry of this system across all i ∈ Jk, this reduces to

1
αi(b) − b

= 1
n − |Jk| − 1

∑
j∈N \Jk

1
αj(b) − b

for every i ∈ Jk, which is equation (3.11). Substituting these expressions into the
original system (3.1) yields

d

db
ln Hj(b) = 1

n − |Jk| − 1

−n − |Jk| − 2
αj(b) − b

+
∑
k ̸=j

k∈N \Jk

1
αk(b) − b


for every j ∈ N \ Jk and (3.12) is proven.

Thus, the reduced system for the unknown functions αj for j ∈ N \Jk is exactly
the same as the differential system that would arise if only those n − |Jk| players
with αi(ηk) = dk

i were present.

3B Proof of Lemma 12

By Lemma 13,
(
(Gvi

i )vi∈Vi

)
i∈N and (αi)i∈N solve system (3.1) and conditions (3.2)–

(3.8) for b ∈ (ηk − ε, ηk] if and only if they solve the system formed by (3.11) and
(3.12) and conditions (3.2)–(3.8) on the same interval.

Fi(dk
i ) = Hi(ηk) for all i ∈ Jk implies that there is no player who is both in

Ik and Jk. This is because every i ∈ Ik has λi(αi(ηk)) > 0 and G
αi(ηk)
i (ηk)) > 0.

For such a player i, it holds that Fi(v) ≤ Fi(αi(ηk)) − λi(αi(ηk)) < Hi(ηk) for all
v < αi(ηk) and the property Fi(dk

i ) = Hi(ηk) can only be true when dk
i = αi(ηk)

and therefore i cannot be in Jk.
Then, for all i ∈ Ik, equation (3.12) has to be satisfied on (ηk − ε, ηk]. By

equation (3.4), αi(b) = αi(ηk) on the same interval. To apply the Picard-Lindelöf
theorem to (3.12), a crucial step is to show that—if

(
(Gvi

i )vi∈Vi

)
i∈N and (αi)i∈N

solve system (3.1) and conditions (3.2)–(3.8) on (ηk − ε, ηk]—αi(b) can be written
as a Lipschitz continuous function of Hi(b) for all i ∈ N \ Jk. For i ∈ Ik, this holds
by αi(b) = αi(ηk).

Consider now i ∈ N \ (Ik ∪ Jk). For such i, it holds that

Hi(b) = F i(αi(b))

for b ∈ (ηk − ε, ηk] with F i(v) := limu↗v Fi(u). For b = ηk, this follows from
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i ̸∈ Ik and the definition of Ik. For b < ηk, this follows from (3.7) which ensures
λi(αi(b)) = 0 when αi(b) ̸= αi(ηk). For b < ηk, it cannot be that αi(b) = αi(ηk) and
λi(αi(ηk)) > 0 because Hi(b) must be continuous to satisfy (3.1). Suppose αi(b̂) =
αi(ηk) for some b̂ ∈ (ηk − ε, ηk) and λi(αi(ηk)) > 0. For all such b̂, it holds that
G

αi(ηk)
i (b̂) = 1 by (3.5) and therefore Hi(b̂) = Fi(αi(ηk)) > Hi(ηk). For all b with

αi(b) < αi(ηk) it holds by the above that Hi(b) ≤ Fi(αi(ηk)) − λi(αi(ηk)) = Hi(ηk).
For all b with αi(b) > αi(ηk) it holds that Hi(b) ≥ Fi(αi(ηk)) > Hi(ηk). Then,
existence of a b̂ as above would imply a discontinuity of Hi which is a contradiction.
Hence, αi(b̂) = αi(ηk) can only hold for b̂ ∈ (ηk − ε, ηk) when λi(αi(ηk)) = 0 and
Hi(b) = F i(αi(b)) is proven.

For i ∈ N \ (Ik ∪ Jk), by definition of Ik and Jk, it holds that fi(v) is positive
and bounded away from zero in a left-neighborhood of αi(ηk). Hence, F i(v) is
strictly increasing and continuous in a left-neighborhood of αi(ηk) with derivative
bounded away from zero. Then, the inverse F −1

i exists and is Lipschitz continuous
in a left-neighborhood of F i(αi(ηk)).

It follows that αi(b) = F −1
i (Hi(b)) is a Lipschitz continuous function of Hi(b).

Hence, equation (3.12) can be rewritten as

d

db
Hi(b) = Hi(b)

n − |Jk| − 1

−n − |Jk| − 2
αi(b) − b

+
∑
k ̸=i

k∈N \Jk

1
αk(b) − b

 (3.13)

with
αi(b) = αi(ηk) ∀i ∈ Ik

and
αi(b) = F −1

i (Hi(b)) ∀i ∈ N \ (Ik ∪ Jk).

By the assumptions of the Lemma, αi(ηk) > ηk. Then, the right-hand side of (3.13) is
locally Lipschitz continuous in Hi(b) and the Picard-Lindelöf theorem gives existence
of a unique solution (Hi)i∈N \Jk

of (3.13) with initial values (3.2) and (3.3) in a left-
neighborhood of ηk. Consequently, there exists at most one solution (Hi)i∈N \Jk

of (3.12) and conditions (3.2)–(3.8) and therefore unique solutions (αi)i∈N \Jk
and

(Gαi
i )i∈N \Jk

. When such a solution exists, equation (3.11) pins down a unique
solution (αi)i∈Jk

. Then, equation (3.5) pins down the unique solution for (Gαi
i )i∈Jk

.
Note that for existence of the solution of (3.1)–(3.8) on a left-neighborhood of ηk

one still needs to show that the above solution satisfies all of conditions (3.4)–(3.8)
on such a left neighborhood. This work is done by Lemma 15.

3C Solution Monotonicity

The main argument for the proof of Proposition 11 is that any αi solving the con-
struction is a weakly increasing function on the union of domains ∪K−1

k=1 Dk. This
is proven with the help of three lemmas. The argumentation starts on domain
D1 and then proceeds to k ≥ 2. Note that (3.11) and (3.12) hold on D1 since
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Fi(d1
i ) = Hi(η1) = 1. Note also that ηk+1 is well defined once the statement of

Lemma 12 is established at ηk with k ≤ K − 1.

Lemma 14 (Monotonicity at initial value). For fixed η1, let
(
(Gvi

i )vi∈Vi

)
i∈N and

(αi)i∈N solve system (3.1) and conditions (3.2)–(3.8) on all domains Dj with j ≤ k.
Then, d

dbHi(b)|b=ηk
= 0 for all i with αi(ηk) = d(ηk) and d

dbHi(b)|b=ηk
> 0 for all i

with αi(ηk) > d(ηk).

Proof. By equation (3.1), the sign of d
dbHi(b)|b=ηk

is equal to the sign of −(n −
2) 1

αi(ηk)−ηk
+∑j ̸=i

1
αj(ηk)−ηk

for all i. Note that the set of players with αi(ηk) = d(ηk)
is a superset of Jk = {i|αi(ηk) > dk

i }. Take such a player i with αi(ηk) = d(ηk) and
plug in the definition of d(ηk) to receive

(n − 2) 1
αi(ηk) − ηk

= n − 2
d(ηk) − ηk

= n − 2
κ(ηk) − 1

κ(ηk)∑
i=1

1
dk

(i) − ηk
.

(3.14)

Similarly, it holds for this player that

∑
j ̸=i

1
αj(ηk) − ηk

= (n − κ(ηk) − 1) 1
d(ηk) − ηk

+
κ(ηk)∑
i=1

1
dk

(i) − ηk

= n − κ(ηk) − 1
κ(ηk) − 1

κ(ηk)∑
i=1

1
dk

(i) − ηk
+

κ(ηk)∑
i=1

1
dk

(i) − ηk

= n − 2
κ(ηk) − 1

κ(ηk)∑
i=1

1
dk

(i) − ηk
.

(3.15)

Comparing (3.14) and (3.15) yields the conclusion that d
dbHi(b)|b=ηk

= 0 for all i

with αi(ηk) = d(ηk). For i with αi(ηk) = dk
i > d(ηk) the term in (3.14) is strictly

smaller while the term in (3.15) is strictly larger and therefore d
dbHi(b)|b=ηk

> 0.

Lemma 14 establishes weak monotonicity from the left at each ηk. This is helpful
for the following result. Lemma 15 extends the monotonicity to each domain Dk.
Note, however, that this result still relies on the assumption that Fi(dk

i ) = Hi(ηk)
for all i ∈ Jk to allow usage of (3.11) and (3.12). Since this holds immediately
for k = 1, Lemma 15 suffices for monotonicity of αi on D1. For k ≥ 2 additional
arguments are provided in Lemma 16.

Lemma 15 (Monotonicity within domain). For fixed η1, let
(
(Gvi

i )vi∈Vi

)
i∈N and

(αi)i∈N solve system (3.1) and conditions (3.2)–(3.8) on all domains Dj with j ≤ k.
Let Fi(dk

i ) = Hi(ηk) for all i ∈ Jk. Then, ηk+1 < ηk and d
dbHi(b) > 0 for all

i ∈ N \ Jk at all b ∈ (ηk+1, ηk) and d
dbHi(b) = 0 for all i ∈ Jk at all b ∈ (ηk+1, ηk).

Furthermore, d
dbαi(b) > 0 for all i ∈ N \ Ik at all b ∈ (ηk+1, ηk) and d

dbαi(b) = 0 for
all i ∈ Ik at all b ∈ (ηk+1, ηk].

Proof. Consider in this proof
(
(Gvi

i )vi∈Vi

)
i∈N and (Hi, αi)i∈N in a left-neighborhood

of ηk as solutions of the weakened system (3.11), (3.12) and (3.2)–(3.5). Instead of
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the definition of Hi from Section 3.3, consider for i ∈ N \ (Ik ∪ Jk) in this proof the
alternative definition Hi(b) := F i(αi(b)). Let F i(v) := limu↗v Fi(u) for v ≤ αi(ηk),
as in the proof of Lemma 12.

Note that for all i ∈ N \ (Ik ∪ Jk), there exists a left-neighborhood of αi(ηk) on
which F i is strictly increasing with derivative locally bounded away from zero and
the two definitions of Hi coincide. Since it is not immediate from (3.2)–(3.5) that
αi(b) stays in this left-neighborhood for b < ηk, extend F i arbitrarily for v > αi(ηk)
such that it is everywhere strictly increasing with derivative locally bounded away
from zero. This is just an auxiliary extension and I verify below that αi never visits
the extended part.

Then, αi(b) = F −1
i (Hi(b)) for all i ∈ N \ (Ik ∪ Jk) is a Lipschitz continuous

function of Hi(b) and, by the Picard-Lindelöf theorem, there exists a unique solution
of the weakened system on some interval (ηk − ε, ηk] with ε > 0.3

Note that
(
(Gvi

i )vi∈Vi

)
i∈N and (αi)i∈N satisfy (3.6)–(3.8) at b = ηk. It is then

to be shown for ηk+1 < ηk that this solution of the weakened system continues to
satisfy (3.6)–(3.8) on a left-neighborhood of ηk. Then, by Lemma 13, system (3.1) is
also satisfied on the same interval. I define (ηk+1, ηk] as the maximal interval where
the solution of the weakened system continues to satisfy (3.6)–(3.8). I conclude
by showing that the solution of the weakened system satisfies the monotonicity
claims from the Lemma, which implies that the extended region of F i is never
visited and the auxiliary definition of Hi coincides with the original definition for
all b ∈ (ηk+1, ηk].

Since Hi is differentiable, (3.4) implies differentiability of (αi)i∈Ik
and by the

(original) definition of Hi differentiability of (Gαi
i )i∈Ik

. F i is differentiable with
strictly positive derivative at αi(b) for b in a left-neighborhood of ηk for i ∈ N \(Ik ∪
Jk). Hence, the inverse function rule implies that (αi)i∈N \(Ik∪Jk) is differentiable
on the same interval. Inspection of (3.11) yields that (αi)i∈Jk

is also differentiable
on the same interval.

Then the inequalities in (3.6) and (3.7) as well as αi(b) > dk
i for i ∈ Jk from

(3.8) must be satisfied in a left-neighborhood of ηk as they are satisfied at ηk.
Furthermore—since the number of gaps and mass points is finite and by the defini-
tion of dk

i —there is a left-neighborhood of αi(ηk) = dk
i that satisfies the second part

of (3.7). Define now ηk+1 such that (ηk+1, ηk] is the maximal left-open interval on
which these mentioned properties hold. To verify that the complete statements from
(3.7) and (3.8) always hold on (ηk+1, ηk], it suffices to show that the above solution
satisfies the monotonicity conditions from the Lemma.

It follows immediately from (3.4) that d
dbαi(b) = 0 for all i ∈ Ik at all b ∈

(ηk+1, ηk]. As in the proof of Lemma 13, Fi(dk
i ) = Hi(ηk) implies that for every

i ∈ Jk and b ∈ (ηk+1, ηk], it holds that Hi(b) = Hi(ηk) and therefore d
dbHi(b) = 0.

3For a detailed discussion of the application of the Picard-Lindelöf theorem consult the proof of
Lemma 12 in Appendix 3B.
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The main parts of the following are an extension of Lemma A2-2 from Lebrun
(1997) and Lemma A5.1-3 by Lebrun (2004). Most importantly, the proofs from the
mentioned literature have to be modified to handle players with d

dbHi(b)|b=ηk
= 0.

Recall that d
dbHi(b)|b=ηk

≥ 0 by Lemma 14.
For each i, define

b′
i := inf

{
x ∈ (ηk+1, ηk] : d

db
Hi(b) > 0 at all b ∈ (x, ηk)

}
.

I begin by showing that d
dbHi(b) > 0 for all i ∈ N \ Jk at all b ∈ (ηk+1, ηk). This is

done by showing that b′
i ≤ ηk+1 for every i ∈ N \ Jk. Suppose for a contradiction

that b′
i > ηk+1 for some i ∈ N \ Jk. Then

b∗ := max
i∈N \Jk

b′
i > ηk+1.

Choose i ∈ N \ Jk such that b′
i = b∗. Continuity of the right-hand side of (3.12)

implies continuity of d
dbHi(b) and because d

dbHi(b)|b=ηk
≥ 0 from Lemma 14, it holds

that
d

db
Hi(b)|b=b∗ = 0.

Moreover, by definition of b∗,

d

db
Hj(b) > 0 at all b ∈ (b∗, ηk) for all j ∈ N \ Jk.

Multiply (3.12) by (αi(b) − b) to receive

(αi(b) − b) d

db
ln(Hi(b))

= 1
n − |Jk| − 1

−(n − |Jk| − 2) +
∑
j ̸=i

j∈N \Jk

αi(b) − b

(αj(b) − b)


(3.16)

for i ∈ N \ Jk. The derivative of this is given by

d

db

(
(αi(b) − b) d

db
ln(Hi(b))

)
= 1

n − |Jk| − 1
d

db

 ∑
j ̸=i

j∈N \Jk

(αi(b) − b)
(αj(b) − b)


= 1

n − |Jk| − 1

( ∑
j ̸=i

j∈N \Jk

1
(αj − b)2 ...

... ×
[(

d

db
αi(b) − 1

)
(αj(b) − b) − (αi(b) − b)

(
d

db
αj(b) − 1

)])
(3.17)

with αj(b) = αj(ηk) for j ∈ Ik. Evaluate (3.17) at b = b∗. Since fi(αi(b∗)) > 0 for
all i ∈ N \ (Jk ∪ Ik), it follows from d

dbHi(b)|b=b∗ = 0 that d
dbαi(b)

∣∣
b=b∗ = 0 for such

i. For i ∈ Ik this follows directly from αi(b) = αi(ηk). Hence, the expression in the



Solution Monotonicity 89

square brackets at b = b∗ is equal to

(αi(b∗) − αj(b∗)) − (αi(b∗) − b∗) d

db
αj(b)

∣∣
b=b∗ .

Recall that d
db ln Hj(b)

∣∣
b=b∗ ≥ 0, for all j ∈ N \ Jk. Together with d

db ln Hi(b)
∣∣
b=b∗ =

0, inspection of (3.10) then gives αi(b∗) ≤ αj(b∗) and the expression in square
brackets is nonpositive. Suppose αj(b∗) = αi(b∗) for all j ∈ N \ Jk. Then (3.12)
would give d

dbHi(b)
∣∣
b=b∗ > 0 which is a contradiction. Hence, there must be some

j with αj(b∗) > αi(b∗) and for this j the expression in square brackets is strictly
negative.4 Therefore the derivative of (αi(b) − b) d

db ln(Hi(b)) at b = b∗ is strictly
negative.

However, d
db ln Hi(b)

∣∣
b=b∗ = 0 implies that this function takes value zero at b =

b∗. Suppose first that b∗ = ηk. The above implies that for some ε > 0 it holds
that (αi(b) − b) d

db ln(Hi(b)) > 0, for b ∈ (b∗ − ε, b∗). Hence, d
db ln Hi(b) > 0 for

b ∈ (ηk − ε, ηk) which contradicts the definition of b∗.
Suppose now that b∗ < ηk. The above implies that for some ε > 0 it holds that

(αi(b) − b) d
db ln(Hi(b)) < 0 and therefore d

db ln Hi(b) < 0 for b ∈ (b∗, b∗ + ε) which
contradicts the definition of b∗ and concludes the proof of d

dbHi(b) > 0 for i ∈ N \Jk

at all b ∈ (ηk+1, ηk). It follows immediately that d
dbαi(b) > 0 for i ∈ N \ (Jk ∪ Ik)

at all b ∈ (ηk+1, ηk).
It remains to be shown that Hi and αi are monotonic for i ∈ Jk. From equation

(3.11), d

db
αi(b) exists, for all b ∈ (inf Dk, ηk] and all i ∈ Jk. Multiplying equation

(3.11) by (αi(b) − b) yields

1 = 1
n − |Jk| − 1

∑
j∈N \Jk

αi(b) − b

αj(b) − b
,

for all i ∈ Jk and all b ∈ (inf Dk, ηk]. Taking the derivative of this equation yields

0 =
∑

j∈N \Jk

1
(αj(b) − b)2 ...

... ×
[(

d

db
αi(b) − 1

)
(αj(b) − b) − (αi(b) − b)

(
d

db
αj(b) − 1

)]
.

(3.18)

Suppose d

db
αi(b) ≤ 0 at some b ∈ (ηk+1, ηk). The expression between brackets in

the R.H.S. of (3.18) would not be larger than

(αi(b) − αj(b)) − (αi(b) − b) d

db
αj(b).

4This differs from the proof by Lebrun (1997), who concludes from equation (3.9) that there
must be a player j with d

db
Hj(b)|b=b∗ > 0. However, in the present setting this does not imply that

d
db

αj(b)|b=b∗ > 0 for j ∈ Ik and therefore does not imply that the term in the square brackets is
strictly negative.
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Since αi(b) ≤ αj(b) by (3.10), d
dbαj(b) > 0 by the arguments above, and αi(b) > b

within Dk, every term in the sum in (3.18) would be strictly negative and the equality
(3.18) could not hold true. Consequently,

d

db
αi(b) > 0,

for all i ∈ Jk at all b ∈ (ηk+1, ηk).

To apply Lemma 15 on domains Dk with k ≥ 2, it remains to be shown that
Fi(dk

i ) = Hi(ηk) for all i.

Lemma 16. For fixed η1, let
(
(Gvi

i )vi∈Vi

)
i∈N and (αi)i∈N solve system (3.1) and

conditions (3.2)–(3.8) on all domains Dj with j < k < K. Let k ≥ 2 and (Hi, αi)i∈N

weakly increasing on Dk−1. Then, it holds that infb∈Dk−1 αi(b) ≥ αi(ηk) for all i ∈ N
and Fi(dk

i ) = Hi(ηk) for all i ∈ Jk.

Proof. For every i ∈ N , define αi := infb∈Dk−1 αi(b). By monotonicity of αi on
Dk−1, it holds that

αi = inf
b∈Dk−1

αi(b) = lim
b↘ηk

αi(b).

Recall that, by the boundary condition, αi(ηk) = max{dk
i , d(ηk)}. Thus, it suffices

for the first statement to prove that

dk
i ≤ αi and d(ηk) ≤ αi for all i ∈ N .

I first show that dk
i ≤ αi for all i. By Definition 13, if

lim
b↘ηk

G
αi(ηk−1)
i (b) > 0,

then dk
i = αi(ηk−1). In this case, i ∈ Ik−1, so by (3.4) the function αi is constant on

Dk−1, and therefore αi = dk
i . Otherwise, Definition 13 gives dk

i as the supremum of
support points below αi, and hence again dk

i ≤ αi. It remains for the first statement
to prove that d(ηk) ≤ αi for all i ∈ N .

Suppose for a contradiction that there exists some player i ∈ N such that

αi < d(ηk).

Choose i such that αi is minimal among all players satisfying this strict inequality.
Since k < K, the system is not yet in the terminal domain, so ηk < dk

(2). Hence
Definition 14 applies with some κ(ηk) ∈ {2, . . . , n}, and

1
d(ηk) − ηk

= 1
κ(ηk) − 1

κ(ηk)∑
r=1

1
dk

(r) − ηk
. (3.19)

By the definition of Jk, the set of players corresponding to dk
(1), . . . , dk

(κ(ηk)) is N \Jk.
Since

dk
i ≤ αi < d(ηk),
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the player i belongs to Jk. Moreover, for every j ∈ N \ Jk,

αj ≥ dk
j ≥ d(ηk) > αi.

Meanwhile for every j ∈ Jk, the minimality of αi implies αj ≥ αi.
Now consider the differential system at the lower boundary of Dk−1. By the

assumptions of the Lemma, all Hi and αi are weakly increasing on Dk−1. Taking
the limit b ↘ ηk in (3.1) yields, for every i ∈ N ,

0 ≤ − n − 2
αi − ηk

+
∑
j ̸=i

1
αj − ηk

. (3.20)

Apply (3.20) to the chosen player i. Using the bounds above gives

∑
j ̸=i

1
αj − ηk

=
∑

j∈N \Jk

1
αj − ηk

+
∑

j∈Jk\{i}

1
αj − ηk

≤
∑

j∈N \Jk

1
dk

j − ηk
+ n − 1 − κ(ηk)

αi − ηk
.

Substituting this bound into (3.20) gives

0 ≤ − n − 2
αi − ηk

+
∑

j∈N \Jk

1
dk

j − ηk
+ n − 1 − κ(ηk)

αi − ηk
,

that is,

0 ≤ −κ(ηk) − 1
αi − ηk

+
κ(ηk)∑
r=1

1
dk

(r) − ηk
.

Using (3.19), this becomes

0 ≤ (κ(ηk) − 1)
( 1

d(ηk) − ηk
− 1

αi − ηk

)
.

But the initial contradiction assumption was αi < d(ηk), so

1
αi − ηk

>
1

d(ηk) − ηk
,

and therefore the right-hand side is strictly negative, the desired contradiction.
In conclusion, no such player i can exist. Hence, I have shown for all i ∈ N that

infb∈Dk−1 αi(b) ≥ αi(ηk).
It remains to be shown that Fi(dk

i ) = Hi(ηk) for all i ∈ Jk. Recall the formula
for dk

i in Definition 13. If infb∈Dk−1 G
αi(ηk−1)
i (b) > 0 and therefore dk

i = αi(ηk−1), it
must be that αi(ηk) = dk

i and i ̸∈ Jk. Consequently, only

dk
i = sup{v ∈ [ci, inf

b∈Dk−1
αi(b))|Fi(v) > Fi(v − ε) ∀ε > 0}

remains to be considered and it is established that Fi has no probability mass on
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(dk
i , αi). Furthermore, it can only be that i ∈ Ik−1 if infb∈Dk−1 G

αi(ηk−1)
i (b) = 0.

Hence,
Hi(ηk) = Fi(αi(ηk)) − λi(αi(ηk)) = lim

v↗αi(ηk)
Fi(v).

Recall that the first statement of the Lemma is already proven and αi(ηk) ≤ αi.
Therefore, Fi has no probability mass on (dk

i , αi(ηk)) and

Fi(dk
i ) = lim

v↗αi(ηk)
Fi(v) = Hi(ηk),

which completes the proof.

Lemmas 14-16 prove by induction that (αi)i∈N solving the construction in Propo-
sition 11 are weakly increasing functions on the union of domains ∪K−1

k=1 Dk. By
Lemmas 14 and 15 with the reduced system from 13, the inverse bid functions are
monotonic for b ∈ D1. Having established monotonicity on Dk−1, Lemma 16 shows
that αi(ηk) ≤ limb↘ηk

αi(b) and provides the sufficient condition to apply again
Lemmas 14 and 15 for monotonicity on Dk as long as k < K.

3D Proof of Proposition 11

By the monotonicity established in Appendix 3C and the right-continuity implied
by (3.5), the functions (Gαi(b)

i )i∈N characterized for b ≥ ηK by (3.1)–(3.8)—together
with a valid extension to b < ηK—satisfy the properties of cumulative distribution
functions and are therefore admissible strategies.

To show that the characterized strategies form an equilibrium, it remains to be
shown that there is no valuation of any player for which a profitable deviation exists.
I do this by considering an arbitrary player m and distinguishing valuations above
and below αm(ηK).

3D.1 Type v > αm(ηK) has no Deviation to b′ ≥ ηK

Note that (3.9) is equivalent to the first-order condition of profit maximization of
player m. The expected profit of player m with valuation v when bidding b is given
by

πv
m(b) = (v − b)

∏
i̸=m

Hi(b).

When positive profits are possible, maximizing πv
m(b) is equivalent to maximizing

ln πv
m(b). Rearranging (3.9) provides that d

db ln πv
m(b) = 0 at v = αm(b) since

d

db
ln πv

m(b) = − 1
v − b

+
∑
i̸=m

d

db
ln Hi(b).

Furthermore,
d

dv

(
d

db
ln πv

m(b)
) ∣∣∣∣

v=αm(b)
= 1

(αm(b) − b)2 > 0.
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Let b∗ be such that αm(b∗) = v. I show first that it is not profitable to deviate to
bids b′ > b∗. Since bidding η1 already yields winning probability one, bidding above
η1 is strictly dominated by bidding η1. By the results above, for all b′ ∈ (b∗, η1] there
exists a value α′ ≥ v with d

db ln πα′
m (b)|b=b′ = 0. Then, d

dv

(
d
db ln πv

m(b)
)

|v=αm(b) > 0
implies that d

db ln πv
m(b)|b=b′ ≤ 0. Hence, the statement is shown for b′ > b∗. This

approach from Wolfstetter (1996) yields analogously that it is not profitable to
deviate to bids b′ ∈ [ηK , b∗).

3D.2 Type v > αm(ηK) has no Deviation to b′ < ηK

Recall that αi(ηK) ≥ d(ηK) for all i and, by its definition, d(ηK) ≥ ηK . By the
definition of ηK , there is at least one player with αi(ηK) = ηK . By the definition of
d, when ηK < dK

(2) it would hold that d(ηK) > ηK , contradicting the definition of
ηK . Hence, it must be that ηK ≥ dK

(2) and therefore αi(ηK) = ηK for at least n − 1
players.

Recall that αm(b) > b for b ∈ (ηK , η1]. Hence, the characterized bid yields
positive expected profit. By Condition 1, player m can only expect strictly positive
winning probability from b′ < ηK if m is the unique player with αm(ηK) > ηK .
Hence, the statement only remains to be shown for the case αm(ηK) > ηK .

By C1-(iii), player m has no profitable deviation to bids b′ < ηK when experi-
encing valuation cm. Since cm is the lower endpoint of valuations for m, the state-
ment can be proven by showing that there is no such deviation for all valuations
αm(ηK) > cm.

The distribution of bids below ηK might have mass points. Let therefore Wm(b)
instead of ∏i̸=m Hi(b) denote the probability that m wins with bid b and denote
πv

m(b) = (v − b)Wm(b). Since the deviation to b′ < ηK is not profitable for type cm

it holds that
∆cm

m (ηK , b′) := ln πcm
m (ηK) − ln πcm

m (b′) ≥ 0.

I have already shown that it is not profitable for type v with v > αm(ηK) ≥ cm to
deviate to ηK . Hence, the proof is completed by showing that

∆v
m(ηK , b′) − ∆cm

m (ηK , b′) ≥ 0.

Note that it suffices to consider bids b′ with Wm(b′) > 0 and for all those bids the
logarithm is well defined. Plugging in the definitions of ∆v

m and πv
m yields

∆v
m(ηK , b′) − ∆cm

m (ηK , b′) = ln
(

v − ηK

v − b′

)
− ln

(
cm − ηK

cm − b′

)
= ln

((v − ηK)(cm − b′)
(v − b′)(cm − ηK)

)
> 0,

where the last inequality follows from

(v − ηK)(cm − b′) − (v − b′)(cm − ηK) = (v − cm)(ηK − b′) > 0,
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since v > cm and ηK > b′.

3D.3 Type v ≤ αm(ηK) has no Deviation

Suppose player m has αm(ηK) > ηK . Then m bids ηK with all valuations from
Vm ∩ [cm, αm(ηK)] by C1-(i). Deviations to b′ < ηK when having valuation cm are
ruled out by C1-(iii). This implies that deviations to bids b′ < ηK are also not
profitable when having valuation v ∈ (cm, αm(ηK)] by the final argument from the
last subsection. By the argument from Wolfstetter (1996) used in 3D.1, deviations
to bids b′ > ηK are not profitable.

Suppose finally that m has αm(ηK) = ηK . The bids characterized by Condition
1 give player m with valuation v ≤ αm(ηK) zero expected profit. Player m can
only achieve positive winning probability with deviations b′ ≥ ηK . However, such a
deviation never yields strictly positive profits since v ≤ αm(ηK) = ηK .

3E Details for Examples

3E.1 Details for Example 2

This subsection verifies that the strategies described in Example 2 from subsection
3.4.2 satisfy the differential system on the nonterminal domains and Condition 1 at
the terminal bid.

For two players, the differential system reduces to

d

db
ln H1(b) = 1

α2(b) − b
,

d

db
ln H2(b) = 1

α1(b) − b
.

On the top domain D1 = (1/2, 1], this is satisfied by α1(b) = 2b and α2(b) = 2b.
Since F1(v) = v/2 and F2(v) = v/2 on the upper component of player 2’s support,
H1(b) = F1(α1(b)) = b and H2(b) = F2(α2(b)) = b. Thus, d

db ln Hi(b) = 1
b = 1

2b−b

for both players on D1. At b = 1, both players’ highest types bid, since α1(1) =
α2(1) = 2.

At the lower boundary of D1, player 2 reaches the upper endpoint of the gap,
since limb↘1/2 α2(b) = 1. On the second domain D2 = (1/4, 1/2], inverse bid func-
tions are α1(b) = 4b2 and α2(b) = 3b/2. Then

H1(b) = F1(α1(b)) = 2b2,

and, since α2(b) ∈ (3/8, 3/4] on D2,

H2(b) = F2(α2(b)) = 1 − 3
8 · 3

2b
= 1 − 1

4b
= 4b − 1

4b
.

The ODE for player 1 holds because

d

db
ln H1(b) = 2

b
= 1

3
2b − b

= 1
α2(b) − b

.
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The ODE for player 2 holds because

d

db
ln H2(b) = 1

b(4b − 1) = 1
4b2 − b

= 1
α1(b) − b

.

Thus both ODEs hold on D2.
The boundary values are consistent. At the upper boundary of D2, α1(1/2) = 1

and α2(1/2) = 3/4. Moreover, H1
(

1
2

)
= 1

2 and H2
(

1
2

)
= 1

2 . This matches the bid
CDF values at the lower end of D1, since F2(3/4) = F2(1) = 1/2. Thus player 2’s
inverse bid function jumps across the gap from 1 to 3/4 at the boundary bid 1/2,
while the bid CDF remains continuous.

At the terminal bid ηK = 1/4, inverse bid functions give α1
(

1
4

)
= 1

4 and
α2
(

1
4

)
= 3

8 . Thus, player 2 is the player with positive markup at the lowest winning
bid. Condition 1 requires that player 2’s remaining lower types bid ηK = 1/4. Since
player 2’s support begins at c2 = 3/8, this is consistent with c2 > ηK from C1-(i).

For all remaining lower types of player 1, namely v ≤ 1/4, let bids be uniformly
distributed on [1/5, 1/4] such that Gv

1(b) = 20b−4 for b ∈ [1/5, 1/4] and v ∈ [0, 1/4].
This distribution is concentrated below ηK as required by C1-(ii).

It remains to check that player 2 does not profit from deviating to bids below ηK

in the sense of C1-(iii). It is enough to check the lowest remaining type c2 = 3/8.
At ηK = 1/4, this type obtains

(
3
8 − 1

4

)
F1
(

1
4

)
= 1

64 . For deviations b′ < 1/5,
the winning probability is zero. For b′ ∈ [1/5, 1/4], the winning probability against
player 1’s remaining lower types is F1

(
1
4

)
(20b′ − 4) = 1

8(20b′ − 4) and the deviation
payoff is (3

8 − b′
) 1

8(20b′ − 4).

This function is increasing on [1/5, 1/4] and therefore maximized at b′ = 1/4 = ηK ,
verifying C1-(iii).

3E.2 Details for Example 3

This subsection verifies that the strategies described in Example 3 from subsection
3.4.3 satisfy the differential system on the nonterminal domains and Condition 1 at
the terminal bid.

The differential system reduces as in 3E.1. On the top domain D1 = (1/2, 1],
the inverse bid functions are α1(b) = 2b and α2(b) = 2b. Since F1(v) = v/2 for
v > 1 and F2(v) = v/2 for v > 1, the functions H1(b) = F1(α1(b)) = b and
H2(b) = F2(α2(b)) = b satisfy

d

db
ln Hi(b) = 1

b
= 1

2b − b

and both ODEs hold on D1. At the upper endpoint, H1(1) = H2(1) = 1, and at the
lower endpoint α1(1/2) = 1, so player 1 reaches the atom.

On the mass-point domain D2 = (1/3, 1/2], player 1’s atom at v = 1 mixes, so
α1(b) = 1. Player 2 has inverse bid function α2(b) = 2b. Since α2(b) ∈ (2/3, 1] on
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this domain,
H2(b) = F2(2b) = 1

2(2 − 2b) = 1
4(1 − b) .

Therefore
d

db
ln H2(b) = 1

1 − b
= 1

α1(b) − b
.

For player 1, the bid CDF is H1(b) = 1
2 − 1

6
(
1 − (G1

1(b))
)

= b. Then,

d

db
ln H1(b) = 1

b
= 1

2b − b
= 1

α2(b) − b

and both ODEs hold on D2.
Note that G1

1(b) = 6b − 2 satisfies G1
1(1/2) = 1 and G1

1(1/3) = 0. The atom is
exhausted at η3 = 1/3 and the construction moves to a lower smooth domain.

On the lower smooth domain D3 = (0, 1/3], the inverse bid functions are α1(b) =
3b and α2(b) = 2b. Then, H1(b) = F1(3b) = b because 3b ∈ (0, 1] on D3, and
H2(b) = F2(2b) = 3

8
√

3b because 2b ∈ (0, 2/3] on D3. Hence

d

db
ln H1(b) = 1

b
= 1

2b − b
= 1

α2(b) − b
,

and
d

db
ln H2(b) = 1

2b
= 1

3b − b
= 1

α1(b) − b
.

Thus, both ODEs hold on D3. The boundary values are consistent since

α1

(1
3

)
= 1, α2

(1
3

)
= 2

3 ,

and
H1

(1
3

)
= 1

3 , H2

(1
3

)
= 3

8 .

It remains to verify the terminal condition. The terminal bid is ηK = 0, and α1(0) =
0 and α2(0) = 0. Thus this is the terminal case without a player j satisfying
αj(ηK) > ηK . Both players’ lowest types bid zero. Then, C1-(iv) is trivially satisfied
and C1-(v) does not apply.
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