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Abstract

Many tasks in computer vision lead to combinatorial optimization problems.
Automatic image partitioning is one of the most important examplesin this
context: whether basedon someprior knowledge or completely unsupervised,
we wish to nd coherert parts of the image. Howewer, the inherent combinato-
rial complexity of such problems often preverts to nd the global optimum in
polynomial time.

For this reason,various approateshave beenproposedto nd good approx-
imativ e solutions for image partitioning problems. As an important example,
we will rst considerdi erent spectral relaxation techniques: basedon straight-
forward eigervector calculations, these methods compute suboptimal solutions
in short time.

Howewer, the main contribution of this thesis is to introduce a novel opti-
mization technique for discrete image partitioning problems which is basedon
a semide nite programming relaxation. In cortrast to approximation methods
employing annealing algorithms, this approad involves solving a convex op-
timization problem, which doesnot su er from possiblelocal minima. Using
interior point techniques, the solution of the relaxation can be found in poly-
nomial time, and without elaborate parameter tuning. High quality solutions
to the original combinatorial problem are then obtained with a randomized
rounding technique. The only potential drawbadk of the semide nite relax-
ation approad is that the number of variables of the optimization problem is
squared. Nevertheless,it canstill be applied to problemswith up to a few thou-
sand variables, as is demonstrated for various computer vision tasks including
unsupervised segmetation, perceptual grouping and image restoration.

Concerning problems of higher dimensionality, we study two di erent ap-
proachesto e ectiv ely reducethe number of variables. The rst oneis basedon
probabilistic sampling: by consideringonly a small random fraction of the pixels
in the image, our semide nite relaxation method can be applied in an e cien t
way while maintaining a reliable quality of the resulting segmetations. The
secondapproadc reducesthe problem sizeby computing an over-segmetation
of the imagein a preprocessingstep. After that, the imageis partitioned based
on the resulting \sup erpixels" instead of the original pixels. Sincethe real world
doesnot consist of pixels, it can even be argued that this is the more natural
image represeration.

Initially , our semide nite relaxation method is de ned only for binary par-
titioning problems. To derive image segmetations into multiple parts, one
possibility is to apply the binary approacd in a hierarchical way. Besidesthis
natural extension,we also discusshow multiclass partitioning problems can be
solved in a direct way basedon semide nite relaxation techniques.



Zusammenfassung

Viele Bildv erarbeitungsaufgalen lassensich auf kombinatorische Optimierungs-
probleme zuruckfethren. Eines der wichtigsten Beispielein diesemKontext ist
die automatische Zerlegung von Bildern in koharente Bestandteile, sei es un-
ter Zuhilfenahme von Vorwissenoder vellig uneberwadt. Allerdings erlaubt es
die hohe Komplexit et derartiger Probleme hau g nicht, optimale Lesungenin
polynomieller Zeit zu berednen.

Aus diesemGrund wurden versdiedenartige Verfahren entwickelt, um gute
Naherungsbsungenfur Bildpartitionierungsprobleme zu bestimmen.Als wichti-
gesBeispiel vergleichen wir zunachst mehrerespektrale Relaxations-Methoden,
weldhe solthe Approximationen mit Hilfe von speziellen Eigenvektor-Bered-
nungen ermitteln.

Der wesetliche Beitrag dieser Arbeit bestelt jedoch darin, ein neuarti-
gesOptimierungsverfahren zur diskreten Bildpartitionierung vorzustellen. Wir
verwenden dazu einen Relaxationsansatz, der letztlich ein spezielles konve-
xesOptimierungsproblem liefert, welchesmittels semide niter Programmierung
gelst werden kann. Im Gegensatzzu anderen Naherungs\erfahren, die bei-
spielsweise auf Annealing-Algorithmen beruhen, besteit somit keine Gefahr,
in einem lokalen Minimum zu landen. Au erdem kann die Lesung eines se-
mide niten Programms ohne aufwandige Parameteroptimierung mit Interior-
Point-Metho den in polynomieller Zeit bestimmt werden. Qualitativ hochwerige
diskrete LosungendesOriginalproblems lassensich ansdlie end mit Hilfe einer
probabilistischen Rundungstednik ermitteln. Der einzige potenzielle Nachteil
der semide niten Relaxation besteh darin, dasseine Quadrierung der Varia-
blenanzahl notwendig ist. Nichtsdestotrotz lassensich Probleme mit bis zu ei-
nigen tausend Variablen zufriedenstellend bearbeiten, wie wir anhand unter-
schiedlicher Bildv erarbeitungsaufgalen aus der uneberwaciten Segmetierung,
perzeptuellenGruppierung oder Bildrekonstruktion demonstrierenwerden.

Fur Problemstellungenheherer Dimension untersuchen wir zwei versdiede-
ne Verfahren, welche die Variablenanzahl e ektiv reduzieren. Zum einen han-
delt essich dabei um einen Ansatz, der auf probabilistischem Sampling beruht:
Durch zufallige Auswahl eineskleinen Prozertsatzesder Bildpixel erhalten wir
ein Optimierungsproblem, auf das unser semide nites Relaxationswverfahren ef-
zient angewandt werden kann, und zwar unter Beibehaltung einer zufrieden-
stellendenQualit at der endgelltigen Segmetierung. Das zweite Verfahren redu-
Ziert die Problemgre e, indem zunachst in einem Vorverarbeitungssdairitt eine
Ubersegmetierung desBildes beredinet wird. Anschlie end werdenanstelleder
Pixel die resultierenden ,,Superpixel" als Grundlage zur Zerlegung des Bildes
verwendet. Da die reale Welt nicht aus Pixeln bestelt, ersteint dies sogardie
naterlichere Bild-Reprasenation zu sein.

Unser semide nites Relaxationswerfahren ist urspreinglich nur fer binare
Problemstellungende niert. Eine naheliegendev eglichkeit, um mehrteilige Zer-
legungenzu erhalten, besteh in der hierarchischen Anwendungder binaren Me-
thode. Neben dieserErweiterung untersuchenwir zudem,inwiefern Bildsegmen-
tierungen in mehrere Teile auf direkte Weise mittels semide niter Relaxation
bestimmt werden kennen.
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Vi

In fact the great watersheal in optimization isn't between linearity and
nonlinearity, but convexity and nonconvexity.
(R.T. Rockafellar, SIAM Review 1993)
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Chapter 1

In tro duction

1.1 Motiv ation and Overview

In this rst part of the introduction, we motivate our work from two di erent
points of view: on the one hand, we proposea novel optimization approad in
the eld of computer vision that has many favorable properties (Section 1.1.1),
while on the other hand, three di erent image partitioning tasks are preseried
to which this approad can corveniertly be applied (Section 1.1.2).

1.1.1 Optimization Approac h: Semide nite Programming Re-
laxation

Tasksthat areformulated asoptimization problemsappearin almostall elds of
computer vision and pattern recognition. Concerningthe designof appropriate
problem formulations, one of the most important issuesis to nd an adequate
compromise between a precise optimization criterion which correctly models
the given problem, and the dicult y to compute the corresponding solution.
On the one hand, an inappropriate optimization criterion will not describe the
application in the desired way, no matter how easyit can be solved. On the
other hand, a sophisticated mathematical model of the problem may be use-
lessin practice unlessa corresponding solution can be computed e cien tly and
corveniertly (i.e. without elaborate parameter tuning or the needto provide
exact a priori knowledgelike good starting points, for example). Hence,an op-
timization approad is especially attractiv e if it represers an adequatetradeo
betweensudc competing forcesas accuracy precision, speedand exibilit y.
Concerning the mathematical modeling of optimization tasks in computer
vision, or more speci cally of image partitioning problems, we basically dis-
tinguish two dierent approadces: continuous methods are based on formu-
lating the optimization objective as a functional de ned on a continuous do-
main, which meansthat the argumerts of the functional are cortinuous-\alued.
For example, such objective criteria emergeif an image (interpreted as a sam-
pled instance of a continuous function) is segmerted by approximating it with
continuous-valued, piecewisesmooth functions. This model allows using varia-
tional methods basedon patrtial di erential equationsto de ne the correspond-
ing optimization problems, which then are viable to be solved by employing
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techniquesfrom numerical analysislike e.g.gradient desceh methods (cf. [186).
In contrast to corntinuous methods, discrete approacesdirectly operate on
optimization problems involving discrete-valued decisionvariables. The inher-
ert combinatorial complexity of these problemsin generalprevents to nd the
solution in polynomial time, especially if the objective functional is globally
de ned. On the other hand, discrete approachesare more exible than contin-
uous methods, sincethey can be applied to numeroustasksin computer vision,
including e.g.(un-)supervisedsegmetation, partitioning and perceptual group-
ing problems. For this reason,it is important to develop appropriate discrete
optimization techniquesthat are able to corveniertly handle such problems.

The main purposeof this work is to make a step into this direction by in-
tro ducing a novel optimization technique to the eld of computer vision, which
is mainly basedon the mathematically appealing and well-understood class of
convex programming problems. To this end, we consider general minimization
problems that comprehenda quadratic objective functional which is de ned
over binary decision variables and which may be subject to additional linear
constraints. In contrast to related work, no speci ¢ assumptionsare made with
respect to the functional form apart from an unproblematic symmetry condi-
tion. As a consequencepur optimization approad can be utilized for a wide
range of applications from computer vision, like unsupervised and supervised
classi cation tasks, graph-basedsegmemation problems, or restoration based
on rst-order Markov random eld estimates.

Sudh quadratic functionals allow usto deal with the combinatorial complex-
ity of the optimization task by applying a general semide nite programming
relaxation. To be more precise,this approac targets to nd a good approxi-
mativ e solution in two steps: rst, the decisionvariablesare lifted into a higher-
dimensional spacewhere the optimization problem can be tightly relaxedto a
convex optimization problem. Speci cally, the resulting semide nite program
comprisesa linear objective function which is de ned over a particular convex
set (a so-calledcone) in a matrix space,and a number of application-dependen
linear constraints. After computing the global optimum of this relaxed problem,
the decisionvariables are recovered in the secondstep by using a randomized
rounding technique.

The fact that this approad involvessolving a corvex optimization problem
results in various advantageousproperties:

+ Due to its corvexity, the glotal optimum of the transformed problem can
be computed under mild conditions.

+ Interior-point algorithms are able to numerically determine an approxi-
mation of arbitrary precisionto this global optimum in polynomial time.

+ In cortrast to alternative optimization approades,no tuning parameters
are involved that critically in uence the quality of the solution.

Howewer, there is also an obvious drawbadk:

The number of variables of the optimization problem is squaredby the
lifting step to a higher-dimensionalspace.
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Figure 1.1: Two real world images illustrating the unsup ervised
segmentation problem. Basedonly on pairwise similarities between local
measuremets of image features like color or texture, we wish to partition
these scenesnto coherert groups.

Therefore, the semide nite relaxation approad is limited to problemswith at
most a few thousand variables. Yet for many image partitioning and perceptual
grouping tasks encourtered in practice, this is already su cien t. Moreover, it
is inevitable to increasethe problem dimension if the intricate combinatorial
constraints should be approximated closely by more comfortable convex sets
that are eligible for applying corveniert numerical optimization methods.

Concerningthe computation of corresponding discrete solutions of the orig-
inal optimization problem, we add the following favorable properties:

+ The randomized rounding procedure avoids the needto choosea suitable
thresholdvalue, asit is essetial e.g.in spectral relaxation methods.

+ Combinatorial solutions of high quality are obtained basedon the result
of the semide nite programming relaxation, i.e. the nal solution is close
to the unknown global optimum, which is intractable to compute.

From the optimization point of view, the absenceof any speci c assump-
tions about the objective criterion as well as the many \+"-prop erties listed
above motivated our investigation of the semide nite relaxation approac for
computer vision problems.

1.1.2 Application to Image Partitioning Tasks: Segmentation,
Grouping, Restoration

In the last section, we already preseried the main motivation of our work: to
devisea novel, mathematically well founded technique to approac a group of
intricate combinatorial optimization problems. In this section, we motivate our
work from the application point of view by illustrating three important tasks
from early and mid-level computer vision which lead to di erent instances of
the consideredproblem class. Besidesindicating the signi cance of the presen
work in the context of computer vision, these tasks also sene as non-trivial
speci ¢ examplesthat will be usedthroughout this thesis to demonstrate the
performanceof the semide nite relaxation approac. Formal de nitions of the
corresponding optimization problems are given in Section 2.



4 Chapter 1. Intr oduction

Figure 1.2: Perceptual grouping and restoration problems. The key-
board probably attracts most attention of the obsener (left). How to compute
this global gure-ground discrimination basedon pairwise structural similar-
ities between locally extracted image primitiv es? The right image shows a
noisy binary image (map of Iceland) that should be restored.

Figure 1.1 shows two real world imagestaken from the VisTex database
[187]. Partitioning sudh imagesin an unsugervised way (i.e. without incorpo-
rating speci ¢ a-priori knowledge)is a commongoal of many low-level computer
vision applications. Basedon somelocally computed featureslike color, texture,
or motion, we wish to split the image into coheren groups of \similar* looking
members. Howewer, since no prototypesare given in advanceto represer the
di erent groups, de ning the \correct" segmemation is not straightforward.

In this context, the represenation of imagesby graph structures has re-
certly attracted the interest of researters [190 168 91, 62, 165 60, 189.
More precisely the resulting approacespartition an image by seekingminimal
cuts in the underlying graph. In this work, we mainly study binary unsu-
pervisedimage segmemation problemsthat are basedon constrained minimal
cuts. Speci cally, we will show that the semide nite relaxation method pro-
vides a tighter approximation of the corresponding combinatorial problem than
techniques which are based on spectral graph theory. Concerning multiclass
partitioning problems, a hierarchical framework is consideredas well as direct
extensionsof the binary approad.

A dierent problem is depicted in the left image of Figure 1.2: for this sec-
tion of an o ce table, probably most human obseners focus on the keyboard
asthe most important object rst. A typical task in mid-level computer vision
is to model sud global decisionsof perceptual grouping by solving an optimiza-
tion problem de ned in terms of pairwise interactions betweenlocally extracted
image primitiv es[163 157, 84, 142 192, 173. To this end, the optimization cri-
terion considersa saliency measurewith respectto decisionvariablesindicating
which primitiv esbelongto the foreground or badkground, respectively. We will
demonstrate that quadratic saliency measureswhich have been consideredas
dicult [197 due to their combinatorial complexity can corveniertly be dealt
with by using our semide nite relaxation approac.

Finally, the right image in Figure 1.2 shaws a binary image that has been
degradedby noise. The restoration of sud imageshas a long history in com-
puter vision, in particular in the cortext of supervisedsegmemation tasksbased
on Markov random elds [64, 63, 193 20]. We will shaw that our semide nite
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relaxation method allows us to model such labeling problemsunder lessrestric-
tive assumptionsthan those made by previous approades[89, 24]. Moreover,
a cornveniert extensionto multiclass imagereconstruction problemswill be pre-
serted.

1.2 Related Work

Concerning image partitioning and segmemation problems, there exists a vast
amoun of literature consideringvarious aspects of thesecomputer vision tasks.
To survey the entire eld is beyond the scope of this work. In this section, we
will therefore focus on somekey publications that are directly related to our
approad in the eld of discrete optimization problems. More referenceswill be
given throughout this thesis when appropriate.

1.2.1 Optimization Approac hes in Computer Vision

The examplespreseried in the previous sectionalready indicate the importance
of optimization problems that involve global objective criteria over discrete
decisionvariablesin the eld of computer vision. Unfortunately, such problems
are usually NP-hard, and only a few special casescan be solved to optimality in
polynomial time [70, 5]. Accordingly, alot of researty hasbeendoneto dewvelop
optimization methods that are able to e cien tly compute good approximate
solutions.

An important classof optimization approadesthat can deal with the com-
binatorial complexity involved in such problems is basedon stochastic sam-
pling and simulated annealing. Introduced in the context of computer vision
in the seminal paper of Geman and Geman [64] on Bayesian image restora-
tion, many applications have since beensuggestedin connection with Markov
random elds [193 20, 114. Basedon annealing schedulesthat are prescribed
by theory, the corresponding algorithms can be guararteed to nd the global
optimum of the combinatorial problem, yet at the cost of being impractically
slow for real world applications. Nevertheless,the interest in these methods
has still grown in recert years, especially in connectionwith interpretations of
perception as Bayesianinference[106, 53], and with complex statistical texture
models [207, 20§].

In order to speedup the computations, various approadiesto nd subop-
timal Markov random eld estimates have beendeweloped, including the ICM
algorithm [16], the highest con dence rst heuristic [30], the graduated non-
corvexity strategy [17], ow-based local seard heuristics [89, 24], or linear
programming relaxations [105. Other approximation methods are basedon
multi-scale approaces[77, 188 148, biased importance sampling [180, 8], or
deterministic versionsof the annealing procedure for applications like percep-
tual grouping [84], data clustering [154, 86], or graph matching [67].

Howewer, the acceleratedcomputations take their toll: the above-mertioned
methods can no longer guarantee to nd the global optimum. In fact, this goal
is illusive, consideringthe combinatorial complexity of the underlying optimiza-
tion problems. Consequetly, the following important question concerningthe
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performance of these approades arises: is it possibleto derive bounds on the
approximation quality of the obtained solution in relation to the unknown global
optimum, independert of the current problem instance? Although with respect
to restricted problem classes,some of the mentioned approades provide such
performancebounds[17, 24, 105, none of the methods (apart from the original
simulated annealing) seemsto be immune in geneal against getting trapp ed
in somepoor local optimum, and hencemeetsthis criterion.

A dierent problem concernsthe algorithmic properties of this classof opti-
mization approades: apart from simple greedy strategies[16, 30], many meth-
ods imply some (sometimes hidden) parameters on which the computed local
optimum critically depends. A typical exampleis given by the arti cial temper-
ature parameter in annealing approacheswhich governsthe iterativ e annealing
schedule. It is well known that without exact tuning medanisms, the corre-
sponding algorithms exhibit complex bifurcation phenomena[160, and may
tend to oscillate in a parallel update mode [84, 143.

As we will seein Section1.3, our semide nite relaxation approac addresses
both of the problems discussedabove.

1.2.2 Semide nite Programming

Optimization basedon semide nite programming still is a relatively novel eld:
rst applications appeared around 1990in cortrol theory [21, 183 and com-
binatorial optimization [116, 3]. Sincethen, howewer, the interest has grown
tremendously, motivated by the developmen of e cien t algorithms [132 199
as well as the discovery of new applications in diverse areas[196 40]. As a
special type of corvex optimization [22], the corresponding duality theory is
mathematically well-understood and established; for a detailed discussion of
many aspects of semide nite programming, we refer to [3, 183 196, 179.

The method presened in this work is basedon a semide nite relaxation of
combinatorial optimization problems. In fact, this technique to approximate
intractable integer constraints is currently the main application of semide nite
programming. Initiated by the seminal work of Lovasz and Sdrijv er [116 on
0-1 optimization, various applications in this context have beenpreseried in the
literature, like approximations for the max-cut problem [66], the independert
set problem [71], graph coloring [95] and partitioning [153 96], or the quadratic
assignmen problem [206, 26]. For 0-1 quadratic programming problems, Poljak
et al. [145 preser a generalrecipe to obtain semide nite programming relax-
ations that is basedon Lagrangian duality; a similar approad is pursued in
this work. An overview of related recert dewelopmerns is given in numerous
surveys[65, 152 78, 195 115 117.

While most of the afore-menioned papersfocus on deriving tight boundson
the objective value of conmbinatorial problems, Goemans and Williamson [66]
werethe rst to presen an algorithm that really computesa suloptimal solu-
tion asan approximation to the optimal conmbinatorial solution. Moreover, they
were able to prove a performance guaranee for their randomized hyperplane
technique: for the classicalmax-cut problem, the obtained suboptimal solutions
cannot be worse (concerning the objective value) than 87.8%in relation to the
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Figure 1.3: Representing image partitionings by graph cuts: the
weights of all cut edgesprovide a measurefor the (dis-)similarit y of the result-
ing sets.

unknown global optimum. This fact has motivated us to adopt this approx-
imation technique as the secondstep of our semide nite relaxation approact
to recover a combinatorial solution. Concerning possible modi cations of the
randomized approximation technique for di erent combinatorial problems, we
refer to [55, 76].

1.2.3 Image Partitioning Tasks

As already indicated in Section 1.1.2, there is a wide range of applications in
computer vision to which our semide nite relaxation method can be applied.
While it is beyond the scope of this thesisto give an in-depth discussionof all
possibleapplications, we next focus on work related to the image partitioning
tasks usedhere to illustrate our approad.

Unsup ervised Image Segmentation and Clustering

Many recert approadies for unsupervised image segmetation are based on
graph partitioning methods; seee.g. [168 62, 173 and referencestherein. In
this cortext, an image is naturally represeried as a graph by considering lo-
cally extracted image elemerns (e.g. pixels) as vertices which are connectedby
weighted edgesde ned through pairwise (dis-)similarity values. The objective
then consistsin partitioning the vertices into disjoint sets according to some
coherencycriterion.

A popular criterion for such partitions is basedon extremal cuts through
the graph (cf. Figure 1.3). In computer vision, this idea was introduced by
Wu and Leahy [198. Howeer, their min-cut criterion favors the separation of
small sets, which brings up the important issueof appropriate cluster normal-
ization to avoid too unbalanced partitionings. Initiated by the early work of
Fiedler [51], a classicaltechnique in this cortext employs spectral decomposi-
tion of the Laplacian matrix of the graph to e cien tly compute balancedcuts.
Later, this approach was also suggestedas relaxation of a constrained graph
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partitioning problem [129 39]. Since then, this idea has beenthe subject of
extensive researt [74, 174, 73], and has found applications in many di erent
elds [146, 38, 159. In this work, we usethe samebasicidea of computing im-
age partitionings basedon constrained minimal cuts of the underlying graph,
but pursue a dierent corvex relaxation approach to nd better suboptimal
combinatorial solutions.

An alternative technique is proposedby Shi and Malik [168: their \nor-
malized cut” criterion prevents unbalanced cuts by directly normalizing the
objective function. Again, an approximate solution of the resulting conmbi-
natorial problem is found by reverting to methods from spectral graph the-
ory. For further developmerts and applications of the normalized cut, seee.g.
[190, 125 204 54).

More segmetation approadesrelated to extremal graph cuts wererecenly
preseried in the literature, basedon such dierent ideas as de ning contour-
basedratio regions[36], seekingminimal cost separationsof ead pixel from an
arti cial point outside the image [185, or normalizing the cut objective func-
tion by the length of the boundary betweenthe segmets [189. In cortrast to
the afore-mertioned methods, these approadieslead to optimization problems
that can no longer be solved by spectral techniques. Further interesting graph
cut methods include calculating \t ypical average" cuts basedon a stochastic
sampling method [62, 165, or employing \Swendsen-Wang cuts" to obtain big
candidate moves betweenpartition stages[8]. Howewer, as these methods con-
sider probability distributions over the set of possible segmemations, they are
not directly related to combinatorial optimization problems. Other segmen-
tation methods basedon graph partitioning techniques include e.g. recursive
multiscale algorithms [164, 60] or the dominant set approac of Pavan and
Pelillo [141, 140.

Supervised Image Partitioning and Lab eling

Approachesto supervised image partitioning (or labeling) are often basedon
Markov random eld models[193 114 and therefore canbe handledby applying
the techniques mentioned in Section 1.2.1. Recen investigations of the corre-
sponding optimization problems in the context of graph partitioning include
[89, 24] and referencestherein. These authors derive a graph represermation
of the labeling problem by de ning edgesbasedon the neighborhood structure
given by the Markov random eld, and introducing additional connectionsto
arti cial terminal vertices that represen the given labels. It can be shavn
that for special pairwise interaction functions (e.g. semi-metrics), the optimal
solution of the optimization problem can be found by graph cut techniques
[107.

In corntrast to this special result, our semide nite relaxation approad is
more general: we do not make any assumptionswith respect to the pairwise
interactions betweenthe labels, which in fact can be negative or may not vanish
for equal labels.
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Perceptual Grouping

There is a vast literature on perceptual grouping in computer vision; seee.g.
[122 157, 90, 6] and referencegherein. In this work, we focuson the quadratic
energyfunction proposedby Herault and Horaud [84] for gure-ground discrim-
ination. From an optimization point of view, the application of this saliency
measurehasbeenconsideredasdi cult dueto the computational costresulting
from its combinatorial complexity [192. We will demonstratethat nevertheless,
this grouping criterion can conveniertly be optimized by applying our semide -
nite relaxation approad.

1.3 Contribution and Organization

As has already beenindicated, the main cortribution of this work is to intro-
duce a novel optimization technique to the eld of computer vision, which is
basedon the mathematically appealing classof semide nite programming prob-
lems. The corresponding convex relaxation approad can be applied to a wide
range of combinatorial optimization problems, like unsupervised segmeration,
perceptual grouping or restoration tasks. In this section, we give a more de-
tailed overview by summarizing the most important cortributions for ead of
the following chapters of this thesis separately

In Chapter 2, we provide formal de nitions of the optimization problems
corresponding to the computer vision tasks consideredin this work. As has
already beenillustrated in Section 1.1.2, these tasks comprise unsupervised
segmemation basedon graph partitioning, perceptual grouping ( gure-ground
discrimination), and image restoration as a special caseof supervised classi -
cation. Focusing on binary versionsof the corresponding combinatorial opti-
mization problems, we shaw that all thesetasks can cornveniertly be formulated
as minimization problems which involve a quadratic objective functional over
binary ( 1;+1)-decision variableswhich may additionally be subject to alinear
constraint. Apart from a symmetry condition, no speci ¢ assumptionsare made
with respect to the objective functional. Hence,our problem formulation is less
restrictiv e than the onesusedin related work [89, 24], and therefore potentially
covers many other vision tasks.

Possibleextensionsto non-binary problems are discussedin later chapters,
considering both a hierarchical approadc for unsupervised segmetation (Sec-
tion 5.1), and direct multiclass extensionsfor unsupervisedand supervisedim-
age partitioning (Chapter 6).

In Chapter 3, we study dierent (un-)supervised segmermation methods
which are related to our approad, and have already beenapplied successfully
to various image partitioning problems. Especially, we closely investigate spec-
tral techniquesthat have beenproposedin the literature for graph-basedimage
segmetation [168 159 158 147. All these methods have in common that
they use certain extremal eigervectors of the similarity matrix of the graph or
of the corresponding Laplacian (either directly or normalized) to derive binary
partitionings. In cortrast to other comparing works [190, 168 173 167, we
consider these techniques in a unifying framework as approximations to spe-
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cial instancesof a general\scaled cut" cost function. In this way, the relation
betweenthe averageand normalized cut measuress clearly identi ed. Further-
more, this point of view enablesthe de nition of an averageassaiation criterion
which directly corresponds to the normalized assaiation from [168. The ap-
propriate relaxation of this criterion leadsto the calculation of eigervectors of
a centered similarity matrix, which alsoshedssomelight on a related approac
in the context of unsupervised learning [38]. Moreover, we provide di erent
interpretations of spectral methods as approximations to other graph-related
optimization criteria, and clarify the special meaning of the Fiedler vector.

Besides,this chapter alsobrie y recapitulates the mean shift algorithm [33]
as an alternativ e unsupervised clustering technique that works directly in the
(Euclidean) feature spaceof the extracted image elemens. In particular, this
method will later be usedto reducethe size of image segmemation problems
arising in practice.

Finally, we considerthe iterated conditional modes (ICM) algorithm, which
was proposedby Besag[16] in the context of supervisedsegmemation problems.
Speci cally, it is shown that this fast, local greedytechnique approximates the
global optimum of the energyfunctional usedfor image restoration in this work
by calculating a local minimum. In contrast to that, our semide nite relaxation
approad yields a much tighter approximation of the underlying combinatorial
problem, and hencemost likely nds a better suboptimal solution.

Chapter 4 covers the main cortribution of this thesis: the semide nite
relaxation approach can be applied to the general class of combinatorial op-
timization problems arising in computer vision that are preseried in Chapter
2. Most details of this method have already been published in various confer-
enceproceedings[161, 100, 107 and in a journal article [103. Here, we extend
the corresponding results by consideringa slightly more generalbalancing con-
straint, that alsoallows specifying the proportion of eat part for unsupervised
segmemation tasks.

The emerging corvex optimization problems belongto the special class of
semide nite programs. For this reason,we rst provide a conciseintro duction
to this topic (Section 4.1) by discussingthe main aspects of the correspond-
ing duality theory, the geometry of the cone of positive semide nite matrices,
and related algorithms. On this mathematical basis, our semide nite relax-
ation approad is explainedin Section4.2. Speci cally, we perform Lagrangian
relaxation [113 to derive a semide nite program for the general classof com-
binatorial optimization problems studied here. By considering geometry and
feasibility issues,it is showvn that under mild assumptions,a globally optimal
solution exists for this convex optimization problem, which canbe computedin
polynomial time with clear numerical algorithms. Abstracting from the com-
putational process,due to the lack of local optima we can simply think of a
mapping taking the data to this solution. Thus, evidertly, no hidden parame-
ters are involved.

Moreover, we discussthe randomized hyperplane technique [66] as approxi-
mation procedureto calculate suboptimal solutions of the original combinatorial
problem. In this context, we also presert boundswith respect to the quality of
thesesolutions that under certain conditions can be derived from bounds given
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in the literature for other optimization problems [66, 131, 20(. As is revealed
by statistical results for ground-truth experimens, these theoretical bounds
are not tight in practice, where a much better performance can be measured.
Yet note that for most alternativ e optimization methods, similar results and a
corresponding route of researt seemto be missing.

In comparisonto certain spectral techniques for unsupervised partitioning
tasks, we show that our semide nite relaxation approad is superior from the
approximation point of view, asit yields a tighter relaxation of the underlying
combinatorial problem (Section 4.3). This theoretical result is also con rmed
in practical applications, where spectral relaxation may produce unsatisfactory
solutions when no appropriate threshold value is chosenor can be found. In
contrast to this, our approac doesnot depend on tuning such a parameter.

In this context, it has also beencriticized that methods basedon spectral
graph theory are not able to partition highly skewed data distributions or non-
compact clusters [62]. We will demonstrate that a straightforward remedy in
this caseis to basethe similarity measureon a suitable path metric, asis also
advocated in related work (e.g. [52]). However, the derivation of new similarity
measuress not the topic of this work | although we are aware that successful
similarit y-basedclustering always dependson the choice of a suitable similarity
measure. Rather, the focus of this thesisis on the application of a conveniert
optimization technique for computer vision problems.

Finally, a thorough experimental investigation on real scenesdemonstrates
the versatility of the semide nite relaxation approad in practice (Section 4.4).
For a broad range of di cult conbinatorial problems obtained from di erent
image partitioning tasks, meaningful solutions can be obtained in a corveniert
way. Instead of having to worry about technical details of the optimization
procedure, the user can focus on choosing appropriate constraints according
to the desired application. Although the computational e ort increases,the
results reveal that for problems with up to 10,000variables, the solution can
still be found e cien tly.

Chapter 5 is dewoted to methods that enablethe application of our semi-
de nite relaxation approad to larger problem instancesas they arise for real
world unsupervisedpatrtitioning tasks. In general,graph partitioning techniques
becomecomputationally demanding (or even intractable) with increasing size
of the images, since for example the corresponding similarity matrices do no
longer t into memory completely A commonidea in this caseis to revert to
sparsegraph represenations by connecting pixels only within a certain neigh-
borhood [168 62, 204. Howewer, this is of no avail for our approad, as other
matrices involved in the solution processstill are usually dense.

We therefore proposetwo other methods which immenselyreducethe prob-
lem size by preprocessing the image appropriately. The basic idea of the rst
method resenblesthe perceptual grouping task: abandoning pixels asthe basic
imageelemerns, we instead usesmall image patchesof coherert structure to de-

ne the corresponding graph represenation. It can be arguedthat this is even
a more natural image represertation, sincethe pixels are merely the result of
the digital image discretization process.To obtain suc an over-sggmentation,
we apply the mean shift technique [33] at a small spatial scale. Basedon other
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preprocessingmethaods, this \sup erpixel"-idea hasalsobeenadvocatedin recert
related work [198 118 189 8, 151].

The secondmethod (which rst was preseried in a workshop paper [101])
is basedon a completely di erent idea: following mathematical approximation
techniques, we prolabilistically sample the ertries of the similarity matrix to
obtain a good low-rank approximation to the complete matrix. In connection
to image segmetmation, this amounts in randomly picking a small number of
pixels to obtain an optimization problem of smaller scale,the solution of which
can afterwards be generalizedwell to a solution of the original, large prob-
lem. Similar ideashave already beenapplied successfullyfor spectral graph cut
techniques[54] and in a di erent clustering cortext [48].

To obtain more meaningful results, the binary semide nite relaxation ap-
proach is extended in this chapter: by computing partitions consecutiely
in a hierarchical way, we derive image segmeiations into multiple parts (cf.
[98, 198 119).

In Chapter 6, we analyze how multiclass image partitioning problemscan
be solved by semide nite relaxation approadesin a direct way | in cortrast
to a hierarchical application of the binary method. To this end, we assumethat
the number of parts the image should be decomposedinto is always known in
advance;we do not investigate how this number can be found automatically. In
this case,the binary formulations of both the unsupervised segmemation and
the restoration problem canbe naturally extendedto appropriate combinatorial
multiclass optimization problems, which however do no longer t into a com-
mon framework. Nevertheless,we derive suitable convex relaxations for both
problems, which are mainly basedon recert investigations concerningsemide -
nite relaxations of the quadratic assignmen problem [206 and the multiclass
partitioning problem [55, 96, 197, respectively.

Sincethe corresponding researt is still in progress,the results presened in
this chapter should be consideredas preliminary. Howewer, rst experimernts
indicate that although the computational burden increaseseven faster than for
binary problems, semide nite relaxation is promising for non-binary problems,
too.

Finally, Chapter 7 briey summarizesthe main results of the presern work,
and prospects directions for future researt. In the App endix A, we state
someimportant mathematical facts that arise in connection with symmetric
and positive semide nite matrices which are neededthroughout this thesis,
and note where the corresponding proofs can be found.

1.4 Notation

The following table lists the basic notation that is usedthroughout this thesis.
In this context, we remark that with slight abuseof mathematical accuracy we
always usethe notation of min/max for the consideredoptimization problems,
although the optimum sometimesmay not be attained (which strictly would
require the notation of inf/sup). In this way, we would like to emphasizethat
we are interested in nding an optimal solution and not just the optimal value
of the objective function.
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Num bers and Vectors

R

Ro
jaj
sgna

Matrices

R" k
gn
St

veqA)
Diag(x)
diag(A)
ker(A)

Graphs
G(V;E)

w

L

S

1(S)

iSi

d(s)
cut(S;S)
ass@(S)

real numbers

positive real numbers, including 0
absolutevalueof a2 R

signofa2 R

binomial coe cient: | = (nnik'),k,

spaceof n-dimensional real vectors
transposeof x

Euclidean norm of the vector x: kxk? = x> x

vector of all onesof dimensionk: e 2 Rk
i-th unit vector: ¢ = (0;:::;0;1,0;:::;0)

spaceof n  k-dimensional matrices

spaceof symmetric n  n matrices

spaceof symmetric, positive semide nite n  n matrices
matrix A is positive semide nite

identit y matrix

matrix of all onesk = e€

matrix of all onesof dimensionk k orn Kk, respectively
i-th eigervalue of A, with  1(A) n(A)

rank of the matrix A

trace of the matrix A: Tr(A) = Aii

Frobenius norm of the matrix A: KAkg = i Aﬁ
standard matrix inner product: A B = Tr(A” B)
Hadamard product of A and B: (A B); = AjjBjj 8i;]j
Kronecker product of A and B

vector cortaining the stadked columns of A

diagonal matrix with vector x on its main diagonal
diagonal of the matrix A asa column vector

null space(kernel) of A: ker(A) = fx 2 R"jAx = Og

undirected graph with vertex setV = f1;:::;ng and edges
E V V

weighted symmetric adjacencymatrix with entries wj ; i;j 2 V
Laplacian matrix of the graph: L = Diag(We) W
complemen of the vertex subsetS: S=V nS

generalsum of the vertex weights !  fori 2 S: 1 (S) = ;55!
number of vertices contained inlghe subsetS

degreeof the subsetS: d(S) = 55 v Wij

weight of the cut separatingS and S: cut(S;Sh= 55,5 Wij
inner assaiation of the subsetS: ass@(S) = = ; ;5 Wj
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Miscellaneous

vol(T) volume of the hypersphereT

Pr[x] probability of x

Pr(xjg) conditional probability of x, given g
E[X] expectation of x

[ set of neighbors of a pixel i



Chapter 2

Binary Optimization
Problems in Computer Vision

In this thesis, we mainly consider conmbinatorial optimization problems of the
following generalform:

mxin X~ Qx + 2d” x + const
. n
st. x2f 1;+1g 2.1)
cCXxX=
with - Q2S";¢c;d2R";, 2R;

where S" denotesthe spaceof symmetric n  n-matrices. Thus, the objective
is to minimize a quadratic functional over binary decisionvariables subject to
a linear constraint.

In computer vision, global optimization problems of the form (2.1) arisein
various contexts, including e.g. grouping tasks, Markov random eld estimates
or graph-optimization problems. In the following sections,we will give formal
de nitions of three di erent partitioning and segmemation problemswhich can
be cast in this form, and briey presen methods of how they are handled in
the literature.

Note that apart from symmetry, no further constraints are imposedon the
matrix Q in (2.1). Hence,the objective function doesnot needto be corvex
in general. This property along with the integer constraint x; 2 f 1;+1g; i =
1;:::;n makes the minimization problem intrinsically dicult (which usually
meansNP-hard). In Chapter 4, we will present a semide nite relaxation ap-
proach for problems of this type, which computessuboptimal solutions of high
guality in polynomial time by closely approximating the binary problem (2.1).

2.1 Unsup ervised Partitioning via Graph Cuts

Segmeting animageinto its main parts in an unsupervisedway is animportant
task in computer vision. To this end, the image is often represenied by feature
vectors comprising e.g. position, brightness, color, or texture information for
ead basicimageelemer (usually the pixels). A segmetation then corresponds
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Figure 2.1: A typical image to be segmented. For the small patch
marked in the image (top), a corresponding unweighted graph is constructed
by connecting only neighboring pixels by an edge(bottom left). Represeting
the color di erences of the pixels (in the perceptually uniform L*u*v* space)
asdistancesin R? results in the weighted graph depicted on the bottom right:
a certain cluster structure is clearly visible.

to nding groups of similar image elemerts. Howeer, since no prototypes for
the di erent groups are given in advance, it is dicult to de ne the \correct"
partitioning. Therefore, many partitioning methods directly try to cluster the
feature vectors in the corresponding Euclidean space. One example of such a
clustering method is the mean shift algorithm [33], which we will briey presen
in Section 3.2.

An alternative to de ne \good" segmemations is basedon a di erent rep-
resenation of the image which usespairwise (dis-)similarity relations between
the image elemens. Although sud relations of course can be obtained from
feature vectors by computing (Euclidean) distancesbetweenthem, signal vari-
ability may be captured in a better way by calculating (dis-)similarities between
imageelemers directly (i.e. without using feature vectors)[181]]. In either case,
the (dis-)similarit y relations leadto the following graph represenation of anim-
age: considerthe locally extracted image elemerts asverticesV of the weighted
graph G(V; E), and connecttwo verticesi;j 2 V by anedge(i; j) 2 E weighted
with the corresponding (dis-)similarity value wj 2 Rg. If no edgeis preser
betweentwo vertices, this is expressediy an edge-veight of wy; = 0(orw;; = 1
for dissimilarities). Figure 2.1 shavs an example of sudch a graph for a small
patch of an image.

The binary unsupervised segmeration problem is how equivalert to par-
titioning the set V into two disjoint groups S and S = V nS. To measure
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the quality of a segmemation, a commonideais to de ne a cost function f (S)
which dependson the weight of the corresponding cut in the graph:
_ X
cut(s;Ss) = Wij - (2.2)
i2S;j2S

If the weights w;; encale a similarity measurebetween image elemerts (i.e.
small values for wjj correspond to low similarity), a good segmemation into
coherent groups leadsto low cut-values.

Using f (S) = cut(S;S) directly as the cost function as was suggestedin
[19§ yields a minimization problem which can be solved in polynomial time.
Howewer, this method has the disadvantage that it favors unbalanced segmen
tations: since separating a single vertex from the rest of the graph cuts the
fewest edges,f usually grows with the number of vertices contained in either
S or S (cf. Figure 2.1). To avoid this problem, seweral more suitable optimiza-
tion criteria have beensuggestedin the literature. In this cortext, a popular
approad to obtain balancedpartitions is to scalethe costfunction with factors
related to the areasof the segmetts [74, 168 45]:

cut(S;S) . cut(S;S)
1 (S) 1(S)

f(S) = (2.3)
where ! (S) denotesa (positive) weight of the subset S (e.g. the number of
vertices jSj). Minimizing (2.3) then leadsto segmeis of similar (high) weight
which are separatedby a small cut. Cost functions of this form yield NP-hard
minimization problems, but they can be solved approximately with spectral
relaxation methods [74, 4, 168 159. In Section 3.1, we will investigate seweral
of theseapproadtesin more detail.

An alternativ e technique to avoid unbalancedpatrtitions originates from the
classicalequipartition approad from spectral graph theory (cf. [129): instead
of scalingthe cut-value, an additional linear constraint is usedto nd favorable
partitions. To formulate the corresponding optimization problem mathemat-
ically, let n = jVj and represen a partitioning into S and S by an indica-
tor vegfor x 2 f 1,+1g". Denoting by D the diagonal degree matrix with
Dii = v Wj and using the Laplacian matrix L = D W of the graph, the
weight of a cut is given by

X

_ 1
cut(S;S) = wi (Xi  Xj)?= 21x> Lx : (2.4)

(o]l ]

iij2Vv

The equipartition problem now consistsin determining a cut with minimal
weight subject to the constraint that the number of verticesin both groupsis
equal:

min X~ Lx
x2f 1+1gn (2.5)

st. €x=0:
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A natural relaxation of the NP-hard problem (2.5) is to drop the integer
constraint on x. As eis the eigervector corresponding to the smallesteigervalue
0 of the Laplacian matrix L, this results in computing the second smallest
eigervector of L (the so-calledFiedler vector) and thus in a method which is of
the sametype as the spectral techniques usedto approximate the scaled cost
function (2.3) | seeSection3.1.3.

The main topic of this work, howewer, is to presen an alternativ e approac
to spectral relaxation. It is motivated by somequestionsthat arise naturally in
this context: for image segmetation, the equipartition constraint in (2.5) may
be too strict; which other constraints are useful replacemeitis? How can the

to derive an appropriate relaxation of the combinatorial optimization problem
(as opposedto just dropping it and thresholding x afterwards like the spectral
relaxation methods do)? To investigate these topics, we de ne the following
generalized(graph-bisection) criterion for unsupervisedimage partitioning:
min X~ Lx
x2f 1+1gn (2.6)
st. Cx=

The vector ¢ 2 R" and the value 2 R in the linear constraint can be
set application-dependert and de ne our notion of a \balanced cut". Note
that this generalization of the partitioning criterion rendersspectral relaxation
approades inappropriate, becausethose require special xed balancing con-
straints. In Chapter 4 we will therefore focus on a more advanced method to
relax and solve the problem (2.6) which not only is able to handle the gener-
alized linear constraint, but alsotakesthe integer constraint on x into accourt
in a more adequateway.

If the linear constraint variables c and are chosen inappropriately, the
conmbinatorial problem (2.6) may have no feasiblesolution (a simple exampleis

the casec= e, = 0with n beingan odd number). In this case,an additional
variable xg 2 R canbeincorporated to closethe gapin the balancing constraint:
C X+ Xo= . Inorderto nd a solution which is as feasible as possibleto

(2.6), the variable x¢ is minimized by including it into the objective function.
Hencewe arrive at the following problem formulation:

>

. X0 0 Xo
min
X02R;x2f 1;+1gn X 0 L X
L 2.7)
X
st o - .
C X

where is a sucien tly large number. Howewer, as we will show in Section
4.2.2, an infeasible instance of problem (2.6) not necessarilypreverts that the
relaxation works: under speci ¢ conditions for c and , which are usually sat-
is ed in practice, the relaxation will be feasible even when the corresponding
instance of (2.6) is not. In this case,meaningful combinatorial solutions which
approximately satisfy the balancing constraint can be obtained from the relax-
ation without using extension(2.7). For this reason,we will not considerit any
further here.
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Figure 2.2: Perceptual grouping. Using a line nder, the edgesshown
in the right image are extracted from the left image. The keyboard as the
object which probably attracts most attention from the obsener consists of
very regular con gurations of image features, namely mostly orthogonal and
parallel edges.

Finally, note that the binary unsupervisedpartitioning approad can easily
be extendedto segmem an imageinto multiple parts by applying it in a hierar-
chical way (e.g.[198 118): basedon certain decisionrules, we cortinue to split
segmets into two parts until a stopping criterion (e.g.a pre-speci ed number of
segmets) is met. We will closerinvestigate the combination of our semide nite
relaxation method with this hierarchical approac to multiw ay partitioning in
Section 5.1. Moreover, an extensionto direct multiclass segmemation will be
introducedin Section6.2.

2.2 Perceptual Grouping

Another certral problem connectedto image partitioning is basedon gure-
ground discrimination: taking locally extracted low-level image features like
edgesor corners as input, the objective is to separate them into shape and
noise[84], or into foreground and badkground. Phraseddi erently, this means
to group together features which for human perception are likely to be similar
(as they belongto the sameobiject), while eliminating lessimportant elemens.
This idea is motivated by the so-called\principle of good form™: as ordered
geometric arrangemens of image features are unlikely to arise accidertally,
emerging objects in an image are closely related to a mostly regular, stable,
balanced con guration of the features [157]. Figure 2.2 shows an example:
basedon the edgesextracted from the image, we wish to separateregular con-
gurations (which in this casemost probably belongto the keyboard) from the
badground clutter.

One possibility to nd structure in the image is to apply the well-known
Hough transform, which maps the image elemerts into a parameter spaceas-
sociated with a pre-de ned curve type [147]. Standard clustering techniques
can then be usedto nd groups of elemers in accordanceto this curve type.
Howewer, this method has one important drawbad: the perceptual grouping
problem is usually posedat an early stage of the visual system, where it is
required to decide whether some features may form a shape or not, without
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special knowledge about the curvesthe shape is generatedof.

To model perceptual grouping medanisms on an early level of the visual
process,a basic de nition is necessaryof what is meart by shape and noise,
respectively. To this end, interactions between pairs of image elemens are
usually measuredbased on Gestalt assaiations like cocircularity, cortinuity,
proximity, or parallelism/p erpendicularity [84, 158 147. These interactions
can be combined to yield a pairwise similarity measure wij; 0 for image
primitivesi and j. Based on this measure, numerous energy minimization
criteria have beenproposedin the literature to nd saliert con gurations [163
138 122 84, 158 142, 6, 192. Thesemethods di er in seweral aspects, e.g. by
assumingprior distributions of the image elemerts or by using local or global
optimization techniques.

In this work, we investigate the gure-ground discrimination problem from
a combinatorial optimization perspective basedon an energyfunction proposed
by Herault and Horaud [84]. For perceptually grouping n primitiv es, they
considerthe problem of minimizing the following functional in terms of binary
labelsp 2 f0; 1g":

Enn(P) := Esaiiency(P) + E constraint (P) ; (2.8)

wherealabelp; = lindicatesa gure elemer i, while alabel p; = 0 corresponds
to badkground or noise. The interaction energyin (2.8) is de ned as
X
E saliency(P) = Wij Pipj -
i5j
This quadratic function measuresthe mutual reinforcemert betweenthe image

elemerts labeledas gure, and is obviously minimized when all labelsare equal
to 1. This trivial solution is avoided by adding the constraint term

X 2
Econstraint (P) = Pi ;
|

which encouragessmall numbersof gure elemerts. In this way, noiseis elimi-

nated becauseprimitiv esare penalizedif they do not receive much \feedback"

from other primitiv es, which indicates that they do not belongto somesaliert

group. The parameter 2 R{ in (2.8) canbeinterpreted asservingthe purpose
to adjust the signal-to-noiseratio [84).

In orderto nd good minimizers of (2.8), Herault and Horaud investigated
various annealing approacdes[84]. In cortrast to local minimization techniques
[163 139§, which strongly depend on good initializations, these optimization
methods are able to cope with the large number of local minima of the energy
function and thusto nd (a good approximation to) the global optimum [64].
Howewer, the corresponding annealing schedulesusually are impractically slow
for real world applications, and require exacttuning of the arti cial temperature
parameter. Accordingly, in a recert comparison[197, the combinatorial com-
plexity and the resulting computational cost have been consideredas decisive
disadvantagesof using (2.8) as a saliency measure.
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In Chapter 4, we will demonstratethat a good minimizer for (2.8) canyet be
corveniertly computed with our semide nite relaxation approad. To this end,
we derive a formulation of the energy (2.8) in terms of 1-variables by using
the transformation x = 2p e, which nally leadsto the following minimization
problem (up to constart terms):

. 1. 1.
min X" (E W)x+ =e (E W)X ; 2.9
x2f  1,+1g" 4 ( ) 2 ( ) ( )

with E = e€ denoting the matrix of all ones. This formulation makes more
explicit the role of the signal-to-noiseratio parameter which actsasathreshold
value in a twofold way: two primitivesi and j reinforce ead other if their
similarity value wj; is larger than  (rst term), whereasa single primitiv e i
is (additionally) favored if its average similarity @ is larger than  (second
term). The conbination of both terms results in a meaningful global measure

of \saliency" basedon pairwise comparisonsof locally computed primitiv es.

A closerlook at (2.9) revealsa connection of this perceptual grouping ap-
proach to the graph cut problems presened in the last section: considerthe
graph with the primitiv es as vertices, and de ne edge-veights w;; = wj;
(which leadsto both positive and negative edge-veights). Minimizing the cut
in this graph then is equivalent to minimizing the rst term in (2.9), since
IX7(E  W)x= 2Ix”Wx= Ix>Cx const. In cortrast to the partitioning
problems presenied in the last section, the trivial solution is now prevented by
adding a weighted linear term ¢ x with c= 5(E ~ W)eto the objective func-
tion instead of scaling by oppositional terms asin (2.3) or using an additional
linear constraint asin (2.6). The additional minimization of the term ¢ x now
balancesthe number of foreground elemeris againstthe amourt of pad<ground:
as already stated above, negative valuesc; = %(n (We)) = % j( Wi )
favor the corresponding primitiv e to belongto the foreground, and vice versa.
Through this perspective the interpretation of as a signal-to-noiseratio also
becomesmore obvious: larger valuesof correspond to higher percertages of
noise, and thus allow fewer foreground primitiv es.

In fact, a direct interpretation of (2.9) as a graph cut measureis possible
if besidesthe vertices corresponding to the primitiv es one additional terminal
vertex is de ned which correspondsto the label +1. This terminal is connected
to ead vertex i with an edgeweight of ¢;. Finding a minimal cut in this graph
then is equivalent to the problem (2.9). In [70, 24] a similar graph represenation
with two terminals is usedto nd exact minima for special energy functions.!
Howewer, as (2.9) does not conform with the assumptions made there (since
the corresponding graph contains negative edge-veights), it cannot be solved
by applying those techniques.

1Their graph represertation contains two terminal vertices t; and t, corresponding to the
labels +1 and 1, respectively. A vertex i is connectedto t1 if ¢ > Oandto ty if ¢ O, in
either casewith an edgeweight of jcij [70]. Obviously, this leads to the same minimum cut
problem asthe one-terminal represertation.
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Figure 2.3: Binary Restoration Problem. A black and white map of
Iceland has beendegradedby adding binary salt and pepper noise.

2.3 Restoration and Supervised Classication

A fundamertal issuein computer vision is image restomation (reconstruction),
which is a special caseof the broader problem of sugervisal classi cation (image
labeling). In contrast to the unsupervised partitioning problem presened in
Section 2.1, in this casesome prototypical data is given which represers the
groupsto which the image elemerts should be assigned. This prototypical data
is either known in advance (leading to a restoration problem, i.e. the image
features are noisy measuremets of a number of known prototypes), or can be
estimated from training data. In the latter case,it is a common approac to
assumea certain probability distribution of the image featuresfor ead group,
and to calculate the corresponding parameters(e.g. meanvalue and covariance)
from the training data to nd a prototypical represenation of ead group.

As anillustrating exampleconsiderthe restoration problem given in Figure
2.3: the original binary image (a map of Iceland) has beendegradedby noise.
Basedon the obsened values,we want to determine the true intensity for eadh
pixel. Tothis end,a compromisebetweentwo competing forcesshould be found:
on the one hand, we seekfor classi cations that best conform to the obsened
intensities, while on the other hand | assumingthat natural imagesare mostly
smooth, exceptfor occasionalregion boundaries| spatially neighboring pixels
should receive similar labels.

In order to nd a labeling which captures this trade-o, we seekto mini-
mize a global energy function which involves pairwise relationships among the
objects. This kind of problem has a long history in the literature, in particu-
lar asit arisesnaturally from the well-studied theory of Markov random elds
[64, 63, 193 20], a statistical framework that builds the core of many image
processingapplications [16, 49, 114, 104).

Using the integer variables x; to indicate the label of ead image element i,
this amounts in minimizing an energy functional of the following generalform
[109: X X

E(x)= Gi(xi)+  PjD(xiix); (2.10)

[ hijj i
wherethe secondterm sumsover all pairwise adjacert imageelemerts. The en-
ergy (2.10) comprisestwo terms familiar from many regularization approaces
[13]: a data- tting term and a smoothnessterm modeling spatial cortext. In
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more detail, the data- tting term measureghe assignmem costsC;(x;) of label-
ing elemernts i asx;, while in the smoothnessterm, the separation costsconsist
of two factors for ead related pair i; j of objects: the weight Pj indicating the
strength of the relation and the distance D (x;;X;) of the two labels x; and X;.

Due to the integer constraint on x the optimization problem obtained from
(2.10) is much more dicult than standard regularization problems. In fact,
apart from a few special casesiit is in generalNP-hard [24]. Di erent methods
have beenproposedto nd good minimizers of (special instancesof) the energy
(2.10) e cien tly, like the ICM-algorithm [16], the graduated non-corvexity ap-
proach [17], ow-basedlocal seart heuristics [89, 24], or linear programming
relaxations [105. Of these approades, we will presen the ICM-algorithm as
an exemplary local greedytechnique in more detail in Section 3.3.

In this thesis, we will shov how semide nite relaxations can be usedto ap-
proximate the minimal solution of the energy(2.10). To beginwith, we rst fo-
cuson abinary versionthat canbe castin the generalform (2.1); the multiclass
casewill be consideredin Section6.1. To this end, assumethat feature vectors
g (comprising e.g. gray-values, color-values, or texture measures)were locally
computedfor ead pixel i within the imageplane. Furthermore, we supposethat
g is known to originate from either of two given prototypical vectorsu; or uo.
In practice, of course,g; contains perturb ed valuesdue to measuremen errors
and noise. Using the integer variable x 2 f 1;+1g" asclassindicator in con-
nection with de ning assignmem costsC;(x;) = %kxi(uz Up)+ Us+ U 2gk?
and separationcostsP;; D (x; Xj) = %(xi Xj )2, we obtain the following energy
functional:?

1 X X
Er() =7 kxi(uz u)+uz+ur 2K+ 5 (i x)?: (211)
i hij i

In this case,the pairwise adjacert image elemers correspond to horizontally
and vertically neighboring pixels on the regular image grid. Like in (2.8), the
parameter balancesthe trade-o betweendata similarity and smoothnessof
the result.

Up to constart terms, (2.11) leadsto the following optimization problem:

: 1. 1
min X7 Lx + =d7x ; 2.12
x2f L+ign 4 2 ( )
with di = (u2 u1)”(uz + u; 2g), and matrix ertries Lj = 2 for adja-
cern pixelsi;j and Lj = O otherwise. Note that in cortrast to the problems

introduced in the previous sections,in this casethe problem matrix L is very
sparse,which is advantageousfrom the computational point of view.

We are well aware that the specialinstance (2.12) of the restoration problem
can be solved to optimality using the methods preseried in [70, 89, 23], asthe
separation costs yield a metric Potts interaction penalty [23]. In fact, (2.12)

2Note that the assignmert costs Ci(x;) are naturally obtained from the distance measure

kz7 (ui;u2)  gik?, with z 2 é ; (1’ indicating the class membership of i, by substituting

zi= (1 xi)andzz= 31+ x).
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can be interpreted as a graph cut problem in the samemanner as the percep-
tual grouping problem (cf. end of the last section): the corresponding graph for
which a minimum cut is sough has edgesweighted with 2 for adjacert pixels
and edgeswith the weight d; from ead pixel vertex to the terminal vertex.
Howewer, depending on the application considered,it might be useful to mod-
ify the terms in (2.11) to model properties of the imaging device (data- tting
term) or to take into consideration a priori knowledge about spatial regulari-
ties (smoothnessterm; see,e.g., [20, 193). These modi cations would lead to
other entries for L and d, which could violate the assumptionson the energy
functional made in [70, 89, 23], but would not a ect the applicability of our
semide nite relaxation approad.



Chapter 3

Established Segmentation
Metho ds

In this chapter we summarize (un-)supervisedsegmetation methods that have
been applied successfullyto various image partitioning tasks, and that will
later be used for comparison with our semide nite relaxation approach. We
start with closely investigating di erent spectral relaxation techniques which
canbeapplied to graph-basedunsupervisedpartitioning problems(Section3.1).
These methods are basedon computing certain extremal eigervectors either of
the similarity matrix of the graph or of another matrix derived from it. We
will shav how these methods are related by considering them in a common
framework basedon scaledcut-cost functions.

Moreover, Section 3.2 briey recapitulates the most important facts about
the mean shift algorithm, which is an alternative unsupervised clustering tech-
nique that works directly in the (Euclidean) feature space of the extracted
image elemens. We will later apply this method to reduce the size of image
segmetation problems arising in practice. Section 3.3 is dewoted to an es-
tablished technique in the context of supervised segmermation problems: the
iterated conditional modes (ICM) algorithm is a local greedy technique that
is basically motivated in the framework of probabilistic estimation basedon
Markov random elds. In particular, we will shav how the underlying idea is
related to the energy functional proposedin Section 2.3 for image restoration
problems.

3.1 Spectral Techniques for Unsup ervised Partition-
ing

As already stated in Section 2.1, unsupervised image segmetation can be re-
formulated as a graph partitioning problem: if the image is represened by a
graph G(V; E) with locally extracted image elemers asverticesV and pairwise
similarity valuesas edgeweights wjj 2 R(, segmeting the image is equivalert
to nding \good" cuts (of low weight) through the graph. Sincemany of the op-
timization problemsthat arisein this cortext are NP-hard, di erent approaces
for e cien tly computing suboptimal solutions have beenproposedin the litera-
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ture. In this section,we will comparesomeof thesemethods which are basedon
spectral decompositions of matrices connectedwith the graph. In particular, we
will shav how the corresponding eigervector computations can be interpreted
as relaxations of partitioning problemsrelated to di erent cut measures.

To this end, we rst introduce a generalframework to de ne suitable mea-
suresfor the quality of a segmemation that is basedon graph cuts (Section
3.1.1). A general spectral relaxation for these measuresis preseried in Sec-
tion 3.1.2, from which the Fiedler vector (Section 3.1.3) and the normalized
cut (Section 3.1.4) relaxations can be directly derived. Moreover, we consider
the relation to an averageassaiation measure(Section 3.1.5), and give a brief
experimental comparisonof the di erent relaxations (Section 3.1.6).

In the following, the same notation as in Section 2.1 is used: W 2 S"
denotesthe symmetric similarity matrix, D = Diag(We) the corresponding
diagonal degreematrix, and L = D W the Laplacian matrix of the graph G.
A partition S;S is indicated by the vector x 2 f 1;+1g" with x; = 1fori 2 S
andx; = 1fori 2 S. The weight of a cut then is given by (2.2) and (2.4):
cut(S;S) = #x” Lx.

3.1.1 Cut Measures

In order to identify a\good" binary partitioning basedon the corresponding cut,
we rst have to de ne a suitable quality measure. The simplest idea certainly
is to usethe weight of the corresponding cut directly. This yields the following
equivalent formulations of the minimum cut optimization problem:

. = . 1 1
min cut(S;S) = min  >x Lx = d(V) max -x Wx; (3.1)
SV 1;+1gn 4 4

x2f x2f  1;+1g"

where d(V) = x> Dx = € We denotesthe sum of all edgeweights. Sincewe
assumethe edgeweights to be positive, nding the minimizer for (3.1) is easy:
S = V or equivalently x = e will give a cut of weight 0. To derive more
meaningful solutions, this trivial cut (or rather non-cut) is usually prohibited
in practice, which leadsto an optimization problem that can still be solved in
polynomial time (see,e.g.,[31] for an e cien t algorithm).

A clustering method basedon computing subsequebh minimum cuts (3.1)
is proposedin [199. Howewer, as the authors already notice in their work,
the minimum cut criterion favors separating small setsof isolated vertices from
the rest of the graph, which results in very unbalanced partitionings. The
simple explanation for this fact is that for larger subsets S, the number of
edgesconnecting S and S usually also increases(at least for regular graphs
as they appear for image segmetation problems), which leadsto higher cut-
values. Figure 3.1 gives an illustrating example: assumingthat all points are
connectedto ead other with a weight inverselyproportional to their Euclidean
distance, cutting one point on the left from the rest of the points results in the
best value for (3.1), whereasseparating the points into a left and a right half
givesa more reasonableclustering.

To avoid such unbalancedpartitions, more suitable cut measureshave been
suggestedin the literature. A popular approad is basedon scaling the cut
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Figure 3.1: Example where the minim um cut criterion gives a bad
partition:  one point on the left is separated from the rest of the points,
yielding a very unbalancedclustering. The averageand normalized cut criteria
produce a more reasonableclustering.

value: generallyde ning a positiveweight ! ; > 0 for ead vertex i, the minimum
of the following \scaled cut" objective function correspondsto a partition that
simultaneously yields a small cut and giveslarge cluster weights for ead part,
which results in a balancedallocation of the vertices [45):

cut(S;S) , cut(S;S) _

cut(s;S)
1 (S) 1 (S) ' V)

chut(S) = W ,

(3.2)

P . .
where! (S) := ;,5!i denotesthe sum of the vertex weights in S.
Depending on the choice of thesevertex weights ! ;, we can distinguish two
important cut measuresthat have attracted the interest of researters:

Using equalweights ! j = 1 for all verticesresultsin an objective function
that favors similar cluster sizesjSj. The corresponding cut measureis
called the average cut [159 16§ or the ratio cut [74, 29

cut(S;S) . cut(s;S)
JS] IS

facut (S) = (3.3

Shi and Metl,ik [16§ suggestto usethe degree d; of a vertex asits weight,
li=d = i2v Wi which leadsto the normalized cut criterion:

cut(S;S) . cut(s;S)

fncut (S) = d(s) d(g) , (3.4)

P
whered(S) := ;,5di denotesthe sum of the vertex degreesin S.

Hence,in comparisonto the averagecut, the normalized cut measuretakes
the edgeweights within the subsetsinto accourt for balancing, instead of just
the number of points cortained in ead part. The advantage of this ideabecomes

ious when regarding the connection to the inner asseiation ass@(S) :=

ij 25 Wi ofthe clusters, which measureshe strength of the connectionswithin
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the subsetS. As cut(S;S) = d(S) assa(S), the normalized cut becomeq16§

d(S) assa(s) , d(S) ass@(S)

fneut (S) = d(s) d(§)
-5 assa(S) , ass@(S) (3.5)
- d(S) d(S)

12 fNassac(S) :

Thus minimizing the normalized cut is equivalent to maximizing the normal-
ized asseiation fnassoc(S), so that in fact two quality criteria are optimized
simultaneously: on the one hand, the similarity betweenthe two groups of the
binary partition should be low, while on the other hand, the elemens within
ead group should have strong assaiations on average.

In contrast to that, a relation like (3.5) does not hold (exactly) for the
averagecut criterion: de ning the average assaiation [168 analogouslyto the
normalized ass@iation as

asse(S) | ass&(S)

f Aassoc(S) = iSi 5]

(3.6)

we only get
facut (S) = % + % f Aassoc(S) :

Hence, due to the non-constart rst two terms, the optimization of both cri-
teria is not equivalert. Howewer, in caseof similar vertex degrees(d; d for
all i), minimizing the average cut closely approximates the maximum of the
average assaiation, as % + % 2d becomesnearly constart. Therefore,
the averageand normalized cut criteria can be expectedto yield similar results
unlessthe vertex degreesd; vary considerablyfrom ead other. In this case,it
can be arguedin favor of the normalized cut measurethat it better re ects the
importance of the verticesby taking the corresponding degreesnto accoun (cf.
also[94]).1

Unfortunately, minimizing the scaledcut value (3.2) exactly is an NP-hard
problem [61, 168. Howewer, approximate solutions can be found e cien tly by
reverting to eigervector computations, as we will show in the next sections.

Finally, we note that other measuresrelated to graph cuts were proposedin
the literature recertly, including a di erent ratio cut or mean cut, which scales
the cut by the length of the boundary betweenthe segmeits [189, cortour-based
ratio regions for object extraction [36], or typical cuts basedon probability
distributions over the set of possible segmemations [62, 165. Since all these
approades result in optimization criteria which cannot be solved by spectral
techniques, they are not consideredhere.

!Actually , the similarit y measuresusedin image segmenation often yield varying degrees,
which at least partly explains the recert successf the normalized cut criterion for applications
in this eld.
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3.1.2 A General Relaxation

The following lemma provides a problem formulation which is equivalert to
the minimization of the generalscaledcut objective function f ¢t from (3.2).
This results in an optimization problem that can be solved approximately in
an obvious way by calculating speci ¢ eigervectors.

Lemma 3.1. Assumethat S6 ;;S6 ;, anddene := % Moreover, let
= Diag(! ) denotethe diagonal matrix with the vertex weights! ; on the diag-

onal. Minimizing the salad cut (3.2) is equivalent to the following optimization

problems:

X~ Lx

X~ X o) 3.7)

st. x2f 1,+1g"

with g( ) == 3( 2+ L+ 2), and

min
X

min
y ¥y y
st. y2f ;="

(3.8)

with y> y=1(V).?

Proof. Let x 2 f 1;+1g" denote the indicator vEctor for the partition S;S.

Using the fact that x> x = ! (V) = 1 (S) + ! (S), the scaledcut objective

function (3.2) becomes

cut(S;S) . cut(S;S)
1 (S) 1 (S)

09+ @)
1(S) 1 (S)
(1 (S)+ ! (S))? x> Lx
4 (S)1(S) x> x
X~ Lx
=5 30
which provesthe equivalenceto (3.7). Observing that € Lv = v”Le = 0 for

eath v 2 R", we get (by expanding with ; (%)2)

foeut (S) =

LVY ., T (V)
ae* L aX

fGCUt (S) = : 1(S) +0

21+ Ax TL A+ Ax 31 YPele+ (1 e Lx
2x> X 2X> X

L1+ 9x+(1 e L A A+ Dx+(L  De

X~ X

2Note that Shi and Malik [168] obtain a slightly dierent problem formulation for the
normalized cut: insteadofy 2 f ;1g" they havey 2 f  2;1g". However, this is equivalent
to (3.8), as can be seeneasily by replacing y with y.
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which correspondsto the objective function ; Li/ in (3.8) by de ning the gen-
eralized partition vector

y=o (G e (t e (39)
The equality of the denominatorsis derived by employing the factsthat e x =
1(S) !(S)andx> x=¢€ e=1(S)+!(S):
Y y= i3+ ) x+ 32+ )2 )E x+ 3R )% e
(E+ A+ EN+3E A 1)

izi (S)+ 2(S)

1(S)+ ! (S)

=x> X:

The de nition (3.9) of y now directly impliesy; 2 f ;1g. Finally obsene
that

y e=1 @+ x> e+r (2 ) e
=12L1(5) 21(S)
1 (S) ® —0-
!(S)!(S) 1(S) =0;
which provesthe equivalenceto (3.8). O

As the weight quotient is not known in advance,the optimization problem
(3.8) still is intractable. Howewer, the objective function now equalsa Rayleigh
quotient [69 of the generalizedindicator vector y, which is related to the calcu-
lation of generalizedeigervectorsfor the matrix pair L and . This obsenation
suggeststo relax (3.8) by dropping the intractable constraint on the entries of
y. The resulting optimization problem canthen be solved (in polynomial time)
by using the following standard result from linear algebra(which is just another
way of expressingthe Courant-Fisher eigervalue characterization, seeTheorem
A.3):

Theorem 3.2. For a symmetric matrix L and a symmetric positive de nite
matrix , nding the k-th smallest eigenvalue , and a corresmpnding eigen-
vector v of the genealized eigenvalueproblem

Lv= v (3.10)

is equivalent to solving the problem

. VLv
k = min ~
ve0 V7V (3.11)
st. v vy=0 forj=1::5;k 1:
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In our case, is positive de nite asit corresponds to a diagonal matrix
with positive ertries only. Moreover, sincelLe = 0, e is an eigervector of the
generalizedeigervalue problem (3.10) corresponding to the eigervalue 1 = 0.
There arealsono smglereigervalues: asthe Laplacian L is positive semide nite
(becausev’Lv = 3 i,y Wi (vi Vv)? Ofor eah v 2 R", cf. (2.4)), the
Rayleigh quotient in (3.11) is always positive.

Hence,by virtue of Theorem 3.2, the relaxation of (3.8) becomego compute
the eigervector v, corresponding to the second smallest eigervalue » of the
generalizedeigervalue problem (3.10). This results in the following bound on
the scaledcut cost function:

v5 Lvy
V2> Vo

2= g“\r} fGeut (S) : (3.12)
In the next sections, we will study this relaxation in more detail for the
special casesof the averageand the normalized cut measure,respectively. Be-
forehand howewer, we answer the important question of how a good binary
solution can be obtained from the continuous eigervector v, 2 R". The idea s
quite simple: asthe ertries of the solution vector y of the unrelaxed problem
formulation (3.8) take on either of two discrete values(which correspond to the
l-entries of the indicator vector x, but are not known beforehand), we get an
integer solution x from v, by thresholding the eigervector using somesuitable
splitting valuet. The nal partitioning thusis speci ed by the indicator vector
X with ertries x; = 1for vp; > tand x; = 1for vo; t, which inducesthe
setsS=fi 2 Vjvyi > tgand S = fi 2 Vjvyi tg. Sewral popular choices
for the threshold value t arise naturally [174:

Sett = 0, which resultsin splitting accordingto the sign of the eigervector
entries. This criterion is motivated by the fact that beforethe relaxation,
the entries of the generalizedindicator vectory in (3.8) are either positive
or negative.

Set t equal to the median of the eigervector ertries vy;. This criterion
results in an equipartition of the vertices (jSj = jSj or jSj = jS]  1).

Sett to any valuein the largestgapin the sortedlist of eigervector ertries.
This criterion is motivated by the interpretation that the eigervector en-
tries are noisy measuremets of two di erent discrete values.

Sett sothat the corresponding indicator vector x givesthe bestvalue for
the original objective function (3.2).

While the last choice obviously achievesthe best value for the original parti-
tioning criterion, it alsois the most expensiwe threshold value to compute, asit
requiressorting the ertries of v, and calculating n objective function values. For
large problems, a variation is therefore often usedin practice: instead of testing
ead possiblethreshold, only a certain number of equally spacedsplitting points
is evaluated.
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3.1.3 The Fiedler Vector

For the averagecut measure(3.3), the vertex weights ! ; = 1 result in the weight
matrix = |. In this case,(3.8) yields the relaxation
>
L) = min
2(L) 2R 272 (3.13)

st. Ze=0;

which can be solved by computing the eigervector v, corresponding to the
secondsmallest eigervalue »(L) of the Laplacian of the graph. This directly
leadsto the following lower bound on the optimal averagecut (3.3):

2(L) gnl\n/ facut (S) : (3.14)

A corresponding suboptimal indicator vector x is nally obtained from v, by
applying any of the thresholding methods mertioned at the end of the previous
section.

Fiedler [51] was probably the rst to analyzethe properties of this special
eigervector in connection with graph partitionings by considering the compo-
nerts of v, as characteristic valuations of the corresponding vertices of the
graph G. Therefore, the secondsmallesteigervalue »(L) and the correspond-
ing eigervector v, are usually called the Fiedler value and the Fiedler vector of
the Laplacian, respectively. Sincethis early work, the Fiedler vector has been
the subject of extensive researd, especially in connectionwith graph partition-
ing [47, 19, 146 74, 29, 174, 73]. Concerning image segmermation, a success-
ful application of the Fiedler vector approximation for perceptual organization
problemswas recertly preseried in [159.

Only in someof the mentioned literature, howewer, the Fiedler vector was
consideredin the way we derived it, namely as a relaxation to the averagecut
objective function (e.g. in [74, 29]). In fact, it was mainly usedto approxi-
mate other optimization criteria. Accordingly, two further interpretations of
the Fiedler vector are meaningful:

Equipartitioning. As already merntioned in Section 2.1, an alternative
to scaling the cut value to prevent unbalanced solutions is to introduce an
additional linear constraint € x = 0 to get equally sized parts.® This results
in the classicalequipartition (or bisection) problem (2.5) [129. Dropping the
integer constraint on the indicator vector x, and instead using the fact that its
norm is equal to n, we obtain the relaxation

min z” Lz
Z2RN

st. z7z=n

3If the number n of vertices of the graph is not even, this constraint results in an infeasible
problem. However, this casecan be circumvented by adding an arti cial, unconnected vertex
n + 1 if necessary: this increasesthe problem size by one, without changing the objective
function value.
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which obviously is equivalert to (3.13) up to the constart factor pﬁ on z.
Thus, a lower bound on the weight of the optimal equipartition (the so-called
\bisection width") is given by n »(L). In Section 4.3, we will seehow this
bound can be improved by using a semide nite relaxation approad.

In this sense,the Fiedler vector was successfullyapplied e.g.to nd good
orderingsfor the parallel factorization of matrices [14€], to load balancing prob-
lemsin parallel computation [9, 83|, and for unsupervisedlearning [38]. Other
eigervalue-basedlower bounds for equipartitioning were presened in [47].

Isop erimetric number. Closelyrelated to the averagecut criterion is the
isoperimetric number i of a graph G (see,e.g.,[129), which is also NP-hard
to determine [127]. If we de ne the exmnsion (S) of a cut asthe quotient of
the cut and the smaller of the two emerging parts,

cut(S:S
()= _SuES)
minfj Sj; jSjg

the isoperimetric number measuresthe minimal possiblerelative cut sizefor a
graph in terms of the expansion:

cut(s;S) (3.15)
S Vv;0<jsj 1 iSj '

Hence,ig minimizes only the larger of the two summandsof the average cut

(3.3). A direct connectionbetweenthe two measuress easyto derive, sincefor

eahh S V, we have

cut(S;S) cut(S;S)
f S) 2 " = =2 (9);
Acut( ) max JSJ JS] ( )
which resultsin ming v facut (S) 2ig. This shows that the Fiedler value can
also be interpreted as an approximation to the isoperimetric number ig.

The inequality (3.14) then directly yields the lower bound on the isoperi-
metric number given in the following theorem; the upper bound is proven in

[127:

Theorem 3.3. Let G be a graph with n 3, and denoteby = max; d; the
maximal vertex degree in G. Then

L) e " @ 20 20

It can be shown [128 73] that these inequalities also hold for the best
approximation (S ) to ig that canbeobtained by thresholding the eigervector
vy; therefore, Theorem 3.3 alsoyields the following upper bound on the average
cut value of the best partitioning S ;S acquired from the Fiedler vector via
thresholding:

(L) faw(S) 2@ 20 D)
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Howewer, theseboundsdo not provide any information on how closeto the real
optimal value ming v f acut (S) this partitioning is.

While more theoretical results concerning the quality of partitionings ob-
tained from the Fiedler vector seemto be missing for the averagecut criterion,
this topic has been studied in connection with the isoperimetric number ig.
The corresponding results indicate that the approximation quality dependson
the underlying graph: on the one hand, Spielmanand Teng[174 prove that for
special graphs which often arise in practice (boundeddegreeplanar graphs and
nite elemern meshes),partitioning basedon the Fiedler vector indeed gives
good approximations to ig. On the other hand, it can also be shown that for
other graph types(which are lesscommonin practice), spectral partitioning as
approximation to i may perform poorly [73].

For more information on properties and applications of the Fiedler value
and the Fiedler vector, we refer to [129 39, 12§|.

3.1.4 Normalized Cut Relaxation

For the normalized cut measure(3.4), the vertex weights ! ; = d; result in the
weight matrix being equal to the degreematrix = D. Hencefrom (3.8) we
obtain the relaxation
. 7Lz
L; D) = min
2( ) 2R 27Dz (3.16)

st. z2De=0:

which is solved by computing the secondsmallest eigervalue »(L; D) and the
corresponding eigervector v, of the generalizedeigervalue problem

Lz= D z: (3.17)

This special eigervalue problem is equivalert to seweral other eigervalue
problems [190 168 125. To derive the corresponding connections,de ne the
normalized Laplacian L° of the graph G as

L%=D 7LD z=1 D :WD 2=1 WO (3.18)
with the corresponding normalized similarity matrix W ¢ and the (asymmetric)
stochastic similarity matrix P as

P:=D w: (3.19)

In this context, we aSSlljmethat D is positive de nite, sothat the inverseD 1!
and its squareroot D 2 are well de ned.

The following normalization lemma now summarizeshow thesematrices are
linked to ead other:

Lemma 3.4. (a) If v denotesan eigenvetor of the generlized eigenvalue
problem (3.17) with the correspnding eigenvalue , then

u:= D2vis an eigenvetor of L% with correspnding eigenvalue ,
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u is an eigenvetor of W°with correspnding eigenvaluel ,
v is a (right) eigenvetor of P with correspnding eigenvaluel
(b) The matrix LCis positive semide nite, and its eigenvalueslie in the in-

terval [0;2]. The eigenvaluesof WC%and P lie in the interval [ 1;1], and
the largesteigenvalueis (W9 = ,(P) = 1

. 1 .. . .
Proof. (a) Usingv = D 2u, the propositions are shavn by the following equiv-
alencetransformations:

Lv= Dv
, LD Zu= DD Zu
, LY =D ?LD Zu= u
, lu D WD Zu= u
: wlhi=@ u
, D :WD?v=(1 )D :Dzv
: Pv=D 'wv=(1 )v:

(b) As the smallesteigervalue of the generalizedeigervalue problem (3.17) is O
(seeSection 3.1.2), L° must be positive semide nite. Furthermore, using (2.4)
and the fact that (v; vj)? 2(vZ+ v?), we get for each eigervalue of L ®with

the corresponding eigervector u = D v

1 P 2
_vLlv 3 i (vov)
~ v Dv V2
j YI:\)lij (Vi2+ Vj2)
I:)-d-v-2+ - div?
- _i"g I
divf

The propositions on the eigervalues of W® and P now directly follow from
@. O

This lemma shows that approximations to the normalized cut can corve-
niently be found by computing the eigervector corresponding to the second
smallest eigervalue of L% or to the secondlargest eigervalue of WCor P, re-
spectively. If the normalized Laplacian L%or the similarity matrix W %are used,
this eigervector u, additionally hasto be transformed by v, = D %uz to get
the correct solution v, for the relaxation (3.16).* Thresholding v» with any of
the methods mertioned at the end of Section3.1.2 nally yields an approximate

4Weiss[190] points out that the vector v, can also be interpreted as componernt-wise ratio
of the eigervectors u; = Dze and uy corresponding to the two largest eigervalues of W

— Ugii
Voii = Ul': .
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integer solution to the normalized cut criterion (3.4). As for the averagecut,
we directly obtain (LY asa lower bound on the optimal normalized cut:

2(LY g‘i\r}chut(S) ; (3.20)

Via the stochastic matrix P, there is a strong relationship between the
normalized cut and the theory of Markov random walks [125: as ead matrix
entry Pjj can be interpreted as represering the probability of moving from
vertex i to vertex | in onestep, it follows that the normalized cut (3.4) measures
the total probability of a random walk to transition from any vertex in S to any
vertex in S or vice versain onestep. Thus, a small normalized cut corresponds
to a partition sud that a random walk tends to remain in ead of the parts
onceit isin it [125.

In this context | similar to the connectionbetweenthe averagecut and the
isoperimetric number | there are also strong analogiesof the normalized cut
with the (generalized) Cheeger constant hg of a graph G [32, 94], which can
be usedto bound the mixing time of a Markov random walk [17(. In order to
de ne hg, considerthe conductane (S) of a cut,

cut(S;S)

)= nfd(s)d@)g

which is a direct generalizationof the expansion (S) introducedin the previous

section. Analogously to the isoperimetric number, the Cheegerconstart is then
de ned as

hg = min (S); 3.21

c=min (S) (3:21)

and thus measuresthe minimal possiblerelative cut size by scaling with the
smaller degreeof the corresponding parts.

As in the previous section, we easily get ming v fncut(S)  2hg, which by
virtue of (3.20) results in a lower bound on the Cheegerconstart and indicates
that the relaxation (3.16) can alsobe interpreted as approximation to hg. The
corresponding upper bound given in the following theorem is proven in [18] as
a generalization of the proof in [32):

Theorem 3.5. For any connected graph G we have

1,09 he @ ALY 209

In cortrast to Theorem 3.3, howewer, it is not clearif this theorem alsoyields
boundson the partitioning obtained by optimally thresholding v, basedon the
conductance or the normalized cut measure[32]. Nevertheless,by analogy
we redkon that similar boundsasin the previous section can be established,at
least if the edgeweights are known to be smaller than one?®

Sincethe pioneeringwork of Shi and Malik [168, who successfullyapplied
the normalized cut criterion to image segmemation problems, there has been

5This assumption is motivated by Corollary 2.4 in [32], from which such a bound can be
derived in this case.
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great interest among researders in this method: besidesseeral variants that
have beenproposed[94, 118 134 54], caseswherethe relaxation works optimal
in theory were preseried in [125 134. Moreover, the normalized cut has been
applied to such diverse elds asmotion segmemation and tracking [167], object
recognition [203, documert clustering [45], analyzing and visualizing networks
[162], and transductive learning [92]. For more information on the theory of
the normalized Laplacian, we refer to [32].

3.1.5 Average Association Appro ximation

Lemma 3.4 shaws that the relaxation of the normalized cut criterion can equiv-
alently be solved by computing the eigervector corresponding either to the sec-
ond smallest eigervalue of the normalized Laplacian L %or to the secondlargest
eigervalue of the normalized similarity matrix W ° This connectionwas already
indicated by the relation (3.5), which comprisesthat minimizing the normal-
ized cut measuref neyt IS equivalent to maximizing the normalized assaiation
f Nnassoc. IN fact, by virtue of Lemma 3.1 and (3.18), we get

_, YLY _ywy
fNassoc(S)—2 y>y - y>y +1

(with y de ned as in (3.9)), which reveals the direct connection between W °
and the normalized assaiation measure.

Unfortunately, a direct relation like (3.5) doesnot hold betweenthe aver-
age cut measuref oyt and the average assaiation f aassoc (S€€ Section 3.1.1),
which opensup the question for an appropriate relaxation for the problem of
maximizing the averageassaiation measure(3.6). Using a similar derivation
asin Lemma 3.1, the following lemma establishesthat this analogouslyto the
normalized assaiation f nassoc CANberealizedby resorting to the original weight
matrix W.

_ q -
Lemma 3.6. Assumethat S6 ;;S 6 ;, anddene = % Maximizing

the average ass@iation f aasse:(S) is equivalent to the following optimization
problem:

cdan (3.22)

with y”y = n. The objective functions are related by

y"Wy _ dv) .

f passa(S) = vy n

Proof. Let x 2 f 1;+1g" denote the indicator vector for the partition S;S,
anddeney= 3((+ )x+ (¥ )e) asin (3.9). By substituting =1 in
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Lemma 3.1, we seethat y; 2 f ;1g, y’e= 0andy>y = n. Using the fact
that jSj + jSj = n, the averageassaiation (3.6) becomes

ass@(S) ass@(S
f Aassoc(S) = : ( ) + —( )

iSi iSi

1 1 . 1 .
= - (x+te)Wkx+e+ =(x e Wk e

7 FOTIWHr e =l Wi @
= 1 B WL+ X WK o)
= % (2+ )’(CWx+ e We)+ 2(% e Wx
_y Wy 1l 2.> 1 2.>
—y>y+4n(+)eWe( )e" We
_ YWy N 4e” We
Yy A
_ Yy Wy dv) .
vy o

Since@ is constart, this provesthe statemert of the lemma. O

As for the averagecut problem (3.13), the objective function in (3.22) equals
a Rayleigh quotient of y, but this time for the matrix W. Hence,we canthink of
approximating the solution by neglectingthe constraints on y, and computing
the eigervector v, belongingto the largest eigervalue of W. A corresponding
partitioning is again obtained by applying any of the thresholding techniques
described at the end of Section 3.1.2. Howewer, in cortrast to the relaxation
(3.13) of the averagecut problem, this relaxation doesnot automatically take
into accourt the balancing constraint y> e = 0, aseis no eigenvetor of W. Thus
fewer original constraints than in (3.13) are adhered, which obviously leadsto
a wealer relaxation in terms of the quality of the corresponding solutions.

Nevertheless, the largest eigervector v, of W has been used for solving
partitioning problems (though di erently motivated), especially in the corntext
of perceptual grouping [158 142. For instance, Sarkar and Boyer [15§ de ne
a measureof \cluster-cohesiveness"as y> Wy for real vectorsy from the unit
sphere (i.e. with y>y = 1). To nd maximally coheren clusters according
to this measure,they compute the eigervectors corresponding to the largest
eigervalues of W. Interpreting the ertries of y to capture the participation of
eat graph vertex in a cluster, a so-called\eigencluster" is then derived from
the dominant (largest magnitude) entries in these eigervectors.

Peronaand Freeman[142 follow a di erent idea: they compute the largest
eigervector v, of the similarity matrix W to obtain the bestrank one approxi-
mation to W in Frobeniusnorm: W  v,v; . Similar to [158, this eigervector
is used as a saliency function of the vertices by observing that the entries of
Vv Which are larger than a certain threshold value (closeto 0) usually belong
to \foreground" objects. By comparing their approac with the normalized
cut technique [168, they claim that v, also approximates the minimum of an
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asymmetric version of f neut (S), namely the so-called\foreground cut" g‘;g&g

Howewer, this interpretation is not correct.® Instead, v, rather approximates

the maximum average foreground assiation assjg‘j(s) [168, because

ass@(S) x> W x
X ———— = maxX ~
SV 1S] x2f 0;1g" X~ X

(3.23)

can be relaxed by taking x 2 R". This idea explains the successof using the
eigervector v, for the perceptual grouping task: asonly the foreground objects
needto satisfy somecoherencycriterion (large assaiation), the secondterm in
the averageassaiation measuref aassoc(S) may be abandoned,thus rendering
the balancing constraint y> e = 0in (3.22) unnecessary

Howewer, to nd partitionings with both parts being coheren accordingto
the average assaiation criterion (3.6), we have to nd a way to incorporate
the balancing constraint y~ e = 0 from (3.22) into the relaxation appropriately.
The following lemma shaws that this can be done by centering the similarity
matrix W:

Lemma 3.7. LetQ := | %E denotethe projection matrix onto the orthogonal
complementof e, and de ne the certered similarity matrix W := QW Q.,Fur-
thermore, asin Lemma 3.6 assumethat S6 ;;S 6 ;, anddene := %
Then maximizing the average assaiation (3.6) resp. (3.22) is equivalent to:
>
max Y Wy
y yy (3.24)

st. y2f ;ig"
with y>y = n.
Proof. Observingthat Qe= (I 1E)e=e 1Ine=0,wegetfory= 3((1+

)+ (2 )e) asin (3.9):

1
Q=3 (+ )Qx+(t Qe
=2 (2 x (B+ )iEx
1 L, iSi S
=2 e ox (e LB
L iSi+ iSijsi_iS)
=5 (=t )X = o = ©
2 | : ISI jSj+S]
=2 G+ x @ de

8In their derivation, Perona and Freeman claim that z” u subject to kzk = 1 is minimized
by the vector z = (0;:::;0;1;0;:::;0) with the 1 indicating the position of the largest
entry of u. This is not true in general: askuk  max;juij, the vector z = ¢ givesa smaller
value. In fact, one can verify that the foreground cut criterion leadsto the problem of nding
the maximum eigervector of the normalized similarity matrix W?¢ which is equal to e and
thus uselessfor partitioning.
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Hence, without loss of generality we can replacey with Qy in (3.22). As now
(Qy)” e= y” Qe = 0, the secondconstraint in (3.22) is automatically satis ed,
and thus can be dropped from the optimization problem. O

This lemma shows that we can appropriately relax the problem of maximiz-
ing the averageassaiation (3.6) by computing the eigervector v,, corresponding
to the largest eigervalue (W) of the certered similarity matrix W. Thus we
get the upper bound:

n(W) rsna\z( f Aassoc(S) : (3.25)

A corresponding binary solution is again obtained by applying oneof the thresh-
olding techniguesdescribed at the end of Section3.1.2. In fact, with a dierent
notion of the objective function, the bound (3.25) was already given in [129,
basedon a proof for unweighted graphs from [93].

The ideato compute clusterings basedon the eigervector corresponding to
the largest eigervalue of the certered similarity matrix W also appearsin the
context of unsupervised learning [38], where the alignment of a xed kernel
(which is represerted by W in our notation) with a set of labels (corresponding
to the 1l-ertries of the indicator vector x in our notation) is approximately
maximized in this way. Actually, the alignment measureshow good a rank
one matrix approximates the given kernel matrix, and is thus equivalent to the
approad usedin [147 for perceptual grouping. This explains why the use of
the certered kernel matrix has becomevery popular in the learning commu-
nity [124): it results in better clusterings by e ectiv ely including a balancing
constraint on the labels.

3.1.6 Exp erimental Results

All the relaxations presened in the previous sectionsresult in the calculation
of extremal eigervectors of di erent matrices: either one corresponding to the
largest (or secondlargest) eigervalue of the (potentially certered or normalized)
similarity matrix, or one corresponding to the secondsmallesteigervalue of the
(potentially normalized) Laplacian matrix (seeTable 3.1). Such eigervectors
can be computed e cien tly for large matrices with iterativ e techniqueslike the
Lanczosmethod [69]. In particular, this numerical algorithm is able to exploit
any kind of sparsity structure, a property that is often encourtered for image
partitioning problems (e.g. if only spatially neighboring pixels are connected).
Moreover, the eigervector ertries are not required to be calculated with high
accuracy asthey are subject to be thresholded afterwards. Putting all this to-
gether, the nal approximativ e solution basedon any of the measurespresered
can be obtained in running time O(n%) for typical image segmemation prob-
lems [16§, if we only test a xed number of possiblethreshold values. Hence,
even for larger imageswith a few thousand pixels, the solution is calculated in
lessthan one minute.’

“Unless stated otherwise, all the computation times stated in this work were measuredon
currently available 2 or 3 GHz Pentium IV Linux PCs.
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Original criterion Relaxation Solution

Av erage cut facut (S) (3.3)

min

cut(S;S) cut(S;S) i 27 Lz
iS5t s min' %% (3.13) 2(L)

Normalized cut fpneut (S) resp. normalized association f nassoc(S) (3.4)

min cut(S;S) + cut(S;S)

min £ = min ZLZ | ,L;D)= (LY

d(S) d(s) 2> De=0 z>Dz z>D%e:0 z>z
S S >
=2 max®[EE 4 2O | o1 max ZWE(316) | =1, (W

z2D2e=0

Av erage association f aassoc(S) (3.6)

ass(S) assa(S)

max IS iSj

max ZWz (324) n (W)

z>z

Av erage foreground association (3.23)

assa(S)

max —sj—

max ZWz (322) n(W)

2>z

Table 3.1: Overview of the spectral partitioning techniques presened
in this section. While normalized cut and normalized assaiation are equiva-
lent, averagecut and averageassaiation yield di erent relaxations.

Comparisonsof spectral relaxation methods were preseried by sewral au-
thors, both in theory and concerning the application to image segmetmation
[190 168 173 162. In this work, we therefore provide only a few results which
especially demonstrate the di erences of the spectral techniques. Sincethe fol-
lowing examplesare quite small, we always seard for the threshold value on
the eigervector which results in the best value of the corresponding objective
function.

Concerningthe similarity measure,we compute the ertries of W for a given
problem from normalized distancesd(i; j) 2 [0; 1] betweenthe extracted image
featuresi andj as

deii ) 2
Wi = € ;

where s usually setto a value between5% and 30% of the maximal distance
encourtered in the problem [168. More intricate similarity measurescan of
course be conceiwed [149; seealso Section 4.4.2. Howewer, since the focus of
this work is on analyzing di erent relaxations of hard problems from the opti-

mization point of view, we do not elaborate on the issueof similarity measures
here.

As a rst result, Figure 3.2 shaws the eigervectors obtained for ead of the
spectral relaxation methods for the clustering problem depictedin Figure 3.1. In
this case,the similarity matrix is calculated basedon the normalized Euclidean
distancesbetweenall the points, with = 0:1. While the approximating eigen-
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Figure 3.2: Eigenvectors used for clustering the point set from Fig-
ure 3.1, for similarities calculated with = 0:1. While the averageand
normalized cut relaxations result in eigervectorsthat de nitely yield the op-
timal clustering (left), the eigervector corresponding to the largest eigernvalue
of W doesnot give a clear result (bottom right). However, certering the simi-
larity matrix completely fails in this case(top right), asonly very closepoints
get high similarity values.

Figure 3.3: Segmentation obtained from the eigenvector v, (W), given
in Figure 3.2, top right. The averageassciation criterion is not able to nd
the desiredclusters.

vectorsfor the averageand the normalized cut measuresvery clearly producethe
desiredsegmemation given in Figure 3.1, right, the situation is more problem-
atic for the averageassaiation measure: while the eigervector corresponding
to the largest eigervalue of the original similarity matrix W does not give an
obvious threshold value, the certered similarity matrix W yields an eigervector
that is even worse. However, in this casethe clustering obtained from v, (W),
which is depicted in Figure 3.3, really has a higher average assaiation value
(f aassoc(S) = 6:37) than the segmetation from Figure 3.1 (f aassoc(S) = 5:87)
| apparenly, the average assaiation is not a suitable measurefor the given
clusters. Newertheless,when we calculate the similarity matrix with = 0:3,
all the eigervectors produce the desired clustering (cf. Figure 3.4). This shows
that the average(foreground) assaiation criterion is more susceptibleto di er-

ent calculation of the similarity valuesthan the cut criteria: if only very close
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Figure 3.4: Eigenvectors used for clustering the point set from Fig-
ure 3.1, for similarities calculated with = 0:3. With this value for

, the similarity valuesdecreasewhich results in all eigervectorsyielding the
optimal clustering.

points have high similarity, it focuseson nding one small, very densecluster
as the assaiations betweenthe other points are too small. We refer to [16§
for further investigations on this topic of robustnessto the similarity measure.

A dierent problem is given in Figure 3.5: this point set comprisesa dense
cluster in the middle and equally distributed badkground clutter, both corntain-
ing 80 points. The similarity values are again computed basedon normalized
Euclidean distances,with = 0:1. For this example, only the eigervector cor-
responding to the largest eigervalue of W is able to separatethe densecluster
from the badground, which indicates that the averageforeground assaiation
criterion is more appropriate in this case. The desired segmemation neither
consistsof two parts of similar inner assaiation nor hasa small cut value, and
thus is not optimal for the other criteria. Howewer, by resorting to a di erent
distance measure(e.g. basedon the point-density obsenedin the neighborhood
of eadth point), this problem can possibly be solved.

Finally, Figure 3.6 depicts the results obtained for a small patch from a
larger color image. In this case,the corresponding graph is locally connected
by de ning edgesonly between horizontally and vertically neighboring pixels.
As distance measured(i; j) we compute the normalized color di erence of two
pixels in the perceptually uniform L*u*v* space,and use = 0:3 to derive the
corresponding similarity values. As can be seen,both cut measuresresult in
very similar segmemations, in which the hand is clearly separatedfrom the ball.
For this example, the likewisebehavior of both measuresmay be attributed to
the sparsity of the similarity matrix, which results in a degreevector d that
is almost constart and hencein nearly equivalernt optimization problems (cf.
Section 3.1.1). As will be demonstrated in Section 4.4.3, howeer, the results
may di er considerablyif we revert to a densesimilarity matrix. Note that for
this example, the average assaiation criterion once again separatesa smaller
patch of mostly consistert points from the rest of the image.
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Figure 3.5: Eigenvectors and corresp onding clusterings for a dot
densit y problem. In this case,only the eigenvector corresponding to the
largest eigervalue of W yields the desired result (bottom right): the aver-
age foreground assaiation criterion is more appropriate here, as it does not
balancethe parts of the segmeration.

As a rst conclusion,these experiments indicate that in practice, the aver-
ageand the normalized cut criteria may perform quite similarly. On the other
hand, the averageassaiation is a much weaker measureof the perceptual im-
pressionof the scene,at least for the similarity valueswe used. Nevertheless,
the example in Figure 3.4 demonstratesthat reverting to similarity values of
higher uctuation (by usinglarger -valuesand/or smaller neighborhoods) may
yield optimization problemswherethe averageassaiation measureis more ap-
propriate. More experimental results for spectral partitioning techniques will
be given throughout this thesis, when we comparethem with our semide nite
relaxation approad.
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Original

Averageassaiation

Figure 3.6: Segmentations for a color image of 36 36 pixels , obtained
asa small patch of a larger image. While both cut measuresyield satisfactory
segmetations, the averageassaiation criterion doesnot give a valuable result.

3.2 Unsup ervised Clustering in Euclidean Spaces:
Mean Shift

For unsupervisedpartitioning tasks, clustering approacesthat work directly in
the feature spaceof the given image elemeris presen an alternative to graph-
theoretical approades like the spectral techniques preseried in Section 3.1.
Represeting ead image elemen by a feature vector in Euclidean space,suc
methods form clusters e cien tly by grouping together similar vectors basedon
(a variant of) a Euclidean distance measure.Hence,in cortrast to graph-based
methods, it is not necessaryto compute the (dis-)similarity relations between
all image elemens in advance. This results in a clear advantage in terms of
storage requiremerts and therefore allows dealing with much larger problem
instances.

Howewer, a common argumert in favor of using (dis-)similarity relations is
that they better capture signal variability in low-level vision [181]: in corntrast
to feature vector represertations, they are not restricted to be calculated from
Euclidean distances. Hence, (dis-)similarity relations may yield a more ade-
quate description of the image in generalsituations. For this reason,they are
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probably more suited for unsupervisedsegmetation, a claim that also appears
to be supported by researtt on human perception [75].

Nevertheless,as an important represetiative method for unsupervisedfea-
ture spacepartitioning we will briey review the mean shift technique [33] in
this section. In particular, sincegraph-basedapproactesare limited to smaller
imagesdue to the sizeof the similarity matrix, we will usethis method later to
reducethe number of variables for large images(cf. Sections4.4.3and 5.2).

Generally speaking, the mean shift technique is a nonparametric cluster-
ing approach basedon density gradient estimation in a feature spacethat is
equipped with a Euclidean metric. The assaiated procedure of iterativ ely
seekingmodes(i.e. local maxima) in the density distribution has already been
deweloped by Fukunaga and Hostetler [59], but was only recertly applied to
unsupervisedimage segmemation [33]. The basicideais to considerimage pix-
elsin the combined spatial-range domain, nd the modesof the corresponding
density distribution with the mean shift procedure and nally delineate the
clusters assaiated with these modesby assigningthe pixels appropriately.

In more detail, assumingthat n points x; 2 RY are given, the estimate of the
density gradiert for a point x 2 RY is obtained asthe gradiert of a multiv ariate
kernel density estimation in X,

1 X

nd
i=1

f(x) = K () ;

by using the Epanedinikov kernel for K, which minimizes the asymptotic mean
integrated square error of the density approximation [33]. This results in the
density gradient estimate

Cfpos [AXATe 1 X

n 2vol(T (x))jT (x)j xi2T (x)

xXi  X); (3.26)

whereT (x) denotesthe hypersphereof radius around the certer x, corntaining
jiT (x)j data points and having the volume vol(T (x)). Note that the only
parameter neededin this estimation is the bandwidth > 0, which speci es
the radius of the spherethe density is estimatedin. Sincein (3.26), the direction
of the largest increaseof the density is indicated by the mean shift vector

X

m (X) = - l. Xi Xx);

JT (X)J Xi2T (x)

a local density maximum (a maode) is found by iterativ ely following the path
de ned by the meanshift vectors. This leadsto the mean shift procedure which
computesa seriesof points

‘ X

ye=y<tem (v =

1

T (e b
and which is guaranteed to corvergein a nite number of stepsfor discrete data
sets[33].

Basedon this procedure,the following algorlthm computesa complete clus-
tering of the given set of points x;;i = 1;:::;

xj fork=1;2:::; (3.27)
Xi2T (y& 1)
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(d)

Original Segmeration

Figure 3.7: Clusterings obtained with mean shift. The bandwidth
parametersand the minimum cluster sizewere adjusted to result in 200{ 500
clusters. The right column displays the resulting segmemations by replacing
the color of eat pixel with the averagecolor of the corresponding cluster.

1. Apply the meanshift procedure(3.27) successiely to ead given point X;

by initializing y! = x;, and nd the corresponding corvergencepoint z
(which is a mode of the data distribution).

points x; which corvergedto similar modes: if for two points x; and x;
the distance of the corresponding corvergencepoints z; and z; in feature
spaceis lessthan , kz; z k< , then both points are assignedto the
samecluster Sy.

Optionally, eliminate small clusters cortaining lessthan M points by fus-
ing them with the (spatially) closestlarger cluster.

The nal number m of clusters obtained with this algorithm besidesby M is
cortrolled by the bandwidth parameter : smaller values yield small hyper-
spheresas basisfor the density estimation, which results in a higher number of
clusters.

For image segmetmation problems, the data points x; are feature vectors

comprising the position and the color in the perceptually uniform L*u*v* space
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Image Size s r | M | # Segmers
@) 298 141|4.0|8.0| 20 211
(b) 512 404|5.0|8.0| 25 404
(© 481 321|5.0|35]|50 460
(d) 481 321|5.0|9.0|50 366

Table 3.2: Size of the original image, parameter settings and number of
segmers obtained with the mean shift for the examplesfrom Figure 3.7.

(or any other Euclidean feature data) of the corresponding pixel in the image.
As ead x; thus originates from two di erent domains (the spatial and the
range domain), its ertries may vary considerably Therefore, in practice two
bandwidth parameters, s (spatial domain) and , (range domain), are usedto
scalethe entries of the feature vectors appropriately. The meanshift procedure
in the joint domain can then be executedvery e cien tly, sincethe seart for
the points in the hypersphereT (y*) can be limited to a quadratic window of
size ¢ s in the image.

Figure 3.7 shavs someresults obtained with the mean shift technique for
diversecolorimagesfrom the VisTex database[187] and the Berkeley segmeta-
tion dataset[121]. For these examples,we adjusted the bandwidth parameters

s and ; and the minimum cluster size M manually or semi-automatically,
so that the nal segmemation cortains between 200 and 500 clusters. Since
we will usethe mean shift algorithm mainly as a preprocessingstep, this num-
ber is adequateto obtain optimization problems of reasonablesize (cf. Section
5.2). The semi-automatic adjustment a ects the range bandwidth parameter

r, Which is calculated by randomly picking a xed number of pixels from the
image, computing their maximum distance dmax in the L*u*v* color space,
and setting [ to a certain fraction of dnax. The parameter settings used for
the imagesin Figure 3.7 can be found in Table 3.2. For these examples, the
segmetations are then obtained in lessthan 10 seconds.

3.3 Supervised Segmentation with Mark ov Random
Fields: Iterated Conditional Mo des (ICM)

In Section 2.3, we stated that supervised segmetation problems can be ap-
proached by minimizing a global energy function E(x) of the general form
(2.10), which seeksa compromisebetweenlocal agreemen with the measured
data and global smoothnessof the labeling. Due to the integer constraint on
X, howewer, this optimization problem is usually NP-hard. In this section, we
will therefore briey presen Besag'sICM-algorithm [16] as an approximation
method that greedily nds local minima of E(x), and which has becomequite
popular becauseof its fast corvergenceproperties and its generalapplicability.

Sincethe ICM-algorithm is basically motivated in the framework of proba-
bilistic estimation basedon Markov random elds [193 114, we will start with
explaining how the energy (2.10) arisesin this context. To this end, the feature
vectors gi computed for the pixels i are assumedto depend on the “true' image
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X asrealizations of somerandom variable Y, which is given by the conditional
density function f (gjx). Moreover, a prior distribution P(x) on the spaceof
imagesis assumedwhich (independenily of the given data) modelsprior expec-
tations of the “true’ scenelike smoothnessconstraints or regularity conditions.
On this basis,the task of supervisedsegmeration canbe de ned asestimating
the “true' sceneby seekingthe labeling x that has maximum probability, given
the obsened feature vectors g;. Using the Bayestheorem [193, this results in
maximizing

Pr(xjg) /' f(gix)P(x); (3.28)
which correspondsto nding the maximum a posteriori (MAP) estimate or the
mode of the posterior distribution of the image.

If the prior distribution is represerted in Gibbsian form

P(x)=exp( HX)) ; (3.29)

with somereal valued energyfunction H (x), nding the MAP estimateis equiv-
alent to minimizing the posterior energy function

Emap (Xjg) == Inf(gjx)+ H(x): (3.30)
Besag[16] nhow makestwo main assumptions:

1. The random variable Y is de ned by conditionally independert random
variables Y; for eat pixel i with identical density functions py, (gi) that
only depend on the label x;j. This results in the joint conditional density

Y
f(gix) = px(9): (3.31)
[
Modi cations of this assumption for caseswhere it is not applicable are
discussedin [16, 123.

2. The labeling x is a realization of a locally degndent Markov random eld ,
i.e. the prior distribution P(x) is de ned through the local conditional
probabilities

Pr(xijXvnfig) = Pi(XijX i) ;

where iV nfig denotesthe set of neightors of the pixel i. This means
that the label of eadh point i only dependson the labelsof its neighbors i,
and thus provides a way to formalize the ideathat nearby pixels are likely
to belongto the sameclass[123. Most commonly usedneighborhood sys-
tems in computer vision result from the symmetric lattice structure of an
image: connecting ead pixel to its four horizontal and vertical neighbors
yields a rst-order Markov random eld, while additionally including the
diagonally adjacert pixels de nes a second-order eld [16].

Furthermore, Besag[16] suggeststo usea pairwise interaction Markov ran-
dom eld, which is described by (3.29) through the energy function
X X
H(x)=  Hi(xi)+  Hij(xi;x))
[ hij i
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with arbitrary functions H; and Hj; . Based on this prior distribution of the
image, and using the assumption (3.31), the posterior energy (3.30) becomes
_ X X X
Ewmar (Xj0) = Inpy (@) +  Hi(xi))+  HjXi;x):
[ i hi;j i

If we now de ne the point-wise conditional densities through the assignmen
costsC{x;) as
() I exp  Clxi) ;

nding the MAP estimate becomesequivalent to minimizing the energy

X X
Emap (xjQ) = Cxi) + Hi(xi) + Hij (Xi;xj) :
i hij i

Obviously, this equalsthe energyfunctional (2.10) by setting Ci(x;) = C{x;) +
Hi(x;j) and de ning Hij (Xi;Xj) = Pij D(Xi;Xj).

As the exact computation of the MAP estimate is generally intractable,®
Besag [16] proposesthe iterated conditional modes (ICM) algorithm, which
seeksan approximativ e solution by individually maximizing the local condi-
tional probabilities

Pr(xijgi;Xvntig) /' Px (G)Pi(Xi]X i) (3.32)

iterativ ely for ead pixel i. As a rst step, an initial estimate ® of the classi-
cation needsto be calculated: ignoring the spatial relationships between the
image pixels, this can be achieved by reverting to the maximum likelihood clas-
si er, which simply chooses®; to maximize py, (gi) for ead pixel i. Afterwards,
in a singleiteration the label ®; is updated for ead pixel in turn by maximizing
(3.32) basedon the current labeling ® ; of its neighboring pixels. In terms of
the energyfunctional (2.10), the ICM algorithm thus minimizes

1 X
E(xi) = Ci(xi)+ 5 Py D(xi;%)) (3.33)
2

with respect to x; individually for ead i. This procedureis applied until con-
vergenceor, in practice, for a prede ned number of iterations to nd the nal
classi cation x. In fact, convergencecannot be guaranteed for synchronous up-
dating, i.e. when the new estimate ®; for ead pixel is basedon the labeling of
the previous iteration, but only for serial updating [16].

Since the update of ead pixel only requiresthe comparison of k di erent
values (where k is the number of prede ned classes),the ICM algorithm ter-
minates very fast. In comparisonto simulated annealing [64], which usually
requires long computation times, ICM is equivalent to instantaneous freezing
[16]. Howewer, the nal solution obviously merely correspondsto a local mini-
mum of the posterior distribution of the image. As it critically dependson the

80ne exception was already mentioned in Section 2.3: in caseof hinary labels and sep-
aration costs of Ising type (i.e. Hj (Xi;x;) = Pj xiXj with x; 2 f 1;+1g), the exact MAP
solution can be computed by adopting the Ford-Fulkerson algorithm [70, 193].
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initial estimate and the visiting scheme, the quality of this local minimum (in
comparisonto the MAP estimate asthe global optimum) is di cult to analyze
in general[193. In fact, Besag[16] doesnot considerlCM asan approximation
to the MAP estimator, but rather as an alternative estimator in its own right
which hasthe advantage to ignore the large scalede ciencies of a Markov ran-
dom eld. Sincefor image restoration problems with low signal-to-noiseratio,
the MAP estimator tends toward over-smaothing the image, this motivation is
indeed justi ed; actually, it doesnot seemto be clear in which situations the
MAP estimator is intrinsically desiredfor sud problems (cf. [119).

Seweral modi cations of the ICM algorithm are proposedin [16, 123 which
are usefulin practice, like:

The parameters Pj; in (3.33) indicating the strength of the pairwise re-
lations can be increasedduring the iterations. This imposesa weaker
random eld for the rst steps,which preverts that pixel labelsare xed
too early.

Instead of updating only one pixel in ead step, the local conditional
probabilities (3.32) can be maximized for small sets of pixels in parallel.

Potentially unknown or uncertain parameter values in the assignmem
costs Cij(xj) could be (re-)estimated during the algorithm. This may be
especially bene cial when only few training data is available initially .

Instead of hard classi cation of ead pixel, probabilistic labelings can be
usedduring the iterations, which allow a pixel to have partial classmem-
bership. In that way, the in uence of incorrectly labeled pixels becomes
lesscritical.

Dueto its low complexity, the ICM algorithm hasfound various applications,
especially for segmetation tasks in the cortext of remote sensing(in which it
alsowas originally proposed)[172 34, 85, 88, 99]. For establishedclassi cation
methods in this eld that are basedon maximum likelihood estimation, it is
a natural extensionto incorporate spatial context. Moreover, it is capableto
handle the enormousamourts of data emergingin remote sensingapplications,
and to compute corresponding segmerations in short time.

We nish this section by giving a few exemplary results for binary restora-
tion problemsasthey wereintroducedin Section2.3. Using a generalnotation
that also includes multiclass restoration problems (cf. Section 6.1), we obtain
for the local energy (3.33) that is iterativ ely minimized:

1 X
kUX;i Oi k2 + E KXi kj k2
i2 i (3.34)
kUxi gk® ¢(x;)+ const;

E(xi)

where U 2 R™ K cortains the group prototypes as columns, gi 2 R™ is the

from R¥ asvalues,and ¢ ; (x;) denotesthe number of neighbors of i for which the
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Original ICM solution with ICM solution with
=02 = 06

Figure 3.8: Restorations computed with the ICM algorithm. While
the rst imageis dicult to restore due to its high noise level, better recon-
structions are obtained for the other two images. The value of the parameter

for which the bestresult is achieved dependson the spatial scalespresen in
the image.

current label is xj. Note that in this case,the probability distribution P (x) of
the corresponding Markov random eld is equivalert to the Potts model, while
the assignmem costscan be interpreted as modeling Gaussianwhite noisewith
zeromean.

Figure 3.8 shavs somenoisy gray-value imagesand the corresponding resto-
rations obtained with the ICM algorithm basedon the energy function (3.34),
for two di erent valuesfor the smoothnessparameter (the pixel valuesrange
between0 and 1). The initial classi cation is calculated asthe maximum likeli-
hood estimate without spatial cortext, while in subsequenhiterations, a second-
order Markov random eld is used. For the small imagesin Figure 3.8, the nal
segmemations were obtained after maximally 10 iterations in lessthan onesec-
ond. The results reveal that ICM may nd good reconstructions (rst image
with = 0:6), but alsomay fail to restore strongly degradedimagesin a smaooth
way (secondimage). In Section 4.4.5, we will seethat a stronger relaxation of
the MAP estimate will produce much better restorations.



Chapter 4

Semide nite Relaxation of
Binary Optimization Problems

One of the most important classesin mathematical optimization is given by
convex optimization problems (e.g. [22]), which have the attractiv e property
that due to the corvexity of both the objective function and the feasible set,
ewvery local optimum is alsoa global one. This fact allows solving suc problems
reliably and e cien tly, asthere is no danger of getting trapp ed in undesirable
local optima. Moreover, an elegart accomparying theory yields conceptual
advantages that make cornvex optimization approaces corveniert for many
applications.

In this work, we pursue the concept of convex relaxation to deal with the
combinatorial complexity of optimization problems. More speci cally, this ap-
proach leadsto semide nite programming (SDP) problems which are a special
type of corvex optimization problems. For this reason,we rst give a general
introduction to semide nite programming in Section 4.1, which includes the
main aspects of the corresponding duality theory, the geometry of the set of
positive semide nite matrices, and a brief overview of di erent methods that
can be usedto solve SDP problems.

In Section4.2, we explain our SDP relaxation approac by performing La-
grangianrelaxation, discussgeometryand feasibility issuesof the obtained semi-
de nite program, presen a randomized approximation method for obtaining a
suboptimal solution of the original problem, and investigate the topic of per-
formance bounds. The relation to spectral relaxation approadesis studied in
Section 4.3. To this end, we provide a formulation of the SDP relaxation as
an eigervalue optimization problem, and compareit with spectral techniques.
Finally, numerousapplication results are givenin Section4.4, including ground-
truth experiments on binary restoration problems, and partitionings of real
scenedor the di erent problem classegreseried in Chapter 2. In this context,
we also briey discussthe issueof similarity measuresand the computational
complexity of the SDP relaxation method in practice.
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4.1 Semide nite Programming (SDP)

Semide nite programs are a special type of convex optimization problems. In
fact, SDP problems can be interpreted as a generalization of the established
and thoroughly analyzed class of linear programming (LP) problems to the
caseof positive semide nite matrix variablesX 0. As we will see,most of
the mathematically appealing properties of LP are inherited by SDP problems.
With increasingcomputational capabilities, the interestin SDP is steadily grow-
ing. Besidesapproading conmbinatorial optimization problemsasin this work,
applications to such diverse elds as signal processing[117], communication
theory [178, or nance [68] have beenpresened recertly. For a survey of more
applications, we refer to [196, 40].

We considerthe following standard formulation of a semide nite program
over symmetric matrix variablesX 2 S":

fp:= min C X
X
st. Aj X=h fori=1:::m 4.1)
X 0;

R™, and the ° '—og,eration denoting the standard matrix inner product C
X = Tr(C>X) = ij Cij Xjj . Note that the assumption of symmetry for C
and the matrices A; is no restriction: if e.g. C is not symmetric, we easily
obtain an equivalent SDP instance by replacing it with %(C> + C) 2 S", since
C> X = C X [3]. Moreover, note that SDP problems with seweral matrix
variables X; canalsobe modeledin the standard form (4.1) by reverting to the
matrix Diag(X1;:::;Xk) with the matrices X; on its diagonal, since X 0
forj = 1;:::;k is equivalert to Diag(X1;:::;Xk) 0[78].

It is easyto seethat SDP problems cover both linear programming and
guadratic programming problems. For example, the linear program

min ¢ X

X

st. aax=h fori=1;:::;m
x 0

is equivalent to the SDP problem (4.1) by setting C = Diag(c); A; = Diag(a)
and restricting (4.1) to diagonal matrices X = Diag(x). The connection to
guadratic programming can be establishedsimilarly (see[132 78]).

4.1.1 Dualit y Theory

Analogous to linear programming, the (primal) SDP problem (4.1) is closely
related to a corresponding dual problem, which canbe obtained by a Lagrangian
approad (e.g.[14]). To this end, we choosea vector of Lagrangian multipliers
y 2 R™ to lift the equality constraints of the primal problem (4.1) into the
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objective function. This results in the following minimax-problem:

xn

= i + ) .
fo )r(mrg) yrg%c X ~ vi(bh  Aj X)
o

x
BRI
i=1 I
[ iAo X+ = fq: 4.2
g C A XrEyE T 42

i=1

The interchange of min and max in the last step (4.2) corresponds to the so-
called \minimax inequality" [157 and yields the dual of (4.1).! The inner
minimization over X  0in (4.2) now onlxz,becomesnite (which is implied by
assumingthat f, < 1) if the matrix C . ViAi is positive semide nite, in
which caseX = 0 is optimal. Extracting this hidden semide nite constraint,
we obtain the following standard formulation of the dual semide nite program:

fg= max by
xXn
st. C viAi O (4.3)
i=1
y2R™:

Sometimes,the dual SDP is givenin a slightly di erent way by intrgducing the
slak variable Z 2 S and replacingthe rst constraint in (4.3) by 0, yiAi+
Z=CandzZ O.

From the Lagrangian approac usedabove, we directly obtain the following
weak duality property, which is identical to LP weak duality [199:

Theorem 4.1 (W eak dualit y for SDP). Let X andy denote feasible solu-
tions of the primal SDP (4.1) and the dual SDP (4.3), respectively. Then the
gap between the solutions is

C X by=zZ X 0: (4.4)

Howewer, unlike for LP, optimal solutions X andy may resultin anonzero
duality gap (4.4) for SDP problems, as can be illustrated by simple examples
provided e.g.in [183 78, 179.

Nevertheless,a strong duality result for SDP can be derived if at least one
of the problems (4.1) and (4.3) has a strictly interior point, which meansthat
either a feasible, positive de nite matrix X 0 exists for (4.9, or a feasible
y exists for (4.3) that yields a positive de nite matrix C M ViA 0.
In generalcorvex programming, this constraint is usually referred to as Slater
condition [3, 14]. The corresponding theorem is provided e.g.in [3, 199:

P
'In terms of linear operators, A~ : R™ | S" with A>y:= | yiA; is the adjoint operator
of A:S" I R™ with AX := (A1 X;:::;Am X)7, asthe corresponding inner products
coincide: (AX) y= X A~y [78, 179.
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1

X11 2

Figure 4.1: The cone of positiv e semide nite  matrices for n = 2
(the forth coordinate x»; is equalto x;2). In this case,the coneis rotational
(\ice-cream cone") with vertex 0.

Theorem 4.2 (Strong dualit y for SDP). If (4.1) and (4.3) both are feasible
and there is a strictly interior point for the dual problem (4.3) (resp. for the
primal problem (4.1)), then an optimal primal solution X (resp.an optimal
dual solution y ) exists and the correspnding duality gapis zerm:

If only one of the two problemsis known to be feasible,then the existence
of a strictly interior point in connection with a nite optimal value already
guararteesthe feasibility of the other problem and a zero duality gap. Yet, if
one problem is unbounded, the other is automatically infeasible[199 78]. More
about the elegarnt duality theory for semide nite programming can be found
e.g.in [3, 196.

4.1.2 Geometry of SDP

The set of positive semide nite matrices S} over which is optimized in SDP is

a special corvex set, namely a closal pointed cone? in R(":). Moreover, this
coneis self-dual, i.e. it coincideswith its dual (or polar) cone(S{) = fY :
X Y 0 X 2S{g[133. Figure 4.1 illustrates the geometry of this pointed
conefor the casen = 2.

The geometry of the semide nite cone S has been studied extensiwely,
especially in connection with semide nite programming [110, 150, 139. An
important role in this context plays the facial structure of this cone. A face
F  S!isde ned asasubsetfor which X;Y 2 F impliesZz = X +(1 )Y 2F
for all 0 < < 1. In general,the set of optimal solutions of an SDP problem
always correspondsto a small face of the feasibleset.

2A convex coneK is de ned asa set that is closedunder addition, x + y2 K forx;y 2 K,
and multiplication with positive scalars,cx 2 K for x 2 K;c 0.
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More speci cally, considerthe feasibleset
K=fX2SljAj X=Dbfori=1:::;mg

of the SDP problem (4.1), which is called spectrahadron in [150. As K is the
intersection of an ane subspacewith the semide nite cone, the facesof K
are given by the intersections of the facesof these two corvex sets. Since for
A;B 2 S!', B is contained in the smallest face of S containing A if and only
if ker(A) ker(B) [110, the minimal face containing an optimal solution X
of the SDP problem (4.1) is given by

Fk (X )=fX 2K jker(X ) ker(X)g:

The following lemma from [10, 139 shaws that an optimal solution X of (4.1)
is likely to have small rank:

Lemma 4.3. (a) Let F be a face of dimension d of the feasible set K. Then
r = rank(X) for X 2 F is bounded by

:—ZL(r+l)r m+d:

(b) If K contains extreme points (faces of dimension zemw), then there existsan
optimal solution X of (4.1) with rankr for which

1
—(r + m:
S0+ 1)

The secondstatemert of this lemma immediately follows from the fact that
the optimum of an SDP problem is always attained at an extreme point, since
a linear function is minimized over a corvex set.

For a detailed treatment of the geometry of SDP problems we refer to [196,
Chapter 3].

4.1.3 SDP Solvers

To compute optimal primal and dual solutions X ;y for the SDP problems
(4.1) and (4.3), respectively, a wide range of di erent SDP algorithms can be
used. In fact, the dewvelopment of suc solvers currently is one of the most
active areas of researt in optimization, and the number of reliable software
to handle SDP is steadily growing. Howewer, the underlying methods of these
SDP algorithms are rather sophisticated, and it is beyond the scope of this
work to preser the details. Therefore, we will only briey summarize the
main ideashere; more information on this topic can be found in seweral books
[132 199 19€.

In general,ead SDP can be solved as corvex minimization problem almost
exactly in polynomial time [132. More precisely an -approximation to the
global optimum can be numerically determined for any xed precision , e.g.
by using the ellipsoid method [71]. Howewer, since the running time of this
method is prohibitiv ely high in practice, other more e cien t algorithms are
usually used.
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Most SDP solvers are basedon iterativ e interior point methals, which origi-
nally have beendeweloped for LP. The basicidea of such methodsis to do aline
seart through the interior of the feasible set which convergesto the solution.
To this end, a weighted barrier term is added to the objective function which
preverts the algorithm from leaving the interior of the feasibleset. To be able
to reach an optimal solution (which is usually located on the boundary), the
weight of the barrier term, represerted by a parameter > 0, is successiely
reduced. For this modi ed objective, a corresponding sequenceof minimizers
fX ;y gdependingon the parameter is computed, until the duality gap falls
below somegiven threshold . This sequencede nes a smooth curve, called
the central path, which is guaranteed to corvergeto the global optimum. Typi-
cally, it is su cien t to approximate the minimizers f X ;y g by applying a few
Newton steps. A remarkable result in [132] assertsthat for the family of self-
concordart® barrier functions, such methods convergein polynomial time, with
the complexity depending on the number of variables n and the value of .

Various variants of interior point algorithms have beendeweloped in recen
years,like pure primal or dual methods [132, 3], conbined primal-dual methods
[80, 130 133, or potential-reduction methods [183 12]. Moreover, there have
beenmajor e orts to exploit the special structure of someSDP problems, espe-
cially in the context of conbinatorial optimization problemsfor which extreme
sparsity is often encourtered [57, 12, 194. These approacesare able to solve
large-scaleproblems with up to 10,000variables e cien tly [11].

Besidesinterior point algorithms, other methods have been proposed for
SDP which are especially suited for large-scaleproblems. One exampleis given
by the spectral bundle methal of Helmberg and Rendl [79], which is applicable
for problemsthat canbe castasan eigervalue optimization problem. At the cost
of a poor corvergencerate, it is dedicated for problemswith a large number of
constraints. Another exampleis the nonlinear programming approad of Burer
and Monteiro [27], which tries to reducethe number of variablesby exploring the
property given in Lemma 4.3 via low-rank factorization of the primal solution
matrix X . Similarly, Kocvara and Stingl [10§ use an augmerted Lagrangian
method asthe framework of a nonlinear programming approac to solve large-
scaleSDP problems.

Finally, we note that seweral of the mertioned SDP solverswere evaluated at
the Sewerth DIMA CS Implementation Challenge on Semide nite and Related
Optimization Problemsin 2000[46]. A discussionand comparisonof the partic-
ipating algorithms basedon the corresponding bendimark results is preseried
in [126.

4.2 Optimization via Semide nite Relaxation

The rising interest in semide nite programming in recert yearshas beeniniti-
ated mainly by the fact that many combinatorial optimization problemscanbe

A function is called self-concordart, if it is three times continuously di eren tiable, and
satis es a certain inequality constraint (see [132] for more details). This includes, e.qg., all
linear and quadratic functions.
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solved approximately by applying a semide nite relaxation approac. The basic
ideas were introduced in the seminal work of Lovasz and Sdrijv er [116, who
derived bounds on comnbinatorial problems by constructing semide nite relax-
ations basedon lifting the problem variables into a higher-dimensional space.
Goemansand Williamson [66] later decisively extendedthis idea by deweloping
arandomizedapproximation algorithm with a strong performanceguarartee for
the max-cut problem. Sincethen, many applications of semide nite relaxation
in combinatorial optimization have beenpreseried in the literature. Seweral sur-
veysgive an overview of the recernt developmerts [3, 65, 152 78, 195 115 117

In this section,we intro ducea semide nite relaxation approac which canbe
usedto approximately solve binary optimization problemsfrom computer vision
like those preseried in Chapter 2. In this cortext, note again that all these
partitioning problemscan be castasminimization problemsof the generalform
(2.1) involving a quadratic objective function and binary decision variables.
The missing linear constraint for the perceptual grouping problem (2.9) and
the restoration problem (2.12) can easily be modeled by setting ¢ = 0 and

= 0.

As a rst step, we homogenizethe objective function of (2.1) by increasing

the dimensionby oneto obtain a purely quadratic functional:

>

x> Qx + 20> x + const= 0 L X0 .
X X
>
with L = cogsto(lg and xp= 1:

Since this is only necessaryfor the perceptual grouping and the restoration
problems (which lack the linear constraint), the sign of xo doesnot in uence
the minimization of this functional: if xo = 1 for the optimal solution, we can
simply replacex with x to obtain an equivalent solution that satis es xg =
1. Therefore, we may require without loss of generality that x°= (xg;x)” 2
f 1;+1g"*!, which leadsto a problem of dimensionn + 1 that is equivalert
to (2.1).* Hence,with slight abuseof notation, we will considerthe following
homogeneousombinatorial optimization problem in this section:

z = min X Lx
X
st. x2f L+1g" (4.5)
cXx=

where we will only assumethat L is symmetric (note that this is more general
than the unsupervised partitioning problem (2.6), where L is required to be a
Laplacian matrix). The ndings then apply to all three problems presened in
Chapter 2, unlessit is stated otherwise by a special choice of the constraint
variablesc and . Since(4.5) can also be interpreted as seekinga constrained
minimum cut in a graph with (possibly negative) edge-veights de ned by L,

“For problems of type (2.1) with both d 6 0 and ¢ & 0, the homogenization is only valid if
the linear constraint is replaced by j¢” xj = j j, since switching the sign of the solution x may
result in ¢ x =
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this con rms the obsenation from Sections2.2 and 2.3 that both problemscan
be translated into graph cut problems.

The combinatorial optimization problem (4.5) is now solved approximately
in two steps: rst, the decision variables are lifted into a higher-dimensional
matrix space, where the corresponding problem is relaxed to a semide nite
programming problem by weakly incorporating the combinatorial constraints
on the variables (Section 4.2.1). This SDP problem can then be solved with
any of the techniques presened in Section 4.1.3. In the secondstep, an in-
teger solution is obtained from the relaxed solution by applying a randomized
rounding procedure(Section 4.2.3), which was rst suggestedn [66]. Moreover,
we alsoinvestigate the geometry and feasibility of the SDP relaxation (Section
4.2.2), and provide bounds on the quality of the solutions (Section 4.2.4).

4.2.1 Lagrangian Relaxation

In order to relax the discrete optimization problem (4.5), we pursue Lagrangian
relaxation [113. This fundamental technique not only allows some insights
into the relaxation processitself, but also yields strong bounds on the optimal
solution via Lagrangian duality, and is therefore often consideredas \b est”
relaxation approad [195. Moreover, we will seethat the resulting corvex
optimization problem correspondsto a direct semide nite relaxation of (4.5).
As a rst step, we expressthe integer constraints on the ertries of x by x? =

1, i = 1;:::;n, and replacethe linear constraint with the quadratic constraint
(cx)2 = 2. Note that this does not change the optimization problem: if
the squared constraint results in a solution x with ¢ x = , it can simply

be replaced by x, which yields the same objective value and satis es the
original linear constraint. Denoting the Lagrangian multiplier variables with

X
2

yix? 1)
i=1

X“Lx  yo (€ x)?

= x> L yecC Diag(y) x+ Z2yo+ €y:

Seweral other methods are possibleto model a linear constraint before it is
incorporated into the Lagrangian [81, 117; howewer, using a squaredrepresen-
tation simpli es the following analysisand is advantageousfrom the theoretical
[145 195 and the computational [81] point of view.
In terms of the corresponding minimax-problem, the Lagrangian relaxation
of (4.5) now becomes(cf. [113 and eq. (4.2)):
z maxminx® L yocd Diag(y) x+ 2yg+ €vy:
yoiy X
Sincex is unconstrained now, the inner minimization is nite-v aluedif and only
if L yocc D(y) is positive semide nite, in which casex = 0 is optimal.
Using this hidden semide nite constraint, we arrive at the relaxed problem:
Sq:= max Zyp+ €y
Yoy (4.6)
st. L vyocc Diag(y) O:
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The important point hereis that (4.6) is a semide nite program! In comparison
to the generaldual SDP formulation (4.3), wehavem = n+ 1, b= ( %;¢)”,

where ¢ 2 R" denotesthe i-th unit vector. Hence,the corresponding primal
semide nite program candirectly be obtained from the generalSDP formulation
(4.2):
Sp:=min L X
X 0
st. c© X = 2 (4.7)

diag(X) = e:

This nal relaxation (4.7) can also be derived asa direct semide nite relax-
ation of the original problem (4.5). To seethis, we rst rewrite the objective
function of (4.5) asx”Lx = Tr(Lxx~>) = L xx~ by exploiting the commuta-
tivit y of the trace. Using the quadratic represettation of the constraints, this
yields the following problem formulation, which is equivalent to (4.5):

Zz '=min L xx°
X

st. c@ xx~ = 2

diag(xx”) = e:

Note that the matrix xx~ is positive semide nite and hasrank one. Thus the
relaxation (4.7) consistsin replacing xx> by an arbitrary positive semide nite
matrix X 2 S, i.e. dropping the rank one condition. In fact, if we add the
constraint rank(X) = 1to (4.7), the problem becomesequivalert to the orig-
inal problem (4.5) [110, 78]. This already indicates the strength of the SDP
relaxation: by lifting the problem into the higher-dimensional spaceS?, the
integer constraint on the entries of x can be taken into accourt appropriately,
and \only" a rank-constraint needsto be relaxed. This fundamertal quality of
the lifting procedureto allow a simpler represenation of intricate constraints in
higher-dimensional spacesis also a well-known fact in other elds like pattern
recognition and statistical learning [35, 184, 43].

The Lagrangian relaxation approac providesthe opportunit y to derive even
stronger relaxations: adding redundant constraints to the original problem for-
mulation (4.5) may result in non-redundart conditions in the corresponding La-
grangian relaxation, which may lead to tighter bounds on the objective value.
One important example of such redundant constraints is given by the well-
known triangle inequalities which de ne the so-called metric polytope in S"

(cf. [80Q]): 0 1 1 0 0 1

1
X.
1 1 ) §
% 1 1 @XjkA + %
1 1 1 Xi
forall1 i< j <k n. Theseinequalities model the trivial obsenation that

for ead triple i; j; k of points either two or none of the connecting edgesin the
corresponding graph canbe cut, which translatesto the fact that not all pairwise
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Figure 4.2: The elliptop e Es containing the feasiblesolutions for the con-
vex problem relaxation (4.7) for n = 3. The subsetof feasible combinatorial
solutions only consists of the four vertices. To take into accourt the linear
constraint, this set additionally has to be intersected with the hyperplane
cC X = 2. This is illustrated for ¢ = e with = 0 (left), yielding a
tangential hyperplane,and for = 2 (right), respectively.

products Xj = XjXj;Xjk = XjXk, and Xj = XjXx canbe 1 simultaneously.
Including all triangle inequalities yields 4 3 additional constraints.

The inclusion of other redundant constraints has been suggested,like the
more general cligue inequalities [82], or quadratic constraints on the matrix
entries basedon the Hadamard product [195. Howewer, although adding such
constraints yields better relaxation bounds, it hasbeenshown that for instance
for the max-cut problem, the performance of the randomized rounding tech-
nigque (cf. Section 4.2.3) which gives the combinatorial solution does not im-
prove [97]. Sincepreliminary results from practice support this statemert for
our problem formulation (4.5), and as such constraints do not t exactly into
the SDP framework presered in Section4.1, we will not further considerthem
here.

4.2.2 Geometry and Feasibilit y

In order to illustrate how the semide nite relaxation (4.7) approximates the
combinatorial, non-convex problem (4.5), let us considerthe casen = 3. The
intersection of the convex set S with the hyperplanesde ned by diag(X) = e
yields the corvex set B, := fX 2 S!j diag(X) = eg, which is referred to as
the set of correlation matrices [72] or the elliptope [110. The structure of the
elliptop e has beenstudied extensiwely, seee.q.[44].

For n = 3, a matrix X 2 Ez hasthree unknowns due to symmetry, corre-
sponding to the upper (or lower) triangular part. The corresponding elliptope
Es (or rather its 3-dimensionalprojection) is showvn in Figure 4.2. It looks like
a polytope with four vertices (which correspond to the combinatorial solutions
of the unrelaxed problem) but with non-linear faces. The set of feasible so-
lutions for (4.7) is now obtained by additionally intersecting this set with the
hyperplanecc X = 2 (seeFigure 4.2), and thus may reduceto a single
point on the surface of the elliptope (e.g. in the casec= eand = 0). This
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also shaws that the original combinatorial problem (4.5) only has a feasible
solution if at least one of the verticesof the elliptop e E, lies on this hyperplane.
Nevertheless,as long as the hyperplane hits the elliptope, the solution X of
the relaxel problem can always be determined by numerically minimizing the
linear functional L X over the feasible set. The nearestvertex to X then
corresponds to a suboptimal solution of (4.5), or at least to a combinatorial
solution which closely approximates the linear constraint ¢ x =

This simple example already indicates that it is possiblethat no feasible
solution for the primal SDP relaxation (4.7) exists if the constraint variables
c or are choseninappropriately. Another example illustrates this situation

more clearly: for the casen = 2, the constraints in (4.7) yield X = Xiz X2
2 2 2
with X5 = ﬁ (assumingthat both ¢; and ¢, are positive). Additionally ,

since X is positive semide nite, 1 xj3» 1 hasto hold, which resultsin the
condition (c; ©)? 2 (c1+ )2 For examplefor = 0, this is only valid
for ¢c; = ¢; all other choicesof c make the primal SDP problem (4.7) infeasible.

Fortunately, it is possibleto exactly characterize the situations when the
primal problem (4.7) has a feasible solution. The following result is mainly
basedon a theorem given in [41]:

Theorem 4.4. The primal SDP problem (4.7) is feasiblefor c2 R"; 2 R if
and only if the vector := © is balanced, i.e.
X
I53 j§j foralli=1;:::;n+1:
jsi

Proof. Considerthe following result from [41], which is stated in a more corve-
nient way in [111]: for a given vector 62 R"*! | there exists a matrix X 2 E,+1
with X'e= 0 if and only if eis balanced. Using this result, it remainsto shov
that the primal SDP problem (4.7) is feasibleif and only if a matrix X 2 E,+1
with X'e= 0 exists.

The proof is basedon the decomposition

X z
X”:>1

. (4.8)

with z 2 R", which directly givesthe equivalenceof diag(X) = eanddiag(X) =
e. Substituting (4.8) into X'e= 0 yields

Xc= z
z7c=
Multiplication of the rst equation with ¢ results in ¢ X ¢ = cz= 2

via the secondequation. Thus requiring X'e= 0 is equivalent to the constraint
cc X = cXc= Z2inthe primal problem (4.7) in combination with choosing
Z to satisfy X c = Z.

Finally, it remains to prove the equivalence of X 0 and X 0. To
this end, we use the Schur complemern (see Theorem A.8) of X', which gives
X 0, X zz2 0. Weimmediately seethat the last statemert yields
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X 27> 0, since the rank one matrix zz> is always positive semide nite

(seeLemma A.9). For the other implication, obsene that for eath v 2 R"

V(X zZ7)v=Vv XV (V7 2)?

= Vv’ Xv L (v Xo0)?

by assuming 6 0 and substituting z = 1Xc (seeabove). As X 0

(assumption), we can apply the general Cauchy-Schwarz inequality jv> X ¢j?
(v> X Vv)(c Xc) (seeTheorem A.10) to obtain

V(X zz7)v vV Xv (v Xv)(c X0
= Vv’ Xv L(vVXv) 2=0;
>

which shows the desired positive semide nitenessof X  zz”.
For = 0, setting z = 0 yields the equivalencesdirectly. O

Due to this result, we will only investigate examplesin the following sections
where the combination of the constraint variablesc and is balancedas stated
in Theorem4.4. In this case,the corresponding semide nite relaxation is known
to be\w ell-behaved" accordingto the strong duality Theorem 4.2, sincebesides
the guararteedfeasibility of the primal problem (4.7), a strictly interior point for
the dual problem (4.6) can always be found by settingyo = Oandy = e with

large enough. Hence, an optimal primal solution X of the SDP relaxation
(4.7) exists which yields no duality gap:

Sy Sg=L X Sq=0:

p

In cortrast to this, note that the optimum for the dual SDP problem (4.6)
may not be attained (i.e. no feasible 3;;’ for (4.6) yields the optimal objective
value sy) if no strictly interior point for the primal problem exists| a casethat
occurs for instancefor = 0;c 6 0, sincethis requiresthe smallest eigervalue
of X to be zero. Howeer, this is not relevant for the optimization problems
consideredin this thesis, sincewe only needthe optimal primal solution X to
approximate the combinatorial solution of (4.5).

To compute this optimal solution X , any of the SDP algorithms sketched
in Section4.1.3 can be used. Yet, as the primal problem may have no strictly
interior point in somecasesjnterior point methods basedon the primal problem
are often ineligible. Due to this obsenation, we resorted to SDP solvers in
practice which either do not use interior point methods [108, or which are
basedonly on the dual problem, like the dual-scaling algorithm of Benson et
al. [12). The latter algorithm alsois especially suited for large-scaleproblems,
and capableto exploit the sparsity structure which is encourtered in some of
the relaxations of the combinatorial problems investigated here.

4.2.3 Randomized Appro ximation

Once the solution matrix X of the primal SDP problem (4.7) has beencom-
puted, we wish to nd a corresponding conbinatorial solution x to the original
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problem (4.5). For this purpose,we usethe randomizal hyperplane technique
proposedby Goemansand Williamson [66] for the max-cut problem. To de-
scribe this method, the following geometricinterpretation of the SDP relaxation
(4.7) is more cornveniert:

Since eadh feasible matrix X is positive semide nite, it can be factorized
into X = VV> with V 2 R" ", using e.g. the Cholesky decomposition (cf.

cc (VV>) = Tr(cVV>c) = kV> ck?. Exploiting the permutation property
for the argumerts of the trace also for the objective function, the primal SDP
relaxation (4.7) is equivalert to the problem

min  Tr(V’LV)
V2Rn "

st. kvV>cki= 2 (4.9)

asthe matrix VV~ is always positive semide nite.

In comparisonto the original combinatorial problem (4.5), the relaxation
step may thus be interpreted as assaiating the binary variablesx; 2 f 1;+1g
with vectorsv; 2 R" from the unit spherein a high-dimensional space. Ac-
cordingly, ead matrix ertry (xx”);j = XjX; is replaced by the matrix entry
Xij = v{v; which represeits the cosineof the angle betweenthe vectorsv; and
v;. Minimizing the objective function then correspondsto nding an embed-
ding of the points on the unit spheresuch that for large positive matrix ertries
L the corresponding points i 6 j are placed far apart. Using this interpreta-
tion, it is easyto seethat the above problem becomesequivalent to the original
combinatorial problem (4.5) if we furthermore demand that jv;" v;j = 1 for all
i;j = 1;:::;n[195.

Basedon the factorization X = VV~ of the optimal solution of the SDP
relaxation (4.7), the idea of the randomized hyperplane algorithm is straight-
forward: randomly selecta hyperplanethrough the origin, and group all points
v; on the sameside of this hyperplane together, thus partitioning the points
into two sets. In mathematical terms, this is achieved by represeting the hy-
perplane by its normal vector r from the unit sphere,krk = 1, and setting ead
entry of the binary vector x to

+1 forvyr 0

xi = sgnvr) = 1forvir<2o0 :

For the max-cut problem with positive edgeweights, Goemansand Williamson
[66] prove that this randomized hyperplanetechnique yields a high approxima-
tion ratio (in terms of the expected objective value). In the next section, we
will show how their result can be extendedto yield performanceboundsfor the
more general problem formulation (4.5). To obtain good results in practice,
the randomized rounding step is repeated seweral times for dierent random
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Figure 4.3: Performance of the randomized hyp erplane technique.
For a reconstruction problem consideredin Section 4.4.1, the solution of the
SDP relaxation is rounded to an integer solution with 500 di erent hyper-
planes. The histogram comprisesthe corresponding objective values: while
the mean objective value Zsg, hasa relative error about 21%in comparisonto
the optimal solution z of the combinatorial problem, the bestinteger solution
found in this way results in a relative error of only 1:2%. The objective value
of the SDP relaxation yields a lower bound s, of about 86:5% of the optimal
objective value.

vectorsr. The nal binary solution Xsqp is then selectedas the one that yields
the minimum value for the original objective function x” Lx .

An alternativ e rounding procedurewhich yields the sameresult in terms of
its expectedobjective valueis given by Bertsimasand Ye[15]: they interpret the
solution X ascovariancematrix of a multiv ariate normal distribution N (0; X )
with mean0. Generating a vector z from this distribution, a binary vector x is
then obtained by directly setting x; = sgn(z;) for ead i.

Note that since these randomized rounding techniques do not take into
accourt the linear constraint ¢>x = , the resulting binary solution Xgqp is
not necessarilyfeasiblefor the original problem (4.5) | this is only guaranteed
forc= 0, = 0. In fact, the corresponding objective value zsgp = Xg4pLX sdp
may be even smaller than the optimal value s, of the semide nite relaxation
(4.7). For this reason, di erent modi cations of the randomized hyperplane
technique have been proposedin the literature [55, 209 201] which are able
to nd feasible solutions for bisection problems (i.e. ¢ = e; = 0) with a
guararteed performanceratio. This is achieved e.g.by greedily swapping certain
points from the larger to the smaller part [55], or rearranging the vectorsv; on
the sphereby outward rotations prior to the randomized rounding procedure
[209 201]. A generalframework for sudh approximation algorithms is given in
[76].

Howewer, we stick to the original randomized hyperplane techniqgue even
when a linear constraint is preserni. The main reasonfor this decisionis that
for the applications investigated in this work, it is usually not mandatory to
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nd an exactly feasible solution: all we demand is that the nal solution is
balanced reasonably Hence,the balancing constraint ¢>x = in (4.5) rather
senesas a strong bias to guide the seard to a meaningful solution than asa
strict requiremert. For this reason,we can apply the SDP relaxation even in
caseswhere no feasiblecombinatorial solution exists (seeSection 4.4).

Finally, Figure 4.3 indicates the performanceof the randomized hyperplane
technique in practice. For a special reconstruction problem consideredin Sec-
tion 4.4.1 (cf. Figure 4.5), the solution of the corresponding SDP relaxation is
computed and rounded with 500 di erent hyperplanes. The frequency of the
objective valuesobtained in this way is depicted by the histogram in Figure 4.3:
while most solutions are within 20% of the optimal solution z , the best ob-
jective value zsq, found by randomized rounding has a relative error of merely
1:2%. This shows that in practice, it is su cient to compute only a limited
number of randomized hyperplanes (cf. [131]). In general, we will apply the
rounding proceduren times in our experiments in orderto nd the nal binary
solution Xsgp 2 f 1;+19".

4.2.4 Performance Bounds

If no balancing constraint is given (i.,e. c= 0; = 0) | asfor the perceptual
grouping (Section 2.2) and the restoration problem (Section 2.3) | the com-
binatorial solution Xsq, Obtained with the randomized hyperplane technique is
feasible. In this case,it makes senseto compare the corresponding objective
value zgqp = xgdpLx sdp With the objective value sp=L X of the SDP relax-
ation (4.7) and the objective value z := x~ Lx of the optimal combinatorial
solution x . Note that the following relations betweenthese values are always
valid:

S, Z Zsp E[z];

p

where E[z] denotesthe expected objective value produced by the randomized
hyperplane technique.® Basedon the results of Goemansand Williamson [66],
we obtain the following suboptimality bound on E[z]:

Theorem 4.5. The expected value E[z] of the objective function z = x> Lx for
a combinatorial solution x calculated with the randomizeal hyperplane technique
is boundad by X

Elz] sp+ (@ ) jLji;
]
where

= min ——— 0:87856:
0 1 cos

a factor of the optimal solution X = V'V~ of the SDP relaxation (4.7). Then

5In contrast to this, note that if a balancing constraint is presert (i.e. ¢ 6 0), the com-
binatorial solution xsg¢p Obtained by randomized approximation may yield an objective value
Zsdp  Sp, SiNCe Xsgp IS Not required to satisfy the balancing constraint.
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for the combinatorial solution x obtained with the hyperplane represenied by
the normal vector r, we have:
X X
z= Lij Xixj = Lij sgn(v; r)sgn(r) :
i i
The following propositions are easyto prove:

Prlsgn(v; r) & sgn(v; r)] = L arccogv; v)) [66, Lemma 3.2],
accos) 1 (1 tyfor 1 t 1[66 Lemma3.4],

1 arccos(t) I @+tyfor 1 t 1[66 Lemma3.2.2].

Using thesefacts and the linearity of the expectation, we deduce

X
E[z]=  LjE[sgn(v; r)sgn(y; r)]
)i<;j
= Lij Pr[sgn(v;r) = sgn(r)] Pr[sgn(v; r) 6 sgn; r)]
>EJ'
= Lj 1 2Pr[sgn(vi'r) 6 sgn( r)]
i
X X 2
= Lij Lij —arccoivf Vj)
2oy X >
Lij Lij (1 Vi Vj) Lij 2 a+ Vi Vj)
i Lj >0 Lij O
X X x U ox
= Livivi+  Lj JLijj+ 2 JLij |
. . . Lo
=sp+(@ ) jLyj;
i5j
which is the desiredresult. O

Note that in cortrast to the result given in [66] for the max-cutFprobIem,
the bound in Theorem 4.5 cortains the problem-dependert constart ~ ;; jLjj j.
Howewer, sincewe do not imposeany restrictions on the entries of L, it is not
possibleto derive a more generalbound in this form.

A di erent, weaker relative bound (for maximization problems)is preseried
by Nesteror [131], who extends the results of Goemans and Williamson to
general problem matrices L that are allowed to contain positive and negative
entries. Reformulating his results for minimization problems of the form (4.5)
(without the balancing constraint) yields the following theorem:

Theorem 4.6. Letz and z,,, denotethe minimum and the maximum value,
respectively, of the objective function z = x” Lx subject to the integer constraint
x 2 f 1;+1g". Using the randomizal hyperplane technique basal on the SDP
relaxation (4.7), we obtain for the expected objective value E[z]:

E[Z]iz _ 1< ﬂ. :
z z 2 7

max
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Proof. The result canbederiveddirectly from the corresponding resultsin [131]]
or [200. For completenesswe include the main part of the proof here. We need
the following propositions (which are easyto prove):

arccogt) + arcsin(t) = » for jtj 1.

The dual of the semide nite relaxation of the problemto nd zg,, is

. xXo
Smax = m”?] Yi
yrR" (4.10)
sit. Diag(y) L O:
Let X 0 with X 1 for all i. Then arcsinX X 0, where

(arcsinX); = arcsinXj is taken elemert-wise [131, Corollary 3.2]. Using
Fejer's Theorem (cf. TheoremA.5), this directly yieldsA arcsinX A X
forall A 0.

Let X denote the optimal solution of the primal SDP relaxation (4.7), and
de ne y 2 R" to be a feasiblesolution of (4.10). Then we can deduce,starting
with a fact from the proof of Theorem 4.5:

X 2

Elz] = Lj 1 —arccosXj
i
X 2

= Lj —arcsinXj

isj

= E(Diag(y) L) arcsinX +gDiag(y) arcsinX

2 2 X
—(Diag(y) L) X +— 3V
i
2 2X X
=-L X = ¥+t
i i
2 2 X
=—s,+ 1 - Yi:

i
Sincethis is valid for every feasibley, it especially holds for the optimal solution
y of (4.10), and we can conclude

2 E[ 25+ (1 Sy

Analogously, we get

2 2 .
=Smax + (1 _)Sp Zmax -

Combining thesetwo equations, it follows that
E[Z] gsp+ (1 g) 7 Zmax (7 1)Sp
= (E 1)zZpax + (2 E)Sp
(E 1)Zmax + (2 E)Z ;

which yields the desiredresult by direct transformation. O
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Unfortunately, this bound is quite weak: the expected objective value E [z]
can only be guaranteed to lie within the best ‘7‘ of the total range of possible
objective valuesz,,,, z (which in addition dependson the problem instance).
In practice, however, we do not seekE [z] but the best possiblevalue zsq, of the
objective function by applying the randomized hyperplane technique seweral
times. As we will conrm in Section4.4.1,this resultsin a much better perfor-
mance than is indicated by the bounds preseried above (also cf. Figure 4.3).
Moreover, note that for most alternative optimization approaces applicable
to the general problem classconsideredhere, performance bounds are lacking
completely.

4.3 Relation to Spectral Relaxation

In this section we will compare the corvex relaxation approad with spectral
relaxation approades. Besidespreseriing a general formulation of the SDP
relaxation as an eigervalue optimization problem, we will show that for unsu-
pervised partitioning problems, the SDP relaxation approad always compares
favorably with the computation of the Fiedler vector (cf. Section 3.1.3).

4.3.1 Spectral Formulation of the SDP Relaxation

The ideato reformulate the semide nite relaxation of a combinatorial problem
as an eigervalue optimization problem dates badk to Delorme and Poljak [42],
who examinethe max-cut problem in this way. In this section, we extend their
ideato the SDP relaxation of the more generalconmbinatorial problem (4.5).
Starting with the dual problem formulation (4.6), we rst parameterizey
asy= e v, wheree’v = 0. Then the positive semide niteness constraint

0 L yocc Diag(y) =L yocc + Diag(v) | isequivalert to min(L
yocC + Diag(v)) , sincethe subtraction of | reducesead eigervalue of a
matrix by . This leadsto the following spectral represetiation of (4.6):

- 2 >

Sq = max Yot €Yy
L yocc Diag(y) O
= max 2yo+ n
yo; ;e 7 v=0

min (L YOCC> +Diag( V))

max 2yo+ N mn L YyocC + Diag(v)
Yo;e” v=0

max N mn L yo(c€ —1)+ Diag(v) : (4.11)

Yo;e> v=0

Next, we want to comparethe spectral bound (4.11) with another spectral
bound which is derived by a di erent relaxation of the original problem (4.5).
The basic idea is to add the redundant constraint x>x = n, but to perform
Lagrangian relaxation only on the integer constraints x? = 1 (cf. Section4.2.1),
which results in

Z zZgg:=max min x” L Diag(y) x+ €’ y:

Yy ¢ x=
X> X=n
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Substituting y = e v asabove, we obtain

Zgg = max min x> L+ Diag(v) | x+ n €v
e v=0 ¢ x=
X>x=n
= max min x~ L + Diag(v) x
e v=0 ¢’ x=
X~ X=n
= max n min x> L+ Diag(v) x; (4.12)

e” v=0 c> xX= =

X~ x=1

wheretBe last equation follows (with slight abuseof notation) by substituting
x with © nx. For the special case = 0, we can reformulate this relaxation as
an eigervalue bound by projecting onto the orthogonal complemen ¢’ of c:

Zsro = Maxn mn V~ L+ Diag(v) V ; (4.13)

e” v=0

whereV 2 R" (" 1 corntains an orthonormal basisof ¢ ascolumns,i.e.V>c=
0,V>V =1.
This spectral bound is a straightforward generalization of the constart con-
straint vector case(c = €), for which it was rst provided by Boppana[19] (with
= 0) and Rendl and Wolkowicz [153 (in the form (4.12), for general 6 0),
independenly. For this special caseof ¢ = e, Poljak and Rendl [144] show
the equivalenceof the relaxation (4.12) and the semide nite relaxation (4.11)
by investigating generalgraph bisection problems, i.e. for L being a Laplacian
matrix. The following theorem extendsthis result to the more general caseof
arbitrary problem matrices L 2 S" and balancing constraint vectorsc 6 e:

Theorem 4.7. Assume that the primal SDP relaxation is feasible (see The-
orem 4.4). Then the dual SDP relaxation (4.6) resp. (4.11) yields the same
lower bound on the optimal solution of the combinatorial problem (4.5) as the
(spectral) relaxation (4.12) (or (4.13) for = 0):

Sq = Zsr = Zgro for =0

Proof. We mainly follow the argumertation of Ye and Zhang [20Z, who re-
certly proved a similar result for the minimization of a homogeneousjuadratic
function subject to two homogeneousjuadratic constraints. First, for easeof
notation, we de ne L(v) = L + Diag(v). Considerthe following subproblem of
(4.12) for xed v 2 R" (due to symmetry, we can replacethe linear constraint
cx = with the quadratic constraint (¢>x)2=2):

Zsr (V) = xr121iRnn X~ L(V)x

st. x>cx= 2 (4.14)

XIx=n:
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Using Lagrangian relaxation, we obtain the following primal-dual pair of semi-
de nite programs:

— mi — 2
Sp(V) = )rplrg) L(v) X Sq(Vv) = 52%)1( Yo+ ny;
st. ¢ X = ? st. Z=1L(v) vyocC yil
I X=n Z O: (4.15)

Note that the dual of this relaxation correspondsto (4.11), if the maximization
over v is included (and y; is substituted by ). We now considertwo cases:
Case 6 0 (unbalanced partitioning). Obsene that for (4.15), both the
primal optimal solution (as the dual is strictly feasible) and the dual optimal
solution are attained: for the dual, this is a consequenceof the fact that the
objective function sq(V;yo) := 2yo+ n min(L(V) YocC) is cortinuousin yg
and may reac values larggy than sy(v;0) = n min(L(y¥)) only on a bounded

min ) - N( max

interval, namely for yo 2~ Nlmac e mo) with  min @nd  max
denoting the smallestand largest eigervalue of L (v), respectively. This is easily

seenby considering the Rayleigh quotient * (L("X)> zoc‘? > for x = ¢ (upper

bound) and x = v with v ¢c= 0 (lower bound) (cf. [144, Lemma 2.5]).
Therefore, a pair of complemenary optimal solutions X and (yg;y,;Z )

with zeroduality gap existsfor (4.15). We now apply the following proposition,

which is provenin [177, 202:

Assumethat the positive semide nite matrix X 2 S} hasrank r,
and let G 2 S" be a symmetric matrix with G X = 0. Then X
can be decomposedinto rank-one matrices x;x; suc that

X
X = xx5

i=1

and x7 Gx; = Oforall i = 1;:::;r.
Sincein our case,the constraints of the primal relaxation yield G X = 0
with G = 4cc 21, we have x7 (e 21)x; = Oforall i = 1;:::;r.
Asl X =, x7Ix; = n (secondconstraint of the primad relaxation), there
existsanxj, 1 j r,with x”x; =0 > 0. Setting x := = Tx; then yields a

feasiblesolution x x> of rank one for the primal relaxation. In order to show
that this solution is alsooptimal, rst obsere that dueto Fejer's Theorem (cf.
Theorem A5), wegetZ x;x7 Oforalli= 1;:::;r. Using the linearity of
the trace and the complemenary slaknessof Z and X (cf. [196]), this results
in

n n
0 Zxx> =-Z xjxj> -Z X =0;

which shows that the complemerary sladkness condition is also satis ed for
X X~ . Hence,the relaxation is exact, i.e. x is optimal for (4.14), and maxi-
mization over € v = 0 yields the desiredresult.

Case = 0 (equipartitioning). In this case,we may assumewithout loss of
generality that the dual optimal solution of (4.15) is not attained | otherwise,
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we can usea similar argumertation asfor the case 6 0 to prove the theorem
(by setting G = cc). Due to the feasibility of the SDP relaxation (4.6), the
optimal objective value sy(v) of the dual is nite. Since the dual objective
function is cortinuous in yo, this meansthat s,(v) can only be approaded
for jyoj approaciing innit y. In this case,the inner minimization in the dual
objective function will only be nite if ¢>x becomesD:

Sg(V) = Nmax min L (V) yocC
0

n lim min x>L(V)x yo(c x)?
yo!l kxk=1

n min x> L(V)X = Zep(V):
min X LX = Zsp(¥)
¢ x=0

Maximizing over € v = 0 completesthe proof. O

4.3.2 Comparison with Spectral Relaxation Techniques

In this section, we comparethe SDP relaxation approac with the spectral re-
laxation techniquespreseried for unsupervisedpartitioning tasksin Section3.1.
To this end, rst take a closerlook at the following weaker spectral relaxation
of (4.5) for the specialcase = O:

H >
z = min X~ Lx
SR2 CORD

st. x>x=n (4.16)

i.e. the combinatorial constraint x 2 f 1;+1g" is directly relaxedto kxk? = n.
For this relaxation, the following lemma holds:

Lemma 4.8. LetV 2 R" (" 1 denotethe matrix which contains an orthonor-
mal basis of ¢’ (cf. last section). Then

Zsp2 = N min(V7LV) ; (4.17)

and the solution of (4.16) is givenbyx = P nVwp, where wy is the eigenvetor
of norm one correspnding to the smallest eigenvalueof V> LV .

Proof. De ne the orthonormal matrix P := @;V 2 R" " andlet w :=

pl—ﬁv> x. Then we have
!
c X
p>x= & = p2 .
V> x nw -’

which give%( = PP>x = pﬁVW. This results in x>x = nw>V>Vw = nw”w

and ¢ x = = ncVw = 0, and substitution into (4.16) yields
Zgrpy = Min X“Lx = min nw”V LVw=n min(V'LV):
X~ X=n w”> w=1
¢ x=0

The optimal solution is thus given by H1e eigervector wp corresponding to
min (V> LV ), which directly yieldsx =" nVwp. O
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For unsupervisedpartitioning tasks,the problem matrix L isthe Lagrangian
matrix of a graph. In this case,we immediately seethat the spectral relaxation
(4.16) correspondsto the computation of the Fiedler vector, if the equipartition
constraint vector c = e is used(cf. Section3.1.3): ase is the eigervector corre-
sponding to the smallest eigervalue (L) = O, the solution of (4.16) becomes
Zsgo = N 2(L). Comparing the results of Lemma 4.8 and Theorem 4.7 now di-
rectly revealsthat (4.17) is a special case(for v = 0) of (4.13). This implies the
following lemma, which shaws the superiority of the SDP relaxation approad
for the unsupervisedequipartition problem:

Lemma 4.9. For the unsugervised equipartition problem (2.5), the SDP re-
laxation (4.7) yields a better lower bound on the optimal objective value than
spectral relaxation baseal on the Fiedler vector (3.13):

Zsr2 Zsr = Sg-

Apart from this fact of being lesstight concerningthe value of the objective
function, the spectral relaxation approad has another disadvantage: to obtain
the corresponding combinatorial solution x of (2.6), the solution x of (4.16) has
to be thresholded suitably (seeSection3.1.2). Howewer, the appropriate choice
of the splitting value is not obvious and can be time consuming (if all possible
splitting points are tested); actually, aswe will seein the next section, an unsu-
pervised choice of the threshold value may fail completely. In cortrast to this,
the SDP relaxation usesa randomizal algorithm to compute the combinatorial
solution, which doesnot depend on a critical parameter setting and even allows
the derivation of probabilistic performancebounds (cf. Section4.2.4).

On the other hand, the computational e ort for solving the spectral relax-
ation with the Fiedler vector is smaller than for solving the SDP relaxation,
as the solution is an n-dimensional vector opposedto an n  n-dimensional
matrix. This fact permits handling larger problem instanceswith the spectral
relaxation approad.

Finally, note that a direct comparisonof the SDP relaxation with spectral
relaxation basedon the normalized cut criterion (seeSection3.1.4) is not ade-
guate, sincethe normalized cut approact employs a di erent, i.e. normalized,
objective function. Applying Lagrangianrelaxation to the normalized cut crite-
rion directly, howewer, is to no avail either: asin the problem formulation (3.8),
the binary constraint on the ertries of x 2 f  ;1g" dependson the prelimi-
narily unknown variable , it cannot beincluded in the relaxation (in conrast
to the ( 1;+1)-constraint in (4.5)). Yetif it is dropped completely, the result-
ing SDP relaxation yields the sameoptimum asthe computation of the second
smallest eigervalue of the normalized Laplacian matrix L%= D 2LD 2. This
can be seenby using the sameargumertation asin the proof of Theorem 4.7,
or by direct investigation of the eigervalues of the involved matrices: rst note
that the normalized cut criterion (3.16) can be reformulated as

LY = min x L%
2(L9 min X

sit. x'x=1
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whered := Dze. It is easyto verify that Lagrangian relaxation of this problem
results in the dual SDP

max min (LY yodd™) :
0

Using the eigervalue decomposition L° = i iViv7 (cf. Theorem A.1) with
1 = 0andv; = d denoting the smallesteigervalue of L °and the corresponding
eigervector, we seethat

0 Lo > >
L® yodd™ = ivivi + (1 Yo)dd
i=2

value of L® yodd™ over yp in the SDP relaxation alsoresultsin  (L9.

4.4 Exp erimen tal Results

In this section, we investigate the performanceof the SDP relaxation approact
experimentally. We start with reporting statistical results for ground-truth
experimens based on restoration problems for noisy one-dimensionalsignals
(Section 4.4.1). The application of the SDP relaxation method to di erent real
scenesfrom all problem typesthat were presenied in Chapter 2 is the topic
of Sections4.4.3{4.4.5. Furthermore, we give a brief discussionof similarity
measuresin Section4.4.2,and study the computational complexity of the SDP
relaxation in practice in Section 4.4.6.

4.4.1 Ground-T ruth Exp eriments

In order to be able to analyze the performanceof the SDP relaxation method
described in Section 4.2 on a statistical basis, the approximation obtained for
the problem under consideration needsto be comparedwith the corresponding
global optimum (the ground-truth data) of the original functional (4.5). To
this end, we investigate the restoration of noisy one-dimensionalsignals based
on the functional (2.11), asin this casethe global optimum can be easily and
quickly computed e.g. by using dynamic programming (or any other of the
methods mertioned at the end of Section 2.3). Moreover, we can also compare
the reconstructionswith the \true" original signal, which yields valuable results
concerningthe signi cance of the restoration functional and the quality of the
approximativ e solutions.

Our experimerts are basedon the one-dimensionalsynthetic signal x° de-
picted in Figure 4.4 which involves transitions at multiple spatial scales. This
signalis superimposedwith Gaussianwhite noisewith zeromeanand a standard
deviation of = 1.0, resulting in noisy signalsg like the one shavn in Figure
4.5,top. Using the restoration functional (2.11) with ead signal elemer being
connectedonly to its two neighbors, we compute the conmbinatorial solution X sqp
from the corresponding SDP relaxation (4.7), and compareit with the global
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Figure 4.4: A one-dimensional signal x° comprising multiple spatial

scales.
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Figure 4.5: A represen tativ e example illustrating the statistics shown in
Figure 4.6. Note that the SDP reconstruction di ers from the optimal solution
only in the rst two elemers of the signal.

optimum x of (2.11) and the original signal x°, respectively. A represetativ e
example of sudch a restoration is given in Figure 4.5, bottom.

For varying values of the parameter cortrolling the desired smoothness,
this experiment is repeated 1000times with di erent noisy inputs in order to
derive somesigni cant statistics. Basedon the results, we then calculate the
following quartities for ead -value:

~z: the sample mean of the relative gap z = =%~ with respect to the
objective function valuesof the suboptimal solution xsq, and the optimal
solution x .

2. the sample standard deviation of the gap z.

~ 2% the samplemean of the relative gap z°= jZS“'; XZ(XO)j with respect to the

objective function valuesof the suboptimal solution Xsqp and the synthetic
original signal x°.

;0. the samplestandard deviation of the gap z°
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Figure 4.6: Statistics for the ground-truth  experiment. For dierent
values of the scaleparameter , the gure shows the averagerelative errors
~ z (comparison to the optimal solutions x ) and z9 (comparison to the
original signalx9 in the objective function for the solutions xsgp, Obtained from
the SDP relaxation. Also depicted is the averagerelative Hamming distance
(percertage of misclassi ed elemeris) betweenthe suboptimal solutions Xsqp
and the optimal solutions x . Note that for > 2, the relative error is smaller
than 3% for all measures.

Moreover, we also calculate the sample mean of the percenage of misclassi ed
elemernts in Xsqp in comparisonwith the optimal solution x (relative Hamming
distance).

The results are depicted in Figure 4.6. They reveal the accuracy of the
suboptimal solutions obtained with the SDP relaxation: in comparisonto the
optimal solutions, both the average percertage of misclassi ed elemens and
the averagerelative error ~ z of the objective function are below 2%, with the
corresponding standard deviation ranging between0:12% 2 1:33%. This
result is con rmed by the examplein Figure 4.5, for which the optimal solution
and the SDP solution only di er in two elemerts. This shows that in practice,
the performanceof the SDP relaxation approac can be much better than the
bounds presened in Section4.2.4.

Concerning the restoration of the original signal x° the quality of the SDP
solutions also is remarkably good, at least for scaleparameter values 2:in
this case,the averagerelative error  z9 of the objective function is below 3%,
with the corresponding standard deviation ranging between 1:95% 20
2:69% (cf. Figure 4.6). The high error rates for < 2 are causedby the
dominating larger spatial scalesin the signalx®, which are not takeninto accourt
correctly by the restoration functional (2.11) for small -values. Moreover, note
that x%in generaldoesnot coincidewith the bestsolution x of this functional,
which is revealed by the fact that the corresponding error rates are higher:
~z0> z. This is mainly due to the dierent spatial scalesthat occur in
x% which cannot be covered completely by a single scale parameter . This
indicates that more appropriate criteria should be used for the restoration of
sud signals, e.g. by incorporating suitable priors with respect to x° (cf. [20]).
Howewer, the derivation of such criteria is not the objective of this thesis.
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4.4.2 Similarit y Measures

Before we present the results of the SDP relaxation approad for real world
images, we have to spend a few words on the derivation of suitable similar-
ity measuresfor the unsupervised partitioning task presered in Section 2.1.
Recall that the objective in unsupervised partitioning is to split a graph with
someextracted image featuresas verticesinto two coherent groups. Hence, the
results depend on the edge-veights wjj which encade the similarities between
two extracted image featuresi and j . In this work, we only considersimilarities
that are derived from distancesd(i; j) betweenthe image featuresas

where the normalization parameter is chosenapplication dependen (usually
between5% and 30% of the maximal distance; cf. Section3.1.6). Note that suc
an exponertial deca of the similarity valueswith somepower of the distance
measureis in accordancewith results from psycophysical studies [166.

Concerning the distance measured(i; j), we use two dierent calculation
methods in this section:

() Compute d(i; j) for eadh feature pair (i; j) directly, e.g. by using the Eu-
clidean distancein the feature space. Sincefor images,we do not include
the location of the points as additional feature, this measuredoesnot in-
corporate information on the underlying spatial neighborhood structure
of the data.

(i) Compute d(i; j) only for spatially neighboring points, and derive the other
distancesbetweenthe points by calculating the shortest paths connecting
them. This resultsin a similarity measurewhich favors spatially coheren
structures (also cf. [52]).6

Since both methods result in completely connectedgraphs, the corresponding
similarity matrices are dense.

As a motivation for the secondmethod, considerFigure 4.7, which shows a
set of points arrangedin two spirally shaped regions. It was critically obsened
in [62] that spectral methods basedon Euclidean distancesfail to partition suc
\skewed" coherert groups. In fact, a direct pairwise comparisonasin method
(i) will always nd points from the other group at a smaller distance than most
of the points from the same group. This is illustrated by Figure 4.7, right:
in the Delaunay graph corresponding to this point set, the shortest Euclidean
path betweentwo points of the samegroup traversesthe other group. Howewer,
this also shaws that the spatial context introduced by the Delaunay graph is
not appropriate for a successfulapplication of the secondmethod. The main
problem in this situation is that both the neighborhood structure and the edge

6An alternativ e modi cation to include spatial information is to additionally usea cut-o
radius, i.e. to set the distance to innit y if two points are spatially too far apart (cf. [168]).
In the extreme case, this corresponds to de ning edgesonly between points that are direct
neighbors. However, we do not useany cut-o radius in this section.
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Figure 4.7 A skewed data distribution  with two spiral-shap ed
groups. The right gure shows that within the corresponding Delaunay

graph, the shortest Euclidean path between two points
may traversethe other group.

of the same group
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Figure 4.8: Left: Levellinesof a Parzenestimate of the
Figure 4.7. This attribute yields a more appropriate desc
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data distribution in
ription of the spatial

cortext. Righ t: Visualization of the corresponding weighted-path distances
(method (ii)), obtained by applying a metric scaling technique and projecting
on the rst two principal componerts: the two spiral-shaped groups, depicted

by crossesand rings, now form more compact clusters.

weights are basedon the samesource,namely the Euclid
the points. Typically, attributes diering from locatio

ean distancesbetween
n (like color, texture,

etc.) are usedto de ne the pairwise distances. If this is the case,method (ii)
provides a simple technique to appropriately exploit spatial coherency: calcu-
lating weighted paths asthe distance measurebasedon the given neighborhood

structure results in shorter distanceswithin a spatially

connectedgroup, and

in longer paths betweenweakly connectedpoints (cf. [52)).
For the example shovn in Figure 4.7, we simulate such an additional at-

tribute by a Parzen density estimate [58] of the spatial
Figure 4.8, left). The distances between neighboring p

data distribution (see
oints in the Delaunay

graph are then obtained by estimating the energy which is neededto join the
points along their direct connection. In this way, the given spatial neighbor-
hood structure is represertied by the distancesmore appropriately. The e ect
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Figure 4.9: Weighted shortest paths based on the Parzen estimate.
Compared to the Euclidean distance (Figure 4.7, right), within-group paths
have becomeshorter (left), but may still be outperformed by paths traversing
the other group (right).

of applying method (ii) is visualized in Figure 4.8, right. approximating the
resulting weighted path distanceswith Euclidean distanceswithin 2D-spaceby
using a classicalmetric scaling technique [37], it shaws that the points within
ead spiral-shaped group (depicted by crossesand rings, respectively) have be-
comemore similar to ead other. Accordingly, the partition task is now better
de ned, yet without becomingtrivial: whereasweighted paths within a group
have beenshortened, the shortest paths betweentwo points of the samegroup
may still traversethe other group (seeFigure 4.9).

Finally, we note that numerous other (dis)similarity measuresfor di erent
computer vision tasks have beenproposedin the literature, seee.g.[149 15€.
Howewer, since the focus of this thesis is on studying the results of the SDP
relaxation approac from an optimization point of view, we did not work on
more elaborate computations of the similarity measures.

4.4.3 Binary Unsup ervised Partitioning

In this section, we present numerous results obtained by applying the SDP
relaxation approad to arti cial and real world unsupervisedpartitioning prob-
lems (cf. Section2.1), and comparethem to the corresponding results obtained
with spectral relaxation. To this end, we decided to utilize the average cut
criterion basedon the Fiedler vector (seeSection 3.1.3), sinceit resenbles the
SDP relaxation approad most (cf. Section 4.3.2). Howewer, the experiments
reveal that the best averagecut threshold may result in very unbalancedparti-
tionings for similarity valuesobtained with method (ii); in this case,we revert
to the median threshold instead. This unfavorable behavior of the averagecut
is due to the fact that the vertex degreesd; often vary considerably for the
similarities acquired with method (ii). Therefore, the normalized cut criterion
may be superior in this corntext, sinceit takesthe d;-valuesinto accourt by
normalizing the similarity matrix (seeSection3.1.1).

Moreover, unlessstated otherwise, we use (4.5) with the equipartition con-
straint (c= eand = 0) for balancingin the experiments in this section.
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Figure 4.10: Point set clustering for Figure 4.7, using distancesbased
on weighted paths (method (ii)). Whereasthe SDP relaxation producesthe
correct partitioning (left), spectral relaxation basedon the averagecut crite-
rion (right) is not capableto separatethe groups successfullyin this casedue
to a lessappropriate objective function (cf. Figure 4.8, right).
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Figure 4.11. Point set clustering (cf. Figure 3.5) based on Euclidean
distances (method(i), with = 0:1). SDP relaxation nds the correct par-
titioning (left), while spectral relaxation fails for both the best average cut
(middle) and the median threshold (right).

Point Sets

As a rst result, Figure 4.10 shaws the partitioning of the two-spirals exam-
ple from the previous section (Figure 4.7) obtained with the SDP relaxation
(left) and with spectral relaxation (right), respectively. Although the similarity
weights wj; are calculated using the weighted-path metric from method (ii), the
averagecut relaxation still fails to compute the correct cut, whereasSDP relax-
ation partitions the spirals successfully A look at Figure 4.8, right, indicates
the reason:the averagecut criterion favors to separatethe densecluster on the
right from the rest of the points, and therefore is lessappropriate in this case.
Howeer, it should be mentioned that the Fiedler vector producesthe correct
partitioning if we switch to the median threshold. Yet note in this cortext,
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Figure 4.12: Inuence of the balancing parameter  on the clustering
result. While the optimal objective value s, of the SDP relaxation continu-
ously decreasegowards O for increasing , the corresponding objective values
Zsgp Of the clusterings obtained with the randomized hyperplane technique
remain constart (top). This indicates the robustnessof the SDP relaxation
approach: even when is chosentoo small, the data set is divided into two
reasonablecomponerts in accordancewith the parameter value (bottom).

that the SDP relaxation works completely unsupervised, and doesnot depend
on any thresholding heuristic.

Figure 4.11 depicts another situation, that was already examined in Sec-
tion 3.1.6: a point set consisting of a densecluster within equally distributed
badkground clutter. The results for this examplere ect the theoretical results
of Section 4.3.2, showing the superiority of the SDP relaxation approad: al-
though the similarities betweenthe points are computed directly basedon their
Euclidean distanceswith method (i), the SDP relaxation successfullyseparates
the densecluster from the badground | in contrast to spectral relaxation,
which only achievesan unsatisfactory partitioning, even for di erent threshold
values. The reasonfor this failure is due to the computed eigervector, which
does not give a clear cut value (cf. Figure 3.5). Furthermore, note that the
balancing constraint € x = 0 is not enforced for the solution obtained from
the SDP relaxation: in accordancewith the visual impression, the two parts
contain 79 and 81 points, respectively.

Finally, Figure 4.12 demonstratesthe in uence of the parameter on the
clustering result. For this simple example consisting of v e identical clusters
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Figure 4.13: Color image partitioning.  With similarities obtained with

method (ii), a small patch (36 36 pixels) of a larger image (cf. Figure 3.6) is
segmeted on a pixel basis. While the SDP relaxation successfullyseparates
the hand from the ball, spectral relaxation basedon the Fiedler vector only

yields unsatisfactory results for both the best average cut and the median
threshold.

with ead containing 50 points, the similarities are obtained with method (i),
and varies betweenO (which givesan equipartition constraint) and the max-
imum number of points. The results reveal that while the objective value s, of
the SDP relaxation cortin uously decreasesowards O for increasing -values,the
randomized hyperplane technique over longer intervals nds constart cluster-
ings that are in reasonableaccordancewith . Hence,the balancing constraint
acts asdesignated: a strong biasthat guidesthe seard to a meaningful solution
and not as a strict requiremert.

In this context, it should be mentioned that by intro ducing a nonzerovalue
for the parameter , the segmemation problem no longer remains unsupervised
in the strict sense.In Section5.2.3we will suggesthow the balancing constraint
can be adjusted automatically.

Color Images

As a rst idea to study the partitioning of color images, we create the un-
derlying neighborhood graph on a pixel basis by connecting horizontally and



84 Chapter 4. Semide nite Relaxation of Binary Optimization Problems

Fiedler vector (best averagecut)

Figure 4.14: Color image partitioning, using metho d (i). Preprocess-
ing the input image (298 141 pixels) yields 211 patches(cf. Figure 3.7). In

the segmemations obtained with both SDP and spectral relaxation, patches
of similar color are grouped together.

vertically adjacent pixels, and calculate the corresponding edge-veights based
on the color di erences in the perceptually uniform L*u*v* space.The remain-
ing similarities are then obtained by applying method (ii) to favor spatially
coherert structures.

The result for a small patch of a larger image (cf. Figure 3.6) is shown in
Figure 4.13. For this example, the Fiedler vector only yields unsatisfactory
partitionings: using the best averagecut just separatesthe small black corner
from the rest of the image, whereasthe medianthreshold resultsin anincoheren
segmemation (due to the samesize constraint). In cortrast to that, the SDP
relaxation method successfullypartitions the image by clearly separating the
hand from the ball. Once more, note that the two groups arising from the
SDP relaxation do not have the samesize: they contain 641 and 655 pixels,
respectively. Howewer, better results may be obtained for spectral relaxation
by reverting to another similarity measure(seeFigure 3.6, where similarities
are calculated only for neighboring pixels).

This rst example already indicates the drawbadk of the SDP relaxation
approach: the problem size soon becomesintractable when larger imagesare
examinedon the basisof pixels asinput data. To beable to study the partition-
ing of large real world images,we therefore rst compute an over-segmeiation



4.4, Experimental Results 85

SDP relaxation

Fiedler vector (median threshold)

Figure 4.15: Color image partitioning for the image from Figure
4.14, using metho d (ii). SDP relaxation aswell asspectral relaxation based
on the Fiedler vector result in segmemations that favor spatially coheren
structures. However, the spectral relaxation result is in uenced negatively by
the requiremert that both parts must have the samesize.

by applying the mean shift technique (see Section 3.2) at a ne spatial scale.
This preprocessingstep drastically reducesthe size of the input data, without
destroying any perceptually signi cant structure. Instead of having to deal with
thousands of pixels, the graph vertices are now formed by the obtained image
patches, and the corresponding similarities are computed based on the mean
color di erence betweenthe patchesin the perceptually uniform L*u*v* space.

We apply both methods (i) and (ii) to the color image shown at the top of
Figure 4.14. The results approve the wide range of applicability and the success
of the SDP relaxation method: whereasin the partitioning basedon method (i),
image patches of similar color are grouped together (seeFigure 4.14), method
(i) yields a segmemation into two reasonable, spatially coheren parts (see
Figure 4.15). For this example, the results obtained with spectral relaxation
are also quite reasonable(seebottom of Figures 4.14 and 4.15). Howewer, since
the bestaveragecut just separatesone patch from the rest of the image, we need
to revert to the median threshold for method (ii): this requiremert in uences
the result negatively. As already mentioned, the normalized cut criterion may
be more appropriate in this case. In this corntext, note again that the SDP
relaxation approac works without any threshold.

Choice of the Balancing Vector ¢

Sofar, the sizeof the patchesobtained from preprocessingthe image with the
meanshift technique wasnot consideredby the segmetation process.This may
yield unsatisfactory separation results. Figure 4.16 givesan example: here the
sky accourns for nearly half of the image (approx. 43%), but the preprocessing
step groups all of its pixels into one patch (cf. Figure 3.7). Sincefor c = g,
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Original image

SDP relaxation (with c= e, = 0)

SDP relaxation (with c=m, = 0)

Figure 4.16: Color image partitioning for dieren t balancing vectors

c. Preprocessingthe input image (512 404 pixels) yields 404 patches (cf.
Figure 3.7), for which the similarities are computed based on method (ii).

While for ¢ = e, SDP relaxation segmens the image into two reasonably
coherent parts, using the number of pixels m; contained in ead patch i as
constraint vector entries ¢; givesa more balanced partitioning by separating
the largest patch from the rest of the image.

all image patches are of equal importance no matter how large they are, the
SDP relaxation method segmers this image into two parts (both cortaining
approximately the samenumber of patches) by cutting the city, which contains
many small patches (seeFigure 4.16, certer).

To derive a segmemation which takesinto accourt di erent patch sizes,the
balancing constraint can be changedin the following way: calculate the number
of pixels m; corntained in ead patch i and setthe constraint vector ertries to
¢ = m; instead of using ¢, = 1. Thus we now seard for a segmermation which
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Fiedler vector (median threshold)

Figure 4.17: Segmermation for the imagefrom Figure 4.16,top, basedon the
Fiedler vector: the medianthreshold yields a result similar to the segmemation
obtained from the SDP relaxation.

partitions the image into two coherert parts, ead containing approximately
the samenumber of pixels instead of the samenumber of patches. The result
depictedin Figure 4.16,bottom, approvesthe validity of this approac: now the
sky is separatedfrom the rest of the image, giving a segmemation in accordance
with our new balancing constraint (but without enforcingit exactly). Note that
for this example,the Fiedler vector alsoyields a quite meaningful partitioning,
if it is thresholded at the median (seeFigure 4.17); the best averagecut again
only separatesone patch from the rest of the image.

Texture Images

The nal experiment for binary partitioning tasks dealswith grayscaleimages
comprising somenatural textures. An exampleis shavn at the top of Figure
4.18. To derive a texture measurefor this image, we subdivide it into 24 24-
pixel windows, and calculate local histograms for two texture features within

thesewindows. The corresponding graph is then obtained by identifying ead
window with a graph vertex, and by computing the similarity valuesw; based
on the 2-distance of the histograms for all window pairs (i; j) directly, thus
using method (i). Consideringthe simplicity of this texture measure,the seg-
mentation result obtained with the SDP relaxation is excellent (seeFigure 4.18,
certer). Basedon the best average cut threshold, the Fiedler vector yields a
di erent, but also satisfactory solution for this example (Figure 4.18, bottom).

4.4.4 Perceptual Grouping

In this section, we study the application of the SDP relaxation approacd to per-
ceptual grouping problems (seeSection2.2). In this context, the corresponding
version of the general combinatorial problem (4.5) doesnot have a balancing
constraint, i.e.c= 0and = 0.

A rst articial grouping problem is depicted in Figure 4.19: se\eral copies
of a triangular object are hidden in a cluttered badkground. According to
our knowledge about the relative angles betweenthe edgesof the object, we
require two image primitiv esi and j to reinforce ead other (by de ning a high
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Original image

SDP relaxation

Fiedler vector (best averagecut)

Figure 4.18: Grayscale-texture partitioning.  The input image (720 456
pixels) is subdivided into 570 windows containing 24 24 pixels ead, and the
similarity weights are computed basedon direct texture comparison(method
()). Both SDP and spectral relaxation result in corveniert segmeitations.

similarity value w;; ) if their enclosedangle is closeto a multiple of % . The
suboptimal solution of the energy functional (2.8) computed for this example
shaws the succes®of the SDP relaxation: the structure is clearly separatedfrom
the badckground (Figure 4.19,right). Note that the presenceof a small number
of extra foreground primitiv esis not causedby the optimization approad; since
these elemerts are consistert with the chosensimilarity measure,they cannot
be labeled as dissimilar.

Figure 4.20 shows an example of a perceptual grouping problem obtained
from a real scene. In a rst step, the input image is decomposedinto a few
hundred line fragmerts by applying an edgedetector [50]. We againdiscriminate
between gure and ground by de ning a suitable similarity measurew;; : two
image primitiv es (line fragmens) i and j are similar if the enclosedrelative
angleis closeto a multiple of 5, i.e. the lines are either orthogonal or parallel
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Figure 4.19: Perceptual grouping. An articial triangular object (top

left) is encaded by a similarity measurew; which favors relative angles be-
tween line fragmerts that are multiples of % (bottom left). Seweral copies
of the object are superimposedby noise (center). The SDP relaxation of the

functional (2.9) for
group of image primitiv es(right).
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grouping for a real world image. Line frag-

ments within the input imageare obtained by applying an edgedetector (top).
The similarity measurew; encades preferred con gurations as a function of
the angle betweentwo line fragments (bottom left): two fragments are most
similar if they are (nearly) orthogonal or parallel to ead other. Although sev-
eral coherent groupsof di erent cardinality exist in the input image, the SDP
relaxation approac determinesthe largest coherert group of line fragmens

and suppresseshe other groups (bottom right).
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Noisy input image SDP relaxation Original image

Figure 4.21: Binary restoration. The original black and white map of
Iceland (right, 104 78 pixels) has beendegradedby adding binary salt and
pepper noise (left). The restoration obtained basedon the SDP relaxation of
(2.12) for = 2:0is fairly good (middle).

Noisy input SDP relaxation SDP relaxation SDP relaxation
image ( =0:8) ( =15 ( =30

Figure 4.22: Binary restoration. Considering the poor signal-to-noise
ratio of the input image (left, 98 93 pixels), the quality of the reconstruction
for an appropriate choice of the smoothnessparameter is very good (right).

(cf. the graph of w in Figure 4.20, bottom left). We refer to [84] for more
elaborate similarity measureswhich, however, are not essetial for testing the
SDP relaxation approad from the optimization point of view.

Note that according to the similarity measurew, seveal coheren groups
exist for the examplein Figure 4.20. Approximately minimizing (2.9) with the
SDP relaxation method determinesthe keyboard asthe \most coherent” group,
asexpectedfrom avisual inspection of the scene(seeFigure 4.20,bottom right).

445 Restoration

In Section 4.4.1, we already presened the results of the SDP relaxation ap-
proach with respectto the restoration of noisy one-dimensionalsignals. Figures
4.21{4.23 now depict reconstruction results for three di erent two-dimensional
binary imagesthat were degradedby noise. The pixel valuesfor theseexamples
are scaledto the interval [ 1,;1], sothat the restoration prototypescorrespond
tou; = 1 (black) and u, = +1 (white), respectively. Only horizontally and
vertically neighboring pixels are consideredas adjacert (rst-order neighbor-
hood). Note that like for the grouping problem from the previous section, no
balancing constraint is presen, i.e.c= 0and = 0in (4.5).

The overall quality of the restorations obtained from the SDP relaxation of
the global objective function (2.11) is encouraging: for an appropriate choice
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Noisy input image SDP relaxation

Figure 4.23: Binary restoration. For this chederboard image (63 63
pixels), small errors in the reconstruction (= 1:5) only occur at corners
where the local structure resenbles noise.

of the parameter , we get smooth reconstructions despite a poor signal-to-
noiseratio of the input image (Figure 4.22), and although the desired objects
comprise structures at both large and small spatial scales(Figure 4.21). As
expected, small errors may occur at sharp corners (Figure 4.23), which are
dicult to distinguish from noise without prior knowledge. The in uence of
the scaleparameter s illustrated in Figure 4.22: as desired, the restoration
becomessmoaoother with increasing

Finally, comparing these results with the restorations computed by the
greedy ICM algorithm (seeFigure 3.8 in Section 3.3) revealsthe power of the
global approacd the SDP relaxation is basedon: the stronger relaxation of the
MAP estimate producesmuch better reconstructions.

4.4.6 Computational Complexit y

The experimental results preseried in the previous sectionsdemonstrate that
the SDP relaxation approad is a versatile tool for solving a broad range of
dicult combinatorial problems corveniertly. Howewer, the price we have to
pay for the favorable properties of this optimization approad (convexity, poly-
nomial time solvability, no threshold; cf. Section1.1) is the squarednumber of
variables of the semide nite programming relaxation. Although SDP solvers
like the dual-scaling algorithm of Bensonet al. [11, 12] are able to exploit a
sparseproblem structure (as it is encourtered for the restoration problems),
the memory requiremerts and the computation times quickly grow with the
number of variables (seeTable 4.1). While this is not a problem for perceptual
grouping tasks with a couple of hundred primitiv es, it preverts at presen the
application to large-scaleproblems with seweral ten thousands of variables as
they appearin imagerestoration or unsupervisedimage segmetation on a pixel
basis. Especially the latter task soon becomesintractable since the matrices
involved in the computations are usually dense.

In this cortext, sewral approaces from both the computational and the
problem formulation point of view seemto be promising to mitigate the problem
of dimensionality in the near future:
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Image n | time (in sec.)
1D signal restoration (Fig. 4.5) 256 3
spiral point sets(Fig. 4.10) 256 5
density point set (Fig. 4.11) 160 2
v e clusters (Fig. 4.12) 250 4
hand/ball color image (Fig. 4.13) 1296 726
fencecolor image (Fig. 4.14) 211 3
city color image (Fig. 4.16) 404 17
texture image (Fig. 4.18) 570 59
triangle grouping (Fig. 4.19) 198 1
keyboard grouping (Fig. 4.20) 466 25
Iceland restoration (Fig. 4.21) 8113 13,320
arrow/bar restoration (Fig. 4.22) 9115 20,034
chederboard restoration (Fig. 4.23) | 3970 1,188

Table 4.1: Sizes and computation times for the di erent problems con-
sideredin this section (obtained with the dual-scaling algorithm from [11, 12]
on a 3 GHz Pentium IV PC).

Using Lemma 4.3, the maximal rank r of the primaFg solution matrix X of
the SDP relaxation (4.7) can be boundedby r < = 2n for large problem
sizesn (as the number of constraints equalsm = n + 1in (4.7)). This
meansthat in principle, the number of n2 problem variablesin the primal
of the SDP relaxation can be drastically reduced by setting n  r rows
of the matrix V in the decomposition X = VV~ to zero (cf. Section
4.2.3). In fact, rst algorithms that exploit this property have already
beenpublished (e.g. [27)]).

For unsupervised partitioning tasks, a densesimilarity matrix W can be
made sparserby using a cut-o radius R, i.e. by setting the similarity
of two points to zero if they are spatially farther apart than R units
[168 118. In the extreme case,this resultsin de ning edgesonly between
directly neighboring pixels.

For spectral relaxation methods, the problem size has been successfully
reducedby applying sampling methals that only selecta restricted num-
ber of pixels to represen the complete problem [48, 118 54]. We will
considerthis possibility for the SDP relaxation approad in Section5.3.

Another alternativ e to reducethe size of unsupervised partitioning prob-

lems has already beenapplied in Section4.4.3: the input is preprocessed
to nd imageelemers of larger scalewhich then replacethe pixels asver-

tices in the corresponding graph represenation. In the cortext of image
segmetmation, there has beenan increasinginterest in this idea recertly

[189 151, 60]; therefore, we will also analyzethis approad in more detail

in Section5.2.



Chapter 5

E cien t Unsup ervised
Segmentation

The results preserted in the previous chapter indicate the usefulnesf the SDP
relaxation approach for image partitioning tasks. Concerningthe problem size,
howewer, they also reveal the limitations of this technique in practice. For this
reason,we will examine methods in this chapter that enablethe application of
our SDP relaxation method to larger problem instancesas they arise for real
world partitioning tasks.

Speci cally, we will investigate graph-basedunsupervisedimage segmema-
tion problems as they were introduced in Section 2.1. A general problem in
this context concernsthe size of the corresponding similarity matrix W. If
the graph vertices represen the pixels of the image, the size of W increases
guadratically with the number of pixels, and thus soon doesno longer t into
memory completely (e.g. for an image of 481 321 pixels | the size of the
imagesfrom the Berkeley segmemation dataset[121] | the similarity matrix
contains 15440% 2338 billion ertries). Hence,any graph-basedpartitioning
technique becomescomputationally demanding (or even intractable) for larger
problem instances.

A common approad to handle this issueis to revert to sparsesimilarity
matrices by connecting pixels only within a certain neighborhood [168 62,
204]. While spectral methods prot from this idea (since eigervectors of sparse
matrices can be calculated more e cien tly), this is of no avail for our SDP
relaxation: the solution matrix X of (4.7) usually is still denseeven when the
problem matrix L is sparse[12].

In this chapter, we therefore presen two other methods which immensely
reducethe size of unsupervised partitioning problems and thus make them fea-
sible for the SDP relaxation approac. The basic idea of the rst method has
already beenusedin Section 4.4.3: basedon computing an over-segmetation
of the image in a preprocessingstep, we abandon pixels as the basicimage el-
emerts and usethe obtained patchesinstead to form the graph represenation
(Section 5.2). In cortrast to that, the secondmethod reducesthe problem size
with a completely di erent technique that is basedon a probabilistic sampling
approach (Section 5.3). To derive more meaningful results, we rst introduce
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an obvious extension of the binary SDP relaxation method (Section 5.1): im-
agesegmetations into multiple parts can be obtained naturally by computing
partitions recursively in a hierarchical way.

5.1 Hierarc hical Segmentation

Up to now, we have only consideredbinary image partitioning problems. In
practice, howewer, a segmetmation into more than two parts may be more mean-
ingful and is therefore often desired. For unsupervised clustering tasks, a cor-
responding straightforward extension consistsin a hierarchical application of
the binary approad: by recursively computing two-way partitions, we obtain a
segmetmation into multiple parts (seee.g.[98]). In the context of graph-based
image segmetmation, this idealeadsto consecutiwe calculation of minimum cuts,
for graphs of decreasingsize. A general description of the hierarchical frame-
work for computing a multipart segmemation is given by the following algo-
rithm:

initialize: number of segmets k = 1; rst segmen S; = V;
WHILE stopping criteria are not met DO

compute binary partitioning S; = S;.1 [ Si:2 (using minimum cuts);
k=k+ 1S = Sj1; Sk = Si;2;
END

For spectral partitioning techniques, successfulapplications of suc a hier-
archical framework have beenpresened e.g.in [198 11§. In the subsequen
sectionsof this chapter, we will alsoemploy it to obtain multiclass segmeta-
tions basedon our binary SDP relaxation approach. Yet rst, we will briey
discussthe pros and consof the hierarchical framework in the context of unsu-
pervisedimage segmeration (Section5.1.1), and make appropriate suggestions
for the decisionparametersinvolved in the partitioning process(Sections5.1.2
and 5.1.3).

5.1.1 Hierarc hical Partitioning vs. Direct Multiclass Clustering

Some authors argue against recursive bisection techniques, and instead favor
partitioning a given graph into multiple clusters directly [29, 169, 173. One
merntioned reasonis that a hierarchical approac requiresthe recalculation of
the Laplacian and the minimization of the objective function for ead step [29].
While this may be a drawbadk for real-time applications, it is only of minor
interest for many image segmetation tasks, especially sincethe computational
e ort decreasewith ead level of the hierarchy.

The more important argumert given against recursive bipartitioning is that
the resulting clustering into k groups may not correspond to the optimal k-way
segmetation [169, 173. In fact, it is easyto provide examplesthat conrm
this statemert (seeFigure 5.1). Yet this reasoningis slightly biased, sincethe
hierarchical approad is not speci cally designedfor nding a\at" partitioning
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Figure 5.1: Example where recursiv e bipartitioning  fails to nd the
optimal 3-way cut depicted in the left image. Hierarchical application e.g. of
the binary averagecut criterion producesa dierent solution for this simple
exampleby rst splitting the point setin the middle, and then separating top
and bottom of one of the parts (right).

into a xed number of groups, but rather tries to reveal information about the
structural relationship betweenthe di erent segmets. If we know the number
k of parts the image should be segmened into in advance, a direct k-way
optimization criterion is certainly more suited to model the desiredobjective. In
Section6.2, we will consideraccordingdirect multiclass partitioning techniques.

For unsupervised image segmemation problems, howewver, the number of
parts present in the image is usually unknown In this case,the recursive bi-
partitioning framework represens the better alternative, since it allows the
selection of a suitable number of segmems during the partitioning process.
Moreover, the subsequeh splitting of segmets yields a complete coarse-to- ne
hierarchy of similar segmemations. This cortrasts a direct multipartitioning
approadc, which may result in completely di erent segmemations for varying
cluster-numbers k. Depending on the desired granularity of the nal segmen-
tation, we can therefore easily switch betweendi erent levels of the hierarchy.
Furthermore, such a hierarchical represenation of the image seemsto be closer
to human perceptual organization [121].

Besidestheseadvantageousattributes, recursiveimagesegmeration alsoin-
tro ducestwo additional decisionparameters(cf. above algorithm): asno global
objective function is optimized, criteria have to be de ned in order to selectthe
appropriate segmemn which should be partitioned next in ead step, along with
a suitable condition of whento stop the recursion. In the next two sections,we
will discusshow sud criteria can be derived basedon the size of the current
segmems and the weights of the next potential cuts.

5.1.2 Whic h Segment to Split Next?

After ead binary partitioning step, the question ariseswhich of the segmers
obtained so far should be split next. Since the goal of unsupervised image
segmemation tasks mainly consistsin capturing the global impression of the
scene,large parts of coheren structure are usually preferred to ner details.
To obtain sud a coarse-to- ne segmemation of the image, higher levels of the
partition hierarchy have to be examined rst. To this end, we in generalselect
the largest existing segmen (the one that contains most pixels) as the next
candidate to be split.
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Recalling that the binary SDP relaxation method is originally basedon the
graph-bisection criterion (2.6), which seeksa minimum cut through the graph
subject to a balancing constraint, we may allow someexceptionsto the above
generalselectionrule:

If the computed bisection for the candidate segmem results in a high
cut-value zgqp, this indicates that the structure of this segmen is already
quite coheren. In this casehowewer, it shouldnot be split any further and
maintained asit is instead. To decidewheFr; a cut-value is too expensiwe,
we compare it against the sum d(V) = i Wi of all edge-veights of
the complete graph (which is an upper bound on the cut-value). Then
splitting the candidate segmetn is only acceptedif the corresponding cut-
value zsqp is smaller than a certain fraction 0 < a < 1 of d(V): zsgp <
ad(Vv).

Sinceit is not prohibited, the bipartition obtained from the SDP relax-
ation by randomized rounding may be the trivial solution of the underly-
ing optimization problem, i.e. the non-cut solution that groupsall points
into one segmen again. In this case,of course,this segmen should no
longer be consideredto be split.

Another exception may be de ned in the casethat the graph represena-
tion of the imageis not basedon the pixels directly, but on other imageel-
emerts corresponding e.g.to patchesobtained from an over-segmeiation
(seeSection5.2): if the largest (concerningthe number of pixels) segmen
contains lessthan a certain number pmin of image elemerts, it should not
be split any more. In this way, we prevent large patches from always
being separatedcompletely from the rest of the image.

5.1.3 Stopping Criteria

The probably most di cult questionin connectionto unsupervisedimage seg-
merntation concernsthe number of parts the image consistsof, or alternativ ely,
when to stop the hierarchical partitioning process. When asked to segmen
an image, every human is likely to give a di erent answer to this question.
Hence,one can even argue that without de ning the desiredgranularity, image
segmetation becomesan ill-p osedproblem.

In this thesis, we considertwo di erent stopping criteria for the hierarchical
application of the SDP relaxation method that are both basedon the desired
granularity: whereasthe rst one directly de nes a maximum number k of
parts for the nal segmemation, thepsecondone is more sophisticated. Note
that building the sum zgym(m) := i”;l Zsdp; Of the cut-values zgqp; calcu-
lated in ead stepi of the partitioning processresults in an increasingfunction
depending on the step number m, which is bounded above by the sum of all
edge-veights d(V) (cf. last section). Therefore, an additional stopping criterion
is introduced by limiting the total cut-value zg,m (M) to a certain fraction g< 1
of d(V): zsum(m) < qd(V). We can then control the granularity of the nal
segmetation by adjusting the value of q appropriately.
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5.2 Over-Segmentation with Mean Shift

One straightforward remedy to reducethe sizeof a graph-basedimage segmen-
tation problem is to abandon pixels as graph vertices and to resort to other
image represening elemens instead. For example, the perceptual grouping
task (Section 2.2) can be interpreted in this way: by using edgeelemeris asba-
sic image descriptors, a smaller graph represenation is derived. In this section,
we closerinvestigate an idea that was already introduced in Section4.4.3: an
over-segmetation of the image is computed in a preprocessingstep by apply-

ing a clustering technique at a ne spatial scale. Instead of having to deal with

thousandsof pixels, the graph represenation of the imageis then basedon the
obtained image patches (or \sup erpixels") of coheren structure. Actually, this

is also a more natural image represettation, sincethe real world doesnot con-
sist of pixels | those are merely the result of the digital image discretization

process.

While di erent preprocessingmethods have beenproposedin the literature
in this context [198 118 189, 8, 151], we suggestto usethe meanshift technique
preseried in Section 3.2 for this purpose. After briey reviewing the main
aspects of the corresponding preprocessingstep (Section 5.2.1), we describe
how to obtain an appropriate graph represemnation based on the computed
image patches (Section 5.2.2), and how suitable balancing constraints for our
SDP relaxation method can be selectedautomatically (Section 5.2.3). Seeral
results for large real world imagesare nally preseried in Section5.2.4.

5.2.1 Prepro cessing Step

In order to adequately reducethe problem sizewithout destroying any percep-
tually signi cant structure, we apply the mean shift technique [33] at a ne
spatial scale. To this end, ead pixel is represened by a feature vector compris-
ing its position and its color in the perceptually uniform L*u*v* space. The
mean shift algorithm then forms clusters of similar feature vectors basedon
their Euclidean distancesin the corresponding 5-dimensionalfeature space.

The nal number and the sizeof the image patchesobtained in this way are
controlled by three parameters: the spatial and the range bandwidth s and
to scalethe entries of the feature vectors, and the minimum cluster sizeM (see
Section 3.2). We adjust these parameters manually or semi-automatically in
order to obtain a nal clustering into 100{700image patches(corresponding to
lessthan 0:01% of the complete number of pixels for imagesfrom the Berkeley
segmetation dataset [121], for instance), which is a suitable problem size to
be processede cien tly with our SDP relaxation approad. In general,for the
examples consideredin this section, we derive such a number of patches by
xing M = 50 as a reasonableminimum region size, and setting s = 5.0 (as
an adequatefraction of the imagesize)and = dTgX , Where dhax denotesthe
maximum distancein L*u*v* color spacefound for a random sampleset of 200
pixels.

Figure 5.2 shows an example of the image patches obtained with the mean
shift algorithm | more exampleswere already given in Figure 3.7. They reveal
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Figure 5.2: Over-segmen tation with the mean shift technique. For
this sample image from the Berkeley segmertation dataset [121], 304 image
patchesare obtained. Note that in accordancewith the homogeneougegions
of the image, the patchesdi er in size.

an important quality of the mean shift over-segmetation: when large homo-
geneousregions exist in the image, they are also represerted by large patches
instead of being split arti cially . This results in superpixels of considerably
varying size. As will be shovn in Section 5.2.3, our SDP relaxation approad
can take this aspect into accourt appropriately. In contrast to this, spectral
techniques usually require patches of similar size. Moreover, the splitting of
such homogeneousegionsduring the following partitioning process(something
spectral techniquestend to do) is e ectiv ely prevented.

5.2.2 Constructing the Graph

Basically, a graph represetiation of the imagecanbe constructed by assaiating
ead image patch i obtained in the preprocessingstep with a graph vertex, and
computing the similarity matrix basedon the distances of the corresponding
mean colors y; in L*u*v* space. In order to additionally take into consider-
ation the spatial distances between the image patches, we already indicated
seweral di erent methods in Section 4.4.2. The simplest approac consistsin
constructing a locally connectedgraph with weighted edgesbeing de ned only
betweenneighboring patchesbasedon their color di erences. From this repre-
senation we may obtain a fully connectedgraph by, e.g., calculating shortest
paths betweenall vertices (cf. method (ii) in Section4.4.2). Alternativ ely, suc
afully connectedgraph canalsobe deriveddirectly by usingthe spatial distance
betweentwo patchesas an additional cuein the calculation of their similarity.

Yet due to the varying size and shape of the image patches, it is hard to
de ne an appropriate spatial distancemeasuredirectly: for instance,the spatial
barycerter of a patch may lie outside its region, which may result in completely
misleading spatial distances. For this reason, we connectonly directly neigh-
boring image patches. In cortrast to the experiments in Section 4.4.3, we also
abandonthe time consumingcalculation of shortest paths betweenall vertices,
especially sinceexperimerts indicated that a fully connectedgraph doesnot re-
sult in better segmemations. Howewer, we slightly modify the calculation of the
similarity valuesw;; in order to take into considerationthe varying boundary
lengths I;; betweentwo neighboring image patchesi and j :

kyi yjk
wj = lje (5.1)
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wherey; denotesthe meancolor of patch i, and the normalization parameter
correspondsto the range bandwidth computed for the mean shift (seeprevious
section).

The multiplication with I in (5.1) simulates a standard coarseningtech-
nique for graph partitioning [11§: the edge-veights between two neighboring
clustersare calculated asthe sum of the edge-veights of the verticeswhich were
grouped together within these clusters. Assuming a rst-order neighborhood
(four connectionsfor ead pixel inside the image) of the original graph, this
is equivalent to adding the weights along the boundary betweentwo patches.
As ead image patch cortains pixels of similar color, the exact color of the
boundary pixels can be replacedwith the mean color y; of the patch without
considerably changing the resulting weight.

Note that additional cueslike texture or intervening corntours can be incor-
porated into the classi cation processby computing corresponding similarity
valuesbasedon the image patches,and combining them appropriately (seee.g.
[118 165 12(). However, we did not considermodi ed similarities valueshere.

5.2.3 Balancing Constrain t Selection

Remenber that our SDP relaxation approad is based on the unsupervised
segmemation problem (2.6), which involves a balancing constraint ¢ x =
that can be set application-dependent. In this context, the classical graph
(equi-)partitioning approad usesc = e (the vector of all ones)and = 0to
obtain a balanced clustering. While this is reasonablefor graphs where eadt
vertex is equally important, the vertices now correspond to image patches of
varying size,which suggestsdi erent weights. As we already arguedin Section
4.4.3,amore appropriate balancing constraint in this caseis derived by cournting
the number of pixels m; contained in ead image patch i, and setting the ertries
of the constraint vector to ¢; = m; instead of to ¢; = 1 (while keeping = 0).
In this way, our approach seekstwo coherert parts in the image with ead
containing approximately the samenumber of pixels.

If the SDP relaxation method is applied within the hierarchical framework
preseried in Section 5.1, we may get into the situation where the current part
of the image contains a dominating patch k which is much larger than the other
patchesin this part of the image: ¢, = maxj ¢ ¢ forall j & k. In this case,a
segmetmation into two parts of the samesizemay no longer be possible. In fact,
due to Theorem 4.4, the SDP relaxation (4.7) hasafeasiblesolutiorlg,only if the
constraint vector c in con’t.}_';nation with is balanced:jcij | j+ j@ijcjj for
alli=1;:::;n,andj | ijjj. Yet if this is not the case,this theorem also
revealsthat afeasibleinstanceof the SDP relaxation canbederived by adjusting
the value of appropriately: as correspondsto the desirelgdi erence between
the size of both parts of a segmetation, setting = ¢y isk G makes (4.7)
feasible. Sincethis constraint strictly requiresto separatethe largest patch k
from the rest of the patches,we enlarge by afractiqg of the number of pixels
cortained in the small remaining patches, = ck 3 g, G, to allow for more
exibilit y in practice.

Finally, note that such adjustments are not admissiblefor spectral relaxation
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Original image

Figure 5.3: Evolution of a hierarc hical segmentation basedonthe SDP
relaxation approadh. In ead step, the parts indicated in gray and black are
separated. Note the coarseto ne nature of the ewolution: the broad parts
of the image are segmetted rst (middle row), whereasthe ner details arise
later (bottom row).

methods: while the Fiedler vector (3.13) always requires balancing the number
of patches, the normalized cut relaxation (3.16) balancesthe degreesof the
patches. Hence, neither can the number of pixels contained in a patch be
incorporated, nor is it possibleto in uence the gap betweenboth parts of the
solution before the thresholding step.

5.2.4 Exp erimental Results

To ewaluate the performance of the over-segmetation-based SDP relaxation
method for large real world scenes,we apply it to imagesfrom the Berke-
ley segmemation dataset [121] within the hierarchical framework preseried in
Section5.1. As a rst example,Figure 5.3 shavs how the nal segmemation ob-
tained by SDP relaxation ewlves hierarchically. One can clearly seethe coarse
to ne advancemen of the hierarchical segmemation: the rst stepssegmen
the broad parts like the sky and the water, whereasthe ner details of the
surfer are partitioned later. Also note that although the water cortains many
patches (cf. Figure 5.2), its further splitting is e ectiv ely prevented within the
hierarchical framework sincethe the corresponding cut-valuesare too high (see
Section5.1.2).

Figure 5.4 depicts the encouraging nal segmemations for seweral di erent
images, which are computed with the hierarchical SDP relaxation method in
lessthan 5 minutes on a 2 GHz Pertium IV PC. Concerning the parameters
introducedin connectionwith the hierarchical framework in Sections5.1.2and
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(a)
(b)
(c)
(d)
(e)
Original SDP relaxation Normalized cut
relaxation

Figure 5.4: Hierarc hical segmentation results for v e color images of
size 481 321 pixels from the Berkeley segmemation dataset [121]. Note
the superior quality of the segmemations obtained with the SDP relaxation
approad in comparisonto the normalized cut relaxation, which are approved
by the higher F-measuresgivenin Table 5.1

5.1.3, we set a = 0:02 (as the fraction of the sum of all edge-veights) for the
maximally allowed cut-value, and pmin = 7 asthe minimum number of patches
that must be cortained in a candidate-segmet Since appropriate values for
the parameter g cortrolling the granularity turned out to dier from image
to image, we simply set the maximum number of parts to 10 and picked the
nal segmetmation from the hierarchy by visual inspection. The automatic
determination of a suitable stopping criterion thus remains an open point for
future researd.

For comparison,we alsocompute the corresponding normalized cut segmen-
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F -measure

Image | # Segmems | SDP | Ncut
(a) 7 0.92 | 0.77
(b) 9 0.76 | 0.73
(c) 8 0.69 | 0.64
(d) 6 0.68 | 0.61
(e) 8 0.58 | 0.35

Table 5.1: Quantitativ e performance of the SDP relaxation. The high
F -measuresobtained for the imagesin Figure 5.4 conrm the encouraging
results in comparison to the normalized cut relaxation. Also given is the
corresponding nal number of segmerts picked from the partitioning hierarchy.

tations that cortain the samenumber of nal segmeis asthe SDP solutions.
To this end, we use the hierarchical framework with identical parameter set-
tings, and only replacethe binary partitioning technique. The results given in
Figure 5.4 indicate the superiority of the SDP relaxation method: especially
note that for someimages, the normalized cut relaxation yields quite small
segmets instead of producing balancedpartitionings. Howewer, this apples-to-
applescomparisonshould be judged with care: asthe normalized cut relaxation
cannot take into accourt the varying size of the image patches appropriately,
the over-segmetation produced with mean shift possibly is not an adequate
starting point for this method.

Sincethe Berkeley segmetation dataset also provides \ground-truth" data
in the form of segmetations produced by humans, we are able to measurethe
performanceof our SDP relaxation algorithm quartitativ ely by comparing the
results with the corresponding human segmetmations. To this end, we usethe
precision-recall framework presered in [12(0, which is a standard method in
the information retrieval community [182. Basedon the boundariesof the seg-
mernts, the precision p measuresthe fraction of pixel-pairs that are correctly
grouped together in comparisonto the human segmetations, while recall r is
the fraction of pixel-pairs from a ground-truth segmem that are accurately de-
tected by the partitioning algorithm. The F-measurethen capturesthe trade-o
betweenaccuracyand noiseby combining precisionand recall astheir weighted
harmonic mean: F = %. As in [12(, we use = 0:5. Resulting in
a value between 0 (corresponding to bad segmetations) and 1 (good segmen-
tations), the F-measureis a valuable statistical indicator for the performance
of a partitioning algorithm. The F-measuresobtained for the nal segmeta-
tions from Figure 5.4 are givenin Table 5.1: they con rm the visual impression
that the results of the SDP relaxation method outperform the normalized cut
segmetations.

5.3 Probabilistic Sampling

An alternative approad to reducethe computational e ort for solving graph-
basedimage segmemation problems is basedon probabilistic sampling of the
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input data: by picking only a small random subsetof pixels, a graph partitioning
problem of small scaleis obtained for which the solution can be calculated
e cien tly. Due to the fact that the number of coherert parts in an image is
typically much smaller than the number of pixels, this solution usually can be
generalizedwell to a solution of the full original problem.

The mathematical foundation for this approad is derived from fast matrix
approximation methods that rely on probabilistic sampling techniques [56, 1].
Basically, these methods nd good low-rank approximations (concerning the
spectral structure) of a givenmatrix M e cien tly by sampling the entries of M .
In the context of graph-basedimage segmetation, this idea amourts to closely
approximating the symmetric problem matrix M 2 S" (which is derived from
the similarity matrix W) with a matrix M of considerablylower rank k  n by
randomly selectinga small number of pixels (represeried by the corresponding
rows or columns of M) from the image.

One example of such a probabilistic matrix approximation approad is the
Nystrom method, which originates from the numerical treatment of integral
equations (see, e.g., [7]), and which recernly has been applied successfullyin
connectionwith normalized cut relaxations of di erent grouping problems [54]
and for madine learning tasks [171, 191]. As a natural alternative, we presen
a prokabilistic SVD approximation methal in Section 5.3.2, which has been
introduced by Drineas et al. [48] in a di erent clustering context. Before the
relation of this approad to the Nystrom method is discussed Section 5.3.3), we
brie y addressthe topic of how to pick the samplepoints appropriately (Section
5.3.1). In Section5.3.4,wethen describe how the probabilistic SVD approxima-
tion method can be applied to solve unsupervised partitioning problems based
on both the normalized cut and the SDP relaxation. Finally, the performance
of theseprobabilistic approacesis evaluated experimentally by consideringsta-
tistical results for ground-truth experimerts on bipartitioning point setsaswell
as hierarchical segmemations of large real world images(Section 5.3.5).

5.3.1 Sample Selection

The succesof any partitioning technique that is basedon probabilistic matrix
approximation certainly dependson an appropriate sampleselectionprocedure,
i.e. to pick suitable points (which are represened by columns of the problem
matrix M) that provide enoughinformation to closely approximate the com-
plete problem. To this end, Drineas et al. [48] proposeto sample points from
the input data with probabilities that are proportional to the squared norm
of the corresponding columns of M . For the rank-k matrix M obtained based
on sud a selection process,they are able to prove a theoretical bound on the
approximation quality which yet requires a large number of samplesto be se-
lected. On the other hand, they also state that in practice it su ces to pick a
much smaller number of samplesto obtain good approximation results.

If the problem matrix M is dense Frieze et al. [56] arguethat a column M;
of M (represerting the point i) can be selectedwith probability Pr[i] = % in
order to ful ll the requiremerts of the proven approximation bound. Sincethis

correspondsto a uniform distribution of the input data, we can pick the desired



104 Chapter 5. E cient Unsupervised Segmentation

number s of samplesindependertly at random from the complete set of points.
In connectionwith the Nystrom method, Fowlkeset al. [54] successfullyusethe
samerandom selection procedure for picking columns of their denseproblem
matrices. Note that besidesits simplicity, this sample selection procedure has
the enormous advantage that it does not require to calculate the complete
matrix M to decide which points to pick | in corntrast to the approad of
Drineas et al. [48] mertioned above. Due to these facts, we will only consider
denseproblem matrices in this section, and also rely on the aforemernioned,
simple random procedureto selectthe sample points.

To facilitate the analysisof the following sections,we assumethat the pixels
arerearrangedsothat the s selectedsamplepoints precedethe remaining points
of the image. The corresponding (symmetric) problem matrix M 2 S™ canthen
be partitioned into smaller submatrices:

A B
M= g> ¢
with A2 RS 5SSB2RS " SandC 2 R" 5 " S This rearrangemen does not
changethe spectral structure of the matrix.

5.3.2 Probabilistic SVD Appro ximation

The probabilistic matrix approximation technique we preseri in this section
is based on the following well known fact from linear algebra [69] about the
singular value decomposition (SVD) of a matrix:

Lemma 5.1. Let the SVD of the symmetric matrix M 2 S" be given by

X1 >
M = igp
i=1
and denote by Qx 2 R" X the matrix comprising the left orthonormal singular
vectors g for the k largest singular values ; k of M. Then the best
rank-k approximation to M within a suitable matrix norm? is given by
Drrgisnn kM Dk=kM QQiMKk: (5.2)
rank( D)=k
Basedon (5.2), Drineas et al. [48] proposeto approximate the top k left
singular vectors ¢ of the complete matrix M by calculating the top k left
singular vectors ¢ of the sampledn s submatrix?
A

S = B> . (53)

More speci cally , the approximation (5.2) holds for every unitarily invariant matrix norm
(cf. [179])), which includes the spectral norm k:k, and the Frobenius norm k:ke.

2More precisely, Drineas et al. [48] use a weighted submatrix S°:= SR 2 instead of S,
where R is a diagonal matrix with the entries R = sPr[i] that weights the columns of S with
their selection probabilities. H(aNever, since we use uniform sampling (see Section 5.3.1), we

get R = &I, which yields SO= ?S and thus is equivalent to employing S directly .
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Figure 5.5: Visualization of the appro ximation qualit y obtained with
the probabilistic SVD method. For the similarity matrix W of the clustering
problem depicted in Figure 5.7, the top eigenvector q; is plotted against the
corresponding approximation ¢, basedon sampling 15% of the points.

As can be seeneasily [48], this can be accomplishede cien tly by computing
the eigervectorsy; corresponding to the k largesteigervalues 1 k O
of the much smaller, positive semide nite matrix S>S 2 S, and calculating

_ SYi _ SV C e :
G = kSyik_ p:l fori=1;::::k:

Hence,this probabilistic SVD approximation method yields an e cien t way
to nd a matrix M which approximates the best rank-k approximation to M
from (5.2). Putting ewerything together, we obtain the following relations:

M QQiM QM =M ;

where @y 2 R" ¥ again denotesthe matrix cortaining the (orthonormal) vec-
tors ¢ ascolumns.

Under speci ¢ conditions, a theoretical bound on the approximation quality
of M can be proven [56, 48]. Sincehowever, this bound requireslarge sampling
rates, it is of no practical value in the context of e cien t image segmemation,
and is therefore not consideredhere. Instead, Figure 5.5 givesa rst impression
of the performanceof the probabilistic SVD method: for the similarity matrix
W of a clustering problem that will be consideredin Section 5.3.5 (cf. Figure
5.7), the entries of the eigervector g; belongingto the largest eigervalue are
plotted against the corresponding ertries of the approximation ¢;. Although
only 15% of the points are sampled, the approximation quality is quite good.

A dierent interpretation of the SVD approximation method is derived by
observingthat the left singular vectors ¢ of the sampledsubmatrix S equalthe
top singular vectors (or equivalertly the top eigervectors) of the symmetric,
positive semide nite matrix SS” 2 SP, and that the sameholdsfor the matrices
M andM M~ (cf. LemmaA.2). Usingthesefacts, we seethat the above method
also corresponds to approximating the matrix MM > with the matrix SS” of
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smaller rank s in the following way:

AA” + BB~ AB + BC~

>
MM™ = (AB)> + (BC)> B>B + CC”

AA>  AB
(AB)” B”B (5.4)
A

= A> B =SS
B>

= Qs Q; ;

wherethe thin SVD3 &, Q; of SS” is obtained from the eigervalue decompo-
sition Y Y~ of the positive semide nite and much smaller matrix S>S 2 S3
by setting

Os:=SY 3: (5.5)
Here, := Diag( i1;:::; s) denotesthe diagonal matrix corntaining the eigen-
values 1 s 0o0of S S (which are equalto the top singular values of

SS”) on the diagonalin descendingorder, and the orthogonal matrix Y 2 RS S
contains the corresponding eigervectorsy; as columns.

5.3.3 Comparison to the Nystreom Metho d

Recerly, a di erent sampling-based,e cien t matrix approximation technique
hasbeenproposedin the cortext of spectral grouping [54] and madine learning
[191], which is derived from the so-calledNystrom extension[7]. Basedon the
sampled submatrix S from (5.3), the basic idea of this approad is to directly
approximate the problem matrix M with a rank-s matrix M by implicitly ap-
proximating the submatrix C of M with the matrix B>A !B (we assumefor
the momernt that the submatrix A is positive de nite):

_ A B
M= 8> ¢
A B
B> B”A 1B (5.6)
= Eﬁ A'A*B =SA 'S
=P P

The thin SVD Ps P of the approximating matrix M := SA 1S> again can
be calculated e cien tly by computing the eigervalue decomposition Z Z~> of
the smaller matrix

A%:= A+ A BB”A 2= A 2S°SA 2SS

and setting
P,:= SA 22 2. (5.7)

3In this context, thin SVD meansthe SVD of a matrix without the singular vectors corre-
sponding to the zero singular values.
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This time, := Diag( i1;:::; s) denotesthe diagonal matrix cortaining the
eigervalues 1 s 0 of A%on the diagonal in descendingorder, and
the orthogonal matrix Z 2 RS S comprisesthe corresponding eigervectors as
columns. In practice, only the top k eigervectors of the matrix ACare calculated,
which leadsto the rank-k approximation Py P. of M.

Comparing the approximations (5.4) and (5.6) revealsthe similarity of the
Nystrom method and the probabilistic SVD approximation: whereasthe latter
approacd calculatesthe eigervectors ¢ of the matrix SS> asan approximation
to the top eigervectors of MM > (which are the sameas the top eigervectors
of M if the matrix M is positive semide nite), the Nystrom method approxi-
matesthe top eigervectorsof M by computing the eigervectors ) of the matrix
SA 1S”. Hence,for positive semide nite matrices M 2 S!', both approxima-
tions will becomevery similar if the submatrix A resenblesthe identity matrix,
A 1. In fact, both approadiescan be consideredas special casesof the gen-
eral low-rank matrix approximation method presered by Frieze et al. [56] for
rectangular matrices [191].

Interestingly, both methods maintain the inner products of the columns
of the sample matrix S after projection onto the subspacesspannedby the
corresponding approximativ e eigervectors. For the probabilistic SVD approxi-
mation, we can verify this by usingthe de nition (5.5) of Qs in connectionwith
the eigervalue decomposition S>S=Y Y~ with Y?Y = |:

$200;S=S"SY z :Y*S’S
Y Y’Y 1y>y vy>
Y Y>=57S:

1

Similarly, using the de nition (5.7) of Ps in connectionwith the fact S>SA z =
A2Z Z> derived from the eigervalue decomposition of A° we get for the

Nystrom method:

S*PB>S=S"SA 2z z 2Z”(A 7)°S”S
A2Z 777 12°7 77 (A?)
A2Z Z°Az=S>S:

Concerningthe applicability of the Nystrom method, we had to assume(as
opposedto the SDP approximation method) that the submatrix A is positive
de nite in order to assurethat the inverseA ! and the squareroot Az exist.
In fact, the secondrequiremert is already ful lled if the matrix M is positive
semide nite: in this case,A is also positive semide nite, which guaraneesthe
existenceof the squareroot AZ. Yet the inverseA ! may not be calculated if
any of the eigervaluesof A is 0. As a remedy for the inde nite case,Fowlkes
et al. [54] proposea modi cation of the Nystrom method which utilizes the
pseudoirverseinstead of A 1. Howewer, besidesincreasingthe computational
e ort, this modi cation may lead to a signi cant lossin numerical precision,
and thus should only be applied when necessary[54].
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In cortrast to that, the probabilistic SVD approximation method doesnot
involve the calculation of any squareroots or inversematrices (except for %,
which is unproblematic since is diagonal and positive de nite). Hence, this
approad is more corveniert concerning the computational complexity, and
less sensitive when being applied to nearly singular matrices. Indeed, it can
also be usedto calculate rank-k approximations for non-positive semide nite
matrices. In this case,however, one hasto be cautious when applying the SVD
approximation method to spectral partitioning approacheswhich are basedon
the largest eigervectors of the problem matrix: asthe largest singular vectors
could also correspond to eigervectors of negative eigervalues (cf. Lemma A.2),
they may yield incorrect partitionings.

5.3.4 Application to Binary Partitioning

In this section, we describe how the probabilistic SVD approximation method
preseried in Section5.3.2can be applied to solve binary partitioning problems
basedon the SDP relaxation approac (see Section 4.2) and the normalized
cut relaxation (seeSection 3.1.4), respectively. In this context, rst note that
the problem formulations corresponding to both partitioning techniquesinvolve
minimizing the objective function, whereasthe probabilistic SVD method ap-
proximates the singular vectors belonging to the largest singular values. How-
ewer, sincex”Lx = x>(D W)x= x>Wx+d(V)forx2f 1;+1g", wecan
directly transform the objective for both problem formulations to maximization
by substituting the Laplacian L with the similarity matrix W. For the SDP
relaxation (4.7), this results in the equivalent problem

max W X

X 0

st. ¢c€¢ X= ? (5.8)
diag(X) = e:

More speci cally, sincewe are only concernedwith image partitioning problems
on a pixel basis in this section, the corresponding graph vertices can be assumed
to be of equalimportance. For this reason,we generallysetc= eand = 0in
the balancing constraint in (5.8).

On the other hand, the above substitution yields for the normalized cut
relaxation (3.16):

max zZZWz
2R 77Dz
st. z2De=0;

which correspondsto computing the eigervector belongingto the secondlargest
eigervalue of the normalized similarity matrix W%= D WD 2 (cf. Lemma
3.4).

Moreover, we assumein this sectionthat the similarity matrix W is positive
semide nite in order to guaranee the equivalenceof its largest singular vectors
and its largest eigervectors (seeLemma A.2). In general, this is no restriction
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sincean inde nite matrix W can always be changedinto a positive semide nite
matrix by adding a multiple of the identity matrix, W := W+ 1|, with 2 R*
chosenlarge enough: this transformation increasesthe eigervaluesof W by ,
but does not change the eigervectors or the order of the eigervalues? Since
experimens indicate that the positive eigervalues are mostly dominating for
real image data, this transformation yet is usually not necessaryin practice.

SDP Relaxation

To solve the SDP relaxation (4.7) by meansof the probabilistic SVD approx-
imation method, we use the fact that the randomized hyperplane technique
(see Section 4.2.3) calculates an integer solution x 2 f 1;+1g" basedon the
Cholesky decomposition X = V'V~ of the solution matrix X of (4.7). This
results in the equivalent problem formulation (4.9) with the objective function
Tr(V~ LV ), wherethe secondconstraint ensuresthat the rowsv; of V have unit
norm. If we disregardthe balancing constraint in (4.9), the complete eigervalue
decomposition W = Q Q~ of the similarity matrix W yields a special instance
of the SDP relaxation in the maximization form (5.8),

X
max W X = max Tr(V"WV) Tr(QWQ)= i
X 0 V2R N S
diagX =e kv; k2=1 i=1
sinceQQ” = Q” Q = |. For this reason,we suggestto calculate an approxima-

tive Cholesky decomposition of the solution matrix X in the sameway asan
approximation to the top eigervectors of W is obtained with the probabilistic
SVD approximation method.

In more detail, the solution stepsare as follows:

1. Calculate the sampled submatrix S 2 R" S of W to obtain the matrix
S>S2SS.

2. Solwethe following small-size versionof the SDP problem 5.8, which yields
the solution matrix X 2 S3:

max S°S X

X 0

st. e€ X=0 (5.9)
diag(X) = e:

3. Compute an approximative Cholesky factor ¥ 2 R" S for the solution
matrix X of the original SDP problem (5.8) by setting ¥ = SV (similarly
to (5.5)), where V 2 R® S denotesthe Cholesky factor of the solution
matrix X = V'V~ of (5.9).

4. Normalize the rows ¥; of ¥ to satisfy the original norm constraint on the
rows of the Cholesky factor.

4In particular, if we apply this modi cation directly to W for the normalized cut, we can
set = 1 sinceall eigervalues of W° are known to be larger than 1 (seeLemma 3.4).
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5. Adapt the randomized hyperplane technique (Section 4.2.3) to calculate
binary vectorsx 2 f 1;+1g": for random vectorsr from the unit sphere

As nal combinatorial solution we then selectthat binary vector x which
yields the smallestvalue for the following adjusted version of the original
objective function in (4.5):

X~ LeX ; (5.10)

wherel s is obtained from L by setting all columnsto zerothat correspond
to points which are not sampled: Ls = Dg  W;s = Diaggy €) 3 (s 0.

Concerning the nal step, the modication (5.10) can be interpreted in
the following way: instead of seekinga minimum cut in the complete problem
graph, a sparsi ed graph is examinedthat only cortains the edgesbetweenthe
sampleswith their full weight and the half-weighted edgesbetween samples
and non-samples. Thus, the objective function is slightly adjusted to take the
con dence in the entries of the solution vector into accourt.

Normalized Cut Relaxation

If the similarity matrix W is positive semide nite, sois W and we can apply
the probabilistic SVD approximation method directly to approximate the top
eigervectorsof W° Sincethis requiresthe sampledpart S of W °to be calculated
exactly, we assumethat besidesthe similarities to the sampled points (the
sampled part of W), the complete degreevector d = De is computed in a
preprocessingstep® In this context, a slightly dierent method is proposed
in [54] in connection with the Nystrom method: instead of W ¢ the original
similarity matrix W is approximated rst and normalized afterwards. In this
way, the time consumingcomputation of the correct degreevector d is avoided.
Howe\er, this procedureis not applicable for the SVD approximation method,
which requiresto approximate W ° directly.

In order to obtain a binary solution, the secondstep of the normalized cut
relaxation demandsto nd a suitable threshold value on the secondsmallest
eigervector v, of the generalizedeigervalue problem (3.17) (seeSection 3.1.2).
While by multiplication with D %, the computed approximate eigervectors Qy
of WCare easily transformed into the corresponding approximativ e eigervectors
of the original normalized cut problem, we meet two other problems in this
context: rst, sewral experiments indicated that the information contained in
the secondlargest eigervector of the full problem matrix W °may now be shifted
to another of the top approximative eigervectors, so using only the second
largest approximativ e eigervector can be misleading. Second,due to time and
memory restrictions, we cannot make useof the original normalized cut criterion
(3.4) (which involvesthe completesimilarity matrix W) to calculate the optimal
threshold value.

In order to deal with these problems, we calculate the binary solution with
amodi ed technique that is still directly basedon the normalized cut criterion,

SNote that the calculation of the complete degreevector d is not necessaryfor the SDP
relaxation approach.
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but only requiresthe sampled part of the similarity matrix W along with the
complete d(lagreevector d= De. Tothis end, we rst normalize the rows of the
matrix D 2@y (which cortains the approximativ e eigervectors to the original
normalized cut problem) to unit length to project them onto the unit sphere
(cf. [190 134]). For eat of the top \pro jected" eigervectors obtained in this
way, we then compute the threshold which yields a binary vectorx 2 f 1;+1g"
that minimizes the following adjusted version of (3.4):°

X~ LgX X~ LgX
x"Dg(x+e x>Dg(x €

: (5.11)

with Lg and Dg being de ned as in (5.10). Comparing the optimal binary
vectors x obtained for ead of the rst top projected eigervectors, the nal
solution is given by that x which results in the smallestvalue for (5.11).

Note that in connectionwith the Nystrom method, a di erent technique is
proposedto compute the nal partitioning for the normalized cut relaxation
[54]: basedon the embedding of the points into the spaceR¥ given by the
(scaled) rows of the matrix D %Qk, a direct segmemation into multiple parts
is obtained by applying the k-meansalgorithm. Although this method seemso
be more robust by consideringthe information contained in se\eral approximate
eigervectors at once,we do not study it here. In fact, it hasbeencriticized that
the solution calculated with k-meansis not basedon the original normalized
cut criterion any more, sincethe embeddingyields a di erent grouping problem
[155. Instead, we focus on hierarchical binary partitionings in this section;
direct multiclass segmetation methods are consideredin Section 6.2.2.

5.3.5 Exp erimental Results

In this section,we presen se\eral results for unsupervisedpartitioning problems
obtained by applying the probabilistic SVD approximation technique in con-
nection with the SDP relaxation approad and the normalized cut relaxation,
respectively. Besidesevaluating the performancestatistically for arti cial point
sets, we segmen large real world imageswithin the hierarchical framework as
suggestedin Section5.1.

Concerningthe graph represenation of the problems, the SVD approxima-
tion method needsa densesimilarity matrix W to work: otherwise,the sampled
submatrix S may cortain zero-rons, which prohibits to infer the group mem-
bership of the correspponding unsampledpixels. Sinceapplying a shortest paths
approad like method (ii) from Section 4.4.2 for this purposeis prohibited due
to time and memory restrictions, we simply expand the feature vectorsy; in
this section by including the position of ead point i along with its color in the
perceptually uniform L*u*v* space. The required similarity valueswj; arethen
computed directly for ead pair of points i and j as

wy = e i)

5The original version (3.4) corresponds to (5.11) with Ls and Ds being replaced by the full
matrices L and D, respectively.
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. P )2 o
wheredy (i; ) == w denotesthe Mahalanobis distance between the
corresponding feature vectors y; and y;, with appropriately adjusted scaling
factors k. As this results in a positive semide nite similarity matrix W, we

can useW unchangedfor all the following applications.

Statistical Performance Evaluation

To measurethe performanceof the sampling-basedversionsof the partitioning
methods statistically, we create two di erent point sets as depicted in Figure
5.6, top. Using the complete similarity matrix (based on the Euclidean dis-
tances of the points), both the SDP relaxation approac and the normalized
cut relaxation are able to separatethe clusterscorrectly. For di erent sampling
rates, we then compute partitionings basedon the probabilistic SVD approx-
imation method and compare them to the optimal solution by counting the
number of misclassi ed points. To derive somesigni cant statistics, this exper-
iment is repeated 100times for ead sampling rate, with di erent samplepoints
selected.

The diagramsin Figure 5.6 revealthat for both the SDP and the normalized
cut relaxation, good results are obtained with the probabilistic SVD approx-
imation method, also for relatively small sampling rates. In particular, the
quite simple example in Figure 5.6, left, always gives a mean error belowv 5%
if at least 10% of the points are sampled. In comparison, note that for the
point set depicted in Figure 5.6, right, decreasingsample numbers soon result
in a signi cant loss of structure as the similarity values are solely based on
Euclidean distances, which makes this problem quite intricate. Although for
this reason,the measuredmean error increasesfor smaller sampling rates, it
should be mentioned that both partitioning approades still were able to nd
the optimal solution at least oncedown to a sampling rate of 10%.

Moreover, Figure 5.6, bottom, shows that the computational e ort is re-
ducedby applying the probabilistic SVD approximation method. With a nearly
guadratic deca of the time neededto solve the partitioning problems, this is
most signi cant for the SDP relaxation: for small sampling rates, the corre-
sponding computational e ort even becomescomparableto the normalized cut
relaxation.

For comparison, we also apply the Nystrom method to the normalized cut
relaxation for theseexamples. While the corresponding clustering performance
resenblesthat of the probabilistic SVD approximation-based approad (Figure
5.6, middle), there are two striking discrepancies:the bad performancefor high
sampling rates depicted in Figure 5.6, middle left, is due to the fact that for
this example the similarity matrix W is nearly singular, which leadsto inac-
curate results in the calculation of the inversesubmatrix A 1. The increaseof
the computational e ort when sampling basedon the Nystrom method is intro-
duced (cf. Figure 5.6, bottom) can be attributed to the samecause: the high
complexity of calculating an inverse matrix makes this method ine cien t for
larger samplenumbers. Hence,theseresults approve the theoretical drawbads
of the Nystrom method indicated in Section5.3.3.
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for two clustering problems,

basedon 100experimernts for eadh sampling rate. Using all points, the optimal
solutions for both point sets are found with the SDP relaxation approac as
well as with the normalized cut relaxation (top). Concerning the quality of
the solutions obtained with the probabilistic SVD approximation technique
(middle), both methods give good results also for relatively small sampling
rates, especially for the quite simple example depicted left. In particular, the
computational e ort is reducedstrongly for the SDP relaxation (bottom), thus
making it comparableto that of the normalized cut relaxation for small sample

Figure 5.7 givesthe segmemation results obtained with the probabilistic SVD
approximation method for a small patch of a larger color image (cf. Figure 3.6)
when 6:2% of the points (s = 80) are sampled. In order to comparethe perfor-
mance for both partitioning approades, we also computed the corresponding
optimal solutions basedon the completesimilarity matrix for this example(Fig-
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Original
Optimal SDP solution Optimal normalized cut solution
Sampling-basedSDP solution Sampling-basednormalized cut

solution

Figure 5.7: Comparison of segmentations with and without sam-
pling. For a small patch (36 36 pixels) of a larger color image (cf. Figure
3.6), the probabilistic SVD approximation method is applied basedon sam-
pling 6:2% of the pixels. While maintaining a satisfying segmemation quality,
the computational e ort to producethe approximate solutionsis reducedenor-
mously (by more than 95%).

ure 5.7, middle row). While the sampling-basedbinary partitions arereasonable
approximations to the optimal segmemations, the computational e ort needed
to producetheseresults is drastically reduced: from 13.5 minutes for the com-
plete SDP, and 3.5 minutes for the complete normalized cut, to 5{6 secondsfor
both sampling-basedapproades.

Finally, we apply the sampling-basedpartitioning approadesto large real
world image segmetation problems. The results for seweral examplesfrom
the Berkeley segmemation dataset [121] are depicted in Figure 5.8. In order
to produce partitionings into more than two segmeits, we again use the hier-
archical framework presened in Section 5.1. For these examples, the binary
partitionings computed for eat candidate segmem are always basedon 100
randomly selectedpixels (which correspondsto 0:26% of the ertire image). To
decide which segmem should be split next in ead step, we apply a selection
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Original Sampling-basedSDP Sampling-based
solution normalized cut solution

Figure 5.8: Hierarc hical segmentation based on sampling. For v edif-
ferent imagesof size240 160 pixels from the Berkeley segmemation dataset
[121], the probabilistic SVD approximation method is applied basedon sam-
pling s = 100 pixels in ead hierarchical step (corresponding to 0:26% of the
total number of pixels). Both partitioning approaces,the SDP relaxation as
well asthe normalized cut relaxation, give satisfactory results.
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procedurethat slightly diers from the one presened in Section5.1.2: instead
of generally choosingthe largest segmen, we pick the candidate that yields the
lowest normalized cut value. This procedureis stopped after four steps, which
results in a partitioning into at most v e segmets.

The results in Figure 5.8 reveal that for both the SDP and the normalized
cut segmemation approad, the application of the probabilistic SVD approx-
imation method is successful: taking into accourt that no e ort is made to
smooth the segmetts, to selectthe sampled pixels more deliberately or to stop
the partitioning processat a more adequatenumber of segmets, the quality of
the segmemations is satisfactory. Concerningthe computational e ort, it takes
just about 350 secondsfor the sampling-basednormalized cut relaxation and
about 110seconddor the sampling-basedSDP relaxation to nd the rst binary
partitioning for theseimages. In this context, note that the most time consum-
ing step for problems of this size consistsin the nal calculation of the binary
solution: the vectorsto be examinedare by orders of magnitude larger than the
solutions of the corresponding sampling-basedsmall scale problems. This fact
also explains the larger solution time for the normalized cut relaxation, since
we test seweral approximativ e eigervectors for good cut values| in contrast
to the SDP relaxation, where only a xed number of random hyperplanesis
evaluated.

In comparison to the over-segmetation-based partitioning method pre-
sented in Section 5.2, the image segmemation results of the sampling-based
techniques naturally are more noisy, since they are obtained on a pixel basis
without any smoothing e ort. For this reason,we do not provide quartitativ e
quality measures(lik e the F-measurefrom Section 5.2.4) here. Howeer, the
reduced computational e ort permits computing multiple segmemations of a
single image basedon di erent samplings, which then can be combined to ob-
tain the nal solution by calculating the most probable group menbership for
eat pixel (seee.g.[176]). For the sampling-basednormalized cut relaxation,
this topic is addressedin more detail in the diploma thesis of Hanno Acker-
mann [2], along with an elaborate analysis of the parametersinvolved in the
probabilistic SVD approximation method.



Chapter 6

Solving Non-Binary Problems

So far, we have only consideredsegmetation tasks that are basedon binary
optimization problems which can be cast in the generalform (2.1). Problems
of this type are amenableto the generalconvex relaxation approac presened
in Chapter 4. In practice, howeer, the situation may be more complicated:
instead of seekinggood binary solutions, a direct decomposition of the image
into more than two parts is often desired.

In this context, a rst approac was preseried in Section 5.1, where a seg-
mentation into multiple parts was obtained by computing binary partitionings
in a hierarchical way. Howewer, such a hierarchical framework is only appro-
priate for the unsupervisedsegmemation task, and not for perceptual grouping
or image restoration. In fact, the perceptual grouping problem (see Section
2.2) is intrinsically binary as a one-against-alltask: image elemerts either be-
long to a shape (indicated by high interaction coe cien ts wj; ) or they do not;
other shape de nitions lead to di erent grouping problems, that have to be
solved independertly. On the other hand, the energy functional (2.11) for the
binary image restoration problem (see Section 2.3) involves comparisonswith
previously de ned, prototypical represenativ es of eac group. Thus for multi-
ple classesa hierarchical framework would lead to binary restoration problems
that involve the comparisonof one classagainst all the others, which usually is
not feasiblesince a suitable represenativ e for the all-class cannot be de ned.

In this chapter, we will therefore presen a natural, direct extension of the
binary restoration problem to the non-binary case,which can also be solved by
semide nite relaxation (Section 6.1). For the sake of completeness,and since
the relaxation is quite similar to that of the multiclass restoration problem, we
will also briey introduce how the binary unsupervised partitioning problem
canbe extendedto nd a multiclass segmetation in a direct way (Section 6.2).

6.1 Multiclass Restoration

As already stated above, the binary restoration problem (2.12) is not suited for
a hierarchical application. Howewer, in cortrast to unsupervised segmeration
tasks, the number of classesk the image should be partitioned into is usually
de ned in advance. This knowledge allows deriving a direct extension of the
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binary restoration problem to multiple classesn a straightforward way (Section
6.1.1), which can also be solved by a semide nite relaxation approad (Section
6.1.2). First experimental results are given in Section6.1.3.

6.1.1 Problem Form ulation
To extend the binary energyfunctional (2.11) to multiple classeswe now indi-

taking as value one of the k unit vectors from RX. Moreover, we assumethat
ead locally measuredfeature vector g 2 R™ is known to originate from one of

type matrix U 2 R™ K, Generalizing the separation costsfor assaiated image
elements i;j in (2.11) to P D(Xi;Xj) = Kkxj X; KX=2 (1 X7 Xj), and the
assignmen coststo
Ci(xi) = kUx;  gik?
(Uxi @) (Uxi @)
X7 (UZU)x;  2x7 (U™ g) + kgik?
x; diag(U”U) 2x7 (U” g) + kgik?
x7 diag(U”U) 2U>g + kgk?;

we obtain the generalizedenergy functional

X X
Ewr(X):=  kUx; gk®+ kxi  xjk?
i hiij i

Tr X diag(U”U)e® 2U°G +kGkE  Tr(MXX7)+ 2 jh jii

Tr M XX~ + ediag(U>U)> 2G™U X~ + kGk2 + 2 jhi; jij
(6.1)

by inserting into the genericenergyfunction (2.10). In (6.1), X 2 R" X denotes
the indicator matrix containing the classindicator vectors x; as rows, G 2
R™ " comprisesthe feature vectors g; ascolumns, and jhi; jij denotesthe total
number of elemen assaiations. The symmetric matrix M 2 S" subsumes
these ass@iations between the image elemerts by ertries Mjj = 1 whenewer
two elemers i; j are neighbored, and is zero otherwise.

Disregarding the constart terms, this results in the following optimization
problem for multiclass restomtion:

Zyr = _min Tr M XX” + ediag(U”U)> 2G U X~
X 2Rn
st. Xe=¢"
Xij 210,19 8i;j ;

(6.2)

where € 2 R! denotesthe vector of all onesof appropriate size. Note that
the rst constraint in (6.2) requires ead row of X to sum to one, which in
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connection with the secondconstraint ensuresthat ead row correspondsto a
unit vector €.

This combinatorial optimization problem resenbles the quadmtic assign-
ment problem (QAP, see,e.g., [137, 28]), which aims for optimally placing n
given activities at n given locations by minimizing a cost function of the form
Tr(AXBX> 2CX~) with positive matrices A;B;C 2 R" ". In fact, if we
allow multiple activities to be placedat the samelocation, the multiclass resto-
ration problem exactly becomesa special caseof the uncapacitated QAP [105;
this can easily be establishedby de ning the cost matrix B = E | and the
ow matrix A= M .

The original QAP has attracted considerableinterest in connection with
semide nite relaxation approades[206, 26]. In the next section, we will show
how these methods can be generalizedto nd approximate solutions for prob-
lems of the type (6.2). Alternativ ely, seweral of the approades already men-
tioned in Section 2.3 can be used for this purpose. Moreover, other relations
of (6.2) to di erent optimization problemsare stated in the literature: whereas
Kleinberg and Tardos [105 point out the equivalence of this special case of
their uniform labeling problem to a pairwise homogeneousMarkov random
eld, Boykov et al. [24] prove the equivalenceto a multiw ay cut problem.

6.1.2 Lagrangian Relaxation

Analogously to the relaxation of the QAP preseried in [206, we perform
Lagrangian relaxation of (6.2). For easeof notation, let M = M and
C := ediag(U”>U)> 2G>U 2 R" k. We start with represeiing the con-
straints in a quadratic form, to obtain the following equivalert problem to
(6.2):

Zyr= Min Tr MXX” + CX~
X2Rn k

st. kXe¢ ek?=0 (6.3)
Xij2 Xij =0 8i;j .
Using the Lagrange multipliers W 2 R" X and up 2 R, we add the constraints

to the objective function, and perform relaxation by virtue of the \minimax
inequality" [152] (seeSection 1.4 for notations):

X
min max Tr MXX> + CX> +  W; (X Xj)
X W;ug i

+ug(Xek e (xe e

max min Tr MXX” + CX”> +Tr W(X X X)?
W;ug X

ZyRr

+ UgTr XEkX> 2E, kX> + Ugh

max min Tr MX X~ + W(X X)” + X (UugEx)X”>
W;ug X

+(C W  2ugE, )X~ +ugn:
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Next we homogenizethe objective function by multiplying X with a constrained
scalarxg, which increaseshe dimensionof the problem by one. This additional
constraint is then inserted into the objective function by introducing the La-
grange multiplier wy:

Zyr Max min Tr MXX” + W(X X)” + X (ugEg)X~
Wiuo X;x3=1

+Xo(C W 2ugE, )X~ + ugnx3

max min Tr MXX~ + W(X X)) + X (ugEx)X”

Wiuo;wo X;Xo
+ xo(C W 2ugE, ()X” + Uughx3+ WoX3 Wo
= Sd .

Transforming the problem variables xo and X into a vector by de ning y =

veox) + We nally obtain

Ssy= max miny Lyg.~+ Awyw,+ UoF Wo ;
d Wi T y NF:C W:wg oF Yy 0 (6.4)

with
0 zveqC)”

“we T lveqc) 1 M (6.5)
o W, sveqW)>
Awiwo = 1ueqw) Diag(vedW)) (6.6)
— N Clo .
Fie g e 6.7)

where A B denotesthe Kronecker product of A and B (seeSection 1.4).

There is a hidden semide nite constraint in (6.4): the inner minimization
is bounded below only if the matrix in the quadratic term is positive semide -
nite, in which casethe corresppnding minimum becomeszero. This yields the
following relaxation of (6.2):

Sq =  max Wo
Witloiwo (6.8)

To obtain a direct semide nite relaxation of (6.2), we derive the Lagrangian
dual of (6.8).PT0 this end, rst obsene that the matrix in (6.6) can be split
into Aw:w, = {‘:ko wiA; by de ning w := veqW) and A; 2 S™*1 with

8 S
< 1 i1=i2=1i+1
(A, =. 3 i80i1=1Li,=i+1landi6 0jiy=i+Li=1
' 0 elsewhere
(6.9)
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Using the dual positive semide nite matrix variable Y 2 S™*1  we get

xk
= i + + A .+
Sq Wgr;lv%o 5n|r(1) Wo+ Tr Y(Lyc . wiA;j + UgF)
Xk
i + + - i
gnlr?) Wrg?\%o Tr(LyrcY) + wo Tr(AgY) 1 ~ wi Tr(A;Y)
+ Ug Tr(FY)
=l §p!
As the inner maximization is unconstrained, this minimization problemis nite
only if the factorsin the last three terms are zero. Using this hidden constraint,

we nally obtain the following semide nite program asthe dual of (6.8):

=i Ly Y

A Y=0 fori=1;:::;nk
F Y=0:

The connectionof this semide nite relaxation with the original integer prob-
lem (6.2) becomeslearimmediately: the (0;1)-matrix X 2 R" K istransformed
into a vector veqX ) and then lifted into the higher-dimensional spaceof posi-
tive semide nite matrices S™*! by setting

vi= L fveqx) (6.11)
' veqX) ’ ) '
As for the binary case(cf. Section 4.2.1), the relaxation consistsin discard-
ing the intractable rank one constraint on Y, and minimizing over the space
of positive semide nite matrices instead. Besidesthe Ag-constraint, which is
an arti cial one to enable the homogenization of the objective function, the
other constraints in (6.10) directly correspond to the constraints in the origi-
nal problem formulations (6.2) or (6.3): the Aj-constraints guarartee that the
diagonal and the rst row (and column) of Y are identical, thus modeling the
(0; 1)-constraint on the entries of X, whereasthe F-constraint is derived from
the sum-one-constraih on the indicator vectors constituting the rows of X .

Concerningthe solvability of the SDP relaxation (6.10), we have the follow-

ing lemma:

Lemma 6.1. A feasible solution matrix Y for (6.10) is singular, with at least
n of its eigenvaluesbeing equal to zem.

Proof. The constraint matrix F 6 0 is positive semide nite: as can easily be
calculated, its non-zeroeigernvaluesare pg+1 = N+ Kk and g 142 = =

nk = kK. As 'Y is also positive semide nite, the constraint F Y = 0in (6.10)
directly implies that FY has to be the null-matrix [3, Lemma 2.9]. Hence,
YF; = 0 for eadh column F;, which shows the singularity of Y. As exactly
n columns F; of F are linearly independert (namely i = 2;:::;n + 1), the
dimension of the null spaceker(Y) is at leastn. O
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Figure 6.1: One-dimensional restoration. The original signal (top) is
distorted by Gaussianwhite noise (middle) and restored with the SDP relax-
ations preserted in Section4.2and Section6.1.2. The reconstructionsobtained
for this represenativ e exampledi er in only two points from ead other.

Lemma 6.1 implies that the primal semide nite program (6.10) has no
strictly interior point. On the other hand, it is not dicult to nd a strictly
interior point for the dual SDP (6.8).1 Hence, the Slater condition holds for
the dual, sothat by Theorem 4.2 there is no duality gap: s, = sy. Howeer,
dueto Lemma6.1, it is not guaranteed that the optimal value of the dual SDP
(6.8) is attained (cf. also Section 4.2.2). Therefore, interior point methods can
su er from instability when solving the SDP relaxation (6.10) and may not
converge[206. This problem is circumverted by reverting to other SDP solvers
that are basedon dierent algorithms (like, e.g., PENNON [108, which uses
a generalizedversion of the augmerted Lagrangian method), or by projecting
the problem onto a lower dimensional face of the semide nite cone[20§.

For the QAP, Zhao et al. [206 show that it is possibleto tighten the SDP
relaxation by incorporating additional constraints, that are redundant for the
original problem. Sud constraints may also be added for the multiclass resto-
ration problem. For example, we know that the diagonal ertries of the matrix
X X?> (the squarednorms of the indicator vectors) are equal to 1, which gives

1This can be accomplished by setting up = 0, and choosing wo and the entries of W large
enough to make the diagonal of the matrix L, .. + Aww, asdominant as necessaryto yield
a positive de nite matrix.
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Figure 6.2: Statistics of the SDP relaxation comparison. The results
reveal that the binary SDP relaxation in generalperforms slightly better than
the multiclass SDP relaxation.

the additional constraint Tr(X X~>) = n. Future work will shov which mean-
ingful constraints can be added and in how far they are useful to nd good
approximativ e solutions. In this work, howewver, we rely on the basicrelaxation
(6.10).

6.1.3 Exp erimental Results

In this section, we present someresults obtained for the multiclass restoration
problem basedon the primal-dual SDP relaxation pair (6.10) and (6.8). In
order to derive a suboptimal integer solution for the original problem (6.2), the
rst column Y; of the solution matrix Y of the primal problem (6.10) is used:
sinceY; = Veo%x) , we seekthe largest value in ead block of length k in Yy
(starting with the secondertry) to give the position of the one-erry in the
corresponding indicator vector.?

As a rst experimert, we compare the performance of the multiclass SDP
relaxation (6.10) for the casek = 2 with the direct binary relaxation (4.7). To
this end, a synthetic one-dimensionalsignal (Figure 6.1, top) is rst distorted
by adding Gaussianwhite noise and then restored basedon both SDP relax-
ation approaches| seeFigure 6.1 for a represernative example. In order to
derive somesigni cant statistics, we compute 100 noisy versions of the signal
for di erent valuesof the smoothnessparameter , and calculate the meanrel-
ative errors of the objective values and the mean relative Hamming distance,
both in comparisonto the optimal solution (cf. Section4.4.1for a more detailed
explanation of this experimert).

Figure 6.2 depicts the corresponding statistical results. Interestingly, a
slightly better performanceof the binary SDP relaxation (4.7) can be obsened.
Howeer, this is not due to the tightness of the relaxation: the experimernts
reveal that the objective values of both relaxations coincide. Instead, this dif-
ferencerather indicates that the randomized hyperplane technique which is

2Note that we cannot apply the randomized hyperplane technique (Section 4.2.3) here,
since the original problem variables are k-dimensional vectors now.
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Original Noisy input SDP restoration

Figure 6.3: Multiclass image restoration result. The original image
(left) of 10 18 pixels is degradedby adding Gaussianwhite noise (middle).
The result of the reconstruction (using = 0:05) is almost perfect (right):
only one pixel is classi ed incorrectly.

T

Noisy input SDP restoration

Figure 6.4: Multiclass image restoration result. A patch of the noisy
diamond image from [24] of 37 37 pixels (left) is restored with the SDP
relaxation approach with = 0:05 (right).

usedto obtain a combinatorial solution from the solution matrix X of (4.7)
performs better than the method usedto nd the indicator vectors from the
rst column Y; of the solution of the multiclass relaxation (6.10). Nevertheless,
the restorations are still remarkably good: the averagerelative error of the ob-
jective value and the average relative Hamming distance both are belov 2%,
with standard deviations below 0:58% (objective error) and 1:56% (Hamming
distance), respectively. Yet it should be mertioned that the solution of the
binary SDP relaxation (4.7) is calculated in lessthan a second,whereasit takes
6{7 secondsto solve the multiclass SDP relaxation (6.10), which is obviously
causedby the larger problem size (Y 2 S#0! for (6.10) vs. X 2 S2%% for (4.7)).

Figures 6.3 and 6.4 show the restorations of two noisy images originally
comprised of multiple gray-values. For these examples, we rst corvert the
pixel valuesto the interval [0; 1], and employ the PENNON solver [108 to nd
the solution of the SDP relaxation (6.10) basedon a rst-order neighborhood
(horizontal and vertical adjacert pixels are connected). The reconstructions
obtained for both examplesare promising: only few pixels are grouped incor-
rectly.

Figure 6.5 depicts the corresponding restorations computed with the ICM
algorithm (see Section 3.3). Comparing the results with the SDP solutions
revealstwo facts: for the imagein Figure 6.3, the tighter SDP relaxation yields
a clearly superior reconstruction. On the other hand, the ICM result appears
to be slightly better for Figure 6.4. Howewer, this is mainly due to the second-
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ICM restoration for ICM restoration for Figure 6.4 ( = 0:1), second-
Figure 6.3 ( = 0:.02 (left) and rst-order (right) neighborhood
and = 0:1)

Figure 6.5: Restorations obtained with the ICM algorithm , for the
noisy images from Figures 6.3 and 6.4, respectively. For the correct choice
of the parameter , the ICM algorithm is able to nd satisfactory results.
However, at least for the left image, the reconstruction obtained with the
SDP relaxation approad is better. For the right image, the ICM algorithm
prots from the second-ordemeighborhood that alsoconsidersthe diagonally
adjacert pixels.

order neighborhood that is usedby ICM, which better accouns for the diagonal
structures preser in this image. If we switch to a rst-order neighborhood, the
results becomemuch worse (cf. Figure 6.5, right).

As already indicated by the small sizeof the sampleimages,there is onema-
jor drawbadk of the SDP relaxation: sincethe problem sizeincreasesquadrati-
cally with nk (the product of the number of pixels and the number of classes),
the corresponding semide nite programs soon becomeintractable in terms of
memory and computational time requiremerts. For instance, it takes2.5 min-
utesto nd the solution for the imagein Figure 6.3 (problem size: nk = 1080),
and already more than 3.6 hours for the imagein Figure 6.4 (nk = 5477), with
memory requiremerts of seweral hundreds of megatytes. In cortrast to that,
the ICM algorithm computesthe solution in lessthan one second. Hence, the
application of the multiclass SDP relaxation is (yet) restricted to small resto-
ration problems consisting of only few di erent classes. The future will shov
whether algorithms emergewhich make larger problem instancestractable.

6.2 Unsup ervised Multiclass Partitioning

In Section 5.1, we already preserted an obvious extension of the binary unsu-
pervised partitioning problem to multiclass segmetation: applying the binary
approad in a hierarchical way yields a segmemation of the imageinto multiple
parts. In this section, we will shov how the binary problem formulation can
directly be extendedto a multiclass segmemation problem (Section 6.2.1).
Concerningthe choice of the costfunction, this approad may be considered
more adequatethan the hierarchical method, sinceit minimizes a glokal objec-
tiv e criterion. Spectral relaxation methods are able to exploit this property by
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calculating multiple eigervectors at once (Section 6.2.2). Howewer, the direct
method involvesat least onedrawbadk: sincethe costfunction directly depends
on k, the desirednumber of clustersin the nal segmemation hasto be de ned
in advance. Although there are suggestionsfor eigervalue-basedcriteria which
may nd appropriate values for k automatically [125, dierent choicesfor k
may still yield completely di erent segmemations, which does not seemto be
in correspondenceto human vision.

Nevertheless,if k is known beforehand, direct multiclass partitioning is a
reasonabletechnique to nd a desired segmemation. In Section 6.2.3, we will
therefore also briey investigate how this problem can be handled by SDP
relaxation. First experimental results are presered in Section6.2.4.

6.2.1 Problem Form ulation

Assumethat the number k of groupsthe input data should be partitioned into
is known in advance. As in Section6.1.1, we indicate the cluster membership

1 X
Cut(Sy;:::;S) = = wi kxi X k® =
iij2Vv iij2Vv

X

NI

wij (1 X7x))

1 1
= STHW(E  XX7)) = 3Tr(DXX”  WXX)

1 1 (6.12)
= STr(LX X>)= ETr(x>|_X)

1 X
= X7LXj;
j=1

with the columnsX; of the multiw ay cut indicator matrix X 2 R" K indicating
the elemens from classj, and the rows corresponding to unit vectors.

As in (2.6), we can balance the grgups by ip,tro ducing a linear constraint
X>c = with ¢ 2 R"; 2 RK and 0= i G, to obtain the following
represettation of the multiclass partitioning problem

1
Zuyp = min =Tr(X”LX
M P mn. 3 ( )

X
st. X’c= (6.13)
Xek=¢g
Xij 2f0;1g 8i;j ;

whereé 2 R/ denotesthe vector of all onesof appropriate size (cf. (6.2)).

tation of this problem can be derived [153: rst obsene that the objective
function can equivalertly bewritten as 3 Tr(X”LX ) = 3d(V) 3 Tr(X>WX),
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its barycenter at the origin.

where W denotesthe adjacency matrix of the graph (cf. (6.12)). De ning the
partitioning represettation matrix Y := XX~ , whereYj = 1if i andj belong
to the samesubsetS;, we obtain by comparing W and Y in Frobenius norm:

KW  Yk2 = kWkZ + kYkZ 2Tr(WY)
xo X
= Wi+ 2 2Tr(X”WX):
i =1 i=1

Hence,sincethe rst two terms are constart, the multiclass partitioning prob-
lem (6.13) is equivalent to the following matrix approximation problem, which
seeksthe best approximation to the adjacency matrix W:

rQ{in kKW  Ykg
s.t. Y represens a partition :

A dierent represenation of the multiclass partitioning problem is derived
by using another set of possible values for the indicator vectors X, as was
suggestedby Frieze and Jerrum [55] for the max-k-cut problem: instead of
signifying the group membership by the k unit vectorse; 2 R¥, they employ a

apart as possible. Geometrically, this demandsthat all pairs of vectors enclose
an angle of the samesize. Thus, the unit vectorsv; form an equilateral simplex
in RX 1 with its barycerter at the origin [55], asis illustrated in Figure 6.6 for
the casek = 4. As can be proven easily [55, 78], thesevectorsv; 2 RK 1 satisfy

vivi=1 fori= 1;:::;k;
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k 1X >
Cut(Ss;:::;S) = —— wij (1 X{Xj)
iij2Vv
_k 1 > :
= 7Tr(X LX) ;

rows. As in (6.13), it is possibleto balancethe groups by a linear constraint
with c2 R" and 2 RX:

X>c

I
o
x

1
o
<
=
+
+
o
<
=

Unfortunately, this constraint involvesthe unit vectossv; to be given explicitly .
Howewer, for a constart vector = ewith = % i Gi, this can be obviated
by reverting to the quadrgtic cons{raint

Xk
CXX>c=cX@ vA= 1 k—ll(k 1) cCe=0;
j=1
where we usethe fact that ead row of X correspondsto one of the unit vectors
Vi 2 Rk l.
In this case,we obtain the following represeration of the k-equipartition
problem (cf. [78]):

k 1
min -~ Tr(X~LX
x2Rrn (k2K ( )

st. ©XX7c=0 (6.14)

(XX>) 2f 2519 8ij:

Since in the unsupervised setting we consider here, xed values for the
\sizes" ; of the individual parts are usually not available in advance, we will
only investigate the k-equipartition casewith a constart vector = ein the
following sections. While spectral relaxation is generally basedon the problem
formulation (6.13), we will shav how SDP relaxation techniques can be usedto
approximately solve both versionsof the multiclass partitioning problem, (6.13)
and (6.14).

The vectors v; can indeed be calculated by factorizing the matrix A = *51  :E: as
A is positive semide nite with e being the only eigenvector to the eigervalue 0, the eigervalue
decomposition givesA = ¥ V¥> = VV~, with V 2 R* & Y containing the desired vectors
asits rows [78].
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6.2.2 Spectral Relaxation

Spectral relaxation approades for partitioning a given data set directly into
seeral groupsare basedon calculating multiple eigervectorsof the (normalized)
Laplacian matrix L. This idea hasrecertly beenstudied by many authors (see
[4, 190 134, 204, 25], and referencegherein). Although the proposedalgorithms
di er with respect to the computational details, they coincide in key aspects.
Speci cally, the combinatorial complexity of multiclass partitioning problems
like (6.13) is always dealt with in two steps: rst, a transformed formulation
of the original partitioning problem is relaxed to an eigervector problem by
dropping seweral of the given constraints. In a secondstep, these constraints
aretakeninto accourt again by projecting the eigervectorsappropriately, which
yields an embedding of the n points into a k-dimensional subspace.Finally, a
corresponding discrete solution closeto the cortin uoussolution of the relaxation
is found by applying someclustering heuristic.

A detailed comparison of di erent methods from the literature is beyond
the scope of this work. Nevertheless,we will next briey explain how the two
main stepsof spectral relaxation approadtescan be justi ed in the context of
multiclass partitioning problems of the form (6.13). To this end, we consider
the k-equipartition versionof (6.13) with constart constraint vectorsc = e" and

= Ee“. To derive a spectral relaxation for this problem represenation, rst
obsenethat the columnsof the indicator matrix X areorthogonal to ead other:
X>Xq= #!. Adding this redundant constraint to (6.13), and substituting

Z = %X , the problem is relaxed by dropping the other constraints:

_ , n >
Zypsr = Zgg{lnn ) ETr(Z LZ) (6.15)
st. 27Z2=1:

By virtue of Fan's Theorem (see Theorem A.4), a solution for this problem is
givenby Z =V, with the columnsyv; of V 2 R" K containing the eigervectors
of L corresponding to the k smallest eigervalues ]|§L) «(L).% This
results in an optimal value for (6.15) of zyypsg = =1 i(L). The samere-
sult can be obtained for the muItchass normallzed cut problem basedon the
normalized Laplacian matrix L%= D LD 2 (see[204).

Hence,the rst stepin spectral relaxation approadesrequiresto compute
the k smallest eigervectors v; of L (or L9 respectively). In practice, often
more than k eigervectors are calculated, sinceit has beenobsened that better
partitionings can be obtained in this way [4]. Observingthat the rows z; of the
solution matrix Z = V yield an embedding of the original image elemerts into
the spaceRkK, the secondconstraint in (6.13) can now be taken into accourt
by normalizing these rows z;j, which corresponds to projecting them onto the
k-dimensional unit-sphere: z?= é‘k (cf. [134, 204).

“Note that the optimal solution Z is not unique: in fact, it is easyto show that eah
matrix VR with R 2 R¥ ¥ being an arbitrary orthonormal matrix (i.e. R”>R = RR” = 1)
results in the same objectiv e value [204].
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In order to nally derive a corresponding discrete solution, the points z° are
partitioned into k groups by applying someheuristic clustering procedure. For
this nal step, di erent methods have beenproposedin the literature, like:

Apply the k-meansalgorithm on the points z° to minimize the distortion
[118 134].

Partition the points z° basedon the encloseddirectional angle [29].

Compute a linear ordering of the points z? and derive a multiclass parti-
tioning by nding k 1 splitting points in this ordering [4].

Iterativ ely seekbetter solutions by using alternating projections [25] or
by alternately rotating and discretizing the matrix Z °[204].

Consideringcomputational aspects, spectral relaxation is a corveniert tech-
nique to nd approximate solutions for the multiclass partitioning problem.
Howewer, from the theoretical point of view, this method exhibits two weak
points: rst, the relaxation (6.15) is not very strong, since many constraints
of the original problem are dropped. In fact, a lower bound on the optimal
multiw ay cut (6.13) that is better than z,,, s has already beenpresened by
Donath and Ho man [47]:

Zyp ZDH = mMax 1 i i(L + Diag(v)) : (6.16)

Note that this bound generalizeshe spectral bound for the binary partitioning
problem given in (4.13). In the next section, we will seethat ewen stronger
bounds can be obtained by reverting to semide nite relaxations of (6.13); also
see[153.

Second,the clustering heuristic usedto nd a discrete solution usually is
no longer basedon the original objective criterion. In fact, for the normalized
cut it can be shown [155 that standard embedding techniques always yield a
grouping problem in the corresponding vector spacewhich is not equivalernt to
the original problem. Therefore, it is not clearhow good the nal solution really
is.

6.2.3 Semide nite Relaxation

Semide nite programming relaxations of the multiclass graph (equi-)partition-

ing problem (with constart constraint vector c = €) have beenresearted quite
thoroughly in recert years, based on both problem formulations (6.13) and
(6.14) [153 96, 197]. Sincethe extensionof the results to the more generalcase
with arbitrary constraint vector ¢ 6 e consideredin this work is straightfor-

ward, we will only presert the nal results here and refer to the corresponding
literature instead.
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SDP Relaxation of (6.13)

An SDP relaxation of the unsupervised partitioning problem basedon the rep-
reseration (6.13) can be obtained in the sameway as was preserted for the
restoration problem (6.2) in Section 6.1.2. To this end, we rst equivalertly
reformulate (6.13) by represening the constraints in a quadratic form:

1
Zyp = min = Tr(LX X~
mp = min S Tr( )
st. kXe ek?=0 (6.17)
kX>c k?=0
Xijz Xij =0 8i;j .
Comparing this with (6.3), we immediately see(by setting C = Oand M = %L)
that the only di erence is the additional balancing constraint preser in (6.17).
Sincethis can be taken into account during Lagrangian relaxation in a similar
way asthe rst constraint (see[197]), we analogouslyto the relaxation (6.10) of

the restoration problem obtain the following SDP relaxation of the multiclass
partitioning problem (6.13):

S;:=mn C Y
Y 0

st. Ag Y=1

A Y=0 fori=21::::nk (6.18)
F Y=0
F2 Y:O;

where F and the Aj-matrices are de ned asin (6.7) and (6.9), and

0 0
C:=
0 2 L
> >
( 9
Fo:=
2 c g ccC
More precisely in the equipartition cgewith constart constraint vector = €

consideredhere we have (F»)11 = %( icq)2 for the rst entry of F».

Concerning the solvability of the SDP relaxation (6.18), the sameproposi-
tions hold aswere stated in Section6.1.2for the multiclass restoration problem.
Especially, the problem matrix Y can again be interpreted as a relaxation of
the rank one matrix obtained from the vectorized matrix X (cf. (6.11)):

- 1 : >
Y = vedX) 1, vedX)
Hence,as suggestedn Section6.1.3,a combinatorial solution can be computed
from the rst column (or row) Y; of the optimal solution Y of (6.18): starting
with the secondentry, nd the largest entry in ead block of length k, and set
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the corresponding entry of the indicator matrix X to one. Future work will
show if better discrete solutions can be obtained by other rounding techniques.

Finally note that the sizeof the problem matrix Y for the relaxation (6.18)
is (nk + 1) (nk+ 1), which makesthis approad only applicable for problems
of moderate size. Yet we will shov next that a conveniert relaxation of smaller
sizen n is obtained by resorting to the problem formulation (6.14).

SDP Relaxation of (6.14)

In order to derive a semide nite relaxation for the represenation (6.14) of
the multiclass partitioning problem, rst obsene that the matrix X in (6.14)
only occursin the quadratic form X X > . This suggeststo directly replacethe
positive semide nite matrix X X > 2 S of rank k 1 with an arbitrary matrix
Y 2 S, which results in the following SDP relaxation (cf. [78]):

k1
S;=mn ot Y
st. ¢c€ Y=0 (6.19)
diag(Y) = e '
1 .
Yij — 8i;]

k 1

In comparisonto the binary case(4.7), this relaxation may be interpreted
as a straightforward generalization: the only di erence is the additional in-
equality constraint on the entries of Y. Howewer, this constraint is of essetial
importance: if it were dropped, the ertries of Y were admitted to take val-
uesbetween 1 and +1, which would result in a much weaker relaxation. In
cortrast, note that the corresponding constraint Xj; 1 in the binary case
(4.7) is redundant, sincethe matrix ertries are automatically restricted to the
interval [ 1;+1] due to the constraint on the diagonal ertries of X .

By applying the above relaxation approad to the problem formulation
(6.13), Karisch and Rendl [96] derive a lower bound on the objective value
that is equivalent to (6.19). Besidespresering relations betweenseweral other
SDP relaxations of the equipartition problem, they alsoshow that (6.19) repre-
serts a stronger bound than the spectral bound (6.16) of Donath and Ho man
[47]:

Concerningthe solvability of the SDP relaxation (6.19), we have to dealwith
two di culties: on the one hand, this semide nite program obviously has no
strictly interior solution, sincethe rst constraint requirescto be an eigervector
of Y with eigervalue zero. On the other hand, due to the additional inequality
constraints on the erntries of Y we can no longer use one of the standard SDP
solvers that are applicable for problems of the general form (4.1). For these
reasons,we employ the spectral bundle method of Helmberg and Rendl [79] to
solve the SDP relaxation (6.19), which is able to handle semide nite programs
of this type.
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In orderto nally derive a combinatorial solution from the optimal solution
matrix Y , we apply the following generalizedversion of the binary randomized
hyperplanetechnique [55:

1. Compute the factorization Y = VV~ (e.g. by Cholesky decomposition,
see Theorem A.6) with the rows of V 2 R" " corresponding to unit
vectorsv; 2 R".

sphere by choosing from the standard normal distribution with mean 0
and variance 1. Each r; then represernts one group i of the partitioning.

3. Assignead elemert j to the group i °for which the corresponding random
vector rjo is closestto vj, i.e. for which vj> rio = max; vj> ri.

For k = 2, this algorithm reducesto the binary randomized hyperplane tech-
nigque presenied in Section 4.2.3. As the probability that two elemens j; and
j2 are assignedto the sameset only dependson their inner product Vj>1Vj2, it
is possibleto prove strong performance guarantees of this algorithm, at least
for the max-cut problem [55. Howewer, due to the additional equipartition
constraint presert in (6.14), these bounds do not apply here.

The nal conmbinatorial solution is obtained by applying the above random-
ized hyperplane technique multiple times and picking the segmemation that
yields the best objective value for (6.14). In this context, note that like for
the binary case,we do not enforcethe balancing constraint X >¢c =  for the
combinatorial solution, which may result in partitionings that cortain a lower
number of groups than is speci ed by k. Howewer, this is no drawbad, since
the \correct" k is usually unknown for unsupervised partitioning tasks. This
insight further justi es the useof the balancing constraint, which rather seres
as a bias to guide the seart than as a strict requiremert.

6.2.4 First Exp erimental Results

In this section,we presen someexperimental results obtained with the di erent
spectral and SDP relaxations of the multiclass partitioning problem. Sincethe
corresponding researt is still in progress,the results have to be consideredas
preliminary, but a couple of important obsenations can be given nevertheless.

A rst experimert is depicted in Figure 6.7: for this simple point set con-
sisting of v e identical clusters, the similarity matrix is computed based on
the Euclidean distancesof the points (cf. Section 4.4.2, method (i)). Setting
k = 5, we obtain the correct partitioning if this cluster number is enforcedfor
the nal result (Figure 6.7, left). While for spectral relaxation basedon the
normalized cut criterion, this is achieved by applying the k-means algorithm
on the normalized row vectors of the eigervector matrix V (seeSection6.2.2),
we nd a corresponding solution from the result of the SDP relaxation (6.19)
by only acceptingthose nal clusterings computed with the randomized hyper-
plane technique that comprisethe desirednumber of groups. If this requiremert
is omitted for rounding the SDP solution, a segmetation into fewer clusters
with a lower objective value is found (Figure 6.7, middle).
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Figure 6.7: Simple multiclass clustering example. For k = 5, both
the SDP relaxation (6.19) and the normalized cut relaxation (with k-means)
are able to nd the correct partitioning, if we enforce the right number of
clusters (left). Otherwise, the SDP relaxation yields less clusters, since the
corresponding objective value is lower (middle). In cortrast to that, the SDP
relaxation (6.18) is too weak to reasonablypartition this dataset (right).

We also seethat the SDP relaxation (6.18) of the multiclass partitioning
problem (6.13) doesnot give a reasonableresult (Figure 6.7, right). A closer
look at the rst column of the corresponding solution matrix Y reveals the
reasonfor this behavior: sincethe ertries are nearly constart (Y1;  0:2 for
all i), they do not yield valuable suggestionsfor the corresponding indicator
vectors. Hence, this relaxation seemsto be too weak; in fact, Wolkowicz and
Zhao [197] usean additional constraint (the so-called\gangster operator") and
a projection technique to arrive at a stronger relaxation. Future work will show
if this will alsolead to better results for the application consideredhere. Due
to the above result, however, we will no further considerthe SDP relaxation
(6.18) in this section.

We also apply the multiclass partitioning relaxations to a few real images
from the Berkeley segmemation dataset[121]. In order to reducethe problem
size,theseimagesare rst preprocessedwith the mean shift technique, and a
graph represeration is constructed by calculating similarity valuesw;; only for
neighboring patchesi andj (cf. Section5.2.4). Moreover, we again usethe cor-
responding patch-sizesas entries of the constraint vector ¢ in the equipartition
problem (6.14). Sincethis requires ead segmen to cortain § pixels (with n
denoting the total number of pixels), the resulting problem may have no feasible
solution, e.g.if the largest patch comprisesmore than ¢ pixels. For this reason,
we eliminate such large patchesbeforeapplying the SDP relaxation (6.19), and
add them afterwards as a single cluster.

By generally setting k = 5, we obtain the segmetations depicted in Fig-
ure 6.8. Considering that we did not elaborate on the similarity values, the
number of clusters or more sophisticated techniques to compute a combinato-
rial solution, the results are quite promising: important parts of the imagesare
separatedfrom ead other. The corresponding spectral solutions givenin Figure
6.8, right, arein this casebasedon the normalized cut criterion by calculating
the 5 smallest eigervectors of the normalized Laplacian, and applying k-means
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Original image SDP relaxation (6.19) Spectral relaxation

Figure 6.8: Multiclass segmentations obtained with spectral and SDP
relaxation, respectively. For these examples, we generally set k = 5. Note
that the SDP relaxation may yield segmemations into fewer clusters, while
the normalized cut relaxation with k-meansalways results in 5 parts.

on the scaledrows of the matrix containing these eigervectors as columns.
Concerning the computational e ort to derive these results, it only takes
a few secondsto nd the normalized cut solution. In cortrast to that, we
generally stop the spectral bundle method to solve the SDP relaxation after 60
minutes, sincethe approximate solution obtained after that time is su cien tly
closeto the optimum to calculate the corresponding combinatorial solution.
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Chapter 7

Conclusion

7.1 Summary

The main topic of this thesisis to introduce a novel optimization technique to
the eld of computer vision. The resulting semide nite programming frame-
work can be applied to a broad class of combinatorial optimization problems
which arise naturally in early and mid-level computer vision, like unsupervised
image segmemation, image restoration or perceptual grouping tasks. The in-
vestigations show that the SDP relaxation approad is an attractiv e alternative
to established optimization techniques, especially due to its sound underlying
mathematical principles and the absenceof tuning parameters.

Comparison of Spectral Techniques

As they are closelyrelated to our SDP relaxation approad, we study di erent
spectral relaxation methods for graph-basedimage segmetation problems in
Section 3.1. In particular, we presen a general framework to de ne suitable
measuresfor the quality of a segmemation which is based on scaled graph
cuts. Minimizing these measuresis NP-hard, but a general relaxation can
be derived that leadsto the computation of the secondsmallest eigervector
of a matrix related to the Laplacian matrix L of the underlying graph. A
corresponding binary solution of the original combinatorial problem is then
obtained by applying an appropriate thresholding technique.

As special casesthis generalframework comprisesthe averagecut approac
[74, 159 resulting in the computation of the Fiedler vector [51], and the nor-
malized cut approad of Shi and Malik [168. We showv how the corresponding
relaxations are connectedto other graph theoretical measureslike the isoperi-
metric number or the Cheegerconstart. Moreover, we consider the average
assaiation as the analogonto the normalized assaiation measure, which is
equivalent to the normalized cut. Sincesudc an equivalencedoes not hold for
the averagecut, we derive an appropriate relaxation for the average assaia-
tion measure,which results in computing the secondlargest eigervector of the
certered similarity matrix W. This contrasts wealer relaxations presened in
the literature in this context [142 16§, which rather yield relaxations to a
foreground assaiation measureinstead.
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Seweral experimerts con rm the theoretical ndings:

The solutions for the spectral relaxation approadtes can be computed in
short time (lessthan a minute for a few thousand pixels).

If the degreesof the graph verticesdo not di er considerably the average
and normalized cut approadesyield very similar partitioning results.

Concerning the choice of the similarity measure,the cut approadtes are
more robust than the average assaiation criterion, which therefore has
to be considereda wealer partitioning technique.

In certain situations (e.g. when only one part of the image gives a high
inner assaiation measure),howewer, the foreground assaiation criterion
is more appropriate and yields better clustering results.

Semide nite  Relaxation of Binary Optimization Problems

In Chapter 4, we presen the core of this thesis: a semide nite relaxation ap-
proach that canbe applied to generalbinary minimization problemscomprising
a quadratic objective function that is subject to an additional linear constraint.
The resulting semide nite program has seweral favorable properties from both
the mathematical aswell asthe computational point of view (cf. Section1.1.1),
which e.g.enablethe computation of the optimal solution to arbitrary precision
in polynomial time. We prove that such an optimal solution for the relaxation
exists under mild conditions (balanced constraint vector), and that it yields a
tighter lower bound on the minimum of the original optimization problem than
spectral relaxation with the Fiedler vector.

Subsequetly, a corresponding conmbinatorial solution is obtained basedon
a randomized approximation technique. We discussinterpretations of this ap-
proximation procedure,and provide performancebounds on the nal solution
that hold under certain conditions (missing linear constraint). Numerous ap-
plications to diverse computer vision problems approve the advantages of the
SDP relaxation approach:

Ground-truth experimerts on the restoration of one-dimensionalsignals
show that in practice, the SDP relaxation yields much better results than
are assuredby the theoretical performancebounds. For most alternative
optimization approades,however, similar boundsare missing completely.

Spectral relaxation may result in unsatisfactory partitionings when no
appropriate threshold value is found or chosen. In cortrast to that, the
solution obtained from the SDP relaxation by randomized rounding does
not depend on tuning such a parameter.

The SDP relaxation approad works for a wide range of optimization
problems, where spectral methods fail (like separating denseforeground
from sparsebadground) or cannot be applied (lik e perceptual grouping
or image restoration tasks).
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The general balancing constraint allows us to appropriately accourt for
varying importance of the graph vertices, as it may be required when
the extracted image elemens do not correspond to pixels (but e.g. to
patchesof di ering size). Such an adjustment is not possiblefor spectral
relaxation approades.

For perceptual grouping problems that have been consideredas di cult
[192 dueto the complexity of the underlying global optimization criterion
[84], conveniert solutions are computed in only a few seconds.

In comparisonto the local greedy ICM algorithm [16], the global SDP
approad yields a much tighter relaxation of the underlying combinatorial
problem. Hence, the corresponding image restoration results are much
better.

E cien t Graph-Based Image Segmentation

The price for the corveniert properties of the SDP relaxation is the squared
number of variables that are involved in the optimization approad. While
this is no problem for perceptual grouping tasks with a few hundred image
primitiv es, it preverts at present the application to large-scaleproblems as
they naturally arise for real world image segmeimation problems on a pixel
basis. Although there exist SDP solvers [12, 194 that are able to exploit a
sparseproblem structure (asit is presen for imagerestoration or segmetation
problems represened by locally connectedgraphs), memory requiremerts and
computation times grow quickly with the number of variables. Experiments
shaw that currently, problems with up to 10; 000 variables can reasonably be
solved (cf. Section 4.4.6).

In Chapter 5, we therefore presen two di erent methods which e cien tly
reduce the problem size for binary unsupervised partitioning tasks. The rst
approad is basedon a preprocessingstep which computesan over-segmetation
of the imageby applying the meanshift technique [33] at a ne spatial scale. In-
stead of thousand of pixels, we then usethe obtained image patches(or \sup er-
pixels") asthe basic elemens to de ne the corresponding graph represenmation
of the image. The secondmethod pursuits the idea of probabilistic sampling:
by randomly selectinga small number of pixels from the image, we obtain an
optimization problem of small scale,the solution of which can conveniertly be
generalizedto a complete segmemation afterwards.

Experimental results reveal the succesof theseapproades:

The over-segmetation reducesthe problem sizeby seeral orders of mag-
nitude (to lessthan 0:01% of the pixel-basedgraph), so that a solution
basedon the SDP relaxation can be computed in short time (lessthan
one minute). For the probabilistic sampling approad, it is sucient to
selectlessthan 0:5% of the pixels to obtain corveniert segmemations.

Using small image patches instead of pixels leadsto a more natural im-
agerepresertation | the pixels are merely the result of the digital image
discretization process,and do not occur in the real world. Moreover, in
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comparisonto pixel-basedpartitioning methods, smoother nal segmen-
tations are obtained.

The varying size of the superpixels can be taken into accourt appropri-
ately by adjusting the balancing constraint of the SDP relaxation ap-
proach. This yields results of superior quality in comparisonto the nor-
malized cut relaxation, which is approved quartitativ ely by comparing
the obtained partitionings to image segmemations produced by humans

[121].

For the SDP relaxation approad, probabilistic sampling drastically re-
ducesthe computational e ort sothat it becomescomparableto solving
the normalized cut relaxation. In fact, the most time consumingstep con-
sistsin the nal calculation of the corresponding binary solutions, which
are by ordersof magnitude larger than the solutions of the sampling-based
optimization problems. Due to the reducede ort it is possibleto compute
se\eral solutions basedon di erent samplings,and to combine them or to
pick the bestonein order to derive the nal segmemation.

Extension to Non-Binary Problems

The SDP relaxation approad presened in Chapter 4 is suited for binary prob-
lemsonly. In practice, howewver, the decomposition of an image into more than
two parts is often desired. A straightforward extensionsuitable for unsupervised
partitioning tasks consistsin a hierarchical application of the binary method:
by recursively computing two-way partitions, a segmetation into multiple parts
is obtained (Section 5.1).

In Chapter 6, we follow an alternative idea by preseriing direct multiclass
extensionsfor the image restoration and the unsupervised segmeiation prob-
lem, respectively. Fixing the number k of desiredclassesnatural modi cations
of the corresponding problem formulations are derivedin a rst step. Basedon
an indicator matrix X 2 R" X, we obtain di erent combinatorial optimization
problemsfor both vision tasks, which involve quadratic objective functions that
are subject to seweral constraints. Using Lagrangian relaxation, we show that
in both casessuitable SDP relaxations can be de ned. Howewer, since either
the corresponding problem matrices are very large now (nk  nk ertries) or
a high number (%n(n 1)) of additional inequality constraints is introduced,
solving thesesemide nite programs becomesmuch more elaborate than for the
binary case.

Nevertheless, rst experimental results are promising:

For binary restoration problems (k = 2), ground-truth experiments shaw
that the multiclass SDP relaxation and the original binary SDP relaxation
yield identical objective values. Moreover, the corresponding combinato-
rial solutionsarevery similar, with an error of lessthan 2%. The di erence
is causedby the employed rounding techniques: whereasthe binary SDP
relaxation usesa randomized approximation, the multiclass SDP relax-
ation nds a combinatorial solution directly by comparing certain ertries
of the solution matrix.
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For small multiclass imagerestoration problems, high quality solutionsare
obtained. Howe\er, the required computational e ort is quite demanding:
for animagewith n = 1369pixels, it takesmorethan 3:5 hoursto compute
the reconstruction.

For unsupervisedsegmetmation problems,the numberk of parts preser in
the imageis usually unknown in advance. This fact favors the hierarchical
approad, which allows us to selectthe nal number of segmets during
the partitioning process.Moreover, the resulting coarse-to- ne hierarchy
yields similar segmemations of varying granularity, which seemsto be
closeto human perceptual organization.

Concerningdirect multiclass segmetation, two di erent SDP relaxations
are presened: the rst oneis applicableto generalpartitioning problems,
but only yields unsatisfactory results which is most likely due to an insuf-
ciently tight relaxation. In cortrast, the secondapproac is restricted
to equipartition problems. The segmetations obtained with this method
are promising, especially since a modi cation of the binary randomized
approximation technique computes nal combinatorial solutions that are
allowed to consistof lessthan the speci ed number k of segmets. In this
way, the correct choice of k becomedesscritical.

7.2 Future Work

So far, the focus of our work has primarily beenon analyzing the mathemat-
ical characteristics of the SDP relaxation approac that arise in connection
with combinatorial optimization problemsin computer vision: Lagrangian re-
laxation, duality, feasibility issues, performance bounds, and comparison to
spectral relaxation. Moreover, we investigated topics regarding modi cations
of the SDP relaxation to make it more e cien t, and possibleextensionsto non-
binary problems. Although we demonstratedthe applicability of our approact
for seweral non-trivial computer vision tasks, there are still seweral issuesthat
suggestfurther researd:

An important topic in the cortext of unsupervised segmemation is the
derivation of suitable similarity measures. Up to now, we mostly relied
on quite elemenary color and texture cues,without working out tailor-
made metrics for speci c applications. Accordingly, a signi cant aspect
of our future work will consistin de ning more elaborate similarity mea-
suresthat are adequate in the SDP relaxation framework. This espe-
cially includesthe related problem of learning such suitable measuresfor
classi cation, which can also be handled with semide nite programming
techniques (cf. [109).

The binary optimization problems consideredin this thesis involve one
linear constraint at most. Howewer, there is neither a limit on the number
of constraints for the SDP relaxation approad, nor is it restricted to
linear constraints; in fact, quadratic constraints are even more suitable
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to beincluded. In this cortext, note that other optimization approates
like spectral relaxation do not permit consideringadditional constraints.
Future work will show in how far this generality of the SDP relaxation
method allows us to tackle other computer vision tasks as well.

In connectionwith graph partitioning, we already indicated that the SDP
relaxation approad can also be usedto solwe partly supervised segmen-
tation tasks by adjusting the constraint variable (seeSection4.4.3). In
this cortext, note that the membership of certain points to the sameclus-
ter can also corveniertly be modeled by additional quadratic constraints
on the ertries of x: for instance, xjx; = 1 enforcesi and j to belongto
the samecluster. For this reason,the problem of semi-sugervisedsegmen-
tation is another interesting topic for future researd. In recen related
work [135, a similar semide nite programming approad is proposedfor
the related problem of graph partitioning with preferences.

Concerning the sampling-basedversion of the SDP relaxation method
presened in Section 5.3, there are seweral aspects which suggestfuture
work. On the one hand, it would be interesting to study whether better
segmetmations could be obtained if the sampled pixels were selectedin
a more sophisticated way than just randomly. On the other hand, the
idea seemsto be promising to calculate sewral partitionings based on
di erent samplingswhich then can be combined to produce a stable nal
segmetation (cf. [176]). Furthermore, smoother results can certainly be
obtained by applying an appropriate postprocessingstep.

The investigation of direct multiclass SDP relaxations in Chapter 6 has
just been started, but rst preliminary results are promising. Future
researty will shaw if stricter relaxations (cf. [206 197]) give better res-
torations and image segmeitations, respectively. Moreover, it would be
interesting to dewelop algorithms that are able to handle the correspond-
ing large problem sizesappropriately.



App endix A

Symmetric and Positiv e
Semide nite  Matrices

This appendix collects some important facts about symmetric and positive
semide nite matrices that are used throughout this thesis, and gives refer-
encesto wherethe corresponding proofs can be found. For further information,
we refer to the standard literature on linear algebra and matrix analysis, like
[87, 175 69, 205, or books on semide nite programming [78, 196].

In general, the space of symmetric matrices S" can be interpreted as a
vector spacein R(nzl), with the natural inner product betweentwo matrices
A; B 2 S" de ned as

X
A B-= TF(A>B) = Aij Bij .
ihj =1
A symmetric matrix A is completely characterized by the solutions of the
linear equations
AQ= q ;

which are given by its eigervaluesand eigervectors:
Theorem A.1 (Eigen value decomp osition). All eigenvalues (A) of a

symmetric matrix A 2 S" are real. There exists an orthonormal matrix Q 2
R" ", QQ” = Q°Q =1, suchthat

A=Q Q = G ;
i=1

where = Diag( 1(A);:::; n(A)) 2 S" is a diagonal matrix containing the
eigenvalues (A) on its main diagonal. The columns g of Q comprise the
correspnding eigenvetors of unit length.

Proof. See[69, Theorem 8.1.1]. O

Obviously, the eigervalue decomposition and the singular value decomposi-
tion (SVD) [69, Theorem 2.5.2] are very similar for symmetric matrices:
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Lemma A.2. Denote the SVD of the symmetric matrix A 2 S" by

where = Diag( 1;:::; n) is a diagonal matrix containing the singular values
i of A on its main diagonal. The columns u; of U and v; of V comprise the
correspnding left and right singular vectors of unit length, respectively.

Using the eigenvaluedecomposition of A from Theorem A.1, appropriate
sorting of the eigenvaluesresultsin ; = j jj, with the correspnding singular
vectors and eigenvetors satisfyingu; = vi = g for § Oanduj = v, = g
for ;| < O, resctively.

An important characterization of the eigervalues of a symmetric matrix is
basedon a Rayleigh quotient formulation:

Theorem A.3 (Couran t-Fisc her Minimax Theorem). Let 1(A)
n(A) denotethe eigenvaluesof A 2 S". Then

. v> Av
A)= min max :
K(A) U R" 06v2U V7V
dim (U)= k
More geneally, for the eigenvalues ; n of the geneal eigenvalue

problemAq = B g with positive de nite B we have

= min max VAV
k U R" 06v2U V> Bv'
dim (U)= k

Proof. Seee.qg.[69, Theorem 8.1.2] (special case),and [175, Corollary VI.1.16]
(general case). O

Especially, we get the Rayleigh-Ritz principles

v~ Av v~ Av
A) = min and A) = max
1(A) 06V2R" V>V n(A) 08V2R" V>V

for k = 1 and k = n, respectively [87, Theorem 4.2.2].
A generalization of these characterizations to the sum of the smallesteigen-
valuesis given by the following theorem:

Theorem A.4 (Fan's Theorem). Let 1(A) n(A) denotethe eigen-
valuesof A 2 S". Then

X
i(A)= min  Tr(VAV);
V2R K

=1 V> V=]
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Proof. For a short proof see[136. Fan's Theorem is also a special caseof the
more generalWielandt principle, which is provene.g.in [175 Theorem4.5]. O

To recall the general de nition, a matrix A 2 S" is called positive semi-
de nite (denotedby A 2 S} or A 0), if x>Ax 0for all x 2 R". If strict
inequality holds for all x 6 0, A is called positive de nite .

The following theorem collects seweral equivalent characterizations for pos-
itiv e semide nite matrices:

Theorem A.5 (P ositiv e semide niteness). For A 2 S" the following state-
ments are equivalent:

A is positive semide nite: A 2 S!.

x>Ax Ofor all x 2 R".

The eigenvaluesof A are nonnggative: (A) Ofori= 1;:::;n.
A B Ofor all B2 S} (Fejer's Theorem).

The determinant of every principal submatrix (a submatrix obtained by
deleting rows and corresmpnding columns) of A is nonnegative.

A = VV~ for somematrix V 2 R" M with rank(V) = rank(A).

Proof. See[78, Theorem 1.1.13and Corollary 1.2.7], and [205 Theorem 6.2].
O

The last statemert in this theorem includes the following special case:

Theorem A.6 (Cholesky decomp osition). For A 2 S}, there existsa lower
triangular matrix V 2 R" " with nonnegative diagonal entries such that A =
VV~. If A is positive de nite, then this decomposition is unique.

Proof. Seee.qg.[78, Theorem 1.1.10]. O
A di erent special caseis given by the root of a positive semide nite matrix:

Theorem A.7 (Square root). For A 2 S}, there exists a unique positive
semide nite matrix C 2 S suchthat A = CC. This squareroot of A is also

denotal as C = Az.
Proof. Seee.g.[87, Theorem 7.2.6]. O

Another important characterization of the positive semide niteness of a
matrix is obtained by consideringa block decomposition:

Theorem A.8 (Schur complemen t). Suppse that the symmetric matrix
M 2 S" can be partitioned into

. A B |
M= B> ¢
with A 2 S™ being positive de nite, C2 S" M andB 2 R™ " M, Then M is
positive semide nite if and only if C B>A !B 2 SP.
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Proof. Seee.qg.[87, Theorem 7.7.6]. O
The simplest positive semide nite matrices are the rank one matrices zz” :

Lemma A.9. Letz 2 R" denotean arbitrary vector. Then the rank one matrix
zz” is positive semide nite with the only nonzeo eigenvalue , = z” z.

Proof. Since x”(zz”)x = (x”>z)? 0 for every vector x 2 R", the positive
semide nitenessof zz> follows directly from the de nition. Moreover, (zz”)z =
(z” z)z, sothat z” z is an eigervalue with the corresponding eigervector z. As
zz> hasrank one, this is the only nonzeroeigervalue. O

Finally, the following theorem gives a generalization of the fundamenal
Caudchy-Schwarz inequality for inner products based on positive semide nite
matrices:

Theorem A.10 (General Cauchy-Schwarz inequalit y). For a positive
semide nite matrix A 2 S we have
XAV (O AX)(Y AY)

Proof. This is a special caseof Theorem 8.4 in [205. A direct proof is based
on factorizing A = VV >, substituting x°= V> x and y°= V>y and applying
the original Cauchy-Schwarz inequality. O
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